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Abstract We observe that the CCZ-equivalence of bent vectorial functions over F}
(n even) reduces to their EA-equivalence. Then we show that in spite of this fact, CCZ-
equivalence can be used for constructing bent functions which are new up to EA-equivalence
and therefore to CCZ-equivalence: applying CCZ-equivalence to a non-bent vectorial func-
tion F which has some bent components, we get a function F’ which also has some bent
components and whose bent components are CCZ-inequivalent to the components of the
original function F'. Using this approach we construct classes of nonquadratic bent Boolean
and bent vectorial functions.
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1 Introduction

The notion (recalled below) of CCZ-equivalence of vectorial functions, introduced in [13]
(and which corresponds to graph equivalence, but the term of CCZ-equivalence, introduced
in [8], is now widely used in the literature), is a fecund notion which has led to new APN
and AB functions, up to EA-equivalence. It seems to be the proper notion of equivalence
for vectorial functions used as S-boxes in cryptosystems (see more in [4]). Two vectorial
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functions F and F’ from F} to F}' (that is, two (n, m)-functions) are called CCZ-equivalent
if their graphs Gy = {(x, F(x)); x € Fj} and Gp = {(x, F'(x)); x € Fj} are affine
equivalent, that is, if there exists an affine permutation £ of Fg X FT suchthat L(Gf) = Gpr.
If F is an almost perfect nonlinear (APN) function from Fg to Fg’ that is, if any derivative
of F:

D,F(x) = F(x +a) — F(x), a € F\{0}

(i.e. D,F(x) = F(x + a) + F(x) since we are in characteristic 2) is 2-to-1 (which implies
that F' contributes to an optimal resistance to the differential attack [1] on the cipher in which
it is used as an S-box), then F” is APN too. If F is almost bent (AB), that is, if its nonlinearity

equals 2"~ — 2" (which implies that F contributes to an optimal resistance of the cipher
to the linear attack [18]), then F’ is also AB. F and F’ are called EA-equivalent (extended
affine equivalent) if there exist affine automorphisms L : F} — F} and L’ : F}' — F7' and
an affine function L” : Fj — F4 such that ' = L’ o F o L 4+ L”. EA-equivalence is a
particular case of CCZ-equivalence [13]. Besides, every permutation is CCZ-equivalent to
its inverse. As shown in [8], CCZ-equivalence is more general than the conjunction of the
EA-equivalence of functions and the inversion of permutations.

The relation between CCZ-equivalence and EA-equivalence for (n, m)-functions in gen-
eral has been studied in [4]. It is proven that for Boolean functions (that is, for m = 1),
CCZ-equivalence coincides with EA-equivalence, and, on the contrary, for (2, m)-functions,
CCZ-equivalence is strictly more general than EA-equivalence when n > 5 and m is greater
or equal to the smallest positive divisor of n different from 1.

The principle of CCZ-equivalence can be straightforwardly generalized to functions over
finite fields of any odd characteristic p. It has been proved in [5,15] that, when applied to
perfect nonlinear (also called planar) functions from F” to F’I',, that is, functions whose deriv-
atives D, F(x), a # 0, are bijective, it is the same as EA-equivalence. A natural question is
to ask whether this property is true for perfect nonlinear functions (also called bent) from F
to F', that is, functions whose derivatives D, F(x), a # 0, are balanced (i.e. have outputs
uniformly distributed over F’'; these functions exist only for n even and m < n/2, see [19]).
We prove in Sect. 3 that for any positive integers n and m, CCZ-equivalence coincides with
EA-equivalence when applied to bent (n, m)-functions.

The fact that CCZ-equivalence of bent functions is the same as their EA-equivalence
means that all bent vectorial functions obtained by CCZ-equivalence from known bent func-
tions are EA-equivalent to the original functions. However, we will show that CCZ-equiv-
alence can be applied to a non-bent vectorial function F, for instance from F» to itself,
with bent components tr, (b F (x)) for some b € F3, (where tr, (x) denotes the trace function

tr,(x) = x + 24t x2"" from Fy» into F»), and obtain a vectorial function F’
which can hopefully have bent components tr, (b’ F'(x)) for some b’ € F3,, of algebraic
degrees strictly greater than the degree of F. According to the result of Sect. 3, these bent
components of F’ cannot be CCZ-equivalent to the bent components of F. We give in Sects. 4
and 5 examples F and G of vectorial functions from F»» to itself leading this way to new
families of bent Boolean and bent vectorial functions. The first one F' is defined for any n
even and the second one G is defined for any n divisible by 6. These functions were con-
structed in [8] by applying CCZ-equivalence to the so-called Gold function F’(x) = x>+,
When gcd(i, n) = 1 these functions are APN, the function F has algebraic degree 3 (for
n > 4), and the function G has algebraic degree 4 (but the components of F and G can have
lower algebraic degrees [8]). The functions F and G are EA-inequivalent to F’, and it is
known that if n/ ged(n, i) is even then for certain elements b € F,» the Boolean functions

@ Springer



CCZ-equivalence of bent vectorial functions

tr, (bF’(x)) are bent. In general, if a vectorial function H has some bent components, this
does not yet imply that a function CCZ-equivalent to H has necessarily bent components.
First we prove that the functions ¥ and G have bent nonquadratic components (which are
CCZ-inequivalent to the components of F’) and then we show that this also leads to new
families of vectorial bent functions (with a number of output bits smaller than half the number
of input bits, though). These bent functions are new in a sense that we shall precise below.

Note that there are only a few families of bent functions given in trace representation known
so far. The significance of the introduced approach is partly that there are many quadratic
non-bent vectorial functions with bent components and applying CCZ-equivalence to them,
we can increase the algebraic degree and obtain nonquadratic bent functions which are CCZ-
inequivalent to quadratic ones, and hopefully new.

2 Preliminaries

In all the paper, n and m are positive integers. An (n, m)-function F has a unique represen-
tation as a polynomial on n variables with coefficients in F?'

F(x1,...,xp) = Zc(u)(Hx;“)‘
i=1

n
ueky

This representation is called the algebraic normal form of F and its degree d°(F) the
algebraic degree of the function F. Obviously, F is affine if and only if d°(F) < 1. We say
that F is quadratic if d°(F) = 2, and we call F a cubic function if d°(F) = 3. The algebraic
degree of a function is invariant under EA-equivalence (if the function is not affine) but it is
not preserved by CCZ-equivalence.

A Boolean function f on F} is bent if and only if

hp) =D (=IO = 427 vy e FY,
xeF;

TRk

where is any inner product in F3 (this notion does not depend on the choice of the
inner product and is equivalent to saying that f lies at maximal Hamming distance to affine
functions). An (n, m)-function F is bent if and only if, for any v € F5'\{0}, its component
function v - F(x) is bent, where “-” is any inner product in F5', that is,

Ap(u ) = D (=) FOT = 195 vy e Fy, Yo € FY\{0}.

n
xeF;

This is equivalent to saying that all derivatives D, F(x) = F(x) + F(x +a),a # 0, of
F are balanced (i.e., as already recalled, have uniformly distributed output).

The set of the absolute values of Az (i, v) foru € F;, v € F5'\{0}, is called the extended
Walsh spectrum of F. Note that, though CCZ-equivalence preserves the extended Walsh spec-
trum of a function [8], this does not imply that if a function F' has some bent components
then any function CCZ-equivalent to F' necessarily has any bent component.

If we identify F’; with the finite field F2« then an (n, n)-function F is uniquely represented
as a univariate polynomial over Fo» of degree smaller than 2"

P
F(x) = z cix', ¢ €Fon.
i=0
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If m is a divisor of n then a function F from F» to Fom can be viewed as a function from
Fyn to itself and, therefore, it admits a univariate polynomial representation. More precisely,
if tr)’ (x) denotes the trace function from Fo» into Fom, that is,

2m (n/m—1)m
2 x2 i

() = x +x2 27t

then F can be represented in the form tr}) (Zl-zial ¢;ix') (and, for m = 1, in the form

tr, (Ziz;a] ¢;x")). Indeed, there exists a function G from Fau to Faon (for example G(x) =
aF(x), where a € For and tr (a) = 1) such that F equals tr) (G (x)).

For any integer k, 0 < k < 2" — 1, the number w» (k) of nonzero coefficients k;, 0 <
ks < 1, in the binary expansion Z;‘;& 2%k of k is called the 2-weight of k. The algebraic
degree of an (n, n)-function F is equal to the maximum 2-weight of the exponents i of the
polynomial F'(x) such that ¢; # 0:

d°(F) = max w(i).
0<i<2"—1
¢; 70
An inner product in Fo» is u - x = tr, (ux). Hence, a Boolean function f on F»» is bent if
and only if

hp) = D (~)I 0D = 495 vy € By,

xEan

In this framework, an (n, m)-function F is bent if and only if, for any v € F;m, its
component function tr,, (vF (x)) is bent, that is,

ArGu, v) = Z (_1)trm(vF(x))+trn(ux) _ :I:Z%, Yu € Fan, Vv € F;m«

xeFn

3 CCZ-equivalence of bent vectorial functions reduces to their EA-equivalence

If two functions are CCZ-equivalent and one of them is bent then the second is bent too.
Below we show that, in this framework, CCZ-equivalence coincides with EA-equivalence.

Theorem 1 Let n and m be positive integers and F be a bent function from ¥}, to ¥3'. Then
any function CCZ-equivalent to F is EA-equivalent to it.

Proof Let F’ be CCZ-equivalent to F and L(x,y) = (Li(x,y), L2(x, y)), (with L; :

F; xFy — ¥, Ly : F5 x F}' — F7J') be an affine permutation of F; x F3' which maps the

graph of F to the graph of F’. Then L (x, F(x)) is a permutation (see e.g. [9]), and for some

affine functions L' : F§ — F3 and L” : F} — F we can write Ly (x, y) = L'(x) + L"(y).
For any element v of F; we have

veLi(x, F(x)) =v-L'(x) +v- L"(F(x)),

@ 9

where “-”” is the inner product in 7 (if F is identified with F2», we can take u - v = tr,, (uv)
forany u, v € Fan). Since L (x, F(x)) is a permutation, then any function v- L{(x, F(x)) is
balanced (recall that this property is a necessary and sufficient condition) and, hence, cannot
be bent. Therefore, v - L” (F (x)) cannot be bent either because v - L’(x) is an affine function.
Then, the adjoint operator L of L” (satisfying v - L”(F(x)) = L"'(v) - F(x)) is the null
function since if L’ (v) # 0 then L/ (v) - F(x) is bent. This means that L” is null, that is,
L depends only on x, which corresponds to EA-equivalence by Proposition 3 of [8]. O
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Remark 1 Let p be any odd prime, n and m any positive integers. Recall that, like in the binary
case, a function F from F’I‘, to F’I’} is called perfect nonlinear or bent if for alla € F ;\{0}
its derivatives D, F (x) are balanced (see [12] for a survey of these functions). It is proven
in [5,15] that for perfect nonlinear functions CCZ-equivalence coincides with EA-equiva-
lence when n = m. However, it can be easily seen from the proof of Theorem 1 that CCZ-
equivalence coincides with EA-equivalence for bent functions from F7, to F? for any odd
prime p and any positive integers n and m. The proof of Proposition 1 of [5] works for this
general case as well.

Since the algebraic degree is preserved by EA-equivalence then Theorem 1 gives a very
simple criterion for distinguishing inequivalent bent functions.

Corollary 1 Let n and m be any positive integers. If two bent (n, m)-functions have different
algebraic degrees then they are CCZ-inequivalent.

4 Obtaining new bent Boolean functions through the CCZ-equivalence of non-bent
vectorial functions

We show now that, despite the result of the previous section, CCZ-equivalence can be used
for constructing new bent Boolean functions, by applying it to non-bent vectorial functions
which admit bent components. We give two examples illustrating this fact.

Let i be a positive integer. Let us define for n even the (n, n)-function:

Fr) = 2 4 2 4 x4 D, 2, 1)

and for n divisible by 6 the (n, n)-function:

i i i i (i 241
G) = (x e (xz<2 ) 4 42 +1>) + it (0t (xz + 4 2Me +1))) @

The functions F and G were constructed in [8] by applying CCZ-equivalence to the Gold
function F’(x) = xZ+1. When gcd(i, n) = 1 these functions are APN, the function F has
algebraic degree 3 (for n > 4), and the function G has algebraic degree 4 (however, some
components of F' and G have lower algebraic degrees) [8]. Since the algebraic degrees of
non-affine functions are preserved by EA-equivalence, then F and G are EA-inequivalent to
F’. We know (see e.g. [16,17]) that if n/ gcd(n, i) is even and b € Fyu is not the (2! + 1)-th
power of an element of Fyn, then the Boolean function tr, (bF’(x)) is bent. In general, if
a vectorial function H has some bent components, this does not yet imply that a function
CCZ-equivalent to H has necessarily bent components. Below we show that the two classes
(1) and (2) above have bent nonquadratic components which are CCZ-inequivalent to the
components of F’ by Corollary 1.

4.1 The infinite class of the functions F
Let us determine the bent cubic components of function (1).

Theorem 2 Let n > 6 be an even integer and i be a positive integer not divisible by n/2
such that n/ gcd(i, n) is even. Let the function F be given by (1), and b € Fon\F,i. Then the
Boolean function fp(x) = tr,(bF(x)) has algebraic degree 3, and it is bent if and only if
neither b nor b + 1 are the (21 + 1)-th powers of elements of Fon.
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Proof Firstly we prove that for n/ ged(i, n) even and b € Fy» the function fj, is bent if and
only if neither b nor b + 1 is the (2" 4 1)-th power of an element of Fx.
By Theorem 2 of [8], which proves that the function F is CCZ-equivalent to F'(x) =

X2 , the graph of F’ is mapped to the graph of F by the linear involution

L(x,y) = (L1(x,y), La(x, y)) = (x + trp(y), y).

It is shown in the proof of Proposition 2 of [8] (and straightforward to check) that for any
a, be an

hpa,b) = rp (L™ (a, b)), 3)
where £71* is the adjoint operator of £~ that is, for any (x,y), (x',y) € F3,:
oy L7 Y = L7 y) - (L),

where (x, y) - (x', y') = tr (xx") + tr, (yy").
The adjoint operator of £L~! = L is

L¥(x,y) = (LT(x, y). L3(x, y)) = (x, y + try (x)). 4)
Indeed,
L(x,y) - (@, y) =ty ((x + tr,(M)x) + tr, (vy)
= try (xx) + tr (Dt () + 1 (vy")
= try (xx”) 4+t (YO 4t (1))
= (x,y) - L5, ¥).
According to (3) and (4)

Apr(a,b) = rp(a, b+ try(a)),
or, equivalently,
Ar(a,b) = Ap(a, b+t (a)).

When n/ ged(i, n) is even, it is known that Ag/(a, b + tr,(a)) = +27/2 if and only if
b + tr, (a) is not the (2! + 1)-th power of an element of Fy» (see e.g. [16,17]). Hence, f is
bent if and only if neither b nor b + 1 is the (27 4+ 1)-th power of an element of Fn.

Now we prove that for n > 6 and i not divisible by n/2 and b ¢ F,; the function f;, has
algebraic degree 3.
Note that ¢ = b*'" + b # O since b ¢ Fyi, and

fo@) =ty ox? ) ety (b x4 D) ()
= tr, (0™ ) 4ty (D)o, () + ((bz”*" + b)x) tr, ()

= Q(x) + tr, (cx)try, (x2i+] ),

where Q is quadratic. To prove that f;, is cubic we need to show that there are cubic terms
in tr, (cx)try, (xzi‘H) which do not vanish.

All items in try, (x2i+1) = Z;';(l) X2+ gre pairwise different since i is not divisible by
n/2. Indeed, if for some 0 < j, k < n, k # j, we have 2/tJ 2/ = 2/+k 4 2k mod (2" — 1)
or, equivalently, i + j = k mod n and i + k = j mod n then obviously i is divisible by n/2.
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Letusdenote Aj; = {j — i, j, j +i, j + 2i}. Then, since

JH2i 9jynjti o j+2i JHi nj—iynjnj+i
2 C2 x2 427742, — E C2 X2 +27 42 ,

0<j<n 0<j<n

we have

. . i
trn(cx)trn(xzurl) = Z ' x? Z K2

0<k<n 0<j<n
_ Z Czk/'xz./url_,'_zjﬂ' + Z C2j+ix2j+2j+[+l

0<j<n 0<j<n
+ z (Czj—i +C2/+i)x2/—i+2j+21'+i

0<j<n
+ Z Czkx2k+zf+2-f+i

0<j,k<n

kgA

For n > 4 all exponents 2% + 2/ 4 2/% in the sum

Z Czkx2k+2j+2j+i
0<j.k<n
kéA‘/-
are pairwise different, have 2-weight 3 and they obviously differ from the exponents in the
first three sums above. Hence, the items with these exponents do not vanish and, therefore,
[» has algebraic degree 3. O

Since F’ is quadratic, then according to Corollary 1, the bent nonquadratic components
of F are CCZ-inequivalent to the components of F’.

Corollary 2 The functions fp of Theorem 2 are CCZ-inequivalent to any component of
F/(x) — X2’+1.

Remark 2 Knowing the number of EA-inequivalent bent components of a given function W
we cannot predict how many bent components can have the function W’ which is CCZ-equiv-
alent to W. For instance, x> has only one bent component up to EA-equivalence while for
small values of n we can check that F' has at least 2 bent components up to EA-equivalence.
Another interesting example is Dillon—Wolfe function [14], it is CCZ-equivalent to a function
with bent components but it itself has no bent component at all. O

4.2 The existence of elements b satisfying the conditions of Theorem 2

We first show that there always exist elements b satisfying the conditions of Theorem 2. This
result is only an existence result. We shall need a more effective one, for building new bent
vectorial functions. So, we subsequently point out explicit values of such elements b, under
some conditions.

Proposition 1 Let n > 6 be an even integer and i be a positive integer not divisible by
n/2 such that n/ gcd(i, n) is even. There exist more than %(2” — 1) =22 > 0 elements
b € Fon\F,i such that neither b nor b 4 1 are the (21 + 1)-th powers of elements of Fon.
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Proof Since n/ ged(i, n) is even, we have ged(2i,n) = 2ged(i, n) and we deduce that
ng(Zn —1, 22i -1 = 2gcd(2i,n) —1= (chd(i,n) 4 1)(2gcd(i,n) -1 = (zgcd(i,n) +1) gcd(2" _
1,2! —1). This implies ged(2" — 1,2/ 4 1) > 284G 11 > 3 (note that this bound is tight
sinceif ged(i, n) = 1 thenged(2" —1, 2/ 4+1) = 3). Then the size of the set E of all (2 +1)-th
powers of elements of F7, is at most (2" — 1) /3 and this implies that (Fon NFp ) UEU (1 +E)
has size at most 2"/ 4 2(2" — 1)/3 < 2" — 1 (since n > 2). This completes the proof. O

In the proposition below, we describe some cases where elements b satisfying the condi-
tions of Theorem 2 can be very easily chosen.

Proposition 2 Let n > 6 be an even integer, i a positive integer not divisible by n/2, and
s a divisor of i such that i/s is odd and gcd(n, 2s(2° + 1)) = 2s. If b € Fy2s\Fos and the
function F is given by (1) then the Boolean function fp(x) = tr,(bF(x)) is bent and has
algebraic degree 3.

Proof We are going to show that under the assumption of this proposition the conditions of
Theorem 2 are satisfied. Since n is divisible by 2s and i /s is odd then n/ ged (i, n) is even.
We have b ¢ F,i because b € Fy\Fas and i /s is odd. Besides, obviously, b+ 1 € Fya \Fos.
Hence, we need only to prove that any element b in F,2s \Fas is not the (2/ 4 1)-th power of
an element of Fon.

Note that if the element b is not the (2° + 1)-th power of an element of F,» then it is not
the (2 4 1)-th power of an element of F»». Indeed, for any positive integer u and any positive
odd integer v the number 2"V + 1 is divisible by 2“ + 1 since

241 =21 1 QM — DM 2N 2 4 200D, ®)
and, therefore, recalling that i /s is odd, 2° + 1 is a divisor of 20 4 1.

Since b € Fa2s\Fos then there exists a primitive element o of F7,, and a positive

integer k not divisible by 2* + 1, such that b = o*@"=1/ @*-D, Obviously, b is the
(2% + 1)-th power of an element of Fy: if and only if k is divisible by r = (2% +
1)/ ged (2° + 1, (2" — 1)/(2%° — 1)). Hence, if we can prove that r = 2° + 1, that s, 2" — 1
is not divisible by (2* + 1)g for any divisor g # 1 of 2° + 1, then b is not the (2° + 1)-th
power of an element of Fo» (and, therefore, is not the 2" + 1)-th power of an element of
F>n), and by Theorem 2 the function f} is bent and has algebraic degree 3.

Let g # 1 be any divisor of 2° + 1 and n be divisible by 2s. Below we prove that 2" — 1
is divisible by (2* 4 1)q if and only if 7 is divisible by 2sq.

If n is divisible by 2sq then 2" — 1 is divisible by 229 — 1 and, therefore, by 2°¢ + 1.
Since ¢ is odd (being a divisor of 2° + 1) then using (5) we get

2+ 1=02"+1) (1 + Q2= DR 2% - +2s<q—2>))
=@+ (14 @+ D@ +2% +. 42262
—22° 427 4+ 421672
=@+ D(1+ @+ DE +27 4. 427072)
+g-1)-2 ((25 FDARYF D)4 (20D 4 1)))
=@+ D (Z 25+ 20D) 4 2 1)y

2020 + 1) ((23 G, D T A 1)) 6)
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which is divisible by (2° + 1)g because ¢ is a divisor of 2* 4+ 1 and because for any odd
positive integer v the number 2V 4 1 is divisible by 2° + 1 as it is observed above. Hence,
2% 4 1, and therefore also 2" — 1, are divisible by (2° + 1)gq.

Let now n be divisible by 2s but not by 2sq. Then there exist positive integers w and ¢
suchthat 1 <7 < g and n = 2s(wq + t). Then

2n 1= 22St (22swq _ 1) + (22St _ 1) (7)

As it is shown above 2%"9 — 1 is divisible by (2° + 1)g because the number 2swgq is
divisible by 2sq. Therefore, because of (7), the number 2" — 1 is divisible by (2° + 1)q if
and only if 2% — 1 is divisible by (2° 4+ 1)g. But 2% — 1 is not divisible by (2° + 1)q as
we show below by considering separately the cases t odd and ¢ even.

For ¢ odd, using equality (6) and remembering that for any positive odd integer v the number
25V 4 1 is divisible by 2° + 1, we get

241 =2+ 1) (25 +2¥ 4t 2“"2)) + 25+ 1)t
-22°+1) ((2“ +D+Q+ D+ + @D+ 1))
= 4+ DT +Q +1x

for some integer T. Hence, 2% + 1 is divisible by 2% + 1 but not by (2* + 1)g, and, since
25T — 1 is not divisible by g (otherwise the odd integer ¢ would be a divisor of 2%’ + 1 and
25! — 1 which is obviously impossible), then the number 22! — 1 is also divisible by 2° + 1
but not by (2° + 1)gq.

For t even

21 =¥ — (425 4. 42507
=¥ -1 (t/2 FRE-DHRE D+ (@D 1))
= Q% —D1/24+ 2 + 1R

for some integer R. Hence, 2*' — 1 is divisible by 2* -+ 1 but not by (2* + 1)q. The odd integer
q # lisadivisor of 2° 4 1, and therefore it is a divisor of 2** — 1. Then, obviously, it is not
a divisor of 25 + 1 = (25! — 1) + 2. Thus, 22’ — 1 cannot be divisible by (2° 4+ 1)gq.

Hence, for both ¢ odd and ¢ even the number 2% — 1 is not divisible by (2° + 1)g, and,
therefore, 2" — 1 is not divisible by (2° + 1)g. O

4.3 The relation of the functions of Theorem 2 to the Maiorana-McFarland class of bent
functions

An n-variable Boolean bent function belongs to the Maiorana-McFarland (MM) class if,
writing its input in the form (x, y), with x,y € F;/ 2, the corresponding output equals
x - (y) + g(y), where 7 is a permutation of F'zl/2 and g is a Boolean function over Fg/z.
The completed class of Maiorana-McFarland’s functions is the set of those functions which
are EA-equivalent to Maiorana-McFarland functions. These bent functions are characterized
by the fact that there exists an n/2-dimensional vector space such that the second order
derivatives
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DD f(x) = f)+ fx+a)+ fx+o)+ flx+a+o)

of the function in directions a and ¢ belonging to this vector space all vanish [14]. Many
bent functions found in trace representation (listed e.g. in [10]) are in the completed
Maiorana-McFarland class. It is interesting to see whether this is also the case of the bent
functions of Theorem 2. However, it is in general difficult to determine what is the exact
intersection between a given infinite class of bent functions and the completed Maiorana-
McFarland class. Below we prove a partial result: the functions f;, of Theorem 2 belong to
the completed Maiorana-McFarland class when b belongs to Fyn2.

Proposition 3 The bent functions f, of Theorem 2 belong to the completed Maiorana-
McFarland class when b € ¥oup2. In particular, all the functions of Proposition 2 are in the
completed Maiorana-McFarland class when n is divisible by 4s.

Proof To check whether f, is in the Maiorana-McFarland class, we need to see whether
there exists an n/2-dimensional vector space such that the second order derivatives

DyD. fp(x) = fp(x) + fo(x +a) + fo(x +¢) + fy(x +a+0¢)

vanish when a and ¢ belong to this vector space. We have

fo) = 10 (b ) 11, (b x 1) 1, (62,

Dy fip(x) = tr,,(bxzq_l) + try, (bxzi"'1 + bax? + ba® x + ba2[+1)
i, (b + x + D), (2
i (G +x + 1+ a® +a)t, X +ax? +a¥x +a¥
= try(bax® +ba® x + ba® *1) + 1, (b(@® +@)try ()
+trn(b(x2i +x+ 1))trn(ax2[ +a¥x+ a2i+1)
Ftr,(b(@® + a)try(ax? +a® x +a* ),
DuDe fy(x) = try(bac® + ba® ¢) + try(b(@® + a)try(ex? + ¥ x + 2 )
(b + tn(ax? +a¥ x + a2t
+try (b(xzi +x + D)tr, (aczi +a* 0)
Tty (0 + O)trp(ac® +a® o)
+try (b(azi + a)tr, (aczi +a? c)
= tr,(Ax) + €,
where
= + A b@® +a) + @+ a0 + o)
+ (bzn_i + b)tr, (aczi + azi ),
€ = try(bac® +ba” &) + try(b(a® + a)ir, (P H)
e (b(c + Nten (@) + try D)ty (ac® +a* o)
+try (b(czi + o)try (aczi +a* c) +try, (b(azi + a)try, (aczi +a* ).

The function D, D, fp is null if and only if € = A = 0. Then the n/2-dimensional vector
space can be taken equal to F,u2. Indeed, if a, b, ¢ € F,.2, then A and € are null since the
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trace of any element of F,,,2 is null. If, under the conditions of Proposition 2, n is divisible
by 4s then b € F22s - an/Z. O

Remark 3 For n > 8 the functions f} are not in class P Sap, up to EA-equivalence, because
the degree of P Sap functions is always n/2.

4.4 The infinite class of the functions G

We study now the bent components of function (2).

Theorem 3 Let n be a positive integer divisible by 6 and let i be a positive integer not
divisible by n/2 such that n/ gcd(i, n) is even. Let b € Fon and let G be given by (2). Then
the Boolean function gp(x) = tr,(b G(x)) is bent if and only if, for any d € Fg, the element
b+d +d? is not the (2! + 1)-th power of an element of ¥ If, in addition, i is divisible by
3and b ¢ F,i then g, has algebraic degree 3. If i is not divisible by 3 then g has algebraic
degree at least 3, and it is exactly 4 if n > 12 and either b ¢ Fg or tr3(b) % 0.

Proof First we are going to prove that for n/ ged(i, n) even, the function g, is bent if and
on}y if the element b of F» is such that for any d € Fg, the element b + d + d? is not the
(2" + 1)-th power of an element of F;n. By Theorem 3 of [8], which proves that the function
G is CCZ-equivalent to F'(x) = xZ+1 the graph of F’ is mapped to the graph of G by the
linear involution

Lix,y) = @ +uw07 + b, ).

For the adjoint operator £L* of £* we have
LF(x,y) = (x, y + o (x? +xh)

because

j
tr, (tr) (v* + yHa') =t E x'y?
0<j=<n-1
Yy

= tr, Z %7y

0<j<n-—1
L3

=tr, Z x’zjy

0<j<n-1
24

= tr, (tr) (" + x™)y).

Since £ and £* are involutions and since Ag (a, b) = A/ (L™ "*(a, b)), then we get
rG(a,b) = Ap(a, b+t (a® +a*)).
Thus, g is bent if and only if b 4 trfl (a® +a*) is not the (2! 4 1)-th power of an element
of Fy» for any a. This proves the first part of Theorem 3.
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We prove below that the function g;, has algebraic degree 3 when i is divisible by 3 but
notbyn/Zar_ld_bgéin. _
Since tr (x2" @'+ = r3 (x2' 1) for i divisible by 3 then

i i 2141
Gx)=(x+ trfl (x2(2 D4 yte H)))

— X2+ tr (x2i+] + x4(2i+])) + (x+ xzi)trfl (x2(2i+1) + x4(2i+1)) .
Clearly, c = b + p¥ # 0 because b ¢ F,i, and, since i is not divisible by /2 then all

terms in trfl (x2(21+1) + x*@H4D ) are pairwise different. For some quadratic function Q, we
have

gr(0) = Q) + 1ty (br 4+ x7 iy (22D 4 42D )

= Q(x) +tr3 (trfl (cx) tr;z (x2(2f+1) + x4(2i+l))) .
and it is not difficult to see that the cubic terms of g; do not vanish. Indeed,

tr3 (tri (cx)tr) (x2(2f+1) +x4(2i+1)))
n/3-3 n/3—3
_ Z CZSkx23k+23j+l+23j+i+l n Z C23kx23k+23j+2+23j+i+2
J.k=0 ji k=0
n/3-3 n/3-3
n Z 623k+1x23k+1+23j+2+23j+i+2 n Z 623k+lx23k+1+23j+3+23j+i+3
k=0 k=0
n/3-3 n/3-3
n Z cz3k+2x23k+2+23j+3+23j+i+3 n Z cz3k+2x23k+2+23j+4+23j+i+4.

J-k=0 J-k=0

The item with the exponent 1 + 2! 4 2/*! of x appears only in the first sum above and,
obviously, it does not vanish there. As i is divisible by 3 but not by n/2 then this exponent
has 2-weight 3.

Let now i be not divisible by 3. We are going to prove that in this case the function g; has
algebraic degree at least 3, and it is exactly 4 if n > 12, and either b ¢ Fg or tr3(b) # 0. For
n = 6 it is checked with a computer that g, has algebraic degree at least 3 for any b € F’z‘(,.
Let n > 12. For simplicity we consider only the case i = 1. Denoting T (x) = trfl (x3) we
get

G(x) = C(x) +tr3 (T(x)*) + tr, (x) (x (T (x) + T(x)?) +x2 (T(x) + T(x)*)),
where
C(x) =x* + T(x) + t, (x) (Tx) + T)*) +x (Tx) + T )Y + 2% (Tx)? + T(x)Y)
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is a cubic function. Hence,
gp(x) = tr, (bC(x)) + try (D)tr3 (T (x)?)
+tr,, (x)tr3 (T(x)trz (bx + bx* + (b2 + b4)x4))

3j+1 3j 3142 3t+1
=t (bC () + 1, () | D k2T
0<j,t<n/3

" Z x23j+3+23j+2+23t+l+23r n Z x23j+3+23j+2+23t+2+23t+l

0<j,t<n/3 0<j,t<n/3
Jnk A3t A3t+] J ok 3+ | »3142
+ 2 uka 425427142 + E UkX2 +2%4-2 +2
0<j,k<n 0<j,k<n
0<t<n/3 0<t<n/3
J ok 3142 3143
+ E wka +2%4-2 +2
0<j.k<n
0<t<n/3

where forO <k <n

s if k=0mod?3

ug = 4 b2 if k=1mod3 ,
| 0+ 9?7 if k=2mod3
» if k=1mod3

wu =1 if k=2mod3 ,
* + b2 if k=0mod 3
p* if kK =2mod?3

wp = § p27! if k=0mod3 .
B +6H%7 if k=1mod3

The exponent 20 + 2% + 29 4 2! has 2-weight 4 and, obviously, we have items with this
exponent only with coefficients u¢ and ug. Then ug +ug = b?° + p? = (b+ b8)26 # 0 when

64794701
2242742742 159

b ¢ F,3. Hence, in the univariate polynomial representation of g the item x
a non-zero coefficient and, therefore, g;, has algebraic degree 4 for b ¢ F,3.
If b € Fys then tr, (b) = 0. If tr3(b) # 0 then we have items with the exponent 20428 4
20 4 ol only with coefficients u¢ and ug and ue + ug = p2° + (b2 + b4)26 = tr3(b) # 0.
Hence, again gj has algebraic degree 4 when b € F,3 and tr3(b) # 0.
Let b € F,3 and tr3(b) = 0. Then all items with exponents of 2-weight 4 vanish and

gr(x) = tr,, (bC(x))
=, (b + T (1)) + tr3 (T (bx + x> + b2 + b*x®))
=1tr, (b(x3 + T(x))) + z b2x2k+23r+23r+1

O0<k<n
0<t<n/3
+ Z b4x2k+23t+1+23t+2 + Z bx2k+23t+2+23t+3
0<k<n 0<k<n
0<t<n/3 0<t<n/3
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In g, the only item with the exponent 2° 4- 2! + 23 has the coefficient »>. Hence g has
algebraic degree 3 when b € F7; and tr3(b) = 0. O

Since F’ is quadratic then, according to Corollary 1, the bent nonquadratic components
of G are CCZ-inequivalent to the components of F’.

Corollary 3 The functions gy of Theorem 3 are CCZ-inequivalent to any component of
F/(x) — X2l+1.

Remark 4 We checked with a computer that for n = 6 there are cubic bent components of G
which are EA-inequivalent to any component of F. This implies that in general cubic bent
components of G are EA-inequivalent to cubic bent components of F.

4.5 The existence of elements b satisfying the conditions of Theorem 3 and relation to MM
class

We prove in Proposition 4 the existence of elements b satisfying the conditions of Theo-
rem 3 for ged(i, n) # 1. The existence of such elements for the case gcd(i,n) = 1 when
gcd(9, n) # 9 will be shown in Proposition 6.

Proposition 4 Let n be a positive even integer divisible by 6 and i a positive integer not
divisible by n/2 such that n/ gcd(i, n) is even and gcd(i, n) # 1. There exist at least %(2" -
1) — 22 > 0 elements b € Fpn \F,i such that, for any d € Fg, the element b 4 d + d? is
not the (2! + 1)-th power of an element of Fan.

Proof As in the proof of Proposition 1, we have ged(2" — 1,2/ + 1) > 284G 4 1 This
implies ged(2" — 1,2/ + 1) > 5. Since the number of d + d? equals 4 and the size of the
set E” of all (2! + 1)-th powers of elements of F3, is at most (2" — 1)/5, this implies that
(For NFy) U (Uyer, (d +d* + E")) has size at most 2"/2 +4(2" — 1)/5 < 2" — 1. This
completes the proof. O

Here again, we shall need a more effective result, in order to build a bent vectorial func-
tion deduced from G. Next proposition describes cases for i divisible by 3 where elements
b satisfying the conditions of Theorem 3 can be very easily chosen.

Proposition 5 Let i, n, s be positive integers such that i is not divisible by n/2, gcd(i, 6s) =
3s, and ged(n, 6s Q¥ 4+ 1) =6s.Ifb € Fo6s \Fo3s and the function G is given by (2) then
the Boolean function gp(x) = tr,(bG (x)) is bent and cubic.

Proof We are going to show that, under these assumptions, the conditions of Theorem 3
are satisfied. Note that since gcd(i, 6s) = 3s then ;—s is odd, and since b € F,os \F,3s then
b ¢ F,i. Besides, n/ gcd(i, n) is even because ged(i, 6s) = 3s and ged(n, 6s) = 6s.

According to (5) the number 2¢ + 1 is divisible by 23 + 1 because 3’—3 is odd. There-
fore if b is not the (23 + 1)-th power of an element of Fau then it is not the (2 + 1)-th
power of an element of Fa:. Besides, since b € F,es \F,3s then for any d € Fg we have
b+ d + d* € Fyes\F,3:. Hence, it is enough to prove that any element b in Foes \F,3, is not
the (23 + 1)-th power of an element of Fy».

Since b € F,es\F,3s then there exists a primitive element o of Fp», and a positive
integer k not divisible by 23 + 1, such that b = o*@'=D/C*=1_ Obviously, b is the
(2% + 1)-th power of an element of Fy: if and only if k is divisible by r = (2% +
1)/ ged (2% + 1, (2" — 1)/(2% — 1)). But since ged(n, 65(2% + 1)) = 65 thenr = 23 + 1
(see the proof of Proposition 2). Hence, b cannot be the (23° + 1)-th power of an element
of Fon. O
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For i not divisible by 3 we obtain a slightly more complex description of some elements
b satisfying the conditions of Theorem 3.

Proposition 6 Leti, n, s be positive integers suchthatn > 12, ged(i, 2s) = s, ged(i, 3) = 1,
gcd(n, 6s(2% + 1)) = 6s, and the function G be given by (2). Ifb € Foes is such that for any
d € Fg the element b + d + d? is not the (2° + 1)-th power of an element of Foes then the
function gp(x) = tr,(bG(x)) is bent and has algebraic degree 4.

Proof We have that i/s is odd and n/gcd(i,n) is even because gcd(i,2s) = s and
gcd(n, 6s(2% 4+ 1)) = 6s. Then 2! + 1 is divisible by 2* + 1 due to (5). Therefore if b
is not the (2° + 1)-th power of an element of Fy» then it is not the (2! + 1)-th power of an
element of Fyi. Besides, since b € Fyes then for any d € Fg we have b + d + d* € Fyss.
Hence we need only to prove that any element b € F,6,, which is not the (2° + 1)-th power
of an element of Fyes, is not the (2° + 1)-th power of an element of Fon.

Since b € F,es then there exists a primitive element o of Fy» and a positive inte-
ger k such that b = Qk@"=D/@® =D Gince ged(n, 65(2% + 1)) = 6s then, as shown in
the proof of Proposition 2, we have gcd (23S +1,2"—1)/Q% — 1)) = 1, and therefore
ged (25 + 1, (2" — 1)/(2% — 1)) = 1 because 2° + 1 is a divisor of 23 + 1. Hence b is the
(2° + 1)-th power of an element of F»» if and only if & is divisible by 2° + 1, that is, if and
only if b is the (2° + 1)-th power of an element of Fss. O

For small values of s it is easy to count the exact numbers of elements b € Fpss which
satisfy the condition of Proposition 6. For instance, for s = 2 there are 1736 such elements
b, and for s = 4 there are 13172960 such elements. For s = 1 there are 12 such elements and
these elements b are zeros of one of the polynomials x® + x + 1 and x® + x* + x3 +x + 1.
Hence, if in addition to conditions of Theorem 3 we have gcd(i, n) = 1 and ged(9,n) =3
then Proposition 6 ensures the existence of elements satisfying the conditions of this theorem.

Thanks to computer investigations, we know that some of the constructed bent functions
g» (Theorem 3) are neither in MM class nor in P S class:

Proposition 7 Forn = 12 andi = 1, a a primitive element of Fon (determined by MAGMA ),
the function tr, (' G (x)) is a bent function of algebraic degree 4 which is neither in MM
class nor in PSS class, up to EA-equivalence (that is, up to CCZ-equivalence).

This shows by an example that having a vectorial function F' with bent components all of
which are in the MM class, we can construct a function F/ CCZ-equivalent to F but which
has some non-MM bent components.

Remark 5 Forn > 10 the functions g, are notin class P Sap, up to EA- equivalence, because
the degree of P Sap functions is always n /2.

4.6 Further constructions?

Applying CCZ-equivalence to the quadratic APN function x3 + tr, (x?), it is possible to
construct classes of nonquadratic APN mappings with some bent components. The same
affine transformations £ as those which gave respectively F' and G from Gold functions,
when they are applied to the graph of x3 4tr,, (x?) (which is CCZ-inequivalent to Gold), give
graphs of functions as well, and some of the components of the resulting CCZ-equivalent
APN functions are bent.

Proposition 8 ([7]) Letn be an even positive integer, H : ¥on — Fon, H(x) = X34t (x9),
then the following functions are CCZ-equivalent to H

@ Springer



L. Budaghyan, C. Carlet

1)  the function with algebraic degree 3
221, () 4+ (1 + x4+ Dirg (%),
2)  for n divisible by 6 the function with algebraic degree 4
(x + tr,‘? xS +x2) 4+ 1r, ()c)tr,?(x3 + )clz))3
+try ((x + trn3 (x6 + xlz) +try (x)tr,? (x3 + xlz))g) .

The bent components of the functions of Proposition 8 have the same algebraic degrees
as those of F, resp. G. We could check by a computer that for small values of n the bent
components of those functions are equivalent to bent components of F and G, respectively.
We do not know if in general the resulting APN functions have bent components inequivalent
to those of F and G and it seems difficult to see this mathematically.

Remark 6 Little is known on CCZ-equivalence, which is still not well understood. Since
[8] appeared, constructing more infinite classes of functions CCZ-equivalent to Gold (or to
other APN functions such as Kasami, which are the other known case of vectorial functions
with bent components) and EA-inequivalent to them and to their inverses is an open problem.
Nobody knows whether CCZ-equivalence excluding EA-equivalence is rare or not. Note that,
as proved in [6], if (L, Ly) and (L1, L’z) are linear permutations and F; = Li(x, F(x))
is a permutation as well, then the functions obtained by CCZ-equivalence from F by using
(L1, L) and (L1, L) are EA-equivalent; so finding new EA-inequivalent functions by using
CCZ-equivalence needs to find new permutations Fp, which is the difficult task. Even finding
such permutations for certain values of n may be hard, not to mention finding infinite fam-
ilies. For instance, applying CCZ-equivalence to the trinomial APN function over Fy¢ from
a family of [2], Dillon et al. constructed an APN permutation over F,6, by this disproving
the conjecture on non-existence of APN permutations over F,2. [3]. This difficult result is
very important for future applications. However, it seems quite difficult to generalize it to a
family.

For n = 12 we give below another example illustrating the application of CCZ-equiva-
lence in constructions of bent functions.

Example I Let « be a primitive element of Fyi2 and P : Fyiz — Fon, P(x) = ax® +
a?30x328 4 27514 The function P is EA-equivalent to the trinomial APN function from
[2]. Let

Ly = tr?z(y) + atr?z(a“x) + aztrfz(ozmx) + ot4tr?2(oz64x),

Ly, = tr?z(x) + atr?z(oz“y) + ozztr?2(otl6y) + a4tr?2(a64y).
Then the linear function (L1, Ly) is a permutation of F%lz and the function Pj(x) =

Li(x, P(x)) is a permutation of F,i». Therefore, the function P’ = P, o Pl_l, where
P>(x) = La(x, P(x)), is CCZ-equivalent to P. The function tr12(a® P(x)) is bent and has
algebraic degree 5, it is EA-inequivalent to any function from MM classes (as checked with
a computer). Obviously, it is EA-inequivalent to any bent component of F, F’, G, P or any
PSap function because of the algebraic degree.

4.7 Non-existence of APN permutations EA-equivalent to functions F and G

Finding APN permutations over F»» when n is even is a hard problem. Non-existence of
such quadratic functions was proven in [20]. Hence the APN function F'(x) = x2*!,
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gcd(i,n) = 1, n even, is EA-inequivalent to any permutation. However, it is potentially
possible that F’ is CCZ-equivalent to a nonquadratic APN permutation. For instance, the
only known example of an APN permutation for n even is constructed in [3] by applying
CCZ-equivalence to a quadratic APN function over Fy6. From this point of view the following
facts are interesting.

Corollary 4 Let n and i be positive integers and gcd(i,n) = 1. If n is even then the APN
function F given by (1) is EA-inequivalent to any permutation over ¥Fon. If gcd(n, 18) = 6
then the APN function G given by (2) is EA-inequivalent to any permutation over Fon.

Proof The function F has bent components by Proposition 1, and G has bent components
by Proposition 6. Therefore, F' and G are not EA-equivalent to any permutation. O

5 New classes of bent vectorial functions in trace representation

Let F be a function from F»» to itself and b € F5%,. We know from [19] that, for n divisible
by m, the (n, m)-function tr) (bF (x)) is bent if and only if, for any v € F3,, the Boolean
function tr,, (bv F (x)) is bent. Hence we can obtain vectorial bent functions from Theorem 2.

Theorem 4 Letn > 6 be an even integer divisible by m and i a positive integer not divisible
by n/2 and such that n/ gcd(i, n) is even. If b € Fon\Fyi is such that for any v € ¥}, neither
bv nor bv + 1 are the (2 + 1)-th powers of elements of ¥on, and the function F is given by
(1) then the function f,(x) = tr;} (bF (x)) is bent and has algebraic degree 3.

In particular we obtain the following vectorial bent functions from Proposition 2.

Corollary 5 Let n > 6 be an even integer, i a positive integer not divisible by n/2 and s
a divisor of i such that i/s is odd and ged(n, 2s(2° + 1)) = 2s. If b € Fyo,\Fas and the
Sfunction F is given by (1), then the function f,(x) = tr},(bF (x)) is bent and has algebraic
degree 3.

Proof Since b € Fy5\Fas then bv € Fys \Fos for any v € F5,. Hence by Proposition 2 the
functions tr, (bv F (x)) are bent and cubic for all v € F3,, and, therefore, tr, (b F(x)) is bent
and has algebraic degree 3. O

Theorem 3 also leads to new bent vectorial functions.

Theorem 5 Let n be a positive integer divisible by 6, m > 1 a divisor of n, and i a positive
integer not divisible by n/2 such that n/ gcd(i, n) is even. Let b € Fyn be such that, for any
d € Fgand any v € F},,, bv +d + d? is not the (2! + 1)-th power of an element of Fon. If
the function G is given by (2) then the Boolean function g,(x) = tri (b G(x)) is bent. If, in
addition, i is divisible by 3, and bv ¢ F,i for some v € F5,, then g, has algebraic degree 3.
If i is not divisible by 3 then gy has algebraic degree at least 3, and it is exactly 4 if n > 12,
and for some v € ¥5,, either bv ¢ Fg or tr3(bv) # 0.

Proposition 5 allows us to describe some particular cases of bent vectorial functions of
Theorem 5 for i divisible by 3.

Corollary 6 Leti, n, s be positive integers such thati is not divisible by n /2, gcd(i, 6s) = 3s,
and ged(n, 6s Q¥ 4+1) =6s.Ifb e F,6s \F3; and the function G is given by (2) then the
Sfunction gp(x) = trﬁs (bG (x)) is bent and cubic.
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Proof Since b € F,es \F3s then bv € Fyes \Fo3s for any v € F;x. Hence by Proposition 5
the functions tr, (bv F (x)) are bent and cubic for all v € F;_M, and, therefore, tr?f (bF(x)) is

bent and cubic. ]

Next corollary follows from Proposition 6 and refers to the case where i is not divisible
by 3.

Corollary 7 Let i, n, s be positive integers such that n > 12, ged(i, 2s) = s, ged(i, 3) = 1,
and ged(n, 6s (23 + 1)) = 6s. If the function G is given by (2) and b € F6s is such that for

any d € Fg and any v € F;h the element bv + d + d? is not the (2° + 1)-th power in Foes

then the function gp(x) = tr?f (bG (x)) is bent and has algebraic degree 4.

Since F'(x) = X2+ s quadratic, then according to Corollary 1:

Corollary 8 The bent functions f, and gy of Theorems 4 and 5 (and Corollaries 5, 6 and 7,
in particular) are CCZ-inequivalent to tri (vF'(x)) for any v € Fon and any divisor m of n.

Remark 7 To our knowledge there are only three known infinite classes of vectorial bent

functions expressed in trace representation tr’ (F (x)): the function tr); (x2"/2+1) (which is
a Maiorana McFarland function), the function tr”nl(wxd) where n is congruent to 2 mod 4,
d =2"+1isaGold exponent (with (i, n) = 1) and w is not a cube, and the function tr/” (wx?)
where 7 is congruent to 2 mod 4, d = 41 — 27 4+ 1 is a Kasami exponent (with (i, n) = 1)
and w is not a cube (see [11]). The functions we obtain in this section are inequivalent to
these functions and so they are new in this sense: Corollary 8 shows that the constructed
vectorial bent functions are not CCZ-equivalent to the functions with Gold exponents indi-
cated above; inequivalence to the functions above with Kasami eponents can be easily seen
for any n divisible by 4 (because Kasami type bent functions are not defined then) and any
n divisible by 6 since the constructed bent vectorial functions have algebraic degree 3 or 4
while for n divisible by 6 there exists no Kasami function of algebraic degree 3 or 4 (Kasami
type bent functions have algebraic degree i + 1).

6 Conclusion

The notion of equivalence for APN and AB functions (and more generally for vectorial
functions usable as S-boxes in block ciphers), called CCZ-equivalence, which seems to be
in the same time the most general and the most adapted to this cryptographic framework, is
delicate to handle: checking whether two given functions are CCZ-equivalent or not may be
quite hard if they share the same CCZ-invariant parameters (while checking whether they are
EA-equivalent or not is easier). Hence, identifying cases where CCZ-equivalence reduces to
EA-equivalence is useful. We observe that, in the framework of bent functions, the complex
CCZ-equivalence coincides with the simple EA-equivalence.

This seems to mean that, starting from known bent vectorial functions and using CCZ-equiv-
alence, constructing new EA-inequivalent bent functions is impossible, contrary to what has
been observed with APN functions. This is in fact possible (and this illustrates the nice
possibilities offered by CCZ-equivalence) if instead of starting from bent functions, we use
non-bent functions having bent components. Starting from Gold functions and considering
two classes of APN functions which have been shown CCZ-equivalent to them, we derived
two infinite classes of bent Boolean functions which are CCZ-inequivalent to the bent com-
ponents of the Gold functions, and we also deduced new families of vectorial bent functions.
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