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Abstract

We propose topological Hochschild homology as a tool for measuring ramification of
maps of structured ring spectra. We determine second order topological Hochschild ho-
mology of the p-local integers. For the tamely ramified extension of the map from the
connective Adams summand to p-local complex topological K-theory we determine the
relative topological Hochschild homology and show that it detects the tame ramification
of this extension. We show that the complexification map from connective topological
real to complex K-theory shows features of a wildly ramified extension. We also deter-
mine relative topological Hochschild homology for some quotient maps with commutative
quotients.

1. Introduction

For a G-Galois extension of number fields K C L the associated extension of rings of
integers O — Or, will not be unramified in general. Greither shows in [14] Chapter 0,
Theorem 4.1] that the ramification of such an extension can be detected with the help
of the map

h: O ®o OL—)HOL. (1-1)
G

Here, h is defined as h(by ®bs) = (b1g(b2))geq for b1, by € Oy, The extension is unramified
if h is an isomorphism. For more general extensions of commutative rings this still gives an
adequate notion of ramification. The Hochschild homology of Op, over Ok is an invariant
that behaves differently depending on whether the extension is tamely or wildly ramified.
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For instance HHZ(Z[i]) is a square-zero extension of Z[i] with additive two-torsion in
positive odd degrees (see Remark for details).

In the following we consider cohomology theories with a multiplicative structure that
can be represented by a commutative monoid object in one of the symmetric monoidal
categories of spectra, for instance the one presented in [9]. The representing objects
are called commutative ring spectra. Examples of such cohomology theories are singular
cohomology with coefficients in a commutative ring, topological (real or complex) K-
theory, and several cobordism theories. There is an analogue of Hochschild homology in
the context of ring spectra, topological Hochschild homology. It was defined by Bokstedt
[6] and a published account can for instance be found in [9, Chapter IX].

Let A be a commutative ring spectrum and let B be a commutative (cofibrant) A-
algebra with an action of a finite group G via maps of commutative A-algebras. Then
the extension A — B is called unramified [23] (4.1.2)], if the map

h: BAAB—[]B (1-2)
G

is an equivalence. Here, h is the analogue of in the context of spectra.

Rognes shows [23], 9.2.6, proof of 9.1.2] that the condition for B to be unramified over
A ensures that the map from B to relative topological Hochschild homology of B over
A, THHA(B), is a weak equivalence. Thus the failure of the map

B — THH(B)

to be a weak equivalence is a measure of the ramification of the extension A — B. It also
makes sense to study THH®(B) in more general situations, for instance in the absence
of a group action. At the moment we do not have any conceptual notion of tame or wild
ramification of maps between commutative ring spectra. The calculations in this paper
provide important examples of ramified extensions and we hope that they will be helpful
for a general theory of ramification.

Algebraic K-theory of an ordinary commutative ring R, K(R), contains a lot of arith-
metic information about R, such as the Picard group of R, its Brauer group and its units.
Trace methods have been useful for studying K (R): There are trace maps

K(R) —"“~ TC(R)

N

THH(R)

that allow us to approximate K (R) by invariants that are easier to compute, by topolog-
ical Hochschild homology, THH(R), and by topological cyclic homology, TC(R). Trace
methods also work well for connective commutative ring spectra, i.e., commutative ring
spectra whose homotopy groups are concentrated in non-negative degrees.

Galois extensions of commutative S-algebras in the sense of Rognes [23] 4.1.3] are un-
ramified. A prominent example is given by the complexification map from real to complex
periodic K-theory, ¢c: KO — KU. Here, complex conjugation on complex vector bundles
induces a Cy-action on KU by maps of commutative K O-algebra spectra. But a result
of Akhil Mathew [19, Theorem 6.17] tells us that finite Galois extensions of a connective
spectrum are purely algebraic. So taking the connective cover of the complexification
map
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ko —=— ku

) |

KO-~ KU
does not yield a Cy-Galois extension ko — ku because algebraically
ko. = Z[n,y,w)/2n,m°,ny,y* — 4w — Z[u] = ku.

is certainly not étale. (Here, the degrees are |n| = 1, |y| = 4, |w| = 8 and |u| = 2.) In
fact, we will see that ko — ku behaves like a wildly ramified extension of number rings
with ramification at 2.

For a commutative A-algebra B we denote by THH["]’A(B) the higher order topological
Hochschild homology of B as a commutative A-algebra, i.e.,

THHMA(B) =B o S"

where (—) ® S™ denotes the tensor with the (unbased) n-sphere in the category of com-
mutative A-algebras. This can be viewed as the realization of the simplicial commutative
A-algebra whose ¢-simplices are given by

g

z€SY

where the coproduct is the smash product over A.

The content of the paper is as follows. Higher THH of the Eilenberg Mac Lane spectra
of local number rings also detects ramification [11], but after we take coefficients in the
residue field we cannot see the difference anymore between tame and wild ramification
in higher THH. We offer some partial results towards calculations of higher THH with
unreduced coefficients. We calculate second order THH of the p-local integers:

THHE(Z ) = Zpy 21, 22, .. ] /0" T, 28, = ppss.

n

See Theorem It is possible to determine TH HLQ] (Z(yy) additively using that HZ,
can be constructed as a Thom spectrum of a double-loop map and applying the methods
of [3, [25]. Blumberg, Cohen and Schlichtkrull identify THH(Z(,)) with HZ,) A QS*(3)+
[3, Theorem 3.8], and Klang uses their work to calculate TH HL?] (Z(yy) in [16], Proposition
4.4]. However, this views HZ,) as an Ey-spectrum and not as a commutative S-algebra,
so with this method the multiplicative structure of TH HL2] (Z(p)) cannot be determined.
The multiplicative structure is essential if one aims at a calculation of THHL”] (Z(yy) for
larger n.

We study the examples of the connective covers of the Galois extensions [23] KO —
KU and L, — KU,. In the latter case, the connective cover behaves like an extension of
the corresponding rings of integers. We test ramification with relative (higher) topological
Hochschild homology and for £ — ku(,) we see that it looks like tame ramification (see
Theorem: TH Hﬁ(ku(p)) is a square zero extension of m,ku(,) of bounded u-exponent.
The complexification map c¢: ko — ku, however, shows features in its relative THH that
are similar to the behavior of a wildly ramified extension of number rings, e.g., the
extension Z < Z[i] (see Theorem [5-2)).

Working with structured ring spectra means working in a derived setting, so quotient



4 BJ@RN IAN DUNDAS, AYELET LINDENSTRAUSS, BIRGIT RICHTER

maps can be thought of as extensions. We offer some calculations of relative THH in sit-
uations where we kill generators of homotopy groups. We consider a version of ku/(p, v1)
and quotients of the form R/x where x is a regular element in m.(R) where R is a
commutative ring spectrum such that R/x is still commutative.

2. Second order THH of the p-local integers

This section consists of a proof of the following somewhat surprising result. In the
context of the current paper, this calculation is a starting point for comparing with
future calculations for other rings of integers. See Remark 2-4] for a discussion of the fact
that the answer agrees with topological Hochschild cohomology.

THEOREM 2-1. For all primes p:
THH[*Q] (Zpy) = Lipy[w1, 22, ...} /D" Ty T, — Py
with |z,| = 2p™. Globally this yields
THHEN(Z) = Iy () /()

where T'z(x) denotes the divided power algebra on a generator x of degree 2 and (x)
denotes the ideal generated by x.

The entire section is devoted to proving this result For all primes p the cofiber sequence

*

THHE(Z ) —2>THH (Z(,)) —>THHZ (2, F,) —>>STHHE (Z(,))  (2-1)

is a sequence of TH HLQ] (Z(py)-modules; in particular, 0 is a module map. Furthermore,

from [11] we have that

THH(Z(,), F,) 2 Tx, (y) © Ar, (2), (2-2)

where |y| = 2p and |z| = 2p + 1. We denote the generator v,:(y) in the divided power
algebra I'r, (y) in degree 2p"+1 by ypi and if t = tg+t1p+- - -+1,p" is the p-adic expansion
of ¢, then we set y; = yi”yf} y;“; Since yﬁi =0 for all 4, we also get y = 0.

By the Tor spectral sequence,

THH. (Z(p))
Tora PN Ly, L) = THHE(Z(,))

we know that THH? (Z(yy) is finite p-torsion for positive s because

Ly,  *=0,
THH.(Zy)) =  Zpy /i, *=2i—1,
0, otherwise.

By Equation (2-2)) and using the notation introduced below it, this implies that there are
integers a1, asg, ... such that

0, 2p [s,
Z/p*{gs}, s=2pt,

where the g; are generators of the given cyclic groups which are sent to the corresponding
generators y; in THHE] (Zpy, Fp).
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The exponents a; that we get below can now be independently verified by comparison
with the result of Klang [16], Proposition 4.4]. However, even knowing the order of the
torsion in each dimension and knowing the multiplicative structure of the reduction from
) Fp) = 7o (THHE (Z(p)); Fp) does not determine
the multiplicative structure of THHE] (Zpy): if we have y;y; = ;45 in the reduced calcu-
lation, then we could by a careful choice of liftings get that g;4; = ¢;+;. However, if we
have y;y; = 0, then the product of the liftings might be zero as well, or it might be p*
times a lifting of the generator for some ¢ > 1. We prove formulas for the order of the
torsion and the multiplicative structure in tandem, inductively:

our previous calculation of TH HLQ] (Z

LEMMA 2-2. The function a: N — N factors over the p-adic valuation v: N — N
at = by(py, with b: N — N a strictly increasing function with positive values and by = 1.

Proof. To this end we use induction on the following statement P(n) for positive
integers n. The generators g; are chosen inductively.

P(n): For positive integers s, t such that v(s), v(t) are less than n the following
properties hold:

(1) If v(s) = v(t), then as = ay,

(2) If v(s) > v(t), then as > ay,

(3) If s = s9+s1p+- - -+sp_1p" ! is the p-adic expansion of s (so that 0 < sg, ..., s, <

p), then gy = g1 ... §,"75,

(4) If n > v, then @51,_1 =p™ T T G

We will repeatedly be considering the cofiber sequence of Equation . In homotopy,
the maps are trivial except in degrees of the form 2pt (for varying t) in which case they
are

0——>F,{zy;1}—>THHS),

p r
(Z(p))HTHH[;;t(Z(p)) Fp{yt} 0

forcing all the a; to be positive. For any generator w, Fp{w} denotes the graded vector
space generated by w. Here r is multiplicative and ¢ is a THHE] (Zpy)-module map. By

the surjectivity of » we have that the y;’s can be lifted to integral classes.
Establishing P(1)
Let t = 1. The sequence

0 —=F,{z} —2= THHD)(Z(,)) —> THH})

op (L) —=Fp{yn} —0.

shows that a; > 0 and by adjusting z up to a unit we may choose 4 so that 6(z) = p»~1§;
and (1) = y1. In the Tor-spectral sequence we only get a Z/pZ in bidegree (1,2p — 1)
which survives and shows that a; = 1, and so 0(z) = 7.
If 1 <t < p the sequence
0 — Fp {2y} —2> THHE (Z,,)) —2 THHY)

2pt pt(Z(p)) —— Fp{yi} —=0

gives that 6(zyi™ ") = 0(2) -9t = Gt #0, pgt = 0 and 7(7%) = y! # 0. The last point
shows that ¢ is not divisible by p and hence we can choose it as our generator: §; = 7,
and furthermore, this generator is killed by p, so a; = 1.

If t =ty + t1p with 0 < £y < p, then the sequence

0——>F, {22y, }—>THHL, (Z()) — > THHS

pt(Z(p))*r>Fp{yioyt1p}*>0
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gives that 6(zy% ye,p) = 6(2) - 70 G = %p # 0, PGty = 0 and r(§051,,) =
y1%°ys,, # 0 for any choice of a lift g, ,. The last point shows that gji” Ut,p is not divisible
by p and hence we can choose it as our generator: §; = gioghp, and furthermore, this
generator is killed by p, so a; = 1.

Note that we may reconsider our choice of g, later, and so the exact choice of ¢, may
still change within these bounds, but the choices of ¢, ...,¢,—1 remain fixed from now
on. Hence P(1)(1) — P(1)(3) are established and as P(1)(4) is vacuous we have shown
P(1).

FEstablishing P(n+ 1)

Now, assume P(n). First, consider the case ¢t = p™. For P(n + 1)(4) we only have to
show that

Apn —Q,n—1 5

p Ypn = ggnfl s

and that a,» > a,n-1. Consider the sequence
0——Fyp{zyl "y s} = THHG () — = THHG (Z)) ——> Fy{ypn} — 0.

Firstly, by induction we have that

R e VL VLl e 1 (A T VG o
= PTGy e G
= PR T gl g .gg;fl
— Pt s 2 ---ﬂgn 1
= phn T TN =t T # 0,
Secondly,
po(zy ™ty ) = pp e T =t gl =0,
Together this shows that (up to a unit) d(zy? " - ~y£,:11) = p®" ~1g,n, and that Yoy =

apn — (1»,,1

P Jpn, and since ypn 1 = 0 that apn > apn—1.

Now, for P(n+ 1)(1) and P(n + 1)(2), conmder a general ¢ with v(t) = n and write
t =t,p" + sp™ ! with 0 < ¢, < p. The short exact sequence

Fo{oyy o iy Ypn } —= THHE, (Z)) — > THHE, (Zy)) — = Fp {yfyspmsr }
gives that
Sty iy ) = R TG
= p*" T G Gspnr # 0,
but p(zyf ™"y YT yapnen) = PO G Gapner = 0 and T (G Gapnin) = Yph Ysprir £

0. Again, the last point shows that g];’;i Yspn+1 is not divisible by p, and so we may choose
Y = g];’lg]spnﬂ, and furthermore that this generator is annihilated by p®*™, but not by
p?" 1, so that a; = apn.

Lastly, by P(n)(3), we have that if s = sg+s1p+---+s,_1p" ! is the p-adic expansion
of s, then g, = 7;°. ﬂSZ 1o If t = s+ spp”, then r(§s7pn) = yi, so we can choose
Ut = Ysypn as desired in P(n +1)(3). O
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Background on Bocksteins

Let (C4,d) be a complex of free abelian groups and assume « € C), has the property
that o ® 1 is a cycle in C, ® F,,. That the Bockstein §;_1[o ® 1] is defined and equal
to zero for some 7 > 2, means that there exist v € C,, and cycle 6 € C,_1 so that
I(a + py) = p'd, and in that case, f;la ® 1] = [§ @ 1].

Assume we have a short exact sequence of complexes of free abelian groups 0 — B, —
C, = A, — 0. Choosing a section in each degree, we may assume C,, = A, ® B,, for
all n. Suppose we have ¢ € A,, and b € B, so that [a + b] represents a cycle in C, @ F),
with B;—1([(a +b) ® 1]) = [0] € Hp,—1(Ci @ F). As above, there exist ¢ € A,, d € By,
e€Ap_1, f € By_1 with e+ f € C,,_1 a cycle with (a + b+ p(c+d)) = p'(e + f), and
in that case §;([(a +b) ®1]) = [(e + f) ® 1]. Then if [e ® 1] # [0] € H,—1(A. ®F,), we
get that 5;([(a + b) ® 1]) # [0], since [(e + f) ® 1] — [e ® 1] # [0] by the homomorphism
induced by the projection C, — A,.

More generally, consider a filtered complex C, of free abelian groups. Assume we have
a chain a € E(C,)?, in the associated spectral sequence such that [a ® 1] survives to
E(Cy @ F,)$, in the mod p spectral sequence. If we know that the class [(a +b) ® 1] €
Hgy4(Ci ® Fp) with b € Fs_1(C.) which [a ® 1] represents in E(C, ® )55 satisfies
Bi—1([(a+b)®1]) = [0] € Hyys—1(Cs ®F,), but that d®(a® 1) = p'(e® 1) and [e® 1] #

0] € E(C ® Fy)5 41, then Bi([(a +b) @ 1]) # [0].
The p-order of the multiplicative generators
We will calculate THHE? (Z()) by studying its Hurewicz image in H. (THH! (Zpy); Fp),
using the model
THHE(Z ) ~ B(HZ), THH(Z(y)), HZp)).
We use the filtration by simplicial skeleta. We denote H.(HZ,);F,) by A, and by
Bokstedt,
H(THH(Z)); Fp) = A® Fylaoy] ® Alzap-1,

where the augmentation THH(Z,)) — HZ, induces the projection A @ Fp[zs,] ®
Azop_1] — A sending Z9p and zg,_1 to zero. We get that

B, = B(A, A®Fyzp] © Alrap—1], A)
is isomorphic to
B(A, A, A) ® B(Fy, Fplzzy], Fp) ® B(Fp, Alzop-1], Fp),
and so its homology is

EZ, = A® Alyzps1] @ Tyap)]

with yop41 =1®@ 29, ® 1 and y2p = 1 ® 9,1 and yé‘;) =1® x%‘fl ® 1.

The dimensions in each total degree in the E?-term account for p-torsion of rank
1 in each positive dimension divisible by 2p, and from knowing THHLZ] (Zypy; Fp) [T
Theorem 3.1] we get that this agrees with the abutment of the spectral sequence, so it
has to collapse at EZ2.

We use this to prove Theorem By Lemma the only remaining problem is to

determine the order of the p-torsion in each dimension divisible by 2p.

LEMMA 2-3. The p-torsion in TH H[;TL(Z(p)) is precisely Ly /pt = L,y /pr®+L.
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Proof. We know from Lemma that for ¢ = p*m, (p,m) = 1, in dimension 2pt
the order of the torsion is divisible by p®T'. We will use the general observation about
Bocksteins above for

C. = C.(Q®(THHPN(Z)); Z) = C.(Q®° B(HZ(y), THH(Z(y)), HZ()): Z),

filtered by simplicial skeleta of the bar construction, to get that the torsion is exactly
pa+1.

Fixing a t, we have two quasi-isomorphisms (letting s vary)

CS(QOOBt(HZ(p), THH(Z(p)), HZ(p)); Z)

= Csrt (A" X QFBy(HZy), THH(Z(y)), HZ ), OA" x Q% By (H Ly, THH(Z (), HZ )); Z)
—EY,

and we call their composition .

We know by Bokstedt that additively THH(Z,)) ~ HZ V X*~'HF, V --- , so we
can map

SOA K(IF,), 2p — DM ASY = SY A (Q®(S* T HF,)M A S°
—Q®HZp) A (Q°(THH(Z ) A Q¥ HZ ) — Q% (HZpy A (THH(Z())" A HZ ).
We call this composition . It induces
Yy o Co(K(Fp,2p — )" Z) — Cu(Q°(HZyy A THH(Z )N A HZ ) ); Z),
so composing we get a map of complexes
pov.: CL(K(Fy2p—1)"Z) - ED,.

On the Eilenberg Mac Lane space K (F,, 2p — 1), we have a 2p-chain with integer coeffi-
cients &g, so that [Z2,] (mod p) generates Hap (K (Fp, 2p—1);F,) = F, and 0%Z9, = pZop—1
for a chain Zo,_1 so that [Z2,_1] (mod p) generates Hop_1 (K (Fp,2p — 1);F,) = F,. For
these elements, 51([Z2p]) = [£2p—1]. Note that these elements map to generators of the
stable homology in the correct dimensions. Thus, ¢ o, (Z2,) ®1 can be taken as a repre-
sentative of z2,, and ¢ 09, (F2p—1) ® 1 can be taken as a representative of x2,_1, and we
still have d°(p 0 ¥, (Z2p)) = pp 0 Yu(Z2p—1) in EY . And more generally, for any a,b > 0
in EaerJrl , we also have
- - - - b+1
A9 0 YulFap?s A N T9p%1)) = pp 0 (T, 1Y),

We know that the class (@0, (Toy 1 ATap /\:”EQAZZ,’_l)) ® 1 represents the class 1 ®x§p‘il ®
Top ® x2pb 1 ® 1 which survives to E§+b+1 . and therefore to EZ%,; ., and similarly for
(poru(@ ") @1 and 1@ 250 @ 1.

And so, if t = p®m with (p, )—1

t—1

(1) (ot (T AT2p AFH L)@ = pt-(i0otp, (T50)) @1 = p™F - (poupn (F5 7)) @1.
1=0

The mod p homology class which is the image under the Hurewicz map of z7y;_1(y) can
be expressed as

1@y el)(leay ' ©1)
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via the bar construction and it is represented by (Zf;é(—l)i(go o Y (Thi 1 N Tap A
ié\;:%ﬂ‘) ® 1. From Lemma we have a lower bound on the order of the torsion and
hence B,(27v:—1(y)) = [0] and by the d° calculation above B,41(27:—1(y)) = v:(y) up to
a unit.
This result is a result on stable mod p homology rather than on stable mod p homotopy,
but since we are applying it to the images under the Hurewicz map of the two stable mod
p homotopy classes of an Eilenberg Mac Lane space of rank 1 p-torsion, the Bockstein

operators have to do the same on the mod p homotopy. [

Proof of Theorem [2-1] Set x,, = §,n. Then we get the p-order of these elements from
Lemma [2-3] and we worked out the multiplicative relations in Lemma ]

Remark 2-4. Mike Hill noticed that THH[ (Z(y)) is abstractly isomorphic to THH"(Z ) ):
the calculation of THH"(Z,) is due to Franjou and Pirashvili [12]. We are not sure
whether this is a coincidence or whether (for some commutative S-algebras) there is
a duality between THHE] and topological Hochschild cohomology. Note, however, that
THHE) (F,) is an exterior algebra over F), on a class in degree three whereas THH"(F,)
is much larger:

THH*(F,) 2 Fylep, e1,...]/(eh el ...), el = 2p°

[10} 7.3], [7], so there is no isomorphism of these groups in general.

3. Greenlees’ approach to THH

There is a relative version of the cofiber sequence from [13, Lemma 7.1] already men-
tioned in [11]. We make it explicit for later use. Here and elsewhere S denotes the sphere
spectrum.

LEMMA 3-1. Let R be a commutative S-algebra and let C — B — k be a sequence
of maps of commutative R-algebras. Then there is a cofiber sequence of commutative
k-algebras

B ALk — THHE(C k) — THHR (B, k).
The proof is obtained from the one of [13] Lemma 7.1] by replacing the sphere spectrum
by R.

Remark 3-2. Note that there are two cofiber sequences for any such sequence C —
B — k, because we can forget the commutative R-algebra structures on C' and B and
consider them as commutative S-algebras. This gives a commutative diagram of cofiber
sequences

B ALk ——— THH(C, k) ——— THH(B, k)
B AL k —— THH®(C, k) — THH®(B, k),

so B /\é k measures the difference of the absolute and also of the relative THH-terms of
C and B.

Let us abbreviate B /\é k by A. Lemma provides an equivalence
THHE(B, k) ~ THH®(C, k) AL K
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and thus we get a spectral sequence whose E?-term is
Tor's (THHI(C, k), k..)

which converges to THHE (B, k).
We will consider the following examples.

e Let ¢ denote the Adams summand of p-local connective topological complex K-
theory, ku(,), for some odd prime p. For

R=0—-C=0—B=kugy —k

with k = HZ ) or k = HF, we obtain calculations for THHi(k;u(p), k). We deter-
mine THHi(ku(p)) by different means.

e The complexification map from real to complex topological K-theory c: ko — ku is
a map of commutative S-algebras. Wood’s theorem displays the ko-module ku as
the cofiber of the Hopf map n: ko — ko. Consequently, the ku-module ku AL ku
is the cofiber of n: Yku — ku, and the resulting short exact sequences

0 — momku — mo, (ku /\ﬁo ku) = mom—1(2ku) — 0

are split via the multiplication map on ku, because the map ku — ku /\éo ku above
is induced by the unit map of ku as a commutative ko-algebra so we get

ng(ku /\io ku) X Tomku @ ﬂ'Qm,Q(k‘u).

We will determine the ku,-algebra structure of m, (ku/\%o ku) in Lemma This is
the input for the Tor-spectral sequence computing TH Hfo(ku) and we will identify
THH*(ku) in Theorem [5-2

We will also use the cofiber sequences of commutative k-algebras

ku ALk — ku — THH* (ku, k)

for k = HZ) and k = HF; and we will calculate THH of ku over ko with
coefficients in HZ,y and HIFy (see Proposition .
e We propose ku(,) Af HF, as a model for ku/(p,v1) and use the sequence

S — HF, — ku,y Ay HF, — HF,

for calculating its THH with coefficients in HF, (Proposition .
e In Section [7] we determine relative topological Hochschild homology of quotient
maps R — R/x.

4. Relative THH of ku(y) as a commutative (-algebra

Let p be an odd prime. On the level of coefficients, the map from the connective
Adams summand to p-local connective topological complex K-theory is £, = Z,)[v1] —
Zipylu] = (kupy)«, v1 uP~!. The corresponding p-complete periodic extension is a
Cp—1-Galois extension [23]. However, the connective extension is not unramified, but
it is a topological analogue of a tamely ramified extension. Rognes defined a notion of
THH-étale extensions in [23], 9.2.1]: A map of commutative S-algebras A — B is formally
THH-étale, if the canonical map from B to TH HA(B) is an equivalence. For instance,
Galois extensions are formally THH-étale [23] 9.2.6]. We will show that the map £ — ku )
is not formally THH-étale by determining TH H[(ku(p)). Rognes mentions in [23] p. 59]
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that kug,) — TH Hl(ku(p)) is a K (1)-local equivalence and Sagave showed in [24] that the
map £ — kuy) is log-étale. Ausoni proved that the p-completed extension even satisfies
Galois descent for THH and algebraic K-theory |2, Theorem 1.5]:

THH (ku,)"Cr=t ~ THH(¢,), K (ku,)"Cr—t ~ K(£,).
The tame ramification is visible in THH:
THEOREM 4-1.

THHE (kugy)) 2 (kugp))« 0 ((kug)) s /u?~2) Yo, y1, - - ),

where (ku(y))« x M denotes a square-zero extension of (kuy))s by a (ku(y))«-module M.
The degree of y; is 2pi + 3.

Proof. We can apply the Bokstedt spectral sequence with m, as the homology theory
because (ku(y))« is projective over £,. The E2-page consists of

E2, = HHE (kg ), (kugp)) ).

As an /,-algebra (kuy) ), is isomorphic to £, [u]/(uP~" — v1). From [17] we know that we
can use the following complex in order to calculate Hochschild homology:

A(u) 0 _ A(u) 0
e T EZP(]{J’UJ(Z,))* EE—— ZQP z(k'U(p))* EE—— EZ(kU(p))* e (k”UJ(p))*,

where A(u) = (p — 1)uP~2. As (p — 1) is a unit in 4., this yields:

(kU(p))*, ifi= 0,
HHf* ((kU(p))*, (k‘U(p))*) = szp72m+2(k’LL(p))*/up72, ifi=2m+1,m >0,
0, otherwise.

As TH Hz(ku(p)) is an augmented commutative ku,-algebra, we know that ku(, splits
off TH He(ku(p)). Therefore the copy of the homotopy groups of ku, in the zero column
of the spectral sequence has to survive and cannot be hit by any differentials. For degree
reasons, there are no other possible non-trivial differentials and the spectral sequence
collapses at the E2-page.

In every fixed total degree there is only one term in the E2-page contributing to this
degree: If we consider an element ©** in homological degree 2m, + 1 and another element
u*2 in homological degree 2mso+1 for m; # ms, then their total degrees are 2m,p+2k; +3
and 2mgp + 2ko 4 3. These degrees can only be equal if 2p(m; — msg) = 2(ky — k7). Thus
p has to divide ko — k1 # 0. But 0 < k1, ko < p — 3, so this cannot happen.

Thus there are no additive extensions and therefore additively we get the desired result.

As TH Hﬁ(ku(p)) is an augmented graded commutative (kuy)).-algebra and as every-
thing in the augmentation ideal is concentrated in odd degrees there cannot be any
non-trivial multiplication of any two elements in the augmentation ideal.

The spectral sequence is a spectral sequence of (ku(y))s-modules and elements of the
form uF . 2mP=2m+2ym are cycles, thus the copy of (ku()). in homological degree zero
acts on ku(y))s/uP~ 2y, in the standard way. [

Remark 4-2. For Galois extensions of non-connective commutative ring spectra we
would like to have a good notion of rings of integers. In the above case ku,) behaves
like the ring of integers of KUy, and similarly for the connective Adams summand. The
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result for relative THH corresponds to the one of ordinary rings of integers [18]. In other
cases, taking the connective cover does not seem to give good results.

For coefficients in HZ,y and HIF,, we obtain a rather different result.

PROPOSITION 4-3.

THH. (ku(y), HZ(,)) = Az, (eu) @ Tz, (¢°u)
and also
THHY (kuy, HF,,) 2 Ag, (eu) @ Ty, (0 w).
Proof. We consider the sequence of commutative f-algebras
R=0—-C=0—B=kugy —k
with k = HZ,) and k = HF,. In both cases, by Lemma we get that
THH" (kup), k) = THHY (LR AL, o b = kAL, oy

which gives a Tor-spectral sequence

L
Torff*(ku(”)M k)(w*k, m.k) = THHS (kuy,), k).

For k = HZ,) homological algebra tells us that

Zpy[u]/uP ™! ~ 0
Tor.. (Zp), L)) = Az, (eu) @ Tz, (970).

Here, |eu| = 3 and |¢%u| = 2p. There are no differentials in this spectral sequence for
degree reasons and there are no multiplicative extensions, hence we get the claim.
For k = HIF, the same method gives

THHZ (kuy, HF,) 2 Ag, (eu) @ Tr, (0 ).
O
Remark 4-4. At the prime 3 we get
THHEM (kug), HF3) 2 Ffu]fu®
hence with the methods of [11] we can deduce that
THHIM (ku ), HF3) ~ HF3 v 2 HF;

as an augmented commutative HFs-algebra and that we can calculate higher THH as
iterated Tor-algebras. Hence we get

()€ ooy
TH HLnJrl],Z(ku(g)7 HFS) ~ TOFI:H* (k (3) HF3) (]ng ]FS)
for all n > 0.
Using Greenlees’ spectral sequence [13], Lemma 3.1] one can actually deduce that this
is true at all odd primes.

5. Relative THH of the complexification map

The graded commutative ring ko, is Z[n, y, w]/(2n, ny, n3, y? —4w) with |n| = 1, |y| = 4
and w is the Bott class in degree 8. The complexification map c: ko — ku induces a map
Cy: koy — ku, = Z[u] and it sends 7 to zero, y to 2u? and the Bott class w to u*.
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Note that the homotopy fixed points of ku with respect to complex conjugation are
not equivalent to ko. The homotopy fixed points spectral sequence yields generators in
negative degrees in the homotopy groups of ku"“2 [23] 5.3].

LEMMA 5-1. As a graded commutative augmented ku,-algebra
(ku AE, ku)y = kuy[i] /3% — u?
with |a] = 2.

Proof. As we saw in the introduction, Wood’s theorem gives that (ku AL ku), is
additively isomorphic to ku, ® m.(X2ku). The Tor spectral sequence

Torfff’** (K, kuy) = (ku AE, ku).,

allows us to determine the multiplicative structure.

The tensor product ku, ®go, ku. =2 ku,[i]/(24% — 2u?, * — u*) has three generators
in degree four: u?
the abutment (ku AE, ku).. Hence this class has to die via a differential in the spectral

sequence.
U

,uil, @2, The element @2 — u? is 2-torsion, but there is no 2-torsion in

THEOREM 5-2. The Tor spectral sequence
B2, = TorlFuriok - (ku, ku,) = THHE (ku)
collapses at the E?-page and THHfO(ku) s a square zero extension of ki, :
THHY (ku) & ku, 3 (ks /20) (o, y1, - . -)

with |y;| = (1 +|u|)(2j +1) =3(25 + 1).

Proof. Lemma implies that the E2-term of the Tor spectral sequence is

Ef* = Tori’ff/\ﬁok")* (K, kuy) = Tor’,ffjf ()% —u? (ks kuy),

where e: ku,[u] /4% —u? — ku., £(@) = u gives the (ku AL, ku).-module structure of ku..
We have a periodic free resolution of ku, as a module over ku,[@]/(4? — u?)

IS ) /(@2 — u?) 2k ]/ (@2 — u?) Sk [ (62 — u?).

Tensoring this down to ku, yields

0 2u 0

Sk, >2ku, k.

As ku, splits off THH*®(ku) the zero column has to survive and cannot be hit by differ-
entials and hence all differentials are trivial.

For the E>-term we therefore get E§S, & ku., E5;, = 0 for j > 0, and ES; ; , &
(ku./2u)(y;) for y; in bidegree (2j+1, 45+2) if j > 0. Thus we have multiple contributions
when the odd total degree is greater than or equal to 9; we claim that the additive
extensions are all trivial.

The spectral sequence is one of ku,-algebras, so in particular, one of ku,-modules.
In total degree 9 we only have the generators y; € ES% generating a copy of Z and
udyy € ET% generating a copy of Z/27Z. Since the only extension of Z/2Z by Z is the
trivial one, we conclude that

THHSO(kU) = Z/2Z<u3y0> ® Z{y1)
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and moreover, since the image of THHSO(ku) under the multiplication by powers of u
gives F3(THHES,; (ku)) for all i > 1, that

F3(THHgS ; (ku)) = Z/2Z(u**yo) & Z/2Z{u'yy)

for all such 4, concluding the calculation of THHY? (ku) and THHY(ku). In total degree
15, we also get y2 € E59, but since the only extension of Z/2Z®Z/27Z by Z is the trivial
one, we conclude that

THHYS (ku) 2 Z/2Z(u®yo) @ Z/2Z(uy1) & Z{y2)

and similarly that F5(THH}S,,;(ku)) splits as a direct sum of all the E contributions
in filtration degree less than or equal to 5 for all 7 > 1, and we continue inductively.

Since the generators y; over ku, are all in odd degree, and their products cannot hit
the direct summand ku, in filtration degree zero, their products are all zero.

O

Remark 5-3. The relative THH-groups above are similar to the Hochschild homology
groups of the Gaussian integers:

Z]i), for x =0,
HHZ(Z[i]) = THHPZ(HZ[)) = { Z[i]/2i, for odd x, (5-1)
0, otherwise.

Hence
HHZ(Z[i]) = Z[i] % (Z[i]/20)(y;, j = 0)
with |y;| = 2j + 1. Hence we might view ko — ku as being wildly ramified.

We consider the sequence of commutative ko-algebras R = ko — C = ko — B = ku
with k = HIF or k = H7Z ) and, (since THHkO(ko, k) ~ k), we get cofiber sequences of
commutative k-algebras

kuAE k= k — THH™ (ku, k).
This yields a Tor-spectral sequence
B2, = Torm B k) (o, k) = THHES, (ku, k). (52)

Wood’s cofiber sequence identifies ku as the cone on 1: ko — ko. Thus we get a cofiber
sequernce

Yk =k — kuAk, k

and m, (ku AL k) 2 7, (k Vv $2k) 22 A1 (22) where x5 is a generator of degree two.
For k = HIFy and HZ ) we can deduce with [11} 2.1] that as a commutative augmented
k-algebra ku AE K is weakly equivalent to the square-zero extension k V X2k. Thus

THH* (ku, k) ~ k AR 52, K
and the spectral sequence (5-2)) reduces to
B2, = Torm Mmoo k) = THHES, (hu, k).

But Tor:ftk[%z]/mg (mok, k) =2 Ap k(ex2) @ Ty, k(9°22) with |ez| = 3, [ 22| = 6, and
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we know from [4] combined with the methods from [11], Section 3] that there cannot be
any differentials in this spectral sequence. Hence we obtain

PROPOSITION 5-4.

THH. (ku, HZ)) = Mg, (e22) @ Tz, (¢"a2)

and

THH* (ku, HF5) = A, (ex5) @ T, (¢ ).
Over Fo we can also iterate the calculation and obtain
THHU R (hy, FTR,) & Tor TR (bustlF) (7 ).

Remark 5-5. To the eyes of THH with coefficients in HF, coefficients (for p = 2
resp. p = 3) the extensions ko — ku and £ — kus) show a similar behaviour. This is anal-
ogous to the algebraic case: Hochschild homology homology of the 2-local Gaussian inte-
gers with coefficients in Fy is isomorphic to Ap, (21) @', (z2) and HHY® (Z3)[V3],F3) =
Ap, (1) @ T'p, (x2). Thus Hochschild homology (and also higher Hochschild homology)
with reduced coefficients doesn’t distinguish tame from wild ramification either.

6. kugy Af HF, as a model for ku/(p,v1)

John Greenlees asks in [I3] Example 8.4] for a commutative S-algebra model of
ku/(p,v1). We suggest ku/(p,v1) = ku(y) Af HF, which is a commutative S-algebra
(even an augmented commutative HF,-algebra, which might not be what Greenlees had
in mind) and satisfies 7. (ku(,) AF HF)) = Fp[u] /uP~!.

Remark 6-1. Alternatively one could consider ku/(p, v1) defined by an iterated cofiber
sequence. This is an A..-ring spectrum [1}, 3.7], hence an associative S-algebra, but we
cannot expect any decent level of commutativity without the price of getting something
of the homotopy type of a generalized Eilenberg-Mac Lane spectrum: if ku(p, v1) were a
pseudo-Hs spectrum, then it automatically splits as a wedge of suspensions of HF,’s [8],
II1.4.1]. In particular, an E-structure (i.e., a commutative S-algebra structure) would
lead to such a splitting.

We determine THH(ku,y Ay HF,, HF,).

PROPOSITION 6-2. Topological Hochschild homology of ku,) ANE HTF, with coefficients
in HIF, s
THH, (ku,) Af HF, HF,) = Fp[u] ® Ap, (su) @ I'r, (¢ u)
where F,[u] = THH.(HF)).
Proof. Greenlees’ cofiber sequence [13], 7.1] yields an equivalence
THH(ku(y) A¢ HEp, HFy) = HF, Ay, ope, THH(HT).
Therefore, the Tor-spectral sequence has E?-term
Torf 2[4/« (I, THH..(HT,)).

We use the standard periodic resolution of F,, over F,[u]/uP~t. As THH(HF,) has the
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same chromatic type as HF,, u acts by zero on THH.(HF,) = F,[u] and hence the
E2-term is isomorphic to

Fplp] ® Ap, (cu) @ I'p, (©%u).

As THH(ku(,) A} HF,) is an augmented commutative THH(HF,)-algebra, the F,[u]-
factor splits off and hence there cannot be any differentials and multiplicative exten-
sions. [

7. Killing regular generators in m, R
Killing regular elements in the homotopy groups of a commutative S-algebra rarely
gives rise to commutative quotients. However, there are some important examples for
which we do get commutative quotients whose relative THH can be calculated.

PROPOSITION 7:1. Let R be a connective commutative S-algebra whose coefficients
7w« R are concentrated in even degrees, with a nonzero divisor x of positive degree. If the
canonical map R — R/x is a morphism of commutative S-algebras, then the Tor spectral
sequence

Tor™(B/aN B2 (R/2),, (R/x).) = THHE(R/z)

collapses at the E*-term. Its E>-term is isomorphic to Ty (r/z)(p’cx) with |p’ex| =
|z| + 2 and there are no additive extensions.

Proof. The defining cofiber sequence
YR sR——>R/x

gives a long exact sequence of stable homotopy groups, and since z is not a zero divisor
it splits into short exact sequences yielding m.(R/x) = 7, (R)/x. That also gives us the
form of the E2-spectral sequence of ,(R)/z-modules Tor™ (z, (R)/z, 7, (R)/z) =
m.((R/z) A% (R/x)), which contains only a zeroth and first column and therefore collapses
to give

T ((R/2) i (R/2)) 2 Ar, () /o (E0)
with |ez| = |#|+1. In the spectral sequence calculating the homotopy groups of THH®(R/z) ~

(R/x) /\(LR/x)/\L(R/x) (R/x), we then have as an E*-term
R

Tort =™/~ (1 (R) Jx, 7. (R) /).
We consider the periodic resolution of 7. (R)/x
AL Ry e (62) XA L gy (e8) = Ar_(R) 2 (e)

and tensor it down to m.«(R)/x. As m.(R)/x is concentrated in even degrees, the multi-
plication by ex induces the trivial map and hence our Tor-terms are the homology of the
complex

L=yl (R JpEEL slelH e (R) /222, (R) [

and this gives a divided power algebra I'x (Rr)/s (pYex) with a generator p’cx in degree
|z| + 2. We have to show that there are no non-trivial differentials and no extension
problems.

Since the spectral sequence is spanned over 7, (R)/x, which has only even-dimensional
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classes, by divided powers of an even-dimensional generator, all the non-zero elements
have even dimension and so the spectral sequence has no non-trivial differentials.

The spectral sequence is a spectral sequence of m,(R)/z = 7.(R/x)-algebras because
R/z is assumed to be a commutative R-algebra, hence THH®(R/z) is a commutative
R/xz-algebra. We do not have additive extensions because the EF*°-term is free over
7.(R)/x. Thus as an 7, (R)/z-module we get that THHI (R/2) 2 T';_(p)/.(p%cz). O

COROLLARY 7-2. If in addition to the assumptions in Proposition we have that
R/z is an FEilenberg-MacLane spectrum of a commutative ring k, then

THHR(HE, Hk) ~ Hk A% s g, HE
as augmented commutative Hk-algebras. In particular,
THHE(HE) = Ty (p0ex)
with |plex| = |x| + 2
Proof. Greenlees’ cofiber sequence identifies THH(Hk) as

Hk N, Hk

NEHE
using the sequence of commutative ring spectra R = R — Hk = Hk. The homotopy

groups of Hk A% Hk are isomorphic to Ag(ex) with |ez| = |z| + 1. Hence we know from
[11], Proposition 2.1] that

Hk NS HE ~ Hi v SIPH HE

with the square zero multiplication as augmented commutative H k-algebras. Therefore
we get the first claim. This also shows that THH® (HE) can be modeled as the two-sided
bar construction

BU*(HE, Hk v S HE, HE)

and by [I1] we know that its homotopy groups are the homology groups of the alge-
braic bar construction B*(k, A(ex), k). We know from [4, Proposition 2.3] that there is a
quasiisomorphism between T'y(p%sz) (with zero differential) and the differential graded
commutative algebra associated to B*(k, A(ez), k). [

COROLLARY 7-3. If in addition to the assumptions of Corollary[7-9 the ring k is the
field F,, we get

THHU R (HF,, HF,) = Tor W (0 HE) (g )
for allmn > 0.

Remark 7-4. In the above statement one can consider a slightly more general case of
any field of characteristic p.

PROPOSITION 7-5. Assume in addition to the requirements of Proposition that
there is a regular sequence (,y1,...,Yn) in TR such that R/(x,y1,...,yn) is Hk for
some field k. Then

THHE(R/x, Hk) = Ty (p ex)
with |p%ex| = |z| + 2. If k =TF,, then

THHI R (R /2, HF,,) = Tor HH 1 (R/z HE) (o)
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for allmn > 0.

Proof. We consider the sequence of commutative S-algebras
R— R — R/x — Hk.

Then m.(Hk Ak R/z) = Ap(ex) and as before we can conclude with [IT], 2.1] that
HE /\IL% R/x is equivalent to the square zero extension Hk V Y/l HE in the homotopy
category of commutative augmented H k-algebras.

Greenlees’ cofiber sequence identifies THH(R/z, Hk) as

L
HE Ngpoysico g HE

and we know from [I1, 4] that this gives THH®(R/z, HE) = T (p%ex).
Higher THH can be calculated using the Tor spectral sequence associated to the 2 sided
bar construction: A simplicial model for THH" (R /2 HF,) is

B(HF,, THH"-B(R/z HF,), HF,)

and we know from the methods established in [11] and [4] that these Tor-spectral se-
quences all collapse at the E?-term with no non-trivial extensions. []

Ezamples 7-6. We end the section with some examples.
(i) Let R be an Eilenberg-MacLane spectrum HA with A a commutative ring and
let z be regular in A. Then THHZ4(H A/z) is isomorphic to Shukla-homology of
A/x over A, SH?(A/x). In this case we obtain

THHI A (HA/z) = SH (A/x) 2T g2 (p%c2)

with |p%ex| = 2. An explicit generator of SH3: (A/x) is given by
m
Z(—l)iT®i ®1® e
i=0
Here, we consider the resolution of A/z that is of the form (A[r]/72,d(7) = ).
Higher order Shukla homology is crucial for determining higher order THH of
Z/p™Z with coefficients in Z/pZ, see [5].
(ii) Recall that the connective covers of the Morava E-theories, e, have coefficients

Ta(en) 2 WEpn[[ug, ..., un—1]][u]

with |u| = 2, where WTF,» denotes the Witt vectors over F,» and where the w;
are generators in degree zero. Hence mg(ey,) = WFpn [[u1, . .., un—1]]. The quotient
en/u = HWFpn[[us,...,uy—1]] is a commutative S-algebra and the map e, —
en/u can be realized as a map of commutative S-algebras.

The residue field HF» is the quotient e, /(u, u1, ..., un—1,p) and thus the results
of Section EI allow us to calculate THH®" (e,, /u, e, /u) and THHE ™ (e, /u, HF ,n)
for all m > 1.

(iii) Lawson and Naumann show in [20] that BP(2) at the prime two is a commutative
S-algebra by identifying it with the 2-localized connective spectrum of topological
modular forms together with a level three structure, tmf;(3)2y. They prove in [2T],
section 5] that there is a map of commutative S-algebras o: tmfy(3)(2) — ku(2) and
there is a complex orientation of tmfy(3)(2) such that the effect of ¢ on homotopy
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groups is as follows [21], section 5]:
T (tmf1(3)(2)) = Z(g)lar, as] = Zegy[u], a1 —u, a3z~ 0.

Here the degree of a; is 2i.

With Propositions and we can determine TH Himfl(g)(2> (ku(gy) additively
and we get explicit formulae for higher relative THH of ku o) = tmf1(3)(2)/as with
respect to tmf(3)(2) and with coefficients in HFy = tmfy(3)2)/(as, a1,2).

(iv) The discretization map from ku to HZ = ku/u gives rise to another example

of a regular quotient with a commutative S-algebra structure with residue field
HF, = ku/(u,p) for any prime p, and so does the map from the connective
Adams summand £ to HZ,) = {/v, with residue field HF, = ¢/(vy,p). Thus in
these cases we can determine THH™*(HZ, HZ/pZ), THH"* (HZ /p7., HZ./pZ)
for all primes and THH"(HZ,), HZ/pZ), THH"-Y(HZ /pZ,, HZ,/pZ) for all odd
primes and all n.
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