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PARAMETER ESTIMATION WITH THE AUGMENTED
LAGRANGIAN METHOD FOR A PARABOLIC
EQUATION

TRYGVE K. NILSSEN AND XUE-CHENG TAI

ABSTRACT. In this paper, we investigate the numerical identifica-
tion of the diffusion parameters in parabolic problems. The identi-
fication is formulated as a constrained minimization problem. By
using the augmented Lagrangian method, the inverse problem is re-
duced to a coupled nonlinear algebraic system, which can be solved
efficiently with the preconditioned conjugate gradient method. Fi-
nally, we present some numerical experiments to show the efficiency
of the proposed method, even for identifying highly discontinuous
parameters.

1. INTRODUCTION

The purpose of this paper is to investigate some numerical methods
for efficiently identifying the unknown coefficient ¢(z) from the follow-
ing parabolic problem

@) Uy VIS (GIBIN = fas s va (0 Ty,
with the initial-boundary condition
(1.2) u(z,0) =up(z) in Q and wu(z,t) =g(z,t) on N x (0,T).

Here Q2 can be any bounded domain in R%, d > 1, with piecewise smooth
boundary 092, and f(-,t) € H™}(Q) t € (0,T), is a given source term.

The identification process is carried out in a way that the solution
u matches its observation data uq optimally. In many practical appli-
cations, it is easier to measure the solution u at various points in the
medium than to measure the parameter ¢(z) itself. In this work we
assume that we have available measurements of u at some single points
far.all time agle sl il e sttt ol & (0,7). The measurements
may contain noise.

For the identification problem, the hybrid method of [4, 5, 6, 1] will
be used, 1.e. both the state variable u and the coefficient ¢ will be
regarded as unknown variables and the equation is considered as a
constraint. The augmented Lagrangian method will be used to solve
the constrained minimization problem. To find a saddle point for the

This work was partially supported by the Research Council of Norway (NFR),
under grant 128224 /431.
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2 TRYGVE K. NILSSEN AND XUE-CHENG TAI

Lagrangian functional, we need to solve some coupled nonlinear sys-
tems. In Chan and Tai [1], the nonlinear systems were solved by the
sequential linearization approach of [6]. To solve the linearized equa-
tions, it is rather expensive to assemble the system matrices. In this
work, we also use the linearization approach of [6] for time dependent
problems with sparse point observations. The costs of assembling the
matrices in the linearized systems are even more expensive. Thus we
have proposed an approach that avoids assembling matrices. Another
good point about the approach is that the meshes we use for the state
variable u and the coefficient ¢ can be independent of each other. This
makes the algorithm very flexible with respect to varying the dimen-
sion of the space where ¢ is approximated, which is dependent of the
information available from the measurements.

The rest of this paper is organized as follows: The next section
presents the numerical scheme that is used to solve the forward prob-
lem, and it shows how the numerical parameter estimation problem is
formulated and solved with the augmented Lagrangian method. There-
after we show how the conjugate gradient method can be used to ex-
ecute the steps in the augmented Lagrangian method in a way which
avoids assembling matrices. Finally we give some numerical experi-
ments to show the efficiency of the method.

2. THE AUGMENTED LAGRANGIAN METHOD

We shall first present an approximation for the forward problem
and then specify the augmented Lagrangian approach in a discrete
setting. The forward problem can be discretized in different ways. The
Lagrangian functional will be different with different approximations.
In this paper, we are going to use a finite element method for spacial
approximation and an implicit Euler scheme for the time variable. In
real industrial applications, finite difference or finite volume methods
may be used for the spacial variables and explicit schemes could be
used for the time integration. The Lagrangian functional then need to
be modified correspondingly.

2.1. Approximations for the forward problem. For simplicity, as-
sume that  C R?is a polyhedral domain and 7 is a regular triangu-
lation of 2 with simplicial elements (cf. Ciarlet [3]). The superscript
h denotes the diameter of the largest simplex of the triangulation. Let
Vi be the standard piecewise linear finite element space over this tri-
angulation. This is the finite element space where u and f are defined.

To define the space for ¢, we let T be a similar triangulation of €2
as the one above with either simplicial or rectangular elements. Let
Wy denotes the piecewise constant finite element space over this trian-
gulation. Note that the triangulations for V;, and Wy might differ. In
practical applications, the dimension for V}, is normally required to be
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PARAMETER ESTIMATION WITH THE AUGMENTED LAGRANGIAN 3

much higher than the dimension of Wy. In case that 7" is a refined
mesh of 7, the implementation is much simpler.

To fully discretize the parabolic system, we also need a time dis-
cretization. To get that, we divide the time interval (0,7") into M
equal subintervals by using t" =n7, n=0,..., M with 7 =T/M. We
initialize by setting:

ud = I"(ug(z)) € Vi,

where I" is the linear interpolation operator into V}, using the nodal
point values. The discretized solution u} is then defined recursively by
solving:

T

el
(2.1) (Mv> + (qVul, Vo) = (f*,v), Vo € Vi

In the above and also later, (-,-) is used as the inner product of L?(£2)
and f™ = f(z,t,). The equation (2.1) defines

U,
Up = (& (Vh)M+1.
uy'

In the rest of the paper we drop the subscript h.

In the augmented Lagrangian method, we need to regard the equa-
tion as a constraint. To minimize the equation error, we need to use a
proper norm to measure the equation error. In our simulations, we have
used the following two inner products to produce different measures for
the equation error:

(2.2) a). (u,v)v = (y,v) + 7(Vu, Vv), bl oo =),

The corresponding norm is || - |2 = (-,-)y. When 7 = O(h?), the
two norms produced by the two inner products are equivalent with an
equivalence constant independent of A and 7 for functions from V}. In
such cases, we will use the inner product (2.2.b). When 7 is big, then
we need to use the inner product (2.2.a). In order to evaluate this
norm, we need to solve a large linear system. This can be avoided by
using equivalent norms produced by multigrid or domain decomposition
methods as in [7].

For any u € (V4)™*! and ¢ € Wy, the discretized equation error
e =e(q,u) € (Vi)™ is defined

(2.3) (e v)y = (u" — v, v)
+7(gVu", Vv) = 7(f*,v), YweV, Vn>O0.

We see that e™ depends on ¢, u™ and u™~!. For any given ¢ € Wy and
u € (Vi)M*!, we say that (g, u) satisfies the equation (2.1) if e = 0, Vn.
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4 TRYGVE K. NILSSEN AND XUE-CHENG TAI

In an explicit form, the equation for e in fact can be written in the
following form if we use the inner product (2.2.a):

(24) €*(g,u)=( -7TAp) (" —u"! — TV} - (qVru™) — 7f7),

where the subscript h denotes that we use a discretized version of the
operator. The operator (I — 7A,)~! can be replaced by some corre-
sponding operators produced by domain decomposition or multigrid
methods, see [7]. If we use the inner product (2.2.b), the equation
error is:

(2.5) g u) = ul =t = 7V, (¢Viu™) — 1"

2.2. Discretized minimization. In case that only point observations
are available for the state variable u, we shall solve the following min-
imization problem to find the corresponding coefficient g:

(2.6) min TZE )+ BR(q)

e(q,u)=0

subject to ¢ € Wy and u € (Vh)M“L1 satisfying u® = I"(ug(z)). Here

n 1 n n
27) B(w) =Y 5l (@) - wj(zo)
and R(q) is a regularization functional which will be specified later, and
B is a small positive parameter that will be determined by the mesh
sizes and the noise level.

2.3. The augmented Lagrangian method. We shall use an aug-
mented Lagrangian method to solve the constrained minimization prob-
lem (2.6). The discretized augmented Lagrange functional L, : Wy x
(Vh)M+l X (Vh)‘M — R is:

Lelgy,2) = 730 B +BR(g) + 50, )y + Dl

In the above, ¢ > 0 is a penalization constant which does not need to
be very big. In the discrete setting, it is known that L. has a saddle
point and the saddle point is a minimizer for (2.6), see [4, 6, 2].

We will use the following modified Uzawa algorithm to find saddle-
points for this functional. A linear convergence for this algorithm has
been proved in [6, 2].

Algorithm 2.1. (The global minimization algorithm,)
(1) Choose initial values for \g,ug € Vi, and set k=1.
(2) Find qi. from

(2.8) Le(gr, uk—1, A1) = min L(q, ug_1, \g_1).
9€WH
(3) Set u) = u® and find ux = {uf}M, from
(29) LC(qkauka/\k—l) == nél‘;l Lc(Qk,Ua )‘k—l)'
UEV,
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PARAMETER ESTIMATION WITH THE AUGMENTED LAGRANGIAN 5

(4) Update the Lagrange-multiplier as
)\k = )\k—l =F ce(qk, Uk).
If not converged: Set k=k+1 and GOTO (2).

3. IMPLEMENTATION ISSUES WITH THE CONJUGATE GRADIENT
METHOD

In this section, we study an efficient method to solve the two sub-
minimization problems in the modified Uzawa algorithm. We will use
the notations L,-q = L’ (q,u, A)-p = 2&l&N) . and L .w = L'(q, u, A)-

oq
= M{fl—i“’—’\) - w to denote the Gateaux derivatives of the functional

L.(q,u, ). Note that when writing L, - p, the p indicates that we take
the derivative with respect to ¢ in the direction p. Similary the w in
L’ - w indicates that we take the derivative with respect to u in the

direction w. The notations L”(q,u, ) - (p,p) = ﬁLg(%”\—) - (p,p) and

L, w, A) (0, w) = ﬁ%ﬂ - (w,w) are used for the second order
derivatives.

The augmented Lagrangian functional L.(q,u, A) is linear with re-
spect to A\. For fixed (u,A), the functional L.(q,u,\) is quadratic
with respect to ¢, and for fixed (g, ), the functional L.(q,u,\) is
quadratic with respect to u. Thus there must exist linear operators
A(u) : Wy — Wy and B(g) : Vi, — V}, and functions a;(u,\) € Wg
and as(g, A\) € V}, such that

(2.1 Banc = A(u)g — a1(u, A),
(3.2) aaj;c = B(q)u — a2(g, A).

Due to the quadratic nature of the augmented Lagrangian functional,
it is true that

(3.3) (A(w)p,p) = L¢(g, u, A) - (p, p) Vp € Vi,
(3.4) (B(q)w,w) = Li(q,u, A) - (w, w) Yw € Why.
In the implementations, .A(u) and B(g) are matrices depending on u
and ¢ respectively, and a; and a, are vectors depending on (u, \) and

(q, \) respectively. Thus the subproblems (2.8) and (2.9) are equivalent
to solving equations of the following form:

(3.5) 3;; NTRI G by
(3.6) O — Blg)u—as(g, N) = 0.

In Chan and Tai [1], the matrices .4, B and the vectors oy, a, are
assembled at each iteration and the linear systems are solved exactly.
The cost of the assembling for time dependent problems is getting
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6 TRYGVE K. NILSSEN AND XUE-CHENG TAI

too high. Therefore we look for ways to solve the system without
assembling the matrices and the vectors. In the next subsection we
will present the preconditioned conjugate gradient method, and then
show that this method can be used to solve the equations Agq = «; and
By, = Q9.

3.1. The preconditioned conjugate gradient method. The pre-
conditioned conjugate gradient method solves the equation Az = b
with a symmetric positive definite preconditioner B. The algorithm is
written as:

kZO, .Z'():O, T'():b, Z():B_lro, D1 = <y,
while 7, #£0,

7’ i
v = Tk_lzk—l/pk Apy,
Tk = Tg—1 + QP
Th — Th—1 — @pApe =b— Ay,
Selve . Bay — iy

ASlidry 7
5k+1 = U Zk/Tk_lzk—l,

el = 2 + BrriDr,
end

I = Tg.

In the algorithm, we do not need to form the matrix A. For simula-
tions, we just need subroutines to calculate b — Az and p? Ap for given
vectors x and p.

Domain decomposition and multigrid methods shall be used for the
preconditioner B. When using domain decomposition methods, only
very small subproblems defined on the subdomains need to be solved.
If multigrid method is used, we do not need to solve any systems of
linear algebraic equations. We just need to update the residuals of
some equations over all the nodal points from the different levels.

In order to use conjugate gradient methods to solve equation (2.8)
and (2.9), it is enough to design some subroutines to calculate (Ap, p),
(Bw,w) and the corresponding residuals for the two equations with
given p and w.

3.2. Minimization with the conjugate gradient method. All we
need to solve equation (3.5), is to calculate Ag— o, and p? Ap for given
vectors ¢ and p. Similarly, we need to calculate Bu — ay and w? Bw for
given vectors u and w to solve equation (3.6).
;From the definition of L., we get that
aen n
(3.7 L.-p=BR(g)-p+ zﬂ:(a—q P, A"y + CZ(% i5 ey

n
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PARAMETER ESTIMATION WITH THE AUGMENTED LAGRANGIAN it

Thus, we need to calculate d} for all n to get ().
In order to use conjugate gradient method to solve (3.6), we d Define
dy = %21 - p. From the definition of e", we see that d satisfies

(3.8) (d},v)y = 7(pVu", Vo) Vv € V,
and thus

L,-p=BR(q)-p+ Y (d},\" +ce)y

(3.9) = BR(q) p+ Y T(pVu", V(A" + ce")).
Assume that {¢,} are the basis functions for Wy and r; = [ri(j)] is

the residual vector for equation (3.5), i.e. r1(j) = L, - ¢;. From the
calculations above, we see that r1(j) can be calculated by

ri(j) = BR(q) - 5 + Y 7(¢; VU™, V(A" + ce™)).

When solving (3.5), u™ and A" are known and we only need to compute
e" for each n to get the residual r; from the above formula.

To calculate (Ap, p) for a given p € Wy, we use the quadratic prop-
erty (3.3) to get that

(3.10) (Ap,p) = Li(q,u,2) - (p,p) = BR"(q) - (p,p) + ¢ > _(d}, d})v

Thus, we need to calculate df for all n to get (Ap,p).
In order to use conjugate gradient method to solve (3.6), we define

i %Fui -w. We see that df satisfies

{3:11) (d3,v)y = (w" — w"™,v) + 7(gVw", Vo) Yv € V.
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Similarly, we have the following formulations for calculating the
residual for equation (3.6):

den dem
Low=Y 7E(u")-uw" + Z(% cw, )y + cZ(g‘i7 Cw, ey

o TZ('LL"(CEi) — ul(z;))w™(z;) + Z(dg’ S
1 TZ(UTL(%) — ug(z;))w" (z;)+

Z(w" —w" A" + ce™) + Z T(gVw™, V(A" + ce™))

n

(3.12) = TZ(un(g;i) — u(z;))w" ()
- Z(w”, (A" + ce™) — (A™H! 4 ce™t1))
+ 3 T (qVu", V(A" + ce™)),

where we have defined A*+! = ceM*! = 4 = 0 to simplify the nota-
tion. For the second order derivative it is true that:

(Bl e = ZE”(U") (w,w) + cZ(d’;, dy)v
(3.13) =7 > (w"(@)* + e (d3, d3)v.

Assume that {1;} are the basis functions for V}, and ry = [ry(n, j)] is
the residual vector for equation (3.6) which contains residuals on all
the time levels for all the nodal basis functions. Then T9(n,j) can be
calculated by

ra(n,§) = 7 > (4" (@) — w(z:))y ()
+(®5, (A" + ce™) — (A" 4 cemt1))
+7(qVe;, V(A" + ce™)).

These calculations can be used in the conjugate gradient method to
solve the equations Au = o, and Bg = a; to execute (3.5) and (3.6) in
the modified Uzawa algorithm.

3.3. Efficient minimization algorithms. The most time consuming
part of the minimization algorithm is the solving of (3.6), i.e. the
minimization of u. This is because u(z,t) is a function of both space
and time, and therefore have most degrees of freedom. Usually the
dimension of the space V}, is bigger than the dimension of Wy In this
section we suggest two alternative minimization algorithms to the one
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PARAMETER ESTIMATION WITH THE AUGMENTED LAGRANGIAN 9

presented in the section above. The new minimization algorithms will
not minimize (2.9) exactly as in Algorithm 2.1. Instead, we are trying
to use some cheaper and approximate solver for the sub-minimization
problem (3.6).

3.3.1. Matching minimization algorithm. For the forward problem (2.1),
it is known that u"~! must be computed before we can compute u".
This is not correct for the sub-minimization problem (3.6). For (3.6),
all the u™ are coupled to each other. If we first compute u' and then
take the computed u! to compute u? as described in the following and
continue, the obtained solution v = {u™}M , is not a minimizer for
(3.6), but is a rather good approximation for the minimizer of (3.6).
To be more precise, let us define

n W T n n n c n
', u™) = ZB() + 0%, )y + Sl

It is clear that F(u™, u™ ') also depends on A and ¢. Since we only use
this notation for the solving of (3.6), we will omit g and X in F(u", u""!)
for notational simplicity. It is easy to see that

Le(gyu,2) = ZF u"") + BR(g).

The following algorithm will be used as a replacement for Algorithm
2815

Algorithm 3.1. (The matching minimization algorithm)
(1) Choose initial values for Ao, uo € Vi and set k=1.
(2) Find g from

= in L Mok T
i ol Up Mt 1)

(3) Setu) = u® and find up = {up}M, sequentially forn=1,2,---M
such that

(3.14) uf = argmin Fv,u}™").
veEV)

(4) Update the Lagrange-multiplier as
M = Ap—1 + ce(gr, Uk)-

If not converged: Set k=k+1 and GOTO (2).

When solving (3.14), the newest values for ¢ and A are used. Step
(3) in Algorithm 3.1 defines ux = {uj}}L, sequentially for the time
steps.

To use the conjugate gradient method to solve this new minimization
problem we should do some calculations similar to those in the previous
section. The difference is that we now take the Gateaux derivative in
the direction of one time level w™ instead of in all time levels.
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10 TRYGVE K. NILSSEN AND XUE-CHENG TAI

We define df = (e")’ - w™ = 22 . w". Then d} satisfies

— Oun

(3.15) (d%,v)v = (W, v) + 7(¢Vw", Vo) Vv € V.
The Gateaux derivative of F(u™, u"~!) in the direction w" is:

Oe™ oe™
cw™, A"y
oun L +C(8u"

— Z(u"(:cz) — ug(z;))w"(z;) + (d5, A" + ce”)y

(3.16) = Z(u”(a:l) — uj(z;))w™(z;)

7

+ (W™, A" + ce™) + T(gVw™, V(A" + ce™)),

F'-y™ =7E' (™) - w" + ( cw™, M)y

and the second order derivative is
F* (w", o) =rE"(u") - (w", w") + c(d}, d7)v
(8:17) = Z(w"(m))2 S I

1

3.3.2. A Gauss-Seidel algorithm. Another alternative to find an ap-
proximate solution for (3.6) is to use the following block Gauss-Seidel
algorithm to compute u}:

Algorithm 3.2. (The block Gauss-Seidel minimization algorithm,)
(1) Choose initial values for Ao, ug € Vj, and set k=1.
(2) Find g from

G = arg min Lo{g g, oy

{8) Setf tig = wpei and m=1.
While ||r3|| > € do:

Set 4y, = u® and find G, = {a )}, sequentially for n =
1,2,--- M such that
(318) i, = argmin(F(v, ) + F(ith, o).
vEVY

m=m+ 1.
End while.
e Wp— ol
(4) Update the Lagrange-multiplier as

Ak = Ap—1 + ce(qr, ug).
If not converged: Set k=k+1 and GOTO (2).

Here ||r,|| is the L?-norm of the residual from the previous section
(3.6), and € is the stopping criteria. When solving (3.18), the newest
values for ¢ and A are used.
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PARAMETER ESTIMATION WITH THE AUGMENTED LAGRANGIAN 11

We use the same notations as in the previous subsection. The Ga-
teux derivative of F(u", u™™!) + F(u™*!, u™) with respect to u™ in the
direction w™ is calculated:

F/(un7un—1) Cw™ i3 F’(U"+1,Un) : wn

= Y G
+ (W™, A" + ce™) + T(¢Vw", V(A" + ce™))
+ ((e™Y) - w", ce™™ + ATy

(3.19) = Z(u”(xl) — ul(z;))w" (z;)

+ (W™, ce™ + A") + 7(gVw", V(A" + ce™))
~ (w", g™t + AT,
and the second order derivative is calculated:
F'(u® u™ ) - (", w™) + F" (™, o) - (w®, w®)
(3.20) =r > (w(z:))* + c(df, df)v + c(w”, w")y.
4. NUMERICAL EXPERIMENTS

We now show some numerical experiments on the proposed method
for parameter identification. For the tests, we have taken 2 = [0, 1] x
[0,1], T = 0.01, ug(z) = sin(wz) cos(my), g(x) = 0 and ¢(z) is piecewise
constant:

¢, z €]0,0.5] x [0,0.5]
C)ige, @€ [0,0.5) x1[0.5,1]

i ARG O G [0.5,1] x [0, 0.5]

ot A= T R A B O
In the examples ¢; = 7, © = 1,...,4 unless otherwise defined. The
source function is

4
(4.2) fl@) =) 6(z —z) — 46(z — z5),

=1
where z; for 2 = 1,...,4 are the corners and z5 is the center of Q) and

0 is Diracs delta function.

The domain is triangulated by first dividing it into squares of size
h x h. Then each square is divided into two triangles by the diagonal
with positive slope to get 7". The element functions u(z,t) and f(z,t)
are defined over this triangulation with linear finite element functions.
The number of time steps is M = % Square meshes T# are used for
approximating ¢, and H is used to denote the mesh size. Moreover, the
finite element functions for g are piecewise constants over each square.
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In the implementations, the mesh 7" that we use for approximating u,
is always a refinement of the mesh 7 we use for gq.

With the numerical method described in Section 2, the forward prob-
lem can be solved. The solution from this, u, will then be used as a
source for the observations that our algorithms will use to recover the
permeability, q.

In Example 4.5 we will add normally distributed noise to the obser-
vations in a multiplicative way, i.e.:

(4.3) Ul t) = wl @b il ¢ rendim

Here rand(w;,t) is a vector of normally distributed numbers with ex-
pectation 0 and standard deviation 1. We refer to o as the noise level.

In the figures in the following examples we illustrate the convergence
rates of the Uzawa algorithms. In all examples we plot ||, — q||1>
with increasing k-value, where ¢ is the true permeability. In Example
4.1 we also illustrate the convergence rates of w in L%-norm, i.e. we
plot fOT lug — ul|z2dt. In the examples the Uzawa algorithm has been
stopped by inspection of these plots.

As an initial value for ¢, we use gy equal to a constant. The constant
that is used is the average of the exact permeability, i.e: gy = ﬁ I ods.

The initial value for u is the spatial linear interpolation of ug4(z;, ). The
c-value is found by trial and error.

In the following examples we have observed convergence when either
the inner products (2.2.a) or (2.2.b) are used. We have seen that the
conjugate gradient method converges in fewer iterations when (2.2.a)
is used, but since (2.2.b) is cheaper this has been preferable in our
examples.

For simplicity, we have taken R(q) = [, ¢*dz. For examples without
noise we can set the regularization parameter to g = 0.

As a preconditioner B for the conjugate gradient method we have
used domain decomposition to approximate the operator (I — 7A)~!.
This is tested with and without coarse grid.

The stopping criteria for the conjugate gradient method is that the
relative L?-norm of the residual is < e. In the following examples we
have chosen ¢ = 10~°

In all examples except Example 4.4 we have used H = Tl = El—;,
M = 20 and T' = 0.01. In the center of each square element of TH,
there is one observation point. That means we have 16 observation
points for u4 and 16 parameters representing q.

Example 4.1. In the first example we use the global minimization
Algorithm 2.1. In this example the c-value was set to 8 - 10-5. The
convergence rate of g is shown in Figure 1, and the convergence rate of
u 1s shown in Figure 2.



MW‘#&!@SQM"I” e il s baate bas § nolteionsg
iy Sl mﬂmﬂaw miqmnﬂ“' fivalliol o1 i ssupi ods al SR 7
o H-ﬂbﬂh‘ﬂﬂ Tokg avr mﬁmmm fhe. 1™ aman: 3{"‘ el rads o ealn s ""‘--
MM wl ,vﬂtlidw o4y ailt &l pﬁnﬁw vy -t giesoToni diiw: e
it somron-Sd u QB aate Sanoliiliien ady o _.uunlh ozls ow LB -0 oL
wand mﬂm&gmgh W dY seininity 903 il s gl - ) n"\ Jaly . LN
. =4 »h&eﬂs}n ) nwm el fﬂ(“q!’vfr L
»m.lam.ﬁ ST mwmgl dm fonpa on- T4k m ol oules tsitial ne af
m\s P ﬁ kT vﬁmmm% i ui‘.! fgi aggre s 9ild 8t boay al tads
wilE {!mx:a,wa waumﬁlmmm nas ;umu el s 1ot ke leiiiad sd [
sdaky B ey vd Dot & silev-n ) il
1°zf,!'H mmhr me‘fm bﬂqu e S :mig[,mm; saiwoliol st nl
: Bl Sed s ST ol gy eee (L) (LS} advabony venaf sdi
. t‘ﬁ.ﬁ 5} m?iw am‘mmrrx w?fﬂ PIETL Tl 'LM hodism josthery sagnjae
e i Jf:‘fmuh‘in o ﬁml ﬂmﬁ Tocpoods ot 113 L) sonte fod beey B
R ImAYs
il ibane 'xﬂ *13?*%13; 5. (g A podadwend ew piilqmiz
R Ry O RS 1107 )5 'l”‘imﬂ sily jop ®EH 9w 3&0n
il aw Hosiem mmm W\ add sl B noiiibaooeiqg & 2A
L {&T \} s (g %rh‘ memﬂn of modlisonimosnh aismob, baew
e Hisyamasns nrodite bug ity hotess o r;l"f
'- -l“_‘ sk - ey ]ui; pi bﬂﬂm tueihinng mw-n sl Wi sisalio ol uwt e ¢
K ) mhmms P TER T ﬂ-ph R & >w i, hﬂlf'!’a" %ild B0 @rmoa- -rrz“\r:lw
' : . B0 = & aoecdd avel
i ¢ bes g T w Wﬂ,{! ar :Jl ﬂwxﬁ Jgemn a.'qmuw. il -al
Sy L-mﬁ-.-mvmmtﬁmio oy bl ol 100 < er 0f = W
fels mﬂa‘wmja EH—. swm{ 2. RUBYCH MT AR . 5D =-t~rr-1in afo e Tisilt
: o amww mm—mq 3 ik i nﬂ atitiog -

e

s e o’ m[qmﬂ ainﬂ ez i A5 alqainxd : ;

Mﬁ' 0y ¢ E 139 s wew: salies adi sloemere i ol LLmdinoglA <

'!sm»r-mrr MF-BWJ efw-ban 4 sﬂgﬂ df menkis g T 2187 SOBEARVCD
il .,Lmﬂmxrmﬂam




PARAMETER ESTIMATION WITH THE AUGMENTED LAGRANGIAN 13

o

FIGURE 1. ||gx —q||r> versus k. Logarithmic scale on the
vertical axis.

FIGURE 2. fOT |lukx — ul| 2dt versus k. Logarithmic scale
on the vertical axis.

Example 4.2. In this example we use the matching minimization Al-
gorithm 3.1. The c-value was set to 8 - 107°. The convergence rate of
q is shown in Figure 3.

FIGURE 3. ||gx —¢||L2 versus k. Logarithmic scale on the
vertical axis.

We see that this algorithm takes more iterations to converge (see
Figure 3). Since each iteration is much cheaper than in the previous
example, this algorithm is much quicker.
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Example 4.3. In the first example we use the Gauss-Seidel Algorithm
3.2. In this example the c-value was set to 8 - 107°. The convergence
rate of g is shown in Figure 4.

FIGURE 4. ||gx —q||12 versus k. Logarithmic scale on the
vertical axis.

We see that the convergence is slower in this example than for the
matching scheme (see Figure 4 and Figure 3). In addition each iteration
is more expensive. This algorithm is not preferable.

Example 4.4. In this example we see what happens if the number
of parameters representing ¢ is bigger than the number of observation
points for u. The example is specified with H = £, h = L M = 10,
iz 001 Hindre =TSN = % gives 64 parameters representing
q. The observation points uy is taken to be the corners of 7H in
the interior of 2, i.e. we have 49 uniformly distributed observation
points for u. The global minimization Algorithm 2.1 is used to identify
q(z). We see that it takes more iterations to converge and that the

convergence 1s unstable, see Figure 5.

FIGURE 5. ||gx —ql|12 versus k. Logarithmic scale on the
vertical axis. We have used 64 parameters representing
g and 49 observation points for u.
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Exact Esimated Error

20

FIGURE 6. The exact- and approximate solution and er-
ror in permeability ¢(z) after 400 iterations.

Example 4.5. We repeat the test in Example 4.1 and Example 4.2,
but add noise to the observations (see Equation (4.3)). The convergence
rate of ¢ when the noise level is ¢ = 1073 is shown in Figure 7, and
the same convergence rate when the noise level is 0 = 1072 is shown
in Figure 8. Here the global minimization Algorithm 2.1 is used to
identify ¢(z).

In Figure 9 we show the convergence rate when the matching min-
imization Algorithm 3.1 is used, and the noise level is 0 = 1072. The
c-value was here set to 2 - 107°.

To show the influence of a noise level of magnitude 10~2 on the data,
we have in Figure 10 plotted the pressure with and without noise in a
point z; = (, ) as a function of time.

Figure 11 shows the result after 30 iterations, when o = 1072 and the
global minimization Algorithm 2.1 is used (cf. Figure 8). The relative

L? error in q is %L” == (:0014.

We have used the regularization term R(q) = ||¢||3.. However, the
results seems to be best when the regularization parameter is chosen
B = 0. The reason for this is probably that the dimension on 7 is
relatively small in our examples.

Example 4.6. In oil reservoirs the permeability does often have very
large jumps. In this example we try Algorithm 2.1 with permeability
as described in (4.1) with ¢; = 10°3,i=1,...,4.
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FIGURE 7. ||gx—q||r2 versus k. Logarithmic scale on the
vertical axis. The noise level is 0 = 1073.

FIGURE 8. ||gx —¢||z2 versus k. Logarithmic scale on the
vertical axis. The noise level is 0 = 1072.

FIGURE 9. ||gx — ¢||z> versus k. Logarithmic scale on
the vertical axis. The noise level is 0 = 102 and the
matching minimization Algorithm 3.1 is used.

In this example the c-value was set to 2.6 - 1075, The convergence
rate of ¢ is shown in Figure 12. We see that the convergence is a little
bit slower than in the previous examples. In addition every iteration is
about twice as costly as in Example 4.1, because the conjugate gradient

method converges slower.
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0002 0003 0004 0005 0006 0007 0.008  0.009

FIGURE 10. The pressure with and without noise in po-
sition z; = (5, 5) i.e. u(z1,t) and ug(z1,t), t € (0,T).
The noise level is o = 1072.

Estimated Error

0.04

0.02 -

-0.02.
-0.04] -
B olo6|

= 010875

10

FIGURE 11. The exact, the estimated and the error in
permeability ¢(z) with noise level o = 1072.

5. CONCLUSION

We have seen how the augmented Lagrangian method can be used to
solve parameter estimation problems in parabolic PDEs. When using
the Uzawa algorithm, the minimization for the pressure is the most
time consuming part. In this paper we have suggested three different
algorithms for this minimization. The global minimization algorithm
performs well in all examples, but the matching scheme is much quicker.
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FIGURE 12. ||gx — ¢l|r2 versus k. Logarithmic scale on
the vertical axis.
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