
f(ω) {Yt}t∈Z

{Yt}t∈Z
f(ω)

γ(h)

f(ω)

f(ω)

{Yt}t∈Z

ρv(h)

fv(ω)

fv(ω) f(ω)

fv(ω)

f(ω)

fv(ω)

(
Yt+h, Yt

)
γ(h) f(ω)

f(ω)

γ(h)

fv(ω) ρv(h)

f(ω) {γ(h)}
h∈Z

f(ω) :=
∑
h∈Z

γ(h) · e−2πiωh.



γ(h) =
∫ 1/2

−1/2
f(ω) · e2πiωh ω h = 0

f(ω)

f(ω)

{Yt}t∈Z

fv(ω)

{Yt}t∈Z
ρ(h) γ(h)

f(ω)

f(ω) :=
∑
h∈Z

ρ(h)e−2πiω.

{Yt}t∈Z
f(ω)

ρv(h)

fv(ω) {Yt}t∈Z

f(ω)

f(ω)

f(ω)

(
Yt+h, Yt

)
γ(h)

f(ω)

f(ω)

f(ω)

Yt Yt

Yt =
∫ 1/2

−1/2
e2πitω Z(ω) Z(ω)



fv(ω)

f(ω)

ξh Yt Yt+h

fξ(ω) =
∑
h∈Z

ξh · e−2πiωh.

f(ω)

τ

L

f(ω)

{Yt}t∈Z
u

{ (iuYt)}t∈Z

σj(u, v) :=
(

(iuYt) ,
(
ivYt−|j|

))
u

v Yt Yt−|j|

σj(u, v)

{Yt}t∈Z

h(ω, u, v) :=
∑
h∈Z

σj(u, v) · e−2πijω,

γ(h)

γh(x1, x2) :=
(
�
{
Yt+h ≤ x1

}
,�{Yt ≤ x2}

)
, (x1, x2) ∈ R

2,

γ U

h (τ1, τ2) :=
(
�
{
Ut+h ≤ τ1

}
,�{Ut ≤ τ2}

)
, (τ1, τ2) ∈ (0, 1)2 ,

�{·} G

Ut
:= G(Yt) {γh(x1, x2)}h∈Z

{γ U
h (τ1, τ2)}h∈Z



f(ω)

ξh
(
Yt+h, Yt

)
v = (v1, v2)

v1 v2

ρv(h)

ρ(h)

f(ω) f(ω)

fv(ω)

{Yt}t∈Z

v1 = v2

fv(ω)

fv(ω)

fv(ω)

fv(ω)

{Yt}t∈Z

(
Yt+h, Yt

)



W = (W1,W2) G(w) g(w)

v := (v1, v2)

g(w)

μ1 μ2 σ1 σ2

ρ θ ψ(w;θ)

ψ(w;θ) := 1

2π·σ1σ2

√
1−ρ2

{
−σ2

1(w1−μ1)
2−2σ1σ2ρ(w1−μ1)(w2−μ2)+σ2

2(w2−μ2)
2

2σ2
1σ

2
2(1−ρ2)

}
.

ψ(w;θ)

g(w) v

g(v) = ψ(w;θ)|
w=v

,
∂

∂w1

g(v) =
∂

∂w1

ψ(w;θ)

∣∣∣∣
w=v

,
∂

∂w2

g(v) =
∂

∂w2

ψ(w;θ)

∣∣∣∣
w=v

,

g ψ v

θ v g(w)

ψ(w;θ) ψ(w;θ
′
)

v θ θ
′

ψ(w;θ) v

v

b → 0+ θb

q =

∫
Kb(w − v) [ψ(w;θ)− g(w) (ψ(w;θ))] w,

Kb(w − v) b

g(w) ψ(w;θ)

θ v



θb ∫
Kb(w − v)u(w;θ) [ψ(w;θ)− g(w)] w = 0,

u(w;θ) := ∂
∂θ

(ψ(w;θ)) ψ(w;θ)

θ0 =
b→0+

θb

ρ θ0 v

W

W ∼
([

μ1

μ1

]
,

[
σ2

1 σ1σ2ρ

σ1σ2ρ σ2
2

])
,

v b θb

θ0

ρ

v

C(u1, u2)

G(w) C(G1(w1), G2(w2)) Gi(wi)

Wi C

W1 W2

W = (W1,W2)

Z := (Φ−1(G1(W1)) ,Φ
−1(G2(W2))) Φ

φ

W

g(w)

W v

C



gZ(z) Z vZ

c C

g(w) = c(G1(w1) , G2(w2)) g1(w1) g2(w2) v = (v1, v2) ,

gZ(z) = c(Φ(z1) ,Φ(z2))φ(z1)φ(z2) vZ
:= (Φ−1(G1(v1)) ,Φ

−1(G2(v2))) .

W Z

W Z = ((W1 − μ1) /σ1, (W2 − μ2) /σ2)

Z ∼
([

0

0

]
,

[
1 ρ

ρ 1

])
,

ρ

√
n(b1b2)

3 Kb

5× 5 θ̂b V −1
b WbV

−1
b

Kb Vb Wb b → 0+

√
nb1b2

Z

ρ

μ1 μ2 σ2
1 σ2

2

ρ

W

1× 1



v = (v1, v2)

{Yt}t∈Z

G {Yt}t∈Z
Φ

{Zt}t∈Z

{Yt}t∈Z

{Zt
:= Φ−1(G(Yt))}t∈Z

.

v = (v1, v2) h �= 0 Zh:t
:=
(
Zt+h, Zt

)
ρv|p(h) p

Zh:t (v1, v2) ρv|p(0) ≡ 1 h = 0

∑
h∈Z
∣∣ρv|p(h)

∣∣ < ∞ v

fv|p(ω) :=
∞∑

h=−∞
ρv|p(h) · e−2πiωh.

∑
h∈Z
∣∣ρv|p(h)

∣∣ < ∞

{Yt}t∈Z
v ∈ R

2

{Yt}t∈Z
n

t1, t2, . . . , tn ∈ Z

(
Yt1

, Yt2
. . . , Ytn

) (
Y−t1

, Y−t2
. . . , Y−tn

)

fv|p(ω)

fv|p(ω) f(ω) v ∈ R
2 {Yt}t∈Z

{Yt}t∈Z



v̆ := (v2, v1) v = (v1, v2)

fv|p(ω) = 1 +
∞∑
h=1

ρv̆|p(h) · e+2πiωh +
∞∑
h=1

ρv|p(h) · e−2πiωh,

fv|p(ω) = fv̆|p(ω).

{Yt}t∈Z
fv|p(ω) v ∈ R

2

fv|p(ω) = 1 + 2 ·
∞∑
h=1

ρv|p(h) · (2πωh).

fv|p(ω)

v v1 = v2

ρv|p(h)

ρ(h)

{Yt}t∈Z

h �= 0

ρv|p(−h) = ρv̆|p(h)

v = (v1, v2) fv|p(ω)

fv|p(ω) v

f(ω)

{Yt}t∈Z

f(ω) fv|p(ω)

fv|p(ω)

{
ρv|p(h)

}
h∈Z

fv|p(ω)

f(ω)

f(ω)

f(ω)

f(ω)



{yt}n

t=1
n m f̂m

v|p(ω) fv|p(ω)

Ĝn {
ẑt

:= Φ−1

(
Ĝn(yt)

)}n

t=1

{yt}n

t=1

h
{(

ẑt+h, ẑt

)}n−h

t=1
h = 1, . . . ,m

v = (v1, v2) v̆ = (v2, v1){
ρ̂v|p(h|bh)

}m

h=1

{
ρ̂v̆|p(h|bh)

}m

h=1
{bh}m

h=1

λm(h)

f̂m

v|p(ω) := 1 +
m∑

h=1

λm(h) · ρ̂v̆|p(h|bh) · e+2πiωh +
m∑

h=1

λm(h) · ρ̂v|p(h|bh) · e−2πiωh.

{yt}n

t=1

{Yt}t∈Z
m f̂m

v|p(ω) v ∈ R
2

f̂m

v|p(ω) = 1 + 2 ·
m∑

h=1

λm(h) · ρ̂v|p(h|bh) · (2πωh).

v v1 = v2

Ĝn

{yt}n

t=1

bh = (bh1, bh2)

h f̂m
v|p(ω)

bh1 bh2 b = (b1, b2)

bhi � bi i = 1, 2 h bhi/bi = 1

ρ̂v|p(h|bh)

p = 5

v h
{(

yt+h, yt

)}n−h

t=1

{yt}n

t=1
{zt

:= Φ−1 (G(yt))}n

t=1

G
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t=1

zt

ẑt

Ĝn(yt) G(yt)

ρ̂v|p(h|bh)

zt ẑt

m f̂m(ω)

f(ω) m n

f̂m
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Yt

{Yt}t∈Z

h

f̂m
v|p(ω) (m+ 1)

h

{Yt}t∈Z
h ≥ 1 m ≥ 2

(m+ 1)

Yh:t
:=
[
Yt+h, Yt

]′
, Ym:t

:=
[
Yt+m, . . . , Yt

]′
,

gh(yh) gm(ym)

gh

h gh (m+ 1)

gm m − 1

(m+ 1) η̃h(ym) : R
m+1 → R

1

ηh(yh) : R
2 → R

1

[ηh(Yh:t)] = [η̃h(Ym:t)] , h ∈ {1, . . . ,m} .

Yt

Xn
hq:i

Kh:b(yh − v)

ψ(yh) yh = Yh:t

{Yt}t∈Z

v = (v1, v2) f̂m
v|p(ω) fv|p(ω)

{Yt}t∈Z



{Yt}t∈Z
α(j)

∞∑
j=1

ja [α(j)]1−2/ν < ∞ ν > 2 a > 1− 2/ν.

(Y 2
t ) < ∞

gh(yh) h Yh:t

{Yt}t∈Z
v = (v1, v2)

gh(yh) v gh(yh)

gh(yh) = gh(v) + gh(v)
′ [yh − v] +Rh(yh)

′ [yh − v] ,

gh(v) =

[
∂

∂yh
gh(yh)

∣∣∣
yh=v

, ∂
∂y0

gh(yh)
∣∣∣
yh=v

]′
yh−→v

Rh(yh) = 0,

v̆ = (v2, v1)

bh0 0 < b < bh0

θh:b qh:b
{bh0}h∈Z

b0

0 < b0
:=

h∈Z
bh0,

b0

Xn
hq:i [

Xn
hq:i

] [∣∣Xn
hq:i

∣∣ν] [
Xn

hq:i ·Xn
jr:k

]

Yt

α Yt+h Yt

h → ∞ gh(yh) h

h

b0 h

Kb



Yt u(w;θ) ψ(w;θ)

u(w;θ) := ∂
∂θ

(ψ(w;θ))

θ̂v − θv u(v;θv) �= 0 (
f̂m
v|p(ω)− fv|p(ω)

)

p

ψp(w;θp) up(w;θp)

{
θp|v(h)

}
v

gh(yh)

up(v;θp|v(h)) �= 0 h

up(v;θp|v(h)) �= 0

Yt v p

up(w;θp) = 0

θ†
p|v up(v;θp) = 0

θ†
p|v ∈ {θp|v(h)

}
Yt+h Yt h → ∞

θp|v(h)

[μ1, μ2, σ1, σ2, ρ]
′ = [0, 0, 1, 1, 0]′

v up(v; [0, 0, 1, 1, 0]
′) = 0

ψ1(w;θ1)

ψ5(w;θ5)

Yt v

n m b

b = (b1, b2)

bh h

h(
Yt+h, Yt

)
b1 b2

b1 � b2

m := mn → ∞
b := bn → 0+

h = 1, . . . ,m n b1 b2
b α ν a s := sn → ∞

s = o
(√

nb1b2/m
)

τ



n/n(b1b2)
5 −→ 0 p = 5

nb1b2/m −→ ∞
mδ(b1 ∨ b2) −→ 0, δ = 2 ∨ ν(a+1)

ν(a−1)−2√
nm/b1b2 · sτ · α(s−m+ 1) −→ ∞

m = o
(
(nb1b2)

τ/(2+5τ)−λ
)
, λ ∈ (0, τ/(2 + 5τ))

m = o(s)

p = 5

ρ̂v|5(h)

f̂m

v|p(ω)
v v1 = v2 fv|p(ω)

v

Yt n m b = (b1, b2)

m f̂m
v|p(ω)√

n(b1b2)
(p+1)/2/m ·

(
f̂m

v|p(ω)− fv|p(ω)
)

d−→ (
0, σ2

v|p(ω)
)
,

σ2

v|p(ω) = 4
m→∞

1

m

m∑
h=1

λ2

m(h) · 2(2πωh) · σ̃2

v|p(h)

σ2
v|p(ω) σ̃2

v|p(h)
√

n(b1b2)
(p+1)/2·(ρ̂v|p(h|bh)− ρv|p(h)

)

Yt fv|p(ω)

v Yt

m f̂m
v|p(ω)

fv|p(ω)

∨ ∧



f̂m
v|p(ω)√

n(b1b2)
(p+1)/2/m ·

(
f̂m
v|p(ω)− fv|p(ω)

)

m f̂m
v|p(ω)

f̂m
v|p(ω)

f̂m
v|p(ω) {yt}n

t=1

{ẑt}n

t=1

G

Ĝn

G

f̂m
v|p(ω)

f̂m
v|p(ω) p

5 1

1



ρ̂v|1(h)

5 ρ̂v|5(h)

ρ̂v|1(h)
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m
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v|p(ω)

f̂m
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2

b = (b1, b2)

b = (.5, .5)

b = (.75, .75) b = (1, 1)

m f̂m
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λm(h) =
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2
· (1 + (

π · h
m

)) |h| ≤ m,

0 |h| > m.
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p = 5

f̂m
v|5(ω) v = (v1, v2) v1 = v2

ρ̂v|5(h) h = 1, . . . ,m

ρ̂v|5(h)

v b
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v
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1

2b v
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b

h
(
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pseduo−normal dmbp
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f(ω)

f̂m
v|5(ω)

f̂m(ω)

m

m fv|5(ω)

f(ω)

m fm
v|p(ω) fm(ω) fv|p(ω) f(ω)

λm(h)

fm

v|p(ω) := 1 +
m∑

h=1

λm(h) · ρv̆|p(h) · e+2πiωh +
m∑

h=1

λm(h) · ρv|p(h) · e−2πiωh,

fm(ω) :=
m∑

h=−m

λm(h) · ρ(h) · e−2πiωh.
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cosine and i.i.d. Gaussian noise
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i = 1, . . . , r
∑r

i=1 pi = 1

(A′
1, . . . , A

′
r)

t Ai A′
i

Ai(t)

Ai(t) ≡ Ai A′
i

Ci(t) = Li + Ai(t) · (2παit+ φi) , i = 1, . . . , r,

Yt (p1, . . . , pr)

Nt pi i

Yt
:=

r∑
i=1

Ci(t) · �{Nt = i},

�{} Ci(t) t

φi

0 2π

φi Ai(t) Nt

Yt+h Yt Li pi
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Time series based on several cosines
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Li Ai pi

f̂m
v|5(ω)

p1 C1(t)
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cosine and a tiny bit of noise,  100  observations
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GARCH example
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ĉ m
v|5(ω) q̂ m

v|5(ω)

f̂m
v|5(ω)
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ĉ m
v|5(ω) q̂ m

v|5(ω)

ω = 0

ρ̂v|5(h)

ρ̂v|5(h)

f̂m
v|5(ω) v

v b

m

ρ̂v|5(h) ρv|5(h)
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p
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f̂m
v|p(ω)

f̂m
v|p(ω) m

f̂m
v|p(ω)

fv|p(ω) v

f̂m
v|p(ω)

f̂m

v|p(ω) = 1 + 2 ·Λ′
m(ω) · P̂v|m|b|p,

Λ′
m(ω) := [λm(1) · (2πω · 1) , . . . , λm(m) · (2πω ·m)] ,

P̂v|m|b|p :=
[
ρ̂v|p(1|b1), . . . , ρ̂v|p(m|bm)

]′
.

ρ̂v|p(h|bh) p θ̂v|p(h|bh)

h v ρ̂v|p(h|bh) = e′
p · θ̂v|p(h|bh)

e′
p ρ̂v|p(h|bh) θ̂v|p(h|bh)

{
θ̂v|p(h|bh)

}m

h=1

θ̂v|m|b|p

P̂v|m|b|p P̂v|m|b|p = E ′
m|p · θ̂v|m|b|p E ′

m|p

θ̂v|m|b|p E ′
m|p m×m

p = 1

θ̂v|m|b|p f̂m
v|p(ω)

cn|m|b|p mp

θ̂v|m|b|p

cn|m|b|p ·
(
θ̂v|m|b|p − θv|m|p

)
d−→ (

0,Σv|m|p
)
,

c ′
n|m|b|p

f̂m
v|p(ω)

c ′
n|m|b|p ·

(
f̂m

v|p(ω)− fv|p(ω)
)

d−→ (
0, σ2

v|p(ω)
)
,

θ̂v|p(h|bh)

cn|m|b|p n m {bh}m

h=1
cn|m|b|p → ∞ n → ∞ m → ∞ bh → 0+



σ2
v|p(ω)(
f̂m

v|p(ω)
)
= 4 ·

(
Λ′

m(ω) ·E ′
m|p · θ̂v|m|b|p

)
= 4 ·Λ′

m(ω) ·E ′
m|p ·

(
θ̂v|m|b|p

)
·Em|p ·Λm(ω).

cn|m|b|p

√
n(b1b2)

(p+1)/2 Σv|m|p√
n(b1b2)

(p+1)/2 · θ̂v|p(h|bh)(√
n(b1b2)

(p+1)/2 · θ̂v|m|b|p

)
=

m⊕
h=1

(√
n(b1b2)

(p+1)/2 · θ̂v|p(h|bh)

)
,

(√
n(b1b2)

(p+1)/2 · f̂m

v|p(ω)

)
= 4 ·

m∑
h=1

λ2

m(h) · 2(2πωh) ·
(√

n(b1b2)
(p+1)/2 · ρ̂v|p(h|bh)

)
.
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1/m

1/m c ′
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√
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fv|p(ω)

v = (v1, v2) fv|p(ω) = cv|p(ω)− iqv|p(ω) qv|p(ω) �≡ 0

ĉ m
v|p(ω) q̂ m

v|p(ω) m

f̂m
v|p(ω) ω �∈ 1

2
· Z :=

{
. . . ,−1,−1

2
, 0, 1

2
, 1, . . .

}
√
n(b1b2)

(p+1)/2/m ·
([

ĉ m
v|p(ω)

q̂ m
v|p(ω)

]
−
[
cv|p(ω)

qv|p(ω)

])
d−→

([
0

0

]
,

[
σ2
c:v|p(ω) 0

0 σ2
q:v|p(ω)

])
,



σ2
c:v|p(ω) σ2

q:v|p(ω)

σ2

c:v|p(ω) =
m→∞

1

m

m∑
h=1

λ2

m(h) · 2(2πωh) · {σ̃2

v|p(h) + σ̃2

v̆|p(h)
}

σ2

q:v|p(ω) =
m→∞

1

m

m∑
h=1

λ2

m(h) · 2(2πωh) · {σ̃2

v|p(h) + σ̃2

v̆|p(h)
}
,

σ̃2
v|p(h) σ̃2

v̆|p(h) ρ̂v|p(h|bh) ρ̂v̆|p(h|bh)

q̂ m
v|p(ω) ω ∈ 1

2
·Z

√
n(b1b2)

(p+1)/2/m ·
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f̂m

v|p(ω)− fv|p(ω)
)

d−→ (
0, σ2

c:v|p(ω)
)
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ω ∈ 1
2
· Z

ĉ m
v|p(ω) q̂ m

v|p(ω)

ĉ m

v|p(ω) = 1 +Λ′
c|m(ω) · P̂v|m|b|p +Λ′

c|m(ω) · P̂v̆|m|b|p = 1 +Λ′
c|m(ω) · P̂v|m|b|p

q̂ m

v|p(ω) = 0 +Λ′
q|m(ω) · P̂v|m|b|p −Λ′

q|m(ω) · P̂v̆|m|b|p = 0 +Λ′
q|m(ω) · P̂v|m|b|p,

Λ′
c|m(ω) Λ′

q|m(ω)

P̂v|m|b|p P̂v̆|m|b|p v v̆

2m Λ′
c|m(ω) Λ′

q|m(ω) P̂v|m|b|p

P̂v|m|b|p =
(
E ′

m|p ⊕E ′
m|p
) · Θ̂m|b|p(v, v̆)

Θ̂m|b|p(v, v̆)

v v̆
(
E ′

m|p ⊕E ′
m|p
)

[
ĉ m
v|p(ω)

q̂ m
v|p(ω)

]
=

[
1

0

]
+

[
Λ′

c|m(ω)

Λ′
q|m(ω)

]
· (E′

m|p ⊕E′
m|p
) · Θ̂m|b|p(v, v̆) ,

√
n(b1b2)

(p+1)/2 ·
(
Θ̂m|b|p(v, v̆)−Θm|p(v, v̆)

)
d−→ (

0,Σv|m|p ⊕ Σv̆|m|p
)
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ω �∈ 1
2
· Z σ2
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θ̂v|m|b|p

θ̂v|m|b|p

θ̂v|p(h|bh)

θ̂v|m|b|p

v b p

ρv|5 v

ρ̂v|5
p = 1

fv|p(ω ρv|p(h)

f̂m
v|p(ω)

ρ̂v|p(h)

Q

Qh:n

{Xt}t∈Z
m

[‖Xt‖2
]
< ∞

Qn = Qn(θ) = Qn(X1, . . . ,Xn;θ)

n {Xt}n

i=1
θ

Θ ∈ R
p θ◦ Qn

θ N θ◦



N ‖θ − θ◦‖ < δ

Qn(θ) = Qn(θ
◦) + (θ − θ◦)′

∂

∂θ
Qn(θ

◦) +
1

2
(θ − θ◦)′

∂2

∂θ∂θ′Qn(θ
◦) (θ − θ◦)

+
1

2
(θ − θ◦)′

{
∂2

∂θ∂θ′Qn(θ
∗)− ∂2

∂θ∂θ′Qn(θ
◦)

}
(θ − θ◦)

= Qn(θ
◦) + (θ − θ◦)′

∂

∂θ
Qn(θ

◦) +
1

2
(θ − θ◦)′ Vn (θ − θ◦)

+
1

2
(θ − θ◦)′ Tn(θ

∗) (θ − θ◦)

Vn Tn(θ
∗) θ∗ = θ∗(X1, . . . ,Xn;θ)

θ θ◦

{Xt}t∈Z
Qn

n → ∞
n−1(∂/∂θ)Qn(θ

◦)
a.s.−→ 0

n−1Vn

a.s.−→ V V p× p

j, k = 1, . . . , p

n→∞ δ→0

(nδ)−1
∣∣Tn{θ∗}

jk

∣∣ < ∞

Tn{θ∗}
jk

(j, k) Tn{θ∗}
θ̂n =

(
θ̂1, . . . , θ̂p

)′
θ̂n

a.s.−→ θ◦

ε > 0 E P (E) > 1− ε n◦ E n > n◦

(∂/∂θ)Qn(θ̂n) = 0 Qn θ̂n

n−1/2(∂/∂θ)Qn(θ
◦)

d−→ (0,W )

n1/2(θ̂n − θ◦)
d−→ (0, V −1WV −1) .

ψ
(
yh;θv|h

)
gh(yh) v θv|h =

[
θv|h:1, . . . , θv|h:5

]′
v

θh θv|h
b = (b1, b2) K(w)

Kh:b(yh − v) := 1
b1b2

K
(

yh−v1
b1

,
y0−v2
b2

)
v

qh:b :=

∫
R2

Kh:b(yh − v) [ψ(yh;θh)− gh(yh) ψ(yh;θh)] yh,



∫
R2

Kh:b(yh − v)uh(yh;θh) [ψ(yh;θh)− gh(yh)] yh = 0,

uh(yh;θh) := ∇h ψ(yh;θh) ψ(yh;θh) ∇h
:= ∂/∂θh

b0 θh:b

b 0 < b < b0 θh:b

b

Qh:n(θh)

n {Yh:t}t∈Z
M

qh:b

Lh:n(θh) := Lh:n(Yh:1, . . . ,Yh:n;θh)

:= n−1

n∑
t=1

Kh:b(Yh:t − v) ψ(Yh:t;θh)−
∫
R2

Kh:b(yh − v)ψ(yh;θh) yh.

Qh:n(θh) := Qh:n(Yh:1, . . . ,Yh:n;θh) := −nLh:n(θh)

= −
n∑

t=1

Kh:b(Yh:t − v) ψ(Yh:t;θh) + n

∫
R2

Kh:b(yh − v)ψ(yh;θh) yh,

uh(yh;θh)

∇hQh:n(θh) = −
n∑

t=1

[
Kh:b(Yh:t − v)uh(Yh:t;θh)−

∫
R2

Kh:b(yh − v)uh(yh;θh)ψ(yh;θh) yh

]
.

0 ∇hQh:n(θh)

θh:b

b θh:b

Nh
:= {θh : |θh − θh:b| < δ}

Lh:n(θh)

M



θh:b

Qh:n(θh) = Qh:n(θh:b) + [θh − θh:b]
′ ∇hQh:n(θh:b) +

1

2
[θh − θh:b]

′ Vh:b:n [θh − θh:b]

+
1

2
[θh − θh:b]

′ Th:b:n [θh − θh:b] ,

Vh:b:n
:= Vh:b:n(θh:b) := ∇h∇′

hQh:n(θh:b) ,

Th:b:n
:= Th:b:n(θ

∗
h,θh:b) := ∇h∇′

hQh:n(θ
∗
h)−∇h∇′

hQh:n(θh:b) ,

θ∗
h θh θh:b

b n → ∞

θ̂h:n ε > 0 Ah v

(Ac
h) < ε θ̂h:n

θh:b qh:b

(nb1b2)
1/2
(
θ̂h:n − θh:b

)
d−→ (0,Σh:b) ,

Σh:b
:= V −1

h:b Wh:bV
−1

h:b Wh:b

b → 0+ n → ∞
Kh:b(w) Qh:n(θh) Vh:b Wh:b

n

b = (b1, b2) n/n(b1b2)
5 → 0(

n (b1b2)
3
)1/2 (

θ̂h:n − θ◦
h

)
d−→ (0,Σ◦

h) ,

θ◦
h b → 0+ θh:b Σ◦

h (b1b2)
2

Vh:b Wh:b

θ̂n|m|b|p
m h(

Yt+h, Yt

)
h = 1, . . . ,m p = 5

θ̂n|m|b|p Qh:n

n b p

θm

m b n → ∞



m → ∞ b → 0+ n → ∞

Qh:n(θh) {Yh:t}t∈Z

(m+ 1) {Ym:t}t∈Z

Qh:n h = 1, . . . ,m Yh:t

Ym:t

Qh:n(θh) (m+ 1)

Q̃h:n(θh)

Qm:n(θm)

Qm:n(θm) := Qm:n(Ym:1, . . . ,Ym:n;θm) :=
m∑

h=1

Q̃h:n(θh) ,

θm θh

θm
:= [θ′

1, . . . ,θ
′
m]

′ .

m Q̃h:n(θh) Qm:n(θm)

{Ym:t}t∈Z
b

θ̂m:n Qm:n(θm)

θ̂h:n m θ̂h:n

θh:b θ̂m:n θm:b

m θh:b

b m f̂m
v (ω)

m b

Qm:n(θm)

Qm:n(θm) = Qm:n(θm:b) + [θm − θm:b]
′ ∇mQm:n(θm:b) +

1

2
[θm − θm:b]

′ Vm|b:n [θm − θm:b]

+
1

2
[θm − θm:b]

′ Tm|b:n [θm − θm:b] ,

θm:b m

θh:b ∇m
:= [∇′

1 , . . . ,∇′
m]

′ Vm|b:n Tm|b:n
Vh:b:n Th:b:n



∇m ∇h Qm:n

Qh:n ∇mQm:n(θm:b) m

∇hQh:n(θh:b)

∇m∇′
m m×m 5× 5

∇j∇′
k j, k = 1, . . . ,m Qm:n

∇j∇′
k j = k

Vm|b:n =
⊕m

h=1 Vh:b:n Vm|b:n
Vh:b:n Vh:b:n

Tm|b:n =
⊕m

h=1 Th:b:n

n−1∇mQm:n(θm:b)
a.s.−→ 0

∇mQm:n(θm:b) m ∇hQh:n(θh:b)

n−1∇hQh:n(θh:b) 0

n−1∇mQm:n(θm:b)

n−1Vm|b:n
a.s.−→ Vm|b Vm|b 5m× 5m

Vm|b:n m Vh:b:n

Vm|b:n
n−1Vh:b:n Vh:b

n−1Vm|b:n Vm|b
Vh:b

Vm|b:n Vh:b:n

j, k = 1, . . . , 5m

n→∞ δ→0

(nδ)−1
∣∣∣Tm|b:njk

∣∣∣ < ∞ ,

Tm|b:njk
(j, k) Tm|b:n

Tm|b:n m Th:b:n

j k

m Th:b:n Tm|b:n



n−1/2∇mQm:n(θm:b)
d−→ (

0,Wm|b
)

∇mQm:n(θm:b)

∇mQm:n(θm:b)

∇mQm:n(θm:b) = [∇1Q1:n(θh:b)
′, . . . ,∇mQm:n(θh:b)

′]′

[h, i] h = 1, . . . ,m i = 1, . . . , 5 [h, i]

(∇mQm:n(θm:b))[h,i] = −
n∑

t=1

Xhi:t,

Xhi:t

Xhi:t
:= Kh:b(Yh:t − v) uhi(Yh:t;θh:b)−

∫
R2

Kh:b(yh − v) uhi(yh;θh:b)ψ(yh;θh) yh,

uhi i h uh

α

Yt Xhi:t L
ν

[|Xhi:t|ν] < ∞ θh:b

[Xhi:t] = 0 Xhi:t

Shi|n :=
∑n

t=1 Xhi:t

n−1Shi|n −→ σ2 := γ0 + 2
∑
�≥1

γ�,

γ� � {Xhi:t}t∈Z

n−1/2Shi|n
d−→ (0, σ2) .

∇mQm:n(θm:b) Sn(a) := a′ ∇mQm:n(θm:b)

a ∈ R
5×m ∇mQm:n(θm:b)

Sn(a) =
n∑

t=1

Xt(a) ,



Xt(a) = a′Xt Xt Xhi:t

Xt = [X11:t, . . . , Xm5:t]
′

[Xt(a)] = 0 α

{Yt} [|Xt(a)|ν] < ∞
Xt(a)

n−1Sn(a) −→ σ2(a) := γ0(a) + 2
∑
�≥1

γ�(a)

n−1/2Sn(a)
d−→ (0, σ2(a)) ,

γ�(a) Xt(a) = a′Xt

γ0(a) = (a′Xt) = a′ (Xt)a γ�(a) =
(
a′Xt+�,a

′Xt

)
= a′

(
Xt+�,Xt

)
a

σ2(a) = a′Wm|ba Wm|b
a′ a

Wm|b := (Xt) + 2
∑
�≥1

(
Xt+�,Xt

)
= [XtX

′
t] + 2

∑
�≥1

[
Xt+�X

′
t

]
,

[Xt] = 0

n−1/2∇mQm:n(θm:b)
d−→ (

0,Wm|b
)

Qm:n(θm) m b

√
n
(
θ̂m:n − θm:b

)
d−→ (

0, V −1

m|bWm|bV
−1

m|b
)
.

m → ∞ b → 0+ n → ∞
n−1/2∇mQm:n(θm:b)

m → ∞ b → 0+ n → ∞



Yh:t

Qnm√
b1b2∇mQm:n(θm:b)

ψ(yh;θh) uh(yh;θh) Kh:b(yh − v) θh

p p = 1 p = 5

ψ(yh;θh) gh(yh)

v = (v1, v2) h ∈ N q ∈ {1, . . . , p}
θh:b qh:b

uhq:b(w) :=
∂

∂θh:q

(ψ(yh;θh))

∣∣∣∣
(yh; θh)=(w;θh:b)

.

L ≥ 0 uhq:b(w)

uhq:b(w)≤L := uhq:b(w) · �{∣∣uhq:b(w)
∣∣ ≤ L

}
,

uhq:b(w)>L := uhq:b(w) · �{∣∣uhq:b(w)
∣∣ > L

}
.

uhq:b(w) = uhq:b(w)≤L + uhq:b(w)>L uhq:b(w)≤L · uhq:b(w)>L = 0

uhq(w) b → 0+

θh:b uhq(w)≤L uhq(w)>L

uhq(w)

v

hq

∣∣uhq:b(v)
∣∣ < ∞

hq

∣∣uhq(v)
∣∣ < ∞

L uhq:b(v)
≤L = uhq:b(v) uhq(v)

≤L = uhq(v)

uhq:b(w) uhq(w)

w1 w2 v

gh(yh) v gh(yh)

h → ∞
h

L

Kh:b(w)
b → 0+ n−1/2 (b1b2)

1/2

θh:b



K(w)

∫
R2

K(w1, w2) w1 w2 = 1,

K1:k(w2) :=

∫
R1

K(w1, w2)w
k

1 w1 k ∈ {0, 1, 2},

K2:�(w1) :=

∫
R1

K(w1, w2)w
�

2 w2 � ∈ {0, 1, 2},∫
R2

K(w1, w2) |wk

1w
�

2| w1 w2 < ∞, k, � ≥ 0 k + � ≤ 2 · �ν� ,

ν > 2 �·�

Kh:b(yh − v) :=
1

b1b2
K

(
yh − v1

b1
,
y0 − v2

b2

)
.

K(w) uhq:b(w)

gh(yh) uhq:b(w) K(w)

Uh:b
:=
[
uh1:b(v) , . . . , uhp:b(v)

]′
Wh:b

:= Uh:bU
′
h:b · gh(v)

∫
R2

K(w)2 w,

Wm|b :=
m⊕

h=1

Wh:b.

Wh Wm b → 0+ uhq(w)

Wh:b Wh Wm:b Wm

m ah ∈ R
p am = [a1, . . . ,am]

′ a′
mWm:bam =

∑m
h=1 a

′
hWh:bah

Yh:t uhq:b(w) Kh:b(yh − v)

Xn

hq:t(v) :=
√

b1b2Kh:b(Yh:t − v) uhq:b(Yh:t) ,

Xn|≤L

hq:t (v) :=
√

b1b2Kh:b(Yh:t − v) uhq:b(Yh:t)
≤L ,

Xn|>L

hq:t (v) :=
√

b1b2Kh:b(Yh:t − v) uhq:b(Yh:t)
>L .



Xn
hq:t(v) = Xn|≤L

hq:t (v) +Xn|>L

hq:t (v) Xn|≤L

hq:t (v) ·Xn|>L

hq:t (v) = 0

v v

Xn
hq:t v

Xn
hq:t

Xn
hq:t ∇hQh:n(θh)

X̃n

hq:t
:= Xn

hq:t −
√
b1b2

∫
R2

Kh:b(yh − v) uhq:b(yh)ψ(yh;θh) y
h
,

Zn
hq:t Qnhq X̃n

hq:t

Xn
hq:t

(m+ 1)

Zn

hq:t
:= Xn

hq:t −
[
Xn

hq:t

]
,

Qnhq :=
n∑

t=1

Zn

hq:t.

Zn|≥L

hq:t Zn|<L

hq:t Qn|≥L

hq Qn|<L

hq

Zn
hq:t = Zn|≥L

hq:t + Zn|<L

hq:t Zn|≥L

hq:t · Zn|<L

hq:t = 0 Qnhq = Qn|≥L

hq + Qn|<L

hq

L
(
Zn

hq:i, Z
n
j:k

)
=
[
Zn

hq:i · Zn
j:k

]
=

(
Xn

hq:i, X
n
jr:k

)
Zn

hq:t a := am ∈ R
p×m

(m+ 1)

Zn

m:t(a) :=
m∑

h=1

p∑
q=1

ahqZ
n

hq:t = a′Zn

m:t,

Qnm(a) :=
m∑

h=1

p∑
q=1

ahq Qnhq = a′ Qnm,

Zn
m:t Qnm

Qnm
√

b1b2∇mQm:n(θm:b)

Qnm
√
b1b2∇mQm:n(θm:b) Zn

hq:t

X̃n
hq:t

Zn

hq:t − X̃n

hq:t =
√

b1b2 ·
∫
R2

Kh:b(yh − v) uhq:b(yh) {gh(yh)− ψ(yh;θh)} y
h
,

b b0 θh:b



m → ∞ b → 0+ n → ∞
p

m×m

p× p 5× 5

n−1/2 Qnm
b n m[

Xn
hq:i ·Xn

jr:k

]
h i j

k

v b Yh:i Yj:k

Kh:b v1 b1 Yh+i Yj+k

Kh:b v2 b2 Yi Yk

[
Xn

hq:i ·Xn
jr:k

]
v b Yt

{i, h+ i, k, j + k}

i = k h = j

Xn
hq:i

K(w) uhq:b(w)

K(w) uhq:b(w) R
2

Yt uhq:b(w) K(w)

Xn
hq:t[

Xn
hq:i

]
= O

(√
b1b2
)[∣∣Xn

hq:i

∣∣ν]1/ν = O
(|b1b2|(2−ν)/2ν

)



[
Xn

hq:i ·Xn
jr:k

]
=

⎧⎪⎪⎨⎪⎪⎩
uhq:b(v) uhr:b(v) gh(v)

∫
R2 K(w)2 w +O(b1 ∨ b2) ,

O(b1 ∧ b2) ,

O(b1b2) ,
Yt

h i j k

V · g g

V V
uhq:b(w) K(w)

b1
b2

gh(yh) v

J1
:=

∫
R2

V (yh) · gh(v) yh,

J2
:=

∫
R2

V (yh) · (gh(v)
′ [yh − v]) yh,

J3
:=

∫
R2

V (yh) · (Rh(yh)
′ [yh − v]) yh.

J1

J2 J3 O(b1 ∨ b2)

w1 = (yh − v1) /b1 w2 = (y0 − v2) /b2
[yh − v] [b1w1, b2w2]

′ a1 a2

gh(v) W V Rh1 Rh2

Th1 Th2

Rh1W Rh2W
J2

J2 = a1b1

∫
R2

w1 · W(w) w + a2b2

∫
R2

w2 · W(w) w,

w1 w2

J2 O(b1 ∨ b2)

J1 J2 J3

J3



J3

J3 =

∫
R2

[b1w1 · Th1(y(w)) + b2w2 · Th2(y(w))] w,

b1 b2
J3 O(b1 ∨ b2)

Yt uhq:b(w) K(w)

Xn
hq:t

(
Xn

hq:i, X
n

jr:k

)
=

⎧⎪⎪⎨⎪⎪⎩
uhq:b(v) uhr:b(v) gh(v)

∫
R2 K(w)2 w +O(b1 ∨ b2) ,

O(b1 ∧ b2) ,

O(b1b2) .

(
Xn

hq:i, X
n
jr:k

)
=
[
Xn

hq:i ·Xn
jr:k

]− [
Xn

hq:i

] · [Xn
jr:k

]

Yt uhq:b(w) K(w)

Zn
hq:t Zn

m:t(a)[∣∣Zn
hq:t

∣∣ν]1/ν = O
(|b1b2|(2−ν)/2ν

)
[|Zn

m:t(a)|ν]1/ν = O
(
m |b1b2|(2−ν)/2ν

)
L

ν

[∣∣Zn
hq:t

∣∣ν]1/ν = [∣∣Xn
hq:t −

[
Xn

hq:t

]∣∣ν]1/ν
≤ [∣∣Xn

hq:t

∣∣ν]1/ν + [∣∣ [Xn
hq:t

]∣∣ν]1/ν
= O

(|b1b2|(2−ν)/2ν
)
+O
(√

b1b2

)
= O

(|b1b2|(2−ν)/2ν
)
.

[|Zn
m:t(a)|ν]1/ν =

[∣∣∣∑m
h=1

∑p
q=1 ahqZ

n
hq:t

∣∣∣ν]1/ν
≤

m∑
h=1

p∑
q=1

∣∣ahq

∣∣ [∣∣Zn
hq:t

∣∣ν]1/ν
≤

m∑
h=1

p∑
q=1

Am ·O(|b1b2|(2−ν)/2ν
)

= O
(
m |b1b2|(2−ν)/2ν

)
.



Am

∣∣ahq

∣∣

m → ∞ b → 0+ n → ∞

Yt n m b

uhq:b(w) K(w)

Zn
m:t(a)

1

n

n∑
i,k=1
i�=k

| [Zn

m:i(a) · Zn

m:k(a)]| = o(1) .

{Yt}t∈Z

1

n

n∑
i,k=1
i�=k

| [Zn

m:i(a) · Zn

m:k(a)]| = 2
n−1∑
�=1

(
1− �

n

)
In

m:�(a),

In
m:�(a)

In

m:�(a) := | [Zn

m:0(a) · Zn

m:�(a)]|

=

∣∣∣∣∣
[

m∑
h=1

p∑
q=1

ahqZn

hq:0 ·
m∑
j=1

p∑
r=1

ajrZn

jr:�

]∣∣∣∣∣
=

∣∣∣∣∣
m∑

h=1

m∑
j=1

p∑
q=1

p∑
r=1

ahqajr

[
Zn

hq:0 · Zn

jr:�

]∣∣∣∣∣
≤

m∑
h=1

m∑
j=1

p∑
q=1

p∑
r=1

|ahq||ajr| In

hqjr:�,

In
hqjr:�

:=
∣∣ [Zn

hq:0 · Zn
jr:�

]∣∣ = ∣∣ (
Xn

hq:0, X
n
jr:�

)∣∣



kn kn → ∞ knm
2b1b2 → 0

n → ∞

J1
:= 2

m∑
�=1

(1− �/n) In

m:�(a),

J2
:= 2

kn+m∑
�=m+1

(1− �/n) In

m:�(a),

J3
:= 2

n−1∑
�=kn+m+1

(1− �/n) In

m:�(a).

In
m:�(a) J1

Yt Zn
m:0(a) Zn

m:�(a)

J2 J3

J1

0 ≤ J1 ≤ 2 ·
⎛⎝

h∈{1,...,m}
q∈{1,...,p}

∣∣ahq

∣∣2⎞⎠ ·
m∑
�=1

m∑
h=1

m∑
j=1

p∑
q=1

p∑
r=1

∣∣ (
Xn

hq:0, X
n

jr:�

)∣∣ ,

h � j + �

m2 m3

J1 O(m2(b1 ∧ b2))

O(m3b1b2)

J1 = o(1)

m2(b1 ∧ b2) ≤ m2(b1 ∨ b2) ,

m3b1b2 ≤ m−1 ·m4(b1 ∨ b2)
2 = m−1 · (m2 (b1 ∨ b2))

2 .

J2

� > M J2

J2 = O(knm
2b1b2) .

knm
2b1b2 → 0 kn J2 = o(1)

J3

In
m:�(a) J3

m b



σ Zn
m:0(a) ∈ Fm

0

Zn
m:�(a) ∈ F �+m

� ⊂ F∞
m+(�−m) � > kn +m

In
m:�(a)

In

m:�(a) = | [Zn

m:0(a) · Zn

m:�(a)]|
= | [Zn

m:0(a) · Zn

m:�(a)]− [Zn

m:0(a)] · [Zn

m:�(a)]|
≤ 12 ( [|Zn

m:0(a)|ν])1/ν · ( [|Zn

m:�(a)|ν])1/ν · [α(�−m)]1−1/ν−1/ν

= 12
(
( [|Zn

m:0(a)|ν])1/ν
)2 · [α(�−m)]1−2/ν

= 12
(
O
(
m |b1b2|(2−ν)/2ν

))2 · [α(�−m)]1−2/ν

≤ C ·m2 · |b1b2|(2−ν)/ν · [α(�−m)]1−2/ν ,

Zn
m:t(a)

{Yt}

C
J3

0 ≤ J3 ≤ C3 ·
∞∑

j=kn+1

(
m2 · |b1b2|(2−ν)/ν

) · [α(j)]1−2/ν ,

C3 j = �−m

ja ≥ m2 · |b1b2|(2−ν)/ν j ≥ kn + 1

a

kn + 1 =
⌈
m2/a · |b1b2|(2−ν)/aν

⌉

0 ≤ J3 ≤ C3 ·
∞∑

j=kn+1

ja [α(j)]1−2/ν ,

kn → ∞ n → ∞ J3 = o(1)

kn knm
2b1b2 → 0

J2 kn → ∞ J3

J1 + J2 + J3 o(1)

Yt n m b

Wm:b =
⊕m

h=1 Wh:b a = am = [a1, . . . ,am]
′ ah ∈ R

p

Zn
m:t(a)

(Zn
m:t(a)) = a′

mWm:bam+O(m2 · (b1 ∨ b2)) =
∑m

h=1 a
′
hWh:bah+O(m2 · (b1 ∨ b2)) =

O(m)



r := rn ∞ n → ∞
L η1:r

:=
∑r

t=1 Z
n
m:t(a)

η≤L
1:r

:=
∑r

t=1 Z
n|≤L
m:t (a) η>L

1:r
:=
∑r

t=1 Z
n|>L
m:t (a)

(η1:r) = r · {∑m
h=1 a

′
hWh:bah + o(1)}

L (η≤L
1:r ) = r · {∑m

h=1 a
′
hWh:bah + o(1)} (η>L

1:r ) = r · o(1)

(Zn

m:t(a))=
m∑

h=1

m∑
j=1

p∑
q=1

p∑
r=1

ahqajr

(
Xn

hq:t, X
n

jr:t

)
=

m∑
h=1

p∑
q=1

p∑
r=1

ahqahr

(
Xn

hq:t, X
n

hr:t

)
+

m∑
h,j=1
h �=j

p∑
q=1

p∑
r=1

ahqajr

(
Xn

hq:t, X
n

jr:t

)
.

∑m
h=1

∑p
q=1

∑p
r=1 ahqahruhq:b(v) uhr:b(v) gh(v)

∫
R2 K(w)2 w

a′Wm:ba =
∑m

h=1 a
′
hWh:bah O(m · (b1 ∨ b2))

O(m2 · (b1 ∧ b2))

O(m2 · (b1 ∨ b2))

a′
hWh:bah

(η1:r) =
r∑

i=1

(Zn

m:i(a)) +
r∑

i,k=1
i �=k

[Zn

m:i(a) · Zn

m:k(a)] .

r · (Zn
m:1(a))

r · o(1)

uhq:b(v)uhr:b(v) Wh:b uhq:b(v)
≤L uhr:b(v)

≤L

uhq:b(v)
>L uhr:b(v)

>L uhq:b(v)
≤L = uhq:b(v) L

uhq:b(v)
>L = 0

Qm:n(θm:b)

θ̂v|m|b|p

f̂m
v|p(ω) m

v = (v1, v2) Yt

n m b Wm:b =
⊕m

h=1 Wh:b a =

am = [a1, . . . ,am]
′ ah ∈ R

p

Qnm(a) Qnm b m n



n−1/2 Qnm(a)
d−→ (0,

∑m
h=1 a

′
hWh:bah)

n−1/2 Qnm
d−→ (0,

⊕m
h=1 Wh:b) mp

Qnm(a) Zn
m:t(a)

Qnm(a) =
m∑

h=1

p∑
q=1

ahq Qnhq =
m∑

h=1

p∑
q=1

ahq

[
n∑

t=1

Zn

hq:t

]
=

n∑
t=1

[
m∑

h=1

p∑
q=1

ahqZ
n

hq:t

]
=

n∑
t=1

Zn

m:t(a).

{1, . . . , n}
Qnm(a)

S(1)
n S(2)

n S(3)
n Qnm(a)

S(1)
n S(1)

n

S(1)
n

� r s {1, . . . , n} 2�+ 1

Aj
:= {(j − 1) (r + s) + 1, . . . , (j − 1) (r + s) + r} , j = 1, . . . , �,

Bj
:= {(j − 1) (r + s) + r + 1, . . . , j (r + s)} , j = 1, . . . , �,

C�
:=

{
{� (r + s) + 1, . . . , n} � (r + s) < n,

∅ � (r + s) = n.

A◦ :=
�⋃

j=1

Aj, B◦ :=
�⋃

j=1

Bj.

A◦ B◦ �r �s

C� n− �(r + s) r + s− 1 < 2r

{1, . . . , n}

ηj
:=
∑
t∈Aj

Zn

m:t(a), j = 1, . . . , �, S(1)

n
:=

�∑
j=1

ηj =
∑
t∈A◦

Zn

m:t(a),

ξj :=
∑
t∈Bj

Zn

m:t(a), j = 1, . . . , �, S(2)

n
:=

�∑
j=1

ξj =
∑
t∈B◦

Zn

m:t(a),

ζ� :=
∑
t∈C�

Zn

m:t(a), S(3)

n
:= ζ�,

n−1/2 Qnm(a) = n−1/2 {S(1)

n + S(2)

n + S(3)

n } .



(n−1/2 Qnm(a)) =
1

n
[ Qnm(a) · Qnm(a)] =

1

n

3∑
p=1

3∑
q=1

[S(p)

n · S(q)

n ] .

p �= q

p = 1 q = 2∣∣∣∣ 1n [S(1)

n · S(2)

n ]

∣∣∣∣ =
∣∣∣∣∣ 1n

[(∑
i∈A◦

Zn

m:i(a)

)
·
(∑

k∈B◦
Zn

m:k(a)

)]∣∣∣∣∣
≤ 1

n

∑
i∈A◦

∑
k∈B◦

| [Zn

m:i(a) · Zn

m:k(a)]|

≤ 1

n

n∑
i,k=1
i�=k

| [Zn

m:i(a) · Zn

m:k(a)]| .

p = q = 2

O(m)

1

n
[S(2)

n · S(2)

n ] =
1

n

∑
i,k∈B◦

[Zn

m:i(a) · Zn

m:k(a)]

=
1

n

∑
i∈B◦

[Zn

m:i(a) · Zn

m:i(a)] +
1

n

∑
i,k∈B◦
i�=k

[Zn

m:i(a) · Zn

m:k(a)]

=
1

n

∑
i∈B◦

O(m) + o(1)

= O

(
m�s

n

)
.

p = q = 3

1

n
[S(3)

n · S(3)

n ] = O

(
m (n− �(r + s))

n

)
< O

(mr

n

)
.

(m�s)/n mr/n

n−1/2( Qnm(a)− S(1)
n ) ⇒ 0

n−1/2 Qnm(a) n−1/2 S(1)
n

S(2)
n

(n−1/2 S(1)

n ) =
1

n

�∑
j=1

(
ηj

)
+ o(1) .



ηj

∣∣∣∣∣ [ (itS(1)

n )]−
�∏

j=1

[ (
itηj

)]∣∣∣∣∣→ 0.

Vj =
(
itηj

)
j = 1, . . . , �

Vj

∣∣Vj

∣∣ ≤ 1

σ ηj Aj Zn
m:t(a)

Vj ∈ F (j−1)(r+s)+r+m

(j−1)(r+s)+1

σ Vj σ

Vj+1

ϑ := {((j + 1)− 1)(r + s) + 1} − {(j − 1)(r + s) + r +m} = s−m+ 1.

m = o(s)

σ 16(�− 1)α(ϑ)

ηj

s2
�
:=
∑�

j=1

(
ηj

)

s2

� =
�∑

j=1

(
ηj

)
= � · (η1) = � · r ·

{
m∑

h=1

a′
hWh:bah + o(1)

}
,

s2
� > 0

∀ ε > 0
n→∞

�∑
j=1

1

s2
�

[
η2

j · �
{∣∣ηj

∣∣ ≥ ε
√
s2
�

}] −→ 0.

{∣∣ηj

∣∣ ≥ ε
√
s2
�

}
n

∣∣ηj

∣∣
ε
√
s2
�

Xn
hq:t Zn

hq:t ηj∣∣ηj

∣∣
∣∣ηj

∣∣ =
∣∣∣∣∣∣
∑
t∈Aj

m∑
h=1

p∑
q=1

ahqZ
n

hq:t

∣∣∣∣∣∣ ≤
∑
t∈Aj

m∑
h=1

p∑
q=1

∣∣ahq

∣∣ ∣∣Zn

hq:t

∣∣ ,
∣∣Zn

hq:t

∣∣ = ∣∣Xn

hq:t −
[
Xn

hq:t

]∣∣ ≤ ∣∣Xn

hq:t

∣∣+O
(√

b1b2

)
,∣∣Xn

hq:t

∣∣ = ∣∣∣∣√b1b2 ·
1

b1b2
Kh

(
Yt+h − v1

b1
,
Yt − v2

b2

)
uh:b(Yh:t)

∣∣∣∣ .



uhq:b(w) Kh:b(w − v)

Qnm(a) = Qn|≤L

m (a) + Qn|>L

m (a)

L

uhq:b(w)

uhq:b(w)≤L uhq:b(w)>L

n−1/2 Qn|>L

m (a) n−1/2 S(1)
n

|>L

L

(
n−1/2 S(1)

n

|>L
)
=

1

n

�∑
j=1

(
η>L

j

)
+ o(1) =

�r

n
· o(1) .

�r � n n−1/2 Qn|>L

m (a) ⇒ 0 n−1/2 Qnm(a)

n−1/2 Qn|≤L

m (a) L∣∣η≤L
j

∣∣ uhq:b(w)≤L

K(w)

K ∣∣η≤L
j

∣∣
∣∣η≤L

j

∣∣ ≤ rmp
( ∣∣ahq

∣∣)( K√
b1b2

L+O
(√

b1b2

))
< CL rm√

b1b2
,

C j

�

{∣∣η≤L
j

∣∣ ≥ ε
√

(s2
�)

≤L

}
n → ∞∣∣η≤L

j

∣∣
(s2

�)
≤L√

�rm L

(s2
�)

≤L s2
�

∣∣η≤L
j

∣∣
√
�rm

≤ CL
√

mr

�b1b2
−→ 0,

ε
√
(s2

�)
≤L

√
�rm

= ε ·
√√√√ 1

m

{
m∑

h=1

a′
hWh:bah + o(1)

}
� ε ·

√√√√ 1

m

m∑
h=1

a′
hWh:bah.

Wh:b

h → ∞ b → 0+ 1
m

∑m
h=1 a

′
hWh:bah

L ∞



∑�
j=1 η

≤L
j√

s2
�

−→ N(0, 1),

�r � n

n−1/2

�∑
j=1

η≤L

j −→
(
0,

m∑
h=1

a′
hWh:bah

)
.

n−1/2 Qnm(a) n−1/2 Qn|≤L

m (a)

n−1/2(S(1)
n )≤L n−1/2

∑�
j=1 η

≤L
j L

m n b

K(w)

p > 1

n−1/2 Qnm

θ̂m:n

n−1/2
√
b1b2∇mQm:n(θm:b)

d−→
(
0,

m⊕
h=1

Wh:b

)
,

mp

Qnm
√
b1b2∇mQm:n(θm:b)

θ̂
v|m|b|p

f̂m
v|p(ω)

p = 1 p = 5

m

θ̂v|m|b|p θv|m|p√
n(b1b2)

(p+1)/2 ·
(
θ̂v|m|b|p − θv|m|p

)
d−→ (

0,Σv|m|p
)
,



Σv|m|p :=
⊕m

h=1 Σv|h|p Σv|m|p Σv|h|p√
n(b1b2)

(p+1)/2 ·
(
θ̂v|h|b|p − θv|h|p

)
Qm:n

(
θv|m|b|p

)
m → ∞ b → 0+ n → ∞

θ̂v|m|b|p
θv|m|p

m b

√
n ·
(
θ̂v|m|b|p − θv|m|p

)
d−→ (

0,Σv|m|p
)
,

Σv|m|p := V −1
v|m|pWv|m|pV

−1
v|m|p mp×mp Vv|m|p Wv|m|p

Vv|m|p =
m⊕

h=1

Vv|h|p, Wv|m|p =
m⊕

h=1

Wv|h|p,

p× p Vv|h|p Wv|h|p
θv|h|b|p

Vv|m|p Vv|h|p V −1
v|m|p

V −1
v|h|p

Σv|m|p =
⊕m

h=1 Σv|h|p Σv|h|p := V −1
v|h|pWv|h|pV

−1
v|h|p√

n ·
(
θ̂v|h|b|p − θv|h|p

)
m → ∞ b → 0+ n → ∞√

b1b2 Kh:b

p = 1 Vv|h|p Wv|h|p
p = 5 Vv|h|p Wv|h|p

√
(b1b2)

3 p = 5

v v̆

m f̂m
v|p(ω)

v v ∈ R
2

m f̂m
v|p(ω) v = (v1, v2)

v1 �= v2



v = (v1, v2)

gh(yh) v̆ = (v2, v1) v

θ̂v|m|b|p θ̂v̆|m|b|p Θ̂m|b|p(v, v̆) =
[
θ̂′

v|m|b|p, θ̂
′
v̆|m|b|p

]′
√
n(b1b2)

(p+1)/2 ·
(
Θ̂m|b|p(v, v̆)−Θm|p(v, v̆)

)
d−→

(
0,

[
Σv|m|p 0

0 Σv̆|m|p

])
,

Σv|m|p Σv̆|m|p

Qm:n|p
(
Θm|b|p(v, v̆)

)
:= Qm:n|p

(
θv|m|b|p

)
+Qm:n|p

(
θv̆|m|b|p

)
,

Qm:n|p
θv|m|b|p {Yt}n

t=1

v v̆

v

gh(yh)

θv|m|b|p θv̆|m|b|p
Qm:n|p

Qm:n|p
Vm|b:n|p

Qm:n|p
(
θv|m|b|p

)
Qm:n|p

(
θv̆|m|b|p

)
Vm|b|p(v, v̆) = Vm|b:n|p(v)⊕ Vm|b:n|p(v̆)

Qm:n|p
Xn

hq:t(v) Xn
hq:t(v̆) h = 1, . . . ,m q = 1, . . . , p

v v̆ Zn
hq:t Qnhq

Zn
m:t(a) Zn

m:t Qnm(a) Qnm√
b1b2 Qm:n|p

(
Θm|b|p(v, v̆)

)
Qnm(v, v̆) := [ Qnm(v)

′, Qnm(v̆)
′]′

Zn
m:t(a1,a2;v, v̆) := Zn

m:t(a1;v) + Zn
m:t(a2; v̆)

Zn
m:t(a) Zn

m:t(a1,a2;v, v̆)[
Xn

hq:i(v) ·Xn
jr:k(v̆)

]

Zn
m:t(a)

m



m

Zn
m:t(a1,a2;v, v̆)

Zn

m:i(a1,a2;v, v̆) · Zn

m:k(a1,a2;v, v̆) = Zn

m:i(a1;v) · Zn

m:k(a1;v) + Zn

m:i(a1;v) · Zn

m:k(a2; v̆)

+ Zn

m:k(a1;v) · Zn

m:i(a2; v̆) + Zn

m:i(a2; v̆) · Zn

m:k(a2; v̆),

v v̆

1

n

n∑
i,k=1
i�=k

|Zn

m:i(a1;v) · Zn

m:k(a2; v̆)| = o(1) ,

n−1∑
�=1

(
1− �

n

)
In

m:�(a1,a2;v, v̆) +
n−1∑
�=1

(
1− �

n

)
In

m:�(a2,a1; v̆,v),

In
m:�(a1,a2;v, v̆) := | [Zn

m:0(a1,v) · Zn
m:�(a2, v̆)]| In

m:�(a2,a1; v̆,v)

o(1)

Zn
m:t(a1,a2;v, v̆)

(
Zn

m:t(a1,a2;v, v̆)
)
= (Zn

m:t(a1,v)) + 2 (Zn

m:t(a1,v), Z
n

m:t(a2, v̆)) + (Zn

m:t(a2, v̆)) ,

a′
m ·Wm:b · am

:= [a′
1,a

′
2] · (Wm:b(v)⊕Wm:b(v̆)) ·

[
a1

a2

]
= a′

1 ·Wm:b(v) · a1 + a′
2 ·Wm:b(v̆) · a2,

Wm:b
:= Wm:b(v)⊕Wm:b(v̆)

m m

n−1/2 Qm:n|p
(
Θm|b|p(v, v̆)

) d−→ (0,Wm:b(v)⊕Wm:b(v̆)) .



θ̂vi|m|b|p
{vi}ν

i=1

f̂m
vi|p

(ω)

v

ρv|p(h)

n m b

K(w uhq:b(w)

gh(yh)

α σ L
ν

f̂m
v|5(ω) f̂m

v|1(ω)

ρ
v|p(h)

ρv|p(h)

fv|p(ω)

{Yt}t∈Z
v = (v1, v2)

ρv|p(−h) = ρv̆|p(h),

v̆ = (v2, v1) v

Yh:t
:= (Yh, Y0) Y−h:t

:=
(
Y−h, Y0

)
G−h

(
y−h, y0

)
=
(
Y−h ≤ y−h, Y0 ≤ y0

)
=
(
Y0 ≤ y0, Y−h ≤ y−h

)
=
(
Yh ≤ y0, Y0 ≤ y−h

)
= Gh

(
y0, y−h

)



g−h

(
y−h, y0

)
= gh

(
y0, y−h

)
.

g−h(v) = gh(v̆)

θ−h(v) g−h v

θh(v̆) gh v̆ θ−h(v) = [μ1, μ2, σ11, σ22, ρ]
′

θh(v̆) = [μ2, μ1, σ22, σ11, ρ]
′ ρ

ρv|p(−h) ρv̆|p(h)

p = 1

μ1 = μ2 = 0 σ11 = σ22 = 1

h v1 = v2

fv|p(ω)

{Yt}t∈Z

gh(v1, v2) = gh(v2, v1)

v = (v1, v2) ∈ R
2 h ∈ N

ρv|p(−h) = ρv|p(h).

{Yt}t∈Z
(Yh, Y0)

(
Y−h, Y0

)
G−h

(
y−h, y0

)
=
(
Y−h ≤ y−h, Y0 ≤ y0

)
=
(
Yh ≤ y−h, Y0 ≤ y0

)
= Gh

(
y−h, y0

)
.

gh g−h



s

s c := cn → ∞

c · s = o
(√

nb1b2/m
)
,

√
nm/b1b2 · c · α(s−m+ 1) −→ 0.

s c r � ϑ

r = rn
:=

⌊√
nb1b2/m

c

⌋
, � = �n :=

⌊
n

r + s

⌋
, ϑ = ϑn

:= s−m+ 1,

n → ∞
s

r
−→ 0; �α(ϑ) −→ 0;

mr

n
−→ 0;

mr

�b1b2
−→ 0;

m�s

n
−→ 0.

s

m = o
(
(nb1b2)

ξ
)

ξ ∈ (0, 1
3

)
τ/(2 + 5τ)− λ

m = o(s) s = o
(√

nb1b2/m
)

m ≥√nb1b2/m

m <
√
nb1b2/m m < (nb1b2)

1/3

s

m = o
(
(nb1b2)

1/3−ζ
)
, ζ ∈ (0, 1

3

)
.

s s := m · s s := 1 ∨ ⌊(nb1b2)ζ/2⌋
s ∞ m = o(s) m/s = 1/s → 0 s = o

(√
nb1b2/m

)
s√

nb1b2/m
� m · (nb1b2)ζ/2
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=
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(nb1b2)
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=

[
m

(nb1b2)
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=

[
1
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· m
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→
[
1

∞ · 0
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s m = o
(
(nb1b2)

ξ
)

ξ ∈ (0, 1
3

)
τ/(2 + 5τ)− λ

(
0, 1

5

)
s c

s = 1 ∨
⌊(√

nb1b2/m
)1−η⌋

, c =
(√

nb1b2/m
)η/2

, η ∈ (0, 1)

1− η η/2 (0, 1) s c ∞
c · s o

(√
nb1b2/m

)
c sη/2(1−η)



η η/2(1− η) τ > 0

�x�
x → ∞ x � �x� x/ �x� = 1

n/m ∞

s

r
� s√

nb1b2/m

c

=
c · s√
nb1b2/m

→ 0,

�α(ϑ) ≤ n

r + s
α(ϑ) � n

r
α(ϑ) � n√
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c

α(ϑ) =
√

nm/b1b2 · c · α(ϑ) → 0,

mr

n
≤

√
nb1b2/m

c
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=

√
b1b2

c
√

n/m
→ 0

∞ ·∞ = 0,

mr

�b1b2
� mr

n
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b1b2
=

r(r + s)

nb1b2/m
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nb1b2/m
≤

nb1b2/m
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=

1
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→ 0.

m�s/n → 0 s c
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n
≤ m n
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s

n
= m

s

r + s
� m

s

r
� m

c · s√
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≤ m

(√
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√
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=
m
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=
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(nb1b2)
η/4

=

(
m

(nb1b2)
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)(4+η)/4

.

m = o
(
(nb1b2)

τ/(2+5τ)−λ
)

η τ/(2 + 5τ)− λ ≤ p(η) := η/(4 + η) p′(η) = 4/ (4 + η)2 > 0

p(η)

η/2(1− η) < τ

η < 2τ/(1 + 2τ) p(η) τ/(2 + 5τ)

λ > 0 η τ/(2 + 5τ)− λ ≤ p(η) < τ/(2 + 5τ)

kn + 1 :=
⌈
m2/a · |b1b2|(2−ν)/aν

⌉
kn −→ ∞
knm

2b1b2 −→ 0

ν > 2 a > 1− 2/ν

2/a > 0 (2− ν)/aν < 0 m → ∞ b → 0+ n → ∞
kn → ∞



kn =
⌈
m2/a · |b1b2|(2−ν)/aν
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�
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�
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2 \ Ak� K(w)
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�
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∫
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∫
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∫
Ac

k�

K(w1, w2) |wk

1w
�

2|
ν� w1 w2

≤
∫
R2

K(w1, w2) |wk
ν�
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ν�

2 | w1 w2 < ∞,
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uhq:b(w) Kh:b(yh − v)

ν > 2∫
R2

√
b1b2Kh:b(ζ − v)uhq:b(ζ) ζ = O

(√
b1b2
)(∫

R2

∣∣√b1b2Kh:b(ζ − v) uhq:b(ζ)
∣∣ν ζ
)1/ν

= O
(|b1b2|(2−ν)/2ν

)
Kqr,hj:b(ζ1, ζ2) := Kh:b(ζ1 − v)Kj:b(ζ2 − v)uhq:b(ζ1) ujr:b(ζ2) ζ1 ζ2

κ ζ(κ)

κ

∫
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⎧⎪⎪⎨⎪⎪⎩
uhq:b(v)ujr:b(v)

∫
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w1 = (ζ1 − v1) /b1 w2 = (ζ1 − v2) /b2∫
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b1b2
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uhq:b(v1, v2) + b1c1w1 + b2c2w2 + b21c11w
2

1 + b1b2c12w1w2 + b22c22w
2
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c1 c2 c11 c12 c22
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)
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∣∣∣∣√b1b2 ·
1
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∣∣ν w1 w2
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Kh:b(ζ1 − v)Kj:b(ζ2 − v)
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ζ1 = (ζ1, ζ2) ζ2 = (ζ1, ζ3) ζ1 = (ζ1, ζ2) ζ2 = (ζ3, ζ1)
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∫
R1

K([(b2w2 + v2)− v1] /b1, w3)w
�

3 w3
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κ = 3



κ = 4 ζ1 ζ2

b1b2

(∫
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⎧⎪⎪⎨⎪⎪⎩
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F s
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t s −∞ +∞
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:= ξ(Ym:t) Ym:t ∈ F t+m
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ζ |ζ|ν

ζ(z) ∈ L
ν ⇐⇒
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ν
:=
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ψ5(w) ψ1(w)

ψ5(w;μ1, μ2, σ1, σ2, ρ) :=
1

2π·σ1σ2

√
1−ρ2

{
−σ2

1(w1−μ1)
2−2σ1σ2ρ(w1−μ1)(w2−μ2)+σ2

2(w2−μ2)
2

2σ2
1σ

2
2(1−ρ2)

}
,

ψ1(w; ρ) := 1

2π·
√

1−ρ2

{
−w2

1−2ρw1w2+w2
2

2(1−ρ2)

}
.
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ρv|5

ψ1(w)
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g(w) v φ(w)

σv

φ2(w;μ, σ) :=
1√
2π·σ

{
− (w−μ)2

2σ2

}
,

φ1(w; σ) :=
1√
2π·σ

{
− w2

2σ2

}
,

φ1(w; σ) u1(w; σ) =
d
σ

φ1(w; σ) = (w2 − σ2)/σ3

φ1(w; σ)

φ1(w; σ) ≤ φ1(w; |w|) w �= 0

φ1(w; σ)

i = 1, 2 b → 0+

qv|b|i =

∫
Kb(w − v)[φi(w; σ)− g(w) · φi(w; σ)] w,

Kb(w − v) := 1
b
· K(w−v

b
) K b

i = 1 σv|b|1 qv|b|1

σ
qv|b|1 = 0 ∫

Kb(w − v)u1(w; σv|b|1)
[
φ1(w; σv|b|1)− g(w)

]
w = 0.

g(w) v h(w; σ)

u1(w; σ) [φ1(w; σ)− g(w)]

z = (w − v)/b

h(w; σ) v

h(v; σv|b|1) + b2 · 1
2
h(2)(v; σv|b|1) + b2 ·

∫
R(v + bz; b, σv|b|1)z

2K(z) z = 0,

R

b → 0+ h(v; σv|b|1)

φ1(v; σv|b|1) = g(v) u1(v; σv|b|1) = 0

u1(v; σv|b|1) g(v) > φ1(v; |v|)
u1(v; σv|b|1)

u1(v; σv|b|1) =
b2 · {1

2
h(2)(v; σv|b|1) +

∫
R(v + bz; b, σv|b|1)z

2K(z) z
}(

g(v)− φ1(v; σv|b|1)
) ,

b → 0+ σv|b|1 σv|1 = |v|



n → ∞

Vv|b|1 = b · u2

1(v; σv|b|1) + b3 · TV (v; b, σv|b|1),

Wv|b|1 = b · u2

1(v; σv|b|1) + b3 · TW (v; b, σv|b|1),

TV (v; b, σv|b|1) TW (v; b, σv|b|1)

b → 0+ n → ∞√
n
(
σ̂v|b|1 − σv|1

)
b → 0+
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−1
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b · u2
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nb3
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2
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σ̂v|b|1
σ̂v|b|1 σv|1 = |v|

g(w) v g(w)

v σv|1

φ1(w; σ) v g(w)

g(v) < φ1(v; |v|)
α = 2.19 β = 1.50 v = 0.25 φ1(w; σ)
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