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Abstract. The family of judicious partitioning problems, introduced by Bollobds and Scott to
the field of extremal combinatorics, has been extensively studied from a structural point of view for
over two decades. This rich realm of problems aims to counterbalance the objectives of classical
partitioning problems such as MIN Cur, MIN BISECTION, and MAX Cur. While these classical
problems focus solely on the minimization/maximization of the number of edges crossing the cut,
judicious (bi)partitioning problems ask the natural question of the minimization/maximization of
the number of edges lying in the (two) sides of the cut. In particular, JUDICIOUS BIPARTITION (JB)
seeks a bipartition that is “judicious” in the sense that neither side is burdened by too many edges,
and BALANCED JB (BJB) also requires that the sizes of the sides themselves are “balanced” in the
sense that neither of them is too large. Both of these problems were defined in the work by Bollobas
and Scott and have received notable scientific attention since then. In this paper, we shed light on
the study of judicious partitioning problems from the viewpoint of algorithm design. Specifically, we
prove that BJB is fixed parameter tractable (FPT) (which also proves that JB is FPT).
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1. Introduction. More than twenty years ago, Bollobds and Scott [3] defined
the notion of judicious partitioning problems. Since then, the family of judicious
partitioning problems has been extensively studied in the field of extremal combi-
natorics, as can be evidenced by the abundance of structural results described in
surveys such as [7, 36]. This rich realm of problems aims to counterbalance the ob-
jectives of classical partitioning problems such as MIN CuT, MIN BISECTION, MAX
CuT, and MAX BISECTION. While these classical problems focus solely on the min-
imization/maximization of the number of edges crossing the cut (or alternately, the
total number of edges inside the parts of the partition), judicious (bi)partitioning
problems ask the natural questions of the minimization/maximization of the number
of edges lying inside each part of the partition simultaneously. Another significant
feature of judicious partitioning problems that also distinguishes them from other
classical partitioning problems is that they inherently and naturally encompass sev-
eral objectives, aiming to minimize (or maximize) the number of edges in several sets
simultaneously.
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In this paper, we shed light on properties of judicious partitioning problems from
the viewpoint of the design of algorithms. Up until now, the study of such problems
has essentially been overlooked at the algorithmic front, where one of the underly-
ing reasons for this discrepancy might be that standard machinery does not seem to
handle them effectively. Specifically, we focus on the JuDICIOUS BIPARTITION (JB)
problem, where we seek a bipartition that is “judicious” in the sense that neither
side has too many edges that lie entirely inside it, and on the BALANCED JUDICIOUS
BipARTITION (BJB) problem, where we also require that the sizes of the sides them-
selves are “balanced” in the sense that the number of vertices in both the parts are
almost same. Both of these problems were defined in the work by Bollobas and Scott
and have received notable scientific attention since then. Formally, BJB is defined
as follows.

BALANCED JUDICIOUS BIPARTITION (BJB) Parameter: ki + ko
Input: A multigraph G, and integers p, k1, and ko

Question: Does there exist a partition (Vi, V2) of V(G) such that [Vi| = u and
for all ¢ € {1,2}, it holds that |E(G[V;])| < k;?

We note that in the literature, the term BJB refers to the case where 1 = [@1,
and hence it is more restricted then the definition above. By dropping the requirement
that |Vi| = u, we get the JB problem. By using new crucial insights into these
problems on top of the most advanced machinery in parameterized complexity to
handle partitioning problems,' we are able to resolve the question of the parameterized
complexity of BJB (and hence also of JB). In particular, we prove the following
theorem.

THEOREM 1.1. BIB can be solved in time 287" - V(G)|°M).

Structural results. Denote n = |[V(G)| and m = |E(G)|. To survey several
structural results about judicious partitioning problems, we first define the notions of
t-cut and mazx (min) t-judicious partitioning. Given a partition of V(@) into ¢ parts,
a t-cut is the number of edges going across the parts, while a max (min) judicious
t-partitioning is the maximum (minimum) number of edges in any of the parts. When
t = 2, we use the standard terms bipartite-cut and judicious bipartitioning, respec-
tively. Furthermore, by ¢-judicious partitioning we mean max t-judicious partitioning.
As stated earlier, Bollobds and Scott [3] defined the notion of judicious partitioning
problems in 1993. In that paper, they showed that for any positive integer ¢ and graph
G, we can partition V(G) into ¢ sets, V1,..., V4, so that |E(G[Vi])] < t_%lm for all
i € {1,...,t}. Bollobds and Scott also studied this problem on graphs of maximum
degree A and showed that there exists a partition of V(G) into ¢ sets V1,...,V; so
that it simultaneously satisfies an upper bound and a lower bound on the number
of edges in each part as well as on edges between every pair of parts. Later, Bol-
lobds and Scott [7] gave several new results concerning the extremal bounds of the
k-judicious partitioning problem, leaving open other new questions concerning the
tightness of their bounds in general and special cases. In [8] they showed an optimal
bound for the number of edges inside a part for the judicious partitioning problem
on bounded-degree graphs. These problems have also been studied on general hyper-
graphs [4], uniform hypergraphs [24], 3-uniform hypergraphs [6], and directed graphs
[26].

1To the best of our knowledge, up until now, this machinery has actually only been proven useful
to solve one natural problem which could not have been tackled using earlier tools.
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The special cases of judicious partitioning problems called judicious bipartitioning
and balanced judicious bipartitioning problems have also been studied intensively.
Bollobéas and Scott [5] proved an upper bound on judicious bipartitioning and proved
that every graph that achieves the essentially best known lower bound on bipartite-
cut, given by Edwards in [18] and [19], also achieves this upper bound for judicious
bipartitioning. In fact, they showed that this is exact for complete graphs of odd order,
which are the only extremal graphs without isolated vertices. Alon et al. [1] gave a
nontrivial connection between the size of a bipartite-cut in a graph and judicious
partitioning into two sets. In particular, they showed that if a graph has a bipartite-
cut of size at least % + 0, where § < m/30, then there exists a bipartition (V1, V) of
V(G) such that |E(G[V}])| < 2 — 3 + % +3y/m for ¢ € {1,2}. They complemented
these results by showing an upper bound on the number of edges in each part when
d > m/30. Bollobds and Scott [9] studied similar relations between ¢-cuts and ¢-
judicious partitionings for ¢ > 3. Recently, these results were further refined [39, 28].
Xu, Yan, and Yu [38] and Xu and Yu [40] studied balanced judicious bipartitioning
where both parts are of almost equal size (that is, one of the sizes is [§]). Both
of these papers concern the following conjecture of Bollobds and Scott [7]: if G is a
graph with minimum degree of at least 2, then V(G) admits a balanced bipartition
(V1, Vo) such that for each i € {1,2}, |[E(G[V;])| < %. For further results on judicious

partitioning, we refer to the surveys [7, 36].

Algorithmic results. While classical partitioning problems such as MIN CUT,
MiN BISECTION, MAX CuT, and MAX BISECTION have been studied extensively al-
gorithmically, the same is not true about judicious partitioning problems. Apart from
Min Cur, all the above-mentioned partitioning problems are NP-complete. These
NP-complete partitioning problems were investigated by all algorithmic paradigms
meant for coping with NP-completeness, including approximation algorithms and pa-
rameterized complexity. In what follows, we discuss known results related to these
problems in the realm of parameterized complexity.

First, note that for every graph G, there always exists a bipartition of the ver-
tex set into two parts (in fact equal parts [22, Corollary 1]) such that at least m/2
edges are going across. This immediately implies that Max CuT and MAX BI-
SECTION are fixed-parameter tractable (FPT) when parameterized by the cut size
(the number of edges going across the partition). This led Mahajan and Raman
[29] to introduce the notion of above-guarantee parameterization. In particular, they
showed that one can decide whether a graph has a bipartite-cut of size 3 + k in
time O(m + n + k4%). However, Edwards [18] showed that every connected graph G
has a bipartite-cut of size % + "Zl. Thus, a more interesting question asks whether
finding a bipartite-cut of size at least 3 + ”T_l + k is FPT. Crowston, Jones, and
Mnich [16] showed that indeed this is the case as they design an algorithm with run-
ning time O(8%¥n?). Recently, Etscheid and Mnich [20] discovered a kernel with a
linear number of vertices (improving upon a kernel by Crowston et al. [15]), and the
aforementioned algorithm was sped up to run in time O(8%m) [20]. Gutin and Yeo
studied an above-guarantee version of MAX BISECTION [22], proving that finding a
balanced bipartition such that it has at least %2 + k edges is FPT (also see [33]).? In
this context MAX BISECTION, it is also relevant to mention the (k,n — k)-Max CuUT,
which asks for a bipartite-cut of size at least p where one of the sides is of size exactly
k. Parameterized by k, this problem is W[1]-hard [11], but parameterized by p, this

2We refer to the surveys [30, 23] for details regarding above-guarantee parameterizations.
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problem is solvable in time O*(2P) [35]. (This result improved upon algorithms given
in [10, 37].)

Until recently, the parameterized complexity of MIN BISECTION was open. Ap-
proaches to tackle this problem materialized when the parameterized complexity of
{-WaAy CuT was resolved. Here, given a graph G and positive integers k& and ¢, the
objective is to delete at most k edges from G such that it has at least £ components.
Kawarabayashi and Thorup [25] showed that this problem is FPT (parameterized by
k). Later, Chitnis et al. [13] developed a completely new tool based on this, called
randomized contractions, to deal with a plethora of cut problems. Other cut problems
that have been shown to be FPT include the generalization of MIN CUT to MULTI-
wAY CuT and MurLTICUT [12, 31, 32]. Eventually, Cygan et al. [17], combining ideas
underlying the algorithms developed for MuLTiway CuT, MuLTICUT, ¢-WAY CUT,
and randomized contractions together with a new kind of decomposition, showed MIN
BisecTIiON to be FPT. Finally, let us also mention the min c-judicious partitioning
(which is a maximization problem), called ¢-LOAD COLORING, where given a graph
G and a positive integer k, the goal is to decide whether V(G) can be partitioned
into ¢ parts so that each part has at least k edges. Barbero et al. [2] showed that this
problem is FPT (also see [21]).

Despite the abundance of work described above, the parameterized complexity of
JB and BJB has not yet been considered. We fill this gap in our studies by showing
that both of these problems are FPT. It is noteworthy to remark that one can show
that the generalization of MIN BISECTION to ¢c-MIN BISECTION, where the objective
is to find a partition into c-parts such that each of the parts are of almost the same
size and there are at most k edges going across different parts, is FPT [17]. However,
such a generalization is not possible for either JB or BJB. Indeed, even the existence
of an algorithm with running time n/(*), for any arbitrary function f, would imply a
polynomial-time algorithm for 3-COLORING, where k is set to 0.

Our approach. For the sake of readability, our strategy of presentation of our
proof consists of the definition of a series of problems, each more “specialized” (in
some sense) than the previous one, where each section shows that to eventually solve
BJB, it is sufficient to focus on some such problem rather than the previous one. We
start by showing that we can focus on the solution of the case of BJB where the
input graph is bipartite at the cost of the addition of annotations. For this purpose,
we present a (not complicated) Turing reduction that employs a known algorithm for
the OCT problem (see section 3). The usefulness of the ability to assume that the
input graph is bipartite is a key insight in our approach. In particular, the technical
parts of our proof crucially rely on the observation that a connected bipartite graph
has only two bipartitions. (Here, we consider bipartitions as ordered pairs.) Keeping
this intuition in mind, our next step is to reduce the current annotated problem to
one where the input graph is also assumed to be connected. (This specific argument
relies on a simple application of dynamic programming.)

Having at hand an (annotated) problem where the input graph is assumed to
be a connected bipartite graph, we proceed to the technical part of our proof, which
employs the (heavy) machinery developed by Cygan et al. [17]. While this machinery
primarily aims to tackle problems where one seeks small cuts in addition to some
size constraint, our problem involves a priori seemingly different type of constraints.
Nevertheless, we observe that once we handle a connected graph, the removal of any
set of k edges (to deal with the size constraint and annotations) would not break the
graph into more than k + 1 connected components, and each of these components
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would clearly be a bipartite graph. Hence, we can view (in some sense) our problem
as a cut problem. In practice, the relation between our problem and a cut problem
is quite more intricate, and to realize our idea, we crucially rely on the fact that the
connected components are bipartite graphs, which allows us to “guess” a binary vector
specifying the biparition of their vertex sets in the final solution. This operation entails
the employment of coloring functions (employing k + 1 colors) and their translation
into bipartitions (which at a certain point in our paper, we would start viewing as
colorings employing two colors). Let us remark that the machinery introduced by [17]
is the computation of a special type of tree decomposition. Accordingly, our approach
would eventually involve the introduction of a specialization of BJB that aims to
capture the work to perform when handling a bag of the tree decomposition. The
definition of this specific problem is very technical, and hence we defer the description
of related intuitive explanations to the appropriate locations in section 5, where we
have already set up the required notation to discuss it.

2. Preliminaries.

General notation. For two sets A, B, AW B denotes the disjoint union of A
and B. Let f : A — B be some function. Given X C A, the notation f(X) = b
indicates that for all a € X, it holds that f(a) = b. The restriction f|x of f is a
function from X to B such that for any a € X, f|x(a) = f(a). An extension f’ of
the function f is a function whose domain, Y, is a superset of A and whose range is
B, such that for all a € A, it holds that f'(a) = f(a). Bold face lowercase letters are
used to denote tuples (vectors). For any tuple v, we let v[i] denote the ith coordinate
of v. Given some condition v, we define [¢)] = 1 if ¢ is true and [¢)] = 0 otherwise.
For any positive integer =, we denote by [z] the set {1,2,...,2} and by [z]o the set

{0,1,...,x}.

Graph theory. Given a graph G, we let V(G) and E(G) denote the vertex-set
and the edge-set of G, respectively. For any u € V(G), N(u) denotes the set of
neighbors of v in G, that is, N(u) = {v : {u,v} € E(G)}. For a subset A C V(G),
N(A) = UyeaN(v) \ A. We denote by 6(A) the set of boundary vertices of A, that
is, 0(A) = {v € A : there exists u € V(G) \ A such that {u,v} € E(G)}. We let
G\ A denote the subgraph of G induced by V(G)\ A. A bipartite graph is a graph G
such that there exists a bipartition (X,Y") of V(G) where X and Y are independent
sets. In this paper, we treat such bipartitions as ordered pairs. That is, if (X,Y)
is a bipartition of some bipartite graph G, then (Y, X) is assumed to be a different
bipartition of the graph G. For connected bipartite graphs, we have the following
simple yet powerful insight.

ProposITION 2.1 (folklore). Any connected bipartite graph G has exactly two
bipartitions, (X,Y) and (Y, X).

The treewidth of a graph aims to measure how close the graph is to a tree. For-
mally, this notion is defined as follows.

DEFINITION 2.2. A tree decomposition of a graph G is a pair (T, ) such that T
is a rooted tree, §: V(T) — 2V and the following conditions are satisfied.
1. For all {u,v} € E(G), there exists t € V(T') such that u,v € 5(t).
2. For all v € V(G), the subgraph of T induced by X, = {t : v € B(t)} is a
(connected) subtree of T on at least one node.
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Given t,1 € V(G), the notation ¢ < ¢ indicates that ¢ is a descendant of ¢ in T'.
Note that ¢ is a descendant of itself. For any ¢t € V(T'), let t’ denote the unique parent
of t in T. We also need the standard notation o(t) = (¢t)NA(t") and y(t) = Uz, B(1).

PROPOSITION 2.3 (folklore). Let (T,53) be a tree decomposition of a graph G.
Given a node t € V(T), let ty,...,ts denote the children of t in T, and for alli € [s],
define Vi, = v(t;) \ B(t). Let Vy = V(G) \ (B(t) UU;_; Vi,). Then, the vertez-set of
each connected component of G\ B(t) is a subset of one of Vi, ,..., Vi, Vir.

Let H be some hypergraph. A spanning forest of H is a subset E' C E(H) of
minimum size such that the hypergraph induced on E’ has the same components as
H.

Unbreakability. A separation of a graph G is a pair (X,Y) such that X,Y C
V(G), XUY = V(G) and there is no edge with one endpoint in X \ Y and the other
in Y\ X. The order of a separation (X,Y) is equal to | X NY|.

DEFINITION 2.4. Let G be a graph, A C V(G), and g,k € N. The set A is said
to be (g, k)-unbreakable in G if for every separation (X,Y) of G of order at most k,
either (X \Y)NA|<qor|(Y\X)NAl <q.

We also define a notion of unbreakability in the context of functions.

DEFINITION 2.5. A function g : U — [k]o is called (g, k)-unbreakable if there
exists i € [klo such that 3= cpy iy 197 ()] < q.

Let us now claim that there do no exist “too many” (g, k)-unbreakable functions.

LEMMA 2.6. For all ¢,k € N, the number of (g, k)-unbreakable functions from a
universe U to [klo is upper bounded by Y {_, (lrljl) gk (k+1).

Proof. Let g : U — [k]o be some (g, k)-unbreakable function. By the definition
of a (g, k)-unbreakable function, there exists i € [k]o such that 3 ;)\ lg~1()| < q.

There are (k + 1) ways of choosing such an index 4, Z?:o (“ljl) ways of choosing at
most ¢ elements that are not mapped to 4, and at most ¢* ways of partitioning this
set of at most ¢ elements into k parts. Thus, the total number of such functions g is
upper bounded by 3> (V1) " (k + 1). 0

3. Solving Balanced Judicious Bipartition. In this section, we prove The-
orem 1.1 under the assumption that we are given an algorithm for an annotated, yet
restricted, variant of BJB. Throughout this section, an instance of BJB is denoted by
BIB(G, u, k1, k2), and we define k = ki +ko. Given a partition (V4, V3) that witnesses
that an instance BJB(G, p, k1, k2) is a YES-instance, we think of the vertices in V;
as colored 1 and the vertices in V5, as colored 2; hence, we call such a partition a wit-
nessing coloring of BIB(G, p, k1, k2). To prove Theorem 1.1, we first define the OCT
problem. Here, given a graph G, a set S C V(G) is called an odd cycle transversal if
G\ S is a bipartite graph.

OpD CYCLE TRANSVERSAL (OCT) Parameter: &
Input: An undirected multigraph G, and an integer k.

Output: An odd cycle transversal of G of size at most k, if it exists; otherwise
report NO.
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An instance of ODD CYCLE TRANSVERSAL is denoted by OCT(G, k). We say
OCT(G, k) is a NO-instance if there is no odd cycle transversal of G of size at most
k. The algorithm given by the result below shall be a central component in the design
of our algorithm for BJB.

PROPOSITION 3.1 (see [27]). OCT can be solved in time 2.31465n°(1),

Apart from OCT, we also need to define an auxiliary problem that we call ANNO-
TATED BIPARTITE-BJB (AB-BJB). As we proceed with our proofs, we shall continue
defining auxiliary problems, where each problem captures a task more specific and
technically more challenging than the previous one. The choice of this structure aims
to ease the readability of our paper. Intuitively, AB-BJB is basically the BJB prob-
lem on bipartite graphs, with an extra constraint that demands that certain vertices
are assigned a particular color by the witnessing coloring. We remark that the ne-
cessity of the reduction to bipartite graphs stems from the fact that we would like to
employ Proposition 2.1 later. The formal definition of AB-BJB is given below.

ANNOTATED BIPARTITE-BJB (AB-BJB) Parameter: ki + ko
Input: A bipartite multigraph G with bipartition (P, @), A, B C V(G) such that
AN B =), and integers u, k1, and ko.

Question: Does there exist a partition (V4,Vz2) of V(G) such that A C Vi,
B C Vs, |Vi| = v and for i € {1,2}, |[E(G[V3]))| < k;?

An instance of AB-BJB is denoted by AB-BJB(G, A, B, u, k1, k). A partition
(V1, V) satisfying the above properties is called a witnessing coloring of AB-BJB
(G, A, B, i, ki, k2). Furthermore, we need the following theorem, proven later in this

paper.
THEOREM 3.2. AB-BJB can be solved in time 287 . n@1),
Let us now turn to focus on the proof of Theorem 1.1.

Proof of Theorem 1.1. Given an instance BJB(G, u, k1, k2), call the algorithm
given by Proposition 3.1 with the instance OCT(G,k) as input (recall that k =
k1 + k’g)

Cram 1. If OCT(G,k) is a NO-instance, then BIB(G, u,k1,k2) is a NO-
instance.

Proof. Suppose BIB(G, u, k1, ko) is a YES-instance. Let (V3, V3) be a witnessing
coloring for this instance. Let E' = E(G[V1])UE(G[Va]). Then, observe that G\ E’ is
a bipartite graph. Let V' be a set of vertices of minimum size such that every edge in
E’ has at least one endpoint in V’. Since |E’| < k, it holds that |V’| < k. Moreover,
G\ V' is bipartite. Therefore, V' is an odd cycle transversal of G of size at most k.
Thus, OCT(G, k) is a YES-instance.

Henceforth, let S be an odd cycle transversal of G of size at most k. Then, G\ S
is a bipartite graph. Fix some bipartition (P,Q) of G \ S. Let F be the family
of all subsets of S, that is, F = 2. For any F € F, denote If = |E(G[F])| and
£ = |E(G[S\ F))|, and let G be the graph constructed as follows (see Figure 1).

e V(Gr) =V(G\ S)U{wr,xF,yr, zr}, where wp, 2p,yr, zr are new distinct
vertices.

e E(Gp) = E(G\S)VE,,UE, . UE, UE,,, where the multisets E,,, Ey,., Ey,,
and E,, are defined as follows.
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G Gr

F1a. 1. The construction in the proof of Theorem 1.1.

— for each edge (u,v) € E(G), such that w € F and v € P, there is an
edge (wp,v) € By,
— for each edge (u,v) € E(G), such that u € F' and v € @, there is an
edge (xp,v) € Eyp,
— for each edge (u,v) € E(G), such that u € S and v € Q, there is an edge
(vav) € Eva
— for each edge (u,v) € E(G), such that u € S and v € P, there is an edge
(zp,v) € By,
Observe that G is a bipartite graph with (P U {zp,yr},Q U {wr,2r}) as a
bipartition.

CramM 2. BIB(G, u, k1, ko) is a YES-instance if and only if there exists F € F
such that AB-BJB(Gr, {wp,vr}, {yr, 2r}, 0 — |F| + 2,k — IF ke — IE) is a YES-
instance.

Proof. In the forward direction, suppose that BJB(G, p, k1, k2) is a YES-instance,
and let (V7, V5) be a witnessing coloring for BJB(G, p, k1, k2). Moreover, let F' = V1N
S. Now, we define a partition (V{,Vy) of V(GF) as follows: V{ = (V1 \ S)U{wp,zFr}
and V4 = (Vo \ S)U{yr, zr}. Let us now argue that (V{, V) is a witnessing coloring
for AB-BIB(Gp,{wr,zr}, {yr,2r}, u — |F| + 2,k1 — 1¥' ko — I¥). First, by the
construction of (V{,Vy), we have that {wp,zr} C V] and {yp,2r} C Vj. Second,
as V{ = (V1 \ S) U {wp,xzp}, we also have that |V{| = |Vi| — |F|+2 = p+ |F| + 2.
Third, observe that for any |E(G[V{])| = |E(G[V1])| — |E(G[F)])| and |E(G[V3])| =
IE(GIVa))| - [E(GIS\ F))|. Thus, for i € [2], [E(GIVi])| < hs —

In the backward direction, suppose that there exists an F' € F such that AB-BJB
(Gr,{wr, 2}, {yr, 2r}, u—|F|+2, k1 =1 ko —1L") is a YES-instance, and let (V{, V3)
be a witnessing coloring for this instance. We now define a partition (V1, V) of V(G)
as follows: V1 = (V/ NV(G))UF and Vo = (Vy NV (G))U (S \ F). Let us now argue
that (V1, V) is a witnessing coloring for BJB(G, u, k1, k2). From the definition of
V1, and since V(G) = (V(Gr) \ {wp,zp,yr,zr}) US and SNV (Gr) = 0, we have
that V1| = |V{| — {zF,yr} +|F| = u— |F|+ 2 — 2 + |F| = u. Moreover, observe
that |E(GIVA])| = |E(GIVI])| + [E(GIF])| < ki + 1 and [E(GIVA)| = |E(GIVE])] +
|E(G[S \ F])| < kg + 1. This concludes the proof of the claim.

Thus, to solve an instance of BJB, it is enough to solve 251 < 2% instances of
AB-BJB. Hence, by Theorem 3.2, BJB can be solved in time ok o), ]

4. Solving Annotated Bipartite-BJB. Recall the problem definition of AB-
BJB from section 3. In this section, we prove Theorem 3.2. For this purpose, let us de-
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fine another auxiliary problem, which we call ANNOTATED BIPARTITE CONNECTED-
BJB (ABC-BJB). Intuitively, ABC-BJB is exactly the same problem as AB-BJB,
where we are interested in an answer for every choice of u € [n]o, l1 € [k1]o and
lo € [ko]o, and additionally we demand the input graph to be connected.

ANNOTATED BIPARTITE CONNECTED-BJB (ABC-BJB) Parameter: k + ks
Input: A connected bipartite multigraph G = (P,Q), A, B C V(G) such that
AN B =0, and integers k; and ks.
Output: For all u € [n]o, 1 € [k1]o and Iy € [k2]o, output a binary value,
aJP[u,l1,ls], which is 1 if and only if there exists a partition (V1,Va2) of V(G)
such that

e AC Vi and B C Vs,

e [Vi] = s, and

e for i € {1,2}, |[E(G[V3])| < L.

For any p € [no, l1 € [k1]o, 2 € [k2]o, a partition witnessing that aJP[u, l1,l2] =1
is called a witnessing coloring for aJP[u,l;,ls] = 1. Moreover, an instance of ABC-
BJB is denoted by ABC-BJIB(G, A, B, k1, k2). In the rest of this paper, we prove
the following theorem.

THEOREM 4.1. ABC-BJB can be solved in time 2°°" . n©),

Having Theorem 4.1 at hand, a simple application of the method of dynamic
programming results in the proof of Theorem 3.2.

Proof of Theorem 3.2. Let AB-BJB(G, A, B, i1, k1,k2) be an instance of AB-
BJB. Let C4, ..., C; be the connected components of G. For all i € [r], let A; = ANC;
and B; = BNC;. Let I; = ABC-BIB(C}, A;, B;, k1, k2). Let aJP; be the output table
for the instance I;, returned by the algorithm of Theorem 4.1. For any j € [r], let
Gj = G[U;gp;) Cil- Note that G = G, Let us define a four-dimensional binary table
M in the following way. For all i € [r], ¢/ € [[V(G)|lo, l1 € [k1]o, and I € [k2]o,
M[i, p/,11,12] = 1 if and only if there exists a partition (Vi,Va) of V(G;) such that
(ANG;) €WV, (BNG;) C Vo, [Vi| =1 and for j € {1,2}, |[E(G[V;])| < ;. Observe
that AB-BJIB(G, A, B, i, k1, k2) is a YES-instance if and only if M[r, u, kq, ko] = 1.
We now compute M[r, u, k1, k2| recursively using the following recurrences.

M[17 /1//’ ll; l2] = aJPl(:u’l? lla 12)

For all 7 € {2, e ,T‘}7 MI € [|V(G)H0, l1 € [kl]O and [y € Ufg](),

M byl =\ M= Lt 0 1) A adR?, 17 13)),

where for all j € {1,2}, i/, l{, and l% are nonnegative integers.

Note that the time taken to compute M[r, u, k1, ko] is at most (r-n? - k? - k3 - 7),
where 7 is the time taken to solve an instance of ABC-BJB. Since from Theorem 4.1,
an instance of ABC-BJB can be solved in time ok p0(M) and <n, AB-BJB
can be solved in time 287" . nO1), 0
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5. Solving Annotated Bipartite Connected-BJB. Recall the problem def-
inition of ABC-BJB from section 4. In this section, we prove Theorem 4.1. Let us
start by stating a known result that is a crucial component of our proof. By this result,
we would have an algorithm that efficiently computes a special type of tree decompo-
sition, which we call a highly connected tree decomposition, where every bag is “highly
connected” rather than “small” as in the case of standard tree decompositions. While
this property is the main feature of this decomposition, it is also equipped with other
beneficial properties, such as a (nontrivial) upper bound on the size of its adhesions,
which are all exploited by our algorithm.

THEOREM 5.1 (see [17]). There exists an 2°*)n2m-time algorithm that, given
a connected graph G together with an integer k, computes a tree decomposition (T, 3)
of G with at most n nodes such that the following conditions hold, where n = 2°%) .
1. For eacht € V(T), the graph G[y(t) \ o(t)] is connected and N(v(t)\ o(t)) =
o(t).
2. For each t € V(T), the set (t) is (n, k)-unbreakable in G[y(t)].
3. For each nonroot t € V(T), we have that |o(t)] < n and o(t) is (2k,k)-
unbreakable in G[y(parent(t))].

In order to process such a tree decomposition in a bottom-up fashion, relying on
the method of dynamic programming, we need to address a specific problem associated
with every bag, called HYPERGRAPH PAINTING (HP). We chose the name HP to be
consistent with the choice of problem name in [17], yet we stress that our problem
is more general than the one in [17] (since the handling of a bag in our case is more
intricate than the one in [17]).

Roughly speaking, an input of HP would consist of the following components.
First, we are given “budget” parameters k1 and ks as in an instance of ABC-BJB.
Second, we are given an argument b which would simply be n (to upper bound |(¢)|)
when we construct an instance of HP while processing some node ¢ in the tree decom-
position. Third, we are given a hypergraph H which would essentially be the graph
G[3(t)] to which we add hyperedges. Each hyperedge F of H is supposed to represent
the sets U(tA) for each child ¢ of ¢. Fourth, we are given an integer ¢ whose purpose is
clarified in the discussion below the definition of HP (in Definition 5.4). Finally, for
every hyperedge F, we are given a function fr : [k]F x [b]o x [k1]o X [k2]o — {0,1}.
To roughly understand the meaning of this function, first recall that F' is supposed
to represent a(f) for some child ¢ of t. Now, the function fr aims to capture all
information obtained while we processed the child t of t that might be relevant to the
node t. In particular, let us give an informal, intuitive interpretation of an element
(T, ,11,13) in the domain of fr. For this purpose, note that when we remove at
most k edges from the (connected) graph G[y(t)], we obtain at most k + 1 connected
components. The function I' can be thought of as a method to assign to each vertex
in o(f) the connected component in which it should lie. Such information is extremely
useful since each such connected component is in particular a bipartite graph, and
hence by relying on Proposition 2.1 and an exhaustive search, we would be able to
use it to extract a witnessing coloring for an instance of ABC-BJB. The arguments
1,11, and Iy can be thought of as those in the definition of an output of ABC-BJB.
Now, the value fr (T, u,l1,l2) aims to indicate whether I', i, [1, and 5 are “realizable”
in the context of the child 7. (The precise meaning of this value will become clearer
later, once we establish additional necessary definitions.)

Let us now give the formal definition of HP. In this definition, we denote k& =
k1 + ko.
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HYPERGRAPH PAINTING (HP)

Input: Integers k1, ks, b, d, and ¢, a multihypergraph H with hyperedges of size
at most d, and for all F' € E(H), a function fr : [k]d x [blo % [k1]o X [k2]o — {0, 1}.
Output: For all 0 < 4 <b, 0 <11 <ky, 0<lIy < ks, output the binary value

aHP[,u,ll,lg] = \/ \/ /\ fF(Tlp,,U,F,lf,lg),
T:V(H)= Ko {(pF} pepm) FEE(H)
{1 Hremam
{13 Hreramn

where ZFeE(H) pt =, ZFGE(H) i<, ZFeE(H) 15 < lp, and each of p*,
If', and 11" is a nonnegative integer.

For a particular choice of y, I1, and I3, a function T witnessing that aHP[u, 1, l3] =
1 is called a witnessing coloring for aHP[u,l1,ls]. An instance of HP is denoted by
HP(k1,k2,b,d,q, H,{ fr}|pepm)). Observe that ¢ is part of the input to an instance
of HP, but does not appear in the problem definition. The reason for putting ¢ in
the input will become clear when we define favorable instances of HP. These are
the instances that will be of interest to us throughout this article. Although we are
not able to tackle HP efficiently at its full generality, we are still able to solve those
instances that are constructed when we would like to “handle” a single bag in a highly
connected tree decomposition. Such instances are formalized as favorable instances.
For the sake of clarity, let us now address the beneficial properties that these instances
satisfy individually, where each of them ultimately aims to ease our search for a
witnessing coloring. The first property, called local unbreakability, unconditionally
restricts the way a function I : F' — [k]p, to be thought of as a restriction of the
witnessing coloring we seek, can color a hyperedge F' so that the value of fr is 1.3

DEFINITION 5.2 (local unbreakability). An instance

HP (k1, k2, b,d,q, H,{ fr}|reem))

is locally unbreakable if every F € E(H) satisfies the following property: for any
I': F — [k|o that is not (3k?, k)-unbreakable, fr(T,pu,l1,l2) = 0 for all 0 < pu < b,
Ogllgkl, and0§12§k2

The second property, called connectivity, implies that if we would like to use a
function T' : F' — [k]p to color a hyperedge (as a restriction of a witnessing coloring)

with more than one color, then we would have to “pay” at least 1 from our budget
I + 5.

DEFINITION 5.3 (connectivity). An instance HP(ky1, ko, b,d,q, H,{ fr}|repm)) is
connected if every F' € E(H) satisfies the following property: for any T : F — [k]o
for which there exist distinct i,j € [k]o such that [T=(3)],|[T=1(5)| > 0, it holds that
el le) =1 only if lh +1o > 1.

The third property, called global unbreakability, directly restricts our “solution
space” by implying that we only need to determine whether there exists a (g, k)-
unbreakable witnessing coloring.

DEFINITION 5.4 (global unbreakability). An instance
HP(ky, ko, b,d, q, H,{ fr}|repm))

3In this context, it may be insightful to recall Lemma 2.6.
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is globally unbreakable if for all 0 < u <b,0<1; <k, 0<1ls < ky: if aHP[u,l1,1l2] =
1, there exists a witnessing coloring T : V(H) — [kl that is (q, k)-unbreakable.

An instance HP(ki,k2,b,d,q, H,{fr}|rcpm)) is called a favorable instance of
HP if it is locally unbreakable, connected, and globally unbreakable. For such in-
stances we have the following theorem.

THEOREM 5.5. HP on favorable instances is solvable in time

9O (min(k,q) log(k+q)) O (k) \E(H)|°O.

The proof of this theorem is very technical, involving nontrivial analysis of a very
“messy” picture obtained by guessing part of a hypothetical witnessing coloring via
the method of color coding. We defer the proof of Theorem 5.5 to section 6.

From now onward, to simplify the presentation of arguments ahead with respect
to ABC-BJB, we would abuse notation and directly define a witnessing coloring as
a function rather than a partition. More precisely, the term witnessing coloring for
aJP[u,l1,ls] = 1 would refer to a function col : V(G) — {Vi,V2} such that A C V7,
B C Vi, V4| = p, and for i € {1,2}, |[E(G[V4])| < l;. To proceed to our proof of
Theorem 4.1, we first need to introduce an additional notation. Roughly speaking,
this notation translates a coloring Y of the form that witnesses some aHP[u,l,l2] =1
to a coloring of the form that witnesses aJP[u, l1,l2] = 1 via some tuple v € {0, 1}k+1.
Formally, we have the following.

DEFINITION 5.6. For a tuple v € {0, 1}k+1, bipartite graph G with bipartition
(P,Q), X CV(Q), and Y : X — [y, define Ty : X — {V1,Va} as follows.
e Forallve PNX, YTy(v) =V if and only if v[Y(v)] = 0.
o forallve @NX, Tv(v) = V1 if and only if v[Y(v)] = 1.

Suppose we are given an instance ABC-BJB(G, A, B, k1, k2). Fix some biparti-
tion (P, Q) of G. Let (T, 3) be the highly connected tree decomposition computed by
the algorithm of Theorem 5.1, and let r be the root of T. In what follows, n = 20*)
as in Theorem 5.1, and ¢ = (n+ k)k. We now proceed to define a binary variable that
is supposed to represent the answer we would like to compute when we process the
bag of a specific node of the tree. Hence, one of the arguments is a node ¢, and three
additional arguments are u € [n]o,l1 € [k1]o, and Iy € [ko]o. However, we cannot be
satisfied with one answer, but need an answer for every possible “interaction” between
the bag of t and the bag of its parent ¢'. Thus, the definition also includes a coloring
of o(t). The tuple v € {0,1}**! is necessary for the translation process described in
Definition 5.6. (The way in which we shall obtain such a “right” tuple later in the
proof would essentially rely on brute-force.)

DEFINITION 5.7. Given t € V(T), a (3k?, k)-unbreakable function Y7 : o(t) —
[klo, a tuple v € {0,1}*1 and integers p € [nlo, 11 € [k1]o, and ls € [k2]o, the binary
variable y[t, Y7, v, u,l1,1] is 1 if and only if there exists T : ~v(t) — [k]o extending
T such that the following hold. R

1. The translation Yy maps to Vi exactly p vertices, that is, |Y;1(V1)| = p.

2. The translation Ty maps ANy(t) to Vi and BN~(t) to Va, that is, AN(t) C
T (Vi) and By(t) C T (Va).

3. For alli € {1,2}, it holds that |E(G[Y3 (V)| < L.

4. The set of edges between wertices receiving different colors by Y is exactly
the set of edges between wvertices that are mapped to the same side by the
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translation Tv, that is,

U BTG, Y7G) = BG (V) U (G (1))

i,7€[Klo,i#]

A function T as above is called a witnessing coloring for y[t, Y, v, u,l1,l2]. Recall
that r refers to the root of the tree decomposition (T, 3).

LEMMA 5.8. For any p € [nlo, 1 € [k1]o, and I3 € [ko]o, aJP[p,l1,1l2] =1 if and
only if there exists v € {0,1}*T1 such that y[r,0,v, u, 11, 12] = 1.

Proof. Let us prove the backward direction first. Let v € {0,1}**! be such that
ylr, 0, v, u,l1,l2] = 1 and let Y : V(G) — [k]o be one of its witnessing colorings. Then,
Definition 5.7 directly implies that Tv is a witnessing coloring for aJP[u,ly,l5] = 1.

For the forward direction, let col : V(G) — {V1,Va2} be a witnessing coloring
for aJP[u,l1,1ls]. Let X = E(G[col™*(V1)]) U E(G[col ' (V3)]). Let Co,...,Cs be the
connected components of G\ X. Since X C E(G) and |X| <y + 1y < k1 + ko = k,
G\ X has at most k+ 1 connected components, and therefore s < k. For any i € [s]o,
let (P, = (PNGC;),Q; = (QNC;)) be a bipartition of C;. (Recall that G is a connected
bipartite graph with fixed bipartition (P, Q).)

CLAIM 3. For any i € [s]o, either both P; C col”* (V1) and Q; C col ' (Va) or
both P; C col™*(Va) and Q; C col ™ * (V7).

Proof. Consider a bipartition (P';,Q’;) of C;, where P’; = col”*(V;) N C; and
Q= colil(Vg) N C;. Since C; is connected, from Proposition 2.1, either P; = P/;
and Q; = @’';, or P, = @', and Q; = P’;. Hence the claim follows.

Let us now construct a k-length binary string, v, as follows. For any i € [s]o,
v[i] = 0 if and only if P; C col”*(V1) and Q; C col ' (Vo). Fori € {s+1,...,k},
v[i] = 0.

Define T : V(G) — [k]o as follows. For any v € V(G), T(v) = i if and only if
(NS C’i~

CLAIM 4. Y‘v = col.

Proof. Consider some vertex v € V(G). Denote V; = col(v), i = Y(v) and
b = v[i], and note that j € {1,2}, i € [k]o, and b € {0,1}. We divide the argument
into two cases corresponding to whether v € P; or v € ;. Since v € col_l(Vj),
if v € P;, then by Claim 3, P; C col_l(V-) and Q; C col ™" (Vg j)- Thus, by the
construction of v, b = j — 1. Hence, by the definition of Tv, T v(v) = V;. Similarly,
if v € Q;, then by Claim 3, Q; C col ™ *(V, V;) and P; C col 1 (Vs_ ;). Thus, by the
construction of v, b = 2 — j. Hence, by the definition of TW T v(v) =V

Since the choice of v was arbitrary, by the definition of T, we have that Ty (v) =
V.

CLAM 5. For the binary string v constructed as above, the function Y constructed

above is a witnessing coloring for y[r,0, v, u,l1,ls] = 1.

Proof. Since ?v = col, from the definition of col, we have that \T; to)| = u,
ACY (W), BC Yy V) and for all i € {1,2}, |[E(G[Y31(V;)])| < l;. Observe that

!
Ui jermoins E(T™ i), Y71(j)) = X. Therefore, Ui jeoninzg E(Y10), Y1) =
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E(G[Y71(V1)]) U E(G[T71(V3)]). Thus, Y is a witnessing coloring for
y[T7 (Z)a v, U, ll7 ZQ] =1L
This concludes the proof of the lemma. 0

By Lemma 5.8, it is sufficient to compute y[r, 0, v, u,l1,1s] for all u € [n], i1 €
[k1]o and Iy € [ko]o. To this end, we need to compute ylt, Y7, v, u,l,ls] for every
node t € V(T), function Y : o(t) — [k]o that is (3k%, k)-unbreakable, tuple v €
{0,1}¥*1 and integers u € [n]o,l1 € [k1]o and Iy € [ks]o. Here, we employ bottom-
up dynamic programming over the tree decomposition (7', 8). Let us now zoom into
the computation of y[t, Y7, v, u,ly,1lo] for all u € [n], I1 € [ki]o and Iz € [ka]o, for
some specific t, Y7 and v. Note that we now assume that values corresponding to the
children of ¢ (if such children exist) have been already computed correctly. Moreover,
note that |o(t)| < 1, the number of (3k?, k)-unbreakable functions Y7 : o(t) — [k]o
is at most [n|*"" = 2*°"” (by Lemma 2.6), and the number of binary vectors of size
k+1 is at most 2¥+!. Thus, the total running time would consist of the computation
time of (T, 8), and at most 2k°Y 12 times the computation time for a set of values
as the one we examine now. Hence, it remains to show how to compute the current
set of values in time 2+ . O,

To compute our current set of values, let us construct an instance

HP (K1, k2, n,m, ¢, H, { fr} Fer(m))
of HP where V(H) = 3(t), and E(H) and {fr}|repm) are defined as follows.
1. Type-1 Hyperedges. For all v € p(t), insert F' = {v} into E(H). Define
fr: [K)E x [n]o x [k1]o x [k2]o — {0,1} as
0 ifveo(t)and I'(v) # T (v),
ifved TV(F)=Vi, li=1,=0, and p =1,
ifveB, [y(F)=Va, Iy =l =0, and p =0,
ifv@ AUB, I =1, =0, and p = [[y(F) = V4,

0 otherwise.

(Tl 1) =

— = =

Informally speaking, we introduce this kind of hyperedges to account for the
number of vertices in S(¢) that go to V4 (and hence contribute to ).

2. Type-2 Hyperedges. For all (u,v) € E(G[B(t)]), add F = {u,v} in E(H).
Define fF : [k]OF X [TL]O X [kl]() X [kg]o — {O7 1} as

0 ifu#0,

1 if Ty(u) # T'y(v) and T'(u) = I'(v),
fr(C,pli,ls) =1 if Ty(u) = Ty(v) = Vi, 5 > 1, and ['(u) # (),

1 if Ty (u) = Ty(v) = Vol > 1, and T(u) # T(v),

0 otherwise.

We introduce this kind of hyperedges to account for the number of edges in
G[B(t)] that contribute toward the budget ki and ko.
3. Type-3 Hyperedges. For all t € V(T') that are a child of ¢ in the tree 7', insert
F = o(t) into E(H). Define fr : [k]5 x [n]o x [k1]o X [k2]o — {0,1} as
0 if [ is not (3k2, k)-unbreakable or
fF(Fauvllal2): yﬁ:r‘vv7u+/‘/all+l/1712+l/2]:Oa
1 otherwise,
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where i/ = [B51(14)], and I = [{{u,v} € B(@lo@) : Ty (u) = Ty (v) = Vi)
for i € [2].
This kind of hyperedge encapsulates the partial partitions of the graphs in-
duced by (%), where 7 is a child of ¢.
Let us first claim that witnessing colorings related to HP(kq, k2, n,n,q, H,
{fr}|Fer)) are useful in the sense that they can be extended to witnessing col-
orings for the binary values in which we are interested.

LEMMA 5.9. For all u € [n], l1 € [k1]o, and la € [k2]o, if aHP[u,l1, l2] = 1, then
ylt, Yo, v, u, il = 1. In fact, for any witness Y : 5(t) — [k]o of aHP[u,l1,l2] =
1, there exists a function Y’ : ~(t) — [k]o that extends T and witnesses y[t,v,
TU?MJDIQ] =1

Proof. If aHP[u,l1,l2] = 1, let YT : B(t) — [k]o be a witnessing coloring for
alP[u,l1, Iz] = 1. Then, there exist Y pcpy b’ = t Dpepani < h and
2 Fer(m) I£' <y, such that for all F € E(H), fr(Y|p, ut,1f,15) = 1. In particular,
the following holds.

1. Since for any type-1 hyperedge F, it holds that fr(Y|p,u! 15, 15) = 1, we
overall have that Y2 C T, AN B(t) C T;1(Vh), BN B(t) € Y51 (Va), and

> ph =TSN (V) N B()].

F' is a type-1 hyperedge

2. Since for any type-2 hyperedge F and i € {1,2}, it holds that
fr(Y|p, u 1F15) = 1, we overall have that

E(GITS (Vi) n AW < 3 "
F is a type-2 hyperedge
3. For any type-3 hyperedge F' = o(t;), since fr(Y|p,u?, 1, 1F) = 1, we have
that Y|p is (?)k2 k)-unbreakable and yt;, Y|p, v, uf +p/ 15 + 1,15 +15] =1,
where ' = |Y31 (Vi) N FY, 1 = [{(u,v) € BE(Glo(t)])[Ty(u) = Ty (v) = W1},
and 1y = [{(u,v) € B(Glo(t:)])|To(u) = Tu(v) = Vo).
We thus derive that there exists a witnessing coloring Y* : y(t;) — [k]o for the
condition y[t;, Y|z, v, ut" + p/, 1F + 13,15 +15] = 1. Specifically, the following
conditions are satisfied.
(a) YT? extends Y|p.
—~—1
(b) [0, (V)| = o+
(c) Anny(t) 1CT1 (V1) and BNy(t;) S T’v ‘().
(d) B, (Vi))| <If +1, and [E(G[T v V)])\ <y +1. X
i1 i1 N
(©) Uy jeuoes; BT (0,17 (5)) = BGIT, (V) U E(GIT, (V).
Keeping the above items in mind, we proceed to 1dent1fy a witnessing coloring for
ylt, Y7, v, u, l1,13] = 1. We construct such a coloring Y’ : v(t) — [k]o as follows. For
all v € y(t), if v € B(¢), then define Y'(v) = T (v), and otherwise there exists a unique
child ¢; of ¢ such that v € ¥(¢;), in which case we define Y'(v) = YT%(v). For the sake
of clarity, let us extract the required argument to the proof of a separate claim.

CLAIM 6. The aforementioned Y’ is a witnessing coloring for y[t, Y7, v, u,ly,1s] =
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Proof. First, note that by item 1 in the proof of Lemma 5.9, we have that
T, C T and therefore T, C Y’. Let us now verify that all the conditions specified in
Definition 5.7 are satisfied.
e Let us first prove condition 1. To this end, we observe that by items 1, 3(a)
and 3(b), we have that the three following equalities hold.

-1 —~—1 —~—1
- |T/v (Vl)| = |T/v (Vl) ﬁﬂ(t” + Zti is a child of t in T |T/v (Vl) n (V(ti) \
O’(ti)l)‘.
- |T/v (Vl) n ﬁ(t)| = |T\71(‘/1) N ﬁ(t)| = ZF is a type-1 hyperedge /J/F'
—~—1
— For every child ¢; of ¢, [Y/, (V1) N (y(t;) \ F)| = u¥', where F = o(t;).
. —~—1
Thus, smceFZF is a type-2 hyperedge pf = 0, we conclude that [Y’, (V1) =
ZFGE(H) =
e Next, we prove condition 2. However, by items 1 and 3(c), we directly deduce
—~1 ~—1
that both AN~(t) C Y/, (V1) and BN~(t) C Y, (Va2) as required.
e We now turn to prove condition 3. First observe that there are no edges

between a vertex of 5(¢) \ o(¢;) and a vertex of v(¢;) \ o(¢;). In light of item
3(a), note that
—~—1 1
[E(Gy (VD] = [E(G[T, (Vi) N B@)))
—~-1
+ > [E(GY, (Vi) N ()]
t; is a child of t in T
~1

- > |E(GIY', (Vi) Na(t:)])].

t; is a child of t in T’

Now, observe that by items 2, 3(a), and 3(d), the two following equations hold.
——1 ~
—EG, (V)NB)N)|=E(GIYSH (VONBMODIS X F is a type-2 hyperedge . -

~ For every child #; of t, |[E(G[T7, (Vi) n~(t)])| = IF + |E(G[T7, (Vi) n
o(t;)])|, where F' = o(t;).

: F_
Since Y g i 4 type-1 hyperedge 1 = 0, we conclude that

—~—1
E@T, W)l Y <.
FeE(H)

—~—1
Similarly, we derive that |E(G[Y', (V2)])| < ZFGE(H) 15 <l,.
e Finally, we prove condition 4. In the first direction, consider some edge

ee E(G[Y\’;l(\/l)]) UE(G[T\’;l(Vg)]) Let us denote e = {u, v}, and observe

that Y7y (v) = /T\’v(u) If u,v € 7(t;) for some child ¢; of ¢, then by item
3(e), we have that e € J; je[x],, E(Y'1 (i), Y7 (j)). Otherwise, from point
1#]
1 of Theorem 5.1, w,v € B(t), and thus e is some type-2 hyperedge F. Since
fr(X| e, pF 1 15) = 1, the definition of fr(Y|r, u”,1F,1L) directly implies
that Y (u) # Y(v), and therefore again e € (J; jequ,, E(Y @), YN ().
i#]
In the other direction, consider some edge e € (J; je[x]o, BN, YN ().
i#]
Let us denote e = {u,v}, and observe that Y'(v) # Y'(u). If u,v € v(t;)
——1
for some child ¢; of ¢, then by item 3(e), we have that e € E(G[Y', (V1)]) U
——1
E(G[Y’, (V3)]). Otherwise, from point 1 of Theorem 5.1, u,v € 5(t), and
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thus e is some type-2 hyperedge F. Since fr(Y|p, uf",1¥,15) = 1, the defini-
tion of fr(Y|p,ut,1f' 1) directly implies that Y’y (v) = Y’y (u), and there-
i —~—1
fore again e € E(G[Y’, (V1)]) U E(G[Y', (V2)]).
Thus, we have proved that Y’ is a witnessing coloring for y[t, Y7, v, u, 1, ls]. Moreover,
Y’, which extends T, is the desired function for the second part of the lemma.

This concludes the proof of the lemma. 0

In light of Lemma 5.9, we now turn to verify that HP(ky, ko, n,n, ¢, H, { fr}| rep(m))
is of the form that we are actually able to solve.

LEMMA 5.10. HP(ky, ko, n,n,q, H, {fr}|repm)) is a favorable instance of HP.

Proof. First note that HP(k1, k2, n,m,q, H, {fr}|repm)) is indeed a favorable
instance of HP. This is clear from the construction of { fr}|rcp(m) and the fact that
each edge of F' € F(H) has size at most n because of point 3 of Theorem 5.1. Let us
now verify that each of the three properties of a favorable instance is satisfied.

e Local unbreakability. Let us choose an arbitrary F € E(H). If F is a type-1
or a type-2 hyperedge, then since |F'| < 2, we have that local unbreakability is
trivially satisfied. Otherwise, if F' is a type-3 hyperedge, then the satisfaction
of local unbreakability directly follows from the construction of fg.

e Connectivity. Choose an arbitrary F' € E(H) along with a tuple (T, u, 11, l2)

in the domain of fr such that fw(T, u,l1,1ls) = 1. If F is a type-1 hyperedge,
then connectivity trivially holds. If F'is a type-2 hyperedge, then connectivity
follows from the construction of fr. Indeed, to see this, let us denote F' =
{u,v}. Then, if T'(u) # I'(v), by the second through last case in the definition
of fr, we deduce that fv(u) = fv(v), else we contradict the supposition that
fr(Typ,l1,13) = 1. Then, connectivity directly follows from the third and
fourth cases.
Now, suppose that F = o(t) is a type-3 hyperedge, and, say, I : F —
[k]o is such that there exist i,j € [k]o, i # j, satisfying [[71(i)] > 0 and
IT=1(4)] > 0. We need to show that l; + Iy > 1. Since fr(T,u,l1,l) = 1,
it holds that y[tA, D,vop+ /0 4+ 15,1+ 15) = 1, where g/, I and I are
as defined at the construction of fr. Let Y : ~(#) — [k]o denote some
witnessing coloring for this condition. Since (T, 3) is a highly connected tree
decomposition, property 1 of such a decomposition implies that G* = G [’y(f)]\
E(G[o(1)]) is connected and that every vertex in o (%) is adjacent in G to some
vertex in W(tA) \a(f). Since only the edges internal to U(tA) were removed in
forming G*, it follows that every two vertices in U(tA) are connected by a path
in G*. Let uw € T71(4) and v € T~1(j). Note that u # v and i # j. Since u
and v are connected by a path in G*, we derive that G* has an edge e such
that

ec U  BE@X (), T7) | \ EG ).

c,d€[k]o,c#d

Recall that Ur,qeu)o, E(T~(e), T-1(d)) = B(G[T5 () U B(GITS (1)),
c#d
Therefore, we have that e € (E(G[Y7'(V1)]) U E(G[Y;'(V2)]) \ E(G[o(1)]).
Thus, I1 + 1> > 1.
e Global unbreakability. Suppose that aHP[u,l;,ls] = 1. Then, by Lemma 5.9,
there exists T/ : vy(¢) — [k]o satisfying the properties listed in that lemma.
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From here, we get that Zi,je[k]o,i<] IECY @), Y HG)| < ity < ky4ks <
k. We argue that Y'[g() is a witnessing coloring for global unbreakability,
that is, this function is (g, k)-unbreakable. In this context, we remind the
reader that ¢ = (n+ k)k. To prove our argument, we first prove the following
claim.

CLAIM 7. Suppose that there exists i € [k]o such that | X'~ (i) N B(t)| > n+k.
Then, Zje[k]o,i;ﬁj |T/71(.7‘) NBE) <n+k.

Proof. Suppose that the claim is false. Then, both |Y'~' (i) N 8(t)| > n+ k
and 3¢ o0z [T (G) NB()] > 0 + k. Thus,

( =170 NAE).Y ( U T’*(j)n,@(t))uaor’ 1()06())>
i€l

€lklo,i#]

is a separation of order at most k of G[y(t)] as we have already shown that

S BTG YT G Sh bl <k ke <k
i7j€[k]07i§]

Moreover, |(X \Y) N B(t)] > n and |(Y \ X) N B(t)| > n, which contradicts
point 2 of Theorem 5.1, that 3(t) is (n, k)-unbreakable in G[y(¢)].

Thus, if there exist i € [k]o as defined in Claim 7, then we are done. That is,
we conclude that Y'|z is (g, k)-unbreakable. Otherwise, for all i € [k]o, it
—1,. . . 1.
holds that [Y"""(i)| <n+k. In particular, for any i € [klo, 3=,z | T ()]
< (n+ k)k = ¢. Thus, we again conclude that Y|, is (¢, k)-unbreakable.
Finally, we turn to address the statement complementary to the one of Lemma 5.9.

LEMMA 5.11. For all i € [n], l1 € [k1]o, and Iy € [k2]o, if y[t, Y7, v, u,l1,12] = 1,
then aHP[u,lq, 3] = 1.

Proof. Fixsome p € [n], l1 € [k1]o, and I € [k2]o such that y[t, Y7, v, i, l1,lo] = 1.
Our objective is to show that aHP[u,l;,ls] = 1. To this end, let T be a witnessing
coloring for y[t, Y7, v, i, l1,l3] = 1. We would like to prove that Y|z is a witnessing
coloring for aHP[u,l1,ls] = 1, which would complete the proof of the lemma. To do
so, we proceed as follows.

First, for any hyperedge F' € E(H), let us define p', I;*, and I,*" as follows.

o If F is a type-1 hyperedge. Set pu* = 1 if ?V(F) =V, and pf' = 0 otherwise.
Set If' =0 and If =

o If F = {u,v} is a type -2 hyperedge Set puF = 0. If Ty(u) # Yy (v) and
T(u) = YT(v), set 1T = L, = 0. Otherwise, if Ty(u) = Ty(v) = Vl, set
LY =1and LY =0, and if Ty (u) = To(v) = Va, set 1F =0 and " = 1.
The other cases cannot arise. Indeed, since YT is a witnessing coloring for
ylt, Y7, v, u,l1,la] = 1, we have that

U B 6),T7() = BGYH (W) UE(GYS (V).
i,j€[k]o,i#£]

. IfF is a type-3 hyperedge. Denote F' = cr( 1), where t is a child oft in T. Set
=TV Ny (?)\A())I I =BG it= (Vl)fW( DINEo(E [T3H()N
()])I’and 1§ = |B(G[YSH (V) Ny(t )])\*lE( [T31(Va) N (®))]-
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Let us proceed by proving three claims that would together imply that Y[z is a
witnessing coloring for alP[u, 1, 5] = 1.

CLAIM 8. Let t be a child of t inT, and let i € [k]o be such that IT-1(0) No(t)| >
3k. Then, 3 cike.izi 1T~ YG)yno(t)| < 3k.

Proof. Suppose, by way of contradiction, that the claim is false. That is, we
have that both |Y~'(i) N o (t)| > 3k and 2 ek, i IT=1(j) N o ()| > 3k. Consider
the separation (X,Y) of G[y(t)], where X = T71(i) and Y = (y(¢t) \ T71(i)) U
§(Y~1(i)). Observe that X NY = §(Y~1(4)). Since Y is a witnessing coloring for
ylt, Y7, v, 1,11, ls], we have that

U BE(r6). 7)) = B(GYS (W) UE(GY ()

i,5€[klo,i#]

and | E(G[T5 (Vi))UE(GIYS (V)))| < li+la < ky+ke < k. Therefore, |5(r71(¢))| <
k, and thus the order of the separation (X,Y’) is at most k. Moreover, since |T_ N
o(t)| > 3k, we have that [(X\Y)No(t)| > 3k—k = 2k, and since 3y 505 [T LN

o(t)| > 3k, we also have that [(Y \ X) N o(t)] > 3k. This implies that o(t) is not
(2k, k)-unbreakable in G[y(t)], which means that o(%) is not (2k,k)-unbreakable in
G[y(parent(t))]. This is a contradiction to the fact that (T, ) is a highly connected
tree decomposition—specifically, it should satisfy Property 3 in Theorem 5.1.

Having Claim 8 at hand, we now verify that each function fp assigns 1 to the
required tuple.

CLAM 9. For any F € E(H), fr(Y|p,pt 15 15) = 1.

Proof. First, noting that since T is a witnessing coloring for y[t Yo v, ly, ] =
1, we have that T C T,, AN~(t) C Y;l(Vl), and BNy(t) C T 1(Va). Thus, from
the construction of a type-1 hyperedge F and the corresponding function fr with
respect to HP(k1,k2,n,1n,q, H, {fF}FeE(H))? it is clear that fr(Y|p, uf', 15, 15) = 1.
Second, suppose F' is a type-2 hyperedge. The speciﬁcations of fr, together with our
definition of p,1¥', and 1£', directly imply that fr (Y|, uf',1f,15) = 1.
Third, suppose that F' is a type-3 hyperedge, and denote F = o(t;) for some
t; that is a child of ¢ in 7. Note that y[t;, C|r, v, ut + p/, 18 + 1,15 +15] = 1
because T|W(t is a witnessing coloring for this equality, where i/ = |T51(V1) Neo(?),
= [BGYT' (Vi) no(@®))], and I = |E(GY(Va) Na(®)])]. We now need to
show that T| F is (3k?, k)-unbreakable, as then we would be able to conclude that
fr(Y)r, pF 17, 15) = 1. By Claim 8, if there exists i € [k]o such that |Y~1(i)No(t)] >
3k, then we deduce that Y|, is (3k?%, k)-unbreakable. Otherwise, for all i € [k]o,
|T=1(i) N ()| < 3k. Hence, for any i € [k]o, 2 jeloiti IT=1(j)No(t)] < 3k2. Thus,
we have proved that Y|p is (3k?, k)-unbreakable.

Finally, we present our third claim.

CLam 10. 4= pepn s Dpepun !t <l and Y pcpoy 15 < la.

By the property of (T, ) being a tree decomposition, for any two children ¢; and
t; of tin T, v(t;) N y(t;) € B(¢t), and also by the definition, o(t;) C B(t) for any
child ¢; of t. Now, note that x = |Y3(V1)|. Thus, to show that p = Y FeB(H) uf,
it is sufficient to show that | Y1 (1})| = 2 FeB(H) u!. However, keeping the above

argument in mind, the claim that [Y31(V4)| = > Fer(H) pt directly follows from the
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satisfaction of the three following conditions. We remark that the satisfaction of these

conditions is a direct consequence of the supposition that T is a witnessing coloring

for y[t, Y7, v, u,l1,lz] = 1, together with our definition of the values pf',1{ and 1£".
1. For any type-1 hyperedge F, we have that puf" = 1 only if '/fv(F) =V:. In

pa’rticularﬂ ZFEE(H) of type-1 /'I‘F = |T\71(V1) N ﬂ(t”
2. For any type-2 hyperedge F, uf = 0. Thus, Y FeB(H) of type-2 wf =0.
3. For any type-3 hyperedge F = o(t;), pu!' = |Y“;1(V1) N (y(E:) \ a(ts))]-
Similarly, let us observe that |E(G[Y;1(V1)])| < l1. Thus, to show that Y Fer(H) <

l1, it is sufficient to show that }_pc g IF < |E(G[Y7(V1)])|. However, the latter
inequality directly follows from the satisfaction of all of the following conditions.
1. For any type-1 hyperedge F, If' = 0. Thus, ZFeE(H) of type-1 I =o.

2. For any type-2 hyperedge F = {u,v}, LT =1 only if Tv(u) = ?V(v) =V.
In particular, 3" pe ) of type2 i = [E(GYSH(V)]) NE(G[B®))]-

3. For any type-3 hyperedge F = o(t:), [E(G[Ty (Vi) N (1(t:) \ o(t:))])] < IF.
Symmetrically, 3 . E(H) 1§ <ly. This concludes the proof of the claim.

As we have proved Claims 9 and 10, we derive that Y|z is a witnessing coloring
for aHP[u, l1,l2] = 1. This concludes the proof of the lemma. d

Recall that we have argued that to prove Theorem 4.1, it is sufficient to show
that the current set of values y[t, Y7, v, u, 11, 2] can be computed in time kM 00),
Here, n refers to |V(G)|. By Lemmas 5.9 and 5.11, this set of values can be derived
from the solution of HP(ky, k2, n,n,q, H, {fr}|repm)). Since HP(k1, ko, n,1,q, H,

{fr}|Ferm)) is a favorable instance of HP (by Lemma 5.10), it can be solved in time
20 (min(k.q) log(h+0) O k™) | p( )| O = 26 nO(1) | yising Theorem 5.5.

6. Solving favorable instances of HP. Recall the problem statement of HP
and the definition of a favorable instance of HP from section 5. In this section,
we prove Theorem 5.5. We prove this theorem in two steps. In the first step we
prove Lemma 6.1. In the second step, we perform a dynamic programming procedure
exploiting the structure given in Lemma 6.1.

6.1. Color coding the instance. Again, recall that our goal is to solve the HP
problem on a favorable instance. In this section, given a hypergraph, our goal is to
somehow partition the vertex set of the hypergraph such that, if the given instance
of HP is a YES instance, then the witnessing coloring for it does not color the parts
of this partition in a very “unpredictable” way. This is formally captured in the
conditions of Lemma 6.1. Before stating the lemma, we first define what we mean by
a sets-colorings tuple.

A sets-colorings tuple of a hypergraph H is a tuple consisting of a partition of
V(H), V(H) =CoW(C11¥.. . W(C1,WC W... 1" Yy (CQ,CH, ey C1a,Co1, ..., Cyy are
called the sets of this tuple), and coloring functions ®; : Cy; — [k]o for all i € [a], such
that for each F' € E(H), either F' is contained in some set of this tuple or intersects
at most two sets of this tuple, one of which necessarily being Cy and the other being
one of {C11,...,C1,}. A sets-colorings tuple looks like (Co W C1q W... W Ciq W Cop W
...LHCQb,‘I)l,...7®a).

LEMMA 6.1. Let H = (V(H),E(H)) be a hypergraph and k,d,x,y,q be positive
integers. For each F € E(H), let |[F| < d. Let YT : V(H) — [k]o be a coloring of
V(H) satisfying the following conditions.
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1. The number of hyperedges F € E(H), such that F is not monochromatic
under T, is at most x.

2. For each F € E(H), Y|p is (y, k)-unbreakable. This condition is called the
local unbreakabilty condition of Y.

3. T is (q,k)-unbreakable. This condition is called the global unbreakability
condition of Y. Let 0 be the globally dominant color of T with respect to this
global unbreakability.

Then, given H,k,d,x,y,q, one can, 1in time (’)(20(“““(“”"1) log(z+4q))
max{d,y}o(max{my’zk}) C|BH)|PM), find a family of size O(20min(z.a)log(z+q))
max{d,y}o(max{w’xk}) 1og® W |E(H))|), consisting of sets-colorings tuples of H, such
that there exists a tuple t = (Cp,C11 W ... W C1a W W... W Cop, Dy,...,P,) in the
family where

1. Y|, =0,

2. for each i € [b], Y|c,, is monochromatic in Y,

3. for each i € [a], either Y|c,, =0, or Y|c,, = Py,

A sets-colorings tuple satisfying the properties mentioned in Lemma 6.1 is called
a good sets-colorings tuple for T. The rest of the section is devoted to the proof of
Lemma 6.1.

Outline of the proof of Lemma 6.1. We begin by classifying the hyperedges of H
based on Y. The algorithm highlights a set of hyperedges and the colorings of them
as given by T using color coding. In the next phase, based on this highlighting, an
auxiliary graph is constructed and later tweaked to clean the unwanted highlighting—
the side effect of color coding. Eventually another auxiliary graph is constructed which
is finally exploited to give the desired output.

6.1.1. Classifying hyperedges. By the global unbreakability of T : V(H) —
(Klos > jehyo,jrti |IT~1(4)] < ¢ for some index i € [k]op. Without loss of generality,
suppose that i = 0 is such an index, that is, >, IT=1(5)| < q. We first categorize
the hyperedges of H into the following types, based on the coloring T. In this context,
we recall that the notation f(A’) = b indicates that for all a € A’, it holds that
f(a) = b (see section 2).

o Let By, ={F € E(H) : Y(F') = 0}. Here, “b” stands for big.

e For each i € [k], let E,, = {F € E(H) : T(F) = i}. Here, “s” stands for
small.

o Let E,,, = {F € E(H) : there exist u,v € F such that Y(u) # Y(v)}. Here,
“m” stands for multichromatic.

Observe that each hyperedge F' € E(H) belongs to exactly one of the sets
Ey,Em, Es,,..., Es, . Furthermore, let E] denote the edge set of some arbitrary
spanning forest of the hypergraph on the vertex set V(H) and the edge set E,.
Let E, = Uie[k] E;, denote the union of these edge sets. From the properties of T,
|Enm| < x. Also, as we will see in Lemma 6.2, |E;| < g. We exploit these bounds
to highlight the hyperedges in E,, and Es (Lemma 6.8) efficiently. In addition to
this, as we shall see in Lemma 6.3, the total number of possible restrictions of YT
on any hyperedge can also be bounded effectively. Thus, we cannot only highlight
the hyperedges in F,, and E,, but we can also guess the restrictions of T to these
hyperedges. The proof of Lemma 6.8 would capture the idea of the performance of
highlighting and guessing. As one would expect, this highlighting does not conclude
our arguments, as it does not just highlight the hyperedges in E,, and Eg, but also
some hyperedges from Ej,. We deal with the inherent challenges of handling such a
“messy picture” in our proof.
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LEMMA 6.2. |E;| <q.

Proof. Recall that for each i € [k], we defined E as the edge set of a spanning
forest of the hypergraph with the vertex set V(H) and the edge set Es,. Hence,
by this definition, |E; | < [T7!(i)]. Now, recall that since Y is (g, k)-unbreakable,
we assumed without loss of generality that >, |T=1(4)] < g. We thus have that
Zie[k] |ES,| < q. Therefore, |E,| < q. |

6.1.2. Introducing good assignments. Let us first note that by Lemma 2.6,
for any hyperedge F' € E(H), the number of (y, k)-unbreakable functions (that we
call (y, k)-unbreakable colorings) from F (recall |F| < d) to [k]p is at most a =

v (‘li) % (k+1) = max{d, y} ™" For each hyperedge F, let us arbitrarily
order all possible (y, k)-unbreakable colorings. For each i € [a], let Ap; denote the ith
such coloring. If for an hyperedge F', the number of such colorings is strictly smaller
than «, then we extend its list of possible colorings to be of size a by letting some
colorings be present multiple times. Thus, for each F' € F(H) and i € [, we ensure

Ar,; is well-defined.
LEMMA 6.3. For any F' € E(H), there exists i € [a] such that T|p = Ap,.
Proof. This follows from the fact that Y|r is (y, k)-unbreakable. 0

Here, we are interested in assignments that are functions associating each hyper-
edge F' € E(H) with a coloring Ap,. Let us proceed by defining which assignments
would be useful for us to have at hand.

DEFINITION 6.4. An assignment p : E(H) — [a]o is said to be a good assignment
if the following conditions hold.
1. For all F € E, p(F) = 0.
2. For all F € By, p(F)=14>0 and T|p = Ap,.

To employ color coding, we first mention the required derandomization tools.

PROPOSITION 6.5 (see [14, Lemma 1.1]). Given a set U of size n and c,d €
[n]o, we can construct in time O(20in(e.d)loglctd)nlogn) o family F of at most
O(20(min(e.d)log(c+d) 109 n) subsets of U, such that the following holds: for all sets
C,D C U such that CND =10, |C| < ¢, and |D| < d, there exists a set S € F with
CCSandDNS=0.

DEFINITION 6.6 ((N,r)-perfect family). For any universe N, an (N,r)-perfect
family is a family of functions from N to [r], such that for any subset X C N of size
r, there exists a function in the family that is injective on X.

PROPOSITION 6.7 (see [34]). An (N,r)-perfect family of size O(e"r®1°8") log |N|)
can be computed in time O(e"r®1°8") | N|log|N|).

We are now ready to present our color coding phases.

LEMMA 6.8. There exists a set A of assignments from E(H) to [a]o, such that
|A| < 20(min(@.) log(e+a)) . max{d, 3} V2 1662 | B(H)| and there exists a good
assignment in A. Moreover, such a set A is computable in time O(2°in(z.q)log(z+q))

max{d, y} Ot g om),

Proof. We start by defining three families, which would guide us through the
construction of A. For U = E(H), ¢ = z, and d = ¢, let F = {S1,...,5,} be the
family of size v = 20min(z.g)log(z+9)) |og | F(H)| obtained by calling the algorithm of
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Proposition 6.5. For each j € [v], let P; be a (E(H) \ S}, z)-perfect family of size at
most ¢ < e®2°0°8%) Jog |E(H)| computed by the algorithm of Proposition 6.7. Let Q
be the family of all possible functions from [z] to [«]. Observe that |Q| = a*.

For each set S; € F, function k£ € Pj, and function kg € Q, let p[S;, K, ko) :
E(H) — [a]p be defined as follows.

0 if Fes;,
PIS; & ol (F) = {HQ(H(F)) otherwise.

Let A = {p[S;,k, ko] : Sj € F,k € Pj, ko € Q}. We claim that there exists a good
assignment in A. Since |E,,| < x (from the preconditions of Lemma 6.1) and |E;| < ¢
(from Lemma 6.2), from Proposition 6.5 there exists S; € F such that Es C S; and
E,, NS; = 0. By Proposition 6.7, there exists a function x € P; which is injective
on E,,. Let E,, = {F1,...,F.}, where ¢ < x. Without loss of generality, x(F,) =y
for all y € [¢]. Since Q contains all possible functions from [z] to [a], and for each
F € E,, there exists ¢ € [o] such that Y|p = Ap; (from Lemma 6.3), there exists
ko € Q such that for each F' € Ep, T|p = Ap o (n(r)). Moreover, since E, C S, we
have that p[S;, k, ko|(Es) = 0. Thus, p[S;, k, ko] € A is a good assignment.

Recall that o = max{d,y}o(max{y’k}). Now, as we have upper bounded v and
¢, we observe that |A| < v(a® = 20min(@,q)log(z+a)) gz, Olog @) gy {d, 4} O (maxizy.=k})
log?|E(H)|. This proves the desired bound on the size of A.

The time taken to compute A is proportional to the time taken to compute
F,P; for each j € {v} and Q. By Propositions 6.5 and 6.7, we thus derive that
the running time is upper bounded by O(20min(@.a)log(z+a)) . pax{d, y} O max{zv.ok})
(O, 0

In the next section, we work with a fixed assignment p € A. For each such as-
signment, we eventually compute a sets-colorings tuple of H. The family as described
in Lemma 6.1 is then the union of these tuples for each p € A. We also prove that
if p is a good assignment, then the sets-colorings tuple corresponding to it is a good
sets-colorings tuple for Y. Since, from Lemma 6.8, there exists a p € A such that
p is good, the family of sets-colorings tuples obtained in the end contains a good
sets-colorings tuple for Y.

6.1.3. Associating the graph L, with an assignment p. For our assignment
p: E(H) — [a]o, let us now construct an undirected simple graph L, with V(L,) =
V(H). For each F € E(H) such that p(F') = 0, make F a clique in L,. We say that
the edges of this clique are the edges that correspond to the hyperedge F'. For any
F € E(H) such that p(F) =i > 0, for each j € [k]o, make the set Ar; ' (j) a clique
in L,. We say that the edges of all such cliques are the edges that correspond to the
hyperedge F. Since we want L, to be a simple graph, between any two vertices of L,
we retain at most one copy of the edge between them (if one exists). If a deleted copy
of some edge e in L, corresponds to some hyperedge F', then in the simple graph the
retained copy of that edge e is the one that is said to correspond to that hyperedge F
(even if we originally added the retained copy of e due to a different hyperedge). Note
that it may thus be the case that one edge in L, corresponds to several hyperedges
in E(H).

We proceed by analyzing the connected components of L,. Informally, we first
argue that if p is a good assignment, then every connected component of L, behaves
as a single unit with respect to T.
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LEMMA 6.9. Let p be a good assignment and let D be any connected component
of L,. Then, Y(D) =i for some i € [k]o, that is, all the vertices in D are assigned
the same color by Y.

Proof. For any F C E(H), let L,[F] be the simple graph on the same vertex
set as L,, whose edge set contains only those edges of L, that correspond to some
hyperedge in F. Observe that L,[E(H)] = L,. Moreover, observe that if a set of
vertices is connected in L,[F], then it is also connected in L, [F’] for any F' O F.

Let E(H) = {F1,..., F,}. Moreover, for any j € [r], denote F; = Ui:l F,. Let us
prove by induction on j that for each component D of L,[F;], we have that T(D) = ¢
for some i € [k]p. The proof of this claim would conclude the proof of the lemma, as
by setting j = r, we thus derive that for each component D of L,[F,] = L,, we have
that Y (D) =i for some i € [k]o. Hence, we next focus only on the proof of the claim.

To prove the base case, where j = 1, consider the graph L,[Fi]. If F} &€ E,,,
then Y(F}) = i for some ¢ € [k]o (by the definition of E,,). Hence, for each connected
component D of Ly[Fi], T(D) = i for some ¢ € [k]g. Otherwise, Fy € E,,. In this
case, let p(F1) = s > 0. Since p is a good assignment, Ap, s = Y|p . Since each
component D of L,[Fi] is either an isolated vertex or )‘1_?11,5 (i) for some i € [k]o, we
conclude that Y (D) =i for some i € [ko.

We now suppose that j > 2. By induction hypothesis, for each connected com-
ponent D of L,[F;_1], we have that T (D) = ¢ for some ¢ € [k]o. Let us now examine
the graph L,[F;] and the hyperedge F;. Note that F; = F; \ F;_1. If F; & E,,,, then
T (F;) =i for some i € [k]o (from the definition of E,,). Let D be the collection of ev-
ery connected components of L, [F;_1] which intersects F;. Then, the definition of L,
and the inductive hypothesis directly imply that Y (| JD) = 4 for some i € [k]o. Thus,
by the inductive hypothesis, for each connected component D of L,[F;], we have that
Y (D) =i for some i € [k]yo. Otherwise, F; € E,,,. Then, denote p(F;) = s > 0. Since
p is a good assignment, A\r, s = Y|p . For each i € [k]o, let D; be the collection of
all connected components of L,[F,_1] that intersect )\;j’s(i). Then, the definition of
L, and the inductive hypothesis directly imply Y(D;) = i. Hence, by the inductive
hypothesis, for each connected component D of L,[F;]|, we have that T(D) = i for
some 7 € [k]o. O

Roughly speaking, we now show that given a good assignment p, if a hyperedge
F of H intersects multiple components of L, and T assigns a color 7 > 0 to at least
one of the components, then F € E,,.

LEMMA 6.10. Let p be a good assignment and let D be any connected component
of L, such that Y(D) =14 > 0 for somei € [k]. For any F € E(H) such that FND # ()
and F\ D #0, F € Ey,.

Proof. Suppose that the statement is false, that is, there exists F' € E(H) \ E,,
such that FND # @ and F\ D # (. Since F ¢ E,,, FND # § and T(D) > 0,
there exists j € [k] such that F' € E,. Since FN D # () and Y(D) = i, we have
that j = 4, that is, F € E;,. Recall that E} is a spanning forest of the hypergraph
with vertex set V(H) and edge set E;,. Observe that, since p is a good assignment,
by the definition of L,, for any spanning forest £ , all vertices of F' lie in the same
component of L,, which contradicts that F'\ D # 0. o

6.1.4. Rules to modify a good assignment. We now modify the assignment
p by applying the following rule exhaustively. Note that whenever we change p, we
update L, accordingly.
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Rule 1. If there exist a connected component D of L, and a hyperedge
F € E(H) such that ' C D and p(F') > 0, then update p(F') = 0.

LEMMA 6.11. If p was a good assignment, then after any application of Rule 1, it
remains a good assignment.

Proof. From Lemma 6.9, Y(D) = i for some i € [k]p. Thus, if F C D, then
F ¢ E,,. Hence, when we redefine p(F') = 0, p remains a good assignment. for the
sake of contradiction, that Fy € E,. Since p is a good assignment, Ap, ; = T|p.
Denote Ap, ;(v1) = ¢, where ¢ € [k]. Since v1 € D and Ap, ;(v1) = ¢ > 0, from Lemma
6.9, Y(D) = ¢ > 0. From Lemma 6.10, F» € E,,. Again, since p is a good assignment,
Ap,j = Y|p. Since Ag, j(v2) = 0 and ve € D, this implies that Y(D) = 0, which is a
contradiction. O

For each connected component D of Ly, let us now define a label set L(D) C [k]o
as follows. For any i € [k]o, we insert ¢ into L(D) if and only if there exists F' € E(H)
such that FND # 0, p(F) = j > 0 and Ap;(F N D) =i. Observe that L(D) could
be empty.

Let us now turn to analyze the label sets we have just defined.

LEMMA 6.12. For any assignment p, let D be a connected component of L, such
that L(D) = (. Then, for any F € E(H) such that FND # 0, F\ D = 0.

Proof. Observe that if there exists F' € E(H) such that p(F) > 0 and FND # (),
then |L(D)| > 1. Therefore, if L(D) = (), then for all F' € E(H) such that FND # 0,
we have that p(F) = 0. Thus, from the construction of L,, we have that F\D = (. 0O

LEMMA 6.13. Let p be a good assignment such that Rule 1 is no longer applicable
to L,. Then, for any connected component D of L,, if T(D) =i > 0, then either
L(D) =0 or L(D) = {i}.

Proof. Suppose that L(D) # (. Then, there exists F' € E(H) such that FND # ()
and p(F) = j > 0. Let Ap;(FND)=s. We will now show that s = ¢. First, let us
argue that F'\ D # (). Indeed, if F\ D =, then FF C D. In this case, since p is a
good assignment, where Rule 1 has been exhaustively applied, p(F') should be equal
to 0, which is a contradiction. Thus, since T(D) =14 >0, FND # @, and F\ D # (,
from Lemma 6.10, we have that F' € FE,,. Then, since p is a good assignment,
Ap;(FND) =TY|pap. Since Y (D) = 1, we derive that indeed A ;(F'ND) = i. Thus,
L(D) = {i}. O

By Lemma 6.13, we have that if p is a good assignment and D is a connected
component of L, such that either L(D) = {0} or |L(D)| > 2, then T(D) = 0.

LEMMA 6.14. If p is a good assignment such that Rule 1 is no longer applicable
to L,, and D is a connected component of L, such that L(D) = {l4}, then either
YT(D) =14 or Y(D)=0.

Proof. Since L(D) = {l4}, there exists F' € E(H) such that p(F) = ¢ > 0,
FND # 0, and Ap;(FFN D) = lg. Since Rule 1 has been applied exhaustively,
F\ D # (. Denote T(D) = j, and suppose that j # 0, else we are done. Since
j # 0, from Lemma 6.10 we have that F' € F,,. Then, since p is a good assignment,
Ar; = Y|p. Finally, since all the vertices of D are assigned the same color by T (by
Lemma 6.9), we have that T(D) = 4. |

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/05/20 to 129.177.94.75. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

BJB IS FPT 1903

For a connected component D of L, such that |[L(D)| > 2, let us redefine the
label set of D to be L(D) = {0}. Now, for any connected component D of L,,
|L(D)|] < 1. Moreover, if p is a good assignment and L(D) = {0}, then Y(D) = 0
(by Lemma 6.13). We call a connected component D of L, such that L(D) = {0}
is a 0-component. Thus, from Lemma 6.13, if p is a good assignment and D is a
0-component of Ly, then Y(D) = 0.

Let us continue modifying the assignment p, now with the following rule. Again,
whenever we modify p, we update L, accordingly.

Rule 2. If there exist F' € F(H) and two distinct 0-components of L, D;
and Da, such that F' N Dy # () and F N Dy # ), then update p(F) = 0.

LEMMA 6.15. If p is a good assignment, then after the application of Rule 2, it
remains good.

Proof. To prove the lemma, it is sufficient to show that F' ¢ E,,,. Suppose that this
claim is false, that is, F' € F,, and hence after the update, we obtain an assignment
that is not good. Since (the original) p is a good assignment, we have that p(F) =i > 0
such that Ap; = T|p. Since D; and D, are different connected components of Ly,
(FNDp) C )\}’li(jl), (FNDy) C A},li(jg), and j; # jo. However, since Dy and Do
are O-components of L,, T(D;) =0 and Y(D3) = 0. Hence, Ap,;(F'N (D1 UD3)) =0,
and so, F'N (Dy U Dy) is a clique in L,. This contradicts that D; and D, are two
different components of L,,. 0

To further analyze O-components, define B as the set containing every vertex
v € V(H) such that T(v) = 0 and there exists F' € E,, that is incident to v.

LEMMA 6.16. Let p be a good assignment and let D be a connected component of
L, containing a vertex v € B. Then, D is a 0-component.

Proof. From the definition of the set B, there exists F € E,, such that v € F.
Since p is a good assignment, p(F') = ¢ > 0 such that Ap;, = T|p. Since Y(v) = 0,
v € F, and v € D, we have that Ap;(F N D) = 0. Hence, 0 € L(D). Therefore, by
Lemma 6.13, we conclude that D is a 0-component of L. ]

6.1.5. Constructing a supergraph L; of L,. Let us now construct another
simple undirected graph Ly, which is a supergraph of L, with the same vertex set as
of L, and the following additional edges. If there exists F' € E(H) and two distinct
connected components of L,, Dy, and Ds, such that F N Dy # 0, F N Dy # 0,
L(D,) # {0} and L(D3) # {0}, then insert an edge between some vertex of D; and
some vertex of Dy into L. Clearly, any connected component D of L, is contained
in some connected component of Ly. This leads us to the following definition.

DEFINITION 6.17. Given a connected component D* of Ly, we say that a con-
nected component D of L, is a constituent of D* if D C D*.

A component D* of L7 is called a 0-component of L; if it has only one constituent
component and that constituent component is a 0-component in L,. We now proceed
to analyze the new graph L.

LEMMA 6.18. Let D* be some connected component of Ly that has a constituent
component D such that L(D) = () or L(D) = {0}. Then, D is the only constituent
component of D*, that is, D* = D.
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Proof. When L(D) = {0}, the lemma follows from the construction of L. When
L(D) = 0, by Lemma 6.12, for any F € E(H) such that F N D # (), we have that
F\ D = (). Thus, by the construction of Ly, it holds that D* = D. ]

From Lemma 6.18, we have that a component of L is a 0-component of Ly if and
only if it is a O-component of L.

LEMMA 6.19. Let D* be a connected component of Ly,. Let D be some constituent
component of D*. If T(D) = 0, then Y(D*) = 0.

Proof. If D* = D, then we are done. Otherwise, for the sake of contradiction,
suppose that T(D*) £ 0. Then there exists a constituent component D of D* such
that T(D) # 0. Since T(D) = 0 and D* is connected, there exist constituent com-
ponents D', D" of D*, D’ # D" such that there is an edge between D’ and D" in
D* and Y(D') = 0 and Y(D") # 0. is an edge between D’ and D" in D*, from the
construction of Ly, there exists F' € E(H) such that N D’ # § and FF'N D" # §.
Since T(D') =0, T(D")# 0, FND' # 0, and FND" # 0, F € E,,. Since p is a good
assignment, from the construction of L, and the assigning of label sets, L(D’) = {0}.
From Lemma 6.18, this implies that D’ is the only constituent component of D*,
which is a contradiction. O

LEMMA 6.20. For any F € E(H), F intersects exactly one non 0-component of
L.
P

Proof. 1f there exists I’ € E(H) which intersects two non O-components of L,
then from the construction of Ly, those two components are joined by an edge in Lj
and hence are the same component in L. If there exists F' € E(H) which intersects
two 0-components of Ly, then this violates that Rule 2 has been applied. 0

We are now ready to output the sets-colorings tuple t,, = (CoWC11W. . .WC1,WCo1 W
... W Cg, ®q,...,P,) corresponding to the assignment p. The sets of t, correspond
to the connected components of L. Cp is the collection of the 0-components of
L. {C11,...,C14} are the components of L, whose constituents have a nonempty
label set. {Coa,...,Cq} are the components of L;, whose unique constituent has an
empty label set. For any i € [a], ®; : C1; — [k]o is defined as follows. Since Ci;
is a connected component of L7, let Ci;,C%,...,C1, be its constituent components.
Then for any r € [j], ®;(C];) = L(CY;) (recall L(CY,) has a unique label for the
constituent component C7;). From Lemma 6.20, each hyperedge intersects at most
one of {Cy1,...C14,Co1,...,Co}. Also, from Lemmas 6.13 and 6.12, if F' N Cy; # 0,
then F'\ Cy; = (). This proves that the tuple t,, is indeed a sets-colorings tuple for H.

We will now prove that if p is a good assignment, then t, is the tuple with the
properties desired in Lemma 6.1.

LEMMA 6.21. If p is a good assignment, then the sets-colorings tuple t, corre-
sponding to it is a good tuple for Y.

Proof. We show that t, satisfies all the properties described in Lemma, 6.1.

1. By the definition of Cy, 0-component of Ly, 0-component of L;, and Lemma
6.13, Y|¢, = 0.

2. From Lemma 6.18 and the definition of Cy;, Co; is some connected component
of L,. Thus, from Lemma 6.9, Y|¢,, is monochromatic in Y.

3. Consider any C;. From the construction of Cy;, C; is a connected component
of Ly each of whose constituent components have a nonempty label set. Thus,
from Lemmas 6.14 and 6.19, either T|c,, =0 or Tl¢,, = ®;. |
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Thus, the algorithm for Lemma 6.1, for each p € A, constructs L; and computes
a corresponding sets-colorings tuple as discussed before. Here, A is the family in
Lemma 6.8. It then outputs the family containing these sets-colorings tuples for each
p € A. From Lemma 6.8, there exists a p € A, such that p is a good assignment. Also,
from Lemma 6.21, if p is a good assignment, then t, is a good tuple for Y. Thus, the
output family of sets-colorings tuples contains a good tuple for t,. We are now left
to analyze the running time of the algorithm.

Running time analysis. The algorithm begins by computing a family A of assign-
ments from E(H) to [a]p using Lemma 6.8. Then for each assignment p € A, the algo-
rithm constructs the graph L,, (in polynomial time), modifies it using Rules 1 and 2 (in
polynomial time), assigns it labels (in polynomial time), constructs Lj (in polynomial
time) and finally constructs the sets-colorings tuple for it (in polynomial time). Since,
from Lemma 6.8, |A| = O(20min(@.a)log(e+0) max{d, 5} "1=:2kD 1002 B(1)|) and
the time taken to compute |A| is

O(Zo(min(gc,q) log(;zc+q))InaX{d7 y}@(max{ajy,wk}) . |E(H)‘O(1)),

the total time taken by the algorithm is O(20 (min(@.0) log(a+a) . ax {d, y} O mextzv.=kd),
|B(H)|°W).

6.2. Dynamic programming. Recall that our aim is to prove Theorem 5.5,
that is, we need to design an algorithm to solve favorable instances of HP. To do
so, we will use Lemma 6.1 followed by a dynamic programming procedure for each
sets-colorings tuple in the family returned by the algorithm of Lemma 6.1. Recall
a favorable instance of HP, I = (ky,k2,b,d,q, H,{fr}|repm)). If aHP[u,l1,12] = 1,
then there exists a witnessing coloring Y : V(H) — [k]o for aHP[u, l1,12]. We will show
that since I is a favorable instance of HP, T satisfies the prerequisites of Lemma 6.1.
Then, for each sets-colorings tuple in the family returned by Lemma 6.1, we define
k+ 1 coloring functions for each hyperedge of H. These coloring functions are defined
in such a way that when we later compute aHP[u, 1, l5] using dynamic programming,
these coloring functions together give a coloring for V/(H). Moreover, if aHP[u, 11, l3] =
1, then since there exists a witnessing coloring T for aHP[u,l1,ls] that satisfies the
preconditions of Lemma 6.1, the dynamic programming procedure corresponding to
the sets-colorings tuple that satisfies the conditions of Lemma 6.1 will return 1 (or
Yes).

Proof of Theorem 5.5. Given a favorable instance

I = (ki,k2,b,d,q, H,{fr}|reem)

of HP, our algorithm proceeds by calling the algorithm of Lemma 6.1 on the instance
(H,k,d,z,y,q), where k = ki + ko, 2 = k, and y = 3k?. The output is a family, say,
T, of sets-colorings tuples of H.

For each sets-colorings tuple t € T, for each F' € E(H), we define k + 1 coloring
functions from F to [k]o, Uk, ..., U5 (defined later). Let t = (CoWCh W - W, W
Co1W---WCop, Dy,...P,). Rename the sets in the tuple t as {Sy, S1,...,S5.}, where
z = a+b, such that Sy = Cy, for all i € [a] S; = Cy;, and for all i € [b] S,y = Co;.
For each i € [z] and j € [k]o, define a function ¥ : S; — [k]o as follows. U (Sp) =0
for all j € [k]o. For each i € [a], ¥9(S;) = 0 and ¥/(S;) = ®; for all j € [k]. For
each i € {a+1,...,z} and j € [k]o, \Ilz(SZ) = j. Based on these coloring functions
for the sets in the tuple, we now define coloring functions for the hyperedges of H.
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For that, let us first classify the hyperedges of H based on the sets in the tuple t. For
eachi € {0,a+1,a+2,...,2}, let Eg, ={F € E(H): F C S,;}. For each i € [a], let
Es, ={F € E(H): FNS; #0}. Since t is a sets-colorings tuple and Sy, S1,..., S,
are the sets of this tuple, renamed as described above, E(H) = Wic[z]o Es;- We now
define the coloring functions for the hyperedges of H. For each i € {0,a +1,...,2},
F € Eg, and j € [k]o, ¥}, = U!|p. For each i € [a], for each F € Eg, and j € [k]o,
Ul (v) = Wl (v) if v € S; Wl (v) = 0 if v € Sp.

This finishes the description of the coloring functions for the sets of the tuples
and the hyperedges of H. Observe that the colorings ¥ defined for hyperedges are
consistent with V(H), that is, for each F' € E(H), no matter which coloring out of
U, j € [2]o is picked, it together colors V(H), where each vertex in V(H) gets a
unique color (assuming V(H) = Upcpm)V (F), where V(F') denotes the vertices in
the hyperedge F'). This is true because t is a sets-colorings tuple and ¥g, = 0.

For each i € [2], let Es, = {F;1,...,Fi }. Fix aset S; and j € [k]o, and define

M =\ N FR (P a0,
(K")re(z;) TEl2i]
(D) relz;
(3)relz;]

where 30 gt = 1y Yepgll S Uy Xepy et < 15, and each p7, U7, 1 is a
nonnegative integer. 4
Now define H[i, 1/, 11, 5] = jeppy, P15 11, 1)
Let
computeHP(u, Iy, 5] = \/ /\ Hi, pt, 18, 15],
(1*)ie(z, *€=0

(li)ie[z]o
(15)ierz1,

where 37, = p, 2iclo li <, 2 ielo li <y, and each pf, i, I5 is a nonnega-
tive integer. Note that each of the functions \I/f , \I/%, hf , H and computeHP are defined

with respect to a sets-colorings tuple t.

LEMMA 6.22. Suppose aHP|u,l1,ls] = 1. Then there exists a sets-colorings tuple
t € T, such that, for this tuple t, computeHP[u,lq,ls] = 1.

Proof. Recall that

aHp[.uallle} = \/ \/ /\ fF(T|F7PJFvlfa12F)7
T:V(H)—[k]o (MF)\FEE(H) FeE(H)
U rercn
U rern

where 3 pe oy 15 = 1y Ypepan it < Uiy Xpepm 12 < 2, and each of p¥, If,
and I1" is a nonnegative integer.
Since E(H) = W;c|z), Es,, we have the following.

alP[p,l, ] = \/ A AN 2PN N ST
Y:V(H)— [Ko i€[z]o FEES,
(MF)FEE(H)
(U rerim
() rercm
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where > pe pt = u, Yo FeB(H) <1, Yo FeB(H) 1I£ <y, and for all F € E(H),
wE 1f ) and 11 are nonnegative integers.

Since aHP[u,l1,l2] = 1, there exists a witnessing assignment Y : V(H) — [k]o.
Since I is a favorable instance of HP, T clearly satisfies the local unbreakability
and global unbreakability conditions of Lemma 6.1 (when the input to the algorithm
of Lemma 6.1 is (H,k,d, k,3k? q)). We first show that Y also satisfies the first
precondition of Lemma 6.1 with x = k. That is, the number of hyperedges of H
that are nonmonochromatic under Y is at most k. Since aHP[u,li,ls] = 1, for all
F € E(H) there exist ', If', and 1§ such that fp(Yp,u",1{",1§) = 1. Hence, the
connectivity property of T (which exists because I is a favorable instance) implies
that for each F' that is not monochromatic in Y, we have that I + £ > 1. However,
ZFeE(H) I +15 <1y +15 < ki + ky = k. Thus, the number of nonmonochromatic
hyperedges under T is at most k.

Thus, from Lemma 6.1, there exists a good tuple t € T for Y. Consider

computeHP|, 1,12 (and thus corresponding h, \I/%, \Ilf) defined for this good tuple.
From the definition of a good tuple and W/, for each i € [2]o, T|s, = ¥/ for some
j € [klo. Also, since t is a sets-colorings tuple, for each F' € E(H), YT|p = \Il% for
some j € [k]o.

Thus, if aHP[u,l1,l2] = 1, we get the following.

alP[u, l1,l2] = \/ /\ Hli, put, 1%, 15] = computeHP[u, Iy, Ia],

(H_j)ie[z]o ’ie[z]o

(Wielzlo

(13)ier=]0
where 37,10 ut = p, 2 iclo I <1, Dicllo I5 < g, and each pf, 1%, I% is a nonneg-
ative integer. O

LEMMA 6.23. If there exists a tuple t € T, such that, for this tuple t,

computeHP[u,l1,12] = 1, then aHP[p,l1,12] = 1.

Proof. From the definition of computeHP, we have the following.

computetP(u, 1y, k] = \/ A\ Ml 1) = 1,
(l"_i)'ie[z]o i€(z]o
(li)ie[z]o
(lé)ie[z]o
where 37,10 pt = p, 2iclo b <1, 2iclo I5 <o, and each pf, 1%, 1% is a nonneg-
ative integer. ,
Since H[i, ', 11, 15] = Ve, Rl [, 11, 15], we get the following for some jo, ..., j, €

[klo.- -
VA R =1
(Hi)ie[z]o i€z]o
()ielzlo-
(l;)ie[z]o

From the definition of hfq’, we get the following.
V AN e e ) = 1
(/’LFi’T)‘iG[z]O,TE[zi] i€[z]o r€(z]

Fi
(ll )liE[z]O,TG[zi]

F; r
(L") iel=1, €24
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where 35, g vepg 17T = 1, Zze[z]g,re[zl] "<, Zze[z]o,re[m " < Iz, and each
of uf', 1¥', and I£' is a nonnegative integer.

Since ¥ for hyperedges gives a consistent coloring for V(H), let this coloring be
Y :V(H) — [k]o. This coloring T then witnesses the following.

V A N fr.(X

(p ’T)|1€ z]g.mE€lz; Ze[Z]O r€[z;]

B WO ) = 1

0 Nielzlo.relz]
F;
(2" lietz1o,rel]
where 3 e, refz] phr = p, Dietdorelzd T S ez ez " < lp, and each
of uf', 1¥', and £’ is a nonnegative integer.

Since E(H) = Wic[z), Es,, we get the following.

\/ /\ fF(T|F7MF7lf’l§):17

) repm FEEH)
(D rem
U Ferm)
where ZFGE(H) =l X per(H ll <, Yper H)lz <y, and for all F € E(H),
pf ¥ and I are nonnegative mtegerb
Thus, we conclude that aHP[u,ly,l3] = 1. d

From Lemmas 6.22 and 6.23, we conclude that, to compute aHP[u,ly,ls], it is
enough to compute computeHP[u, l1, l5] for each tuple t € 7. In the upcoming lemmas
we analyze the time taken to compute computeHP[u, 1, (5] for any tuple t € 7.

- LEMMA 6.24. For any i € [z]o,j € [klo,p/ < p,lf < L < kil < Mo < ko,
B[/ 11, 15] can be computed in time O(z; - (- k1 - k2)?).
Proof. Recall

W il =\ N\ e (W 60"k,
(HT)TE[zi] TE[Zi]
(li‘)re[zi]
(13)relz]

where Zre[z =W, Ere[zi] <, ZTE[Zi] l" < Iy, and each p", If, I3 is a
nonnegative mtcger.
For any ¢ € [z], 1/, 11, and 1}, let

AT \/ /\ fr, (¥ ’ijr,/f,llr,lgr),
(") refe) TElc]
G )rE[c]
(I3) relel

where 37 g 1" =1, X el S, Deiqle” < 13, and each p”, [T, 15 is a nonneg-
ative integer.
Then h! [z, p/,1},15] can be computed using the following recurrences in time
O(zi - (- k1 - k2)?)
hj[l ,LL l ] qul( Fylvﬂlvl/hl/Q)'
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Forallce {2..., %},

Wle 1) =\ blle =10 LB fr (B, o170, 05)
p'=ptu®
>4
U>13+13
Observe that h?[i/,1;,14] = h} [z, 1,1}, 15]. This concludes the proof. 0

Since H[i, ', 11, 15] = Ve, B[ 15, 15), from Lemma 6.24, for any i, u/,1}, 15,
H[i, 1,1}, 15] can be computed in time O(z; - ()2 - (k1 + k2)?).

LEMMA 6.25. For any tuple t € T, for any p/ < p, i <1y < ki, I <y < ko,
computeHP[y' 1}, 15] can be computed in time z - z; - (- (kg + ko)©M).

Proof. Recall

computeHP[u,ly,ls] = \/ /\ Hi,p' 15, 15),
(1) ierz, *€[2lo
(Wiegz)
(l;)ie[z]o

where 37,0 1= 1 Dier, 1 S s Diepa, I < Loy and each pif, 1, 1 is a nonneg-
ative integer.
For any c € [z]o, 1,11, and 15, let

computeHP|c, i, I, o] = \/ /\ Hi, 15,15,
(1) ie(e)q PElclo
(ll;)ie[c]o
(l;)iE[C]O

where 37, 1 = 1 Dicig 1l < iy 2ieqq b < 2, and each pf, 17, 15 is a nonnegative
integer.
Then computeHP|z, u,l1,ls] can be computed using the following recurrences.

computeHP[0, i, l1, 2] = H[0, i, 11, 12].

For all ¢ € [z],

computeHP|c, i1, l1, o] = \/ computeHP[c — 1, u* I}, 13) A Hle, p?, 13, 13].

HI:/"'lJFN/Q
U>u+
15 >13+13

Observe that computeHP[u,l1,ls] = computeHP[z, u,l1,ls]. From Lemma 6.24,
for any i, p,l1,la, H[i,p,11,1l2] can be solved in time O(z; - (1)?) - (k1 + k2)3. Thus,
computeHP|u, I1, I5] can be solved in time z - z; - (i - (k1 + k2)©(M). This concludes the
proof. ]

From Lemma 6.1, the number of tuples in 7 is bounded and for each tuple, the
time taken to compute computeHP[u, 1, o] is given by Lemma 6.25. Thus, Lemmas 6.1
and 6.25 together give the desired running time bound of Theorem 5.5.
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