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ABSTRACT. Lately, there has been some interest in modifications of the com-
pressible Navier-Stokes equations to include diffusion of mass. In this paper,
we investigate possible ways to add mass diffusion to the 1-D Navier-Stokes
equations without violating the basic entropy inequality. As a result, we re-
cover a general form of Brenner’s modification of the Navier-Stokes equations.
We consider Brenner’s system along with another modification where the vis-
cous terms collapse to a Laplacian diffusion. For each of the two modifications,
we derive a priori estimates for the PDE, sufficiently strong to admit a weak
solution; we propose a numerical scheme and demonstrate that it satisfies the
same a priori estimates. For both modifications, we then demonstrate that the
numerical schemes generate solutions that converge to a weak solution (up to
a subsequence) as the grid is refined.

1. CONSERVATION LAWS

Consider the system of conservation laws in one space dimension:
(1) ur+ f(u), =0, z€Q, 0<t<T
u(z,0) = u®(z),

Here u = (uy,...,u,) " is the vector of unknowns and the fluxes f = (f1, fo, -, fn) "
are Lipschitz continuous functions of u. € is a bounded domain in one dimension
(1-D). (We take Q = (0,1).) The system is also subject to appropriate boundary
conditions. 7T is an arbitrary finite time. u°(z) is a suitably bounded initial datum.

Conservation laws are often endowed with entropies. Entropy is a useful tool to
obtain a priori bounds on the solution and sometimes infer uniqueness. We will
briefly introduce the concept. Let (U, F') denote an entropy and entropy flux (for
short, entropy pair). By definition UL f, = F,, and U, = w” is termed the entropy
variables. Using the entropy variables, (1) can be rewritten as

(2) Upwe + glw)y =0, x€Q

where u,, is symmetric and positive definite and g,, is symmetric. (See [Moc80]).
Often the conservation law is considered to be a model of an associated viscous
equation,

(3) ut + f(w)e = (G(Wuz)z, = €9Q
u(z,0) = uo(x),

where G(u) is a matrix. The regularization (G(u)u,) is conservative and we will
refer to (3) as being conservative. Using the entropy variables, (3) can be stated as

(4) Upwi + g(w)y = (Gw)wy)y, =€ Q.

We require that G is symmetric and positive semi-definite. (This property ensures
that entropy is diffused.) Note that Gw, = Gu, = FV where FV is commonly
known as the viscous flux.
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Often, solutions of conservation laws are interpreted in a weak (or averaged)
sense. The weak form of (3) is obtained by multiplying the equation by a test
function and integrating by parts.

Definition 1.1. A locally integrable function u is defined as a weak solution of (3),
if it satisfies the following integral identity for all compactly supported test functions
peC=(Qx[0,7))

-
6) [ [ ot ef) - pa(Gu)) dudt + [ ol 0)u(w)dz =0,

0o Jo Q
Remark In the case of 2 being periodic, we employ periodic test functions in
space.

1.1. The compressible Navier-Stokes equations. In this work, we focus on the
special case of gas dynamics. An inviscid gas is governed by the Euler equations,
which is a set of conservation laws (1) and in 1-D they take the form,

w+ flu),=0 z€Q, 0<t<T
u=(p,m,E)"
f(w) = (m,pg® +p, (E+p)g)"

p=(r—1)(E - 500°)

p,q,p and E are the density, velocity, pressure and total energy of a gas. The
momentum is denoted as m = pg and v is the ratio of the specific heats. The
system is closed using the gas law p = pRT, where R is the gas constant and 7" the
temperature. In the analysis, we will need the thermodynamic relations, v = ¢, /c,
and R = ¢, —c,, where ¢, and ¢, are the specific heat capacities at constant pressure
and volume, respectively.

The standard Navier-Stokes equations take the form (3) and are obtained by
adding a diffusive flux to the Euler equations.

(6) Ut + f(u)x = (fNS)a:
V5 = (o, %uqz, guqqm + kT,)T

where p > 0 is the first diffusion coefficient. (We have made the standard as-
sumption that the second diffusion coefficient A = —24/3.) &k > 0 is the thermal
diffusivity. These equations are referred to as the Navier-Stokes(-Fourier) (NSF)
equations which is the standard set of equations used in compressible viscous fluid
dynamics.

In this study, we assume that the domain ©Q = (0,1), i.e., it is bounded. The
system (6) is subject to suitably bounded initial condition u(z,0) = u°(x) and we
require that p(z,0) > 0 and p(z,0) > 0.

Furthermore, the system (6) must be augmented by appropriate boundary con-
ditions. This is a topic in its own right and for simplicity we only consider thermally
insulated wall boundary conditions.

(7) q=0/|pa, T, =0]sq.

Remark We will use boundary conditions when deriving a priori bounds. How-
ever, when considering numerical approximations, we will limit the analysis to the
periodic case for simplicity. Demonstrating that it is possible to obtain bounds for
the PDE with boundary conditions makes a good case for doing the same with the
numerical scheme in the future.
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1.2. Background. The standard compressible Navier-Stokes model has been stud-
ied extensively and still no general well-posedness results have been obtained. The
literature on this subject is vast and we mention a only few results here. In [Ler34],
the existence of weak solutions of the incompressible equations was proved and in
[Lio98] for isentropic compressible fluids.

The lack of well-posedness results for the compressible equations hampers the
design of effective numerical schemes. More importantly, it leaves doubts on any
numerical results since the lack of knowledge of solutions precludes any convergence
proofs. This uncertainty is not merely a mathematical nuisance. It affects engi-
neering applications since there is no way of knowing if the numerical solution is in
the vicinity of the true solution whose existence is assumed.

Many of the difficulties in proving existence stem from the incomplete parabolic
structure of the Navier-Stokes equations. In other words, from the fact that the
continuity equation lacks a diffusion term. In particular, this complicates proofs of
positivity. Moreover, it is not clear that the Euler equations is the limiting case of
the Navier-Stokes equations as the diffusion coefficients vanish. This is evident when
considering boundaries. For the Euler equations it is commonplace to specify in-
going characteristic waves. This is a linearly well-posed procedure. As is perturbing
the in-going characteristics with the viscous flux for the Navier-Stokes equations.
This works for all boundaries but subsonic outflows. (See [SCNO07]). Hence, the
vanishing viscosity limit of the Navier-Stokes equations will not converge to the
Euler solution in the vicinity of a subsonic outflow. With mass diffusion, this
problem would disappear. (At least in the linear analysis.) (See also [MS11] for a
similar study.)

Positivity and boundary conditions are two areas that would be much easier to
treat if a diffusion term is added to the continuity equation. Mathematical argu-
ments can indicate difficulties with a particular model, but it requires physical argu-
ments and corroboration with experimental data before discarding one model in fa-
vor of another. Based on thermodynamical arguments, Brenner ([Bre05a, Bre05b])
has suggested that mass indeed is subject to a diffusion process. Brenner argues
that in Newton’s viscosity law, the volume velocity u, should be used instead
of the mass velocity uy,,. The latter is the velocity appearing everywhere in the
conventional Navier-Stokes equations. The relation between the two velocities is,
Uy = Uy, + aU%Vp, where «,, is the volume diffusivity. This change of view in-
trouduces mass diffusion to the Navier-Stokes equations. Support for this argument
is found in [C“)tt05} on non-equilibrium processes. Brenner suggested a theoretical
value of «,, but its value is open for investigation.

The validity of Brenner-Navier-Stokes equations was carefully studied in [GRO7]
for a well-known shock tube problem for which there is exerimental data avail-
able. Specically they compared the standard equations with Brenner’s modified
set. They pointed out a major difficulty with such a comparison. Namely, the
correct temperature dependence of the viscosity coefficient is uncertain, which in
turn can give signicantly different results for the Navier-Stokes equations. (We
remark that this implies that there is not one unviersally accepted model that is
the Navier-Stokes equations.) Nevertheless, they made well-motivated choices for
the diffusion coefficients and compared the standard Naver-Stokes with Brenner’s.
Their conclusion was that Brenner’s system more accurately captured the strong
shocks in their tests. They remarked that results of Brenner’s system was similar
to results of more elaborate models like Burnett’s equations, without their stability
problems equations. However, they concluded that more validation is needed.

The purpose of this work is nmot to demonstrate that the equations augmented
with a mass diffusion supersede the traditional Navier-Stokes equations when it
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comes to modeling physics. That question is to date open. However, we remark
that many studies in physics are concerned with the question whether or not mass
diffusion can extend the range of applicability of the model, for instance to rarefied
gases. We would argue that it would be a major step forward if the new models
have the same physical range of applicability as the conventional Navier-Stokes, but
in addition have strong well-posedness results and convergent numerical schemes.
In fact, numerical convergence is for all practical purposes a premise for validating
the model, since numerical solutions is the only feasible way to generate solutions
that can be compared with experimental data.

A mathematical study of Navier-Stokes-Brenner (NSB) is found in the excellent
article [FV09]. With certain choices of diffusion coefficients, the three-dimensional
equations were proven to admit weak solutions, a very important result. However,
these existence proofs are not easy to mimic with a practically useful numerical
scheme.

The purpose of the current study is to mathematically study the properties of
the Navier-Stokes system augmented with mass diffusion. In particular, the possi-
bilities to design convergent numerical schemes. Instead of immediately analyzing
Brenner’s system, we begin by investigating in what way mass diffusion can be
added. To this end, we take the entropy principle to be fundamental and require
that modifications satisfy the usual entropy inequality. This condition gives us a
family of modifications, which differ from Brenner’s system only in the choice of
mass diffusion coefficients. However, apart from Brenner’s system, we note that
a Laplacian diffusion model follows easily from the modified system. A Laplacian
diffusion is a common way to stabilize numerical schemes for flow equations. Hence,
we consider both the Laplacian diffusion model and the standard Brenner model,
propose numerical schemes, and prove convergence to weak solutions.

Finally we remark that the schemes proposed in this work are not of high-
order accuracy, which would be more effective in practice. Recently there has
been efforts towards non-linearly stable high-order schemes in e.g. [FC13, Sval2].
However, proving convergence for high-order accurate schemes approximating the
Navier-Stokes-Brenner system is more challenging and we put that task on the list
of future work.

1.3. Outline of paper. As discussed above, our viewpoint is mathematical rather
than physical. In Section 2, we begin by deriving the form of mass diffusion that
admits local entropy inequalities and global entropy estimates. Not surprisingly,
the system we obtain turns out to be a general form of Brenner’s system. With
particular relations between the three diffusion coefficients (mass, velocity and heat)
the viscous terms can be cast as a Laplacian.

In Section 3, we consider the model with Laplacian diffusion. We derive a priori
estimates for the equations, propose a numerical scheme and derive a priori bounds
to ensure convergence to a weak solution.

In Section 4, we consider the form coinciding with Brenner’s system. We choose
a particular set of diffusion coefficients and derive a priori bounds for the system of
equations. We propose a numerical scheme and demonstrate convergence to a weak
solution. This set of diffusion coefficients differ from the set analyzed in [FV09].
Hence, these results are novel and complements the earlier results.

Although, we have limited the analysis to 1-D to reduce notation, we have de-
liberately avoided 1-D specific properties such as 1-D Sobolev embeddings. Hence,
our results should be extendable to 3-D but we postpone that to a future paper.
Furthermore, we have limited the analytical tools to those that have a counterpart
in numerical analysis. This to be able to mimic the estimates for the numerical
schemes.
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We do not present any numerical computations, since that will immediately take
us into the realm of selecting values for the diffusion coefficients and a discussion
of physics. That said, the schemes have been tested in practice and we discuss this
in the Conclusions.

In Appendix 1.1 we define the function spaces and norms we will use.

2. NAVIER-STOKES EQUATIONS WITH MASS DIFFUSION

We begin by deriving the entropy inequality for the standard Navier-Stokes-
Fourier equations. Then we proceed by deriving the form of mass diffusion that
can be added in an entropy consistent manner.

2.1. Entropy inequality. An entropy pair, as defined above, will symmetrize the
Euler system but not necessarily the Navier-Stokes system. It turns out, [HFMS86],
that only one entropy symmetrizes the Navier-Stokes equations. Namely, (U, F) =
(—=pS, —pqS) where S = ln(p%) is the specific entropy. The corresponding entropy
variables are

¢ q 1 )
2e, T ¢, T’ ¢, T
(Although well known, we include the derivation of the entropy variables for the
Navier-Stokes equations in Appendix I.)

These entropy variables symmetrize the Navier-Stokes system, such that (6)
turns into

(9) ww)i + g(w)e = (C(w)we)e

where ., g, and C are symmetric matrices. The first row and column of C' are 0
since no diffusion is added to the p equation. (c.feqn (6).) u,, is positive definite if
the entropy U is strictly convex, which in turn is the case if p, T > 0. Furthermore,
C is positive semi-definite if the diffusion coefficients and p, p are positive.

Using (9) it is possible to obtain a priori L? bounds on the solution. Multiply
(9) by w! and integrate over the domain €. (Recall that Q = (0,1).)

1 1 1
/ wlu(w), dx—i—/ w? g(w), de = / w? (Cw,), dz,
0 0 0

1 1 1
/Utdx—i—/ Fmdx:/ w' (Cwy), da,
0 0 0

1 1
/ Updr + (F — w' Cw,)| + / w?l (Cw,)dr < 0.
0 0

8) Us =" = (~(S =) -

Integration in time [0, 7] and the use of the boundary conditions (7), give an upper
bound on U(T). Using the convexity of U we can obtain bounds on u in L2. The
argument is found in [Daf00] and we repeat it here for convenience.

Define a new entropy U = U — U’ (ug) T (u—ug) where ug is a constant (non-zero)
state. (We choose ¢ = 0, p = pp > 0 and p = pg > 0 and since it is a constant
state T, = 0, which is necessary for the boundary terms to vanish.) Similarly define
F'" = U'f’. Since this is an affine change of the entropy, this entropy satisfies an
entropy inequality if U does.

To derive the entropy estimate, we note that w? = U’ = U’ — U'(ug) and
Wy = wg. Hence, upon multiplication from left by w” and integrating in space, we
get,

1 1
(10) / Usdzr < —/ w! Cw, d.
0 0
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The diffusion terms are unaffected by the change of entropy and the boundary terms
vanish in this case too.
Next, we Taylor expand U around wug

Uu) = Uluo) + U’ (u)T (u — ug) + (u — uo)TU" (8)(w — up)

for some state #. Since the density of our reference state pg > 0, we have p(8) > 0
even if the density of the solution only satisfies p > 0. (An analogical argument
gives T'(¢) > 0.) Hence, U/l,, > ¢ > 0, where U/, is the minimal eigenvalue of
U"(0,t) for all 0(x), z € [0,1].

Furthermore, using U = U — U’ (ug)
obtain

n

T(u—wup) = (u—up)TU" (u—up) in (10), we

/ol Ulu(-,T))de < — /OT /0 s G de dt + /o Yl ods
()

[ oy [ [, arie < [ ot 0

From the bound on fol (u—uo)TU" (u — up) do < C we deduce that U/ . fol(u
u) T (u — ug) dz < C. Since
ufu = (u —uo +uo) T (v — up + up) =
(u —uo) T (u — ug) + ud ug + 2(u — up) Tug <
2(u — uo) " (u — ug) + 2ud ug

we have that
1 C 1
(12) / wTudr < 27[],, + 2/ ud ug de
0 min 0

From (12) we obtain, u € C([0, T]; L?(Q2)3).

Remark Throughout this paper, we use C to denote an a priori known and bounded

constant. Typically, C will contain bounds of initial and boundary data. We may

incorporate new factors or terms into the constant without changing the notation.
Since (u — uo)TU"(0)(u — up) > 0, we also obtain a bound on [ w!Cw, dzdt

from (10) which is a measure by which the entropy is diffused. From (8), we have

r_(_g, Y=, T, 4 T T,
x e T 2¢,T? ¢,T ¢, T2 ¢,T?

w

and the entropy diffusion

4
wy Cwy = wy [ = wi (0, S ige, 31ege + KT)" =
qx ql, 4 T, 4
— = kT,

(ch 17 )3Hds + Tg( 1qqs + kTy) =

dug? kT?

13 T X
(13) 3c,T ¢, T?

We summarize the results and emphasize again that they are well known and
found in the literature.

Proposition 2.1. Let u®(z) € (L*(Q))? and p(z,0) > 0,T(z,0) > 0. Assume that
a solution to (6) obeys p(xz,t), T(x,t) > 0 on (0,T]. Then u € C([0,T]; L*(Q)?3)

and

pg; | KT,
(14) / / 3T cUTQ dx dt < Constant.
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Furthermore, p € C([0,T]); L3(R2)) and pqg® € C([0, T]; L3(£2)).

Proof. We first comment on the positivity assumption. For these a priori estimates
to hold it is enough to assume that p,T are non-negative. The key observation is
that the state 6 in (12) has positive density. It is a value in between u (where p, T
are possibly 0) and ug where these states are bounded away from 0. Hence, U/,
is bounded away from 0 in (12).

The L? estimate of u and (14) follow from (11),(12) and (13). The statements
that have not been shown are that p, pg? are in L?(2). We note that p,p > 0 by
assumption. Hence, % < % + 1pg? and

Lp o 2

—_— < ||E]*.
| Eprar<im

The L? bound on pg? follows in the same way. O

The estimate (14) can be used to get bounds on ¢, and T}, by choosing appropri-
ate temperature dependence of u and k. However, this comes at a cost since higher
integrability of the temperature is needed to bound the pq., nqq, and kT, terms
in (6). The critical stumbling block is that the estimates rely on p > 0. For the
Navier-Stokes-Fourier equations there is no proof that the density remains positive.

2.2. Entropy Consistent Mass diffusion. We will now begin with our program
to add mass diffusion that does not violate the fundamental entropy principle. To
this end, we modify (9) to,

u(w): + g(w)e = (Cwz)s + (Dwy)s

where we have added the viscous flux Dw,. We require that D is symmetric positive
semi-definite to diffuse the entropy, and it should act on p. We remind of

T, ¢ qI, Ty

e,T ' 2¢,T2 c,T ¢, T2’ chz)'

Wy,

The first row of Dw,, is
(15) (Dwz)1 = di1(wi)g + diz2(w2) g + diz(w2)e = hi(u)ps

where the function hq(u) > 0 is included to admit physical modeling of the diffusion
coefficient.
To examine the expression (15), we need

P PP P Pa PPz Dz P
( (/ﬂ)) p(m p(m pw) (p p)

Hence,

D " P T 2¢,T?

2
T,

Furthermore, using the gas law p = pRT we have

P _ paRT  pRI;  po Ty

p  pRT ~ pRT p T

and
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2
Equipped with the above expressions, we choose d11 = 1,d12 = ¢,d13 = ¢, T+ %
and obtain

(w1)e + q(ws)e + (T + L) (ws), =

2
Pz To Pz Q0 |, Ty G qT, ¢, T,
(Pt Py _ T+ = -
(p+T Wp) o7 toeme U T~ o) T+ 5)

Pz
(v—1)—
p

i.e., a mass diffusion. Note that (y — 1) > 0. Up to a positive scaling this is the
only way diffusion on p can be added to the first equation.

To determine D, we observe that the remaining two rows must be scaled versions
of the first, or else, they will not result in diffusion on p. Moreover, D must be be
symmetric and positive semi-definite to diffuse entropy. Hence, we are forced to
choose

P 1 q pB
D=b—=| 4 ¢ af |,
7 B qB B

where 8 = ¢, T + g. 0 > 0 is a new diffusion coefficient. We allow it to be some
function of u.

Denote Cw, as the viscous flux in the standard Navier-Stokes equations
and f™°? = Dw,, is the new mass diffusion. We obtain the following set of equations
on conservation form:

:fNS

(16) U + f(u)m = (fNS):r + (fm()d)w
P m 0 0px
u=| m |, fuy=1{ pi?+P |, V= 21q, et = Sqps
E (E+Dp)q Anqq, + KT, 58Pz
1
p=(H—-1)(E- §pq2)-

The system is by construction symmetrizable by the physical entropy U = —p.S,
just like the standard Navier-Stokes system.

Furthermore, we note that (16) is the Navier-Stokes-Brenner system. (See
[Bre05b, FV09, GRO7].) It is noted in [GRO7], that Brenner suggest that ¢ =
k/(cpp) but they suggest that § = constant is a more accurate model. In [FV09],
0 is taken to be a constant. They then prove existence of weak solutions to the
resulting system with pu = constant and k a third-order polynomial of T.

We will consider two systems. One differ from [FV09] only in the choice of
diffusion coefficients 6, u, k and will be analyzed in Section 4. The other one is
derived in the next section.

3. LAPLACIAN DIFFUSION MODEL

We consider fN° and f™°?. Replace the dynamic viscosity with the kinematic
counterpart. That is, we take u = vp.

0ps
(17) fmod + fNS — 2(5qu + %Z/pqa;2
5(coT + 5 )px + 5vp (%) + kT,
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We note that if § = %1/7 the second row forms a complete derivative. By the same

token, we choose k = 40%“ = 46’“% and we end up with the viscous flux,
Pz
4 4
(18) fv — fnwd + fNS — ?V (PQ)z gyuz.

(coTp)s + (’Jzﬁ)L

A few remarks on the choices made above. First, to replace the dynamic and
kinematic viscosity is obviously the crucial choice to get complete derivatives. We
will not attempt to motivate this physically but leaves validation of the model as a
separate issue.

For the other choices something can be said. It is well known that k£ and p are

not independent. From a theoretical viewpoint it has been suggested that p = %

“P

to a first approximation. (See e.g. [CV94].) We then see that y = 2% and § = 3V
P

leads to § = k/(cpp) which is the choice suggested by Brenner. However, we use

uw = % and § = 3v which leads to 6 = k/(c,p). (Not exactly the same, but

strikingly similar.)

Remark Using a Laplacian diffusion is a common regularization used in computa-
tional fluid dynamics. In particular, when resolving shocks but also in the so-called
ILES (Implicit Large Eddy Simulation) whereby turbulence is resolved using the

internal diffusion of the scheme, commonly a Laplacian.
As mentioned above, § = §y = constant and § ~ 1/p have been proposed in the
literature. Here, we allow a blend of the two choices. Specifically
1+ v
(19) U= Z/IM
P

where v, v are positive constants.
Keeping in mind that (19) is our diffusion model we will drop all physical con-
stants for notational convenience and analyze the system

ur + f(w)e = (Vug)e, x€(0,1), te(0,7]

(20) u(z,0) = u®(z)
y—L1tp
P

Assumption 3.1. The initial datum u°(x) = u(x,0) is assumed to reside in the
following spaces.

U(u®) = —p(x,0)S(x,0) € L(Q).

u® € L?(Q)3.

pH(0) € LH(Q).

p(x,0) > 0,p(x,0) >0 and T(x,0) = (p/(Rp))(x,0) > 0.

We also assume that the initial datum satisfies the following boundary conditions.
(21) pz=0, T,=0, ¢g=0

The boundary conditions are the same that are used in [FV09]. The two latter are
well-known and correspond to an insulated wall. The first one is required by the
modification of the original system and corresponds to no mass flow through the
wall.

Before, we proceed with derivation of various estimates, we present a Poincare
inequality that will be a crucial tool. (We use a statement given in [FV09].)
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Lemma 3.2. Let Q C R™ be a bounded Lipschitz domain. Let B C ) be a mea-
surable set such that |B] > M > 0. Then

1/«
ol < (M) (nwnwm +( [ o) )
B

for any v € HY(Q), where the constant ¢ = ¢(M, ) depends solely on M and the
parameter o > 0.

3.1. A priori estimates. The goal in this section is to derive estimates for (20)
that are strong enough to give meaning to a weak solution.

The first observation is that this system is not only symmetrizable with the
Navier-Stokes entropy U = —pS but with any entropy. Recall that U, = w” are

the entropy variables. Multiply (20) by w7,
wluy +w? fu), = w? (VULwe) e

and note that f,, and U, are symmetric and the latter positive definite thanks to
U being an entropy. Integrating in space gives,

(22) / U;dr = —/ vw,Uyw, dz.
Q Q

The right-hand side is negative and we obtain the estimate. (The set of boundary
conditions (21) ensures that all the boundary terms vanish.)
Specifically, using the entropy U = —pS, we calculate

2
T 49z Ty qx qTy T,
—wluy, =— (-8, — - - .- —LF,
Wt ( " WT 2ch2) Pa (ch chQ) (Pa)e = = B

(P Py, Qe Ty

P Y p Pz CrUT - 2CUT2 Pz
Gz qT;
T (P2q + pgz) + 17 (P29 + Pgz)

To  pad® 2
CUTQ( 5 +pqqz+7_1)
S (i B PP S .
Sp Tpl T T2 (v 1)
2
P P o Dapr Tape
B ’yp cUqu—'_ D c,T?(y— 1)
Px\2 DTy pi P 2
S -9 LI
vp( p) o Pt el T o
Py Pe Ten T p oo
= w(p) +p(p )~ P ol
Pz \2 Tacz P 2
23 = —(y=Dp(BE)? —pzz - L2
(23) (v )p(p) P72~ ol

We can now state the following proposition.

Proposition 3.3. Let u®(z) satisfy Assumption 3.1. Assume that a solution of
(20) obeys p(z,t), T(x,t) >0 on (0,T] x Q. Then u € C([0,T]; L*(Q)?) and

(24) [ [ v (- eter s o+ 262) <c
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Furthermore,
T q p
= c L*0,T; L*(Q), == € L*(0,T; L*(Q)), = € L*(0,T; L*(Q)),
7 € L0 T L), 5 € 0. T LA(@), % € 120,73 ()

p € C([0, T L*(2)), pa* € C([0, T]; L*(2)),
and p >0 a.e. in[0,7T] x Q.
Proof. The estimate (24) follows from (22) and (23) and the observation that the
boundary conditions (21) cancel the boundary terms. With v = H'T", the estimates

on T, /T, ps/p and q, /T follow.
Furthermore, the bound on p,/p is equivalent to (log p), € L?(0,T; L?(Q2)). We
use conservation of p,

/T/l(m(pq)m)dxdt: /j/olwm)zdxdt

leading to fo x,t)dr = fo 2,0)dx and since p > 0 it implies that p(-,t) €
L'(2). Hence, there is a non-zero subdomain B where log(p) is bounded in L. By
the Poincare inequality, we have (log p) € L(0,7; H*(£2)) and consequently p > 0
a.e.

The estimates on p and pg? follows in the same way as for Proposition 2.1. [

3.1.1. Kinetic energy. To derive the kinetic energy we use the continuity and mo-
mentum equations of (20).

pt + (P2)z = (Vpz)ws
(P01 + (pa* + D)o = (V(P2)2)a-

We will use the following identities.

_ 1 2 Ptq2 2y 1 3
q(pq): = 5(/}(1 )e + 5 q(pq ) = 5(/}(1 )e + (PQ)z

¢
5
Multiplying the momentum equation by ¢q yields

a(pq): + a(pa® + p)x = ¢(V(pq)2)s

L0+ 2 4 2 (0 + () + s = a(v(p0))s
%(qu)t + %(pt + (p9)) + ;(pq )e + apz = q(V(pq)2)s

Use the continuity equation.

2

1 2 q
§(pq )t + o)

Integrating by parts.

(Vpr)x + 1(,0613)35 + (P9)e — P4z = 4(V(Pq) )2

2

| 3oade + 5065+ Gl ~ [ pasdo =
0 0
q2 1 ! q2
qv(pgs + p2a)|o — 5(pr)|o +/ (—qu(pqx + p2q) + <2> (pr)) dx
0 x

Use the boundary conditions (21).

1 1 1
1
/ i(qu)tdx_/ pqwdﬂs=/ 2V (Pds + Paq) + quvpe dT
0 0 0

1 1
1
/ §(pq2)tdw=/pqz drc—/ vpg; de.
0 x 0
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Use Cauchy-Schwarz

1
1
/O Pge dz < pllllg2]l < 5||p||2 + 1|z

. 1 .
and since v = # we obtain

1 1
1 1
/ §(pq2)tda: < =lplI* + nllg= I —/ (14 p)q; da.
0 n 0

By choosing n < 1, we get

11 1 T T 1 1
@) [ JeeTdr<~ [ [ a-neded~ [ [ vt Sl
0 o Jo o Jo n

Recall that p € C([0, T]; L?(£2)). Assuming that p is non-negative, we have proved
pq? € C([0,T]; L?(Q2)) (which we already knew from Proposition 3.3). In addition,
we have a now obtained a bound on g, .

Proposition 3.4. Let the initial datum u® satisfy Assumption 8.1. Then solutions
of (20) with boundary conditions (21) satisfy

g€ L*(0,T; H'(Q))
Proof. The estimate (25) gives ¢, € L?(0, T; L?(Q2)). To prove that ¢ € L*(0, T; L*(Q)),
we intend to use the Poincare inequality.
By conservation of p, fol pla, T)dx = fol po(z) dz and since p(x,t) > 0 this
implies that p(z,t) > ¢ > 0 on a set B of non-zero measure. (c is a constant.) Let

|| l2,5 denote the local L2-norm on B. Consequently, c||q|l2.5 < ||pqll2.5 < C|lpq]|2-
Hence, we conclude that ¢ € L2(0,7; L*(2)). O

3.1.2. Estimates of density and momentum.

Proposition 3.5. Let the initial datum u® satisfy Assumption 3.1. Then solutions
of (20), with boundary conditions (21) satisfy

p € C([0, T]; L*(92)) N L*(0, T3 H' (2)).

Proof. The first statement, p € C ([0, T)]; L?(£2)), is already known from Proposition
3.3.

To prove the second statement (and the first again), we use the energy method
on the first equation of (20).

p+1
pr+ (pq)z = (pr)l'

We multiply by p and integrate.

T T ,l T r1
1 p+1
/ §Ilpllfdt+/ /p(pq)zdscdt:/ /p(ipz)xd:cdt
0 o Jo o Jo p

Integrating by parts yields,

7'1 ) T rl T 5 1 T 1p+1 )
/nglltdt*/ /pzpqd:vdw/ P‘1|0dt:*/ /*pmdwdt
0 o Jo 0 o Jo p

T

p+1
+ / p(——pz)dt|p.
0 P
We apply the boundary conditions and estimate the convective term

Tl ) T ) 1 ) T ) T 1 p2
| Slelizae< [ loalP+ CloalPyae~ [ oolPae- [P da
o 2 0 n 0 o Jo P

By choosing 0 < 1 < 1 and using that pg € C([0,T]; L?(£2)) from Proposition 3.3,
the estimate follows. O
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Proposition 3.6. Let the initial datum u satisfy Assumption 3.1. Then solutions
of (20), with boundary conditions (21) satisfy

pg € C([0, T]; L* () N L([0, T; H ().

Proof. The proof is completely analogous to that of Proposition 3.5. The energy
method is applied to the momentum equation.

T 1 9 T 1 ) T 1 p+1
/ §Hpqlltdt+/ /pq(pq +p)wdxdt=/ /pq(i(pq)gg)gad:cdt
0 o Jo o Jo p

The partial integrations are the same from here. In particular, the second integral
above is integrated by parts, moved to the right-hand side and estimated in the
same way. The bound follows since (pg* + p)(-,t) € L*(Q) which follows from
Proposition 3.3. ([

3.1.3. Positivity. We return to positivity of the thermodynamic variables. We have
already established that p > 0 a.e. in Proposition 3.3 but we need a stronger
positivity result on the density.

Proposition 3.7. Let the initial datum u° satisfy Assumption 3.1. Then the solu-
tion of (20) satisfies % =L e C([0,7T); L)) N L2(0,T; HX(Q)) and the viscosity
coefficient v € C([0,T]; L*(2)) N L2(0, T; HY(Q)).

Proof. Consider the continuity equation,

p+1
(26) ot (pads = (250 )
Introduce,
1 -1 -1
L=-, szjpx Lt:TPt
P P P

Multiply (26) by —1/p?.

1 1 p+1
—pp T a(Pedtpe) = =75 <pz> _

1p+1 1 +1
Ly + Loq — Ly = (—2"’,%) + <2> ("’) P
p: op . \PP/J,\ »p

Introduce A(x,t) = (—L%px) and note that A(0,¢) = A(1,t) = 0 thanks to the

02
boundary conditions (21). We obtain,
202 +1
P p
Integrate in space and note that L > 0 thanks to p > 0. Hence, the integral
fol Ldz = ||L||; (the L*-norm) such that

1 1 1
(LI + [ Leg-Lardo= [ Acdo— [ 22(p4 1)do
0 0 0

L0+ [ (e =2Leg)do = = [ 282+ 1)ds

1 1
(L1 =2 [ Legde~ [ 2220+ 1)d
0 0
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IN

1
(ILI)e < L2 + lallZ — 202212 — / 2pL2 di

N

1
(L) < —I1Zal3 + gl - / 22 d

By positivity of p, the bound on ¢ (Prop. 3.4), we obtain L € C([0,7]; L'(2)). In
addition, we also obtain L, € L%(0,7;L?*(f)). By the Poincare inequality, we get
L€ L?(0,T; H'(2)). (Once again, we have established that p > 0 a.e.)

Since v =1+ % =14 L, v is bounded in the same space.

We can also infer positivity on the other two thermodynamic variables.
Proposition 3.8. Solutions of (20) satisfy T € L*(0,7;LY(Q)) and p,T > 0 a.e.

Proof. | Ty = 1 %51l < zlpll2llLll2 < % (Ipl3+LI3). Since, p, L € L*(0,T; L*(2))
we obtain the desired result.

From Prop. 3.3, we have an L? bound on (logT),. The L' bound on the
temperature implies that there is a non-zero subset on which logT is bounded in
L'. By Poincare we have, logT € L?(0,7; H'(Q2)) and hence T > 0 a.e. The gas
law gives p > 0. (]

Remark Positivity of p could have been obtained from the minimum entropy prin-
ciple [Tad86], which holds since the equations (20) satisfy an entropy inequality for
any entropy. Then exp(S;.in)pY = p > 0. However, the argument above holds also
for the next model we consider below.

3.1.4. Formal estimates for a weak solution. We now return to the notion of weak
solution.

Definition 3.9. Let p°, (pq)° and E° be the components of the initial datum u°(z).
A locally integrable function u, is a weak solution of (20) if it satisfies

(27)

1 T rl T rl T rl
/ cppod:rJr/ / @tpdxdt+/ / cpmpqudt—/ / YaVpydrdt =0
0 o Jo o Jo o Jo

1 T 1
/ ©(pq)® dz + / / ei(pq) da dt
0 0 0

T rl T 1
(28) +/ / 0z (pg® + p) da:dt—/ / 02 (pq)s dz dt = 0
0 0 0 0

1 T rl
/@Eodx—l—/ /gatdedt
0 0 0
T 1 T 1
(29) +/ /cpm(q(Eer))dxdtJr/ /(SDMI/EJr(ﬁmeE)d:rdt:O
0 0 0 0

for every compactly supported test function p on Q x [0,7T).

Remark The first two equations are equivalent to Definition 1.1. The diffusion
term in the energy equation is partially integrated twice since we do not have a
bound on the temperature gradient.
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Using the a priori estimates, we will show that Definition 3.9 has meaning in
the sense that the integrals are bounded. (We have yet to construct approximate
solutions so this is just a formal consideration.)

First consider (27). By assumption, p° is bounded in L?({2). For the others to
be bounded, we need p, pg and vp, = % + ps to be at least in L*(0,T; L1(Q)),
which follows from Proposition 3.3 and Proposition 3.5.

Next, we consider (28). As before, (pq)® is bounded in L?. Furthermore, pg € L?
by Proposition 3.3. Next consider pg? +p. Since E, p and pq? are positive, we have
2F = 27p+pq2 > p+ pg?.

v—1
Hence, ||(pg®+p)||2 < 2||E||2 for t € [0, T] and consequently pg*>+p € L*(0,T; LY())
which is what we minimally require.

Finally, [ [1(pg)al dt < [ [v]2ll(pa)sllzdt < f (013 + | (pa)o|3) d. Both
v and pq are bounded in L?(0,7; H'(0,1)). (Proposition 3.7 and Proposition 3.6).

Finally, we consider (29). We have E° € L? and E € C([0,7]; L?(2)). The
non-trivial terms are ¢(E +p) = % pq> + ﬁqp and the diffusion terms. The bound
on gp in LY(0,7; LY(Q)) follows from Cauchy-Schwarz and ¢,p € L?(0,7; L*(2))
by Proposition 3.3 and Proposition 3.4.

Next, we consider pg>.

T 1 T 1 T
/ / Ipg® | du dt < / / b + ¢ dedt < / LB + lq)? dt
0 0 0 0 0

Again, we use Proposition 3.3 and Proposition 3.4 to conclude that the right-hand
side is bounded.

Lastly, we turn to the diffusion terms. These integrals are bounded since E(-,t) €
L?(Q) by Proposition 3.3 and v € L?(0,7T; H'(0,1)) by Proposition 3.7, implying
that (v +v,)E € LY(0,T; LY(Q)).

So far, we have shown that the a priori estimates at hand are sufficiently strong to
give meaning to a weak solution. Next, we will construct a sequence of approximate
solutions.

3.2. Introduction to numerical schemes for conservation laws. We dis-
cretize the domain, € using N + 2 grids points xz; = ih, i = 0...N + 1 and the
grid spacing h > 0. With a unit domain size, h/N = 1. The resulting discrete space
is denoted Q. At each grid point we associate a numerical solution variable, e.g.
u; at z;. We use a similar notation for all variables, i.e., p;, ¢;, etc at grid point ;.
We enforce periodicity by demanding that ug = uy and u; = un41.

When deriving estimates, we will use the notational convention that v; is the
value of a vector at x; and v the entire vector with components v;, i = 1...N.
For instance, v € L%*(Qy) is a vector bounded in the norm |[[v||3 = Zf\il hv?.
Similarly, if v; is itself a vector (like the solution vector w), the norm is, ||v||3 =
Z?Zl Zf\il h(v?)? where n is the number of components. (Here, n = 3.)

To write schemes compactly, we will use the operators

Ujt1 — Uj Uj — Ui—1

Diu; = — D_u; = — (Au)it1/o = Uiy — ;.

Furthermore, the discrete Sobolev space H' (2x), is endowed with the norm ||v|| g1 =
llv]l2 + | Dyv||2. Here |Div|3 = Zf\;l h(Dv;)? and we have used the notational
convention that Dyv = (D vy, Divs,...Dyvn)T.(Note also that it is equivalent to

use ||D_v||2 in the definition of the H!(Qy) norm.)
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3.2.1. Entropy stable schemes. A crucial part in the previous analysis was to ob-
tain entropy estimates. For hyperbolic conservation laws, the procedure to derive
entropy inequalities and entropy estimates have been mimicked by so called entropy
stable schemes. We will give a short description and in the subsequent sections use
one such scheme to approximate the inviscid flux of the Navier-Stokes equations.
For a detailed treatise on entropy stability, we refer to [Tad03].

A hyperbolic system of conservation laws is generally stated as,

(30) U + fo = 0.

As discussed above, an entropy solution satisfies U(u); + F(u), < 0 where (U, F)
is the entropy pair. Consequently, an estimate [, U(u);dz < 0 is obtained. (See
(22) above.)

The idea of entropy stable schemes is to approximate the non-diffusive equation
(30) and add a numerical diffusion, that vanishes as h — 0 (i.e., N — o0) but at
the same time ensure that a discrete entropy inequality is satisfied by the numerical
solution. The following generic semi-discrete form is analyzed in [Tad03],

Tivi2 — fiz1p2
h

where fj_H/Q = Ujr1—uj). Qiy1/2 is the numerical diffusion

matrix. We let w; = w(u;), denote the entropy variables. A discrete entropy flux

is defined as,

(31) (uj)e + =0,

Fluj)+f(ujrn)  Qjti/e (
2 2

1 T Ui+ 95
Fii1/2 = §(wj+1 +wj)! fiy1p — —L——2 5 ]
where ¥ = w” f—F is the entropy potential. Provided that the scheme is sufficiently
diffusive, i.e., the matrix @, /o is large enough, one can derive a discrete version
of a local entropy inequality.

Fip12 = Fi—1y2

(32) (U;): + <0.

It was shown in [Tad03] that choices of @, 1/2, including Lax-Friedrichs, Rusanov
and entropy fixed Roe, lead to a discrete entropy inequality (32). Summing in space
over the domain Qy yields the global estimate

N
(33) > h(U;) < 0.
j=1

(Recall that we use periodic boundary conditions. For physical boundary conditions
and entropy stable schemes, see e.g. [SO14].) Assuming positivity, the estimate (33)
of U; leads to u € C([0, T]; L?(2x)?) by the same argument as in Section 2. (Note
that the estimate of |lu]|2 is obtained even in the absence of physical diffusion.)
The local Lax-Friedrichs is obtained by choosing Q;41/2 = /\ffl JoI where I is

the 3 x 3 identity matrix and )\ijl/Q = max(|g;| + ¢;, |gj+1| + ¢j+1) where g;, c; are

velocity and sound speed at ;. We will utilize the entropy stability property of the
local Lax-Friedrichs scheme below but it turns out that we will need a somewhat
larger artificial diffusion to obtain other estimates. To define the diffusion coeflicient
below, we will use the following notation:

qu+Fl/2 = maX(|Qj|7 ‘qj+1|)»

C]Lfl/2 = max(¢;, ¢j11),
LF LF LF

)‘j+1/2 = Q12 ¢y

Ajt1/2 = maX()‘ijl/zv 26]}51/2)'
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We end this section with a few remarks. Firstly, time is not discretized and we
will analyze a semi-discrete scheme. For generalizations to fully discrete schemes,
we refer to [Tad03] and [LMRO2]. Using a high-order strong-stability preserving
Runge-Kutta scheme will introduce a small amount of extra diffusion. However,
this is an effort to construct weak solutions and to this effect a semi-discrete scheme
will do. However, we must show that the ODE system is well-posed and we will
return that below.

Secondly, it is well known that any version of Lax-Friedrichs scheme is very dif-
fusive and only first-order accurate. For practical simulations this will be less than
optimal, but once again we emphasize that provable convergence properties is the
goal. We mention that there have been several efforts to derive high-order accu-
rate entropy stable schemes, see [SM09, Sval2, FMT12, FC13]. However, entropy
stability is necessary but not sufficient to prove convergence.

3.3. The numerical scheme for the Laplacian diffusion model. We will pro-
pose a semi-discrete numerical scheme that satisfies the corresponding discrete es-
timates that were derived in the previous section. For every N, we will have a
system of ODEs and we will demonstrate that it is solvable up to a time 7. Hence,
as the grid is refined (i.e N — oo and h — 0), we obtain a sequence of approximate
solutions. Thanks to the a priori bounds, we will be able to extract a subsequence
that will converge to a weak solution.

To simplify and reduce notation we will limit the analysis to the periodic case.
For a numerical scheme it is a non-trivial task to impose boundary conditions while
maintaining the necessary a priori bounds and we postpone that task to a future

study.
We will need the following averages:
Giv1/2 = @%@H arithmetic average
. 2
@ir1/2 = ————— harmonic average
SR

(;75;_11 o= (¢Z_+11 +¢;71)/2  inverse harmonic average
The scheme approximating (20) is given below.
(pi)e + foz‘1+1/2 = D*ﬁﬁ/z
(34) ((pQ)i)t + D*fi2+1/2 = foi‘ii/z
. v
(Ei)t + D—fi3+1/2 = D—fi+?1)/2

where
p P
; D Nigaye
i1+1/2 = 9 ~ - 2/ (Uzl+1 *Uzl)
- m _|_f,m Nit1/9
+1 7 1+
(35) ¢2+1/2 = 9 T ! (u12+1 - uf’)
73 _ fil + rE _ Ait1/2 (W2, — )
i+1/2 2 9 i+1 i
and

fr=(pa)i =mi, " =pi+piat. [F=a(E+p).

The artificial diffusion is given by,

)‘i+1/2 = (1 + 6))‘i+1/2a e > 0.
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Remark As mentioned above, for entropy stability it is sufficient with A; /0 =
LF
)‘i+1/2’
parameter that is included to secure a bound on the artificial diffusion term.

but in the supersonic case, we will need more diffusion. € is a small positive

The viscous flux is approximated by,

o D pi

v =vit12 | Dy(pq)i |,
V,3 i

f i+1/2 D+Ez

where
Vivi/2 = 1+ ﬁ;rll/g

3.3.1. Auziliary results. We will need the following algebraic relations

aiy1bipr —aib; a1 +a; b1 —b; | big1+biai —a;
(36) h N 2 T 2 h

and

1 air1+a; b1+ a1 —aibip1 —b;
§(Gi+1bi+1+aibi): +2 +2 + +2 +2 =

1
ait11/2bi41/2 + 1 (Aa)it1/2(Ab)it1/2

For the positive quantity p we have:

_ 1 2piv1pi
Pit1/2 — Pit1/2 = §(Pz’+1 + pi) — PP
(pix1+pi)> —4pivipi _ (piv1—pi)®
2(pi+1 + pi)  2piyr +pi)
O ) =
2 pit1+ pi
(37) @(PHl = pi)

In this case, when p; > 0, we have 0 < ¢(p) < 1.
We will also need a discrete version of the Poincare inequality.

Lemma 3.10. Let Q) denote a bounded periodic domain with length L. Let Qn de-
note the discretized bounded periodic domain with N cells each of length h such
that Nh = L. Introduce a subset By € Qpn with length | = Mh > 0 in-
dependent of h. Let u be a grid function. The p-norm on Bj; is defined as
lullpz = (Cacp,, u?h)7.

If |Dyull2 <C on Qn and ||ullp B <K, then

lull2 < Callull} 5 + Cal [ Dsull3-
is bounded. (Cy2 are constants.)

Proof. By ||ull,,5 < K, we know that even as h — 0 only a set of points of vanishing
measure (as number of points times h) may become unbounded. Pick a bounded
point uy,, at z,, in By;. We further assume that u2, = min;ep,, (u?).

By periodicity, we may shift the indices and assume that the boundary point xg
in Q is the location of the minimal point, i.e., ug = uy. That is u3 < ||uHiB.
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Hence,
N-— N—
ull3 < Z Dyai)ulh =
=0 i=0
N-1
—CUOU% + :ENu?V — Z ;2541 2Dy uih <
i=0

Lljullp 5 +AL{ull2[ D+uil2 <
1
Lljul} 5 + 4L(nlul + 5||D+uz*|\§)

where we have used that ||u;1q/2[|* < 2|ju;|?. By choosing 0 < 1 < 1/4L, we obtain
the desired estimate. g

3.3.2. A priori estimates.

Assumption 3.11. The discrete initial condition is u®(x;), where u®(x) is the
initial function associated with (20) which satisfies Assumption 3.1.

Let @%(z) be the piecewise constant periodic function on [0,1] where @°(z;) =
u®(x;) on @ € (Tip1/2,Tiy1/2] (with the obvious adjustments of notation at the
periodic boundaries).

Proposition 3.12. Let the discrete initial datum u® satisfy Assumption 3.11. As-
sume that p;(t),T;(t) > 0 for all i = 1..N and t = (0,T]. Then solutions of (34)
satisfy u € C([0, T]; L*(2n)%) and p, pg* € C([0, T]; L* ().

The proposition is analogous to Proposition 3.3. However, we do not explicitly
specify the diffusion on the entropy caused by the right-hand side as we do not need
it.

Proof. We begin by deriving an entropy estimate. The scheme (34) can be written
on vector form (as in (31)) as

5 x rave rave
(u) i fj+1/2 - fj+1/2 _ fj+1/2 T Ji41/2
Jj)t h h

where ‘}Ej+1 /2 is the entropy stable flux defined in (35). Multiplying by ij and
summing lead to

al al ~ a ~‘{4-1/2_15‘/ 1/2 € a N

Z h(Uj)t < — Z hD+Fj71/2 + Z hw;’j% + 5 Z hwj-ThD,)\j+1/2D+uj7
j=1 j=1 =1 =

where part of the artificial diffusion term, 5\j+1 /2, is used to construct F. j+1/2 and

the remainder, €A j+1/2, sits on the right-hand side. We sum by parts,

N N
> Z W(Dyw)" fY s - Z hDywj hAji/2D 40
Jj=1 j:1

To demonstrate that the right-hand side is negative, we use the following construc-
tion (see [Tad03]). Define the straight line
W; + Wiy

9 +E(wipr —wy), —1/2<6<1/2.

wi+1/2(f) =
Then

2y 1/2
(i1 —ug) = /__1/2 T u(wiy1/2(8))d§ = / i Uy (Wiy1/2(8))dE (wit1 — w;)
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and denote (ty);y1/2 = fglz/il/2 U (Wiy1/2(§))dE which is a positive semi-definite
matrix under the assumption that p > 0. Hence,
N
—Zh (Dyw))" f}i1)e = Zh Dywj)" (v 172D uy) =

j=1
- Z W(Dyw;)" (vjg1/2(i) j41/2Dyw;)

Using the same trick on the artificial diffusion term, we end up with
N N
(38) DU < - Z h(Dyw)) (V41 /2(w) 41 /2D w;)

j=1
Z h( D+wg J+1/2(Uw)J+1/2(D+wy)

We obtain ), (Uj;); < 0. An L2 bound on u; is obtained by the same reasoning as
in (10) and on. The estimates on p, pg? follow in the same way as for the continuous
problem by observing that p, pg? are both positive quantities that can be bounded
by Ecl? (QN) O

3.3.3. Estimates of density and momentum.

Proposition 3.13. Let the initial datum u° satisfy Assumption 3.11. Assume

that p;(t) > 0 for t € (0, T]. Then p € C([0,T]; L*(Qn)) N L2(0,T; H(Qn)) and
pg € C([0,T]; L*(Qv)) N L*(0, T3 H' ().

Proof. The proof is the analog of the proof of Proposition 3.5. Namely, we will
derive an energy bound from the continuity equation.

D, +D_
(pi)e + 252

Multiply by hpi and sum.

Ait1/2
(pa)i = hD—JrT/DJrPi +D_viy172D1pi

N

—|— D Ait1/2
f||pz||t+§jhpz PP (o), = =S X2 (D )2 =3 g oD )
1 =1

N

1 D_+D Pi 1

5\\Pi\\t - Zh%(ﬂ})i < Z h§( z+1/2(D+pz) + Vze1/2(D—Pi)2)
i=1 i=1

Recall that ;11,0 =1+ /32;11/2-

1 1 1
3 loille <5 UD-pll + 1D+ pilDllpall = S (1Dpil* + 1D—pill*)
1 1 1

3 loille <5 @I (D-p)I” + nllDypil® + 25||Pq||2)

1
- §(||D+Pi||2 + ID—pill?)

By proposition 3.12 we have a bound on ||pg||. We choose n < 1 Hence, we get the
desired bounds on fOT | Dy p;||? dt and fOT |D_p;||? dt. (The two bounds are equal
on a periodic domain.)

The proof for pq is analogous. The key point is to show that f™* is bounded in
L?. This is accomplished by observing that f™ = p; + p;q? is positive and that
both pg? and p are bounded by E independently.

O
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3.3.4. Kinetic energy.

Proposition 3.14. Let the initial datum u® satisfy Assumption 3.11. Assume that
pi(t) >0 fort € (0, T]. Then a semi-discrete solution of (34) satisfies

q € L*(0,T; H'(Qn)).

Proof. To simplify notation we write ;1,2 = V172 + h# We also use the

relation g(pq): = %(PQZ)t + ptg. Multiply the momentum equation by ¢; and let
the kinetic energy be K; = %piq?.

1
qi(piqi)e + q:D— (qz'+1/2ff+1/2 + Z(AQ)¢+1/2(AJ8P)¢+1/2 + P¢+1/2> =
4D _Ui1/2D1(pq)i

Rewrite the term with time-derivative and expand the right-hand side using the
discrete Leibniz’s rule (36).

4
@ D_0i1 73 (Piv1/2D 46 + qiv1/2D4 i)

1 q? 1
(2(01'611'2)16 + (pi)t2) +qD- (qz‘+1/2ff+1/2 + ~(AQ)it1/2(Af)iv1/2 +pi+1/2> =

Use the continuity equation of (34).

1 _ a;
(2(Piqz‘2)t + (‘D—ffﬂ/g + D—Vi+1/2D+pi) 2)

1
+q¢;D_ <Qi+1/2ff+1/2 + ZhD+qih(D+ff) +pi+1/2) =
@D _Uiq1/2 (Pi+1/2D+Qi + %‘+1/2D+Pi)

Multiply by A and sum over ¢ = 1...N to obtain the time evolution of the kinetic
energy.

2
Z h(K;):e + Z h (*Df Teije D*(ﬁi+1/2)D+Pi> %

1
+ Z hqiD*(qi+1/2ff+1/2) + Z hQin(th+qih(D+fzp) + Piy1/2) =

Z hq;D_Uitq /9 (pi+1/2D+Qi + Qi+1/2D+Pi)

and use a standard summation-by-parts rule.

2
Z h(Ki)e — Z h (*ffH/Q + (5i+1/2)D+Pz') D+%

1
- Z h(D+qi)Qi+1/2fip+1/2 - Z hZ(D+Qi)h(D+Qi)h(D+fip) - Z h(D+CI¢)Pz‘+1/2 =

- Z MD14i)ig1/2 (Piv1/2D+8i + qiv1/2D1pi)

K2
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Estimate the pressure term.

Z h(K;)e — Z h (*fﬁrl/g + ’71’+1/2D+Pi) Git1/2D+qi

K2

1
- Z(D+Qi)Qi+1/2ff+1/2 - Zhi(DJr%)QhQ(DJrff) <

1 -
Z h (U(D+Qi)2 + nﬁ?ﬂ/z) - Z MD1q:)Pis1/2 (Piv1/2D+ @i + dix1/2D1pi)
Several terms cancel and we are left with,

- 2
(39) E h(K;)e < — E h(Tis1s2piv1/2 — 1) (D4a:)? + HHPH%
1
(D 27,2 D p
"‘Ei h4( +Gi)°h* (D4 ff)

Recall that ;12 = vi11/2 + hAip1/2/2. Furthermore, v,y 1/2p;41/2 is bounded
from below by 1/2 since
Viv1/2Pi+1/2 =
Pit1y2 + (Pi+1/2ﬁi_+11/2) =
1 [ pit1 Pi 1
Pitv1/2 t 1 < Py + Pi+1> + 0%

Hence, we choose 0 < 7 < 1/2.
The last term of (39) contains a factor

h? h?
Z(DJrfip) = Z Z((D+Qi)pi+1/2 + qiv172(D1ps))

where
1 h h h
Zh2Qi+1/2(D+pi> < ZQf+I1/2|<pi+l —pi)| < ZqiLJrFl/z(PiH +pi) = §Q¢L+F1/2Pi+1/2

Similarly,
h? h h
Zpi+1/2<D+Qi) < Zpi+1/2(|CI|i+1 + |qi]) < §Pi+1/2qiL+1§/2

Using these relations in (39) yields
1 2
ST hED) < = 3G —n(Daa? + 2 ol

h)\i 1/2
+ Z h<D+Qi)2(hpi+1/2qZ‘L+Fi/2) - Z hpiti/2 ; / (D+Qi)2

Since Aj11/2 > 2qiLf1 /2 the right hand side is negative and we specifically obtain a
bound on the velocity gradient.

.
/ > (Dig)*dt <cC.
(U

By the discrete Poincare inequality (Lemma 3.10) we also obtain that ¢ € L2(0,T; L?(Qy)).
]
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3.3.5. Positivity. Positivity is a much researched topic with respect to numerical
schemes. The standard notion of positivity commonly associated with numerical
schemes is that the time step for marching a PDE forward in time should never
become vanishingly small in order to ensure positivity (at least not as long as the
signal speeds remain bounded).

However, we will prove positivity in another sense. Namely, a global a priori
statement that p, T, p remain positive in any finite time interval.

We introduce L; = i and prove the following proposition.

Proposition 3.15. Let the initial datum u® satisfy Assumption 3.11. Assume that
pi(t) >0 fori=1..N and t € (0,T]. Then, L,v € L*(0,T; H (Qy)) and p; > 0
n Oy X (0, 7_]

Proof. The scheme for the density is,
fz‘p+1/2 B fipfl/2

Ait1/2
(pi)i + h =D_(Vig1/2 +h—3— + / ) D+ pi
Multiply by —h/p? and sum.
(40)
h RV h hAiy1/2
> <_2(Pi)t R B A B == =D (v + 5 2)D.p:

Note that

-1 1

i)t — | — = Lz .
pz (p )t (p’i>t ( )t

Split f+1/2 Pit1/20i+1/2 + 1(8p)it1/2(Aq)i41/2 and sum (40) by parts,

> (- .

i 2

1
(Pit1/2iv1/2 + 4(Ap)i+l/2(AQ)i+1/2)> =

1 hXiy1)2
(41) E hD+(p7)(Vz‘+1/2+ 9 / )D+pi
To further manipulate (41) we introduce
1 (D+pi)
La)it1ys = Di(L;) = Dy(—) = —+P1)
(Lodissja = Do) = Do) = =L
and
=1, piy1+pi 1 1
D ——5Dipi = —2p, D.(=
( +P22) pz+1pz +pP Piv1/2 +(Pi)

We also use (37): Pit1/2 = Pit1/2 + < )ApH_l/g
Then (41) becomes

1
Z h ( )e + 2P2+1/2D+( )(Pz+1/2%+1/2 + - (Ap)z+1/2(AQ)z+1/2 + o )AP1+1/2(11+1/2)> =

__ 1 hXit1/2
Z h2p¢+11/2D+(E) <V¢+1/2 + B /

or

(42)

> D pi

+ pi
Z h ( )e +2(L )i+1/2Qi+1/2 ppJ;lipDJer( (AP)1+1/2(AQ)2+1/2 + ()Aﬂz+1/2%+1/2)) =

z+1pz

__ Pi+1 + Pi
ZhQPifl/gViH/zD# )D+Pz ZhﬂipDJr( pi)(
i 1+1rM7

hAiv1/2
2

)D-+pi
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We manipulate the last term on the left-hand side and the last term on the right-
hand side.

(D+Pi)( Apl+1/2Aql+1/2 + lp )AP1+1/2%+1/2 - h)\Hl/QDJer)
<D+pi)2(%AQi+1/2 + %C(p)(h’+1/2 - W) <
(Dypi)? (hqm/g - hqffl/z hAi;/z) _
(Dpr(half o — 1) < 0

Hence, these terms are negative (when sitting on the right-hand side).
We are left with,

Z ((Li)t + 2(La)ig1/2Gi41/2) <

i

Z2hpi+11/2V1:+1/2D+(;)(—PiPiHDJr(f)) =

3

=Y 2hpil pvigrjapipi (L) e =
— Z thi+1/2yi+1/2<LI)12+1/2

By Cauchy-Schwarz,

1
(43) Z t< Z 2h ( z+1/2 + nqz+1/2> - Z 2h/’i+1/2”¢+1/2(Lz)?+1/2

7

Since, ||g||2 is bounded, it remains to show that

Z2hn z+1/2 Z2hpl+1/2( l+1/2)(Lm)?+1/2 < Constant

The estimate follows since
Pit1 + pi _ pirrtpi 1 1 (pig1  pi
Pit1/2Vit1/2 = %(1 + D ys) = % Ty e

is bounded from below by 1/2.
Choose 0 < 7 < 1/2. We obtain from (43) the estimate

2 1
D (L) < 5||(1||2 - Z%(§ —)(La)i i1/

We conclude that L € C([0,7T]; L*(2x)) and Dy (L) € L?(0,7;L?*(Qn)). By
the Poincare inequality we get, L € L*(0,7; H*(Qn)). viy1/2 = 1+ L; is of course
bounded in the same space as L; on a bounded domain.

O

Lemma 3.16. Solutions of (34) satisfy T € L*(0,T; L' (Qn)), and p;, T; > 0.

Proof. The L' estimate is obtained by the gas law and Cauchy-Schwarz. The
positivity statement will be proven differently than for the equations themselves.
Here, we utilize that the Laplacian diffuses any entropy. Hence, the minimum
principle of the entropy, see [Tad86] is applicable.

That is S; = log(pi/p]) has a minimum. Consequently, p; = exp(S;)p; > 0
(since p; > 0). The gas law ensures that T; > 0. O
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Remark In [Tad86], the domain is not bounded and the result hinges on a maxi-
mum convective velocity in an integral limit in Lemma 3.1. In our case, the domain
is bounded and periodic, and the assumption redundant.

Lemma 3.17. With the same assumptions as in Prop. 3.12, VhADyu € L?(0,T; L?(Qy)3).
Proof. Define

ui1/2(§) = TH +&(uip1 —wi), —1/2<E<1/2
Then
/2y 1/2
(wiy1 —w;) = / ——w(ui2(8))d§ = / u(Wig1/2(8))dE(wiv1 — u;)
e=—1/2 A& 71/2

Noting that U, = w”, we introduce (Uuu)i+1/2 = f£:_1/2 Wy (Wig1/2(8))dE. Uyy is
positive definite (see [Har83]), if p > 0, which is the case by Prop. 3.15. Hence,
there exists a k > 0 such that A\pin(Uyy) > & for all ¢ € [0,7] and all ¢ = 1...N.

(Amin denotes the minimal eigenvalue.)
From (38), we have

T
c >/ Zh Dyw] Nip1joD_uj > "5/ > 0PN jay2(Diuy) T (Dyuy).
J

Hence, VhAD u € L*(0,T; L*(Qy)?). Since Nig1y2 = (1 + 6)5\j+1/2, we get the
desired estimate.
U

3.3.6. Convergence to a weak solution. So far, we have shown that the numerical
scheme satisfies the analogous a priori estimates but strictly speaking we do not
yet know if there are solutions to the numerical scheme.

The scheme can be compactly written as,

(44) (ul)t = _D+fi+1/2 + D+1/i+1/2Diui, i=1.N

where u; = (p;, (pq)i, E;)T and f;'+1/2 contains the three components of the flux.
This is a system of 3 x N ODEs. We write it more compactly as @; = G(u) where
4 is a vector of all unknowns and G the vector of the right-hand side. The system
(44) has a unique solution, up to t = T, if:

(1) G(a) is continuous.

(2) |G(u)| is bounded.

(3) G is Lipschitz continuous.

(See [HNG93].) In our case, G is clearly continuous. For the other two conditions
we need to use our a priori estimates. We know that @(t) € L*(Q2) for all ¢ € [0, T].

We shall consider this L? estimate on a fixed grid, i.e., for a fixed N. Then
maxi<;<n(|w]) < % We shall denote this as an I{Y bound. Hence, |G(@)] is
bounded in [}?. Similarly, from the a priori estimate of L, we deduce that L; <
C/v/h and hence p; > vh/C > 0.

Using that p; is positive and bounded away from 0 and that @ € I$7, it is easy to
show that f1+1 /2 is Lipschitz continuous. Hence, D f is Lipschitz contmuous (On
a fixed grid.) The same holds for D, vD_u. We conclude that for a fixed N, the
ODE system has a unique solution up to ¢t = 7. Hence, we can use the numerical
scheme to generate a sequence of solutions 4% (t), 0 < t < T that satisfies the a
priori estimates.
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Remark Note that we do not have uniform L°° bounds. This means that the
limiting solution need not be in L°°. Nevertheless, for any N the ODE system is
solvable.

We will now show that we can extract a subsequence that converges to a weak
solution. First, we note that under Assumption 3.11, the initial datum converges
strongly in L?(2). That is [|a°(z) — u®(z)[2 — 0 as h — 0 and consequently,

ihsﬁ'(uo(m))i/lw(x)(ﬂo(x))idx%/lcp(a:)(uo(x))idx i=1,2,3
= J J 0 ) s , 4,

‘We now state the first of two main results of this article.

Theorem 3.18. Let the initial datum of the discrete scheme (34) satisfy Assump-
tion 3.11. Then a subsequence of the solutions generated by (34) on ever finer grids
(h — 0), will converge, to a weak solution of (20) in the sense of Definition 3.9.

Proof. The integrals of Def. 3.9 will be approximated by sums. We need to show
that these sums are bounded independently of h. The we can pick a convergent
subsequence that satisfies Def. 3.9.
Let ¢ denote the projection of a smooth periodic test function onto the grid.
The first equation of the scheme is:

(pi)e + D*fz‘1+1/2 = D_(Vit1/2D4pi)
We multiply by hy;, sum and integrate in time.

T T 5
Zh%m(O)Jr/o Zh(QDi)t(pi)dt""/o Zh(D+@i)fil+1/zdt=

.
/ > hDy@i(vit12Dypi) dt
0

Clearly, the first two integrals/sums converge as h — 0 since p; € L?. We also
~ ) . s
need, at least an L'(0,7; L'(Qy)) bound on f! = (”Q)7'“2+(pq)‘ +° L2 (piv1 — pi)-
We have an L?(Qy)-bound on pq taking care of the first part of f*.
The artificial diffusion term takes the weak form:

T
/ > W(Dypi)(Nis1/2hDipi) =
0

T
h(D4i)h2(\/Ais1/21/ Nig1y2h'? Dipi) <
/0 zz: ( + +1/2 +1/2 +

T
2 2

. . . . <

H}%X(D#Pz(t))/o \/E(H\/)‘H»I/QH + | h)‘z+l/2D+pz|| ) <

[VA]l is bounded since it scales as \/g and /e, the latter which in turn is propor-

tional to T1/4. Til/4 is bounded thanks to T € L'(0,7; L'(Qx)). By Lemma 3.17,
we have the necessary bound on /A;;1/2hDyp;. Finally, we note that the terms
vanish as h — 0, as they should since they are not part of the PDE.

Next, we consider the right-hand side. We must bound:

T
/ Zh|(Vi+1/2D+Pi)|dt
0

We have D4 p; € L?(0,T; L?(y)) and by Proposition 3.15 ;11,2 € L2(0,T; H*(Qn))
which bound the diffusive term.
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The second /momentum equation is bounded in the same way. f!" is bounded
in C([0,T]; L?(Qn)). The artificial and diffusive terms follow the same pattern as
for the continuity equation.

The third/energy equation is somewhat different. Multiplying by ¢, inte-
grating in time and summing in space yield,

T T .
Zh%Ei(O)-F/O Zh(%)t(Ei)dt‘f'/o Zh(DJr%)f?H/zdt:

T
_/ ZD,((D+SDZ‘)VZ'+1/2)EZ‘ dt
0

The convective term 51/2 = (q(E+p))it1/2 is bounded in LY (0, T; LY () thanks
to the L2(0,7;L?(Qy)) bounds on g, E,p. (The artificial diffusion is bounded as
described above.) The diffusive term on the right-hand side is bounded thanks to
Ve LQ(O,T;Hl(QN)) and F; € LQ(O,T; LQ(QN))

(]

4. NAVIER-STOKES-BRENNER EQUATIONS

The previous model was easier to address than the general Navier-Stokes-Brenner
system, (16), because of the simpler form of the diffusion terms. However, the key
to the estimates was diffusion in the continuity equation that led to a sufficiently
strong positivity result. This property is shared with Brenner’s system.

For the Navier-Stokes-Brenner equations, we could adopt the same diffusion
coefficient on the mass diffusion while keeping the standard Navier-Stokes terms.
However, we will make one modification. Instead of choosing v =0 =1+ 1/p, we
only consider § = 1/p. This results in weaker estimates on the density but, as will
be evident below, we are still able to get sufficiently strong bounds to admit a weak
solution. We simply want to show that a range of models work well mathematically.

We will consider the following system.

(45) ug + f(u), = (fNS)w + (med)w
p m 0 0pa
u=| m |, flw=| pi’+p |,fN°= S et = dap.
E (E+Dp)q Anqq, + kT, 68px
1
p=(v=1(E = 35pg).
Here, we take the diffusion coefficients to be
0
§==, p=po, k=ko
p
where dg, 110, ko are physical constants. With our choice of d, we can write,
1
et =60 a | (logp)s
B

Assumption 4.1. The initial datum u°(x) = u(z,0) is assumed to reside in the
following spaces:

Uw®) € L'Q), (@°) e L*(Q)?, p~'(-,0) e LY Q)
p(x,0) >0, p(z,0)>0, T(z,0)=(p/(Rp))(x,0)>0

We use the boundary conditions (21) and consider the bounded domain Q =
(0,1).
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4.1. A priori estimates.

Proposition 4.2. Let u® satisfy Assumption 4.1. Assume that p(x,t),T(x,t) >0
on Q x (0,T]. Thenu= (p,pg, E) € C([0,T]; L%(Q)3) and

T rl 2 2 2
Pz | Aogz | koTy
(46) /0 /0 do(y — 1)? + 3e,T + T2 dz dt < Constant.
Furthermore, p € L?(0,T; HY(Q)) and 1/p = L € L*(0,T; H*(Q))NC ([0, T]; L*(2)).
p(z,t) >0, p(z,t) >0 and T(x,t) > 0 almost everywhere, and T € L*(0,T; L*()).

p,pg® € C([0,T]; L*(Q)) and q € L*(0,T; H'(2)).

Proof. All these estimates follow in the same way as in the previous sections. The
entropy estimate gives u € C([0, T]; L2(2)3).

The diffusive terms result in (46) and were derived in (13). It is straightforward
to calculate

8N

WL = - 1)

< R

and with the choice § = &y/p, the first term of (46) is recovered. From the L2
estimate of u and positivity we get p, pg®> € C([0, T]; L*(2)).

Conservation of p gives that p > ¢ > 0 in a non-zero subset B C 2. The L?-
estimate of pg along with p > ¢ gives ¢ € L?(B). In this case, the estimate of
kinetic energy becomes

1
1 2 4 2 1 2
— < _ —
/O 2(pq )e < (n 3M0)HQ$H + nllpH

and gives a bound on fOT tiollq2|| dz dt by choosing 0 < n < %po. The Poincare
inequality gives ¢ € L?(0,7; H'(Q)).

The estimate L = 1/p is identical. It relies on ¢ € L%(0, T; L2(£2)) which we have
already established. The only difference is that previously ¥ = 1 + 1/p while here
we only use a diffusion proportional to 1/p. However, it is easily seen in the proof
of Prop. 3.7 that it is only 1/p that plays a role. Hence, L € L(0,7; H*(f)).

T € LY0,7; L)) follows from the gas law, Cauchy-Schwarz and p, L €
L2(0,7; L3(2)) as before.

The bound on L ensures p > 0 a.e. Similarly, the estimate of (logT"), along with
the L! estimate on T gives T'(z,t) > 0.

]

The estimates admits a weak solution in the following sense.

Definition 4.3. A locally integrable function u = (p, pq, E)T is a weak solution of
(45), if, for every compactly supported test function ¢ € C®(Q2x[0,T)), it satisfies

(47)
1 T 1 1 1

/ w(cc,O)pOder/ (/ wdﬂch/ soqudfc—/ wx(éo(logp)x)dx> dt =0
0 0 0 0 0

/01<P(x,0)(PQ)0dx+/OT (/Olgot(pq)dx+/ol%(pq2 +p) d:c) @t

(48) - /OT (/01 ¢z (d0gq(log p)s + %uqm) dz) dt =0
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/01<P(x,O)Eod:p+/oT </01 @tde-F/Ol Qﬁx(q(E—l—p))d;p> dt

T 1
(49) */O </0 @2 (00B(log p)x + %uqqz) — QazkT d:v) dt =0

2
where = ¢, T + L.

Remark The definition coincides with Definition 1.1 apart from the temperature
diffusion term in the last equation. It is partially integrated twice since we lack an
estimate of T),.

All the integrals are bounded thanks to the estimates of Proposition 4.2. We
briefly outline the arguments. In the time derivative terms we have the solu-
tion variables which are in C([0,T]; L2(2)). The inviscid fluxes are bounded in
LY(0,T; LY(f2)) thanks to pq, p, E,q € L?(0,T; L*(2)). As before, it is the viscous
terms that require a closer look.

For (47) and (48) the bounds on the viscous terms, are readily obtained by
observing that ¢, ¢, and (log p), are all in L?(0,T; L?(Q2)).

Lastly, we consider the viscous terms of (49). kT is bounded thanks to T €
LY(0,7; L)) and k = ko being a constant. Furthermore, qq, is bounded in
LY(0,T; LY () since ¢ € L?(0,T; HY(Q)).

Next, we consider Sp,./p. We have,

B% <Clp+ qu)Z% =C(p+pg*) Ly
and we obtain the L! bound observing that p, p¢® and L, are bounded in L?(0, T; L?(Q2))

4.2. Numerical scheme for Brenner’s model. We will consider the following
scheme approximating (45).

3 mod,1
(ui)e + foilJrl/2 =D_f 1)

P mod,2 NS,2
(50) (uf)e + D f21 )0 =D_fiii/s + D-fii7)s
P mod,3 NS,3
(u)e + D*fi3+1/2 =D_fii5/s + D-fi 1)
where
Zj Jon + 17 Ny j
ij+1/2 ==t D) T T (W1 —ui),

ar=p,ae=m,as=F
(L 18T = ((pa)is (pa® + p)is (a(E +p))i)T
(ui, uf u)t = (pis (p0)is Bi)" -
The artificial diffusion is chosen to be the same as for the previous model.
Aiv172 = (14 6)5\i+1/2, e> 0.

The viscous fluxes are approximated by,

fmod,l 1
fros? =00 | di+12 | Dylogp;,
fmod,3 B
it1/2 i+1/2
fNS,l 0
e = . %MOD-',-Qi
e i+1/2 3104i+1/2D+qi + ko D4 T;
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where,
_ Qi1 T G
qit+1/2 = g
A qi+19i TinTi
5i+1/2= 12 Lt y—
i+1/2
and

2T D log(Th)

(See [TR09] for a numerically well conditioned way to approximate the log average.)
We will also need the identity

log(Tiy1/T;)  TinaTs

log average

Tit1—T;
T;:Tv CTi+1/2
Furthermore, we define the viscous flux fV, 12 = ’1"1(1/2 + f; +1 /2 Finally, we state

the assumptions on the initial condition.

Assumption 4.4. The discrete initial datum is u°(z;), where u°(z) is the initial
function associated with (45) which satisfies Assumption 4.1.

Let @°(x) be the piecewise constant periodic function on [0,1] where @°(z;) =
u®(x;) on & € (@412, Tit1/2] (with the obvious notational adjustments at the peri-
odic boundaries).

4.2.1. A priori estimates. For the continuous equation, the derivations were very
similar to the previous model but for the discrete scheme more work is required.

Proposition 4.5. Assume that the initial conditions satisfy Assumption 4.4. As-
sume further that p;(t) > 0 for all i = 1..N and t = (0,T]. Then solutions
of (50) satisfy, u € C([0,T);L*(Qn)3), and p,pg®> € C([0,T); L*(Qn)). Fur-
thermore, logp € L2(0,7T; H (Qn)) and pi(t) > 0, t € (0,7] and VhAD u €
L2(07T; LQ(QN)?’)

Proof. The statements will follow from the discrete entropy estimate. The scheme
(50) can be written on vector form as

LF LF \4 1% LF
() + 22412 i Fivie = Fiiae D (ho\i+1/2 = Aji1y2)
gt h h - 5

. ) LF
where fLF _ fg+12+fg _ h)\

D uy)

D u; is the entropy stable Lax-Friedrichs flux. Mul-
tiplying by th and summmg lead to

= al J+1/2 fgy—l/Q al T h(>‘i+1/2 - )‘]L_fl/z)
DS EL It/ ST o W G ST
j=1

Jj=1 Jj=1

Hence, we must show that the left-hand side is negative to obtain a bound on Uj.
To this end, we sum by parts,

N N

Th()‘i+1/2 - Affl/z)
(51) > _(U; Zh Dyw)) i1 — Y (Dywy) 5 D uy
Jj=1 j=1

We calculate the two contributions from viscosity separately: (w;+1—w;)T ngH 2=
(wjs1 —w;i)T( "jrold/Q + fi +1/2) and recall that

2
T_( (o_n_ € a1
w =S o T
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We begin by rewriting the mass diffusion,

h 1
-D i mod _ i —w; T gmod  _
5 +WiJit1/2 5o (wit1 — w;) i+1/2

((wi1+1 —w}) + gipryo(wiiy — W)+ Big1p (Wi, — w?)) D log p;

2
q; qi A 1

(—D+(Si) + D+(C T ) + qz‘+1/2D+ﬁ - ﬁi+1/2D+CT_) Dy logp; =

D, D% _p . p, 2

Do YD mm = B pDe

A 1
(52) + (_D+(Si) - 5¢T+1/2D+CT)) D logp; =
(A+ B)D, log p;
where we have split 3 = 37 + 47 with 53+1/2 = L9 and Bg_lﬂ =c, 710%(21*}4?).
Tiy1Ty

Next, we consider terms of (52) that contain the velocity, i.e. A,

2
A=-Dy 2quiTi + Qi+1/2D+% - Bf+1/gD+ﬁ =
B (e 4 +Qi+1+Qi(Qi+1 4 ) — Ao (#_ 1 .
2c,Tiv1  2¢,7T; 2 cTliyr T H/2% e, T Ty
We use the relation
Qi1 + Gi( it Gy 1 G+ 616 ¢ +Qiqi+1) _
2 ey e 2 eyl cy'T;
1. 4d¢n ¢ yy @it L1

2 ¢, T coT 2 cTit1 T

and Bg+1/2 = 484 to obtain
hA = — % 4 1 (G B a4 ) + qiGi+1 1
2chi+l 201)1—1%’ 2 CvT;+1 chi 2 CUT%+1 chi
U 1

_ =0
2 C?)T’i-ﬁ-l CUE )

Next, we turn to B = (—D+(Si) - Bg_l/QDJrﬁ). We use
S =log(pp™") = log(p) — vlog(p) = log(pRT) — vlog(p) = (1 — 7) log(p) + log(RT)
such that
Siy1 =8 = (1 —v)(log(pit1) — log(pi)) + log(Ti+1) — log(T;)

Using the expression on Bﬁl /20 We find

1 A 1 1
B = 7 <(Si+1 -5 — ﬂT(CvTH—l - CuTi)) =
(= 1)Ds log(ps) — Dy 1og(T) — —Br(— — o) =
v + 10g(pq + 1og(4; thTTi-i-l Ti_

~— ~—

(v = 1) D4 log(p;
So far, we have shown that,

(53)  (Dywi)" f71995 = 60(A+ B) Dy log p; = do(y — 1)(Dy log p;)*.
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Now we turn to the viscous and heat diffusion. (See also [TZ06].) We will need
the following identity,

qi+1 _ & - QiJrl +qz 1 1 ]. ]. ].

= - =)tz + = )(qi+1 — ).
Tiva T; 2 Tipn 10 2Ty T @1 — @)
The terms in the entropy estimate are:
0
(54) (wjt1 — wj)Tffﬁ/z = (wj41 — wj)T 3,UOD+QZ

310Gi+1/2D4¢i + koD, T;
From (54), we get

i i 4 (g1 — @)
hD ¢NS 4i+1 4 =
+W; i+1/2 (chi+1 C’UTA)3,U’O h
1 1 4 (Q¢+1 ) ( i+l — T)
_ _ = ) ko
(CUTi+1 chi) <3,u0(h+1/2 h + h

Using (36)

hDyw; f5 5 =

1 1 1. 1,1 I NERCED
c (Qz+1/2(T Ti)+2( + )it ql)) 3Ho 3

v i+1 Tiv1 Tiqa
Ly Ly(4 (gi+1 — @) (Tip1 — T)
o Tiny - i‘) <3Mo%‘+1/2 A + ko ; _
14 (i —al ko 11T 2T
cy 3 0%i+1/2 A o Ty T 7
(55) é,uo T;&-1/2 (qit1 — @:)? ko 1 (Tisr — T;)?
3 Cv h T h
where TlJrll/2 = %(ﬁ + T%)

Using (55), (53) in (51), we obtain the global entropy estimate

N 7—1
4 Ty
(56) > (Uph < §jh< ¥ = 1)(Dy log p;) + 3MOJZ/(D+QJ‘)2>
j=1 =

(%

D+T h(Xjs12 — )‘gLf1/2)
_th T ;h Dyw;)T 5 D, uj

The L? bound on |ju]| follows by the arguments resulting in (12). Then the
bounds on pg? and p follow from positivity. logp; € L2(0,7;H'(Qy)) follows
from (56), and by observing that log p; is bounded on a non-zero subset (due to
conservation of p;) and Lemma 3.10 (the discrete Poincare inequality).

The bound on log p; implies that p;(t) > 0 a.e. (Here, a.e. means that as h — 0
the measure of the cells associated non-positive densities is 0. For any finite N,
pi(t) > 0 for all time.)

The artificial diffusion is bounded by the same argument as in the proof of Prop.
3.12 and the particular bound obtained as in Lemma 3.17. O

4.2.2. Kinetic energy.

Proposition 4.6. Let the initial datum u® satisfy Assumption 4.4. Then the semi-
discrete solution of (50) satisfies

q € L*(0,T; H(2n)).
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Proof. Let K; = % piq? be the kinetic energy. Multiply the momentum equation by
2
g; and use the relation q(pq); = 3(pg?): + pr %

1 q? 1
(Q(piqg)t + (Pi)t2) +qD- (Qi+1/2ff+1/2 + Z(Aq)i+1/2(Afp)i+l/2 +pi+1/2> =

4 hXit1/2
¢ D- (3M0D+Qi +004it1/2D+ 10gpi> + QiD—(%(DJr(fip))

using the continuity equation

1 2 hAi-{-l/Q qz
(2(Pi(h ) + <—Dfip+1/2 +doD-_Dy logpi + D— 5 D pi >

1
+qiD— <qz‘+1/2f¢p+1/2 + ihDJrqih(DJffip) +pi+1/2> -

hAiy1)2

S22 (DL ()

4
qD- (gODJrqz‘ +00Gi+1/2D+ log Pi) +aq:D_(

We sum over all 7 = 1..N to obtain the kinetic energy

h)‘i+1/2 qiz
Z:h(Ki)t+Zh(—D_ff+1/2+60D_D+logpi+D_ 5 D)

+ Z hg; D q1+1/2fz+1/2 + Z hq; D hD+¢]ih(D+fip) +Piv1/2) =

4 hXiy1/2
> hg;D_ <§OD+%‘ + 004i+1/2D+ log Pz‘) +)° hqin(%/(Dﬁff))
We have dropped the term hi(D.q;)h(D1q;)h(D4 ff) along with the artificial dif-

fusion term, since we have already shown that the latter bound the former. (See
proof of Prop 3.14.) Use a standard summation-by-parts rule.

2
> (K t—Zh( Flirj2+ 00Dy log ;) D1 %

- Z h( D+Qi)‘]i+1/2ff+1/2 —h(D4qi)pit1/2 <
- Zh D, q;) < Fo Dy q; + 60qiy1/2D+ logp,>
We estimate the pressure term
DM = 30 (<o + 80D 108 1) i1 2Dt
- Z(D+qi)qz‘+1/2ff+1/2 <
Z h ( (Dyqi)® + Pz+1/2) Z h(D4q;) <4§0D+% + d04i11/2D+ log Pi)
Several terms cancel and we are left with,

4y 2
Zh(Ki Zh —2 = )(D4q:)? 5”?”%

We choose 0 < 1 < % Lo to get the bound on g,. By the discrete Poincare inequality
we also obtain that ¢ € L?(0,T; L*(Qn)). O
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4.2.3. Positivity. We introduce L; = 1/p;. Multiply the continuity equation by
—1/p2. The manipulations up to (42) are the same and we obtain

Z h((Li)e +2(La)it1/2Gi+1/2)

_|_
- Z h (WDerz( (Ap)iv1/2(AQiv12 + 5 |Apz+1/2|qz+1/2)) =
1+1Fq

_ pi+1 + pi hAiy1/2
do Zh2p1+1/2 ')D+ logpi — > hﬁD+( )(T/)Deri

K3
The only term that differs is the diffusion term, now a function of log(p;). The
last term on the right-hand and on the left-hand side are dropped since they are
negative (when sitting on the right-hand side). (The derivation of has already been
carried out in a previous proof.) Hence,

_7 1
Zh )t +2(La)iv1/20i+1/2) = §OZh2pi+11/2D+(;)D+ log pi
Estimatlng the indefinite term.
1 _ 1
SR B (H(Eadirsyo? + La2ias2) +bo SR 5D )P ow

and we recall that we have a bound on ||g||2. Let

p(§) = %(Pi+1 + pi) + &(piv1 — pi)-
Then

(57)  Dylogp; =

log p(1/2) —logp(—1/2) dilog P)le=o(pit1 — pi)

1
h =5
0
where —1/2 < 6 < 1/2. such that
hpz-i—l + pz
z+1pz
piv1tpi 1 2 Pi+1 + pi
R ) A e
prarl pl0) " p(6)
Note that p(0) is an intermediate value between p; and p;11. Hence, p(0) = ap; 41+
Bp; where 0 < a, 8 < 1 and

1
h2pl+1/2D+(pi)D+ log p; = D.p;Dylogp; =

(Lw)i+1/2

piit o L (1 —a)pir1+ (1= B)pi
apiv1 + Bpi apiy1 + Bpi
where the last term is positive. Hence, we have a bound from below of 2p;11/2/p(0).

Z <Z2h( 1+1/2) + 1q2+1/2> + Zh50 )z+1/2

and we obtain the bound by choosing 0 < 7 < dp/2. We summarize these estimates
in the following proposition.

Proposition 4.7. Let the initial datum u® satisfy Assumption 4.4. Then, L €
L0, 7 H' (Q)).

We also need positivity and estimates on the temperature.

Proposition 4.8. Let the initial datum u® satisfy Assumption 4.4. Then T;(t) > 0,
t€(0,7] and T € L*(0,T; L*(Qn)).
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Proof. From the estimate (56), we have the bound

T 2
/ R PL)” e
0 TiTit1

We use that ﬂ+1/2D+ log T; = D T; where Ti+1/2 is the log-average of T; and T} 1.

(c.f (57)). We also note that Tz:qff/2 = /T;T;+1 is the geometric average. Hence,

T T 2
/ h (TZ;;}/QM 1ogn> dt < C.
0 i+1/2

Since, for positive numbers, 79¢° < T', we obtain a bound on log T" € L2(0, T, L*(Qn)).
Hence, T;(t) > 0. Next, we use the gas law Lp = RT, Cauchy-Schwarz and the L?
bounds on L and p to get T € L*(0,T; LY (Qn)). O

4.2.4. Weak solution. By the same reasoning as for the previous scheme, we know
that we can solve the numerical scheme as a system of ODEs on the domain Qp x
[0, 7] and obtain a sequence of approximate solutions as N increases. We shall now
show that we can extract a subsequence that converges to a weak solution, which
is the second of our two main results.

Theorem 4.9. Let the initial datum u® of the discrete scheme (50) satisfy As-
sumption 4.4. Then a subsequence of the solutions generated by (50) on ever finer
grids (h — 0), will converge, to a weak solution of (45) in the sense of Definition

4.3.
Proof. We multiply the three discrete equations by a smooth periodic and com-
pactly supported test function. (Projected onto the grid as described for the pre-
vious model.)
T ~.
> hei(0)p) + / > h(@i)ipi + > WDyi) fli | dt
i 0 i

T
(58) - /O (Z WD) (So(Ds logp»)) dt =0

T
Z hei(0)(pq); + /O <Z h(i)i(pg)i + Z h(D+<pi)ﬂ2+1/z> dt

-
4
(59) _/ (Z h(D¢;)(00Gi+1/2(D+ log pi) + 3MD+qz‘)> dt =0
0 i

T
> hei(0)E] + /0 (h D (B + h(D+soi>f§+1/2> dt
(60)
7 . 4
_/0 (Z h(D+¢i)(80Biy1/2(Dy log p;) + gNQi+1/2D+Qi) - h(D—D+<Pi)kTi> dt =0

The proof is essentially the same as that of Theorem 3.18. The inviscid fluxes,
including the artificial viscosity, are the same and satisfy the same bounds. (Prop.
4.5 and Prop. 4.6.) What differs in the present model are the diffusion terms. We
will present the argument for the bounds on the viscous terms in some detail.
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In the continuity equation (58) the diffusion term is:

T
/ Z SoDy@i(Dy log p;) dt
0

where D log p; € L?(0,T; L*(Qn)) by Prop. 4.5.
In the momentum equation (59), there are two terms:

T
/ Z D4 9i(00Giy1/2D+ log p;) dt
0

T
/0 > Dipi(poDyg:)dt

The first one is bounded in L*(0, 7; L' (Qx)) by Cauchy-Schwarz and the L? bounds
on ¢ and log p. (Propositions 4.5 and Prop. 4.6.) From Prop. 4.6, we also get the
bound on D g¢; for the second term.

Finally, we turn to the energy equation (60). Here the diffusive terms are

-
A 4
/ (Z h(D4 i) (60Biy1/2(D4 log p;) + g,LLQi+1/2D+Qi) - h(D—D+<P¢)/€T1:> dt
0 i

The bound on T; (Prop. 4.8) bounds the last term. Proposition 4.6 and Cauchy-
Schwarz bound the middle diffusion term. Finally, we must show that
Bi+1/2(D+ log pi)
is bounded in L'(0,7; LY (Qy)). We write
qi+19i Ti11T; | Dy log p;
VPir1pi( t o= :
‘ ¢ 2 Uﬂ+1/2 \/Pi+1pi

Furthermore,

(61) VPir1Pidi+1Gi < pit1di1 + pig; € C([0,T]; L*(Q2n))
and
(62)

i T, 1 T s
\Pit1pi dan e = pi+1pi~7/ < VPiripi < pit1 +pi € C([0,T]; L* ().
Tiv1/2 Tiv1/2

Let p;t1/2 denote the log-averaged state (and again use that the log-average is
greater than the geometric mean). Then,

D, 1 i D, p; Dy p;
(63) Sl P« P ([ € L2(0, T, L),
vV Pi+1P4 Pi+1/2+/Pi+1P4 Pi+1P4

Combining (61)-(63), yield the desired bound on the viscous terms.

5. CONCLUDING REMARKS

We have derived the necessary a priori bounds to give meaning to weak solu-
tions of two different forms of the Navier-Stokes equations augmented with mass
diffusion. Furthermore, we have proposed numerical discretization schemes that
satisfy the corresponding bounds and proved that as h — 0, a subsequence of solu-
tions converges to a weak solution of the equations. In particular, no 1-D specific
estimates have been used to allow the extension of this analysis to 3-D.

Of particular importance is the estimate of p~! that gave us strong positivity
results, which is an advantage of these modified equations. Another advantage is
the natural correspondence of boundary conditions between the viscous and inviscid
case. This should make it easier to derive stable numerical boundary schemes than



MODIFIED NAVIER-STOKES 37

for the conventional Navier-Stokes. (The estimates of the continuous equations in
this paper were derived with the boundary conditions (21).) In the case of wall
boundary conditions, discrete entropy estimates are derived for the Navier-Stokes
equations in the recent report [PCN14|. Their approach could be the starting point
when deriving the estimates for the modified system with wall boundary conditions.

Furthermore, we have proved convergence to a weak solution but another im-
portant issue is whether or not this is unique. In the analysis, we deliberately
avoided using 1-D specific embeddings to make a case for a generalization to multi-
D. However, if 1-D Sobolev embeddings are used, the a priori estimates (of both
the continuos and semi-discrete problem) would be much stronger. For instance, in
1-D the estimates in this article lead to p > € > 0 and q € L?*(0,T; L>°(Q)), which
in turn can be used to obtain stronger estimates on all variables. This might be
sufficient to prove uniqueness although that would have to be carefully analyzed.
(See [SFN12] where they reduce the system analyzed in [FV09] to 1-D and prove
uniqueness of strong solutions.)

Finally, there is the question of validity of this model. We do not wish to venture
further into that discussion. Hence, we have not presented any numerical compu-
tations as they necessitate choices of all three diffusion coefficients. To validate the
model in 1-D a shock tube problem is the obvious choice, which has already been
thoroughly reported in [GRO7]. (We summarized their results in Section 1.2.) We
can summarily say that both our models display the positivity property that was
proven, even when the artificial diffusion is turned off. (With Lax-Friedrichs diffu-
sion the scheme is positive even for the Euler equations.) Testing the strong Argon
shock ([GRO7]), it is clear that both these models/schemes have similar properties
as reported by Greenshields and Reese. In particular, by choosing the mass diffu-
sion coefficient very small a closer match to the standard Navier-Stokes solution is
obtained.

As already stated, more validation test cases must be run in order to draw
any strong conclusions. In particular, well-known test cases in 2 and 3-D where
experiemental data is avaialable, including vortex shedding around cylinders, and
turbulent decay, would shed more light on these modified models. See also [Brel3]
where experimental validation tests are proposed.
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APPENDIX

I. DETAILED DERIVATION OF ENTROPY VARIABLES

Although this is a well-known and admittedly trivial calculation, we include it
since there are so many versions in the literature depending on different, not always
well detailed, non-dimensionalizations. Here, we do not use any non-dimensionalizations.
We use, U = —pS, and S = log(p/p?).

The internal energy is e = pc, T and the conservative total energy is £ = e+% pq>.
With the above relations this is equivalent to £ = % + % pq® and hence,

1
=(v-1(FE-— 2
p=(y—1) 2% (pa)%)
Next, we calculate the entropy variables, w’ = (Uy,Upq, Ug), one at the time.
U,=(=pS),=—-5—-pS,

_ _ P Py p
Sp = (log(p/p"))p = ;(pq - val)

1
pp=(v— 1)5‘12
Substituting back,
_ p? (¢ P\
o= =5 =0 (=)
pl o, (v=D1,
(v )p2q + 7T 3¢ T
B L1,
= T 2‘1 Y
pYp P
Upg = —p » (pj)pq = Eppq
1
Ppg = *(PQ);(V —-1)
Hence,
Upg =Lty —1)= 2
rq CUT
Finally and noting that pg = (y — 1),
p 1 1
U = —— = — — 1 _— = —
E ppE (v )RT el

I.1. Definitions of norms and spaces. We denote the norm of the standard
LP(Q) as

Jullp = ([ )47

and for the L? norm we usually drop the index and write ||u||. As usual, H! denotes
the space where both ||u|| and ||u,|| are bounded. (In L?, index is dropped.)
We also use the Bochner space

L7(0, 75 L*(%2))
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which is equipped with the norm

_
T / ( / W) da dt)
0 Q

In particular we will use the following spaces and corresponding norms:

«
L0, T: (), Jlullzeize) = ( / /Q o di dt) /2
0
s
LY0,T; LY (), Hu||L1(L1):(/ /Q|u|d:rdt)
0

.
LX0,T: HY Q) ullp2a) = (/0 [ull3 + [|uz|* di)*/2
We also have,
C(0, TELP(2)), ullerzy = sup_|ullp.
te[0,7]

)

The semi-discrete counterparts of the spaces and norms are obtained by replacing
the spatial norm with the corresponding discrete norms. E.g. L?(0,7;L?(Q)) has

the norm
-
l[ull p2(z2y = (/ > haf dt)'/2.
0o



