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Abstract

This thesis in composed by three articles. In the first one, we construct N-soliton solutions for the
fractional Korteweg-de Vries (fKdV) equation

Opu — 0y (|D\au — u2> =0,

in the whole sub-critical range o € (% 2). More precisely, if Q. denotes the ground state solution associated
with fKdV evolving with velocity ¢, then given 0 < ¢; < --- < ¢, we prove the existence of a solution U
of (fKdV) satisfying

N
Jim ([T =Y~ Qe (@ = pi) 5 =0,
j=1

where p);(t) ~ ¢j as t — +o0.

The proof adapts the construction of Martel in the generalized KdV setting [Amer. J. Math. 127
(2005), pp. 1103-1140]) to the fractional case. The main new difficulties are the polynomial decay of the
ground state (). and the use of local techniques (monotonicity properties for a portion of the mass and
the energy) for a non-local equation. To bypass these difficulties, we use symmetric and non-symmetric
weighted commutator estimates. The symmetric ones were proved by Kenig, Martel and Robbiano [Annales
de 'THP Analyse Non Linéaire 28 (2011), pp. 853-887], while the non-symmetric ones seem to be new.

In the second paper, we consider the fractional nonlinear Schrédinger equation in dimension 1:

|D|%u 4 u — f(u) =0,

with o € (0,2), a prescribed coefficient p*(«), and a non-linearity f(u) = |u[P~'u for p € (1, p*(a)),
or f(u) = wP with an integer p € [2;p*(«)). Asymptotic developments of order 1 of the solutions at
infinity are given, as well as second order developments for positive solutions, in terms of the coefficient of
dispersion « and of the non-linearity p. The main tools are the kernel formulation introduced by Bona and
Li [J. Math. Pures Appl. (9) 76 (1997), no. 5, 377-430], and an accurate description of the kernel by complex
analysis theory.

In the last paper, we study one particular asymptotic behaviour of a solution of the fractional modified
Korteweg-de Vries equation (also known as the dispersion generalised modified Benjamin-Ono equation):

duu + 0x(—|D|*u + u®) = 0.

The dipole solution is a solution behaving in large time as a sum of two strongly interacting solitary waves
with different signs. We prove the existence of a dipole for fmKdV. A novelty of this article is the construc-
tion of accurate profiles. Moreover, to deal with the non-local operator |D|®, we refine some weighted
commutator estimates.
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Sammendrag

Denne avhandlingen er satt sammen av tre artikler. I den forste konstruerer vi N-soliton lgsninger
for den fractional Korteweg-de Vries (fKdV) ligningen

du — 0, (|D|*u — u?) =0,

i hele det underkritiske tilfellet o € (%, 2). Mer presist, hvis Q.. er grunntilstandslgsningen knyttet til fKdV
som beveger seg med hastighet ¢, da gitt 0 < ¢; < --- < ¢y, beviser vi eksistensen av en lesning U av

(fKdV) som tilfredstiller

N
lm U (,) = > Qe @ — pi ()l 5 =0,

=1

hvor pli(t) ~ ¢j som t — +oc.

Beviset er basert pa konstruksjonen gjort av Martel for den generaliserte KdV-ligningen [Amer. J.
Math. 127 (2005), s. 1103-1140]) for ikke-lokale ligninger. De sterste utfordringene i dette arbeidet er
knyttet til egenskapene av grunntilstanden (.. Mer presist, sa avtar funksjonen som et algebraisk poly-
nom. Samt, er det utfordringer knyttet til bruken av lokale teknikker (monotomiegenskaper for en del av
massen og energien) for en ikke-lokal ligning. For a omgadisse vanskelighetene bruker vi symmetriske
og ikke-symmetriske vektede kommutatorestimater. De symmetriske estimatene ble bevist av Kenig, Mar-
tel og Robbiano [Annales de 'THP Analyze Non Linéaire 28 (2011), s. 853-887], mens de ikke-symmetriske
estimatene ser ut til a veere nye.

I den andre artikkelen studerer vi den fraksjonale ikke-linesere Schrodinger-ligningen i dimensjon
en:

|D|%u 4+ u — f(u) =0,

med « € (0,2), en gitt koeffisient p* (), og en ikke-lineritet f(u) = |u|P~'u for p € (1,p*(a)), eller
f(u) = uP med et heltall p € [2; p*(a)). Vi gir asymptotiske utviklinger av lgsningen til forste orden ved
uendelig. Samt, gir vi andreordens utviklinger for positive lasninger. Disse asymptotiske utviklingene er
avhenger av dispersjonskoeflisienten o og ikke-linzeriteten p. Hovedverktoyene er kernelformuleringen
introdusert av Bona og Li [J. Math. Pures Appl. (9) 76 (1997), no. 5, 377-430], og en neyaktig beskrivelse av
kernelen ved hjelp av kompleks analyse.

I den siste artikkelen studerer vi en spesiell asymptotisk oppfersel av en dipollesning av den frac-
tional modifiserte Korteweg-de Vries-ligningen:

O + 0y (—|D|*u + u®) = 0.

Dipollgsningen er en lgsning som oppferer seg som en sum av to sterkt interaktive soliteere belger med
forskjellige fortegn, nar tiden er stor nok. Vi beviser eksistensen av en dipol for fmKdV. Et viktig bidrag i
denne artikkelen er konstruksjonen av neyaktige profiler, og dette er nytt for fmKdV ligningen. Dessuten,
for a handtere den ikke-lokale operatoren | D|*, ma vi utbedre noen vektede kommutatorestimater.
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Chapter 1

Introduction

1.1 Soliton in shallow water

1.1.1 Discovery of solitons

In 1834, John Scott Russell, a Scottish civil engineer, was conducting experiments
to determine the most efficient design for canal boats. He discovered a phenomenon that
he described as the wave of translation or solitary wave. Nowadays this wave is called
soliton or solitary wave. He observed the motion of a boat pulled by horses along the
Edinburgh and Glasgow Union Canal. Suddenly the horses stopped, and thus, the boat
also stopped, creating a wave in front of the ship. This wave was very irregular. However,
rapidly, the wave become smooth and started to travel at a constant speed without any
deformation. Then, Russell took his horse and followed the wave along the canal during
some kilo-meters before losing track.

J. S. Russell

Edinburgh-Glasgow Union Canal

In 1844, he published his discovery in the British Association for the Advancement of
Science [168].

His discovery was not well received by the scientists of his time. In particular, George Biddell Airy
and George Gabriel Stokes each argued that Russell’s wave theory was inaccurate [1], [176]. However, an
equation was found independently by Boussinesq in 1877 [27] and Korteweg and de Vries in 1895 [106] to
model the solitons

du(t, z) + Bult,z) + 8,(u?)(t,x) =0, teR,zeR. (1.1.1)



2 Introduction

This equation is now called the Korteweg-de Vries equation (KdV) and describes the unidirectional prop-
agation on the shallow water of small amplitude waves. Despite the discovery of the KdV equation, the
solitons have remained understudied for a long time.

In the 1950’s, to get a better understanding of the non-linearity in partial differential equations,
Enrico Fermi, John Pasta, Mary Tsingou and Stanislaw Ulam performed some numerical simulations [55].
They discovered that if we start with a nice ordered initial data, the non-linear effect would not necessarily
distort and destroy the shape of the solution. Since the four scientists were working in Los Alamos, this
discovery was not shared until the 1960’s. In 1965, Zabusky-Kruskal published a paper [192] on the Femi-
Pasta-Tsingou-Ulam (FPTU) problem. They discovered a relationship between the KdV solitons and the
FPTU problem. In particular, they observed two interesting phenomena. First, if we start with a positive,
localized solution, then this solution would eventually decompose into a sum of solitons and a dispersive
term. Second, if we have two solitons moving to the right with two different constant speeds, the fastest
on the left side, the fastest soliton would catch up the slowest, collide and afterward, the two solitons
would return to their original shape, with the slowest soliton on the left!. This phenomena is called elastic
collision of solitary waves. By analogy with the interaction of particles, these solitary waves were then
renamed solitons.

The solitons were discovered in the context of fluid mechanics. However, they are universal physical
objects. They appear in many different contexts. Indeed, the (KdV) equation is a model of shallow water
but also used for plasma physic [185], [18]. Moreover, solitons have been obtained in quantum mechanics,
for example, in the propagation of light in non-linear fiber optics described by the non-linear Schrédinger
equation [178]. Nowadays, one of the highlights of the telecommunication systems is to use soliton in fiber
optic to transfer information [77], [76]. More surprising, solitons were recently discovered in biology for
the mass cell movement of non-chemotactic mutants [108], a motion of a biological cell [2], or in a model
describing the invasion of cane toads in Australia [25].

1.1.2 Mathematical approach

The existence of solitons can be seen as a balance between the dispersive effect and the non-linearity
of the equation. Indeed, the linear part of the KdV equation, the Airy equation

owu(t,z) + PBut,2) =0, tER,z€R, (1.1.2)

is dispersive. One can observe the dispersive effect associated to a linear equation in a number of different
ways. One (somewhat informal) way is to analyse plane wave solutions

u(t,x) = AettTe8) A e R 7€ R, ¢ € R.
To solve the Airy equation (1.1.2), the parameters must verify 7 = &3, so that
u(t,z) = A= (=€)

Thus, we see that for this equation, higher frequency plane waves have a much faster phase velocity than
lower frequency ones, and the velocity is always in a leftward direction.
The second part of the KdV equation given by its non-linearity, corresponds to Burger’s equation

dult,z) + 0,(u?) =0, teR,zcR. (1.1.3)

Burger’s equation is a transport equation with non-constant speed. The highest values of positive solution
of (1.1.3) will travel faster to the right direction than the lowest values, creating possibly shocks in finite
time.

Therefore, combining the non-linear and the dispersive effects, we can understand the existence of
solitons as a balance between the non-linearity and the dispersive effects.

"For more detail on the history of solitons and the KdV equation we refer to [88].
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Now let us give a more precise definition of a soliton. A solution u of (1.1.1) is called a soliton if
there exist a speed ¢ > 0 and a positive function (). vanishing at infinity such that

u(t,z) = Qc(x — ct). (1.1.9)

Let us suppose that we have a solution of (1.1.1) on the form (1.1.4). Then, by injecting this solution in
(1.1.1), we get an equation for Q.

Qc(x) = cQe(z) + Q2(x) =0, =z €R.

This equation admits a unique, up to translation, solution in H*(R) given by

3c _ cx
Qc(z) = Ecosh 2 (\/»T) .
In this manuscript, we will only focus on the solitons belonging to the energy space. Furthermore, other

types of coherent non-linear structures have been observed like kink, peakon, breathers for some non-linear
dispersive equations.

1.1.3 Complete integrability of the Korteweg-de Vries equation

In 1968 Peter Lax fund a Lax pair for the KdV equation [113]. In other words, if u is a solution of the
KdV equation, then

WL+ [L,B] =0,

with £ = —30% —u, B = —483 — u0; — Ozu and L and B act on a fixed Hilbert space.

The existence of the Lax pair allows us to get an infinite number of conserved quantities and then to
use the inverse scattering method, which makes it possible to give a rigorous justification of the different
former numerical observations. An equation is completely integrable if there exists an infinite number of
conserved quantities.

The inverse scattering method has been used by Eckauss and Schuur in [46] to prove the soliton
resolution conjecture: any sufficiently smooth and decaying solution of KdV equation splits into two
parts as t — 400

u(t, x) = uq(t, ) + uc(t, ),

with u, is an N-soliton solution and u.(t, x) o 0 uniformly in z > 0.
—+o0

A solution u of KdV is called a N-soliton ( also N-soliton like solution or N-solitary waves) if u
behaves at infinity like a sum of NV decoupled solitons.

Moreover, the inverse scattering method provides a procedure to get an explicit formula for the N-
soliton solutions and quantitative information about general solutions. For example, for 0 < ¢; < ¢3 two
different speeds, we have the explicit formula for the 2-soliton solutions given by

2(ca —c1) (cl cosh? (‘/767151> + ¢ cosh? (@52))

((\/6 — \/c1) cosh (\/26751 + @&2) + (y/€z + \/c1) cosh (@& - @52))2

with §§ =  — ¢1t and {o = = — cat. Using the former formula, we obtain a better description of the
interaction of two solitons.

As explained above, the soliton existence is an equilibrium between the non-linearity and the dis-
persion effect of the equation. What happens if one changes the non-linearity or the dispersion?
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1.2 Generalized Korteweg-de Vries equation

The KdV equation can be naturally extended by increasing its non-linearity. For p € N, withp > 2,
we have the generalized Korteweg-de Vries equation (gKdV) defined by

dpu(t,z) + Bult,z) + 0, (uP)(t,z) =0, tcR,xcR. (1.2.1)

1.2.1 Special case p = 3, the modified Korteweg-de Vries equation

For p = 3 the equation is called the modified Korteweg-de Vries equation (mKdV) and has many
applications to physics, for example in traffic congestions [105], phonons in anharmonic lattices [160],
meandering ocean jets [166], a subclass of hyperbolic surfaces [172] and for ion acoustic solitons [181].

For this equation the soliton is still explicit and it is obtained by direct computations on the equation

Q"(z) — cQo(z) + Q3(z) =0, zeR.
The formula for the soliton ) of mKdV is
Q.(r) = V2ccosh™? (Vez) .

The mKdV equation has been studied from 1968 by Miura-Gardner and Kruskal. In [143] Miura
found that if v solves mKdV then u = v? + 8,v solves KdV. Since there is no formula to get a solution of
the mKdV equation from KdV, it seems difficult to derive the complete integrability of mKdV from KdV.
However, there exists an infinite number of conserved quantities for mKdV. They have been discovered
simultaneously in 1968 by Miura-Gardner and Kruskal [145].

From the complete integrability, we can derive a formula for the N-soliton solution see [144]. How-
ever, no result has been obtained for the soliton resolution for the mKdV equation.

1.2.2 Solitons of the generalized Korteweg-de Vries equation

Henceforth, we consider p € N with p > 4. For these values of p, the gKdV is not completely
integrable. Even if the equation is not completely integrable, the gKdV equation possesses two conserved
quantities. Let u be a solution of (1.2.1), then the following quantities are formally conserved

M(u)(t) = /R 2(t,2)de,  B(u)(t) = /R %(&EU)Z(t,:L’)fﬁupﬂ(t,x)dx.

Furthermore, there exists an explicit formula for the solitons (). of gKdV given by

Qe(x) = (w cosh-2 (\/Ep; 1x))"11,

where @) solves
Q(x) — cQc(z) + QP(x) =0, x€R.

Note that the solitons for gKdV are, up to some transformations, the ground states of the 1 dimensional
non-linear Schrédinger equation (NLS).

Remark 1.2.1. For the NLS equation it is natural to look at the equation in R? with d € N*. In the case
d > 1 the question of the existence and the uniqueness of the soliton is non trivial. The equation of Q.
becomes

AQc(x) — cQc(z) + Q2(x) =0, =z €R% (1.2.2)
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The solitons are in these cases not explicit. Their existence in H'(R?) was proved by Weinstein [189] by
using a variational argument. The uniqueness of the soliton in the energy space is highly non trivial, and
the proof is decomposed in two step.

First, using the moving plane method, we get that the solitons ). must be radial. The method of
moving planes went back to Alexandrov [5] and was popularized by Serrin [173], and in particular, by
Gidas-Ni-Nirenberg [63, 64].

The second step is an argument of shooting method due to Kwong [109]. The idea is the following.
Since a positive solution Q). of (1.2.2) must be radial by the first step, using the polar coordinate, we can
replace (1.2.2) by

2Qc + 10,Qc + Q' = Q.
/ — H .

QL(0) =0, lim Qc(r)=0

Qc >0,

We replace the condition ligl Q.(r) = 0by Q.(0) = a with a € R. The goal is to prove that there exists
7—+00

a unique a € R such that the solution @), associated to

83@@ + %ar'Qa + Q271 = CQ(L
Qa(0) =0,Q4(0) = a
Qa >0,

verifies 1114]_0 Qa(r) = 0. For more details of the proof, we refer to the lecture notes of Frank [59].
r—+00

Since the equation is not completely integrable, we cannot anymore use the inverse scattering
method to get the existence of N-soliton. A proof has been introduced by Martel [120] in 2005 inspired by
the work of Merle for the blow-up of the non-linear Schrodinger equation [139]. We will come back later
to the construction of N-soliton. First, we discuss the well-posedness of the gKdV equation as well as the
existence and the classification of blow-up solutions.

1.2.3 Well-posedness results

Different results for the well posedness are expected for the different powers of the non-linearity
depending on a scaling property of the solutions. More precisely, let u be a solution of (1.2.1) and A > 0,
then

1
up(t,z) = Aﬁu(kgt V)
is also a solution of (1.2.1). Let us look the L2 norm of the solution uy. By changing the variable we get
11
lua(t, )l = Ar=1 75 lu(t, ) |-
We say the gKdV equation is
« L2-sub-critical ifp%1 — % >0 < p<5,
2 g g 1 1_ —
o L -crltlcallfﬁ—z =0 < p=25,
« and L?-super-critical if ﬁ — i <0 < p>5.

It is conjectured that if a partial differential equation is L?-sub-critical then the solutions are globally
well-posed in L?(R), and when the equation is L?-critical or L?-super-critical, blow-up in finite time may
occur.

The problem of the well-posedness of gKdV equation has been studied by many authors Saut-Teman
in 1976 [169], Kato in 1983 [89], Ginibre-Tsutsumi in 1989 [65], Bourgain in 1993 [26], Kenig-Ponce-Vega
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in 1993 [93] and in 1996 [94], Colliander-Kell-Staffilani-Takaoka-Tao in 2003 [33], Molinet-Ribaud in 2003
[149], Griinrock in 2005 [69], Guo in 2009 [70], Kishimoto in 2009 [99] and Killip-Kwon-Shao-Visan in
2009 [97]. A fundamental result needed here is due to Kenig-Ponce-Vega [93]. They proved that the equation
is locally well-posed in the energy space H'(R) for all p € N*, and if 2 < p < 5 then the solutions
are globally well-posed in H!(R) using the energy and mass conservation and the following Gagliardo-
Nirenberg inequality

p+3 p—1

/RUPH(:,;)dxgcp (./RUZ(x)dQ ! (/R (0pu)? (@d;;;) " Vue H'®)

1.2.4 Stability of the solitons

Let ¢ > 0. We define two types of stability. First, we have the orbital stability. We say Q. is
orbitally stable in H*(R) if for all € > 0, there exists § > 0 such that if

luo — Qcll= <6,
then for all ¢ € R there exists x(t) such that
l[ut,z +(t)) = Qcllus <e.

The first result on the H*(R) orbital stability of a soliton has been proved by Benjamin in 1972 [15], Bona
in 1975 [21] and Weinstein in 1986 [188] for the subcritical case. However, for the critical and super-
critical cases the solitons are not orbitally stable. The first proof of this result has been provided by Bona-
Souganidis-Strauss in 1987. The case of [N-soliton has been studied by Maddocks-Sachs in 1993 [118]. They
obtained the orbital stability of N-soliton in H™ (R) only for the KdV equation. The stability result of N-
soliton has been improved in 2002 by Martel-Merle-Tsai [130]. They proved the orbital stability in H!(R)
for the all subcritical range. Moreover, in [130], they proved another type stability of the N-soliton in
H'(R). The asymptotic stability is defined has following:
Let ¢ > 0, zp € R. We say Q. is asymptotically stable in H*(R) if there exists € > 0 such that if

luo — Qells < e,
then there exists ¢, and for all ¢ € R there exists 2(¢) € R such that
U(If7 -+ I(t)) - Qz:_*_Oc in HS(R)

The asymptotic stability of the solitons has been proved first by Pego-Weinstein in 1994 [163] and by Martel-
Merle in 2001 [121] for an initial data in the energy space. Moreover Martel-Merle-Tsai proved in 2002 [130]
the asymptotic stability of the N-soliton in H!(R).

1.2.5 Interactions of solitons

Let us come back to the [NV-soliton solution. Such solutions behave at infinity like a sum of N decou-
pled solitons. There are two types of interactions. The first one is when the relative distance between the
different solitons increase linearly. In this case, we say the solitons are weakly interacting. On the other
hand, if the relative distance is sub-linear, like logarithmic or on the form t# with B < 1, we say the soli-
tons are strongly interacting. In this thesis, we call the weak interaction by /N-soliton solution and the
strong interaction by strongly interacting /V-soliton solution.

The first proof of the existence of N-soliton solution not based on the theory of complete integrability
was done in 1998 by Feireisl [53] for non-linear damped wave equations. The proof is based on the existence
of a Palais-Smale sequence related to some stationary problem.

New techniques have been introduced by Martel in 2005 [120] to construct /N-soliton solutions for
the sub-critical and critical case (2 < p < 5) of the gKdV equation. This pioneer result is inspired by a
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fundamental work of Merle [139] for the blow-up of the NLS equation. An outline of this construction
is given in Section 2.1.4. Later, the existence of /N-soliton solution for the super-critical case of the gKdV
and NLS equation has been achieved by Cote-Martel-Merle in 2011 [39], see also Combet [35]. Several
constructions of /N-soliton solutions for a large variety of equations, like the NLS equation [39, 56, 124],
Klein-Gordon equation [13,38,41], water waves equation [142], Zakharov-Kuznetsov equation [182], are
based on this method.

A different method for the construction of the /N-soliton solutions, based on a fixed point argument
of Merle in [139], has been introduced by Le Coz, Li and Tsai in [114]. We refer also to Chen for the wave
equation [31] and Van Tin for the derivative NLS [183] for other construction by fixed point.

Few results are known for the strong interaction. The construction is derived from an argument
developed by Martel-Raphael in 2018 [135] for blow-up for the critical NLS equation. Nguyen in [156]
constructed a 2-soliton solution interacting strongly with logarithmic distance for the gKdV equation, in
[157] for the NLS equation, and Martel-Nguyen in [132] for the cubic NLS equation.

1.2.6 Blow-up in the critical and super-critical cases

The existence and the classification of blow-up solutions are difficult questions which have only been
partially solved. Until now, the solitons play an essential role in the blow-up process in the critical case.

First, from the variational characterization of the solitons (), we get the sharp Gagliardo-Nirenberg
inequality [186]

s 1
gllullg < TQH%HUH%H%UH% Vu € S(R).
In particular, for the critical case p = 5, we have that if ||ug||2 < ||Q]| 12, then the solution u, associated to
g and solving gKdV equation, is global and uniformly bounded in H'(R).

Secondly, in the case of the gKdV equation the solitons can be seen as the unique universal attractor
of the flow in the singular regime. In other words, if v is a solution of (1.2.1) blows up in finite or infinite
time T}, then

VeeR, lim APT(u(A3 ()t VAR (@ — () = Q(z),

t—=Tmax
with 0 < )\(t),f liqgn A(t) =0and z(t) € R.
t—=Tmaz

Numerical simulations by Bona-Dougalis-Karakashian-McKinney in 1995 [22] have indicated that
blow-ups may occur in finite time. The first rigorous proofs of existence of blow-up for the critical case
= b were established by Merle in 2001 [140] and Martel-Merle in 2002 [122, 123]. Later a complete
classification around ) was obtained by Martel-Merle-Raphael in 2014 [128] assuming some decay on the
right, and leading in particular to a stable blow-up, in this topology, with a blow-up rate ﬁ Note that
exotic blow-up with different rates, ﬁ in the neighbourhood of () were also constructed by Martel-
Merle-Raphael in 2015 [129] and Martel-Pilod in 2021 [134]

For the supercritical case, p > 5, few results are known. Pioneering numerical studies by Bona-
Dougalis-Karakashian-McKinney in 1995 [22], Dix-McKinney in 1998 [45] and more recent works Klein-
Peter in 2015 [101] exhibited self-similar blow-up for the supercritical equation which was confirmed rig-
orously by Koch in 2015 [103], Lan in 2017 [110] for p > 5 close to 5.

1.3 Fractional Korteweg-de Vries equation

The dispersion of the KdV equation is too strong in high frequencies when compared to the full
water waves system. To solve this problem, one idea is to decrease the dispersion of the KdV equation.
One possibility is to replace the dispersion of the KdV equation with the dispersion of the linearized water
waves system. This idea was introduced by Whitham in [190] to derive the Whitham equation

A+ /Ko (D)dpu + €8, (u?) =0
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with F (v K (D)u)(§) = tanil(ﬁ%m(l + Bue?)F(u)(€), 0 < p,e < 1 are small parameters related

to the level of dispersion and nonlinearity, and 3 > 0 is related to the surface tension.

Another generalization of KdV is obtained by replacing the dispersion of KdV, given by 95 =
—(=02)0y, by —|D|*0,, with F(|D|*u)(€) = |¢|*F(u)(€). Then, one gets the fractional Korteweg-de
Vries equation (fKdV)

du(t,x) — |D|*Opu(t,x) + 0, (u?) (t,2) =0, teR,z€R, (1.3.1)

with @ € R. The fKdV recovers some well-known equation. When o = 2, (1.3.1) becomes the KdV equation,
when « = 1, it becomes the Benjamin-Ono equation. For a = % and o = —% it is somehow reminiscent of
the linear dispersion of the finite depth water waves equation with and without surface tension. In other
words, the case o = % and o = f%, for large frequencies, corresponds to the Whitham equations with and
without surface tension.

In this thesis, we will only focus on the fKdV equation.

1.3.1 A particular case: Benjamin-Ono equation

In this subsection, we focus on the Benjamin-Ono equation (BO), corresponding to (1.3.1) with
a=1

dwu(t,x) — Ho?u(t,z) + dp(u?)(t,x) =0, tc R,z R,

with # denotes the Hilbert transform. The well-posedness has been extensively studied, and we cite only
some results. Ionescu-Kenig in 2007 [82] proved the global well-posedness in L?(R) based on a gauge
transformation introduced by Tao in 2004 [180].

Even if this equation is non-local, the BO equation is completely integrable, and admits therefore, an
explicit formula for the soliton Q.

4c
Q) = T
with Q. solves
HQ +cQ—-Q*=0.

An important difference with the soliton of KdV; is the decay of the soliton in the non local case. The soliton
is algebraically decaying at infinity. This will play an important role in the construction of the N-soliton
for a general value of a. We will come back on it in the part 1.4.1 Weak interactions.

Moreover, the soliton is unique. The proof of the uniqueness is based on a harmonic extension
argument. Let ) be a soliton of the BO equation. By taking the convolution of () with the Poisson kernel
P, we get that U(z,y) = Q *, P(x,y) is the harmonic extension of () on the upper half-plane. We recall
that lim,_,0 9,U (z,y) = |D|*Q = H0,Q (see Stein chapter III [175]). Using this result we can replace the
equation of () by the following elliptic problem with Neumann condition

AU(z,y) =0, zeR,y>0,
0,U(z,0) = cU(z,0) — U%(z,0), z€R,
U(z,0) =0, |z] = 4o0.

The rest of the proof is based on complex analysis. This proof has been derived by Amick-Toland in 1991 [8]
relying on an idea proposed by Benjamin in 1967 [14].

The solitons are known, for the BO equation, to be orbitally stable, see Bennett-Brown-Stansfield-
Stroughair-Bona in 1983 [16] and Weinstein in 1987 [189]. More recently, Kenig-Martel in 2009 [90] proved
the asymptotic stability of the soliton.
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By using the complete integrability of the BO equation, Matsuno in 1979 [136] gave an explicit for-
mula for the N-soliton. Moreover, Kenig-Martel also proved in 2009 [90] that the N-soliton are orbitally
and asymptotic stable. The two main ingredients for the asymptotic stability are a monotonicity property
and a Liouville type theorem. The Liouville type theorem was introduced first by Martel-Merle in 2001 [121]
for the asymptotic stability of the solitons of KdV in the subcritical case. To obtain the monotonicity prop-
erty, Kenig-Martel studied the evolution of a truncated mass

My (u)(t) = / u’(t, z)p(x)d,
R
with u solution of the BO equation and ¢(x) = § + arctan(z).
Unlike the KdV equation, the BO equation is non local. We cannot use integration by part in order
to get a sign for 9, M (u). To overcome this difficulty, Kenig-Martel introduced the following weighted
estimates for the Hilbert transform

/ (HOyu) up'dx < C/uzgoldw, (1.3.2)

R R

‘/ (HOpu) Opupdr| < C/uzgo'da;. (1.3.3)
R R

The proof of the estimate (1.3.2) is based on a harmonic extension argument, whereas the estimate (1.3.3)
is obtained by estimating directly the integral in different areas.

1.3.2 Well-posedness results

In this thesis, we focus on the case o € (%, 2]. Except for the case & = 1 and o = 2, the equation
fKdV is not completely integrable. However, there exist two conserved quantities. The mass

M (u)(t) :/Rqﬂ(t,m)dx,

and the energy

CRNCRT
B = [ Sy e

The fKdV equation admits a scaling invariance, in other words, if u is a solution of (1.3.1), then

Voo € R,e >0, wuc(t,z)=cu (cltat,c% (z — 1’0)) ,

is also a solution. Therefore, the equation is
« L?-sub-critical if o > %,
. L2-critical if « = %
« L?-super-critical and H? -sub-critical if% <a< %,
. HS-critical if o« = %,
« and H %-super-critical ifa < %

Relying on numerical simulation by Klein-Saut in 2015 [101], it has been conjectured that in the
sub-critical range % < a, the Cauchy problem to (1.3.1) is globally well-posed in the energy space H  (R).
Herr-Ionescu-Kenig-Koch proved this result for a € [1,2). More recently, Molinet-Pilod-Vento proved the
global well-posedness in the energy space H 2 (R) for a > % For the rest of the range, for o € (3, g] the
global well-posedness in the energy space is still an open question.
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1.3.3 Existence and properties of solitons

In this subsection, we summarize the properties of the soliton for the fKdV equation. Let ¢ > 0. The
soliton ). is a solution of the non-local ODE

ID|*Qc + Qe — Q2 = 0. (1.3.4)

Except for the cases @« = 1 and @ = 2, no explicit formula for the soliton is known. The existence of
soliton for (1.3.1) was proved by Weinstein in 1987 [189] and Albert-Bona-Saut in 1997 [4] by minimizing
the functional

A solution @) of the minimising problem is called a ground state. From the decay of the soliton for
the BO equation, algebraic decay of the ground state was expected in the whole range (%, 2). Indeed it was
proved by Frank-Lenzmann-Silvestre in 2016 [61] and Kenig-Martel-Robbiano in 2011 [91] that there exists
Cl, Cy>0

C C
11L<Q(-T)<72+07 z eR.

(14a2) %" (14a2) 3"
However, in this thesis, we will derive a more precise asymptotic development of () and its deriva-
tives, for o € [%,2) (see Chapter 3).

1. (First-order expansion) The function () verifies the following decay estimate

. (a+7) @ 1 .
Q)(z) - (*1)]%W o <W) . JeN,

for some C; > 0, with a1 = k1|Q[|3 > 0 and k; € R.

2. (Higher order expansion) There exists C' > 0 such that
ai a 1
Q) - (xa+1 + I2a+1) = Otoo (l,2a+l> ’
/ al a2 - 1
Q' (x) + (a+ UW + (2 + I)W = 0400 (W) ,

with az = ko||Q||3, and k2 € R.

Another important property of the ground state is its uniqueness. Since the uniqueness for the case
« = 2 is based on classical results on an ODE problem, like Sturm-Liouville’s argument, it is not possible
to adapt the proof from the case & = 2 to the general case. Moreover, the uniqueness for o = 1 is based
on a harmonic extension process. Although, an extension problem for the operator | D|® was introduced
in the seminal paper of Cafarelli-Silvestre in 2007 [29], we do not know how to find a good Green function
for (1.3.4), which does not allow us to use the same arguments than in the case o = 1.

Recently, Frank-Lenzmann in 2013 [60] proved the uniqueness of the ground state, via the fol-
lowing argument. Let fix a; € (%, 2]. By using the implicit function theorem, the map ®(Q, \, ) :=
(Q - ppa @

Q5 = co
dispersion’s value a. The implicit function theorem gives only the existence of ¢ on a neighborhood of
ap € (%, 2]. The goal is then to extend the function ® until @« = 2. Once the function ® has been ex-
tended, combining the uniqueness in the implicit function theorem and the uniqueness of the problem in

) is C''. In other words, one can follow the ground state continuously depending on the
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the case a = 2, allow to conclude the proof of the uniqueness in the general case. It is worth noticing that
the result of uniqueness is only valid for the ground state. The uniqueness of the solution of (1.3.4) which
does not minimise the functional J is still an open question. Furthermore, as a by-product of their proof,
Frank-Lenzmann in [60] also obtained that the non-degeneracy of the kernel for the following unbounded
operator on L2(IR)

Lu = |D|*u + u — 2Qu.

More precisely, they proved ker(L) = span{Q’}. To describe ker(L) they use the extension process in-
troduced by Caffarelli-Silvestre [29] to see |D| as a Dirichlet-Neumann operator for a suitable elliptic
problem on the upper-half plane.

1.4 Main results

1.4.1 Weak interactions

The first result of this thesis is the construction of N-soliton for the fKdV equation in the sub-critical
range 5 l<a<

Theorem 1.4.1. We assume « G}%,Z[. Let N € N0 < ¢ < --- < ey < +0o. Then, there exist some
constants Ty > 0,Co > 0, N functions p1,--- ,pn € CH([Tp,+o0]) and U € C°([Ty, +o0l: H? (R))
solution of (1.3.1) such that, for allt > Ty,

Z Q( —p;(t)

H?

_a Cy
lpj(t) — cit| <75 and |p}(t) — ¢ < e

forallje{1,--- ,N}.

The proof is given in Chapter 2. Below we explain the key ideas of the proof. The construction of
the N-solitons for fKdV follows the line of the construction for KdV. We use the techniques introduced by
Merle [139] and Martel [124]. The novelty of this construction is a deeper understanding of the non-local
commutator estimates. For the construction of the N-solitons, we need to estimate the time evolution of
the localized mass and the localized energy

@ x ud(t, x
Mow(0) = [ (taola)is, E Uw/<(m2)“)—(§vwmm

To this end, we generalize the estimates

[ @ormust = [ (1912 (i)’ | < € s (L4
‘/(\D|“u)3muso+anl/(|D\%( \<p ‘<C/ u?|¢'], (1.4.2)

introduced by Kenig-Martel-Robbiano in 2011 [91], to a non symmetric form

and

C/ u? + 02 )¢, if @ €0, 1],

C/(u +0? + |D|2u> )|<p’\, if o €]1, 2],

(1.4.3)

[ oo = oo e
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and
| D0, 4 (D) e + @ = 1) [ 1912 (/) 1015 (v/5T),
C / (u2 +U2) |'], if a €]0,1],

<9 9 .
C’/(u2+v2+ (|D|%u) )Iw’% if o €]1,2],

Note that for the case & = 1, the estimates (1.4.1) and (1.4.2) were proved by Kenig-Martel in 2009 [90].
The estimate (1.4.1), for a = 1, is proved by using a harmonic extension process, and (1.4.2), for o« = 1, is
proved by estimating directly the integral on different areas.

Even with the extension result of Caffarelli-Silvestre in hand, it is not clear how to adapt the proof
of (1.4.1) and (1.4.2) in the case & = 1 by Kenig-Martel to the general case o € (0,2) by using similar
arguments. To overcome this difficulty, Kenig-Martel-Robbiano relied on the pseudo-differential calculus
to prove estimate (1.4.1) and (1.4.2) in the case « € (1, 2).

Note that, since the multiplier associated with |D|* is singular at zero, this will imply a strong re-
striction on the weight ¢ to localize the mass and the energy. Indeed, to obtain the different estimates, we
look at these quantities in high and low frequency. Note that, a derivative corresponds to a polynomial
weight in high frequency on the Fourier side. When we are looking at the low frequency, it becomes diffi-
cult to transfer derivative on the weight of the remainder term on the right-hand side of (1.4.2) and (1.4.4).
The restriction on the weight is therefore a consequence of the singularity of the operator | D|“.

However, the estimates (1.4.1) and (1.4.2) are not enough to control the localized energy E,,. For this
purpose, we extend the result in [91] to a non symmetric one, see (1.4.3) and (1.4.4). More precisely, these
non-symmetric weighted commutator estimates allow us to deal with non-symmetric cross terms involving
the gradient term and the potential term.

Then, the proof of the construction is based on a classical bootstrap argument. However, the re-
striction on the weight makes it difficult to close the bootstrap argument by a direct integration of the
differential inequalities on the different parameters. To bypass this difficulty, we use a topological argu-
ment to adapt carefully the initial data of the geometrical parameters p;, with j € {1, ..., N'}. Therefore, in
Theorem 1.4.1, the N-solitons constructed depend on the N functions p;, with j € {1, ..., N}, which are
not explicitly given by c;t as in the other constructions . This is a consequence of the lack of decay of the
weight . More details for this method of construction are given in Section 2.1.4.

A physical explanation of Theorem 1.4.1 could be that since the solitons are decaying algebraically,
they are interacting too much to get a solution that will behave like

(1.4.4)

N
> Qe —xj—cit), (x)N; €RY, (¢)), € RY.
j=1

Another possibility is that unlike in cases where the solitons are exponentially decaying, it is not possible
to construct N-solitons without understanding more deeply the interactions between the different soli-
tons. A solution may be to use a profile decomposition in order to understand this interaction. The profile
decomposition method is explained in the section of the strong interactions for a cubic non-linearity.

1.4.2 Asymptotic behaviour of the ground states for a general non-linearity

The second result of this Ph.D. is the asymptotic development of solutions for some generalizations
of the fractional semi-linear elliptic equation (1.3.4). The set of solutions for the equation (1.3.4) admits
potentially a complex structure. For example, the existence and uniqueness of a solution of (1.3.4) not
minimizing the functional J“ remain open problems. The existence and uniqueness of the ground state
exposed in the previous section was an important step in the understanding of the elliptic equation (1.3.4).
To continue the study of this fractional elliptic equation, we studied the asymptotic development of some
solutions of (1.3.4) in a joint work with F. Valet.
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The asymptotic expansion of @ relies on the operator k(z) := (14 |D|*)™1 = F~! (ﬁ), with
F~! denoting the inverse Fourier transform. The main tool to study the kernel k(z) is a contour integration,
introduced by Polya in 1923 [165], to get the asymptotic development of k and &’. From the asymptotic of
k and &', one can derive the development of @, the asymptotic development of order 1 for the derivatives
of @, and also higher order expansion for ). With F. Valet, we proved the following results.

Proposition 1.4.2. Leta € (0,2), p € (1,p*(a)) and Q be a weak solution of |D|*Q + Q — |QP~1Q =0,
satisfying:
Qe IP(R) and 3 >0, |z['Q(x)e L=(R). (1.4.5)

Then, Q € C°(R) and verifies:
ail 1
Qz) — patl - Oteo (m) )
withay € R.

Futhermore, if @ > 1, then Q € C'PI+1(R) with |p| the floor function of p, and verifies for j < |p|,
that for all x > 1:

W(g) — (et o _r
QJ (.’,U) ( 1)] al potl+j = 0400 zotits |-

Proposition 1.4.3. Let o € (0,2). Let Q) satisfying the assumptions (1.4.5) of Proposition 1.4.2.
o If the coefficient of the non-linearity p is an integer then Q € H*°(R).
o If Q is positive, then Q € H>(R), even (up to translation), decaying and verifies that:

| (@t @ 1 .
Q(])(’]}) — (—1)] ol S, = O4+c0 W N V] S N,

and the next order asymptotic expansion holds for some as € R:

2+ 1 ay a'f _ 1
Casep < ot Q(I)_W_Wfoﬂ’o gplatl) )
200+ 1 ai azf a2 1
Casep = arl Q(z) — 2ot g2atl 2ot O+ | L3atT )¢
J’_

2 1 . al a2 1
atl Q(z )_xod—l g2l OFee | 3adT |-

Proposition 1.4.4. Letp € N,p > 2, a € <11’+11) 2) and @Q be solution of | D|“Q + Q — QP = 0 verifying
condition (1.4.5).
Then Q € H*(R) and verifies:

i 1
Q(J)(x)i(i ) (a+] LQ+1+J/QP_O+OO( a+1+g>7 VJEN7

a!
withk; € R

Proposition 1.4.5 (Higher order expansion). Let« € (1,2), p = 3, and Q) be a solution of | D|*Q+Q—QP =
0 verifying condition (1.4.5). Then, there exists a constant C = C(a,p) > 0, a3 € R:

as as C
’Q( )= <$a+1 + x2a+1 + 93a+3>’ S Pt
C
’Ql(x) (a+1) a+2 +Qa+1)5=5 2a+2 < platle

The last proposition will be useful to study the interactions between solitons, and construct a strongly
interacting 2-soliton solution for the fractional modified KdV (fmKdV), as it will be seen in the next
subsection.
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1.4.3 Strong interactions for a cubic non-linearity

The last result of this PhD is the construction of a strongly interacting 2-soliton solution for the
fractional modified KdV (fmKdV)

dwu(t,z) — 8 |D|%u(t, x) + 0 (u)(t,z) =0, t€R, xR, (1.4.6)

with o € (1,2). This construction has been obtained in a joint work with F. Valet. We have proved the
following result.

Theorem 1.4.6. Let o € (1,2). There exist some constants Ty > 0,C > 0 andU € C°([Ty, +0) : H2 (R))
solution of (1.4.6) such that, for allt > Tp:

a, 2 a, _2_ —_a-1_
HU(t7.)+Q<‘_t_7ta+3> _Q<‘_t+7tQ+B>H L, SOt 3o+,
2 2 H?

where

2
—4b \ °F 1)2 sin(Z +o0 6
- a+3 1 and by = 72((14‘ ) Sln(ga)/ eiri"dr”QHQLB <o
2 Vadtl a-1 7 ) QI

This construction follows the lines of the proof of the construction of the weakly interacting N-
soliton solution (Theorem 1.4.1). The main difference here is the necessity to understand more deeply the
interactions between the two solitons. The first construction of such solutions has been obtained by Nguyen
in 2017 [156] for the gKdV equation and in 2019 [157] for the NLS equation and Nguyen-Martel [131] for the
cubic NLS equation. The relative distance between the strongly interacting solitons is connected to the de-
cay of the solitons. Since the solitons of the gKdV equation are exponentially decaying, Nguyen constructed
a solution such that the relative distance is increasing logarithmically. However, in our construction, the

distance between the 2 solitons is given by t%ﬁ, since the solitons have an algebraic decay.

We explain now how to understand the interactions between two solitons R; and Ry. The natural
approach would be to look for a solution on the form v = R+ Ra+¢ asin the case of the weakly interacting
solitons. However, in the case of strongly interacting solitons, the error created by the interaction between
R and Ry will be too large to close the bootstrap on ¢. For this reason we refine the ansatz and look for a
solution on the form v = Ry + Ra + P1 + P> + bW + &, where bW is localized between the two solitary
waves R; and Ry. Furthermore bW/ has a plateau between R; and Rs. This function bW/ describes the
interactions localized between the two solitary waves. The functions P, respectively P», are constructed
to cancel the remainder terms which are localized close to R respectively close to Ry. These two functions
Py, P; are called profiles. To construct P, and P, we use the properties of the linearized operator

Lu = |D|%u — u + 3Q%u,
to find a solution f, of some equations on the form

Lf=g+aQ,

where the term ¢g will be given by the interaction between R; and Rj. The interaction between the 2
solitons can be understood by using the asymptotic development of (). For example, let take > ¢ and

2
R =Q ( —t— %tm> and Ry = Q ( —t+ %Tﬁ> Then, we can use the asymptotic development of

Qtoget"RiR% ~ ( 2((}“) + MlH) + 2<2c11+1) ) R2”. The function Py, Py are constructed to absorb the
t af3 t ot t oF3
term coming from the asymptotic expansion of (), and to obtain a remainder term small enough to get a

good control on €.

Since the equation is non-local, the proof makes use of the weighted commutator estimates (1.4.1)-
(1.4.4), and some refinements introduced to track the constants with respect to the different parameters.
More details of the proof are given in Chapter 4.
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1.5 Open problem

In this PhD, we have proved the existence of /N-soliton weakly and strongly interacting in a non-local
context. However, some natural questions remain open. For the weakly interacting /V-soliton, one could
ask if it is possible in Theorem 1.4.1 to replace the p; by c¢;t. A possibility for that, would be to adapt the
profiles construction introduced to construct strongly interacting 2-soliton in order to sharpen the estimate
on the error.

The existence of weakly interacting /N-soliton for fKdV equation in the critical and super-critical
range, @ € (%, %} remains open. The main difference, compare to the sub-critical case, will be the coer-
civity of the linearized operator L. For example, the coercivity of L is obtained up to two orthogonality
conditions. In the sub-critical case, the orthogonality conditions are given by @ and )’. This will give spe-
cial cancellation and some parameters will be controlled by a quadratic term on the error. In the critical
case, the orthogonality conditions can be driven by Q3 and (. The special cancellation does not appear
anymore. Since we are working with algebraic decaying solution, it is not clear whether the loss of this
quadratic bound can be overcome.

The existence of weakly interacting /N-soliton for the fractional non-linear Schrodinger equation is
also an interesting question. The exponential decay of the soliton is an essential tool for the construction
of the N-soliton for the non-linear Schrédinger. It is not clear in a context of algebraic decay how the proof
could be adapted.

Another natural question is about the uniqueness of the solutions constructed in Theorem 1.4.1 and
Theorem 1.4.6. The improvement of the understanding of (1.3.4) by the asymptotic development of some
solutions, raises also the question of the uniqueness of this type of solutions.

In [91], Kenig-Martel-Robbiano proved by an argument of perturbation the existence of blow-up
solutions, for the equation

u(t,x) — 8y D|%u(t, 2) + |[ul®(t,2)0pu(t,z) =0, t€R,x R,

forall & € (a1,2], for some 1 < a1 < 2 close to 2. The question to extend this result forall 1 < o < 2
is still open. One strategy would be to adapt the result of Martel-Pilod [133] on the minimal mass blow-up
on the cubic Benjamin-Ono equation, to get the blow-up on the full range « € [1, 2].

A by-product of the paper [91] is the asymptotic stability around the solitons for all & € (a1, 2] with
1 < a1 < 2. The asymptotic stability around the solitons remains open the full range o € (%, 2) of this
equation and also the fKdV equation.

1.6 Outline of the thesis

The next chapter of this manuscript is dedicated of the construction of /V-soliton like solutions for the
fractional Korteweg-de Vries equation. In the third chapter we derive an asymptotic of non-linear ground
states for fractional Laplacian, while the last chapter is devoted to the existence of strongly interacting
solitary waves for the fractional modified Korteweg-de Vries equation.
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2.1 Introduction

2.1.1 The fractional Korteweg-de Vries equation

We consider the fractional Korteweg-de Vries equation (fKdV), also called the dispersion generalized
Benjamin-Ono equation,

o — |D|%0pu + 0,(u?) =0, (t,2) e R xR, (2.1.1)

where @ € R, |D|* is the Riesz potential of order —c, defined by F(|D|*w)(§) = |£|“F (u)(§) and F is
the Fourier transform.

In the cases a = 2, respectively o = 1, this equation corresponds to the well-known Korteweg de
Vries (KdV), respectively Benjamin-Ono (BO) equations, which are completely integrable (see [57, 113]).
In the case @ = 0, one recovers the inviscid Burgers’ equation after a suitable change of variable, while
the case &« = —1 corresponds to the Burgers-Hilbert equation. Finally, the cases oo = % and o = f% are
somehow reminiscent of the linear dispersion of the finite depth water waves equation with and without
surface tension. In other words, for large frequencies, equation (2.1.1) corresponds in those cases to the
Whitham equations with and without surface tension (see [100] for more details).

From a mathematical point of view, these equations are also useful to understand the “fight” between
nonlinearity and dispersion. Instead of fixing the dispersion (e.g. that of the KdV equation) and increasing
the nonlinearity (e.g. u?0,u for the generalized KdV equation), one chooses to fix the nonlinearity u0,u
and lower the dispersion, allowing then fractional dispersion of the form |D|%, o < 2. As pointed out
by Linares, Pilod and Saut in [115], this viewpoint is probably more physical since in many problems
arising from physics or continuum mechanics the nonlinearity is quadratic with terms like (u - V)u and
the dispersion is in some sense weak. Here will focus on positive values of a’s. Note however, that the
dynamics for negative o’s is quite different with the formation of shocks (see [81], [170], [159]).

Although equation (2.1.1) is not completely integrable outside of the cases & = 1 and 2, it enjoys a
hamiltonian structure. In particular, the mass

M) (t) = / W2(t, 2)dz,

and the energy

E(u)(t) := %/ <|D\%u(t,x)>2dac — %/u?’(t,m)dx

are formally preserved by the flow of (2.1.1).
Moreover, we have the scaling-translation invariance of (2.1.1). Let u be a solution of (2.1.1) then

Voo € R, e > 0,u.(t,z) = cu(cl%ut, (’%(T —x9)),

S+a

is also a solution. A straightforward computation shows that [luc|| 5. = ¢ —2 llu|| grs- In particular,

equation (2.1.1) is mass-critical for o« = % and energy-critical for v = 3.

In this paper, we focus on the mass-subcritical case a € (%7 2). We assume that the initial value
problem associated to (2.1.1) is globally well-posed in the energy space H 2 (R) in the whole subcritical
range 3 < a < 2, in the sense that for all ug € H%(R) and T > 0, there exists a solution u € C([0,7] :
H?% (R)) of (2.1.1) satisfying u(0,-) = uo which is unique in some class X7 ¢ C([0,T] : H%(R)), and
that the flow : ug € H2(R) — u € C([0,T] : H2(R)) is continuous. Such a result has been proved by
Herr, Ionescu, Kenig and Koch in [78] in the range 1 < o < 2, extending a previous result of Ionescu and
Kenig for the BO equation [82]. For weaker dispersion, the global well-posedness in the energy space has
been conjectured through numerical simulations by Klein and Saut [101] in the whole range % <a<l
Progress has been made in this direction: recently Molinet, Pilod and Vento proved in [148] global well-
posedness in H%(]R) for g < a < 1 (see also Linares, Pilod, Saut [115] for former results). Note however,
that the problem is still open in the case % <a< g.
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Finally, we mention some other interesting results concerning the fractional KdV equation with pos-
itive dispersion «. In [47], Ehrnstrom and Wang proved long time existence for small initial data. Fonseca,
Linares and Ponce in [58] proved some persistence results in weighted Sobolev spaces. Kenig, Ponce and
Vega [95], Kenig, Ponce, Pilod and Vega in [92] and Riano in [167] proved some unique continuation re-
sults, while Mendez in [138], [137] proved propagation of regularity results. We also refer to Linares, Pilod
and Saut [115] and Klein and Saut [101] for other results, conjectures and numerical simulations regarding
the fractional KdV equation.

2.1.2 Solitary wave solutions

A fundamental property of this equation is the existence of solitary wave solutions of the form

u(t,z) = Qe(z —ct) with Q.(z) — O,

|| —+o00
for ¢ > 0, where Q.(z) = CQ(C% x) and @ is solution of the non-local ODE
IDI°Q+Q —-Q*=0. (2.1.2)
In other words, (). satisfies
ID|*Qc + cQ. — Q% = 0. (2.1.3)

For some particular values of « the solution of (2.1.2) is explicit and unique (up to translations). For a = 2,
Qrav(z) = gcoshf2 (g) while for o = 1, Qpo(x) = 4(1 + 22)~!. The uniqueness result for BO is
non-trivial and was proved by Benjamin [14] and Amick and Toland [8] by combining complex analysis
techniques with properties of the harmonic extension of the Hilbert transform.

For the other values of «, there does not exist, as far as we know, any explicit formulation of Q.
However, the existence of solutions of (2.1.2) minimising the functional

(i) ()
I

is well-known since the work of Weinstein in [189] and Albert, Bona and Saut [4]. Such solutions are called
ground states solutions of (2.1.2). They decay polynomially at infinity (see [91]), this property being related
to the singularity at the origin of the symbol |{|*. Moreover, their uniqueness is delicate and was proved
by Frank and Lenzmann in [60] relying on the non-degeneracy of the kernel of the linearized operator
associated to ). Below, we summarize the properties of the ground states of (2.1.2).

Ju) = (2.1.4)

Theorem 2.1.1 ( [4,60,91,189]). Leta € (%, 2). There exists () € H%(R) N C*°(R) such that

1. (Existence) The function @ solves (2.1.2) and Q = Q(|x|) > 0 is even, positive and strictly decreasing in
||. Moreover, the function @ is a minimizer of J* in the sense that

JHYQ)= inf J%u).
uweH % (R)

2. (Decay) The function () verifies the following decay estimate

C
<QW(z) < 05 aFriva’ k=0,1,2, (2.1.5)

1
C(1 + |z|)F+1+e

for some C > 0.
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3. (Uniqueness) The even ground state solution Q = Q(|z|) > 0 of (2.1.2) is unique. Furthermore, every
optimizer v € H= (R) for the Gagliardo-Nirenberg problem (2.1.4) is of the form v = BQ(v(- + ¥))
with some 3 € C,8# 0,y > 0andy € R.

4. (Linearized operator) Let L be the unbounded operator defined on L*(R) by
Lu = |D|%u + u — 2Qu.

Then, the continuous spectrum of L is [1, +00), L has one negative eigenvalue i, associated to an even
eigenfunction Wy > 0, and ker L = span{Q'}.

Remark 2.1.2. The uniqueness problem for the solutions of (2.1.2) which are not ground states is still an
open question when « # 1.

These solitary waves are orbitally stable under the flow of (2.1.1) (see Linares, Pilod and Saut [116]
and [9, 10] for other proofs) in the mass sub-critical range o € (%, 2). They were proven to be linearly
unstable in the the mass super-critical range a € (%, %) (see [9]).

Sometimes, we also call these solutions solitons even though they are not known to have elastic
interactions outside of the integrable case o = 1.

2.1.3 N-soliton solution

An important conjecture for nonlinear dispersive equations is to prove the soliton resolution property,
which states that arbitrary initial data eventually resolve over time into a finite sum of solitary waves and an
oscillatory remainder of essentially linear type. It has been proved in the KdV case for sufficiently smooth
and decaying initial data by using the complete integrable structure (see [46]). Note however that despite
some recent progress (see [191], [179]), it is still an open problem for the Benjamin-Ono equation on the
line.

For KdV type equations, we are still far from a complete understanding of this phenomenon. In
this direction, an important question is to construct solutions behaving like a superposition of IV solitary
waves at infinity. Indeed, such objects are expected to be universal attractors in the region > 0 for
any smooth and decaying solutions at infinity. These solutions, also called NN -soliton solutions by abuse
of language, were first constructed by Martel in [120] for the sub-critical and critical gKdV equations by
adapting the construction by Merle in [139] of solutions blowing up at k given points for the critical non-
linear Schrodinger equation to the KdV setting, and by relying on the energy methods by Martel, Merle
and Tsai [130]. This construction was extended to the super-critical gKdV equations by Céte, Martel and
Merle [39] (see also Combet [34]).

For the fractional KdV equations, outside of the case & = 1, no result concerning construction of V-
solitary wave solutions at infinity seems to be known. Of course, in the case o = 1, the N-soliton solutions
of the Benjamin-Ono equation are explicit by using inverse scattering method [113], [46], [20], [153], [136].
These N-solitons were also proved to be orbitally stable by Neves and Lopes [155] and Gustafson, Takaoka
and Tsai [73] and even asymptotically stable by Kenig and Martel [90].

The main result of this paper states the existence of such N-soliton solutions for any given set of
velocities 0 < ¢1 < ¢y < - -+ < ¢p.

Theorem 2.1.3. We assume o € (%,2). Let N € N0 < ¢ < -+ < ey < +00. Then, there exist some
constants Ty > 0,Cy > 0, N functions p1,--- ,pn € CY([Tp, +o0)) and U € CO([Tp, +00) : H%(R))
solution of (2.1.1) such that, for allt > Ty,

al C
0
U(t,-) =Y Qe; (- = pj(t) < =z, (2.1.6)
" a t2
Jj=1 HZ
1-4 / CO
loi(0) =it <75 and p5(t) — o] < = (2.1.7)

forallj e {1,--- ,N}.
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Remark 2.1.4. Due to the polynomial decay of the error in (2.1.7), we are in the case of strong interactions,
and thus the asymptotic of p;(t) in (2.1.6) may be more complicated than just c;t. Related to this strong
interactions phenomenon, the uniqueness of these /N-soliton solutions is an interesting open problem.

Remark 2.1.5. The construction in the case o € (%, %} is conditional to the well-posedness of the equation
in the energy space, which is still an open problem for this range of o’s.

Similar construction of N-soliton-like solutions have already been performed for other nonlinear
dispersive equations. Outside of the gKdV equations commented above, we refer to Martel and Merle
[124] and Céte, Martel and Merle [39] for the non-linear Schrédinger (NLS) equation, and more recently to
Ferriere for the logarithmic-NLS equation [56]. We also refer to the works of Martel and Merle [127] and
Jendrej [86] for the wave equation, to the works of Cote-Munoz [41], Bellazzini, Ghimenti, Le Coz [13] and
Céote, Martel [38] for the Klein-Gordon equation, to the work Rousset-Tzvetkov [142] for the water-waves
equation, and to the work of Valet [182] for the Zakharov-Kuznetsov equation.

A different method of construction of multi-solitons, based on the fixed point argument of Merle
in [139], has been introduced by Le Coz, Li and Tsai in [114] for the NLS equation. This strategy has also
been used by Chen for the wave equation [31] and by Van Tin for the derivative NLS [183].

Recently Jendrej, Kowalczyk and Lawrie introduced in [84] a new version of the Liapunov-Schmidt
reduction in the setting of dispersive equations to derive a complete classification of all kink-antikink pairs
in the strongly interacting regime for the classical nonlinear scalar field models on the real line.

Finally, let us observe that the result of Theorem 2.1.3 would be the first step to study the collision
of multi-soliton solutions in the cases « € (%, 2), « # 1. We refer to the works of Martel and Merle [125]
and [126] for the study of the inelastic collision of two solitons of the quartic KdV equation.

2.1.4 Outline of proof of Theorem 2.1.3

The proof of Theorem 2.1.3 follows the strategy of [139], [120], [130]. After fixing a sequence
of time (S,) " 400, one considers the sequence (u,) of solutions to (2.1.1) evolving from the ini-

N
tial data Z QC](~ — ¢jSy) at time S,. As long as the solution remains sufficiently close to the sum
=1
of N solitary waves, one introduces modulated translation parameters (pj,n(t))f/:1 allowing to satisfy
suitable orthogonality conditions. The goal is to obtain backwards uniform estimates for the difference

N
U (t) — Z Qc; (- — pj(t)) on some time interval [Ty, Sy,], for some T independent of n. The N-soliton
j=1

is then obtained by letting n — 400 and using a compactness argument. Moreover, it is worth to ob-
serve that the uniform estimate relies on monotonicity properties for suitable portions of the mass and the
energy of the solution.

Compared to the previous constructions, we have to deal here with two major new difficulties. Firstly,
due to the singularity at the origin of the symbol |£|* related to the non-local operator | D|%, the solitary
waves have only polynomial decay® of order (1 + |z|)~(!*®). As a consequence the uniform estimates on
the parameters p; ,(t) are only polynomial and thus cannot be integrated directly. Relying on a topological
argument introduced in [39], we need then to adapt carefully the initial data of the translation parameters
pj.n at time Sy, to be able to close the bootstrap estimates.

Secondly, observe that the monotonicity techniques introduced by Martel and Merle for gKdV are
local in space, and are therefore tailored for differential but not integral (nonlocal) equations. To adapt these
techniques to the fKdV equations, one need to use suitable weighted commutator estimates (see Lemma
2.3.1). Those estimates were introduced in the symmetric case by Kenig and Martel [90] in the case a = 1
and Kenig, Martel and Robbiano [91] for the general case 0 < a < 2 (see also [133] for an application
to the critical modified Benjamin-Ono equation). Note however that to derive the monotonicity property
of the energy, one needs a non-symmetric version of these estimates (see estimates (2.3.6)-(2.3.7)), whose

""The decay of the solitary waves of gKdV is always exponential.
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proof is based on pseudo-differential calculus and follows the one of Kenig, Martel and Robbiano for the
symmetric case.

The paper is organised as follows: in Section 2.2, we modulate the geometrical translation parameters
for a solution close to IV solitary waves, set up the bootstrap setting and close the construction of the N-
soliton solution after assuming the main bootstrap estimate. In Section 2.3, we state several weighted
estimates whose proofs are given in the appendices. These weighted estimates are useful to derive the
monotonicity properties and to prove the bootstrap estimate in Section 2.4.

2.1.5 Notation

1. From now on, C will denote a positive constant changing from line to line and independent of the
different parameters. We also denote by C. a positive constant changing from line to line and de-
pending only on the parameters {c1,- - ,cn}-

2. Unless stated otherwise, all the integrals will be over R with respect to the space variable.

3. For € R, we recall the definition of the Japanese brackets (x) := /1 + |z[2.

4. We denote by |[f]r = (/w); and |f[lge = [|()3F(f)()]| 2 where F(f) is the Fourier

transform of f. Finally, S(R) denotes the Schwartz space of real-valued functions.

5. Wefix 0 < ¢; < -+ < ey and we set 5 = %mi11(017027017~~ ,CN — CN—1).

2.2 Construction of the asymptotic N-soliton

Notation 2.2.1. 1. For L > 0 and N € N, we define

RY = {(y)jl1 € RY sy — 51> LVj € {2, N}}. (2.2.1)
2. ForY = (Y;)jL, € R}, we denote
N N
Ry(z) =Y Ryj(z) =Y Qex—Y)). (2.2.2)
j=1 j=1
3 Let M = (mi,j)ﬁszl € My (R), bea N x N matrix.

2.2.1 Modulation of the geometrical parameters

Proposition 2.2.2 (Modulation). There exist L1,v1,11 > 0 such that the following is true. Assume that u is
a solution of (2.1.1) satisfying that for L > L1,0 <y < v, S > t* > Ty,

sup inf <. (2.23)

tr<t<s \ (), erY

N
u(t,) =D Qe (- =)
j=1

a
H?2

Then, there exist N unique C1 functions p; : [t*,S] — R, j € {1, ..., N}, such that

77(157 :L) = u(tv l) - R(tv Q?), (2-2~4)
where
N N
R(t7 T) = ZR](t7T) = ZQC]’(:I; - pj(t))v (2.2.5)
j=1 j=1
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satisfies the following orthogonality conditions

/(&CRj)n =0, Vje{l,..,N},Vte][t", Sy (2.2.6)
Moreover, for allt € [t*, 5]
n(t, )l e < Cv, (2.2.7)
L
t) = — 2.2.8
ol o0 =) > 5 (229)
Remark 2.2.3. A solution u satisfying (2.2.3) lives for all time ¢ € [¢t*, S] in the tube
Ty = {v €H:z(R): }’1251/?_f1+L v — Ry s < ’y}. (2.2.9)
The proof of Proposition 2.2.2 is an application of the implicit function theorem to the functional
T, xRY - RN (2.2.10)
N
er)e ([e-mae-m) .
j=1

Note that a direct application of the implicit function theorem at the point (Ry,Y) for Y € ]Rg would
imply

VY € RY,3ey > 0,3 (p))}; € C'(T5,L N B(Ry,ev)) : R), (2.2.11)

such that ®(v, (p; (U)) 1) = 0for v € B(Ry,ey). This would not be enough to conclude the proof of
(2.2.6) due to the lack of control of &,y uniformly in [t*, S]. Indeed, an application of (2.2.11) to a solu-

tion u satisfying u( Z Qc; (- — p ) for (pznn) € RY, and a continuity argument would provide
the existence of € > 0 such that u(t,-) € B := B( Z Qc; (- pj ), €) forall ¢ € (¢1, 5], where ¢, is the

first time before .S with u(t1, -) ¢ B. Nevertheless, nothmg would guarantee that u(1, -) belongs to a ball
B(Ry,ey) for some Y € RY.

B(Ry,ey, u(t, Tt
Ry

To bypass this difficulty, we will use the following quantitative version of the implicit function theo-
rem (see section 2.2 in [32]). We refer to [37] Lemma 3, [83] Lemme 3.3, [74] Proposition 3, [141] Proposition
3.1 for applications of this theorem in a similar context.

Theorem 2.2.4. Let X,Y and Z be Banach spaces, z9 € X,yo € Y, 7,8 > 0 and ® : B(zo,v) X
B(yo,8) — Z be continuous in x, continuously differentiable in y, satisfy ®(xo,y0) = 0, My :=
dy® (20, yo0) has a bounded inverse in L(Z,Y"). Assume moreover that

”A{O —d, @(QJ y)Hﬁ Y,Z) ”]\[ ”Z(lz,y)v Vz € B(£U7’Y)ay € B(y076)a (2212)
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LI
19(z,90)ll2 < 311Mg lz(zy), Vo € Blwo, 7). (2.2.13)

Then there existsy € C'(B(xo,v) : B(yo,6)) such that forx € B(wxo,), y(x) is the unique solution of the
equation ®(z,y(x)) = 0 in B(zg, 7).

Before giving the proof of Proposition 2.2.2, we need the following lemma.

Lemma 2.2.5. There exist C' > 0, Ly > 0, such that for all L > Ly, and allY = (Y} )7 1 € RY we have

c

j £k, (2.2.14)

with Ry,; defined in (2.2.2) .
Moreover, let (pj)é-vzl € CU([t*, 8] : R) satisfying pj11 — p; > % forallj,k € {1,--- ,N — 1}, with
j # k, then

C
R;j(82Ry)| < _¢ (2.2.16)
J\Vz )| X 1+L1+O‘7 L.
/ RiR(02Ry)| < <« (2.2.17)
k ! 1+ Lite’ o
with R; defined in (2.2.5).
Furthermore, if the functions (pj)évzl satisfy |pj+1(t) — p;(t)| = Bt, with B > 0, then
0 0, <
(0xR;)(0xRy)| < W7 (2.2.18)
R;(82Ry)| < ¢ (2.2.19)
J\Vz k)| X (5t)1+a' e
‘ /R]Rk (O2Ry))| < (Bt)Ha (2.2.20)

Proof of Lemma 2.2.5. By symmetry, we can suppose j < k. Let Q := {z € R : z < Y+Y’“} By (2.1.5)
and Y3, — Y, > L, we deduce that

c / c
] o |aﬂcRYJ| < +a”
1+<yk,X7;Yk) “Ja 1+ L2

’/Q(any,j)(ame) <

On the other hand, by (2.1.5) and Y; — Y}, < —L, we get on Q¢

C / C
8‘RY.k < s
1+<Y+Yk ij)Qm o (7l S T v

PACESICE I

which concludes (2.2.14). To prove the other estimates, we use the same argumenton Q := {x e R: z <
MTP’C} with the estimates (2.1.5), pj4+1 — p;j = % for (2.2.15), (2.2.16), (2.2.17) and (2.1.5), )—pi(t)] =
Bt for (2.2.18), (2.2.19), (2.2.20). O

Proof of Proposition 2.2.2. We decompose the proof in two steps. First, by using Theorem 2.2.4, we show
that we can find N unique functions p; continuous on 75, 1, defined in (2.2.9), satisfying (2.2.6) - (2.2.8). To
obtain the regularity of the functions, we use the Cauchy-Lipschitz theorem.
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First step : existence of the functions p;. We recall the definition of R]LV and Ry given respectively in (2.2.1)
and (2.2.2). First, we check that the functional ® defined in (2.2.10) satisfies the hypotheses of Theorem
2.2.4. It is clear that, forall Y € RY,

& (Ry,Y) =0.
Let us define

My = ]\/fo(Ry,Y) =dy® (Ry,Y) = A+ B,

where i )
J(@Q:,) 0 0
0 (@) 0 - 0
A= - : ,
0 0 [(Q.,)?
and
0 Qip - Q1N
Q1 0 Q3 e Qo N
B=B(Y):=| : e
On1 .- Ovn-1 0

with Q; 1, := /81Ry7j81Ry7k. The matrix A is invertible, and by (2.2.14), we get for all L > Lo

C

|Qj¢k| < W-

Then for L > L3, with L3 big enough, M is invertible. Moreover the matrix A is independent of Y € RY,
and Llim | Blloo — 0. Then, there exists # independent of L > 1 such that for all Y € RY
—00

) ) o L S A e T
[0 (R ¥) o = A7 00+ BE)AT) e < 147 S | 0152 <

n=0

Thus, to verify the conditions (2.2.12),(2.2.13), since || - ”UR"»RJLV) < || - |loos it suffices to prove that

1
| Mo — dy ®(v, Z)|| 0 < g/@_l, forv € B(Ry,7),Z € B(Y,C1v), (2.2.21)
C
@0, Y)]lse < %ml, for v € B(Ry,7), (2.2.22)

for a positive constant C to be chosen later. First, we show (2.2.22). Let j € {1, ..., N}, by Cauchy-Schwarz
and since v € B(Ry, )

< o = Ry 2102 Ry

(0, )] < / v — Ry||0, Ry, 12 < 110:Q 12,

which implies (2.2.22) by choosing C1 = 3 sup ||0:Qc; || 2. Since the constant C does not play any role

J
in the rest of the paper, we write C instead of C'y.
Now, let us verify (2.2.21). First we define

HEY) = / (02R25)(@eRzx) — (02 Ryj)(@s Ry i)
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with Z = (Z;),,Y = (Y])é\[:1 €RY, and

Jj=b
(v,2) /(v z)) 02 Ry .
with Z = (z;) € RY, v € B(Ry,~). We have
Pi(v,2)  Q3.(ZY) - Qva(2Y)
| My — dy®(v, Z)||oc = H
QI,N(Zv Y) Q}KV—LN(Zv Y) Pwn(v,Z)
For j € {1,---, N}, by Cauchy-Schwarz since v € B(Ry,7)
|Pj(v, Z)| < / v — Rz|0; Ry,j| < ||lv — Rzl| 2|07 Ryl 2 < C. (2.2.23)
Forj,k € {1,--- ,N},j # k, by (2.2.14)
. C
1Q5k(Z,Y)| < Ty e (2.2.24)
Gathering (2.2.23) and (2.2.24), we get
c 1
My — Dy, V)l € O+ 1 g < o

for v < 72 small enough and L > L4 big enough.

Then for L > max(Lg, L3, Ly) and v < 2 we deduce from Theorem 2.2.4 the existence and unique-
ness of (pj)jeq1,..,n} in CY(B(Ry,~v) : B(Y,C%)) satisfying (2.2.6). Moreover, since + can be chosen
independently of Y € RY, we can extend by uniqueness (Pj)jequ,....ny to the whole tube 7, ;, defined in
(2.2.9). Furthermore, for all v € 75, 1, there exists Y = (Y;) € RY such that (p; (v v))jeq,...ny € B(Y,Cy).
Therefore

L
|pj+1(v) = pj (V)| 2 [Yj1 = Yl = lpjs1(v) = Yisa| = |pj(v) = V3| > L = 2Cy > 5. (22.25)

Now, by abuse of notation, we define p;(t) := p;j(u(t,)). Then it is clear that p; is C°([t*, S] : R) since
u(t,) € CO([t*,S] : H2(R)).
Let us prove the estimate (2.2.7). By construction of (p;(t))¥

i1, we have that for all ¢ € [t*, 5], there
exists (Y; (L‘))j\[:1 € RY such that

lpj(t) = Y;(t)| < C,
[u(t,-) = Ryl ;5 < -

By the triangle inequality and mean value theorem, we deduce
In(t ) g < llult, -) —Rywllys + 1By — Rl 45
<7t Z 150) = Y Ol10:(0) @l [ (D)% Ry — )
< Ch.

This finishes the proof of (2.2.7). Note also that (2.2.8) is a direct consequence of (2.2.25).
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Second step : regularity of the functions p;. Assume that the N functions p; are C1([t*, 5] : R). First, we
compute the equation for 7 using (2.1.1) and (2.2.4)

0m =0, (G(n) + |DI*R—R*) + > pf0u Ry,
0<k<N

where
G(n) :=|D|*n — 2Ry — 7.

RP= " R{+2 >  RiRp,

1<k<N 1<i<m<N

Moreover, since

this implies by using (2.1.3) that

on = 0y (g(n) — Z R — 2 Z RlRm) + Z p@&ka. (2.2.26)

1<k<N 1<I<m<N 1<kSN

Furthermore, we obtain differentiating in time the relation / (0:R;)n =0

d

0= —
dt

@)=, [ @R)n+ [ @:R)om (2227)

Replacing (2.2.26) in (2.2.27), and integrating by parts, we obtain that

0—- [ @2R) (gm)— > efi=2 7 Rsz> DN (CRACRA

1<k<N 1<l<m<N 1<k<N
2
fp;-/(asz)n. (2.2.28)

Finally, we deduce that, forall j € {1,..., N},

> b [@ur@.R)—s; [ @85)n

1<k<N

:/(3331) G- > eRe—2 Y RiRy

I<kSN 1<l<m<N
We can rewrite this ODE system in the matrix form
AY' = B, (2.2.29)

where Y := (pj)é-V:l and A := Ay + A, where

- / (@R))n / (R (O:R2) ... / (OuR1) (D R)

A, = /(3¢;R2)(3xR1) */(asz)n /(amRQ)(atRN)

)

/(BIR]\:[)(Ble) —/(8:§RN)77
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/(achl)2 0 ... 0

a=| T D

0 /(am.QcN)2

B = / (@2R;) (9 — D aRe—=2 Y RiRn

1<k<N 1<l<m<N 1<G<N
In order to prove that A is invertible, it suffices to prove that Ay is invertible and || A;||c can be taken small
enough. By using the Cauchy-Schwarz inequality and (2.2.7), we have

‘/(agRj)n‘ < Cy.

By (2.2.15), we obtain

C

<—— . k#]

|| < T

Taking L > L5 big enough, and v < 3 small enough, the matrix A is invertible and we can rewrite (2.2.29)
as

Y =A7'B.
Now, we have to prove that A~1B is globally Lipschitz. Let us begin with the term / (@%Rl) 7. Let
(pj)é»vzl, (7; §V:1 € RY, by the Plancherel identity and the Cauchy-Schwarz inequality

N N
\ [ Quite =) | ulte) = 35 Qe = ) | =02 @rla =) [ utton) = D@, (0= ) | do
j=1 Jj=1

< /|£|2|@:Hu| ei€P1 _ ik clp1+pi) _ i(p1+p;) d¢

N —— —
e+ / €21Qn G|
j=1

N N
<lor—mnl [ ePQalialde + (o=l + > 1o - 5l | 3 [ 1610al@s de
=1

i=1
N
<Yy = pilll9z Qe Nz (luollzz + Qe llz2)
Jj=1
where we have used for the last inequality that ||u(t,-)||r2 = ||uo||z2. Using the same argument for the

other term in A and B, we get A~!B is globally Lipschitz. Therefore, we obtain N unique C functions
pj : [t*,S] — R satisfying (2.2.27) with p;(S) = p;(.S) as initial condition, where (pj)é\[:1 is given by the
first step. Since (2.2.6) is verified at time S with p;(.S), we deduce that for all ¢ € [t*, 5],

/ (02Qe, (z — 7;(1))) (1t — Qo (x — (1)) = 0.

By the uniqueness statement of the first step, we conclude that the IV functions p;, constructed in the first
step, are C! functions. This concludes the proof of Proposition 2.2.2 by taking v < 1 = min(7yz,3) and
L > Ly = max(Lg, L3, Ly, Ls) . 0
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2.2.2 Bootstrap setting

Let (Sn)+OO be a non-decreasing sequence of time going to infinity, with \S,, > T, for Tp > 1 large

n=0

enough to be chosen later. We define by u,, the solution of (2.1.1) satisfying

N
Un(Sn, ") = Z Qc; (- — pij[,ln)v
j=1
with
P € L i= [esSn = S % eiSu+Sn 1|, forallje {1+ N}, (2.230)

to be fixed later.

For t < Sy, as long as the solution u,, exists and satisfies (2.2.3) for suitable 0 < vy < 7 and
Lo > Ly (which will also be fixed later), we consider the C"! functions (pj,n)év:l provided by Proposition
2.2.2 and satisfying (2.2.4)-(2.2.8). At .S,,, the decomposition satisfies

0(Sn) =0, pjn(Su) =pff, j=1,---,N. (2.2.31)
We introduce the bootstrap estimates at ¢ < Sy, assuming that w,, satisfies (2.2.3):

n(t, 2)l ;3 <0, (2.2.32)

sup |pjalt) —ejt| <5, (2.2.33)
je{l, N}

with 7) defined in (2.2.4).
For T;y > 1, to be chosen later, we define

t; = inf {TO <t < Sy :3e, > 0such that (2.2.32) — (2.2.33) holds for all ¢ € [, Sy, + en]} .

Note by (2.2.31) and by continuity that there exists ¢, > 0 such that (2.2.32) holds on [S,, — &y, Sn +
€n). Moreover, if pj,, € I, forall j € {1,---, N}, then by possibly taking €,, smaller, (2.2.33) holds also
on [S, — ¢, S, + €] so that t}; is well-defined. In the case where pj, ,, € I, for some jo € {1,--- , N},
it follows from the transversality property (see (2.2.40) below) that ¢t;, = S,.

The main result of this section states that there exists at least one choice of (") ;\rzl ~ (¢ Sn)é\’:1
such that ¢;, = Tpy. In other words, the bootstrap estimates (2.2.32)-(2.2.33) are valid up to a time T
independent of n.

Proposition 2.2.6. Let o € (% 2). There exist Ty > 1, Cy > 1, y9 > 0 satisfying C—% < Rand Ly :=
TO
% > Ly such that the following is true. For alln € N, there exists (p;t;l)ﬁvil € I, with I, defined in

(2.2.30), satisfying

g

‘pl’n - Can' g Sn ) ] € {17 e 7N}a (2234)

3
andt; =Tj

Subsections 2.2.3 and 2.2.4 are dedicated to the proof of Proposition 2.2.6. In every step of the proof,
Ty will be taken large enough and vy > 0 small enough independently of n.
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2.2.3 Modulation estimates

Proposition 2.2.7. Forallt € [t} Sy], and for all pI € I; ,, we have

Jm

inf |pjr1a(t) — pia(t)] = Bt, 2.2.35
jernE oy lpitin(®) = pin(t)l 2 B (2.2.35)

) 1 1 2
|pj,n(t) - Cj' Sy ((ﬁt)a+1 + (/ (1 + |.T _ pj,n(t)|)1+a772> + ”77“%2> . (2.2.36)

Proof. By the triangle inequality and (2.2.33), for ¢ large enough, we deduce that
i1 (t) = pin(B)] 2 (¢ =€)t = |pjsrn — cjmat] = |pjn — cjtl > 26t — 26175 > Bt
Now, we prove (2.2.36). We deduce from (2.2.28) that

(p;-?nfcj)/ (0 R;)? :/ (2R;) (G — > aRe—2 YRRy (2.2.37)

1<k#j<N 1<l<m<N

= Y [@BO@R) + b [ @)

I<k#j<N

forallj € {1,..., N}. By using the fact the operator | D|* is self adjoint and the Cauchy-Schwarz inequality,
we deduce

‘/ (02R;) G(n)

+| [ @ryn| <0l + ).

Moreover, by (2.2.18), (2.2.19), (2.2.20), and (2.2.35) we get

C
S (of f @) m o] foman|) 2 S | [ @R) ma| < i
+7 LN ()
Gathering the two former estimates, we deduce that forall j € {1,--- , N},
14 10}l
=il [0 <C (nolt+ I+ 30 Zmien ).
1<k#j<N ([))TO)
<k#j<

which implies after by summing over j,
N
Z ‘p;',n| < C*
k=1
Finally, by reinjecting the former estimate in (2.2.37), we conclude that for all j € {1,--- , N}

/ . 1 1 2 % 2
Ponlt) = 5] < o ((W“ [/ rr=mar=") *”"””)’

which yields (2.2.36). O
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2.2.4 Proof of Proposition 2.2.6

The proof of Proposition 2.2.6 relies on the following result which will be proved in Section 3.

Proposition 2.2.8 (Bootstrap estimate). Let o € (1 2) There exist Cy > 1,0 < v2 < y1 andTy > T such
that for allt € [t},, Sy], for all0 < o < 2, Top > T4 and for allp’" €lin

C
[unlt, Z@% mmmﬁ<é? (2.2.38)

Proof of Proposition 2.2.6 assuming Proposition 2.2.8. Let 0 < 7y < <2 and Ty > 7% such that TC—& <2
0

First, we show that u,, satisfies (2.2.3) with Ly = 2L TO and that (2.2.32) is strictly improved on [t}, S,].
Indeed, it follows from (2.2.38) that

N I N
0 0
llun (2, Z:: = pin()l 43 <F§<§~
Moreover, (2.2.35) implies that

Je{lmN- 1}}|p]+1, (tn) = pin(ty)| =2 BTo = 2Lo.

Now, we prove that there exists pin = (pij“n)N 1 € RV satisfying (2.2.34), such that t}, = Tp. Assume
by contradiction that for all choices pif satlsfymg (2 2.34), the associated maximal time ¢ (pi") > Tp.
_ First, we remark that p}’"n =c; Sy + /\jJLSn for a unique A;,, € [—1,1] and we denote t*(\,) :=
t¥ (pi) (which will also be denoted ¢* when there is no risk of confusion), with A,, = (A;,) é_\le_ By definition
of t* and the fact that (2.2.3) and (2.2.32) are strictly improved on [t*, S,,], we have that

[pjoan(t) = cjt™] = ()75, (2:2.39)
for at least one jo € {1,---, N'}. Then, we define
o:[-1,1)N = o[-1,1]V
X (i) = et )E) )
We set
f:R—=RT

o 1\2
e ) ((p]n(s*) — Cj5)8171>
je{l_’myN}

We claim that if for s € [Tp, Sy], (2.2.39) is verified in s for at least one j € {1,---, N}, then
f is a decreasing function in a neighborhood of s, (2.2.40)
and
® € CO—1,1N,9[-1,1™). (2.2.41)

Let us assume (2.2.40) and (2.2.41) and finish the proof of Proposition 2.2.6. For any A € 9[—1, 1]V, we have
that

15

\p}'&n —¢joSn| =S *, foratleastone jo € {1,---,N},
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which implies by (2.2.40) that ¢* = .S,,. Hence, we deduce that ® 5/_; ;jv = Id. However, it is a well-known
topological result that no such continuous function @ : [—1, 1]V — 9[—1,1]" can exist (see Theorem 1.4,
Chapter 3 in [79]). This concludes the proof of Proposition 2.2.6.

Now, we prove (2.2.40) and (2.2.41). Let f;(s) = <(ﬂj,n(8) - c]-s)s%_1>2 forj € {1,---,N}. Let
s € R. Note thatforall j € {1,--- , N'} the functions f; are continuously derivable. Then, to prove (2.2.40),
it is enough to show that for a time s¢ verifying (2.2.39), forall j € {1,--- , N'} such that f;(so) = f(s0) ,
we have that f{(so) < 0.

By direct computations, we have that

fj/'o(s) =2 <(/’j0,n(5) - c]’o‘g)s%71> ((p;'o,n(s) - Cj0)5%71 + (% - 1) 5%72(/’]'0,71(5) - Cj0‘9)>
=2(4 = 1) (pion(s) = €055+ 2pjon(s) = ig3) (1 () — i) ¥ 2

Moreover, inserting (2.2.38) in (2.2.36), we getforall j € {1,--- ,N}

Q

1Pjn(8) — ¢l < =5, (2.2.42)

52

w

which implies, combined with (2.2.39) in s¢ that

(% _ a1 [e% _ _a_q
f]l'O(So) <2 (Z — 1) S0 Ty 2s¢ |p;01n(so) —cjy <2 (Z — 1) S0 Ty 20,y * .

Since o < 2, for Tj large enough, we conclude that

fj/'()(SO) < 0.

The same computations yield
fjl-l (bo) < 0.

Then, we conclude that f'(s{) < 0and f/(s;) < 0, in other words f is a decreasing function at so. Note
that for s) = S, and A € 9[—1, 1]V, we get that f is a decreasing function at S,,.

To show (2.2.41), we prove that the map : A € [—1,1]¥ + ¢*()\) is continuous. The continuity of
t*(X) follows from the transversality property (2.2.40). Indeed, by (2.2.40), for all £ > 0 there exists § > 0
such that f(t*(\) —¢) > f(t*(\))+d = 1+ andforallt € [t*(\)+¢,.S,] (possibly empty), f(¢) < 1—4.

Note that f is depending on the parameter A since pjn(t) = pjn(u(t,-)). Moreover the functions
pj.n are globally defined.

Then, by the continuity of the flow , there exists 7 > 0 such that for all |\ — X\| < 7, with A €
[~1,1]", the corresponding f satisfies |f(s) — f(s)| < § for s € [t*(\) — &, S,]. We deduce that for all
s € [t"(A) + ¢, 5]

Fls+e) < If(s+e) = fls +e) + fls+2) <13,

In other words, t*(\) < t*(\) + ¢. Furthermore,

FEN) —e) > f(t* () =) = [F(t"(\) —e) = f(" () =)l > 1+ g

Then, t*(X) — & < t*(\). This finishes the proof of (2.2.41). O

2.2.5 Proof Theorem 2.1.3 assuming Proposition 2.2.6

First, we state the weak continuity property of the flow of (2.1.1). Relying on the well-posedness
result in [148], this result is proved in the Appendix 2.5.1 in the case o > g. It will admitted otherwise.
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Lemma 2.2.9 (Weak continuity of flow). Let o € (%7 2). Suppose that zg,, — zp in H? (R). We consider
solutions 2, of (2.1.1) corresponding to initial data 2y ,, and satisfying z, € C([0,T] : H= (R)) foranyT > 0.
Then, z,(t) — z(t) in H (R), for allt > 0.

By Proposition 2.2.6, there exist C, > 0,7y > 0 independent of n, p1,- -+ , pNn € CY([Tv, Sp))
satisfying (2.2.6), (2.2.33) and (2.2.38) for all T) < ¢ < Sy, Then, for all ¢ € [Ty, S,],

lun(t, )l g < lluat, ZQg = Pin( \|H1+||ZQQ = Pin(®)ll g < Cu

Thus, up to a subsequence, there exists Uy € H z (R) such that
un(Tp) = Uy in H? (R).

Now, we prove the convergence of the modulation parameters. Let t € [I),+00) and set T such that
To <t < T < +oo. By (2.2.33), we find that forall j € {1,--- N} andn € N

pjn(] S TV5 +¢T.

Moreover from (2.2.42), we see that p}n is uniformly bounded independently of time. Thus, by the Arzela-
Ascoli theorem, there exists 7(t) € CO([Tp, T) such that, after extracting a subsequence if necessary, we
have

Pin(t) = 7;(t). (2.2.43)

Let U € C°([Ty, +oc) : H? (R)) be the solution of (2.1.1) satisfying U(Tp, ) = Up. We set R* :=

Z Qc;(x —7;(t)) and let t € [Tp, 00). By Lemma 2.2.9, we know that

un(t) = U(t) in H2(R), (2.2.44)

for all ¢t > Tj. We deduce then from (2.2.38) and (2.2.43) that

1U(t) = R*(t. )5 < lim inf [Jun Z@p] — i)l

C
+nmnmf2 Qs = psn(®)) = @, =5 lys < o7

J=1

By Proposition 2.2.6, we have %‘i < % and 8Ty > 2L1. Moreover since |pj11,n(t) — pjn(t)] = BT0,
then 41 (t) — r;(¢t) > fTo > 2L1. Therefore, U(t,.) € Ty2r, for allt € [Ty, 00). By Proposition 2.2.2,
there exist N unique functions p1,- -, pn € C*([Tp, +o0) : R) such that (p]) *, verify (2.2.6). On the
other hand, since the solution u,, satisfies also (2.2.6) with (pj,n);\f:l, we deduce passing to the limit and

using (2.2.43)-(2.2.44) that r; satisfies also (2.2.6). Hence, by the uniqueness statement in Proposition 2.2.2,
N

we see that 7 (t) = p;(t) forallt € R. Therefore, R*(t,z) = Z Qc; (x—p;(t)), which concludes the proof
j=1

of (2.1.6). The first estimate in (2.1.7) follows passing to the limit in (2.2.33), while the second is derived

arguing as Proposition 2.2.7 and using (2.1.6).
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2.3 Weighted estimates

We define N functions to localize the information around each solitary waves. Let

+o0 -1
=1-C / (y 1+a where C, = (/700 <y;li_a> . (2.3.1)

We have 0 < ¢ < 1. Using the function ¢, we set, for A > 1 to be fixed later,

i) +pi+1(t) o
@j,A(t7 T) =@ (/E142> =@ (sz> ; fOI'j € {17 e 7N - 1}7 (232)

and ¢y, 4 := 1, where the p;’s are defined in Section 2.2 (in particular, they satisfy (2.2.35)). The function
©;,4 follows the first j solitary waves. Finally, for j € {1,---, N}, the function 1); 4 is localised around
the j* solitary wave. Let

V1,4 =$1,4, VjA=¥ja—Pi-1,4, YNA=1—pN_14. (2.3.3)

In this section, we state some important estimates involving to the weight ¢; 4 and its derivative
90;-_ 4- These estimates will be crucial in the proof of the monotonicity of a localised part of the mass and
the energy (see Proposition 2.4.1 in Section 2.4).

2.3.1 Weighted commutator estimates

Lemma 2.3.1. Let o € (0,2). In the symmetric case, there exists C' > 0 such that

[aorauigial - [ (9% (w/ie)) | < 4 [ el
’/(IDI )0, w]ﬁ—/ B \%;;I)ﬂ j;/u

foranyue S(R),A>1andjec{1,---,N}.
In the non-symmetric case, there exists C > 0 such that

and

C / .
o [l facl]

2, 2 a \2 -
A—%/(u +v +(|D\2u> l¥jal, ifae(1,2),

[ @0 = D00 1l <

and

| D0 200+ (DI 2010+ (o= 1) 1015 (/i 21) 1D (w4

C
E/(”2 +0%) % al, ifa € (0,1],

C . \2 .
7%/<u2+v2+ (\D|zu> )‘%,A" ifa € (1,2),

foranyu,v € S(R),A>1landje{l,--- ,N}

< (2.3.7)

Remark 2.3.2. Instead of (2.3.6), we can obtain that for a; + a3 = a — 1, with 0 < a3, < a— 1 and
€ (1,2), there exists C' > 0 such that for all u,v € S(R)

Do (Do) el < 1 [ (124 4 (DI 0P + (DI0F) [l
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Moreover the estimates (2.3.6) and (2.3.7) are given with [D|2 instead of | D|*! . This is done to
simplify the computations, terms with |D|2 appear naturally in the proof of Proposition 2.4.1.

Let us explain why we choose to force a dissymmetry on the right hand side of (2.3.6) and (2.3.7).
These two estimates will be applied with the function v = | D|*u. However, the natural quantities appearing

(|D|%u)2|4p;714| and /(|D|o‘u)2|<p;’14|. Therefore, to control

the remainder terms in (2.3.6) and (2.3.7) we need to impose a dissymmetry to avoid an extra derivative on
the function v.

The estimates (2.3.4), (2.3.5) are proved in Lemmas 6 and 7 in [91] for « € [1,2]. Observe however
that their proofs extend easily to the case « € (0, 2). Note also that while only one side of the inequalities
in (2.3.4)-(2.3.5) is stated in Lemmas 6 and 7 in [91] , both sides are actually proved.

While the estimates (2.3.6) and (2.3.7) seem to be new, their proofs follow the lines of the ones of
Lemma 6 and 7 of [91]. For the sake of completeness, we will present them in Appendix 2.5.3.

to prove Proposition 2.4.1 are

Lemma 2.3.3. Let o € (0, 2]. There exists C > 0 such that

[ (121 (wlegal))” = [ (001
o [ (@ aorw?) 6, ifa e (0.1]
1 [ (25 (10120 4 (D02 1l rae 1.2),

forallue S(R),A>1andje {1, --- ,N}.
Lemma 2.3.4. Let o € (0, 2). There exists C' > 0 such that

N ICRINER]
< faprwrigial+ 5 ([ (w2+ (D30) + (P07 16l ) 239

forallu e S(R),A>1landjec {1,--- ,N}.
The proofs of Lemmas 2.3.3 and 2.3.4 are also given in Appendix 2.5.3.

< (2.3.8)

2.3.2 Weighted estimates for the solitary waves
Lemma 2.3.5. Letp,q > 0. Then, we have forall j, k € {1,..., N} withk # j,

' c
ppd &
/RJRk < (ﬁt)(1+a) min(p,q)’ (2.3.10)
c
P
/8 R 8 Rk =X (/))t) 2+a mm(p q)7
RPy? , < # (2.3.11)
k¥j,A (/Bt)mm(p(l-ka),qa)
Moreover, we have forall j, k € {1,--- ,N},
c
A L
/Rk.lsoj,Al < (o) (23.12)
C
4 /
/8sz|¢jﬁA|q S (ﬁt)nlill(q(l+a),p(2+a))’ (2.3.13)
c
P (1 — (s 4)2 -
/R]- (1= (4)1) < (G (2.3.14)
C
Pl (s V)€ —
Jourp - w0 < G (23.15)



36 Construction of N-soliton like solution for the fractional Korteweg-de Vries equation

Lemma 2.3.5 is proven arguing exactly as in the proof of Lemma 2.2.5.

2.3.3 Weighted estimates for the non-linear terms

Lemma 2.3.6. Let o € (0,2) and letn € H? (R) be defined in (2.2.4) and verify (2.2.3). Then, we have

/|n|3|s0;-,A| <Oy {/u%ﬂl +/ (0l (u\/\w},Al))Q} + WLHQ, (23.16)

and

/\nl“Iso;,Al <Cy? [(/u%;?,ﬂ +./ (|D\% <u1/\¢g?A|))2} + (ﬁt)L”a’ (2.3.17)

Lemma 2.3.7. Let o € (0,2) and let u verify the hypotheses of Theorem 2.2.2. Then there exists C > 0 such

that
108 (i) 1% (12 i) |

1 < 2 / a / c
<e (¥4 55) (f (2 (220)7) tggal) + § [ 0010 el + i

forall A>1and0 <~y <.

The proofs of these lemmas are also based on pseudo-differential estimates and are given in Appendix
2.54.

2.4 Proof of the bootstrap estimate

The goal of this section is to prove Proposition 2.2.8. We work in the bootstrap setting of Section 2.2.2.
In particular, the solutions u,, admit the decomposition of Proposition 2.2.2 on the time interval (¢}, S,,].
We also recall the definitions of the weight functions ¢; 4 and 9; 4 in (2.3.2) and (2.3.3).

In every step of the proof, the values of Ty and A will be taken large enough independently of n,
while the value of y will be chosen small enough independently of n. Moreover, for simplicity of notation,
we drop the index n of the functions u,, and (pj,n);\’:l and of the time ¢}, and the index A of the weight
functions ¢; 4 and 9; 4.

Finally, we define the part of the mass M; and of the energy F; localized around the 4 solitary
wave RR; by

My(t) = / w(t,2)2;(t 2)de,  E(t) = / (%u\DPu—éus’) (t, )5 (1, ) dr,

so that forall j € {1,--- ,N}
J J 1 1
S0 = [uttaPostaide, Y B = [ (GuDlu- 30°) (o) tt o
k=1 h k=1
We also define
Ey = Ex + oo M. (2.4.1)
with

. Cj CN CjCi+1
op 1= min | . 24.2
O jettem N1y ( 47474 (c + Cj+1)> (243)
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2.4.1 Monotonicity

Proposition 2.4.1 (Monotonicity). Under the bootstrap assumptions (2.2.32)-(2.2.33), we have

J
C
; (M (Sn) — My(to)) = R (2.4.3)
and
i B C
2 (Ek(sn) - E/c(t())) > *Wy (244)

forallj € {1,--- N} tg € [t*, Sy].

Remark 2.4.2. From Proposition 2.4.1, we see that M;(S,) is almost larger than Mj;(t) for ty < Sy. In
other words, when the time decreases, the portion of the mass on the left of the (j + 1) solitary wave also
decreases. A similar phenomenon occurs also for the energy. This can be seen as a manifestation of the
dispersive character of KdV-type equations: if a wave moves to the right, then the dispersion effect pushes
some mass to the left, see Figure 2.1. Moreover, if  is a solution of fKdV then u(—t, —x) is also a solution.
Therefore if a wave move to the left, then the dispersion effect pushes some mass to the right.

t=25,
¥j
I\ﬂ‘ |

|
Pj Pﬁ'ZPjH Pj+1
t=to
o5
m /o

Pj Pitpi+1 Pj+1
2

Monotonicity of the mass

Proof of Proposition 2.4.1. We remark that for j = N the inequalities (2.4.3) and (2.4.4) are easily verified
since M and F are preserved by the flow of (2.1.1). Then, we can always assume 1 < j < N — 1.

First, we give the proof of (2.4.3). By using (2.1.1), integration by parts and ¢ is non increasing
function, we get

1d ’ ple , ud m;- _
2 dt ZMk(t) - |D|*u (—dpup; + ul@f]) — 3 5] + 5 U I3l ) -
k=1

Then, we deduce from (2.3.4), (2.3.5) that

[ (0ru(-0ups + ey = 5 [+ 25 [(1D1E (/i) @as)
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Observe from (2.2.36) that m/; > F’ﬁ% Thus,

1d J "l ci+c; a+1 a 2
+ S _ ’ J Jj+1 2y 1 2 / )
Sz <k§_ij<t>> > [+ 2 [+ 502 [ (101% (w/i))

Now, we estimate the nonlinear term. With the notation of Proposition 2.2.2, we have

N
lul < C <Z R} + 7]3> .

k=1

Therefore, by (2.3.12)
N

s c
> [ IRdlIe) < G

k=1"
and by (2.3.16)

i< x| [+ [ (1012 (/i) |+ Geer

Hence, we can conclude that

d (< c
dt (Z ]Wk(t)) P 7(515)71%.

k=1

Thus, we have by integrating between tg and S,

J J S, C c
Mi(S) — S My(to) > — ats——C
; ) ,; o) / GO 7 T (Bl

which proves (2.4.3).
Let us prove (2.4.4). We differentiate I; with respect to time to find that

d (< 1 1
p (ZEk(t)) :/ |:(§8tu\D|O‘u+ EU‘D‘QO{M) fatuu2] ©;

Using (2.1.1), we obtain for 7 that

1

1
1= [ (D10 0,02) (D) 05+ 5 [ lDP (1DI000 - 0,(02) o

2
f/(|D|°‘8mufE‘)x(u2)) uzgoj
=L +5Lip+ 13

First we compute /; ; by integrating by parts

1 1
By =1 [ UDI"0R 11~ 5 [ outa®) (D) o,

(2.4.6)
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since the functions ; are non increasing. Now we decompose I; 2 as

I =% /u (ID|**0yu) ¢; — %/u (ID|*0x(u?)) @j = T 21 + T 2,2-
First we deal with I; 2 1. By using integration by parts we get

has == [0a(DPw) e+ 5 [w(DF) 6] = Ta + o

On the one hand, using the estimate (2.3.7) with v = |D|“u and integration by parts for the last integral,
we get

Hoy =3 [ @alDPu+ (D)D) o, + 5 [ @:IDI"w) (D),
=25 [101E (w/ig1) 1% (41w i)l
+ 252 (1012 (wfiggl) 1% (401 /i5])
> 1 [(Dra?igjlan+ 2= [1D1% (uy/lf]) 1012 (1010 i)
-=/ (UQ + (1D15) " + (|D\au)2) 7l
On the other hand, we deduce from (2.3.6) with v = |D|“u
oy =3 [ (uDPru—(DFw?) 1651+ 5 [ (D021

1 a, N2 | C 2 S 2 o, \2 /
> 5 [0oearie - o [ (w4 (1D1%a)” + (D ) i

Now, we deal with I 5 ». Using integration by parts

1 1 [
L2 =§/8zu|D\o‘(u2)<pj - §/U\D|O‘(u2)|<p;|

Arguing similarly as for I 5 1, we get from (2.3.6), (2.3.7) with v = u? that
a 1
hoo>- 2t / D[ w) D1% (u2/ig5]) - 5 [ (DIw) I
el 2 4 o 2 ’
— = [ 0. (&) (ID]*w) w?+ut+ (IDIFu) ) Il

Hence, we conclude gathering these estimates

3 a @ 1 2 «a /

I i <|D| |<ﬂ] 0. (1) IDI*ug; — 5 [ w?IDI"ul)]
w) IDI% (u/le}1)
(wy/Ie51) 1D1% ((DI~w) \/141)
2 4 B 2 a, \2 ’
—j/(u Fut ot <\D|2u) + (ID|°w) ) e (2.4.7)
A2

Finally, we compute I; 3 by integrating by parts

L :/(\D|“u) D (u?) p; —/(|D\au) u2|<p;-|+%/u4\g0;-\. (2.4.8)
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Therefore, combining (2.4.6),(2.4.7) and (2.4.8), we deduce that

> [l - 5 [ (oralel+ g [l
5 1ot (w0 (417)
+ 5 [101% (uylgl) 1912 (dmre) 1)

C . N
- [ (w4t (D) (D102 ) 11
A2
By using the identity

1 3
[ rari+ 5 [t =5 [ Dl
1 15 17
= [ (Gipru-s) 11+ 22 [ qpratie - [

oL € [—1, 1], and Lemmas 2.3.4, 2.3.7 we conclude that

1 . ) 1 222\, c
>3 J0prntig—o [t - (55 +92) [ (24 (0050)") 151~ e

Using (2.3.4) to control I, we obtain that

d (< 1 1 o \2
- ) > a,\2 (| — 2 2 2 '
pr <ZEk(t)> /4/(\D| u)” || C(A% )/(u + (|D\2u> >|g0]|
m/; . C
J 31,4 4y, 1
*?/M |<Pj|*9/u ‘@j‘*(ﬁﬂiprw

We need to add the mass to the energy in order to control the remaining terms

d (¢ oAy 1 2\ [ (.2 a N2\

T (;Ek(t) +<70Mk(t)> = *9/ utlel| = C (A—% + v / u’® + (|D|zu> |l

o 1

— o0 [ 117w @rup; —ulgil) — oo [ glullejl+ oo [l

m; ) C
__J 31—
3 /‘ul |30]| (Bt)1+a

Thus, by using (2.4.5), we deduce

d [ C m); + 0o
il <Z Ek(t) +O’0]V[k(t)> > — 9/u4‘@;‘ + (a()m; — e _ 72) /u2|(p;| _ JT /u3|30;|
k=1

dt

ol 5% [ (1012 (i) = (55 +2) [ (0120)" 15
_(Bt)L”“'

UU " A% — 72 > 0. Thus, by (2.3.8), we deduce that

m’; + o9 .
gl -9 [l - 2 [ty
— < a 2 C

DIE (w/ig)])) = e
/ ’ (Bt +e

Observe from (2.2.36) that ——

d J com’
it (Z Ee(t) + aoMk-(t)) S
k=1

3
+ 0o




2.4 Proof of the bootstrap estimate 41

From Lemma 2.3.6 , we get

i (ZEk(t +aoMk(t>) (2-cn) | W21}l - e
+ (w52 = 00) [ (1012 (ufig]))”

c
e
Thus we have by integrating between ¢y and S,
I . Sno O c
2 Bl = 2 ) I, o= G
which proves (2.4.4). O
2.4.2 Mass and energy expansion
Lemma 2.4.3. There exist C' > 0 such that the following hold:
" C
\Mjm [ @2 [uomo+ [rowo] \ < (249)
1
B0~ [B@0) -~ [u0m0+ 5 [ (0100 - 270020) w00 \
C
< e +CYIn®)1% 5 (2.4.10)
and
i j 1
] (B + 2M5(0)) = (B(Qe)+ C—JM(QC,.)) - 5Hj<t)‘
< G + OO 5, (.41)
where

H;(t) = H;(n(t),n(t)) = / (nOID[*n(t) + ein?(t) — 2R; ()0 (1)) 5 (¢).- (24.12)
Proof. Using u = R + 7 in the mass, we get
M;(t) = / (R* +2Rn +n*) ;.
Thus by direct computations,

M;(t) — [/QEJ +2/77Rj+/772"/]j} :/(R%—sz) +2/n(R¢j—Rj) =1 +20.

We use the translation invariance of the L? norm of Qc;» and (2.3.10), (2.3.11), (2.3.14) to deduce

ni< Y /R Ryabj + /R§(1—¢j)< (5f)a.

(k) (5.5)
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By Cauchy-Schwarz inequality, (2.3.11), (2.3.14), we obtain for I,

C

1Ll < 2lnllze | S IRksllze + 1R (1 — )l <7(ﬁt)a.

k#j

Combining these two inequalities we conclude the proof of (2.4.9).
To prove (2.4.10), we expand E; as

Bi(0) = [ RUDPR 0+ 5 [n(DPn) ;4 5 [ RIDI+ DI R) v,

- %/R%- - '/R%- - /Rn / ;.

Bj(t)— [E(ch) —¢j /’I]Rj + % / (W\D|a77 - 2R772) 1/)3‘] ’

1 1
< ‘/(iR\DPR* gRB) Y — E(Qe;) ‘/TI Pj
1
+§)/(R|D|"77+n|D\°‘R)z/;j —2/R2nwj+20j/nRj
=Ji+ Jo+ J3.

Hence,

We use the translation invariance of E(Qc; ), (2.3.11), (2.3.14) and ||| D|* R > < C to bound |.J1| by

c / (RIDER]+ B (1 —v)+ 3 | [ Re(DI R 0] +

> /RiRkRﬂﬁj

(6:k)#(5.9) (k1) #(5,3,9)
Thus, we get
[J1] < o (2.4.13)
1l X (ﬁt)a 4.
Replacing |¢;| by 9; in (2.5.15), we have
T2 < CYllnv/ 95112, 4
so that it follows arguing as (2.5.18) that
| T2| < Collnll? 4 - (2.4.14)

By using (2.1.3), we get
210l < | [ @DpgalpRR v ~2 [(DIR | 42 [ (0 - o)
<| [raoeae, - [0l +| [aorm e - [orm)y

2 /R?T]*RQT]wj
= |zl + [ Jz2] + [J33].

By using the Cauchy-Schwarz inequality, we obtain

szl + T3] <lnllzz (Il (1= ) [DI* Rl 2 + 1B (1 = 95) [122)

il | Do I5IDI Rellz + > | ReRull e

k#j (k.DF(3:9)



2.4 Proof of the bootstrap estimate 43

From (2.1.3), we rewrite | D|*R; = R?

7 — ¢;R;. Thus, it follows from (2.3.11) and (2.3.14)

C
|J32| + |J33] < B

Now, we estimate |J3 1|. By using the Cauchy-Schwarz inequality,

<3 +‘/RMDWnO—%)

k#j

(2.4.15)

/Ruwwmw

<Dl | YOIIDIE (Riwsy)lgz + I1DI7 (R (1 =)l
ki

By interpolation [jul[ ,4 < Hu||;7 [|w]| 3. Thus, we deduce from (2.3.12), (2.3.14), (2.3.15),(2.3.13) that

a 1—2 a 1—2 a
a1l < D12l | DRkl 2 2 1Rktsl 2 + IRy (1= w3)ll 2 1Ry (1= wy)l120 | < B
ki

Gathering (2.4.13), (2.4.14), (2.4.15) and (2.4.16) we conclude the proof of (2.4.10).
To prove (2.4.11), gathering (2.4.9) and (2.4.10) we get

1

M@@+%Mﬁ0—w@@+ﬁM@gy5mm]

+ OrlnI? ‘/U(R R))

(/3?‘)
Then by Cauchy-Schwarz, (2.3.11) and the Sobolev imbedding L*(R) — H i (R), we obtain that
< nllZa Z [ Rejllze <

[ =) 2 i

which concludes the proof of (2.4.11). O

2.4.3 Control of the R; directions

We recall C, is a positive constant changing from line to line and depending only on the parameters
{er, - yent
Proposition 2.4.4. Forallj € {1,--- N}, t9 € [t*, Sy],
J

Cy
S e + C ||77(fo)\| . (2.4.17)

n(to)Ri(to)| <

k=

Proof of Proposition 2.4.4. The proof is by induction. For j = 1, by (2.4.9) at time ¢t = tp and t = S),, we

deduce that
2/MMwa<@%F—/%wn—/Qa+Mww

< ([32) /77 1 — M1 (Sn) + Mi(to) + M1(Sn) /ch

. C
(Bto)”

- / 2 — Mi(S,) + M (o).
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Moreover, by using estimate (2.4.3), we deduce that
C C
2/7t1%t <——Hf/"2 < .
Hto) B (fo) (Bto) (e (Bto)

Now we want to obtain a lower bound of this scalar product. We recall that E} and o are respectively
defined in (2.4.1) and (2.4.2). By (2.4.9), (2.4.10) at time ¢ = t¢ and ¢t = S,,, we observe that

C
(Cl _20'0)/77R1 >_W

1
+§/77(|D\a77)w1 —/anzm
—(ToMl(to)-i-(fo/Qz1 +00/7721/)1

C, _ _
2—771—0 HUH — E1(to) + E1(Sn)

+3 [aDwe~ [ Bipv oo [ oo

- CV\WHZ% — Eqi(to) + E(Qc,)

Thus, we deduce from (2.4.4) and the fact || Ri)1]jcc < C

Cy 1 o
(e =200) [ n > = = Cullliyg + 5 [ n(DIm)n
Note that replacing Ap;- by v; in (2.5.16) we deduce

IDI= () 2 < Cllnll g »

so that

Cs
(e = 200) [ ni = = =l .

Combining the lower and upper bound, we conclude that

‘/ (to)R1(to)| <

Now, we prove the inductive step. We assume that (2.4.17) holds true for some j € {1,--- ,N — 1}
and we prove it for j + 1. Arguing similarly as in the case j = 1, we deduce by (2.4.9) at time ¢ = tg and
t = Sy, (2.4.3) and then the induction hypothesis (2.4.17) in j, that

— + Cullnll? ¢

J+1

2 [ n(t0) Ry o) < s EjM@uwaum»f/ﬁw%l

J

= D7 (My(to) — My(S: ))—Z/n wk} Z/n i
k=0

Bto +QZ /an

k=1

“QQ

o

< +Culls
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Arguing similarly as j = 1 for the lower bound, we obtain from (2.4.9), (2.4.10) at time ¢t = tgp and t = .5,,,
that

(cj41 — 200)/WRJ'+1 > Eji1(to) + Ej11(Sn) +Uo/n2¢j+1

[
£

1
3 [ DI = 2R) by = Cull g
Jj+1

f—fo Inll% +002/nwk

Jj+1 7+1

Z (Ek Sn) = Ei to) Z/ 0|D|*n — 2Ri?) ¥,

J

/ (n|D|*n — 2Rn?) 1y,

DO =

{ Ex(Sn) Ek(t0)> +

+0 7721/)]-
z/ )

Thus, by using again (2.4.9), (2.4.10) at time t = ¢y and t = S, (2.4.4), and then the induction hypothesis
(2.4.17) in j, it follows that
/ nRy,

k=1

(¢j+1 — 200) /ﬁRjH > -

C, J
Sl s — 3 e~ 200)
k=1

t
Cx 9
>~ %~ el
This concludes the proof of (2.4.17) in j + 1, and thus the proof of Proposition 2.4.4 by induction. O

2.4.4 Proof of Proposition 2.2.8

Recalling the notation 7 = u — R, it suffices to prove that

Cy

2
Inll,e < e (2.4.18)

Proof of (2.4.18). The proof of the estimate (2.4.18) relies on the quadratic form Hj(t) defined in (2.4.12) On
the one hand, we have from (2.4.11),

Noq Noq Noq :
ZgHJ to) Z? ( (to) + & M (to ) > = (E(Qc] ]ZV[(QCJ)) (2.4.19)
j=1 717 j=1"717 j=1"1J
Cy
+ I +Colnll? g

On the other hand, by a direct resummation argument, we observe that

N 1 -1 7 . 1 N -
ZGEJ: ( )ZEk+ZEk
H cijl c

j=1"1 j=1

3
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and

N
&?"—‘
|
&.‘
+ —_
LN
'
N
[
|
[\
q
S
/\
o

)|t
+22 (1—27)21\1@

Combining these two identities, since Ej = Ej + 09 Mj, we deduce that

N 1 N-1 1 1 J . 1 N .
Z;z(EﬂL ]MJ')ZZ (cg—cz>ZEk+(,ZEk

2
j=1 "7 j=1 \"J J+1/ k=1 N k=1
N—1 J
1/1 1 1 1
SR ) (L)) S
i {2 <C] CJ+1> < G G+ ;

1
e 1—2— E M,
+20 ( ) ke

Note that all the coefficients in front of the partial sums on the right hand side of the above estimate are
positive by definition of o in (2.4.2). Therefore, we deduce from (2.4.19), (2.4.9), (2.4.10) at time ¢ = to and
t = S, and the monotonicity results (2.4.3) and (2.4.4) in Proposition 2.4.1, that

> FHilt) < % +Cayllnll?g - (2.4.20)

On the other hand, by Corollary 2.5.8 and (2.2.6), there exists A\g > 0 such that

N

N 2
1 C. 1
S0 Hylto) 2oy — o — - (/wwmm).
j=0 J 0 0 =0
The control of the R; directions derived in Proposition 2.4.4 yields

N

H(to) Zhallnly s = o = o — 3o Cellls- (2421)
=0

k}olg‘ Ll

Therefore, we conclude the proof of (2.4.18) by combining (2.4.20) and (2.4.21), which finishes the proof of
Proposition 2.2.8.
O

2.5 Appendix

2.5.1 Weak continuity of the flow

In this appendix, we give the proof of Lemma 2.2.9 in the case o > g, where the IVP associated to
(2.1.1) is globally well-posed in the energy space (see [148]). We follow a general argument given by L.
Molinet [147] (see also [66]).
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Proof of Lemma 2.2.9 in the case o > g. Let o > g. For T' > 0, we denote by Y7 := C9([0,T] : Hz (R)) N

X%il’l N L%((0,T), W%*%*"’O(R)) the resolution space (see Theorem 1.2 in [148]) and || - ||y;, the norm
associated to Y.

Assume 2, — 2 in H 2 (R). By the Banach-Steinhaus theorem, we deduce that there exists C' > 0
such that |[20,[| ;4 < C. Moreover, by the global well-posedness result in Theorem 1.2 in [148], there

exists C' > 0 such that for all ¢ € [0, T, the solution z,, of (2.1.1), associated to zg ,, verifies
ln®llvy <C, Vi€ [-T,T]. (251)

Thus, by Banach-Alaoglu’s theorem, there exists z € X7 such that z, — z in L>®([0,T] : H2 (R)), up to
extracting a subsequence. By (2.5.1), we get

| D%z | <G,

_a ]
o
LPH™ 2

and since 22 € L'(R) — H 3 (R), we have that

HBZ(ZZ,)HL%CH,%* < C”ZnH%Q < C.
Then, we obtain, by (2.1.1) that
||8tznHLOCHmh,(,%;%A) <C. (2.5.2)
T

Therefore, by the Aubin-Lions theorem (Theorem 1.71 in [158]), we deduce that z, — z in L2([0,7T] :
L?([~k, k]), for all k € N. In particular, this implies 22 — 22 in L'([0,T] : L' ([~k, k])).
Now, since zj, is a weak solution of (2.1.1) in the distributional sense satisfying 2, (0, ) = zon, we

know that for all p € C°([-T,T] x R),

T T
/ / (Opp — 02| D|%p) zdxdt + / / (Opp) 22 dxdt — / ©(0,z)zon(x)dx = 0.
o Jr o Jr R

Thus passing to the limit, we conclude that

T T
| [ @ -appoyzsisats [ [ (o) st - [ o0.0):0(@)d =0,
0 R 0 R R

which proves that z is a weak solution of (2.1.1) corresponding to the initial datum z(.
Finally, let ¢ € C2°(R). It follows from the Arzela-Ascoli theorem and the bounds (2.5.1)-(2.5.2) that

the function v, : ¢t € [0,T] — / ()2, (t, z)dx converges up to a subsequence in CO([-T,T] : R).
R

Moreover, by uniqueness, this limit holds for the whole sequence and is equal to [, z(¢, &)1 (x)dx, which
implies that 2, (t) — () in H2 (R) for all t € [0, T.
O

2.5.2 Pseudo-differential toolbox

First, we recall some well-known results on pseudo-differential operators (see [6], or [80] chapter
18). Let D = —i0,. We define the symbolic class S""? by

a € C®(R?)

m,q
az,§) € S™ = { Wk, € N,3C5 > 0 such that [050] a(z, €)| < Crg(z)T™F < & >m=F

For all u € S(R), we set the operator associated to the symbol a(x, &) € S™? by

oz, DYu = % / ¢€a(a, €) F (u)(€)de.

We state the three following results
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1. Let a € 8™, there exists C' > 0, such that for all u € S(R)

lla(z, D)ull 2 < Cl[(z) (D)™ ul| 2. (2.5.3)

2. Leta € S™9 and b € S™¢, then there exists ¢ € S™F™4+4 guch that

a(z, D)b(xz, D) = ¢(z, D). (2.5.4)

3. Ifa € 8™%and b € 8™ are two operators we define the commutator by [a(xD), b(x, D)] :=
a(z, D)b(z, D) — b(x, D)a(x, D). Moreover there exists ¢ € S™+™ ~1a+4'~1 guch that

[a(z, D),b(z, D)] = ¢(z, D). (2.5.5)

As a consequence of (2.5.4), (D)™(x)4(D)~™ € S§%4. Therefore, by (2.5.3), we have
(D)™ () ull 2 = [[{D)™ (2)* (D)™ (D)™ul| 2
< Co ()1 (D)™ ul| 2,

for Cy > 0. By the same computations with (x)? instead of (D)™, there exists C; > 0 such that

Cill{@)* (D)™ ull 2 < [{D)™ ) Mul| 2.

Gathering these two estimates, we conclude that
Crl(@) D)™ ull 2 < [[{D)™ () ul| 2 < Col[{z)(D)"ull L2 (2.5.6)

2.5.3 Proof of the weighted commutator estimates

This section is devoted to the proofs of Lemmas 2.3.1, 2.3.3 and 2.3.4.
In this section u is a function in H 2 (R). Let ¢ be defined as in (2.3.1) and for A > 1, ©j,A as in
(2.3.2). Moreover, we define

é(z) = \/WN <x>71+TQ and<1>j7A = \/m

Finally, let x € CS°(R) such that x(£{) = 1 on [—1, 1] and x(£) = 0 on [-2, 2]°.

The proof of Lemma 2.3.1 is an extension of the proof of Lemmas 6 and 7 in [91]. Note that, while

the estimates in Lemmas 6 and 7 in [91] are stated for a € [1, 2], their proofs extend directly to the case

€ (0,2). This yields the estimates (2.3.4) and (2.3.5). However, since the estimates (2.3.6) and (2.3.7) are

not symmetric in u, we cannot use the Claim 3 in [91]. Instead, we use the following estimates (which are
also derived from the techniques in [91]).

Lemma2.5.1. Leta € (0,2),T = |D|“¢D—Dp|D|*. Then, there exists C > 0 such that forallu,v € S(R)
we have

i/(Tu)v —(a- 1)/|D\% (u®) | D% (v3) + R, 25.7)

with

¢ [+ ifa € (0,1,

IRl <
o[+ g5 [0+ a2 [21), gae .,

(2.5.8)

forall A > 1.
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Proof. The proof of (2.5.7) is a combination of the proofs of Claim 1 and Claim 2 in [91]. Following [91], we
split T' = 17 + T, where

= [D[*(1 = x(D))¢D — Dp(1 — x(D))|D|*;
Ty = |D|*x(D)eD — Dex(D)|D|*.

First, we have arguing exactly as in Claim 2 in [91] that, for any a € (0, 2),

i [T =(@-1) [ IDIExD) @d) DI (o) + R,

with
Rl <C [+

Now, we deal with the operator T}. Let us define a(z, &) = ¢(2)[£]*(1 — x(£)) € S*0. Then,
following the computations in the proof of Claim 1 in [91], we have

/(Tlu v=(a- 1)/|D| (1 = y(D)) (u®) |D|5 (D) +/(T1u v+ R,
with
T\ = — L (220%0)(x, D)D — ®[®,|DI*(1 - (D))

R <€ [+ )

To estimate ) S (ﬁu)v [91] due to the lack of symmetry. Instead, we use clas-

sical pseudo-differential calculus estimates. Observe that the symbol ¢;(z, ) of Ty belongs to the class
S L=e=2 In the case, 0 < o < 1, t1(z, &) € S (@), Thus the Cauchy-Schwarz inequality and (2.5.3)

yield
[ @

Inthe case 1 < o < 2, t1(z,§) € 87~(+2) By Cauchy-Schwarz’ inequality, (2.5.3), and then Young’s
inequality, we get

\ [

for any A > 1. Moreover by pseudo-differential calculus (2.5.4), (2.5.3), and since the symbols of the
operators ®x(D)(D)2® ! and ®(1 — x(D))(D)2|D|~2 & ! belong to S*9,

[ (30 11 <2 [ (qouviza) 42 [ (- x0)D)50) 1]
<z [ (axp)D)ie ! (2w)”
+ 2/ (@(1 — x(D))(D)3|D|" 5o (<1>|D\%u))2

<C(/u2\<ﬂ'|+/ IDl%u) w) (259)

Gathering these estimates concludes the proof of Lemma 2.5.1.

- ’/(cp*lﬁu)@v

<[ Fuf 2| @0 2 < © / (w? + 02|

—~ 1 o a
< 1o~ Fiu 2|0l 2 < © <A— [z +at [ v%’\) .



50 Construction of N-soliton like solution for the fractional Korteweg-de Vries equation

Lemma 2.5.2. Let o € (0,2), S = ®[®, |D|“]. Then, there exists C > 0 such that for all u,v € S(R) we

have
¢ [+ ifa € (0,1),
‘/(Su)v + ‘/(Sv)u < 1
2| 1 QN2 2 20 1 :
o[ w1+ g5 [0+ a2 [21), gae o)
(2.5.10)
forall A > 1.

Proof. We split S = S1 + S, where

S1 = @[@,[D[*(1 = x(D))];
Sz = ®[®, |D[*x(D)]-
We first deal with the high frequency terms involving S;. Since 1 — X is supported outside 0, Sy

is a pseudo-differential operator of symbol s;(x, &), which belongs to the class S*~1:=~2, In the case,
0<a<l, sz, e 8 (@) and in the case, 1 < a < 2, 51(x, &) € §2°~ @+, Thus by arguing as in

the proof of Lemma 2.5.1, we deduce that
C’/(u2+112)\g0'|7 if0<a<l,

\ [sun|<q 4 . .
c (AT /(<|D|)5u)2\g&'| 4 A3 /U%/\) L ifl<a<?
2

Observe that the same estimate also holds for } J(S1v) u! Indeed the proof is exactly the same in the case
0<a<lInthecasel <a <2, & 1)) 2s(z, &) € SO 3% so that

‘ / (S1v)u

Moreover, by using (2.5.9), we deduce that
(u? +v?)|¢], if v € (0,1],

‘/ Siv)u| < 1o .
(/u%’l 4y [apEwRe 4 a8 [2161), itae ),
2

Now we deal with the low frequency term involving So. We follow the proof given in [91] for the
same type of operator. We remark that |D|*x(D)u = k * u, with k = |£|*x(§). Then, we can rewrite

— _a @ 1 o a3
< 187Dy 8 Syl 2|2 Dl) B ull = < (A— [z +at | v?w)

‘ Slu

@ DPXD)u= [ k= ) (@) - 2(0)) uly)dy.
We want to prove that the operator defined by the kernel

Az,y) = k(z —y) (®(z) — ®(y) 2~} (y),
is bounded in L2(R). For this, we need the 3 following results.

Theorem 2.5.3 (Schur’s test [75], Theorem 5.2). Let p, q be two non-negative measurable functions. If there
exists v, 5 > 0 such that

L / |K(z,y)|q(y)dy < ap(z) aex € R.
Y

2 / K (2,9)|p(e)de < Ba(y) aey ¢ R
X
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ThenTf := / K (z,y) f(y)dy is a bounded operator on L*(R).
R

Claim 2.5.4 ( [91] Claim 8). There exists C' > 0 such that

2(@) 0w < O—"_iia g1 < L) + ).
(@) + )
1 1 1
O(z) - W) | < —m + = flr—yl =2 5 ((z) + .
90) = ¥ € g+ o ke 01> 5 () + )

Lemma 2.5.5 ( [91], Lemma A.2). Let p be a homogeneous function of degree 5 > —1. Let x € C3°(R) such
that0 < x < L, x(&) =1if|€| < 1and x(§) = 0if|€] > 2. Let

1 .
k(z) = — [ ¢ de.
(0= 5 [ e=ple)(e)de
Then for all ¢ € N, there exists Cq > 0 such that, for all z € R,

Cy

Let A = Ay + Ay, where A; and Ay are restricted respectively to the regions |z —y| < 3 ((z) + (y))
and [z — y| > % ((z) + (y)). By using Claim 2.5.4 and Lemma 2.5.5,

. 1 |z —y| Lia
1

<(C——mF-—.
h C(I —y)lte

Then, by Theorem 2.5.3, with p = ¢ = 1, A; is the kernel of a bounded operator in LZ(R). Now, we deal
with Ay. By using Claim 2.5.4 and Lemma 2.5.5,

1 1 1 14a
|A2(w7y)| <C << >1+a + l+a> <y> 2
x

<l’ - y>1+a 2 <y> 2
1 () =
Tyt (g g lrar)

Then, by Theorem 2.5.3, with p = ¢ = 1, A3 is the kernel of a bounded operator in L% We compute

l1+a

/mmwm%m<cw*% /mwmer@<CM*.

S

Then by Theorem 2.5.3, we deduce that A4 is the kernel of a bounded operator in L?(R). Gathering these
estimates, we conclude that

1@, [DI*X(D)]ull 2 < Cllu®]| 2.

<c(/ﬂ¢u/ﬂ@wmwﬁ<c/@%w%ww

is similar. This concludes the proof of Lemma 2.5.2. O

Therefore, by Young’s inequality, we get

'/www

The estimate for

:’/ﬁ@@JDWW

J(S2v)u
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Proof of (2.3.7). By integration by parts, we get

[ prw o+ (0w 2u) 0 = [ (D (00s0) - dufelDPw) 0 =i [ Tun,

with T' = |D|*¢pD — D¢|D|“. Hence, we deduce from (2.5.7) that

| DFw 0.0+ (D0 0) oG~ 1) [ 1D1E (uT27T) DI (/177 | =

where |R)| satisfies (2.5.8). Therefore, we conclude the proof of (2.3.7) by performing the change of variable
¥ = 0

Proof of (2.3.6). By direct computation we get
[praye - prvwie) = [oele Dl [uie b= [sue- [(sou

where S = ®[®, | D|*]. Therefore, we conclude the proof of (2.3.6) by using Lemma 2.5.2 and performing
the change of variable 2/ = .. O

This finishes the proof of Lemma 2.3.1. Now we prove Lemma 2.3.3.

Proof of Lemma 2.3.3. By direct computations, we obtain
[ o @ = (D12 al = [(DPwulegal - [ (1DI70?
*/U%A[‘I’j,AaID\Z“]U
~ [Pl - [ (DI0? 1

1
- 5/“[‘1’]‘,& [®;.4,1D1**]] . (2.5.11)

By applying (2.3.6) to v = | D|*u, we get that
| [P al- [ (0PI
c u .
T [ (24 Q0ra?) il ifa e (0,1,

<
= c < a, \2 .
Ve / (u2 + <|D|zu> + (|D]%u) ) |g0;7A|, ifae (1,2).

It remains then to estimate the term (2.5.11). By using the proof of Claim 7 in [91], we know that for
any a > 0, there exists C' > 0 such that for all u, v € S(R),

'/ 2,2, (D) DI

We observe that the symbol of the pseudo-differential operator ®~' [®, [®, x(D)|D[>*]] belongs to
S22 -2 Sa’fHTQ, since @ € (0,2). Thus it follows from (2.5.3), (2.5.13) and Young’s inequal-

ity that

(2.5.12)

< C’/(u +v3)|¢). (2.5.13)

Ju| < ‘/uqxlrl [@, [®, (1 - x(D))|D[**]] u
] [ule @@l

< [rerie+car [,
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Moreover, arguing as in (2.5.9), we obtain that

[orwtiglas<c ( [ie1+ [ oy |<p'|) .

By changing variable 2/ = zi: " we deduce that

C
'/‘u@j‘A (@4, |D[*] u| < ﬂ/ <u2 + (|D\”u)2) | al (2.5.14)

Therefore, by gathering (2.5.12), (2.5.14), we conclude the proof of (2.3.8).

O
Proof of Lemma 2.3.4. By Young’s inequality and (2.3.8), we obtain that
[e3 [e3 1 [e3 «
1o e 0w < 5 ([ 00F a2+ [0 )
' « 1 « [e3
< [ UDFwRlggal + 5| [ (01 @00~ [ 4DF07 1l
@ c 2 \2 @
< [aprmar il + 5 ([ (w4 (10150)" 4 4DR0R) )
2

which yields (4.4.28). O

2.5.4 Proof of the non-linear weighted estimates

Proof of Lemma 2.3.6. Let j € {1, ..., N }. First we prove estimate (2.3.16). By the Cauchy-Schwarz inequal-
ity, the Sobolev embedding Hi (R) — L*(R) and 1 < &, we get that

1 1
3,/ 2\ ? 1 2)° 1 2 2
[Pl al < | [ nleal” ) < CHlIDIE ®54)l172 < CYln®jally - (25.15)

From the decomposition = u — R, we have

1954l g < lu®jallyg + RS all g < [[u®jallyg + |1 BRjal e (2.5.16)

To deal with the second term on the right-hand side of (2.5.16), we use pseudo-differential calculus.
Observe that the symbols of ®x(D)(D)*®~! and ®(1 — x(D)){D)¥|D|~*®~! belong to S*0. It follows
then from (2.5.6), and then (2.5.4) that, for all v € S(R),

11D (v®) |2 < [[v®] e
ClI (D)%) @||2

<
<
< OIx(D) (D)%) @] 2 + [[(1 = x(D))(D)*[ D[~ (|D|*v) @| >
<

C([[v®@l[L2 + [ (|1D[*0) @[ 2) - (2.5.17)
Then, we obtain, by changing variable 2/ = %,

1
D (095.0) L < € (g lomallie + 1 0D10) B4l )

so that

[v®j,a

e < C([[v®g,allL2 + || (ID[%0) @j.llz2) , (2.5.18)

forallv € S(R).
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Therefore, we deduce combining (2.5.15), (2.5.16) and (2.5.18) with v = R that

[ 1164l < Orudsal g+ [ (R +(DIRE) Il

Moreover, by using the equation (2.1.3) and (2.3.12), we obtain

' C
JoorrFigai<ce ([l < i

which concludes the proof of (2.3.16).
Now we prove (2.3.17). Using the Cauchy-Schwarz inequality, the Sobolev embedding and the former
estimates, we conclude that
Cv?

1 1
3 2 N 2
/774\90§,A| < (/714) (/n4\<p3,A|2) <Cy Uu2\¢3,A| +/(|D\? (wl’j,A)) T

which is exactly estimate (2.3.17). O

Proof of Lemma 2.3.7. By using Young’s inequality and the decomposition v = R + 7, we deduce that

\ [ D15 (w0 DIF (2,0

:‘ / D[ (u®;.4) u®; A
1
< [utlgial+ g [ 0D @dy0)°

<c ([l + [ Rigal) + 5 [ DR @02,

Using (2.3.17), (2.3.12), (2.3.8), we have that

1
<o () ([ (s (o) + 4o 1)
2 (

2 1
+07? [ (1012 )+ g [ (D10 1ol
L0
(B

Furthermore, by using again (2.3.8) with § < 1, we deduce that

<o (v + 55 ) (f (#+ (D7) + (0Pw?) 1)
+%/(\D|au)2 +(6t)L”“’

This concludes the proof of Lemma 2.3.7. O

] [ 1D1% w2, D (122,

] [ 1D1% (.0 DIF (122,

2.5.5 Coercivity of the localized operator

To begin, we recall the definition of H; given in (2.4.12)
Hj(u,u) = / (u|D|*u + cju® — 2Rju?) j a,

where R; is defined in (2.2.5), 1 4 is defined in (2.3.3) and u € H%(R). Moreover, let

Lju=|D|*u+ cju—2Rju and Lu= |D|u+u—2Qu.
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It has been proved in Theorem 2.3 in [60] that the spectrum of L is composed by one negative eigen-
value, the eigenvalue 0 and that the rest is the continuous spectrum [1, +00). Moreover, the eigenspaces
associated with the negative eigenvalue and 0 are one-dimensional vector spaces and the eigenspace of 0
is spanned by Q'.

Furthermore, from Lemma E.1 in [187], since we are in the subcritical case, we can replace the eigen-
function associated with the negative eigenvalue by () to get the coercivity property stated in the following
theorem.

Theorem 2.5.6. Leta € (%, 2). Then, there exists ju > 0 such that for allu € H? (R)

Jrret -2 ) 1)

Remark 2.5.7. By using a scaling argument, the result of Theorem 2.5.6 still holds if one replaces L by L;
and Q by Rj, forj € {1,--- ,N}.

As a consequence of the former theorem, we deduce a coercivity property for the bilinear form Hj.

Corollary 2.5.8. There existv > 0, C' > 0 such that forall A > 1,u € H? (R)

c c 1 2 2
ZH (u,u) ( " E) ||u|\il% - ;; ((/uR]> + (/u@IRJ) ) .
Proof of Corollary 2.5.8. For all j € {1,---, N}, we have from Theorem 2.5.6 that
Hj(u,u) /U Vj.aL(u \/Y/J]A)+/ (ID[*u )1/)]',A—/(|D\% <U\/¢j,A>>2
2 2
oo (Jovsn) - (Join)
+ [uorasa- [ (10 (w/ia))

Zpllur/1j,4

By (2.3.14), (2.3.15), and the Cauchy-Schwarz inequality we deduce that for all j € {1,--- , N}

(/uMRj>2+ (/u\/m@IR])Q <2 </uRj>2+2 </uasz>2

+9 </u(17 M)Rj>2+2 (/u(lf \/%7)811%1')2

2 2 2
C
<2 (/ uRj) +2 (/ u@ij) + (%52.
Observe from (D)2 ~ 1+ |D|2 that

luv/Bials > [+ AD1E0) = e [(DEuua+e [ (1D1F (u/da))

N
for a small positive constant 0 < ¢ < 1. Since Z 1,4 = 1, we have
=1

) fu) = 3 Ty bj 2‘ 5.
jzl/u(lD U)¢j,A*/<|D| ) ;/<<|D >\/1/TA> (2.5.19)
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Hence, we deduce by summing over j that

St (o) 25 (o) (fo0n))

j=1 1

N

ca-an X (fuqorava- [ (10 (wia)’).

Jj=1

It remains to estimate the last term on the right hand side of the former inequality. By using (2.5.19) and
direct computations,

N

2 (/“<|D\“u>wj,A—/(|p|% (u@)y)

Jj=1

=3 [ ((0150) V1012 (/) ((10150) V=101 (/553) )

=5 [ (19120) VEra+ 1012 (uy57)) DI, /s
=

By arguing as in (2.5.17) and using 0 < ¢j 4 < 1, we deduce that

me (/B sz < cz(uu\/w]Anmu (ID13u) oy

Then, it follows from the Cauchy-Schwarz inequality and (2.5.20) that

5 N
2) Jutprrw v~ [ (10 (w/ia)) ]<0HuuH%§juuDﬁ,\/wj,A}uHLz
j=1

=1

Finally to estimate the commutator on the right-hand side of the former estimate, we will rely on pseudo-
differential calculus and argue as in the previous subsection. By (2.5.5), we have that the symbol of
[[D|Z (1 — x(D)), V4] belongs to Sz ~1~1 < §%9, since o < 2. Then, it follows from (2.5.3) that

I1D1%, Vlull2 < © (HUIIL2 + 1D % x(D), \/E]UIW) :
We recall | D|2 x(D)u = k * u, with k = |£]2 x(€), so that
DIDIEVBlu = [ Ko~ 9) (Vite) - VW) ulw)d.
We want to prove that the operator 7" defined by the kernel

R(x,y) = k=) (V@) = Vo) |

C

) < Clull 5. (25.20)

is bounded in L?(R). By Lemma 2.5.5, we obtain that |k(z)| < . Since /¢ € L®(R), we deduce

by Lemma 2.5.3 that
HIDIEX(D). Vlull 2 < Cllul|ga-
By changing the variable 2’ = zi;nf , we get that

a c
10DI%.v/Byalule < ellule.

We finish the proof of Corollary 2.5.8 by combining all these estimates and by choosing v small
enough. O
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3.1 Introduction
3.1.1 Motivation
Consider the class of elliptic equations:
IDIu4u— f(u) =0, w:R—=>R, 0<a<2 (3.1.1)
with the notation | D|* standing for the Riesz potential of order —« given by the Fourier multiplier:
F(ID["u) := [§]*F(w),
and with a non-linearity f(u) = |u|P~'u or f(u) = u”, p integer, and 1 < p < p*(a) where:

2c
pila):={1-a
+ o0 fl<a<2.

+1 f0<a<l,

p*(a) is defined such that the “equation is H 2 (R)-subcritical”, where H*(R) stands for the Sobolev spaces.
Those fractional elliptic equations appear naturally when studying solitary waves of the following
equations:

« the fractional generalized Korteweg-de Vries equation [171,174]:

Ou + 0y (—|D|%u+ f(u)) =0, (fgKdV)

« the fractional generalized Benjamin-Bona-Mahony equation [48,49,161]:

Opu + Opu + 0y (f(u)) — |D|*Opu — |D|*0pu = 0 (fgBBM)

« the fractional generalized nonlinear Schrédinger equation [112]:

10 + | D|%u + f(u) = 0. (fgNLS)

The particular case of f(u) = u? with an integer p is particularly relevant for (fgKdV) and (fgBBM),
whereas the non-linearity f(u) = |u[P~'u naturally appears when studying the Schrodinger type equa-
tions.

A solitary wave for (fgKdV) is a wave moving in one direction with a constant velocity ¢, keeping its
form along the time and decaying at infinity, and can thus be written as u(t, ) = Q.(z — ct). In the case
¢ = 1, the function ()1 has to be a solution of (3.1.1).

Up to adequate change of variables, the solitary waves of (fgBBM) satisfy the same equation. The
counterparts of (fgNLS) are stationary waves of the form e™'Q,,(z), where the solution @; with phase
w = 1 also satisfies (3.1.1).

Having a deeper understanding of the solutions of the fractional elliptic equation (3.1.1) is necessary
to get more insights on the behaviour of solitary waves. It is of great interest to get more properties of
those solutions, such as the existence and uniqueness of solutions, their regularity, the number of zeros or
the asymptotic behaviour. The aim of this article to give the asymptotic development of the solutions to
that fractional elliptic equations and some subsequent properties.

3.1.2 Survey of properties of the solutions.

In the two specific cases o = 2 for general p, and o = 1 with f(u) = u2, the solutions of the elliptic
equation (3.1.1) have been widely studied during the last fifty years. The main questions on those solutions
are their existence, uniqueness, and some intrinsic properties.



3.1 Introduction 61

Let us give a brief review of the previous results in the case a = 2, for algebraic non-linearities
p € (1,p*()). We consider the set of solutions @ : R* — R with |Q(x)| > 0. For the dimension
Tr—>+00
1
(p+1) -2 (pzl))r-!
“5— cosh 5

d = 1, there exists a unique solution Q(z) = up to translations of the origin

(see Theorem 5 of Berestycki-Lions [17]). For higher dimensions d > 2, there exists a unique positive
solution (see Weinstein [189] and Kwong [109]), but also an infinite number of non-positive solutions as
shown in Strauss [177], [17] and Musso-Pacard-Wei [152]. All the previous solutions have an exponential
decay.

Concerning the equation associated with the Benjamin-Ono equation (BO), corresponding to o = 1,
£(Q) = Q% and d = 1, a solution is explicit Q(x) = 4(1 + 22)~!, see Benjamin [14]. In fact, any solution
to this problem is equal, up to translation, to this solution, as proved in Amick-Toland [7] relying on former
ideas of Benjamin [14] (see also Albert [3] for an alternative proof). Notice that the solution is even, positive
and has a polynomial decay at infinity.

In the generic case o € (0,2), the existence of solutions relies on the existence of a minimizer for

the functional J* defined by:
Bl B (a-1)+1
(s ()

T (u) =

(3.1.2)

A minimizer @ of the functional is called a ground state. The existence of a minimizer has been obtained
by Weinstein [189] and Albert-Bona-Saut [4]. The structure of the set of solutions of (3.1.1) is complex, and
it is not easy to know which elements compose this set. For example, the question of existence and unique-
ness of solutions of (3.1.1) not minimizing the functional J* remains open. However, a breakthrough was
achieved by Frank-Lenzmann [60] by proving the uniqueness of ground states. Their proof relies on the
non degeneracy of the linearized operator L = |D|® + 1 — pQP~, in other words ker(L) =span(Q’).
The understanding of the kernel of L is based on a result by Caffarelli-Silvestre [29] to express |D|* as
a Dirichlet-to-Neumann operator for a local problem on the upper half-plane. Furthermore in higher di-
mensions, Felmer-Quaas-Tan in [54] derived the existence and some properties of the ground states and
Frank-Lenzmann-Silvestre in [61] extended the uniqueness result.
In the following theorem, we summarize the well-known properties of the ground states.

Theorem 3.1.1 ( [4,60,61,189]). Let o € (0,2) andp € (1,p*(v)). There exists @ € H*(R), forall s > 0,
such that

1. (Existence) The function @ solves (3.1.1) and Q = Q(|z|) > 0 is even, positive and strictly decreasing in
||. Moreover, the function Q) is a minimizer of J in the sense that:

JYNQ)= inf J%u).
uEH%(]R)

2. (Uniqueness) The even ground state solution Q = Q(|x|) > 0 of (3.1.1) is unique. Furthermore, every
optimizer v € H?2 (R) for the Gagliardo-Nirenberg problem (3.1.2) is of the form v = BQ(y(- + y))
with some 3 € R, # 0,7 > 0andy € R.

3. (Decay) The function @) verifies the following decay estimate:

Ci Cy
e < Q@) < e

for some C1,Cy > 0.
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As explained above, it is not clear whether other solutions of (3.1.1) which are not minimizers of
(2.1.4) exist or not. The critical points of the functional J are called bound states and solve (3.1.1). In
dimension 1 for other elliptic equations, we expect the ground state to be the unique solution vanishing
at infinity. For some elliptic equations in higher dimensions, other bound states different from the ground
state exist: they are called excited states. For non-local equations such as (3.1.1), except for & = 1 and
f(u) = u?, the existence of a unique bound state in dimension 1 and of multiple excited states in higher
dimensions is still an open problem. In this context, we propose in this article to sharpen the asymptotic
behaviour of the ground-state and to address the issue of the asymptotic behaviour of any solution of (3.1.1)
at +o0.

3.1.3 Main results

In this paper, we give several results on the asymptotic expansion of a solution ) of (3.1.1) and of its
derivatives, and extend this development in the case of a non-linearity f(u) = u3. These results extend the
ones of Cappiello-Gramchev-Rodino [30], where they proved that the solutions of a wider class of equations
remain in some algebraic weighted spaces.

All the propositions stated in this article are given for x > 1. However the proofs can be adapted to
get the asymptotic developments at —oo.

To do so, we define the following explicit constants:

sin (%

b= 2 ) r (a+1), kyi=-S0ODp

(2a+1) (3.1.3)

with I" the Euler I'-function, and fir a given function Q:

(a+1)(a+ 2)k1

=t [1QP Q. ari=ta [ 1QP Qs agi= )

[ #1er e,
. (3.1.4)

We recall the definition of a weak solution of (3.1.1):

Definition 3.1.2. The function u is called a weak solution of (3.1.1) if for all ¢ in the Schwartz space S(R),
we have that:

/]R (u(@)|D]*¢(z) + u()p(z) — f(u)(2)¢(2)) dz = 0.

The next proposition states the main order terms of the development of the derivatives.

Proposition 3.1.3. Leta € (0,2),p € (1,p*(a)) and Q be a weak solution of |D|*Q + Q — |QP~'Q =0,
satisfying:

Qe IP(R) and 3 >0, |2['Q(x)e L=(R). (3.1.5)
Then, Q € CO(R) and verifies:
1
Q(z) - % = 040 <W) )

with a1 dependent on () and defined in (3.1.4).
Futhermore, if o > 1, then Q € CPI+1(R) with |p| the floor function of p, and verifies for j < |p|:

QY (z) — (1)~ ol gotlts = O+oo potity |-

Remark 3.1.4. Some comments on the previous result are in order.
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1. Bona-Li in [24] studied the decay of solutions of elliptic equations similar to (3.1.1), with a set of
assumptions different from (3.1.5). In the context of (3.1.1), if we ask for o > % @ € L*(R) and
vanishing at infinity, Theorem 3.1.2 of [24] implies the condition (3.1.5). Thus condition (3.1.5) is
coherent with their article.

2. Note that if () is not positive the coefficient a; is potentially null.

3. If @ > 1, our method does not give an asymptotic expansion of Q(l?)*1). Moreover, we do not know
if QP +2) exists.

4. If the coefficient of the non-linearity p is an integer then ) € H°(R). The proof is given in Appendix
3.6.1.

In the next proposition, we assume the function () to be positive, so that Theorem 3.1.1 applies. We
recall some important results of this theorem and give new asymptotic behaviours.

Proposition 3.1.5. Let o € (0,2). Let Q satisfying the assumptions (3.1.5) of Proposition 3.1.3. Suppose also
that @ is positive. Then Q € H*(R), even (up to translation), decaying and verifies that:

: (a+) a 1 )
Q(])(x) — (71)J7mu+1+j = 0400 presrrl VjeN,

a!

and the next order asymptotic expansion holds, with a positive constant a; :
20+ 1 ai a 1
Coser< 31 QW= o ptarn = % \ e )

20+ 1 al ai as 1
o+l Qx) — Zotl  g2atl 2ol O+ | L3atT )¢

Casep =

20+ 1 a a 1
Casep > P Q(x) — xa—il—xTZH = 0400 (W) .
Remark 3.1.6. Let us notice that the constants involved in the asymptotic expansion are coherent with other
situations. In the case a = 1 and f(u) = w2, thus for (BO), only the terms with an even power are present,
since az = 0, but a; # 0. On the other hand, the case & = 2 and f(u) = u” with p an integer corresponds
to the generalized Korteweg-de Vries equation whose solitons have an exponential decay. By replacing
o = 2 in the coefficients of the asymptotic expansion, we find a; = a2 = 0, which is coherent with the
exponential decay.

The next propositions refine the asymptotic development of @ in the case of a polynomial non-
linearity.
Proposition 3.1.7. Letp e N,p > 2, o € (%7 2), and Q be solution of |D|*Q + Q — QP = 0 verifying
condition (3.1.5). Then Q € H*°(R) and verifies that:

0 () — (—ylet) R _ _1 :
QW () — (1) Tt QP = 0400 prsen B vVjeN.
In the case of a cubic non-linearity, the next proposition provides a sharper asymptotic development.

Proposition 3.1.8 (Higher order expansion). Leta € (1,2),p = 3, and Q be a solution of | D|*Q+Q—QP =
0 verifying condition (3.1.5). Then, there exists a constant C' = C'(«, p) > 0 such that:

. ai a2 as C
‘Q(‘L) B (x“+1 + F2at1 T I“+3>‘ S giotl’ (3.1.6)
C
x3a+1 :

ay ag
Q@)+ @+ D)t + Ca+ )| <

(3.1.7)
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Remark 3.1.9. The constants obtained in the asymptotic development of Q(z) are dependent of the functions
z'k(z) and 2'|Q|P~1(x)Q(x), for | € N, which are dependent on p and « as for a3 defined in (3.1.4). Thus,
our method allows a further asymptotic development while 2!|Q|P~! () Q(x) and 2'k(z) remain integrable.

Let us point out an application of these results. The authors of this article describe in [52] the long
term interaction of two solitary waves with the same velocity for the fgKdV equation. To this aim, they
used the asymptotic behaviour of those waves to quantify the distance between the two objects. Indeed,
the asymptotic behaviour up to order 3 given in Proposition 3.1.7 was necessary to quantify the strong
interaction.

A natural question is the generalization of those results to higher dimensions. The authors do not
know how the computations introduced in this article can be generalized for higher dimensions, and if
similar theorems can be stated in this new setting.

3.1.4 Ideas of the proof

Let us describe the main ideas to obtain the asymptotic developments. We use the kernel formulation,
introduced first by Bona-Li [24], of the equation satisfied by Q: Q = k* f(Q). Let us explain formally why
the asymptotic behaviour of () is characterised by the one of k, as remarked by Bona-Li [24]. Consider the
general formulation:

—cu+ Lu+ f(u) =0, u:R" >R,

where L stands for a linear operator with symbol m, and f a general non-linearity satisfying | f(u)| ~ |u|P
for p > 1. Finding a solution to this equation is equivalent to find u of the form:

u(w) = [ Ky =) ()i

where the kernel k is given by:

1
k(z) =F ' | ——— 3.1.8
where F~! stands for the inverse Fourier transform. Let us suppose that () decays at infinity. The asymp-
totic behaviour of @ at infinity is given by the largest term in the asymptotic behaviours of k and of f(Q)
at infinity. Indeed, for x large, from the convolution formula, k(z — -) and f(Q) are localized at different
places.

(@)

Q) o]

One can notice that on 2 1(Q) where the mass of f is located, the tail of k(z — -) is larger than the tail of
f(Q) on Qy, where the mass of k(x — -) is located. By the definition of | f (u)| ~ |u|P, with p > 1, the decay
of f(Q) is larger than the one . In other words, the main order term in the integral formulation is given
by the decay of k on Q.

The first part of the article is dedicated to the study of integrability and of a potential differentia-
bility of k. The key point of the analysis of k is the use of complex analysis techniques developed in the
beginning of the twentieth century. Following the road map of Polya [165] developed in 1923 (see also
Blumenthal-Getoor [19]), we rewrite the function k& with the help of an auxiliary function h. The asymp-
totic development of h is obtained by complex analysis tools : we consider the holomorphic extension of
h in different regions to extract the terms at the main orders. We conclude that k is in L'(R) for any
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a € (0,2), and for a € (1,2) the derivative of k exists and is also in L!(R). The bottleneck of the study
of k stands in its behaviour at 0: having a L'-bound of this operator at 0 is sufficient to get the asymptotic
behaviour of Q.

Once the asymptotic development of k is established, we use this development to obtain the one of
Q@ with the previous convolution formula. Since the assumption of () only consists in a slow decay, we
first improve the property of decay by injecting successively this bound into the convolution. The limit
point of improvement of the decay is when the biggest term of the asymptotic expansion is coming from
the asymptotic development of k. We obtain the main order term in the development of () as being the
same as the one of k. Then, to get the asymptotic development of the first derivative of (), we need the
differentiability of &, and our method applies only if @ > 1. By using the same arguments as before, we
obtain the asymptotic at first order of the derivatives of (). Similarly, we obtain the first order development
of the derivatives of (), while those derivatives exist.

The previous results can be extended if @ is a positive solution. Indeed, the previous issue of the
existence of a finite number of derivatives was due to the non-regularity of v + |u[P~1u applied at Q,
so potentially applied at 0. Nevertheless the assumption of () positive circumvents this issue by studying
the regularity of the function u + |u|P~*u on R only. This function is smooth, and so is (. Then, we
notice that having () positive also implies that () is an even function, and this property helps to get the
next term in the asymptotic of (). We distinguish the different cases of balance between the non-linearity
and the dispersion. If the non-linearity is to large, the next order term comes from the development of k;
if the non-linearity is to small, the next order term comes from the development of QP; in the case of exact
balance, the two previous terms are at the same order and the sum of them furnishes the next order term.

Finally, in Proposition 3.1.8 we study the equation in the case of a particular non-linearity, and the
asymptotic development at order 3, is obtained originating only from the asymptotic development of &.

3.1.5 Related results

For many equations, the solitary waves can be defined by a convolution formula, and their asymptotic
expansion is a consequence of the regularity of the kernel. From the definition of £ by the Fourier transform,
see (3.1.8), the decay of k is given by the regularity of (¢ —m)~'. Thus, if (¢ — m)~! is a smooth function,
we expect to get () exponentially decaying, whereas if (¢ — m)~! is not smooth the solution @ should
vanish at infinity algebraically. Let us give an overview of those phenomena for diverse equations.

We begin with exponentially decaying solutions. For the local dispersion setting, the generalized KdV

equation admits solitary waves which decay exponentially, with the kernel k = F~! < ) Some non-

1
e+l
local equations admit solitary waves with exponential decay, like the Whitham type equations as studied by
Bruell-Ehrnstrom-Pei and Arnesen [11,28]. For solitary waves with velocity ¢ > 1, the symbol of dispersion

1
of the Whitham equation is given by m(§) = <tan£ﬂ> ?, and thus (¢ — m(¢))~! is not in L2(R). Even
though k is not well-defined, by an elegant reformulation in [11,28], the study of the asymptotic behaviour
of the solitary waves is equivalent to the study of the kernel operator k() := F~! (z2-)(x). Because this
last formulation is given by a smooth operator - in L2(R), [28] proved the exponential decay of the
solitary waves. Following the lines of [28], Pei in [164] proved the exponential decay of the solitary waves
for the Degasperis-Procesi equation.

Other equations are known to own solitary waves with algebraic decay. In the local setting, the
nonlinear wave equation in dimension 3 < d < 5, with the kernel ¥ = F~! (|§ |*2) (defined in the
weak sense), admits steady waves with algebraic decay proved by Gidas-Ni-Nirenberg [63]. For the non-
local case one can cite the generalized Benjamin-Ono equation studied by Maris [119], with the kernel

k=F"1 (ﬁ\il)’ or the fKdV equation investigated by Frank-Lenzmann-Silvestre [61], where the kernel

ﬁ),witho <a<2

For non-radial solutions in dimensions larger than 2, the asymptotic behaviour when |z| tend to
400 can depend on the direction. Indeed, in de Bouard-Saut [42], an algebraic bound of the asymptotic
behaviour is obtained for a solitary wave of the generalized Kadomstev-Petviashvili equation; furthermore,

is given by k = F~! (
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there exists one direction for which this bound is optimal. This kind of asymptotic behaviour has also been
observed by Gravejat [68]: by studying the solitary waves of the Gross-Pitaevskii equation, he gave an
algebraic asymptotic behaviour of order one, whose coefficient at the main order depends explicitly on the
angle. For the Benjamin-Ono-Zakharov-Kuznetsov equation, Esfahani-Pastor-Bona [50] proved that the
solitary waves of this 2-dimensional equation decay at least polynomially in one direction, and faster than
any polynomial in another direction. The question of asymptotic behaviour for several dimensions is thus
more difficult to answer, in particular if the dispersion operator is not rotationally invariant.

When the non-linearity is not an algebraic function, the asymptotic behaviour can depend at the main
order on the dispersion operator and on the non-linearity. For the non-local Gross-Pitaevskii equation,
de Laire-Lopez-Martinez [43] described the asymptotic behaviour of solitary waves v. depending on a
convolution function in the non-linearity. The asymptotic decay of 1 — |v.|? can be algebraic or exponential
at infinity depending of the choice of the convolution function.

3.1.6 Outline of the paper

The second section is dedicated to the study of the kernel k. Section 3 is dedicated to the proof, in the
general case with no assumption on (), « nor p, of the the first order asymptotic of (), see Proposition 3.1.3.
Section 4 deals with the proof of Proposition 3.1.5 with the case of more regularity. Finally, one particular
case is dealt with in Section 5 where the asymptotic expansion is given at order 3, see Proposition 3.1.8.
The Appendix recalls the proof of the regularity of ) if p is an integer.

3.1.7 Notations

The japanese bracket (-) is defined on R by (z) := (1 + |x\2)%

If 2 is a subset of R, we denote by C*(Q) the set of k-differentiable functions, with the usual gener-
alization for k = oc.

By denoting A the Lebesgue measure, we define the generalized L? space as:

Vp € (1,+), LP(R):= {f functionon 2,  C Rand A(Q°) =0, 1 fllzro) < oo} .

By abuse of notations, we denote by || - ||z» the LP-norm over any subset 2 of R over which the function
is well-defined, with A\(Q¢) = 0.
We denote the Fourier transform by F, defined by:

Yu € L2(R), F(u)(€) := /R672"’””5u(alc)dw7
and its inverse by F~!. The Sobolev space for s € R defined by the Fourier transform is thus:
H*(R) := {u € L2(R);/R<€>28 | (u) (€)]” d€ < OO} :
The usual convolution operator % is defined by:
Vhg € W), frala) = [ 1oy

For a fixed z € R, we define the following subset of R:

2= {lyl <3} (3.1.9)
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3.2 Asymptotic expansion of the kernel operator

Let us define the kernel associated to the operator (1 + |D|*)~!:

) =7 (1) @)

For a € (0, 1], the inverse Fourier transform of (1 + |£|%)~! is understood as an improper integral
for each z € R*.

In order to give the asymptotic of the ground state, we establish an asymptotic development of k.
Lemma 3.2.1 is dedicated to this asymptotic development. As an application, we prove in Corollary 3.2.6
that some decay properties are preserved under the convolution with k.

Lemma 3.2.1. The function k is in C*°(R*), and in L*(R). Furthermore, there exists a sequence (ky)n, € RY,
such that for any N > 0, there exists Cy > 0 such that:

al kn < CN
Vie| > 1, k(z) — Z |z[nott| |z|(N+Da+1? 3.2.1)
n=1
and k' admits the following development:
, . N (na+ 1)kyp, Cy
Viz| > 1, |k'(z)— sign(z) Z e[t | S [ haiz’ (3.2.2)
n=1

Furthermore, in the case « > 1 k' € L'(R).

Notice that the values of k; and k5 are defined in (3.1.3).

Remark 3.2.2. Frank, Lenzmann and Silvestre established in [61], Lemma C.1., the asymptotic of the kernel
at the first order, and proved that the kernel & is positive.

Remark 3.2.3. The previous development only holds for fixed N, we ignore if the serie converges.

Let us first write this kernel with a more convenient formula, by defining the function h by:

h(y) = /0 cos (yn) e~"" dn.

We claim the formula:
Claim 3.2.4. The following equality holds:
1 o0 —S
Ve #0, k(z)= f/ ¢ —h (%) ds.
T Jo

Sa Sa

One can notice that this formula is more convenient. Indeed, for any value of a € (0, 2), the asymp-
totic development of h at infinity induces that &k is C* on R*, whereas this property was not clear by the
definition by the Fourier transform. Notice that Lemma C.1 of [61] used another formulation of k : by ap-
plying Bernstein’s theorem on the fractional heat kernel, & is rewritten by the semi-group associated with
the heat kernel and an adequate non-negative finite measure.

Let us begin by proving Claim 3.2.4. To do so, we need the asymptotic development of h:

Claim 3.2.5. The following expansions hold:

7T]€1 7Tk?2 C

Vy > 1> h(y) - ya+1 - 2y2a+1 < y3a+l7

(3.2.3)
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and

!
T L T P

/
ya+2 X W, kl eR. (324)

Yy > 1,

Furthermore, for any B € (0, 1], there is another constant C' = C(f3) such that:
c
Vil STy #0, |yh(n) <Oy’ and |W(y)l < - (3:2.5)
Proof of Claim 3.2.4. In the case a € (1,2), the proof holds by a Fubini’s argument, as in [19]. We give the
general proof that also holds in the case a € (0, 1].

1
Using that — = / e tds :
t R+

1 we [ « 1 we [ «
k‘(:E) _ %/ ezzé/ e~ slél e~*dsdf + 27/‘ 61965/ €—5|§\ e~Sdsde.
R 0 T JR 1

We then apply Fubini’s theorem for the first integral. By using Claim 3.2.5, it is also possible to
use Fubini’s theorem on the first integral: the asymptotic development of & is necessary, in particular if
a € (0, 1]. Finally, the change of variable n® = £%s concludes Claim 3.2.4. O

Proof of Claim 3.2.5. The next ideas are inspired from Polya [165]. By integration by parts and changing
the variable us = yn, we deduce that:

+o00 d o +o0 1 o +oo 1
yren(y) = y“/ d—(sin(yn))efn dn = / sin (uE) e vdu=1Im (/ e qu) .
0 7 0 0

Note that the previous integral is not well defined for y = +o0. To bypass this difficulty, we apply contour
integration, see [165]. Let:

Dy = {re'i®:r e (0,n]}, D:={re'i®:r e (0,400)}, C,:={ne":~¢e [0, %a]}.

1
o —

u
@

We set 7, the curves that range D,,, C,, and then [0, n] counterclockwise. Since u — Ty
phic in R’} + 7R, we deduce that:

is holomor-

u 1 u

iu% L " iu% oo uo
0= lim e y"‘du:/ e y"‘du—/ e v du.
Yn D

n—+0o00 0

Furthermore, we get that:

oo V2 1ore i\ x,
y'Th(y) = Im (/0 exp <2(z —Dra — ya) e's dr) .

To obtain the asymptotic expansion of ' +®h(y) at +o0, we split the former integral in two parts. We set:

Y V2 R AN
Jip:=Im / exp| — (i —1)ra — ett%r |,
1 < 0 < 2 ( ) ya ) )
+oo 2 iTa .
Jo :=1Im (/a exp ([(Z - 1)7% _ 7’6: ) e“%lr) .
yZ Y

Since o € (1, 2), we have that:

“+oo 2 “+oo 2
[Ja] < / exp —iré — cos <E04> I ar < C/ exp —iré dr < Ce™ T (3.2.6)
y% 2 4 )y« ys 2

IS
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Now, we estimate .J;. First, we rewrite J; as:

y% 1 Tei%a .
J1 =Im / exp <r€ T )a ——— | e'T%r
0 Y
y?% Nt SiTa iTa
=Im (/ exp( (reua)wjtzga) {exp <7€y: ) — 1+ €y4 :|d7~>
0
v¥ s . reli®
+Im exp <7‘e T ) + igo 1———|dr|=:Ju+ ). (3.2.7)
0 Y
From the Taylor expansion of €%, we deduce that:
v a1 2 c
|J11| < C/ e (—) dr < —-. (3.2.8)
Yy Yy

Let us rewrite Jio:

+o0o 5 1 +o0 ) 1
Ji2 =Im (/ egh_l)m 'Hzo‘dr) —Im (/a eg(l_l)mﬂzad'f') (3.2.9)
0 Y2
+o00o +o00
— iIm (/ reéﬁ*l)réﬂ%”‘dr) +Im <i/ rez P Dra i adr)
ya 0 ya y%

Arguing similarly as (3.2.6), we get that:

“+o00
vz <
/a 62(z 1)7V+z adqrl 4+
Yy

2

Vi
<Ce™ 7. (3.2.10)

1 +oo
rez L= Dra i 2%r
Yo y%

In order to get the sign of the two integrals over R™ in (3.2.9), we use again a contour integration. We set:
D, = {re'2® : 1 € (0,n]}, D= {Teiga :r € (0,+00)}, C, = {ne? : vy e [204 ga} }-

Therefore, by using the curves who range Z)vn 6‘; and D,, counterclockwise, we have that:

+o00 N +oo 1. T
Im (/ e7 (i~ Dr#tig O‘dr) =Im (/ e " J”’5adr) = sin(ga)l"(oe +1), (3.2.11)
0 0

+o0 +o0 1, 1
Im (/ re 2 i Dra+ig adr) =1Im (/ refmﬂmdr) =3 sin(ra)'(2a + 1).
0 0

Gathering (3.2.6), (3.2.8), (3.2.10) and (3.2.11) we conclude (3.2.3), with k; and k3 recalled in (3.1.3).
We continue by proving (3.2.4). The proof of this property is also obtained by contour argument as
for h, Claim 3.2.5. Let us give some steps of the proof. By integration by part, and the change of variables
= (yn)? we obtain that:

9 1 [ 1 g, —a
Y (y) = —5/ sin (u5> e %Y du.
0

First, using the contour defined by

PR PR

Do {rdt v} Do frdfir e i), o o< [0},

we have
W' (y) = 1I /+OO Vet Sla-ﬁ‘ d
y“h'(y) = 2rn | exp reti -~ 22 r| .

Q
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By using a decomposition as in (3.2.6) and (3.2.7) with the bound of the different terms, we have:

1 +o0 o .
th/(y) =+ ilm (/ exp ((Tet%ﬂ')% + Zg) <1 _ T'(iel4l¥> d7>
0 y

Using a second contour integration defined by

— 3 ~ ~ , 3
D;L::{rel%:re(o,n]}, D' :={r:re(0,400)}, C;L::{ne”:’ye{%.ﬂﬂ'}}.,

and the fact

+oo +o0o z
R (/ eg(i_l)ﬁdzo =2R (/ ve§(i_l)”dv> =0,
0 0

we obtain the asymptotic development (3.2.4) of /.
To prove (3.2.5), we multiply A by y'~# and integrate by part:

+00 i
-8} () sin(yn) 145 —p
y"h(y) /0 wm? " e dn.

sin(z)

Since =%~ is uniformly bounded in 3 < 1, we obtain the first inequality of (3.2.5). For the second inequal-
ity:

0 sin(yn _ 1y g
P =y | U (= g = o) e

and a direct bound gives the second part of (3.2.5). O

We continue with the proof of Lemma (3.2.1). We focus on the case N = 2, the general statement is
obtained using the same proof.

Proof of Lemma 3.2.1. Concerning the regularity of k, our description of the kernel is not well-suited to get
this regularity. However, in Lemma C.1 of [61], the kernel k is proved to be in C*°(R*).

We continue with the asymptotic expansion of k at infinity. By parity of k, we focus on the case
z > 0. By Claim 3.2.4, we decompose the integral according to the values of s; in other words, we need to
study carefully when -%- tends to +00 as  — +oc0. We thus decompose:

1
sa

«3 s +o0 ,—s
Trk(a:)z/ 6lh(%)ds+/a %h(%)ds:]lJrIz.
0 Sa Sa 2  Sa Sa

Let us first find a bound of I5. Since h is a bounded function, we get:

|| < Ce™*.

1 a
The asymptotic expansion of 1 is now given by the the one of h, since -5 > x2 for s < 2. Since

T
sa
/ se *ds =1, / s?e7*ds = 2 and by using (3.2.3), we conclude the proof of the asymptotic development
R R

of k.
This development justifies the integrability of k at co. We now justify the integrability of k around

B +o00
rkie) = = [ e ), g dse 1 [Tt wn), g s

_1 _
n ly=as—a T Jyo ly=as
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For the first integral, we use (3.2.3) for |y| > 1, and the first integral is bounded by x®. For the second
integral, we use (3.2.5) for |y| < 1 with = min(1, o) and we compute the integral:

Foo z \“ +oo T
ifa <1, / e’ (—1> ds < Cx%In(x)|; ifa>1, / e *—ds < Cu.
T T

o Sa o Sa
and thus a bound on the behaviour of & at 0:
ifa<1, |k(z)<Cz*Yin(z); ifa>1, |kz)|<C.

This last inequality justifies k € L' (R), and justifies that k is bounded when z goes to 0 for a > 1.

In addition for & > 1, we obtain more results on k. We prove first the asymptotic development
at +oo, and its proof is along the same lines as the arguments for k. We have for any z # 0, by the
development (3.2.4) for the integrability at O:

1 +oo ,—s
K (z) = f/ Cw (%) ds.
™ Jo Sa Sa

Performing as for k, we get the asymptotic development of &’ for « > 1. We investigate on the
behaviour of k" at 0. As before, we split the integral into two parts: on (0, z%), by (3.2.4), the first part of
the integral is bounded by 2%~2; on (2%, +00), with (3.2.5), this second part of the integral is bounded by
272, With the two estimates, &’ is in L'(R) for a > 1.

This concludes the proof of Lemma 3.2.1.

O
Corollary 3.2.6. Let g € L'(R) satisfying |g(z)| < Clx|~*~1. There exists C = C(g) such that:
(o
|k * g|(z) < et (3.2.12)

Furthermore, if g € C*(R) and |¢'(z)| < C|z| =279, then there exists C = C(g, g') such that:

C
<I>a+2 :

|0z (k* g) [(z) <

Proof. For sake of simplicity, we focus on the case x > 0, the negative terms are obtained by parity of .
First, by the decomposition of (3.1.9), we have that:

bega) = [ ka=vatdy+ [ Kooy =+ .

T

By the decay assumption on g, we get that:

C
|Io| < @yt
Moreover, from Lemma 3.2.1, we deduce that:
C
)| < oz
Furthermore, the inequality |y| < % implies |x — y| > g Thus, we deduce that:

|Il| < W

Gathering these estimates, we conclude (3.2.12) for x > 0. By arguing similarly as the case > 0, we get
(3.2.12) for x € R.
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The second estimate is based on one step further on the asymptotic development of k:

ky

o)~ 2| < g

< Ty (3.2.13)

By the same decomposition as previously, we have:
0z(k‘ * g)(ZE) =1+ I,

where:

= [, (o= G ) v [, o
Iy = / k(z —y)g'(y)dy.

It suffices to prove the bound with I;, since /5 is dealt with like the previous step. For the first term, due

to (3.2.13), we have:
k1 C
krx—y)— ——— ) d(y)dy| < ——.
/QT ( (z—y) |a:—y\a+1> 9 y) y‘ (yza

For the second term of 1, by integration by part:

k1
/Q,. Wg’(y)dy‘ <

e (5| 2| ] <

(% )““+1

This achieves the proof of one derivative applied to k * g in Lemma 3.2.6. O

3.3 Proof of the asymptotic expansion of order 1

In this section we prove Proposition 3.1.3, the asymptotic development of order 1 of Q) for o € (0, 2)
and p € (1,p*(«)). [61] proved the decay of a positive @ at infinity:

C
1Q(x)] < W (3.3.1)

We propose here to establish a more precise asymptotic development in the general case that () is not
necessarily positive, but satisfies (3.1.5). The proof'is separated in two steps: the first consists in establishing
the first order asymptotic, and to prove in particular that (3.3.1) is satisfied. Second, we get successively
the asymptotic development of order 1 of the derivatives of Q\), by using an induction process on 7.

3.3.1 First order expansion of ()

Let us prove the asymptotic expansion of order 1 for || > 1. To begin with, if Q) is a weak solution
of (3.1.1), then @ is a weak solution of the following equation:

Q=7 (U + D7) * (QP'Q) = kx Q@) (332)
Before giving the asymptotic expansion, we improve the bound on Q:

Q)] < @%



3.3 Proof of the asymptotic expansion of order 1 73

We split the integral (3.3.2) in high and low values, with 2, defined in (3.1.9):
Ki= [ k= nlQPr Qs Ko= [ ke - nlQP Qs (333

Using (3.2.1) on K7, and the hypothesis Q € LP(R), we deduce that:

Ky < (zyotT

Now we continue with K. We use the decay assumption on Q: |Q(z)| < C{z)™, and k € L'(R) to
deduce:
(o

< .
|K2‘ X <£L’>pl

Then, we obtain that |Q(x)| < C{z)~P. Since p > 1, by iterating the previous steps with the improved
bound on the decay of (), we conclude that:

Q@) < miﬂ

From this inequality, we deduce that Q € L%(R) for any g € [1, +-00]. By the equation (3.1.1), | D|*Q
is also in L9(R) and Q € H(R). Thus Q is a solution of (3.1.1) and solves (3.3.2) in the usual sense.

We continue with the asymptotic expansion of (). We find the equivalent at the first order, which
comes from K. We have:

’Kl _/Q W'QV} 1Q(u)dy‘ /Q k(r —y) — QP (y)dy
QP c
<C [, oy <

We then get a development in z of the term in the left hand-side, where a; is defined in (3.1.4):

k1
(.T _ y)a+1

< (@L““/ \Q\p(y)dy+< >C(;+2/Q 111017 (y)dy.

a

k
/nw leP_lQ(y)dy -

The first term is dealt with the asymptotic bound Q(y) < C(y)~(1+9):
1 C
P
e [ ler@a < s
For the second term, we need to split the different cases between o and p:
c 1—min(5,1) |, 1min(5F,1) | P c
W/QI ly| 2yl QI (y)dy < W-
We continue with K5:

|k(z —y)| c
e (zyp@t]) Y S (z)platD)”

Ky < C

Gathering the estimates on K} and on K2 we obtain the asymptotic development of () at the main order:

c C c

aj
+ <l.>p(a+1) + <x>a+1+min(%,1)'

xa+1‘ = <m>2u+1

ve>1, |Q(z)—
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3.3.2 First order expansion of the derivatives of ()

This section is dedicated to the asymptotic expansion of any j-derivative of @, fora > 1and j < |p].
We use the notation f(u) := |u|P~'u. We prove the following statement by induction on j € [1, |p]]:
Statement. The function Q is of class C7(R). If j > 2, there exists a sequence of polynomials R;; such that:

a7
dai

J
(F(@) =pQUV (@) + Y Ru(@,---, QU 1(Q), (3.3.4)
=2

where R;; satisfies:

) i c
i, 1, |Rj,l(Q/(x)’.” 7Q(J 1)(z))f(l)(Q(x))| < W.
If j > 1, the following asymptotic expansion holds:
: (a+))! 1
Yz > 1, Q(])(x) —(=1y ol patiEs = 0400 Tatity ) (3.3.5)

Notice that in this induction process, we need j such that p — j > 0 to ensure that f(p*j)(Q) or
equivalently |Q[P~7 is well-defined; this constraint does not occur if @ is positive.

We prove the statement for j = 1. The first derivative of @ is continuous since &’ is in L!(R) (see
Claim 3.2.4), Q € L9(R), for any q € [1,+0o0] (see Proposition 3.1.3), and given by Q' = k' x (|QP~1Q).
Moreover, we have ' € L>(R), since ¥’ € L'(R) and Q € L*>°(R). Now, we prove that:

Q' ()] <

<.1’> a2’

We write, for ¢ > 1:
hi= [ Ke-nlRwl QWi Ji= [ Fe-Rwl QWi (39
Qp Q5

On the one hand, by using @ € LP(R) and the decay property of &’ (3.2.2), we deduce that:

C

71l < ()t

On the other hand, from the bound |Q(z)| < C(z)~(*® and the fact &’ € L*(R) for a > 1, we have that:

c

|J2| < W-

Then, we obtain that |Q’ ()| < C/(z)~ ™n(P(1+a)2+a) By integrating by parts .Jo, and using the new bound
on @', we get that:

C
/(
|Q (‘E)| < <x>min((2p—1)(1+a)’2+a) '

Since p > 1, by iterating the previous steps, we conclude that:

C
<m>2+a :

Q)] <
Now, we derive the asymptotic development of order 1 of @’ in (3.3.5), with:

Q'(z) =k ((1QIF7'Q)) (=)
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First, we estimate the convolution on (2,. From the asymptotic development of k£ (3.2.1), and the fact
Q'|QP~! € L'(R) we obtain that:

By integrating by parts, we deduce that:

e 1P | <
= <

After an integration by parts on the term with k1, using the fact \y|mi"(l’%)Q € L'(R), we get that:

’/ - ““(|Q|p Q) wdy + %/ﬂr |Q\p*1(y)Q(y)dy‘ s <-T>a+2+?nin(171);) * <x>§;‘+2.

Furthermore, using the decay assumption on (), we obtain that:

k
et QP )@y <

()P (et )+1"

To summarize, we have proved that:

a+ 1)k _ 1
| k= nier-wew)a dy+ 20 [0 )@y = o1 (ﬁ)

To finish the proof of the asymptotic development of Q’, we have to estimate Q'(x) = k* ((|QP~'Q)")(z)
on 5. By using the decay assumption on ) and @', we obtain that:

C
<:L->p(1+a)+l .

’ [ ke =l ) w| <

Therefore, gathering these estimates, we conclude that:

(a+ 1Day 1
Q'(x) + otz =%+ | arz )
To prove the statement for the other j, we proceed by induction. The regularity of QU*1) is obtained
by k' € L'(R), the formula (3.3.4) at j, and the asymptotic expansion of Q(¥) for i < j. Thus, we have:
QU = kx (jQFTIQUHY.

The proof of the existence of the polynomials R;;1; in (3.3.4), for | € [2,j + 1], is given by direct
computations. Before giving the bound on the polynomials, we remark that for all [ € {0,--- , |p]} there
exists C; > 0 such that:

FO(z) = Clw‘x\p;lfl, %fl %s even,
CilzP~, if I is odd
We detail the bound satisfied by the polynomial R; ;. If [ = 2, we have that:

: C d C
() £(2) -z LR F?) -
|Q J f (Q)‘ < <x>p<1+a)+j+1 and ’dl’ (RJVZ)f (Q)’ < <1’>p(1+")+j+1 .
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Moreover, for a fixed number | € [3, j + 1], the polynomial R;; ; is at most composed of two terms:

C d C
! I
R fYQ)| < (P F e T and ’@(Rjﬁl)f( >(Q)’ < T

which concludes the decay of the term with f O for j + 1.
Now, we prove (3.3.5) for QU1 Let us sketch the proof of the rough bound of QU+1):

; C

As for the first derivative, we define J; j11 and Jo ;11 asin (3.3.6):
g [ Ke=nQ QO o= [ Fe =)@ QY Wiy

For the first term with the asymptotic development (3.2.2) of ¥/, for any N and by successive inte-
gration by parts:

k, ,
il < ( Z (na }fa+2> (1QP Q)9 (2)dz
e i{fi’; QP Q) @)
"n 1
C C C

+

<x>(N+l)oc+2 + <x>a+2+p(o¢+l)+]‘ <x>a+2+j < <x>a+2+j ’
where the last inequality holds for IV large enough, for instance IV > é
For the second term, by Lemma 3.2.1 and the Statement, we have:

C

|J2.,j+1| < W-

Once we have the bound |QU*V) ()| < C(z)~(@+2+9) 4 C/(z)~P(@+D+)), we improve this bound
by injecting it successively in Jo j11 after an integration by part and with (3.3.4):

) C . C
—1 1 1
[zgval S MRV lieiag) € a1V li=9) + Grmrmme

By doing the injection enough times, we get the bound (3.3.7).
To obtain the exact asymptotic development, it suffices to use the same proof as the one of Q' and
the decomposition used in Jy ;41 to extract the term of main order. We get:

ko (a+ j +1)! 1
Tje1 = potite /'QV}Q = Otoo | Ttz

By injecting (3.3.7) in J2 j 1, we conclude the asymptotic expansion (3.3.5) for j + 1.
By finishing to prove the Statement for any j < |p], we conclude the proof of Proposition 3.1.3.
Notice that by the same method, we obtain the existence of the next derivative:

Qlpl+1) — /k/(”r —y) (|Q‘p71Q)(LpJ) (y)dy.

However, an integration by parts is not justified since ) can be equal to 0 at some points, therefore the

function (|Q\p*1Q) (lp)+1) may not be defined. Our method does not provide an asymptotic expansion of
Q(lpl+1),
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3.4 Asymptotic expansion for positive solutions

To start this section dedicated to the proof of Proposition 3.1.5, we recall that, on the one hand, if
Q@ > 0then @Q € H*®(R), see [61], the third point in the Remarks after Proposition 1.1, and @ is even (up
to translation) see Proposition 1.1 of [61] and [117].

Since Q € H°(R) and even, we give the asymptotic expansion of Q) for any j. The proof of
this result follows the line of the one of Proposition 3.1.3. We use the induction on the statements (3.3.4)
and (3.3.5) as for Proposition 3.1.3. For () > 0 the induction process given in Proposition 3.1.3 does not
stop anymore. Therefore, in the case of () > 0 we get the asymptotic development of order 1 for all the
derivatives.

We continue by giving the second order expansion of ).

The proof is based on the same arguments as the ones of subsection 3.3.1, where we have obtained:

ail 1
Q) = 531 = Oteo <W> :

We prove in this section the expansion at the next order. We study separately the different cases.
Let K and K9 be defined as in (3.3.3), we have the following decomposition. First, with K7:

Ky =K1+ Ko+ Ki3+ Ky

with

(z—y)

kl k2 kl k?
Kz = /Qz ((m —y)et + (z —y)2otl (a:oH—l + $2a+1>> Q"(y)dy,

k1 ko k1 ko
K3 = (ma-H 4 x2a+1) ‘/RQP(y)dy and Ky =— (th-H + W) /Q% QP (y)dy.

k k
Kll - /Q (k(x a y) a (1 - ;)a+1 B 22&+1> Qp(y)dy7

By the asymptotic expansion (3.2.1) of k, we have |K1;| < C(z)~ 3>+, For K19, we use the parity

of @ to get fﬂz yQP(y)dy = 0, therefore we obtain:

Kl < e [ QO+ i [ @)y < 0)

where 1
Tyt if p(l+a)>3,
1
O(z) = ég‘oﬁl if p(l+a)=3,

1

From the asymptotic of () on S, we have:

c

1Kl < —arasa:

K3 is the only remaining term that could potentially give the next order term in the asymptotic
expansion of Q).
We decompose K as:

Ky = / X k(x —y)QP(y)dy +/ k(z — y)QP(y)dy = Ky + Ko,
Qsn(z, %)

Qn(3,%)e

T
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Using the decay assumptions on & (3.2.1) and @) given in Proposition 3.1.3 we obtain that:

C

|K2,2‘ = < W

/ Kz — 9)Q(y)dy
Qen(

x 3x
)

Furthermore, by using again the decay estimate on & (3.2.1) and the asymptotic expansion of ) given in
Proposition 3.1.3, we deduce that:

P Qy) — 74\’ a 1
_ _ a vt __a
K271 = /QC Y k(l’ y)yp<a+1) <1 + a1 dy = xp(l+a) + 0400 (mp(1+a)) )

N5, 5 yotl

with a; := d} / k(x)dz, and let us decompose the proof into three cases, depending on p with respect to
R
2a+1

a+1* 2eril
i . at
First case : p < ]

This case corresponds to a low non-linearity compared to the influence of the dispersion, and the
biggest error term comes from Ks;. Gathering the estimates on K7 and on K5, we obtain:

al 51 - 1
Q) — zotl  gplaty) Ot (mp(1+a))

Second case: p = 2:;11

In this particular case of balance between dispersion and non-linearity, the next order is given by

two different terms, from K73 and Ko:
al 61 a2 7 1
Qlx) - zotl  p2afl  p2adl Ot | SBatd )

where as is given in (3.1.4).
. . 2a+1
Third case: p > 225

When the non-linearity is above
given by the dispersion:

2a+1
a+1>

the tail of @) is negligible compared to the next order term

ail ag 1
Qx) — 2ot p2agl T Odeo (w2a+1) :

This concludes the proof of Proposition 3.1.5.

3.5 Asymptotic expansion for polynomial non-linearities

The proof of Proposition 3.1.7 follows the arguments given in the proof of the Proposition 3.1.3 and
of Proposition 3.1.5.

We now continue with the proof of Proposition 3.1.8. In this section the non-linearity is fixed at
p = 3 and the dispersion « € (1,2).

To begin with, using (3.3.2), we obtain the decomposition in high and low values:

Q(w):/s k(x—y)@3<y>dy+/ k(o —y) @ () dy = Ky + Ko,

Qg

Using the asymptotic development of £ (3.2.1), we get that:

o [, (= + agem) @0
/QZA (k(:c —Y)- (z 7k;)a+1 T (@ ,];2)2a+1> QS(y)dy‘

1 5 c
<€ J, gm0 <

T
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From the asymptotic expansion of W for 8 € R, with [ ly[2Q3(y)dy < oo for a > 1, we deduce that:

k1 . 1 Yy (a+D(a+2) 42 (a+D(a+2)(a+3) 33
/m ((1 — )t — ki (l.a+1 + (ot 1)l.a+2 + 2 zot3 + 31 potd

k‘z 1 Yy 3
ta g k2 <fza+1 +(2a + 1)$2a+2)) Q”(y)dy

< C n C C
= <x>a+5 <x>2a+3 = <z>2a+3'

Since / Q3 (y)dy = / Q3 (y)dy = 0, we deduce that the terms for the asymptotic develop-

al as as
xa+l + :L.Z(H»l + za+3 >
estimates on the asymptotic development hold on €.
From the decay of () (3.3.1), we obtain that:

C Q*(y) |, v'Q*y) i c

; p o 3
|| < /QU |k(z — y)‘dyHQ”LO"(\y\}% < (z)30+a) and e 23+ T ats W < (z)4aTs"

ment of () are

with a1, ag, a3 defined in (3.1.4). Now, we have to verify that the

This concludes the proof of the estimate (3.1.6).
The proof of the estimate (3.1.7) is similar as the proof of the estimate (3.1.6).

3.6 Appendix

3.6.1 Regularity result for polynomial non-linearities

Let p € N. We prove in this appendix that if Q) verifies (3.1.5), then:
VB eR", [Qllgs < oo

We prove this statement by induction. Since @ is in LY(R) for any ¢ € [1, +oc] by Proposition 3.1.3, we
obtain the result for 3 = 0. To prove that Q@ € H("+D*(R) with the assumption Q € H"*(R), it suffices
to study | D|"™(QP). By the fractional Leibniz rule (also called Kato-Ponce commutator estimate, see [67]
for the endpoint), and v > 0, we have:

11D (@)lz2 < DN (@) 22 < C (1QN == (DY QP Yllz2 + D Q2 QP | 1)
< CIQIEL DN QI 2,

where the last step is obtained by induction. Thus we obtain:
DI D2Q| 2 < IIDI™* Q|2 + 1D (@) 2 < € (1 + IIQI\’£;1> @l rrne < o0.

Remark 3.6.1. Instead of the set of assumptions (3.1.5) on @, one can ask Q € L?(R) N LPT1(R) to obtain
the same result (see Lemma B.1 of [60]).
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4.0.1 Introduction of the equation

This article is dedicated to the fractional-modified Korteweg-de Vries equation (also known as the
dispersion generalized modified Benjamin-Ono equation):

du+ 0y (—|D*u+v?) =0, u:L xR, >R, 1<a<2, (fmKdV)

where I; is a time interval, 0, (respectively 0;) denotes the space (respectively time) derivative, and the
symbol | D|* is defined by the Fourier transform as an operator acting on the space of distributions:

F(ID[*u)(§) = [€]*F (u)(&)-
For the purposes of motivating the equation, let us introduce the more generalized equation:
Ou + LOgu + 05 (f(u)) = 0. (4.0.1)

The operator L represents the dispersion of the equation, and f(u) stands for the non-linearity.

In the case of a quadratic non-linearity f(u) = u? and a dispersion £ = —|D|?®, we get respectively
the Benjamin-Ono equation (BO) and the Korteweg-de Vries equation (KdV) for & = 1 and v = 2. Shrira
and Voronovich, in [174], introduced the equation of coastal waves, where the parameter is the evolution of
the depth of the coast. If the evolution of the depth is algebraic and given by —(1 4 X))~ !, for a € (1,2),
then the dispersion operator is approximated, for waves with a small wave number, by —c|D|“. Notice that
other dispersions are justified by Klein, Linares, Pilod and Saut [100].

While the change of dispersion in the quadratic case models different phenomena, the change of non-
linearity helps to understand the balance between non-linearity and dispersion. Indeed, studying equations
with a cubic non-linearity f(u) = u® and different dispersions give new insights of the competition be-
tween those two terms. The case £ = 02 = —|D|? corresponds to the modified Korteweg-de Vries equation
(mKdV), while the case £ = —|D| corresponds to the modified Benjamin-Ono equation (mBO). We chose
in this article to focus on the case of a non-local dispersion £ = —|D|*, with 1 < @ < 2.

Since, for 1 < a < 2, fmKdV does not enjoy a Lax pair as KdV, BO or mKdV, no tools from complete
integrability can be applied to this equation. On the other hand, fmKdV possesses 3 conserved quantities
(at least formally):

/ﬂ%u(tﬁ)daz, %/ﬂ%zﬁ(t’m)d% /Ié((lD\%;(t?w))Q 7“4(2’3”))@:.

We define the scaling operators by:

VAERY, wruy, with wuy(t,z):= /\2<1j'“)u()\t, Aﬁm) (4.0.2)

The set of solutions of fmKdV is fixed under the scaling operations. The mBO equation is mass-critical in the
sense that the L?-norm is preserved under any scaling operation. Meanwhile, fmKdV is mass-subcritical
since the conserved space under the operator of scaling is the homogeneous Sobolev space H 5(R) with
s = 177“ < Oassoonasa > 1. The equation fmKdV has been proved to be locally well-posed in H*(R) for
s> 3%0‘ by Guo [71], and the flow is locally continuous on that space. As a consequence, the equation is
globally well-posed in the energy space H H (R) (see Appendix 4.5.1). We also refer to Guo and Huang [72],
Kim and Schippa [98], Molinet and Tanaka [150] for other well-posedness results. Moreover, in the case
a = 1 the problem is locally well-posed in the energy space, see Kenig and Takaoka [96].

4.0.2 Ground states and solitary waves.

Different coherent structures may appear in the study of non-linear dispersive equations, and solitary
waves are one of them. A solitary wave is a solution u(t,z) = Q.(z — ct) moving at a velocity ¢ in one
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direction, decaying at infinity and keeping its form along the time. The function (). satisfies the elliptic
equation:

—ID[*Qc — Q. + Q2 = 0. (4.0.3)

A remarkable point is the existence of those objects for any velocity ¢ > 0. Unlike the mKdV equation
the function . is not explicit. The existence of a such solution of the elliptic problem (4.0.3) relies on the
existence of a minimizer of an adequate functional. Such a minimizer is called a ground state, and the
existence of a ground state has been proved by Weinstein in [189] and Albert-Bona-Saut in [4]. Moreover,
the ground state is positive. For now, the notation (). will refer to the ground-state of the functional.

If we denote by () the positive ground state associated to ¢ = 1, all the other ground states Q). can
be expressed in terms of the ground state () by the operation of scaling (4.0.2):

Qe(x) = (Q1)e()-

The question of the uniqueness of the ground state of (4.0.3) is difficult and has been solved by
Frank-Lenzmann in [60]. Note however that no result seems to be known for the uniqueness of solutions
to (4.0.3) which do not minimize the Euler-Lagrange functional. The non-locality of the operator |D|* does
not allow to use classical ODE’s tools for this equation. The uniqueness of the solution of the non-local
elliptic problem (4.0.3) is derived from the non-degerenency of the linearized operator

L:|D‘a+1_3Q27

by proving that ker(L) = span(Q’). This result was obtained by Frank-Lenzmann in [60]. The proof is
based on an extension process to the upper half-plane, introduced by Caffarelli-Silvestre [29], which allows
to look at the operator | D|* as a Dirichlet-Neumann operator.

Furthermore, as soon as o < 2, the function () has a algebraic decay (see (4.1.4) for a more precise
expansion):

1

The question of stability of a solitary wave in this case has been done by Pava [9], see also [154].

One conjecture in the field of dispersive equation states that any solution decomposes, at large time,
into different dispersive objects (such as the solitary waves) plus a radiation term. Whereas the solitary
waves move to the right, the radiation term moves to the left. This conjecture has been proved for the KdV
equation using the tools of complete integrability, but remains open in the non-integrable cases. It is then
natural to introduce multi-solitary waves, which are solutions u that in large time [T, +00) are close to a
sum of K decoupled solitary waves:

Definition 4.0.1. Let K > 0, and K different velocities 0 < ¢; < --- < cg. A function u is called a
multi-solitary waves associated to the previous velocities (or pure multi-solitary waves) if there exist Ty > 0,
K functions vy, : (T, +00) — R such that:

lim
t—+o00

=0 and Vke (1,K), |vg(t)— cit| = 0400(t).
HE

K
u(t) — Z Qe (- — vk(t))
k=1

Notice that the definition of a multi-solitary waves may depend on the information one can get from
those objects. For example, in a recent result by the first author [51], the proof of the existence of the multi-
solitary waves has been established for the equation fKdV with a dispersion o € (%7 2) and an explicit rate
of convergence of the solution to the sum of the K-decoupled solitary waves. Notice that the proof can
easily be adapted to fmKdV, establishing then the existence of multi-solitary waves for this equation. The
proof of existence of those objects is a first step toward the soliton resolution conjecture for this equation
inthecasel < a < 2.
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4.0.3 Dipoles and main theorem

Notice that in the previous definition of multi-solitary waves, all the velocities are distinct. One
can wonder if there exist solutions u behaving at infinity as a sum of two solitary waves with the same
velocity c and different signs. A solution satisfying this definition is called a dipole. In particular, if the two
solitary waves have the same velocity, they interact in large time one with each other, and the velocity of
the different solitary waves is thus expected to be of the form v (t) ~1o0 ¢t — gr(t), with gx(t) = 0400 (¥).

This object has first been observed on the mKdV equation using the complete integrability of the
equation [184]. For an odd non-linearity f(u) = |u[P~lu, p € (2,5) and a dispersion £ = 92, Nguyen
in [156] proved the existence of dipoles for those equations that are not completely integrable.

In this paper, we prove the existence of a dipole for the fmKdV in the L?-subcritical case:

Theorem 4.0.2. Let o € (1,2). There exist some constant Ty > 0,C > 0 and U € C°([Tp, +00) : H?z(R))
solution of (fmKdV) such that, for allt > Ty:

a _2_ a _2_ __a-1_
HU +Q< —t—ft(x+3> _Q<._t+7ta+3>H L SOt #a+3),
2 2 H?

where

2
a = ats —4h o and by = — (a + 1) M /+°° efr%dr”QHgs < 0. (4.0.4)
2 Va+tl -1 7 Jo lQlZ

This result sheds new light on the relation between the dispersion £ and the distance between two
solitary waves of a dipole. Indeed, Nguyen in [156,157] studied the case of a dispersion £ = —|D|? = 9?
and different non-linearities, which corresponds to the generalized Korteweg-de Vries equation. Since
the ground states @ have an exponential decay e~ |*l, the distance between the two solitary waves of a
dipole is logarithmic in time 21n(tc), with ¢ depending on the non-linearity. A second example is the
recent preprint of Lan and Wang [111], where they studied the generalized Benjamin-Ono equation with
a dispersion £ = —|D| = —H9, with H the Hilbert transform and different non-linearities. For this
equation, since the ground states have a prescribed algebraic decay x 2, the solitary waves of the dipoles
they studied have a distance o/t + 3 In(t) ++, where o, 3 and 7 are constants dependent only on the non-
linearity. Theorem 4.0.2 emphasises how the dispersion influences the distance between the two solitary

waves, that is ata+3. One can conjecture that the dipoles for an equation £ = —|D|®, for @ € (1,2) and a
non-linearity f(u) = |u[P~ u with various values of p, are composed of two solitary waves at a distance
2

cto+3, with a constant ¢ dependent on p.

4.0.4 Related results

As explained in the introduction, the behaviour of a solution of (4.0.5) is determined by the balance
between the non-linearity and the dispersion, therefore blow-ups are expected in the critical and super-
critical cases. An important result for blow-up, in finite or infinite time, in a non-local setting has been
obtained by Kenig-Martel-Robbiano in [91] for:

dpu — 9| D|%u + |ul**u = 0.

This equation is critical for all the values of .. For a = 2 in the former equation, which corresponds to the
critical general Korteweg-de Vries equation, Merle [140] proved the existence of blow-up solutions in finite
or infinite time. Using this result, [91] proved by a perturbative argument the existence of blow-up for all
a € (aq,2], for some 1 < ag < 2. The proof is based on the existence of a Liouville property and localized
energy estimates. Those localized estimates generalize the pioneering work of Kenig and Martel [90] for
the asymptotic stability of the soliton of the Benjamin-Ono equation.

In the case @ = 1 in fmKdV, the equation is L2-critical and blow-up phenomena occur. Bona-
Kalisch [23], and Klein-Saut-Wang [102] studied numerically the critical fmKdV and conjecture a blow-up
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in finite time for this equation. In [133] Martel-Pilod proved rigorously the existence of minmial mass
blow-up solution for mBO. We mention also the result by Kalisch-Moldabayev-Verdier in [87], where they
observed that two solitary waves may interact in such a way that the smaller wave is annihilated.

For the super-critical case we refer to the work of Saut-Wang in [171], where they proved the global
well-posedness for small initial data and [102] for numerical simulation of blow-up in finite time.

The phenomenon of strong interaction between two different objects also occurs in different situ-
ations. Let us enumerate the different families of equations and results (this list may not be exhaustive)
by beginning with the KdV family. By using the integrable structure of mKdV, Wadati and Ohkuma [184]
exhibited the existence of a dipole. More recently, Koch and Tataru [104] characterized the set of com-
plex two-solitons as a 8-dimensional symplectic submanifold of H® for s > —%. The explicit formula of a
dipole holds for the mKdV equation only. In the non-integrable case Nguyen [156] proved the existence of
a dipole for (4.0.1) for a dispersion £ = 92 and a non-linearity f(u) = |u[P~ u, with p € (2, 5). Moreover,
he discovered that for each super-critical equation with a non-linearity p > 5, there exists a dipole formed
by two solitary waves with same signs, and the distance between the two objects is also logarithmic in
time. Inspired by this result, Lan and Wang [111] looked for the phenomenon of dipoles for a dispersion
L = —|D| and a non-linearity f(u) = |u|P~!u, with various values of p # 3. We also list some results
in the setting of the strong interaction of two non-linear objects in the non-linear Schrodinger setting.
Ovchinnikov and Sigal [162] for the time-dependent Ginzburg Landau equation, with two vortices with
different signs; Krieger, Martel and Raphaél [107] for the three dimensional gravitational Hartree equa-
tion with two solitons; Nguyen [157] for the subcritical non-linear Schrodinger with two solitary waves
with different signs, and the same signs for the super-critical case; Nguyen and Martel [132] for coupled
non-linear Schrodinger, for two solitary waves with different velocities. The phenomenon of dipole also
appears in the family of wave equations: Gérard, Lenzmann, Pocovnicu and Raphaél [62] for the cubic
half-wave equation; Cote, Martel, Yuan and Zhao [40] for the damped Klein-Gordon equation; Aryan [12]
for the Klein-Gordon equation; Jendrej and Lawrie [85] for the wave maps equation.

The strong interaction between different objects also gives rise to exotic behaviours. For example,
the existence of strongly interacting objects has been proved with multi-solitary waves for the mass-critical
non-linear Schrédinger equation by Martel and Raphaél [135] and with bubbles for the critical gKdV equa-
tion by Combet and Martel [36].

Even if the question of dipoles occur at infinity, one can wonder what happens on the real line to
a solution that behaves like a two soliton at —oo. The problem of inelastic collision of two solitary waves
has been investigated by Mizumachi [146], Martel and Merle [125,126] and Munoz [151] for non-integrable
equations in the KdV family. Indeed, only the completely integrable equations exhibit an elastic collision,
that is a solution that can be decomposed at +oo with the same decomposition as at —oco (up to phase shift).

We end this part with open questions related to the dipoles of fmKdV. We begin with the particular
case of the critical equation mBO: we do not know if the dipole phenomenon exists for this equation. For
a fixed dispersion £ = —|D|%, one can also wonder about the importance of the non-linearity f(u) =
|u|P~1 : if p is close to 1, does the structure of a dipole still make sense, or does the non-linearity breaks
the structure? Concerning the fmKdV equation, if a solution behaves at time —oc as a sum of two different
solitary waves, what will be the behaviour of this solution at +-0c0? Even though this article does not answer
those questions, it gives insights and tools to tackle those problems with non-local dispersion.

4.0.5 Ideas of the proof
Let us perform the following change of variables. Let y := = — t, then v(¢,y) := u(¢, x) verifies
O + 9y (—v — |D|*v +v*) = 0. (4.0.5)

This equation is better suited than fmKdV for the phenomenon of strong interaction, since most of the
objects considered here are moving at a velocity close to 1. Theorem 4.0.2 can be rewritten in this new
setting:
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Theorem 4.0.3. Let a € (1,2). There exist some constant Ty > 0,C > 0 andw € C°([Ty, +0) : H2 (R))
solution of (4.0.5) such that, for allt > Tp:

Hw(t, J+Q(— gta%s) —Q(+ gta%g)

__e=1_
| 4 <ctH,
H?2

with the constant a defined in (4.0.4).

From now on, we focus on proving the existence of the function w. We provide some ideas for the
proof of Theorem 4.0.3.

The first important point is the construction of a good approximation. We look for a solution closed
to the sum of two solitary waves —R; + Ro modulated by a set of parameters I' = (z1, 22, 111, pi2), where
zi(t) correspond to the centres of the solitary waves moving along the time, whereas 1 + ;(t) correspond
to their size. To this aim, we search for an accurate description of w + R; — Ra, and we introduce the
approximation V' of the form V (¢, z) = —Ry (¢, x) + Ra(t, ) + b(t)W (¢, z) — Pi(t, z) + P(t, x). The goal
is to adapt the four other functions such that V' almost solves (fmKdV), in the sense that the quantity &y
is close to 0, with:

Ev ==V + 0y (—|D|*V =V + V).

By computing the time derivative of R and Ry, four intrinsic directions appear: 0, R, 0yR2, AR and

ARy. For convenience, we will write them under a vector form by MV They go hand in hand with the
derivatives of the modulation parameters 21, 22, f11 and fi2. Then, the function W is inherent to the problem
: it compensates two of those specific directions, and has a plateau between 2z and z1. Even if the previous
constructions of strong interactions ( [125, 132, 156, 157]) used this function, it seems to be the first time
that it is understood as an intrinsic part of the evolution of the solitary waves, and not only as a part of
the profiles P;. With this function we understand how the dispersion of the first solitary wave —R; on the
front influences the second solitary wave in the back, and vice-versa. Once this function W is defined, we
fix the functions P; and P> with algebraic decay to cancel the remainder terms with algebraic decay too,
concentrated around the solitary waves. As a conclusion of this construction, the error can be decomposed
into:

Sy = MV +0,8+T,

with W containing the four peculiar directions cited above, m gives a system of ODEs that is satisfied
by I' and adapted from the interaction terms. The two other source terms, S and 7" are error terms coming
from the rough approximation and are bounded by functions depending on I'. If one wants to go further
in the development of the approximation, it suffices to extract from S and/or 7T the terms at the next order
to build more precise profiles.

Once the approximation V' is constructed, the second step is to estimate the error between the ap-
proximation and a solution, and to find a set of equations satisfied by p := 1 — po and z := 23 — 29. Fix
Sp >> 0, and v,, the solution of fmKdV with final condition v,,(S,,) = V (S,,). We estimate the H 3 -norm
of the error backward in time by using an adequate weighted functional, mostly composed of quadratic
terms in the error. Whereas studying the error by the energy is quite classic, we adapt in this article the
energy functional used by Nguyen [156] by adding a source term | Se, linear in ¢. This trick has been used
by Martel and Nguyen [132], by mixing the source term S in the functional, and allows to get rid of the
term [ 8, LSe in the functional. It generally helps to get a better approximation of the functional, but in
our case, the use of the modified energy enables us not to compute the high Sobolev norms of the source
term S. It means in particular that the influence of S on the error of the approximation is lower than the
one of T'.

One technical issue of this functional, as opposed to the ones previously used in this context, is the
appearance of the non-local operator |D|: two of the difficulties are the singularity of this operator for
low frequencies, and the lack of an explicit Leibniz rule for this operator and the weight ¢. To bypass
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those difficulties, we generalize the weighted commutator estimates given in Lemma 6 and Lemma 7 of
Kenig-Martel-Robbiano [107] and of the first author [51].

These estimates rely on the understanding of the operator |D|*. Since the operator is singular at
frequency 0, we need to localize in high and low frequencies : for the high frequencies, we use the pseudo-
differential calculus, and the low frequency part is dealt with the theory of bounded operators on L. In
particular, this method implies important restrictions on the choice of the weight.

When orthogonality conditions are imposed to the error, we get a system of ODEs ruling the be-
haviour of z and y in 7. Roughly speaking, the system is the following:

0 ~ e and a0 ~ ()
Notice that it is the solution of this system that gives the distance between the two solitary waves in
Theorem 4.0.3.

To obtain a suitable bound on the different unknowns, we use a bootstrap argument. The more
important ones are the error, the parameters z and u. The error is dealt with the previous functional and p
by the bootstrap argument. Notice that a bootstrap argument alone would not have been sufficient to close
the estimates: because of the algebraic decay in time of the different parameters, several integrations in
time can not close the estimates. A topological argument, as introduced by Cote, Martel and Martel in [39],
is necessary to conclude the estimate on z: roughly speaking, this argument of connectedness asserts that
there exists at least one initial data 2", chosen in a fixed interval of initial data, such that the estimates
hold on the all time interval. Once this initial data is chosen, the all set of estimates is proved to hold on
[To, Sn]-

With these estimates in hand, a classical argument of extraction by compactness allows to get an
adequate initial data. By weak-continuity of the flow, we prove that the chosen initial data is close at any
time to the sum of the two decoupled solitary waves. Furthermore, we obtain the algebraic decay in time
of the error between the final solution and the two solitary waves.

4.0.6 Outline of the paper

The paper is organised as follow. Section 4.1 is dedicated to the properties related to the ground-state
Q. It contains in particular the more recent results on those objects, the properties on the linearized operator
and various lemmas related to this operator. Section 4.2 contains the construction of an approximation of
the solution. Notice that the proof of the main theorem of this part can be skipped at first lecture. In section
4.3, we give the modulation theorem to describe a solution close to the multi-solitary waves with strong
interaction. Section 4.4 provides the proof of the existence of the solution. The appendices recall satellite
results used in this article : well-posedness, the pseudo-differential calculus, proofs of various lemmas based
on pseudo-differential calculus, and the coercivity of the localised linearized operator.

4.0.7 Notations

Throughout the article, we use the following notations.

We denote by C a positive constant, changing from lines to lines independent of the different pa-
rameters.

We say x ~ y if there exists 0 < ¢; < ¢a < +00 such that c;x < y < cay.

The japanese bracket (-) is defined on R by (z) := (1 + 1’2)%

L?(R) is the set of square integrable functions. We denote the scalar product on L2(R) by (u,v) :=
Jg u(x)v(x)dz with u, v € L?(R). The Fourier transform is defined by:

Weﬁ®7ﬂ®:éﬂﬁmm

We define the following spaces:
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- the Sobolev space, for s € R: H*(R) := {f e L*(R) : /(1 +EP)z F(&)de < +oo},

« the Schwartz space : S(R) = {f € C¥(R);Ya € N,V5 € N,3C, 6, | f*(2)] < Cap (l')_ﬂ},

« the set of functions with enough decay:

X°(R) := {f € H*(R) :3C > 0,Vz € R, |f(z)| < <m>l+a}., and X*(R) = (1] X*(R). (4.0.6)
seN

Let f,g € L?(R). We say that f is orthogonal to g if/ f(z)g(x)dx = 0, and is sometimes shortened
R
by fLg.
@ is the ground-state associated to the elliptic problem (4.1.1), and for ¢ > 0, we set Q.(z) :=

a 1
c2FT) Q(cT+e ). Moreover, let us define:

d 1« !
ro e Lo, 1 / 4.0.7
Qe = Gae.. = ¢ {Q(Q +1) e ] ¢ o

1 ala+2) 22Q"
NQ. = dc’QQ‘C_C_;?(_4( 1)2 (a+1)2)c‘

The parameters of the approximation are 21, 22, pt1 and uo. We denote by I' = (21, 22, 11, p2) the
set of those parameters. z and p are defined in (4.2.1), and Z and [i in (4.4.4). The two solitary waves are
defined by:

Ri(T,y) == Qi (y — 21), R2(T,y) := Quip, (¥ — 22), and ARy (¢, y) == (AQ14p,0))(y — (1))

Along the article, the functions z1, 22, 11, p2 and I' can depend on the time, and it is precised when
needed. The asset of this notation is to remark that the two solitary waves depend on the time through the
parameter I'. For purposes of notations, we can denote the solitary waves by R;(t) to emphasize on the
time dependency. The solitary waves dependent only on the translation parameters are denoted by:

Ri(t,y) == Q(y — zi(t)) and ARi(t,y) = (AQ)(y — z(1)).

The derivatives are denoted by 0, and J;. The notation Vr holds for the gradient along the four
directions of I'. When no confusion is possible, we denote by prime (as in ') the space derivative, and by
a dot (as in /i) the time derivative.

4.1 Ground state

This part recalls the properties known on ): existence, uniqueness and the recently proved asymp-
totic expansion. We emphasize that the asymptotic expansion is composed of terms with algebraic decay,
and is thus different from the one of the (gKdV) family —cQ. + AQ. + QF = 0, with exponential decay.
Next, we focus our attention on the linearized operator L.

4.1.1 Ground state properties

Considering the equation (4.0.5), the existence of solitary waves is related to the existence of solutions
to the following elliptic time-independent equation:

—ID*Q-Q+Q@*=0, 1<a<2. (4.1.1)



4.1 Ground state 89

The previous elliptic equation is related to a calculus of variation problem. If () is a minimizer of the
following functional J¢:

(4.1.2)

then it is a solution to the elliptic problem.
We now sum up the previous known results on the ground states, which are the minimizer of J¢.

Theorem 4.1.1 ( [4,60,61,189]). Let o € (1,2). There exists Q@ € H*(R) for all s > 0 such that

1. (Existence) The function @ solves (4.1.1) and Q = Q(|z|) > 0 is even, positive and strictly decreasing in
||. Moreover, the function Q) is a minimizer of J* in the sense that:

JUNQ)= inf J%).
veH 2 (R)

2. (Uniqueness) The even ground state solution Q = Q(|z|) > 0 of(4.1.2) is unique, up to the multiplication
by a constant, scaling and translation.

3. (Decay) The function Q) verifies the following decay estimate:
Cl CZ
T ia S S e
e < A0S G
for some Cy,Cy > 0.

4. (Gagliardo-Niremberg inequality) There exists a constant C' = C'(«) such that:

1
[0l < Clvllz

Lo
= o] 2%

Remark 4.1.2. Notice that since the non-linearity is cubic, the function @ in the theorem and —() are both
solutions of the elliptic equation (4.1.1).

Proof. We give some classic ideas to prove the Gagliardo-Niremberg inequality. The proof of this inequal-
ity relies on finding a universal constant C' which bounds (J%)~!. Indeed, by denoting the following
2-parameters transformation for (), v) € R x R%:

A (x) = Av (%) ,

we notice that J%(vy ) = J*(v). As a consequence, if for any v, the inequality is proved for some vy - for
some values of A and v, then the inequality is proved for any function. In particular, if we choose A = ||v ||1sz1

_2
and 5 = [ol| 74, we have [[ur 2 = [loas

|y = 1. Thus it suffices to prove that (J)H(vry) =

[ur]34 is uniformly bounded with the constraints on A and +. By the Sobolev embedding for a certain
constant C (see for example [44]):

[olls < Clivll ;g

and thus we have (J%)~!(v),) < 2C independently of v . This last inequality concludes the proof of
the Gagliardo-Niremberg inequality. O

Remark 4.1.3. As from [4,91,189], the optimal constant in the Gagliardo-Niremberg inequality can be given
explicit in terms of ().
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Recently, the asymptotic expansions of the ground states have been improved, see [52]. We recall
the results applied to our case:

Theorem 4.1.4 ( [52]). Let « € (1,2) and x > 1. The positive, even function ) defined in Theorem 4.1.1
verifies:

1. (First-order expansion) The function Q) verifies the following decay estimate:

(a+j)! @

- ] c;
‘Qm@) —(=1y ol pltot :

S Wt z)es

jEN, (4.1.3)

1

. sin (Za) [T
for some C; > 0, withay := k1||QH‘z3 > 0andky := %/ e "“dr.
0

2. (Higher order expansion) There exists C > 0 such that:

al az as C
Q@) - (2 + 2 + —25)| < = (4.1.4)

ay as C
‘Ql(x)_‘—(a_‘—l)’l,‘a"’Q +(2a+1)1‘2a+2) g W, (415)

c

= opatdt

a(a+2) 1 az(3a+2) 1
2(a+1) xotl 2(a+1) g2atl

2sin (ma) /*"O !
0

‘AQ(w) +

with ay 1= kQHQH%B, ko = — - re " dr, and ag € R.

We also recall some results of regularity given by convolution with the kernel £ associated to the
dispersion:
eixﬁ

k(x) ::/Rmdg.

Lemma 4.1.5 ( [52]). Let g € X°(R). There exists C = C(g) such that:

|k * g|(x) < Ty

Furthermore, if g € C*(R), and |¢'(x)| < C{x)~2~%, then there exists C = C(g, g') such that:

c

00 (k.9) |2) < Tyogs

We set the expansion of the translated ground state Q(z + z) at +00 in x by:

ay x as (a+1)(a+2) 1
Qapp(,2) := Satl (a+1a Zot2 T el T <a1 B o® + a3 Sa+3’

Lemma 4.1.6. Let z be large enough. We have for all |z| < 5:

3 1
Quppl.2) = Qo + )|+ [Qunl-.2) ~ Qe - A < 0 (1o + S+ ) o

2 1
00 Q) = Q'+ 2) +10.Qupy(-.2) = @' = )] < € 7 + 22073 )

apla+2) 1
2(a+1) 20l

|| 1
AQ(.’L‘ =+ Z) —+ + |8,AQ($ + Z)' < C (22+a + 22(1+1



4.1 Ground state 91

Proof. From the asymptotic of () in (4.1.4) and the asymptotic expansions:

ay ay : (a+1D(a+2) 22 ||
|z — 2ot (Za+1 —a(a+ l)za+2 T a B Zat3 )| S Cara

az as SR
P and P we get the development of Q(z + z). The proof is similar for

and the ones of
Q' with (4.1.5).

The proof of AQ is a combination of the two previous asymptotic expansions. O

Proposition 4.1.7. Let i* > 0 be small enough. There exists a constant C' > 0, such that for any u < p*,
we have:

2
|Q1+ﬂ - Q - HAQ| + ‘Q%+u - Q2 - Q,UQAQ’ < C(qjl;ﬁ (4,1.7)
The following terms are also bounded in terms of p:
[Qip — Q@ — pAQ| o < Cp®  and  |AQ14y — AQ|[ ;1 < Ce (4.1.8)
Moreover, the scalar product of () with AQ is:
a—1
AQ) = ——— Q|32 1.

Proof. By the Taylor formula in i, we have, with (4.0.7), (4.1.4) and (4.1.3) for the second derivative:

1+p

e
Quip— Q— uAQ = /1 (14— 5)A2Quds,

1 2

nw—s 1 Iz
—Q - uAQ| < ds < C .
‘Ql‘f’ﬂ Q H Q‘ /O (1+5)2 <‘T>(1}j:s_1 S <.,L,>a+l

The proof is similar for Q% "

Notice that the previous bound still holds for two more derivatives, and the integral gives the first
part of (4.1.8). The second part is similar. Ol
4.1.2 Properties of the linearized operator

We recall some results on the spectrum of the linearized operator L and establish new inversion
lemma on L.

Theorem 4.1.8 ( [4,60,91,189]). Let a €]1,2]. There exists Q € H= (R) N C*(R) such that
1. (Linearized operator) Let L be the unbounded operator defined on L2(R) by:
Lv = |D|* + v — 3Q%.

Then, the continuous spectrum of L is [1,4o00[, L has one negative eigenvalue o, associated to an even
eigenfunction vy > 0, and ker L = span{Q'}.

2. (Invertibility) For any g € L?*(R) orthogonal to vy and (', there exists a unique f € L*(R) such that
Lf=gandf L Q. Furthermore, ifg € H*(R), then f € H**(R).

Proof. We give the proof of the second point. By the Lax-Milgram theorem on H %(]R), we obtain the

existence of f in the same space. Because f satisfies |D|*f = g — f 4 3Q2f, we have f € H%(R).
Concerning the higher regularity of g, if f is solution of Lf = g with g € H¥(R), then, since

[0y, L]v = 30,(Q?)v for all v € S(R), we obtain that f € H¥*(R). O
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Remark 4.1.9. From Theorem 4.1.8 we have the operator L verifies that there exists £ > 0 such that for all
f e HZ (R), with f L v, Q' then:

(Lf, f) > /<c||f|\i1%4

However, it is not convenient to work with vg. An argument of Weinstein will allow us to replace the
orthogonality on vy by an orthogonality on () to get the coercivity. Indeed, from Lemma E.1 in [187] and
since

-~ a—1
(L7Q.Q) = ~(AQ. Q) = —gr=slQllz= <o.

we obtain the coercivity of L up to the orthogonality condition on Q and Q':
Vi€ H>R), fL1QQ implies (Lf f)>rlfll,s (4.1.10)

We continue this section with two lemmas on the characterisations on the inverse of particular
functions by L on specific directions.

Lemma 4.1.10. Letk > 0 and g € X*(R) with g L Q', then there exist a unique f € X***(R), a € R
such that:
fLQ, fL

Proof. Since g + a@ L Q', we apply the invertibility property of Theorem 4.1.8 and there exists a unique
f € H***(R) such that:

{Lf:g+aQ

Lf =g+aQ
f L ker(L) = span(Q’)
To obtain the second orthogonality condition, since LAQ = —@Q, with (4.1.9) we deduce that:

(9,AQ) 2(a+1) (g,AQ)

@QAQ) a-1 [QI2.°

We finish with the decay in (x) ™'~ from the definition (4.0.6) of X*+(R). Since g +aQ +3Q*f €
X¥(R), we obtain by Lemma 4.1.5 that f = (|[D|* 4+ 1)7}(g + aQ + 3Q%f) € X**+%(R). This concludes
the proof of Lemma 4.1.10. O

(f,Q) =0 < (g+aQ,AQ) =0 < a=—

Lemma 4.1.11. Let g € X*(R). There exist a unique a,a € R and a unique function f € X*+®(R) such
that:

0,L(f — aSo) = Byg + aQ’ + GAQ
f—aSo L@, f—aSyLlQ

with
2(a+1) (g —a(|D|* +1)5), AQ) = 2e+1){g,Q)
a=— and a=———-+ . (4.1.11)
a—1 Q1172 a—1 Q7.
Similarly, there exist a unique a, @ € R and a unique function f € X*¥%(R) such that:
OyL (f +a(l — So)) = Oyg + aQ’ + aAQ
fHall=5)LQ, f+al—=S) L
with
_ 2Aat g +a(DI* + DU =5)),AQ) - 2a+]){gQ)
a=— 3 and a=—-+ 5
a—1 Q1172 a—1 Q7
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Proof. We denote by H the Hilbert transform. Since | D|* = |D|*"1H9,, we deduce that:
+o0
D|*So = [DI*7'H(ID* +1)7'AQ = IDI*(ID|* +1)7'AQ.
Jy

Then, we get that:
9y LSo(y) = —AQ(y) — 30, (Q°(¥)So(y)) -

Therefore, it is enough to prove that the following problem has a unique solution:

Lf =g+ aQ —a3Q*S,
f-aSLQ, f-aSLlQ
We choose @ such that g + aQ + @3Q2S) is orthogonal to @', and then arguing as in the proof of Lemma

4.1.10, we conclude the proof the first identity of Lemma 4.1.11. The second identity is similar.
O

4.2 Construction of the approximation

The approximation V' of the expected solution w is built in this section. The purpose is to minimise
the flow £y associated to the approximation, by detailing V. By taking the time derivative of the sum of
two solitons — R + Ry, a particular direction intrinsic to the problem appears and is compensated by the
use of a function W. This term possesses a tail at —co. We also define a time-dependent variable b(z(¢)).
We then minimise the flow associated to —R; + Ry + bW by adding localised profiles —P; and P in the
approximation to cancel the source term coming from the non-linearity.

4.2.1 Notation

Let us consider four C! functions 11, 42, 21 and 25 on a time interval I C R, and

F(t) = (Nl (t)v HQ(t)v 21 (t)v Zz(t)).

We define the distance between the different functions by:

p(t) = pa(t) — pa(t),  2(t) = 21(t) — 22(t). (4.2.1)
For a fixed constant Cy > 0, we use the following set of assumptions on the interval I:
—2(0) < 2(H) < 520, 2(0) < 2 (0 < 200, (422)
. . . C
1 (®)] + (2 ()] + )] + [2 )] + |22 + [20)] < (t)% (4.2.3)
z 2

i ()] + )] < — 0 424

H1 U2 \Z(t)2+a' 2.

Remark 4.2.1. The constant Cj is used to fix the set of assumptions on I'. The computations of this section
involve the constant Cy, but it does not have any influence on the final constant C' in Theorem 4.0.3. For
the sake of simplicity, we omit the presence of this constant in the computations. To close the bootstrap,
we will fix the constant Cy to be large enough so that the set assumptions on I' is satisfied.

We define a function

He(0) = s 425)

1)2[1Q|3.
with by = 72(11@ HQHZLs
a—1 (@l

< 0 and a; > 0 defined in Theorem 4.1.4.
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4.2.2 Approximate solution

We define a function Sy such that the 0, LSy is close to AQ), in the sense that the remaining terms are
of the form 9, (g) for some function g:

+00
S@i= [ DI+ )T AQET,  and WE().5) = Saly — 5(6)) ~ Soly — (1)) (426)
Y

Sp is a well-defined function. It has a limit at —oo, which may be different from 0 and is denoted by I:

l:= lim Sy(y). (4.2.7)

Yy——00
See Appendix 4.5.2 for the justification of Sp.

Theorem 4.2.2. Let I C R an interval such that the assumptions (4.2.2)-(4.2.4) on I" are satisfied.
There exist two constants By and &y in R, two functions 8(I') and 6(I") and two functions Py (T, y) and
P (T, y) such that the following holds:

» Asymptotic of B and 0. The functions 3 and & have the following expansion:

‘5@) - ffa + ‘5@) - Zfﬁa < Zﬁa. (4.2.8)
« Orthogonality conditions and limits. The profiles Py(T") € C(I, X?>T(R)) satisfy:
—Py+b(2)So(- — 21) L R1,8,R1, Pa+b(z)(l = So(- — 22)) L Ra,d,Rs.
We then define the approximation V' of a solution by:
2
V(L) = (=)' (Ri(Ty) + Bi(Ty)) + b(2)W (T, y), (429)
i=1
and for simplicity we will write V (t,y) := V(I'(t),y).
» Decomposition and estimate of the flow. The flow &y of the approximation
Ev =0,V + 0, (—|D|*V -V +V?) (4.2.10)
can be decomposed into:
8V:m'm+ayS+T (4.2.11)
with
() +b(=(0) ARy (1)
e (000 ) - ()
— (1) + palt) — 6(T (1)) 9, Ralt.y)

and the source term S and the approximation due to the flow T' are in C'(I, X**%(R)) and satisfy the
set of inequalities :

C
1Sl € —5zza (4.2.13)
2z 2
C
195122 < g (4.2.14)
2
C C .
1T < WJFWZM*HA (4.2.15)

i=1
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We add some estimates related to the previously defined functions. We recall the definition of ¢ in
(4.4.19) and @ in (4.4.20).

Proposition 4.2.3. With the previous notations, the following estimates hold:

« Estimates on the solitary waves:

c
1Ri(p = 82i)ll e + 110y Ri (¢ = 020)llpra + 11 = V015 = D) Ro)ll 2 < 55 i=1,2,  (4.216)
c
0y Ri®|| 2 + AR ®|| 2 € 5, ©=1,2,(42.17)
272
where 6;; holds for Kronecker delta.
« Estimates on the profiles:
c
I (Pr = Py = bW) [|zoe + 10y (P = P2 = bW) [l < 3, (4.2.18)
c
10; (Py — Py — bW) || Lo < —5m (4.2.19)
z 2
« Estimates on the approximation:
IVlizee + 10y Vllze < C, (4.2.20)
C
IVER | + |(V2 = YOy Rall12 < 1z K EN (4.2.21)
c
10Vl < gz (4.2.22)
o

The next subsections are dedicated to the proof of the theorem on the approximation V. We begin
with the expansion of £y defined in (4.2.10). Let us first compute the different time derivatives:

at(le) = 2131,]?,1 — [J,IARl and O;Rs = 72.281,]'?,2 + [:LQARQ.

By the definition of V in (4.2.9), we get the development:

2
Ev =Y (=)' (julR; — %0, R;) + Z (—|D|*R; — R; + R?) (4.2.23)
i=1
2

+ >0y ((=IDI* = 14 3R?) (=1)'R)) + 9, (=|D|* — 1)(8W))

=1

+0,(V®+ R} — R} + 3RIP, — 3R3P,) (4.2.24)

di( Py + Py + bIV). (4.2.25)

Notice also the following identities:
9y(=|D|*(=R1) = (~R1) = R}) = —uudyR1 and  9,(~|D|*Ry — Rp + R3) = 1120, Ry.

We extract from (4.2.23) and (4.2.25) the higher orders terms, and for sake of clarity we denote:

Vie (1,2}, 7, B) = ffaa (MAE)—M%B,
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and the remaining term outside of J, by:
2

T:=3 b(2) (Aﬁi - ARZ-) +A() (fale n ayﬁl) —8() (fang n ayﬁg)
i=1
+ 71, 60) — T(2,60) + % (=P + P, +bW). (4.2.26)

— ~ ~
Note that the directions AR; and dy R; involved in MV are switched by T"to AR; and Oy R;.
We continue by decomposing the term (4.2.24). First, from the interaction term V3 + R — RS we
extract the higher orders terms, and denote by Sys the rest:

Sys :=V3+ R} — RS+ 3RIP, — 3R2P, — 3R?bSy(y — z1) — 3R3b(1 — So(y — 22))
—3R?Ry + 3R, R
=3R3(P, — bSo(y — 22)) + 3R3(— Py + b(So(y — z1) — 1)) — 6R1 Ro(— Py + P> + bW)
+3(—=Ry + Ro)(—Py + Py +bW)? + (=P, + Py + bW)3. (4.2.27)

The profiles P; are built to remove the main orders of the interaction terms and some added terms
in 7. We want to inverse the following terms to get a better approximation of the solution:

Vi#£j€ {1,2}, y(l,j) Z:3§?§j — 6MIEA§1P1 + Guiﬁil\ﬁiﬁj + 3/Jj§,%l\§j
+ uiPi — BoT AR, (4.2.28)
z

and thus the quantities that we want to be close to 0 are the functions S; and So, equal to 0 at +oo and
satisfying:

0,81 = d, <<—|D\O‘ —1+ 3§%) (—Py +bSp(- — 21)) + y(1,2)) — b(2)ARy — B(2)0, Ry, (4.2.29)

9,85 == 0, <<—|D\" 1+ 3E§) (Py+b(l — So(- — 22))) — Z(2, 1)) — b(2)ARy + 6(2)9, Ra(4.2.30)

By an adequate choice of P;, b, 5 and 9, the functions S and S will not have a tail at —oo.
We finally gather the previous approximations and find the remaining terms in d,, by setting:

Vi#j€ {]., 2}, 5’;(2,]) = GuzﬁzA.Eq,Pi + 3RZ-2RJ' — 3EZ-2EJ' — Gﬂiﬁil\ﬁiﬁj — 3ﬂj§~?AEjv
and thus:

S :=3(R} — R3) (=P +bSo(- — 21)) +.7(1,2) + 3(R} — R3)(Ps + b(Il — So(- — 22))) —.Z(2,1).
(4.2.31)

We finally get the following decomposition:
Sy = MV +0,8+T,
where the coefficients 77} and W are defined in (4.2.12), T is defined in (4.2.26), and S by
S =51 +S8y4 Sys + 5.

Let us continue the construction in the next subsection by the choices of P; and Ps.
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4.2.3 Construction of the profiles

This part is dedicated to the construction of the profiles P, and P». The goal is to minimise the quantities
S1 and S by exploiting the intrinsic directions of the problems 9, Ry, 0, Ro, AR, and ARj. In particular,
the coefficient b defined in (4.2.5) is central in the study of the interaction. The profiles P; are established
term by term in .% in (4.2.28), and using the expansion of the interaction terms, given by Qqpp.

Due to the definition of .% in (4.2.28), for any i # j € {1, 2}, we define an approximate value of the
function .7, where it is located, by:

y = j Bi 525 i 505
F (i, Bo, Bo) = 3R} Qupp((—1Y (- = 2), 2) = 63 RAR:Bo(- — ) + 6 g5 Ril\Rian
Hi mpa(a+2) g ‘ iy 35
— 3 et 2(a+1) MR Bol =) - Po e AR

The definitions of b; and b are given in (4.2.5), and Sy and [ respectively in (4.2.6) and (4.2.7).

Proposition 4.2.4. There exist two constants 3y and &, two functions 3(I') and 5(T') in C*(I) satisfying
(4.2.8), two even functions By, Dy € X *°(R) and two profile functions P (T, y) and P>(T,y) inC(I, X*°(R))
satisfying:

N

P(T,y+21)— %Bg(y)‘ +

0
BT,y +22) — 21%1)0(’!!)'

0y ((~1DI" = 14858 (~Py 4+ b(2)S0(- = 1)) + F (1,2, fo, Bo) ) = b(z) ARy + B(D)9, Ry,

(4.2.32)

0y ((~1DI" = 14313 (P + b(2)(I = So(- = 22))) = F (2,160, Dy) ) = b(z)ARz — 6(1), Fa,
(4.2.33)

with the orthogonality conditions:
Py —b(2)So(- — z1) L Ry,8,R1, and Py+b(z)(l—So(-— 21)) L Ra,d,Ra.
Moreover, the profiles Py, P verify:
IPAL, )] + 10, AL, )] <€~ — (4234
Fte (y — z;)t*

‘%Pi(l“, y)‘ < ;%m (4.2.35)
’%B(F,y) + 20, P(T, y)| < Z; m (4.2.36)

The profiles P, and P, are defined by:
ﬁ
A®.y) = T C0)- Bly—a0), P0.):= T 1) Dly - 2(0),
where the functions ?, § and B are established in the next proposition, and the quantities .# are trans-

lated to be centered at 0 and correspond to ? . ? The proof of Proposition 4.2.4 is postponed after the
proof of the next proposition.

Proposition 4.2.5. Let us define the vector functions:

7 - (L 1 m pe 1 1
(1) = { t7a> J27a> 31ta’ Jita’ J2a+1’ ;37a ) -
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and for alli € {1,2}:

F (i, fo, Bo) = (3Q%1, 3Q%a(=1)i(a+ 1)y, —6QAQBo +6QAQag + By — HoAQ,

2 1 2
—3aq ot QQ, 3Q2a2, 3Q2 al 7(0( + )(a + )y2 + as .
a+1 2

There exist unique By € R, B(T') € CY(I) satisfying (4.2.8), Bo, B1, B2, B3, By and Bs € X*®(R),
with By an even function, and By, By + b1.S0, B2, B3, B4, Bs L Q, Q' such that, :

0, (L (F (1) B —b()8) + F (1) F(1L, 8o, Bo)) = b()AQ + BD)Q,  (@4237)

with B = (Bo, B1, B, By, Bu, Bs).
Similarly, there exist unique 5o € R, 6(I") € C(I), satisfying (4.2.8), Do, D1, Do, D3, Dy and D5 €
X°°(R) with Dy an even function, Dy, D1 + b1(l — So), D2, D3, Dy, D5 L Q, Q' such that:

9, (L (?(r) D+ b(2)(l - S0)) + T -F(2 6, Dy)) = ~b(z)AQ +0()Q,  (4.2.38)

with B := (Do, D1, D3, D3, Dy, Ds).

Notice that in the previous decomposition, the tail of the profile of the first solitary wave, given by
By, has an influence on the profiles around the second solitary wave, on D;. However, this tail does not
change the coefficient —b(2)AQ, which is of great importance in the system of ODEs ruling the equations
of 1 and of z.

To prove Proposition 4.2.5, we need Lemma 4.1.10 and 4.1.11 to find the adequate profiles.

Proof. We define from Lemma 4.1.10 the unique function By € X°°(R) and the unique coefficient 8y € R
satisfying:

{LBo(y> = =3mQ(y) + HQMw), @239)

BolQ, Bylq.

Notice that since L keeps stable the parity of the functions, By is an even function.
For the second term, we use Lemma 4.1.11 by defining the function B, and the coefficients 5; and
b1 as the unique solution of the following problem:

9y L(Bi(y) — b1So(y)) = 9y (3(a + 1)aryQ*(y)) + £1Q'(y) + b1AQ,
B1 — blso 1 Q, B1 — b150 1 Q/.

Notice in particular that by is defined by the formula (4.1.11):

20+ 12| QI

e P VT To]

<0, (4.2.40)

since the sign of a; > 0 is given in Lemma 4.1.4. This justifies the choice of definition of b(z) :=
stated in (4.2.5).

The third, fourth, fifth and sixth terms are defined as for By and (3. With Lemma 4.1.10, we define
By, Bs, By, Bs in X*°(R), and the coefficients 32, 33, 34 and 85 as the solutions of the following problems:

1
22+a’ as

o+

LBsy(y) = —6QAQBy — 6QAQay — Bo + foAQ + HQ(y) | LBs(y) = 3a1 fQQ + B5Q(y)
By1Q By lQ B BiLQ
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and

(a+1D)(a+2) 5

{LB4(y)—3a2Q2(y)+ﬁ4Q(y) B = -3 (@D ) Q2 + 00

/
By 1Q, ByLlQ. Bs 1 Q, BslQ.

Therefore, we set:
B(T) = (o, B, Ba, B3, Ba, B5) - 1 (I).

Now, we continue with the construction of B Since the first, forth, fifth and sixth coordinates in
(2, b0, Do) are respectively equal to the first, forth, fifth and sixth terms in F'(1, 89, Dy), the functions
Dy, D3, D4, D5 will solve respectively the same problem as By, B3, B4 and Bs. Then, we take:

Do =By, D3= B3, Dy= B, D;5=Bs,
and

0o = Bo, 03=p3, 61=p4, J5=0s.

The situation is similar for Dy = Bs and for 83 = d2. To construct D1, as for the function B;, we use
Lemma 4.1.11. Since 227 b(z) = by, there exist a unique function D; € X°°(R) and coefficients 61, d; € R
such that:

Ay L (D1(y) + di(l = So(y))) = 9y (—( + 1)a1y3Q*(y)) + 61Q'(y) + d1AQ(y),
D1+d1(l—So)J_Q, D1+d1(l—SO)J_Q/.

Moreover, Q2 is orthogonal to (’. Therefore by the formula (4.1.11), we obtain that:
dy = —b;.

Thus, we conclude the proof of Proposition 4.2.5 by defining:

o(T) := (b9, 01, 02, 03, 04, I5) - 7(F)
O

Proof of Proposition 4.2.4. The two identities (4.2.32) and (4.2.33) are deduced from the one of § and B in
(4.2.37) and (4.2.38), as well as the orthogonality conditions.

We continue with the estimate (4.2.34) and (4.2.35). First, we deal with the term 9, By. From (4.2.39),
we deduce that:

dyBo = (ID|* +1)7" 9, (3Q*By + 301Q* + AoQ) -

Since By € X2t%(R), we have that 9,By € L®(R) N C(R). Then, by Lemma 4.1.5, we obtain that
0yBy € X2+O‘(R). By a similar argument on By, B, B3, By and Bs with (4.2.3), we conclude that:

C 1
2t (y — zp)I+a”

10,P1 (T, )| = | 7 (1) - (9, B)(y — 21)| <

The same estimate holds for Ps.
Now, we estimate 9;P; for i € {1,2}. Note that the profiles P;(I') and P»(I") are C1([), since
' € CY(I). By direct computation, we obtain that:

G0 = (570 70) TCw) - Bl 2(0) - 500,AC0.0).



100 Strongly interacting solitary waves for the fractional modified Korteweg-de Vries equation

By Proposition 4.2.5, we have that B; € X for j € {0,---,5}. Therefore, we deduce with (4.2.3) and
(4.2.4), that:

(0 ve) T Blu-af <o (L el L

»2+a Slta <y _ Zl>1+a = 225 <y _ Zl>1+a'

We conclude that:

d C
L p(r) + 40 Pl(l“)‘ o
dt Y Z% <7/ _ Zl>1+z¥

The same arguments hold to estimate the profile P». This finishes the proof of Proposition 4.2.4. O

4.2.4 Proof of Proposition 4.2.3 and Theorem 4.2.2

Once the construction of the profiles is finished we continue with the estimates of the different terms
involved in the error.

Proof of Proposition 4.2.3. To obtain (4.2.16), we have the decomposition on 9, R;:

() 1

C
oo d < T o
10y Rielly, (<3 H {y — z1) 1o (y)e

Lo 2%

C
10y Baoll oo gy 3y < N0y Rl oo yezay) < S

The same estimate holds for Ry. Applying the same argument for the H'-norm, we deduce (4.2.16). We
can replace Oy R; by AR; in the former estimates and we get (4.2.17).
The estimate (4.2.18) and (4.2.19) are direct consequences of Proposition 4.2.4 and the definition of b.
By Proposition 4.2.5 the profiles P; and 0, P; for i = 1,2 belong to L*°(R). Moreover, by definition,
W and 9, W are also in L>°(R). Then we deduce (4.2.20).

By Proposition 4.2.5 for the profiles, and since b(z) = we deduce that :

o
Za+2’

1Prllzee + [Pl zoe + [IBWlzoe <~

Furthermore, using ; = {y € R: y < %} we get for 7 = 1, 2 that:

C

k k k
[RF®?|| oo < [|RFD?(| o0 () + |RED? || oo (q2e) < e

Gathering these estimates, we conclude the first part of (4.2.21). Concerning the second term:

I(V? = R0y Rall 2
C

< ||12R1(Ry — Py + Py + W)y R1 || 2 + || R30y Rl 2 + C|| — P+ Po + bW (|7 < s

By differentiating V' and using Proposition 4.2.4, therefore we obtain the estimate (4.2.22). O

Proof of Theorem 4.2.2. We continue with the inequalities (4.2.13), (4.2.14) and (4.2.15).

We first begin with the estimate on the L?-norm of the term S = Sys 4+ S; + Sy + S with
Sys, S1, 52, S are respectively defined in (4.2.27), (4.2.29), (4.2.30) and (4.2.31).

We begin with Sy s, by decomposing the different terms. We have, using the decomposition of Propo-
sition 4.1.7:

() ], <

1
P
{y—21)rre ‘ 1
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Let 2 := {y < %} By (4.2.34) and (4.2.3), we obtain that:
2 _ P2
|(mt = 7) 2o,
|t H 1 1 H 1 1 c
<C + <
S\l — ey — ) ) Iy — ) (y — )l agey ) T 2T
By similar computations, we have that:
|BBs) e < B, + || (R - B) B, <
L2 2 2 Zo+23a
Similarly:
C
[BRE(=bSo(- = 22)) +3R5 (—P1 + b(So(y — 21) = D) 12 < 55
2z 2
c
5+3a
z 2

For the third and forth terms of Sy s, by (4.2.18), we have:
|R1R2(—P1 + P+ 0W)|| 2 < |RiR2||2|| = Pr + Po + bW ||~ <

5+3a *
Z 2

and
|(=Ri+ Ro) (=Pt + P+ oW || | <l = B+ Rallpa ]| = Pr+ Py + bW« <

)

Finally, we compute the L2?-norm of the bump function W

c
< —5— = —
I6Wlle < v =
c
5+3a *
z 2

and therefore:
_ 3 _ >
2
[(=Pr+ Py +0W)¥|| 1o < [(=Py + Py + bW)| 2 [[(= Pt + Py + bW)] 2 <

c

”SV3HL2 < 5+3a *
z 2

With the previous computations, we conclude that :

We continue with S;. Notice that by definition of P;, another formulation of S7 and S5 is available:
(17 2a 503 BO)

Si=.#(1,2) - F
+ 4707(2, 1,4, D()).

Sy = —S(2,1)
We focus on S1, the computations are similar for Sy. We separate each term of .(1,2) — .%(1, 2, 8o, Bo)-

First we look at HBE%(Eg — Qapp(- — 22, z))HL2 The approximation of Q(- + z) by Qupp(+, z) in (4.1.6)
(y— 21>3)

L2

1
+ 22a+2

<C|3R?

L2(ly—=|<3) “ ! <z3a+1
c c

543a *

holds on a certain region, thus we begin with {y eER;ly — 21| < %} In this region, we have:
sBE {y—21)
1(R2 = Qapp(- — 21,2)) + o
< Z2a+2 < 7
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In the other part, we get:

+ 3R Qupn(- — 22.2)]

3E2E— app( — 21,2 ‘ iHSEZE) .
H 1B = Qupl- = 21,2)) L2(jy-=122) 2 L2y =223 L2(jy-=122)

The first term on the right hand side of the former estimate is bounded by:

. ~ . c
3R2R ‘ < C||R? oo |[Ralle < .
H 2 gy IR oo (jy—21 1> 2) | B2l £z < s

We estimate the second term on the right hand side by:

HR%QGPP(. — A z)‘ L2(ly—21]2%)
1 >z

c c

~. C
S ==t o HRf(yfm))
272

L(ly-=|>3) 25t

|y ==

< —
y-=l>3) %

Thus we conclude:

C
2 < 5+3a *
2 M

3Rz = Quapl- — 21,2))|

The estimates on the other terms of S are obtained by similar computations:

Bo(- — 21))’

21+o¢ 21+o¢

H6M1§IAE1 <P1 - o

 +lonnd (5 )

~. ~ 1 ag(a+2) B()(-le) C
3usR? | AR —_— P - — <
+H 2 1( 2+Z1+a 2Aa+1) L2+ H1 1 Jita L2\25+23a
then we conclude:
C
HSlnL2 < 5+3a *
z 2

To finish the proof on S, we have to estimate S. We focus on the first part of S, which contains 57(1, 2):
3 <R% — E%) (*Pl + bSo(y — 21)) + 6u1§1AE1P1 + 3R%R2 — 3E%E2 — 6/141E1AE1E2 — BHQE%AEQ

since the computations are similar for the other part. By using Proposition 4.1.7, (4.2.3) and (4.2.5) we
deduce:

- - I c
[3(RY — R})bSo(y — 1)l 2 + I3(R — R} — 2 RiAR)) Pi| 2 < —55s-

Z 2

To estimate the next terms in S , we remark:
RiR; — RiRy = R}(Ry — Ry) + Ro(R} — RY).
From Proposition 4.1.7 and (4.2.3), we obtain that:
I3R3(Rs — Ro) = 3 AR R 12 <I3R(Ra — Ra) = 3uaARa Rl + 1328 B (RS — B2 ) |12

2
<C< Mo + |/A1H/l2|) < \Sim.
z 2

Zlta Zlta

Arguing similarly, we obtain:

. . I c
13R2(RT — RY) — 61 RaAR) Ro |12 < —5-
)
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This concludes the estimate on S.
We continue with the estimate on 7. We decompose each term of its definition in (4.2.26). First, we
have with (4.1.7) and (4.2.3) :

1
(x — z)ot!

c

= 5+3a *
z 2

o (- a1, < 122

L2

Second, we use the inequality (4.2.8) as used in Proposition 4.2.4, and from the asymptotic development of
0yQ, by (4.1.8) and (4.2.4):

H,@(r) —0y Ry + ayﬁl) + %%(umﬁi)
L2
—~ ﬂO —~ N
H( 1+a) (=R +Ri)| + ‘ Zl+a8y (—31 + R+ HlAR1> ‘
L2 L2
|| IGi c
< CZZ+0¢ +C 2lta < Z%
Then, we consider the case of the time derivative on —P;. We have, by (4.2.36):
C .
We continue with the the term %W:
d «a -1 (. 53 S AD
ZW(E) = (DI +1) (zl(t)ARl - ZQARQ) , (4.2.41)

which with (4.2.3) and (4.2.41) give:

il 1l 1
| ooy <c vo s
.
C vz C
< 5+3a + C 7+3a < 5+3a *
z 2 2 2 2 2

Those previous estimates conclude the bound (4.2.15) on T'.
Since all the estimates have been established in L2, we need to continue with the first derivative to
establish the bound in H'. We can notice that all the estimates are based on two main arguments:

+ Anargument of localisation : if two functions are located at a distance z large, and if the two functions
have an explicit decay at infinity, then the product of the two functions can be quantified in terms of
z. The spatial derivative either leaves unchanged the decay property in terms of z of this product or
improves it.

« An argument of smallness of the objects: the objects already have a quantified bound in terms of z,
see for example the L°°-norm of P, in (4.2.34).

Therefore the computations made on the L?-norm are similar to those on the H'-norm.

Concerning the time derivative of S in (4.2.14), let us deal with a generic example of a function
Z(ﬂ%mglﬂt(t) (y — 2(t)), since all the involved functions, except W, are on this form. Either the time
derivative applies to W or to the scaling parameter 1 + (t) of the function g or to the translation
parameter —z(t). However, we get in each case either [i(¢) or £(¢), which by (4.2.3) and (4.2.4) are bounded
by 2~ 5" Notice also that the time derivative of the considered functions leaves unchanged or improves
the space decay at infinity, and from the remark on the space derivative above, the bound in z still holds.
The time derivative of W has been developed in (4.2.41), and 0;W fits in the previous discussion. As a
result, the estimate on ||9;S]| 2 is reduced to the product of two terms: one whose bound is the one of

" lta

|IS||z2, and one bounded by 2~ "= . O




104 Strongly interacting solitary waves for the fractional modified Korteweg-de Vries equation

4.3 Modulation

The previous section was dedicated to the expected approximate solution. Here, we prove that if a
solution is close to the approximation V, for two solitary waves far enough one to each other, then the
solution stays close to this approximation on a certain time interval. Furthermore, we can impose some
orthogonality conditions to the error between the solution and the approximation.

Let us define some conditions (Condz) on a vector I' = (21, 2o, i1, si2) € R* dependent on a param-
eter Z:

Z 1 1
z1 > 1 22 < e 0< —p1 < 7 and 0 < po < 7 (Condy)
and the tube:
N = - a g .
Z/I(Z/ V) {U € H ’ (R) r satlsfymgf(Cond7) u V(F)HH 2 V}
We also shorten the notations by:
Ri(y) = Ri(T',y) == Q4 (y — 2). (4.3.1)

This proposition is time-dependent, and can be found, for example, in [51,130].
Proposition 4.3.1. There exist Z* > 0, v* > 0 and a constant K* > 0 such that thefollowing holds. Let v
be a solution of (4.0.5) in C(R, H? ). Let us define a time interval I. If for Z > 2Z* and v € (0, “2), we have :

sup
ter \I' satzsfymg (Condy)

Jo(t.) = VIl ) <
then there exists a unique C'-function T' : I — R* such that:

e(t,-) =o(t,) = V(I(®),-)

satisfies for any i € {1,2} and for anyt € I:

e(t,) L Ri(t,:) and e(t,,-) L O,Ri(t,"). (4.3.2)
Moreover, for anyt € I:
e ) g + pa O]+ [p2(t)] < K'v, (4.33)
[41(8)] + |22(8)] + A ()] + |A2(t)] < K7, (4.3.4)
21(t) > g, 2(t) < ,% (4.3.5)

Proof. We give here some insights of the proof. The proof is composed of two steps. The first part involves
a qualitative version of the implicit function theorem, see section 2.2 in [32], to obtain the existence of the
continuous function I'. To this end, we study the functional

gUZ V) xRy xR* xRxR — R4
Jw—=V(@)R1, [(w-V(I)o,R
ez = ([0 TV R v

at the point (V(F) ) I') with V defined in (4.2.9) and T satisfying (Condz). Note that the estimates obtained
on g and drg used to verify the 1mp11c1t function theorem, are uniform in T satisfying (Condy), for Z > 22~
with Z* large enough, and v < %- with v* small enough. In other words, for all ', the function I" associated

with T given by the implicit functlon theorem is defined on a ball B(V (I'), v), with v independent of the
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point V(f) Since v is chosen independently of r satisfying (Condyz), we can extend by uniqueness the
parameters to the whole tube (Z, v). Therefore, we get I' € C1(U(Z, v)).

However, the solution u of (4.0.5) is only continuous, then we obtain that the function I'(t) :=
I'(v(t,-)) is only continuous. To get more regularity, we use the Cauchy-Lipischtz theorem. By differ-
entiating the orthogonality condition, we have that the parameters verify an ODE system. By using the
Cauchy-Lipischtz theorem, we obtain the regularity of the parameters even though wu is only continuous.

O

Remark 4.3.2. The parameters z1, 22, 11, p2 defined in Proposition 4.3.1, verify an ODE system which is
globally Lipschitz. In other words, the function I is well-defined and C'!(R). However, the conclusion of
the Proposition 4.3.1 are only verified for ¢ € I.

4.4 Proof of the Theorem 4.0.3

4.4.1 Bootstrap setting

Let (S,),7°9 be a increasing sequence of times going to infinity, with S,, > Tp, for Tp > 1 large
enough to be chosen later. Recall that V' is defined in (4.2.9). For all n € N, we define u,, as being the
solution of (4.0.5) verifying

with

’ifL m m m m
F (Zl n7z2n7uln’ﬂ2n)7

) Zin /j/in _4()1 o —atl
'qunn _Z%T,Ln = %7 I/Inn = _M12"n = 7717 Hi;n = a+1 (z’:bn) ’ ’ (4’4'2)
. at3 a+3 1 a+3 1
()7 ea" S, — 52,0 S, + s,g”], (4.4.3)

The constant zm will be fixed later.

2
with by defined in (4.2.40), a = (O‘T” —4b; ) “andr =

a+1 4(a+3)
By choosing T} large enough and Cy = 2,/ %ﬁ, we can suppose that (4.2.2)-(4.2.4) and (Condy)

are satisfied by I’ for any n € N. By (4.4.1), v,(S,) € U(Z,v) and V(') satisfies the assumption of
theorem 4.2.2. By continuity of v;, (see Corollary 4.5.2), on an open time interval I, 3 Sy, {vn(t);t € I}
is in U(Z,v). By applying Proposition 4.3.1, we define a unique function ', = (21, 22,0, 41,0, 12,1, ) OD
I,, such that the conditions (4.3.2), (4.3.3) and (4.3.5) are satisfied and I',(S,,) = I'"" by construction. T',,
also satisfies (4.2.2)-(4.2.4), which justifies the setting of Theorem 4.2.2.

By sake of clarity, we drop the index n, and denote v, I, 21, 22, i1, o instead of vy, I'y, 21,5, 220,
41,0 H2,n for the subsections 4.4.2 and 4.4.3.

As in Section 4.2, we denote:

Zi=21— 23, pi=p1— Mo, Z:=z21+42, Gi=p+p2 and e:=v—-V (). (44.4)

We introduce the bootstrap estimates

3a

le@)?,q <t™o,

|25 (1) — a*Ft] < 377

—4b1 tfm 5a411
t) — — | <Ot 4(a+s)
1) Va+1 4
[2(0)] < 0,
a+1
(b)) < CHEE
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with C* > 1 to be fixed later. Note that the condition (4.4.6) implies
2(t) — ata3| < Ot (4.4.10)
We define

t*(2in) = inf{t € [Ty, Sp] : VI € [t, Sp), (4.4.5) — (4.4.9) is true }.

We want to prove that for an adequate choice of 2" in (4.4.3), t*(2") = Ty.
By the previous choice of Cy, the assumptions (4.2.2)-(4.2.4) on the approximation and the condition

(Condyz) on the modulation are satisfied on (* ("), S,,], increasing Tp if necessary.

The section 4.4.2 provides the tools to get a bound of z1, 23, 11 and p9, and the section 4.4.3 the
bound on [[e][ ;4. Next, in the section 4.4.4, we prove that we can choose z,," to close the bootstrap. We
finish the proof of Theorem 4.0.3 in the section 4.4.5.

Remark 4.4.1. Notice that different parameters are involved along this section. We clarify the order in
which they are fixed. First, we fix the parameter A, introduced in subsection 4.4.3; then the parameter C*
involved in the bootstrap dependently of A, and finally, the initial time Ty dependently of A and C*.
4.4.2 System of ODE

We now continue with the system of ODEs ruling the parameters 21, 29, 1 and ps. To do so, we
compute the time derivative of the orthogonality conditions.

Proposition 4.4.2. The functions z1, z, 1 and po satisfy that for alli € {1,2} :

2
S () + (~1)'b(=(0)] <c( = o v 1O + ||e<t>|;;) S
i=1 z 2

and
[21(8) — pa () + BI@)] + [22(8) — p2(t) +6(I'(#))] <C (% + IE(t)IIH%> . (44.12)

Proof. We begin with the first orthogonality condition [ eR;. Since ¢ = v — V and v solves (4.0.5), we
deduce that:

Oe + 0y (—\D|”5 —e+(e+ V)3 - V3> = -&y.
By differentiating in time the equality 0 = [ R and using the fact [ €0, R; = 0, we obtain that:
0= %. eR; :/ (=|D|*¢ — & + 3Re) 0, Ry + / (V+¢e)® = V3 —3Rie) 9, Ry
—/WZ.WRl—/aySRl —/TR1+;21 /5AR1.
By using the equation of R; and the condition ¢ L 9, R;, we deduce that:
/ (=|D|* — e + 3R{e) OyR1 = / (=|D|* — (1 + p1)e + 3Rie) O, Ry = 0.
Now, we continue with [ ((V +¢)3 — V3 — 3R}e) 9, R,. First, note that:

(V4¢P —V3—3R% =3Ve? + &%+ 3¢ (—231 (Ro— P+ P+ bW) 4 (Ry — P+ P + bW)2> .
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We recall || V|| zee + |0y R1|| e < C. Therefore, using the Sobolev embedding Hé (R) < L3(R), we have
that:

(35 V+e )8 Ri| <

<O (leliF + el g ) -
zHa and |P| + |P] + [bW] < ZH@, we conclude that:
llellz2 2 :
<0 (B2 4 pepg o s )
Let us estimate [ 777 - MV Ry. Using the set {y € R : y < 252} we get that:

‘/ARgRl +‘/89R2R1 < Tra

Moreover, with Ry L 0y R;, we obtain that:
C

< Sva (2 +0(2) + 22 — p2 + 6(D)]) -

Furthermore,

‘ / ((V +¢e)® = V3 —3R%e) 9, Ry

‘/m-le—(—ﬂl-i-b(z))//\Rll%

Finally, using Cauchy-Schwarz inequality, (4.2.13) and (4.2.15) we get that:

1
‘/8ySR1 +‘/TR1 /EARl <C(W+‘N1‘H€”L2) .
z 2

Gathering these estimates, and thanks to the facts [|e]| ;3 < Crand |f1;]+|%;| < C from (4.3.3) and (4.3.4),
we obtain that:

+ |ful

C
2(aJrl)IIQHLzlm b(2)| Sz (2 + b(2)| + |22 — pa + 6(1)[ + llelL2) + o (4.4.13)

+c(|mu|su,, + el g ) -
By similar computations, we also deduce that:

a —

C C
st 11U+ D <y i = B+ oy = o+ B+ i) + e (10

+C (linllel g + el g ) -

Therefore, by adding (4.4.13) and (4.4.14) we obtain:

c .
ZWZ b(2) <o (121 = s + B + |22 = p2 + 6(T)))
1 1 9
O —mm + Il il + 55 | llell g + lleliys (4.4.15)
z
Let us continue with the second orthogonality condition:

Ozi/sale:/(_\D|%—e+(v+a)3—v3)a§R1—/R-Way&

dt
+/S(9§R1 7/TayR1+ﬂ1/68yAR1 72"1/835.31.

Since V| + |(9% + |D|*02)R1| < C and using the Sobolev embedding , H%(]R) — L3(R), we deduce
that:

‘/(—|D\°‘5—5+(V+5)3—V3) 2Ry | <

C (llelgg + NelZ g + el g ) -
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By developing 77 - MV and using the facts | [ 9y Ry (9yR2 + ARs)| < <%= and [9,RiAR; = 0 since
Oy Ry is odd, we get that:

[ W0, = (B0 [ @R < o (0 + i g+ 5.

We estimate the last terms by applying Cauchy-Schwarz inequality, (4.2.13) and (4.2.15). We have that:

‘/Sale + ‘/Tale + m/e@yARl + 21/5851%1

Gathering these estimates and using || < Ck and the fact || + | 2| < C (4.3.4), we conclude that:

1 . .
<0 (=g + Gl + D el )
z

HH%
. 1
=+ 80| [ 0@0° < € (g i + 002 + 2o = o + 600 + =iz + el ) @410
By similar arguments, we deduce that:
. ) 1 , 1
|22 = n2 +8(D)] [ (8yQ)° < C{ 5 In = b()| + |21 — pa + B(D)| + = + el g ) - (44.17)

Then, by adding (4.4.16) and (4.4.17), we obtain:

. . 1 . 1
= SO+ 22— a4 OO < ( g (U = 8+ e+ ) + s + el ).
z 2
(4.4.18)

Gathering (4.4.15) and (4.4.18), we obtain (4.4.12), and

1 1
Zmz 1) <C (g + (Jinl + lial + s ) els + el )

Since |gi;| < |+ (—1)'b(2)|+b(2), by applying the former inequality and (4.2.5), we conclude (4.4.11). [

4.4.3 Monotonicity
We define:

([ ) [ e

1—o(y) o(y) _ @ 3 ()
Crm®? T m@r ™ 2O =@t T T e

and

®1 (t7 y) =

Let A > 0, we define the rescaled functions:
_o(Y — ¥y - ¥
paly) = (A) v pralty) = (t, A) s paalty) =2 (t, A) ;

the derivatives by:

=VIFWIL @uty) = ety eiatty) = (£5). (44.20)
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By direct computation, we have:

¢ pp2+p)? c pE(l—npm)t
1

D1(y) = = and ®y(y) = = ) (4.4.21)
W)= = T+ m) W)= ST T w0+ m)
We also define the functional:
g D|@ 2 4 4 . 2
F(t) = / (5 2' °y % _ W Z 9 4 VT LV - Sz—:) Gra+ %gpw. (4.4.22)

We claim the following theorem that will help us to get the estimate (4.4.5) on the error .

Theorem 4.4.3. The following bound on the functional holds:
_ _7a+49
F(t) < Ct 2a+3

Preliminary results

To get the monotinicity properties of the modified energy, we need to recall a result from Lemma 6
and Lemma 7 from [91] and Lemma 3.2 from [51].

Lemma 4.4.4. Let o €]0, 2[. In the symmetric case, there exists C > 0 such that:

o ) o f
‘/(|D|au)u<1>§A 7/ (|D|2 (u<1>j,,4)) ‘ < E/uQ@;A,

and

o . a—1 a 2 C
Jooroausa+ et [ (i wan)|< 5 f oot

foranyue S(R),A>1andjec {1,---,N}.
In the non-symmetric case, there exists C' > 0 such that:

C
ﬂ/(u2 +0%) ©F 4, ifor €]0,1],
' o \2
A—C:/ (u2 +o2+ (\D|5u) ) %4, ifa€]l,2,
2

< (4.4.25)

[ @ora = oo ez,

and

\ / ((ID1w) By + (ID|0) Dyt o 4 + (~1) (- 1) / ID|% (udj ) [DIE (v0;4)

%/ (u2 + v2) <I>]2-A’A, ifa €]0, 1],

< (4.4.26)
C 2 2 o 2 2 .
A%/(“ w02+ (1[5 u) )%,A, ifa e1,2],

foranyu,v e S(R),A>1landje{l,--- ,N}

The estimates (4.4.23)-(4.4.24) are proved in Lemmas 6 and 7 in [91] for « € [1, 2]. Observe however
that their proofs extend easily to the case o €]0, 2. Note also that while only one side of the inequalities
in (4.4.23)-(4.4.24) is stated in Lemmas 6 and 7 in [91] , both sides are actually proved.

Lemma 4.4.5 ([51], Lemma 3.3). Let0 < « < 2. For allu € S(R), we have that:

[ (1)’ - (1pi24) ot

C o
< A—%/ <u2 + (D] 2u)2> o2 . (4.4.27)
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The following estimates are proved in Appendix 4.5.3.
Lemma 4.4.6. For v €)0, 2|, then for allu € S(R) we have that:

¢ .
ﬁ/u%h, if «€l0,1]

%/<u2+ (ID\%u)Z) 82, if a€l,?

Lemma 4.4.7. Let o €]0, 2], then for allu € S(R) there exists C' > 0 such that:

2

H 1DI*, ®5.a]| <
L‘z

‘ [ 101 i) (D100 ~ [ (D03,

¢ s 2 a, \2
<A—%/ <u2+ (\Dlzu) + (| D|*u) ><I>§,A7 (4.4.28)

forallu e S(R),A>1landjec {1,--- ,N}.

Lemma 4.4.8. Let 1 < o < 2. For allu € S(R), we have that:

1
IT+m)? 1+ p)?

‘Hl.

1IDI ou alull» < c] s g

Remark 4.4.9. Notice that the scaling in A is not coherent with the previous inequality. In the proof in the
appendix, we establish this inequality in H % (R) and use at the very end the embedding H2 (R) c H'(R).

Lemma 4.4.10. Let0 < o < 2. Forallu € S(R), we have that:

Cqu H HL? ( ) ]
2 2 a e (0 1
L‘7V#AuHLZ H|L‘7\/1 SﬁAUHlZé C

—= lull

: 1,2
Ve a € (1,2]

a
H2’

Proof of the Theorem 4.4.3

In this part, we study the functional F' defined in (4.4.22), dependent on the two functions ¢ 4 and
2, 4. For sake of clearness, we drop the indices A in this part only and denote those functions by ¢ and
9. The parameter A will appear explicitly when needed.

We recall the equation satisfied by e:

Oe + 0y (—\D|a5 —e+(e+ V)P - V3> =-&y.

We differentiate in time the functional F' defined in (4.4.22), by using (4.2.11) we deduce that:

T - [@e) (1DFe+e— @+ VP + V3 - 8) e+ 5 [ EDPA - @)D 1

+ / (@) (v +2)° = VP = 3V%) 1 + (@)eeea) - / (9,5)en

elDl*e 2 (V4e)t  ve 3 g2
+/<2+2—4+4+V e—Se 6t501+/§8t<p2
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Estimate on I, : Using integration by parts and the definition of £y, we deduce that:

1
11:5/(|D\a€+€f(V+6)3+V3)2(I>ff/ay(\D|ae+ef(V+s)3+V3) S1

f/sv(|D\ae+ef(v+e)+v375)so1
:%/(|D\a€+€—(V+6)3+V3)2¢f—/((H~W+T> (|D\“6+6—(V+€)3+V3)—TS)gol
—/S(\D\aa+s—(v+s) +V3 @2 /FZ MV S + = /SQ<I>2

:[Ll _|_..._|_[1’5_

We start with I ;. By direct computations, we get that:
1 1
3 (Dl + e (v ep 1 voPat - 3 [ (DP9 42+ (-(v + 27 + V9)?) a3
= /(|D\%) e®F + / (ID|%¢ +¢) (V3 -(V+ 5)3> o =T+ hoe

By using the estimate (4.4.23), we obtain that:

a 2l
L —/(|D|5(E<I>1)> ‘é E/EQ(D%.

Since V3 — (V 4 ¢)® = —3V2e — 3Ve2 — 3, by applying Young’s inequality, the bound on V' (4.2.20) and
Cauchy-Schwarz’ inequality, we have that:

C , f
|I112] < /(\D\“ o +CA“/(V452+54+5") q>§+c/(v452+55+54) 2.

We recall that 2py = p+ i, 2ue = i — pand o > 1. Therefore, using the bootstrap estimates (4.4.5), (4.4.7)
and (4.4.9) and (4.2.21), we conclude for I; ; that:

1 o 2 C 3(3a45)
ni- s [ qopemer— (0% o) > % [ @+ qprep) @t can .

Let us estimate I; . By using the definition of m - ]V[V in (4.2.12), we obtain that:
—
/m "MV (ID|% +e—(V+e)* +V3) o

2
= Z (=1)'4i; — b(2)) AR; (|D|*e + & — (V +e)* + V3) 9y

+ / ((Z1 = pa + BI))Dy Ry — (22 — p2 + 6(D) Dy Ro) (|1D|%e +& = (V +)* + V?) 1
=J1+ Jo.

Since < C, we deduce that:

1+

BA <Z\<—1>im —b(2)
+C_Z |(=1)'fi; — b(z)

2
+C_Z |(—1)'fi; — b(2)

MR (IDle e = V) (104 0 ) |

AR; (ID|% + (1 + p;)e — Rie)

AR’L (_Nig - (V + 5)3 + V3 — 3R128) = J1’1 + JLQ + J1,3.
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Thanks to the identity (V + &) — V3 = &3 4 362V 4 3:V2, the fact o < 2, and by Cauchy-Schwarz’
inequality, we get that:

2

Jig < CZ (=1)"4ii — b(2)|

i=1

1 _ 1
(T+p)? (14 p2)?

AR (¢ = b2i)ll 1 llell 5 -

Moreover, we recall LAQ = —(Q and since ¢ L R;, we deduce that:

/RiE

Applying Cauchy-Schwarz’ inequality, and Sobolev embedding H 3 (R) — L5(R) , we have that:

2
J1.2 :CZ|(—1)im—b(z)| =0.
=1

2

J13 <CY (=) — b(2)| ((Iuil + (V2= ROAR| 2) llell 2 + llel| 72 + Hellﬁﬁ) :
i=1

Now, let us estimate J. We focus on the first term of J, with 0y Ry, the second is similar. We decompose
this term into:

(= g+ BT) [ By (DIe+2 = (V4 + V) (m - é)

(1+pm)?
1 r
% (/ale (1D + ¢ - 3Rte) +/‘9le (v? - (V+s)3+3R%e))

=Jo1+ Joo+ Jo3.

By applying the Cauchy-Schwarz’ inequality and Sobolev embedding H 3 (R) — L5(R), we obtain that:

)" 1 _ 1
(I +m)? (14 p2)?

Since ¢ L 9y R; and LQ' = 0, we deduce that:

|J21| < ClZ1 — p1 + B(T

(N, Rrellg el g + N3 + Il 5 ) -

J272 =0.
Moreover, by Cauchy-Schwarz inequality and Sobolev embedding , H g (R) — L3(R) we have that:
ol < Ot -+ B (Iell=(V2 — B0, Balls + eliZa + ey )

By Cauchy-Schwarz’ inequality, we have that:

‘/T(|D\a5+5—(V+E)3+V3—S)g01

<CITeillys (lell s + el g + llelg +11Sllz2) -

Gathering those identities, and using the estimate on 7" (4.2.15), the estimates on the solitary waves
(4.2.16), (4.2.17), (4.2.21), the bootstrap estimates (4.4.5), (4.4.7), (4.4.9) and the equation on yi; (4.4.11) and
Z; (4.4.12), we get that:

_ 3(3a+5)
|Il,2‘ < Ct 2(+3)

Let us estimate I; 3. By Cauchy-Schwarz inequality, the estimate on .S (4.2.13) and the bootstrap estimate
on € (4.4.5), we obtain that:

. _ 3(3a+5)
3l < |52 5 (lellys + ||V +0° =v?| ) < o=
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—
Using the definition of 7 - MV, the estimate on fi; (4.4.11), 7; (4.4.12) and the estimate on S (4.2.13), we
deduce that:

. 3(3a+5)
14l < C|Sl 2 Z| b(2)| + 71 — 1 = BD)| + |22 — pp = §(D)| | < Ot 207
Finally, by the estimate on .S (4.2.13):
_ 3(3a+5)
g Ct 20a+3)

Conclusion:

o+5)

n-g [+ (orener— [ (DI eon) > —5 [ (+(Diep) 8 - cav 55

Estimate on I5: From the equation of ¢, since ¢y is decreasing and integration by parts, we deduce that:

1
21, = 5 [ (D120t = [0,eDI (DPe +26) 1 + [ elDp (DI + <) 22

+ [(@vIDpe —elDlgy o+ [ (EADI0, (~(V +2)° 4 V3) = 3, (~(V + 2+ V) (DI0))
=I1+--Iz5

Let us estimate I3 3 and I 3. Using the commutator estimates in the non-symmetric case (4.4.25), (4.4.26)
with v = | D|%, the commutator estimates in the symmetric case (4.4.23), (4.4.24) , and Lemma 4.4.7 we

get that:
C a \2
02| < A%/<52+(|D\55> +(|D\a5)2) o2

Lo+ Izs fa/ (\D|% (5@1))2 3 (a+ %) /(‘Dr*g)z

From Cauchy-Schwarz inequality and Lemma 4.4.8, we get that:

[T, = ‘/E(ID\” (Ever) = [DI* (Ev) )| < llell2lIlIDI%, wa)év |l

1

<C — e
‘(1+u1)2 (1+u) Ieles
1

< C‘ T e ([T

Therefore, by using the estimates on fi; (4.4.11), on Z; (4.4.12), the estimates on .S (4.2.13), T" (4.2.15), the
interaction between dy R; or AR; and ® (4.2.17) and the bootstrap estimates (4.4.5)-(4.4.9), we have that:

A ISl + 1T 1) -

_ 3(3a+5)
\[274| <t 23

Now, we estimate I5 5. Note that:
(V4+¢e)? = V3 =3V2% +3Ve? + &5
Then, we decompose I3 5 as:
Ly = / (ay (3V25) (ID|%) — €| D|*y (3V25)) 1+ / (By (3V52) (ID|%€) — e|D|*0y (3V52)) o1

+ / (ay (5‘5) (ID|%) — €| D|*9y (55)) ©1.
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Let v € {3¢V?2,3¢2V, 3} . Using integration by parts, the commutator estimates in the non-symmetric

case (4.4.25) and (4.4.26), we get that:
= ‘/%U(ID\”E)w +/5y€(\D|av)s01 - /E(ID\%)CI’?

< (o= 1| [ 1DI% @) DI2 (e + | [ (D108

\ [ i) -~ ipa, e

c 2 2 2 \2 2
+E/<€ +v +(|D‘28) )q)l

Moreover, from Young’s inequality, we obtain that:

’/(|D\a Ywd?| <

By using Young’s inequality and (4.4.27), we deduce that:

(o
A(x

(ID|*) <1>§+0Aa/v2<1>§.

[ 11 ) DI (e

C
< [@+ppopet v oan [t
By the Sobolev’s embeddings, Hi (R) — L*(R), H3 (R) — LS(R), we obtain that:

. C a
o] < CA® (IV*0 el + V20 llellg +1elg ) + 5 [ (4 (D122 + (D)) a2

Moreover, applying the estimate (4.2.21), (4.4.5) and (4.4.6), we get that:

3a+5) C a \2
L] < CAt™ G + = (62 + <\D|5e) + (\D|C‘e)2> 2.

2

Conclusion:

w 2 _ 3(3a+5) o
B [uprepat—§ [(01F Eon)’| <o 5 4 L [ (24 piger + (Dpe?) af
2

Estimate on I3: We decompose I3 as:
I3 = 73/81/(1/25)54,02 +0,VVelp — /8y (3V€2 + 53) epa + 0 Vedp
+/8y (ID]% +¢) ep2 — /51/8%02 =131+ I3+ 133+ I34.
By adding 0 and integrating by part, we deduce that:
Isn = 3/ale(¢2 - Zp1)Ve® + 3/(9yR2(22<p1 —pa)Ve? =3 / (0yV + 0yR1 — 9y Ry) Ve
-3 / (0:V — 10y Ry + #20,Ro) Ve o1 + g / VRS =I311+ -+ I3y 5.

Using the definition of ¢; and 2, we obtain that:

yia| = ‘3“1 Zl/a RyVe? (17¢)+3 M/&,Rﬂ/e @‘

< Cllelifa (120 = gl + (|21] + |2)) ||3leV90HLw)-
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Using the same argument, we deduce that:
I3.12] < Cllell (122 — pz| + (12| + [pa]) 8y RV (L = @)= -
Using the definition of V' and a:
[I3,1,3] < Cllell7z (1] + [p2]) 18y (P2 = P+ W) || 1o
and
3.4 < CllellZ2 ((rial + [12l) + (] + |u2]) 10 (Po = P+ bWx) )

Gathering these identities, and using the bootstrap hypothesis, the time estimate of the different
terms and (4.2.18) and (4.2.19), we conclude that:

3(3a+5)

|I31] < Ot 20¥3)

For I3 2, using integration by parts and Sobolev embedding, and the bootstrap hypothesis, we deduce that:

[I32| < C (H€II3H% 10V [ oo + (Jpal + 2DV Il + 18,V Iz el g + (lpal + Iml)l\sll‘},%)

_ 3(3a+5)
g Ct 2(a+3) |

Using integration by part, the commutator estimates in the symmetric case (4.4.23) and (4.4.24), and since
Oy < 0, we obtain that:

a+ 1 a 2 1 C
[373 > — 2 /<|D|2 (5(1)2)) — (5 + E) /52(1)%.

Moreover with (4.4.21), we have:

Then, we get that:

11— o 2 1 C 1—
Ly > -0 w/(mmg@n) _ <,+f) &/g@%_
, 2 241+ pe 2 AY) 2+ py + peo

Since sLALH2. < % by (4.4.7) and (4.4.9), we deduce that:

2+ p1+p2
3(a+1) N 2 (3 C -
> _ S\ 7 : N
Iy > == /(\D|z (o)) (8 + Aa) /5 2.

Let us estimate the last term of I3. Using the definition of £ and Cauchy-Schwarz inequality, we have
that:

Taal < Cllal + el (10,1 + 1) + | [ - BV

Using the definition of - ]VH_/) and the orthogonality condition € L d,R;, we deduce that:

‘/mvm}m

2
< Cllellg2(lpal + lna2l) (Z [(=1)"4i = b(2)| + [Zi — pual |9y Ri(ep — 52,i)||Lz> :
i=1

Therefore with (4.2.16), we get that:
_ 3(3a+5)
34 < Ct™ 2@+ |
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Conclusion:
1 " o 2 _ 3(3a+5)
I3 > *%/ (\DF (6<I>1)) - (3 + %) /s%% — Ot 2033

Estimate on 1,: Applying Cauchy-Schwarz inequality and the estimate on the time derivative of S (4.2.14),
we obtain that:

_ 3(3a+5)
s < C[|0pS||2lell 2 < Ct 2@
Estimate on I5: First, note by direct computation, we have:
2401

2io . .
[Orp1] = ‘m(1*@)+ﬁ@‘ C (| + |pizl) -

Then, by the Sobolev embedding H3 (R) — LS(R) and Hi (R) — L*(R), we deduce that:

g2 Vet vd
‘/(2—(4)4‘4-}-‘/36 Orp1

Moreover, by Cauchy-Schwarz inequality, we get:

‘ / Sedrpn

Now, let us estimate the first term in I5. By direct computations, we have that:

/g|D\%aﬁo1 uii(/ng\m (- )]E+/<\D|2s) (1- ))
(liﬁ(/D%lD‘ ]5+/(|D\25> )

Using Lemma 4.4.10, we deduce that:

‘/E\DPE&% <
3(3a+5)

1151 < C(lia] + lrizl) (IS z2llell 5 + el g + llell g + llelld g ) < €t =5

< C (Ll + rial) (llel?yg + Il g + el ) -

< C (il + [ri2]) 1S z2lle]l 22

O|pinl + Iz llell?, 5

Conclusion:

Estimate on Is: By definition of y9, we obtain that:

[Osp2| < C (|pin] + [pi2l) -

then, by using the estimate on /i; (4.4.11), the bootstrap estimates (4.4.5), (4.4.6), we have that:

_ 3(3a+5)
|]6| < Ct 2043,

Gathering the estimates on I1, ..., I, we obtain that:

k0 ““/(|D\%) o? <1+%—%) /(\D|%(5¢1))2+<%—2)/52®%

3(3a+5)

(2 4 (|D|2£)? + (|D|%)?)®? — C A%t 203
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To compare the quantities [ (|D|*¢)> ®} and [ (| D|*®;)? we use (4.4.27), thus we have:

jtF() a;rl/(\DI“e)%H (1+%—w) /(|D\%5)2<1>§+ (%—g)/e%%

v+5)

3(3¢
(€2 + (IDI3)® + (ID|"e)?) @} — CA*t 2o

A%
By taking A > A; large enough, T} large enough, we deduce that:

d F(t) > —CA“t™ 2((:‘:9’))
dt

However, the choice of A is independent of parameters. We set A > max(A;, Az), with A, defined in Claim
4.5.7 for the coercivity of the localized linearized operator. For now, A is a constant. Then, integrating in
time from ¢ to .S, we conclude that:

Ta+9

F( ) < Ot 2(<v+3)

with the constant C' independent of the different parameters.

4.4.4 Topological argument

We argue by contradiction. Let suppose for all 2" in (4.4.3), we have t*(2") > T,.

Suppose first that one of the bootstrap estimates (4.4.5), (4.4.7), (4.4.8) or (4.4.9) is saturated, in the
sense that the equality is achieved.

1) Closing bootstrap for €. First we start to show we can improve (4.4.5). We recall that the notations
¢, @1 and @2 holds respectively for ¢4, ¢1 4 and o 4. Using the Cauchy-Schwarz inequality, (4.2.13),
(4.4.5) and the definition of ¢, , we get that:

3(3a+5) 1 ~ 1— 1 [ ~
F(t) > — Ct20+) 4 — 3 / (E|D|% +e2— 3R%52) SRk 7/ <E|D\”E +e2 - 3R§52> (L

(1+m)2 " 2 1+ p2)?

Vet 3~y 1—¢p 3~ ©
— 4+ V3 (7 by T o B SRy ) P N cu— 4.4.29
/5 S"2+/<4+ )t e e

First of all, we estimate the last term on the right hand side. We get that, by straight forward computations:

vt 3 (V+e) 329 3 et
T+V€_T7_§V€ —¢€ V_Z‘

Using the Sobolev embedding and the bootstrap estimates on € (4.4.5), we deduce that:

1 _ 3(3a+5)
’/(531/ + 164)901 < Ct 20+,
Moreover, we have that:
— P 2 14 2 2 2 2 2 52 14 = 1—v
R +R v :<R —R) +<R —R) “R “R
(1+ eI S P S A R R Y C IFRPS Y I

+ 2R Rop1 — 2(—Ry + Ry)(=Py + Py + bW )1 — (=P + Py + bW)2%py

Therefore, by applying the bootstrap estimate on € (4.4.5), the estimate on the profile P; (4.2.34), the estimate
on the solitary waves (4.2.16), the estimate on A (4.1.7) and finally the bootstrap estimate on z (4.4.6), we
get that:

V4 (V +e)? 3~ 1-—¢ 3~ ®
— Ve +-Re?—— T 4 TR T
‘/<4 ) 4 ! 1 w2 2 (T )2

_4a+6
< Ct a3,
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Moreover, from the bootstrap estimates on p (4.4.7) and i (4.4.9) we have that:

[

Now, we estimate the two first integrals in (4.4.29). We claim the following:

< a5 |[g]|2,.

¥
(14 p2)?

The proof of this inequality is given in Claim 4.5.7 in the Appendix 4.5.4. The proof is based on the
coercivity of the linearized operator L. By combining the former inequalities and using Theorem 4.4.3, we
deduce that:

> kle|? i=1,2.

~ 1— ~
/ <€|D\a€ +e2 - SR?EQ) ﬁ + (5|D\°‘6 +e? - BR?EQ) e

9 _4a+6 _a+l 9 _ _7a49
/iHE”H% — Ct™ o5 —Ct o+ lel|2 < F(t) < Ot 2049,
Therefore for T large enough, we conclude that:
2 2ot
leli? 5 < Ot

Therefore, we strictly improved the bound (4.4.5) on ¢. This concludes the proof for e.

2) Closing bootstrap for ji,ji and z. Now, we improve the bound on x (4.4.7). We recall p = p11 — p2
and z = 21 — z2. Combining the bootstrap estimate on ¢ (4.4.5) and z (4.4.6) on the right hand side of the
estimate of fi; in (4.4.11) we deduce that:

_ 3a+5

Ct ats,

N

. 2h
- zat2

Because b; < 0 and by the equivalent of z in (4.4.10), we have /i < 0. By the initial condition x(.S,) > 0,
see (4.4.2), /1 is positive on (t*,.5,].

Then, multiplying by p, using the estimate on Z; (4.4.12) and the bootstrap on z (4.4.6) and yu (4.4.7),
we obtain that:

.2 .
1% 2b1 1 <Ot 4<x++35
2 a+ 1ot =70 '

By the choice of the initial data, we have that:

4by 1
2 - -
K*(Sn) = a+1z0t1(S,)"

Therefore, by integrating from ¢ to S,,, we get that:

2 ]
7 2b; 1 _3(at1)
5t a1 < Ct™ ats | (4.4.30)
With the bootstrap hypothesis on z (4.4.6), we deduce that:
—4by t7% _ Ba+11
b= o e | S O,
a 2

with the constant C7 > 0.
Let us compute the bound on fi. From the estimate on /i; (4.4.11) and the bootstrap estimate on ¢
(4.4.5) and z (4.4.6), we obtain that:

3a+5

lal < Ct™ e
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By the choice of the initial data, we have that 1 (Sy,) = —pu2(Sy). Thus, by integrating we deduce that:

2(at1)
| < Cat™ " oF3 (4.4.31)

with the constant Cy > 0.
Let us get a bound on Z. Using the fact that | ()| +[6(T")| < 2(5271;50), the bound obtain for /i (4.4.31)
and the estimate on Z; (4.4.12), we deduce that:

_2(at1)

21 <I = i+ B(T) + 6(T)| + |l + [B) + (D) leqCst™ 2059 + (2(fg + do) + Ca)t™ o3

_ 3a+45
< 205t 2a+3)

Therefore by integrating, we conclude that:

2 < 2C3(2(a + 3)){2&7113)
a—1
2C5(2(a+ 3))
a—1

estimate on g, fi and Z. Then, none of the previous inequalities on /i, fi and Z can saturate independently
of the initial condition 2"

3) Closing bootstrap for z. Subsequently, the inequality (4.4.6) saturates for any z,
that this equality is the source of a contradiction on ¢* (/™).

Hence, by taking the constant C* > max (C’l, Co, ), we can close the bootstrap

in

7. We now prove

2
. in at3 147 ot .
First, we remark 2" = | a 2 S, + A\, 57 , for some A\, € [—1, 1]. Therefore, we can write

t*(2) = t*(\,). We set:
®:[-1,1] — {-1,1}
A (S EN) - a T EW) )

and

f:R—RT

. 2
a+3 a+3 i
s — (z z (s)—a 2 s) s,

By assumption, we have for any A € [—1, 1], t*(X) > T and thus:

at3
2

|22 (" (V) —a = (V)] = (T (V)= (4.432)

We claim:
Claim 4.4.11. 1. Transversality condition: Let so > Ty such that (4.4.32) is verified at so, then:
f is decreasing on a neighbourhood of s¢. (4.4.33)
2. Continuity: ® € C°([—1,1] : {=1,1}).

Let us assume the claim and finish the proof. The transversality condition (4.4.33) implies that
t*(£1) = S,. Moreover, ®(+£1) = +£1. This contradicts (2) of the former claim. Now, we prove the
claim. First, we prove the transversality condition (4.4.33). By direct computations, we have that:

- ats a ats ot at+3 \2
f(s) =2 (z;g(s) — a;s) <z%3(s) — a%ss> s (1 42r) <z%3(9) — a%ss> §727,



120 Strongly interacting solitary waves for the fractional modified Korteweg-de Vries equation

From the estimate obtain on ;2 (4.4.30) and the estimate on 7; (4.4.12), we obtain that:

a3 a+3 [—4b

a+1
zz (t)— < Ct™a43. (4.4.34)

2 a+1

Therefore, by using (4.4.32) and (4.4.34), and since a3 = O‘T*?’ ;ibll , we deduce that:

f(s0) < Csgt ™" — (14 2r) syt
Since r > 0 and for 7j large enough, we conclude that:
f/(SO) < 0.

To prove the second part of the former claim, it is enough to show that A — ¢*(\) is continuous. Let
us fix A € [—1, 1]. From the transversality condition, there exists €y > 0 such that Ve € (0,e), 36 > 0
and the two following conditions are verified: f(t*(\) —¢) > 1+4,and for all t € [t*(\) +¢, Sy] (possibly
empty), f(t) <1—24.

Note that the function is well defined, since the function z is globally well defined, see Remark (4.3.2).
Then by the continuity of the flow, there exists > 0 such that for all |\ — A| < 5, with A € [~1, 1], the
corresponding f verifies [f(s) — f(s)] < § for s € [t*(\) — ¢, S,]. Therefore, we obtain that for all
s € [t"(A) + €, Sy

)

F(s) <If(s) = f(s)| + fls) <1— 3

Thus, t*(\) < t*()\) + €. Furthermore,

FEN) =) > f(E"(N) —e) = [f(t"(\) —e) = F(t"(N) —e)| > 1+ g-

In other words, £*(\) — ¢ < t*()), and then & is continuous.
This contradicts the fact #*(\) > T and implies the existence of 2/ such that (4.4.5)-(4.4.9) are true
for all t € [Tp, Sy).

4.4.5 Conclusion

iny 2d3 at3 at3 1.,
In this section we have proved that there exists (z)') 2 € [a 2 S,I —Su,a 2z S, + 52 +’] such

that the bootstrap estimates (4.4.5)-(4.4.9) are true for all t € [T, S,,]. Let us show this implies Theorem
4.0.3. From (4.4.5), we obtain that:

lon(To, )l g < llen(To, ) g + IV(Ia(T0), )l 55 < C-

Therefore, by Banach-Alaoglu, there exists wg € H 2 (R) and a sub-sequence also denoted by (v;,),, such
that:

Un(To) — wo.

Thus, we denote by w the solution of (4.0.5) such that w(7p) = wo. Let t > Tp. From the weak continuity
of the flow of Theorem 4.5.3, we have that:

a3 a3l
hmmf len(t, Mg +11m1nf HV (), ) +Q ( - fta+3) -Q ( + %t%ﬂ*> HH% .
Then, by using (4.4.5)-(4.4.8), we conclude that:

o+ - §8) - (g, <
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4.5 Appendix

4.5.1 Local well-posedness
We recall the results of well-posedness of (4.0.5).

Theorem 4.5.1 ( [71], Theorem 1.5). Let o € (1,2), and ug € H*(R), with s > % — - There exists a time
T = T(||u0HH%7%(]R)) > 0, and a unique solution uw € C([-T,T|, H*(R)) of (4.0.5). Furthermore, the flow
ug — w is locally Lipschitz continuous from H*(R) to C([-T,T], H*(R)).

Because the equation is subcritical, we obtain as a corollary the global well-posedness.

Corollary 4.5.2 ( [71], Corollary 1.6). For any initial condition ug € H? (R), there exists a unique global
solution of 4.0.5 in C(R, H= (R)).

We continue with another property of the flow, which is the weak-continuity in H 2 (R).

Theorem 4.5.3 (Weak continuity of the flow). Let v € (1,2). Suppose that ug,, — ug € H%(R). We
consider uy, solutions of (4.0.5) corresponding to the initial data u,,(0) = u,, o and satisfying u,, € C([0,T] :
H?%(R)) for any T > 0. Then, u,(t) — u(t) in H2 (R), for allt > 0.

The proof of the weak continuity of the flow relies on the well-posedness result given in the Corollary
4.5.2. We refer to [51] Appendix A, [66] for a proof of this result.

4.5.2 Justification of the definition of S,

First, we recall some well-known results on pseudo-differential operators (see [6], or [80] chapter
18). Let D = —i0,. We define the symbolic class S""? by

Sma = {a € C®(R, x Re); Yk, B € N,3Cp5 > 0 such that [050  a(z, &)| < ck,ﬁ<x>q-k<g>m-ﬁ} .

For all w in the Schwartz space S(R), we set the operator associated to the symbol a(z, §) € S"™9 by

1 )
o D= 5 [ eala, ) Fu) )i
We state the three following results
1. Let a € 8"™1Y, there exists C' > 0, such that for all u € S(R)

la(e, Dyull > < Cll(@)D)™ul| 2. (45.)

2. Leta € S™9 and b € 8™ 7, then there exists ¢ € S+ 4+4 guch that
a(z, D)b(x, D) = ¢(x, D). (4.5.2)
3. Ifa € S™@ and b € 8™ are two operators, we define the commutator by [a(zD), b(zx, D)] :=
a(z, D)b(z, D) — b(x, D)a(x, D). Moreover there exists ¢ € S™+™ ~1.a+4'~1 guch that
[a(z, D),b(x, D)] = ¢(zx, D). (4.5.3)
4. Let a € 8™, we have the following development for the adjoint a* of a. Let k € N, then
(@.6) = 3 500 Dlal.§) + Rulw.)
B<k
with 8?D£& € §m P48 and Ry, € S™B~1.4=B~1 Moreover the rest R}, is given by
2k +2

1 1 _ ~
Ry(z,€) = ﬂ/ (1- t)%“dt/e i Z Wa{jaga(x — ty, & — tn)y’nPdydn.
0 Bty=2k+2
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As a consequence of (4.5.2), (D)™ (x)9(D)~™ € S§%9. Therefore, by (4.5.1), we have

(D)™ () ull > = [[{D)™ (x)" (D)™ (D)™ul| 2
< Cof (2)1(D)"ull 2,

for Cy > 0. By the same computations with ()7 instead of (D)™, there exists C > 0 such that

Cill{@)* (D)™ ul| 2 < [{D)™ () ul| 2.

Gathering these two estimates, we conclude that

Cil[{@)* (D)™ ull 2 < [{D)™ () ull L2 < Col|(z)1 (D)™ u] L2

We recall also the Schur’s test.

Theorem 4.5.4 (Schur’s test [75], Theorem 5.2). Let p, q be two non-negative measurable functions. If there
exists v, 5 > 0 such that

/|K<Ty l9(v)dy < op(z) ae. z € R.
2 / K (2, y)p(e)de < Ba(y) ae.y € R,
R

ThenTf := / K (z,y) f(y)dy is a bounded operator on L*(R).
R

We recall two other lemmas useful for the rest of the appendix. The definition of ¢ is given in (4.4.19).

Lemma 4.5.5 ( [91] Claim 5). There exists C' > O such that

ola) | <Ot £ a5 () ),
(o) = oW <C i e =l > 5 () + ().

Lemma 4.5.6 ( [91], Lemma A.2). Let p be a homogeneous function of degree 5 > —1. Let x € C3°(R) such
that0 < x < 1L, x(&) =1 if|€| < 1andx(§) = 0if|€] > 2. Let

) = 5= [ @€

Then for all ¢ € N, there exists Cq > 0 such that, for all z € R,

C
q q
|09k ()| < @
Now, we can start the proof of the justification of the definition of .Sp.

Proof. We recall the definition of AQ), and estimate on @) from [61]:

1

T +1) a+1

E T

Since AQ € L?(R), we can define by the Fourier transform (1 + |D|*)"'AQ € H¥(R):

(1+1¢*)

a\y—1 2 _
o+ 101 8@l = | e

AQ S IAQ]| 2 < oo

L2
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The integral of (1 + [D|*) " AQ on a finite interval is well-defined since it is in L?(R). However, it is not
clear that the integral over an infinite interval is finite. We use the pseudo-differential theory to prove that
the limit is finite. Let us define X, a cut-off function equal to 1 in a neighbourhood of 0, with compact
support. Let I be a compact interval. By the Cauchy-Schwarz inequality :

[la+ ID\“)”AQ‘ < [Ja=x@na+optag)+ [[vo) e+ pryag)

<@t a-xm)a+pm

+OH Vix(D) (1 + |D|*) AQ‘

L2(I)
=T+ 1.

Note that the previous constant can be chosen independently of I. We have from (4.5.3) that the symbol
(mﬁ(l —x(&)(1 +1€]*)~! belongs to S1 ¢ 8*1. Thus, since (x)%AQ € L2(R):
T S ()5 AQlIr2r) < oo

We can not deal with the integral 7, with symbols only, because x(£)(1 + |£]|*)™" is not smooth
around 0. We use the commutator to bring the decay in z close to AQ (notice the integral is over R):

z < [ ([@iaoa+pn 7] aQ) + [ (xoy+ o)

3 2
By the Plancherel formula, the second term can be bounded by {x}%AQ HL2 < 0. The first term needs to

develop the commutator. First, let us define the kernel k satisfying:

x(€)
L+ [gle

D)+ D) ute) = o [ e XM et = kute), 50 FO) -

The kernel k is well-defined as the inverse Fourier transform of a function in L. We thus get:
(@t x(D)A+ D1 w= @)k xu(@) = kx (@) Fu) (2)
3 3
— [k =) (@1 - ) utwdy.

By Lemma 4.5.4 and the symmetry of k, it is enough to prove that y — k(z — y) (( >% (yyx ) € L'(R).

First, we have to estimate k. By integrating by parts twice, we deduce that :

L[ e X(©) Ca
%/e 1+|£|ad§‘ <G (4.5.4)

Let Ay :={yeR: |z —y| < 5 ((z)+ (y)} and Ay == {y € R : |z —y| > 3 ((z) + (y))}. Notice the
following equivalences :

1+x2(178§) et = ¢ and  |k(z)| =

|z =yl < 5 ((2) + () = (2) ~ (v), (4.5.5)

N | =

and

o —yl > 5 (@) + ) = (o —y) ~ o — gl ~ (@) + (o). (45.6)

Then, from (4.5.4) and (4.5.6), we deduce that

/A ka=1) (@1 - i) dy’ < /A 2 (<<:Z>4 :(2;))34 . _1y>% dy < C. (45.7)
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Moreover by (4.5.5), we obtain that A; C [—ca|z|, —c1|z|] U [c1]z], ], for some 0 < ¢; < ¢ < +00
1

independent of x. Moreover, by the mean value theorem and In(z + (z))" = Tay» We get that

/. =) (01 - 1) dy‘ <ct [ | Ty < Cla)HmC ] + () < b

Gathering (4.5.7) and (4.5.8), we conclude that k defines a bounded operator on L2(R). It implies that 75
is bounded, and thus [ [(1 + |D|*)AQ)| is bounded independently of I. This achieves the proof of the
well-posedness of Sy, and that Sy has a finite limit at —oo. O

4.5.3 Proof of the preliminary results

Proof of Lemma 4.4.6. Let x be a smooth cut-off function supported around 0. To estimate this commutator
we split the norm in low and high frequency. For the low frequency we use the Schur’s Lemma (Lemma
4.5.4), and the pseudo-differential calculus for the high frequency. To get an explicit dependence in A we
prove the estimate

2 C [u?®?, if a€l0,1]

H DI, ®]u =S \oy <u2 + (\D|%u)2) 2 if a€cll?

Then, we conclude Lemma 4.4.6 by changing the variable z = % and multiplying by m — m

Let us start the proof. By the Schur’s lemma (Lemma 4.5.4), we deduce that

<C’/ u2P?

From pseudo-differential calculus, and (z) 2 T ~1422, we get that

oIl 0

2 C'/uzq>27 if «a€]0,1]
<

H (1 = x(D))|D|*, @] u o C/u2¢2+0/<\D\%(U<D)>2v if a€]l,2

Again, by applying the pseudo-differential calculus, we deduce that
a 2 " o 2 o 2
[ (o)’ <c ([ (xoipEen)’+ [ (a-xopios we)’)
<C (/ u?@? +/(|D|%u)2<1>2> .

Then, by changing the variable x = %/ and multiplying by , we conclude the proof of

1
I+m)? (1+#z)2
Lemma 4.4.6. L

Proof of Lemma 4.4.7. By direct computations and Young’s inequality, we have that
101 @) (D)0 — [ (D) 82 = / IDf*uy Al|DI", @1 4]

<o [(DPuR a4+ 0a% DI, @raluls.
(4.5.9)

and by the change of variable 2/ = % and v(2') = u(x):

1
2 2
JIDI%, @1, alul2 = oy 11D17, ®1Ju] 2
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We write
|WDW¢HM@2<COWDWMDL@JNQ%ﬁmDWﬂ*XUW%®ﬂW§>~
Using Theorem 4.5.4, we deduce that
JUDI*x(D). 2ol < © [ vPa3,

Moreover, using pseudo-differential calculus, we deduce that
ey 2 2 a \2 2
11D = x(D)), @iellfe < € [ (v + (IDI30)" ) @f.
Gathering those estimates and coming back to the initial data, we get:
« 2 c 2 2 2
H“D' (1_X(D))7(I)1,A]UHL2 < E (u + (|D\2u>> <I)1,A.
Using this last inequality in (4.5.9), we conclude the lemma. O

Proof of Lemma 4.4.8. We recall that if A, B are two pseudo-differential operators then the commutator
[A, B] is also a pseudo-differential C'. Moreover the principal symbol of C is given by

{a,b} = Ocadyb — 0yadeb, (4.5.10)
with a, b respectively symbol of A and B. Therefore, [(1 — x(D))|D|%, 1] € S*~b—o"1 ¢ §3—a~1,
Then, by applying the pseudo-differential calculus and the fact 91 = (m — W) Oy, we have
that

1
2

1
[u®il g

1
Q+m)? 1+ p2)?

Now, we estimate the low frequency. Let k be the operator defined by F(k(u))(§) = x(&)[&|“F (u)(&).
Then, we have that

nm—waM%wwmgc\

1 1

XD ol = (s — e ) [ Ko = 060 — ple)utaas

To prove that [x(D)|D|%, ¢1] defines an operator bounded on L2(R), we use the Schur’s lemma (Lemma
454)onzx / k(x—y)(e(y) —p(z))u(y)dy and by using Lemma 4.5.5 and 4.5.6. Notice that this process

/
x
gives us an explicit constant in term of 1 and 9. By changing the variable x = 7 ve deduce that:

1

c

1
Da7 1,A|U < P -
D17, 1,alull 2 e

1
(T +p)? (14 p2)?

2
[u®1,all ;g

We obtain by definition of the Sobolev space:

1
2

1
[u®r,all -

1
D oz7 u < C —
I[ID1%, 1,alull 2 ‘(1 +1)? (14 p2)?

This concludes the proof of Lemma 4.4.8. O

Proof of Lemma 4.4.10. The proof is based on the same arguments as the former lemmas. For the high fre-
quency we use the pseudo-differential calculus, except that we use the function /¢ instead of . Using the
Poisson bracket in (4.5.10), we deduce that the commutator satisfies [(1—x(D))|D|%, /@] € Se b5 ¢
8§20, and we can use the same arguments as above. For the low frequency we use the Schur’s lemma
(Lemma 4.5.4). (I
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4.5.4 Proof of the coercivity property

We prove the following result of coercivity which is time-independent, with Ry, Ra, El and Ez
defined in (4.3.1) and dependent on I" satisfying the condition (Condz):

Claim 4.5.7. Let ¢ € H 2 (R) satisfying the four orthogonality conditions:

0= /ERl :/anRl :/ERQ :/anRQ,

and ' = (z1, 22, p1, p2) satisfying (Condyz). Then, there exists Aa, Z7, k > O such that for all A > A and
I satisfying (Condz; ):

2
Z/ <E\D|“5 +e2 - 3§1-252> hia > /<a|\5\|i1%, i=1,2,
i=1

with 1 4 == _ wf; org A = L}

1
(1+pm)? (1+p2)?
Proof. Since 1); 4 > 0, and L is coercive, see (4.1.10), we deduce that:

/ (c1DIe + 22 = 3R22) i

:/<\D|% (g\/m))2+ (s\/ﬂ) —3R? e\/wTA /em DI, \/iia) €

> e/l + [ v o i) e - = ([eviaR) - L ([evmaom)
Since (€)% > ra(1 + |€]2), we obtain that:

levial, s = e [ (4 4DIER) viat w2 [(DIE ev/a)? - (DI
Notice that:
[ DI va)? - (D1Eeva =2 [ (1D ev/Bin) IDIE il — [ (1D1%, vmale)
Using Lemma 4.4.10 and Young’s inequality, we obtain that:
walevBall,s + [evia D1 Vi) e zrima [ (24 (D1eR) via - 5y [+ (DI
Note that since ¢ L R;, we have that:
/EME=/5<\/mfl)Ri+/5m<E¢fRi)
Then, by using the Cauchy-Schwarz’ inequality, (4.2.16), we get that:
(/ mﬁ) +(f maf%) <Clells (5 + IR - Rl ).
Moreover, we have that ¢ 4 + 12 4 > k3 > 0. Therefore, we can conclude, with (4.1.7):

IR = Rillan < Cif,
by taking Z and A > A, large enough, that there exists x > 0 such that:

2
S [ (el + 2 = 3R2) i > el g
i=1
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