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Abstract.

Iet d be a positive constant and let {Un} be a
sequence of independent, ildentically distributed random vari-
ables. Define a new sequence of variables {Xn} recursively

by

X, = max(Xn_‘1 o Un) b

A crude model of physical exchange processes, based on the
sequence {Xn} s 1s analyzed. The stationary distribution
8% Xpws r0f X, at an epoch of exchange (Xn = Un) and of
the time between consecutive exchanges are determined. For

the case where Maivis N{u,o%) , an asymptotic expansion for

the expected number of years between exchanges as 4 - 0 1is
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i« Intheduchilen

The model to be considered here was proposed by
Herman G. Gade (Gade 1973) in connection with his investi-
gations of deep water exchanges in sill fjords. Though I
want to discuss the model abstractly (it may be used to de-
scribe other physical phenomena), it is useful to have the
following physical process in mind.

The deep water masses of a sill fjord are characterized
by a relatively high degree of uniformity. As a first approxi-
mation the density of the water may be considered homogeneous
throughout the basin. Various diffusion processes causes
this density to decrease approximately linearly with time.

In this paper I will follow Gade and assume a constant annual
denslty decrement 4

It is an empirical fact that influxes of coastal water
iInto the basin tend to take place at the same time of the
year, thus establishing a recurring phenomenon with time in-
tervals being essentially multiples of a full year. The deep
water renewals are relatively rapid events, often completed
within the course of a few weeks. The influx will take place
when the coastal water at sill depth is heavier than the re-
sident water in the fJord basin. I assume that in this case
all the resident water is replaced by water with the same den-
sity as that of the coastal water present at sill depth. The

density of the coastal water in adjacent years are assumed
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to be independent, identically distributed (i.1.d.) random
variables.

In a forthcoming paper a more general model will be
considered in which also the annual density decremsnts are
assumed to be 41.1.d. random variables. Thls wildl prove to
be a generalizatlon of existing models in the theory of queues.
My reason for discussing the specilal case of constant decre-
ment here‘is twofold. As far as I know, it is only this spe-
cialized model which up to now has been used to describe a
physical process. Furthermore, in this special case it is
posslible to proceed by relatively elementary mathematical
methoeds. Thus 1t should be possible to follow the discussion

wilthout being a specialist in complex integral equations.

2. The model.

Let [Un §nw 18,5, 0] be A semuence of  1.4.4. random

variables characterized by the distribution function

i

G{x) = P[U_ 5 x] ) e e LB )

n
(Here and in the following P denotes probability.) In the
physical model, Un i1s the density of cocastal water at sill
level in year number n , at the time of the year when ex-
changes tend to take place. We number the y2ars consecutively.

In most of the paper the Uq's are assumed to be absolute
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..3..
continuous variables with probability density

g(x) = £ o(x) .

Let X, be independent of the sequence {Un] and
define a new sequence {Xn} of random variables by

§1 X -—-max(Un,X P BLaneNE S B

n n-1

where d 1is a positive constant {the annual density decrement).
It follows from our assumptions that Xn may be interpreted
as the density of the deep water masses of the sill 1L gieagiolitalny

year number n , assuming an initial density (X, may

o
be ccnstant).

Equation (1) may be written

U L R ¢ el B = .4

X - Il g 3 X il < 4 ¢

Ry 3 Uy > Xy q =@ (exchangd at tine n )
o - \
fl LU S g (no exchange at time n )

Most of this paper is devoted to the study of the pro-
cess {X, ; n=0,1,2,...) . Some information may be drawn di-

rectly from equation (1), e.g.

G- Ll
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that is

E(Xn) 2 E(Un)

provided both expectatlons exist.' Here  E denotes expecta-
tion, e<g.

o0

E(U,) = [ x-d6(x)

- o0

Thus the expected density of the resident water in the fjord
is greater than or equal to the expected density of the coastal
water.

Furthermore, {Xn] is easily seen to be a Markov pro-
cess. That 1s, the conditional distribution of Xn v -Eluen

X (k < n-1) 1s independent of X, X

Xk’xk+1""’ n-1

Bk
This is immedlate from equation (1). It is well known that
all the information about a Markov process can in principle
be obtained from the initial distribution and the transition

probability function

. s 1 R
Pi(x;y) = P{X sV { X,.q = X]
Ineeneraliiunicsiinn e lonldep endsion NN NG T e e S el aivie e
so-called homogeneous Markov process where P(x;y) 1s inde-

pendeniio Mt el

AL
n-2
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P(x;y) = P[max(U_ ,X _,-d) s y | RN 5
(2) = P[Un 2 ¥ Xn__1 = d i Xn__1 = X]
= G(y)I(y + a - x)
where
[1 9. %% @
L 53 I(t) =
0 O

Here we have used the fact that Aged. EEG UL dre dnde-

i

Péndent,; gince . X U

ik BOn

depends only on XO,U

2 o n-1

through equation (1).
In a corresponding way we find the n step transition

probability, function
o}y 2 A
P(‘)(X;y) ik L P N O S o SR ¢ G 00 NI i

which is independent of k .

p(n)

(x;v) = P[maX(Uk+n’Xk+n—1-d) 2y AL e x]
= P[max(Uk+n,Uk+n“T—d,Xk+n_2—2d) sy | X = x]
(4)
= P[max(U, ,U 0 q=ds.. .50, ~(n-1)4,X, -nd) = y]X, = x]

=PfX £y # nd,Uk+n_J £ ¥ +Jd,(j=o,1,...,n-1)1xk o %]

4

i
G(y + jd)
0

n
= I(y +nd - x)
_!

[

with I(t) given by (3).
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2. _Stationary distribution.

When n -sw, I(y +nd-x)-1 forall x and y

: n-1
the sequence { H G(y + Ja 1, n=1,2,...} decreases menotonically:
J=0
n n-1 n-1
[oly +3d) =cly +na) ][ aly + 3a) = [[ cly + 3a)
j=0 J=0 J=0

Therefore the following 1limit always exists and is inde-

pendent of x

Gy + ja) .
0

et 8

(5) ¥(y) = 1im P4 (55) =

N o

J

It 1s easlily seen that 0 = F(y) s 1 for all x and

Fizd = Fly) when z-< v i Jet X, have the distribution

function Fo(x) . Then by dominated convergence

o

o _ r ff .
(6) iim P[X s y] = 1lim \] P‘n)(x;y)dFo(x) = Fly) .

el
—00 nﬁmx:—oo

The following theorem is the main result of this section.
It may be generalized to the case of random decrements (see

Helland, 1973).
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Theorem 1.

(1) If E(UT) <« , then F(y) 1s a distribution

function and {Xn} converges in law to the distribution
(11) If E(U]) ==, then

F(y) = lim PIX, ="yl = '0"FgorVany’ § .

Nn— o
Remark.
With U 1s meant max(0,U ) . E(U!) 1is of course

independent of n , since the distribution of Un 8. Hhe
term convergence in law 1s used 1n the usual probabilistic
sense. It simply means that (6) holds ( in general for all
y where F(y) 4is continuous), where F 1is a distribution

funetions:

Proof.

Ve have to show that F 1s a distribution function when
E(UT) is finite. Now we have already remarked that F(y) is
bounded by 0 and 1 and is monotonlc in y . It 1s also
easy to see that F(y) 1s continuous from the right. When

G(y) = 0 1t 1s trivial, o“herwise show by monotone ConveEscace
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Furthermore

Therefore

1im P(y)
¥ +

Now

and

1im log F(z)

Ziy

1im 9 log G(z+jd)
2 =0

It

0

}Z 1:m log G(z+jd)

j=0 2V

Il

(o]

il

Fly) = ¢ly) so that P(y) -0 as

log G(y+jd) = log F(y)

Yy = -

F 1is a distribution function if and only if

e}

1im H G(y+Jd) = 1 .

y-—) +OOJ=O

F(y)

=

0t =20, = 7% 38}

$ e PAOY 2y % 24
A
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o0 oo 00
XNP[U1 % g +3a] = Eﬁ Ej?[kd <U, ~-ys (k+1)d]
[_...' el
J=0 J=0 k=]
) K
= Plkd < U, - y s (k+1)d]
k=0 j=0
0
= Sﬁ(k+1)P[kd < U, -y s (k+1)d]
k=0
[+ 4]
= é. Skd PR WSy K (k+1)a] + i
k=0
i +
iy Bb(Uemlod 8 i0pm ke

When E(U?) < o , the last expression tends to 0 as y = + « ,

thus preving {i) of the theoren.

The proof of (ii) is similar.

% ~ B %+ gl
=0

0 = Fly)

A

&0
exp { & } P{U1 P Jd]}
J=0

where we have used the fact that 1 - t s exp {-t] for all
real ®

As in the first part of the procf we find
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Q-

e o]
'P[U1 >y + jd] = E:(k+1)d P(kd < U, - y s (k+1)d]
k=0

: 3 E((0-9)%) = + =

when E(UT) = +w . Thus F(y) = 0 and the proof is complete.
Assume from now on that E(U?) is finite. The following
proposltion shows that when we have an initlal distribution
Fo(y) = F(y) , all the variables X, have the same distri-
bution F(y) . This may be deduced from more general theorems
on Markov process, but the direct verification in the present

case 1s slmple.

Proposition.

wnen E(UT) < + » , F(y) 1s a stationary distribution
1

in the sense that

o]

(7) F(y) = ‘/nP(xsy) daF (x)

- 00
Proof.

The right-hand side of (7) is



AR R e iy

e Cler M s

Ty

e
.od4fgues 8l Yoouq. ‘o4 bag 0. (¥)%. *‘“@: 1 -+ - (*u)a mxfw
nLIOLLOY ol .sdled) al ("'%& sgd? .m0, woa, m’t m:maaA

mmmmm» Inwmt nh . oved. ow M w* amﬂa Aozixaomq
| ~brdaits sewe- oddd avad. o mm&w odd 18 . mq 3 (x) gu '

- LaYp0eg: OO MO} M@w aﬂ W““‘ﬂ’ (")“ ‘”*M
snvarery: ot ni: nobdBoARinaN, I8TLR B9 Jug mm “W oo

_ TR ge. LR : '.!W ““9

-}yA vqﬁ <

_— R =
S R PR =T T

mm@mma mmmssa g al (E)g C® > (+UM “mw s L:-.‘:
& i ' | ﬂmﬂ am’wa ortd n.t e K

el

N




/P(X;y) ar (x) f G(y)I(y+d-x) aF(x)

e =5

it

y+d
G {y) j aF (x)

i

a(y) F(y+d)

it

it

o
G(y) [] G(y+a+ja)
J=0

x

[T &(y+3a)
§=0

it

= Ty

Example.
Usually it ‘i @lfficult to gt an expliclt expression
for F(y) from (5). However, the following example is easy

to handle.
(8) i) = exp {ra 87T iy el Bl e g e

The probability density for Ui is

5

(9) "g{x) = ¢'(x) = ab exp (-bx-a e %)

For later reference we need the expectation and variance of U
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E(U1)

il
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ol
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o]
=

1
oF
4

i
W
o

il

©
& gy 8
—-Ejln(-é—)e
G

1 e
Y (ln a+C)

where € 1s the Euler-Mascheronli constant

m
o 1 <‘§—%-~ in'@ L/-ln L SN

M—w

We have made the change of variable X -z = a €

Similarly we find

[re]

-

ab\/ x° exp {-bx-a il

E(Uf)

il

}dx

-0

:-JE \/.(ln z - 1n a)2 B
b

(g+2C 1n a + (1n 2)?)

qo%*

where
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AR R

The relevant integrals may be found in any large table,
for istance Erdélyi et al.(1954). The variance of U, 1is
A (W) = 15 (p-c?) = -
g = Varil,) = =5 {B~0C ) = =
which 1s independent of a .

The stationary distribution of {XP} is found from

(5) and (8)

[2.¢]
Pi{x) = H exp {«a e“b(x+kd)}
k=0
[oe]
(10) = exp {-a e-bX (e-bd)k}
k=0
-bx
- A i S, y ol .4
= exp {»:jgjga } = exp { a, e }
where a, = a(1—e'bd)"1

1
Thus under stationary conditions

E(X) = ¢+ (1n a,-C) = %-<1n a-c-ln(1-e“bd)>

> E(Un)

v Vo _
var(x, ) = Te = var(u )

e
ob

The statlonary probability density f(x) for (X,)

is glven by an expression similar to (9). In fig.1 and
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fig.2 f and g are drawn for the two cases %~= 1 and

€ =2, a=1 in both cases.

4o hellezc oo sy

From the model (1) we see that the process oy

(density of resident water at time n) developes as follows

X(3

X, =X -4 (z U1)

X, = X, - 2d (z U,)
(11) 2 i

XN1_1 e SR (N1—1}d (z UN1_3)

XN1 = UN1 (> XO~N1d)

A a1 B CRlxy @ (2Uy 41)

where N1 1s the year of the. first exchange. #Assume, that

the exchanges take place in the years N1 3 N1 + N2 4

N, + N, + N and so on. We then have to study the associated

1 5
process:
(N, 5 k=1,2,...) (number of years between
successive exchanges)
{Sk ¥ BRI 2, e with Sk = UN1+N2+...+NK

(the density of water at thne

k'th exchange)
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These two processes were also studied in Gade (1973).
We shall attack the problem by different means, which give
expliclt formulae for the relevant stationary distributions.

First of all we want to find the probablllty of ex-
change in year n , glven nothing but the initlal density
distribution (that is the distribution of xo). This pro-

bability is

Pligt= Piligiand L6} il
(12) = Ri%. _a1< Py + 4]
i
" \/ Fé:z {u+a) da{u)
=0
where F__, 1s the distribution function of X _, and

F(-)(X) = 1im F_ ,{x-h)
-1 n-1°
hlo
We have utilized the independence of X , and U, .
. + ’
From now on assume that E(U1) R T ARE ¢ B
continuous. Then from (5) the stationary distribution func-

tion H  1s cenblalous ¥and

1im Fé:z(x) = F(x) s ol W A

N—

Therefcre from (12)
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(13) my = lim P[A ] = k/.F(u+d)dG(u)

N~y co
=0

Ty i1s the statlonary probability of exchange in a given year.
Now turn to the density of water at exchange. It is
easy to see that {Sk i k=1,2,...}) 1s a Markov process,
but the transition probability function is cumbersome to
handle (see Gade (1973), formula (8) which gives the deriva-
tive of this function). Therefore we will find the stationary
gistribution Tunétion  T{x)" of {5, ] directly. Assume that
stationary conditions have been reached, that is, all the

variables X , n = 1,2,... have the same distribution F(x).

Then
T(x) = P[5, s x]
= P[Xn s x| An]

P{(Xn s x)n (Un b 3l

PlA_]

n~1"(i)]

(14) P

= . q
T, P[(Jn Samrden (Xn_1 & Un+d)}

It

& wi’k/‘ F (u+d )dG (u)

where again F 1s continuous and we have used the indepen-

dence of X 6 _, and U, . By combining (5), (13) and (14)



‘—Tg e

f%@u ’su@ a.s

\_[ﬂ.- .|_

mt sx . ﬁmm‘«xié“*ém%fm %o wmamb td oy ReuEy PR

taeewm %mm 3 M {;..‘EJ B 34 g u&l 53::3 aea o zaas :
, S s A

o vomsiaddnise - a—ﬁmam &m vmméé o b Fi i s Y
£ wif}”ébﬂo o &Ibmd,,f
vgside - (&TFeRn 'atdd to avis
Cseidy S A w‘ifﬁ"ﬁ’&'xtb " é} ‘% %ﬁr- Bt nozaw.tamﬁ

‘oely e 2t *ﬂﬁﬁd .wnobs’u mmd svéd ano,t:r:buos mmwm

3

M ot dnEFEe Y smea aitd Tevad ...‘Scr W X as.(ésmi

o iy
,ma

o - ) g v

[x &' YT« L 1

i TR RS L &
i : U
& e
t{%& ,.3‘“ .“. P b ; whs &
| ’f*""”%f"'. e = (N') {
-* ¥t s .,714
., - 'I‘l;

Iﬁés m‘za& %m‘ é’fw W’“"oﬁ:’%ﬁ?'“ Y




we can give T(x) directly in terms of the given distri-
buticn G{(x)
20

X
J[ H:G(u+jd)} aa (u)
3=1

-0

(15) T(x) =

o0

\/ { 1 ¢ (u+ja } aa (u)

Wnhen T(x) 1is known, we can also find the probability
distribution of the number of years between two successive
exchanges. Flrst assume that XO =y 1 constant, Then
we find by simple inspection of the scheme {11)

P{N, = n|X  =y] = Q(n;y)
{(16) = PfU s y-d,U, s y-2d U £ y~{n-1)d,U0_ > y~nd]
A SN peb A T o J
n~1
= {1 - G(y-na)} || G(y-ga)
J=1

This formula is also given by Gade (1973) {(formula{6)), and
it is valid whether or not an exchange takes place in the
year O

Under statlonary conditions the prcbabllity that two

consecutlve exchanges are separated by n years will be
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Q(n) = J[ Q(n;y)ar(y)

1 ;Gf ~ =t
=, _;Z L? - G(y~nd)}{JE1 G(y"jd)}F(y+d)dG(y)
(17)

11 G(y+J‘d)} dc (y)

-1 1 T oA 1
= 7, f{ Ty J:Hnﬂu(yﬂd) SETe) ;

(o]
=t BE [ .4 1 4G
=y { F{y-nd+d) - F(y-nd)j »C%%}
A o
from {(16) and (5).
Alternatively
o« 2]
2y ' ~1 dG
{18) P[Nk z n] = i Q{m) = Ty / F(y-nd+d) oty
m=n = 00

The (stationary) expectation of N 1is

Lea} 20

n = Yn Qln) = ? P[N, =z n]

n=1 T

By a change of variable and partial integration in (18)

wevfind
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o0
P[N = n] =, [ F(y+a) d{ln G(y+nd))
k R il
-0
[22]
= - ﬂ;1 Jf in G(y+nd) dr{y+a) .
' )
Therefore
w ®
n o= - w£1 uf }JlnAG(y+nd) dr (y+a)
- 0 M=
{o4]
-1 f S
= - 7y k/ in F(y+d) ar(y+d)
NGO
1
g T e &
A : A
)
or by (13)
«
" r o
(19) 11=(jzﬁmd)aww>
\""CO

The result E‘WA = { 1ig also valid in the general model with
random decrements. This was indicated in Helland {1973) and
wilill be proved rigorously in a forthcoming paper.

By methods similar to those used above, we could find
other guantities of interest, e.g. the (stationary) variance
of N, , the correlation between N, and Nj (k £ 3), the

probability distribution of the increase of the density of

water by exchange and so on.
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Example {continued).

When G(x) 1s given by (8) and F(x) by (10) we

find by straightforward integration

b4 %
e ""bu
[~F(u+d) da (u) = exp { it M . ab e P¥ g
__g _;/ { o grid J

(20)

Therefore from (13)
(21) my = 1 -8

and from (19)

= N A -1
R
o‘u

o v
where o° 1is the variance of U, . In fig.3 n is drawn
as a function of % "

From (14), (20) and (21) we get

@ ~-bx 1
T({x) = exp i S F{x)
by (10). That 1is, {Xn} and {Sk} have the same stationary
distribution. In fact one can show that this property nearly

characterizes the special distribution (8). More preelsei,
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1f G(x) is such that T(x) = F(x) , then either U, is
concentrated on an interval of length less than d (in which

case m, = 1)} or
-Dx
G(x) = exp { - a(x) e }

wnere a(x) 1is periodic with periode d and such that G(x)
is monotonic and continuous from the right. The proof is
straightforward, but cumbersome, and will not be given.

The stationary distribution of {Nk} is also easlly

found in this case. By (18), (8), (10) and (21) we find

(o]
P ] g 1 4G (3
P[N, 2 n] = my \/—F(y b {n-1)d) a1
- 0
(=]
: -by _(n-1)bd
el fi ([ -a e e W
= T exXp _ - e
i o 1 . e i
=ico
B St
Thus
(23) Q(n) = P[NK = n] = (ebd i 1) e"'nbd R

That is, under stationary conditions NK is geometrically

distributed. From this we find again {22) and

] e“bd
/

(1 b e*hd)?

(24) Var (N,

..bydy
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For other distributions than (8), the evaluation of
FLEI0) Blait ] m, etc. 1s not so simple. Take for instance

U, to be normally distributed. Without lack of generality

1
we can take the mean of U1 to be zero (translation off all

the varlables U, » X, » S will not alter the model). Then

where 02 is the variance of U1 , ® 1s the standard nor-

mal distribution. From (5) we find

(26) F(x) = ﬁ o + k g) .
k=0

(13) gives

e o ; i
’ o ad 1 2
(27) T, = &/_F(y+d)g(y)dy = k/_{ A R et R dz
: el gk th Of\/27r
(14) gives
& o
x [g( e N G
-1 ’ ' ~1 d 1 2
(28) T(x) = \/%(U+G)EKY)dy = 90 {0 olz4k =) — e dz
fh 4 Aqedictietion 18 de

Filnally, the corresponding probability densities f(x) = F'(x)
and t(x) = T'(x) are

)
- o - diil o
=2 % g- )‘\:-I.kd ] - —— i v\" 20 r-! _‘E —L-! g—- : l
(29)  £(x) = }4 R = (k) Tuy Jono @(O 'Ko)j

=Q k.

I

¢]
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w (5 s

i
2 o
-1 1 20 X d
(30) t{x) = n, F(x+d)g(x) = —— e o= +x %)
- WAJZﬂo k=1 4

The last two expressions have been evaluated numerically
for %—: 1,2 and 4 and the corresponding curves are shown

in fig.4,5 and 6.

. Asymptotlic expansions.
DA P

Thils section is matematically a little more involved
than the previous ones. However, 1t 1s simple to pose the
problem: Is 1t possible to find simpler, approximate expres-

slons for quantities characterizing the model when 4 1is

small? Physically we should expect the fcllowing when d - O .

As the annual decrease of the density of the water becomes
small, the expected number of years between successive ex-
changes should lncrease. Hence the probablility of exchange
in a glven year should decrease. Finally, exchanges take
place only when the densit of the coastal water is extremely
hlgh, therefore the expected density of the exchanged water
will increase.

Flrst of all we must make precise what we mean by small
d . The model is in general determined by 4 and the dis-

tribution function G(x) of U hence small d should

1 2
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mean that d is much less than some parameter characterizing
the distribution G(x). It is easy to see that E(U1) is
irrelevant in this connection (E(Ui) may be changed arbi-
trarily by translating all the variables U , X  ete #
Usually by small d we will mean

L < 1
G s

where o° = Var (Ui) . Note , however, that the asymptotic
expressions which we are going to develop are not simply func-
tions of d/c , but depend on the detailed form of G(x) .
Assume that E(UT) 1is finite and that G(x) is absolute
continuous with probability density g(x). Then (see (5),

(13) ana (19))

ee]

oo
T W i 3 ¥ ;
(32) My = (n) ' = \j { H u(x+ka)} g{x)ax

k=1

-0

The infinite products occuring here are difficult to handle
analytically. By taking logarlthm these may be expressed by
means of infinite sums, which in turn may be approximated by

integrals when d 1is small. In thils way we get the followlng
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Theorem 2.

Let E(U?) < o and let @G{(x) have continuous second

derivative in (- w,w). Assume that the density g(y) - 0O

as y - ® . Let a e [-w,») be such that G(x) = 0 when
xsa, G(x)>0 when x> a (eventually a = - w). Then
as d - 0

(33) F(x) = VG (%) exp {d““ [ tn o)1 av} (1 + o)
X

wnlformly in x when x 2 ¢ for 2ll o> a , and

PR Pl o \
(34) Ty = \/'(G(X)) 2 exp id 1g/-[1n G(y)] d#} g{x)dx (1+0(d))
a ’ X ‘
Iheeyonl
From (31) F(x) = 0 when x=a . When x> a
(35) P(x) = exp f N g G(x+kd)}
A Y ¥
k=0

+ A
and the sum converges because E(U1) < o f(cf. Theorem 1).

Flrst we have to show

o

(36)

~18

A

(42]
In G(x+kd) = g~ f [in G(y)] dy + %1n G{x) + 0(d)
X

=

i

uniformly In x (xz e¢) as d 50 . To this end use the
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trapezolidal formula

x+(¥f1)d
in G(y)}dy = %{1n G(x+kd) + 1n G(x + (k+1)d)} 5
x+kd
3 2 q
d d
S 1 e AR 0
12 [ dy° (Y)Jy-n

where x + kd < n < X + (k+1)d . This may be shown by
approximating the area corresponding to the integral by the
area of a trapezold and estimating the error. (Cf. e.g.

Conte (1965), p.122). Now put

«
(W%
Q

S’

o(y) = é%~ln G{y) = é{%% (

Then the trapezoidal formula may be written

x+(k+1)d

{ln G(y)

(37) % 1n 6(x+kd) + % 1n G(x + (k+1)d) = a" !

!dy 4+
J

x+kd

d2

%92 @'(nk)

Since gly) -0 as y -+, also o(y) o O as y -« and
p(y) will be uniformly bounded for y ¢ [c,0). Therefore
o0 ©
a ) et = [or(ay + o(1) = - olx) + (1) = 0(1)
k=0 X

uniformly in x (x 2 ¢) . By adding the equations (37)
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for 'k =0,1,2).. Y1l [36] fallowd.

Put 0
r(x) = - In G(x+kd)
;Z;
T d*‘f [in Gly)}dy - * 1n G(x) .
x

Then r and 8 are nonnegative and from (36)

supe | £} Susiz)), =@ (@)t
Xz e

Now

F(x) - exp {-s{x))
F(x)

sup
Xzc

exp(-r(x)) - exp

s(x)) |

v
exp (-r(x)) |

= Sup l
XzC

= Sup i 1 - exp (P(X) &= S(X))!
Xz2cC '

s max{1-exp(-supjr(x)~s(x)[>,exp(sup|r(x)-s(x)[> - 1}

. X2 C XeC
= 0(d)

and this proves (33).

Finally (34) is proved by noting that
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= oy il

o0 C o
Fix F(x F
My = \/- E%E% g(x) dx = k/h 5{%%' g(x) dax + \/‘ 5{%} gix) ax
a a ¢

F
ST £ !

gral as small we wilsh by taking ¢ small enough. In the

Since from (31) 0 = we can make the first inte-
second integral we can replace F(x) by the uniform asymp-
totlc expression (33) . The proof of the theorem 1s completed
by letting ¢ ~» a .

To analyse (34) further, we want to change the inte-

gration variable from x to

(38) z = - U/ fim glgliay | x> a)
X

When X grows from a to « , 2z will decrease mcnotonically
from

00

(39) h=- [ [1nG(y))ay

a

to zero. Let b ¢ (a,o] be such that G(x) =1 when x 2z b ,
G{x) <1 when x < b (eventually b = o). Then the upper
integration limits e« 1in (33), (34), (38) and (39) may be
replaced by b . When a<x<b, 1nG(y) < 0 and the

transformation (38) is one-to-one. The inverted transformation is
(40) x=glz] » Duwzed .,

where  1s differentiable. Straightforward change of variable
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in (34) gilves

-

-1

(41)

h
WA 5/ Valy(z)) 1nG (y(z))

glviz)) e e aafvantal)

By combining this with a well known result from the

theory of asymptotic expansions we get the following

Theorem 3.

Let G(x) and g(x)

Let ¢ be given by (38) and (40).

an asymptotic expansion

satisfy the conditions in theorem

Suppose that we can find

(42) - g(u(z)) i 3? a0 (z) , z-0
G{y(z)) in G(y(z)) Ly !

and that each @n

(]

has a Laplace

transform

' -tz "
rn(t) = &/~ ¢n(z)e dzd . ¥(x)t 28y

0

for some to =0 g

Suppose that

e‘gtrn(t) 2 as t »ow

for each € > 0 and each

Ra

Then

(1 +0(a)) , d=- 0.

o)

AR
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Proof.

The integral in (41) i1s the Laplace transform of

i gly(z)) AT
G(y(z)) 1n G(y(z))

k(z) =

0 Zit et

1

as a function of 4 Theorem 3 1s therefore a simple

consequence of (41) and the theorem on pp. 31-32 in Erdélyi
(1956).

Exemple.

The last two theorems may easily be applied to the
speclal distribution (8) discussed in section 3 and 4. How-
ever, here the results are of little value, as we already
have closed expressions for =, and F(x). Instead we will
consider the case where 01 is normally distributed. As be-
fore we can take the mean to be zero. Furthermore, from (27),
my 1s a function of a5 only. Therefore, without lack
of generality, we can take the variance 02 of U1 to bs

unity. Then

2
X _Uu_
G(x) = o(x) = —1—;h/. o c du
v 2n
- &
2
-
i >
glx) = e 5
N 2T
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