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This thesis concerns the reconstruction of N = 1 supersymmetry, starting with the
Standard Model. Next, we partially construct an N = 2 superfield theory. The differen-
tial representation of the N = 2 supercharges is found. Issues regarding the necessity
of mixing left and right chirality in extended supersymmetry is discussed, and possible
ways to circumvent this problem.
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Chapter 1

Introduction

The Standard model in particle physics has been extremely successful in predicting the
existence of particles and the fundamental forces that govern their behavior. The Stan-
dard Model is built on the basic assumption of symmetries in nature. A symmetry is
an invariance of a physical law under some transformation of coordinates, which can
be either internal or external. With an external symmetry we refer to transformations
in space-time. Through Noether’s theorem we know that every symmetry brings about
a conserved quantity. Examples from classical physics involve the homogeneity and
isotropy of space and the homogeneity of time. Because space is homogeneous, the
laws of physics must be the same regardless of where an experiment takes place. This
1s a symmetry that leads to the conservation of momentum. Since the laws of physics
are the same in any chosen direction (space is isotropic), then angular momentum is
conserved. The homogeneity of time will lead to the conservation of energy.

In Quantum Field Theory, a free field has no interactions associated with it. This could
be the free fermion field, not interacting with itself or with any electromagnetic field.
This field possesses an internal symmetry related to a change in phase of the fields.
This change of phase will not alter the equations of motion for the field, and thus the
physics of the field is not altered. The phase change just mentioned must however be
global in order to preserve the symmetry. This means that we cannot choose a different
phase shift for each point in space. This does not seem appropriate for a field theory,
which should be local in nature. If we require this symmetry of the phase change to be
local, such that we may pick a different phase at each point in space and still preserve
the symmetry, we require an extra field. The field that appears is the electromagnetic
field. Thus, a requirement that an existing global symmetry be local leads to the neces-
sary existence of the force field interacting with the matter field for which we required
the symmetry to be local. In the Standard Model all the known forces of nature are
constructed in this way.

Since symmetries have been so successful, modern physics strives to find other sym-
metries of nature. The Standard Model is not believed to be the end of the story. It is
believed that it will break down at some energy level. A candidate for physics beyond
the Standard Model is supersymmetry.

A supersymmetric theory will leave physics unchanged under a transformation relat-
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ing fermionic degrees of freedom with bosonic degrees of freedom. All known matter
particles are of fermionic nature. The yet undiscovered Higgs particle is of bosonic na-
ture. Requiring supersymmetry in particle physics leads to the necessary existence of
bosonic paticles for all existing fermions and vice versa.

In supersymmetry there exists a basic algebra that defines the supersymmetric group
transformations. It turns out that this is not the most general algebra for supersymme-
try. The basic algebra leads to what is called N = 1 supersymmetry. An extension of
this algebra leads to what is called extended supersymmetry and the specific extensions
are called N =2, N =3 etc.

N =1 supersymmetry is believed to be the most promising for phenomenological rea-
sons. It is however important to investigate the implications of N > 1 supersymmetry,
since we as of yet do not have any experimental evidence for either model.

We will in this thesis reconstruct N = 1 supersymmetry, starting with the reconstruction
of the Standard Model. Once we have seen how N = 1 supersymmetry is constructed
we will move on to extended supersymmetry and find the implications of using an
N = 2 algebra. We will also begin the construction of an N = 2 superfield theory.



Chapter 2

Background

2.1 Group theory in physics

Group theory is an important subject within physics. It is used to further analyze the
symmetries found in nature. We will here go through a short summary of group theory
which is based on information found in [9].

2.1.1 Groups

A mathematical group consists of a set of operations that have a common property. This
property could for example be that all elements in the group must have determinant 1,
or for example each element must be a transformation that under a unitary transform
preserves some quantity or even both properties. It is however not certain that elements
just having such a property will form a group. An operator having such a property,
must also, when operating on another member of the group, give a new element in the
group. The operators must also obey associativity and there must exist a unit element
as well as an inverse within the group. We can state this as follows:

Let G={g1, - ,gn} be aset of operators and let o define the group operation. Then if
the following is satisfied

e Closure: if g;€ Gand g; € Gthen giog; € G

e Associativity: for Vg;,g;,8x € G we have (giog;)ogr = gio (g0 8&«k)
e Identity: there 3/ € G such that giol =log; =g;

e Inverse: there Hgl-_l € G for Vg; € G such that gl._1 0gi=gi ogl._l =1

A group can be either discrete, in which case there are a finite number of elements in
the group, or it can be continuous. In a continuous group there are an infinite number
of elements and each group operation can lead to an infinite number of possible ele-
ments, still in the group.

Although the group elements are in themselves abstract elements, where a group mul-
tiplication has been assigned, these elements can have a specific representation. This is
done by assigning to each element in the group a map to a set of matrices having the
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same group properties. This map need not map to a set that describes the group com-
pletely. A representation of the croup could be the set of matrices only containing the
identity element. This is still a valid map from the group elements to a set of matrices
having the group properties, but it is not a faithful representation. In a faithful represen-
tation, the matrix elements will fully describe the properties and elements of the group
they are mapped from.

2.1.2 Lie Groups

A Lie Group is a continuous group where an additional geometrical structure is devel-
oped on top of the group properties mentioned in section 2.1.1. For the elements in a
continuous group we can select an appropriately sized matrix for the representation and
assigning to each cell in the matrix, a free variable. By then imposing the constraints
that must be present to preserve all the group properties (including the defining prop-
erties of the group), some of the degrees of freedom will be removed (i.e. some of the
matrix cells are given by the variables in the rest of the matrix cells). This can be de-
scribed as follows:

Let M(xy,--- ,xyxn) be a prospective representation of a group G. We must require
that M (xy,- -+ ,X,x,) has the defining group properties (e.g. det M = 1). This will put a
constraint on the matrix elements such that

M:M(xl,--- 7-xm7f1(-x17"' ,xm),... 7fn><n—m(xl,"' ’xm))

This shows that every element in the group represented by M can be identified by a
point x = (x1,-- - ,X,,) on the manifold generated by f.

Once the group manifold has been identified it is also possible to identify the inverse
and identity group elements as coordinates x on the manifold. A map ¢ (x,y) can be
found, that represents group multiplication. This is done by solving the equations

M(x, f(x))M(y, f(y)) = M(z,0(x,y))

We can now Taylor expand each of the elements of the representation of the Lie Group
around the element M = I where [ is the identity. By only keeping terms up to the first
order in the expansion coefficients we have

M=~IT+x1T1+- - +x,T

where T; to T, are the resulting matrix coefficients in the Taylor expansion. 7 to 7;, are
called the generators of the group G. The generators enable access to group elements
close to the identity, but they also contain all the information needed to gain access to
any other group element on the manifold. This can be seen as follows.

Let € be an infinitesimal real number and let 7 = })" ; ¢;7; be a linear combination
of the generators, then I + €7 1is still a group element infinitesimally close to the iden-
tity and belonging to the group G. By making repeated infinitesimal group operations
we have

0 N
lim (I +eT)N = 1i T4 27| =07
m@er) = tim (1447 =
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which shows that exp(67T) is a group element, in the representation of the group, far
away from the identity. Thus, the generators contain the information needed to recon-
struct the group.

The commutator of two group elements g1, g> € G is defined as

g10g20(g20g1)"! 281082081_1082_1

Now, let M| and M, be the elements in the representation of G corresponding to g and
g2, where we now take g; and g, to be elements close to the identity. Further, let €X
and 8Y be linear combinations of the generators of the group, that correspond to the
elements M| and M, respectively. € and § are infinitesimal numbers. The commutator
to the lowest order expansion in linear combinations of the generators is then

MMM "My = X% e XY = (14 eX) (14 8Y)(I — eX)(I — 8Y)

= —[8Y]>—e8YX +€8°YXY —[eX]*+€>5XXY +£5XY —e8°XYY —e2SXYX + [e5XY]?

Terms of second order in € or 6 will vanish, such that
MMM "My ~ T — e8YX +e8XY =1+ ¢€8[X,Y]

Since also, MMM IMZ* '~ I+ kZ where Z is a linear combination of the generators
of the group and « is an infinitesimal real number, then we have an algebraic closure
under the commutator [X, Y] of any linear combinations X and Y of the generators. The
algebra is called a Lie Algebra. This also implies that the generators 7; must satisfy the
relation

T, Tj) = ) CiTx
%

where C{‘j are called structure constants and completely determine the structure of the
Lie Algebra.

2.1.3 Lie Group SO(n)

The group O(n) is the group consisting of all orthogonal n x n matrices A that satisfy
the relation AA” = I. As an example we let n = 2 and let

a b
=(00)
By requiring orthogonality we get three equations

a?+br=1 *+d*=1 ac+bd=0

The solutions to this set of equations give

_ [(Fd =*c
=)
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Now by using that d = 4=v/1 — ¢ we get that
A TV1—-c2 ¢ or A— +v1—c2 +c
N c V1—c? B c —V1-c?

In this particular example we choose to look at the following solution of A

We Taylor expand to first order in ¢ to get A ~ I + €M where

(o)

Here M is the generator of O(2).

21.4 LieGroup U(1)

The unitary group U (n) is the group consisting of all n x n matrices A that satisfy the
relation ATA = I. In the standard model, the transformation

T(x) = €45®

is applied to fields in the theory. Here & (x) is a complex valued function. T isa 1 x 1
matrix, and satisfies T7(x)T (x) = 1, as well as the axioms for a group. Thus T is an
element in U(1).

2.1.5 Lie Group SU (n)

The special unitary group SU (n) is the group consisting of all n x n matrices A that
satisfy ATA = I as well as detA = 1. In the standard model, the transformation

T(x) = evhnt8”

is applied to multiplets of fields. A, are real parameters and summation over m is
implied. g € R represents a charge. If B" is 2 x 2, T acts on vectors containing two
fields. If B" is 3 x 3, T acts on vectors containing three fields. Since

TT(X) — [eqllm(x)Bm]T — i lw} ' _ i (qAM(x)(Bm)T)k _ eqlm(x)(Bm)T

- k! - k!

k=0 k=0

then 77 (x)T (x) = I, assuming B = —B. With these requirements, T is an element of
U (n). If B™ would be traceless, then

log[det T (x)] = Tr[log T (x)] = Tr [log eq’l’"(x)Bm] = Tr [gAm(x)B"] = gAn(x)Tr[B"] =0

& detT(x) =e’ =

1
Now, since det 7' (x) = 1, then T is an element in SU (n). We see that B” constitute the
generators of the group.
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‘ Generation ‘ Leptons ‘ Quarks ‘
1 e eV, V, ud

2 pout vy vy scC
3 T T Vp Vs bt

Table 2.1: The three families of quarks and leptons.

2.2 The Standard Model

The Standard Model is a description of all the known forces in physics, except grav-
ity. In the following we will give a brief overview of the Standard Model based on
information found in [5, 11, 13, 15, 16].

2.2.1 Introduction

The Standard Model fermions are listed in table 2.1. There are three families of leptons
and three families of quarks. The electrons (e) in the first family are paired with their
corresponding neutrinos (V) in the same family. The three families of leptons are the
electron family (e), the muon family (@) and the tau family (7). The six quarks are up
(u), down (d), strange (s), charm (c), bottom (b) and top (t). Each quark carries electric
charge, hypercharge, isospin and color charge. The color charge is represented by one
of the colors red, green or blue. All the leptons are spin-1/2 fermions.

The forces between particles are mediated by the gauge bosons (i.e. integer spin parti-
cles). The electromagnetic force is mediated by the massless photon (7), the weak force
by the massive W* and Z particles, and the strong force is mediated by the massless
gluons (g). The Higgs mechanism gives particles their mass, and it carries its own par-
ticle, called the Higgs particle.

The Standard Model is built upon the principle of quantum fields and their symme-
tries. One can start with a massless Lagrangian density. By requiring an existing global
symmetry to be local, then additional gauge fields must be added to the Lagrangian den-
sity to satisfy local gauge invariance, as opposed to a global invariance. In choosing the
correct symmetries to make global, then the corresponding gauge field will correspond
to the force mediators between the particles in the Lagrangian density. The correspond-
ing theories are called gauge theories. In the case of QED, the massless photon field
emerges as a consequence of making the existing global U(1) symmetry local. For the
weak interactions, massless gauge fields appear by requiring local SU(2) invariance
of the doublet containing the left chiral parts of a fermion and its associated neutrino.
These gauge fields should according to experiment have mass. By realizing that the
minima of the Lagrangian leads to a broken symmetry, one finds that these mediators
have masses hidden by the broken symmetry. These are the W+ and Z° bosons. For the
quarks, one can arrange the three colors of the quarks into a multiplet of 3 quarks (red,
green and blue), and insist on SU (3) local gauge symmetry. This will lead to the gluon
fields coupling to the Lagrangian. In short, the Standard Model is generated by requir-
ing local gauge invariance under the combined group U (1) x SU(2)r, x SU(3). The L
stands for left, and refers to the fact that only the left chiral fermions are subject to the
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local gauge condition.

2.2.2 The QED sector

We start with a free Lagrangian £, modeling a lepton [ € {e, i, 7} with mass m

L=Y w(x) (iv"dy —m) yi(x) (2.1)
l

where y; is a 4-component Dirac spinor. £ is invariant under the global U (1) transfor-
mation y(x) — ¥ (x) = y(x)e 5, where £ € R is a constant. These transformations
represent rotations of the components of y in the complex plane (note that each com-
ponent y, € C where a denotes the spinor index). If the invariance only holds when &
is independent of x, then the field is not invariant separately at each space-time position
x. It is then natural to believe that the invariance of £ should hold for the local trans-
formation e (). Since & commutes with every object in the Lagrangian, this leads
to an Abelian theory. Inserting the transformation into L gives

L= Zz: { W () [iv" I — m i (x) +q i (x) ¥ wi (x) & (x) }

where the derivative d;, generated the additional term. By introducing the covariant
derivative d, — Dy, satisfying

D,y (x) = e 70D,y (x) 2.2)

then £ will exhibit U (1) symmetry. Note that

(e > yy(x)) = (9 — igdu (x)]e My (x) (2.3)

To construct the covariant derivative D, we need to start with the partial derivative dj,,
and then add a vectorial quantity A, (x) that transforms in such a way as to cancel the
extra term emerging in equation (2.3). We then see that by defining Dy, = [d, +iqA,],
we have that

D;ﬂ//l/(x) = D;l [e*iqﬁ(x) Wl(x)] — [all + iqA/“ (x) - iqaué(x)]wl(x)efiqé(x)

By requiring the introduced field to transform as A/u (x) = Ay (x) + dué (x), then equa-
tion (2.2) is satisfied. To make equation (2.1) invariant under the local U (1) symmetry
we make the substitution d;, — Dy, leading to

L= ; {Wi(x) (i7" Iy —m) wi(x) — g (x) ¥ wi(x) A (x) }

This is not a complete Lagrangian, since it includes the field A, (x) with no kinetic
term. A term that is invariant under the U (1) symmetry and consisting of A, and its
derivatives is needed. The Ricci identity

[Du,Dv] IQ( uAv avAv) = iqFuy



2.2 The Standard Model 9

shows that, since [Dy;, Dy is manifestly invariant under U (1) transformations, then Fj,
must retain U (1) invariance. Restricting to a renormalizable theory, it is necessary to
only include terms up to m*, which leave two options

F'qu'uv Sa'B'quaﬁF‘uv

where the second option breaks parity and time reversal symmetry. Using the familiar
normalization from electrodynamics, we get the QED Lagrangian

Lorn = Y00 (1743, —m) W) — g TP (AL (0} = 3F* Foy
l

where y; describes the leptons {e*,e™, u*, u~, 77,77} and the gauge field A, de-
scribes the photon, which couples to the conserved current JH = gy (x) v y;(x).

2.2.3 The electro-weak sector

There are three types of weak interactions. These are the purely leptonic, semi lep-
tonic and purely hadronic interactions. An example of a semi leptonic process is
n— p+e +V,, and a pure hadronic processes is A — p+ w~. To start with, only
purely leptonic processes such as T~ — e~ + V, 4 v; are considered.

We start with a system of three free massive Dirac fields for the fermions and three
free massive Dirac fields for their corresponding neutrinos (we will in this section omit
explicit x dependencies to simplify notation).

L =Y {Wn(iv" ou — m)wi + Wy, (iY" Oy — my,)wy, }
1

where [ € e, u, T represents the three families of particles. Next we project the leptons
into their left and right components using y’ = %(1 — 7))y and yR = %(1 +P)v.

Then v = w4+ yR and we get that
L= ZI‘,{'I’IL(i?’“au _ml)V’lL"‘ ‘f’ZR(i?’”au _ml)‘lflR}
+; {00, (07" O — my )y, + Wy, (1" G — my, )y }
+;{'I’1L(i'}’“au —ml)wf+1j/f(iy“8u _ml)'l’lL}
+; {'f’é,(iYuau —mvl)'l/{f, + W\Ifl(iyﬂau _mvl)‘l’él}

L has U(1) global symmetry. Experiments show interactions between left handed lep-
tons and their left handed neutrinos. Therefore we want to impose a gauge symmetry
on the lepton - neutrino left doublets and leave the right handed components unchanged
under the corresponding transformations. Since right and left parts of the spinors cou-
ple, £ does not posses such a symmetry. We decouple the right and left handed spinors
by setting m; = m,, = 0 (this will be fixed by the Higgs mechanism). We introduce the
doublet .
= (V) e )
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Then L can be written as
L= ; { P17 )Wy + W) (i7" 9u) i + Wy, (i7" ) iy, }
We now see that L still has a global symmetry under the U (1) symmetry transformation
wh =yt = yte 18

!/
L L L —igY
WVIHWVI_WV]e gé
R 'R _ ,,,R —ig'Y
yi =y = yfe e
R 'R _ . ,R —ig'Y
Wv,ﬁWvl_Wvle gé

where g,, Y, & € R. In addition, £ now has a global SU(2) symmetry through the trans-
formation / ,
Y, - W, = e28P0"y,

where 3, € R. We sum over n = 1,2,3 where ¢” are the Pauli matrices. We then have
a combined global U(1) x SU(2) symmetry described by

C O R TERLAL
v — = yfle T
Yy — Wiy = e ©T
The Pauli matrices satisfy the algebra
(6™, 6"] = 2ig0" (2.4)

while Y is the weak hypercharge, which is related to the electric charge through
Y=Q0/e— IXV . I;V is the weak isocharge associated to the corresponding weak hy-
percharge current. Y is —% when associated with W;, —1 when associated with l//lR
and 0 when associated with l//\lfl. The transformations will hold locally by replacing the
derivatives of L with the covariant derivatives D,,. These transformations are then el-
ements in the product group U(1) x SU(2);. Going from global to local invariance,
& — &(x) and A, — A, (x). There will be three variations of D, depending on which
field they act on (¥, l//lR or l//ffl).

We start with the covariant derivative acting on ;. We require that
l / i Ao —idY
Du\Pl = 289" (D, W) )e 8 3

Since the transformations ¢28*°" constitute group elements in a Lie group on a smooth
manifold, then it suffices to treat the transformations for A,, infinitesimal. Thus

N7 I n —ig
Dy ¥ = (14 58h0"|(Du¥)e gre (2.5)
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There are four degrees of freedom in the transformation (three in A, and one in &). We
may choose an ansatz for Dy, using three gauge fields W, ;; and one gauge field By,

Dy =0, +igYB, + égW,,,uc" (2.6)
Inserting the ansatz of D/“ into equation (2.5), we get

2
—[1+ gzmn]lg Y (9,8)Phe 8V 4 2g6 " () Whe 8V E 2.7)
——gz/'L W, ,[o™, o"|Whe 8 Yt

Requiring BL = By + du &, will make the second term in equation (2.7) cancel, while
B:L — By, in the first term. A further requirement of W,i/ u= W,;’ u — Ouhy gives

DY} = [1+%gzno"] {[a +ig YBH+2gW c ]‘PL} Vs

i !/ ./
2 L, —ig'Y
—38 W, 1 €m0~ e "8 &

where O(?an) terms are left out and the algebra of equation (2.4) has been used to write

the result in terms of the structure constants. Finally we may cancel the last term,
.. . / . .

by requiring the transformation W, , = W, , — AW y€nikm and disregarding O(A2)

terms. We have then found that equation (2.6) satisfies the requirements of the covariant

derivative with the gauge field transformations being

and
nu — Wy — aukn - g)Lan,ugnkm

Using the same calculations we find that
DR = (D yf)e
leaves L invariant, where Dy, = dy, +ig’Y By, and is satisfied if the gauge field trans-

forms as By — By + du&. Inserting the values of the hypercharges we have

i
~8Wnuo" ¥,

I
Dy = [y — 5¢'Bu+ 2

2
Dy = [0y — ig'Bul vy,

Dy vy, = du vy,
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Wop — Wau — a,u)m - g)"an#gnkm
By making the replacement d, — Dy, in L we get

&= Y { iy 0¥+ 0 (17 9 Wi + 9 (7 9 i }
[

. . )
+Z{—8 li‘l’m’“ﬁn‘i’l] W —& l—i‘f’n’”‘l’l - ‘I’f?’”‘l/ﬂ Bu}
7

There are no free fields for the four gauge fields W, ;, and By, in this Lagrangian. In
analogy with QED, the U(1) x SU(2), invariant free field for B, will be —;B*By,,
with B*Y = VB! — d*BY (where By, is defined to be SU(2), invariant). As in sec-
tion 2.2.2 we may use the covariant derivative to find a U(1) x SU(2), invariant term
consisting of W, ;;, and its derivatives. We have that

i
[DuaDv]\Pl = E[g/Buv - ngqun - gZWn,qu,venmka]lPl

where W, yv = dyW,, y — duW,, v. Since By is U(1) invariant and by definition SU(2),,
invariant and W,, , by definition is U (1) invariant, then

Gn,,uv = Wn,,uv - ng,[.LWm,vgkmn

must be a U(1) x SU(2), invariant. With the normalization conditions we employ, we
get the following massless electro-weak Lagrangian Lgy

- Ry, R 1 .
Lew =Y {Wi(iv" ) Wi + i (iv" 9p) ¥ + ‘l/\]f,(lyuau)‘l’{f,} - ZBWBMV - ZG Gy
]

- 1 )
+) {—8 lE‘PZYHG"‘Pll Wou—g l—i‘l’w"‘l’z — WZRY”WIR] Bu}
]

Next, we need to attach two Higgs fields to Lgw and require symmetry breaking to
regain the lepton masses and to acquire masses for the W, ;, gauge fields. The Higgs
field that will generate masses for the W, ;, gauge fields is a scalar doublet, with a de-
generate ground state. The corresponding Lagrangian density has global U(1) x SU(2)
symmetry.

Lpw = [0"®]"[0,®] — u*®'d — A [d'®)?

17
2 4fF 2 47
terms of || = ¢, ¢; and |9 |” = ¢, > we get

where ® = <¢1>. The Hamiltonian density is H = Y ; m;¢; — Lyw. By stating this in

H = |$1]* — 90, Ik 1 + |§o]* — 950 Ok + |91 > + 2|92+ A [ |* + |2] 4]

where we define the Higgs potential

V(01],162]) = 1?|01)> + 12|92 + A [ 01> + [62]°]?
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Figure 2.1: Higgs potential V (|¢1|,|¢2]|) illustrated with u?> = —1 and A = 0.6.

From figure 2.1 we see that with u?> < 0 and A > 0, the classical ground state of H as
well as the potential V' are negative. This degeneracy of the ground state will break the
U(1) x SU(2) symmetry upon a choice of ground state. When demanding that

dH dH

=0 and =0
d1¢1] 2192
we find the minimum of the classical fields to be given by
2 2
2 2 THT_ VY
=—=— 2.

where we are free to choose a ground state in the |@;|, |@,| plane, that satisfy this
relation. We make the U(1) x SU(2) symmetry local in the same manner as for the
spinors, using the covariant derivative used for W¥; (this is also a doublet). Then, by
making the substitution d, — Dy, in Lgyw, setting the hypercharge ¥ = +% in equation
(2.6), we have that

Lo = [0401][9,®] + %g’Bu 9"t ® + %an# EULR

' 1 1
- %g’B”chaﬂ + Z(g’)zB“TBHcpTcD + Zg’gwn,“B“chTo%

i 1 1
— EgW,;#CIDT(Gm)WuCD + Zgg’Wn‘fT B, ® (6™ @+ 1g2Wnﬁ”Wch*(om)*o"cb
—uro'e - AP

From equation (2.8) we see that we are free to choose

o 50)

as the ground state of the system. By doing this, the SU(2) symmetry is broken. We
may now vary the fields around ®( by defining the field variable as

o 1 () ib(
P =2+ V2 ([5’ (x)+ ic(x)) (29)
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where a, b, ¢ and B are real fields. We are allowed to choose the unitary gauge, a =
b = ¢ =0 (we will see that the gauge fields that are now mass-less will acquire masses,
which leads to three additional degrees of freedom used to choose a gauge for a, b and
¢). We may now insert equation (2.9) into Lyw while applying the unitary gauge. We
will then be able to identify the following terms

1 1
L) = Eauﬁa“ﬁ -5 (1% +320%) B2

3
11
’E‘Z = Z EzgzvzwnuTWm’u
n=1
11 2.2 i
L3 = Ez(gl) A% B.UTB'u

|
La=—78g VB Wi,

Here, £ is the free real scalar Higgs field with mass m% = (u?+34v?) = —2u?. L,

represents the mass terms for the three W, , bosons with mass mg, = %vzgz. We notice
from L3 that the U(1) gauge field B, also acquires a mass term. L4 consists of those
additional terms that contain only B;, and W3 ;. The remaining terms can be identified

as interaction terms. By substituting into L7 + L3+ L4,
W3 i = cos O Z, +sin Oy Ay
B, = —sin6yZ, +cos Oy A,

where Oy is the weak mixing angle and demanding that gsin 8y = g’ cos 6y, we will
be left with no terms quadratic in A,. Then, the field A, has no mass and is taken to be
the photon field. Isolating terms quadratic in Z,, we find

11 ,, 1
Loy = =—-gV——27M7
M= 558 cos? Oy K
where we find the mass of the Z boson,
g2v2 m%/

mp =

4 cos? Oy ~ cos? 6w

Next, we introduce masses for the leptons, by coupling to the Higgs field through the
Yukawa interaction term,

Ly =—g; [q’ll[/lRCI) + o IPZR‘IIZ] — 8y, [‘i’llll‘lfl&)—}— (iDTl[_/\I,ellPl]

where g; and gy, are the Yukawa coupling constants and ® = —i[@'0?])". Ly is invari-
ant under U (1) x SU(2) transformations. We now substitute & with equation (2.9) and
employ the unitary gauge. We can then identify the following terms

1 _ 1 _
Ls = _EglVVjILWIR - E&V‘I/RWIL
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1 _ 1 _
Le = —Egvﬂ"l/@ ‘l’fl - Egvﬂ"l’ﬁ ‘V\E,

These are the mass terms of the leptons, with masses m; = % gvand my, = % gv,v- The

remaining terms are interaction terms between leptons and the Higgs field 3. Putting
together all the terms from Lgw, the Higgs term and the Yukawa interaction terms, we
arrive at the full massive electro-weak Lagrangian, unifying the electromagnetic and
the weak interactions. To include quarks in this model it is possible to consider left
quark U(1) x SU(2) doublets, eg. (u°,d“);, and u%, dg, where c is the color of the
quarks. This would enable, not only purely leptonic processes, but also hadronic and
semi-leptonic processes.

2.2.4 The QCD sector

The development of QCD, as a gauge theory, is very similar to the electro-weak gauge
theory described in section 2.2.3. We start out with a free, massive quark color triplet
field of leptons.

L=Y(iy"dy—m)¥

where W represents a color triplet for one specific family of quarks, and is defined by

Yy
Y=y,
Y

where r, g and b denotes red, green and blue, respectively. The triplet is invariant under
U(1) x SU(3) global transformations

efiqé eiq’t,,M"
where ¢ is the photon coupling constant and ¢’ is the gluon coupling constant. #, € R

while n = 1,...,8. M" are the generators and, since the above transformations form a
group, they satisfy the algebra'

[M", M™] = CppM*

where C,,,; are the structure constants. We require L to be invariant under the corre-
sponding local U(1) x SU(3) transformations. The covariant derivative is

with the corresponding transformations of the 9 gauge fields Ay, K,

.y
Ky — Knjy — a,utm —q tnKk,uCknm

where summations over k and n are implied. Making the replacement d; — Dy, in L
yields ) . )
L=Y(iY"o, —m)¥ —q¥PyA,Y — ¢ VY M"VYK,

'Some authors pull out an i from C,,,,;x as convention
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We now need free fields for the gauge fields. For A, this is F*VF,,. For K, , we
can use the commutator of the covariant derivatives, only leaving terms involving K, ;.
Then we get

[DuaDV] = iqle[a’uKk,v - 8ka,u] - (ql)zcnmkMkKn,uKm,v
We may now define the SU(3) invariant quantity
Kiuv = 9uKiy — OvKiu — (') ConicKinuKinv

Using the standard normalization constants, we arrive at the QCD Lagrangian

- 1 1 - -

Ay 1s the photon field, while K, , are the 8 gluon fields binding the quarks.

2.3 Dirac spinors

Four-component Dirac spinors are used throughout the standard model. They are de-
fined through its transformation properties, as are contravariant and covariant vectors.
In the following we derive the transformation properties of the Dirac spinor based on
the presentation found in [2, 8, 13].

2.3.1 Transformations in general

The difference between a type of spinor and a vector is how they transform under
Lorentz transformations. As an introduction we look at how the components of a vec-
tor and the components of a covector transform. For a vector we have the following

(see [8])):

Let x’* = x"*(x) be a map between a primed and an unprimed coordinate system, and
let x = x(¢), where ¢t € R is an arbitrary parameter and x’,x € R”, then

dx'® _ ox'™™ dxV

dt  oxV dt
I
YH — ?;; i (2.10)

. mn v . . .
Since % =V* and % = v are any vectors in the primed and unprimed systems

respectively, then the transformation (2.10) is an intrinsic property of vectors. Any
function failing (2.10) is therefore, by definition, not a vector.

There exist other objects that do not transform as a vector. To show this, we let
oM : TM — R be a linear map, from a linear space TM of vectors v to R. Let {é,}
be a basis for TM, such that 6#(é,) = 8. Then, because of linearity of ¢ we have

ot (v) =cH(ve,) =v'oh(e,) =v'El =W
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Next, create a linear functional o : TM — R using o as basis. Then « = a,c*. Now,
interpret a, as the components of an n-tuple, similar to how v are the components of
the n-tuple which transforms as a vector. Since v transforms as a vector and o* (v) = v#,
then o also transforms as a vector. Using (2.10) on o we find

ox'H

_ \%
— G dxV

\%

— g 6" — 4
o =auo 0’ =a,0

where the transformation property of a emerges as

axlv

oxH

Comparing equations (2.10) and (2.11) it is evident that the summation indices have
been exchanged and thus a is not a vector. It is in fact a covariant vector (distinguished
from a vector which is often refered to as a contravariant vector). The familiar connec-
tion between the two is seen by Riesz Representation Theorem [3], which says that any
linear functional o can be represented by an inner product (v,w). Then

QO
X\
=

=55 0u=>d, = ay (2.11)

a(év) — aHGu(év) — a.us\l/l =dy = <év,v> — <é\v,vué\u> — V“<é\v,é\“> — V“g‘uv
where gy is the familiar metric and ay = vy.

Let x’* = A", xV be a Lorentz transformation from a non-primed to a primed system.
Then "

ox*t N

dxV Y

and, according to (2.10), any x" transforming according to the above Lorentz transfor-
mation is a contravariant vector. Now, multiply both sides of x’* = A", x" with ggy.,

then xj, = Agyx¥ = Aqy g"ﬁxﬁ = Aaﬁxﬁ. xg does not transform according to (2.10) be-
cause of the exchange of summation indices. xg transforms according to (2.11), which
confirms that xg is a covariant vector as the notation suggests.

A two-component spinor ) is defined by its transformation property [7]

x—e 29
where ¢ are the Pauli matrices, and 6, denotes the free parameter of the transformation.
This transformation forms the group SU (2), as seen in section 2.1. We can also mention

that the group SO(5) has a four dimensional spinor representation [9].

2.3.2 Definition of a Dirac spinor

The Dirac equation is (iy*dy, —m)y(x) = 0. Lorentz covariance requires that this equa-
tion of motion has the same form in any inertial system. The matrix y* is equivalent up
to a unitary transform and no distintions need to be made on y* between different iner-
tial systems [2]. Since x transforms as x’V = A" ,x*, then y must also transform. The
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transformation will enter in the following way (see [2]):
Let S(A) be a linear transformation such that
¥ () =S(A)y(x) (2.12)

We find a relation between S(A) and y* by inserting S~1(A)S(A) = 1 and left multi-
plying with S(A) on the equation of motion, and then assume Lorentz covariance:

S(A)(iy* 9y —m)S™H(A)S(A)p(x) =0

(iS(A) S~ (A) Iy —m) (M) y'(x') =0

Since

ov'(x) Jdy'(X)dxV Iy'(X
%Y ) = ax(u - 8)5" ) I axgv N = A W)

we have the replacement d,, — A" ,d,, and

(IS(AYPS ™ (M)A w9y —m)(A) W (') =0
Lorentz covariance requires
7 =SS (A)AY, (2.13)

such that (iy¥d), —m)(A)y’(x") = 0 in the primed inertial system. Equation (2.13) can
be solved and has the solution

S(A) = e~ 400" (2.14)

where

Ouv = 5 s W (2.15)

I"Y together with @ specifies the transformation. A 4-component Dirac spinor is de-
fined by its transformation (2.12) together with (2.14).

2.4 Weyl spinors

In supersymmetric theories we wish to relate bosonic to fermionic degrees of freedom.
It is then convenient to have a spinorial object like the Dirac spinor, but with two de-
grees of freedom. The Weyl spinor is such an object. In the following we look at the
transformation properties of these objects including the dotted index notation (van der
Waerden notation) used to construct invariants out of the Weyl spinors. The presenta-
tion below is based on [1] and [12].
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2.4.1 Definition of Weyl spinors

It is possible to separate the Dirac equation into two equations coupled by the mass, m,
each represented by using 2-component spinors ¥ and ). The two resulting equations
are Lorentz covariant, provided the spinors ¥ and ) transform in the correct manner.
These transformations lead to the definition of 2-component Weyl spinors. The calcu-
lations are shown below (see [1]).

Let W be a 4-component Dirac spinor and represent the components in this spinor as

(1)

where ¥ and ) each have two components. Next, use the following representation of
the Dirac equation:

0 1 0 —o c O
By using W and the above representation we get
(iY" 9y —m)¥ = iy’ ¥ +iy* oY — m¥ = 0

Multiply from left with y°
id0¥ + i’y k¥ — P'm¥ =0

(2)-(6 )@ o))

which leads to the following form of the Dirac equation

to get

(E+0o-p)y=my (2.16)

(E—o-p)y =my (2.17)

where 0 = (0!,62,63) and 6X is the K’th Pauli matrix. We see that a nonzero mass
term will cause a mixing between the two spinors ¥ and ). Next, perform a Lorentz
transformation on equations (2.16) and (2.17) insisting on Lorentz covariance. The
energy and momentum transform as

E'=E-n-p

/
p=p-—NE—€Xp
Here € is an infinitesimal rotation and 7} is an infinitesimal boost. Lorentz covariance
then gives a transformation on Y and ¥

v() = <1+i%8-0—%n-6> w(x) = V(A)w(x) 2.18)
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X ()= (1 +i%€ .o+ %’7 ' G) 20 =V (A)x(x) (2.19)

which are the transformations defining 2-component Weyl spinors.

v is called a right-chiral spinor while J is called a left-chiral spinor. The purpose of
the 2-component spinors is to reduce the number of degrees of freedom that are present
in the 4-component spinors to two. This further poses a requirement of representing a
4-component spinor using only J (or alternatively y). There must then be a way of re-
trieving ¥ from ) (or vice versa). Lorentz-invariant constructions using 2-component
spinors are of great importance. These constructions will consist of products of y and
X. Since we require using only ¥ in our constructions, then a ¥ construction that trans-
forms like ¥ must be found. Converting between spinor types and creating objects that
transform as ) from y can be done as follows (see [1])

Let o* = (1,0) and 6" = (1,—0), then
ot =m
puV¥ X

GHpux =my
which shows that from the two components of ¥ it is possible to find the components of
v and vice-versa. Now, let 0> be the second Pauli matrix, then from equations (2.18)
and (2.19)
o x*=V(Aox*

which shows that o, * transforms as y through V(A). Denote

vy =io)”

Similarly, ¥y = —icoY* is a ¥ construction transforming like .

2.4.2 Dotted index notation

We wish to have a notational tool to help constructing Lorentz invariants. Specifically it
will be a useful tool in constructing invariants only containing left-chiral spinors. From
a 4-component Dirac spinor we can construct the Lorentz invariants

Y =vPY =y + 1"y

It turns out that, through the transformations V' and v~ for the right-chiral and left-
chiral spinors respectively, W'y and y "y are separately Lorentz invariant. We now
define

X« = The components of ¥

and
v = The components of y'

where we always will denote with a lower index, quantities that transform as left-chiral
spinors. Then we may write

WTX = IVHXa
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where a is summed over. It is important to have the summation indices from top left to
bottom right. Having the indices from bottom left to top right will give a sign reversal
since the quantities y“ and y, are Grassmanian:

Vi =i+ vin=—nv - vt = —xvl

We may further look at the second invariant quantity %" y. To describe this invariant,
we define

y“ = The components of y

and
Xa = The components of xT

such that .

x'w =2
We have then made sure that components transforming as right chiral spinors have an
upper index. Notice that the dotted indices must be summed from the bottom left to
the top right to get the correct value. Also notice the bar that always accompanies
the dotted index. This allows us, in some instances, to drop the indices and use a dot
product notation instead. We have seen that —ic2y* transforms as a left chiral spinor.
We would like to use a lower un-dotted index for such a component.

W, = The components of — ic? W
We are then left with io2 ) * that transforms as a right chiral quantity. We may define
7% = The components of iy *

From the above definitions we see that

(Xa)f = Xa
and '

(y)" =y
such that, taking the hermitian conjugate will switch between a dotted and un-dotted
index. We may write y* = (3 7)7 where T denotes the transpose. ic2(x )7 transforms

as a right chiral quantity and is denoted ¢ and x' transforms as a left chiral quantity
denoted };,, thus

it = i[GZ]deb — eabe
Similarly we get that
Yo = —i[0° |V’ = ey’
Xa=—il0"%" = €4 1"
v =ilo?) "y, = ey
We see that the 6 Pauli matrix is used to raise and lower Weyl spinor indices. Here,
£ is the totally antisymmetric tensor which has the property that &, = 8¢ [1].

We have now got a notation where invariants are made by combining either dotted
or un-dotted quantities (i.e. in a summation dotted and un-dotted indices are treated as
different indices even though they have the same letter).
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Chapter 3

N = 1 Supersymmetry

In the following, an overview of N = 1 SUSY will be provided, based on information
found in [1, 6, 10, 12-14, 16].

3.1 Introduction

There are unwanted infinities in the Standard Model when trying to calculate the vac-
uum expectation values of bosonic and fermionic fields. This can be seen as follows.

The Lagrangian Lp for a bosonic complex scalar field and the Lagrangian Lf for a
fermionic field and their corresponding field mode expansions are [13]

Lp=0u9'o o —m’9Te
1

0 = £ sy lale 57 (0t

and

Lp = @liy" oy —m]y
—ipx T ipx
-1 m c(s, p)us(p)e” P +d" (s, p)vs(p)e™]

where the Einstein summing convention is employed. The Hamiltonian densities of the
two Lagrangians are calculated as Hg = ¢ + 179" — Lp and Hp = pyr+ pTdT — L,
where 7 and p are the respective conjugate momenta. To calculate the energy of the
vacuum we ignore all normal ordering. Then we get that

(0|Hp|0) = O|/d3x}CB\O O|Za)k (k) + b" (k)b(k) + 1]|0) zzz%wk
k
and
(0[HF[0) = (0] /d3x9fF|0> = (0] Z%[CT(s,p)C(s,p)+dT(s,p)d(s,p) —1]|0) = —2Z%Ep

where the relations

E
P (P) = L 80 =] 4PV (p)
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and
uf o (P)ve(=p) =0

have been employed. Both energies of the vacuum are infinite, but for the fermion
field, the energy is negative. Thus, by combining fermionic and bosonic degrees of
freedom we may extend the theory such that these vacuum energies cancel each other.
This is the case in a supersymmetric theory where each fermionic degree of freedom is
partnered with a bosonic degree of freedom and vice versa, through an invariance un-
der transformations between the fermionic and bosonic fields. Then, when calculating
the vacuum expectation value of a bosonic field, this will automatically entail a corre-
sponding negative expectation value of the partnered fermionic field. Note, however,
that because of SUSY breaking, the vacuum expectation value will still be non-zero.

In a similar manner, supersymmetry will cancel quantum corrections that occur when
any field f couples to the higgs field H [14]
2
2 Afl” o

where Ayy is the cutoff and Ay is the coupling constant between f and H. The fact that
this correction is very large is referred to as the Hierarchy problem in particle physics.
Being able to fix the Hierarchy problem makes supersymmetry an attractive extension
to the Standard Model. The resulting extension is called the Minimal Supersymmetric
Standard Model (MSSM).

Bosonic string theory is described through the Polyakov action [10]
T
Sp=-75 / d*ov/—hh*P 9 X" IpX Y Ny

where hqp is the world sheet metric, & = dethgg and 71yy is the D-dimensional
Minkowski metric. This action must experience Poincaré symmetry which leads to
conserved currents that in turn should satisfy the Poincaré algebra. This is only satisfied
in 26 dimensions. By pairing the bosonic /1,5 and X* with fermionic, anticommuting
partners, the same requirements will lead to 11 dimensions. Supersymmetric particles
will automatically emerge from this partnering of bosonic and fermionic degrees of
freedom. The theory emerging from the action S, gives rise to tachyon particles in the
theory. The tachyons are removed from the theory by making it supersymmetric. This
leads to superstring theory. We will in the following not focus on supersymmetry in
string theory, but supersymmetry in particle physics.

3.2 SUSY transformations

In section 2.2, global symmetries such as invariance under ¢ — ¢e 45, were encoun-
tered. This is an invariance on rotation of the phase in the complex plane and is there-
fore an internal symmetry. An invariance on rotations and boosts in Minkowski space
constitutes a space-time symmetry. A SUSY transformation is an invariance under a
change of the bosonic degrees of freedom due to a small change in the fermionic de-
grees of freedom and vice versa.
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Let L be a free fermion field, and let W = (;l{,) . We then have that

Lp=iPyo,¥ = ylichoux +vlictouy

where y represents the left-chiral fermion. We only wish to consider SUSY trans-
formations related to the left-chiral part of the lagrangian density. We want to have
a lagrangian consisting of both fermionic and bosonic degrees of freedom and corre-
sponding transformations between these degrees of freedom that leave it invariant up
to a surface term. We may consider

L=yxti6tauy +ouoTot¢

where ¢ is a complex scalar field. Let & be a left-chiral spinor. Then the transformations

Sex =—io*Edu0 (3.1)
S =—idu¢T6HE (3.2)
S:0 =562 (3.3)
50" =¢-7 (3.4)

leave the lagrangian L invariant up to a surface term. These transformations can be
found by requiring that the left and right-hand sides transform in the same manner un-
der Lorentz transformations, the dimensions on the left and right hand sides match,
Lorentz contractions must be consistent from one side of the equation to the other, and
that the degrees of freedom match on both sides. Note that & is a left-chiral Weyl
spinor since we want & - ¥ to form an invariant. We see that the transformations on the
fermionic degrees of freedom of ) are due to changes in the bosonic degrees of free-
dom of ¢ and vice versa.

If these transformations constitute a group, then we should have an associated algebra.
We will now try to find the associated algebra. Let U, be the SUSY transformation
on the complex scalar field ¢, due to the infinitesimal real parameters «;, where i runs
from 1 to n. Let Uy be some member of a group, then

Up=e%0 =0 =1+ a-G+0(a?)

where i is the sum over group generators G1,...,G,. We have collected ¢; and G; into
(04] Gy
a=| : G=| :
an Gn

We start by calculating [1, 12]

8ap9 = UgUgz0UpUq
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where f3; are real quantities analogous to ¢;. By only keeping terms of O(¢a) and O(f3),
we get that

(5066[3 _5[5606)¢ = [[B-G,OC-G],(P] (3.5)

By promoting a and 3 = & to left-chiral spinors, we may then form the spinors
_ (1) _ (G
0= (Qz —\G2
T
T Q1 — G3
N

We then have the invariant quantities, o- Q, B-Q, @ - Q, B - O, which can be inserted
into equation (3.5), to get

(805 —830)9 = [[B-Q,00- Q]+ [B-Q,&- Q] +[B-0,c- Q|+ [B-0,&- 0], 9]

By utilizing the fact that o and B are Grassmann numbers, and that Q and Q7 are
Grassmann operators, we can move ¢ and 3 outside the commutators. We then get that

and

B-0,a-0] = c**“c*"B.ay{ 04 Op}
B-0.a-0] = —0*“c*"B.o{Qu, 0f}
[B-0,a-Q] = —c>*“c>"Brog{Q}, 0}
B-0,a-Q] = o>“c*"Brog; {0}, 0}

From this we see that

(000 — 8500)9 =
6262 B0ty { O, Qb } — Be0{0as O))} — BE 0ta{QF, Op} + B e {0}, 0}, 8] (3.6)

We now calculate the differential (88 — 0g8q )¢ using a different approach, such
that a comparison of results leads to an algebra. In this approach we use equations
(3.1) and (3.3) to calculate the differential. We get that

80830 = 80 (B %a) = B*8uta = —iBp[G""]" 0O (3.7)
where we in the last step inserted equation (3.1) and used the equality
Ml = —_g?cto? (3.8)
Using equation (3.7) we find that
(885 — 858a) ¢ = 62> Bl ool + Bect; 0k, 10,0 (3.9)

Further we have that symmetries under translation lead to the conserved momentum P;;.
Such a translation is described by §¢ = €#d,¢. The generator of the corresponding
group is P, such that

T =exp(ie"Py) = 1 +ie" P, +O(&?)
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We may perform a unitary transformation, using the expansion of the transformation to
get

0 =TOT =9 +389+0(89%) = ¢ +ie [Py, 0] +0(e?)

€ is an infinitesimal parameter and we need only keep terms to order O(€). Having an
expression for §¢, we obtain

o =i[Py, 9]

Inserting this into equation (3.9) we ge
(885 — 8302)9 = 620> [— B oyot Py — Bet; 01, P, 9] (3.10)
By comparing equation (3.10) with equation (3.6), we find the following algebras
{00, 0} = {0, 0}} =0 (3.11)

{0.,0}} =0l P, (3.12)

This should also hold for (6,8 — 8564)x in the case that these were true algebras
associated with the transformations (3.1) to (3.4). This is not the case. This means that
in order for these transformations to form a closed group, the transformations must be
altered. This can be done by adding the term FF' to £, where F is referred to as an
auxiliary field. The SUSY transformations, still satisfying the above algebra, will then
become

Sex = —io"EduP +EF (3.13)
8 =—idu¢TGrE+FTE (3.14)
5:9=E % (3.15)

59" =¢ % (3.16)

§:F = —iE"6"oux (3.17)
8:F" =iduy'6HéE (3.18)

All N =1 SUSY transformations are characterized by the algebras in equations (3.11)
and (3.12) and it is possible to find other lagrangian densities that satisfy these. All
such lagrangians are said to possess supersymmetry.

3.3 Supermultiplets

In section 3.2 we found the N =1 SUSY algebra, described in equations (3.11) and
(3.12). The charges, Q, and QZ, represent infinitesimal SUSY transformations on the
fields that are contained in the action which is invariant under these. The algebra tells
us that the SUSY transformations contained in the group generated by the algebra,
does not generally commute. We are interested in finding eigenstates that can be used
to describe an irreducible representation of the fields. We may therefore not use the
SUSY charges directly. We will need operators that commute with all the generators
of the group generated by the SUSY algebra (Casimir operators). The Casimir oper-
ators for the SUSY algebra are P*P, and WHW, (WH is the Pauli-Lubanski operator,
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and is given below). Since these commute with all of the generators, then they will be
independent of which SUSY transformations have been applied to the fields, and can
therefore be used to classify the irreducible representations.

The Lorentz transformations of a space-time independent left-chiral spinor x is given
by

x— A =er® oy
which is analogous to the 4-component transformation S(A) of equation (2.14). We
also have an algebra similar to equation (2.15), which is given by

i _
Ouv = Z[Gu; Gy

where now the 2 x 2 matrices o* and 6" replace the 4 x 4 gamma matrices. For an
. . . . !
infinitesimal Lorentz transformation we have that x* = x* + @w"Vx,, such that for a
space-time dependent spinor x (x*) we have that
u MY = 30 Oup (B L oMV
X)) = x () = e X + 0 xy)

= 19 E(’“ﬁ[x(x“)+wa“B3aX(X“)+O( ”)]

l +-0*g, B] () +x5 0% Iy () + O(0?)]
= () + = a) Plicys +x50q —xadp)x (¥*) + O(0?)
We may however also describe the Lorentz transformation above as
2(@) — () = 2 Ma (a1
= 1)+ 50P Map () +0(0?)
By comparing, we see that the generators of Lorentz transformations for space-time

dependent spinors are
M'uv = x'uPV _xVP‘u + Guv

The Pauli-Lubanski operator is now defined as
1

We already know that P* has the momentum p* as its eigenstate. Then this is one of
the parameters characterizing the irreducible representations. We still need to know
what the eigenvalues of W* are and what they represent. In the Standard Model as well
as for the MSSM (Minimal Supersymetric Standard Model), all masses are generated
by symmetry breaking. We are therefore entitled to only consider massless states. We
may choose a frame where the four-momentum is p* = (p°,0,0, p*) = (E,0,0,E), and
label this state as |p)o. We then get that

WHPL|p)o = WHP uvIp)o = (WOPY —W2P?)|p)o = E(W® —W?)|p)o
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and, since €"VP9 is antisymmetric while P, P, is symmetric under i < v, we have
WABLplo = 36477 MpaPsPulpho = 0
such that W° = W?3. Further we can use
W po = 3€4P°MpoPy|p)o

1 1
= —e"P My po|p)o + 58“3” °Mpep3|p)o

2
to calculate W3 = wV:
1
W3|p)o = 5(—80123M12P0 — "B p0)p)o
1
= §(M21 —M2)E|p)o

1
= E(XZPI —x1P>+ 021 —x1P+x2P) — 012)E|p)o
1
= (P —X1P2)+§(621 —o12) | Elp)o
= [’ +S*] E|p)o

where L? is the angular momentum and S° is the spin. We will assume that the angular
momentum for the massless particle is zero. Thus

WO|p)o =W?3|p)o = s:E|p)o = s- PE|p)o
where & = s - p is the helicity of the massless particle. We also see that
0=WHW,|p)o = (WOW? —W!W! —w2w?2 —w3W?)|p)o
= —(W'W! +W*W?)|p)o
which means that W!|p)o = 0 and W?|p)o = 0.

We now know that the momentum operator P, gives momentum eigenstates while the
Pauli-Lubanski opertator W* gives helicity eigenstates 7 combined with the particle en-
ergy E. From the corresponding Casimir operators P* P, and WHW,, we then know that
the irreducible representations for the massless particles must be classified through the
helicity & and the energy E (E represents the four momentum p), and we will denote
the corresponding states as |p,h). To look at how the supercharges affect the momen-
tum and helicity part of the state, we must know how the momentum operator P* and
the Pauli-Lubanski operator W# commute with the supercharges Q, and Q!. Since we

may write
Qu ~ / d*xJ?

for some conserved current J#, related to the symmetry through Noether’s theorem,
then Q, has no x dependence. Also, P, = idy, and we see that

[QaaPu] =0
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[0}, P]=0
Using that [12]
[QasMyv] = (Guv)a" O (3.19)
and
(0], M) = =0} (6uv)”, (3.20)

we have for W9 that

1
[0 WOllp)o = 5”7 [Qa: Mpo Py |P)o

1
= ESOSPG[QmMpG]P0|p>O

1
= 5€%%(0po))a" QsP3|P)o

1
= —5(63)abeP3|P>o

and similarly
1
(01, Wllp)o = 50,(0)" Ps|p)o

More specifically we get that
0 1
(01, W)= —20iE
F w0 = Lot
[QpW ] = EQIE
0 1
(02, W] = §Q2E

1
(03, W°) =—303E

We may now calculate the effect of the supercharges Q, and Q) on the states |p,h).
First we look at how the supercharges affect the momentum state:

P (Qalp,h)) = QuP*|p,h) = p*(Qulp, h)) (3.21)

PH(Q;lp.h) = QuPp, ) = p* (Qilp. 1) (3.22)
We see that Q, and Q! do not affect the momentum state p. For the helicity we get

[ 1
WOQilp 1) = | QW+ S0 )

[ 1
= thE+§Q1E1 \p,h)

= |+ 3] E@ilpay
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and similarly

1

WO (@llpit)) = |- 5| £l )

From this we conclude that Q; raises the helicity by 1/2, Q;r lowers the helicity by 1/2,
0> lowers the helicity by 1/2 and Q; raises the helicity by 1/2. Mathematically we
have that

1
Q1|p7h> = |p7h+_>

2

T 1
Q1|p7h> = |p7h_§>
1

1
Qa2|p,h) = |p,h— §>

With these relations we are able to calculate how many states are in an N = 1 super-
multiplet. Also note that every state within any given supermultiplet must transform in
the same manner. If this was not the case, then the state that did not transform equiv-
alently, would not be in the group that forms the supermultiplet and thus not in the
supermultiplet itself. From equations (3.21) and (3.22) we see that every member of
the supermultiplet will have the same momentum. We may assume a lowest helicity
state and denote it |p, —j). Then we have by definition that

QJ{|p7 _J> = Q2|pa _J> :O

We may now try to raise the helicity by using either Q| or Q;. Starting with Q; we
have from the SUSY algebra in equation (3.12) that

{01,01}p. —j) = (6")11P v |p, —J)
=[(6") 1P’ = (6”)11P’]|p, - j)
= [E—E|lp.—j) =0
Then we also have that
(p,—i1Q]Q1lp,—J) = —(p,—ilQ:Q]|p,—j) =0

Therefore, although Qg is a raising operator on the helicity state, it is not equipped to
raise the helicity from its minimum. For Q; the result differs

{QZ)QEHP? _.]> = (G'U)ZZPvn,UV‘p7_j>
= [(6%)22P° = (6”)22P’] I, —j)
= [E—|—E”p, _]> = 2E’pa _]>

Thus, we may only use Q; to raise the helicity state from the minimum —j. We then
get another state in the supermultiplet in addition to the existing state |p, — j):

. |
Q;|p7 _]> = |p7§_1>
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Since Q; anticommutes with itself (it is Grassmannian) then (Q;)2 = 0 and it cannot

raise the helicity any further. Also, {Qj, Q;} = 0, such that Q1Q§| p,—Jj)=0. Thus Q;
will not raise the helicity any further. We then have only two possible states in the ir-
reducible representation of the N = 1 SUSY algebra. These are |p, —j) and | p,% —J)
where —j is the lowest helicity value. Also note that due to demanding TCP invari-
ance, we must insist on the existence of a an anti-particle version of the irreducible
representation, with opposite signs on the helicities.

3.4 Superfield formalism

The superfield formalism is used to systematically build supersymmetric Lagrangians.
The idea is to write the SUSY generators Q, and QZ as differential operators, work-
ing on superspace. Superspace is a space spanned by the space-time coordinate x and
the two spinor parameters 6 and 6. We will first find how the superspace coordinates
(x,0,0) change under a SUSY transformation.

Let ®(x,0,0) be a superfield and let U(a,&,E) be a unitary SUSY transformation
generated by the charges Q, and Q!. Here, a is a space-time transformation, and &, &
are SUSY variations. Then

U(a,£,&) = ettt 0+i80 (3.23)
We may use this transformation to represent ®(0) — ®(x, 6, 0) by
®(x,0,0) =U(x,0,6)P(0)U'(x,0,0)

The transformation ®(x,6,0) — ®(x',0,6’), where X' =x+a, ' =60+ and 6’ =
0 + & is represented by

O(x',6',6") = U(a,&,&)U(x,0,0)2(0)U"(x,6,8)U"(a,£,8)
Here a, & and € are infinitesimal transformations. We may also write
U(¥,0',6N2(0)U"(x',6',6') = U(a,&,8)U(x,0,6)@(0)U" (x,6,6)U (a,&,&)

such that _ B .
Ux,0,0")=U(a,&,E)U(x,0,0)

By using equation (3.23), we get that
oV Puti6"Qu+i6/aQ% _ jiat Pu+i&® Qa+i&iQ ,inH Pu+if Qu+i6i 0" (3.24)
We may use the BCH (Baker-Campbell-Hausdorff) identity

AB — pATB+3[ABl+)
to calculate the right hand side of (3.24). Note that x* is not an operator, in the same
way as at is not an operator. Therefore, since P, commutes with the SUSY generators,
every commutator with P, in the BCH expansion will vanish. Since the components of
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& and 6 are Grassmannian, we are left with only one non-vanishing commutator in the
BCH expansion. The right hand side of (3.24) now becomes

(@) Puti(§9409) Q+i(Eat-8a) Q%+ 5 { (169 0a,i0° O +1iE 005 0+ [i8a 016”0 +(iE4 0% 16, 0]}
For the commutators in the exponent we have

(16 Qa, 16" Qp) = —[6Qu, 6" Qs) =
= —£0,60"0,+ 60,00 = £°6°0,0, +£°6° 01,0,
=£90°{04, 0y} =0

where the sign changes are due to & and 0 being Grassmann variables. Further we have
i£904,10,0") = £96,{Qu, 0"} = £“0;{Qu; (i6%)" Oc}

= £96,(i6°)"{Qu, 0c} = —E%(i0) P [0M]ucPu
= —&%0H"),c0°Py = —Ec*OP,

i6,0°,i0°Qp) = —[i6°Qy,iE4 0] = 69[0*]4cE°Py = OGHEP,

[i€:0°,i6,0"] = —6,E,{0% 0"} =0
The right-hand side of equation (3.24) becomes
(@ ) Puti(§44+6) Quti( 8t 62) 0%+ 3 {5 [0H]ac 6 Pu+6 [0 | acE “Pu}

(iaH +ixH — 3£ 0H] e 0+ 3 09[0H]0e E€) Pu+i(E9+0) Qu+i(Eit04) 04

Comparing this result with the left hand side of equation (3.24) we read off the super-
space coordinate transformations

KM :x“—}—a“—k%&a[cu]aééé—%GQ[GH]MEC (3.25)
0" =0+ & (3.26)
6y =6;+& (3.27)

Next we will find the SUSY generators as differential operators by first expanding the
SUSY transformation U(a,&,&) in terms of the charges and comparing with the ex-
pansion of ®(x’,0’,8') in terms of a, & and & in the transformations (3.25), (3.26) and
(3.27).

Expansion in terms of the charges gives

CI)()C/7 9/7 9_/) = (1 - ia'uPu - iéaQa - i'g'_an)CI)(x’ 67 é) (3.28)
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while a Taylor expansion in terms of a, Eand E used in the transformations on the
superspace coordinates gives

' = D(xH 4 a + 280" 40— S0°[0") 5(i0?)E, 04+ £, 8,4 &)
= -+ 8/a" 4] + 3[04 [0, D]
+ 80E°10u®] + 5 6°[0M] (i) & ] + 5 E:[ 0]

The fourth term in the Taylor expansion was calculated by

a a a C a
aegc(e +&9¢& 3067 1 &0 .

where we needed to be careful to put the expansion variable £¢ at the correct place (to
avoid sign changes, due to the Grassmann nature of £¢). The sixth term in the Taylor
expansion is calculated in a similar way. We will continue by reorganizing the terms to
a more suggestive form:

B(...,09+E9 )

P = {1 +a'd, + %5a[ou]abébau +E99,+ %ea[cﬂ]ab(iaz)béééau + éééf'} ®
— {1 +atdy, +E° (aa+§éb[o“]abaﬂ> +& (éé 2'(16 )44 0[cH] ;(i62)7d )}CD
<aa + ééb[o“]abau) L& (9

— {1 +atdy + & <8a+ %éb[o“]abau> + & (éé — %Gd(cr )M, (62)P0), ) }cb
— {1 +a" 9y + & <8a - %[Gu]abébaﬁl> +& (éé + éed[aﬂ]déa“> } ® (329

= {1—|—a“8u—|—§“ (ic%)%8,[c"] ;(ic?) 2ybeg ) P

l\.)lN

where we have used the notations 0% =

39, 0y = aea’ ® = P(x,0,0) and ¥’ =
®(x',0’,0’). In the last step we also applied equation (3.8). Comparing the result
in (3.29) with equation (3.28), we can read off the differential representation of the

SUSY generators

Py =idy (3.30)
Qfﬂ%—%wﬂwﬁ% (3.31)
Q' =i’ — %[6“]’”6;98# (3.32)

Next we need to impose a constraint on the superfield ®. This is because the most
general, Lorentz invariant, expansion of ®

®(x,0,0) =A(x)+60-0(x)+6-B(x)+(6-0)B(x)+(0-0)H
+60"0Vy(x)+(8-6)8-7(x)+(6-6)8 - n(x)+ (6 9)(9-9)P(X)
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where A, B, H, P are scalar fields, o, B, v, n are left chiral fermion fields and Vi
is a vector field, contains too many fields to match the Wess-Zumino Lagrangian (see
[12]), which is based on symmetry arguments alone, and not superfields. We only wish
to keep terms containing A, o and B. This can be done by making & holomorphic in
0, ie. d;® = 0. Removing the unwanted terms, would not pose this as a covariant
condition under SUSY transformations, since a SUSY transformation would reinstate
the unwanted terms. This is also seen from equations (3.31) and (3.32). We will need
to find a covariant derivative D, such that

Dy® = D;(1 —ia"P, —iE*Q, —i&:Q")® =0

We have by definition that D;® = 0. Therefore, we can find D, by requiring that it
commutes with 1, a*Py, £°Q, and £;Q°. It will commute trivially with 1. We require
that an ansatz will not contain any x dependencies such that a commutation with a" P, is

also trivial. We require D, to contain the derivative éd, and therefore D, is a Grassmann
derivative. Based on this we may try the ansatz

Dy = 0;+Cy,0"

The remaining conditions are

[Da,iEQp) = iDE"Qp — iEPQyDy = —iEP{Dy, 0p} = 0 (3.34)
[D4,i; 0" = iDs&; Q" — i€, 0D, = i&; {Dy, 0"} = 0 (3.35)
Note that
- _ _ 1 .
{ a Qb} = l{ as ab} - 5[6“]Cb{ada ecali}

= (240" +3"5) — 36" (9,03 + 0.0,

P 1 , _ _
= (00" — 949") — (6" (—0c0uda + 8.9u94) = 0
We may now insert the ansatz into equation (3.35)

{Da,Q_b} = {4+ C4c0°, Q_b} = {éaaQb} +Cac{967Qb}
- ac{ecaiéb - %[6u]dbedau}
= Cei(0°9” +970°) — %[c‘rﬂ]db(eceda“ +6,9,6°)

1

= Caci(8°0" — 6°9") — - [6*]*(6°049yy — 8°640,) = 0
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Thus, equation (3.35) is satisfied for all C;,. We now insert the ansatz into equation
(3.34), to get

_ - 1 _
{DdaQb} = {8 +Cac96 i&b — —[G“]bded8u}
(0030}~ 210,190,090, + 1Cucl 6,01} — 2Cucl0¥ (67,80,
1
—E[G“]bd{ﬁa,Qdc?u}—i—iCdc{Gc,&b}

_ —%[G”]bd(édédau 1+ 699,0,) +iCac (69 + 9,6°)
1

:—5[0“]%([8 ]8 — 649, 8u+9d88 ) +iCic(0°0y + [0,0°] — 6°9))

_ —%[G“]bd([éaédwu) +iCic([0,0°]) = —%[6“]175,8“ L iC,

For the above expression to be zero, we need C,, to be

I 1
Cap = —E[G”]baa = —E[G”]bapu

Thus, the covariant derivative is
Dy = 9 — %eb[a#]bdau
All superfields that have the property
D;®(x,0,0) =0
are called left-chiral superfields. All fields that have the property
D,®(x,0,0) =0

are called right-chiral superfields [12].

3.5 Left chiral superfields

We will next try to find the most general left chiral superfield. This field might still have
a dependence on 6. To satisfy this possibility, let y(x, 6) be the most general function
of both x and 0, that satisfies

Ddy =0
then we automatically have that (note that 8u = u)

qu)(y, 9) = (95; — éeb[au]bdaﬁt) (D(y, 9)

0B 9y’ i oD 9y"

— 2 _ZobigM,.
oy agi 20 0 g o

ID ID _
=3 (a —ieb[c 5ad )yV:—DayV:()
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regardless of the contents of . We make an ansatz for y
yV — xV _|_ éaK;

where K is independent of x and 6. We then get that
OZDbyv = <8 ——9 [ ] 8“) (.X +9aKV)

= Ot + 8K — 610" " — 500" ] ;K]
= (81K — 1 6°[0"]0)
=K; - §9C[Gv]cb
such that )
= 560" ]cs
Inserting this into the original ansatz we get that

yv :xv o %GC[GV]ca‘Qd

We may now make a Lorentz invariant expansion based on the new variable y, and 6,
to retrieve the most general left-chiral superfield.

D(y,0)=0(y)+6 'x(y)+%9 -OF(y)

We now proceed by Taylor expanding each component field in terms of gt = %96”@
around g" = 0 (note that by the previous definition, y* = x* — gh).

D", 0)=¢(xH —g")+6-x (" —g")+0-0F (" —gH)

d¢ dy* 1 0 (09 dy”*
— (M /3 Z Bov ...
OU)+ 50a 5 .p +28g7(8y“8gﬁ g8+

dy dy”* 1 9 [dy dy*
1 B . Boy ...
+6-x(x")+6- 8 0‘8gﬁg +06 28g7’(8y0‘&g/3 g g’ +

| OF 9y“ 1 0 (OJF dy*
1 o 1 8 Bor ...
+50-0F () + 9 0—a vaght o 648g7(3ya38ﬁ)g o

Next we may calculate

d (8¢ 8y°‘>_ 29 Iy* d¢ 9%y %9 Iy

9g7 \ 9y 9gB ) ~ 9579y 9P | 9y2 g7dgP  dgldy® dgh

_ (9 9¢ ay_ (9 99PN\
- (W@) %)= <3y“ J)P 9gy)( %)
_ (299 s

= dgdyP(x)
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By using this result and only considering terms that do not vanish due to the Grassmann
nature of the variables we get the left chiral superfield

DO, 0) = (1) g0 #) + 382 p 0 ()
FO-7(#) ~gP0-Jpx () + 50 OF (¥)
— o0 — %Baﬁ 8050 (") - %ecﬁéwéaﬁam(xu)

—I—Q-x(x“)—%Goﬁéﬂ-aﬁx(x“)+%9-GF(x“) (3.36)

The transformation properties of the component fields ¢, ¥ and F are in accordance
with the transformations in equations (3.13) to (3.18) [12]. This can be seen by first
realizing that @' is calculated by replacing all component fields by their primed (i.e.
transformed) quantities ¢, ¥’ and F’. On the other hand, it is possible to find &' in
terms of the infinitesimal changes a, £ and & by using the explicit differential represen-
tations of the SUSY charges.

Note that in equations (3.13) to (3.18), the only two that transform, by themselves,
as a total derivative of the space-time coordinates are the F and F' field transforma-
tions. The other transformations must be combined to transform as a total derivative
(i.e. the Lagrangian that is built out of the free left-chiral fermion field yx, the free com-
plex scalar field ¢ and the auxiliary field F' is of course an invariant under SUSY up to a
total derivative). If we combine several left chiral-superfields W;, we get the following
result

Dy[®®;] = |0 — %Gb[c “paOu | [@i®;] = [Da®;]®@; + @i [D;P)] =0

We have then reached two important facts

1. Any generic left-chiral superfield ® contains an F-term. The F-term, i.e. the
coefficient of %6 - 0, transforms as a total derivative under SUSY.

2. Any combination ®;...®; of left-chiral superfields is also a superfield.

This implies that, by projecting out the F-term of any combination of left-chiral su-
perfields one obtains a surface term under SUSY transformations. We may use this
fact to construct SUSY invariant Lagrangians. In general we have, for a potential,
W(Py,...,P,), of left chiral superfields ®; that the SUSY invariant Lagrangian is

~W(®1,..., D))

_ / d0,deW(D;, ..., D)
F

where F denotes the F-term and the indices on dO; and d6, are spinor indices.
W(D;, ..., Py) is called the superpotential. The constant in this expression can be found
by dimensional analysis. We will look at the constant of W = ®;®;. Notice, that since

/d91d929-9 )
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and [6] = —1/2, we must have that [d0;] = 1/2 and [d6,] = 1/2, where the brackets
denote the dimension of the object that they enclose. The first part of the expansion of
the superfield ®;®; is the complex scalar field combination ¢;(x)@;(x), as shown earlier.
Since [¢] = 1, then [®;®,] = 2. Therefore, the F-term of ®;®; has dimension 3. Since
a renormalizable Lagrangian needs dimension 4 we must multiply with constants of
dimension 1. The only choices are the masses m*/. m'/ is taken to be symmetric, since
®;®; is symmetric. Therefore, we also need a factor of 1/2! in front. The SUSY
invariant term appropriate for a Lagrangian is then

1 .. 1 ..
S| = Sm / d*0d,d;

F
where d?0 = d6,d6,. We see that

/ d*0®,d P,

has dimension 4, and thus requires dimensionless constants y/*. In addition, we may
choose y/* to be symmetric under interchange of indices, which gives a pre-factor of
1/3! = 1/6. With the combination of three left-chiral superfields, and dimension 4 of
the F-term, we have reached a limit for what is allowed in a renormalizable Lagrangian.

We will see later, that the F-terms contain interactions between the component fields
(no gauge fields are included yet). The free parts of the Lagrangians can not be ex-
tracted from the F-terms. This can be seen by realizing that the free parts of a La-
grangian contain hermitian conjugates of the component fields. These are not present
in the left-chiral superfields. We must then make the combination ®'®, in the hope
of extracting the SUSY invariant free fields. This combination does not constitute a
left-chiral superfield, since D;[®T®] # 0.

Looking at the component fields that are available for any superfield we see that the
component field with largest dimension is the one connected to the most factors of 0
and least factors of d,. This is because the dimension of 0 is negative (6] = —1/2) and
the dimension of dj, is positive ([dy] = +1). Any SUSY transformation of this compo-
nent field C(x) must be constructed from a left chiral variation &, which has dimension
[E] = —1/2, and the available component fields (that all have a lower dimension).

0C ~ & x other component fields

A SUSY transformation will by definition, not multiply more than one field to & (i.e.
we want to transform between bosonic and fermionic degrees of freedom and vice
versa). We must therefore only pick one field to multiply for each term contained in
oC.

For a left-chiral superfield, the component field with the largest dimension is F, with
dimension [F] = 2 linked to (1/2)0 - 6. Since F is a complex scalar field we need to
combine & with a left chiral field. The only one at our disposal is ). We then have the
following dimensional relations

2= [8F] = [E]+ (] + 1 = 5 + 5 + ] = 1+ [u
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We see that [u] = 1. The only available structure (except for a scalar field) that can be
used is the derivative au which has dimension 1. Therefore, the transformation of the
F-term has the structure of a total derivative and will vanish under a space-time inte-
gration. This is why the largest-dimension component field F is a SUSY invariant.

We repeat this analysis for ®® which is not a left chiral superfield, but a general su-
perfield. In a general superfield, the component field with largest dimension is the one
linked to the terms with (8- 6)(8 - 0), as shown in equation (3.33). Also here, we are
forced to include a derivative, to increase the dimension from the lower-dimensional
field. Therefore, this component field must also transform as a total derivative. The
term with (6 - 6)(0 - 0) is referred to as the D-term. The projection of the D-term is

P

~ / 4204200
D

The D-terms contain free fields that can be used in the construction of SUSY invariant
Lagrangians because of the adjoint component fields that mix with non-adjoint fields.

3.6 Gauge interactions

In order to include electromagnetic, weak and strong interactions and find the corre-
sponding superpartners of the photon, gluon, W* and the Z°, we need to implement
U(1), SU(2) and SU (3) gauge invariance into the superfield formalism. Starting with
U(1), we require an invariance of the superpotential W(®;, - - - ®;) under

CD/ — eZlqkA(I)k

where A must be a left-chiral superfield (such that @' is still a left-chiral superfield).
The only requirement that needs to be imposed on the transformations working on the
superpotential W is that the charges g, of all the transformations add to zero (A does
not impose any differentiation on ®). A is a left-chiral superfield, and has an expansion
according to equation (3.36)

_— R
A = gp(x) — %Ocﬁ 6950 (x*) — 807 8057630,0n (x*)
+0-xA(X“)—%96ﬁ99-8ﬁxA(x“)+%6-GFA(x“) (3.37)

In contrast to the left superfields ® which have dimension 1, A is dimensionless, and
we get that

[PA] =0
(XAl = —1[6] =
[FAl = —2[0] =1

The above requirement on the sum of all the charges gy is not sufficient to make sure
that the transformation

| =

TR — @ e—ziqA* PRITIN
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is gauge invariant. This is because A # AT. To make this gauge invariant, we need to
introduce a gauge field V, such that

T2V @ — pt e—ziqM 24V o200 P — Pt 2V P
by imposing an appropriate transformation on V. We then have that
V' =V—i(A-A") (3.38)

Notice that the real components of A and A" are the same. Therefore A — A" is purely
imaginary. By multiplying with i, this becomes real, which implies that V is a real
quantity, i.e.

V=7V
From equation (3.38) we see that V must also be a superfield, but not a left-chiral
superfield. The most general expansion of a superfield consists of nine terms and is
given by equation (3.33):
V=A+0-0+6-B+(6-0)B+(6-0)H

+96“9Vu +(60-0)0-7+(0-0)6-n+(6-0)(6-6)P (3.39)
where we have that V is dimensionless, as opposed to @ which has dimension 1. In
the expansion of V, the component fields therefore have the same dimensions as in the

expansion of A and
[A] =

[P]=2
We have that

Vi=A"+6.a+6-B+(6-0)B" +
0)

(6-6)H
+60"0V,+(6-0)6-y+(0-6)0-7+(6-0)(6-6)P'

from which it follows, by comparison to 'V, that

A=A" a=p
B=H' Vy=V,
n=ry p=p'

We may then re-state the expansion of V as

V=A+0-004+06-a+(0-0)B+(6-6)B"
+66"0V,+(0-0)6-7+(6-6)0-y+(6-6)(6-0)P
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in addition to noticing the hermiticity conditions on A, P and V,. We may now look at
how the individual component fields of V transform (keep in mind that even though the
notation is similar, these component fields are not the same as in the expansion of P,
but they are of the same type as in the expansion of A, due to their dimensions). Before
doing that, we will for later convenience restate V in a different representation [12]:

i -
V=C+—=0- —0-p 6-9M+ —
N A f (M +iN)
1 — = 1 I - = 1
oot 9. - 5. A — 06", p
+560 OAH+2\/§9 9( 6:1+ 6 8Hp)+2\/§9 9(9 A-5b0 8up>

1 ~ = 1

Zé 6(MT —iNT)

8

where n*V denotes the Minkowski metric. We have divided « into its real and imag-
inary parts in addition to pulling out a factor of i/4. The field B is divided into to
fields A and p and the field P is divided into C and D. The pre-factors that are pulled
out are adjusted such that the fields D and A transform into themselves under a gauge
transformation. Using this representation we may calculate V' from (3.38) and (3.37)

e+ —o.p——p.ptlt g et _iNt
vV =C+ \@9 P \/59 p+ 30 0(M+iN)—6-(M —iNT)
1 1 -~ = 1 |
—_goH _ A+ -0cH — 5. — —00"9,p
+296 9Au+2\/§9 6(9 l+296 8“p>+2 29 9<9 A—-00 aup)
~0-06- 9(D+ n*V oy, )

1 - . :
—i¢A—566“98u¢,\+é@a“@@c"@&u&v(p,\—i@-xA—566“66-8ﬂxA—%6-6FA

I - =

1 — ] _ _ ~ 1 - -
+ig} — 500809} — 500*800" 89,39} +i0 - Tn— 500188 -y tn+ 56 OF

>

We will use the identity [12]

on terms number 12 and 18, and the identity [12]
_ 1 _
on term number 14. By taking the adjoint of the last identity we get

l\JI'—‘
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which will be used on term number 20. We then get that

i

V' :C—i(¢A—¢D+£G-[p—\/§x/\] —Eé-[ﬁ—\@m
+£9-0[M+1N—2FA] —ié-é[MT —iN" —2F]] +%96“é[Au —9u(9a+97)]
+%9 N [é A +%(8MXA)GHG+%QG‘L8M)1
_,_%é .9 {9 A +%90“(8“ZA) — %96”8,1[3]

- ée .06-6 lD—l— %n‘”&u&v{C— i(oa — ¢D}}

By comparing this result with V we see that the following field transformation have
taken place

C—C—i(pp—9))
p—p—V2xa
M +iN — M +iN —2F
Ay — Ap— (9 +9))
D—D
The transformation of A can be seen by first explicitly using the transformation property
of p

1 - 1 1
-1 — Eeg“a“p' =0-1 — 566“8@ +EecuauZA

and then noticing that the calculation of V' gives the transformation

1 - 1 _ 1 _
64— 596”(9“[) —0-1+ EGG“(@L;{A) — Eec’laup

which implies that
A—A

By using appropriate gauge conditions on ¢, A and F we are entitled to set p, M, N
and C to zero [12]. This is the Wess-Zumino gauge, and leads to

1

V=
2

- 1 - I - = 1 -
GG“GAM+—9-99-7H——9~99%—§9-99-9D (3.40)

2V2 2V2

Since ®7e24V® is a superfield, it is still the component field with the highest dimen-
sion that will transform as a total derivative in space-time. Therefore, we can use the
D-term of this expression as a SUSY term in a Lagrangian density

d 2V P

— / d?04*0dT 2V P
D
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where we must make sure that we have the correct pre-factor such that the Lagrangian
density has dimension 4. This term will now contain the gauge interaction terms in
addition to the free fields. The potential W, consisting only of combinations of left-
chiral superfields will not be altered by the gauge transformation, and thus the F'-term
will still contain the particle-particle interaction terms as before. The extension to non-
abelian gauge superfield theory entails V; and A;, where i runs over all the generators
of the transformation.

3.7 MSSM interactions and R-parity

We now want to retrieve possible SUSY interactions using the superfield approach.
We first define the superfields corresponding to the Standard Model particles and thus
defining their superpartners. We will only specify the first generation of particles. Ex-
tending to the second and third families will be trivial.

In order to keep the contents of the MSSM to be left-chiral states, the right-chiral
states of the fermions are replaced by the left-chiral antiparticle states. This is possible
since the operation of charge conjugation of a Weyl spinor is ic2y’ . But this is also
how we find the left-chiral component of a left-chiral spinor y [1]. We will therefore
need to have a superfield that contains the left-chiral anti-particle states of the positron
(which is the same as the right-chiral state of the electron). The positron superfield is
denoted by €, where 1 denotes the first generation of particles, and must contain a
spin-1/2 left-chiral particle. We note that in any combination of left-chiral superfields
W(®;,...,P;) the terms in the superfield expansion (3.36) containing

66" 009,

66%66005"009,0,

and

can never combine with any other term to create an F-term. We therefore only need
to keep the other terms of the expansion of the superfield. The exact expansion of the
superfield & is then
- 1

81:(1)6——1—9-)(6——1—59-9& (3.41)
where the tilde denotes the superpartner of the particle and € denotes the positron (e is
the electron). Thus, the positron field is represented by yz while the spositron field is
represented by @;. This constitutes the doublet left-chiral supermultiplet containing the
right-chiral electron state and its superpartner.

We will also need to have a superfield containing the left-chiral doublets of the elec-
tron and the neutrino. We denote this by £ (which stands for leptons). This superfield
must contain two left-chiral spin-1/2 particles that represent the electron and the neu-
trino. The corresponding SUSY partners in the supermultiplet must then be a spin-0
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selectron and a spin-0 sneutrino. We then have

— q;Ve . Xve l . FVe
o (B)eo (i) edoo(m)

The gauge fields corresponding to the weak interactions are the U(1)y gauge field of
the hypercharge and the SU(2); gauge fields of the W= particles. The field By, related
to the hypercharge, is a spin-1 vector gauge field and should be related to the dimension
1 field A, of V in section 3.6. Thus, the U(1)y superfield is represented by equation
(3.40), and we will denote it by B

1 1 _ 1 - - 1
B—-06"0B,+——0-00-dy+——0-00-1y ——0-00-6D
2 SN W) ¥R Y

where Ay is the spin-3/2 superpartner of By,. The gauge superfield linked to &; is
represented in a similar way, and we denote it with A. It is

1 1 1
2 22 22

The superfield representing the SU (2), gauge fields is denoted W' where i refers to the
particular generator that the superfield is connected to:

1 1 1
2 242 22

_ R - 1 - =
A= 500404y + =666 -dy+-—=6-80-A— £6-66-6D,

1

W =
8

0t OW, +——=6-66 -1 + 6-60-A ——6-66-6D} (3.43)

We have covered the U(1)y and the SU(2); sector. We now need to define the su-
perfields that represent the SU (3). sector. First we want to have a superfield that con-
tains the spin-1/2 right-chiral quarks of the Standard Model. Again, we will rather
use the left-chiral antiquarks. We denote the anti-up-quark superfield by U;, where
again 1 refers to the generation of quarks. The anti-down-quark superfield i1s denoted
Di. Similarly, the anti-strange-quark superfield would be denoted by U, and the anti-
charm-quark superfield by D,. We then have, in analogy with (3.41)

~ 1
Uy =¢a+9'7(ﬁ+§9'9ﬂ7

1
2
where y; and ) ; are the spin-1/2 anti-up and down-quark fields. Here, ¢z and qﬁd- are

the corresponding spin-0 superpartners. The SU (2);, left-chiral quarks are represented
by Q; where 1 refers to the generation of quarks. We then have, in analogy with (3.42)

(%) g (1) Ly g (Fu
Q= (éd) + 6 (Zd) +29 0 (Fd)

The gluon gauge field is a spin-1 gauge field. We denote it by G where a takes eight

values, depending on which of the generators the superfield couples to. We have, in

analogy with (3.43)
a_l

g% = ZQGNQGZM +

Di=¢;+0 x;+-6-0F;

1

2V/2

1

2V/2

1

0-06-1°
C+ 8

65.60-1%— -0-06-6D"
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where ¢ denotes the color.

Finally we need to add a Higgs superfield. The Higgs field in the standard model is a
spin-0 scalar field. We will therefore have a spin-1/2 left-chiral spinor field represent-
ing the superpartner of the Higgs particle. We denote the Higgs superfield generating
the mass of the up quark by 3, and the Higgs superfield generating the down quark
mass, by H, [12]. We have

_ (H/ xu F}f
) o (1) (F“>
Hy = +6-(24)+-6-6
¢ <Hd> (?Cd 2 F,

where 4, — and O refer to the charges of the particles. H are the Higgs fields and } are
the corresponding Higgsinos.

and

We are now going to find which allowed combinations the above superfields &;, L;,
U;, Dy, Q;, H, and H, can make, in such a way that the charges add up to zero and that
the combination ®'e?V® is gauge invariant. We have that

q) 6 {giaﬁ"iauhDi;Qh:}{:M?j{d}

and .
Ve {B,W, G}

To make the correct combinations we need to know the U(1)y hypercharge, SU(2),,
and SU(3), quantum numbers of the fields we want to combine. These are shown in
table 3.1 [12]. Note that 1 assigned to SU(2); means that the field with this quantum
number does not transform at all under SU(2),. We saw an example of this in section
2.2, where the right-chiral leptons do not transform under the SU(2); symmetry, and
thus must have the quantum number 1. The left-chiral doublet of the electron and the
neutrino will however transform under the SU(2); symmetry and will therefore have
the quantum number 2 assigned to it. A similar argumentation holds for SU(3), sym-
metries. For SU(3), both the left and right-chiral components transform. The different
ways in which the left and the right components transform, is denoted with a bar over
the quantum number. Two superfields, one with quantum number 3 and another with
quantum number 3, will combined have the quantum number 1. Such a combination of
superfields will therefore be gauge invariant.

Note that it is possible to combine two SU(2), doublets, with quantum number 2, in
a gauge invariant way without having access to fields of quantum numbers 2. Let ®4
and ®p be two left-chiral SU(2);, superfields. These then both consist of two left-chiral
superfields each. By making the combination

@' (i6?) Dy = Dy 0 Dy

we create a SUSY gauge invariant out of superfields with SU(2); quantum numbers 2
[1, 12]. Note also that we must make sure that the dimension of the combined super-
fields will not exceed 3, such that we still have a renormalizable theory when picking
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Superfield | SU(3). | SU22). | U(1)y

& 1 1 1

L; 1 2 -1/2
U; 3 1 -2/3
D; 3 1 173
Q; 3 2 1/6
Hu 1 2 172
W, 1 2 172

Table 3.1: Quantum numbers connected to the superfields (Note that we will follow the con-
vention in section 2.2, which uses half of the hypercharge listed in [12]).

out the F-term (which adds 1 to the dimension).

We start by trying to find the possible combinations of &; with other superfields. We
start looking at the hypercharge. We will need to combine two superfields with hyper-
charge —1/2 to cancel the hypercharge from &; (&; has hypercharge 1). We start with
L;, which is an SU(2); superfield, that necessarily must be combined with another
SU (2)r, superfield with quantum numbers {1,2,—1/2}. We find the possibilities

Siﬁ)ioﬁi EiLiOg‘Cd giJ‘CdOfHd

However, if we look at &;H,; o Hy, it has the form

ATic’A = (a b) (_01 é) (Z) =

such that it will vanish identically.

Next we will look at gauge invariant superfield combinations containing £;. L; has
the quantum numbers {1,2,—1/2} and can only be combined with an SU(2); super-
field with the associated SU(2); quantum number 2. In addition the hypercharge and
SU(3), quantum numbers must add to 0 and 1 respectively. The only possible options
are (not counting &; treated previously)

LioH, LioQiD;

We move on to find expressions involving U;. This superfield has quantum numbers
{3,1,—2/3}, and we must therefore combine this with a superfield having the SU(3).
quantum number 3. Only Q; offers such a possibility. The combination U;Q; has quan-
tum numbers {1,2,—1/2}. There is only one possibility to cancel these quantum num-
bers. We thus have the gauge invariant combination

u,-Q,- Og’fu

There is also a way to combine three quantum numbers 3 into a gauge invariant quantity
[12]. This leads to the following invariant

b b
fug? o v

c
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where f%¢ are the structure constants of QCD.

The superfield D; has quantum numbers {3,1,1/3}. Of the remaining fields not cov-
ered previously, this must be combined with a field containing the SU(3). quantum
number 3. The only possibility is Q;. The quantum number of this combination is
{1,2,1/2}. We therefore have only one option to cancel the quantum numbers

DiQi Of}fd

Q; has quantum numbers {3,2,1/6} and must, from the superfields not already previ-
ously covered, be combined with a superfield containing the SU(3), quantum number
3. There are no such options.

H, has quantum numbers {1,2,1/2}. The only field left that has not been covered
already is H,, which gives the gauge-invariant combination

f}fuog'fd

We may project out the F-term of any of the above combinations to retain a gauge and
SUSY invariant Lagrangian density which is also Lorentz invariant and renormalizable.

We also want to determine the possible gauge interactions we can have. We then have to
make combinations of the form ®'¢2V® and project out the D-term. We first consider
&;. The quantum numbers in table 3.1 show that &; only has a non-trivial U(1)y quan-
tum number. Thus, the gauge invariance is only linked to the field A and the possible
gauge interactions are retrieved from the D-term of

ele?she;

L;has both a U(1)y quantum number and an SU(2);, quantum number. Therefore, both

B and W must be associated with the gauge invariance. We may pick out the possible
gauge interactions from the D-term of

LTe—Z-%g/‘B-i-ngGjLi
4
Similarly we get for the other superfields
W 238885 g,
1
Die>38B-8:5 g,
1
2.1o8 (G +eWio;
Ql’fe 68B+8s5Aa+g ng»i
fHZ‘teZ%g/B-i-ngGjﬁ)i
g_{:;e*z%gIB‘FgW]G]LZ

where g, g’ and g are coupling constants, and A, are the Gell-Mann matrices.
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As shown above, we have in total eight gauge invariant left-chiral superfield combina-
tions. The F'-terms of these will give possible interaction vertices between the particles.
Looking at the following left-chiral combinations

LioKH, L;oQ;D; EiLiokL;

we see that they all consist of an uneven number of lepton and anti-lepton fields. This
results in vertices which violate lepton-number conservation. In a similar manner the
left-chiral superfield

b b
febug? o 1

c

will contain terms which violate baryon number conservation [12]. This can lead to
non-phenemenological events such as the rapid decay of the proton. The way to remove
the unwanted terms is to insist on a global symmetry of the Grassmann variables 0, of

the following form [12]
0 ; 0
~ sa 2

This is called R-symmetry. Setting @ = 7 it is called R-parity. The R-parity of compo-
nent fields can be calculated by

R— (_ 1)3B+L+2s

where B is the baryon number, L the lepton number and s the spin of the component
field.
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Chapter 4

N > 1 Supersymmetry

In the following we discuss some aspects of N > 1 SUSY. The calculations are based
on the N > 1 SUSY algebra found in [12] and N > 1 SUSY results from [1, 6].

4.1 Supermultiplets

N > 1 SUSY (also called Extended SUSY) is a generalization of the algebra in equa-
tions (3.11) and (3.12)

{0).01} = (—ion)wZ" 4.1)
{01, 00"} = (") 8" P, (4.2)
{01,007} = (—ion)an(Z")* (4.3)

where Z!/ is antisymmetric in its indices  and J and I,J = 1,...,N. We may try to find
the supermultiplet associated with this kind of algebra by going through an identical
set of calculations as in section 3.3. The SUSY charges were not used in finding the
Casimir operators or the irreducible representation related to massless states. Therefore
we must still categorize the states by the helicity and energy through |p, k). Q' and Q'f
are not dependent on the space-time coordinates. As before we get that

[0}, P*] =0

(AR
Equations (3.19) and (3.20) can be derived by using equation (3.5) to find that

(5605[3 5[35(0) Hﬁ 0,0 vMuv];q)]

The left-hand side is calculated by inserting the appropriate infinitesimal SUSY trans-
formations 6¢¢ and &¢x. A comparison will then show the results of equations (3.19)

and (3.20). Since Z% is antisymmetric, then ZXX = 0, and equations (4.1) and (4.3)
will read

{of, 051 =0
and

(05T 05T =0
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This means that each charge pair QX, Qf separately will satisfy the N = 1 algebra. It
is only for 7 # J that the extended algebra differs. This implies that the infinitesimal
SUSY transformations Jz¢ and &gy are of the same form. Thus, the derivation of
equations (3.19) and (3.20) are identical in the N > 1 case, which in turn gives a trivial
extension to these equations, which for N > 1 SUSY become

[QZNM/JV] = (GMV)abQé

and
[QQT’MMV] = Qb (Guv) a

It now follows that the momentum p in |p, h), as in the N = 1 case, will not be affected
by any of the charges Q! or Q!'. By applying the Pauli-Lubanski operator W* to
Q! |p,h) and Q!T|p,h) in order to calculate the helicity eigenvalue of a state, as for the
N =1 case, we find that

1
05 |p,h) = O} |p.h) = |p,h+ §>

and

1
Q4|p,hy = O |p,h) = |p,h — )

The difference between the N = 1 and N > 1 theories becomes apparent when we next
try to find all the particles belonging to one supermultiplet. We will start with N = 2.
As before, we start with the lowest helicity state, which we label |p, — j). We have that

oXip,—j)=0

We may apply any of the two operators Qg. We may choose to start with I =1 (al-
though 7 = 2 will provide a separate state with same helicity), such that

: o,

Since Q? does not anti-commute with Q%T, then using Q%T to the above result gives
1
2t Al . 2 . .
0’0y Ip.~) =0 Ip.5 =) =Ip.1 =)

Any other attempt to use QéT or Q%T will give zero because of their Grassmanian nature.
Therefore, for N = 2 SUSY we will have four states in one supermultiplet, as opposed
to N = 1 where we have two. The supermultiplet for N =2 SUSY with j = % then
consists of |p, —1/2), two |p,0) states and |p,1/2). We recognize the h = —1/2 state
as a left-chiral spinor state and the & = O states as bosonic states, while the 7 = 1/2
state represents a right-chiral spinor. In N = 1 SUSY, the right chiral spinor was not
part of the supermultiplet. Since all these states are in the same group they must also
transform in the same manner. From section 2.2 we saw that the weak sector utilized
an U(1) x SU(2) gauge transformation on the left-chiral part of the Dirac spinor, while
only a U(1) gauge transformation was utilized on the right-chiral part. The only viable
SUSY theory for the weak interactions would be one containing a left-chiral spinor and
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its SUSY partner. Since N > 1 SUSY theories also must contain the corresponding
right-chiral spinor in the supermultiplet, that must transform the same way as the left-
chiral spinor, they are considered not phenomenologically viable. It is however possible
to make a hybrid N = 1/ N = 2 model by only considering N = 2 in the QCD sector,
in order to avoid the chirality problem [4].
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Chapter 5

N = 2 Superfields

5.1 The superfield coordinates

In this section we will use the methods of section 3.4 and section 4.1, to start building
a superfield formalism for N = 2 SUSY. This formalism can then be used to pick out
the possible N =2 SUSY interaction vertices in a consistent manner.

In the N = 2 case the algebra of equations (4.1), (4.2) and (4.3) can have the values
(1,J) € {(u,u),(u,v),(v,u),(v,v)}. The transformations are naturaly extended to

U(a7 g”? 5”7 §V7 EV)

where the indices refer to the specific charge, Q7 or O}, that the infinitesimal parameters
are associated with (not to be confused with spinor indices). However, there are other
operators, Z!/, associated with the algebra of N = 2 SUSY, as equations (4.1), (4.2) and
(4.3) shows. This additional operator will need to be transformed under a SUSY trans-
formation. The SUSY charges in N = 1 have the associated variable 0, that it operates
on, and the infinitesimal parameter £ representing the change under a transformation.
The momentum operator P, has an associated variable x,, and an infinitesimal change
ay. We need to assign similar variables to to the operators 7! . Before we do this we
need to make some assumptions on Z//. We already know from the definition of the
algebra that Z" is antisymmetric in its indices / and J. We will assume that

[ZU,ZKL] —0 [Z”, (ZKL)*] —0 (51)

We will also assume, as for Py, that Z commutes with 0%, Q%, 0" and QY. We still
want P, to commute with all the generators, thus we will assume that it commutes with
Z and (ZV)*.

Because of equations (5.1) we see that Z// is not of a Grassmann nature. Therefore,
the associated variable and infinitesimal displacements should not be of a Grassmann
nature. We assign the variables A;; and Aj; to denote the current positions in super-
space of Z!/ and (Z!)* respectively. For the infinitesimal displacements in superspace
we assign the variables 0y; and @ to Z" and (ZV)* respectively.
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Note that since Z*/ is antisymmetric, then the symmetric part s;; of A;; will lead to
I I
ZS]]Z J = _ZSIJZ 7
1J 1J

such that we must have
ZS[ JZH =0
1J

Since we have to include this sum in the transformation U, we may ignore the symmet-
ric part of A;; and rather take it to be antisymmetric. The same reasoning holds for 0.
Therefore we also take ¢ to be antisymmetric in its indices. Since any antisymmetric
matrix must have zero diagonal, we see that A,,, = A,, = 0. We also have that

AnZ" + A 2" =24A,,Z"
We now make the following definition for the N = 2 superspace coordinate:
Cs = (¢, 67,065,670 Au, Avi Ay, AL

We also define the infinitesimal superspace displacement to be
cs = (ak, ) &y EM BV Oy, Oy, O, OO, )
As was done in section 3.4, we use the relation
U(C) =U/(cy)U(Cy) (5.2)
to find the transformation of the superspace coordinates.

The transformation U (¢,) is now defined as

Ucy) = el PurtiE Qi€ s Q Higt 04 0" 2icin 2+ i, (Z)°

and U (Cy) as

U(Cy) = o Purti®" 4 Q+i0" Q4 +i0) 0" 416 0"+ 21y 21+ 20y, (Z)*
s) —

By using the BCH (Baker-Campbell-Hausdorff) identity

1
AB — ATBH3AB

for non-commutative quantities, we can calculate the resulting exponent of the right-
hand side in equation (5.2):

iat Py + 6" Ql +i&" Q) + i} 0" 48] 0% + 2ia, 2" + 2iay, (Z)
+ixt Py +10" Q% +i0V Q) +i0Y 0" +i0) 0" + 2iA W Z" + 2iAL, (Z™)*

(
1 o
+§ [ia“Pu +iEMQE+IEVQY +iES QM +iE) O + 2i,, 2" 4 2i0 (Z1)F,

ix" P, + 6" QY + 16" Q) + 160" 116! 0" 4 2iA,, 7" + 2iA, (2] (5.3)
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Since P, 7! and (Z” )* commute with all generators, all commutators containing Py,
Z! or (ZV)* will vanish. Because of this and the nature of the Grassmann variables,
the remaining commutators in the BCH identity will vanish. We now calculate the
commutators in equation (5.3) that do not contain Py, Z! or (Z)*. The first one is

[éua a’leub ] gan eube+9ub uéua
— guaeubQ Qb_i_guaeube zg'uaeub{Qwa}
:guaeub(_lc )abzuuzo

where we used the anti-commutation between the Grassmann variables. In the last
steps we replaced the anti-commutator, using the N = 2 algebra. Then we could use
the anti-symmetry of Z%/ to get zero.

We continue evaluating the commutators resulting from equation (5.3):

[éua a’ va ] éanVb{Qa,Qb} éuaevb( 1ol )awa é““eVZ’”
(604 i6{0""] = £ B {Q4, 0"} = £} (0]
[iéu,aQZJégQ-v,b] _ 514,455{%7@,5} _ gu,aég[cy]absuvP# —0
170}, i0"P QY] = E" 0P (O}, 04} = E10" (—ic?) 42" = E"Q1Z"
[i£"9Q;,i0"° Q)] = £¥16""{Qy, 0)} = £"6"" (=ic?) 2" =0
1740y, 010" = £%981{ 0}, 0P} = £76 (0], "B, = 0
1740y, 160" = £62{Q}, 0"} = £%6} [0, P,

[iE 0", i0"PQf] = Ex0“P{ 0", O4} = £46[cH]," Py
i1 Q"a.i0v0gp) = Ere"{ 0", 0} = Ele*P[oM], 5" Py =0
i1 Q"B Q") = EvgI{ 0", 0"y = ELBY(—ic?) ™ (2) =0
i1 0"4,i0) 0" = LB { 0", 0"} = &1y (—ic?)P(z")* = —€48"(z")"

1650, i6"PQ}] = £16""{0", 0} } = 16" [0"],"8""Pu = 0
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i6;0,i0"° Q)] = §;6"{0", 0}} = 16""[0 )" Py
[lgv AV,d leu ub] &aGZ{Qva Qub} g ( : )db(Zvu)*:_E;éu,d(Zvu)*

[iE;Qv,a‘, ié}_\;Qv,b] — E};é}:{Qv,a’, Q‘v,b} _ E;ég(_i62)db(zvv>* -0
We insert the results of the commutators into equation (5.3) and collect terms linear in
the generators to get

i(x +at )Py +i(0 + E)Q+ (0 + EV) Q) + (6 + EN Q™ +i(6) + EY) 0
+2i(Ay + ) Z" + 2i(A;,, + o), ) (Z')

1 _ f 1, 1 1

+§§u’a91§4[0”]a PM+E§V’a91§[G“] Pu+2<§ “Plat, Pu+§ 10" [cH], Py

1 1 1o . -
_i_iguﬂe:lzzuv_Eguaegzuv_i_ig_geu,a(zuvy_Eggev,a(zu\/)*

We can again collect terms linear in the generators to get the following exponent of the
right-hand side of equation (5.2)

(e = 218 0").” — 5£40}[0").” — 5E40" o), — €16 0], )P
(0" + E") 04+ (0" + E4) 0l +i(0y + EX) 0" +i(8; +E1) 0"

+2i(AW+OCW—i§”’“9;+ié““@;‘)Z“v—l—Zl(A* ta _51 é"uiégéw)(zwy
i N | — N _ .
:i(x“ _|_aﬂ+Eéu,a[au]abgu,b_i_Egv,a[cu]abev,b_Eeu,b[c ]bagu,a_Egv,b[du]bagv,a)})u

(0" 4 EL) QU+ i(0V - EMQY +i(BY + EN QM+ i(6; 6, +&)H0"
2 (Auy + Oy — ig“ﬂe; + igweg)zw F2U(AF + o, 'y

The left hand exponent of equation (5.2) is
XM Py +i0" Q" +i0" QY +i0/,0" +i6",0" + 2iAl,Z" + 2iAL (Z™)F (5.5)

A comparison of (5.4) and (5.5) shows that the superspace coordinates in N =2 SUSY
transform as

i ch o e .y
R G O WU R S O WS T O W R O
eua Gu,a_|_§u,a
0V _, ev,a_i_gv,a
oy — 0y + !
0y — 0 +&;

[ [
Auv_>Auv+auv_15u7a9;+15v’aeau

Loy Lz, =
A;ktv - A::V + aljv - Zé;gu,a + Zécfjewa
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5.2 Differential representation of charges

We will now expand the N =2 SUSY charges in two different ways. First we will
expand the transformation U (cy), where ¢; was defined in section 5.1, in terms of the
charges. Next we will Taylor expand ®(C;) to obtain the necessary differentials. By
comparing these expansions we will get the N = 2 generators in the differential repre-
sentation.

We will start with the expansion of U(cy). Note that we use U'(cy) in the expan-
sion to follow the conventions used in [12]. Using U (cs) directly will give a sign shift
on all the charges which will cancel in any commutation or anti-commutation relation
containing the charges. The resulting algebra will therefore be the same, regardless of
the convention used. We have

(Cy) = [1 —ia" Py — i Q5 —iE™Q,
—iELQM —iE) QM = 2iqu, 2" — 2i0g, (Z") 1D (Cy) (5.6)
The Taylor expansion of ®(C?) is calculated from

i

i ~ A | Z
D(CY) = D(xH +at + SEH0M] 00+ L E"0"] 50" — Z 04[] —

2
Ou,a+§u,a ev,a_l_év,a
0y +&i,65+¢,,
i i I T A
Auv + Oy — Z&M’aeav + Zév’aegaAuv + Ay — Zéé’guﬂ + Z&gGV’a>

Qv’b[G“]bdé_v’d,

We define
D=P|,_o=P(xH)

Note that the expansion terminates to the first order due to the Grassmann nature of the
expansion variables. We also define

. 0
% = Sgua
and 3
ot =
26}

We introduce the notation C’*, which means, C"* = x’#, C"! = 9%, C"> = A! and C'® =
A’ And the notation ¢’*, which means, ¢ = a’*, C'' = £/, > = & and ¢’® = &%, Tt
1s also important to keep the original position of the Grassmann variables in the Taylor
expansion (i.e. one must not place the Grassmann variables outside to the right in
the expansion terms, as is usual in a Taylor expansion, without performing the correct
sign alterations). In the Taylor expansion sums occurring below, we will place the
expansion variables outside the sum, keeping in mind that these must be placed at the
proper position when the sums are expanded. To be able to differentiate upper index

Weyl spinors with respect to lower index Weyl spinors, and vice versa, we use (iG?) to
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raise and lower indices. We now perform the Taylor expansion:
d
CDJFZ K )Wcék\cs— 1“ +Z K ) aéuacék\cs—O] g
J ‘
(o) et

:CI>+558 q)aV+_€u,a[Gu] béu,b& ¢+5a€u,cauq)

d -, 0
uag u,aj U béEu ¢ Euu,a ~ v,d
5 agAWCID—i—ZQ [6#],;(i0%)"E¥ DD + SEELI™ cI>+4 /0 3AZVCD
+—<§V’“[G“] 0100, @+ 8LEV D + 5”’ aaj c1>+%ewa[aﬂ]ab(ioz)“&a@
¢EVVa vu,d d 8
85819 — 45 o TRy Ty o (5.7)

Rewriting equation (5.7) we have

u,a u u v a
O(C;) = {1+a"dy +& (a [oﬂ]abe b9, — 9“8Aw)

_Au,c i war M1 (3 2\bé _i u
+( ) +29 [G ]ab(lc) ali 4 8A*)§

d
v,a v u v,b
+§ (aa [G ] be a + aaAW)

0 —
v,¢ var U 2\bé u,c v
( PR +29 [G ]ab(zc) 0 +49 A )§

9
T A, WaA*
uy

By comparing (5.6) with (5.8) we see that the differential representation of the N = 2
SUSY charges are

Je (5.8)

1 ~ 1 d
u__ U (U], u,b v
Qa laa 2 [G ]abe a.u + - Ga aAuv
\Y - )V 1 AL u a
Qa = laa - 5[ ‘u]abe 7b8,u - _9 aAuv
Au,¢ - u,c¢ 1 u ac 8
0" = i3~ 361[0]"du— 10 oA
R | 1 0
Ve — jovt ev u aca Guc
0% =i =3 6ul6" 1 o+ 28" T
ZMV_£ a
204,
UV * i 0
(z") =2

20A:,
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53 Chirality

In N = 1 superfield theory, we want the superfields to have the same component fields as
the fields in the Wess-Zumino Lagrangian. To accomplish this a covariant derivative D;
is constructed. To remove unwanted terms in the superfield the constraint D;® = 0 is
required on the superfield ®. The superfield @ is then said to be a left-chiral superfield,
since it only contains the left-chiral fermions of the original superfield. In the N =2
case we have more non-vanishing terms in the superfield than in the N = 1 case. This
is because terms might contain combinations of 8% and 6V that does not vanish when
coupled. We could try to impose two constraints

DZ¢(X7 Guv 9v7 éu? éV7AMV7A:;v) = 0
DZCI)()Q Guv 91/7 éu’ évaAMWA:;v) =0

where u and v refers to the explicit charges Q' for I € {u,v} of the N = 2 algebra.
However, the purpose would then be to impose a similar condition as for N =1 in
order to reduce the number of terms in the expansion of @, not to retrieve the Wess-
Zumino Lagrangian. The phenomenological reasons for doing this is unclear, but it
would still be an N = 2 model. Since we have combinations of 8% and 8" and not only
0 as in N = 1 SUSY, we will still have a combination of left-chiral and right-chiral
component fields in the N = 2 superfields after applying the above constraints. This is
due to the fact that [0%] = [8"] = [6].This is in accordance with what was discovered
using the N = 2 algebra to find possible helicity states of an N = 2 supermultiplet.
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Chapter 6

N = 2 Decay chains

6.1 Quantum numbers

As seen in section 3.7, we may exclude many of the possible interaction vertices by
considering Lorentz invariance and the conservation of quantum numbers. We also saw
how to build SUSY invariant combinations in section 2.4. Table 6.1 lists the quantum
numbers of the N = 1 particles available in the MSSM, and table 6.2 shows the MSSM
gauge fields and their quantum numbers [1]. R-parity will also prevent some important
decays such as the rapid decay of the proton, but it will also prevent the decay of the
neutralino. The baryon number is calculated through

1
B = g(”q_”c?)

where n, is the number of quarks and n; is the number of anti-quarks. The baryon
number must also be conserved in a decay.

6.2 Interaction terms

We saw in section 4, that for any N = 2 supermultiplet containing a fermion (with he-
licity —1/2), we will need to include two particles of helicity O and one particle with
helicity 1/2. This is in contrast to the N = 1 case where we only need the helicities
—1/2 and 0. The electro-weak sector is left-chiral by nature and we cannot extend this
sector to N = 2 supersymmetry. We will therefore look at a hybrid model, where we
only allow the QCD sector to be extended to N = 2 supersymmetry. Therefore, we will
in the electro-weak sector only have vertices containing left-chiral particles. We will
allow for both left and right-chiral particles in the vertices of QCD.

We will now look at how the topology changes when N = 2 SUSY is allowed in the
QCD-sector. The act of multiplying a left-chiral quantity with (ic?) and taking the
transpose is equivalent to both charge conjugation, and to changing the transformation
properties to right-chiral. We no longer have SU(2), singlets in the QCD sector since
we have right-chiral fermions in the supermultiplet. Therefore we must collect the anti-
up-quark, anti-down-quark, anti-up-squark and the anti-down-squark into two SU(2)g
doublets, and no longer allow these as singlets under SU(2). We then have the addi-
tional particle fields shown in table 6.3. One could possibly imagine an N = 2 decay
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Particle Name Spin | Lepton # | SU(3). | SU(2). | U(1)y
0= (%“) quark 12 | 41 3 2 1/6
Xd
0= (gu) squark 0 0 3 2 1/6
d
a anti-up-quark 1/2 -1 3 1 -2/3
XJ anti-down-quark 172 -1 3 1 1/3
Da anti-up-squark 0 0 3 1 -2/3
¢; anti-down-squark 0 0 3 1 1/3
L= ( )’CC ) electron / neutrino | 12 | +1 1 2 | e
Ve
L= (ge ) selectron / sneutrino | 0 0 1 2 -1/2
Ve
g Positron 172 -1 1 1
Do Spositron 0 0 1 1 1
HT
H, = <Hu0> Higgs 0 0 1 2 172
i1
H,= (H“()) Higgsino 172 +1 1 2 172
70
H; = ( ‘i) Higgs 0 0 1 2 -1/2
d
70
H;= < JL) Higgsino 1/2 +1 1 2 -1/2
H,

Table 6.1: Quantum numbers connected to the MSSM particles [1] (Note that we will follow
the convention in section 2.2, which uses half of the hypercharge listed in [1]).

Table 6.2: Quantum numbers connected to the MSSM gauge fields [1] (Note that we will

Particle Name | Spin | Lepton# | SU(3). | SU2)L | U(1)y
Gf,“ (2) Gluon 1 0 8 1 0
AE (@) Gluino | 1/2 0 8 1 0
W (W=, W% | Whboson | 1 0 1 3 0
A WEWYD | Wino | 1/2 0 1 3 0
By (B) B boson 1 0 1 1 0
Ay (B) Bino | 1/2 0 1 1 0

follow the convention in section 2.2, which uses half of the hypercharge listed in [1]).

Table 6.3: Quantum numbers connected to the extended SUSY particles (Note that we will

Particle Name | Spin | Lepton# | SU(3). | SUR2)r | U(1)y
Or = (7‘“) quark | -1/2 -1 3 2 -1/6
X
Or = (f;) squark | 0 0 3 2 -1/6
d

follow the convention in section 2.2, which uses half of the hypercharge listed in [1]).



6.3 The Neutralino 65

where an N = 2 spin-1/2 particle may decay via generalized R-parity violation (i.e.
going from N =2 to N = 1) to quark(s) and gluon(s).

6.3 The Neutralino

The neutralino is a candidate for dark matter, and can only be detected by particle accel-
erators through missing energy, due to its lack of interactions with the electromagnetic
forces. It consists of a mixture of B (bino), WY (neutral wino) and A? / HY (neutral
Higgsinos) [1]. The neutralino cannot decay any further due to the assumed R-parity.
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Chapter 7

Conclusion

We have been through the construction of the Standard Model and N = 1 supersym-
metry using the superfield formalism. From the construction of the N = 1 superfield
formalism we found a way to construct the N = 2 supercharges in a differential repre-
sentation. We found that in order to construct N = 2 superfield theory it is not enough
to extend the existing superspace by the trivial extension of the superspace coordinates
by the number of added charges. We must also add coordinates for the new operators
that appear in the extended supersymmetry algebra.

The N = 1 general superfield, not restricted to left chirality, has more component fields
than are phenomenologically sound. This is of course also true for the general un-
restricted N = 2 superfield. It is, however, not so clear which guidelines to use for
the restriction of these superfields. We could try two constraints similar to the condi-
tion of left chirality in N = 1 SUSY, but it would not lead to a reconstruction of the
Wess-Zumino Lagrangian as was the purpose in N = 1. We also note that even with the
analogous restriction to N = 1 SUSY, the N = 2 superfield will not be left-chiral.

We found that in N = 1 supersymmetry, chiral fermions occur naturally as a conse-
quence of the the N = 1 supersymmetry algebra. Chiral fermions are a necessity in
the Standard Model, and must be possible as a viable extension of it. Using the N > 1
supersymmetry algebra we were able to calculate all the helicity states that must be
present in one supermultiplet. It is evident that for any supermultiplet, we must couple
a right-chiral field to a left-chiral field. This implies that a full N > 1 supersymmet-
ric model will not be possible in an extension of the Standard Model. The chirality
problem is however only present in the electro-weak sector of the Standard Model. A
hybrid N = 1/N > 1 model could be an alternative. Here, only the QCD sector would
be implemented using N > 1 supersymmetry,
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