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ABSTRACT. We present and analyze a numerical method for the solution of
a class of scalar, multi-dimensional, nonlinear degenerate convection-diffusion
equations. The method is based on operator splitting to separate the con-
vective and the diffusive terms in the governing equation. The nonlinear,
convective part is solved using front tracking and dimensional splitting, while
the nonlinear diffusion equation is solved by a suitable difference scheme. We
verify L! compactness of the corresponding set of approximate solutions and
derive precise entropy estimates. In particular, these results allow us to pass
to the limit in our approximations and recover an entropy solution of the
problem in question. The theory presented covers a large class of equations.
Important subclasses are hyperbolic conservation laws, porous medium type
equations, two-phase reservoir flow equations, and strongly degenerate equa-
tions coming from the recent theory of sedimentation-consolidation processes.
A thorough numerical investigation of the method analyzed in this paper (and
similar methods) is presented in a companion paper.

1. Introduction

We address the important issue of constructing and analyzing numerical meth-
ods for a class of scalar, nonlinear, degenerate convection—diffusion problems of the

form
m

(1) Ut + Z Vj(m)fj (u)z,‘ = (Kj(x)Aj(u)wj)zj7 U.(CL', 0) P U'O(‘T)v

J=l Jj=1
for (z,t) € Qr = R™ x (0,T). Here u = u(z,t) is the unknown function; f;,
K;, A;, and ug are given functions; and € > 0 is a (small) scaling constant. In
applications related to fluid flow (see, e.g, [27]), f = (f1,..., fm) is often referred
to as the flux function, V = (V,..., Vi) as the velocity field, K = (Ki,...,Km)
as the permeability field, and A = (A,...,A4,) as the function of diffusivity.

Key words and phrases. Degenerate convection-diffusion equations, entropy solutions, oper-
ator splitting, front tracking, convergence, entropy estimates.
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Throughout this paper, we will assume that the data of our problem satisfy the
following conditions:

(i) f,A € C*(R,R™) and A’ > 0.

(ii) V € C2(R;R™) and 7", V(z)s; = 0 (i.e., V is divergence free).
(i) K € C?*(R;R™) and K > 0.

(iv) uo € L} (R™) N L (R™) N BV (R™).

(2)

We mention that the “maximal regularity” conditions (i)—(iii) can be significantly
weakened and they are assumed here only to make our presentation as short and
as transparent as possible. On the other hand, condition (iv) concerning the initial
function wug is fairly weak. Notice that the convective part of (1) is written on
transport, or non-conservative, form, which is reasonable since V is assumed to be
divergence free.

We only require that A% > 0 for each j and hence the parabolic term is allowed
to degenerate. In fact, each A} may be zero on a set of positive measure, in which
case we call the equation strongly degenerate, and thus the well known hyperbolic
conservation law

(3) ue+ Y Vi(@) fi(u)z; =0

=1

is a special case of (1). Other subclasses of (1) include one-point degenerate porous
medium type equations [40]; two-point degenerate two-phase reservoir flow equa-
tions [17]; and strongly degenerate equations coming from the recent theory of
sedimentation-consolidation processes [5, 6, 15].

A characteristic feature of nonlinear partial differential equations of hyperbolic-
parabolic type such as (1) is that solutions may exhibit quite complex behavior,
like singularities and sharp transitions, in a small region of space (and time) and
this makes them particularly hard to solve numerically. The aim of the paper is
to construct and analyze a numerical method for nonlinear convection-diffusion
equations of degenerate parabolic type (1) that works “uniformly” in the diffusion
coefficient A’j > 0, and as such is able to resolve the issues concerning singularities
and sharp transitions in the solutions of (1); more details are given towards the
end of this section.

If (1) is allowed to degenerate at certain points, that is, A}(u) = 0 for some
values of u, solutions are not necessarily smooth, but typically continuous, and weak
solutions must be sought. On the other hand, if A;(u) is zero on a set of positive
measure, weak solutions may be discontinuous and are not necessarily uniquely de-
termined by their initial data, as can be easily deduced from the maximum principle
and what is known about the hyperbolic conservation law. Consequently, additional
admissibility criteria — so-called entropy conditions — must be imposed to single
out the physically correct solution. We use the following definition of an entropy
or generalized solution:

DEFINITION 1.1 (Entropy Solution). We call a function u € LY (QT)NL>®(QT)
an entropy solution of the Cauchy problem (1) provided

(4) EKj(z)A(u)z,' & LIQDC(QT)a J= L o oe it
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and the following entropy inequality holds
I (s606+ Y B D@V, +¢ 3 @k (Ksos,),, ) dida
Gl o =1 i=

+ / |lug — k|¢p(z,0) doz — / |u(z,T) — k|¢(z,T) dz > 0,

for every constant k € R and test function ¢ € C§°(R™ % [0,00)), ¢ > 0. Here we
have used the short-hand notations: S(u,k) = |u — k| for the entropy, F;(u,k) =
sgn(u — k)(fj(u) — f;(k)) for the convective entropy fluz, and Q;(u,k) = |A;(u) —
A; (k)| for the diffusive entropy fluz.

We denote the left-hand side of (5) by L(u, ¢, k; f,V, A, uo,T) and sometimes
L(u, ¢, k) or even simply L4(u). Furthermore, £(u, ¢, k; f,V,0,up,T) denotes the
left-hand side of the entropy inequality corresponding to the purely hyperbolic case.
Observe that (5) implies that (1) holds in the sense distributions, i.e., the equality

[ (ute+ X Vi@ hw0s, +2 Y AW(K;(@)bs,),,) deda
i =1 =1
+ / i i / Sk e ey

holds for each test function ¢ € C§°(R™ x [0, c0)).

When A; = 0 for all j, the entropy condition (5) reduces to the entropy con-
dition introduced independently by Vol’pert [42] and Kruzkov [35] for hyperbolic
problems and thus Definition 1.1 contains the hyperbolic problem as a special case
[3]. Definition 1.1 goes back to Vol’pert and Hudjaev [43], who were the first to
consider strongly degenerate parabolic equations of nonlinear (or quasilinear) type.
They also showed the existence of a BV entropy solution, provided ug is sufficiently
smooth, by passing to the limit in a parabolic regularization and obtained some par-
tial uniqueness results for BV entropy solutions, i.e., entropy solutions whose first
order partial derivatives are finite measures on Q7. In the one-dimensional case,
Wu and Yin [44] later provided the complete uniqueness proof for BV entropy
solutions. See Bénilan and Touré [1, 2] for further results — via nonlinear semi-
group theory — on entropy solutions in the one-dimensional case (without variable
coefficients). In this context, let us also mention that Cockburn and Gripenberg
[13] have established continuous dependence on the nonlinearities of semigroup so-
lutions of the Cauchy problem for multi-dimensional equations of the type (with

5 =« fifonall g

) e+ > fi(w)e; = AgA(w).

g=i

In the multi-dimensional case, Brézis and Crandall [4] established uniqueness
of weak solutions in L' (Q1) N L>®(Qr) of the Cauchy problem for (7) with no lower
order terms (f; = 0 for all j). Later, under the assumption that A(u) is strictly
increasing, which does not rule out the possibility of A’(u) having infinite number of
zero points, Yin [45] showed uniqueness of weak solutions in L*°(Qr) N BV (Qr) of
the Cauchy problem for (7). Note that (7) is a special case of (1). The assumption
that u; should be a finite measure was removed in [47]. The initial-boundary value
problem for (7) with variable coeflicients was treated in [46].
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An important step forward in the general case of A(u) being merely non-
decreasing (i.e., the strongly degenerate case) was made recently by Carrillo [12],
who showed uniqueness of entropy solutions for a particular boundary value problem
for (7). His method of proof, which is an elegant extension of Kruzkov’s “doubling
of the variables” device [35], also applies to the Cauchy problem for (7) as well
weakly coupled systems of equations such as (7), see (28]. In [7], the uniqueness
proof of Carrillo was adopted to several initial-boundary value problems arising
the theory of sedimentation-consolidation processes [5, 6, 15], which in some cases
call for the notion of entropy boundary condition (see also [10, 11] for the BV
approach).

Later on we will introduce our numerical approximations and prove that they
converge, based on a suitable compactness argument. We recall here that such
convergence proofs merely ensure convergence along subsequences. However, when
we are equipped with a uniqueness result, as in the cases mentioned above, we
automatically get convergence of the whole sequence in question and not just some
subsequence. To the best of our knowledge, uniqueness of entropy solutions for
the general problem (1) that we consider here is still open when A(u) is merely
non-decreasing, so in the general case we have to resort to convergence along sub-
sequences.

Although there seems to be an increasing interest in the (analysis of) numerical
approximation of entropy solutions of degenerate convection-diffusion equations,
the amount of literature on the subject is as the moment extremely modest, at
least compared with the purely hyperbolic case which has long traditions. Recent
literature include papers by Evje and Karlsen (23, 19, 21, 22, 18], Cockburn and
Shu [14], Kurganov and Tadmor [36], and Bouchut, Guarguaglini, and Natalini [3].

In [23], an operator splitting method for one-dimensional degenerate equations
is proposed and analyzed. In particular, convergence results and precise entropy
estimates are given for the proposed approximations which allow the authors to pass
to the limit and recover the unique entropy solution of the equation in question.
Related papers include [20, 24, 8, 9, 17].

In [19], the authors build a convergence theory for explicit monotone difference
approximations of degenerate convection-diffusion equations. This theory parallels,
and includes, the classical theory of Harten, Hyman, and Lax [25] and Crandall
and Majda [16] for conservation laws. Implicit monotone difference approximations
are treated via nonlinear semigroup theory in [21, 18]. High order MUSCL type
methods are analyzed in [22].

In [14], the authors present so-called local discontinuous Galerkin method for
(degenerate) convection-diffusion problems. This method is an extension of the
Runge-Kutta discontinuous Galerkin method for hyperbolic problems. A conver-
gence analysis within the entropy solution framework is, however, not provided.

In [36], the authors introduce and test a new family of central schemes for con-
servation laws and (degenerate) convection-diffusion equations. The main feature
of the schemes is that they possess a much smaller numerical viscosity than the
original central schemes [39] and as such apply to convection-diffusion equations.
In particular, they admit a semi-discrete formulation. A convergence analysis of
their convection-diffusion schemes within the entropy solution framework is not
presented.

In [3], the authors introduce and analyze a class of discrete velocity BGK type
methods for degenerate convection-diffusion equations, which in turn are extensions
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of similar methods for hyperbolic conservation laws. Convergence results and en-
tropy estimates are proved, which imply that the BGK approximations converge to
the unique entropy solution of the governing equation.

We conclude this section by giving more details about the contents of the
present paper, which deals with a class of numerical methods called operator split-
ting methods. The underlying design principle behind any splitting method for an
evolutionary partial differential equation is to split the time evolution into several
partial steps in order to separate out the different (physical) effects present in the
governing equation. In our context, the idea is to split the original problem (1)
into a first order convection (hyperbolic) problem and a second order degenerate
diffusion (parabolic) problem. The split problems are then solved sequentially to
approximate the exact solution of the original problem. The main attraction of
splitting methods lies, of course, in the fact that one can employ optimal existing
methods for each split problem. A detailed description of the operator splitting
method analyzed in this paper is given in §2. For an introduction to operator
splitting methods in general, we refer to Espedal and Karlsen [17].

The main purpose of the present paper is to extend the analysis (and the
splitting method) of Evje and Karlsen [23] (which in turn borrowed from Karlsen
and Risebro [34]) to more general problems arising in applications. To be more
precise, we extend the analysis of [23] as follows:

e In [23], the authors proved convergence to a limit satisfying (4) and (5) only
for the semi-discrete method. For their fully discrete method, however, they
did not establish (4). In the present paper, we establish at least that the
limit of one of our fully discrete methods also satisfies (4).

e In [23], the authors proposed and analyzed operator splitting method for
one-dimensional equations without variable coefficients. Here we propose
and analyze an operator splitting method that works for a general class of
multi-dimensional equations with variable coefficients, thereby containing
[23] as a special case.

The convergence (or compactness) part of the analysis, together with the proof
that the limit of one of the methods satisfies (4), is presented in §3. Precise entropy
estimates are established in §4. These estimates imply in particular that the limit
of a converging sequence of numerical approximations satisfies the entropy condi-
tion (5). Finally, we mention that a variety of (convincing) numerical applications
are presented in our companion paper [27], including applications to oil reservoir
simulation and sedimentation-consolidation processes.

Acknowledgement. KHK would like to thank Raimund Biirger and Steinar
Evje for discussions and collaboration on the subject of degenerate parabolic equa-
tions and their applications to sedimentation-consolidation processes.

2. Operator Splitting Methods

To construct approximate solutions of (1) it is often favourable to use a splitting
method. There are several motivations and possibilities for splitting the equation.
First, one could use dimensional splitting directly on (1), i.e., split it into m one-
dimensional equations of the form

(8) A == V@) ()s = E(K(Z’)A(U)I)Z,
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and use ones favourite one-dimensional method to approximate the solution oper-
ator P, of (8). In this case the splitting reads
9) u(z,nAt) = [PRyo---0 "Pit]nuo(m),
where At > 0 denotes the splitting step. To approximate P;t, one could for instance
use a monotone difference method [19, 21] or a higher-order method based on
MUSCL techniques [22]. Another alternative is the corrected operator splitting
method (COS) introduced by Karlsen and Risebro [33], which is a large-time-step
method. The method splits (8) into a hyperbolic step v; + V(z)f(v). = 0 and
a degenerate parabolic step wy = (K (z)A(u)z).. Once a shock is formed in the
hyperbolic step, there will be an entropy loss due to Oleinik’s convexification. The
source of the entropy loss can be identified as a residual flux (defined locally as the
flux f minus its convexification) which can be taken into account either in a separate
correction step or included in the parabolic step. This way, COS resolves the correct
balance between convection and diffusion in regions with sharp gradients for an
(almost) arbitrarily large time step and can be used in combination with (9) to yield
a very efficient numerical method (if the dynamics of (1) allows for large splitting
steps). This method has been investigated in other studies [24, 31, 30, 32], see
also the companion paper [27].

As an alternative to dimensional splitting, one can split with respect to physical
mechanisms, which is what we will pursue in this paper. To this end, split (1) into
a hyperbolic part

m

(10) v+ Y Vi@ fi@)e; =0, v(2,0) = vo(x)
j=1

and a degenerate parabolic part

(11) Wt :EZ(K](x)AJ(w)ZJ)z]7 ’LU(:E,O) :wO(I)
j=1

In what follows, we choose a time step At > 0 and an integer N such that IN[ANG = TP
We also use the notation t" = nAt for n = 0,...,N. The corresponding (semi-
discrete) splitting method then reads

(12) nell) = oS ot o for e (vl i Sem =1 L, I,

where S, and H; denote the solution operators of (10) and (11), respectively.
A slightly different method is obtained if we apply dimensional splitting to the
hyperbolic part, i.e., (10) is further split into one-dimensional equations

(13) vt + Vj(z) f;(v)e; =0, v(z,0) = vo(z).
The corresponding semi-discrete splitting method takes the form

(14) uAt(t) T [HAtOSglto'“oSlAt]nuO: fort € (tn—lvtn]v W= 17---aN7

where S is the exact solution operator associated with (613Y)-
Concerning the semi-discrete methods (12) and (14), we have the following
main theorem:

THEOREM 2.1 (Semi-discrete methods). Suppose that conditions (i)-(iv) n (2)
hold. Let {ua:} be the semi-discrete splitting sequence given by (12) or (14). Then
{uat} converges along a subsequence in L}, .(Qr) to a limit u that satisfies u(-,t) €
LY(R™) N L°(R™) N BV(R™) uniformly in t and u(-,t) is uniformly L' Hélder
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continuous in time with exponent 1/2. Finally, the limit u satisfies the regularity
requirement (4) and the entropy inequality (5).

This theorem shows that the semi-discrete splitting sequences given by (12)
and (14) both converge along subsequences to entropy solutions of (1) in the sense
of Definition 1.1. Moreover, when it is known that the entropy solution is unique
(see §1), the whole sequence {ua;} converges to this solution.

From a computational point of view, we need to replace the exact solution
operators S, and H; in (12) by suitable numerical methods. In this paper we use an
explicit-implicit finite difference method to approximate #H; and a large-step, front
tracking method to approximate S,. The large-step method is based on dimensional
splitting, which means that we shall here use (14) as the basis for constructing the
fully discrete splitting method. We let Ha, : denote the finite difference solution
operator associated with (11) at time ¢ and Sg}AN the front tracking solution
operator associated with (13) at time ¢. To simplify the dimensional splitting
process, each one-dimensional hyperbolic solution is projected onto a Cartesian
grid with mesh parameter Az by a projection operator

1
s /Qj v(y)dy, forz €,

wa)() =

where (2, denotes
Qj = [.le-Tv (i geil ]I aiects & [ijLE, (Jm + 1)Az), = e R
Then our fully discrete splitting method reads

(15) up(t) = [HAz,At Qi © S?Az,&t O ORTHO S;,Az,At]nuov

for t € ("1, ¢"] and n = 1,..., N. Here 7 signifies the discretization parameters
(Az, At,6) and u® = 7ug. For simplicity of notation, we sometimes use the short-
hand

(16) S Ay =T E Sg’fM,t 0---0ToO ’Sz},Az,t’ 5> (0]

i.e., Ss Azt denotes the front tracking-dimensional splitting solution operator asso-
ciated with (10), see Holden and Risebro [29] and Lie [37] for more details about
this approximate solution operator.

Concerning the fully discrete method (15), we have the following similar main
theorem:

THEOREM 2.2 (Fully discrete method). Suppose that conditions (1)-(iv) in (2)
hold. Let {u,} be the fully discrete splitting sequence given by (15). Then {u,}
converges along a subsequence in L}, (Qr) to a limit u that satisfies u(-,t) €
LY(R™) N L=®(R™) N BV(R™) uniformly in t and u(-,t) is uniformly L' Holder
continuous in time with exponent 1/2. The precise entropy estimate for u, reads
L) = —C(\/E%- Az + 6%), for some constant C > 0 independent of n. In
particular, this implies that the limit u satisfies (5). In the case of a fully implicit

diffusion solver, the limit u also satisfies the regularity requirement (4).

Note that in the case of an explicit-implicit (or fully explicit) diffusion solver
Haz,at, we have not yet managed to establish the regularity requirement (4).

Theorem 2.2 follows easily from the results stated and proved in §3 and §4. On
the other hand, the proof of Theorem 2.1 will not be written out explicitly in this
paper. It is however easy to modify the proof of Theorem 2.2 so that it applies
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to the semi-discrete methods (12) and (14). We leave the details to the interested
reader as an exercise.

Next, we describe the front tracking and the finite difference method in more
detail.

The Hyperbolic Step. In each hyperbolic step we solve an equation of the
form
(17) v+ V(@) f(v): =0, v(z,0)=wo(z), z€R t>0.

To this end we will use front tracking, which is an unconditionally stable method
without an intrinsic time step. The method seeks approximations within the class
of step functions. First, the initial data vy is approximated by a step function
vo.ac- This is achieved by the projection in (15), i.e., vo,az = mvo. Thus the initial
value problem is decomposed into a series of simple Riemann problems that can be
solved analytically one by one. If the flux function is approximated by a continuous,
piecewise linear function f9(v), the solution of each Riemann problem will again be
a step function. The global solution, until the first wave interaction occurs, thus
consists of constant states separated by discontinuities propagating along paths
z(t). Each path z(t) is given by the differential equation = = V(z)s, where s
is the Rankine-Hugoniot speed (f°(vy) — f(vgr))/(vy — vr). By approximating
the velocity V by either a piecewise linear or a piecewise constant function Vag,
the differential equations can be solved explicitly and the paths z(t) are given in
closed form. Since every wave interaction leads to a new Riemann problem, this
construction can be continued up to any desired time. In fact, it can be shown
[26, 38] that there is a finite number of wave interactions, even in infinite time,
if the initial data is bounded and has finite total variation. We stress that we
replace the flux functions f by f? in most of the following convergence analysis
and derivation of entropy estimates. Only at the final step we consider the limit as
f% — f. One can prove that the limit (as § — 0) is indeed the entropy solution of
(17), see Lie [38].

By construction, front tracking solutions are not increasing in L norm and
have bounded total variation. Since all waves have finite speed of propagation, the
solution is Lipschitz continuous in time with respect to the L' norm. Each solution
satisfies an entropy condition for the perturbed equation with f? and Va, and is
thus an entropy solution. However, the solution operators are not L' contractions
because of the velocity field and the non-conservative form. These claims can be
verified by using a Kruzkov type analysis, see Lie [38]. We summarize properties
of solutions of (17) in the following lemma:

LEMMA 2.1. Let v(z,t) be a solution of (17). Then v satisfies the following
estimates

l[lloo < llvolloo,  [0(+,8)lBY < lvolBy, Ilv(-,8) = volly < Ct,

where C is a constant depending on the data. Moreover, let u(z,t) be a solution of
(17) with fluz function g, velocity field U, and initial data uo. Then we have the
stability estimate

o+, ) — u(-, )]l < e”*[llvo = uollx
+ t(E1||U = Vlloo + E2llf — gll1sp) min(luo| v, [vol5v)],
where the constants D, E;, and E» depend on the data (f,g,V,U,vo,uo).
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Note that each front tracking solution is an exact solution of (17) for special
functions f, V, and vg, so that Lemma 2.1 also gives the properties of the front
tracking solutions used for the hyperbolic steps.

The Parabolic Step. In each parabolic step we solve a possibly degenerate
equation of the form

(18) we=e) (K;(@)4;(w,),,  w(z,0)=wo(z),

where we assume, without loss of generality, that wo has compact support. We will
use an implicit—explicit finite difference method to solve (18). Difference methods
for general degenerate parabolic equations are treated in [19, 21, 22, 18]. We
assume a mesh with a uniform spacing Az in each spatial direction and a time
step 7. Let @ = (aa,...,am) € Z™ and e; the index with the jth component
equal unity and all other components equal zero. Let W/ denote the approximate
solution in grid cell a at time t = n7. Furthermore, let 3 = er K’ /Az? and

‘ a+te; /2
A" = A;(W2). Then the scheme reads

m
WCZI-H :W,f +0 Z [/Bé (Agiej 5 A-gn) G gt—ej (Af;" 0 Agﬁé] ”

(19) T
+ -0 3 [A (418 - ) - pl,, (i - )],
=1

where the parameter 6 is in the interval [0, 1]; § = 0 giving a fully implicit scheme
and 6 = 1 a fully explicit scheme. We make the following simplifying assumption
in this paper.

ASSUMPTION 2.1. The scheme (19) admits a unique solution {W2T1}.

The existence of a unique solution of (19) can be established by suitable fixed

point argument. Forn = 0,1..., welet W™ = W"(z) denote the piecewise constant
function
(20) V- () = AR for z € Q,

and some a € Z™. Moreover, we let Ha, denote the (finite difference) solution
operator defined by
(21) Hrity(@) = W (), & W i @ (= Wil =1L 2y s

for any initial function wy = wp(z) that is piecewise constant with respect to the
grid.

For later use, recall that the L® norm and the L! norm of a grid function
W = {W,} are defined respectively as follows:

Wlleo = S;ZQ"IIWalI, Wik = ) [WalAz™,

aEZ™
and the BV semi-norm as

B = N e AaT
4)ife)

For the scheme (19) we have the following properties.
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LEMMA 2.2. Let W = {W72} and V™ = {V}'} be approzimate solutions of
(18) generated by (19) with a time step T satisfying the stability condition

J il K 4 i
(22) Hgn]a%ﬁ (A )a _GACC mjax(sup (z )supA (u )) s
Then
W 7lloo < IW0lloos TV(W™ <TV(WO), [W"=V"|l1 <[[W° =V

PROOF. The estimates are straightforward and we present the details only for
m=1(with K; =K, A =A,anda= i € 7). First, we consider the L> estimate
for the approximation {W;*}. Using Taylor expansions of A(W) we can rewrite the
scheme as

[14 (1 - 0)(B:A' (&) + Bia A G ))]WP T =
[1-6(BiA'(¢:) + Bimr A'(Gi- )W
+ 0[BiA (W + Bimr A (G-1) W]
+(1-0)[BA (@)W + Bit A (G )WT],

for suitable &;, . If we now choose 7 = £ such that W["+1 = max; VVi”“L1 and use
the stability condition (22) we derive

[1+(1—6)(Bed (&) + Be—1A' (€e—1)) Wyt <
[1-6(8A(G)+ Bi—1A'(Gi-1))] max W
+0[8:4' (&) max O A G max Wi, ]
+ (1= 0)[Be A (E)WFH + Bica A (Ee-1)W/H' ]

Since W;;;l < VV"Jrl the inequality simplifies to max; W"Jrl < max; W. Simi-
larly, by picking ¢ = k such that W”1L1 = 080G I/V"+1 we can bound VV"Jrl from
below. Hence, max; |[W;""!| < max; |W"| and the L™ estimate follows by induction

on n.
To prove estimate on the total variation, we use almost the same argument.
Introduce Z" = W, — W*. From the difference scheme (19) evaluated at ¢ and

1+ 1, we then get
Zitt =2l G A 1 o 2B;A'(G:) 21 + Bim1 A (Gim1) 214 ]
+ (1= 0)[Binr A' (G Z2H — 26, A'(&) 20 + Bim1 A (6io) 21,
for suitable &, (;. Using once more the stability condition, we get

ST (1+2(1-0)8:A(E)1Z7 < Zu —20)8:A'(G:) 27|

+0( Aur Gl Bl + 3B A G2 )
—9)(Zﬁi+1A §i+1)\Zin++11|+Zﬁi-1A 5{—1)|fo11|)~

Hence 3, |2 < 32,127, from which the TV estimate follows. The L! stability
estimate is derived by a similar argument. O
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3. Convergence Results

In this section we will prove that the fully discrete splitting method (15) con-
verges to a limit u(z,t). The proofis based on a standard L' compactness argument,
where we first use Lemmas 2.1 and 2.2 to bound the approximate solutions u,, in
suitable norms

LEMMA 3.1. Let u, denote the approzimate solution defined by (15). Then u,
SALTSIUES 0] Ol Tl — IS

lun(, nA) o < lluolloo, — ug(-,nA) By < €™ uo|py,

||un (-, LAL) — up (-, nAL)|1 < Ca/|n — £ At,
where C1 and Cs are constants independent of 6, Az, At.

ProoF. The first inequality follows since neither of the operators Hagz as,
Sg,Aw,At’ or 7 introduce new extrema into the solution (see Lemmas 2.1 and 2.2).

To prove the second inequality, we need to establish a bound on the total
variation of the composite hyperbolic operator Ss a; a: defined by (16). This result
is well-known and relies on the total variation non-increasing property and the
L' stability of each one-dimensional hyperbolic operator given in Lemma 2.1, see
Lie [37] and Holden and Risebro [29]. Combining this result with the fact that the
total variation is non-increasing in the parabolic step (see Lemma 2.2), the second
inequality follows.

It remains to prove the third inequality, which will be done by a technique used
first by Karlsen and Risebro [34]. For the product of the hyperbolic operators,
i.e., for the composite operator Ss oy a: defined in (16), the result is valid with
exponent 1 (i.e., Lipschitz continuity in time), see e.g., Lie [37]. Thus we focus on
the parabolic operator here. The key point is to establish weak Lipschitz continuity
in time for the finite difference approximation W™ defined in (20). To this end, let
D’ and Di denote the backward and forward differences in direction j. Then:

l /@(W”“ - W™) dz|

=cry R R DS S i (Rl ST A R

7,0
S(6K . p 45 (Ca)DLWE + (1 = O)KD_, 1, A(€a) DLWET) DL oo™
11102

< ermax{||;lloe [145lloc} [ Vélloo 3 (BIDIWE] + (1~ O)|DLWI+H|) Ag™

Jra

Il

Edn

< Const 7 ||Vé|oo,

where summation by parts (once in space) was used to derive the second equal-
ity from the first one. Moreover, we have used the averaged test function ¢, =
m¢(eAz), and the Taylor expansions A}, — A" = Al(0a) W3y, — W2 for suit-
able 6, and |pate; — dal < [10z;4|lccAz. By repeating the above argument, we
easily derive

(23) ’/@(VWZ — W™)dz| < Const ||Vé||w |£ — n| T,
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which implies that | [ ¢(Hae,atwo — wo) dz| < Const ||V¢||cAt. Combining this
with the strong Lipschitz continuity for the hyperbolic operator S5 Az a¢ we derive

(24) ’/ (2, EAL) — tn(z,nAL)) dz] < Const (||¢lles + [IV4lloo) 1€ — n| At.

Let now wy, be a smooth mollifier with support in [—h, h]™ and define ¢ to be equal
sgn(uf —up) for |z| <r—h (r is some fixed positive number) and zero otherwise,
and finally 1, = wy, * ¥. Standard approximating arguments (see, e.g., [34]) show
that

/ |un(z, £AL) — uy(z,nAL)| dz < Crh + C2 | — n| At/h.
Ji=rr}m

By choosing h = \/|¢ — n| At, and finally letting r — oo we conclude that

/ |un (2, LAL) — uy(z,nAt)| dz < Const v/|€ — n| At.
O

Using essentially the above lemma, Helly’s theorem, and several diagonal ar-
guments, we can prove that the sequence {u,} converges to a function w.

LEMMA 3.2. FizT > 0. Letu,, denote the approzimate solution defined by (15).
Then for any sequences At; — 0 and Az; — 0 with Az;[At; fized, there ezists a
subsequence of {u,}, denoted {uy,}, and a function u such that

un, — u in Lj, (R™ x [0,T]).

loc

Moreover, the limit u(-,t) belongs to BV (R™) uniformly in t and is uniformly L'
Hélder continuous in time with ezponent 1/2.

PROOF. The convergence proof is fairly standard, see, e.g., Smoller [41] or
Karlsen and Risebro [34]. From Lemma 3.1 it follows that the sequence {u,} is uni-
formly bounded and has uniformly bounded total variation. Therefore, Helly’s the-
orem ensures convergences of a subsequence {uy, } in L' on bounded boxes [—r,7]™
for each fixed t. Since r is arbitrary, the argument can be applied a countable
number of times to form a further subsequence, still denoted by {u,, }, such that
{u,,(-,t)} converges in L}, (R™) for each fixed t. Yet another diagonalization argu-
ment gives convergence for a dense countable subset {t¢} in [0,T]. For ¢ ¢ {te},
there exists a sequence {t;} C {t¢} such that t;, — t. By a triangle inequality

[ unet) =,z Dlds < [ et —un (el
Ji=rrm

|=mal
+ /[ ] lug: (2, 88) + Uq (2, 8:) dz + / : fia i Li ] = (T, N
J[=r,r]m J=r,rm

The first and third term can be made arbitrary small by making k large and using
the Holder continuity in time (see Lemma 3.1). The second term can be made
arbitrary small by making 4, j large and using that {un, (-, tr)} is a Cauchy sequence
for each t;. Hence, {u,,(-,t)} is a Cauchy sequence in Lj, (R™) for all ¢ € (0,72
We denote the limit by u. Finally, in view of Lemma 3.1, it is clear that the limit

u possesses the regularity claimed in the lemma. O
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It remains to prove that u is an entropy solution, i.e., that it satisfies (4) and
(5). We start with (4). However, as already mentioned, we will only manage to
establish this estimate for the implicit diffusion solver (and, of course, the case of
exact solution operators). In the next section we derive an upper bound on how
far each approximate solution u, is from satisfying (5).

LEMMA 3.3. Suppose 8 = 0 in (19). Then the limit u constructed in Lemma 8.2
satisfies (4).

ProoF. The proof is an adaption of the argument used in [22] (see also [18]).
For simplicity of presentation, we only treat the two-dimensional equation

(25) wi = e(K(2,y) A(w)e )z + (K (z,y)A(w)y)y
and the corresponding implicit difference scheme

I/V'iljl w/i i) £ z I+1 Y1 y 141
(26), = = LG B (T e W SR e B, ey o DE AW 000

=
where WilJ denotes the approximate solution of (25) at (iAz, jAx,l7) and D? | Di
are the backward and forward differences in direction ¢ = z,y. Then extension of
the proof to the more general problem (11) is straightforward and is left to the
reader. Let us introduce the function

AW + DL AW (@ — ) + DYAWHL )y — ),

ARSI e T

AW + DI AW ) (& — 2:) + DL AW ) (y — ),

forifz ) e T e 0T Sl itwt (-7,

e mone dyg E By Il = O one s N = 1 gel = 1L A witdn Near = /AN gl
NAt = T. Here TILJ denotes the triangle with vertices (z;,y;), (zi+1,¥;), and
(@i41,Yj+1), while TU denotes the triangle with vertices (z;,y;), (zi,yj+1), and

(Zig1,9541). Let

A?]('Tv !/,t) =

Ry; = [zi, Tiy1] X [yi, Yita]
and note that R; ; = Tifj U Ti%. For later use, observe that

8: Ay = DIAWT) on Py =TS | UTY

)
g, 40— D U o O, 0 =

1

Observe next that, independently of 7,
IVeK AyllL2(@r) < Const(T),

which is due to the fact that K, {W}}, and ), |W/| are uniformly bounded. We
next claim that, independently of 7,

(27) V EK(.’L‘,y)aZAn (€ L2(QT)7 z2=1IY.

To see this, multiply the difference equation (26) by AzQA(Wiljl), sum over i, j,
and then do summation by parts. The result reads

WL ot
Azz Z %] i,J A(Wl+1 + Amz Z 5Kz+1/2 i (D A(WH-I))
4,j
2
i Ot I 2B i (DA —

4,3
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Since A(s) = [ A(€) d€ is convex, it follows that
I+1 l I+1 ! 1+1
AW — AW ) < (W35 = W) AW ).

i.J
We thus get

l
AW — AW} )

Ax?z 1 5 1,J +A.’E Z K1+1/21(DI A(Wril;;-l))?
i,] i,]
+ Az? ZgKi,M/Q(171;;14(1)&;’31))2 .
1,J

Multiplying this inequality by 7 and summing over l, we get

AIZ Z(A(VVZ,\;T) i A(VVS]-)) i Al‘g‘r Z Z 5Ki+1/2,j (D-I{»A(ijl:]"—l))?
(28) 4] =
+8atr ) ZEsz/z(D 4(W’+1)) L

gyl B!
Introduce the splitting solution
iy, (t) = [Hm o B OS pglul +, JOTEE Crgre- AN

wheren = 1,..., N and u2~! = u,(t"~"). Note that
gz, ) = Wit for (a,y) €l 55 t € G o ol L N BT
where | = 0, ..., N, — 1. Moreover, we have that,

Tl ()= T Jior i =S Y,
l|in(t) = uy(t)l1 = O(V/At) whenever t # ¢" for somen=1,..., N,

uniformly in t € [0,T)], so that @, — u, with u being the limit constructed in
Lemma 3.2. We can thus replace (28) by

/(A(ﬂn)‘t:tn - |t AL 1+ d:ndy+// ) (s A) dt dz dy

// (z,y)(0 A,,) dtdz dy = O(Ax).
Observe that '
‘/(A(ﬁ,,)]t:tn_ur — Allin)] o) dz dy| = O(A) + O(A0),

which yields
LA
/(A(ﬂn)lt:tn — A(fy)|,_ 1) dzdy + // eK(z,y)(8:An)" dtdz dy
tn—1

ot //t eK (z,)(8y4,)° dt dz dy = O(Az) + O(At).

Summing over n, we get
T
/(A(ﬂn)\t:T - Aliip)|,_,) dzdy + // eK(z,y)(0:Ay)? dt dx dy
0

7
+ //0 EK(Ly)(ayAn)2 dtdzdy = O(T).



OPERATOR SPLITTING FOR HYPERBOLIC-PARABOLIC EQUATIONS 15

)

Since, independently of 7, A(ﬂn)|f:0 e LY(R) N L*®(R), (27) follows. Therefore
passing if necessary to a subsequence,

A, = A weakly in HL (Qr).

Since obviously
5 i
// IAn(a:,1 ,t) — A(ﬁn(m,y,t))| @l = QN Az,
0

and, thanks to Lemma 3.2, A(@i,) — A(u) a.e., we conclude that A = A(u) a.e.,
and thus (27) holds. This concludes the proof of the lemma. o]

4. Entropy Estimates

In this section we derive a precise entropy estimate for u,, i.e., an estimate
saying how far the approximate solution u,, is from fulfilling the entropy condition
(5). However, to accomplish this we need to introduce a new time interpolant d,,
and first establish an entropy estimate for ,. To this end, we define intermediate
solutions

ol J 1 n—1 s OSSR E n—1
Up? =T OS5 Ag A0 O T OS5 a0ty Uy T,
for 3= 1, Lmiand n="1;. .. N Next we aplit. each time interval [t®~ ! "] into
subintervals [t7,t},], = 0,...,m, where

g
el
so that t§ = t"~! and t%,,; = t". We then define (see [34, 23])

t;lz((n_1)+m )Ata J:O7’m+17

S§,Aw,(m+l)(t—t;‘_l) U B
(29) Uy (t) = qupd, t =17,
Haz, (mr1)(t—tn) Un™ tedtntmanls
for j =1,...,m and n = 1,...,N. Observe that the sequence {4,} converges to

the limit function u constructed in Lemma 3.2, since obviously
(30) Ul(i%) = @) o gl o = 1, o IV
|Gen(t) — uq(®)|ls = O(V/ At) whenever ¢ # t" for somen=1,...,N.
4.1. Hyperbolic step. Since each one-dimensional hyperbolic step in (14)

is the exact solution of a perturbed version of (13), the corresponding solution
operator satisfies the entropy inequality

K(UAz,é)So,k; f67VAza07UO,A$7T) 2 0 for m = 11

where va, s denotes the front tracking solution of (17). For sufficiently smooth V; f
and initial data vy of bounded variation, a straightforward calculation gives (see,
e.g., [38, 23, 33))
‘E(’UA:E,da ¢7 k1 fa V) 07 Vo, T) i E(UAIE,(S’ ¢7 ka f6> VAI? 07 Vo,Az; T)’
< Const T(Az + 62),
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In particular, it follows from this that the one-dimensional front tracking solution
Vag,o Satisfies

A s
/R‘-/O {lvm,a — klos + F(vag,s, k)(QW}(:c,t))I} bl

B > [lonssta, at) ~ Kgle, At)da - [ 10525(2,0) = ko (. 0 do
— Const At(Az + §2),

for all test functions ¢ > 0. In (31), vaz s(z,0) coincides, of course, with the initial
function vo a.. Exploiting the particular structure of i, together with a suitable
change of (time) variable, it is fairly easy to translate (31) into (see [34, 23] for
details)

/R/t_ {lan — k|¢¢ + (m + 1) Fj(n, k)(dﬂ/}(z,t))mj} dtdz

(32) ~ n n ~ n n
Z / |Un(tj o k|¢($7tj 0 / 1un(tj-1) o k|¢($’t]‘—1) dx
— Const A#(Az 4 %),
forj=1,...,mandn=1,...,N. One should notice the factor m + 1 coming from

the particular time scaling in (29). In (32), 4, (z,t}—) denotes the function before
the operator 7 is applied.

4.2. Parabolic step. We now derive a corresponding entropy inequality for
the (degenerate) parabolic step in (14). This will be established by first proving
a discrete cell entropy inequality for the difference scheme (19). Similar (discrete)
entropy inequalities have been derived in Evje and Karlsen [23.719, 21, 18}.

We derive the cell entropy inequality only for m = 1 (with K; = K, 4; = 4,
and a =i € Z) to avoid complicated notation. Let

Sk(u) = S(u,k) =lu—k|,  Qx(u) = Qu, k) =|A(u) — A(K)],
define the discrete difference operator

wr

i e

i—1/2
Ay )
and let a V k = max(a, k) and a A k = min(a, k).
We now set out to derive the following cell entropy condition

(33) Su(WrHL) — Su(W?) — evDy [K,DO (er(Wi") o e O)Qk(Wi"“)H <0.

D 0 I/Vin =

Using the scheme and the fact that A is an increasing function, we can write (here
A" denotes A(W), etc.)

Sk(W) + eT9Do (K;DoQr(W})) = W Vk - W Ak
+ 08 [(ATy v A(K) — ATy A AR) = (A7 V A(R) — A7 A Ak)]
408 [(ATV A(K) — AT AAR) — (AT VAG) - Ay A AR))]
CH (W VE WY kW VE) — Hi(WEy Ak, WP AR W, AK),
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where we have introduced the function
Hi(u, v,w) =v + 08; (A(u) — A®w)) = 68,-1 (A(v) — A(w)).

The function H; is increasing in all three arguments due to the stability condition
(22), so that

Sk (W) + er0Do (K;DoQr (W)
> H, (W W Wiy ) v H (B, &, ) = (W W, WIE ) A H (R K, k)
=|H; (Wi, W Wiky) = Hi(k, k, k)|
=Wt — k — (1 - 0)erDo (K DoQr(W)) |,

(34)

where we have used that H;(k,k,k) = k. Since A is a nondecreasing function, a
case analysis will reveal that

|A(v) — A(K)| = |A(w) — A(k)| < sgn(v — k) (A(v) — A(w)).
Now, we estimate as follows

Sp(WHY) —er(1 — ) Do (K; Do Qi (W)
=WV k= W AR+ (- 0B[IAFT - AR - 1A% - A®)]
+ (1 - )1 [|A7*! — AQR)| - 474! - AQB)]
<sgn(W! — B)(W]! — k)
+ (1= 0)sgn(W)T — k) (B; (AP — AZHY) + Bic1 (AP — ATH))
WPt — k= (1= 0)erDo (KiDoQr (W) |-
Combining this inequality with (34), we arrive at the cell entropy condition (33).
To derive a global entropy condition, let ¢ > 0 be a test function, multiply (33)

with 7Az¢? (¢ = ¢(tAz,n7)) and sum over all ¢ € Z and n = 0,...,N; — 1,
where N,7 = At. Then, using summation by parts twice in space, we get

|
023" 3 (Suwp) - su(w))grAc
=0

i

—rey. Nf [Do (KD [0Q4(W7) + (1 - O)QuW+H)] )| 67 A

i

=N S (W gl A= S(W b A

1
B

N1l -
5 T;O [Sk(wﬁl)?ﬁ—T—}mz

i

=il
= [(er(W;l) + (1 = 0)Qk(WP*1)) Do(K: Dog?)| rAz.
=0

0
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Using the L! Hélder continuity in time of {W'} (see Lemma 3.1 and its proof), we
can write

=

%5 Z (9Quw) + (1 - 6)Qs (W) ris

Za T — )

N-—1
=Y Y Quwrtrac +0(AtV7),
gaT—0

so that we end up with

N-—1 n+1 (bn

B e =
;Z[ (W2 D woee o

> N B A > Sk(W)¢? Az — Const Aty/T.

+ Qi (W) Do(KiDod?)| rAa
(35)

Letting w(t) = Haz1wo denote the finite difference solution (as defined in (21)),
we can obviously replace the discrete inequality (35) by its continuous counterpart

At
/ / {|w—k?cbt+5Qk(w)(K(:c)¢I)z}dtdI
.an,q
> [t a0) = ota, A dr = [ fu(,0) ~ kio(a,0)ds

— Const At(VAt + Az),

where w(z,0) coincides with wg. A similar inequality can be obtained (with the
same argument) in the multi-dimensional case. Similar to the hyperbolic step, we
can translate this multi-dimensional inequality into the following entropy inequality
for the degenerate parabolic step (see [34, 23] for further details)

/m/tnt:w {!an —k|¢pe + (m + 1) Em: |Q; (i k)|(Kj($)¢zj)xj} dider

/ (%1 1) — K|, 20 5 — / iy (£2) — kl(z, £1,) de
— Const At(VAt + Az).

(36)

4.3. The splitting method. Forj=1,...,m+landn=1,...,N,let x} ()
be the characteristic function of the sublnterval [t?_,,t}]. To derive an entropy
estimate for the splitting method, we add (32) and (36), sum over j = 1,...,m and

n=1,...,N and rearrange terms, yielding

(37)  L(an,d,k; f,V, A uo,T) > ES + E™ + E* — Const T (VAt + Az + 6),
n
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where

z// T 0 T o

il

B | (Sulan(@, ) = Sutrina, 1) (. 15)

=il =il

_5// 1—m+12xm+1 }ZQJU,,, (K04, 9) dt de.

The three terms can be identified with the following sources for entropy production:
E® comes from the hyperbolic steps, E™ from the projections in the hyperbolic
steps, and E™ from the (degenerate) parabolic steps. We shall next bound the
three terms ES, E™, and E®, starting with E*. By first splitting the integration
over [0,7] into a sum over intervals [t"~! "] we see that the sum over n can be
taken outside the double integral. Then writing

Qi (@n(8), ) = Qg ("), ) + [ @, (n (8), K) = Qs(an(¢"1), B)],

E™ becomes E}* + EJ*, where

Ef*zeZ/

G

E} _CZ/m/tn L=t D)

X [Qj(an(t), k) = O Cus(iie ) k)}ax,. (K;0s,¢) dtdz.

/tn [t O O (0] @5 (), BB, (K00, 6) di e

m,

In Ef{ we can use the smoothness of ¢(-,t) to write
(O (500, 00) | 4y = (O BB, )} | gnry + Cin &, =771,

for t € (t*71,¢") and some suitable C; »(z,t) uniformly bounded (in j,n,z,t,7) by
a constant C > 0. Inserting this into EJ* gives (where = supp(¢))

2 A"
LARDY @@t (0, (KB, g [1 = (m+ D (8]

e

2 ot -t 1) [1 — (m+ 1)X;+1(t)] dt) dz

tn—1

= Z/Q tt‘ Ot — ") [1 — (m+ 1)X;;+1(t)} dt dz = O(At).
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For the second term, we have

= sl [ AN lmfzsuplazj (K;04,9)]
Qr

Juu| <[fol oo
/ / () = (T Y| dtdzx
L /7
gconstZ/ Vitdt = Const Y  At*? = O(VAY).
7,n 0 n

For ES we use a similar argument (to obtain a similar estimate), so that
ES B Eonst TV AL

Now it remains to determine the entropy production due to the projection op-
erator 7. For simplicity we present the argument for m = 1; recall that each hyper-
bolic operator is one-dimensional, see also [23, 33]. Introduce the grid boundaries
z; = iAz, let v = v(x) be some function of bounded variation and let ¢ = ¢(z) > 0
be a test function. Then

/. (Sk(v)—Sk(wv)>¢(m) hoih gl
R
_Z/ i Sk(wv)>¢(mi) A
- Z / ’“ Sk(vrv)> <¢(m) - ¢($¢)> o

The second term I is stralghtforward estimated as follows:

il

|I\<|¢|AIZ/ |v — v dz

AL
<o AJ:Z/ : 1/ (z) dy| dz < Const Az TV (v).

To estimate the first term, let us first assume that S (u) is a C* approximation of
|u — k|. We can then obviously write

Si(v) = Sk(mv) + Si(mv)(v — mv) + C(z)(v — 7v)? for some C(z) > 0,

and therefore
= Z/ Sk(mz )(v — mv) + C(z)(v — mv)?| dz.

The first term integrates to zero and the second is always positive, so that I; > 0.
This latter inequality can also be made rigorous for Si(u) = |u — k| by suitably
approximating |u — k| with C? functions, see [23]. Hence, I; + I > —CAz. From
this we conclude that also

E™ > —Const Az.

Summing up, we have derived the following entropy estimate for w,.
L(tin, $, k; F,V, A,ug, T) > —Const T (VAL + Az + 6%).

In view of (30), this estimate translates into the following similar entropy estimate
HOTE [Whofe
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LEMMA 4.1. The entropy production of the splitting method (15) is of order
O(VAt + Az + 0), or more precisely

(38) Bl o f VA g 1 > —ConstT(\/ At + Az + 62),
for some constant C > 0 independent of the discretization parameters n = (Ax, At,§).

From this lemma we can conclude that if the approximating sequence {u,}
generated by (15) converges, then it does so to an entropy solution of (1).

5. Summary

In this paper we have presented operator splitting methods for degenerate
convection-diffusion equations and shown that these approximations converge to
entropy weak solutions. In a companion paper, [27], we apply these methods to
examples from the simulation of two-phase flow in porous media and certain models
for sedimentation-consolidation processes. We demonstrate that although the op-
erator splittings may have certain potential pitfalls, such as splitting errors, lack of
mass conservation and grid orientation effects, they perform very well on most cases
and deliver more than the standard resolution with surprisingly high efficiency.
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