Hitting Topological Minor Models in Planar Graphs is Fixed
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Abstract

For a finite collection of graphs F, the F-TM-DELETION
problem has as input an n-vertex graph G and an integer k
and asks whether there exists a set S C V(G) with |S| < k
such that G\ S does not contain any of the graphs in F as a
topological minor. We prove that for every such F, F-TM-
DELETION is fixed parameter tractable on planar graphs. In
particular, we provide an f(h, k) - n? algorithm where h is
an upper bound to the vertices of the graphs in F.

Keywords: Topological minors, irrelevant vertex tech-
nique, treewidth, vertex deletion problems

1 Introduction

1.1 The P-deletion problem and its variants In
general, a P-DELETION problem is determined by some
graph class P and asks, given an n-vertex graph G and
an integer k, whether G can be transformed to a graph
in P after the deletion of k vertices. In other words, the
class P represents some desired property that we want
to impose to the input graph after deleting k vertices.
This is a general graph modification problem with great
expressive power as it encompasses many problems, de-
pending on the choice of the property P. Unfortunately
for most instantiations of P, this problem is not ex-
pected to admit a polynomial time algorithm. Lewis
and Yannakakis showed in [23] that for any non-trivial
and hereditary graph class P, the P-vertex deletion
problem is NP-complete. Given this hardness result, an
attractive alternative is to consider the standard param-
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eterized version of the problem, called p-P-DELETION
where the parameter is the number k of vertex deletions.
In this case the challenge is to investigate for which
instantiations of P, p-P-DELETION is fixed parameter
tractable (or, in short, is FPT), i.e., it can be solved
by an Oy (n¢)-time algorithm® (or FPT-algorithm), for
some constant c. There is a long line of research on this
general question. In many cases, this concerns particu-
lar properties and possible optimizations of the contri-
bution of k in the function hidden in the “O;” notation
(see e.g. [5]). However, it is interesting to notice that
FPT-algorithms exist for general families of properties.
In this direction the more general (and compact) results
concern properties P that can be characterized by the
exclusion of some finite set F of graphs (i.e., of size
bounded by some constant k) with respect to some par-
tial ordering relation <. We define

P]-‘,SZ{G|VHE]::H£G}

and ask whether p-Pr <-DELETION is FPT. Let us now
consider the general status of this problem for the main
known instantiations of the partial ordering relation <.

(1) < is the contraction? relation: then there are graphs
H such that Py <-DELETION is NP-complete even for
the case where k£ = 0. For instance one may take H to
be the path on 4 vertices, as indicated in [7]. Using the
terminology of fixed parameter complexity, this implies
that there are choices of F such that p-Pr <-DELETION
is para-NP-complete.

(2) < is the induced minor® relation: as in the previous
case there are choices of F such that p-Pr <-DELETION
is para-NP-complete. For instance, one may consider F
to contain the graph in [12, Theorem 4.3].

(3) < is the subgraph or the induced subgraph relation:
because of the result of Cai in [8], p-Pr <-DELETION

TLet (z1,...,2;) € N' and x,% : N = N. We use the notation
X(n) = Og;,....z;(¥(n)) to denote that there exists a computable
function ¢ : N — N such that x(n) = O(é(z1,...,x;) - P(n)).

2A graph G is a contraction of a graph G’ if G can be obtained
from G by applying edge contractions.

3A graph G is an induced minor of a graph G’ if G can be
obtained from some contraction of G’ after removing vertices.
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is FPT, for every F. In particular, the result in [§]
implies an O(h¥n"*1)-time algorithm for both these
problems. However, if instead we parameterize Pr <-
DELETION by h, then there are instantiations of F for
which the problem is W[1]-hard even for k& = 0: just
take F = {Kp} to generate the p-CLIQUE problem.

(4) < is the minor* relation: again p-Pz <-DELETION
is FPT, for every F. To see this, observe that, for every
k, the set of YES-instances of this problem is closed
under taking of minors. On the other hand, Robertson
and Seymour [27] proved that graphs are well-quasi-
ordered with respect to the minor relation. These two
facts together imply that there is a finite set By (whose
size depends on k and h) such that (G, k) is a YES-
instance if and only if G' contains no graph in By as a
minor. As minor checking for a graph on ¢ vertices can
be done in O, (n3)-steps [26], we derive the existence of
an Oy, 5 (n?)-step algorithm.

1.2 Our contribution. Interestingly, we are not
aware of other partial ordering relations where p-Pr <-
DELETION is FPT, for every F. Among the possible
candidates, the most relevant one is the topological mi-
nor relation, denoted by =<: a graph H is a topological
minor of a graph G if G contains as a subgraph some
subdivision® of H.

In this paper we make a first step on the study
of the p-Px <-DELETION problem, also called F-TM-
DELETION, and we conjecture that it is FPT. Unfor-
tunately, there are no known meta-algorithmic results,
similar to those of the case of minors, that permit a
straightforward resolution of this conjecture, as graphs
are not well-quasi-ordered under topological minors. On
the positive side, there is an algorithm that checks topo-
logical minor containment in Oy, (n?)-time [15] and this
result would be a special case of our conjecture for the
case where k = 0. In this paper we prove that this con-
jecture is true, when we are restricted to planar graphs.
Moreover, we develop results and techniques that may
serve as the base of its full resolution.

Given a finite set F of graphs, we use h(F) for the
maximum size of a graph in F. We also write F £ G
to denote the fact that none of the graphs in F is a
topological minor of G. We define px(G) = min{k |
3S CV(G) : |S| < kAF £ G\ S}. The main result of
this paper is the following:

THEOREM 1.1. There exists an algorithm that given a
finite set of graphs F, a k € N, and a planar graph G,
TA graph G is an minor of a graph G’ is G is the contraction
of some subgraph of G'.
5A graph G is a subdivision of a graph G’ if G' can be obtained
from G’ if we replace its edges by paths with the same endpoints.

outputs whether pr(G) < k in Op x(n?) steps, where
h = h(F).

We stress that the algorithm of Theorem 1.1 can be
straightforwardly modified so to output a set S of size
< k that intersects all models of the graphs in F.

1.3 High level description of our algorithm Our
main approach towards proving Theorem 1.1 is the ap-
plication of the so-called irrelevant vertex techmique.
This technique was introduced for the first time by
Roberston and Seymour in [26] for the design of an
FPT-algorithm for the DISJOINT PATHS problem, pa-
rameterized by the number of terminals. Subsequently,
its was applied, in diverse ways, for the design of FPT-
algorithms for several graph-theoretical problems and
is now considered as a powerful technique of parame-
terized algorithm design [1,11,13,14,16-21,24,25]. We
also refer to [10, Chapter 7] for a high-level overview of
the irrelevant vertex technique. The general algorith-
mic paradigm of the irrelevant vertex technique takes
advantage of some structural characteristic of the in-
put graph in order to detect, in FPT-time, some vertex,
called irrelevant, whose removal from G generates an
equivalent instance of the problem. By recursing on the
produced equivalent instance we end up with a graph
where the structural parameter is bounded (by some
function of k), a fact that permits the resolution of the
problem with other techniques — typically by dynamic
programming. In most of the times, this structural pa-
rameter is treewidth (see §2 for the formal definition)
and this is the one that we use in this paper. Towards
proving Theorem 1.1, the application of the irrelevant
vertex technique is based on the following theorem.

THEOREM 1.2. There exists a function f; : N — N,
and an algorithm with the following specifications:

Find Irrelevant Vertex(k,h,G)
Input: k,h € N>g and an n-vertex planar graph G
Output:

1. an (irrelevant) vertex v € V(G) such that, for
every graph class F where h(F) < h, it holds that
pr(G) <k < pr(G\v) <k or

2. a tree decomposition of G of width at most f1(h)-k.
Moreover, this algorithm runs in Oy p(n) steps.

After applying the algorithm of Theorem 1.2 at
most n times, the problem is reduced to instances of
bounded treewidth. As topological minor containment
can be expressed by a MSOL formula and vertex dele-
tion to some MSOL definable property can also be ex-
pressed in MSOL, it follows from the Theorem of Cour-
celle [9] (see also [2,6,30]) that the problem for reduced
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instances can be solved in O p(n) steps. Theorem 1.1
follows. The version of the algorithm that outputs a cer-
tificate of the solution follows again from the version of
the Theorem of Courcelle that returns such a certificate,
if exists.

In the rest of this section we give an outline on how
Theorem 1.2 is proved. All combinatorial concepts used
in this description are presented in an intuitive way;
formal definitions can be found in §2. Given a tuple
of variables x = (x1,...,%4) by the term x-big/small
we refer to a quantity that is lower/upper bounded by
some (unbounded) function of x. Alternatively, we use
the term x-many/few that is defined analogously. We
work on some embedding of G in the plane.

Walls and annuli. An important combinatorial object
is the one of a r-wall , as the one in Figure 1, that can
be seen as the union of r horizontal paths intersected
by r vertical paths. The layers of a wall W are defined
as indicated in Figure 1.

Figure 1: A 17-wall and its 8 layers.

We call the outermost layer perimeter of the wall W.
Using a result of [13] we know that if the treewidth of a
planar graph is (k, h)-big, then G contains a (k, h)-big
wall such that the subgraph of G, called the compass of
W, inside the closed disk defined by the perimeter of W
has (k, h)-small treewidth (see Proposition 2.1). This
additional property will permit us to answer queries
expressed by MSOL sentences on subgraphs of the
compass of W.

The next step is to detect some more structure in
the wall W that is intuitively depicted in the left side
of Figure 2. We first distinguish the collection C of
the (k, h)-many outmost layers, drawn in yellow, and
then we consider in the rest of W a packing of (k, h)-
many (h)-big walls, drawn in green. This is done in
Lemma 2.1.

We now work on the “annulus” of the (k, h)-many
outer layers of W. For this, it is convenient to see those
cycles as “crossed” by a collection P of disjoint paths
(that are monotone subpaths of the horizontal/vertical
paths of W) called rails. We call this system of cycles

Figure 2: Left: The partition of a wall into a yellow
annulus and several green subwalls. Right: An example
of a (5,8)-railed annulus depicted in yellow; its inner
disk Dj is depicted in green.

P,

Py

Py

and rails railed annulus, denoted by A = (C,P). (See
the right side of Figure 2 for an example of a railed
annulus with 5 cycles and 8 rails).

Taming topological minor models. Notice that if
H is a topological minor of a graph G, then this is
materialized by a pair (M,T) where M is a subgraph
of G and T is a set of vertices of M, called branches,
such that all vertices of V(M )\ T have degree 2. We say
that (M,T) is a topological minor model of H in G if a
graph isomorphic to H is created after dissolving in M
all vertices in V(M) \ T (which means deleting every
such vertex and making its two neighbors adjacent).
For simplicity, assume that 7 = {H} and recall that
pr(G) < k if there is a set S C V(G),|S| < k, called
from now on solution set, that intersects all topological
minor models of H in G.

Our next aim is to analyze how topological minor
models of H may cross the cycles and the rails of a
railed annulus A = (C,P). For this we dedicate §5
to the proof of a general theorem stating that if the
branches of (M,T) are situated outside the annulus
and the annulus is (h)-big then it is possible to find
an alternative “rail-tamed” model (M’,T") of G, whose
intersection with the “middle cycle” of A consists only
of (h)-few rail vertices. We refer to this theorem as
the “model taming theorem” (Theorem 2.1). As it has
independent combinatorial interest, we present it in
a slightly more general form that will appear useful
on further algorithmic applications. The proof of this
theorem is technical and it is based on the so-called
unique linkage theorem by Robertson and Seymour
in [28,29] (also appeared in an alternative form as the
unique-linkage theorem in [22]).

Representations of topological minor models.
Using the model-taming theorem, we can pick a (h)-
small collection P’ of the rails of A for which the
following holds: for every topological minor model
(M, T) of H that crosses A, there is a disk A bounded
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by some cycle C of A and a “tamed” (through P’)
version (M',T") of (M, T) that represents (M, T) in the
sense that a set of vertices that are “not so close” to
C, intersects M N A iff the same set intersects M’ N A.
From now on we refer to the instantiations of M’ N A
as the inner tamed models of A and we can see them
as models representing the “inner part” of all annulus-
crossing models.

Reducing the solution space. The next step is
to compute, for every cycle C of A, a set Sc of
at most (k, h)-many vertices intersecting each possible
inner tamed model of A (it is possibe that S¢ is an
empty set) This computation can be done in Oy p(n)-
time as this question can be expressed in MSOL and
concerns subgraphs of the compass of W that has (k, h)-
small treewidth. Let Aj;, be the disk bounded by
the innermost cycle of C (cycle C5 in Figure 2). We
then compute Sin = Ain N (Ugee Sc) and observe
that Si, has (k,h)-small size. Based on the fact that
the inner tamed models represent the inner part of all
models crossing A and the fact that all these models
are intersected by subsets of at most k£ vertices whose
restriction in A;, is in Si,, we prove that if G\ S does
not contain any topological minor model of H, then we
can replace S N A, by vertices of S, to obtain a new
solution that is not larger than S (Lemma 3.1). This
is an important restriction of the solution space of the
problem in what concerns its intersection with A;,. As
the (h)-big sub-walls packed inside Ay, are (k, h)-many,
there is a sub-wall whose compass can be avoided by all
possible solution sets. In the above, H can might any
graph on h vertices, however its is more convenient to
think about some specific planar graph H in F.

Finding an irrelevant vertex. We now fix our
attention to the solution-free compass of some (h)-big
subwall of W. Once again, we see this wall as a railed
annulus A’ and use the model taming theorem in order
to represent all ways topological minor models of H can
“invade” the compass of W by tamed topological models
going through the rails of .A’. This in turn permit us to
detect a vertex v of the solution-free compass of W such
that if a solution set S intersects a topological minor
model that contains v, then it should also intersect
some representation of it that avoids v, therefore v is
irrelevant (Lemma 3.2).

2 Definitions and preliminaries

We denote by N the set of all non-negative integers.
Given an n € N, we denote by N>, the set containing
all integers equal or greater than n. Given two integers
x and y we define by [z,y] = {z,z +1,...,y — 1,y}.
Given an n € N>, we also define [n] = {1,...,n}. Let

U be a set, r € N>, and A = [44,...,4,] C (2Y)",
B = [By,...,B,] € (2Y)". We say that A C B if
for all i € [r], A; C B;. Also, if S C U we denote
ANS=[A1NS,...,A.NS|.

2.1 Basic concepts on Graphs All graphs in this
paper are undirected, finite, and they do not have loops
or multiple edges. If Gy = (V1, Ey) and Gy = (Va, E3)
are graphs, then we denote G1 NGy = (Vi1NVa, E1NEs)
and G; UGy = (V41 U V,, E7 U Es). Also, given a graph
G and a set S C V(G), we denote by G \ S the graph
obtained if we remove from G the vertices in .S, along
with their incident edges. Given a graph G, we say that
the pair (A, B) is a separation of G if AU B = V(G)
and there is no edge in G with one endpoint in A\ B
and the other in B\ A. A path (cycle) in a graph G is a
connected subgraph with all vertices of degree at most
(exactly) 2. A path is trivial if it has only one vertex
and is empty if it is the empty graph (i.e., the graph
with empty vertex set).

Partially disk-embedded graphs. A closed disk
(resp. open disk) A is a set homeomorphic to the set
{(@.y) | 22 +y? < 1} (resp. {(@,) | 22 + 42 < 1}).
A disk of A is a closed or an open disk of A. We
use bor(A) to denote the boundary of A and int(A)
to denote the open disk A \ bor(A). When we embed
a graph G in the plane or in a disk, we treat G as a
set of points. This permits us to make set operations
operations between graphs and sets of points. We
say that a graph G is partially disk-embedded in some
closed disk A, if there is some subgraph K of G that
is embedded in A such that bor(A) is a cycle of K
and (V(G) N A, V(G) \ int(A)) is a separation of G.
From now on, we use the term partially A-embedded
graph G to denote that a graph G is partially disk-
embedded in some closed disk A. We also call the graph
K compass of the partially A-embedded graph G and
we always assume that we accompany a partially A-
embedded graph G together with an embedding of its
compass in A that is the set G N A.

Let G be a partially A-embedded graph and let
C = [Cy,...,C], 7 > 2, be a collection of vertex-
disjoint cycles of the compass of G. We say that the
sequence C is a A-nested sequence of cycles of G if
every C; is the boundary of an open disk D; of A
such that A D D; D D D,. From now on,
each A-nested sequence C will be accompanied with the
sequence [Dy,...,D,] of the corresponding open disks
as well as the sequence [D1,...,D,] of their closures.
Given z,y € [r] where z < y, we call the set D, \ D,
(z,y)-annulus of C and we denote it by ann(C,z,y).
Finally, we say that ann(C, 1,r) is the annulus of C and
we denote it by ann(C).
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Grids and Walls. Let k,r € N. The (k x r)-grid
is the Cartesian product of two paths on k& and r
vertices, respectively. An elementary r-wall, for some
odd r > 3, is the graph obtained from a (2r x r)-grid
with vertices (z,y), € [2r] x [r], after the removal of
the “vertical” edges {(z,y), (z,y + 1)} for odd = + y,
and then the removal of all vertices of degree one.
Notice that, as 7 > 3, an elementary r-wall is a planar
graph that has a unique (up to topological isomorphism)
embedding in the plane such that all its finite faces
are incident to exactly six edges. The perimeter of
an elementary r-wall is the cycle bounding its infinite
face. Given an elementary wall W, a wertical path of
W is one whose vertices, in ordering of appearance, are
(4,1),(4,2), (1 +1,2),(i+1,3),(7,3), (4,4), i+ 1,4), (i +
1,5),(4,5), ..., (4,7 —=2),(i,7—1),(i+1,r=1),(i+1,7),
for some i € {1,3,...,2r — 1}. Also a horizontal path
of W is one whose vertices, in ordering of appearance,
are (1,7),(2,7),...,(2r,j), for some j € [2,r — 1],
or (1,1),(2,1),...,(2r—1,1) or (2,7),(2,7),...,(2r,7).
(see Figure 1).

An r-wall is any graph W obtained from an elemen-
tary r-wall W after subdividing edges. We call the ver-
tices that were added after the subdivision operations
subdivision vertices. The perimeter of W is the cycle of
W whose non-subdivision vertices are the vertices of the
perimeter of W. Also, a vertical (resp. horizontal) path
of W is a subdivided vertical (resp. horizontal) path of
W. An r'-subwall W’ of a wall W is any r’-wall that
is a subgraph of W and whose horizontal /vertical paths
are subpaths of the horizontal /vertical paths of W.

A subgraph W of a graph G is called a wall of G if
W is an r-wall for some odd r > 3 and we refer to r as
the height of the wall W. The layers of an r-wall W are
recursively defined as follows. The first layer of W is its
perimeter. For i =2,...,(r—1)/2, the i-th layer of W is
the (i — 1)-th layer of the subwall W’ obtained from W
after removing from W its perimeter and all occurring
vertices of degree one. Notice that each (2r + 1)-wall
has r layers.

Treewidth. A tree decomposition of a graph G is a pair
(T, x) where T is a tree and y : V(T') — 2V() such that

L. UteV(T) x(t) = V(G);

2. for every edge e of G there is a t € V(T') such that
X(t) contains both endpoints of e and

3. for every v € V(G), the subgraph of T induced by
{t e V(T) | v e x(t)}is connected.

The width of (T, x) is defined as

w(T,x) ==max { [x(t)| =1t V(T)}.

The treewidth of G is defined as tw(G) :=
min {w(T, x) | (T,x) is a tree decomposition of G} .

The following result from [13] intuitively states that
given a ¢ € N and a graph G with “big” enough
treewidth, we can find a ¢-wall of G whose compass
has “small” enough treewidth.

PROPOSITION 2.1. ( [13]|) There exists a constant ¢
and an algorithm with the following specifications:

Find Wall(G,q)
Input: a planar graph G and a q € N.
Output:

1. A g-wall W of G whose compass has treewidth at
most ¢ - q or

2. A tree decomposition of G of width at most ¢y - q.

Moreover, this algorithm runs in Oq(n) steps.

2.2 Railed annuli Let » € N>3 and ¢ € N>s.
Assume also that r is an odd number. An (r,¢)-
railed annulus of a partially A-embedded graph G is
a pair A = (C,P) where C = [C1,...,C,] is a A-
nested collection of cycles of G and P = [Py,..., P, is
a collection of pairwise vertex-disjoint paths in G such
that

e For every j € [¢], P; C ann(C).

e For every (i,7) € [r] x [¢], C; N P; is a non-empty
path, that we denote F; ;.

We refer to the paths of P as the rails of A and to the
cycles of C as the cycles of A.

Let A = (C,P) be an (r,q)-railed annulus of a
partially A-embedded graph G. We call D,. (resp. D)
the inner (resp. outer) disk of A. We also extend the
notion of an annulus and we say that the annulus of
A = (C,P) is the annulus of C.

We now prove the following lemma which intuitively
states that there is an algorithm that given a “big
enough” wall, outputs a collection of railed annuli
whose number and size will be useful in the proof of
Theorem 1.2.

LEMMA 2.1. There exists a function fo : N> = N and
an algorithm with the following specifications:

Find Collection of Annuli(z,y,z, A,G,W)
Input: two odd integers x,y € N>3, an integer z € N,
a partially A-embedded graph G and a q-wall W of the
compass of G whose perimeter is the boundary of A and
such that ¢ > fa(z,y, 2).

Output: a collection A = {Ag, Ay, .
annuli of the compass of G such that

. ALY of railed
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o Ay is a (z,x)-railed annulus whose outer disk is A
and whose inner disk is A/,

o fori € [z], A; is a (y,y)-railed annulus of G N A’,
and

o for every i,j € [z] where i # j, the outer disk of A;
and the outer disk of A; are disjoint.

Moreover, this algorithm runs in O(n) steps and

Proof. Let y' := y+[(y—2)/4] and assume that 3’ is an
odd integer (otherwise, make it odd by adding 1) and
let fo(z,y,2) = v+ max{[(z — 2)/4], [Vz/2] - y/'} + 1.
We argue that the following holds:

Claim: Let p € Z>3. If H is an h-wall of G, where
h > p—+ [(p—2)/4], then H contains a (p,p)-railed
annulus A = (C,P), where C = [C1,...,Cp] and for
every i € [p], C; is the i-th layer of H.

Proof of Claim: Let H be an h-wall of G, where
h>p+ [(p—2)/4]. We define the A-nested collection
C=|C1,...,Cp) of cycles of G, where, for every i € [p],
C; is the i-th layer of H. Let P be the collection of
the vertical and horizontal paths of H that intersect
Cp. Observe that for every i € [p — 1], every path in
P also intersects C; and that P Nann(C) is a collection
of pairwise-vertex disjoint paths of G. Also, notice that
since h—p > [(p—2)/4] then PNann(C) contains at least
p paths. Let P := [Py, ..., P, be a subset of PNann(C).
Then, P is a collection of pairwise vertex-disjoint paths
of G and it holds that for every j € [p], P; € ann(C) and
for every (i,7) € [p] x [p], C; N P; is a non-empty path.
Therefore, H contains a (p, p)-railed annulus A = (C, P)
of G and the claim follows.

Following the claim above, for H := W, h := ¢, and
p = x, since ¢ > x+[(x—2)/4], we deduce the existence
of a (x, z)-railed annulus Ay whose inner disk is D, and
whose outer disk is D; - that is A. Observe that since
q—x > [yz/2] -/ +1, then there exists an r-wall W of
G for some odd r € Z>3 such that r > [/z/2] -y’ and
W C GND,.

Now, notice that W contains a collection W =
{W{,...,W.} of z y'-subwalls of W such that, for every
i,j € [z],1 # 3, K(W])n K(W)) = (). Therefore,
for every i € [z], applying again the claim above for
H =W/, h:= 1y and p := y, we deduce the existence
of a (y,y)-railed annulus A; of W/. Furthermore, for
every i,j € [2],i # j, recall that K(W/) N K(W}) =0
which implies that the outer disk of A; and the outer
disk of A; are disjoint. The proof concludes by setting
A={Ap, A1,..., A} O

2.3 Rerouting topological minors We say that
(M,T) is a tm-pair if M is a graph, T C V(M), and
all vertices in V(M) \ T have degree two. We denote
by diss(M,T') the graph obtained from M by dissolving
all vertices in V(M) \ T. A tm-pair of a graph G is a
tm-pair (M, T) where M is a subgraph of G. Given two
graphs H and G, we say that a tm-pair (M, T) of G, is
a topological minor model of H in G if H is isomorphic
to diss(M,T). We call the vertices in T' branch vertices
of (M,T).

Topological minor models in railed annuli. Let
G be a partially A-embedded graph, let H be a graph,
A = (C,P) bea(r,q)-railed annulus of G. Let r = 2¢+1.
Let also s € [r] where s = 2¢' + 1. Given some I C [g],
we say that a topological minor model (M,T) of H in
G is (s, I)-confined in A if

MMam(Ct+1-t,t+1+t)C| )P
i€l

Intuitively, the above definition demands that M tra-
verses the “middle” (s, ¢)-annulus by intersecting it only
at the rails of A.

Our algorithms are strongly based on the following
combinatorial result, whose proof is postponed to §5.

THEOREM 2.1. (MODEL TAMING) There exist two

functions f3, fa : N>o = N>q such that if
e s is a positive odd integer,
e H is a graph on g edges,

o G is a partially A-embedded graph,

A = (C,P) is a (r,q)-railed annulus of G, where
r = fa(g) +2+ s and g = 5/2- f3(g),

(M, T) is a topological minor model of H in G such
that T Nann(A) =0, and

o [ C [q] where |I| > f3(g),

then G contains an topological minor model (M,T) of
H in G such that

1. T=T,
2. M s (s, I)-confined in A and
3. M\ ann(A) C M \ ann(A).

Apart from being the combinatorial base of our
results, the Model Taming Theorem will appear useful
in other results using the irrelevant vertex technique
(see [3]).
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2.4 Boundaried graphs and folios Let t € N. A
t-boundaried graph is a triple G = (G, B, p) where G
is a graph, B C V(G), |B| < t,and p: B — [t] is an
injective function. We call B the boundary of G and
we call the vertices of B the boundary vertices of G.
We also call G the underlying graph of G. Moreover,
we call |B| the boundary size of G. We say that the t-
boundaried G’ = (G', B', p’) is a subgraph of G if G’ is
a subgraph of G, B’ = BNV(G'), and p' = p|p:. Also,
for S C V(G), we define G \ S to be the t-boundaried
graph (G, B’, p') where G’ = G\'S, B’ = B\ S and p' =
plp’. Two t-boundaried graphs G; = (G1, B1, p1) and
G2 = (Gg, Bg, pa) are isomorphic if Gy is isomorphic
to G2 via a bijection ¢ : V(G1) — V(G2) such that
p1 = p209|p,, i.e., the vertices of B; are mapped via ¢
to equally indexed vertices of By. A boundaried graph
is any t-boundaried graph for some ¢ € N.

We also define the treewidth of a boundaried graph
G = (G, B,p), denoted by tw(G) as the minimum
width of a tree decomposition (T,x) of G for which
there is some ¢ € V(T') such that B C x(t). Notice
that the treewidth of a ¢-boundaried graph is always
lower bounded by its boundary size.

Topological minors of boundaried graphs. If
M = (M, B, p) is a boundaried graph and T' C V(M)
with B C T, we call (M,T) a btm-pair and we define
diss(M, T') = (diss(M,T), B, p) (notice that we consider
all boundary vertices to be branch vertices, therefore we
do not permit their dissolution). If G = (G, B, p) is a
boundaried graph and (M,T) is a tm-pair of G where
B C T, then we say that (M, T'), where M = (M, B, p),
is a btm-pairof G = (G, B, p). Let G, = (Gy, B;, pi), i €
[2]. We say that Gy is a topological minor of Ga,
denoted by G; < Gg, if there is a btm-pair (M, T) of
G such that diss(M, T") is isomorphic to G;. We call
diss(M, T') the representation of the btm-pair (M, T) of
G.

Folios. Let h,t € N where h > t. We denote by B;Lt)
the set of all (pairwise non-isomorphic) ¢-boundaried
graphs with at most h vertices. We set the function
fs : N2 = N such that f5(t,h) = [B\]. Given a t-
boundaried graph G and an integer h € N, we define the
h-folio of G, denoted by f,(Lt)(G), as the set containing
all ¢-boundaried graphs in B,(f) that are representations
of the btm-pairs of G. Notice that |.7-',(lt)(G)\ < f5(t, h).

Given that topological minor containment can be
expressed in Monadic Second Order logic, the next
lemma follows from Courcelle’s theorem.

LEMMA 2.2. There is an algorithm with the following
specifications:

Compute Folio(h,w,t,G)

Input: h,w,t € N, where h > t and a t-boundaried
graph G of treewidth at most w.

Output: the set f}st)(G),

Moreover, this algorithm runs in Oy (n) steps.

3 The two main subroutines of the algorithm

In this section, we provide two main subroutines that
will be useful in the proof of Theorem 1.2. From now
on, functions f3, f4 will always denote the functions of
Theorem 2.1.

Boundaried graphs in railed annuli. Let A =
(C,P) be a (r,q)-railed annulus of a partially A-
embedded graph G. We can see each path P; in P
as being oriented towards the “inner” part of A, i.e.,
starting from an endpoint of P; ; and finishing to an
endpoint of P, ;. For every (i,7) € [r] x [¢], we define
r;,; as the first vertex of P; that appears in P; ; while
traversing P; according to this orientation.

Given an ¢ € [r] and a t € [g], we define the ¢-
boundaried graph G;; = (G;, Rit,pit) where G; =
GND;, Ri,t = {’/‘1‘,1 . ,’I“iﬂg} and, fOI‘j S [t], p(’I“iJ) =7.

3.1 Reducing the solution space We now prove
the following lemma that intuitively states that there is
an algorithm that given a graph G and a “big enough”
railed annulus A of G, it “reduces” the set of vertices
that are candidates to the hitting set S.

LEMMA 3.1. There exists an algorithm with the follow-
ing specifications:

Reduce Solution Space(k,h,g,A,G,w,C,P)
Input: three integers k,h,g € Nxo, a partially A-
embedded graph G whose compass has treewidth < w
and an (r,q)-railed annulus A = (C,P) of G, where
r=(k+1)(h+1)(fi9) +3) and ¢ =>5/2- f3(g).
Output: a set R C D, NV (G) such that

o |R| < f5(fs(g) + 1, h+ fs(g) + )" k(k+1) and

e for every h-vertex and g-edge graph H and every
SCV(G), if|S| <k and H A G\ S, then there is
some S" C (V(G)\ D;) UR such that |S’| < k and
HAG\S.

Moreover, this algorithm runs in Op .,(n) steps.

Proof. We set u := f4(g) + 3 and X\ := f3(g). Given
an i € [k + 1], we use notation A; as a shortcut to
ann(C, (i — 1)(h + 1)p + 1,i(h + 1)u) and for every
J € [h+1] we define B; ; = ann(C, (i —1)(h+1)u+ (j —
Dp+1,6—1)(h+1)p+ jpu). Intuitively, we partition
C in k + 1 sets of consecutive cycles (i.e., the cycles of
A;,i € [k+1]) and then, for every i € [k+1] we partition
the set of cycles of A; into h+1 sets of consecutive cycles
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(i.e., the cycles of B; ;, j € [h+1]). Notice that for every
1,] € [k‘+1] X [h"‘l], |Bi7j ﬁC| =W

Cli—1) (h+ 1)t =1+ [1/2]

Clim1)(h+ D p+(i—1put1 Cli—1)(h+D)p+iu
Cli—n)(htD)p+1 Cith+ 1)
! !
~— — |
Bia B; ; B ht1
A;

Figure 3: Visualization of the partition of the cycles of
A in sets A;,i € [k + 1] and of the partition in sets
Bij,i,j € [k +1] x [h+1].

Also, we define for every (i,7) €
(A + 1)-boundaried graph

[k +1] X [A+1] the
Gij = G(i—1)(h+1)ut+G—Dpt /2] A+1-

To get some intuition, notice that the boundary ver-
tices of Gy ; lie on the “middle” cycle of B;; — see

Figure 3. Let i € [k + 1]. For every collection
§i = []:17~--7]:h+1] S (B;{r&{zl)h—"_l, let Si,&'i be the

minimum-size subset of V(G) N D_1y(h4+1)u+1 of at
most k vertices such that, for every j € [h + 1], it holds

that -7:}(;4\-—;21( ij \ Siz.) NF; = 0. If such a set does

not exist, then we set S; 3, = V) We define

U

i€[k+1]

(A+1) Jht1
FieB NI

R:( Si,%i)mD'f’

Notice that as each éi,h—Ha that is the underlying
graph of G’Z‘,h+1, is a subgraph of the compass of G,
it has treewidth at most w. Moreover, the set S; g,
can be expressed in MSOL and, again from Courcelle’s
theorem, each S;z,, and therefore R as well, can be
computed in Oy 4(|G|) steps.

Let H be h-vertex graph and g-edge graph and
S C V(G) such that |S| < k and H £ G\ S.
As r = (k+ 1)(h 4+ 1)p and |S| < Ek, then by the
pigeonhole principle there is some ¢ € [k + 1] such
that SN A, = 0. (In case there are many such s,
we take the minimum one.) Let Sin = S N Dypq1yu

and Sy = S\E(g,l)(hﬂ)#ﬂ. Let also kin := |Sin| and
Eout := |Sout| and keep in mind that kip +kout = |S] < k.
Let H be the set of all topological minor models of H in
G and notice that for every (M,T) € H, SNV (M) # 0,
i.e., S intersects at least one vertex of each graph in H.
Let H, be the members of H that are intersected only
by vertices in Sjy,.

The next claim shows that there is a collection of
cycles of A such that for each tm-pair (M,T) € H,
there exists a cycle C of this collection and a tm-pair
(]\ZI'7 T) € H, that is equivalent to (M, T) and is “tamed
in C” in the sense that M N C is a subgraph of the rails
of A.

Claim: For every (M,T) € My, there is an jy € [h+1]
and a topological minor model (M , T) in Hy, such
that M \ Ay € M\ Ay and whose intersection with
Cy,, is the union of the paths {P,  car,..., P, o }

Ym M

where ypr = (0 — 1)(h 4+ Dp + (jar — 1)u + [p/2] and

{e, ..., cM } C[X+1] (see Figure 4).
o . o .
Bya B ju Ben+y Bea B ju By
A[ AI,’

Figure 4: Visualization of the statement of the Claim.
(M, T) is depicted in the left figure, while (M,T) is
depicted in the right figure.

Proof of Claim: Let (M,T) € H, and notice that Si, N
V(M) # 0. As |T| = h, there is some jp € [h+ 1] such
that TN By j,, = 0 (if many such j’s exist, take the
minimum one). We use notation AM) = (C(M) p(M))
instead of AN By j,,. We can now apply Theorem 2.1
for s =1, A:= AM) and I = [\ + 1] and obtain a
topologlcal minor model (M,T) of H in G such that
T =T, M is (1,1)-confined in AM) and M \ By ,, C
M \ By, which implies that M \ A, € M\ A;. Let
yv = (0 —1)(h+ V)p + (ing — 1) + [p/2]. Notice
that (M, T) is a topological minor model in H, whose
intersection with C,,, is the union of some of the paths

Ym
in {P, P, a+1} Suppose that these paths are
{ YM C

S+l
The clalm follows.

Myl

M
""PvaC%u} where {c{",...,cl}

Following the above claim, for every (M,T) €
He we define the (A + 1)-boundaried graph Gy =
(GM,BM,p]\/[) W}}ere EM = (M n DyM) U (BM,[Z))
(i.e. the graph M N D,,, together with the vertices
Bum), Bv = {ryn1s- - Ty a41), and for d € (X + 1],
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pM(ryM,d) =d.

We now define, for every j € [h + 1], the set
F; = {diss(Gprs,TUBy) | jur = 7 and (M, T) € He}
and we set §s = [F1,..., Fht1]

Notice that S, is a subset of V(G)ND—1)(h41)u+1
of ki, vertices such that, for every j € [h + 1], it holds
that Fy 50 (G \ Sim) N F; = 0. Clearly, [Siz,| <
|Sin|. We now set " = Spzs U Sout- Observe that
Sess N D, C R and therefore 8" C (V(G) \ D,) U R.
Since |S’| < k, it remains to prove that H £ G\ S'.

Suppose to the contrary that the graph G \ S’
contains some topological minor model (M,T') of H as
a subgraph. Since H A G\ S, then it holds that (M, T)
is intersected only by vertices in Sy, - thus (M, T) € H,.
According to the claim above, there is an jy; € [h + 1]
and a topological minor model (J\;[,T) € H, such that
M\ Ay € M\ Ay and whose intersection with C,,
is the union of the paths {P,,, .
yv = (0= 1)(h+ Dp+ (ipy — Dp + [p/2] + 1 and
{eM ..., e™ )} C [A+1]. Therefore diss(G s, TUByy) €

Y YZM

Fjar» which contradicts the definition of Sy . a

M. 7PyM,c%/1} where

3.2 Finding an irrelevant area Before we proceed
with the proof of the second result of this section we
need some more definitions. Let A = (C, P) be an (r, q)-
railed annulus of a partially A-embedded graph G.

P Py

Ps

P,

P
8 P,

Figure 5: An example of a (5,8)-railed annulus A,
the set F4 (depicted in green), and the graphs Lo 5.7
(depicted in red), R4 (depicted in yellow), and
A3 505 (depicted in blue).

For every i € [r], we define Fﬁf) as the edge set
of the unique (P, 4, P;1)-path that does not contain
any vertex from P,. We also set Fq4 = Uie[r} F),

Let (i,7,7") € [r] x [q]> where j # j'. We denote by

L; j—;the shortest path in C; starting from a vertex of
P; ; and finishing to a vertex of F; ;s and that does not
contain any edge from F 4. Let (i,4’,7) € [r]? x [q] where
i # i’ (see Figure 5). We denote by R;_,; ; the shortest
path in P; starting from a vertex of P;; and finishing
to a vertex of Py ;. Let (i,7,7,;') € [r]? x [¢]* such that
i <i and j < j'. We define A; ;7 ; ;» as the closed disk
bounded by the unique cycle in the graph

P UL jy UP; 5 UR 0 U
Py jr U Lirjrj U Py j U Rirsi .

The next lemma intuitively states that there exists
an algorithm that given a partially A-embedded graph
G and a “big enough” railed annulus of G, then there
exists a bidimensional area A’ C A such that for every
hitting set S outside A, A’NV(G) is an irrelevant part
of the instance.

LEMMA 3.2. There exists an algorithm with the follow-
ing specifications:

Find irrelevant area(h,g,b,A, G, w,C,P)

Input: three integers h,g € N>1 andb € N>o, a partially
A-embedded graph G whose compass has treewidth at
most w, and an (r,q)-railed annulus A = (C,P) of G,
where = f5(f3(g) + 1, h+ f3(g) + 1) - ((h+1)(fa(g) +

3)+b+1) and ¢ = max{5/2 - f3(g), fs(g) + b}.
Output: a closed disk A’ C A such that

e tw(GNA’)>b and

e for every h-vertex and g-edge graph H and for every
SCV@)\A, if HZ (G\(A'NV(G)))\ S then
HAG\S.

Moreover, this algorithm runs in Op (b - |G]) steps.

Proof. Let t := f3(g)+1, p:= fa(g)+3, £:=(h+1)pu+
b+1. Using this notation we have that r = f5(t, h+t)-£.

We consider the t-boundaried graphs G, ¢, @ € [r].
As the underlying graph of each G;; is a subgraph
of the compass of G, we have that tw(G;;) < w +
t = Op(w). For each i € [r], we call the algorithm
Compute Folio(h+t,t,G; ¢, w+t) and compute the
(h + t)-folio of G;; which, from now on, we denote by
Fi. According to Lemma 2.2 F;, for all ¢ € [r] can
be computed in Op (r - |G]) = Opw(b - |G]|) steps.
We observe that if 1 < ¢ < ¢ < r, then Fy C F;.
This, together with the fact that \Bgt)| = fs(t,h + 1),
implies that there is an i’ € [r — £ + 1] such that
fi/ = fi/+1 = ... =S 40-1- We define

!/
A= Ai’—&-u(h-&-l),i’+é—2,t+1,t+b

and notice that GNA’ contains a (bx b)-grid as a minor,
therefore tw(G N A’) > b (see Figure 6). Also keep in
mind that A’ does not intersect the cycle Cyryp_1.
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Cir g puhr1) Cirqo1
¢y Cy | | C,
Piyy
A/
Py
-

L

Figure 6: An example showing the disk A’.

Let now H be a h-vertex and g-edge graph and
S C V(G)\ A such that H £ (G\ A’)\ S. It remains
to prove that H £ G\ S. Suppose to the contrary
that the graph G \ S contains some topological minor
model (M,T) of H as a subgraph. As |T| = h and
£=p-(h+1)+b+1 there is some i € [i',7' + { — y]
such that T Nann(C,i",7" +p—1) = 0.

We consider the (u,g)-railed annulus A’ =
of G\ S where

(€, P)

[ ] C/ = [CL?C:J = [Oi”w--aci”—o—y—l} and
P = [P,....P] =

ann(A")]. (See Figure 7.)

[Pr N ann(A),...,P; N

Ci" CZ‘/I _ C’L’ _
c, Cy | JIM ' tz ! C,
ol
\
.L\\\ \
B
w_/
I

Figure 7: An example showing the (u, ¢)-railed annulus

A

We are now in position to apply Theorem 2.1 for
s:=1,H,G:=G\S, A=A, r:=p, M, and I = [t].
We deduce the existence of a topological minor model
(M,T) of H in G\ S such that T = T, M is (1,I)-
confined in A’, and M \ ann(A’) € M \ ann(A’) (see
Figure 8).

Al

Figure 8: An example of (M , T)7 the result of applying
Theorem 2.1 in the railed annulus A’.

Let y = i" + |u/2). Notice now that M N C,
is the union of some of the paths in {P,1,...,P,+}.
Suppose that these paths are {P,.,,..., Py} where
{c1,...,¢cu} C [t]. We consider the boundaried graph
M, = (M,, B,,p,) where M, = (M N D,) U (B,,0)
(i.e. the graph M N D, together with the isolated
vertices By), By, = {ry1,...,ry.¢}, and for every d €
[t], py(rya) = d. We also define M, = M\ D, \
Uaeg(V (Pyca) \ Tyes)- Keep in mind that M, does
not intersect the disk A’ (see Figure 9).

Cy Cy

Ty,eq

Ty,co

Figure 9: The graphs M, (depicted in red) and My
(depicted in blue).

Now consider the t-boundaried graph diss(M,,, T" U
B,) and notice that it is isomorphic to a member
F e F, Wesety =i +¢—1. Recall that F € Fy,
as Fy, = F,. This means that G, contains as a
subgraph a model M, = (M, B/, py) of F where
By ={ry1,...,1y .}, and for every d € [t], py(ry q) =
d. Notice that M, does not intersect A’. Let My/ be
the graph obtained from M, after removing the vertices
ry . J € [t)\ {c1,...,cu}. For every d € [u], we define
P; = Py., URy_y ., and observe that none of the

paths in P* = {P] | d € [u]} intersects A’. Consider
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now the graph My := M, U M, U|JP* and observe that
(My,T) is a topological minor model of H in G\ S such
that V(Mp) N A" = (). Therefore H < (G\ A")\ S, a
contradiction (see Figure 10).

Cingp—1 Cy
| Cy | |

A/

Figure 10: Visualization of the last part of the proof.

d

4 Proof of the main result

Now we have all necessary results in order to prove
Theorem 1.2.

Proof. [Proof of Theorem 1.2] Let g := (g), W=
fa(g) + 3, and X := f5(g). Also, let

z:=(k+1)(h+1)p,
y:=fs(A+1Lh+A+1)-((h+1)p+1), and
zi=fs(A+ 1L, h+ A+ )" k(k+1) +3.

For ¢ := folz,y,2), we call the algorithm

Find _Wall(G, q) of Proposition 2.1 which outputs ei-
ther a g-wall W of G whose compass has treewidth at
most ¢q -q or a tree decomposition of G of width at most
c1 - q. We consider the first case.

Let A be the closed disk defined by the
compass of W. Then, we call the algorithm
Find Collection of Annuli(z,y,z, A,G,W)
of Lemma 2.1 which outputs a collection
A = {Ag, A1,...,A,} of railed annuli of the com-
pass of GG such that

o A is a (z,x)-railed annulus whose outer disk is A
and whose inner disk is A’,

o for i € [z], A; is a (y,y)-railed annulus of G N A/,
and

o for every i,j € [z] where i # j, the outer disk of A4;
and the outer disk of A; are disjoint.

Then, we call the algorithm
Reduce Solution Space(k, h,g,A,G,w,C,P) of

Lemma 3.1 for (C,P) := Ay and w :=
outputs a set R C A’NV(G) such that

c1 - ¢ which

o [RI<fs(A+1Lh+A+1)"" k(k+1)=2—1and

e for every graph H on at most h vertices and g edges
and every |S| < kand H £ G\ S, then there is some
S’ C (V(G)\ A") U R such that |S’| < k and and
HAG\S.

Since |R| < z then there exists a
j € |z] such that R N ann(A4;) = 0. Let
(€ PW) .= A;. Now, for b := 2, the algorithm
Find irrelevant area(h,g,b,A,G,w,CY) PW) of
Lemma 3.2 computes a closed disk A’ C A such that

o tw(GNA’) >b, and

e for every graph H on at most h vertices and g edges
and every S C V(G)\A, if H £ (G\(A'NV(G)))\S
then H A G\ S.

As the graphs in F have at most h vertices and g = (g),
we conclude that there exists a vertex v € V(G) N A’
such that pr(G) <k < pr(G\v) <k ]

5 Proof of the Model Taming Theorem

This section is devoted to the proof of Theorem 2.1 that
is the base of the correctness of both algorithmic results
of the previous section.

5.1 Linkages in railled annuli A linkage in a graph
G is a subgraph L of G whose connected components
are all non-trivial paths. The paths of a linkage are its
connected components and we denote them by P(L).
The size of L is the number of its paths and is denoted
by |L|. The terminals of a linkage L, denoted by T(L),
are the endpoints of the paths in P(L), and the pattern
of L is the set

{{s,t} | P(L) contains some (s,t)-path}.

Two linkages L1, Ly of G are equivalent if they have the
same pattern and we denote this fact by L1 = Lo.We
say that a linkage L of a graph G is vital if V(L) = V(G)
and there is no other linkage of G that is equivalent to
L.

Let G be a partially A-embedded graph, let A =
(C,P) be a (r,q)-railed annulus of G and L be a linkage
of G. If L is a linkage of a partially A-embedded graph,
and D C A, then we say that L is D-avoiding if
T(L)ND = (). We also say that L is D-free if DNL = .
We also say that L is A-avoiding if it is ann(C)-avoiding
(see Figure 11).
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Figure 11: An example of a railed annulus A, a closed
disk D (depicted in blue) and a linkage L (depicted in
red) that is D-free and .4-avoiding.

Let r =2t + 1. Let also s € [r] where s = 2t/ + 1.
Given some I C [q], we say that a linkage L is (s,I)-
confined in A if

LNnann(C,t+1—t t+1+1t)C UPi.
el

Our purpose is to prove the following.

THEOREM 5.1. There exist two functions f3, f4

N>o — Ny such that for every odd s € N>; and ev-
ery k € N>o, if G is a partially A-embedded graph, A =
(C,P) is a(r,q)-railed annulus of G, where r > f4(k)+s
and ¢ > 5/2 - f3(k), L is an A-avoiding linkage of size
at most k, and I C [q], where |I| > fs(k), then G
contains a linkage L where L = L, L is A-avoiding,
L\ ann(C) C L\ ann(C), and L is (s, I)-confined in A.

We say that a function is even if its images are even
numbers. We state the following result.

PROPOSITION 5.1. ( [22,28]) There exists an even
function f3 : N>gxN>q — N>q such that if G is a graph
and L is a vital linkage of G, then tw(G) < f3(|L]).

In the above proposition, f; is a non-decreasing
function that is important for the statement of many
of the results of this paper. For this reason, for now on,
f3 will always denote the function of Proposition 5.1.

5.2 Taming a Linkage LB-pairs. Given a graph
G, a LB-pair of G is a pair (L, B) where B is a subgraph
of G with maximum degree 2 and L is a linkage of G.
We define cae(L, B) = |E(L) \ E(B)| (i.e., the number
of linkage edges that are not edges of B).

LEMMA 5.1. Let (L,B) be an LB-pair of a G. If
tw(LUB) > f3(|L]|), then G contains a linkage L' where

1. cae(L’, B) < cae(L, B),
2. I =1,
3. L' CLUB.

Proof. Let H = L U B. From Proposition 5.1, L
is not a vital linkage of H, therefore, H contains a
linkage L’ such that L # L’ and L’ = L. Notice that
E(L")\ E(B) C E(L)\ E(B). It remains to prove that
this inclusion is proper.

Let {z,y} be a member of the common pattern of
L and L’ such that the (z,y)-path P of L is different
than the (z,y)-path P’ of L. Clearly, P and P’,
when oriented from x to y, have a common part P*.
Formally, this is the connected component of P N P’
that contains x. Let e be the (m + 1)th edge of P,
starting from x, where m is the length of P*. Notice
that e € (L) \ E(B), while e ¢ E(L") \ E(B).

We conclude that E(L) \ E(B) € E(L) \ E(B),
therefore |[E(L") \ E(B)| < |E(L) \ E(B)|, as required.
O

Minimal linkages. Let G be a partially A-embedded
graph, C be a A-nested cycle collection of G, D C A, L
be a ann(C)-avoiding and D-free linkage of G. We say
that a linkage L’ of G is (C, D, L)-minimal if, among all
the ann(C)-avoiding linkages of G that are equivalent to
L and are subgraphs of L U (C \ D), L’ is one where
the quantity cae(L’,|JC \ D) is minimized.

LEMMA 5.2. Let G be a partially A-embedded graph, C
be a A-nested cycle collection of G, D C A, L be an
ann(C)-avoiding and D-free linkage of G, and L' be a
(C, D, L)-minimal linkage of G, then tw(L'U(JC\D)) <
f(L).

Proof. Let B =JC \ D and observe that (L', B) is an
LB-pair of G. Assume, towards a contradiction, that
tw(L' U B) > f3(]L|). From Lemma 5.1, G contains a
linkage L” that is equivalent to L’ where cae(L”, B) <
cae(L’,B) and L C L' UB. This contradicts the choice
of I as a (C, D, L)-minimal linkage of G. d

Streams, rivers, mountains, and valleys. Let G be
a partially A-embedded graph, C = [C4,...,C,] be A-
nested cycle collection of G, and L be a ann(C)-avoiding
linkage of G. A (C,L)-stream of G is a subpath of L
that is a subset P of ann(C) and such that V(P N Cy)
consists of the one endpoint of P and V(PNC,) consists
of the other. A disjoint collection of (C,L)-streams of
G is a collection R of (C, L)-streams such that |JR is a
linkage of G. A (C, L)-river of G is a (C, L)-stream that
is a subpath of a connected component of L N ann(C)
that has one of its endpoints in C; and the other in C,..
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Notice that not each (C, L)-stream of G is a (C, L)-river
and any collection of (C, L)-rivers is a disjoint collection
of (C, L)-streams (see Figure 12).

Figure 12: An example of a (C, L)-stream (depicted in
solid red) and a (C, L)-river (depicted in solid blue).

Let ¢ € [r] and D C A. An (C,D, L)-mountain
(resp. (C, D, L)-valley) of G based on C; is a non-trivial
subpath P of some path of L where

1. Pgﬁz (resp. Pg A\Dz),
2. PN D, =0 (resp. PN(A\Dy)=0),

3. PN C; has two connected components, each con-
taining exactly one of the endpoints of P,

4. if D’ is the closure of the connected component of
D;\ P (resp. (A\D;)\ P) that does not contain D,
(resp. A\ Dq), then D'NT(L) = @ and D'ND = 0.

Clearly, in (4), D’ is a closed disk. We call it, the disk of
the (C, D, L)-mountain (resp. valley) P and we denote
it by disk(P).Notice that there is no (C, D, L)-mountain
based on C, and there is no (C, D, L)-valley based on
Cy.

A (C, D, L)-mountain (resp. (C, D, L)-valley) of G
is any (C, D, L)-mountain (resp. (C,D, L)-valley) of G
based on some of the cycles of C.

The height (resp. depth) of a (C, D, L)-mountain
(resp. (C, D, L)-valley) P that is based on C; is the max-
imum j such that Cj;;_1 (resp. C;_jy1) intersects P
and, in both cases, we denote it by dehe(P). Moreover,
the height (resp. depth) of P is at least 1 and at most
T

Notice that if a (C, L)-stream P of G is a subpath
of a (C, D, L)-mountain P’ or a (C, D, L)-valley P’ of G
then dehe(P’) = r. Moreover, if a (C, L)-stream P of
G is not a subpath of some (C, D, L)-mountain or some
(C, D, L)-valley of G, then P is a (C, L)-river of G.

We say that a (C, D, L)-mountain (resp. (C, D, L)-
valley) P based on Cj, is tight if dehe(P) = d > 2 and
there is a sequence [Ps,..., Py] of (C, D, L)-mountains
(resp. (C, D, L)-valleys) based on C; such that

° P:Pd7
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AN V
)

& N [\

Figure 13: An example of a (C, D, L)-valley (depicted
in solid red), and some (C, D, L)-mountains (depicted
in solid colors). Notice that the (C,D,L)-mountain
depicted in green is tight.

e Vj € [2,d], dehe(P;) = j, and
o Vj e [2,d—1],P; Cdisk(Pjy1) (see Figure 13).

LEMMA 5.3. Let G be a partially A-embedded graph, C
be a A-nested cycle collection of G, D C A, L be a
ann(C)-avoiding and D-free linkage of G. Let also L' be
a (C, D, L)-minimal linkage of G. Then all (C,D,L’")-
mountains (resp. (C, D, L')-valleys) of G are tight.

Proof. Let B =|JC\ D. We present the proof for the
case of (C,D,L’')-mountains as the case of (C,D,L')-
valleys is symmetric.

Claim: Let i € N>q,j € N>o. If P; is a (C,D,L')-
mountain of G based on C; such that dehe(P;) = j,
then there exists a (C, D, L’)-mountain P’ based on C;
such that dehe(P’) = j — 1 and P’ C disk(P;).

Proof of Claim: Suppose to the contrary that there
does not exist a (C,D,L’)-mountain P’ based on C;
such that dehe(P’) = j — 1 and P’ C disk(P;). Let
PP = (P \ Digjo1)-1) U (Ciyg-1y-1 N disk(P})
and notice that dehe(Pj(jfl)) = j — 1 (see Figure 14).

VAN aN

Ciyj—2

o \

Figure 14: An example of a (C, D, L')-mountain P; of
G based on C; such that dehe(P;) = j (depicted in red)

and the (C, D, L')-mountain Pj(j_l) (depicted in green).

Then G contains a linkage L = (L"\ P;)U (P;]_l))
that is equivalent to L where cae(L”, B) < cae(L/, B)
and L C L’ U B. This contradicts the choice of L’ as a
(C, D, L)-minimal linkage of G. The claim follows.
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Let P be a (C, D, L')-mountain of G based on C;
such that dehe(P) = d > 2. The fact that P is tight
follows by recursively applying the Claim above. 0

Orderings of streams. Let G be a partially A-
embedded graph, C be a A-nested cycle collection of
G, D be an open disk where D C ann(C), L be an
ann(C)-avoiding and D-free linkage of G.

If Z is a disjoint collection of (C, L)-streams of G we
define its D-ordering as follows: Consider the sequence
[Z1,...,Z4) such that for each i € [d], one, say D;, of
the two connected components of ann(C) \ (Z; U Z;11)
does not intersect |JZ (here Z4.1 denotes Z1). Among
all (d — 1!) such sequences we insist that [Z1,..., Zg] is
the unique one where D C D, and that the order of Z
is the counter-clockwise order that its elements appear
around ann(C) (see Figure 15). We call [Z1,. .., Zy4] the
D-ordering of Z.

Figure 15: An example of an A-nested cycle collection
C, an open disk D C ann(C) (depicted in blue), a linkage
L (depicted in red) that is D-free and ann(C)-avoiding,
a disjoint collection Z of (C, L)-streams, and the D-
ordering [Z1,...,Zs] of Z.

Brambles. Given a graph G, we say that a subset
S of V(G) is connected if G[S] is connected. Given
51,52 C V(@G), we say that S; and Sy touch if either
S51NSy # 0 or there is an edge e € E(G) where eNSy #
and eN Sy # (. A bramble in G is a collection B is
pairwise touching connected subsets of V/(G). The order
of a bramble B is the minimum number of vertices that
intersect all of its elements.

PROPOSITION 5.2. ( [31]) Letk € N>o. A graph G has
a bramble of order k 4+ 1 if and only if tw(G) > k.

We now use the notions of ordering of streams and
brambles to prove the following result.

LEMMA 5.4. Let G be a partially A-embedded graph, C
be A-nested cycle collection of G, D be an open disk

where D C ann(C), L be an ann(C)-avoiding and D-free
linkage of G, and Z be a disjoint collection of (C,L)-
streams of G. Then tw(L U (JC \ D)) > min{|C|, |Z|}.

Proof. Let [Z1,...,Z4] be the D-ordering of Z and let
D’ be the connected component of ann(C)\ (Z4UZ;) that
contains D. Let r = min{|C|,|Z|}, and let [Z1,..., Z,]
be the sequence consisting of the first r elements of the
D-ordering of Z. Let also C’ be the sequence consisting
of the first r elements of C. Notice that there is a disjoint
collection 2/ = [Z],...,Z]] of (C’, L)-streams of G such
that for each i € [r], Z] C Z,.

We now set B =C'\ D', denote B = [By,...,B,],
and notice that both B and Z’ are sequences of paths
in G, such that both |JB and |JZ’ are linkages of G.
Consider now the graph Q =JBUJZ’ and notice that
C=B1UZ{UB,UZ. is a cycle of G.

As Q@ € LU (UC\ D), it remains to prove that
tw(Q) > r. For this, because of Proposition 5.2, it
suffices to give a bramble of @) of order r + 1. For each
(i,4) € [2,r — 1]? we define X = (B; U Z}) \ V(C).
It is easy to check that X = {X®9) | (4,5) € [2,7 — 1]?}
is a bramble of @Q of order > r — 2. Let also X() =
Z1\ By, X® = By, and X©®) = Z/ U B,. Notice that
X U{XWD X® XO)1 is also a bramble of Q and its
order is the order of X incremented by 3. Therefore Q
contains a bramble of order at least r + 1, as required
(see Figure 16).

Figure 16: An example of the construction of a bram-
ble of @, where |[B| = 5 and |Z’| = 5. Here,
X22) x33) x4 are depicted in red, green, and yel-
low, respectively, while X1, X, X®) are depicted in
orange, brown, and blue, respectively.

d

LEMMA 5.5. Let G be a partially A-embedded graph, C
be a A-nested cycle collection of G, D be a connected
subset of A, and L be a ann(C)-avoiding and D-free
linkage of G. If P is a tight (C, D, L)-mountain (resp.
(C,D, L)-valley) of G, then tw(L U (UC \ D)) > 2 -
dehe(P).

Proof. Let d = dehe(P). We examine the non-trivial
case where d > 3. We present the proof for the case
where P is a (C, D, L)-mountain as the case where P is
a (C, D, L)-valley is symmetric.

We assume that P is based on Cj;, for some i €
[r]. By the definition of tightness, there is a sequence
P = [P,...,P; = P] of (C,D,L)-mountains (resp.
(C, D, L)-valleys) based on C; such that

° P:Pda
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e Vi€ [2,d], dehe(P;) =1, and
o Vi€ [2,d - 1]7Pz - dISk(PH_l)

For every j € [2,d], we denote CU) = [C; ooy Cigjal.
Notice that for every j € [2,d], L is an ann(C\9))-
avoiding and D-free linkage of G.

Claim: For every j € [2,d — 1] there exists a disjoint
collection Z; of (CU), L)-streams of G where |Z;| >
2(d—j)+1.

Proof of Claim: Let j € [2,d—1]. Observe that for each
h € [j + 1,d] exactly two of the connected components
of ann(CU)) N P, are (CY), L)-rivers in G. This implies
that there is a collection R; of at least 2(d—j) (C\7), L)-
rivers in G. Recall that R; is a disjoint collection of
(CY), L)-streams of G. Observe also that we can pick
some sub-path of ann(C'¥)) N P; that has one endpoint
in C; and the other in Cjy;_;. As this path does not
share vertices with any of the paths in R; we can add
it in R; and obtain a disjoint collection Z; of (C\7), L)-
streams of G where |Z;| > 2(d — j) + 1. Claim follows
(see Figure 17).

r Cita
VAN
// // \\\Q Ct +i—1
/”’;’// &/ CZ

¢ o o
Figure 17: An example of a tight (C, D, L)-mountain P
based on C; of height d and the respective sequence of
(C, D, L)-mountains based on C; (depicted in red), an
annulus CY9) (depicted in blue), for some j € [2,d],and
a disjoint collection Z; (depicted in green) of (CY7), L)-
streams of G.

We now set j' = [(2d + 1)/3] and observe that
2 < j/ < d—1. The above claim implies that there
exists a disjoint collection Z; of (CY"), L)-streams of
G such that 2] > 2(d —j) +1 > j = |cW)].
Therefore, we can apply Lemma 5.4 on CU ") and deduce
that tw(L U (JCU") \ D)) > j'. The Lemma follows as
LUJCUYI\ D) C Lu(JC\D) and | (2d+1)/3] > 2d/3.
O

LEMMA 5.6. Let G be a partially A-embedded graph, C
be a A-nested cycle collection of G, D be a connected
subset of A, L be a ann(C)-avoiding and D-free linkage
of G, and L' be a (C, D, L)-minimal linkage of G. Then
all (C, D, L")-mountains (resp. (C,D,L")-valleys) of G
have height (resp. depth) at most 3 - f3(|L']).

Proof. We set B =JC \ D. By Lemma 5.2, tw(L' U
B) < f3(|L'|). Let P be a (C,D,L')-mountain (resp.
(C, D, L')-valley) of G based on C;, for some i € [r — 1]
(resp. i € [2,7]). From Lemma 5.3, P should be
tight and, from Lemma 5.5, tw(L' U B) > 2 - dehe(P).
Therefore, dehe(P) < 3 - f3(|L]). o

LEMMA 5.7. Let G be a partially A-embedded graph,
C = [Cy,...,C,] be a A-nested cycle collection of G,
and L be a D1-avoiding linkage. Then there is a linkage
L' of G such that

1. I is Di-avoiding,
2. L'=1L,
3. L is ﬁ3m/2+1—free, where m = f3(|L']).

Proof. Let GT be the graph obtained if we take its
disjoint union with a cycle C,4; C D, and we set
Ct=|[Cy,...,C,Cpri1]. Observe that L is an ann(C™)-
avoiding linkage of G*. Let L' be a (C*, (), L)-minimal
linkage of G.

As L' = L, L' is a Dj-avoiding linkage of both
G and G*. Therefore L’ satisfies conditions (1) and
(2). For condition (3), assume to the contrary that
L' is a linkage of G that is intersecting ﬁgm/2+1. As
L' is a Dj-avoiding linkage of Gt we obtain that G+
contains some (C, (), L')-mountain P, based on C; where
dehe(P) > 3m/2. On the other side, as L is an ann(C*)-
avoiding linkage of G we can apply Lemma 5.6, on G,
C*, 0, L, and L' and obtain that dehe(P) < 3m/2, a
contradiction. a
LEMMA 5.8. Let G be a partially A-embedded graph, C
be a A-nested cycle collection of G, D C A, and L be
an A-avoiding and D-free linkage. If |C| > m = f3(|L|),
then G contains a linkage L' of G such that

1. L' =1L,

2. 'NnD =0,

3. All (C, D, L')-mountains of G have height at most
3
3m,

2

4. All (C, D, L')-valleys of G have depth at most %m,
and

5. L' has at most m A-rivers.

Proof. Let L' be a (C,D,L)-minimal linkage. (1)
and (2) follow by the definition of a (C, D, L)-minimal
linkage. (3) and (4) follow directly from Lemma 5.6.
To prove (5), assume that G contains a collection Z of
(C, L')-rivers where | Z| > m. Recall that Z is a disjoint
collection of (C,L’)-streams of G. From Lemma 5.4,
tw(L'U(JC\ D)) > min{|C|,|Z|} > m. We arrive at a
contradiction as, from Lemma 5.2, tw(L'U (JC\ D)) <
m. a
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5.3 Rerouting a linkage The following proposition
is a direct consequence of [1, Lemma 7].

PROPOSITION 5.3. Let k, k', d be integers such that 0 <

d < K < k. LetT be a (kx k')-grid and let
{%,... PP} (resp. {pfown . ,pgown}) be vertices of

the higher (resp. lower) horizontal line arranged as they
appear in it from left to right. Then the grid I' contains
p pairwise disjoint paths Pi, ..., P, such that, for every
h € [p], the endpoints of Py, are p,’ and plovn.

Given two vertex disjoint paths P, and P, of G, we
say that an (P;, Py)-path of G is a path that whose one
endpoint is a vertex of P; the other endpoint is a vertex
of Hs and contains all edges of P, U P,. We now prove
the following:

LEMMA 5.9. Let r,q,s € N>3, b,d € Nx>g, such that
r > s+ 2band g > b+ d, where r and s are odd
numbers. If G is a partially A-embedded graph, A is
a (r,q)-railed annulus of G, I C [q] where |I| > d, then
there is a linkage K of G such that,

(a) there is an ordering P(K) = [Ki,...,Kg], where
forield], K; is a (P1,p+i, Pry+i)-path of G.

(b) K is (s,I)-confined in A.

Proof. Let A = (C,P), let t = |r/2] and t' = |s/2].
Also, let {i1,...,14} C IsuchthatVj € [d—1],4; < ¢j41.
Claim: There is a collection of pairwise disjoint paths
pdown — [pdown " Pdown} guch that, for every h € [d],
Pdown is a (Py yin, Py.i, )-path.

Proof of Claim: For i € [b],j € [q] let p; ; be the vertex
obtained after contracting all edges in F; ;. We also
define:

e b = {e = {pijpij+1} | e is the edge ob-
tained after contracting all but one of the edges
of Li,j*)j+17i S [b],] € [q — 1}} and

o By = {e = {pij,pit1,;} | e is the edge ob-
tained after contracting all but one of the edges
of Riyiy1,4 € [b—1],j € [q]}.

Let H be the graph where V(H) = {p;; | (i,J) €
[b] X [q]} and E(H) = E; U Ey. Observe that H is
isomorphic to a (g x b)-grid (see Figure 18). For h € [d],

let p',fw (resp. p',’:gh ) be the vertex p1 p+n (resp. ppi,)-

—OOT—I O.—(T".T{)Of—l Qﬁ O—9—O0—9—0O el
[N 1 e >~ ] \
T B T G
e AR S
4] AN |
. d —OL—O—OO goc\ / -~ +—O0—O0—0—0O

Figure 18: An example showing the construction of the
low

graph H. For every h € [d], the resulting vertices pj
and p;‘;gh (corresponding to the vertices of the paths

P1 p1p and Py, , respectively) are depicted in white.

Due to Proposition 5.3, H contains d pairwise
disjoint paths Pi,..., Py such that, for every h € [d],
the endpoints of P, are p}fw and p}ﬁigh. Therefore, if we
substitute every vertex of each P; with the the edges
that where contracted in G in order to obtain it in H,
we obtain the claimed result.

By applying the previous claim symmetrically, we
can find a collection of pairwise disjoint paths PP =
{P{®,...,P;°} such that, for every h € [d], P,* is a
(Pr—b,ip s Prp+n) path.

Now, for every h € [d], let P™4 = ann(C,b,r —b) N
P;, and let Kj, = PdonUPM4UP®. Since r > s+2b and
s = 2t/ + 1 then ann(C,t —t';t +t') C ann(C,b,r — b)
and therefore K = {K3,..., K4} is the desired linkage.
This concludes the proof. 0

Let A= (C,P) be an (r, g)-railed annulus of a par-
tially A-embedded graph G. We set z = |min{r, ¢}/2].
For each i € [z], we define C#* as the unique cycle of the
graph

Liisgiv1ULr_iq1iqg—iv1 U
Risr_it1i U R ir1,g—it1-
Notice that if r,¢ > 5, then [CY,...,C4] is a A-

nested collection of cycles of G and we denote it by C4
(see Figure 19).

| N AN JE \
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/ l [ ] a4

Figure 19: An example of an (8, 8)-railed annulus A =
(C,P) and the sequence C4 (depicted in red).

We are now ready to prove Theorem 5.1.

Proof. [Proof of Theorem 5.1] Recall that f3 is the
function of Proposition 5.1. We define f4(k) := 3 -
(f3(k))? + 6 - f3(k) + 2. For simplicity, we use m =
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f3(k). Let also b = 3m/2, and keep in mind that
r > fa(k)+s =3m?+6m+2+s=2(m+1)-b+2+5+2b
and that |I| > m + 1.

Recall that C4 = |[Cf,...,CL], where z =
|min{q,7}/2], is a A-nested collection of cycles of G.
" (resp. E;) the open
(closed) disk corresponding to C/. Let also D := Dy,
and D := 5;+1. Keep in mind that bll = Aq 1,9 and
D = Api1r—bp41,g—b-

For each ¢ € [z], we denote by Dj

Observe now that L is a Ell—avoiding linkage. By
applying Lemma 5.7 on G, C4, L, and ﬁll, we obtain
that G has a D,-avoiding and D-free linkage L’ such
that L' = L.

It is easy to verify that L’ is A-avoiding, r > a > m,
D C ann(C), and |L'| = |L| < k. Therefore, we may
apply Lemma 5.8 on k, G, A, D, and L’. We obtain
a D-free linkage L” of G that is equivalent to L’ (and
therefore to L as well) and such that

(a) All (C, D, L")-mountains/valleys
height /depth at most b.

of G have

(b) L” has at most m A-rivers of G,

Let Z = [Z1,...,Z4] be the D-ordering of the A-rivers
of L” in G and keep in mind that, from (b), d < m.

For every i € [d], we define 28°"" (resp. z;") as the
vertex in the path Ciij1).p41 \ D (resp. Cr_(it1)b \ D)
that belongs in Z; and has the minimum possible
distance to the vertices of the path P 1)p41,4—p (resp.
P, _(i+1)b,g—b)- We also denote by Q"™ (resp. Q;)
the path certifying this minimum distance.

For i € [d], let Z3°"™ and Z;"” be the two connected
components of the graph obtained from Z; if we remove
the edges of its (z$°"® zP)-subpath (see Figure 20).

We choose Zd°"® (resp. Z;'P) so that it intersects Cy
(resp. Cy).

c,

Cr_, - Z“P\ _
u 1 u

Crop e L O ai’p <Zzp -

Cr_2p b / T;p> .

up
2

down down
Q5 )

Chir N 1 N 7
Q‘il“w“ \/ down down
b zdown ( zdo
C2 i v

CZb+1 N y - down

Ch Py Py A Za P,

Figure 20: Visualization of an (r, ¢)-railed annulus and
the notations introduced above.

Claim: For i € [d], ZIy™ (resp. Z;P, ) does not

intersect Q{°" (resp. Q) — where Z§o" (resp. Zy")
denotes Z,.

Proof of claim: If Z3V™ N Qv £ () (vesp. Z;, N
Q;" # 0) for some i € [d], then some of the connected
components of Z&V2ND, 41 (resp. Z;P,N(A\D,—;.p))
whose endpoints are in C;.p41 (resp. Cp_;.p) should be
a (C,D, L")-mountain (resp. (C,D,L")-valley) of G of
height (resp. depth) > b, a contradiction to (a). Claim
follows.

Because of the above claim, it follows that the
paths QIovn U Zdown (resp. QP U Z®), i € [d] are
pairwise vertex-disjoint (Z; N C1, Pi41).p41,q—b)-Paths
(resp. (Z; N Cy, Pr_(i41).b,q—b)-Paths) in G that do not
intersect the open disk D.

Let w=(m+1)-b+2and w' =r—(m+1)-b—1.
For i € [d], we now define (see Figure 21)

ydown = the (P,_p, Ppyi)-path
I Liiy1)-o41,9—b—b+i Y Plit1)o41,64i U
Ri41)-b4+15mw,b445
Y™ = the (P,_p, Pyt;)-path
in Ly (i11)b,qg-b—bti Y Pr_ (i 1)b41,644 U
Ry (i41)-b—w! bti-
vy
07'711 \
Crgp ————— =
YZ
/ e
Crap —& —
Cu 77
C(“H»l -\ = Y{down
Y'?down @
C2b+1 7/*
Chi1
Pyy1 Pyyo ydown Pyya Py

Figure 21: Visualization of the definition of Y;"" and
Y’idown, = [d]

By the definition of Y4°"® and Y;"P, the graphs
Xz_down — Zzt_:lown U Q;lown U }/idown and qup — ZZUP U
P UY.P i € [d], are pairwise vertex-disjoint paths. In
PUYP e [d irwi tex-disjoint paths. I
particular, taking into account the definition of Yidown

and Y;"", we have that

(5.1) and

(5.2)

Xdown is a (Z; N CY, P, p+i)-path

X™isa (Z;NCr, Py p+i)-path

Let Q@ = ann(C,w,w’) and K’ = X uX;™.
Observe that

(5.3) K'NQ = {Pypri,Pups1|i€[d]}.
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Let A = (C,P), where C = [Cy,...
P=PnNAQ.

Notice that |C| = w' —w+1=7r—2(m+1)-b—2 >
s + 2b. Notice also that d < |I|, I C [¢]. Finally,
b=3/2m and d < m imply that d+b < 5/2m < q. We
can now apply Lemma 5.9 for r, ¢, s,b,d, A, and I and
obtain a linkage K of A satisfying properties (a), and
(b) of Lemma 5.9.

From Property (a) we can write P(K) =
[K1,...,K4] and, using (5.3), we deduce that, for
i € [d], K; is a (Py,bp+i, Puw p+i)-path of G. This, to-
gether with (5.1), (5.2), and (5.3), implies that K U K’
is a linkage of G where KUK’ C ann(C). From Property
(b), K is (s, I)-confined in A, therefore, from (5.3), we
get that KUK is (s, I)-confined in A. Observe also that
each of the d paths of P(KUK') is a (Z;NC1, Z;,NC;.)-
path of G for some i € [d]. We define

,Cy] and

L=(L\A)UKUK’

where A’ = ann(C) \ (C, U C,.). By definition L is a
linkage of G where L = L and L \ ann(C) C L\ ann(C).
Finally, as K U K is (s, I)-confined in A, then L (s, I)-
confined in A as well. O

Now, since we proved Theorem 5.1, we will use it
to in order to prove Theorem 2.1.

Proof. [Proof of Theorem 2.1] Let s be a positive odd
integer, H be a graph on g edges, G be a partially A-
embedded graph, A = (C,P) be a (r, ¢)-railed annulus
of G, where r > f4(g) + 2+ s and ¢ > 5/2 - fi(g),
(M,T) be a topological minor model of H in G such
that T’ Nann(A) = 0.

Let A" = ([Ca,...,Cro1], P Nann(C,2,r — 1)) and
keep in mind that A’ is a (r,¢)-railed annulus of G,
where r > f4(g) + s and ¢ > 5/2 - f3(g). Notice that it
also holds that T'Nann(A’) = 0 (see Figure 22).

Let M) = M[Ny[T]]. Notice that all the con-
nected components of M \ T are paths of G. Let L
be the linkage of G \ T created if we take the union
of all non-trivial connected components of M \ T. Ob-
serve that P(L) is the set of all paths of G connecting
neighbors of branch vertices of M and consisting only
of subdividing vertices of M. Also, notice that since
T Nnann(A’) =0, then L is A’-avoiding and there is an
one-to-one correspondence of P(L) with E(H) and thus
IL| <g.

Let I C [q], where |I| > f5(h). By applying
Theorem 5.1 for s, g, G, A’, L, and I we obtain a linkage
L of G such that L = L, L is A’-avoiding, L\ ann(A’) C
L\ ann(A’), and L (s, I)-confined in A’. We define

M=(M\L)UL.

Figure 22: An example of a topological minor model
(M,T) of H in G. Vertices of T are depicted in
blue while the neighbors of vertices of T' that are also
subdividing vertices are depicted in red. Also, ann(A’)
is depicted in green.

By definition, (M, T) is a topological minor model of H
in G. Also, since L, L C ann(A), then M \ ann(A) C
M \ ann(A). Finally, as L is (s, I)-confined in A’ then
M is (s, I)-confined in A as well. d

6 Conclusions

In this paper we prove that F-TM-DELETION is Fixed
Parameter Tractable on planar graphs by designing an
O n(n?)-time algorithm for his problem.

In this paper we did not make any effort to specify
the contribution of the main parameter k£ in the com-
plexity of the algorithm. However, we suggest that the
contribution of k can be single-exponential, in particular
201 (k)2 1 O(n3). This can be done if, instead of using
Courcelle’s theorem in the proofs of Theorem 1.2 and
Lemma 2.2, we use the 29+(“)n + O(n?)-time dynamic
programming algorithm of [4] for computing p#(G) on
planar graphs with treewidth at most w.

The remaining question is whether the same result
can be derived for all graphs, as we conjectured in
the introduction. Towards this, we chose to state all
combinatorial theorems of this paper in more general
forms. Based on them, a straightforward generalization
is possible for the class of surface embeddable graphs,
that is graphs with Euler genus at most . Indeed,
the only piece of the proof that needs extension is the
starting point of the proof, that is the algorithm of
Proposition 2.1, that can easily be extended to work
on graphs of Euler genus «. Using this, we can directly
derive a Oy, , »(n?)-time algorithm for the version of the
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problem on surfaces (which can be further improved to
one running in 297 ®*)pn, 4+ O(n?)-time, again using the
results from [4]). It follows that with much more effort
it is possible to extend the result to every class that
excludes some fixed graph as a minor. However, for
a complete resolution of our conjecture one has to deal
with the case where the input graph contains a big clique
minor. We believe that the techniques of the algorithm
of [15] can be a good starting point in this direction.
However, the technical challenges of such an extension
are cumbersome.

Acknowledgements

We wish to thank the anonymous reviewers for their
comments and remarks that improved the presentation
of this paper.

Moreover, we are especially indebted to Fedor V. Fomin
for his valuable comments and advise.

References

[1] I. ADLER, S. G. KoLLioPOULOS, P. K. KRAUSE,
D. LOKSHTANOV, S. SAURABH, AND D. M. THI-
LIKOS, Irrelevant vertices for the planar disjoint
paths problem, J. Comb. Theory, Ser. B, 122
(2017), pp. 815-843.

[2] S. ARNBORG, J. LAGERGREN, AND D. SEESE,
Easy problems for tree-decomposable graphs, Jour-
nal of Algorithms, 12 (1991), pp. 308-340.

[3] J. BAsTE, I. SAU, AND D. M. THILIKOS, Finding
mazimum independent sets in sparse and general
graphs, in Proceedings of the 31st ACM-SIAM
Symposium on Discrete Algorithms (SODA 2020),
ACM and SIAM, 1999, p. To appear.

[4] ——, Optimal algorithms for hitting (topological)
minors on graphs of bounded treewidth, in 12th
International Symposium on Parameterized and
Exact Computation, IPEC 2017, September 6-8,
2017, Vienna, Austria, 2017, pp. 4:1-4:12.

[5] H. L. BODLAENDER, P. HEGGERNES, AND
D. LOKSHTANOV, Graph modification problems
(dagstuhl seminar 14071), Dagstuhl Reports, 4
(2014), pp. 38-59.

[6] R. B. Borig, R. G. PARKER, AND C. A.
TovVEY, Automatic generation of linear-time algo-
rithms from predicate calculus descriptions of prob-
lems on recursively constructed graph families, Al-
gorithmica, 7 (1992), pp. 555-581.

[71 A. E. BROUWER AND H. J. VELDMAN, Con-
tractibility and NP-completeness, Journal of Graph
Theory, 11 (1987), pp. 71-79.

[8] L. Cal1, Fized-parameter tractability of graph mod-
ification problems for hereditary properties, Infor-

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

mation Proccessing Letters, 58 (1996), pp. 171
176.

B. COURCELLE AND M. MOSBAH, Monadic
second-order evaluations on tree-decomposable
graphs, Theoretical Computer Science, 109 (1993),
pp- 49-82.

M. Cvycan, F. V. FowmiN, L. KOWALIK,
D. LoxksHTANOV, D. MARX, M. PILIPCZUK,
M. PILIPCZUK, AND S. SAURABH, Parameterized
Algorithms, Springer, 2015.

M. CycaN, D. MARX, M. PILIPCZUK, AND
M. PiLipczuk, The planar directed k-vertez-
disjoint paths problem is fived-parameter tractable,
in 54th Annual IEEE Symposium on Foundations
of Computer Science, FOCS 2013, 26-29 October,
2013, Berkeley, CA, USA, 2013, pp. 197-206.

M. R. FeLrLows, J. KrRATOCHVIL, M. MIDDEN-
DORF, AND F. PFEIFFER, The complezity of in-
duced minors and related problems, Algorithmica,
13 (1995), pp. 266—282.

P. A. GoLovacH, M. KAMINSKI, S. MANIATIS,
AND D. M. THILIKOS, The parameterized complex-
ity of graph cyclability, SIAM J. Discrete Math., 31
(2017), pp. 511-541.

P. A. GorovacH, P. vAN ’'T HOF, AND
D. PauLusMmA, Obtaining planarity by contracting
few edges, Theor. Comput. Sci., 476 (2013), pp. 38—
46.

M. GROHE, K. KAWARABAYASHI, D. MARKX,
AND P. WOLLAN, Finding topological subgraphs
18 fixed-parameter tractable, in Proceedings of the
43rd ACM Symposium on Theory of Computing,
STOC 2011, San Jose, CA, USA, 6-8 June 2011,
L. Fortnow and S. P. Vadhan, eds., ACM, 2011,
pp. 479-488.

M. GROHE, K. KAWARABAYASHI, D. MARKX,
AND P. WOLLAN, Finding topological subgraphs is
fixed-parameter tractable, in STOC’11, ACM, 2011,
pp. 479-488.

B. M. P. JANSEN, D. LOKSHTANOV, AND
S. SAURABH, A near-optimal planarization algo-
rithm, in Proceedings of the Twenty-Fifth Annual
ACM-SIAM Symposium on Discrete Algorithms,
SODA 14, STAM, 2014, pp. 1802-1811.

K. KAWARABAYASHI AND Y. KOBAYASHI, The in-
duced disjoint path problem, in 13th Conference
on Integer Programming and Combinatorial Opti-
mization, IPCO 2008, vol. 5035 of Lecture Notes in
Computer Science, Springer, Berlin, 2008, pp. 47—
61.

K. KAWARABAYASHI AND B. MOHAR, Graph and
map isomorphism and all polyhedral embeddings in
linear time, in STOC’08, ACM, 2008, pp. 471-480.

Copyright (© 2020 by SIAM @.

Published under the terms of the Creative Commons CC BY 4.0 license.



[20]

21]

[22]

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

31]

K. KAWARABAYASHI, B. MOHAR, AND B. A.
REED, A simpler linear time algorithm for embed-
ding graphs into an arbitrary surface and the genus
of graphs of bounded tree-width, in FOCS’08, IEEE
Computer Society, 2008, pp. 771-780.

K. KAWARABAYASHI AND B. A. REED, Odd cycle
packing, in Proceedings of the 42nd ACM Sympo-
sium on Theory of Computing, STOC 2010, 2010,
pp. 695-704.

K.-I. KAWARABAYASHI AND P. WoLLAN, A
shorter proof of the graph minor algorithm: The
unique linkage theorem, in Proceedings of the
Forty-second ACM Symposium on Theory of Com-
puting, STOC ’10, New York, NY, USA, 2010,
ACM, pp. 687-694.

J. M. LEwIS AND M. YANNAKAKIS, The node-
deletion problem for hereditary properties is np-
complete, J. Comput. System Sci., 20 (1980),
pp- 219-230.

D. MARX, Chordal deletion is fixed-parameter
tractable, Algorithmica, 57 (2010), pp. 747-768.
D. MARX AND I. SCHLOTTER, Obtaining a planar
graph by vertex deletion, Algorithmica, 62 (2012),
pp. 807-822.

N. ROBERTSON AND P. SEYMOUR, Graph minors
.xiti. the disjoint paths problem, Journal of Combi-
natorial Theory, Series B, 63 (1995), pp. 65 — 110.
N. ROBERTSON AND P. D. SEYMOUR, Graph Mi-
nors. XX. Wagner’s conjecture, Journal of Combi-
natorial Theory, Series B, 92 (2004), pp. 325-357.
N. ROBERTSON AND P. D. SEYMOUR, Graph Mi-
nors. XXI. Graphs with unique linkages, J. Comb.
Theory, Ser. B, 99 (2009), pp. 583-616.

N. ROBERTSON AND P. D. SEYMOUR, Graph mi-
nors. XXII. Irrelevant vertices in linkage problems,
J. Comb. Theory, Ser. B, 102 (2012), pp. 530-563.
D. SEESE, Linear time computable problems and
first-order descriptions, Mathematical Structures
in Computer Science, 6 (1996), pp. 505-526.

P. D. SEYMOUR AND R. THOMAS, Graph search-

ing and a min-max theorem for tree-width, J.
Comb. Theory Ser. B, 58 (1993), pp. 22-33.

Copyright (© 2020 by SIAM @.

Published under the terms of the Creative Commons CC BY 4.0 license.



	Introduction
	The P-deletion problem and its variants
	Our contribution.
	High level description of our algorithm

	Definitions and preliminaries
	Basic concepts on Graphs
	Railed annuli
	Rerouting topological minors
	Boundaried graphs and folios

	The two main subroutines of the algorithm
	Reducing the solution space
	Finding an irrelevant area

	Proof of the main result
	Proof of the Model Taming Theorem
	Linkages in railled annuli
	Taming a Linkage
	Rerouting a linkage

	Conclusions

