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Abstract: We theoretically investigate strong-field ionization of hydrogen atoms by orthogonally
polarized two-color (OTC) laser pulses consisting of a fundamental field that is resonant with the
1s − 2p transition and its second harmonic. Numerical simulations are performed by solving
the two-dimensional time-dependent Schrödinger equation and recording the photoelectron
momentum distribution. In this strong-field resonant ionization, the atom undergoes many Rabi
cycles and the electron can be emitted within a completed Rabi-cycle leading to the splitting of
the localized momentum distribution. Here, the splitting is attributed to dynamic Rabi-splitting
as a result of the dynamic Stark effect.The employed OTC scheme is shown to be efficient for
controlling the dynamic Rabi-splitting through the control of quantum-path interferences involved
in one-photon and two-photon absorption processes. The control scheme is accomplished by
varying the relative ratio intensity and optical phase between the two pulses, and its footprint is
mapped in the momentum distribution. This is shown to lead to an asymmetric distribution and
suppression of the ionization process. The obtained results suggest the OTC scheme as a tool
for coherent control of dynamic Rabi-oscillations via the controlled quantum-path interferences,
thus opening new directions towards designing quantum states via the control OTC scheme.

Published by The Optical Society under the terms of the Creative Commons Attribution 4.0 License. Further distribution
of this work must maintain attribution to the author(s) and the published article’s title, journal citation, and DOI.

1. Introduction

The dynamics of two atomic levels involved in an atomic transition mediated by a coherent
resonant laser pulse leads to novel phenomena manifested by their nonlinearity. Rabi-oscillation
is one of such phenomena. The effect is of fundamental interest to modern quantum physics and
considered one of the most manifestations of coherent light-matter interactions. Its particularity
is related to the ability to form the basis for many applications such as atomic clocks, quantum
computing and information processing [1], and quantum control of nano-devices at the electronic
level [2, 3].
Over the past decade significant progress in studying Rabi oscillations has been made, and a

variety of physical processes belonging to the areas of quantum computing, condensed matter
and atomic and molecular physics have been investigated. This has led to new findings related
for instance to their real-time observation [4], their ultrafast control [5], their observation
in a collection of atoms [6], and even their observation in connection with multiphotonic
processes [7, 8]. In the latter process, a direct experimental observation of a Rabi-cycling in
the XUV-regime has been reported [7, 8], suggesting thus Rabi process as a new tool for direct
coherent control of light-matter interactions. This statement gets support from theoretical studies,
where Rabi effect has been investigated in strongly correlated electrons, providing thus new
insights into electronic correlations and multiphotonic processes [9–11].
Rabi-oscillations have been mostly studied in connection with the spectral domain (see,
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e.g., [7, 12, 13] and references therein). Their investigation in the two-dimensional (2D)
photoelecron momentum distribution will be of particular interest when a second laser pulse is
introduced as a control scheme. In this situation, quantum interferences between photoelectron
partial waves with opposite-parity, due to the two components of the laser pulses, may emerge
in the 2D-photoelectron momentum distribution. The emergence of these interesting coherent
effects can be exploited for quantum information processing and computing.

Motivated by general interest of Rabi oscillations as a powerful tool to prepare and manipulate
quantum states, we propose in this work a control scheme based on orthogonally polarized
two-color (OTC) laser pulses to gain control over the electron dynamics. Introducing this OTC
scheme has shown to provide an unprecedented insight into light-induced electronic processes,
enabling thus to coherently control their dynamical behavior. For instance, the OTC scheme has
been used recently to control temporal double-slit interference [14], to identify the non-adiabatic
sub-cycle electron dynamics [15], to disentangle intra-cycle interferences [16] and to control
temporal interferences [17]. Controlling the correlated electron dynamics in non-sequential
double ionization processes via two-color scheme has also been reported [18, 19], allowing thus
to measure the time-delay between the released two-electrons [20]. These phenomena have been
recorded in the 2D-photoelectron momentum distribution, offering thus the potential to directly
access the ultrafast electron dynamics. To our knowledge, manipulating Rabi-oscillations by
means of the OTC control scheme have not been reported previously.

It is the purpose of this paper to investigate the photoelectron momentum distribution to learn
about ultrafast electron dynamics using OTC laser pulses. This is achieved by solving the 2D
time-dependent Schrödinguer equation (2D-TDSE). Here, the ionization dynamics is mainly
induced by the fundamental harmonic field, which is chosen to be resonant with the 1s − 2p
transition, while its second harmonic is used to control the dynamics. Here, we show that using
this OTC scheme offers a new and intriguing degree of control freedom for dynamical Rabi
oscillations. The control scheme explores the quantum path interferences between electron wave
packet generated by one-photon and two-photon processes in the final momentum state. We show
that the emergence of these effects can be manipulated by varying the relative ratio intensity and
optical carrier envelope phase of the two pulses.
The paper is organized as follows. In Sec. II, we provide the theoretical basis for the

electron dynamics, which is based on the 2D-TDSE. Section III is devoted to the analysis of
the 2D-photoelectron momentum distributions and particularly to identify Rabi-oscillations and
investigate the possibility of their coherent control by varying the properties of the OTC laser
pulses. Finally, conclusions are given in Sec. IV. Atomic units are used in this article unless
otherwise indicated.

2. Theoretical background

The dynamics of a hydrogen atom interacting with orthogonally polarized laser fields is governed
by the TDSE and expressed in two-dimensional (2D) Cartesian coordinates, which reads[

H0 + VI (t) − i
∂

∂t
]
ψ(®r, t) = 0, (1)

where ®r = (x, z) denotes the vector position of the electron. In the field-free Hamiltonian H0, we
adopt a regularized 2D Coulomb potential [21]

H0 = −
1
2
∂2

∂z2 −
1
2
∂2

∂x2 −
1

√
x2 + z2 + 0.64

. (2)

The time-dependent interaction VI (t) is treated in the velocity gauge and can be expressed within
the dipole interaction as

VI (t) = ®p · ®A(t), (3)
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where ®p=(px ,pz) denotes the vector momentum of the electron and ®A(t) = (Ax, Az) is the vector
potential having the two components, respectively, along x- and z-axes

Ax(t) =
√
η

E0
ω

f (t) sin(2ωt + ϕCEP) (4)

Az(t) =
E0
ω

f (t) sin(ωt) (5)

Here, E0 is the maximum field strength andω represents the angular frequency of the fundamental
harmonic field and its second harmonic frequency is 2ω. The pulse envelope f (t) has a Gaussian-
shaped e−4 ln(2)t2/τ2 form with τ = 2πNc/ω is the full width at half maximum of the field envelope.
Here, Nc is the total number of cycles. η and ϕCEP represent the relative ratio of the peak
intensity (defined as I0 = E2

0 ) and the relative carrier envelope phase of the OTC laser pulses.
The parameter η determines the role of the second pulse in the OTC scheme [14, 22]. In this
work the η is chosen such that the second pulse acts as a control pulse (i.e. η < 1).

Initially, the system is considered to be in the ground state. The temporal evolution of the
wave function ψ(x, z) satisfying the TDSE [cf. Eq. (1)], is solved numerically by combining a
split-operator method with a fast Fourier transform algorithm [23]. The numerical integration is
carried out on a symmetric grid [−x, x] × [−z, z] of size |z | = |x |=512 a.u. with the spacing grid
∆z = ∆x =0.25 a.u., i.e. 4096 grid points along z- and x-axis directions.

During the simulations, the time step is fixed at ∆t = 0.05 a.u., and the convergence is checked
by performing additional calculations with twice the size of the box with a smaller time step. We
employ an absorber to avoid artificial reflections. This is chosen to span 10% of the grid size in
each direction. At the end of the interaction t = t f , where the laser pulses are swished off, we
calculate the 2D- photoelectron momentum distribution. This is done by performing the Fourier
transform of the spatial ionization wave function ψioniz [24, 25]. The latter is obtained using the
projection technique [26,27]. In this technique we consider orthogonal projection operators P̂
and Q̂, such that

Q̂ = 1 − P̂ = 1 −
N∑
i

|ψi〉〈ψi |, (6)

where |ψi〉 are the eigenvectors of the field-free Hamiltonian H0 [cf. Eq. (2)]. The spatial
ionization wave function ψioniz can be written

|ψioniz〉 = Q̂ |ψ(t f )〉. (7)

Substituting Eq. (6) into Eq. (7) we obtain ψioniz

ψioniz(x, z) = ψ(x, z, t f ) −
∑
i

ψi(x, z)
∫ ∫

ψi(x ′, z′)ψ(x ′, z′, t f )dx ′dz′, (8)

where the sum over the important bound states ψi , which are obtained using imaginary time
propagation, covers the first nine excited states. The convergence of the momentum distribution
with respect to the extraction of the excited states is checked, ensuring thus the numerical
convergence of our results.

3. Results and discussion

We start our discussion by looking at the strong-field ionization dynamics of the hydrogen atom
by employing a single-color laser pulse. The laser pulse is resonant with the 1s − 2p transition
having the photon energy of ω = 8.58 eV (λ= 144.53 nm) and is linearly polarized along the
z-axis. The results stemming from this single-color scheme are shown in Fig. 1 and represent
the photoelectron momentum distribution. These are shown for three-peak intensities: 4×
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1012, 6× 1013 and 2× 1014 W/cm2. As seen in Fig. 1, the distributions exhibit a rich structure,
which manifests by a splitting of the localized momentum distribution that is located around√

2(2ω − Ip ±ΩRabi/2), where Ip is the ionization potential and ΩRabi = E0〈1s | z | 2p〉 is
the Rabi frequency. These features emerge on both polarization directions and exhibit a strong
dependence on the pulse intensity.
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Fig. 1. 2D-photoelectron momentum distributions of the hydrogen atom resulting from
a single-color scheme. The results are shown for a fixed photon energy ω = 8.58 eV (λ=
144.53 nm) and for three peak intensities: (a) 4× 1012 W/cm2; (b) 6× 1013 W/cm2; (c) 2×
1014 W/cm2.

In order to provide more insight in the observed splitting, we show in Fig. 2 the amplitude
|〈ψ(t = 0)|ψ(t)〉| and phase ζ(t) of the population of the ground state as a function of time of
the pulse. The latter contains information about the dynamic Stark effect [28,29] and helps to
understand the origin of the splitting behavior. The quantities defined above are extracted from
the time-dependent wave function |ψ(t)〉 i.e. 〈ψ(t = 0)|ψ(t)〉 = |〈ψ(t = 0)|ψ(t)〉|e−iζ (t) [30].
Here, we use the same parameters of the laser pulse as in Fig. 1. The peak intensities are 4×
1012 (Fig. 2(a)), 6× 1013 (Fig. 2(b)) and 2× 1014 W/cm2 (Fig. 2(c)).

At first glance, the population amplitude (black curve) exhibits Rabi oscillations due to the
coherent resonant laser pulses and the number of Rabi cycles increases with increasing the peak
intensity. Further insights into this oscillatory behavior are provided by the phase ζ(t) of the
amplitude of the ground state. As seen in Fig. 2, the phase (green curve) evolves linearly until it
reaches a certain region of the laser pulse (its vector potential is plotted with a blue curve), where
the linearity breaks down [cf. Fig. 2(b) and 2(c)]. Here, the phase exhibits abrupt changes of the
dressed ground state, resulting in a phase jump. It is found that, in this region, the population
of the ground state is depleted. This, however, is not the case at lower intensity [cf. Fig. 2(a)],
where the amplitude decays with time. On the other hand, the phase is shown to be constant
during the total duration of the pulse with a complete absence of any dynamical aspect. As a
result, no splitting emerges as one can see in Fig. 1(a). It turns out that this phase jump is very
sensitive to the pulse intensity. By increasing the peak intensity, the phase jump is shown to
emerge during the sub-cycle dynamics once at the peak intensity 6× 1013 W/cm2 [cf. Fig. 2(b)]
and three-times at 2× 1014 W/cm2 [cf. Fig. 2(c)], thus reflecting the observed splitting in the
photoelectron momentum distributions. This becomes clear when the peak intensity is too weak
to induce Rabi-oscillations and therefore, no splitting of the localized momentum distribution is
emerged.
It is well-known that in the case of a two bound states resonantly coupled by a strong laser

pulse, the dressed states repel each other and split in energy. The splitting occurs during the
resonant dynamics owing to the induced time-dependent Stark-shift, which follows adiabatically
the pulse envelope [31]. The Stark-shift is encoded in the phase, which we refer to as phase jump,
and causes the splitting effect that is mapped into the momentum distribution. A similar splitting
effect was observed in the spectral domain and discussed in connection with a non-resonant
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Fig. 2. Amplitude (black curve) and phase (green curve) population of the ground state
obtained within a single-color scheme. The results are shown for a fixed photon energy
ω = 8.58 eV (λ= 144.53 nm) and for three peak intensities: (a) 4× 1012 W/cm2; (b)
6× 1013 W/cm2; (c) 2× 1014 W/cm2. The amplitude and phase are extracted from the
time-dependent wave function: 〈ψ(t = 0)|ψ(t)〉 = |〈ψ(t = 0)|ψ(t)〉|e−iζ (t) (see text). The
blue curve represents the vector potential of the laser pulse.

one-photon ionization. The latter was found to be caused by dynamic Stark effect [32].
Further details about the Rabi-splitting are provided by looking at the temporal evolution of

the ionized wave packet. The latter is calculated by projecting out the dressed states, which are
obtained at each time of the pulse, from the time-dependent wave function using Eq. (8). The
build-up of the Rabi-splitting in time domain is shown in Fig. 3 at the peak intensity 2× 1014

W/cm2. Here, in the beginning of the ionization, only one pronounced peak appears during the
rising part of the pulse. The emerging peak is seen to occur at the time of the phase jumping [cf.
Fig. 2(c)]. In the falling part of the pulse, the wave packet gets split leading to two pronounced
peaks. This splitting is found to occur once again at the time, where the phase jump emerges
(around the time 25 a.u.), but unlike in the rising part of the pulse, the phase jump oscillates
faster. Further splitting occurs around the time 120 a.u. and is found to evolve periodically in
time without any changes. Here we continue propagating the wave packet after the laser pulse is
being switched off for an additional 50 a.u. to check the convergence of the observed splitting.
The results remain unchanged, ensuring thus their convergence.

At this point, we conclude that the time-dependent phase jump initiates the ionization dynamics
leading to the splitting of the ionized wave packet. This splitting is indeed a result of the dynamic
Stark effect, which in turn leads to the dynamic Rabi splitting.

Fig. 3. Temporal evolution of the ionized wave packet in momentum space integrated over
the px direction. The results are shown at the peak intensity of 2× 1014 W/cm2 and for the
photon energy ω = 8.58 eV.
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We now turn to discuss the possibility of controlling this dynamic Rabi-splitting. To this
end, we introduce a second laser pulse, where its characteristics are chosen to gain control over
Rabi-splitting. Here, we suggest an OTC scheme that comprises a fundamental (λ= 144.53 nm)
pulse and its second harmonic (λ/2= 72.26 nm) and which are linearly polarized, respectively,
along the z- and x-axes. In this scheme the fundamental field contributes mainly to the ionization
dynamics and is chosen to be resonant with the 1s − 2p transition (the corresponding photon
energy is ω= 8.58 eV), while its second harmonic is employed to control the light-induced
resonant ionization and its photon energy is 2ω=17.16 eV. Here, we use the same pulse duration
for both laser pulses τ=398.62 a.u. = 9.64 fs. The combined fields are expected to induce
interesting coherence effects related to quantum-path interference due to the two components of
the OTC scheme, which can be monitored by varying the relative optical pulse phase.
Figure 4 summarizes the results obtained by the OTC scheme and illustrates the role of the

streaking field on the Rabi-splitting. Here the peak intensity of the fundamental field is 2× 1014

W/cm2 and the relative intensity ratio is η=0.5 (i.e. 1× 1014 W/cm2). At the first glance, the
momentum distribution in Fig. 4(a) exhibits an asymmetric profile of the Rabi-splitting, and that
occurs mainly along the polarization direction of the streaking field. In addition, a suppression of
the middle peak is seen to emerge. The asymmetry and the ionization suppression are found to
be sensitive to the intensity of the streaking field.

To understand the origin of these features, we perform calculations for the OTC fields separately:
We solve the TDSE within a single-color scheme for the fundamental field (i.e. two-photon
process), where the obtained ionization wave function is referred to as ψ̃ω , and similarly for its
second harmonic (i.e. one-photon process), and the obtained ionization wave function is ψ̃2ω . A
coherent sum of these ionization wave functions (i.e. |ψ̃ω − ψ̃2ω |

2 ) is displayed in Fig. 4(b), and
shows the emergence of the asymmetric Rabi-splitting along the polarization direction of the
streaking field. Furthermore, the suppression of the middle peak is also reproduced; in agreement
with the results stemming from the combined OTC fields [cf. Fig. 4(a)]. This asymmetry and the
suppression are however, absent when only the incoherent sum is considered (i.e. |ψ̃ω |2 + |ψ̃2ω |

2

) [cf. Fig. 4(c)]. Thus, suggesting the interference between electron wave packets generated with
the two components of the OTC fields that reach the continuum with the same final momentum
to be the origin of these observed features. To be specific, these interference effects result
from interferences between d- and s-waves generated by the resonant two-photon process and
p-wave generated during the one-photon process. The interplay between these quantum-path
interferences and dynamic Rabi-splitting manifests by the observed asymmetric profile of the
splitting of the momentum distribution.
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Fig. 4. 2D-photoelectron momentum distributions of the hydrogen atom. The peak intensity
is 2 ×1014 W/cm2, the relative ratio intensity is fixed at η = 0.5 and the relative optical phase
is ϕCEP = 0. (a) Full OTC scheme; (b) Coherent sum of the ionization wave functions
stemming from the individual components of the OTC fields (| ψ̃ω(px, pz ) − ψ̃2ω(px, pz ) |2)
(see Eq. (8)). (c) Incoherent sum | ψ̃ω(px, pz ) |2 + | ψ̃2ω(px, pz ) |2. Here ψ̃i(px, pz )
(i = ω, 2ω) is a Fourier transform of the spatial ionization wave function ψi(x, z).
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The dependence of the ionization asymmetry on the intensity of the streaking field is shown in
Fig. 5. Here, the momentum distribution is displayed along the polarization of the streaking field
by integrating over the momentum pz . This is shown at the peak intensity of the fundamental
field 2 ×1014 W/cm2 and at three intensities of the streaking field: 5 ×1012 (η = 0.025), 5 ×1013

(η = 0.25) and 1 ×1014 W/cm2 (η = 0.5). The choice of these intensities is such that the streaking
field acts as a control field. For reference, the momentum distribution obtained in the absence of
the streaking field is also shown (red thick curve). The results show a strong sensitivity of the
asymmetric profile and the splitting effect to the change of the peak intensity. This suggests the
streaking field as an efficient control scheme for dynamic Rabi-splitting.
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Fig. 5. 1D-photoelectron momentum distributions along the polarization of the streaking
field and integrated over the momentum pz . The peak intensity of the fundamental harmonic
field is fixed at 2 ×1014 and the relative ratio intensity is fixed at three values: η = 0.025 (i.e.
5 ×1012) (cyan curve), η = 0.25 (i.e. 5 ×1013) (green curve), η = 0.5 (i.e. 1 ×1014 W/cm2)
(black curve). For reference, the distribution obtained in the absence of the streaking field is
also shown (red thick curve).

For completeness, we show in the following that Rabi-splitting can be further controlled
through the control of quantum-path interferences in the final state. This can be achieved by
varying the relative optical phase ϕCEP , which influences the final momentum of the electron.
Indeed, during the ionization dynamics, electrons are generated with different final momenta
depending on the optical phase [33]. This can be understood from the classical equation of
motion that describes the final momentum of the electron i.e. ∆ ®p(tioniz) =

∫ ∞
tioniz

E(t)dt, where
tioniz is the ionization time. The final momentum of the electron ®p f (tioniz) can be read

®p f (tioniz) = ®pi + ∆ ®p(tioniz) = ®pi + ®A(tioniz), (9)

where ®pi is the initial momentum. From this equation, it becomes clear that the change on the
final momentum is directly related to the vector potential. Accordingly, by varying the optical
phase one can directly control the final momentum and hence get insight into the ionization
mechanism (i.e. dynamic Rabi-splitting).

The dependence of the Rabi-splitting on the relative optical phase is shown in Fig. 6. Here, the
same laser parameters are used as in Fig. 4(a) and the results are shown for three relative optical
phases: ϕCEP= π/4, π/2 and π. Interestingly enough, the asymmetric distribution and also
the suppression of the middle peak, are found to be very sensitive to the change of the relative
optical phase. This sensitivity, on one side, confirms the origin of the asymmetric ionization as a
consequence of quantum-path interference involved in one-photon and two-photon absorption
processes and on the other side, reveals once again the role of the streaking field in the OTC
scheme as an attractive means of controlling the dynamic Rabi-splitting.
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Fig. 6. 2D-photoelectron momentum distributions of hydrogen atoms resulting from the
OTC fields at three relative optical phases ϕCEP : (a) ϕCEP = π/4; (b) ϕCEP = π/2; (c)
ϕCEP = π. The peak intensity is 2×1014 W/cm2 and the relative ratio intensity is fixed at
η = 0.5 (i.e. 1×1014 W/cm2).

4. Conclusions

In conclusion, the light-induced resonant ionization dynamics assisted by a streaking field within
the OTC scheme has been theoretically studied by solving the 2D-TDSE. The dynamics has
led to the emergence of dynamic Rabi-splitting in the photoelectron momentum distribution
accompanied with an asymmetric ionization profile. We have identified the physical mechanism
behind the observed asymmetric distribution and the suppression of the ionization and found to
result from quantum-path interferences between electron wave packet generated by one-photon
and two-photon processes and which reaches the continuum with the same final momentum.
Taking advantage of the combined OTC laser fields, we have shown that the Rabi-splitting can be
manipulated by varying the relative ratio intensity and optical phase of the two pulses, leading to
a substantial asymmetric profile.

Our study provides a comprehensive picture of the crucial role of the OTC scheme to control
Rabi-splitting which manifest theme-self in the photoelectron momentum distribution. We believe
that the results presented in thisworkmay have direct implications for photoelectron interferometer-
based on the OTC scheme to probe the electron dynamics. Furthermore, manipulating Rabi-
oscillations by means of the OTC control scheme may open up new directions towards designing
quantum states for quantum computing and information processing purposes. The current
progress and developments of new light sources make the experimental investigation of the
suggested control scheme feasible.
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