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The synchronization of loosely coupled chaotic systems has increasingly found applications to
large networks of differential equations and to models of continuous media. These applications
are at the core of the present Focus Issue. Synchronization between a system and its model, based
on limited observations, gives a new perspective on data assimilation. Synchronization among
different models of the same system defines a supermodel that can achieve partial consensus
among models that otherwise disagree in several respects. Finally, novel methods of time series
analysis permit a better description of synchronization in a system that is only observed partially
and for a relatively short time. This Focus Issue discusses synchronization in extended systems
or in components thereof, with particular attention to data assimilation, supermodeling, and their
applications to various areas, from climate modeling to macroeconomics. Published by AIP

Publishing. https://doi.org/10.1063/1.5018728

Synchronization among regular oscillators such as a com-
plex organism’s circadian rhythms, pendulum clocks on
a common wall, or blinking fireflies establishes a surpris-
ing order in natural systems. Theoretical and numerical
results obtained over the past 25 years with coupled cha-
otic systems suggest that synchronistic relationships
could possibly occur between systems whose internal
behavior is not ostensibly regular, extending greatly the
potential range of synchronism in nature. More recently,
synchronization has been explored in naturally occur-
ring, chaotic systems with very large numbers of varia-
bles and in models thereof; the latter are typically
governed by sets of ordinary differential equations
(ODE?s) on large networks or by partial differential equa-
tions (PDEs) on continuous media. An important instance
is the synchronization between a system and its real-time
computational model that can be induced by a limited set
of observations of the system. Such truth—-model synchro-
nization corresponds to the well-established practice of
data assimilation, used extensively in meteorology, ocean-
ography, and the climate sciences in general. An exten-
sion of this idea is to allow a set of alternative models of
the same real system to synchronize with one another, as
well as the real system, by exchanging data and thus
forming a supermodel. Such a supermodel offers a poten-
tial solution to problems of divergent predictions by dif-
ferent expert models, and it has been shown to improve
upon the common practice of merely averaging over
model outputs. This Focus Issue sheds further light on
the uses of synchronization for data assimilation and for
supermodeling, as well as on current developments in
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synchronization within and between extended systems,
natural and social, in general.

I. SETTING THE STAGE

Synchronization theory arose in the early 1990s in the
context of secure communications methodology.! Over the
last quarter-century, synchronization of chaotic systems that
are coupled loosely, i.e., through only a few of their many
dynamical variables, has begun to find real-world applica-
tions that are much broader and cover many areas of the sci-
ences. In particular, the scientific community has been
moving from synchronization in network models to synchro-
nization of extended, classically continuous systems that
arise in nature and society.

Synchronization is possible both within such a continu-
ous system and between two or more such systems. In the
former case, we have a new description of coherence. In the
latter case, the principle remains the same as for a pair of
coupled ODEs: exchange of a surprisingly small amount of
energy or information will cause large systems to synchro-
nize, despite spatio-temporal chaos within the individual sys-
tems and despite the complexity of the system as a whole.

Because of the great overall interest in synchronization,
as well as because of its increasing importance within the field
of chaos as a whole, there have been already a number of
Focus Issues and an even larger number of individual articles
in this journal on the topic. The present issue deals with cur-
rent applications to extended real-world systems and detailed
models thereof (G. S. Duane and M. Ghil conceived and
planned this Focus Issue. All four Guest Editors carried out
the editorial tasks.). These applications require a direct repre-
sentation of the continuum or of a realistically large network.

Published by AIP Publishing.
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Of special interest is the relationship between such a
system and its model, which can itself be characterized as
one of synchronization, either in the context of control the-
ory or of data assimilation. To the extent that chaos synchro-
nization with very limited coupling describes relationships
among real systems, and especially between a real system
and its model, we have a validation® of the philosophical
concept of synchronicity? >—an organizing principle said at
times to be on a par with causality and having captured the
popular imagination.

A. A brief history of chaos synchronization

To recap the history of the subject, the earliest investiga-
tions in synchronized chaos were due to Fujisaka and
Yamada’ and Afraimovitch et al.® Truly widespread interest
was spurred by the work of Pecora and Carroll,' who
obtained synchronization of two Lorenz systems’ by
completely replacing one variable, e.g., the X variable, in the
“slaved” system by the value of the corresponding variable
in the “master” system.

Synchronization was later shown to occur for general
types of loose coupling between chaotic systems, such as the
addition of a simple relaxation term, labeled diffusive cou-
pling. It was suggested that this phenomenon may be useful
in cryptography, since the driving variable could be used as
a carrier signal that would be difficult to distinguish from
noise. However, as might be guessed from the Mane-Takens
theorem,10 the resulting codes were not difficult to break,
despite a series of proposals for more sophisticated
synchronization-based encryption schemes.""

In applications to real chaotic systems, though, one does
not expect to find perfect synchronization, especially when
the systems to be synchronized are not identical. Complete
synchronization typically degrades in two ways: (a) through
intermittent bursting away from synchronized motion,'* via
on-off intermittency;' and (b) through generalized synchro-
nization, in which case there is still a perfect correspondence
between the states of two synchronized systems, but the cor-
respondence function is not the identity.'*

Intermittent synchronization has indeed been found in
natural systems, including the form of spatially intermittent
synchronization known as chimeras.'”> Generalized synchro-
nization has remained largely a theoretical construct because
the correspondence function is typically an intractable, often
nowhere differentiable function,'® whose existence can only
be established indirectly. When this function is close to the
identity in any sense, the observed behavior can be charac-
terized simply as approximate synchronization. Such is the
case in multi-scale systems, where synchronization is nearly
perfect only on larger scales and the smaller scales act to
compensate differences between the systems in a complex
way, e.g., Ref. 17.

Chaos synchronization generalizes a phenomenon that
had been studied already much earlier, namely, the synchro-
nization of regular oscillators, presumably first discussed by
Huygens,18 who described anti-synchronization between
pendulums suspended on a common wall. In chaotic systems,
a form of regular synchronization still appears as phase
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synchronization, in situations in which it is possible to assign
a phase to the state of the system, even when the trajectory is
not cyclical.'” Phase synchronization is relatively easy to
detect in real systems, provided that the signal is suitably
pre-ﬁltered.20

Synchronization between PDE systems, as first described
by Kocarev et al.,>' opened the door to a theoretical descrip-
tion of synchronization between spatially extended systems.
Early applications of synchronization to such physical systems
were to ferromagnetic materials® and to lasers.*

Duane®* applied these ideas to fluid dynamics, specifi-
cally to models of atmospheric flow in the Northern and
Southern Hemispheres, demonstrating a weak synchroniza-
tion effect. This application also pointed out a fundamental
difficulty in applying the Pecora-Caroll' scheme to extended
systems: The signals that connect the systems in both direc-
tions are transmitted by waves, with a resulting time delay in
the connection. Substantial delays in the transmission of sig-
nals also occur in large socio-economic systems.>

Synchronization between different, widely separated
parts of the same extended system is greatly weakened by
such delays in the usual case, with nearly continuous burst-
ing away from synchronized motion. Of course, synchroniza-
tion between adjacent elements of a given system is not
impeded. Implications for describing the resulting coherent
structures are still a topic of investigation.

Synchronization has mainly been investigated as a phe-
nomenon of classical physics. But the strongest evidence of
synchronicity in the physical world is probably that provided
by the Einstein-Podolsky-Rosen (EPR) correlations in quan-
tum systems, lending such systems a fundamentally nonlocal
character. Recent attempts to describe such behavior objec-
tively?®?” can be interpreted as implying synchronization®
but remain highly speculative. A jump from classical to
quantum systems is one future prospect for the extension of
the developments discussed in this issue.

B. Synchronization between the system and the model

Synchronization between two extended systems of the
same type, or where a correspondence function is obvious,
has a straightforward application: We can imagine that one
system is a model of the other. In a fairly common situation,
the model may be an imperfect representation of the “real”
system, e.g., have much lower dimension than the latter. An
obvious application is the control of the real system by the
model, thus extending the notion of controlled chaos.***’

While unidirectional coupling of model to reality pro-
vides a useful view of control in general, and biological
motor control in particular, the opposite direction of cou-
pling, from reality to model, may be viewed as providing a
description of perception. A computational model that
receives a recurrent but limited stream of data from the sys-
tem it represents carries out a form of machine percep-
tion°°—and of machine learning, if the model adapts along
the way—that is useful for predicting the future behavior of
the system. That is, the model synchronizes with the real sys-
tem, requiring only small intermittent adjustments to main-
tain the synchronization indefinitely.
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The coupling between reality and model needed to
maintain the synchronous state defines the computational
process of data assimilation. Originating in weather predic-
tion, cf. Bengtsson et al®® and references therein, where
complex numerical models of a large fluid dynamical system
are continually fed new data from observations, data assimi-
lation has extended to oceanography®' and other areas of the
geosciences.

The synchronization view of data assimilation is a
framework that conceptually encompasses several algorith-
mic approaches. The diffusive coupling form commonly
used for synchronization is known as nudging in the data
assimilation literature.>*2

If the coupling coefficients are allowed to vary in time,
then one can show that—subject to linearity assumptions—
their optimal time-dependent values have the same form in
terms of the evolving error statistics as in the classical
Kalman filter algorithm.>> Variants and extensions of the lat-
ter subsume or are equivalent to many of the data assimila-
tion methods used currently in operational practice.'*%°

It is, in fact, difficult to devise new methods based on
the synchronization view that has not already been consid-
ered in the data assimilation literature. An exception that
remains to be fully investigated is the treatment of strong
nonlinearities, as may occur at times of regime transition,
where both sequential-estimation algorithms of the Kalman
filter type and optimal-control-based algorithms of the varia-
tional type may have difficulties.*'* In this case, the syn-
chronization view could possibly provide new algorithms
that can improve the tracking of the transitions.*>~*°

A well-known extension of both operational data assimi-
lation and the synchronization approach to it is to estimate
model parameters at any given instant of time, as well as
model states. In the augmented state-vector method of data
assimilation, parameters to be estimated are treated as addi-
tional state variables and often assumed to be constant in
time. The basic assumption of this method is not always con-
sistent with the results of the estimation, since the estimated
parameters may actually turn out to vary in time, thus com-
pensating for the model’s not being quite consistent with the
observations.”’

In synchronization, the dynamical equations can be
readily extended so that model parameters are allowed to
depend on time and have their own equations, which permit
them to synchronize with the presumably time-independent
parameters of the natural system being observed.*® Duane
and Hacker®® have applied the latter dynamical approach to
a mesoscale atmospheric model, but here too, the advantages
of the synchronization view remain to be investigated
further.

The goal of synchronizing a model with observed
behavior in a natural system or with the simulations of a
very detailed model may be much more general than having
trajectories actually coincide, as in data assimilation. Ideally,
one may wish for qualitative similarity, as might be achieved
through the model’s attractor approaching the geometry and
properties of the natural system’s or detailed model’s attrac-
tor. Such is the case in predicting the future behavior of the
climate system for instance, where the weather on a specific
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future date is of little interest, but one would like to have
something deeper than merely statistical predictions of mean
state and variance.

Actually, an early form of synchronization, from the
study by Afraimovitch er al..* achieved exactly this type of
attractor matching, labeled non-isochronic synchronization,
but this line of investigation was apparently abandoned. The
phenomenon appeared later under the nomenclature of mea-
sure synchronization in investigations of Hamiltonian sys-
tems,*” for which Liouvilles’s theorem precludes collapse of
the trajectories of two systems to a lower-dimensional, syn-
chronized subspace, but their attractors still match in a suit-
ably defined sense. The work of Afraimovitch er al®
suggests that measure synchronization is not limited to
Hamiltonian systems, and hence, it remains a possible
approach to attractor learning.

As in the case of data assimilation, a rich literature on
model reduction exists: rigorous results on attractor similar-
ity between full and reduced models have been proven,*'*?
and numerous examples of successful computations have
been given.43 -5 Still, as in the case of data assimilation, the
synchronization point of view might offer algorithmic
improvements, as well as a new way of better understanding
old results.

C. Supermodels

So far, we have progressed from synchronization
between extended systems in nature (Sec. [ A) to synchroni-
zation between systems and their models (Sec. I B). The next
phase of development in the worldview under consideration
is synchronization between models. We envision different
models of the same reality, each imperfect but in a different
way. Imagine, for instance, that each model is the result of a
local optimization in the space of all possible models. Such
is commonly the case when different groups of modelers
make different ad hoc choices about the structure of the
models in dimensions that are not well informed by theory or
by empirical evidence.

The two dozen or so models of the Earth’s climate that
are used for future projections thereof*® provide a good
example. In a supermodel, one uses terms that are common
to synchronization and data assimilation methods, such as
diffusive coupling, to connect the models. As with natural
systems that are sufficiently similar so that a simple corre-
spondence function can be defined, the models may synchro-
nize to a certain degree, and the differences become
absorbed in the behavior of less important degrees of free-
dom, typically on smaller and faster scales.

The construction of such a supermodel effectively
reduces the parameter-estimation task to a remarkable
extent. Instead of having to learn a large number of model
parameters or the model’s qualitative structure, one only
needs to estimate a much smaller set of model-to-model con-
nection coefficients. There is one for each field in each
ordered pair of numerically discretized PDE models, since it
is natural to assume, to a first approximation, that the coeffi-
cients are spatially uniform.
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As shown in Fig. 1, the models are all coupled to a sin-
gle reality, as well as to each other, at least in the learning
phase. Any algorithm that can be used for estimating param-
eters in a data assimilation or synchronization context can
then be applied to estimate the connection coefficients.
Several preliminary tests have resulted in approximate syn-
chronization between models, as well as between the models
and the system being observed.***’ The supermodel can
then be used for predictive purposes in the same manner as
any of the constituent models. If desired, the models can be
disconnected, after training, from the natural system or the
more detailed model thereof, so as to solve the sensitivity
problem of how the synchronized attractor responds to
changes in any ancillary parameters.

If data assimilation can be compared to perception, then
the inter-model data assimilation in a supermodel might be
compared to self-perception and thus—proceeding to a realm
no longer regarded as metaphysical*’—to consciousness.>®
More mundane applications are also envisioned in the near
term.

The supermodeling concept has been validated using
relatively simple models that are governed by systems of
ODEs*® or PDEs.* In the realm of practical modeling of
extended systems, the scheme has been applied so far (i) to
combine a pair of highly detailed climate models, but with
very limited model-to-model connections;’° and (ii) to sim-
pler models of cancer tissue development, with untrained
connection coefficients and again with limited coupling.’’
The stage has thus been set for further investigations in the

K1
cr2 Model 1
Natural or Kz
Socio-economic »| Model 2 ¢ | Cs
system
c= Model 3
K3

FIG. 1. Schematic diagram of a supermodel: A small set of alternative mod-
els are coupled to each other with connection coefficients C;, different for
each model pair {(i, j): 1<i, j<J} and for each field variable {/: 1 <i,
Jj<L}. The coefficients need to be optimized, while the models are coupled
unidirectionally to the observations from a natural system or from a high-
end simulation thereof. The latter coupling uses coefficients K', e.g.,
Kalman gain matrices as they arise in standard data assimilation schemes.”
The trained connections induce partial synchronization between models as
well as between the models and the data. (Adapted from Groth and Ghil,%’
and Duane®).
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application of synchronization to combine alternative real-
time computational models.

D. How synchronized are a set of time series?

An ancillary problem in the broad field of synchroniza-
tion is that of determining from observational data alone to
which extent a set of time series does reflect synchronization
of the subsystems that have generated the available data. The
issue arises in the study of real-world systems in a way that
it did not for the synchronization of the highly idealized sys-
tems or circuits that were initially studied. Solving this prob-
lem entails the usual issues of pre-filtering the time series, to
eliminate spurious noise, and then to analyze the pre-filtered
time series in terms of their shared properties.

In its simplest form, the problem is to find out whether
two time series x;(f) and x,(f) are, according to Osipov
et al.>* frequency locked, phase locked, or completely syn-
chronized. The classical way of doing this is to define, for
each of the two time series, the associated analytic signal
WYi(t) = xx(t) + iy(t), where k=1 or 2. Here, i is the imagi-
nary unit and y(¢), dropping henceforth the indices k, is the
Hilbert transform H[x(r)] of x(r), which is given by the
Cauchy principal value of a singular integral. Analytically,
then, one can define the polar representation of the complexi-
fied signal y(¢) = A(¢) exp [¢ ()], where A is the amplitude
and ¢ is the phase of the signal x(z).

The two signals x;(#) and x,(¢) are, for instance, phase
locked’ if the difference A;2¢p = |¢,(f) — ¢,(7)| does not
grow in time. The problem with this polar representation is
that the Hilbert transform y(¢) = H[x(7)] of a given x() is
numerically ill-posed and that, for the typically short and
noisy time series found in climate records,*** it is well-nigh
impossible to test over just a very few full periods whether
the phase difference A, »(f) between two nearly equal perio-
dicities in the two time series increases with time or not.

These numerical issues are discussed in greater detail by
Feliks et al.’* and successive steps toward a greatly
improved pre-filtering and subsequent synchronization anal-
ysis have been proposed and tested in both the climatic®*>’
and the macroeconomic®®*” context.

Il. THIS FOCUS ISSUE
A. Synchronization in extended systems

We begin with a few papers on the general phenomenon
of synchronization in extended chaotic systems.

Colon and Ghil® address synchronization in the context
of Boolean delay equations (BDEs).®’ BDEs represent a
mathematical framework for modeling networks that evolve
continuously in time, unlike cellular automata, which are dis-
crete in both the variables and the time. The use of continu-
ous time allows one to use, in general, a distinct delay 7, ; in
the action of a given Boolean variable x; on another Boolean
variable x;, with 1, 7 1; # 14, for (i — k)(j — ) # 0. Previous
work had already shown that the presence of delays modifies
substantially the dynamics on various networks, as one might
suspect from the case of delay differential equations (DDEs)
vs. ODEs: the solutions of the DDE X = —x(r — n/2) are
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periodic, while those of the ODE X = —x(¢) tend to the
unique, stable fixed point x = 0.

The BDE framework thus allowed the authors to study
damage propagation and synchronization in economic supply
networks under the much more realistic assumption of het-
erogeneous time lags. The study proceeded from simple to
complex network topologies, including both Erdos-Rényi
and scale-free networks, as well as network structures based
on the statistics of over 1 million Japanese firms.®* Key
results included criteria for the collapse, survival or partial
survival of the network, given a local perturbation, as well as
cases of cyclostationary waves propagating through the net-
work. The heterogeneity of delays can have a crucial effect
on synchronization of such waves or the loss thereof.

The paper by Yao et al.%? is also a study of the effects of
time lags in internally synchronized networks, with varying
topologies. Here, the network elements are chaotic pendu-
lums. The authors find that the time lags play a decisive role
in the synchronization process, inasfar as the threshold value
of the coupling strength for complete synchronization
strongly depends on the time delay in the coupling, while the
specific topologies are relatively unimportant in the synchro-
nization behavior.

Moskalenko er al.®* studied the relationship between
chaotic synchronization and microwave signal amplification
in unidirectionally coupled beam—plasma systems. This
paper addresses a challenging issue in the synchronization of
systems possessing multiple time scales that has not been
sufficiently investigated. Can one detect synchronization
between two or more systems on some time scales, while the
trajectories of the systems on other scales are not correlated?
The study’s key tool is wavelet analysis, and the main result
is that synchronization within a limited range of time
scales—referred to as time scale—synchronization—Ileads to
amplification of output power in numerical simulations, con-
firming the previously reported experimental results.

B. Synchronization between data and models

This section of the issue presents several extensions of
and alternatives to the view of data assimilation as synchro-
nization of a natural or socio-economic system and its
model—as discussed in Sec. I B above.

Penny® presents a hybrid method for data assimilation
that combines time-dependent coupling coefficients, as in
Kalman ﬁltering,31 with time-independent coefficients, as in
older methods. The method proves superior in situations
where there is not enough information to get sufficiently
complete and reliable error statistics, as required in the
Kalman filter approaches.®® The hybrid method is applied to
a realistic ocean model.

Weiss and Grooms®” introduce a coupling scheme for
data-assimilation-as-synchronization that relies on coherent
structures, an idea previously explored by Ide and Ghil,®*%
among others. Here, it is ocean eddies that are represented as
vortices, to reduce the number of observations required for
given predictability. Various ways for doing so, including
reliance on coherent structures or on preferred instability
modes, had been reviewed by Ghil.”® Specifically, since
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coherent structures manifest internal synchronization, the
results of Weiss and Grooms®’ suggest that internal synchro-
nization within a system facilitates synchronization with
another system, as previously hypothesized by Duane’' to be
the case more generally.

Abarbanel et al.”* eschew the notion of an objective
nature state that synchronizes with a model, in keeping with
the usual positivist worldview of contemporary physics.
Instead, these authors maximize a posteriori probabilities for
a given stream of input data. This maximization relies on an
Euler-Lagrange path integral approach, in which entire tra-
jectories are matched to the data, as suggested by Eyink and
Restrepo.”>’* The authors’? find similarities between the
path integral approach and synchronization.

This path integral approach results in a formalism for
data assimilation that Abarbanel et al.”* note is equivalent to
the 4dVar scheme used in operational practice by several
meteorological centers. Restrepo,74 on the other hand, had
focused on a comparison of the path integral method with
ensemble Kalman filtering.

There is an interesting dichotomy between Abarbanel’s
(and Restrepo’s’) path integral approach and resulting
second-order equations, on the one hand, and the first-order
synchronization by diffusive-coupling formulation, on the
other hand. This dichotomy reflects the methodological
dichotomy between 4dVar approaches and 3dVar—Kalman
filter approaches that are both commonly used in operational
practice. The latter dichotomy is but a modified form of the
classical duality between optimal control and sequential esti-
mation, respectively.’’

The short paper by Duane’ studies the recently pro-
posed “FORCE” algorithm for learning in neural networks
with fully general neuron-to-neuron connection patterns as a
particular instance of data assimilation for parameter estima-
tion. The parameters to be estimated in such recurrent neural
networks are the synaptic weights. The FORCE algorithm,
which ensures synchronization of network output with a
training signal, is found to be equivalent to Kalman Filtering
with a peculiar state-dependent form for the time-dependent
couplings between training signal and model. Duane’” sees
therewith a promising role for applications of data-assimila-
tion-as-synchronization in machine learning and, possibly, in
biological learning.

C. Supermodeling: Synchronization among models

The papers in this section discuss general developments
in the theory and practice of supermodeling.

Kirtman et al.”® present results obtained with an interac-
tive ensemble of climate models, a setting that is a forerun-
ner of supermodeling. The climate models used have an
atmospheric and an oceanic component, and the two compo-
nents are coupled only at the ocean—atmosphere interface. In
the common practice of ensemble forecasting or climate sim-
ulation,*® one uses a unique model with distinct realizations
that are started from an ensemble of initial states and might
include also random changes in some parameter values. In
an interactive ensemble, the realizations are coupled to each
other during the climate simulation. The context of the study
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is the predictability of atmospheric signals arising from
ocean dynamics. In particular, the influence of oceanic
meso-scale activity is analysed by the interactive ensemble
approach.

Two sets of experiments are designed, which differ in
the unique ocean model being used: one has higher horizon-
tal resolution, which allows oceanic eddies to be resolved,
and the other does not. In each one of the two sets, an ensem-
ble of copies of the same atmospheric model, the
Community Atmospheric Model version 4 (CAM4), are cou-
pled by surface fluxes of heat, water mass, and momentum to
a single, shared copy of the ocean model, namely, a high-
resolution (HR) or a low-resolution (LR) version of the
Parallel Ocean Program version 2 (POP).

Averaging the fluxes of the N atmospheric copies enhan-
ces the atmospheric signal that is induced by the ocean state
since unsynchronized atmospheric fluctuations are averaged
out. Presenting these averaged fluxes to the ocean leads to a
higher degree of synchronization as measured by local corre-
lations between sea surface temperature (SST) and convec-
tive precipitation.

The conclusion, as in the Weiss paper,67 is that coherent,
i.e., internally synchronized, ocean eddies enhance predict-
ability. This enhancement is apparently due to an increased
dependence of the atmospheric internal dynamics on the
ocean state, so that the atmospheres increasingly synchronize
with one another. The same generalized synchronization is
likely to occur in a supermodel, in which the atmospheres
differ from one another.

Selten et al.”” present the first fully connected super-
model, composed of several atmospheric models coupled to
each other, as well as to a common ocean—sea ice component
and to a common land surface model. The models crudely
represent all elements of the climate system but are simpler
than those used in high-end climate projection experi-
ments.*® Synchronization-based parameter estimation is used
to train the connection coefficients, as illustrated in Fig. 1
and discussed in Sec. I C. The paper demonstrates the robust-
ness of the supermodel, with its trained connections, against
variations in ancillary parameters that represent CO, concen-
tration changes in both the atmosphere being observed and
the constituent models. An important finding is that training
of the supermodel on short time scales improves its long-
term climate simulation.

Wiegerinck and Selten’® address the problem of attrac-
tor learning in supermodels, in a situation where the models
contain fewer degrees of freedom than the simulated ground
truth, nature or control run. Two situations are investigated:
(1) in the first one, the ground truth is given by a chaotically
driven Lorenz’ model and the imperfect models are two
Lorenz models with constant forcing; (ii) in the second one,
the ground truth is given by a highly simplified global atmo-
spheric model with good climatological properties, the spec-
tral three-level, quasi-geostrophic (QG3) model of Marshall
and Molteni’® and the imperfect models are lower-resolution
QG models.

In both situations, the supermodel is defined in the limit-
ing case where the connection coefficients become infinite
but with fixed ratios between different connections. This
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setting yields essentially a single model defined by weighted
combinations of the tendencies for each variable in the con-
stituent models. It is referred to as weighted supermodeling
as opposed to connected supermodeling. Minimizing the dis-
tance between attractors as a function of such weights is
shown to give a performance superior to that of a supermodel
with weights chosen by short-range optimization schemes
for finite-horizon prediction skill.

D. Applications in the natural and social sciences

The remaining papers focus on applications of synchro-
nization and supermodeling in various physical and socio-
economic systems.

Shen et al.®® develop further the interactive ensemble
construct of Kirtman er al.,’® as reviewed in the previous
subsection, by using two distinct atmospheric models cou-
pled through surface fluxes to the same ocean model. In this
case, both the atmospheric models and the ocean model are
based on the Community Earth System Models (COSMOS)
developed at the Max-Planck-Institut fiir Meteorologie,
Hamburg. The atmospheric models are both 5th-generation
European Centre—Hamburg (ECHAMS) general circulation
models and differ only in their convection scheme, while the
oceanic model is the Max Planck Institute Ocean Model
(MPIOM).

The paper addresses the question of how two models
exhibiting qualitatively similar erroneous behavior could
combine in a supermodel to yield qualitatively correct
behavior. The promising answer is worked out in focusing
on the Tropical Pacific, where strong nonlinearities are at
work in the coupled atmosphere—ocean system giving rise to
the El Nifio—Southern Oscillation®'*? cycle. It is these nonli-
nearities that appear to be responsible for a better result than
would arise from a simple linear combination of two differ-
ent mechanisms, both of which, taken separately, give the
same qualitative error in sea surface temperature patterns in
the two models.

Read er al.® provide an instance of synchronization in
experimental fluid dynamics. The authors study the classical
apparatus of a rotating differentially heated annulus that
mimicks large-scale atmospheric flows,** but they introduce
periodic forcing that is meant to imitate seasonal changes in
the pole-to-equator temperature difference. They investigate
therewith phase synchronization of the fluid wave motion
between the two concentric, rotating cylinders with the tem-
perature oscillations imposed at the cylindrical boundaries.

The periodicity in the forcing is imposed by superposing
on the otherwise constant temperature difference between
the cylinders recurrent pulses of duration 0.1 < ¢ < 1.0, with
1.0 being the nondimensional length of the cycle, while the
waves are amplitude-modulated at constant forcing with a
period P # 1.0. Arnol’d tongues of complete synchronization
were observed for sufficiently large J, with some degree of
synchronization occurring even for small 6. The authors
imply that this result might point to a mechanism for so-
called teleconnections'’**% in the atmospheres of Earth and
other planets on time scales that are both shorter and longer
than a year.
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FIG. 2. Global map of phase and amplitude relations in the leading 7—11-year oscillatory mode of world economic activity. For each of the 104 countries ana-
lyzed, the relations among the variables’ phase and amplitude are shown in a polar coordinate system, with the two-letter country code at the origin. The corre-
sponding codes and colors of the pointers for the five macroeconomic indicators studied—GDP, GDI, CON, EXP, and IMP—are given in the small compass
inset at the lower left. Estimates for variables with missing values are indicated by transparent pointers. Phase differences are given with respect to US GDP in
a clockwise manner, i.e., positive and negative values indicate a phase that leads or lags the US GDP, respectively. The land area of each country is propor-

tional to its maximum amplitude over all of its variables. Reproduced from Groth and Ghi

Auer and Hellmann®® study synchronization in large
power grids involving distributed generation of power.
Internal phase synchronization emerges among nodes of the
grid, and disruptions to the grid are accompanied by loss of
synchronization. A stability analysis then identifies the nodes
most sensitive to such disruptions.

Groth and Ghil®’ present an application of advanced
spectral methods to the study of synchronization in macro-
economic time series for over 100 countries. The authors are
among the originators of the methodology of multivariate
singular spectrum analysis,”®®**° and this methodology is
applied here to detect internal phase synchronization without
having to define a phase for each subsystem. The results
include identifying synchronized clusters of activity, as well
as sources of disruption. The key result is the characteriza-
tion of an internally synchronized world business cycle,
along with the relative phases of the five indicators—gross
domestic product (GDP), gross fixed capital formation
(GDI), consumption expenditure (CON), exports (EXP), and
imports (IMP) of goods and services—used for each of the
104 countries in the sample (see Fig. 2).

ACKNOWLEDGMENTS

We thank all of the authors and reviewers for coming
together in a timely way so as to make this Focus Issue
possible. We thank the Chaos editorial staff, Deborah
Doherty, Melissa Guasch, Eric Mills, Kristen Overstreet, and
Jennifer Simmerer, for giving us the benefit of their
substantial experience and professionalism in putting this

1,57 with the permission of the American Institute of Physics.

issue together and for their constant availability to address
any and all concerns. Most importantly, we are grateful to
the Editors-in-Chief, David Campbell and Jirgen Kurths, for
giving us the opportunity to go forward with our ambitious
vision for this Focus Issue.

This work was partly supported by European
Commission Grant No. 658602 (GD) and by the U.S. Office
of Naval Research through Grant No. N00014-16-1-2073 of
its Multidisciplinary University Research Initiative (MURI).

'L. M. Pecora and T. L. Carroll, “Synchronization in chaotic systems,”
Phys. Rev. Lett. 64, 821 (1990).

2C. G. Jung and W. Pauli, The Interpretation of Nature and the Psyche
(Pantheon, New York, 1955).

3A. Koestler, The Roots of Coincidence (Vintage, 1973).

“F. D. Peat, Synchronicity: The Bridge between Matter and Mind (Bantam,
New York, 1987).

SR. H. Hopcke, There Are No Accidents and No Coincidences:
Synchronicity and the Stories of Our Lives (Penguin Putnam, New York,
1997).

G. S. Duane, “Synchronicity from synchronized chaos,” Entropy 17, 1701
(2015).

H. Fujisaka and T. Yamada, “Stability theory of synchronized motion in
coupled-oscillator systems,” Prog. Theor. Phys. 69, 32 (1983).

8v. S. Afraimovitch, N. N. Verichev, and M. 1. Rabinovich, “Stochastic
synchronization of oscillations in dissipative systems,” Radiophys.
Quantum Electron. 29, 795 (1986).

°E. N. Lorenz, “Deterministic nonperiodic flow,” J. Atmos. Sci. 20, 130
(1963).

10g, Takens, “Detecting strange attractors in turbulence,” Lect. Notes
Biomath. 898, 366 (1981).

UL M. Pecora, T. L. Carroll, G. A. Johnson, D. J. Mar, and J. F. Heagy,
“Fundamentals of synchronization in chaotic systems, concepts, and
applications,” Chaos 7, 520 (1997).


https://doi.org/10.1103/PhysRevLett.64.821
https://doi.org/10.3390/e17041701
https://doi.org/10.1143/PTP.69.32
https://doi.org/10.1007/BF01034476
https://doi.org/10.1007/BF01034476
https://doi.org/10.1175/1520-0469(1963)020<0130:DNF>2.0.CO;2
https://doi.org/10.1007/BFb0091903
https://doi.org/10.1007/BFb0091903
https://doi.org/10.1063/1.166278

126601-8 Duane et al.

2E Ott and J. C. Sommerer, “Blowout bifurcations: The occurrence of rid-
dled basins and on-off intermittency,” Phys. Lett. A 188, 39 (1994).

3N. Platt, E. A. Spiegel, and C. Tresser, “On-off intermittency—a mecha-
nism for bursting,” Phys. Rev. Lett. 70, 279 (1993).

14N, Rulkov, M. Sushchik, L. Tsimring, and H. Abarbanel, “Generalized
synchronization of chaos in directionally coupled chaotic systems,” Phys.
Rev. E 51, 980 (1995).

15D, M. Abrams and S. H. Strogatz, “Chimera states for coupled oscillators,”
Phys. Rev. Lett. 93, 174102 (2004).

16p, So, E. Barreto, K. Josic, E. Sander, and S. Schiff, “Limits to the experi-
mental detection of nonlinear synchrony,” Phys. Rev. E 65, 046225
(2002).

7G. S. Duane and J. J. Tribbia, “Weak Atlantic-Pacific teleconnections as
synchronized chaos,” J. Atmos. Sci. 61, 2149 (2004).

8¢, Huygens, Horologium Oscillatorium (F. Muguet, Paris, France, 1673).

A, Pikovsky, M. Rosenblum, and J. Kurths, Synchronization: A Universal
Concept in Nonlinear Science (Cambridge University Press, 2003).

2OA. Groth and M. Ghil, “Multivariate singular spectrum analysis and the
road to phase synchronization,” Phys. Rev. E 84, 036206 (2011).

2L Kocarev, Z. Tasev, and U. Parlitz, “Synchronizing spatiotemporal chaos
of partial differential equations,” Phys. Rev. Lett. 79, 51 (1997).

22D, W. Peterman, M. Ye, and P. E. Wigen, “High frequency synchroniza-
tion of chaos,” Phys. Rev. Lett. 74, 1740 (1995).

2R. Roy and K. S. Thornburg, “Experimental synchronization of chaotic
lasers,” Phys. Rev. Lett. 72, 2009 (1994).

24G. S. Duane, “Synchronized chaos in extended systems and meteorological
teleconnections,” Phys. Rev. E 56, 6475 (1997).

23B. Coluzzi, M. Ghil, S. Hallegatte, and G. Weisbuch, “Boolean delay
equations on networks in economics and the geosciences,” Int. J.
Bifurcations Chaos 21, 3511 (2011).

25G. *t Hooft, The cellular automaton interpretation of quantum mechanics:
Book Series: Fundamental Theories of Physics, v. 185 (Springer, NY,
2016).

27T N. Palmer, “The Invariant Set Postulate: A new geometric framework
for the foundations of quantum theory and the role played by gravity,”
Proc. R. Soc. Lond. A 465, 3165 (2009).

28W. L. Ditto and L. M. Pecora, “Mastering chaos,” Sci. Am. (Int. Ed.) 269,
78 (1993).

2E. Tziperman, H. Scher, S. E. Zebiak, and M. A. Cane, “Controlling spa-
tiotemporal chaos in a realistic El Nino prediction model,” Phys. Rev.
Lett. 79(6), 1034 (1997).

L. Bengtsson, M. Ghil, and E. Killén, Dynamic Meteorology: Data
Assimilation Methods (Springer-Verlag, 1981).

3'M. Ghil and P. Malanotte-Rizzoli, “Data assimilation in meteorology and
oceanography,” Adv. Geophys. 33, 141 (1991).

32X. Zou, I. M. Navon, and F. X. LeDimet, “An optimal nudging data assim-
ilation scheme using parameter estimation,” Q. J. R. Meteorol. Soc. 118,
1163 (1992).

3K, Ide, P. Courtier, M. Ghil, and A. Lorenc, “Unified notation for data
assimilation: Operational, sequential and variational,” J. Meteorol. Soc.
Jpn. 75, 181 (1997).

*R. N. Miller, M. Ghil, and F. Gauthiez, “Advanced data assimilation in
strongly nonlinear dynamical systems,” J. Atmos. Sci. 51, 1037 (1994).

%G. S. Duane, J. J. Tribbia, and J. B. Weiss, “Synchronicity in predictive
modeling: A new view of data assimilation,” Nonlinear Processes
Geophys. 13, 601 (2006).

3G. S. Duane, “Data assimilation as artificial perception and supermodeling
as artificial consciousness,” in Consensus and Synchronization in Complex
Networks, edited by L. Kocarev (Springer, New York, NY, USA and
Heidelberg/Berlin, Germany, 2012), p. 2019.

3D, Kondrashov, C.-J. Sun, and M. Ghil, “Data assimilation for a coupled
ocean-atmosphere model. Part II: Parameter estimation,” Mon. Weather
Rev. 136, 5062 (2008).

3G, S. Duane, D.-C. Yu, and L. Kocarev, “Identical synchronization, with
translation invariance, implies parameter estimation,” Phys. Lett. A 371,
416 (2007).

%G. S. Duane and J. P. Hacker, “Automatic parameter estimation in a meso-
scale model without ensembles,” in Nonlinear Time Series Analysis in the
Geosciences, edited by R. V. Donner (Springer, New York, NY, USA and
Heidelberg/Berlin, Germany, 2008), p. 81.

40A. Hampton and D. H. Zanette, “Measure synchronization in coupled
Hamiltonian systems,” Phys. Rev. Lett. 83, 2179 (1999).

4Ip, Kondrashov, M. D. Chekroun, and M. Ghil, “Data-driven non-
Markovian closure models,” Physica D 297, 33 (2015).

Chaos 27, 126601 (2017)

“2M. D. Chekroun and D. Kondrashov, “Data-adaptive harmonic spectra and
multilayer Stuart-Landau models,” Chaos 27(9), 093110 (2017).

433, Kravtsov, D. Kondrashov, and M. Ghil, “Empirical model reduction
and the modelling hierarchy in climate dynamics and the geosciences,” in
Stochastic Physics and Climate Modelling, edited by T. Palmer and P.
Williams (Cambridge University Press, 2009), p. 35.

A, G. Barnston, M. K. Tippett, M. L. Heureux, S. Li, and D. G. DeWitt,
“Skill of real-time seasonal ENSO model predictions during
2002-2011—is our capability improving?,” Bull. Am. Meteorol. Soc. 93,
631 (2012).

“>D. Mukhin, D. Kondrashov, E. Loskutov, A. Gavrilov, A. Feigin, and M.
Ghil, “Predicting critical transitions in ENSO models. Part II: Spatially
dependent models,” J. Clim. 28, 1962 (2015).

463, Solomon, D. Qin, M. Manning, Z. Chen, M. Marquis, K. B. Averyt, M.
Tignor, and H. L. Miller, Climate Change 2007: The Physical Science
Basis. Contribution of Working Group I to the Fourth Assessment Report
of the IPCC, edited by S. Solomon, D. Qin, M. Manning, Z. Chen, M.
Marquis, K. B. Averyt, M. Tignor, and H. L. Miller (Cambridge
University Press, Cambridge, UK and New York, NY, USA, 2007).

47C. Koch and S. Greenfield, “How does consciousness happen?,” Sci. Am.
297,76 (2007).

“8L. A. van den Berge, F. M. Selten, W. Wiegerinck, and G. S. Duane, “A
multi-model ensemble method that combines imperfect models through
learning,” Earth Syst. Dyn. 2, 161 (2011).

“G. S. Duane, http://www.sumoproject.eu/downloads/sumo_report_
wp3_yl.pdf for “SUMO-Supermodeling by combining imperfect models:
Work Package 3: Year 2,” Technical Report (2012).

SOML-L. Shen, N. Keenlyside, F. Selten, W. Wiegerinck, and G. S. Duane,
“Dynamically combining climate models to “supermodel” the tropical
Pacific,” Geophys. Res. Lett. 43, 359, https://doi.org/10.1002/
2015GL066562 (2016).

S'W. Dzwinel, A. Klusek, and O. Vasilyev, “Supermodeling in simulation of
melanoma progression,” Proc. Comput. Sci. 80, 999 (2016).

*G. V. Osipov, B. Hu, C. Zhou, M. V. Ivanchenko, and J. Kurths, “Three
types of transitions to phase synchronization in coupled chaotic oscil-
lators,” Phys. Rev. Lett. 91, 024101 (2003).

33D. Maraun and J. Kurths, “Epochs of phase coherence between El Nifio/
Southern Oscillation and Indian monsoon,” Geophys. Res. Lett. 32(15),
L15709, https://doi.org/10.1029/2005GL023225 (2005).

4y, Feliks, M. Ghil, and A. W. Robertson, “Oscillatory climate modes in
the Eastern Mediterranean and their synchronization with the North
Atlantic Oscillation,” J. Clim. 23, 4060 (2010).

33y, Feliks, A. Groth, A. W. Robertson, and M. Ghil, “Oscillatory climate
modes in the Indian monsoon, North Atlantic and Tropical Pacific,”
J. Clim. 26, 9528 (2013).

3A. Groth and M. Ghil, “Monte Carlo singular spectrum analysis (SSA)
revisited: Detecting oscillator clusters in multivariate data sets,” J. Clim.
28, 7873 (2015).

S7A. Groth, Y. Feliks, D. Kondrashov, and M. Ghil, “Interannual variability
in the North Atlantic ocean’s temperature field and its association with the
wind-stress forcing,” J. Clim. 30, 2655 (2017).

S8A. Groth, M. Ghil, S. Hallegatte, and P. Dumas, “The role of oscillatory
modes in US business cycles,” OECD J.: J. Bus. Cycle Meas. Anal.
2015(1), 63 (2015).

L. Sella, G. Vivaldo, A. Groth, and M. Ghil, “Economic cycles and their
synchronization: A comparison of cyclic modes in three European
countries,” J. Bus. Cycle Res. 12(1), 25 (2016).

0C. Colon and M. Ghil, “Economic networks: Heterogeneity-induced vul-
nerability and loss of synchronization,” Chaos 27, 126703 (2017).

S'M. Ghil, 1. Zaliapin, and B. Coluzzi, “Boolean delay equations: A simple
way of looking at complex systems,” Physica D 237(1), 2967 (2008).

52Y. Fujiwara and H. Aoyama, “Large-scale structure of a nation-wide pro-
duction network,” Eur. Phys. J. B 77, 565 (2010).

%3¢, Yao, M. Zhan, J. Shuai, J. Ma, and J. Kurths, “Insensitivity of synchro-
nization to network structure in chaotic systems with time-delay
coupling,” Chaos 27, 126702 (2017).

0. 1. Moskalenko, N. S. Frolov, A. A. Koronovskii, and A. E. Hramov,
“Amplification through chaotic synchronization in spatially extended
beam-plasma systems,” Chaos 27, 126701 (2017).

%38, G. Penny, “Mathematical foundations of hybrid data assimilation from
a synchronization perspective,” Chaos 27, 126801 (2017).

%p, p. Dee, “Online estimation of error covariance parameters for atmo-
spheric data assimilation,” Mon. Weather Rev. 123, 1128 (1995).


https://doi.org/10.1016/0375-9601(94)90114-7
https://doi.org/10.1103/PhysRevLett.70.279
https://doi.org/10.1103/PhysRevE.51.980
https://doi.org/10.1103/PhysRevE.51.980
https://doi.org/10.1103/PhysRevLett.93.174102
https://doi.org/10.1103/PhysRevE.65.046225
https://doi.org/10.1175/1520-0469(2004)061<2149:WATASC>2.0.CO;2
https://doi.org/10.1103/PhysRevE.84.036206
https://doi.org/10.1103/PhysRevLett.79.51
https://doi.org/10.1103/PhysRevLett.74.1740
https://doi.org/10.1103/PhysRevLett.72.2009
https://doi.org/10.1103/PhysRevE.56.6475
https://doi.org/10.1142/S0218127411030702
https://doi.org/10.1142/S0218127411030702
https://doi.org/10.1098/rspa.2009.0080
https://doi.org/10.1103/PhysRevLett.79.1034
https://doi.org/10.1103/PhysRevLett.79.1034
https://doi.org/10.1016/S0065-2687(08)60442-2
https://doi.org/10.1002/qj.49711850808
https://doi.org/10.2151/jmsj1965.75.1B_181
https://doi.org/10.2151/jmsj1965.75.1B_181
https://doi.org/10.1175/1520-0469(1994)051<1037:ADAISN>2.0.CO;2
https://doi.org/10.5194/npg-13-601-2006
https://doi.org/10.5194/npg-13-601-2006
https://doi.org/10.1175/2008MWR2544.1
https://doi.org/10.1175/2008MWR2544.1
https://doi.org/10.1016/j.physleta.2007.06.059
https://doi.org/10.1103/PhysRevLett.83.2179
https://doi.org/10.1016/j.physd.2014.12.005
https://doi.org/10.1063/1.4989400
https://doi.org/10.1175/BAMS-D-11-00111.1
https://doi.org/10.1175/JCLI-D-14-00240.1
https://doi.org/10.1038/scientificamerican1007-76
https://doi.org/10.5194/esd-2-161-2011
http://www.sumoproject.eu/downloads/sumo_report_wp3_y1.pdf
http://www.sumoproject.eu/downloads/sumo_report_wp3_y1.pdf
https://doi.org/10.1002/2015GL066562
https://doi.org/10.1016/j.procs.2016.05.396
https://doi.org/10.1103/PhysRevLett.91.024101
https://doi.org/10.1029/2005GL023225
https://doi.org/10.1175/2010JCLI3181.1
https://doi.org/10.1175/JCLI-D-13-00105.1
https://doi.org/10.1175/JCLI-D-15-0100.1
https://doi.org/10.1175/JCLI-D-16-0370.1
https://doi.org/10.1787/jbcma-2015-5jrs0lv715wl
https://doi.org/10.1007/s41549-016-0003-4
https://doi.org/10.1063/1.5017851
https://doi.org/10.1016/j.physd.2008.07.006
https://doi.org/10.1140/epjb/e2010-00275-2
https://doi.org/10.1063/1.5010304
https://doi.org/10.1063/1.5001815
https://doi.org/10.1063/1.5001819
https://doi.org/10.1175/1520-0493(1995)123<1128:OLEOEC>2.0.CO;2

126601-9 Duane et al.

%7J. B. Weiss and 1. Grooms, “Assimilation of ocean sea-surface height
observations of mesoscale eddies,” Chaos 27, 126803 (2017).

8K . Ide and M. Ghil, “Extended Kalman filtering for vortex systems. Part
I: Methodology and point vortices,” Dyn. Atmos. Oceans 27, 301
(1998).

%K. Ide and M. Ghil, “Extended Kalman filtering for vortex systems. Part
II: Rankine vortices and observing-system design,” Dyn. Atmos. Oceans
27,333 (1998).

7OM. Ghil, “Advances in sequential estimation for atmospheric and oceanic
flows,” J. Meteorol. Soc. Jpn. 75, 289 (1997).

1G. S. Duane, “Synchronization of extended systems from internal
coherence,” Phys. Rev. E 80, 015202 (2009).

H. D. I. Abarbanel, S. Shirman, D. Breen, N. Kidakia, D. Rey, E.
Armstrong, and D. Margoliash, “A unifying view of synchronization for
data assimilation in complex nonlinear networks,” Chaos 27, 126802
(2017).

G. L. Byink and J. M. Restrepo, “Most probable histories for nonlinear
dynamics: Tracking climate transitions,” J. Stat. Phys. 101, 459 (2000).

74]. M. Restrepo, “A path integral method for data assimilation,” Physica D
237(1), 14 (2008).

75G. S. Duane, “FORCE learning in recurrent neural networks as data assim-
ilation,” Chaos 27, 126804 (2017).

7B, P. Kirtman, N. Perlin, and L. Siquiera, “Ocean eddies and climate pre-
dictability,” Chaos 27, 126902 (2017).

TTE, Selten, F. Schevenhoven, and G. S. Duane, “Simulating climate with a
synchronization-based supermodel,” Chaos 27, 126903 (2017).

78W. Wiegerinck and F. M. Selten, “Attractor learning in synchronized
chaotic systems in the presence of unresolved scales,” Chaos 27, 126901
(2017).

7J. Marshall and F. Molteni, “Toward a dynamical understanding of
planetary-scale flow regimes,” J. Atmos. Sci. 50, 1792 (1993).

Chaos 27, 126601 (2017)

SOM. L. Shen, N. Keenlyside, B. Bhatt, and G. S. Duane, “Role of atmosphere-
ocean interactions in supermodeling the tropical Pacific climate,” Chaos 27,
126704 (2017).

8'E__F. Jin, J. D. Neelin, and M. Ghil, “El Nifio on the devil’s staircase:
Annual subharmonic steps to chaos,” Science 264, 70 (1994).

82, Tziperman, L. Stone, M. A. Cane, and H. Jarosh, “El Nino chaos:
Overlapping of resonances between the seasonal cycle and the Pacific
ocean-atmosphere oscillator,” Science 264, 72 (1994).

8p. L. Read, X. Morice-Atkinson, E. Allen, and A. A. Castrejon-Pita,
“Phase synchronization of baroclinic waves in a differentially-heated rotat-
ing annulus experiment subject to periodic forcing with a variable duty
cycle,” Chaos 27, 127001 (2017).

%M. Ghil, P. L. Read, and L. A. Smith, “Geophysical flows as dynamical
systems: The influence of Hide’s experiments,” Astron. Geophys. 51(4),
28 (2010).

85]. M. Wallace and D. S. Gutzler, “Teleconnections in the geopotential
height field during the Northern Hemisphere winter,” Mon. Weather Rev
109(4), 784 (1981).

86g, Auer, F. Hellmann, M. Krause, and J. Kurths, “Stability of synchrony
against local intermittent fluctuations in tree-like power grids,” Chaos 27,
127003 (2017).

87A. Groth and M. Ghil, “Synchronization of world economic activity,”
Chaos 27, 127002 (2017).

88M. Ghil, M. R. Allen, M. D. Dettinger, K. Ide, and D. Kondrashov,
“Advanced spectral methods for climatic time series,” Rev. Geophys.
40(1), 1003, https://doi.org/10.1029/2000RG000092 (2002).

89S. M. Alessio, Digital Signal Processing and Spectral Analysis for
Scientists: Concepts and Applications (Springer, 2016).

907, Anderson, T. Hoar, K. Raeder, H. Liu, N. Collins, R. Torn, and A.
Avellano, “The data assimilation research testbed: A community facility,”
Bull. Am. Meteorol. Soc. 90(9), 1283-1296 (2009).


https://doi.org/10.1063/1.4986088
https://doi.org/10.1016/S0377-0265(97)00016-X
https://doi.org/10.1016/S0377-0265(97)00017-1
https://doi.org/10.2151/jmsj1965.75.1B_289
https://doi.org/10.1103/PhysRevE.80.015202
https://doi.org/10.1063/1.5001816
https://doi.org/10.1023/A:1026437432570
https://doi.org/10.1016/j.physd.2007.07.020
https://doi.org/10.1063/1.4990730
https://doi.org/10.1063/1.4990034
https://doi.org/10.1063/1.4990721
https://doi.org/10.1063/1.4990660
https://doi.org/10.1175/1520-0469(1993)050<1792:TADUOP>2.0.CO;2
https://doi.org/10.1063/1.4990713
https://doi.org/10.1126/science.264.5155.70
https://doi.org/10.1126/science.264.5155.72
https://doi.org/10.1063/1.5001817
https://doi.org/10.1111/j.1468-4004.2010.51428.x
https://doi.org/10.1175/1520-0493(1981)109<0784:TITGHF>2.0.CO;2
https://doi.org/10.1063/1.5001818
https://doi.org/10.1063/1.5001820
https://doi.org/10.1029/2000RG000092
https://doi.org/10.1175/2009BAMS2618.1

	s1
	l
	n1
	s1A
	s1B
	s1C
	s1D
	s2
	s2A
	f1
	s2B
	s2C
	s2D
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	f2
	c12
	c13
	c14
	c15
	c16
	c17
	c18
	c19
	c20
	c21
	c22
	c23
	c24
	c25
	c26
	c27
	c28
	c29
	c30
	c31
	c32
	c33
	c34
	c35
	c36
	c37
	c38
	c39
	c40
	c41
	c42
	c43
	c44
	c45
	c46
	c47
	c48
	c49
	c50
	c51
	c52
	c53
	c54
	c55
	c56
	c57
	c58
	c59
	c60
	c61
	c62
	c63
	c64
	c65
	c66
	c67
	c68
	c69
	c70
	c71
	c72
	c73
	c74
	c75
	c76
	c77
	c78
	c79
	c80
	c81
	c82
	c83
	c84
	c85
	c86
	c87
	c88
	c89
	c90

