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PAPRdb = 10log
10

|x|peak2

xRMS
2 



 

. 



△2 (uj, vj) = |< ui, vj >|
2

=
1

d


https://en.wikipedia.org/wiki/Square_(algebra)
https://en.wikipedia.org/wiki/Magnitude_(mathematics)
https://en.wikipedia.org/wiki/Inner_product


d =

P1
n1P2

n2 … Pk
nk P1

n1 < P2
n2 < ⋯ < Pk

nk P1
n1 + 1

𝑃1
𝑛1 + 1 ≤ #𝑀𝑈𝐵 ≤ 𝑑 + 1 

 

 

I = (
1 0
0 1

), H =
1

√2
(

1 1
1 −1

) N =
1

√2
(

1 i
1 −i

)

√−1

X = (
0 1
1 0

)



dk,0 × dk,1 × … ×

dk,n−1 

fk(x): 𝔽2
n → A

z2π(i)
0 ≤ i < n B↓,n

 1 − z0 + z1 + z0z1



∆2(B↓,n ) = max{∆2(u, v)|u ≠ v, u, v ∈ B↓,n} =
1

2


 

Fj(zj) = PjujVj(zj)Fj−1(zj−1) 

Pj = {I, X} uj ∈ M2 Vj(zj) = (
1 0
0 zj

)

≤

 𝐹𝑛−1(𝒁) = (
𝐹𝑛−1,0 (𝒛)

𝐹𝑛−1,1 (𝒛)
)

𝐹𝑛−1,𝑘(𝒁) = 𝑐 ∑ 𝑓𝑛−1,𝑘(𝑥)𝒛𝑥, 𝑘 ∈ {0,1}𝑥∈𝔽2
𝑛 , 𝒛𝑥 = ∏ 𝑧

𝑗

𝑥𝑗 ,𝑛−1
𝑗=0

 ∀j



fn−1,k(x): 𝔽2
n → {1, −1} = i2(kxn−1+∑ xjxj+1)n−2

j=0 , k ∈ {0,1} 

u = (H , H , H) ⇒ f2,0(x) = i2(x0x1+x1x2)



 uj ∈  {H, N} l = (j, uj = N)

fn−1,k(x): 𝔽2
n → {1, i, −1, −i} = i

2(kxn−1+∑ xjxj+1)+∑ xl (j)
|l|−1
j=0

n−2
j=0 .

u = (H , N , H ) ⇒ f2,0(x) = i2(x0x1+x1x2)+x1



 uj ∈  {I, H, N},   un−1 ≠ I, p = (j, uj ∈ {H, N}) , q(v) = j if uj ≠

I and ui = I, ∀i, v < i < j, j < n, j ≠ v and q(v) = n  

fn−1,k(x): 𝔽2
n → A = (∏ (xs(j) + xq(s(j)) + 1))i

2(kxp(|p|−1)+∑ xp(j)xp(j+1))+∑ xl(j)
|l|−1
j=0

|p|−2
j=0|s|−1

j=0  

{1, i, −1, −i}

u = (H, I, I, N) ⟹ f3,0(x) = (x1 + x3 + 1)(x2 + x3 + 1)i2(x0x3)+x3



uj ∈  {I, H, N} un−1 = un−2 = ⋯ = un−t = I, 0 ≤ t ≤

n, un−t−1 ≠ I, j ≥ n − t

fn−1,k(x):

𝔽2
n → A, = ( ∏ (xs(j) + xq(s(j)) + kb(s(j)) + 1))i

2(kxp(|p|−1)+∑ xp(j)xp(j+1))+∑ xl(j)
|l|−1
j=0

|p|−2
j=0

|s|−1

j=0

,

{1, i, −1, −i}

u = (N, H, I, I) ⟹ f3,0(x) = (x2 + k + 1)(x3 + k + 1)i2(kx1+x0x1)+x0







 B↓,n

|B↓,n| 

z2π(i)
 π ∈ Sn

|B↓,n|

|Bn| = ∑ |𝐵𝑛
′ |. 2𝑛−𝑚

𝑛

𝑚=0

=  {
2𝑛−1. (3𝑛 + 3. 3

𝑛
2 − 2) , 𝑓𝑜𝑟 𝑛 𝑒𝑣𝑒𝑛,

2𝑛−1. (3𝑛 + 5. 3
𝑛−1

2 − 2) , 𝑓𝑜𝑟 𝑛 𝑜𝑑𝑑,

 



 |𝐵0
′ | = 1

|B↓,n|,

|B↓,n| 



u ∈  {I, H}n u ∈ M2
n. 

|B↓,n|

EIHN = 3 ∑ 2𝑘−2k!n
k=0 {

n
k

} + 2𝑛 −
1

2 

∈ {I}

|B↓,n|

∈ {I, X}

|B↓,n| = 2𝑛𝐸𝐼𝐻𝑁(𝑛) 

𝑃𝑗 ∈ {I}, ∀j



EIHN(n)

log2( EIHN(n))

log2(n! 2𝑛−1)

|B↓,n|

d × d |B↓,n|  |M2| = 3 = d + 1

∆2(B↓,n ) ∆=
1

d
=

1

2
M2

 



𝐼 = (
1 0 0
0 1 0
0 0 1

) 

𝐷 = (
1 0 0
0 𝜔 0
0 0 𝜔

) 

 𝐹 = (
1 1 1
1 𝜔 𝜔2

1 𝜔2 𝜔
) 

 𝑊 = (
0 1 0
0 0 1
1 0 0

) 

  𝑋 = (
1 0 0
0 0 1
0 1 0

) 


𝜔 = 𝑒
2𝜋𝑖

3

𝐹𝑗(𝑧𝑗) = 𝑃𝑗𝑢𝑗𝑉𝑗(𝑧𝑗)𝐹𝑗−1(𝑧𝑗−1) 


𝑃𝑗 ∈ 𝑃𝑗𝑘 = {𝑊𝑗𝑋𝑘| 𝑗𝜖{0,1}, 𝑘𝜖 {0,1,2}} 

𝑢𝑗 ∈ 𝑀3 𝑉𝑗(𝑧𝑗) = (

1 0 0
0 𝑧𝑗 0

0 0 𝑧𝑗
2

) 

(
1
1
1

)

ω ω

A⨂A × TT A = [
1 0 0
0 2 1
2 2 2

]

x0 + 2x0
2 + x1 + 2x0x1 + 2x1

2 + x0x1
2 + 2x0

2x1
2



(
1 0 0
0 1 0
0 0 1

) (

1 0 0
0 z1 0

0 0 z1
2

) (

1 + z0 + z0
2

1 + ωz0 + ω2z0
2

1 + ω2z0 + ωz0
2

) = (

1 + z0 + z0
2

z1 + ωz0z1 + ω2z0
2z1

z1
2 + ω2z0z1

2 + ωz0
2z1

2

)



                                                     TT → ANF                       TT → ANF  

phase: [
0
0
0

] → [
0
0
0

] , Magnitude: [
1
0
0

] → [
1
0
2

] 

⇒ (2x0
2 + 1)ω0 ≡ 1 + z0 + z0

2

phase: [
0
1
2

] → [
0
1
0

] , Magnitude: [
0
1
0

] → [
0
2
2

] 

⇒ (2x1
2 + 2x1)ωx0 ≡ z1 + ωz0z1 + ω2z0

2z1

phase: [
0
2
1

] → [
0
2
0

] , Magnitude: [
0
0
1

] → [
0
1
2

] 

⇒ (2x1
2 + x1)ω2x0 ≡ z1

2 + ω2z0z1
2 + ωz0

2z1
2



Let consider FD=Q and FD
2
=R

 

∈

∈

 

















 



 

 

 

 



 

𝐼 = (
1 0
0 1

) 

 𝑋 = (
0 1
1 0

) 

 𝐻 =
1

√2
(

1 1
1 −1

) 

 𝑁 =
1

√2
(

1 𝑖
1 −𝑖

) 

  𝑅𝑖 = (
1 0

0 𝑧𝑖
) 







 

 

 

 

 

 

 

(
1

1
)

(
1

−1
)

 𝐻 = (
1 1
1 −1

) 

(
1 + 𝑧0

1 − 𝑧0
) = 𝐻𝑅0 (

1

1
)

(
1 − 𝑧0

1 + 𝑧0
) = 𝑋𝐻𝑅0 (

1

1
)

(
1 − 𝑧0

1 + 𝑧0
) = 𝐻𝑅0 (

1

−1
) 



(
1 + 𝑧0

1 − 𝑧0
) = 𝑋𝐻𝑅0 (

1

−1
)

(
1 + 𝑧0 + 𝑧1 − 𝑧0𝑧1

1 + 𝑧0 − 𝑧1 + 𝑧0𝑧1
) = 𝐻𝑅1 (

1 + 𝑧0

1 − 𝑧0
) 

(
1 + 𝑧0 − 𝑧1 + 𝑧0𝑧1

1 + 𝑧0 + 𝑧1 − 𝑧0𝑧1
) = 𝑋𝐻𝑅1 (

1 + 𝑧0

1 − 𝑧0
)

(
1 − 𝑧0 + 𝑧1 + 𝑧0𝑧1

1 − 𝑧0 − 𝑧1 − 𝑧0𝑧1
) = 𝐻𝑅1 (

1 − 𝑧0

1 + 𝑧0
) 

(
1 − 𝑧0 − 𝑧1 − 𝑧0𝑧1

1 − 𝑧0 + 𝑧1 + 𝑧0𝑧1
) = 𝑋𝐻𝑅1 (

1 − 𝑧0

1 + 𝑧0
) 



(
1 + 𝑧0 + 𝑧1 − 𝑧0𝑧1 + 𝑧2 + 𝑧0𝑧2 − 𝑧1𝑧2 + 𝑧0𝑧1𝑧2

1 + 𝑧0 + 𝑧1 − 𝑧0𝑧1 − 𝑧2 − 𝑧0𝑧2 + 𝑧1𝑧2 − 𝑧0𝑧1𝑧2
) = 𝐻𝑅2 (

1 + 𝑧0 + 𝑧1 − 𝑧0𝑧1

1 + 𝑧0 − 𝑧1 + 𝑧0𝑧1
)

(
1 + 𝑧0 + 𝑧1 − 𝑧0𝑧1 − 𝑧2 − 𝑧0𝑧2 + 𝑧1𝑧2 − 𝑧0𝑧1𝑧2

1 + 𝑧0 + 𝑧1 − 𝑧0𝑧1 + 𝑧2 + 𝑧0𝑧2 − 𝑧1𝑧2 + 𝑧0𝑧1𝑧2
) = 𝑋𝐻𝑅2 (

1 + 𝑧0 + 𝑧1 − 𝑧0𝑧1

1 + 𝑧0 − 𝑧1 + 𝑧0𝑧1
) 

(
1 + 𝑧0 − 𝑧1 + 𝑧0𝑧1 + 𝑧2 + 𝑧0𝑧2 − 𝑧1𝑧2 + 𝑧0𝑧1𝑧2

1 + 𝑧0 − 𝑧1 + 𝑧0𝑧1 − 𝑧2 − 𝑧0𝑧2 + 𝑧1𝑧2 − 𝑧0𝑧1𝑧2
) = 𝐻𝑅2 (

1 + 𝑧0 − 𝑧1 + 𝑧0𝑧1

1 + 𝑧0 + 𝑧1 − 𝑧0𝑧1
) 

(
1 + 𝑧0 − 𝑧1 + 𝑧0𝑧1 − 𝑧2 − 𝑧0𝑧2 + 𝑧1𝑧2 − 𝑧0𝑧1𝑧2

1 + 𝑧0 − 𝑧1 + 𝑧0𝑧1 + 𝑧2 + 𝑧0𝑧2 − 𝑧1𝑧2 + 𝑧0𝑧1𝑧2
) = 𝑋𝐻𝑅2 (

1 + 𝑧0 − 𝑧1 + 𝑧0𝑧1

1 + 𝑧0 − 𝑧1 + 𝑧0𝑧1
) 

(
1 − 𝑧0 + 𝑧1 + 𝑧0𝑧1 − 𝑧2 − 𝑧0𝑧2 − 𝑧1𝑧2 − 𝑧0𝑧1𝑧2

1 − 𝑧0 + 𝑧1 + 𝑧0𝑧1 − 𝑧2 + 𝑧0𝑧2 + 𝑧1𝑧2 + 𝑧0𝑧1𝑧2
) = 𝐻𝑅2 (

1 − 𝑧0 + 𝑧1 + 𝑧0𝑧1

1 − 𝑧0 − 𝑧1 − 𝑧0𝑧1
) 

(
1 − 𝑧0 + 𝑧1 + 𝑧0𝑧1 − 𝑧2 + 𝑧0𝑧2 + 𝑧1𝑧2 + 𝑧0𝑧1𝑧2

1 − 𝑧0 + 𝑧1 + 𝑧0𝑧1 − 𝑧2 − 𝑧0𝑧2 − 𝑧1𝑧2 − 𝑧0𝑧1𝑧2
) = 𝑋𝐻𝑅2 (

1 − 𝑧0 + 𝑧1 + 𝑧0𝑧1

1 − 𝑧0 − 𝑧1 − 𝑧0𝑧1
) 

(
1 − 𝑧0 − 𝑧1 − 𝑧0𝑧1 + 𝑧2 − 𝑧0𝑧2 + 𝑧1𝑧2 + 𝑧0𝑧1𝑧2

1 − 𝑧0 − 𝑧1 − 𝑧0𝑧1 − 𝑧2 + 𝑧0𝑧2 − 𝑧1𝑧2 − 𝑧0𝑧1𝑧2
) = 𝐻𝑅2 (

1 − 𝑧0 − 𝑧1 − 𝑧0𝑧1

1 − 𝑧0 + 𝑧1 + 𝑧0𝑧1
)

(
1 − 𝑧0 − 𝑧1 − 𝑧0𝑧1 − 𝑧2 + 𝑧0𝑧2 − 𝑧1𝑧2 − 𝑧0𝑧1𝑧2

1 − 𝑧0 − 𝑧1 − 𝑧0𝑧1 + 𝑧2 − 𝑧0𝑧2 + 𝑧1𝑧2 + 𝑧0𝑧1𝑧2
) = 𝑋𝐻𝑅2 (

1 − 𝑧0 − 𝑧1 − 𝑧0𝑧1

1 − 𝑧0 + 𝑧1 + 𝑧0𝑧1
) 

|𝐵𝑛| = 2𝑖+1 







(
1 0

0 1
) (

1 0

0 1
) = (

1 0

0 0
     

0 0

0 1
) → (

1

z0z1
) 



(
1

−1
)

(
1
1

)







 

 

 zi = z2π(i)
, π ∈ Sn



𝑧0 = 𝑧, 𝑧1 = 𝑧2, 𝑧2 = 𝑧4 ⟹ 1 + 𝑧 + 𝑧2 − 𝑧3 + 𝑧4 + 𝑧5 − 𝑧6 + 𝑧7 

𝑧0 = 𝑧2, 𝑧1 = 𝑧, 𝑧2 = 𝑧4 ⟹ 1 + 𝑧 + 𝑧2 − 𝑧3 + 𝑧4 − 𝑧5 + 𝑧6 + 𝑧7 

𝑧0 = 𝑧2, 𝑧1 = 𝑧4, 𝑧2 = 𝑧 ⟹ 1 + 𝑧 + 𝑧2 + 𝑧3 + 𝑧4 − 𝑧5 − 𝑧6 + 𝑧7 

𝐸𝐻(𝑛)= 2𝑛 𝑛!

2
 











(𝑧0, 𝑧1, 𝑧2) → 1, 𝑧0 , 𝑧1, 𝑧0𝑧1, 𝑧2, 𝑧0𝑧2, 𝑧1𝑧2, 𝑧0𝑧1𝑧2 

(𝑧1, 𝑧0, 𝑧2) → 1, 𝑧1 , 𝑧0, 𝑧0𝑧1, 𝑧2, 𝑧0𝑧2, 𝑧1𝑧2, 𝑧0𝑧1𝑧2 

(𝑧2, 𝑧0, 𝑧1) → 1, 𝑧2 , 𝑧0, 𝑧0𝑧2, 𝑧1, 𝑧1𝑧2, 𝑧0𝑧1, 𝑧0𝑧1𝑧2 

(𝑧0, 𝑧2, 𝑧1) → 1, 𝑧0 , 𝑧2, 𝑧0𝑧2, 𝑧1, 𝑧0𝑧1, 𝑧1𝑧2, 𝑧0𝑧1𝑧2 

(𝑧2, 𝑧1, 𝑧0) → 1, 𝑧2 , 𝑧1, 𝑧1𝑧2, 𝑧0, 𝑧0𝑧2, 𝑧0𝑧1, 𝑧0𝑧1𝑧2 

(𝑧1, 𝑧2, 𝑧0) → 1, 𝑧1 , 𝑧2, 𝑧1𝑧2, 𝑧0, 𝑧0𝑧1, 𝑧0𝑧2, 𝑧0𝑧1𝑧2 









1+z+z
2
-z

3
+z

4
+z

5
-z

6
+z

7
 

1+z+z
2
+z

3
+z

4
-z

5
-z

6
+z

7 

1+z+z
2
-z

3
+z

4
-z

5
+z

6
+z

7
 













 

[
𝑧0 + 𝑖𝑧1

𝑧0 − 𝑖𝑧1
]



∈ ∈

 



  









𝐼𝑅0 (
1
1

) = (
1
𝑧0

)                        𝐼𝐼𝑅0 (
1

−1
) = (

1
−𝑧0

) 

𝐼𝐻𝑅0 (
1
1

) = (
1 + 𝑧0

1 − 𝑧0
)               𝐼𝐻𝑅0 (

1
−1

) = (
1 − 𝑧0

1 + 𝑧0
) 

𝐼𝑁𝑅0 (
1
1

) = (
1 + 𝑖𝑧0

1 − 𝑖𝑧0
)              𝐼𝑁𝑅0 (

1
−1

) = (
1 − 𝑖𝑧0

1 + 𝑖𝑧0
) 

𝑋𝐼𝑅0 (
1
1

) = (
𝑧0

1
)                       𝑋𝐼𝑅0 (

1
−1

) = (
−𝑧0

1
) 

𝑋𝐻𝑅0 (
1
1

) = (
1 − 𝑧0

1 + 𝑧0
)               𝑋𝐻𝑅0 (

1
−1

) = (
1 + 𝑧0

1 − 𝑧0
) 

𝑋𝑁𝑅0 (
1
1

) = (
1 − 𝑖𝑧0

1 + 𝑖𝑧0
)             𝑋𝑁𝑅0 (

1
−1

) = (
1 + 𝑖𝑧0

1 − 𝑖𝑧0
) 



(
1

−1
)

(
1

1
)

Fj(zj) = PjUjRj (zj)Fj−1(zj−1)













𝑢1 = (𝐼, 𝐼, 𝐼) 𝑡ℎ𝑒 𝑎𝑟𝑟𝑎𝑦𝑠 𝑎𝑟𝑒 ∶ [
1

𝑧0𝑧1𝑧2
] 

𝑢2 = (𝐼, 𝐼, 𝑋𝐼)𝑡ℎ𝑒 𝑎𝑟𝑟𝑎𝑦𝑠 𝑎𝑟𝑒: [
𝑧0

𝑧1𝑧2
] 

𝑢3 = (𝐼, 𝑋𝐼, 𝐼) 𝑡ℎ𝑒 𝑎𝑟𝑟𝑎𝑦𝑠 𝑎𝑟𝑒: [
𝑧0𝑧1

𝑧2
] 

𝑢4 = (𝐼, 𝑋𝐼, 𝑋𝐼) 𝑡ℎ𝑒 𝑎𝑟𝑟𝑎𝑦𝑠 𝑎𝑟𝑒: [
𝑧1

𝑧0𝑧2
]  



 















 

𝑧𝑖 = 𝑧2𝜋(𝑖)
, 𝜋 ∈ 𝑆𝑛

[
0 1 i 0
0 1 −i 0

]



























 

𝐼 = (
1 0 0
0 1 0
0 0 1

) 

𝐷 = (
1 0 0
0 𝜔 0
0 0 𝜔

) 

𝐹 = (
1 1 1
1 𝜔 𝜔2

1 𝜔2 𝜔
) 

𝑅𝑖 = (

1 0 0

0 𝑧𝑖 0

0 0 𝑧𝑖
2
) 

 𝑊 = (
0 1 0
0 0 1
1 0 0

) 

 𝑋 = (
1 0 0
0 0 1
0 1 0

) 

𝜔 = 𝑒
2𝜋𝑖

3

𝑃𝑗𝑘 =

{𝑊𝑗𝑋𝑘| 𝑗𝜖{0,1}, 𝑘𝜖 {0,1,2}}

(
1
1
1

)

𝑃𝜖𝑃𝑗𝑘

{0, 1, 𝜔, 𝜔2}



IIR0 (
1
1
1

) = (

1
z0

z0
2

)

IFR0 (
1
1
1

) = (

1 + z0 + z0
2

1 + ωz0 + ω2z0
2

1 + ω2z0 + ωz0
2

)

IQR0 (
1
1
1

) = (

1 + ωz0 + ωz0
2

1 + ω2z0 + z0
2

1 + z0 + ω2z0
2

)

IRR0 (
1
1
1

) = (

1 + ω2z0 + ω2z0
2

1 + z0 + ωz0
2

1 + ωz0 + z0
2

)  



WX = (
0 1 0
1 0 0
0 0 1

)
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1 %This function produces all distinct arrays and unique sequences 

for dimension 2 with linear offset 

2 function construct_arrays_sequences_di2 

3 iter = input('Enter your iteration: '); 

4 t=0+1i; 

5  j5=0; 

6  j8=0; 

7  j3=1; 

8  [d5,m]=permutation_di2(iter); 

9  Neg3=cell(1,8); 

10   

11  for i1=0:iter 

12   

13  if i1==0 

14      d1=[1 2]; 

15  else 

16  k1=i1; 

17  d1=[d1 m(k1+1).*d1]; 

18  end 

19   

20  Q=cell(1,3*6^i1); 

21  prev2=cell (1,3*6^i1); 

22  n=i1+1; 

23  w1=used_matrices(n); 

24  sizw=size(w1,1); 

25   

26  if i1==0 

27          prev{1}=[1 0;0 1]; 

28          prev{2}=[1 1;1 -1]; 

29          prev{3}=[1 t;1 -t]; 

30          prev{4}=[0 1;1 0]; 

31          prev{5}=[1,-1;1 1]; 

32          prev{6}=[1 -t;1 t]; 

33          p(1:2,1:2)=prev{1}; 

34          p(3:4,1:2)=prev{2}; 

35          p(5:6,1:2)=prev{3}; 

36          disp(' '); 

37          fprintf('Iteration = %g',i1); 

38          disp(' '); 

39          disp(' '); 

40          fprintf('Number of distinct arrays = %g',6); 

41          disp(' '); 



42          fprintf('Number of unique sequences = %g',6); 

43          disp(' '); 

44          dlmwrite('array-di2.txt',p,'delimiter','\t','precision',1) 

45          dlmwrite('sequence-

di2.txt',p,'delimiter','\t','precision',1) 

46      else 

47          k=1; 

48   

49          for j=1:6^i1 

50             if j>1 

51                 if mod(j-1,3^i1)==0 

52                      k=k+2*3^i1; 

53                 end 

54             end 

55  Q{k}=[prev{j}(1,:) 0*prev{j}(2,:);0*prev{j}(1,:) prev{j}(2,:)]; 

56  prev2{k}=Q{k}([2 1],:); 

57   

58  Q{k+3^i1}=[prev{j}(1,:) prev{j}(2,:);prev{j}(1,:) -prev{j}(2,:)]; 

59  prev2{k+3^i1}= Q{k+3^i1}([2 1],:); 

60   

61  Q{k+2*3^i1}=[prev{j}(1,:) t*prev{j}(2,:);prev{j}(1,:) -

t*prev{j}(2,:)]; 

62  prev2{k+2*3^i1}= Q{k+2*3^i1}([2 1],:); 

63  k=k+1; 

64          end 

65   

66           k=(k+2*3^i1)-1; 

67           prev=[Q,prev2]; 

68   

69  p1=zeros(k*factorial(i1+1),2^(i1+1)); 

70  p2=zeros(k*factorial(i1+1),2^(i1+1)); 

71  j3 =j3+factorial(i1); 

72  s=size(Q,2); 

73  p=zeros(2*s,2^(i1+1)); 

74  r=-1; 

75  k1=0; 

76   

77    for jj=1:k 

78        k1=k1+1; 

79   

80        if jj>1 

81           if mod(jj-1,3^(i1+1))==0 

82              k1=1; 

83           end 

84        end 

85        if Q{jj}==zeros(2,2^(i1+1)) 

86        else 

87        if w1(k1,:)=='0' 

88             Q{jj}=zeros(2,2^(i1+1)); 

89        else 

90   

91       d2{1}=d1(Q{jj}(1,:)==-1); 

92         d2{2}=d1(Q{jj}(1,:)==t); 

93          d2{3}=d1(Q{jj}(1,:)==1); 

94           d2{4}=d1(Q{jj}(1,:)==-t); 

95   



96        d2{5}=d1(Q{jj}(2,:)==-1); 

97         d2{6}=d1(Q{jj}(2,:)==t); 

98          d2{7}=d1(Q{jj}(2,:)==1); 

99           d2{8}=d1(Q{jj}(2,:)==-t); 

100   

101           j4=0; 

102           j6=j5+1; 

103           j7=j8+1; 

104   

105               for j2=j3:((factorial(i1+1)+j3)-1)  

106                   j5=j5+1; 

107                   j8=j8+1; 

108                   if d1 == d5{j2} 

109                        p1(j5,:)=Q{jj}(1,:); 

110                        p2(j8,:)=Q{jj}(2,:); 

111                   else 

112                    for ll=1:8 

113                     j4=j4+1; 

114                     Neg3{j4}=find (ismember(d5{j2},d2{ll})); 

115                    end 

116                    p1(j5,[Neg3{1}])=-1; 

117                    p1(j5,[Neg3{2}])=t; 

118                    p1(j5,[Neg3{3}])=1; 

119                    p1(j5,[Neg3{4}])=-t; 

120   

121                    p2(j8,[Neg3{5}])=-1; 

122                    p2(j8,[Neg3{6}])=t; 

123                    p2(j8,[Neg3{7}])=1; 

124                    p2(j8,[Neg3{8}])=-t; 

125   

126                    j4=0; 

127   

128                    for s=jj+size(w1,1):size(w1,1):k 

129                      s1= ismember(Q{s},[p1(j5,:);p2(j8,:)],'rows'); 

130                      Q{s}(s1,:)=0; 

131   

132                       if p1(j5,1)==0 || p2(j8,1)==0 

133  s2=ismember(Q{s},-1*[p1(j5,:);p2(j8,:)],'rows'); 

134  s3=ismember((-t*(t*Q{s})),(t*[p1(j5,:);p2(j8,:)]),'rows'); 

135  s4=ismember((-t*(t*Q{s})),(-(t*[p1(j5,:);p2(j8,:)])),'rows'); 

136                        Q{s}(s2,:)=0; 

137                        Q{s}(s3,:)=0; 

138                        Q{s}(s4,:)=0; 

139                       end 

140                    end 

141   

142                     if jj>sizw 

143   

144                    if all(p1(j5,:)==0) || all(p2(j8,:)==0) 

145                    else 

146   

147                        p3=[p2(j8,:);p1(j5,:)]; 

148                    if Q{jj}==p3(1:2,:) 

149                       Q{jj}(2,:)=0; 

150                      p2(j8,:)=0; 

151                    else 



152   

153                    if p1(j5,1)==0 

154   

155                        if Q{jj}(2,:)==-1*p1(j5,:) 

156                            Q{jj}(2,:)=0; 

157                             p2(j8,:)=0; 

158                        else 

159   

160                        if (-t*(t*Q{jj}(2,:)))==(t*p1(j5,:)) 

161                          Q{jj}(2,:)=0; 

162                           p2(j8,:)=0; 

163                        else 

164   

165                       if (-t*(t*Q{jj}(2,:)))==(-(t*p1(j5,:))); 

166                           Q{jj}(2,:)=0; 

167                            p2(j8,:)=0; 

168                       end 

169                        end 

170                        end 

171                    end 

172                    end 

173   

174                    end 

175                    end 

176                   end 

177              if jj>sizw 

178               if j2 > j3 

179                 if p1(j5,1)==0 || p2(j8,1)==0 

180  s5=ismember([p1(j6:j5-1,:);p2(j7:j8-1,:)],-

1*[p1(j5,:);p2(j8,:)],'rows'); 

181  s6=ismember((-t*(t*[p1(j6:j5-1,:);p2(j7:j8-

1,:)])),(t*[p1(j5,:);p2(j8,:)]),'rows'); 

182  s7=ismember((-t*(t*[p1(j6:j5-1,:);p2(j7:j8-1,:)])),(-

(t*[p1(j5,:);p2(j8,:)])),'rows'); 

183   

184               k2=[p1(j6:j5-1,:);p2(j7:j8-1,:)]; 

185               k2(s5,:)=0; 

186               k2(s6,:)=0; 

187               k2(s7,:)=0; 

188               si1=size(p1(j6:j5-1,:),1); 

189               p1(j6:j5-1,:)=k2( 1:si1,:); 

190               p2(j7:j8-1,:)=k2(si1+1:end,:); 

191                 end 

192               end 

193              end 

194               end 

195               r=r+2; 

196               p(r:r+1,:)=Q{jj}; 

197        end 

198        end 

199    end 

200  p = p(any(p,2),:); 

201  disp(' '); 

202  fprintf('Iteration = %g',i1); 

203  disp(' '); 

204  Numarrays=size(p,1); 



205  disp(' '); 

206  fprintf('Number of distinct arrays = %g', Numarrays); 

207  disp(' '); 

208  dlmwrite('array-di2.txt',p,'-

append','delimiter','\t','precision',1) 

209   

210  univar2 = unique(-t*(t*p1),'rows'); 

211  univar3 = unique(-t*(t*p2),'rows'); 

212  s8=ismember( univar2,univar3 ,'rows'); 

213  univar2(s8,:)=[]; 

214  Numsequences=size(univar2,1); 

215  Numsequences1=size(univar3,1); 

216  totalsize= Numsequences+Numsequences1-1; 

217   

218  fprintf('Number of unique sequences = %g',totalsize); 

219  disp(' '); 

220  dlmwrite('sequence-di2.txt',univar2,'-

append','delimiter','\t','precision',1) 

221  dlmwrite('sequence-di2.txt',univar3,'-

append','delimiter','\t','precision',1) 

222  end 

223  j5=0; 

224  j8=0; 

225  end 

226  end 



1  %This function produces 1, Z0, Z1, Z0Z1...by numeric values for 

dimension 2 

2  function [d5,m]=permutation_di2(iter) 

3  j1=1; 

4  d5=cell(1,2^(iter+1)); 

5  d3=cell(1,2^(iter+1)); 

6  for i2=0:iter 

7      if i2==0 

8          d3{1}=[1 2]; 

9          d5{1}=d3{1}; 

10      else 

11          pri=primes(60); 

12          m=pri(1:i2+1); 

13          p=perms(m); 

14   

15          for i=1:factorial((i2+1)) 

16               k=p(i,1); 

17                d3{1}=[1 k]; 

18             for j=1:(i2) 

19                k=p(i,j+1); 

20                d3{j+1}=[d3{j} k.*d3{j}]; 

21             end 

22                j1=j1+1; 

23                 d5{j1}=d3{j+1}; 

24          end 

25      end 

26  end 

27  end 



1  % All possible combinations of 3 matrices(I,H,N) in each iteration 

without flip combinations 

2  % is found by this function. 

3  % n is equal to iteration +1 (n=i+1) 

4  %I found line 7-19 from internet. It is wrote by Abdulrahman Ikram 

Siddiq. 

5  % for useing this function we must write two lines: 

6  % n=3 (give value to n) 

7  % and 

8  % w1=used_matrices(n) 

9  function m=used_matrices(n) 

10  alphabet=['I' 'H' 'N']; 

11  L=length(alphabet); 

12  for i=n:-1:1 

13      v=[]; 

14      for j=1:L 

15          v=[v alphabet(j)*ones(1,L^(i-1))]; 

16      end 

17      cv=[]; 

18      Lv=length(v); 

19      for k=1:(L^n)/Lv 

20          cv=[cv v]; 

21      end 

22       m(1:L^n,n-i+1)=cv'; 

23  end 

24  m=char(m); 

25   

26  for e1=1:3^n 

27      if m(e1,n)~='I' 

28     N = fliplr(m(e1,:)); 

29     N3=N; 

30     N2 = find(N =='I'); 

31     for e2=1:length(N2) 

32       N3(N2(e2))=N3(N2(e2)-1); 

33       N3(N2(e2)-1)='I'; 

34     end 

35     if N(1,n)~='I' 

36     N1 =find(ismember(m,N,'rows')); 

37   

38      if N1~=e1 

39     m(N1,:)='0'; 

40      end 

41     end 

42     N4=find(ismember(m,N3,'rows')); 

43   

44     if N4~=e1 

45     m(N4,:)='0'; 

46     end 

47      end 

48  end 

49  %disp(m) 

50  end 



1  %This function produces all distinct arrays and unique sequences 

for dimension 2 without linear offset 

2  function construct_arrays_sequences_without_linearoffset 

3  iter = input('Enter your iteration: '); 

4  t=0+1i; 

5  j5=0; 

6  j3=1; 

7  [d5,m]=permutation_di2(iter); 

8  Neg3=cell(1,8); 

9  for i1=0:iter 

10  if i1==0 

11    d1=[1 2]; 

12  else 

13  k1=i1; 

14  d1=[d1 m(k1+1).*d1]; 

15  end 

16  Q=cell(1,3*3^i1); 

17  n=i1+1; 

18  w1=used_matrices(n); 

19   

20  if i1==0 

21          prev{1}=[1 0;0 1]; 

22          prev{2}=[1 1;1 -1]; 

23          prev{3}=[1 t;1 -t]; 

24          p(1:2,1:2)=prev{1}; 

25          p(3:4,1:2)=prev{2}; 

26          p(5:6,1:2)=prev{3}; 

27          disp(' '); 

28          fprintf('Iteration = %g',i1); 

29          disp(' '); 

30          disp(' '); 

31          fprintf('Number of distinct arrays = %g',6); 

32          disp(' '); 

33          fprintf('Number of unique sequences = %g',6); 

34          disp(' '); 

35          dlmwrite('array-di2.txt',p,'delimiter','\t','precision',1) 

36          dlmwrite('sequence-

di2.txt',p,'delimiter','\t','precision',1) 

37      else 

38          k=1; 

39          for j=1:3^i1 

40  Q{k}=[prev{j}(1,:) 0*prev{j}(2,:);0*prev{j}(1,:) prev{j}(2,:)]; 

41   

42  Q{k+3^i1}=[prev{j}(1,:) prev{j}(2,:);prev{j}(1,:) -prev{j}(2,:)]; 

43   

44  Q{k+2*3^i1}=[prev{j}(1,:) t*prev{j}(2,:);prev{j}(1,:) -

t*prev{j}(2,:)]; 

45  k=k+1; 

46          end 

47  k=(k+2*3^i1)-1; 

48  prev=Q; 

49   

50  p1=zeros(k*factorial(i1+1),2^(i1+1)); 

51  p2=zeros(k*factorial(i1+1),2^(i1+1)); 



52  j3 =j3+factorial(i1); 

53  s=size(Q,2); 

54  p=zeros(s,2^(i1+1)); 

55  r=-1; 

56  k1=0; 

57    for jj=1:k 

58        k1=k1+1; 

59   

60        if w1(k1,:)=='0' 

61             Q{jj}=zeros(2,2^(i1+1)); 

62        else 

63   

64       d2{1}=d1(Q{jj}(1,:)==-1); 

65         d2{2}=d1(Q{jj}(1,:)==t); 

66          d2{3}=d1(Q{jj}(1,:)==1); 

67           d2{4}=d1(Q{jj}(1,:)==-t); 

68   

69        d2{5}=d1(Q{jj}(2,:)==-1); 

70         d2{6}=d1(Q{jj}(2,:)==t); 

71          d2{7}=d1(Q{jj}(2,:)==1); 

72           d2{8}=d1(Q{jj}(2,:)==-t); 

73           j4=0; 

74               for j2=j3:((factorial(i1+1)+j3)-1) %j2=2:3 

75                      j5=j5+1; 

76                   if d1 == d5{j2} 

77                      p1(j5,:)=Q{jj}(1,:); 

78                      p2(j5,:)=Q{jj}(2,:); 

79                   else 

80                    for ll=1:8 

81                        j4=j4+1; 

82                        Neg3{j4}=find (ismember(d5{j2},d2{ll})); 

83                    end 

84                    p1(j5,[Neg3{1}])=-1; 

85                    p1(j5,[Neg3{2}])=t; 

86                    p1(j5,[Neg3{3}])=1; 

87                    p1(j5,[Neg3{4}])=-t; 

88   

89                    p2(j5,[Neg3{5}])=-1; 

90                    p2(j5,[Neg3{6}])=t; 

91                    p2(j5,[Neg3{7}])=1; 

92                    p2(j5,[Neg3{8}])=-t; 

93                    j4=0; 

94                  end 

95               end 

96               r=r+2; 

97               p(r:r+1,:)=Q{jj}; 

98        end 

99    end 

100  disp(' '); 

101  fprintf('Iteration = %g',i1); 

102  disp(' '); 

103  Numarrays=size(p,1); 

104  disp(' '); 

105  fprintf('Number of distinct arrays = %g', Numarrays); 

106  disp(' '); 

107  dlmwrite('array-di2.txt',p,'-



append','delimiter','\t','precision',1) 

108   

109  univar2 = unique(-t*(t*p1),'rows'); 

110  univar3 = unique(-t*(t*p2),'rows'); 

111  s8=ismember( univar2,univar3 ,'rows'); 

112  univar2(s8,:)=[]; 

113   

114  Numsequences=size(univar2,1); 

115  Numsequences1=size(univar3,1); 

116  totalsize= Numsequences+Numsequences1-1; 

117  fprintf('Number of unique sequences = %g',totalsize); 

118  disp(' '); 

119   

120  dlmwrite('sequence-di2.txt',univar2,'-

append','delimiter','\t','precision',1) 

121  dlmwrite('sequence-di2.txt',univar3,'-

append','delimiter','\t','precision',1) 

122  end 

123  j5=0; 

124  end 

125  end 



1  %This function produces all distinct arrays for dimension 2 with 

linear offset 

2  function construct_arrays 

3   iter = input('Enter your iteration: '); 

4  t=0+1i; 

5  j5=-1; 

6  j3=1; 

7  [d5,m]=permutation_di2(iter); 

8  Neg3=cell(1,8); 

9   

10  for i1=0:iter 

11   

12  if i1==0 

13      d1=[1 2]; 

14  else 

15  k1=i1; 

16  d1=[d1 m(k1+1).*d1]; 

17  end 

18  Q=cell(1,3*6^i1); 

19  prev2=cell (1,3*6^i1); 

20   

21  n=i1+1; 

22  w1=used_matrices(n); 

23   

24  if i1==0 

25          prev{1}=[1 0;0 1]; 

26          prev{2}=[1 1;1 -1]; 

27          prev{3}=[1 t;1 -t]; 

28          prev{4}=[0 1;1 0]; 

29          prev{5}=[1,-1;1 1]; 

30          prev{6}=[1 -t;1 t]; 

31          p(1:2,1:2)=prev{1}; 

32          p(3:4,1:2)=prev{2}; 

33          p(5:6,1:2)=prev{3}; 

34      else 

35          k=1; 

36          for j=1:6^i1 

37             if j>1 

38                 if mod(j-1,3^i1)==0 

39                      k=k+2*3^i1; 

40                 end 

41             end 

42  Q{k}=[prev{j}(1,:) 0*prev{j}(2,:);0*prev{j}(1,:) prev{j}(2,:)]; 

43  prev2{k}=Q{k}([2 1],:); 

44   

45  Q{k+3^i1}=[prev{j}(1,:) prev{j}(2,:);prev{j}(1,:) -prev{j}(2,:)]; 

46  prev2{k+3^i1}= Q{k+3^i1}([2 1],:); 

47   

48  Q{k+2*3^i1}=[prev{j}(1,:) t*prev{j}(2,:);prev{j}(1,:) -

t*prev{j}(2,:)]; 

49  prev2{k+2*3^i1}= Q{k+2*3^i1}([2 1],:); 

50  k=k+1; 

51          end 

52  k=(k+2*3^i1)-1; 



53  prev=[Q,prev2]; 

54  p1(1:2*k*factorial(i1+1),1:2^(i1+1))=t; 

55  j3 =j3+factorial(i1); 

56  s=size(Q,2); 

57  p=zeros(2*s,2^(i1+1)); 

58  r=-1; 

59  k1=0; 

60    for jj=1:k 

61        k1=k1+1; 

62   

63        if jj>1 

64           if mod(jj-1,3^(i1+1))==0 

65              k1=1; 

66           end 

67        end 

68        if Q{jj}==zeros(2,2^(i1+1)) 

69        else 

70        if w1(k1,:)=='0' 

71             Q{jj}=zeros(2,2^(i1+1)); 

72        else 

73   

74       d2{1}=d1(Q{jj}(1,:)==-1); 

75         d2{2}=d1(Q{jj}(1,:)==0); 

76          d2{3}=d1(Q{jj}(1,:)==1); 

77           d2{4}=d1(Q{jj}(1,:)==-t); 

78   

79        d2{5}=d1(Q{jj}(2,:)==-1); 

80         d2{6}=d1(Q{jj}(2,:)==0); 

81          d2{7}=d1(Q{jj}(2,:)==1); 

82           d2{8}=d1(Q{jj}(2,:)==-t); 

83   

84           j4=0; 

85   

86               for j2=j3:((factorial(i1+1)+j3)-1) %j2=2:3 

87                   j5=j5+2; 

88                   if d1 == d5{j2} 

89                      j5=j5-2; 

90                   else 

91                    for ll=1:8 

92                     j4=j4+1; 

93                     Neg3{j4}=find (ismember(d5{j2},d2{ll})); 

94                    end 

95                    p1(j5,[Neg3{1}])=-1; 

96                    p1(j5,[Neg3{2}])=0; 

97                    p1(j5,[Neg3{3}])=1; 

98                    p1(j5,[Neg3{4}])=-t; 

99                    p1(j5+1,[Neg3{5}])=-1; 

100                    p1(j5+1,[Neg3{6}])=0; 

101                    p1(j5+1,[Neg3{7}])=1; 

102                    p1(j5+1,[Neg3{8}])=-t; 

103                    j4=0; 

104   

105                    for s=jj+size(w1,1):size(w1,1):k 

106                      s1= ismember(Q{s},p1(j5:j5+1,:),'rows'); 

107                      Q{s}(s1,:)=0; 

108   



109                       if p1(j5,1)==0 || p1(j5+1,1)==0 

110             s2=ismember(Q{s},-1*p1(j5:j5+1,:),'rows'); 

111             s3=ismember((-t*(t*Q{s})),(t*p1(j5:j5+1,:)),'rows'); 

112             s4=ismember((-t*(t*Q{s})),(-(t*p1(j5:j5+1,:))),'rows'); 

113                        Q{s}(s2,:)=0; 

114                        Q{s}(s3,:)=0; 

115                        Q{s}(s4,:)=0; 

116                       end 

117                    end 

118                    if all(p1(j5,:)==0) || all(p1(j5+1,:)==0) 

119                    else 

120                    if Q{jj}==p1([j5+1 j5],:) 

121                           Q{jj}(2,:)=0; 

122                    end 

123                    if p1(j5,1)==0 

124   

125                        if Q{jj}(2,:)==-1*p1(j5,:) 

126                            Q{jj}(2,:)=0; 

127                        end 

128   

129                     if (-t*(t*Q{jj}(2,:)))==(t*p1(j5,:)) 

130                            Q{jj}(2,:)=0; 

131                     end 

132   

133                       if (-t*(t*Q{jj}(2,:)))==(-(t*p1(j5,:))); 

134                            Q{jj}(2,:)=0; 

135                       end 

136   

137                    end 

138                    end 

139                   end 

140               end 

141               r=r+2; 

142               p(r:r+1,:)=Q{jj}; 

143        end 

144        end 

145    end 

146  p = p(any(p,2),:); 

147  end 

148  disp(' '); 

149  fprintf('Iteration = %g',i1); 

150  disp(' '); 

151  Numarrays=size(p,1); 

152  disp(' '); 

153  fprintf('Number of distinct arrays = %g', Numarrays); 

154  disp(' '); 

155  dlmwrite('array-di2.txt',p,'-

append','delimiter','\t','precision',1) 

156  end 

157  end 



1  %This function produces all distinct arrays for U={H}, P={I,X} in 

dimension 2 

2  function H_arrays 

3  iter = input('Enter your iteration: '); 

4  rows=2; 

5  prev=cell (rows,2^iter); 

6  for i=0:iter 

7  j=0; 

8  k=0; 

9  columns=2^(i+1); 

10  matrix=cell (rows,columns); 

11  if i==0 

12  prev{1}=[1;1]; 

13  end 

14  for jj=1:2^(i+1) 

15   

16     if jj<=2^i 

17         j=j+1; 

18         matrix{jj}(1,:)=[prev{j}(1,:) prev{j}(2,:)] ; 

19         matrix{jj}(2,:)=[prev{j}(1,:) -prev{j}(2,:)]; 

20     else 

21         k=k+1; 

22         matrix{jj}(1,:)=[prev{k}(1,:) -prev{k}(2,:)]; 

23         matrix{jj}(2,:)=[prev{k}(1,:) prev{k}(2,:)] ; 

24   

25     end 

26  end 

27  prev=matrix; 

28  fprintf('Iteration = %g',i); 

29  disp(' '); 

30  Numarrays=size(matrix,2); 

31  fprintf('Number of distinct arrays = %g', Numarrays); 

32  disp(' '); 

33  for jj=1:2^(i) 

34       disp (matrix{jj}); 

35  end 

36  end 



1  %This function produces all unique arrays and sequences for 

U={H}, P={I,X} in dimension 2 

2  function H_sequences 

3  iter = input('Enter your iteration: '); 

4  rows=2; 

5  prev=cell (rows,2^iter); 

6  j3=1; 

7  j5=-1; 

8  [d5,m]=permutation_di2(iter); 

9   

10  for i1=0:iter 

11  j=0; 

12  k=0; 

13  columns=2^(i1+1); 

14  matrix=cell (rows,columns); 

15   

16  if i1==0 

17      d1=[1 2]; 

18  else 

19  k1=i1; 

20  d1=[d1 m(k1+1).*d1]; 

21  end 

22   

23  if i1==0 

24  prev{1}=[1;1]; 

25  p=[1 1;1 -1]; 

26  p1=[1 1;1 -1]; 

27  end 

28   

29  for jj=1:2^(i1+1) 

30   

31     if jj<=2^i1 

32         j=j+1; 

33         matrix{jj}(1,:)=[prev{j}(1,:) prev{j}(2,:)] ; 

34         matrix{jj}(2,:)=[prev{j}(1,:) -prev{j}(2,:)]; 

35   

36     else 

37         k=k+1; 

38         matrix{jj}(1,:)=[prev{k}(1,:) -prev{k}(2,:)]; 

39         matrix{jj}(2,:)=[prev{k}(1,:) prev{k}(2,:)] ; 

40   

41     end 

42   

43  end 

44   

45  prev=matrix; 

46  if i1~=0 

47  p=zeros(2^i1,2^(i1+1)); 

48  p1(1:2^(i1+1)*factorial(i1+1),1:2^(i1+1))=1; 

49  j3 =j3+factorial(i1); 

50  r=-1; 

51   

52  for jj=1:2^i1 



53   

54       d2{1}=d1(matrix{jj}(1,:)==-1); 

55         d2{2}=d1(matrix{jj}(2,:)==-1); 

56           j4=0; 

57               for j2=j3:((factorial(i1+1)+j3)-1) 

58                   j5=j5+2; 

59                   if d1 == d5{j2} 

60                      p1(j5:j5+1,:)=matrix{jj}; 

61                   else 

62                    for ll=1:2 

63                     j4=j4+1; 

64                     Neg3{j4}=find (ismember(d5{j2},d2{ll})); 

65                    end 

66                    p1(j5,[Neg3{1}])=-1; 

67                    p1(j5+1,[Neg3{2}])=-1; 

68                    j4=0; 

69                   end 

70               end 

71  r=r+2; 

72  p(r:r+1,:)=matrix{jj}; 

73  end 

74  end 

75  fprintf('Iteration = %g',i1); 

76  disp(' '); 

77  Numarrays=size(p,1); 

78  disp(' '); 

79  fprintf('Number of distinct arrays = %g', Numarrays); 

80  disp(' '); 

81  dlmwrite('array.txt',p,'-append','delimiter','\t','precision',2) 

82  disp(' '); 

83   

84  univar =unique(p1,'rows'); 

85  Numarrays2=size( univar,1); 

86  fprintf('Number of unique sequences = %g', Numarrays2); 

87  disp(' '); 

88  dlmwrite('sequence.txt',univar,'-

append','delimiter','\t','precision',2) 

89   

90  j5=-1; 

91  end 



1  %This function produces all distinct arrays and sequences for 

dimension 3 with linear offset 

2  function construct_arrays_sequences_di3 

3  iter = input('Enter your iteration: '); 

4  j5=0; 

5  j3=1; 

6  a=exp(2*pi*1i/3); 

7  [d5,m]=all_permutation_di3(iter); 

8  Neg3=cell(1,8); 

9   

10  for i1=0:iter 

11      if i1==0 

12      d1=[1 2 4]; 

13      else 

14      k1=i1; 

15      d1=[d1 m(k1+1).*d1 (m(k1+1))^2.*d1]; 

16      end 

17      Q=cell(1,4*24^i1); 

18      prev2=cell(1,4*24^i1); 

19      prev3=cell(1,4*24^i1); 

20      prev4=cell(1,4*24^i1); 

21      prev5=cell(1,4*24^i1); 

22      prev6=cell(1,4*24^i1); 

23   

24  n=i1+1; 

25  w1=used_matrices_di3(n); 

26  sizw=size(w1,1); 

27   

28          if i1==0 

29   

30              prev{1}=[1 0 0;0 1 0;0 0 1]; 

31                   prev{5}=prev{1}([2 3 1],:); 

32                   prev{9}=prev{1}([1 3 2],:); 

33                   prev{13}=prev{1}([2 1 3],:); 

34                   prev{17}=prev{1}([3 2 1],:); 

35                   prev{21}=prev{1}([3 1 2],:); 

36   

37              prev{2}=[1 1 1;1 a a^2;1 a^2 a]; 

38                   prev{6}=prev{2}([2 3 1],:); 

39                   prev{10}=prev{2}([1 3 2],:); 

40                   prev{14}=prev{2}([2 1 3],:); 

41                   prev{18}=prev{2}([3 2 1],:); 

42                   prev{22}=prev{2}([3 1 2],:); 

43   

44              prev{3}=[1 a a;1 a^2 1;1 1 a^2]; 

45                   prev{7}=prev{3}([2 3 1],:); 

46                   prev{11}=prev{3}([1 3 2],:); 

47                   prev{15}=prev{3}([2 1 3],:); 

48                   prev{19}=prev{3}([3 2 1],:); 

49                   prev{23}=prev{3}([3 1 2],:); 

50   



51              prev{4}=[1 a^2 a^2;1 1 a;1 a 1]; 

52                   prev{8}=prev{4}([2 3 1],:); 

53                   prev{12}=prev{4}([1 3 2],:); 

54                   prev{16}=prev{4}([2 1 3],:); 

55                   prev{20}=prev{4}([3 2 1],:); 

56                   prev{24}=prev{4}([3 1 2],:); 

57   

58                   p(1:3,:)=prev{1}; 

59                   p(4:6,:)=prev{2}; 

60                   p(7:9,:)=prev{3}; 

61                   p(10:11,:)=prev{4}(2:3,:); 

62          disp(' '); 

63          fprintf('Iteration = %g',i1); 

64          disp(' '); 

65          disp(' '); 

66          fprintf('Number of distinct arrays = %g',11); 

67          disp(' '); 

68          fprintf('Number of unique sequences = %g',11); 

69          disp(' '); 

70          dlmwrite('array-

di3.txt',p,'delimiter','\t','precision',2) 

71          dlmwrite('sequence-

di3.txt',p,'delimiter','\t','precision',2) 

72          else 

73              k=1; 

74                 for j=1:24^(i1) 

75                      if j>1 

76                         if mod(j-1,4^i1)==0 

77                          k=k+3*4^i1; 

78                         end 

79                      end 

80  Q{k}=[prev{j}(1,:) 0*prev{j}(2,:) 0*prev{j}(3,:);0*prev{j}(1,:) 

prev{j}(2,:) 0*prev{j}(3,:);0*prev{j}(1,:) 0*prev{j}(2,:) 

prev{j}(3,:)]; 

81                   prev2{k}=Q{k}([2 3 1],:); 

82                   prev3{k}=Q{k}([1 3 2],:); 

83                   prev4{k}=Q{k}([2 1 3],:); 

84                   prev5{k}=Q{k}([3 2 1],:); 

85                   prev6{k}=Q{k}([3 1 2],:); 

86   

87   

88  Q{k+4^i1}=[prev{j}(1,:) prev{j}(2,:) prev{j}(3,:);prev{j}(1,:) 

a*prev{j}(2,:) a^2*prev{j}(3,:);prev{j}(1,:) a^2*prev{j}(2,:) 

a*prev{j}(3,:)]; 

89                   prev2{k+4^i1}=Q{k+4^i1}([2 3 1],:); 

90                   prev3{k+4^i1}=Q{k+4^i1}([1 3 2],:); 

91                   prev4{k+4^i1}=Q{k+4^i1}([2 1 3],:); 

92                   prev5{k+4^i1}=Q{k+4^i1}([3 2 1],:); 

93                   prev6{k+4^i1}=Q{k+4^i1}([3 1 2],:); 

94   

95   

96  Q{k+2*4^i1}=[prev{j}(1,:) a*prev{j}(2,:) 

a*prev{j}(3,:);prev{j}(1,:) a^2*prev{j}(2,:) 

prev{j}(3,:);prev{j}(1,:) prev{j}(2,:) a^2*prev{j}(3,:)]; 

97                   prev2{k+2*4^i1}=Q{k+2*4^i1}([2 3 1],:); 

98                   prev3{k+2*4^i1}=Q{k+2*4^i1}([1 3 2],:); 



99                   prev4{k+2*4^i1}=Q{k+2*4^i1}([2 1 3],:); 

100                   prev5{k+2*4^i1}=Q{k+2*4^i1}([3 2 1],:); 

101                   prev6{k+2*4^i1}=Q{k+2*4^i1}([3 1 2],:); 

102   

103   

104  Q{k+3*4^i1}=[prev{j}(1,:) a^2*prev{j}(2,:) 

a^2*prev{j}(3,:);prev{j}(1,:) prev{j}(2,:) 

a*prev{j}(3,:);prev{j}(1,:) a*prev{j}(2,:) prev{j}(3,:)]; 

105                   prev2{k+3*4^i1}=Q{k+3*4^i1}([2 3 1],:); 

106                   prev3{k+3*4^i1}=Q{k+3*4^i1}([1 3 2],:); 

107                   prev4{k+3*4^i1}=Q{k+3*4^i1}([2 1 3],:); 

108                   prev5{k+3*4^i1}=Q{k+3*4^i1}([3 2 1],:); 

109                   prev6{k+3*4^i1}=Q{k+3*4^i1}([3 1 2],:); 

110   

111                   k=k+1; 

112                 end 

113  k=(k+3*4^i1)-1; 

114  prev=[Q,prev2,prev3,prev4,prev5,prev6]; 

115   

116  p1(1:k*factorial(i1+1),1:3^(i1+1))=a; 

117  p2(1:k*factorial(i1+1),1:3^(i1+1))=a; 

118  p3(1:k*factorial(i1+1),1:3^(i1+1))=a; 

119   

120  j3 =j3+factorial(i1); 

121  s=size(Q,2); 

122  p=zeros(3*s,3^(i1+1)); 

123  r=-2; 

124  k1=0; 

125        for jj=1:k 

126             k1=k1+1; 

127   

128            if jj>1 

129               if mod(jj-1,4^(i1+1))==0 

130                k1=1; 

131               end 

132            end 

133            if Q{jj}==zeros(3,3^(i1+1)) 

134            else 

135            if w1(k1,:)=='0' 

136             Q{jj}=zeros(3,3^(i1+1)); 

137            else 

138        d2{1}=d1(Q{jj}(1,:)==1); 

139         d2{2}=d1(Q{jj}(1,:)==0); 

140          d2{3}=d1(Q{jj}(1,:)==a^2); 

141   

142        d2{4}=d1(Q{jj}(2,:)==1); 

143         d2{5}=d1(Q{jj}(2,:)==0); 

144          d2{6}=d1(Q{jj}(2,:)==a^2); 

145   

146        d2{7}=d1(Q{jj}(3,:)==1); 

147         d2{8}=d1(Q{jj}(3,:)==0); 

148          d2{9}=d1(Q{jj}(3,:)==a^2); 

149   

150            j4=0; 

151   

152               for j2=j3:((factorial(i1+1)+j3)-1) 



153                   j5=j5+1; 

154                      if d1 == d5{j2} 

155   

156                       p1(j5,:)=Q{jj}(1,:); 

157                       p2(j5,:)=Q{jj}(2,:); 

158                       p3(j5,:)=Q{jj}(3,:); 

159   

160                      else 

161                       for ll=1:9 

162                         j4=j4+1; 

163                         Neg3{j4}=find (ismember(d5{j2},d2{ll})); 

164                       end 

165                    p1(j5,[Neg3{1}])=1; 

166                    p1(j5,[Neg3{2}])=0; 

167                    p1(j5,[Neg3{3}])=a^2; 

168   

169                    p2(j5,[Neg3{4}])=1; 

170                    p2(j5,[Neg3{5}])=0; 

171                    p2(j5,[Neg3{6}])=a^2; 

172   

173                    p3(j5,[Neg3{7}])=1; 

174                    p3(j5,[Neg3{8}])=0; 

175                    p3(j5,[Neg3{9}])=a^2; 

176                    j4=0; 

177                    for s=jj+size(w1,1):size(w1,1):k 

178   

179                      p7=[p1(j5,:);p2(j5,:);p3(j5,:)]; 

180                      s1= ismember(Q{s},p7(1:3,:),'rows'); 

181                      Q{s}(s1,:)=0; 

182                      s4= ismember(Q{s},Q{jj},'rows'); 

183                      Q{s}(s4,:)=0; 

184   

185                    end 

186                   if jj>sizw 

187                       p4=[p2(j5,:);p1(j5,:)]; 

188                    if Q{jj}(1:2,:)==p4(1:2,:) 

189                       Q{jj}(2,:)=0; 

190                       p2(j5,:)=0; 

191   

192                    end 

193                       p5=[p3(j5,:);p1(j5,:)]; 

194                    if Q{jj}([1 3],:)==p5(1:2,:) 

195                       Q{jj}(1,:)=0; 

196                       p1(j5,:)=0; 

197                    end 

198                       p6=[p3(j5,:);p2(j5,:)]; 

199                    if Q{jj}([2 3],:)==p6(1:2,:) 

200                       Q{jj}(3,:)=0; 

201                       p3(j5,:)=0; 

202                    end 

203                   end 

204                      end 

205               end 

206               r=r+3; 

207               p(r:r+2,:)=Q{jj}; 

208            end 



209            end 

210        end 

211  p = p(any(p,2),:); 

212   

213  disp(' '); 

214  fprintf('Iteration = %g',i1); 

215  disp(' '); 

216  Numarrays=size(p,1); 

217  disp(' '); 

218  fprintf('Number of distinct arrays = %g', Numarrays); 

219  disp(' '); 

220  dlmwrite('array-di3.txt',p,'-

append','delimiter','\t','precision',1) 

221   

222  univar2 = unique(p1,'rows'); 

223  univar3 = unique(p2,'rows'); 

224  univar4 = unique(p3,'rows'); 

225   

226  s8=ismember( univar2,univar3 ,'rows'); 

227  univar2(s8,:)=[]; 

228  s9=ismember( univar2,univar4 ,'rows'); 

229  univar2(s9,:)=[]; 

230  s10=ismember( univar3,univar4 ,'rows'); 

231  univar3(s10,:)=[]; 

232   

233  Numsequences1=size(univar2,1); 

234  Numsequences2=size(univar3,1); 

235  Numsequences3=size(univar4,1); 

236  totalsize=Numsequences1+Numsequences2+ Numsequences3-2; 

237   

238  fprintf('Number of unique sequences = %g', totalsize); 

239  disp(' '); 

240  dlmwrite('sequence-di3.txt',univar2,'-

append','delimiter','\t','precision',2) 

241  dlmwrite('sequence-di3.txt',univar3,'-

append','delimiter','\t','precision',2) 

242  dlmwrite('sequence-di3.txt',univar4,'-

append','delimiter','\t','precision',2) 

243          end 

244  j5=0; 

245  end 

246  end 



 %This function produces all permutation of the set [1 z0 z0^2 z1 

z0z1 z0^2z1...] for dimension 3 by numeric values 

1 function [d5,m]=all_permutation_di3(iter) 

2 j1=1; 

3 d5=cell(1,2^(iter+1)); 

4 d3=cell(1,3^(iter+1)); 

5  

6 for i2=0:iter 

7     if i2==0 

8         d3{1}=[1 2 4]; 

9         d5{1}=d3{1}; 

10     else 

11         pri=primes(60); 

12         m=pri(1:i2+1); 

13          p=perms(m); 

14  

15         for i=1:factorial((i2+1)) 

16              k=p(i,1); 

17              d3{1}=[1 k k^2]; 

18            for j=1:(i2) 

19               k=p(i,j+1); 

20               d3{j+1}=[d3{j} k.*d3{j} k^2.*d3{j}]; 

21            end 

22                j1=j1+1; 

23                d5{j1}=d3{j+1}; 

24         end 

25     end 

26 end 

27 end 



1  % This function produces all possible combinations of the four 

matrices (I, F, FD, FD^2) 

2  %through different iterations without symmetric combinations. 

3  % n=i+1 

4  % Line 9-20 have been originally written by Abdulrahman Ikram 

Siddiq. 

5  % Two lines must be added to use this function: assigning value to 

n and w1=used_matrices(n) 

6  function m=used_matrices_di3(n) 

7  alphabet=['I' 'F' 'Q' 'R']; 

8  L=length(alphabet); 

9  for i=n:-1:1 

10      v=[]; 

11      for j=1:L 

12          v=[v alphabet(j)*ones(1,L^(i-1))]; 

13      end 

14      cv=[]; 

15      Lv=length(v); 

16      for k=1:(L^n)/Lv 

17          cv=[cv v]; 

18      end 

19       m(1:L^n,n-i+1)=cv'; 

20  end 

21  m=char(m); 

22   

23  for e1=1:4^n 

24      if m(e1,n)~='I' 

25     N = fliplr(m(e1,:)); 

26     N3=N; 

27     N2 = find(N =='I'); 

28     for e2=1:length(N2) 

29       N3(N2(e2))=N3(N2(e2)-1); 

30       N3(N2(e2)-1)='I'; 

31     end 

32     if N(1,n)~='I' 

33     N1 =find(ismember(m,N,'rows')); 

34      if N1~=e1 

35     m(N1,:)='0'; 

36      end 

37     end 

38     N4=find(ismember(m,N3,'rows')); 

39     if N4~=e1 

40     m(N4,:)='0'; 

41     end 

42      end 

43  end 

44  end 



1  %This function produces all distinct arrays and sequences for 

dimension 3 without linear offset 

2  function construct_arrays_sequences_without_linearoffset_di3 

3  iter = input('Enter your iteration: '); 

4  j5=0; 

5  j3=1; 

6  a=exp(2*pi*1i/3); 

7  [d5,m]=all_permutation_di3(iter); 

8  Neg3=cell(1,8); 

9   

10  for i1=0:iter 

11      if i1==0 

12      d1=[1 2 4]; 

13      else 

14      k1=i1; 

15      d1=[d1 m(k1+1).*d1 (m(k1+1))^2.*d1]; 

16      end 

17  Q=cell(1,4*24^i1); 

18  n=i1+1; 

19  w1=used_matrices_di3(n); 

20   

21          if i1==0 

22   

23              prev{1}=[1 0 0;0 1 0;0 0 1]; 

24   

25              prev{2}=[1 1 1;1 a a^2;1 a^2 a]; 

26   

27              prev{3}=[1 a a;1 a^2 1;1 1 a^2]; 

28   

29              prev{4}=[1 a^2 a^2;1 1 a;1 a 1]; 

30   

31                   p(1:3,:)=prev{1}; 

32                   p(4:6,:)=prev{2}; 

33                   p(7:9,:)=prev{3}; 

34                   p(10:11,:)=prev{4}(2:3,:); 

35          disp(' '); 

36          fprintf('Iteration = %g',i1); 

37          disp(' '); 

38          disp(' '); 

39          fprintf('Number of distinct arrays = %g',11); 

40          disp(' '); 

41          fprintf('Number of unique sequences = %g',11); 

42          disp(' '); 

43          dlmwrite('array-      

di3.txt',p,'delimiter','\t','precision',2) 

44          dlmwrite('sequence-

di3.txt',p,'delimiter','\t','precision',2) 

45   

46          else 

47              k=1; 

48   

49                 for j=1:4^(i1) 

50   



51  Q{k}=[prev{j}(1,:) 0*prev{j}(2,:) 0*prev{j}(3,:);0*prev{j}(1,:) 

prev{j}(2,:) 0*prev{j}(3,:);0*prev{j}(1,:) 0*prev{j}(2,:) 

prev{j}(3,:)]; 

52   

53  Q{k+4^i1}=[prev{j}(1,:) prev{j}(2,:) prev{j}(3,:);prev{j}(1,:) 

a*prev{j}(2,:) a^2*prev{j}(3,:);prev{j}(1,:) a^2*prev{j}(2,:) 

a*prev{j}(3,:)]; 

54   

55  Q{k+2*4^i1}=[prev{j}(1,:) a*prev{j}(2,:) 

a*prev{j}(3,:);prev{j}(1,:) a^2*prev{j}(2,:) 

prev{j}(3,:);prev{j}(1,:) prev{j}(2,:) a^2*prev{j}(3,:)]; 

56   

57  Q{k+3*4^i1}=[prev{j}(1,:) a^2*prev{j}(2,:) 

a^2*prev{j}(3,:);prev{j}(1,:) prev{j}(2,:) 

a*prev{j}(3,:);prev{j}(1,:) a*prev{j}(2,:) prev{j}(3,:)]; 

58   

59  k=k+1; 

60                 end 

61  k=(k+3*4^i1)-1; 

62  prev=Q; 

63  p1(1:k*factorial(i1+1),1:3^(i1+1))=a; 

64  p2(1:k*factorial(i1+1),1:3^(i1+1))=a; 

65  p3(1:k*factorial(i1+1),1:3^(i1+1))=a; 

66  j3 =j3+factorial(i1); 

67  s=size(Q,2); 

68  p=zeros(s/4,3^(i1+1)); 

69  r=-2; 

70  k1=0; 

71        for jj=1:k 

72             k1=k1+1; 

73   

74            if w1(k1,:)=='0' 

75             Q{jj}=zeros(3,3^(i1+1)); 

76            else 

77        d2{1}=d1(Q{jj}(1,:)==1); 

78         d2{2}=d1(Q{jj}(1,:)==0); 

79          d2{3}=d1(Q{jj}(1,:)==a^2); 

80   

81        d2{4}=d1(Q{jj}(2,:)==1); 

82         d2{5}=d1(Q{jj}(2,:)==0); 

83          d2{6}=d1(Q{jj}(2,:)==a^2); 

84   

85        d2{7}=d1(Q{jj}(3,:)==1); 

86         d2{8}=d1(Q{jj}(3,:)==0); 

87          d2{9}=d1(Q{jj}(3,:)==a^2); 

88   

89            j4=0; 

90   

91               for j2=j3:((factorial(i1+1)+j3)-1) 

92                   j5=j5+1; 

93                      if d1 == d5{j2} 

94                       p1(j5,:)=Q{jj}(1,:); 

95                       p2(j5,:)=Q{jj}(2,:); 

96                       p3(j5,:)=Q{jj}(3,:); 

97                      else 

98                       for ll=1:9 



99                         j4=j4+1; 

100                         Neg3{j4}=find (ismember(d5{j2},d2{ll})); 

101                       end 

102                    p1(j5,[Neg3{1}])=1; 

103                    p1(j5,[Neg3{2}])=0; 

104                    p1(j5,[Neg3{3}])=a^2; 

105   

106                    p2(j5,[Neg3{4}])=1; 

107                    p2(j5,[Neg3{5}])=0; 

108                    p2(j5,[Neg3{6}])=a^2; 

109   

110                    p3(j5,[Neg3{7}])=1; 

111                    p3(j5,[Neg3{8}])=0; 

112                    p3(j5,[Neg3{9}])=a^2; 

113                    j4=0; 

114                      end 

115               end 

116                 r=r+3; 

117               p(r:r+2,:)=Q{jj}; 

118            end 

119        end 

120  p = p(any(p,2),:); 

121  disp(' '); 

122  fprintf('Iteration = %g',i1); 

123  disp(' '); 

124  Numarrays=size(p,1); 

125  disp(' '); 

126  fprintf('Number of distinct arrays = %g', Numarrays); 

127  disp(' '); 

128  dlmwrite('array-di3.txt',p,'-

append','delimiter','\t','precision',2) 

129   

130  univar2 = unique(p1,'rows'); 

131  univar3 = unique(p2,'rows'); 

132  univar4 = unique(p3,'rows'); 

133  s8=ismember( univar2,univar3 ,'rows'); 

134  univar2(s8,:)=[]; 

135  s9=ismember( univar2,univar4 ,'rows'); 

136  univar2(s9,:)=[]; 

137  s10=ismember( univar3,univar4 ,'rows'); 

138  univar3(s10,:)=[]; 

139   

140  Numsequences1=size(univar2,1); 

141  Numsequences2=size(univar3,1); 

142  Numsequences3=size(univar4,1); 

143  totalsize=Numsequences1+Numsequences2+Numsequences3-2; 

144   

145  fprintf('Number of unique sequences = %g', totalsize); 

146  disp(' '); 

147  dlmwrite('sequence-di3.txt',univar2,'-

append','delimiter','\t','precision',2) 

148  dlmwrite('sequence-di3.txt',univar3,'-

append','delimiter','\t','precision',2) 

149  dlmwrite('sequence-di3.txt',univar4,'-

append','delimiter','\t','precision',2) 

150          end 



151  j5=0; 

152  end 

153  end 

 


