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Abstract The standard method for identifying magnetohydrodynamic rotational discontinuities in
spacecraft data has been to examine how well the Walén relation is satisfied. In this paper, we apply two
different versions of the Walén test to a database of nearly 1,000 dayside magnetopause crossings by the
Magnetospheric Multi‐Scale spacecraft, with the objective of comparing their performance. The first
approach is to evaluate the Walén relation as a jump condition, by determining the level of agreement
between the change in plasma velocity across a discontinuity with the corresponding change in the Alfvén
velocity. For this purpose, we use a recently developed quality index, Q, for which Q = ±1 indicates perfect
agreement. As was the case for a previously used quality index, ΔV∗, this new index employs data from
two carefully chosen measurement times, located on opposite sides of the discontinuity. The second
approach is to check the level of Alfvénicity of the flow for all measurements between those two points.
Here, the quality index used is Wsl, the slope of the regression line in a scatter plot of plasma velocity
components (after transformation into the deHoffmann‐Teller frame) versus the corresponding Alfvén
velocity components, with Wsl = ±1 indicating perfect agreement. For the two indices to give comparable
numbers of rotational discontinuity candidates, a substantially higher threshold value is needed for |Q| than
for |Wsl|. Even so, the events selected by the two methods are not identical. We also identify statistical
relationships between Wsl and its associated correlation coefficient, Wcc, as well as between Wsl and Q and
between Wsl and ΔV∗.

1. Introduction

The classification of magnetopause and other current sheets as tangential discontinuities (TDs) or rotational
discontinuities (RDs) has commonly been achieved by checking how well the plasma flow and magnetic
field data satisfy the so‐called Walén relation (Walén, 1944). This relation holds for RDs, which are a type
of large‐amplitude Alfvén waves, but usually not for TDs. The first prediction that RDs, along with slow
mode structures, in the form of expansion fans, could be a common part of the reconnection geometry at
the magnetopause was made by Levy et al. (1964), although RDs not necessarily related to reconnection
may also occur, for example, in the solar wind (e.g., Neugebauer, 2006).

An RD has a magnetic field component and an associated flow component normal to the layer, providing
magnetic coupling and flow across it, while such coupling/flow is absent across TDs. These normal compo-
nents are usually small, at least at the magnetopause, so that their presence is difficult to establish with con-
fidence from measured data. For this reason, they usually do not provide a simple and reliable way to
distinguish between the two types of current layer. Instead, the distinction has been based on how well
the Walén relation is satisfied, which we refer to as the Walén test.

According to the Walén relation, the plasma flow immediately upstream and downstream of an ideal RD is
Alfvénic, when viewed in a comoving frame of reference (the deHoffmann‐Teller [HT] frame), such that the
flow, as seen in this frame, is either field aligned or anti‐field aligned. The implication is that the small flow
component perpendicular to the current layer is also Alfvénic on the two sides and correspondingly aligned
or anti‐aligned. The presence of a plasma flow across RDs is what allows us to use the terms “upstream” and
“downstream” to identify its two sides; at the magnetopause, the upstream side is usually also the magne-
tosheath side, while the downstream side marks the end of the RD and the beginning of slow mode struc-
tures in the form of expansion fans and/or shocks and may include a reversal to outward directed flow. In
its simplest magnetohydrodynamic (MHD) form, the Walén relation expresses the balance between inertia
forces and magnetic stresses in RDs.
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Two basic ways exist to quantify the level of agreement of measured data with theWalén relation. In the first
version (Hudson, 1970), the relation is expressed as the equality of the jump, ΔV, in the plasma velocity and
the jump, ΔVA, in Alfvén velocity, between two characteristic times, upstream and downstream of the RD.
For the jump version of the Walén relation, only velocity, mass density, magnetic field, and pressure aniso-
tropy measurements at those two times are needed. This approach allows for the study of rapidly moving
layers or very thin layers.

Alternatively, the Walén relation can be cast as a continuous comparison between V′ = (V−VHT), the
plasma velocity evaluated in the HT frame, andVA, for all plasma andmagnetic field samples taken between
the two characteristic times. The level of agreement with the Walén relation can then be visually evaluated
in a component‐by‐component scatterplot of V ′ versus VA. The overall level of agreement with the Walén
relation is quantified via the regression line slope, Wsl, and the associated correlation coefficient, Wcc, the
ideal values beingWsl = ±1 andWcc = ±1. This continuous version is based on two additional assumptions,
namely, that a high quality HT frame exists, which is not always the case, and that the flow remains Alfvénic
throughout the RD structure, which is actually not required for an RD and is not always the case, especially
for ion‐scale layers. The jump version does not require these assumptions. We also note that a more general
formulation of the jump version exists, in which MHD slow‐mode structures are included (e.g., Eriksson
et al., 2004). We have not used this version because such structures can corrupt the results for Wsl and Wcc.

In this paper, we compare the quality measures resulting from the jump version and the continuous version
of the Walén test and their resulting statistics concerning the occurrence frequency of RDs at the magneto-
pause. Specifically, we examine the relationship between a recently proposed single quality measure, Q, for
the Walén test based on the jump condition (Sonnerup et al., 2018) and the Walén‐slope,Wsl, obtained from
the continuous method. We also compareWsl with an earlier quality measure, ΔV∗. Using the jump version
in a step‐by‐step manner through the data intervals selected for analysis, as was done by Chao et al. (2014)
for solar wind data, is an interesting further possibility, not pursued here.

For the determination of the quality measures, we used magnetic field data provided by the Fluxgate
Magnetometer (FGM), described in Russell et al. (2016), and the ion and electron plasma data provided by
the Fast Plasma Investigation (FPI), described in Pollock et al. (2016), all part of the Magnetospheric Multi
Scale (MMS) mission and stored in a recently developed magnetopause data base (Paschmann et al., 2018).

2. Walén Relation as a Jump Condition

When expressed as a jump relation, the Walén relation can be tested directly in the spacecraft frame and has
the simple form

ΔV ¼ ± ΔVA; (1)

where the symbolΔ refers to changes in the plasma velocity,V, andAlfvén velocity,VA, between an upstream
and a downstream station. At the magnetopause, “upstream” refers to a location in the magnetosheath adja-
cent to magnetopause current layer, and “downstream” refers to a station on themagnetospheric side, which
we have taken as the time of maximum change in flow velocity vector, |ΔV|, following Phan et al. (1996,
2013). It is noted that this choice of the downstream state, while operationally simple, may in some cases cor-
rupt the results by including some of the slow‐mode behavior on the magnetospheric side. The ± sign in the
equation refers to the fact that the Δ changes can be either parallel (+) or anti parallel (−).

For an ideal RD, the vector jumps ΔV and ΔVA should have equal magnitude, and the angle Θ between
them should be either 0° or 180°, for crossings north and south of a presumed reconnection site, respec-

tively. Note that the Alfvén velocity includes the effect of pressure anisotropy, VA ¼ B
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − αÞ=μ0ρ

p
,

with α = (p‖−p⊥)μ0/B
2. It has been calculated from the FPI ion density assuming a 4% concentration

of He++ particles, to represent the average solar wind composition.

2.1. Ratio R and Angle Θ of Velocity Jump Vectors

A complete evaluation of the level of agreement with the Walén relation requires two scalar quality mea-
sures, such as the magnitude ratio R = |ΔV|/|ΔVA| and the angle,Θ, between ΔV and ΔVA, as has been done
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in a number ofmagnetopause studies (e.g., Phan et al., 1996, 2013; Paschmann et al., 1986, 2018; Retinò et al.,
2005; Sonnerup et al., 1981; Trenchi et al., 2008).

Figure 1a shows a scatter plot of Θ versus R, for the 994 magnetopause crossings, obtained by querying the
MMS 2 database (Paschmann et al., 2018) for magnetopause crossings that were complete, located within
GSE |Y|≤ 10RE, had magnetic shear angles ≥45°, and had a bulk speed at the time of maximum |ΔV| that
was larger than the bulk speed Vup at the upstream side. We note that the above bulk speed requirement,
which was also used by Paschmann et al. (2018) and Sonnerup et al. (2018), excludes a limited number of
potential reconnection events in which the magnetic tension was such as to reduce the plasma speed in
the exhaust jet.

Figure 1b is the same scatter plot, but now for the subset of crossings where there was pronounced jetting,
identified by requiring that the magnitude of the L component of the velocity difference, |ΔVL|, exceeded
250 km/s (the L axis is the maximum magnetic variance direction, used for no other purpose in the present
paper). The predominance of events at large Θ angles in both plots indicates that a majority of crossings
occurred southward of a presumed reconnection X line.

Of the 994 events shown in Figure 1a, a total of 252 ( = 25.3%) meet the commonly used acceptance cri-
terion, R > 0.5, and Θ≤ 30° or Θ≥ 150°. For the 207 jetting events shown in Figure 1b, the number of
events in the same ranges of R and Θ is 121, which makes the percentage increase to 58.8%. These num-
bers are in the same range as those reported for an earlier version of the database (Paschmann et al.,
2018) and demonstrate that substantial plasma jetting on its own is a strong indicator for reconnection
related RDs.

A notable feature along the left edge of both plots is the absence of events having a range of very small R
values. The reason for the narrow gap in the left plot remains unclear. It is not caused by the limitation to
shear angles ≥45°. The much wider gap in the right plot is caused by the added requirement of substantial
jetting.

We have used FPI ion densities, bulk velocities, and pressures in these and the subsequent analyses, all of
which would be affected by the presence of significant numbers of minor ions, especially O+ of ionospheric
origin, undifferentiated from other ions in the FPI measurements, or cold ions hidden to FPI altogether.
Provided the O+ and H+ ions maintain nearly the same velocity component along the magnetic field, the
main effect is an increase of the true mass density, which leads to a lowering of the Alfvén speed. For exam-
ple, a value of 2% O+ in a magnetopause RD would decrease that speed by about 15%, thereby increasing the
Walén slope by 15%. While minor ion species are measured by the Hot Plasma Composition Analyzer
(HPCA) instrument (Young et al., 2016), its 10‐s cadence hampers its quantitative use in the database and

Figure 1. Scatter plots of the angle, Θ, between ΔV and ΔVA versus the ratio R = |ΔV|/|ΔVA|. (a) For the 994 magnetopause crossings by MMS 2 that meet the
conditions listed in section 2.1 (|YGSE|<10RE, magnetic shear > 45°, flow speed Vmax≥ Vup). (b) For the 207 crossings that meet the additional condition
that |ΔVL| > 250 km/s. Blue curves represent locations of constant Walén quality measure, |Q|, for values 0.5, 0.7, and 0.9. Green curves in (a) are locations of
constant quality measure ΔV∗, for those same values. The measures Q and ΔV∗ are discussed in section 2.2.
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limits the ability to include short‐duration crossings. For these reasons, we
have included a standard amount of 4% He++ from the solar wind, rather
than the actual HPCA values. And we have accommodated the possible
presence of O+ and/or ions hidden to FPI simply by using RD acceptance
threshold values that are substantially less than unity.

2.2. Single Scalar Measures ΔV∗ and Q

Since Equation 1 involves changes in both magnitude and direction of
the vectors ΔV and ΔVA, it can be difficult to decide on the relative
importance of those two measures. While two parameters are needed
for a full characterization, a single quality measure is preferable, parti-
cularly for statistical studies. Paschmann et al. (1986) introduced the
simple measure

ΔV∗ ¼ RcosΘ; (2)

which Phan et al. (1996) applied in the study already mentioned above
and also to select RDs suitable for studies of electron and ion heating
by reconnection (Phan et al., 2013, 2014).

A new single quality measure,Q, was proposed recently by Sonnerup et al.
(2018), who applied it to the set of MMS 1magnetopause crossings already
studied by Paschmann et al. (2018) and compared the results to those for
ΔV∗. The new index is defined as

Q ± ¼ ± 1 −
jΔV ∓ ΔVAj
jΔV jþjΔVAj

� �
; (3)

where the upper signs are for cosðΘÞ ≥ 0. In the present paper, we will
refer to this index simply as Q. Its range is limited to [−1,+1], while
the earlier ΔV∗ did not have such limits.

To illustrate how Q and ΔV∗ are related to the two quality measures R and
Θ, Figure 1 shows curves of constant Q (blue) and of constant ΔV∗ (green)
for sample values of the constants, as already discussed in Sonnerup et al.
(2018). These curves illustrate how a chosen threshold for |Q| limits the
number of acceptable RD candidates to be located in a confined region
surrounding, either the ideal value pair R = 1 andΘ = 0° for perfectly field
aligned flow, or the value pair R = 1 and Θ = 180° for perfectly anti field
aligned flow.

Figure 1 also shows that the green curves of constant ΔV∗ extend to
large R values. Specifying a lower acceptance value, or even an accep-
tance range, for |ΔV∗| can lead to the acceptance, not only of events that
are close to perfect agreement with the Walén relation but also of some
outlying events, far removed from perfect agreement. The figure makes
clear that curves of constant ΔV∗ do not confine events judged accepta-
ble to be located near the two points of perfect agreement in the R,Θ
plane. Note also that ΔV∗ can have values around ±1 even for large R
values, provided the angle Θ approaches 90°. In this regard, Q is super-
ior to ΔV∗.

A notable feature of the family of blue curves is that the curve for Q = 0
(not shown in the figure) is simply the vertical axis (at R = 0). For a range

of small |Q| values (viz., 0<|Q|<0.293; Sonnerup et al., 2018), each pair of blue curves actually intersects the
horizontal axis located at Θ = 90°. Beyond that range, the blue curves no longer reach Θ = 90° and take on

Figure 2. Outbound MMS 2 magnetopause crossing on 6 December 2015,
23:32 25 to 23:32 53 UT, at GSE location (8.4, −4.0, −0.54) RE. (a) Scatter
plot of the GSE components of V′ = (V−VHT) versus the corresponding
components of VA, with x, y, and z in red, green, and black, for the shorter
RD data interval between the red and blue vertical lines in the time series
plots below. Blue line is the regression line, with slope Wsl = 0.987 and
correlation coefficient Wcc = 0.981. (b–h) Time series plots of plasma and
magnetic field data (see text) for the full crossing. (i–k) GSE x, y, and z
components of V′ (black) together with the corresponding components of
VA (red) for the RD interval.
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the looped shapes shown in the figure. In combination with the previously
noted absence of events having very small R values, this behavior leads to
the absence in the database of events having a range of sufficiently small |
Q| values, a result we will return to.

The behavior of the green curves forΔV∗ ¼ RcosΘ in the figure is different.
As |ΔV∗| decreases, they retain the basic shapes shown in the figure and
approach the lineΘ = 90° only as R becomes increasingly large. The green
curve for |ΔV∗| = 0 would consist of the vertical axis (at R = 0) and the
horizontal axis (at Θ = 90°). The result is that, in contrast to the absence
of events having small |Q| values, there are many events for which |ΔV∗|
is small.

The relationship betweenΔV∗ andQ has complicated details, described by
Sonnerup et al. (2018). As shown in their Figure 3, these two quality mea-
sures on average increase and decrease together but in a manner con-
strained by the existence of certain forbidden regions in the (Q, ΔV∗)
plane. The data points for individual events have a tendency to be concen-
trated near the boundaries of these regions. In the allowed regions of the
plane, the spread of ΔV∗ values for a chosen value of Q can be large but
decreases with increasing |Q|, an effect that can also be seen in our
Figure 1.

3. Continuous Walén Relation in the deHoffmann‐Teller Frame

When expressed in the HT frame (Khrabrov & Sonnerup, 1998; Sonnerup et al., 1987), the formula for the
continuous Walén‐relation is simply

V ′ ¼ ± VA; (4)

where V ′ = (V−VHT) is the plasma velocity evaluated in the HT frame. The term “continuous” is used
here to indicate that all plasma velocity and Alfvén velocity measurements in the time interval between
(and at) the chosen upstream and downstream times are used. However, depending on purpose, only por-
tions of that interval may sometimes be preferred. (The extreme lower limit, to be employed in
Appendix B, is to use only the upstream and downstream vectors.)

In the HT frame, testing of the Walén relation can consist of generating a single component‐by‐component
scatter plot of the measured plasma velocity components, transformed into the HT frame, and the corre-
sponding calculated Alfvén velocity components for the set of data points in the time interval given by the
upstream and downstream reference times. Such a plot is shown in Figure 2a for a sample MMS magneto-
pause crossing. The quality of the agreement with the Walén relation is measured by the regression line
slope, Wsl, and the associated correlation coefficient, Wcc. Here Wsl provides a measure similar to (but not
identical to) the average of the ratios r = |V ′|/|VA|, whileWcc is a measure of the average cosine of the angu-
lar deviation, θ, between individual vectors in each pair V ′ and VA (Paschmann et al., 2013). The quality
values for this event, Wsl = 0.987 and Wcc = 0.981, along with Q = 0.950 and ΔV∗ = 0.948, all indicate that
the event is an encounter with a nearly perfect RD, located north of a presumed reconnection site. Note how-
ever that a subset of the black (GSE z component) points in the scatter plot shows substantial localized devia-
tion from the regression line.

A scatter plot destroys the time order of the measurements. It is therefore useful to compare the time ser-
ies of the components of V ′ with those of VA, as shown in Figures 2i–2k. To provide context, key plasma
quantities for the full outbound magnetopause crossing are also shown: (Figure 2b) ion energy spectro-
gram; (Figure 2c) magnetic field magnitude and (Figure 2d) GSE components; (Figure 2e) number den-
sity; (Figure 2f) bulk velocity magnitude and (Figure 2g) GSE components; and (Figure 2h) parallel
(red) and perpendicular (black) temperatures. The blue and red vertical lines in the figure mark the
upstream and downstream reference times, respectively, with the latter taken as the time of maximum
|ΔV|, as already noted.

Figure 3. Scatter plot of the Walén slope, |Wsl|, versus the quality measure
of the HT‐frame determination, HTcc, for the 994 crossings of Figure 1.
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Figure 2 illustrates how the temporary deviations between the black and red curves in panels (i)–(k) are
mainly manifested as a substantial localized deviation of Vz′ (black points) from the regression line in panel
(a). This behavior indicates locally super‐Alfvénic flow in a portion of the RD structure, but Alfvénic beha-
vior at both the upstream and the downstream reference times, possibly as a consequence of the RD being
very thin. Detailed analysis of this feature is beyond the scope of the present paper. This event illustrates
not only that deviations from Alfvénic behavior can occur in the interior of what appears to be an almost
perfect RD but also that the observed substantial local deviations of the z component from the regression line
cause little degradation of the quality measures Wsl and Wcc.

The procedure for determining the HT frame consists of finding the transformation velocity, VHT, from the
spacecraft frame to the HT frame that minimizes the residual ion convection electric field in the least squares
sense, with the quality of the HT frame velocity measured by the correlation coefficient, HTcc (Khrabrov &
Sonnerup, 1998; Sonnerup et al., 1987).While we use a goodHT frame satisfyingHTcc > 0.85 as a prerequisite
for applying the continuous Walén relation (e.g., HTcc = 0.990 in Figure 2), this requirement by no means
guarantees that the Walén relation is satisfied. This fact is demonstrated by Figure 3, which shows that
the Walén‐slope magnitude, |Wsl|, can assume the full range of values between 0 and slightly above 1,
when HTcc is large.

Figures 4a and 4b show scatter plots ofWcc versusWsl for 791 and 180 events, the subsets of the crossings in
Figures 1a and 1b, respectively, that meet the requirement HTcc > 0.85. In Appendix A, we show that Wcc

andWsl are statistically related by the functionWsl ¼ k ·Wcc=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −W2

cc

q
(or, equivalently, its inverse:Wcc ¼

Wsl=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þW2

sl

q
), where the constant k is proportional to the average fluctuation level around the regression

line of the three V ′ components in the Walén scatter plot. In this plot, curves of that function for k = 0.15
and for k = 0.4 are superimposed on the data, with the values chosen to encompass most of the events.

As shown in Appendix A of the article by Paschmann et al. (2013), θcc ¼ cos−1Wcc, whereWcc is the correla-
tion coefficient, is a measure of the average angular deviation, θ, betweenV ′ and VA. We emphasize that the
pair r = |V ′|/|VA| and θ, the magnitude ratio and the angle between individual vector pairs, V ′ and VA in an
event, is not the same as the pair, R and Θ, which refers to the vectors ΔV and ΔVA. For any chosen event,
there is a large number of the former pairs but only one of the latter.

Figure 5 shows scatter plots of θcc versusWsl for the same events as were used in Figure 4, with the function
Wsl ¼ k cotθcc, which follows from Equation A6 , superimposed. The figure shows that for events with |Wsl|
> 0.5, the angle θcc is mostly <30° or > 150°. In terms of numbers we find that of the 791 events in the left
plot, 151 ( = 19.1%) have |Wsl| > 0.5 and θcc within 30° of either 0° or 180°. In the subset of 180 events in the
right plot, 70 ( = 38.9%) are located in the same ranges of Wsl and θcc.

Figure 4. Scatter plot of Wcc versus Wsl, for the 791 (a) and 180 (b) crossings, the subsets of the crossings in Figure 1 that have HT‐frames with HTcc > 0.85. In
both panels, theoretical curves forWcc versusWsl have been superimposed (in green) for two values (0.15 and 0.4) of the constant k in the underlying equation (see
text and Appendix A). A few events having |Wsl| > 1 are included in the number counts but not shown.
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Appendix A in the paper by Paschmann et al. (2013) also shows that the angle θcc ¼ cos−1Wcc is actually not

the exact average angle between V ′ and VA. The exact angle is θ
′

cc ¼ cos−1Wcc′, withWcc′ being the modified
Pearson correlation coefficient, in which the averages have not been subtracted. The Wcc′ values are not
available in our database, but Figure A1 in Paschmann et al. (2013) indicates that the two angles, θ and
θ′, are mostly very close.

The Walén relation in the HT frame has been applied previously to a substantial number of magnetopause
crossings (Chou & Hau, 2012; Haaland et al., 2014, 2019; Hasegawa et al., 2010; Nykyri et al., 2006; Phan
et al., 2004; Paschmann et al., 2005; Sonnerup et al., 1990), and to discontinuities in the solar wind
(Gosling et al., 2005; Paschmann et al., 2013). In many of these studies, events with a well‐defined HT frame
andWalén regression line slopes exceeding some level were classified as RDs, without considering the role of

the correlation coefficientWcc as a measure of the average angle θ between V
!′

and V
!

A. As Figure 5, shows,
selecting RD candidates by just requiring Wsl > 0.5, say, also limits the corresponding θ deviation from the
ideal value of 0° or 180° to be less than about 30° for most of the events. As a consequence, relying solely
on Wsl as a quality measure may often be permissible.

4. Relationships of Q and ΔV∗ to Wsl

As we have already noted, there is an important difference between tests of the jump version of the Walén
relation in the spacecraft frame and the continuous version in the HT frame: In the version we use, the for-
mer is based solely on data at two selected times, while the latter also includes a potentially large number of
field/plasma samples in the entire interval between those two times. The first comparison of the statistics
obtained with the jump version and the continuous version can be found in a recent paper by Haaland et al.
(2020). Their figure 4 presents histograms of |Q| and |Wsl| for a large number of magnetopause crossings by
MMS 2, with emphasis on crossings at the flanks, which are not included in the present study. Those histo-
grams exhibit a much larger fraction of events having |Q| > 0.5 than of events having |Wsl| > 0.5, a result that
has served to motivate our present study.

4.1. Q Versus Wsl

Figure 6 shows scatter plots of Q versus Wsl for the same 791 and 180 crossings with HTcc > 0.85 used for
Figure 4. It shows that most of the points are found on the side of the diagonal, shown green, where |Q|
> |Wsl|. In other words, there are many more points with |Q| > 0.5 than with |Wsl| > 0.5. In numbers, 298
of the 791 points (43%) in the left plot have |Q| > 0.5, but only 136 (20%) have |Wsl| > 0.5. For the 180 points
in the right plot, both percentages increase, as expected for cases with pronounced jetting, but the percentage
for |Wsl| > 0.5 remains much less than the percentage for |Q| > 0.5 (90% have |Q| > 0.5, while only 51% have |
Wsl| > 0.5).

Figure 5. Scatter plots of θcc ¼ cos−1Wcc versusWsl, for the same sets of crossings as in Figure 4, with theoretical curves (see text and Appendix A) superimposed
for two values (0.15 and 0.4) of the constant.
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As expected from the discussion of Figure 1, the figure also shows that no events are located near Q = 0.

That the asymmetric distribution of points around the green diagonal line can be expected is illustrated by
the blue curve in the figure. This theoretical curve is based on an expression for Q in terms of the ratio R and
the angle Θ between the two Δ vectors in Equation 1, together with the intrinsic assumption that a perfect
HT frame of reference exists. For the top half of the diagram in the figure, this equation is (see equation A.2
in the paper by Sonnerup et al. (2018), in which the letters r and θ were used instead of R and Θ):

Q¼ 1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ 1 − 2RcosΘ

p

Rþ 1
; (5)

where R = |ΔV|/|ΔVA| and cosΘ¼ ðΔV · ΔVAÞ=ðjΔV jjΔVAjÞ. For Θ = θ = 0°, we can interpret the Walén
slope simply as Wsl = R = r. In Figure 6, Equation 5 then reduces to Q = 2Wsl/(1+Wsl); it is shown by the
blue curve. The point on this curve where Wsl = 0.5 and Q = 2/3 is identified by a black arrow. The corre-
sponding vector geometry is shown in Figure B1.

For Θ≠ 0, we no longer have Wsl = R. The situation is now more complicated and depends on additional
geometrical features such as themagnetic shear angle, as discussed in Appendix B. We have no simple expla-
nation for the asymmetric spread of event points around the blue curve.

Figure 6 makes clear that to get comparable statistics, one cannot use the same lower cutoff values for |Q| as
for |Wsl|. In case of the 791 events, the threshold for |Q| would have to be increased to 0.71 to lower the result-
ing number of events to the number we have for |Wsl| > 0.5 (196), and similarly for the case of the 180 jetting
events, where the threshold for |Q| would have to be increased to 0.73 to get equal numbers of events (92).
We note that making the number of events come out equal does not mean that all the selected cases are
the same. For example, of the 92 events that result from requiring either |Wsl| > 0.5 or |Q| > 0.73, only 69
of the events are in both sets.

4.2. ΔV∗ Versus Wsl

For a comparison with Figure 6, Figure 7 shows, on the left, the scatter plot ofΔV∗ versusWsl for the same set
of 791 crossings. It shows an overall correlation between the two quality measures, with linear regression
line slope of 1.24 and correlation coefficient of 0.79, and therefore an excess of events with ΔV∗ > 0.5 over
those with Wsl > 0.5. In this plot there are many event locations around ΔV∗ = 0, which was already
explained in the discussion of Figure 1. In the plot on the right for the 180 events with strong jetting, there
is an empty band around ΔV∗ = 0, resulting from the absence of points having small values of |ΔV∗| in
Figure 1b.

Figure 6. Scatter plots of Q versus Wsl, in panel (a) for all 791 magnetopause crossings having HTcc > 0.85 in addition to the criteria used for the events of
Figure 1a; (b) for those 180 that also have strong jetting. A blue curve shows the function Q = 2Wsl/(1+|Wsl|), valid for θ = 0° or 180°, in combination
with the assumption of a perfect HT frame (HTcc = ±1). Black arrows mark the point on the blue curve where θ = 0 and Wsl = 0.5, for which Q = 2/3, with
geometry discussed in Appendix B.
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Overall, the plot indicates that the earlier use of ΔV∗ as a single scalar quality measure had considerable
merit, most notably its simplicity. As noted already for Q, to get comparable statistics, one cannot use the
same threshold for ΔV∗ as for |Wsl|. In case of the 791 events, the threshold for |ΔV∗| would have to be
increased to 0.64 to get about the same number of events as for |Wsl| > 0.5, and similarly for the case of
the 180 jetting events, where the threshold for |ΔV∗| would have to be increased to 0.68 to get equal numbers
of events.

5. Method Comparison

Figure 8 shows a comparison between various measures for the Walén‐relation tests. The ratio R = |ΔV|/
|ΔVA| and the angle Θ between ΔV and ΔVA are the most complete indicators of the agreement of an event
with the jump version of the Walén relation. The red‐colored and light blue‐colored data points in the figure
identify events with |Wsl|<0.5 (red) and |Wsl| > 0.5 (blue). It is seen that red and blue cases are intermixed but
with blue events better concentrated around the two points of perfect agreement with the Walén relation (at
R = 1 and either Θ = 0° or Θ = 180°). The blue contours of constant Q illustrate how increasingly strict
acceptance threshold levels for Q lead to the selection of events in regions of decreasing size surrounding

Figure 7. Scatter plots of ΔV∗ versus Wsl; (a) for the 791 and (b) for the 180 crossings, as in Figure 6. The green lines are diagonals, and the blue lines are
regression lines, with slopes of 1.24 in both plots and correlation coefficients of 0.79 in (a) and 0.90 in (b).

Figure 8. Scatter plots of Θ versus R, for the 791 and 180 magnetopause crossings by MMS 2, respectively, with HTcc > 0,85. Events with Walén slopes |Wsl|<0.5
are shown in red, those with |Wsl| > 0.5 in light blue. Solid blue curves are as in Figure 1.
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the two points of perfect agreement. The curves for Q = ±0.5 enclose
many more red cases than blue cases; most of the latter are located inside
the curves for Q = ±0.7.

As Table 1 shows, to catch a similar number of acceptable RD events, one
could either use events that fall in a specified area of the (R,Θ) plane (e.g.,
R > 0.5 and Θ within 30° of either 0° or 180° ), or events for which the
Walén slopes are |Wsl| > 0.5, or events for which |Q| > 0.7. The table also
shows that the numbers for |Q| > 0.5 are very much larger than those
for |Wsl| > 0.5, indicating again that using equal numerical thresholds
for Wsl and Q to estimate the occurrence frequency of RDs is not sup-
ported by the data.

The similarity of the conditions |Wsl| > 0.5 and |Q| > 0.7 is apparent in Figure 8 as well. But the figure also
shows that there are quite a number of events with |Wsl| > 0.5 but |Q|<0.7, and similarly a number of events
with |Wsl|<0.5 but |Q| > 0.7. This shows that the two are not equivalent, which is not surprising, given the
fundamentally different nature of the test underlying theQ andWsl parameters. As we said before, for a com-
plete specification, two parameters are needed, such as R and Θ. But one can also remove the noted incon-
sistency between the events selected by |Wsl| > 0.5 and by |Q| > 0.7, by combining their respective
thresholds. This reduces the number of RD candidates to 17.3% for the full set of crossings and to 42.8%
for the subset of crossings with pronounced jetting, as shown in the bottom line of Table 1.

6. Summary and Discussion

The classification of magnetopause and other current sheet crossings as containing RDs has commonly been
achieved by checking how well the plasma flow and magnetic field data satisfy the Walén relation. Two fun-
damentally different approaches exist. The first method is to select two times, one upstream and one down-
stream of the potential RD, and compare the jump in plasma velocity between the two times with the
associated jump in Alfvén velocity. In this case, the success has typically been expressed by two measures:
how close the ratio R = |ΔV|/|ΔVA| is to unity and how close the angle, Θ, between ΔV and ΔVA, is to either
0° or to 180° (see Figure 1). More convenient, particularly for statistical studies, is to use a single scalar qual-
ity measure, Q, which has been proposed recently (Sonnerup et al., 2018) as an improvement over a pre-
viously used measure, ΔV∗.

The second method is to use all measurements in the interval between the upstream and downstream times
to obtain a continuous comparison between the plasma velocity samples (after they have been transformed
into the HT frame) and the associated Alfvén velocity samples. In this case, the degree of success is expressed
by two quantities, namely, the slope,Wsl, and correlation coefficient,Wcc, of the linear regression line in the
scatter plot of the components of V ′ versus the corresponding components of VA (see Figure 2). These two
quantities are qualitative counterparts of the ratio, R, and the angle, Θ, used in the jump‐relation formula-
tion of the Walén test.

Both methods have been widely used in earlier studies, as evident from citations in the previous sections, but
they have not been directly compared in detail. To overcome this dilemma, we have applied the Walén rela-
tion in these two different forms to the dayside magnetopause crossings from the MMS 2 database described
by Paschmann et al. (2018) and have compared their various measures of success. The dual quality measures
R andΘ, as well as the single measures Q and ΔV∗, were calculated from the plasma and magnetic field data
stored in the database for the upstream (magnetosheath) reference time and for the time where the change
in the plasma velocity reached its maximum. The Walén slopes, Wsl, and correlation coefficients, Wcc, are
also stored in the database, having been calculated from all samples between (and including) those two times
as part of the database production process. The main results of our study are as follows.

1. EitherWsl, Q, or ΔV
∗ can be used as a single Walén quality measure to identify potential RDs. Given the

fundamentally different nature of the methods underlyingWsl on one hand, and Q and ΔV∗ on the other,
it is remarkable that they statistically are closely related, as shown in Figures 6 and 7. However, to obtain
comparable numbers of such candidate events, the threshold value for |Q| or |ΔV∗| must be substantially
larger than that for |Wsl|. For the commonly used requirement |Wsl| > 0.5, the corresponding jump

Table 1
Walén Relation Statistics

Quality measure 791 crossingsa 180 crossingsb

R > 0.5 and Θ<30°c 180 (22.7%) 93 (51.7%)
Q > 0.5 416 (52.5%) 162 (90.0%)
Q > 0.7 202 (25.5%) 105 (58.3%)
Wsl > 0.5 196 (24.7%) 92 (51.1%)
Q > 0.7 and Wsl > 0.5 137 (17.3%) 77 (42.8%)

aMP crossings with |YGSE|<10 RE, magnetic shear > 45°, HTcc > 0.85,
and Vmax/Vup≥ 1. bAs in Note (a) but with the added requirement
|ΔVL| > 250 km/s. cOr > 150°.
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versions would be approximately |Q| > 0.71 or ΔV∗ > 0.64. Even with these different thresholds, only
about 70 % of the RD candidates selected by the two methods are the same. A much stricter acceptance
criterion would be to require the thresholds of bothWsl andQ to be met, which would reduce the fraction
of potential RDs to some 17% of the total pool of events (see Table 1).

2. An advantage of the jump version is that it requires minimal numerical effort and can be used with
lower‐resolution data. The main disadvantage is that, in the presence of substantial fluctuations, the
results can be sensitive to the precise choice of the upstream and downstream times.

3. The plot of θcc ¼ cos−1ðWccÞ versusWsl (Figure 5) shows that for reasonably large |Wsl| ( > 0.5 or so), the
angles θcc are mostly within 30° of either 0° or 180°, so that Wsl can serve as a single quality measure.

4. The advantage of the continuousmethod is that it is less sensitive to the choice of the upstream and down-
stream reference times and that it presents a more robust assessment of the overall level of Alfvénicity of
the structure. The main disadvantages are that it is numerically more complicated and that the Walén
relation may not hold in the interior of thin current layers. The method also depends on the quality of
the HT frame determination, as measured byHTcc. Note that our method to obtain the HT frame velocity
is based on the ion convection electric field and that it does not take into account the possible presence of
an intrinsic electric field component along the normal direction. It can be argued that the HT frame
should be based on electron velocities rather than ion velocities (Scudder et al., 1999), or ideally directly
on the measured electric field. For more detailed studies, theWalén scatterplot can provide helpful infor-
mation, such as the presence of substructures (see, e.g., Figure 2), and/or nonlinear correlation.

5. The statistical results from theWalén relation show a continuum of behavior. They do not provide a clear
distinction between RD events and TD events in the form of separate clumping of points in event scatter
plots such as Figure 1. Detailed studies are required in order to establish, beyond reasonable doubt, that a
potential RD candidate, identified by use of Q or Wsl, is actually a true RD. The Walén test is concerned
with the tangential stress balance. The conservation laws for mass, normal stress, and energy, along with
features of the distribution function, such as counter‐streaming, can in principle be of help in confirming
RD status (Phan et al., 2013). Here we have simply used the presence of substantial jetting as a reasonable
additional requirement for reconnection related RDs.

6. An unresolved issue is why |Wsl| at the magnetopause is almost always substantially less than unity,
while |Wcc| can still remain near unity (see Figure 4). This issue has been discussed by Puhl‐Quinn
and Scudder (2000). Another serious issue is why the mass conservation law for ideal RDs, ρ(1−α)
= const, is almost never satisfied (Blagau et al., 2015). Detailed discussion of these problems is beyond
the scope of the present paper.

7. A new result of the present study is a statistical relationship betweenWsl andWcc, described by the func-
tionWcc ¼Wsl=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þW2

sl

q
, where the constant k is proportional to the average fluctuation level (in the

Walén scatter plot) of the three V ′ components around the regression line.
8. We have also established relations between the scalar quality measures. The older measure ΔV∗ is shown

to be statistically proportional to 1.24Wsl (Figure 7). Regarding Q andWsl, there is a simple prediction of
the S‐shaped distribution of event points in the scatter plot of Q versus Wsl (see blue curve in Figure 6).
This relation is Q = 2Wsl/(1±Wsl), which is strictly valid only for Θ = 0° or 180°.

Appendix A: Relationship Between Wsl and Wcc
In this appendix, we derive the equations plotted as the green curves in Figures 4 and 5, starting from the
development given in Appendix A of Paschmann et al. (2013). For brevity, we employ the same notation
used there, according to which x represents the three components of VA on the horizontal axis of the
Walén scatter plot and y the corresponding components ofV ′ on the vertical axis. We also assume the regres-
sion line to be represented by y = a+bx so thatWsl = b. And for simplicity we assume a = 0, along with sym-
metry conditions such that the averages ⟨x⟩ = ⟨y⟩ = 0. Finally, we use the notation Wcc = (cc).

Equations A.1 and A.4 in Paschmann et al. (2013) are

ðccÞ2 ¼ ⟨xy⟩2

⟨x2⟩⟨y2⟩
; (A1)
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b2 ¼ ⟨xy⟩2

⟨x2⟩2
: (A2)

From these expressions follows that

b2 ¼ ðccÞ2⟨y
2⟩

⟨x2⟩
: (A3)

Next we describe the fluctuations of the individual points in the Walén scatter plot by the symbol δ so that

y¼ bx þ δ (A4)

with the average ⟨δ⟩ = 0 so that

⟨y2⟩¼ b2⟨x2⟩þ⟨Δ2⟩: (A5)

We can now put this result into Equation A3 to obtain

b2 ¼ ðccÞ2b
2⟨x2⟩þ⟨δ2⟩

⟨x2⟩
: (A6)

Denoting the normalized standard deviation by k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
⟨δ2⟩=⟨x2⟩

q
, we can then solve for (cc) to obtain

ðccÞ ¼ bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ k2

p : (A7)

Returning to the notation in the main part of the paper, we have

Wcc ¼ Wslffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

sl þ k2
q : (A8)

This expression, with k = 0.15 and k = 0.4, is represented by the green curves in Figures 4 and 5.

Appendix B: Relationship Between Wsl and Q
In this appendix, we discuss the theoretical relationship between the quality measureWsl, which is obtained
from the continuous version of the Walén relation, and the quality measure Q, which results from use of the
jump version. The discussion is complicated by the fact that these two measures utilize different data sets:
Wsl is based on all measurements during a chosen time interval, while Q is based on the data taken only
at the beginning and end points of that interval.

To enable a theoretical comparison of the two versions of theWalén test, we can apply the continuousWalén
test to the total of six individual components of V ′ and VA, based on measurements taken only at the begin-
ning and at the end end of the interval. This is what will be done here, with the additional assumption that a
perfect HT frame of reference is at hand. In this frame, the velocity vectorsV ′ andVA are aligned, both at the
upstream and the downstream stations. These vectors therefore define a reference plane to which all vectors
including the Δ vectors are confined. The vector plot shown in Figure B1 illustrates the behavior in this
plane. Since the components of V ′ and VA along the normal to the reference plane are zero, both upstream
and downstream, two of the six data points in the Walén scatter plot, are located at the origin, leaving only
four points away from the origin.

Figure B1 is a simple example where the angle Θ = 0 so that the red and black Δ vectors in the figure are
parallel. Since V ′ is also parallel to VA, both upstream and downstream, we have θ = 0, both upstream (sub-
script 1) and downstream (subscript 2). We also have the same chosen ratio r = 0.5 at those two locations,
because the smaller red vector triangle in the figure is similar to the larger black triangle. As a result, the
ratio of the two jump vectors is R = |ΔV|/|ΔVA| = 0.5 as well. In the figure, the locations of the various arrow
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heads are specified (in arbitrary units). At the bottom of the figure, the
corresponding Walén scatter plot is shown. It contains only six points,
two of which are located at the origin (0, 0). These six points all fall exactly
on a regression line with slope Wsl = 0.5 so that Wcc = 1 and therefore
θcc = 0. The corresponding jump‐based quality value is Q = 2/3. This case
is marked by the black arrow in Figure 6, located on the blue curve. For
this case we also find ΔV∗ = 1/2.

WhenΘ≠ 0, the situation is more complicated becauseΘ and θ, as well as
R and r, are no longer the same. The results now depend on other geome-
trical factors such as the magnetic shear angle Φ (which is Φ = 108.4° in
Figure B1) and on whether the vector ΔV ′ is inclined above or below
the (horizontal) vector ΔVA in the reference plane. For example, if the
beginning and end points of the vector ΔV ′ in Figure B1 are moved from
(−5, 5) and (10, 5) to (−8, 8) and (4, 2), the result is that the ΔV ′ vector
now slopes down at an angle of Θ = 26.6°. For this geometry, the corre-
sponding coordinates in Figure 6 are Wsl = 0.3412 and Q = 0.5630, which
would fall above the blue curve but not be far removed from it. There
would now also be considerable scatter of the six data points around the
regression line in the Walén scatter plot, indicating that the Walén slope
has substantial uncertainty. Nevertheless, as long as the HT frame is of
high quality, the blue curve seems to provide a reasonably robust predic-
tion, even when Θ≠ 0.

The conclusion is that in general there is not a one‐to‐one relationship
between a chosen point in the (Wsl−Q) plane and a corresponding vector
configuration. Furthermore, there is no guarantee that such a point by
necessity corresponds to an actual physically realizable configuration.
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