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Introduction

In order to compare the field observation data, e.g., well production information or
time-lapse seismic data, with simulated data, one has to perform forward modeling
at different stages of reservoir modeling work flow. An example of forward mod-
eling, in the geophysical exploration context, is the process of generating synthetic
seismograms for seismic modeling. It involves three steps: reservoir simulation,
petro-elastic modeling (PEM) and calculation of seismic traces for a given time
window. In this process, at first, reservoir parameters, e.g., porosity, pressure and
saturation are converted to seismic parameters, e.g., saturated P-wave velocity or
density of fluid mixture by using the rock physics models. Then, synthetic seismic
sections are calculated based on these seismic parameters. Numerous methods for
seismic modeling exist including the finite difference method, reflectivity method
and a simple convolution-based method. For simplicity, we restrict ourselves to
primary waves and post-stack data, and therefore use simple convolution-based
forward modeling [12].

A synthetic seismic trace represents the combined reflection response of the
layered ground (i.e. the output for a spike input) and the recording system to a
seismic pulse. A synthetic seismogram or time series, S(x, t) may be considered
as the assumed source function ω(t), convolved with a reflectivity function r(x, t),
representing the contrasts in acoustic impedance in the layered model, and S(x, t)
can be expressed as

S(x, t) = ω(t) ⊗ r(x, t), (1)

where x is the lateral location and t is the two-way vertical seismic travel time. This
process is also called 1D convolution. For time-lapse seismic modeling, it is assumed
that the wavelet does not change with production time. The reflection coefficients
are a function of seismic velocity and density and are therefore dependent on the
production time step. Eqn. (1) is used to generate the synthetic seismic response for
different production time steps. However, in general the geological structure in both
overburden and reservoir may be very complex. Hence, an accurate modeling is
required, and typically finite-difference modeling (FDM) [14] or ray-tracing methods
[7] are applied.

Weak Contrast Approximation of Reflection Coefficients

In a marine seismic survey, an air-gun array behind the seismic vessel is fired,
generating waves that propagate in the water until they reach the subsurface. The
hydrophones on the seismic streamers register the amplitudes of the reflected waves
that give account of the change of the properties of the medium and the portions
of the wave which are reflected back to the surface. The result is a set of reflected
wave amplitudes, dj

sk,θl
, at different locations, j ∈ {1, 2, · · · ,nxy}, as a function of

discretized seismic reflection travel time, sk, k ∈ {1, 2, · · · ,S} and reflection angles, θl,
l ∈ {1, 2, · · · ,nθ}. The seismic trace refers to the set of reflected amplitudes along a
vertical profile, zi ∈ Rz with z is the reservoir dimension in the depth direction, for
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different reflection angles at the lattice nodes j can be represented by the vector

d j =
[
dj

s1,θ1
, · · · , dj

sS,θ1
, · · · , dj

s1,θnθ
, · · · , dj

sS,θnθ

]T
∈ Rnθ·S×1 (2)

where nxy is the total number of reservoir grid cells in X and Y directions; nθ number
of different incidence angles and S corresponds to the total two-way travel time. In
this section, we are interested to implement a forward model connecting a reservoir,
rt to the observed seismic amplitude data, d

j
t at certain time steps, t ∈ Td.

The forward modeling of a seismic time-angle gather is based on the matrix-
vector formulation in Buland and Omre [5]. The forward model is linear that uses
weak contrast expressions for reflection coefficients by Aki and Richards [1]. An
isotropic, elastic medium is completely described, according to Sheriff and Geldart
[13], by three elastic parameters, such as P-wave velocity, S-wave velocity and den-
sity, {VP(x, s), VS(x, s) and ρ(x, s)}. The single-interface reflection coefficient in the Aki
and Richards formulation can be extended to a time-continuous reflectivity function
rPP, as

rPP (s, θ) = aVp (s, θ)
1
∂s

ln Vp(s) + aVS(s, θ)
1
∂s

ln VS(s)

+ aρ(s, θ)
1
∂s

ln ρ(s), (3)

where aVP , aVS and aρ are the generalizations of the reflection coefficients with
time dependent velocities V̄P(s) and V̄S(s). We assume that V̄P(s) and V̄S(s) can
be represented by constant or slowly varying known background model, such that
V̄P(s) and V̄S(s) are the average or moving average of VP and VS in a relatively small
time window.

The material parameters VP(s), VS(s) and ρ(s) are a priori assumed to be log-
Gaussian, which implies that the parameters are restricted to take positive values
[6]. This assumption is required for later analytical treatment due to Eqn. (3). The
logarithm of these material parameters defines a continuous Gaussian vector field

m(s) =
[

ln VP(s) ln VS(s) ln ρ(s)
]T . (4)

The continuous form of the Gaussian field m(s), makes it possible to give a proper
definition of the time differentiated Gaussian field m(s)′ , which can be expressed as

m(s)
′
=

[ 1
∂s

ln VP(s)
1
∂s

ln VS(s)
1
∂s

ln ρ(s)
]T

. (5)

The next step is to formulate a discrete version of the reflectivity function, rPP (s, θ)
for a given time interval and a set of reflection angles in the matrix-vector form. For
each discretized seismic trace d j, j ∈ {1, 2, · · · ,nxy}, we can write:

r j = A j m
′
j = ADm, (6)

with the matrices defined as:

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
AVp(θ1) AVs(θ1) Aρ(θ1)
...

...
...

AVP(θnθ) AVs(θnθ) Aρ(θnθ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ ,
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, where AVp(θi), AVS(θi) and Aρ(θi) are (nm/3) × (nm/3) diagonal matrices containing
discrete time samples of aVp(s, θi), aVp(s, θi) and aρ(s, θi), respectively; nθ is the number
of reflection angles and nm is the dimension of m(s). Here, m′ denotes the discrete
version of the differentiated field of the layer properties. As differentiation is a linear
operation, we can write that m′ = Dm with D holding the relative contrasts of the
differentiated layer model.

Wavelet Discretization & Convolution

The seismic observations are connected to the reflection coefficients rPP, through the
convolution model described by Dobrin and Savit [8] as

d(θ, s) =
∫
ωθ(s − u) rPP(θ,u) du + ε(θ, s), (7)

where ωθ(s − u), is a seismic wavelet dependent on the angle of incidence, θ, u is a
slack variable and ε is the error term. Ideally, the Eqn. (7) simulates the response
to a delta function or a spike-like source because only such a wavelet would enable
us to identify individual interfaces [12]. In practice, however such an ideal source-
time function is impossible to achieve. As the Earth acts as a filter in which high
frequencies are attenuated as the energy propagates through the earth, the shape of
the wavelet changes with time. For all practical purposes, a wavelet is assumed to
be stationary and band-limited; often an average wavelet is estimated from seismic
data. In seismic data processing, the wavelet is usually removed, and a simpler,
so-called zero-phase wavelet is convolved. The most common zero-phase wavelet
is a Ricker wavelet [10] described by the equation

f (t) = (1 − 2π2ω2
maxt2) exp(−π2ω2

maxt2), (8)

where f (t), is the amplitude of the wavelet at time t andωmax is the peak frequency of
the wavelet. In the discretized framework for convolution with reflection coefficient,
one needs to perform discretization of the evaluated Ricker wavelet along a trace.
For seismic exploration purposes, it is common to use a band-limited Ricker wavelet
with 25-40 Hz peak frequency.

In the frequency domain, convolution is equivalent to multiplication and hence,
according to Buland and Omre [5], the integral expression for convolution can be
further discretized such that

d j = W r j + εω, (9)

where εω =
[
ε(θ1, s1), · · · , ε(θ1, sS), · · · , ε(θnθ, s1), · · · , ε(θnθ, sS)

]T with the same dimen-
sion of d j and a block diagonal matrix, W ∈ Rnθ·S×nθ·S with diagonal elements

Wκ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
w1 0 · · · 0

0 wω
. . . 0

...
. . . . . . 0

0 · · · 0 wS

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ RS×S, κ ∈ {1, 2, · · · ,nθ} (10)

with the discretized diagonal element component, wm which depends on the choice
of the wavelet sampling frequency [11].
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Normally, the velocity or reflection coefficients calculated from the reservoir
simulation model are depth converted and sampled into a regular time grid before
performing the convolution. Here we have applied a different procedure, where all
the calculations, including the convolution, are performed in dept This will of course

(a) Ricker wavelet (b) Vertical reflected ray paths

Figure 1: Ricker wavelet and time-to-depth relationship.

not be possible in a real case. However, in this way we are able to generate a synthetic
problem where these errors are minimized, allowing us to focus on the differences
using inverted and not-inverted data in the history-matching procedure. In addition,
it simplifies calculations. Note that if the layer thicknesses are constant, and applying
the common assumption that the velocity variations within the reservoir section are
small (ΔVi � Vi ≈ V), the time-depth relation for a normal incident wave simplifies
to

ti = 2
[
(

1
Vo
− 1

V1
)z0 + (

1
V1
− 1

V2
)z1 + · · · + zi

Vi

]
≈ 2

[ z0

Vo
+

zi − z0

V

]
, i = 1, · · · ,n. (11)

This model assumes each layer to be characterized by an interval velocity Vi, and
with zi, as the thickness of such interval and Vo is the over-burden velocity (see,
Fig. 1b). Here the horizontal layer interval velocity may be averaged over several
depth intervals to yield a time-average velocity V. That is, our approach is exact
within this approximation provided the sampling interval Δt = 2Δz/V, where Δz
is the average layer thickness. The breadth (distance between each of the two side
lobes) of a normal Ricker wavelet in time is given by Bt =

√
6

πωmax
. From the discretized

version of Eq. (7), it follows that the average breadth of the wavelet (in depth) in our
approach is equal to Bd =

10
√

6
π Δz. Thus, the corresponding average time-wavelet

frequency in our approach, is given (in Hz) by

f =
√

6
πBt

=

√
6
π

V
2Bd
=

V

20Δz
. (12)

If we consider an average velocity V= 2500m/s, and an average cell thickness Δz=
3.9 m, the “effective” wavelet frequency corresponding to a time frequency is close
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to 30Hz. The corresponding sampling interval in time becomes approximately
3 milliseconds. Thus, sampling of wavelet in depth in our case is a reasonable
approximation for a synthetic case.

Discretized Seismic Amplitude in Depth

The seismic data are represented as a convolutional model, and the seismic time-
angle, d obs at location x, can be written in vector-matrix form as

d obs = W r + e, (13)

where e is an nd-dimensional error vector, and W is a block-diagonal matrix con-
taining one wavelet for each reflection angle sampled in depth. The sampling of the
wavelet, in this case, is equal to the sampling of the seismic data. In an expanded
matrix-vector form, this relationship can be written as:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

dobs(θ1)
...

dobs(θnθ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
W(θ1)

. . .
W(θnθ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ ×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

r(θ1)
...

r(θnθ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

e(θ1)
...

e(θnθ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (14)

The seismic time-angle gather at location s can now be written in a compact formu-
lation as

dobs = G m + e = WAD m + e, (15)

where the nd × nm-dimensional matrix, G = WAD, is a linear modeling operator
for the seismic time-angle gather at location x. Following the approach proposed
by Bachrach [3], it is possible to link the elastic parameters, VP, VS and ρ with the
reservoir properties, e.g., porosity, φ and water saturation, sw through a non-linear
function, g : R3 → R3, by using the Biot-Gassmann theory [9] and the empirical
results of Batzle and Wang [4].

Example of Seismic Modeling

The reservoir simulation model is a black-oil model of the field located in the North
sea. The horizontal grid of the full field model consists of 80 × 100 × 52 grid cells
with a resolution of 80× 100 m. In this example, we have considered a sector model
of this full field with top 18 producing layers and consists of 45 × 100 grid cells and
it has around 20000 active grid cells.

Petro-elastic Modeling

For the calculation of seismic properties, we have used a pressure dependent petro-
elastic model (PEM) for unconsolidated sand reservoir. Gassmann fluid substitution
equation constitutes the main part of the rock physics modeling [2]. The seismic grid
used here is same as the reservoir grid. This helps us running the coupled reservoir-
seismic model smoothly without any up- or down-scaling between reservoir and
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Figure 2: Rock physics template for a seismic trace

seismic grids. The seismic properties are calculated in every active grid cells. The
Fig. 2 shows the rock physics template along one arbitrary seismic trace of the
reservoir sector model. We can observe the effect of porosity and water saturation
on the calculated VP and acoustic impedance values along the trace. These values
then become the inputs for the amplitude calculation based on 1D convolution.

Seismic Modeling by 1D Convolution

In order to calculate synthetic seismic gather, all saturated reservoir properties (e.g.,
VP,Vs calculated by PEM model and Gassmann equation) have been used along
each trace in the depth direction. For our sector model with 45 × 100 grid cells
in xy-direction, we have 4500 seismic traces along 18 layers. In order to calculate
impedance contrast along each layer, we have used an average depth of the reservoir
along each seismic trace. As already explained earlier, we have worked in depths
while to perform wavelet sampling. In this case, the sampling of the wavelet is
same as the sampling for seismic data. For each layer individually, we have used
this wavelet for convolution with the calculated reflection coefficients. An example
calculation of synthetic amplitude data for a single trace is shown in Fig 3. Here
we have used Ricker wavelet with frequency of 25 Hz and the incidence angle is
5 degrees. For calculating 4D responses, we can compute amplitude data for both
base and monitor surveys, and then take the difference between these two.
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Figure 3: Seismic amplitude data along trace

Discussions & Comments

In this work, we have calculated synthetic seismic signatures of a sector model
of a North sea reservoir. We have used the petro-elastic recipe as the basis of
our rock physics modeling. The assumption of forward model linearity and log-
Gaussian assumption of the prior models simplified the calculations. Also, we have
used the wavelet sampling in depth, not in time. Thus, we have made several
simplifications. More investigations are necessary to improve the overall quality of
calculating synthetic seismograms.
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