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Foreword

The purpose of this thesis is to analyse the logarithmic Hochschild homology
for pre-log rings and to provide some tools to compute it in certain cases. The
logarithmic Hochschild homology was recently introduced in [Rognes, 2009]; al-
though a topological interpretation of this theory is also presented in Rognes’s

paper, we will only deal with its algebraic version.

In the framework of algebraic geometry, logarithmic structures on schemes
were first defined by Fontaine and Illusie and outlined in [Kato, 1989]. Following
Rognes’s approach, we will define a pre-log ring (4, M) as a commutative ring
A which we endow with a pre-log structure, i.e., with a commutative monoid
M and a homomorphism from M to the underlying commutative monoid of A.
Through an operation called “logification”, we can extend M so that it contains
an isomorphic copy of the units of A. From a certain point of view, a pre-log ring
as such places itself in an intermediate position between A and the localization
A[M _1] obtained by localizing the image of M through the pre-log structure

homomorphism.

In this thesis, building upon the construction of the Hochschild homology for
an algebra, we will reach the definition, as presented in [Rognes, 2009], of the
log Hochschild homology of a pre-log ring, portraying it as a generalization of
the Hochschild homology for algebras. The log Hochschild complex of (A, M),
the homology of which will be considered, will be constructed by means of the
Hochschild complex of A and a special simplicial commutative monoid built
from M, called the replete bar construction of M. We will in particular consider
pre-log rings where the commutative ring is a polynomial algebra in a finite

number of variables.

One of the main strategies that we will employ to describe the log Hochschild
homology will entail passing through the log Kahler differentials. The K&hler
differentials QY of a commutative ring A arise from the notion of derivations
of A, which are, roughly speaking, additive maps defined on A satisfying the
Leibniz derivation rule. The log Kahler differentials Q% AM) of a pre-log ring
(A, M) will have a broader set of generators, some of which — determined by

the log structure of (A, M) — will feature distinct properties.



An additional technique that we can adopt to gather information about the
log Hochschild homology of some specific pre-log rings is to interlock it in a
long exact sequence, relating it to the ordinary Hochschild homology groups.
An example in which this method applies nicely is the case where the remaining
terms of the long exact sequence are the Hochschild homology of polynomial
algebras in a finite number of variables, for which we try to provide an exhaustive

description.

The thesis is structured as follows.

In Chapter 1 we will recollect some notions in commutative algebra, algebraic
topology and category theory, fixing the notation for the objects later used in
the rest of the thesis.

In Chapter 2 we will introduce the Hochschild homology HH,(A) of a k-
algebra A as the homology of the Hochschild complex of A. Special attention
will be given to the A-module Q}M . of Kéhler differentials and how to relate
it, via an isomorphism, to the first Hochschild homology group. Using the lan-
guage of derivations, we will moreover establish an isomorphism between the
A-homomorphisms from the Kéhler differentials to an A-module J and the

derivations of A with values in J.

In Chapter 3 we will present some definitions about pre-log and log struc-
tures, explore the log Hochschild homology HH, (A, M) and the log Kéahler dif-
ferentials Q% A of a pre-log ring (A, M) and present results analogous to the
ones shown in Chapter 2. The study of Q%A M) will give a meaning to the title
“logarithmic” for this theory. We will show how the inclusion of QY in Qi‘[ M-1]
factors through Q% AM) We will also provide a description of the log Kahler dif-
ferentials in terms of log derivations, ultimately to disclose that the log Kahler
differentials of a pre-log ring is invariant under logification. An important sec-
tion of this chapter will be devoted to the proof of the isomorphism between
HH; (A, M) and Q%A,M)'

In Chapter 4 we will analyse the Hochschild homology and the log Hochschild
homology in the particular situation where the considered ring is a polynomial
algebra in a finite number of variables. After defining the graded algebra %
of the differential forms of an algebra A, we will proceed to prove that there
is a graded algebra isomorphism HH, (A) = Q% if A is a polynomial algebra in
a finite number of variables. Other results in log Hochschild homology will be

used to give a description of HH, (Z[z1, ..., 2], (T1,. .., Zy)).

Finally, in Chapter 5 we will show the existence of a long exact sequence
in homology that will allow us to refine our knowledge of the log Hochschild
homology in the case of a pre-log ring (A, (x)) where A is a flat Z[x]-algebra.



Chapter 1

Basic notions

This chapter is a collection of the general notions in commutative algebra, al-
gebraic topology and in category theory that are going to be used in the rest of
the thesis.

1.1 Exact sequences and resolutions

Definitions and results from [Atiyah and Macdonald, 1969] and [Lang, 1993] are

used as reference for this section.
Let k£ be a commutative ring. A sequence
fn+1 fﬂ,
i > My —— M, — My — ...

of k-modules M; and k-module homomorphisms f;: M; — M;_, for i € Z
is exact at M; if im f;1; = ker f;. The sequence is said to be exact if it is

everywhere exact.

A k-module M is free if either it is the trivial module, or there exists a
non-empty family of elements of M, called a basis for M, which is linearly

indipendent and generates M.

Let M, N and P be k-modules. P is said to be a projective module if
it has the (lifting) property that for any k-module homomorphism f: P — N
and any surjective homomorphism ¢g: M — N there exists a homomorphism
h: P — M such that f = gh, i.e., such that the following diagram commutes:



Many other properties are equivalent to this condition (see e.g. [Lang, 1993,
Chapter III, Section 4]); for instance, a k-module is projective if and only if it is

a direct summand of a free module. Hence, a free module is always projective.

Let N be a k-module. N is said to be a flat module if tensoring all the
terms in any exact sequence of k-modules {M;, f;} by — ®; N returns another
exact sequence {M; @ N, f; ® idy }. One can show that any projective module
is flat.

A resolution of a k-module M is an exact sequence
o.—mFE,—-FE, 1> ... FE—>M-=0

A resolution is said to have a property (e.g. to be projective, to be free) if every
module in the resolution has it. Every module has a free resolution (see e.g.
[Lang, 1993, Chapter XX, Section 1]).

Let M, N be k-modules; let
..o FE —>FEy—-M—0

be a free or projective resolution of M. We define the Tor functor as follows:
Torﬁ(M ,N) is the n-th homology group of the complex

...*)E1®kN*>E0®kN*>O

An important result states that different choices of the resolution of M yield
the same TorZ(M, N) up to isomorphism; moreover, it can be proved that
Tor® (M, N) = Tor® (N, M) (see e.g. [Dummit and Foote, 2004]).

1.2 Homology

The notions described in this section can be found in [Hatcher, 2002, Chapter 2].

Let k be a commutative ring. A chain complex C, = (C,,b,) is a se-
quence of homomorphisms of k-modules C),, n € Z, together with k-module
homomorphisms b,,: C,, — C,_1 such that b, o b,41 = 0 for each n € Z. The
homomorphisms b,, are called boundary maps of the complex. We will only
consider chain complexes with C,, = 0 for n < 0 (so b, = 0 for n < 0); a chain

complex as such is then denoted explicitly as:
bn b1 bo
Ce: ... —C,, Cpz1 — ... — Cy —0

The condition b, o b, 11 = 0 implies that, for each n, there is an inclusion

imb, 1 C kerb,. We define the n-th homology group of the chain complex

10



as the quotient group kerb,,/im b, 11; it is generally denoted as H,,(C,) in de-
gree n. We shall denote with H,(C,) the graded abelian group defined by the
sequence of the homology groups. Elements in C, belonging to ker b,, are called
n-cycles; elements in C), belonging to im b, 11 are called n-boundaries (then,

boundaries are cycles). Elements [¢] € H,,(C,) are called homology classes.

Homology is a useful tool in algebraic geometry: it measures how “far” a
chain complex is from the situation in which all cycles are boundaries, i.e., from
being exact (see Section 1.1). Once agreed on how to associate a chain com-
plex with an object (e.g. to a topological space), homology represents a helpful
invariant to classify such objects; different choices of a complex and boundary
maps for the initial object will then produce different kinds of homology. In this
thesis we will deal with the homology of a specific chain complex associated to
a pre-log ring, called the log Hochschild complex, the boundary maps of which

will show some “cyclic” feature.

1.3 Basics in category theory

Although we will not be using ideas from category theory extensively in this
thesis, we will sometimes deal with a terminology that can be useful to remind

beforehand. The main reference for this section is [Mac Lane, 1998].

A category C consists of: a class of objects; a class of arrows (or mor-
phisms) between objects (we denote the set of arrows between objects ¢; and
¢o with Home (e, ¢2)); an identity arrow id.: ¢ — ¢ for every object ¢; a law of
composition Home (¢, ¢2) X Home(co, ¢3) — Home(cq, ¢3) for any objects ¢y,
co and ¢z (we denote with g o f: ¢; — ¢3 the composition of f: ¢; — ¢o with

g: ca — c3); which altogether satisfy the axioms of associativity and unit laws:
ko(gof)=(kog)of
idb Of = f
goidy =g
for any objects a, b, ¢ and d and for any arrows f: a — b, g: b — cand k: ¢ — d.
Ezample 1.1. Categories relevant to this thesis are, for example, the category

CMon of commutative monoids and monoid homomorphisms, and the category

CRing of commutative rings and ring homomorphisms.

Ezample 1.2. For any p € N, let [p] = {0,1,...,p}. We define the category A

to have, as objects, sets [p] for p € N and, as arrows, weakly monotonic maps
e lg) = [p).

11



Given two categories C and D, a (covariant) functor 7: C — D is a
fumctor assigning to each object ¢ of C an object Tc of D, and to each arrow
fic1 = co of C an arrow Tf: Tey — Tes of D, such that T'id, = idp. and
T(go f) =TgoTf for any object ¢ and composable arrows f and ¢ in C.

Ezample 1.3. The functor Z[-]: CMon — CRing assigns to each commutative
monoid M the commutative ring Z[M], i.e., the monoid ring on M, which con-
sists of all the finite sums Y z;m; with z; € Z, m; € M, under the product
induced by the product in M. The identity on M is sent to the identity on
Z|M]; each diagram of commutative monoids (below, left diagram) is sent to
the diagram of commutative rings (right diagram) with preserved direction of

arrows.

AN ZIM] — s Z[N]

N
!A Jg 757 Jg
P

Given a category C, its opposite category C°P is the category with the

objects of C as objects and arrows f°P: ¢y — ¢ for each arrow f: ¢; — ¢o of C.

A contravariant functor between two categories C and D is a morphisms
S: C — D which assigns to each object ¢ of C an object Sc of D, and to each
arrow f:c; — cg of C an arrow Sf: Scog — Scq, such that Sid, = idg. and
S(go f) = SfoSg for any object ¢ and composable arrows f and g in C. A
contravariant functor S: C — D is then a covariant functor S: C°? — D.

A functor that acts by forgetting some structure of an algebraic object is

said to be forgetful.

Ezample 1.4. The functor (—, - ): CRing — CMon assigning to each commuta-
tive ring A its underlying commutative monoid (A4, -) is forgetful, since (4, -)
ignores the abelian group structure of A.

Given a pair of arrows f: a — b and g: a — c in a category C, a pushout

of f and g is a commutative square



such that for each other commutative square as below (outer square)

a%b
QJ/ Jg
c——d
I’ N
\ h
AN
N
7 e

there exists a unique h: d — e with hf’ = f” and hg’ = ¢’’. The pushout is, by

construction, unique up to isomorphism.

Ezample 1.5. In the category CRing of commutative rings, the pushout is the
tensor product of rings: for f: R — A, g: R — B ring homomorphisms, the
pushout of f and g is A ®g B, where f(r)a®b=a® g(r)b for r € R, a € A,
b € B. The maps completing the pushout diagram are A - A®r B, a— a®1p
andB—>A®RB, b—14®0.

Given a pair of arrows f: b — a and ¢g: ¢ — a in a category C, a pullback

of f and g is a commutative square

AN
N
d c
g'l Jg
b a

there exists a unique h: e — d with f’h = f” and ¢’h = ¢’. By construction,

—
f

the pullback is unique up to isomorphism.

Ezxample 1.6. In the category CMon of commutative monoids, the pullback is
the fibered product of monoids: for f: N — M, g: P — M monoid homomor-
phisms, the pullback of f and g is N xp; P = {(n,p) € N x P| f(n) = g(p)}.
The maps completing the pullback diagram are the projections sending (n,p) €
N X Pton e N and p € P respectively.

13



A natural transformation between two functors S, T: C — D is a function
assigning to each object ¢ of C an arrow F'¢: Sc¢ — Tc¢ such that for each arrow

h: ¢ — d of C the following square commutes:

Se L1

s |

Sd ——Td
Fd

Given two categories C and D, an adjunction between C and D is given by
two functors S: C — D and T: D — C and a function ¢ which assigns, to each
pair of objects ¢ € C, d € D, a set bijection ¢, 4 : Homp(Sc, d) = Home(c, Td)
which is natural in ¢ and d. The functor S is called left adjoint, while T is
right adjoint. We also say that h: Sc — d is left adjoint to ¢.qh: c — Td
(and ¢, qh is right adjoint to h).

1.4 Simplicial objects

The content of [Mac Lane, 1963, Chapter VIII, Section 5] was used as reference
for the main definitions. The reference for the section about the Eilenberg-Zilber
theorem is [Mac Lane, 1963, Chapter VIII, Section 8]. For the Kiinneth formula,
the reference is [Mac Lane, 1963, Chapter V, Section 10].

We defined in Example 1.2 the category A of sets [p] = {0,1,...,p} and
weakly monotonic maps p: [q] — [p]. Let C be a category; a simplicial object
in the category C is a contravariant functor F': A — C. We will encounter, in this
thesis, simplicial objects such as simplicial monoids and simplicial commutative
rings. Equivalently, we can describe a simplicial object Sq =S in C as a family
{54}, indexed by a degree g > 0, of objects in C together with two families of

morphisms (arrows) of C, namely face maps (or face operators) d;, i = 0,...,q,
at each ¢ >0

dil Sq — Sq_1
and degeneracy maps (or degeneracy operators) s;,i =0,...,q, at each ¢ > 0

8it Sq =+ Sq+1
that satisfy, in every degree ¢ where they are defined, the following identities:
did; = d;_1d; ifi<j (1.1a)
8iS; = Sj+15i ifi<j (1.1b)
sjid; ifi<yg
ifi=j,i=j5+1 (1.1c)

disj = | idg,

dei—l 1fl>]+1

14



A simplicial map F': S — T between two simplicial objects S and T in the
same category C is a natural transformation between the contravariant functors
S, T: A — C. Equivalently, it is a family of arrows F;: S, — T, of C such that
the following two squares commute at each degree ¢ and for every ¢, j where

they are defined:

Sj d;
Sy 5, —Y s,

F<1+1J qu J,Fql

Ty <T 1 T} Ty

The simplicial objects in a category C are themselves the objects of a category

with the simplicial maps as arrows.

Let M, be a simplicial module over a commutative ring &, with face operators

d;. Then M, determines a chain complex, called the Moore complex:
Myt ooo— My 2 Mg — .25 My 2250 (1.2)

(also denoted with M,), setting

by =Y (-1)'d;
i=0
In fact, for each n,
n n+1 .
bp 0 bypy = (Z(_wdi) > (-1)d;
i=0 §=0
that is, explicitly, the sum of the terms in the n x (n + 1) table
+d0d0 —dodl - ﬂ:dodn q:dodn+1
—didy +didy | ... Fdid, Fdidyq
:I:dndO :Fdndl s +dndn _dndn+1

in which the rows of the upper-right triangle correspond term by term, by (1.1a),
to the columns of the lower-left triangle with inverse sign. So b,, 0 b,11 = 0 and

M, is a chain complex.

The Eilenberg-Zilber theorem

Let U = U, and V = V, be two simplicial modules over a commutative ring k.
Each of them defines a chain complex as in (1.2). Tensoring U, and V, degreewise

gives the cartesian product simplicial module (UK V),, with (UK V), =

15



Uy ® V4, and face and degeneracy maps given by the face and degeneracy maps
for Uy and V,:

This simplicial module, in turn, defines the chain complex (also) denoted as
(UK V),, with boundary maps again given by 9, = > ,(—1)"d;. Moreover,
the tensor product of chain complexes U, ® V, = (U ® V), is defined as

U@V)e: .. @U@V P v.ov, LU eV -5 0
p+q=2 p+qg=1

with boundary maps 0p44(u ® v) = 9, (u) ® v + (=1)48% 4 ® 9, (v).

The Eilenberg-Zilber theorem states that there’s a chain equivalence

(URV), # URV).

which will then give an isomorphism in homology. The chain map f: (UXKV)e —
(U® V), is the Alexander-Whitney map, which is given by

fiUn®@Ve— @ U0V,

ptg=n

u®vi—>2d"1 ® di(v) (1.3)

where the d;’s are the face maps of the complexes and, at each degree ¢, d, = d,.
Its chain homotopy inverse g: (U®V)e — (UK V), is called the shuffle map,
defined in degree n for v € U, and v € V,,_,, by

P veov,-U.0V,
ptg=n

UR V> Z sgn(p, V) (S, +++ Suy (U) @ 8y, <+ 5, (V) (1.4)
(1v)

where the s;’s are the degeneracy maps and the sum runs over all the (p, q)-
shuffles (u, v), that is, over all the permutations of p + ¢ objects sending the set
of indices (0,...p+¢—1) in a set (p1,...ftp,v1,...1y) such that pq < ... <
pp and v; < ... < vg. About the shuffle map, it is useful to specify that if
e: U, ®Vy = Vy ®U, is the isomorphism u ® v — v ® u, the following diagram

Ip+a

Up @ Vg = Upiq @ Vpiq

el l(—l)pqe

Ve @ Up — Vg @ Upg

16



commutes. In other words,
goe(u®wv)=(-1)"eogu®v) (1.5)
In fact, the (p, ¢)-shuffles are in bijective correspondence with the (g, p)-shuffles:

{(p, ¢)-shuffles} — {(g, p)-shuffles}
{1, o1, vy = v, Vg - ) (1.6)
The permutation that sends a (p, ¢)-shuffle to the correspondent (g, p)-shuffle is
now evidently the product of p - ¢ transpositions. In particular, for p + ¢ = 1,
goe=eog.
One can, moreover, verify that the shuffle map is associative.

The Kiinneth formula

Given R, and S, simplicial modules over a commutative ring k, the tensor

product of chain complexes (R ® S), has boundary map
Aros)=0r)@s+ (—1)48" r @ d(s)

This boundary map sends the tensor product of two cycles to a cycle, and the

tensor product of a cycles and a boundary to a boundary. So, the homomorphism

p: Hyp(Re) @ Hy(Se) = Hyppn (Re ® Se)
rQs—res (1.7)

is well-defined (see [Mac Lane, 1963, Chapter V, Section 10|, “external homol-
ogy product”).

The Kiinneth formula states that if, at each degree n, the n-cycles and
the n-boundaries of R, are flat modules, then, for every n, there is a short exact

sequence

0— P Hy(R) ®1 Hy(Se) =+ Ha((R® 5),)
p+q=n

— P Torf(Hy(R.), He(S,)) — 0

pFq=n—1
where p is the homology product in (1.7).
Another version of the Kiinneth formula applies under stronger conditions.

If the n-cycles and the n-th homology of R, are projective modules for each

degree n, then, for every n, the homology product (1.7) induces an isomorphism

P Hy(R.) @k Hy(Se) 2 H, (R S),) (1.8)

ptg=n

17



1.5 Spectral sequences

We will use an argument involving spectral sequences to prove, among other
facts, the key theorem in Section 3.4. We will present some of the essential
definitions; the reference for this section is [Mac Lane, 1963, Chapter XI, Sec-
tions 1, 3].

Let k be a commutative ring. A spectral sequence E = {E",d"},r € N (we

will consider r > 2), is a sequence of Z-bigraded k-modules E} ,, with a family

»q?

of homomorphisms dy, ,: E, . — Ej_, ., for each r, called differentials,
such that dod = 0, and with isomorphisms E"! = H(E") (where the homology

refers to the boundary map given by the differential).

Since each term of the spectral sequence is the homology of the previous
one, we can express any term as a quotient of cycles and boundaries. Using the

isomorphism E™*! = H,(E"), we inductively define a tower of submodules
ocB*cB’c...cB"cB*™c...cCcttccrc...cC?*cCE?

such that E” = C,/B,. This can be obtained defining Co and By respec-
tively as the bigraded modules of cycles and boundaries of E?, and setting
that d": C,/B, — C,./B, has kernel C,;1/B, and image B,1/B,.

Let C>° = N C" and B> = |J B". Evidently B> C C*; we define E® =
{Ez?,oq} = {Cz??q/Bgfq}'

A first quadrant spectral sequence is a spectral sequence E such that
E} , = 0 whenever p < 0 or ¢ < 0. In a first quadrant spectral sequence, for
fixed bidegree (p, q), the differentials dj ,
7 > max(p, ¢ + 1)); this implies that E} , = E;ng = B¢, for large enough values

and dp,. . ,..q are ultimately 0 (for

of r.

A filtration of a k-module A is a family F = {F,A | p € Z} of submodules
of A, with F,,_; C F, for each p. F' determines an associated graded mod-
ule GFA = {(GFA)p} = {F,A/F,_1A}. A filtration of a graded k-module
A, is a family of sub-graded modules F,, A satisfying the same conditions; this

determines at each n a filtration {F,A4,}.

A spectral sequence {E",d"} is said to converge to a graded k-module
A if there exists a filtration F' of A and, at each p, isomorphisms of graded
modules B, = FyA,1,/F, 14,44 (graded by g); we denote with Ef, = A the

convergence of E" to A.

18



Chapter 2

The Hochschild homology

2.1 The Hochschild complex

We will give a definition of the Hochschild complex and we will build from it
the Hochschild homology. The following definitions and results are based on the
exposition given in [Loday, 1998]. In this chapter, k will denote a commutative

ring.

Let A be a k-algebra and let M be a bimodule over A. Consider the modules
Cn(A; M) := M ® A®™ (all the tensor products are meant to be over k). We

can define, for each n > 0, face and degeneracy operators as follows:

(may,as,...,a,) fori=0
di(m,a1,...,an) =9 (m,as,...,a;a;41,...,a,) for1<i<n (2.1a)
(apmyay,...,an_1) fori=n
(m,1,a1,a2,...,a,) for =0
sj(m,a1,...,an)= (m,al,...,aj,l,aj+1,...,a7,,) fOI‘lS]<n (21b)
(myaq,...,an,1) for j=n
Here, as we will often do, we used the notation (1, ..., x, ) for the tensor product
1 XR... R0 xTy.

One can easily compute that the face operators and the degeneracy opera-
tors as defined in (2.1) satisfy the conditions (1.1) for simplicial objects. This
makes Cq(A; M) a simplicial module; we can then define a k-linear Hochschild
boundary map b: M ® A®" — M ® A"~ by setting

n

by =Y (~1)'d;

=0

19



Having a boundary map, we get a chain complex, called the Hochschild
complex:
CoAiM): ... B M@A® L Mo Ly D Med- M50
The n-th homology group HH,,(A; M) of the Hochschild complex is called
the n-th Hochschild homology group. It is immediately seen that

HHo(A; M) = M/{am —ma|a € A, me M}

We denote moreover with HH, (A; M) the graded abelian group defined by the
sequence HH,,(A; M), for n € N.

When treating Hochschild complexes and the Hochschild homology, we are
often interested in the case when M = A. We will then denote Co(A) = Co(A4; A)
and HH,(A4) = HH.(4; A4).

Ezample 2.1. The Hochschild complex of Z is, under the isomorphism Z®" =~ 7,
the following one:
—z2%72%72%72 %72 %0
Then, easily,
Z ifn=0

HH,(Z) =
0 ifn>0

Ezample 2.2. Let A = Z[z]/(2?). To find the homology of Ce(A), we can com-
pute the homology of the “normalized Hochschild complex” instead. Precisely,
we let A = A/Z = (x)/(2?). The normalized Hochschild complex C,(A) is

defined degreewise as C,(4) = A ® Z®n, with boundary maps induced by the
boundary maps of the Hochschild complex. By [Loday, 1998, Proposition 1.1.15],

Co(A) and C4(A) give the same homology. We get:

e AR A P A A by A Ay A Yy

where
0 forn=20
bpla+br@r®...01)=140 for odd n
20 @ ® ... x for even n, n > 2
This gives

Zlz]/ (x?) forn=0
HH,, (Z[z]/ (2?)) =  Z[z]/(22,2?) for odd n
Z{x} for even n, n > 2
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Remark 2.3. If A is a commutative k-algebra, one can check that HH,(A4; M)
is a graded A-module, under the multiplication on the first coordinate A, which

is compatible with the face and the boundary maps of Ce(A; M).

2.2 Kahler differentials and derivations

For a commutative and unital k-algebra A, we define the A-module of Kéhler
differentials Q, (or just Q) as the free A-module in the symbols {da | a € A}
modulo the A-submodule generated by the relations d(Aa + ub) = Ada + udb
and d(ab) = adb + bda for a, b € A, \, p € k.

Example 2.4. The Z-module of Kahler differentials of Z is the trivial module.
In fact, by linearity, dn = ndl for dn € Q%lz. But dl = d(1-1) —dl = 0.
The Z-module Qip\z of Kahler differentials of Q is also the trivial module, being

d%:%-nd%z%dmz%dlzﬂform,neZ.

Theorem 2.5. For a commutative and unital k-algebra A, there is a canonical

isomorphism of A-modules:
HH, (A) = Q)

Proof. Computing directly, we have that the boundary maps in degree 1 and 2
are as such:

b1A®A—)A

a1 ® az — a1a2 — G201 = 0
since A is commutative, making kerb; = A ® A;

by: ARARA—- AR A

a1 @ az ®az — ajas ®ag — a1 Q azaz + aza; Q az

Then, by definition,

k AR A
HH, (4) = <erbr _ © (2.2)
im by (a1a2 ® a3 — a1 ® azas + aza; ® ag)
Now, define
7: HH(A4) — Q}Mk
a1 ® as — aijdas (23)

We see that 7 is a well-defined A-module homomorphism, since cycles in the

same homology class have the same image. In fact, using the commutativity of
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A, we have:

T(ar1as ® ag — a1 ® asas + azay ® az) = ajasd(as) — ard(azaz) + azard(as)

= ajasd(as) — arazd(ag) — ajasd(asz) + asard(az) =0
Moreover, once we define
71 Q) — HH1(A)
ardag — [a1 ® as] (2.4)

we have that differentials in Q}‘XI , are sent to cycles, since A ® A = kerb;. Also

T is a well-defined A-module homomorphism, since
?(d(alag)) =1 024 a1 = ay (024 a9 + as [029] a; = F((leaQ + agdal)

where the middle equality comes from the relation defined by imby in (2.2),
choosing the first entry to be 1. Finally, we can easily see that 77 = idgi4 " and

TT = idHHl(A)~ u

We will now formulate another definition of the Kahler differentials in terms

of an universal property on derivations.

For A again a commutative and unital k-algebra, and for J any A-module, a
derivation of A with values in J is a k-linear map D: A — J such that D(ab) =
aD(b) +bD(a) for a,b € A. We denote the A-module of all derivations of A
with values in J with Der(A, J), or just Der(A) when J = A. The multiplication
in the module is given by A x Der(A, J) — Der(A, J), ¢ x D — ¢D defined by
(cD)(a) = c¢- D(a).

Alternatively, we can define the square-zero extension A@.J as a commutative

ring over A with multiplication map
w: (Ao J)x (Ao J)—-AaJ
(a1 @ j1,02 @ j2) = a1a2 © (a1j2 + azj1)

In this way, Der(A, J) is isomorphic to the A-module of ring homomorphisms
D: A— A® J over A. All of them have the form D(a) = a ® D(a), where D
yet again satisfies the “Leibniz rule” D(ab) = aD(b) 4+ bD(a).

A derivation d: A — J is universal if, given any other derivation 6: A — I,
0 factors over d, meaning that there is a unique A-linear map ¢: J — I that

makes the following diagram commute:

ALM

| A

J
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In the following result we will see that this universal property is fulfilled by
the Kahler differentials.

Proposition 2.6. The derivationd: A — Qllq‘k, a — da is universal, i.e., given
a derivation §: A — I, there is a unique A-linear map ¢: Q}Mk — I such that
0 =¢od. In detail, (da) = §(a).

Proof. We just need to check that the declared map ¢ is well-defined. Immedi-
ately, we have that ¢(d(Aa + pb) — Ada — udb) = 6(Aa + pb) — Ad(a) — pd(b) =0
and ¢(d(ab) — adb — bda) = 6(ab) — ad(b) — bd(a) = 0 since J is a derivation.
Since ¢ fits in the commutative diagram, it is also unique. |

From this, we can get the following important result.

Corollary 2.7. There is an isomorphism:

Hom 4 (Q}W, J) ~, Der(A, )
fr— fod
@ 1§ = (by universality) = ¢ od

In particular, taking J = HH;(A), this implies that having an A-module
homomorphism f: 9114\ x — HHi(A) is the same as having a derivation D of A
with values in HH;(A). We can use this to see that there effectively is such a

homomorphism f. Consider, in fact,

D: A— HHl(A) = A®A/<a0a1 X as — ag X ajas + asag ®a1)
a[1®ad (2.5)

for a; € A. The map D is a derivation, since
D(ab) =[1®ab]l = [a®b] + [b®a] = aD(b) + D(a)b

Hence we get a homomorphism f: Q,lax\k — HH;(A), adx — aDz; this is the

same map as the map 7 described in Theorem 2.5.

From now on, we will refrain from denote homology classes with square

brackets, unless necessary.
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Chapter 3

The log Hochschild
homology

We start by introducing the objects of our study, extensively following the theory
described in [Rognes, 2009] for terminology, exposition and, often, notation.
Throughout this thesis, a commutative monoid will be understood to be a
set endowed with an associative and commutative multiplication and an identity
element. Equivalently, using the notions in Section 1.3, a commutative monoid

is a category with a single object, such that any two morphisms commute.

3.1 Log structures

Let A be a commutative ring. A pre-log structure on A is a pair (M, «) of
a commutative monoid M and a monoid homomorphism a: M — (A, -) from
M to the underlying commutative monoid of A. A pre-log ring (A, M, «),
also denoted as (A, M) when the monoid homomorphism is clear, consists of a

commutative ring A together with a pre-log structure (M, a) on A.

A homomorphism of pre-log rings (f, fb): (A,M,a) — (B,N,p) is
a ring homomorphism f: A — B together with a monoid homomorphism

f?: M — N, such that the following diagram commutes:

M—25 (A, )

f{ l(ﬁ 9)

Let ¢ : GL1(A) < (A, -) be the inclusion of the multiplicative group of units
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of Ain A. Let a=! GL;(A) € M be defined by the pullback square

a1 GL1(A) —2— GL;(A)

M——7—(4, )

If the restricted homomorphism & in the diagram happens to be an iso-
morphism, then (M, «) is called a log structure on A, and (A4, M, «), or just
(A, M), is a log ring.

We can obtain a log structure from a pre-log structure in the following way.
Let (A, M, «) be a pre-log ring. Its associated log ring (A4, M?,a?) is the log
ring given by A with the log structure (M, a)* = (M?, a®), where M? is defined
by the pushout square

a~1GL;y(A) —2 GL;(A)

and a®: M* — (A, -) is the canonical homomorphism induced by « and .
This is indeed a log ring: every unit u € GL;(A) has preimage 1 @& u through
o, making ()" GL;(A) isomorphic to GLj(A). The transition from a pre-log
structure to its associated log structure will be referred to as the “logification”

of the pre-log ring.

Remark 3.1. Since we can always endow A with a trivial pre-log structure,
taking M = {1} and the unique a: {1} — (4, -), then we can also give A a log
structure, taking the associated log structure to the trivial pre-log structure. In
that case, M® = GL1(A) and a®* = ¢: GL1(4) — (4, -).

For a commutative monoid M, there is a canonical pre-log structure on
its monoid ring Z[M], given by (M, (), where
(:M—=ZM], m—1-m

a

This yields the canonical log structure on Z[M], given by (M, ()
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3.2 Bar constructions and the log Hochschild
homology

In this thesis, when we are given a commutative monoid M, we will denote with
M?P its group completion and with v: M — M#P the monoid homomorphism
with the universal property that any other monoid homomorphism ¢: M — M’,
with M’ abelian group, factors uniquely through . For the explicit construction
of this (abelian) group, also called the Grothendieck group of M, see e.g.
[Rosenberg, 1994, Theorem 1.1.3].

Once again, the terminology and the constructions that are going to follow

are presented as described in [Rognes, 2009, Section 3].

Let e: M — P be a monoid homomorphism. ¢ is said to be exact if

M — MeP

is a pullback square.

If e: M — P is a homomorphism of commutative monoids, € is said to be

virtually surjective if e#P: M&P — PSP ig surjective.

Example 3.2. A first example of a non-surjective homomorphism of commu-
tative monoids which is virtually surjective is the following. Consider M =
({1,...,m}, ) and P = ({1,...,p}, -) with p > m, where in both monoids
the operation is defined such that n; - no = max{ni,n2}. Let e: M — P be
the inclusion; it is obviously a homomorphism and it is not surjective. Now,
MeP = {1}. In fact, for any n € M, n-n =mn, so y(n) = y(n - n) = y(n)y(n),
being v: M — M#®P a monoid homomorphism. Since M®P is a group, multiply-
ing both the left- and the right-hand side by v(n)~!, we get v(n) = 1. By the
universal property of the group completion, M8P = {1}. By the same argument,
also P8P = {1}, so €8P: {1} — {1} is surjective, making e virtually surjective.

Example 3.3. We shall provide another example of a homomorphism of com-
mutative monoids e: M — P which is virtually surjective, but not surjec-
tive, where, this time, the respective group completions are not trivial. Let
M =(2,3) C (N,+,0) = P, with e: M — P being the inclusion map (evidently
not surjective). Clearly P&P = Z. We claim that (2, 3)® is isomorphic to Z. In
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fact, we can consider the inclusion ¢: (2,3) — Z. From the diagram

(2,3) — (2,3)%°

|

Z

we know that ¢ factors uniquely as ¢ = 6 where 6 is a homomorphism of abelian
groups. Hence, 6v(2) = ¢(2) = 2. We also have that v(2) +2v(2) = v(2+2+2) =
v(3+3) = 27(3), so v(2) = —27(2)+2v(3). We conclude that, in Z, 2 = 6v(2) =
0(—27(2) 4+ 2v(3)) = 20(—~(2) +v(3)), giving 0(—27v(2) + v(3)) = 1. But then
easily 0 has an inverse homomorphism, given by Z — (2,3)%", 1 — —2+(2)+7(3),
so (2,3)8P = Z. The group homomorphism € : Z — Z is the identity map, thus

it is surjective. In conclusion, € is virtually surjective, but not surjective.

A virtually surjective commutative monoid M over P, i.e. a commutative
monoid M with a virtually surjective homomorphism e€: M — P, is called re-

plete if the homomorphism ¢ is exact.

Given a virtually surjective e: M — P, the repletion of M over P is the
pullback MT™P = P X psp M8P with the canonical map €"P: M™P — P. We then

get a commutative diagram:

p

M MreP Mgp
P—= .p_— " ,per

where the map p: M — M"P in the diagram is called the repletion map. It
is proven in [Rognes, 2009, Lemma 3.8] that M*P is replete over P.

Given a commutative monoid M, the bar construction of M is the sim-
plicial commutative monoid BM = B, M given by ¢ copies of M in degree q.
Face operators d; and degeneracy operators s; in degree ¢q are given as follows,
for 0 <4,5 <gq:

(ma,...,mq) fori =0
di(ma,...,mg) = < (my,...,mimis1,...,my) for1<i<qg-—1
(ma,...,mg_1) for i = ¢
(1,mq,...,my) for j =0
si(ma,...,mg) =< (ma,...,mj, L,mjp1,...,my) for1<j<g-—1
(ma,...,mg, 1) for j =¢q

For a commutative monoid M, the cyclic bar construction of M is the

simplicial commutative monoid B M = B M which, in degree g, is given by
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q + 1 copies of M. With the usual notation, face and degeneracy operators for

this simplicial commutative monoid are the following:

(Mo, ..y miMit1,...,my) for0<i<g-—1
dz(m07 amq): )
(mgmo, M1,...,Mg—1) fori=gq
( ) (mo,...,mj,1,mjpq,...,mq) for0<j<g—1
S;(Moy ..., Mg) =
’ ! (mOa“-amQal) fOI‘qu

A cyclic structure on B M is given by the operator:
. cy cy
tg: B M — B M
(m()» ceey mq—lamq) = (mqvaa cee amq—l)

The cyclic bar construction can be seen as the tensor product S} ® M, where
Sl is the simplicial circle. So, the base point inclusion * — S} induces in each

degree the inclusion map
n:M—BYM, m— (m,1,...1)
and the collapse map S! — * induces in each degree the map
e: BY M — M, (mg,ma,...,mq) — momyq ---my

The replete bar construction B*P M = B;*® M of a commutative monoid
M is the repletion (B® M)"™P of the cyclic bar construction of M over M itself,
which is the simplicial commutative monoid given by the pullback (bottom-right

square) of simplicial commutative monoids:

M—= M MeP
o

BY M —2 s B M — BY Mfep (3.1)
M—= M RN /5

B,P M has elements (m, go, . .. gq), with m € M and g; € M®P, such that

y(m) = €%P(go, ... 9¢) = 9o Yq (3.2)

Moreover, it has a natural cyclic structure, since both v and €8P are cyclic maps
(e is a cyclic morphism giving M the constant cyclic structure). Such a structure

is given by the operator
. rep rep
tg: ByP M — BP M

(mag(h e 7gq717.gq) — (mvgqvg(h cee 79(171)

29



A simplicial structure for B*P M is given by face and degeneracy operators
inherited from the face and degeneracy operators on the cyclic bar complex
B M#®P, while being the identity on M:

(mag()7"'7gigi+17"'agq) fOI‘OSZS(]*l
di(maQO"'agq) = '
(M, 9490, 915 - - -, 9g—1) for i =¢q

(m’gov"'7gj717gj+17"'7gq) fOI‘OS]Sq—l
Sj(mag()7""gq): )
(m,g1,..,9q¢,1) for j =g

The condition (3.2) gives an explicit formula for go = y(m)(g1 -+ - g4)~}; by

direct computation, one can show that the map
B™P M = M x BM®P
(mav(m)(gl o 'gq)_lagh e agq) — (m7917 cee 7911) (33)

commutes with the face and degeneracy operators of the respective simplicial
structures, providing thus an isomorphism of simplicial commutative monoids.
With this identification, the repletion map p is as follows:

p: BY M — B'P M = M x (M#P)"
(Mo, ...,mq) = (Mo - -mg,v(m1),...,v(Mmy)) (3.4)

The simplicial structure is now given by the face and degeneracy operators
inherited from the face and degeneracy operators on the bar complex BM®P,
while still being the identity on M:

(m, 92,5 9q) fori=0
di(m,g1--.,9¢) = § (M, 91,--,9iGit1,---,9q) for1<i<qg—1 (3.5a)
(m, g1, 9q-1) for i =g

(m,1,91,--.,94) for j =0
si(m,gi,...,99) = (myg1,--595,1,9j41,...,9q) for1<j<qg-—1 (3.5b)
(m, g1, 94, 1) for j =g

Let now (A, M, a) be a pre-log ring. With respect to the covariant functor
Z[-]: CMon — CRing, M w— Z[M]

from commutative monoids to commutative rings (as described in Example 1.3),
the homomorphism a: M — (A, -) has left adjoint @: Z[M] — A. In degree g,
Z[BY M) = Z[MI] = ZIM]® and Cy(A) = A®9TL. Consider the simpli-
cial map S! @ @: Z[B%Y M] — C(A) (in degree ¢, a®t!: Z|M]®IT! — A®atl),
Its right adjoint B M — (C(A), -) defines degreewise a pre-log structure on

the (simplicial) commutative ring C(A).
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Definition 3.4 ([Rognes, 2009]). Let (A, M, a) be a pre-log ring; we shall at
first work under the assumption that A is flat over Z[M]. The log Hochschild
complex of (A, M) is the replete simplicial pre-log ring (Ce(A, M), BP M, §)

obtained by degreewise pushout of simplicial commutative rings:

7B M) 22, 7B

s) mJ ls

Co(A) 7> Co(A, M)

where p is the repletion map figuring in (3.1). The pre-log structure map
& B M — (Co(A, M), +)

is then the right adjoint to the map € in the diagram.

In detail:
Z[BY M) = Z[M"+'] = zZ[M]*
Z[BP M| = Z[M x (M#P)"] = Z|M] @ Z[M&P]*"
and C,(A4) = A®"*1 as previously defined. Hence, in each degree n,

Co(A, M) = A% @ o (Z[M} ® Z[Mgp]®”)

The log Hochschild homology groups HH.(A, M) are the homology
groups of the Hochschild complex with the induced boundary maps. The log
Hochschild boundary maps combines the boundary maps on the factors of the
tensor product over Z[B;Y M]. On the C,(A) side, the face operators are the
ones defined in (2.1a) for the Hochschild homology complex; on the Z[B;* M]
side, they are induced by the simplicial structure of the replete bar construction

(shown in (3.5a)). Explicitly, we have:
ColA,M): ... 25 A% @y 00 (Z[M] ®Z[Mgp]®2)
b2y 452 1000 (ZIM] @ ZIMP)
2 Ay ZIM] = A 2% 0 (3.6)
where, for a; € A, m € Z[M] and g; € Z[M?®P],

bi((ao ® a1) ® (m ® g1)) = (apar ® m) — (arap ®m) =0
ba((ao ® a1 ® az) @ (M @ g1 ® ga))
= (apa1 ® az @ m @ g2) — (a0 @ araz @ M @ g1g2) + (aza0 ® a1 @ M @ g1)
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and so on. We see that, for a pre-log ring (A, M) with A flat over Z[M],
HHy(A, M) = A. Part of this thesis will be devoted to the investigation a more
meaningful expression for HH; (A, M).

Ezxample 3.5. The Hochschild homology of a Z-algebra A is trivially isomorphic
to the log Hochschild homology of A endowed with the trivial pre-log structure.
In this sense, we can consider the log Hochschild homology to be a generalization
of the Hochschild homology.

Remark 3.6. We can provide a definition of the log Hochschild homology of
a pre-log ring (A4, M, «) also for the case in which A is not flat over Z[M].
Let X, be a simplicial resolution of A by flat Z[M]-modules, i.e., a simplicial
commutative algebra X, = {X;}, i € N, such that X; is flat over Z[M] for every
i. For each i, let Co(X;, M) be the log Hochschild complex of i. We define the
n-th log Hochschild homology of (A4, M, «) to be HH,,(A, M) = HH,,(X,,, M).
However, for simplicity we shall generally assume that A is flat over Z[M] when

discussing log Hochschild homology.

3.3 Log Kahler differentials and log derivations

For simplicity, from this section onwards we will use the ring of integers k = Z
as ground ring. For example, when A is a commutative ring, we will write QY

to denote 9114\2'

We shall now define the “log” version for Kéahler differentials. The module
that we will obtain is going to be the pushout of two maps that we will now
define.

For a pre-log ring (A, M, ), define the A-module homomorphism:

P A®Z[M] Q%[M] — A® M*P

a ®dm — ac(m) @ y(m) (3.7
To check that 1) is well-defined, we can consider the map ¢: Z[M] — A ® M#eP
defined on M by m — «a(m) ® v(m) and extended linearly to Z[M]. This is a
derivation of Z[M] with values in A ® M®P, since

§(mn) = a(mn) ® y(mn) = a(m)a(n) @ y(m)y(n)
= a(m)a(n) @ v(m) + a(m)a(n) ©y(n) = a(n)é(m) + a(m)s(n)

By Corollary 2.7, this derivation corresponds to the Z[M]-module homomor-

phism Q%[ M A ® M#P, which itself, by extensions of scalars, corresponds to

the A-module homomorphism .
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Again, for a pre-log ring (A4, M, «), we define another A-module homomor-
phism:

¢: A @zar Uy — Qa
a® dm — ad(a(m)) (3.8)
Definition 3.7. For a pre-log ring (A, M, «), we define the A-module of log

Kahler differentials Q% AM) by the pushout of A-modules:

Az Uy — A® M

% Lb (3.9)

Q) 7 ’ Q%A,JV[)

with A-module homomorphisms ¢ and ¢ as defined respectively in (3.7) and
(3.8).

In this way,
Q%A,M) = (Qh e (A M®))/ ~
where ~ is A-linearly generated by the relation

do(m) ® 0 ~ 0 (e(m) ® y(m))

form € M. In Q%A ary> We will use the notation

da :=9(da), dlogm = ¢(1 ® y(m))

for a € A and m € M. We then see that, for m, n € M, dlog(mn) = dlogm +

)
dlogn (since ¢ is a module homomorphism); moreover, da(m) = a(m)dlogm.

Ezample 3.8. If ({1}, @) is the trivial pre-log structure on a commutative ring
A, then the A-module homomorphisms v and @ are isomorphisms. Hence,

1 ~ 1
Qany = Q-

It is at this point convenient to delineate an isomorphism that will prove
itself useful from now on.

Lemma 3.9. For a commutative ring A and a commutative monoid M, there

is an isomorphism of A-modules:
AQ® M8 = (AR Z[M®P))/ ~

where ~ is A-linearly generated by the relation a ® g1 + a ® go ~ a ® g1g2 for
a €A, g1, go € M®P.
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Proof. We will proceed to find two inverse A-module homomorphisms. In one
direction, we define:
U A® M — (A® Z[MEP])/ ~
a®gr[a®g]

We then define, for n; € Z and g; € M?®P:

0 AR Z[M®E] — A M*®P
a®) nigi—a®[[g"
The submodule generated by ~ lies in ker 5, since

Ha®gigs—a®g—a®gs) =a®@gigag; 'gs' =a@1

Then there exists a unique A-module homomorphism

¥ (AQZ[M®P])) ~— A® MSP

such that J(ja ® 3, n9:]) = a® ][], 9. Now easily ¥ and 9 are inverse isomor-
phisms. |

Ezample 3.10. Consider the pre-log ring (A, M, ) where A = Z[M] and « is
the inclusion. The log Hochschild complex is defined with the pushout diagram
in Definition 3.4, where now @: Z[M] — A is the identity on A, so C, (A, M) =
A® Z[Mgp}@m. The boundary map in degree 1 is the zero-map, while bs(a ®
91 ®g2) = (a®g2) — (a®g192) + (a® g1) for a € A, g1, g2 € Z[M®P].

At this point, HH; (4, M) = (A ® Z[M?®P])/ ~ where a® g1 + a® g2 ~ a ® g192
for a € A, g1, go € M®P. By Lemma 3.9, this is isomorphic to A ® M#&P.

The A-module A®z;py Q%[ a) 18 clearly isomorphic to QL. This yields, computing
the log Kéhler differentials of (A, M) from the definition, that the bottom map
in (3.9) is

dm — mdlogm
and Q%A,M) =~ A® M®eP. We then see that, for this pre-log ring,
HH, (A, M) = Q{4 5y

We will prove in Theorem 3.22 that this isomorphism holds for any pre-log
ring (A, M), provided that A is flat over Z[M], the condition required in the
definition of the log Hochschild complex.
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Ezample 3.11. Referring to Example 3.10, let (A, M, «) be a pre-log ring, where
A is the ring Z[x ] of polynomials with integer coefficients, M is the free commu-
tative monoid (z) = {1,z,2%,...} and a: M — (A4, -) is the inclusion. In this
way, A & Z[M ] and HH, (Z [ ] (x)) = Q(Z[m] (a))- Explicitly, HH, (Z[z], (z)) =
Zlz) @ (2)®® = Z[z] ® Z = Z[x]. On the other hand, QZ[I] ~ Z[z]{dz} and
Q%A’M) >~ A® MsP = Z[z]{dlogz}. The homomorphism : Q%[r] — Q%Z[z],(x))
maps dz — xdlogx (thus it is not an isomorphism). More on this subject will
be discussed in Chapter 4.

We are going to illustrate the functorial behaviour of the log Kéhler differ-

entials; in order to do so, we will need a lemma.

Lemma 3.12. Let M be a commutative monoid and K an abelian group.
There is a canonical bijective correspondence between the monoid homomor-
phisms M — K and the group homomorphisms M8P — K.

Proof. Let f: M — K be a monoid homomorphism. Then f(1p;) = 1x. We
can define a group homomorphism f&: M& — K such that the diagram

M%K

wl (3.10)

M# — o K

commutes, i.e., setting f8(y(m)) = f(m) for m in M; the definition extends
automatically to M&P because f8P is a group homomorphism, which implies, for

any m in M,

1 = f(la) = f2(v(1ar)) = [P (v(m)y(m) ™) = fEP(y(m)) foP (v(m)~")

returning fgp(v(m)_l) = fgp('y(m))f1 for any m in M. Conversely, given
g: M® — K, one can define g: M — K, m — g(y(m)). Clearly the corre-

spondence
Hom(M, K) +— Hom(M?®P K)
f — fgp
gy
is given by inverse isomorphisms. |

In such a setting, when needed, we will use the short notation f(m) implicitly

meaning f8P(y(m)).
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Proposition 3.13. The function Q%A 0 sending the pre-log ring (A, M) to

Q%A M) 18 a covariant functor on pre-log structures of A to A-modules.

Proof. Given a homomorphism of pre-log rings (id, fb) (A, M,a) = (A, N, 5),
we need to find a A-module homomorphism f, (s n): Q%A’M) — Q%A)N) that pre-
serves identities and directions of arrows. By Lemma 3.12, we know that we can
extend the monoid homomorphism f?: M — N to the group homomorphism

fbgp: MeP — N&P between group completions, as in diagram (3.10):

>
IN
M ——— N*P (3.11)

nof’
Y™

MeP —_y N8P
fb gp

After the identification
Qann = (Vs ® (A0 MBP))/ ~ur

where (da(m) @ 0) ~pr (0D (a(m) & yar(m))) for m € M, and similarly for
Q(lA > We can define

feauny: (& (A M®)) [/ ~pp — (24 & (A N®)) [~y
da® (1®m)— dad (1® % (m))
on a generator da @ (1 ® m), then extended A-linearly. This is a well-defined

A-module homomorphism. In fact, by the commutativity of (3.11) and by the

relation a(m) = Bf°(m) for m € M, we have

feu,ny (da(m) @ 0) = (da(m) @ 0)
= (dBf’(m) ®0)
~n (08 (Bf (m) @ yw f(m))
= (0@ (a(m) ® £ 721 (m)))
= fer,n) (0 ® ((m) @ yar(m))))
If f° is the identity on M, then f°* is the identity on M®P and Jev,nry 18

the identity on Q%AM). Moreover, if (id,g"): (A, N,8) — (A, P,v) is another
pre-log ring homomorphism, then easily

(id, (g0 f)b) - (id,g" ° fb> L (A, M,a) — (A, P,v)

is a pre-log ring homomorphism and g.(n,p) © fi(m,n) = (9 © f)«(as,p). Hence
Q% A is a covariant functor on pre-log structures of A to A-modules. |
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As for the case of Kéhler differentials, we will give a description of the log
Kahler differentials by means of a universal property, regarding, in this case, log

derivations.

Let (A, M, «) be a pre-log ring and let J be an A-module. A log derivation
(D,D%) of (A, M) with values in J consists of a derivation D: A — J of A
with values in J and a monoid homomorphism D”: M — (J,+) such that the
following diagram commutes:

M .
id xDbJ J(Dw)

M X () — ()

where (J,4) is the underlying abelian group of J and the lower arrow o’ maps
(m,z) — a(m)z; that is, D® is such that a(m)D°(m) = D(a(m)). We note
that, by Lemma 3.12, D" extends to D**": M&P — (J, +).

We denote the A-module of log derivations of (A, M) with values in J
with Der((A4, M), J). Our aim is now to show that, similarly to the case of Kéhler
differentials, there is a correspondence between the A-module homomorphisms

from the log Kéahler differentials and the log derivations.

Theorem 3.14. There is an isomorphism of A-modules:
Hom (Q}A,M), J) >~ Der((A, M), J)

Proof. We will make use of the universal property of the Kahler differentials
described in Corollary 2.7.
Given (D, D’) € Der((A, M), J), consider the diagram

A @z QQ[M] YA ® MeP

}5

where the A-module homomorphisms of the square are as in (3.9). The map
g: QY4 — J is determined by the universal property of Kihler differentials, as
the only homomorphism such that D = g o d, with d: A — QY the universal
derivation. So g(da) = D(a). The map h: AQM®P — J is defined to be such that
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a®x + aD’(x), using the extension of D” to M#P as described in Lemma 3.12.
In this way,

¢
A®zpn Qg gy —— Uy ——J

a® dmi— ad(a(m)) — aD(a(m))

while

A Qg —— A@ ME> Ly

a ® dm +— ac(m) @ y(m) — ac(m)D’(m) = aD(a(m))

where the last equality comes from the definition of log derivation. We then de-
termined a commutative square; being Q% AM) defined as the pushout of the top
and left maps, there exists a unique A-module homomorphism f: Q% AM) J
that makes the diagram commute, i.e., such that f(da) = D(a) and f(dlogm) =
D"(m).

On the other hand, given f € Homy4 (Q%A,M), J), consider g: QY — J, g = foi.
Let D: A — J be defined as D = god, where d: A — Q) is again the universal
derivation, so D(a) = g(da) = f(da). By the universal property of the Kéhler
differentials, D is a derivation of A with values in J. Setting D”: M — (J,+),
D"(m) = f(dlogm), we get

(d(a(m))) = fb(d(a(m)))
Po(l @ dm) = for(1 ® dm)

d(a(m) @ y(m)) = a(m) f((L @ 7(m)))
a(m) f(dlogm) = a(m)D’ (m)

D(a(m)) =g
~f
f

Then (D, Db) is a log derivation of (A, M) with values in J. It is immediately

seen that the described two maps

Der((A, M), J) HHomA(Q(A M),J)
(P, Owamz D(a), f(dlogm) = D’(m)
Hom 4 (Q(AM ,J) — Der((A, M), J)
[

(D Db) | D(a) = f(da), D’(m) = f(dlogm) (3.12)

are inverse isomorphisms. |

In this sense, the log derivation (d, db) of (A, M) with values in Q(lA M) corre-
sponding to the identity in Q% AM) is a universal log derivation, detailed with
d(a) = da, d’(m) = dlogm (thus d(a(m)) = o’(m, dlogm) = a(m)dlogm). In
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fact, the previous correspondence, along with the commutativity of the diagram

f
Qanny —2J

| A

Q)
shows that any other log derivation (D, Db) with values in J factors uniquely
through (d,d").

We saw that, by construction, the differentials of the form dlogm formally
behave as a~'da when a = a(m) (justifying the title “logarithmic” for these
differentials). We can use the correspondence described in (3.12) as a help to
prove the following theorem, the proof of which will perhaps allow us to get a

more insightful view on these differentials.

Theorem 3.15. Given a pre-log ring (A, M), its A-module of log Kdhler dif-

ferentials is invariant under logification of (A, M), i.e.

Q) = Qaar
Proof. We recall that

M aGL(A)

C nel-1@a(n)
for a(n) € GL1(A4). GL1(A4) is a group, so

MeP @ GLi(A)

y(n)®1—-1¢ a(n))
for a(n) € GL1(A), taking y(mau) € (M*)® to be v(m)@®u, (which has inverse
v(m)~t@u~1); this allows us to consider the inclusion M&P — (M?)8P, g s gP1.
We moreover recall that M? is defined by pushout and a®: M?® — (A4, -) is such
that a*(m @ u) = (1 D u)a*(m ® 1) = t(u)a(m) = ua(m).
An A-module homomorphism between Q% AM) and Q% A M) is then immediately
obtained. The pre-log ring homomorphism (ida,idy ®1): (A, M) — (A, M?)
gives, by Proposition 3.13, a homomorphism

a

(M) =

9: Q%A,M) — Q%A,Ma)
da — da
dlogm +— dlog(m @ 1)

Conversely, to get an A-module homomorphism in the opposite direction, we

find a log derivation of (A, M?®) with values in Q%A’M). In this case we use

D:A— 0y al,

at+— da+— da
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which gives
D(a*(m @ u)) = D(ua(m)) = d(ua(m))
= a(m)du + ud(a(m))
= a(m)du + ua(m)dlogm
= ua(m)(u~tdu + dlogm)
This suggests us a choice of an appropriate monoid homomorphism. Define:
DP: M* Ly (M»)8P = (M @ GL1(A))/ ~ — Qaan
m @ ut—y(m®u) ——— y(m) & u——— u~tdu + dlogm
To verify that D’ is a well-defined homomorphism, we will use the universal
property of M?. In fact,

¢: GL1(A) = Q4 ap)
u— v tdu

is a homomorphism, since ¢(uv) = (uv)~td(uv) = v tdu+v=tdv = ((u) +{(v).

Moreover, the diagram

a~1GLy(A4) —2 GLy(A)

J Js

1
M dlog Q(AvM)

sending m — a(m) — a(m)~'da(m) (upper and right-hand side arrows) and
m — m — dlogm (left-hand side and lower arrows), commutes, by virtue of
the relation dlogm = a(m)~tda(m), for a(m) invertible. The homomorphisms
¢ and dlog then factor through D”: M? — Q% AM) by the universal property of
the pushout. In this way,
o®(m @ u)D’(m & u) = a®(m @ u)(u" du + dlogm)
= ua(m)(u"du 4 dlogm) = D(a®(m @ u))
SO (D7 Db) is a log derivation. We use the correspondence in (3.12) to find
a: Q%A,M“) — Q%A,M)
da — da
dlog(m @ u) — v~ 'du + dlogm
We shall now verify that # and 6 are inverse isomorphisms. One direction is
given by
0 0
Qaan = Laary — Ly
dat dat da
dlog m+— dlog(m @ 1) > 1d1 + dlogm = dlogm
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(recalling d1 = d(1-1) —dl = d1 — d1 = 0). The other one is

0 0
avry = Hapry — Haary
dat da | da
dlog(m @ u) — u~tdu + dlog m +— u=tdu + dlog(m @ 1)

We use the fact that (A4, M?, a?) is a log ring to factor the inclusion GL;(A) —
(A7 ) as
GL1(A) — M* 25 (A, +)
utr—= 1®ur— a®(1®u)

so that
60(dlog(m @ u)) = v~ *du + dlog(m @ 1)
= (a1 ®u)) "do*(1 ®u) + dlog(m & 1)
=dlog(l ®u) + dlog(m @ 1)
= dlog(m @ u)
making 6 and 6 inverse isomorphisms. ]

With the result we just showed, one may choose to only consider log Kéahler
differentials of log rings, taking, for a pre-log ring, its logification. In the proof
of Theorem 3.15 we used the fact that we could invert some elements in M?®
(precisely, the invertible elements of A that came from M through «). The next
example will show the features of the log Kéahler differentials of a log ring in a

case in which a(m) is always invertible.

Ezample 3.16. Given a pre-log ring (A, M), we define its trivial locus (as in
[Rognes, 2009]) as the pre-log ring (A[M '], M#P), where the ring is the local-
ization A[M~'] = A®zp Z[M®P]. In this case, a(m) € GLy (A[M~!]) for any
m € M8P so (M8P)> = )P,

The log Kahler differentials of the trivial locus are generated by differentials
da for a € A[M~"] and dlogm for m € M, such that da(m) = a(m)dlogm.
Since a(m) is always invertible, one can express dlogm = a(m)~tda(m), where
both a(m) and a(m)~! belong to A[M~']. This establishes an isomorphism
QL[M,l] = Q%A[Mfl],MgP)' We then see that the log Kéhler differentials Q%A’M)
place themselves in an intermediate position between 2 and Q}L‘[ a1yt in Q% AN
we only allow differentials of the form da or dlogm, the latter having the formal
properties of a(m)~!da(m), while in Q}L‘[M_l] there are also differentials of the
form a(m)~tda(n) for m # n.

In the following diagram we show the factorization QY — Q%A,M) — QQ[M,I];
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the unlabeled arrows are the obvious inclusions, the upper-left square is a

pushout and the outer square is commutative.

A®Z[1\/f] Q%[M] L}A@Mgp 4}A[M_1:| ®Mgp

/| }5

0 ———— 0l 3
b 1 ~ Ol
Q) 3 Qapr-1a0e0) = Lapr-

b
We will also present an easy example for the case in which a(m) is, on the

contrary, not always invertible.

Example 3.17. In example 2.4 we saw that both the Ké&hler differentials of Z
and Q are trivial. We will now compute the log Kéahler differentials of the pre-
log rings (Z, (p),¢) and (Q, (p),¢), with (p) = {1,p,p?,...} for p € Z and ¢ the
inclusion.

In Q%@,@)) there are differentials of the form dq for ¢ € Q, with dg = ¢dl =
0, and dlogr, for r € ((p) invertible in Q, with dlogr = r~ldr = 1dl =
0, so, immediately, Q%Q’ ) is trivial. As for Q%Z, ()’ there are instead non-
zero differentials of the form dlogr, for r € «(p) not invertible in Z. From

Definition 3.7, we can look at the diagram:

1[) "
Z ®zip)) Vpppyy — L@ (0)*°

! J#
1 1
B ——="%w
We know from Example 2.4 that Q) = {1}; moreover, there are isomorphisms

and
7R (p)® =7, np' —n i

such that the map 1;: 7Z — 7 is actually the multiplication
15 1odp s popp
This makes Q(; v = ({1} ®Z)/ ~, where 1&0 ~ 1@ p, so
1 [a¥)
Qz.py) = Z/PL
in which the elements are {dlogp,2dlogp,...,pdlogp = dp = 0} (notice that

dlogp™ = mdlogp).
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To go further with the analogy with the Kéahler differentials, we now want
to establish an isomorphism between the the log Kéhler differentials and the
first log Hochschild homology group. We will start by introducing an A-module
homomorphism Q(, ,p — HH; (4, M).

Proposition 3.18. There exists an A-module homomorphism
w: Qfy ) — HHL(A, M)

Proof. We will use the correspondence described in (3.12). An A-module ho-
momorphism as such can be obtained once we find a log derivation (D, Db) of
(A, M) with values in HH; (A4, M). We get a derivation D: A — HH; (A4, M)
passing through the derivation A — HH;(A4), a — 1 ® a described in (2.5), and
composing with the homomorphism induced in homology from the map v in
Definition 3.4. So, define:

D: A— HHy(A, M)
(1R (1o1)

A monoid homomorphism D”: M — HH; (A, M) can be obtained by composing
the monoid homomorphism M — H; (Z[B*? M) = Z[M]® M, m — 1®~(m)
with the homomorphism induced in homology by the map & in Definition 3.4.
We the get:

D’: M — (HH; (A, M), +)
= (1®1)®(1ey(m))

We see that

D(a(m))

(1® a(m)
(1®1)

)® (1@1)
® (m ®y(m))
(Iel)e(mel)- (1®y(m)))

= (a(m)®1) ® (1 ®y(m))

a(m) - (1@1) @ (18 y(m)) = a(m)D’(m)

0 (D,Db) is a log derivation. By Theorem 3.14, we get a homomorphism of

A-modules:
@: Qg apy — HHL (A, M)
da— D(a)=(1Ra)®(1®1)
dlogm — D"(m) = (1®1)® (1®~(m)) (3.13)
as we wanted to prove. |
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Though, as we will see, there actually is an isomorphism between Q% AM)
and HH; (A4, M), the map @ does not seem to be easily invertible at this point.
In Section 3.4 we will prove that @ is indeed an isomorphism, under the assump-
tion that A is flat over Z[M]. The map we found will anyway be useful when
dealing with the module of log differential n-forms and the graded commutative

structure of HH,; the latter will be explained in Lemma 3.19.

3.4 The isomorphism HH;(A, M) = Q%A,M)

In Theorem 2.5 we showed that there is an isomorphism between the first
Hochschild homology group of a k-algebra and its module of K&hler differen-
tials, explicitly giving inverse module homomorphisms. We will use a different
argument to show that, for a pre-log ring (A, M), there is an isomorphism
HH; (A, M) & Q%A,M); this isomorphism will be conveyed, in one direction, by
the homomorphism @ described in (3.13).

In this section we will encounter the notion of strictly commutative graded
ring. A graded ring A, is a sequence of abelian groups A,, n > 0, with a
bilinear, associative multiplication -: A x A — A and a unit 1 € Ay, such that
Ty € Apan ifz € A, and y € A, A graded ring is graded commutative if
zy=(=1)""y.x for x € A,, and y € A,,. Such a ring is strictly commutative

if moreover x-x =0 if z € A,,, with n odd.

Lemma 3.19. If R, is a simplicial commutative ring, then H.(R,) is a strictly

commutative graded ring.

Proof. We want to endow H,(R,) with an associative and unital operation
Sh( ® ) Hm(R.) ® Hn(Ro) — Hm+n(Ro)
such that, for r € H,,(R,) and s € H,(R,),

sh(r®s)=(-1)""sh(s®r) (3.14a)
sh(r ® r) =0 for r in odd degree (3.14b)

We saw in Section 1.4 that, given R, and S, simplicial commutative rings, the

external homology product

Pi Hm(Ro) &® Hn(So) — Hm+n(R. ® S.)
TRSHT®S (3.15)

is a well-defined homomorphism. The shuffle map described in (1.4) induces, by
the Eilenberg-Zilber theorem, an isomorphism in homology

g: Hm+n(R. ® S.) 1> Hern((R X S)')

44



Finally, for Se = R,, the multiplication map

m: Ry x Ry — R,

(r,s) —rs

induces a homomorphism m: Hy,1,((RX R)e) = Hyyyn(Re) in homology. The
composition sh = mo g o p is the map we were looking for; the associativity
of sh comes from the associativity of the shuffle map. The sign in (3.14a) is
determined by the shuffle map, as shown in (1.5).

We shall now explain why the condition (3.14b) is verified. For (u,v) a (p,p)-

shuffle, consider the map
huwy: By @ Ry — Rap @ Rayp
u@ v sgn(pt, v)(su, - 80, (W) @ 84, -+ 8,1, (V)
Let (v, ) be the (p, p)-shuffle associated to (p,r) according to (1.6), where the

permutation sending (u,v) to (v, u) is the product of p - p transpositions. One
can easily see that, for r @ r € Ho,((R® R)a),

mohg, ) (rer) = (—1)p2m oh(uu(rer)

In particular, for p odd, we have m o h(, ) (r ® r) = —m o h(, ) (r ® r). Since

the shuffle map

qg: Rp®Rp—>R2p®R2p

TRT Z Ry (r@r)
(w,v)

is obtained as the sum of all the h(, ,) for (u,v) a (p, p)-shuffle, and such maps
h(u,v) cancel out in pairs, we get m o g(r ® r) = 0, yielding, in homology,
mog(r®r) = 0. Considering r @ € Hy,(R,) as the external homology product
of r € Hy(R,) and itself, we have that sh(r @ r) =mogop(r®r) =0 for r in
odd degree. |

From the definition of the log Hochschild complex as the degreewise pushout
of a diagram of simplicial commutative rings (Definition 3.4), by Lemma 3.19

we obtain in homology a diagram of strictly commutative graded rings:

H.(Z[BY M]) —— H.(Z[B;" M])

[

HH,(A) ———— HH.. (A, M)

where, by definition, HH, (A, M) is the homology of the log Hochschild complex.
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For R, a simplicial commutative ring and X,, Y, respectively right and
left simplicial R-modules, we will use the notation (X Kg Y), to indicate the
simplicial module (and its Moore complex) obtained by the degreewise pushout

of given module homomorphisms R,, = X,,, R, — Y,,. We can, then, write:

HH..(A, M) = H, ((C(A) Rypes 1) Z[B™P M]),) (3.17)

We recall that, for R, a graded ring, and for X, and Y, respectively right
and left graded R-modules, the graded module X, ®p, Y is defined in each

degree n as the coequalizer of the two parallel multiplication maps
P XeorRevi 3 P Xioy,
i+j+k=n i+j=n
TRTrRXYYr——r QY
— T Rry (3.18)

From the diagram in (3.16) we obtain a map
HH. (4) @gr o ) He (ZIBEP M]) —» HHL (4, M)

which, unfortunately, is not an isomorphism; to explicitly compute the homology
in (3.17) is, moreover, not easy, even in degree 1. Nevertheless, it will prove itself
useful to start by finding an expression for HH..(A) @y, zper a)) Ha (Z[B{ M])

in degree 1.

Lemma 3.20. Using the same notation,
[HH..(A) ®p, 2y apy He(Z[BY M])] | = Q{4 0

Proof. The module on the left-hand side is defined as the coequalizer of the two

parallel multiplication maps, as in (3.18):

P HHi(A) @ H(Z[BY M]) © Hy(Z[BS™ M]) —3
i+j+k=1
P HH;(A) @ H;(Z[BL™ M])
itj=1
In order to compute it, we will first explicate in detail the objects involved with
their degrees. HHo(A) = A and HH;(A) = Q) as explained in Theorem 2.5.
The homology of Z[BZ M] is actually the Hochschild homology of Z[M], so
Ho(Z[BY M]) = Z[M] and H,(Z[BY M]) = QE[M]. As for H.(Z[B'P M), we
can easily compute from the complex

... — Z[M] ® Z[M®) @ Z[MP] 25 Z[M] @ Z[MP] 25 Z[M] — 0
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with b1(m®g1) =0and ba(Mm® g1 ® g2) = (MR g2) — (MR g192) + (MR g1) for
m € Z[M] and g¢; € Z[M?P], that Ho(Z[B,*® M]) = Z[M] and H;(Z[B M]) =
Z|M] ® M®P (using Lemma 3.9).

We start from the direct sum of these three tensor products:

QL ® Z|M] ® Z[M] (3.19a)
A® Q5 © Z[M] (3.19b)
AR ZIM]® (Z[M] @ MSP) (3.19¢)

Multiplying the central factor on the left or on the right, we land on the direct
sum of these two tensor products:
Q4 ® Z[M] (3.20a)
A (Z]M] @ M8P) (3.20Db)
Precisely, (3.19a) is mapped to (3.20a) and (3.19¢) is mapped to (3.20b) through
both the maps, while (3.19b) is mapped to (3.20a) or (3.20b) when multiplying
the central factor on the left or on the right respectively. In detail:
QY @ Z[M] ® Z[M] = QY4 ® Z[M)]
da®@m®n+— a(m)da®@n
— da @ mn
has coequalizer (Q4 ® Z[M])/ ~, with a(m)da ® 1 ~ da ® m, thus isomorphic
to QY , while
AQZIM)® (Z[M] @ M®P) =% A® (Z[M] ® M*P)
a®@m® (n®g)— alm)a® (nQ g)
—a® (mn® g)
has coequalizer (A ® (Z|M] ® M8P))/ ~, with a(m)a®1® g ~ a®m® g, thus

isomorphic to A ® M#®P. Finally, by what we just computed, the coequalizer of
the two maps

A® QE[M] ®ZM] = (Qi; ® Z[MD @ (A® (Z[M] @ M*P))
can be identified with the coequalizer of
A® Qg ©Z[M] = Q) © (AR M)
a®dm ®n — (aa(n)da(m)) @0
= 0® (ac(n)a(m) @ y(m))

which is then

0L @ (A® MeP) o
{ada(m) ®0 =0 (aa(m) @~(m))) M
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Gathering together the summands in the direct sum, we obtain that
[HH..(A) ©y, 25y 1)) B (Z[BS M])] | = QU4 apy

as we wanted to show. |

In order to show that the first log Hochschild homology of a pre-log ring is
isomorphic to the module of its log Kéhler differentials, we will combine what we
just proved with some of the results presented in [Quillen, 1967, Chapter I11.6]
(spectral sequence (b) in Theorem 6, p. 6.8; Corollary, p. 6.10), which we will

now summarize.

Theorem 3.21 ([Quillen, 1967]). Let Re be a simplicial ring and let Xo and
Y, be respectively right and left simplicial R-modules. If Toqu" (X0, Y,) =0 for

q > 0, then there is a canonical first quadrant spectral sequence

By, = [TorE*(R'>(H*(X.),H*(Y.)) = Hpy (X BpY),)

We point out that in [Quillen, 1967] the notation used for the degreewise
tensor product of simplicial modules is X @ Y instead of (X Kz Y),.

Theorem 3.22. For (A, M) pre-log ring, under the assumption that A is flat
over Z[M], the map
w: Qf 5y — HHL (A, M)

described in (3.13) is an isomorphism of A-modules.

Proof. Referring to Theorem 3.21, for our purposes, we consider R, = Z[BJ M],
Xe = Co(A) and Y, = Z[B,® M]. We are interested in the case for p + ¢ = 1.
The condition on Torff" (X,,Y,) in Theorem 3.21 is satisfied since we assume
A flat over Z[M]; so, A®" is flat over Z[M]®" for every n (this result descends
from [Eisenbud, 1995, Theorem A6.6]). We will consider the terms Ef ; and Ef
of the spectral sequence.

Regarding E&l, we have immediately:
B3, = [Torll 2 M0 (s1p, (), 1, (2(B M)))]
’ 1
= [HH.(A) ®u, ze m)) H(Z[BYP M), (3.21)

About E7 , given a resolution by free H.,(Z[BY M])-modules

co. — Fy — Fy — Fy — H.(Z[BSP M) (3.22)
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and tensoring it with @y (zpe ar) HH«(A), we get a sequence
o— Fy ®H*(Z[B‘;y M) HH*(A) —

— F ®H*(Z[B:y M) HH., (A) — Fy ®H*(Z[Bﬁy M) HH*(A) (3.23)

the homology of which is the torsion we want to get. There is a resolution
.. — [Fa]y — [FA]y — [Foly — Ho(Z[B.™ M])

of free Hy(Z[Bg' M])-modules given by the terms in degree 0 of each module in
(3.22); so, taking (3.23) in degree 0, we get:

— [F1 @, e v HHL(A)] ) — [Fo @, zmg an) HHL(A)]

Hence,

By = |Tor} P VD (HH, (4), H(Z[BL M)
= Tory* 1% M (HH, (A), Ho (Z[BLP M]))
~ Tor? ™A, Z[M]) =0 (3.24)

since Z[M] is itself a free Z[M]-module. For the same reason, E, ; = 0 for p > 2.
Theorem 3.21 asserts that there is a short exact sequence:

0— B = Hopt (X R Y)e) = EfS — 0 (3.25)
In our case, ETG = E%’O by definition, while
Egy = Eg,l = kerd%yl/im dg,o = Eg,l/o = Eg,1
Hence, the short exact sequence (3.25) becomes
0 Eg) > Hi(XXRY)l.) — Efg—0
which is isomorphic, by (3.21) and (3.24), to
0 — [HH.(A) ®u, zmy my) H(Z[BST M))], —
— Hy ((C(A) Rygey ar) Z[B™P M]),) - 0—0 (3.26)

where the middle term is the first log Hochschild homology of (A4, M), as de-
scribed in (3.17). Moreover, Lemma 3.20 showed that the left term is isomorphic

to Q%A,M)' Explicitly,

[HH..(A) ®u. zps ) He(Z[BYP M])] 1 Q%A,M)
(1®a)®1 da
1® (1®vy(m)) — dlogm (3.27)
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The composition of the map in (3.27) with

w: Q%AM) — HH; (A, M)
da— (1®a)®(1®1)
dlogm — (1®1) ® (1®~(m))

agrees with the natural inclusion EgS — HHi(A, M) in (3.26). Summarizing,

we get the short exact sequence
0= Qaan 2y HH (A, M) > 0—0

returning
Qaar = HH (A, M)

as we wanted to prove. |
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Chapter 4

Polynomial algebras

4.1 Definitions and results on Hochschild ho-

mology

In this thesis, for a module V over k and a commutative and unital k-algebra
A, we will denote by A’y V the n-th exterior power of V, i.e. V" / ~ where
the tensor product is over A and 11 ® ... ® v, ~ 0 if v; = v; for some ¢ # j (we
will also use the equivalent condition: v; = v;41 for some i)l; we set moreover
A% V = A. When A = k, we will omit A from the notation and write A"V
instead. The class of v1 ®...® v, in A} V is denoted as vy A ... Av,. If 0 € Sy,

VLA AV =8E0(0) Vs (1) A A Vg ()

The exterior algebraof Vis A4 V =@, .y
A is induced by the product in the tensor algebra V®" @ V&M — yOm+n (5o

by concatenation).

A4 V', where the multiplication

For a k-module V, the symmetric algebra over V is the algebra S(V) =
S*(V), defined degreewise as S°(V) = k and S"(V) = V®"/ ~ for n > 0, where
V1@ ... @ Uy ~ Vp(1) @ ... @ Vg if 0 € S,; multiplication is again given by
concatenation. We will denote with vy ...v,, the class of 11 ® ... ® v,,. When V'
is free of dimension n and generated by z1, ..., z,, the symmetric algebra S(V)

is the polynomial algebra in the variables x; with coefficients in k.

The following notation and part of the results about the differential n-forms
are presented as in [Loday, 1998].

1By induction: assume v1 A. . .Av, = 0 whenever v; = Vi1 for some k < m. Let v; = vi4m.
Then 0 = v1 A ... A (Vi +Vit1) A (Vi + Vig1) Ao AVigm A ... A vp; expand and apply the

inductive assumption.
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Definition 4.1. Let A be a commutative and unital k-algebra. The A-module
of differential n-forms is defined as the exterior product Q7% = A’} Q. We
will write apda; .. .da, to denote apda; A ... Ada, € ), for a; € A. We will
use the notation % for the graded algebra of the differential forms.

~

In Theorem 2.5 we showed that there is an A-module isomorphism Y} =
HH; (A). In general, the same result does not hold in higher degree; we will show
that, however, this holds in the case when A is a polynomial algebra in a finite
number of variables.

Proposition 4.2. There is a graded algebra homomorphism
Te: Q% — HH,.(A)

Proof. In the diagram

(@) " 25 (HH, (4))®"

Al }h (4.1)

O — — — — 5 HH,(A)

7 is the isomorphism showed in (2.4) and sbh is the operation in HH, (A4) induced
by the shuffle map as described in Lemma 3.19, making it a strictly commutative
graded ring. Let I, be the A-module generated by the elements da; ® ... ® da,
of (Qk)gm with a; = a;41 for some i. Elements in I,, are sent to 0 by sho7®" by
virtue of (3.14b). The exterior product A quotients out those elements, so there
exists a (unique) A-module homomorphism 7, : Q% — HH, (A) which makes
the diagram commute. Moreover, (9}4);@" and HH,(A) are graded A-algebras
and I* = ]I, is a graded ideal of (Qk)fm (since multiplication is given by
concatenation, it is clear that the product of an element in I'* of degree n; by
any element in % of degree ng lies in I* and has degree nq + ng). So we get a
graded algebra homomorphism 7,: Q% — HH,(A). [ |

We will later make use of the following description of the algebra of the
differential forms of a polynomial algebra.

Proposition 4.3. Let V' be a free module over k. There is a canonical isomor-
phism of S(V')-modules:

SV)eV — Qfg(v)
a® v adv (4.2)
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Proof. The map

D:SV)-=>S5V)eV
vl...vnHZ(vl...ﬁi...vn@)vi)

is a universal derivation of S(V') with values in S(V)®V. In fact, let §: S(V) —
N be another derivation; this is determined completely on the value of § on
V. Now there exists a unique S(V)-linear map ¢: S(V) ® V. — N such that
d = ¢ oD, given by ¢(1 ® v) = 6(v). So D is universal; by Proposition 2.6,
S(V)— Q};(v)v v — dv is also a universal derivation, so, by Corollary 2.7, the
map in (4.2) is an isomorphism. |

Corollary 4.4. There is an isomorphism of S(V')-algebras:

advy ... dv, = a® (v1 A... Avy)
Proof. From Proposition 4.3, in each degree n we have:
Q&) = Asv) Ly = Ay (S(V) @1 V)
= (S V) Rk V Rsv) -+ Ds(v) S(V) Rk V)/ ~

(
~(S(V) @k V®...Q0,V)/ ~
= S(V) @, ALV

IR

The multiplication in S(V) @ A}, V is given by usual product on S(V) and by
concatenation on Ay, V, so that

(a@ Wi Ao AvR)) - (b (w1 Ao Awy))
=(@-b@WIA... AN AwL Ao AWy))

One can then easily see that the described degreewise isomorphism of S(V)-

modules respects the respective S(V')-algebra structures. ]

Remark 4.5. We recall that, if V' = k{vy,...,v,.} has finite dimension r, then
A"V =0 for n > r, making Qg(v) =0 forn>r.

In order to show the isomorphism between the Hochschild homology and
the algebra of differential forms in case of a polynomial algebra, we will need
the following results. The first one, the proof of which we omit, appears in
[Loday, 1998, Theorem 1.1.13].
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Lemma 4.6. If a unital algebra A is flat as a module over k, then there is an
isomorphism
HH,, (A; M) = Tor2®4” (M, A)

where A°P is the opposite algebra of A, in which the product is given by

A°P x A°P 5 A°P_ (a,b) > ba

We will use Lemma 4.6 in the next lemma, which examines the case of a

polynomial algebra in one variable only.

Lemma 4.7. There is a graded algebra isomorphism

where T, 1s the graded algebra homomorphism from Proposition 4.2.

Proof. We will start by computing the Hochschild homology of the polynomial
algebra k[z]. By Lemma 4.6, we need a projective resolution of k[z] in terms of
klz] ® k[x] = k[z1, 22]-modules. This is easy to find, after the identification

fl@) @iz — X f(z)
for A € k. A free resolution of k[z] is given by:
0 —s ks, o] B5 Koy, 2a] = K[z
where s(z1) = & = s(22). Tensoring the resolution by ®p[z, o,1k[7], we get
0 — k[z1, z2] ®k[z1,22] klx] — klz1, 22 Pk[z1,22) klz] — 0

Under isomorphism

Elz1, 22] @k 20] B[] = k[z]
f(z1,22) ® g(z) = f(,2)9(x)
1®g(z) < g(x)

the chain complex becomes
0 — k[z] — k[z] — 0
where the middle map sends

9(z) = 1@ g(x) = (z1 — 22) ® g(x) ¥ (¥ —x) @ g(x) =0
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Hence, HHy(k[z]) = k[z] as we knew; HH; (k[z]) = k[x] as well; the homology is
0 in higher degree.

As for the differential n-forms, we have Qg[w] & k[z] and Q,lv[w] > k[z){dx}. In
degree n > 2, O\ = 0, since, by Corollary 4.4, QO = k[z] @ Ag k{z} and
k{x} has dimension 1, making A" k{z} = 0 in degree higher than 1.

As graded algebras, then,

Doy = klzl{1, dz} = k[2]{1, dz}/((dz)?)
HH, (k[z]) = k[z]{1, dz} = k[z]{1, dx}/((dx)Q)

where dx is the generator in degree 1.

We will now check that the graded algebra isomorphism is given by 7. This is
trivial in degree 0 (because 7%° is the identity on ), = k[z]) and in degree
greater than 1 (because Q) = HH,,(k[z]) = 0 for n > 1). In degree 1, we see

that, via the described isomorphisms, the map 7

O} —— HHy (k[a]) — k[z{do} @ k{} — k[x]{dz}
dx | 1®xt dr @ t — dx

sends the generator dx of Q}CM to the generator dz of HH; (k[x]). |

Remark 4.8. We emphasize that, considering k = Z, the isomorphism Q%[r] =
Z[z]{dx}, dz — 1ldx corresponds by Corollary 2.7 to the usual polynomial
derivation D: Z[z] — Z[z], D(}; a;x’) =3, a; - i - 2 dw.

We are now ready to prove the central theorem of this section.

Theorem 4.9. Let V = k{xy,...,x.} be a free, finitely generated k-module.

There is a graded algebra isomorphism

Proof. Since the k-module V is finitely generated, we can decompose it as the
product V- =k{x1} x ... x k{z,}. We will use the general fact that there is an

isomorphism of simplicial commutative monoids
BJY(M x N)2BY M x BY N
which is explicited in each degree by

B (M x N) = (M x N)?T = M9t x N9*1 = BY M x BY N
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Hence, B V 2 By k{x1} x ... x BY k{x,}. The Hochschild complex of k[V] is
the Moore complex of k[BJY V], so

1

Co(k[z1,...,2r)) Z kB k{z1,...,2:}]
EBY k{z1}| K ... X EBY k{z,}]

Co(k[z1]) K ...&C.(k[mr])

where the right-hand side is chain homotopic to Ce(k[z1]) ® ... ® Ce(k[z,]) by
the Eilenberg-Zilber theorem. Taking homology, we have

1%

1%

1%

HH. (k[z1,...,2:]) 2 Ho(Co(k[z1]) ® ... ® Co(k[z,]))

In each degree, the cycles and the homology of C,(k[z;]) are free, hence projec-
tive, k-modules for each 4, so we can apply the Kiinneth formula as in (1.8), to
get:

HH, (k[z1,...,z,]) = HH, (k[z;]) ® ... @ HH, (k[z,])

By Lemma 4.7, 70 Q= HH, (k[z;]) is an isomorphism of graded algebras
for each i, giving:
HH*(k[xl,.,xr]) %JQZ[:El] ®'®QZ[IT] (4.3)

The last step is to prove that

Vo @ - © Qg 2O

1?1,...,:67«]

This can be done by induction. The base case is trivial; assume, as inductive
hypothesis, that QZ[ml] R.. .®Q;’;[zs_1] = Q,”;[xh___ o_1] for a given s. Then, using
the graded algebra isomorphism in Corollary 4.4, we get:
Q] @ - O N 1 Q) = Lo mo 1] © Qo]

2 k[wy,. . xs—1] @ ALK{x1, ..., 251} @ K[zs] @ Af k{zs}

> klzy,. .. xs) @ AL (R{a1, ..., 251} @ k{as})

> klwy,. .., xs) @ AL k{z1,..., 25}

~ Q*[

k xla-*wxs]

In here we used the graded isomorphism

A (k{x1,..., x5} ® k{xs}) = @ AN Ek{xy,... 25} @ AT k{xs}

p+g=n

Replacing in (4.3) according to (4.4), we obtain:
Q;:[xl,...,ms] = HH*(k[xla cee ,LE,«])

where the isomorphism is conveyed by 7., as we wanted to prove. |
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Using Theorem 4.9, we can proceed to explicitly compute the Hochschild

homology of a polynomial k-algebra in a finite number of variables.

Ezample 4.10. Consider k{z,y} as a k-module, generating the polynomial al-
gebra k[z, y]. By Theorem 4.9, the Hochschild homology of k[z, y] is isomorphic
to the algebra of differential forms. We get:

klx,y] ifn=0
klz,yl{dx,dy} ifn=1
klz,yl{dr ANdy} ifn=2
0 ifn>2

HH,, (k[z,y]) =

where in degree n the generators are the generators of QZ[ i.e., the generators

z]’

in degree n of Q,*C[x].

Ezample 4.11. In general, for the polynomial algebra A = k[z1,...,2,] in r
variables, (0% has (2) generators in degree n, of the form dx;, A ... Adz;,, for
1<iy<...<i, <r. We than have that

HH,, (A) = A%()

In the next section we will reach an analogous result in log Hochschild homology.

4.2 The logarithmic case

We will now try to study the behaviour of the log Hochschild homology and
the log Kahler differentials, or the log differentials n-forms, for a polynomial

Z-algebra.

Definition 4.12. Let (A, M, a) be a pre-log ring. We define the A-module of
log differential n-forms as the exterior product Q?A_M) =A" Q%A M) We will
use the notation QE‘ AM) for the graded algebra of the differential forms.

Just as in the previous section, we have the following result.

Proposition 4.13. There is a graded algebra homomorphism:

@, Q) — HHL(A, M)
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Proof. The proof is identical to the one already seen in Proposition 4.2, since
Lemma 3.19 holds for the log Hochschild homology too. In this case, the relevant

diagram is

1 o gon ®n
()~ (HH1 (4, M)

AJ Jﬁh (4.5)

Oy apy = = = = » HH, (A, M)

where @ is the A-module homomorphism described in (3.13). Again, we set @,

to be the map induced on O, /) by won, [ |

Except in degree 1, an isomorphism between the log differential n-forms and
the n-th log Hochschild homology of a pre-log ring can generally not be found
(as, generally, there is not an isomorphism between the Kéhler differentials
and the Hochschild homology of a k-algebra). We will, however, focus on some

particular cases.

As our first example, we can consider the pre-log ring (A, M, «), with A =
Z[z], M = (z) and « the inclusion; in this case, A = Z[M]. We will need the

following lemmas.

Lemma 4.14. Given the canonical pre-log structure (Z[M], M) of a commuta-

tive monoid M, there is a graded algebra isomorphism
HH.(Z[M], M) = Z[M] ® H.(Z[Bs M??])

Proof. Computing the log Hochschild complex of (Z[M], M), we get, from the

definition,

Z[BY M] —" s 7B M]

53 ®O‘J Jg

Co(Z{M]) —= Co(Z[M], M)

The map S! ® @ is now the identity; since the square is a pushout square, we

obtain an isomorphism
Ce(Z[M], M) = Z[BSP M] (4.6)
We will use the isomorphism B™P M 2 M x BM8P described in (3.3) to get

HH, (Z[M], M) = H, (Z[BL® M]) = H,(Z|M x B, M*])
~ H,(Z[M] ® Z[Bs M*P])
~ 7[M] @ H,(Z[Bs M®]) (4.7

as we wanted to prove. |
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Lemma 4.15. Let P be a commutative monoid. Then there is an isomorphism

of graded algebras:
H.,(Z[B, P]) = Tor2(7, 7)

Proof. Consider the sequence

—)FQgFlﬂ)Foi)Z

P

where, for each n, F,, =7 and 0 is defined on the generators as

0: F, — F,_1
n—1
ToR ... QR Ty > Z(—1)1x0®...®xixi+1®...®xn
i=0
+ (=D)"(zn)r0® ... @ Tp_1

with augmentation e: Foy — Z, Y. njx; — Y, n, for ; € P, n; € Z.

F, is actually a free resolution of Z, called bar resolution, in terms of Z[P]-
modules (the multiplication takes place on the first tensor factor); a proof for
this can be found in [Mac Lane, 1963, Chapter IV, Theorem 5.1]. In order to
compute Tor%[P] (Z,Z), we apply Z @zp) — to F:

2] 2]
. —— L ®gp) Z[P|®* —= L @y;p) Z[P)** —— Z @y;p) Z|P]

We see that, via isomorphism

Z[P®™ = Z @gp) Z[ P2
1 R...0T, »1lR1IRXr Q... x,
€x0)r1® ... 0T, —1RQ20R21 Q... R T,

the map O induces the map 9"

& Z[P®" — z[P]®" !

T1RQ...Q0 Ty, — ()22 ® ... Qay
n—1
+Zx1®...®xixi+1®...®x”
i=1
+(—D)"(xp)r1 @ ... @ Lp_1

making the lower line in the previous diagram indeed the Moore complex of
Z[B, P]. Therefore, Tor?)(7,7) =~ H,(Z[B, P)). [ |
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We then get the following expression of the log Hochschild homology of
(Z[M], M).

Proposition 4.16. Let M be a commutative monoid. There is a graded algebra
isomorphism:
HH, (Z[M], M) = Z[M] ® Tor2M**)(7., 7)

Proof. Immediate, from Lemma 4.14 and Lemma 4.15. |

With the aid of Proposition 4.16, we are now ready to compare the log
differential forms to the log Hochschild homology of the pre-log ring (Z[z], (z)).

Proposition 4.17. There is an isomorphism of graded algebras
where Wy is the graded algebra homomorphism from Proposition 4.13.

Proof. We will start from the log differential forms. From Example 3.11, we
have that 2} ) = Zz}{dlogx}. Hence

(2la (@)
Z[z) ifn=0

Vg o)) = M) Ul (y) = | Zlel{dlogz} = Zfa] ifn=1 (4.8)
0 ifn>2

where for the last case we used that, as a general fact, A4 A = 0 for n > 2.
Our aim is to find an isomorphism between the log differential forms and the
log Hochschild homology of (Z[z], (x)). Applying Proposition 4.16 for M = (x),

we get a graded algebra isomorphism:

]

HH. (Z[z], (x)) = Z[z] ® Tors (Z,7Z)
o1

We are then interested in finding an explicit expression for Torf[l’x ](Z, 7). We

will find a free resolution of Z in easier terms than the bar resolution described

in Lemma 4.15. The sequence

0— Z[z,z7 "] EiN Z[z,z™!] LN/ (4.9)
with homomorphisms defined by fi(p(z)) = (z — 1)p(z) and fo(z) =1, is a free
resolution of Z in terms of Z[z, z~!]-modules. In fact, fo is certainly surjective
and Z = Z[z, 7] /(z — 1); as for fi, to assume 0 = f1(p(z)) = (z — 1)p(z) for
p(r) = apz™ + ...+ ayx yields

—apa” — ... —anz + a2t + . tayzNT =0
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so ay = 0 and, by induction, p(z) = 0, making f; injective.
o]

To get Tor% (Z,Z), we apply Z @z ,-1) — to (4.9), thus getting

0 — Z ®ppp,0-1) L[z, 27" N/ ®2fz,0-1) L[z, 7] — 0 (4.10)
Under isomorphism
Z ®Z[z,z*1] Z[z,l‘il] =57
s® f(x)—s- f(1)

s®1<s
the sequence in (4.10) becomes
0 —2Z—72—0
where the middle map sends
151l le@@—-1)r—s1-1=0

Hence, taking homology, we have

Z ifn=0
Z[w,w_l] ~ .
Tory, (2,2)= 47 ifn=1 (4.11)
0 ifn>2

providing the sought expression for the log Hochschild homology of (Z[x], (z)):

» Zlz] ifn=0
HH,, (Z[z], (z)) = Z[z] ® TorZl®® ](Z,Z) ~ {70 ifn=1 (4.12)
0 ifn>2

Comparing the expressions in (4.12) with the differential forms in (4.8), we get

a degreewise isomorphism

(2o, (zy) = HH.(Z[z], (2))

We will show that this isomorphism is induced by the homomorphism of graded
algebras W.: Q. () — HH.(Z[z], (x)) from Proposition 4.13. This is trivial

in degree 0 and in degree greater than 1, while in degree 1 we get:
Zx]{dloga} = Q%Z[w]’m) < HH, (Z[z], ()
dlogz— (1®1)®@(1®x)
Via the isomorphism

HH, (Z[z], (x)) — H1(Z[BY (z)]) — Z[z] ® Hy(Z[Ba(2)*"]) — Z[2]
(1®1)® (1) 1@t 1® [z] 1
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in which we underline that the class of z is the class of 1 in H; (Z[Be(z)*"]) 2 Z,
we have that @ maps the generator dlogx of Q%Z[m] () tO the generator 1 of
HH; (Z[z], (z)). Since, moreover, @, is a homomorphism of graded algebras, then

it is actually an isomorphism of graded algebras. ]
We can extend the last result to polynomial algebras in more variables.

Theorem 4.18. Let M = (x1,...,2,) be the commutative monoid generated
by r elements. The log Hochschild homology of (Z[M], M, «), where ac: M —

(Z[M], -) is the inclusion, is computed as follows:
HH,, (Z(M), M) = 20

Proof. We will proceed inductively. The base case r = 1 is verified in (4.12).

Assume now that the statement is true for M’ = (zq,...,2,._1); after isomor-
phisms
2l )" @ppp,yon Zlae] ® Zl{ar) ™" 2 2l © Zf{z,) 17"
ZIM'1®" @ppppnen ZIM'| @ Z[M'P)°" T > ZIM') @ Z[ M)

the log Hochschild complexes of (Z[x,], (x,)) and (Z][M'], M’) are, respectively:

Co(Zlz,], (x2) ¢ - = Zlzy] ® Z[(2,)]%% = Z[2,] ® Z[(2,)2"] = Z[z,] — 0
Ca(Z[M'), M) : ... = ZIM') @ Z[M'®)®* = Z|M') @ Z[M'**] - Z[M'] = 0

The log Hochschild complex of (Z[M], M) is the cartesian (degreewise) prod-
uct of chain complexes Cq(Z[M'], M') ® Co(Z[z,], (x)). The Eilenberg-Zilber
theorem states that its homology is isomorphic to the homology of the tensor
product of chain complexes Co(Z[M'], M") ® Co(Z[x,], {x,)). Since, in each de-
gree, the cycles and the homology of Ce(Z[z,], (z,)) are free (hence projective)

Z-modules, then we can apply the Kiinneth formula as in (1.8):
P HH,(Z[M'], M') @z HH,(Z[z,], (x,)) = HH,(Z[M], M)
ptg=n
where the isomorphism is induced by the homology product p as described in
(3.15). Since HHy(Z[z,], (x,)) is nontrivial only for ¢ = 0,1, we have:

r—1 1
n

HH,(Z{M], M) = (Z[M)*07) 0 22,)°0)) @ (2120 @ 2[2,1°0))
~ Z[M]@(Zill)ﬂr;l)

r

=~ 7[m)2 () m
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Remark 4.19. In Theorem 4.18 we used a particular instance of the following
general fact. If M and N are arbitrary commutative monoids, there is an iso-
morphism

BYP(M x N) 2 BPP (M) x BYP(N)
of simplicial commutative monoids, and hence an isomorphism

ZBSP (M x N)] 2 ZBP (M) KR Z[BSP(N)] (4.13)

of simplicial commutative rings.

It is now natural to ask whether the homomorphism of graded algebras w,
described in Proposition 4.13 is an isomorphism if the pre-log ring considered
is of the form (Z[M], M), with M as in Theorem 4.18. This will be proved in
the following theorem, which also provides an alternative proof of Theorem 4.18
itself.

Theorem 4.20. Let M = (x1,...,x,) be the commutative monoid generated

by r elements. There is a graded algebra isomorphism
Wit Uy, aey — HHA(Z[M], M)
Proof. The proof follows the one of Theorem 4.9. We use (4.6) and (4.13) to get
Co(Z[z1, ... xr], (X1, ) LBz, ... 2]
> Z[BSP(x1)| K. . KZ[BSP ()]
> Co(Zlz1], (x1)) B ... K Cq(Z]z/], (x1))
the latter being chain homotopic to the usual tensor product of chain complexes,

by the Eilenberg-Zilber theorem. Taking homology and applying the Kiinneth
formula, we get:

HH*(Z[zla cee axr]a <zla s 7xr>) = HH*(Z[LL’ﬂ, <I1>) ®...0 HH*(Z[‘TT’L <I7’>)

By Proposition 4.17, @.: Q1 ..y = HH(Z[zi], (2i)) is an isomorphism of

i

graded algebras for each 7; we then have:
HH*(Z[J}]_, ‘e 7.’17T]7 <J,‘]_7 ce ,.Z'T>> = Q?Z[w1]7<$l>) X...Q0 Q?Z[z,],(w,))

We now want to show that there is a graded algebra isomorphism

Qzizr) (21) © - O Qzia,) @) E QUalor,eonon],(@1,ar)) (4.14)

In order to do so, we will first compute Q%Z[m ) From the pushout

Loeoss®r) (L1500 )
diagram

P
ZIM) @giany Qyppyy —— Z[M] © M = Z[M)]

q{ Lﬁ

Z[M)| — = Qapan an
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we obtain that Q}

(Z[z1,...szr],(T1yey @y
elements dx; and dlogz;, for 1 <1 < r, subject to the relation dx; = x;dlog x;.

) is the Z[zy,...,z,]-module generated by

Hence

I

Q%Z[zl,m,xr],<zl,...,zr)) [1,..., 2. ]{dlogz,...,dlogx,}

Z
Z

I

[1,...,2,] ® Z{dlog 21, ...,dlog x,}

Using the same argument as in Corollary 4.4, we get the graded algebra isomor-
phism
y =Ly, w0 @7 Ay Z{dlog w1, ..., dlogx, }

*
2l oo, ] (@1 ey

and applying the same inductive argument as in (4.4), we obtain the graded
algebra isomorphism (4.14). Therefore,

Tl o) o)) = BH(Zln, o], (1,0 20))

where the isomorphism of graded algebras is conveyed by w,. |
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Chapter 5

A long exact sequence in

log Hochschild homology

In Theorem 4.18 we found an explicit expression for the log Hochschild homol-
ogy of alog ring (A, M) = (Z[z1,. .., 2], (21, ..., %)), i.e., for the case in which
A is the polynomial algebra in the variables given by the generators of M. Going
further in our analysis, we are now interested in computing the log Hochschild
homology when A is not the monoid ring of M. Specifically, let A be a commu-
tative ring and let a be an element of A such that the map Z[z] — A, z — a,
makes A a flat Z[z]-algebra. We will show that the log Hochschild homology of
(4, (z)) fits in the long exact sequence:

...— HH; (A, (z)) — HHy(A4/(a)) — HHy(A) — HHy(4, (z)) — 0

5.1 A long exact sequence

Consider the commutative monoid (z) = {1,x,z2, .. .}; its group completion
v: {x) — (x)® is the inclusion. We recall from (3.3) the isomorphism of simpli-

cial commutative monoids:
By (z) = () x Bo(a)®"
(2,2 (g1 99) 0155 99) — (2,91, -+, 94) (5.1)
Let now BiP(z) be the simplicial commutative monoid defined degreewise by
ﬁ;ep<a:> = {(Ii,gl, . ,gq) e (x)x (&) |i=0= (g1,... ,99) = (1,..., 1)}

with face and degeneracy maps defined as those of the replete bar construction

n (3.5). We see that BiP(z) is a then a simplicial commutative submonoid
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of ByP(z). Since 2% ---x% = 1 for 2% € (x) implies i; = 0 for every j, and
~(1) = 1, the repletion map p: B (z) — B P (x) described in (3.4) then factors
as:

BYY (x) % BYP (a) — BLP(a) (5:2)

where p is defined in the same way as p.

We will use the following result.

Lemma 5.1. The map p: BY (z) — BiP(z) as defined in (5.2) induces an

isomorphism in homology:
H. (Z[BY (2)]) = H.(Z[ByP (@) (5-3)
Furthermore, the induced map of commutative simplicial Tings
Co(A) = Co(A) Hypey (2y] ZBS ()] — Co(A) Kypey (2] Z[Eﬁep@c}] (5.4)
induces an isomorphism in homology.

Proof. The repletion maps p and p are chain maps, thus they induce maps of
homology groups. We have H,(Z[B¢ (z)]) = HH.(Z[z]); the isomorphism (5.1)
gives H,(Z[BXP(z)]) = H.(Z[(z) x Ba(z)®"]). As for BiP(z), we see that in
degrees higher than 0 its homology coincides with

H.(Z[z - () x Bo(x)®"]) = 2 - Z[z] @ H. (B, (7))

zxt
By Lemma 4.15, H, (Be (z)%") = Torf[ ’ ](Z, Z), which we computed in (4.11)
to be isomorphic to Z in degrees 0 and 1, while vanishing in higher degrees.
In degree 0 the map induced in homology by p is clearly an isomorphism; in
degree 1 the generator x of HH; ([x]) & Z[z] is sent to « - dlogx, the generator
of Hy(Z[BLP(z)]) = x - Z[z]{dlog x}, giving, again, an isomorphism.
About the second statement, we will again use Theorem 3.21. We get, for the
left-hand side of (5.4), the spectral sequence

2 H. (Z[BY

B2, = |Torfl- 0% )) (HHL (), H. (Z[BS (2)))]

p
q

= Hyp1 ((C(A) Mygey (2] Z[BY (z)])s)

and, for the right-hand side of (5.4), the spectral sequence
2 REEH A
B’y = |Tor- (%) (HH, (4), H.(Z[B* (1)) |

= Hyq ((C(4) Baper ay) Z[B™ () ) )
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By (5.3), the map p induces an isomorphism p 2: E? — E’z, so the two spectral
sequences agree in every term, yielding (see e.g. [Mac Lane, 1963, Chapter XI,

Theorem 3.4]) the isomorphism
H. ((C(A) Ryqper () ZIBY ()])a) = Ho((C(A) Rygpes (2] ZIB*P ()]s )

as we wanted to prove. |

With the identification BiP(x) = (z) x Be(z)®" as in (5.1), we now let
B (2) act on B, (z)% by

(hi,....hg) ifi=0

(xi,gl,...7gq)-(hl,...,hq): .
1,...,1)  ifi>1

and on BP(x) by the usual componentwise multiplication. We then consider

the following map of simplicial sets defined degreewise as:
o: B (z) — B, (x)®"

(91,-..,9¢) ifi=0

(xi7gl7"'7g ) =
! 1,...,1) ifi>1

We sce that o respects the action of BiP(z). Since all the elements in ]§f16p<x> -
BP(x) are sent to (1,...,1) € By(2)® by o, this induces a well-defined map &

from the quotient of simplicial subsets BEP(z) /B (z) to B (z)%":
0: ByP(x)/BiP(x) — By (x)®”
[, 91, .94 = o(z*,91,---,9q)
which is moreover an isomorphism of simplicial sets, with inverse
571 By(a)®® — BIP(z)/BiP ()
(917' .. 7gq) — [1agla cee 7gq]

As a general fact, given a simplicial set X = X, and a simplicial subset A =

A, C X,, there is a short exact sequence of simplicial abelian groups
0 — Z[A] — Z[X] — Z[X/A] — 0

where Z[X/A] = Z[X/A]/Z{A/A} is the degreewise quotient of Z[X/A] by the
subgroup Z{A/A} = 7Z (see e.g. [Hatcher, 2002]). In our case, using the isomor-

phism &, we get a short exact sequence of simplicial Z[B (x)]-modules:

0 —> Z[BLP(2)] — Z[BIP(z)] — Z[B4(z)%*] — 0 (5.5)
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Since A is a flat Z[z]-algebra, A®" is a flat Z[z]®"-algebra for every n (again,
we use [Eisenbud, 1995, Theorem AG6.6]). So, we get from (5.5) a short exact

sequence of simplicial abelian groups

0 — Ca(A) Bypey ()] ZIBP(2)] — Ca(A) Hyper (4] Z[BLP ()] —
— C.(A) IZ'Z[Biy(ac)] Z[B. <x>gp] —0 (56)

We will compute the homology of the third term in (5.6) in the following

lemma.

Lemma 5.2. For every n, there is an isomorphism in homology:

H, (C.(A) Xz (Bgy (2)] Z[B.@)gp]) = HH,1(A4/(a))

Proof. We start by claiming that there is an isomorphism of simplicial abelian
groups
Co(A) Bygy (2] Z[Ba(2)*"] = Co(A/(a)) R Z[B4 ()] (5.7)
In fact, we recall the isomorphism
= Z[((z) x ({x)**)P)/ ~]
Z[By(x)®P] =
Batr = =, )

where (2%, g1,...,94) ~ (1,...,1) if i > 0. Let

(a0 ®...®ay,) € Ch(A)
(r"° ®...®2") € ZBY (z)]
(1®g1®...® gn) € Z[By(2)*]

and assume i > 0 for some s. Then, in C,,(A) My pey ()] Z[B,,(x)%], we have

(400 ® ... ®a,a"™) (1R gL ®...3 gn)

= (a0 ®...0a,) (6" ®...0a")@1Rg Q...0 gn)

= (@ ®...0a0,)R (" TTror"e.. . @z") 100 ®... 0 g)
=(a®...®a,) @ @ T Rrg ... ®@1"g,)

= (A ®...00,)(1®1®...®1)

=(a®...®a,)®0

So we can see that we can quotient out the elements in Co((a)) via Z[BYY (z)],
obtaining the isomorphism in (5.7).

So, the homology of Ce(A) Mz pey (2] Z[Ba()®"] is isomorphic to the homology
of Ce(A/(a)) X Z[Be(x)®"]. By the Eilenberg-Zilber theorem we can compute
the homology of C4(A/(a)) ® Z[B,(x)"] instead. The homology of Z[B, ()] is
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computed as the reduced homology of Z[B, (x)®"]; we then get Ho(Z[B,(x)®"]) =

7 & Ho(Z[Be(x)®"]). The homology of Z[B,(x)*"] has already been computed

—1

in (4.11) as Tor%[m’m ](Z,Z); we obtain:

0 ifn=0
I%@BJ@“Dg 7 ifn=1 (5.8)
0 ifn>2

We can apply the Kiinneth formula as in (1.8) to get:

P HH,(4/(a) © Hy(Z[Ba(@)*"]) = H, (Cu(4/()) © ZBd(2)])

ptg=n
where the left-hand side is nonzero only for (p,q) = (n — 1, 1), thus giving
Ho (Ca(A) By (oy) ZIBa(2)]) = Ho (Ca(4/(@)) © Z[B4 (2)®"))
~ HH,_1(A/(a)) ® Z = HH,,_1(A/(a))

as we wanted to prove. |

We are now ready to prove the central theorem of this chapter.

Theorem 5.3. Let A be a commutative ring and let a be an element of A such
that the map Z[x] — A, x — a, makes A a flat Z[z]-algebra. Then there is a
long exact sequence in homology:

...— HH; (A, (z)) — HHy(A/(a)) — HHo(A) — HHy(A4, (x)) — 0

Proof. From (5.6) we get a long exact sequence in homology. The homology of
C. (A)®Z[Bgy<z>]Z[]§ﬁ8p (x)] is isomorphic to HH(A) by Lemma 5.1; the homology
of Co (A)Mypey (29 Z[BP ()] is HH(A, (z)) by definition. By Lemma 5.2, we have
an isomorphism of homology groups
H, (Ca(A) Bappgy oy ZIBo(2)]) = HH, 1 (4/(a)
So, the long exact sequence in homology is the sought one:
— HH;+1(A,{(x)) — HH;(A/(a)) —
— HH;(4) — HH;(A,{(z)) — HH;_1(A4/(a)) —

— HH;(A) — HHi(A,(z)) — HHo(A/(a)) —
— HHo(A) — HHp(A4, (z)) — 0
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5.2 Some examples

In this section we will apply Theorem 5.3 to the following pre-log rings:

(Z[2], (x)), (Z[z], (=*)), (Z[z,y], (=)

For the first case, all the terms in the long exact sequence (5.9) are already
known; for the other pre-log rings, the long exact sequence will help us to find
an expression for the log Hochschild homology in degree greater than 1.

Ezample 5.4. As a first example, we consider the pre-log ring (Z[x], (z)) with

the pre-log structure map given by the inclusion. In this case, Z[z]/(z) =
The long exact sequence in (5.9) gives:

s HHy(Z[z], (z)) =3 HH,(Z) 2

s HH,(Z[2]) % HH,(Z[2], (z) =5 HHo(Z) 2%

— HHy(Z[z]) =% HHo(Z[z], (z)) =% 0

In Example 2.1 we found out that the Hochschild homology of Z is Z in degree 0
and vanishes in higher degree. From Lemma 4.7, we get that HH(Z[x]) = Z]x],
HH;(Z[x]) = Z[z]{dz} and HH, (Z[z]) = 0 for n > 2. Moreover, there is an
isomorphism vg: HHg(Z[z]) — HHy(Z[x], (x)), so by is the zero map. Finally,
we showed in Example 3.11 that HH; (Z[z], (z)) & Z[z]{dlogz} and that t; is
the multiplication dx — xdlogz. The long exact sequence becomes:

— 0 — 0 —
— Zal{dz} —% Z[z){dlogz} > 7

~

—  Z[x] — Z[x] — 0

where 51 sends dlogz to 1 (and xzdlogz to 0).

Ezample 5.5. Consider now the pre-log ring (Z[z], (%)) with the pre-log struc-
ture homomorphism given by the inclusion. The long exact sequence in (5.9)
is:

2% HHy(Z[2]/(2?)) >

*)
— HHy(Z[z]) -2 HH, 5 HHy(Z[z]/(2?))
i}

e =

= HHo(Z[x]/(2?))

50

— HH, (Z[z])

to

— HHo(Z[z]) — HHo(Z[z], (2> 0

The isomorphism vo: HHo(Z[z]) — HHy(Z[z], (2?)) makes by the zero map.
Again, HHy(Z[z]) = Z[z] and HH,(Z[z]) = Z[z]{dx}, while the Hochschild
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homology of Z|x] is 0 in higher degrees. However, we saw in Example 2.2 that the
homology of Z[z]/(2?) never vanishes, so HH,,11(Z[z], (z?)) = HH,,(Z[z]/(z?))
for n > 2. More in detail,
Zlz)/ (2?) forn=0
HH,,(Z[z]/ (2?)) = < Z[z]/(22,22) for odd n
Z{zx} for even n, n > 2
We see that the homomorphism of Z[x]-modules
b1: HH:(Z[2]/(2?)) = Z[z]/ (2z,2%) — Z[z]{dz} = HH, (Z[z])
must be the zero map. In fact, let by(1) = f(x). Then
0="01(0) =b1(2z) =2z - f(x)

Since Z[ {dx} is an integral domain, we get f(x) = 0. This implies that
HH, (Z[z], (¢*)) = HH;(Z[z]/(x?)). The only missing term in the long exact
sequence is now HH; (Z[z], <x2>), which we can compute, using Theorem 3.22,

by means of Q(lz[z]’ (7)) From the pushout diagram

Zla) & Zlz) ®ujpr) Vjpa) —— Zle] ® () = Zfz] © Z

‘| §

1 1
Zlw] = Qgpp) ——— Qi) (o2))

we get

HH, (Z[z], (22)) = Qzp (02y) = (Z]a]{dz} @ Z[z]{dlogz})/ ~

where ~ is Z[z]-linearly generated by 2dz & 0 ~ 0 & z2dlog 2. In conclusion,

the long exact sequence becomes

— Z{x} EaN Z{x} —
— 0 — Z)/Qu,2%) = Zx)/(2x,2?)
— Zafde) B Qe 2 Zl)/@D) D
—  Zlz] = Z[z] — 0
with maps

Zlz){dz} ® Z[z]{dlog *}

~

Za){dz} — > HH, (Z[z], (%))

sending dx — dz ® 0, and
Zlz){dx} & Z[z]{dlog z*}

~

511 HH, (Z[z], (22)) = — Z[z]/(2?)

sending dz + 0 and dlog 22 — 1. We note that x2dlog 22 is sent to 0 by 5.
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Ezample 5.6. Consider the pre-log ring (Z[z, y], (z)), with the pre-log structure
map given, again, by the inclusion. The long exact sequence in (5.9) is:

— HHy(Z[z,y], (x)) =% HHa(Zly]) >
— HHy(Z[z,y)) % HH(Z[z.y), (x)) 2 HH,(Z[y) >
— HH,(Z[z,y]) > HHi(Z[z,y), (x)) = HHo(Z[y)) >
— HHo(Z[w,y]) <% HHo(Z[z,y), () =% 0

As we know, HHo(Z[y]) = Z[y], HH1(Z[y]) = Z[y]{dy} and HH, (Z[y]) = 0 for
n > 2. From Example 4.10 we have:

Z|z,y) ifn=0
Zlz,y|{dz,dy} ifn=1
Zlz,yl{de ANdy} ifn=2
0 ifn>2

HH, (Z[z, y]) =

implying that also HH,,(Z[z, y], (x)) vanishes for n > 2. The map
to: HHo(Z[x,y]) — HHo(Z]x, y], (z))

is an isomorphism of Z[z,y|-modules, so by is the zero map. The long exact

sequence then becomes:

. — 0 — 0 —
— Zfa,yl{de Ady} % HH(Z[e,y), (2) 5 Zlyl{dy} >
— Zw,yl{de,dy} > HH(Z[z,y), () > Zly)
— Zw,y) AN Zw,y) — 0

By Theorem 3.22, we can compute HH; (Z[z, y], (x)) by means of Q%Z[a; i)

From the pushout diagram

P

| })

1 1
Vo) =5 Latoai @)

we obtain that Q%Z[l_ Jl.(a)) 15 the Z[z,y]-module generated by dz, dy and dlog x,

subject to the relation dx = zdlogz. So HH;(Z[z,y], (x)) = Q%Z[z,y],(m)) =

Z[z,y]{dlog x,dy}. We can now complete the long exact sequence with the map:

Ty HHl(Z[x’ y]) = Z[l‘,y]{dﬂ?, dy} - Z[a:,y]{dlogx, dy} = HHl(Z[x7y]7 <$>)
dx — zdlogx

dy — dy
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Since we know that kers; = imt; and ims; = Z[y], we also have:

s1: HHy(Z[,y], (z)) = Z[z, y|{dlog z,dy} — Z[y] = HHy(Z[y))
dy+—0
dlogx — 1

We notice that zdlogx is sent to 0 by s1. Moreover, since t; is an injection, the
map b is the zero map. The map s is then surjective, while v, is then injective.

We get a short exact sequence:
0 — Zlz,yl{de Ady} = HHy(Z[z,y), () > Zlyl{dy} — 0

Since Z[y|{dy} is a free as a group, the short exact sequence splits and, as
a group, HHy(Z[z,y], (x)) = Z[z, y|{dx A dy} & Z[y]{dy}. Understanding what
HHy(Z[z, y], (x)) is isomorphic to as a Z|z,y]-module will require some more
effort.

Consider the following diagram of Z[x, y]-modules:

2

Z[z,y 0

0——Q

w1 2
— L7 PR R L

[

1[1/]
0 —— HHy(Z[x,y]) —— HH2(Z[z, y], (x)) ——~ HH1(Z[y]) —— 0
(5.10)

IR

where

Voo luian) = Mtza) Uaio), (o)) = Aifey) (Zlz, yl{dlog z, dy})
= Zlz,y|{dlog x A dy}

gy, = Zlyl{dy}

and the Z[x,y]-module homomorphisms in the upper row are defined on the

generators

wy (dz Ady) = x - (dlogx A dy)
wa(dlogx A dy) = dy

In particular, wa(z - (dlogx A dy)) = 0. The two rows in (5.10) are then ex-
ey HHy(Z[z,y]) and T: Qé[y] — HH;(Z[y]) as in
Proposition 4.2 are isomorphisms by Theorem 4.9. The map ws: Q?Z[Z,y]’@» —

act. The maps Ts: Q%[
HH(Z[z,y], (x)) is as described in Proposition 4.13. We will proceed to show

that the diagram (5.10) is commutative.

To find an explicit expression for the isomorphism 75, we look at the commu-
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tative diagram in (4.1):

L, ® 0k, s HH) (Z[e,y]) © HH, (Z[z, )

J }h

Q%[z v 7o HH2 (Z[ZL', yD

The generator dx A dy of Q2

composition of the maps sho7

o] is the image of dz ® dy € Qé 1 © QZ[ac vl The

792 —mogopo7®? gives:

0, © 0k, - HHL(Elr,4]) @ HHL (2, )
dz@dy— (1®2)®(1®y)

p: HHy(Z[z,y]) ® HH1(Z[z,y]) = Ha(Co(Z[z,y]) @ Ce(Zx,y]))
—(ler)o(1ey)

g: Ha(Co(Z[z,y]) ® Ca(Z[z,y])) = Ha(Ca(Z[z,y]) K Co(Z[z,y]))
—Hleler)e(leyel)
- 1®ze1)(11®y)

m: HQ(C.(Z[a?,y]) X C.(Z[l‘,y])) — HH2<Z[x’y])
= (leyer)—(1®zey)

Considering HHy(Z[x, y]) as the homology of C(Z[z,y]) Rzmey (1)) Z[B BLP ()],
the class of (1®y ® x) — (1 ® x ® y) corresponds to the class of

1Ieye2)e(1e1el)-(1ezey)(11x1) (5.11)
which is sent via to to the same class in
Ho(Co(Z[z, y]) Wapyy (2)) Z[ByV(2)]) = HHa(Z[z, y], (x))

We will now find an explicit expression for the homomorphism ws. From the

commutative diagram (4.5), we have:

w®?
Qo] @) © Uzwy) oy — HHL(Z[2,y], () @ HH(Z]z, y], (z))
/\l Jsh
Uato. o) = HHy(Z[z, y], (x))

We see that the generator dlogx A dy of Q(Z[z Y, (zy) COmes from dlogx ® dy in
Q(Z[w,y],m) ® Q(Z[x,y],(z . Again, around the diagram, we get:

T2 Q(Z[z . (z ®QZ[QE () —>HHl(Z[ac,y],@c})®HH1(Z[x,y],<:E>)
dlogz®dy— (1®112)0(ley1®1)
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p: HHy(Z[z,y), (x)) @ HH1(Z[z, y, (@) = Ha(Ca(Z[z, 1], ())*?)
Lo (1lelelern)e(1eyelel)

g: Ha(Co(Z[z, 9], (2))®?) = Ha(Co(Z[z, y], (x))™?)
o= (1) (1eler)® (1eye])® (1e1®1))
(1911 (1ezr1)(1®1y)@(1181))

m: Hy(Cu(Z[z,y), (2))™?) — HHy(Z[z, y], (x))
Lo (leyel)e(lele)
- (I®1ye(1lerel)

We now see that the left square in (5.10) commutes, since

Wy o wy(dx Ady) = wa(z - (dlogz A dy))
=2zRye1)(11ezs)— (z010y)(1ez®1)
=1y @R1er) - (11Ry)Q(rRr®1)
=(1yer)R(1e19])-(10rzRy)0(1®1x1)

which agrees with the expression in (5.11).
As for the right square in (5.10), we have

Tows(dlogz ANdy) =T(dy) = (1®y)
from the expression of 7 in (2.4). On the other hand,

s9 0wy (dlogx A dy) =
=5((1oye)o(1leles)—(1010y)®(1wz®1))
=(1leye)e(leler) - 101y (1er®1l) =te

in Ha(Ce(Z[x, y]) Xzmey 2] Z[B4(z)?"]). This last homology has been computed
in Lemma 5.2 by means of the homology of C,(Z[y]) ® Z[B,(z)"] from the
isomorphism (5.7); in the same lemma, the Eilenberg-Zilber theorem allowed us
to compute the homology of C4(Z[y]) ® Z[B4(x)%] instead. So, we apply the
Alexander-Whitney map as in (1.3) to get, in homology:

F: Ha(Ca(Zly]) R Z[Bu(2)*]) » €D Ho(Cu(Z[y])) @ Hy(Z[Ba(x)*"))
pt+q=2
e~y (1elr)—y(1xr®1)
+loy)eler)-(1ey)(@el)
+(1leyel)er—-(101Qy) Q@

(0]



From Lemma 5.2 we also get that the homology is zero everywhere but for

(p,q) = (1,1), so the only remaining terms are
leye(ler) -1y @@@e1)

where (10y)®(z®1) = 0 since (z®1) is quotiented out in Z[B, (z)"]. Moreover,
since the homology of Z[B,(z)®"] is Z, the term (1 ® y) ® (1 ® x) corresponds,
in HH;(Z[y]), to the class of 1 ® y.

Therefore, the right square in (5.10) commutes. By the five lemma (see e.g.
[Mac Lane, 1963, Chapter I, Lemma 3.3]), the map @s is an isomorphism of

Z|x,y]-modules, making
HHy (Z[z,y), (z)) = Z]x, y{dlogz A dy}
Summarizing, the long exact sequence in homology is:

— 0 — 0 —
— Zlz,yl{dz A dy} 2 Lz, yl{dlogz Ady} = Zlyl{dy}

0
H
— Zlz,yl{dr,dy} 5 Zlr,yldlogz,dy} 5 Zly] >
— Zlx,y) = Zlz,y) — 0
with maps v; and s; previously described and maps to and s, explicited by

ty: Zlx, yl{dx N dy} — Z[z,y]{dlogx A dy}
de Ndy — x - (dlogzx A dy)

and

sa: L[z, y|{dlogz A dy} — Z[y|{dy}
dlogz Ady — dy

sending z - (dlogz A dy) to 0.
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