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RESUME

On démontre que, pour tout g > 2, le revétement double étale py : £, — SAg de
I’espace de modules £, des surfaces d’Enriques complexes polarisées de genre g vers
I’espace de modules g'g des surfaces d’Enriques complexes numériquement polarisées
de genre g est non connexe exactement sur les composantes irréductibles de z‘fg qui
paramétrisent des classes 2-divisibles, répondant ainsi & une question de Gritsenko
et Hulek [13]. On caractérise toutes les composantes irréductibles de £; en utilisant
un nouvel invariant des fibrés en droites sur les surfaces d’Enriques qui généralise
Pinvariant ¢ introduit par Cossec [8]. Notamment on obtient une correspondance
biunivoque entre les composantes irréductibles de £, et les n-uplets de nombres
entiers satisfaisant des conditions particuliéres. Cela rend possible, en principe, une
classification compléte de toutes les composantes irréductibles de £, pur tout g > 2.
© 2020 The Author. Published by Elsevier Masson SAS. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

For any integer g > 2, let &, (resp., gg) denote the moduli space of complex polarized (resp. numerically
polarized) Enriques surfaces (S, L) (resp. (S,[L])) of (sectional) genus g, that is, such that L? = 2g — 2.
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(Thus, ¢ is the arithmetic genus of all curves in the linear system |L|.) The moduli spaces &, exist as
quasi-projective varieties by Viehweg’s theory, cf. [28, Thm. 1.13]. The moduli spaces é’\g exist by results
of Gritsenko and Hulek [13]; more precisely, for each orbit h of the action of the orthogonal group in the
Enriques lattice M := U @ Es(—1) (see [1, Lemma VIIIL.15.1]), there is an irreducible moduli space Mg, ¢
parametrizing isomorphism classes of numerically polarized Enriques surfaces (S, [L]) with [L] in the orbit
h C 91~ Num S. The space éA'g in our notation is thus the union of all My, , where b varies over all orbits
with h? = 2g — 2. It follows from [13, Prop. 4.1] that there is an étale double cover p, : £, — Eg identifying
(S,L) and (S, L + Kg). Note that in general the spaces £, and EAQ have many irreducible components.
In this paper we answer the following fundamental questions:

(1) Given an irreducible component of gg, is its inverse image by p4 irreducible or not (cf. [13, Question 4.2])?
(2) How can one determine all the irreducible components of ;7

Regarding the first question, for each irreducible component & of gg either pg_lg’ is irreducible or it
consists of two disjoint components, according to whether (S, L) and (S, L+ Kg) lie in the same component
of £ or not for (S, [L]) € £'. We will prove:

Theorem 1.1. Let & be an irreducible component of fg. Then pg’l(g/) is reducible if and only if &
parametrizes pairs (S, [L]) such that [L] is 2-divisible in Num S.

We remark that a much weaker version of this theorem was obtained in [4, Cor. 1.5], with a completely
different approach.

Regarding question (2) above, one can start by fixing another fundamental invariant in addition to the
genus, namely the ¢-invariant

¢(L) :=min{E-L|E*=0,E >0} € Z,4, (1)

introduced by Cossec [8], which has interesting geometrical interpretations, cf., e.g., [9,18,15,26]. Then one
may, as in [4], consider the moduli spaces £, 4 and gg@ parametrizing pairs with L? = 2g —2 and ¢(L) = ¢,
which in general still have many different irreducible components. Also recall that not all possible pairs (g, ¢)
occur; for instance it is known that ¢? < 2g — 2 by [9, Cor. 2.7.1], and that there are no cases satisfying
$? <29 —2 < ¢*+ ¢ — 2 by [17, Prop. 1.4], but a complete classification of all possible pairs (g, ¢) is still
missing.

Some irreducibility results have been known in low genus for a while; for instance £3 9, £42 and & 3 are
irreducible, see [2], [10, §3] and [27]. In [4] all irreducible components of £; 4 were determined for ¢ < 4 or
g < 20 and described in terms of decompositions of the line bundles they parametrize into effective, primitive
isotropic decompositions (that is, into effective classes of square zero that are indivisible in Num S), cf. §2
below. As a sample, which was classically known, & » has three irreducible components, denoted by 55(,12) ,
55(121 " and Eégr in [5], corresponding to the following decompositions of L into effective, primitive isotropic
classes:

&) L~2E + By, Ey-Eig=1;
g L~2E —1;
5.2 ~ 2F + 2F;,, Ey-Ey =1,

ED LB +2B, + Ks, By Ey=1

(where ‘~’ denotes linear equivalence). The components can also be distinguished by studying the projective
models of its general members, which is classical, cf. [9, Prop. 4.1.2, Prop. 4.5.1, Thm. 4.6.3, Prop. 4.7.1,
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Thm. 4.7.1]. These cases also furnish a nice sample of Theorem 1.1: under p5 : &5 — éA’5, the two components

55(12] " and Eég)i are identified, whereas 55(12) is mapped two-to-one onto one irreducible component of .

To explain our results and our answer to question (2), let L be an effective line bundle on an Enriques
surface satisfying L? > 0. Set

0, if L + Kg is not 2-divisible in Pic S,

ep = { (2)

1, if L 4+ Kg is 2-divisible in Pic S.
We will prove (cf. Theorem 5.7) that there exist unique nonnegative integers a;, depending on L, satisfying

ay > --->a7 and ag + aip > ap > a9 > a1

such that L can be written as'

L~ayBEy+ -+ arEr +agEg + a1gF10 + aoEy 10 + 1 K, (3)

for an isotropic 10-sequence {E1, ..., E1o} of effective divisors (cf. Definition 2.1) and an effective isotropic
divisor Eg 19 ~ % (E1+ -+ E19) — Eg — By (cf. Lemma 2.2). We call (3) a fundamental presentation of
L and the coeflicients a; = a;(L) and ¢y, the fundamental coefficients of L (cf. Definitions 5.1 and 5.8). We
will prove that the irreducible components of £, are precisely the loci parametrizing pairs of genus g with
the same fundamental coefficients (cf. Theorem 5.9).

As an alternative description of the irreducible components of £, we will introduce a new function on
the Enriques lattice 91 that generalizes the ¢-function defined in (1). On the set of ordered 10-tuples of
integers one has an order relation by setting (aq,...,a10) < (b1,...,b10) if either E;gl a; < Zgl b; or
2321 a; = 2321 b; and there is an n € {1,...,9} such that a; = b; for all i € {1,...,n — 1} and a,, < b,,.

Definition 1.2. Let L be an effective line bundle on an Enriques surface S such that L? > 0. The ¢-vector
associated to L, denoted by ¢(L) = (¢1(L), ..., ¢10(L)) € Z1°, is the minimal value of all (E1- L, ..., Eyg- L)
under the above mentioned order relation, where (E1, ..., E1g) runs over all isotropic 10-sequences satisfying
O<Ei-L<---<Ejg-L.

We say that an isotropic 10-sequence {Ey, ..., E1o} computes ¢(L) if E;-L = ¢;(L) for all i € {1,...,10}.

Thus, the ¢-vector function measures the “lowest” intersection numbers of line bundles with respect to
entire isotropic 10-sequences, generalizing Cossec’s ¢-function, since, as proved in the next result, ¢1(L) =
¢(L). We will prove the following properties:

Theorem 1.3. Let ¢(L) = (¢1,...,¢10) be the ¢-vector associated to an effective line bundle L with L? > 0
on an Enriques surface S. Then

(a) 0< ¢y <+ < ro;
(b) 12, i is divisible by 3;
(¢) g1+ +¢r 22(2¢s+¢9+¢10);
10 10
(d) L? = % (Zi:l ¢i> - Zi:l i
(e) ¢1,...,ds are the eight lowest intersection numbers with L achieved by numerically distinct effective
isotropic divisors on S; in particular ¢, = ¢(L);
(f) L is numerically 2-divisible if and only if ¢; is even for alli € {1,...,10};

1 The reason for choosing to write (3) without the term “agFEg” is because then one automatically has Ey - L < --- < Eqg - L.
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(g) the isotropic 10-sequences computing Q(L) are, up to numerical equivalence, precisely the ones appearing
in fundamental presentations of L.

Conversely, for any Enriques surface S and for any 10-tuple of integers (¢1,...,010) satisfying (a)-(c),
there is an [L] € Num S such that L? > 0 and ¢(L) = (¢1, ..., d10)-

In particular, we remark that the set of values (g(L), ¢(L)) occurring as genus and ¢-vector of polarized
Enriques surfaces (S, L) are completely determined, and this a posteriori determines all possible values of

pairs (g(L), #(L)) by property (e).
Our answer to question (2) can now be summarized as:

Theorem 1.4. The irreducible components of £, are in one-to-one correspondence with the set of 11-tuples
of integers (¢1,...,d10,€) Satisfying

(i) 0 < ¢1 <--- < o,
(ii) Y10, i is divisible by 3,
(i) ¢1+ -+ ¢7 > 2(ds + P9 + d10),
(iv) € € {0,1}, with e = 0 occurring if at least one ¢; is odd,

2
() 29-2=4 (L% 0) -2 k.

Precisely, the irreducible component of £, corresponding to a specific (¢1,. .., ¢10,€) parametrizes all pairs
(S, L) with (L) = (¢1,...,¢10) and e, = €, which are precisely the pairs with the following fundamental

presentation, setting s := % 2}0:1 Qj:

7
L~ Z(% — @) Ei + (5 — 2¢8 — ¢p9)Eg + (5 — 2¢8 — ¢10)E10 + (5 — 3¢8)Eg 10 + K35,

i=1
for an isotropic 10-sequence {E1, ..., E10}, with Eg 19 ~ %(El +---+ Ey9) — E9g — Ep.
We propose the following notation for the irreducible components of &£,:

o Eg:b1,....610 cOrresponds to (¢1,...,P10) and € = 0, if at least one ¢; is odd.
€;¢1 b, COrTesponds to (f1,...,010) and € = 0, if all ¢; are even.

. 6, corresponds to (P1,-..,010) and € = 1, if all ¢; are even.

9341,

Thus, by property (f) in Theorem 1.3, the components £g.¢,,....¢,, parametrize pairs (S, L) with L not
numerically 2-divisible, 5;%,“.@10 parametrize pairs (S,L) with L 2-divisible in Pic.S, and 597¢17~~~7¢10
parametrize pairs (S, L) with L + Kg 2-divisible in Pic S. In particular, by Theorem 1.1 we obtain that the
map pg : Eg — gg identifies 5;;%"“’4510 with €., 4., and is two-to-one on Egg, ....¢,,- We propose to use
the notation §G;¢17,,,7¢10 for the images by p, of 5;%"“’%0 and Eg.4,,...61,- As an application of our results

we obtain a specific component dominating all others:

Proposition 1.5. For any g > 2 a/@d any irreducible component Eg;gl,-u,qbw of €, there is a surjective morphism
from the irreducible component 8621;30731732733734735,36,37,38,39 to gg;¢1,~~,¢10'

It would be interesting to know whether this component is the same as the dominating component found
by Gritsenko and Hulek [13], cf. Question 5.11.
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The paper is organized as follows. In §2 we recall and improve some results from [4] on effective decom-
positions of line bundles on Enriques surfaces into isotropic divisors. In §3 we study reducible surfaces that
are a transversal union of a rational surface and a surface birational to the second symmetric product of an
elliptic curve, considered first in [6]. Our main result is Theorem 3.10, which says that projective models
in P971 of those reducible surfaces by line bundles of degree 2g — 2 (as described in Proposition 3.7) are
smoothable to Enriques surfaces of degree 2g —2; more precisely, they represent smooth points in the Hilbert
scheme of such surfaces. This result is the Enriques version of [7, Thm. 1] for K3 surfaces and we believe
that it is of independent interest and that it will have further applications; indeed, although degenerations of
Enriques surfaces have been widely studied (cf., e.g., [19,22,20,25]), a concrete result such as Theorem 3.10
has not been available yet, cf. Remark 5.12. A second key result is Proposition 3.12 stating that under cer-
tain conditions (which will turn out to be equivalent to numerical non-2-divisibility) the projective models
by both a line bundle and its adjoint lie in the same irreducible component of the Hilbert scheme.

In §4 we prove Theorem 1.1 by degeneration, using the results from §3. Finally, in §5 we introduce the
notions of fundamental presentation and ¢-vector mentioned above and prove Theorems 1.3 and 1.4, as well
as Proposition 1.5.

2. Isotropic 10-sequences and simple isotropic decompositions

Let us explain some notions from [4]. Any effective line bundle L with L? > 0 on an Enriques surface
may be written as (cf. [4, Cor. 4.6])

L~a1E1+ - +a,E, +cKg, (4)

such that all E; are effective, non—zero, isotropic (i.e., E? = 0) and primitive (i.e., indivisible in Num 9),
all a; are positive integers, € € {0,1}, n < 10 and

either n #9, E; - E; =1 for all 1 # j,
orn # 10, By - B =2 and E; - E; = 1 for all other indices ¢ # j, (5)
or By -Ey=FE,-FE3=2and E; - E; =1 for all other indices 7 # j,

up to reordering indices. We call this a simple isotropic decomposition, cf. [4, Def. 4.1].
We say that two polarized Enriques surfaces (S, L) and (S’, L’) in €, admit the same simple decomposition
type (cf. [4, Def. 4.13]) if one has simple isotropic decompositions

L~aEy+ - +a,E,+eKs and L' ~a1E} + -+ -+ a,E,, +eKg, with € € {0,1} (6)

such that E; - E; = E - E; for all ¢ # j. Similarly, we say that two numerically polarized Enriques surfaces
(S,[L]) and (S,[L']) in Eg admit the same simple decomposition type if (6) holds modulo Kg and Kg:.
We note that ¢ = 1 is only needed in (6) when all a;s are even, otherwise one may substitute any E;
having odd coefficient with F; + Kg. Also note that a given line bundle may admit decompositions of
different types, cf. [4, Rmk. 4.14], but nevertheless the property of admitting the same decomposition type
is an equivalence relation on &£, and gg, cf. [4, Prop. 4.15].
We recall the following from [9, p. 122]:

Definition 2.1. An isotropic 10-sequence on an Enriques surface S is a sequence of isotropic effective divisors
{El, N .,Elo} such that EZ . Ej =1 for ¢ 7& j
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Tt is well-known that any Enriques surface contains such sequences. Note that we, contrary to [9], require
the divisors to be effective, which can always be arranged by changing signs. We will also make use of the
following result, cf. [4, Lemma 3.4(a)], [8, Lemma 1.6.2(i)] or [9, Cor. 2.5.5]:

Lemma 2.2. Let {Ey,...,Ei0} be an isotropic 10-sequence. Then there exists a divisor D on S such that
D? =10, ¢(D) =3 and 3D ~ Ey + - - + E19. Furthermore, for any i # j, we have

D~E;+E;+E;;, with E;; effective isotropic, E; - E; j = E; - E; j =2, (7)

1, if {i,j} n{k,1 0,
and By, - E; ; =1 for k#1,5. Moreover, E; j - By = Zf{l j} {1} #
2, if{i, sy n{k, 1} = 0.
In particular, for 4, j, k distinct, we have E; + E; + E; j ~ E; + Ej, + E; 1, so that
E;+E;; ~E,+E;. (8)

The next result yields a “canonical” way of writing simple isotropic decompositions:

Proposition 2.3. Let L be any effective line bundle on an Enriques surface S such that L?> > 0. Then there is

an isotropic 10-sequence {E1, ..., E10} (depending on L) such that there is a simple isotropic decomposition
L~aBEy+ -+ arkr + agEg + a1gF10 + agky 10 + € K, 9)

where Eg 19 ~ % (E1+ -4 Ev) — E9 — Eyg and ag,ay,...,a19 are nonnegative integers satisfying
a1 > - > ar, and (10)
ag +aip > ap > ag > aio. (11)

Proof. By [4, Cor. 4.7] combined with [4, Rem. 4.11], after renaming indices, there is an isotropic 10-sequence
{E1,..., F10} and nonnegative integers ag, ai, ..., a1p such that

L~a By + -+ aoF0 +apEy 10 + e Ks

with ag = 0 or ag = 0. We have left to prove that we can make sure the coefficients satisfy (10) and (11).
Assume ag = 0. By renaming indices we may assume a; > --- > ajg, so that (10) is satisfied. If ag = 0,
then ag = a19 = 0 and (11) is satisfied. If ag > 0, then, using (7):

L~a By +---+aokio+erKs
~ag(Ey+ -+ E) + (a1 —ag)E1 + -+ - + (a10 — ag)E1o + €. Kg
~ 3as(Eg + Evo + Eg.10) + (a1 — ag)Er + - - + (a10 — asg)Ero + e Ks

7
~ > (a; — ag)E; + (2as + ag) By + (2as + a10) E1o + 3asEo 10 + £ Ks.
i=1

Setting al := a; —ag fori € {1,...,7}, a} := 2ag+a; for i € {9,10} and af, := 3ag, we see that a] > --- > a’,
and

li / / / li
ag + ayy = 4ag +ag + a1 > 3ag = ag > 2ag + ag = ag > 2ag + aip = ayg,

so the coefficients a} satisfy (10) and (11).
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Assume henceforth that ag > 0, so that ag = 0. By renaming indices we may assume a; > --- > a7, SO
that (10) is satisfied, and ag > a19. We see that (11) is satisfied unless ap < ag or ag + a1g < ag. We treat
these two cases separately.

Case ag < ag. We set b := min{ag — ag,ar}. Recalling (7) and (8), we have
L~a By + -+ arBr + agFg 4 a10E10 + aoFg 10 + e Ks
~b(Ey+ -+ E) + i:(ai —b)E; — bEs + ao(Eg + E9.10)
i=1
+(ag —ap — b)Eg + (a10 — b)Ero + e K
~ 3b(Es + Evo + Eg.10) + i(ai —b)E; — bEs + ao(Es + Es.10)

=1
+(a9 —ag — b)Eg + (am _ b)E1o +eKg

=

7
~ Y (ai = b)E; + (ag — ag — b) Eo

=1

+(agp + 2b)Eg + (a0 + 2b)E1o + (a0 + 3b)Es 10 + £ Ks.

By definition of b, we see that at least one among F7 and Fg appears with coefficient 0. Hence, in the
expression Z;l(ai —b)E; + (ag — ag — b) Ey there are at most 7 nonzero terms, and we may rearrange them
so that the coefficients appear in decreasing order, that is, so that (10) is satisfied. Moreover, we see that
(ag + 2b) + (a1p + 2b) = ag + a1p + 4b > ag + 3b. If ag > a19, we see that also ag + 3b > ag + 2b > a19 + 20,
whence (11) is satisfied. If instead ag < a1, we set E} := FEig, af := a9 + 2b, E{, := Es, a}, := ag + 20,
Eg 10 := Eg 10 and ag = ag + 3b; then we rewrite

(ap + 20)Es + (a10 + 2b) E1g + (ao + 3b)Eg 10 = agEy + ajoEl + agEg 10,

with ag + aly > ag, ay > ajy and af > af. If af, > aj (which happens if and only if ag + b > a19), we are
done. If af, < ay, we repeat the process from the start, which this time will give the desired decomposition,
since af, > a},.

Case ag + a19 < ag. Recalling (8), we have

L~a By + - -+ arBEr + agEy + aroEho + agFg10 + e Ks
7

~ Z a; E; + ag(E9 + Eg 10) + a10(Evo + Eg,10) + (a0 — a9 — a10)Eg 10 + e K5
=1
7
~ Z a; B + ag(Eg + Eg 10) + a10(Es + Ego) + (a0 — ag — a10)Fo,10 + €L K5
i=1
7
~ Z a; E; + (ag + a10)Es + agEs 10 + a10Es,9 + (ag — ag — a10)Eg 10 + L K.
i=1

We note that {E1, ..., E7, Es10, Es,9, Eg 10} is an isotropic 10-sequence, and Eg ~ %(El +---+E;+Eg10+
E&g + E9710) - E8,10 - E879 (Cf Lemma 22) ThU.S, setting Eé = E9,107 Eé = E87107 EiO = Egyg and
Eg 10 := Eg, and b := min{ar,ap — ag — ajo}, we may rewrite as

7

L~ ZG%E’Z —+ (ao —ag — alo)Eé + agEé + aloEio —+ (CLg + alo)EéJO + gLKS
1=1
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7
Nb(El +-~-—|—E7+Eé+Eé+E10)+Z(ai—b)Ei-‘r(CLO —ag—alo—b)Eé
i=1
+(ag — b)Eg + (a10 — b) Bl + (ag + a10)Eg 19 + L Ks
7
~ 3b(Ey + By + Ef 1) + »_(ai — b)Ei + (ag — ag — ayo — b)Eg
=1

+(ag — b)Eg + (a10 — b)Eyg + (ag + a10)Eg 10 + L. Ks
7

~ Z(ai — b)Ei + (ao — a9 — ajg — b)Eé
=1

+(ag + 2b)E§ + (a10 + 2b) By + (3b + ag + a10)Ef 1o + e K.

By definition of b, we see that at least one of E7 and E} appears with coeflicient 0. Hence, in the expression

21'721(‘11‘ —b)E; + (ap — ag — ajp — b)E} there are at most 7 nonzero terms, and we may rearrange them

so that the coefficients appear in decreasing order, that is, so that (10) is satisfied. We also see that the
coefficients in front of Ey, £, and Ej ;, satisfy the conditions (11).
Finally, the fact that (9) is a simple isotropic decomposition is easy to check. O

Remark 2.4. Recalling (2), we have by [4, Lemma 4.8] that

{0, if some a; is odd
g1, =

Oor1, ifall a; are even,

with the a;s as in Proposition 2.3.
3. Flat limits of Enriques surfaces

Let E be a smooth elliptic curve. Denote by @ (and ©) the group operation on E and by ey the neutral
element. Let R := Sym?(E) and 7 : R — E be the (Albanese) projection map sending « + y to = & y. We
denote the fiber of 7 over a point e € E by

fo:=m"1e)={z+yecSym*(E) |z @y = e (equivalently, z +y ~ e +eo)},
which is the P! defined by the linear system |e +eq|. We denote the algebraic equivalence class of the fibers
by f.
For each e € E, we define the curve s, (called D, in [3]) as the image of the section E — R mapping

x to e+ (z©e). We let s denote the algebraic equivalence class of these sections, which are the ones with
minimal self-intersection, namely 1, cf. [3]. We note for later use that for x # y we have

s, Nsy = {z+y}. (12)
We also note that we have
Kpr~ —25¢, + fe, - (13)

For any of the three nonzero 2-torsion points n of E the map E — R defined by mapping e to e+ (e &)
realizes F as an unramified double cover of its image curve

T, ={e+(e®n)|ecE}.
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We have

Ty~ —Kp + 1y = fe ~ 28, = 2feq + Fiy

by [3, (2.10)]. In particular,

T, » —Kgr and 2T, ~ —2KR.

We henceforth fix 7 and set 1" := T;,. For later use we gather a few lemmas here:

Lemma 3.1. We have h*(Tr(=T)) =0 for all i.

Proof. We first note that (14), Serre duality and Riemann-Roch imply that
W (Or(~Kgr —T)) = h'(Og(~T)) =0 for all i.

Then the lemma follows from the sequence

0— Op(—Kgp—T) — Tr(-T) — Or(-T) — 0,

which is the dual of the sequence of relative differentials of 7 tensored by Or(—T).

Lemma 3.2. We have

Sy +fy ~ 85y +fr forall xz,y € E.
In particular,
Se + fn ~ Saen +fe, forall x € E.

Proof. Restricting to s¢, and using the isomorphism 7|5, :5c, — E, we have

(50 — 5y)|550 ~ 7T|:eo (r—y) ~ (fo — fy)|5eo’

(15)

(16)

(17)

(18)

and (17) follows from the special case of [3, Prop. (2.11)] stating that two line bundles on R with the same

restriction to a section are isomorphic. Setting y := x@®n in (17) and using the group law (z®y ~ x+y—ep)

on E, we obtain (18). O

Lemma 3.3. If B € Pic’ E such that 7*Blr is trivial, then B~ Og or B~ Og(n —ep).

Proof. Any B € Pic’ E can be written as B ~ Ogp(x — eg) for some z € E. Assume that x # ey. Since

7*Blp ~ Or(fs — fe,) is trivial, we have, using (14), a short exact sequence

0 — Or(fe —feo = T) ~ Or(KR + fo — fn) — Or(fe — feo) — Or — 0.

As hY(Ogr(fz — feo)) = 0 for i = 0,1,2, we must have h?(Or(Kg + f» — f,)) = k' (Or) = 1, whence z = 7

by Serre duality, finishing the proof. O
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Embed T as a cubic in P2. Consider distinct points x1, ..., z9 € T such that
x1+ -+ x9 € [Np/p @ Np/pe2|. (19)

Let og : R — R be the blow up at z1,z9 and op : P — P := P2 be the blow up at xa,...,xs. We will
always assume the points x; to be sufficiently general, so that

P is Del Pezzo (whence contains no (—2)-curves), and (20)

z1 and xg lie on distinct fibers of 7 : R — E. (21)

We denote by ¢ on P the pullback of a general line on P2 and by e; the exceptional divisor over x;,
i € {2,...,8}. By abuse of notation we denote by s and f the pullbacks of sections and fibers on R and by e;
the exceptlonal divisor over z;, i € {1,9}. We still denote by 7 the composed map R— R — E. By abuse
of notation we denote by T' the strict transform of 7' in both R and P. We have (cf. (14)-(15))

TN2580—2f60+fn—€1—ego°—KR7 2TN—2K1§ on R, (22)
TN3€—22—'~'—28N—K15 on P. (23)

Define X := R Uy P as the surface obtained by gluing Rand P along T'. The first cotangent sheaf Ty =
ertp, (x,Ox) of X (cf. [24, Cor. 1.1.11] or [11, §2]), satisfies

Tx ~ Ny @ Ny s~ Or, (24)

by [11, Prop. 2.3], because of (19). Thus, X is semi-stable, cf. [11, Def. (1.13)] and [12, (0.4)]. We will denote
by D the family of surfaces X obtained in this way. It is easy to see that D is irreducible of dimension 9.

Lemma 3.4. We have h°(Ox) =1, h'(Ox) = h?(Ox) = 0. In particular, Pic X ~ H*(X,Z).

Proof. Consider the decomposition sequence

0—— Oé(*T) OX 015 0.

Since h?(Oz(—=T)) = 0 and h*(Op(—T)) = h°(Op(Ki +T)) = 0 (because T is not anticanonical on R),
also h*(Op(—T)) = 0 by Riemann-Roch. We thus get k7 (Ox) = h/(Op) for j = 0, 1,2, which has the stated
values, as P is rational. The last statement follows from the cohomology of the exponential sequence. 0O

We recall that a Cartier divisor, or a line bundle, £ € Pic X, is a pair (L, L) such that Lz € Pic E,
Ly € Pic P and L|r ~ Lp|r. We remark that since T is numerically equivalent to the anticanonical divisor
on both R and P, we have

L2 = L%+ L% = 2pa(Lg) — 24 2pa(Lp) —2+2d, d:=Lg-T=Lp-T, (25)
so is even. As (’)T(KI:2 + T) ~ wyp ~ Or, the canonical divisor Kx is represented by
Kx = (Kz+T,0) = (f, — fe,0) in PicR x Pic P. (26)
In particular, by (22)-(23) we have

Kx #0 and 2Ky = 0. (27)
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By [12, (3.3)] the surface X also carries a Cartier divisor £ represented by the pair
€= (T,=T) ~ (260y — 2oy + fy — €1 — 9, =30+ ¢3 + --- + ¢g) in Pic R x Pic P. (28)
Lemma 3.5. The Cartier divisor Kx is the only nonzero torsion element of Pic X.

Proof. Assume that L, represented by (L, Lp) as above, is a torsion element of Pic X. Since Pic P is
torsion-free, we must have L5 = Op. Moreover, since L is torsion in Pic R >~ 03 Pic R ® Z[e1] © Z]eo], we
must have Lz ~ 7B for a B € PicO(E) such that 7*B|r ~ Ls|r ~ Or. By Lemma 3.3 we have 7*B ~ Og
or B~ Ox(f,; — fe,)- Thus, by (26), we have £ ~ Ox or L ~ Ox(Kx), as desired. O

We now find special effective primitive isotropic divisors on X that will be used later.
For j € {1,9}, the linear system [ ® J,,| on P is a pencil inducing a g5 on T', which has, by Riemann-

Hurwitz, two members that also belong to a fiber of w7 : T'— E. In other words, there are two fibers f,
and fo, of m: R — E such that

(foy; Ue;) NT € [l and (foy Ue;) € [£]l7, j € {1,9}.

One easily verifies that a;- = a; @ n. In particular, there are two uniquely defined points a; and a; & n on
FE such that the pairs

(faj + ej7£) and (fa]’@n + ej7£)7 j € {1a9}7

define Cartier divisors on X. It is easy to check, using the group law on E and (26), that one is obtained
from the other by tensoring with Kx. We define

Ey = (fag + 29,6) and F9 + Kx = (fozg@n + 99a£)~

Similarly, for each i € {2,...,8} there are two uniquely defined points «; and a; @ n on E such that the
pairs

Ei = (fai,f— 21‘) and EZ +KX = (faiEBT]’Z_ ei), for 7 e {2,...,8},

define Cartier divisors on X.
Considering each point z; € T, for i € {1,9} as a point in R = Sym?*(E) we may write z; = p; + (p; ® 7).
There are two sections in R passing through z;, namely s,, and s,,q,, cf. (12). Thus, on R the pairs

(8p; — ¢,0) and (sp,en —¢;,0), ¢ € {1,9} (29)

define Cartier divisors on X. Using (18) and (26) one checks that one is obtained from the other by tensoring
with K x. We define

Ey = (sp, —¢1,0) and Ey 4+ Kx = (Sp,qn — ¢1,0). (30)

We have 7(x;) = p; © p; ©n and f(,) is the unique fiber of 7 : R—> E passing through x;. Its second
intersection point with 7" is x} := (p; ®n1) + (p: D n2), where 1 and 72 are the two nonzero 2-torsion points
of E in addition to 7. The g3 cut out on T by the pencil of lines through  has, again by Riemann-Hurwitz
as above, two elements that are fibers of m7 : T' — E, say the fibers over 3; € F and §; & n € E. It follows
that for ¢ € {1,9} there are two uniquely defined points §; and 5; @ n on E such that the pairs
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(fw(zi) + fﬂi - ei7€) and (fﬂ’(ﬂci) + fﬁz‘@n - eivz)v (S {1a9}’ (31)

define Cartier divisors on X. It is again easy to check that one is obtained from the other by tensoring with
Kx. We define

E10:= (fr(zy) + 75 —¢1,¢) and Eig+ Kx = (fr(zy) + for@n — €1, ¢). (32)
Note that we have E? = 0 for all i and E; - E; = 1 for all i # j.
Lemma 3.6. We have E1 + -+ + E19 + & ~ 3(Eg + E1o + E9.10), with (cf. (29))
Ey10 = (5p, — ¢9,0) and Eg10+ Kx = (Spyan — ¢9,0). (33)

Proof. By (17) we have s¢, ~ 8, + fe, — fpo and s,, ~ sp, + fp, — fp,- Hence one finds

(Br+ -+ B0+ &) — 3(Eg + E1g) ~ (3(sp, —¢9) + A,0) (34)
with
A= fpl + f”l + foéz +oe foés - Sfpg - 2f069 - Qfﬂ'(zl) - Qfﬂl =0
(where ‘=" denotes numerical equivalence). Since (s,, — ¢9, 0) is Cartier (cf. (29)) and all divisors on the left

side of (34) are Cartier, we see that (A,0) is Cartier as well. Since it is torsion in Pic X, it equals 0 or Kx
by Lemma 3.5. Thus, (34) reads

(E1 + -+ Ejo+ f) - 3(E9 + ElO) ~ 3(5p9 — €9, 0) or 3(5p9 — €9, 0) + Kx.
The result follows possibly after interchanging Eg 19 and Eg 10 + Kx, equivalently, pg and pg ©@n. O

Thus, we may similarly to (7) define

1

Ei,j = 3

(Bv+---+Ew+¢&) — E;— E; for each i # j. (35)
Hence (8) holds on X. In particular, we remark for later that

E19 ~ (Fr(zs) T T8o — ¢9,¢) and Ei g+ Kx ~ (fr(zo) + faemn — €9, ) (36)
(cf. (31), possibly after interchanging 8y and Sy @ 7).
Proposition 3.7. Let X = R Ur P be a member of D and

L ~apgEg 10+ a1E1 4+ asEy + -+ - + arE7 + agEy + a10E10, (37)

with all a; > 0 satisfying

ag +aig > ag > max{ag,ao}, (38)

ap + min{ay,as} > 0, (39)

min{ai,as} > a3 > --- > ar, (40)

ap + min{ay,as} +as + -+ ay + ag + aip > 3. (41)
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Set g : 1L2 + 1. Then the complete linear system |L| defines a morphzsm oL X — P91 that is an
zsomoq“phzsm onto its image emcept for the contraction of (—1)-curves on R and P and it contracts at least
one such curve, namely eg on P. Iis image is X := R Uz P, where R and P are the images ofR and P
respectively, and intersect transversally and only along T := op(T) ~T.

Furthermore,

(i) H(X,0x) =0 for j =1,2;
(ii) K~ is Cartier and represented by (K% + T,0), whence K+ # 0 and 2K+ = 0.

Proof. Set Ly := L|; and Lp := L|5. We have
FEg10 = (5 —¢9,0), Eg = (f+¢9,£), E19=(2f— e1,4),
Ei=(s—e1,0), E;=(f,l—e),i€{2,...,7}.
Claim 3.7.1. Ly is nef, L% >5and LT >5. In particular, Ly + T is nef with (L + T)2 > 13.
Proof of claim. We have an effective decomposition

Lg =ao(s —e9) +ai(s —e1) +ai(f —e1) + (a2 + - + a7 + ag + ao)f + ageo. (42)

The only negative components are eg and f —e;. Since eg - Lz = ag —ag > 0 and (f—e1)- Lp=ap—an=>0
(using (38)), we see that Lz is nef. From (42) we find

L% = 2(&0 + al)(ag +---+ar+ag+ alo) + a0(2a1 + ag + CLlo) + CLg(CLO - CL9) + alo(ag - CLlo). (43)

One now readily checks that conditions (38) and (41) imply L% > 5, as desired.

Finally, recalling (22), we have T2 = =2 and T - L = 2(az + -+ + az) + 3(ag + a10). Again (38)
and (41) yield that T - Ly > 5. Since T is irreducible with T? = —2, it follows that Lz + T is nef with
(Lp+T)*>>13. O

Claim 3.7.2. Ly and Ly are globally generated and each defines a morphism that is an isomorphism except
for the contraction of (—1)-curves; moreover, Lz - eg = 0.

Proof of claim. We first consider L. By Claim 3.7.1 we have that Ly — Kz = L + T is big and nef.
Therefore, if |Lz| fails to separate a scheme Z of length < 2, then by Reider’s theorem [23, Thm. 1] there
exists an effective divisor F' containing Z such that

(F-(Lg+T),F?) € {(0,-1),(1,0),(0,~2), (1,-1),(2,0)}, (44)
with the latter three occurring only if deg Z = 2. We will show that the only possibility is the fourth one,
with F'-T'=1and F- Lz = 0.

To prove this, note that by (21) the only negative curves in fibers § of R are the (—1)-curves ey, ¢, f —
¢1, f — eg, which have intersections

er- (Lg+T)=a1+ap+1>1, ¢g- (L +T)=ao—ag+12>1,
(f—e) (Lg+T)=ap—aww+1>1, (f—e) (Lg+T)=a1+ag+1>1

(using (38)). Moreover, we have T'- (Lz +T') > 3 by the above, and
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(L§+T):a0—|—a1+223,
(

f.
¢9) (Lz+T)=ai+ - +ar+2ag + 2a1p > 3,
( ) -

s —
s —¢1 (Lé—i—T):a0+a2+-~-+a7+ag+a1023,

using (38), (39) and (41). All other curves D # e1,¢9,§ —e1,f — 9, f,5 — ¢1,5 — ¢g, T intersect f, (s — eg) and
(s — e1) positively and T' nonnegatively, whence

D-(Lzg+T)>D-Lg>ag+ai+--+a7+ag+aypp >3,

using again (41). This proves that the only possibility in (44) is F? = -1, F-T = —F - Kz = 1 and
F - Lz = 0. In particular, it shows that |Lz| defines a morphism that is an embedding except for the

contraction of (—1)-curves, as desired.
We then consider L. We have

ngNa2(€—82)+"'+a7(£—27)+a9£+a10£. (45)
In particular L-eg = 0 and | L | defines a birational morphism that is an isomorphism outside finitely many
contracted (—1)-curves. This follows e.g. from (20) and [14, Prop. 3.10], as —Ls- Kz =Lp-T=Lz-T > 5

by Claim 3.7.1. O

We note that T is nef on P. As Ly~ (Lp+T)+Kp,wehave h? (L) =0,j =1,2. As Ly(—T) = L+ K3
we have h?(Lz(—T)) = 0,7 = 1,2. From the short exact sequence

and Riemann-Roch on R and P we therefore find that

hO(L) = x(L) = X(L(~=T)) + x(Lp)

1 1

= §(L}§+Kﬁ)~L§+X(O§)+§Lﬁ-(L13—K13)+X(015)
1 1 1

= §(L§§+L'§5)f sLa-T+5Lp-T+x(Op) +x(Op)
1

(using the facts that LT = L5 -T, x(Op) = 0 and x(Op) = 1). Furthermore, by (46) the restriction map
HO(X,L) — HO(P, L) is surjective. Similarly, switching the roles of R and P (using that W(Lp)=0,j=
1,2,as8 Ly — K = L +T is big and nef by Claim 3.7.1, and h?(L(=T)) = h¥(Lp+Kp) = 0,5 = 1,2), one
finds that the restriction map H°(X,L) — H 0(]:2, L) is surjective. Therefore, the morphism ¢y, defined
by |L| restricted to R and P is, respectively, the morphism defined by |Lg| and |Lp|. By Claim 3.7.2 the
surfaces R := ¢ (R) and P := ¢ (P) are smooth.

Claim 3.7.3. R and P intersect transversally and only along T := op(T) ~T.
Proof of claim. Assume first that Oz(1)(—T) is globally generated. Assume that there is an intersection

point p of R and P outside T. Let C' C P be a general curve in |O5(1)| passing through p. Then C intersects
T transversally along a divisor £ € |O5(1)|. The ideal sequence of ¢ C T C R tensored by Ox(1):
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0—— Oﬁ(l)(ff) E— OE(]‘) ® jg/ﬁ — OT — 0, (47)
and the vanishing h*(Oz(1)(~=T)) = 0 (as Oz(1)(-T) = Ox(1)(K%)) prove that |Ox(1) ® Jepl is base
point free off £, so that we can find a C’ € |Ox(1)| not passing through p and such that CNC’ = ¢, a
contradiction.

This proves that R and P do not intersect outside T'. A similar argument shows that the intersection of
R and P in P97! is transverse: just replace p with the infinitely near point of tangency of T at a supposed
point of non-transversality.

If O5(1)(=T) is globally generated, we repeat the argument interchanging R and P.

Finally we treat the case where neither Of(1)(=T) nor Op(1)(—T) are globally generated. Since
Ox(1)(-T) = 05(1)(Kx) and 05(1)? = L% > 5 by Claim 3.7.1, Reider’s theorem [23, Thm. 1] yields
the existence of an effective divisor B satisfying E% = 0 and Eg - Of(1) = 1. Thus, Ex ~ P!, whence
Eg - Kz = —2. The total transform Ep of Ex on R contains a smooth rational curve as a component,
whence it must be supported on fibers of 7 : R — E. Since moreover EZ = 0, Eg - Ki = —2, we must have

5 = f. From (42) we find f- Ly = ag + a1, whence (ag,a1) € {(1,0),(0,1)}. Moreover, the images of the
fibers § by ¢, are lines.

Assume (ag,a1) = (0,1). Then (38), (40) and (41) yield ag = a9 = 0, ag = a4 = 1, az > 0, whereas
a; € {0,1} for i € {5,6,7}. From (45) we find L ~ (a2 +as+ag+a7+2)l—azez —e3—eq —ases —ages —arer.
But then one easily verifies that Ox(1)(—=T) ~ ( ag —1)(£—e2) + (a5 + ag + a7)¢, which is globally generated,
a contradiction.

Assume (ag, a1) = (1,0). Then conditions (38), (40) and (41) yield ag = a19o =1 and ag =--- = a7 =0,
whereas ay is arbitrary. From (45) we find Ly ~ ao(¢ — e) + 2¢. If ag > 0, then P ~ Bl,, P? and
Op(1)(=T) ~ (az — 1)(£ — e2), which is globally generated, a contradiction. We must therefore have as = 0,
in which case Op(1) ~ 2/, that is, P is the 2-uple embedding of P2, and Oz(1) = s + 3f — ¢; by (42). In
particular, g = 6.

Assume that there is an intersection point p of R and P outside T. Let [z C R be the line in the ruling
passing through p. This intersects T in two points, say ¢ and ¢’ (which are distinct, as the cover 7| : T — E
is étale). Let cp C P ~ P2 be the unique member of |Op=(1)| passing through p and ¢, which is embedded
as a conic in P9=! ~ P5 Then [z and cp intersect in p and ¢, and at no further points, for reason of
degree. In particular, ¢p does not contain ¢’. The intersection of the plane spanned by [z and ¢p with T
thus contains the length-three scheme ¢pNT and ¢’. We therefore get a 4-secant plane to 7', a contradiction:
indeed, the curve T C P® has degree T - Op(1) = 3¢ - 2¢ = 6; thus, given any three points of T, the system
of hyperplanes through these three points cut out on 7 a complete linear series of degree at least 3, and
therefore has no base points.

Finally, assume that p € T is a point of non-transversality of R N P. Let again [z C R be the line in
the ruling passing through p, and denote by ¢ its further intersection point with T', which is distinct from
p as above. Let ¢, C P ~ P2 (respectively, ¢,) be a general member of |Opz(1)| passing through p (resp.,
q), which is embedded as a conic in P°. Then the intersections ¢, N T and g N T each consist of three
points, mutually distinct. If the intersection ¢, N [r is not transversal at p, then ¢, and [z span a plane
whose intersection with 7' contains the length-three scheme ¢, N7 and g. We thus again get a 4-secant
plane to 7T, a contradiction as above. The same reasoning works for ¢;. Thus, C' := ¢, + ¢, is a member
of Op(1), that is, a hyperplane section of P, intersecting [g transversally in p and ¢ and T transversally
in a scheme ¢ consisting of 6 distinct points (including p and ¢). The exact sequence (47) above and the
vanishings h*(Oz(1)(=T)) = 0 (proved as above) and h°(Oz(1)(=T)) = 0 (as Ox(1)(~T) = —s + 4f) show
that there is a unique member D € |O%(1)| passing through ¢ (necessarily containing [z) and intersecting
T transversally only along the six points in &, as T - Ox(1) = 6. Thus, locally at p we have DNC = ¢ N IR,
which we proved to be transversal. Therefore, D U C' is a hyperplane section of X with an ordinary double
point at p, a contradiction. O
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The last two claims prove all assertions in the proposition except (i) and (ii).

The proof of (i) follows the lines of the proof of Lemma 3.4.

To prove (i), note that Ox(K% + T) ~ wg ~ O, so that (K% + T,0) is Cartier and represents the
canonical divisor on X. By (22) we have K% # 0 and 2K =0. O

Remark 3.8. Looking at (42) and (45) one can find precisely which curves are contracted by ¢ in terms
of the coefficients a; and thus what R and P are, as well as their hyperplane bundles. Indeed, assume that
ag > aig and a1 > ag. Then on R the curve ¢1 is contracted if and only if a; = 0 for all ¢ # 0,9, the curve
f — e1 is contracted if and only if ap = ag = a1p, whereas eg is contracted if and only if ag = ag. No other
curves are contracted (note that f — eg cannot be contracted, because it would imply a; = ag = 0, which
is inconsistent with (38)-(39)). On P the curve ¢; is contracted if and only if a; = 0, and no further curve
except for eg is contracted.

The first cotangent sheaf T% of X sits in a short exact sequence
0 —— Tx — Tpo-1lx — Nx/pos » Ty —— 0, (48)

where Tx := hom(Qx, Ox), and satisfies

by [11, Prop. 2.3]. Note that by (24) we have that deg T% equals the number of contracted curves by ¢y,
and is therefore at least one, by Proposition 3.7.

Lemma 3.9. Let X be as in Proposition 3.7. Then

(i) Hj(Y,Ny/Pg;l) =0 forj=1,2; and
(i) the map HO(X,NY/Pg,l) — HO(T,Ts) induced by (48) is surjective.

Proof. To prove the lemma we will argue much as in [7, Pf. of Lemma 3]. We first have to deduce several
vanishings of cohomology of sheaves on R and P.

Recall that T% is supported on T', where it is a line bundle of positive degree. Moreover, since T = —Kx
and T ~ —K% on R and K% < 0 as R is a blow down of a blow up of R, we have

W (Tx) =h (T ® Ox(-T)) =0, j=1,2. (50)
We next claim that
H*(P,Tp) = 0. (51)

Indeed, for f : S’ — S a blow up morphism of a single point of a smooth projective surface S we have the
dual of the sequence of relative differentials

0 Tsr [*Ts Op: (1) — 0,

which shows that h%(Ts/) = h?(Ts). Thus (51) follows since P is birational to P2.
We then claim that

H*(R,T=(-T)) = 0. (52)
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Indeed, recall that R is obtained from R := Sym?*(E) by a sequence of blow ups and downs of (—1)-curves
always intersecting the strict transforms of 7" in one point, as T' is numerically anticanonical at each step.
As above, for f: S’ — S a blow up morphism of a single point of a smooth projective surface S lying on a
smooth curve D C S, letting ¢ be the exceptional curve and D’ ~ f*D — ¢ the strict transform of D on S,
we have the dual of the sequence of relative differentials twisted by Og/(—D’) ~ f*Os(—D) ® Og/(¢):

0 —— Ts/(=D") —— f*(Ts(=D))(e) Op: 0,

which shows that h?(Tg (—=D’)) = h2(f*(Ts(—D))(¢)) = h*(Ts(—D) @ f.Os(¢)) = h?(Ts(—D)). Thus (52)
is equivalent to h%(Tgr(—T)) = 0, which holds by Lemma 3.1.
For simplicity we will in the rest of the proof denote by Ny, Nz and Np the normal bundles of X,R
and P in P9~ respectively.
We claim that
HI(P,N5) =0, j=1,2. (53)

To prove this, consider the Euler sequence

0—— O0p —— 0p(1)% —— Tpy—1|p —— 0.

Since Op(1) ~ Kp + Op(1)(T) and T is nef (as T2 = 2 on P and P is obtained from P by blowing down
(—1)-curves), we get h/ (Op(1)) = 0 for j = 1,2, whence h?(Tps-1|5) = 0 for j = 1,2. Then (53) follows
from (51) and the normal bundle sequence
0——Tp —— Tpo-1lp —— Np —— 0.
We then claim that

H (RNg(-T)) =0, j=1,2. (54)

To prove this, consider the Euler sequence twisted by Oz(—T)):
0 —— Of(-T) —— Ox5(1)(-T)% —— Tpy-1|p(-T) —— 0.

Since Oz(1)(~=T) = Ox(1)(Kg) we get hi(Ox(1)(=T)) = 0 for j = 1,2. Moreover h?(Ox(-T)) = h°(Kx +
T) =0, as T is not anticanonical. Hence h?(Tps—1|5(—T)) = 0 for j = 1,2. Then, from the normal bundle
sequence twisted by Og(—T):

0—— TE(_T) —_— ’Hpgfl |§(—T) —_— NE(—T) EE— 0,

and (52), we obtain (54).
We now prove that

H'(P,Nx|p) =0, j=1,2. (55)
To prove this, we use the short exact sequence

0 —— Npg —— Nxlp —— T —— 0, (56)
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whose existence is proved in [7, Lemma 2]. Then (55) follows from (50) and (53).

Similarly, using the sequence similar to (56) on R twisted by —T and (50) and (54), we obtain that

We can now prove the lemma. From (55), (57) and the short exact sequence

0 —— Nxlgp(-T) — Nx —— Nxlp — 0,

we get b/ (N5) = 0 for j = 1,2, proving (i), as well as the restriction map H°(X,N+) — H°(P,Nx|p)
being surjective. Since H°(P, N5|#) surjects onto H° (T%) by (56) and (53), we see that H°(X, N5) surjects
onto HO(T§), proving (ii). O

Theorem 3.10. Let X be as in Proposition 3.7. Then X is represented by a smooth point [X| of the Hilbert
scheme parametrizing surfaces of degree 2g — 2 in P9=1. The irreducible component ) containing [X] is
reduced and has dimension g> + 9 and its general point parametrizes a smooth Enriques surface S.

Proof. Since H'(N5 p,—1) = 0 by Lemma 3.9(i), the point [X] representing X in the Hilbert scheme of
P9~ is smooth [24, Thm. 4.3.5] and thus belongs to a single reduced component § of it. By Lemma 3.9(ii),
a general tangent vector to §) at [X| represents a first-order embedded deformation of X that smooths the
double curve T'. Hence the general point in §) represents a smooth irreducible surface S. Since h?(O) = 0
for j = 1,2 by Proposition 3.7(i), also h/(Og) = 0 for j = 1,2. Moreover 2K+ = 0 by Proposition 3.7(ii),
whence Kg = 0. It follows that S is a smooth Enriques surface.

Since [S] is a smooth point of §, we have dim § = h(Ng/ps-1), which can be computed using h°(Tg) =
h?(Ts) = 0 and h'(Ts) = 10, the normal bundle sequence

0—— Ts —— Tpo-1]s —— NS/Pg_l — 0,

and the Euler sequence for S ¢ P9~1. O

Corollary 3.11. With the same assumptions as in Proposition 3.7, there is a flat family w: X — D over the
unit disc such that X is smooth, 7=1(0) = X and S; := n~1(t) is a smooth Enriques surface fort # 0, and
a line bundle £ on X such that L|x = L and L|s, is very ample for t # 0.

Furthermore, there is a short exact sequence

*

0— Z[¢] — PicX ~ H2(X,Z) —— H2(S,,Z) ~ Pic S, — 0, (58)
where vy : Sy C X is the inclusion.

Proof. As mentioned above, deg T% equals the number of contracted curves by ¢y and there is a section
seH O(T%) such that the support of its zero scheme Z(s) is precisely the images of the contracted curves. By
Lemma 3.9(ii) this section can be lifted to a section of H° (Y,Ny/ﬂ»g_l), which in turn defines an embedded
deformation of X. Let p : X’ — D be the universal family. Then X’ is singular precisely along Z(s), cf.,
e.g., [24, Chp. 2] or [11, §2], and in particular the general fiber of p is a smooth Enriques surface. The
singularities of X’ can be resolved by a small resolution in the following way, cf. e.g. [7, p. 647]: the tangent
cone to X' at each of the singular points has rank 4. The exceptional divisors of the blow up X = X at
these points are rank 4 quadric surfaces. These can be contracted along any of the two rulings on one of the
two irreducible components of the strict transform of X in X by a contraction map X — X. One obtains a
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morphism X — X', which is the desired small resolution, and one can make sure that the central fiber is X
by choosing which of the components of the central fiber to contract along.

Since the sum of the irregularities of the components of X equals the genus of the double curve of X,
and b1(S;) = 0 for ¢ # 0, we have an exact sequence

0 —— HO(S,, Q) —— Hy(X,Q) —— H(X,Q) — H2(S,,Q) —— 0,
|2 12

Hy(X,Q) H?(X,Q)

cf. [21, §4(c)]. Since H°(S;,Z) ~ Z and H4(X,Z) ~ Z?, we obtain an exact sequence

0— 7 — HXX,Z)/T — H2(S,,Z)/5i — 0,

where T C H?*(X,Z) and T, C H?(S;,Z) are the torsion subgroups. We have PicS; ~ H?(S;,Z) and
Ty ~ Z3|Kg,], and also Pic X ~ H?(X,Z) by Lemma 3.4 and T ~ Z»[Kx] by Lemma 3.5. Since [¢] € ker ¢;*
and ¢ is indivisible, the sequence (58) follows. O

By the latter result we may extend the notions of isotropic 10-sequence, of simple isotropic decompositions
and of admitting the same simple decomposition type (modulo £) to all members of D.
The next result is crucial in the proof of Theorem 1.1.

Proposition 3.12. Let (X, L) be as in Proposition 3.7 and assume that one of the following holds:

(i) ag is odd, ag is even;

(ii) ao is even and nonzero, ag is odd;
(#ii) ag,ag,a10 are odd, ay is even;
(iv) a; is odd for some i € {2,...,7}.

Then there is a flat family f : X — E°, where E° C E is a Zariski-open dense subset, parametrizing surfaces
in D, a line bundle L on X and points to,to ®n € E° such that

o [THto) =M toon) = X,
. E'ffl(tg) ~ L and ‘C‘ffl(to@n) ~ L+ Kx.

Proof. Case (i). By (12) we have a double cover ¥ : E — T mapping t € E to s, NT = {t+ (t D7)}, which
identifies t with t & 7.

Pick seven general distinct points zy,...,27 on T. For t € F, set xf := ¥(t) and let z% be the unique
point on T such that x1+x2+- - -+ 27+ + 2§ € [Ny r @ N7 p2|. Let B = Blo,. . arat P2 R, = Bl,, .: R
and X; := Et Ur ﬁt, obtained by the obvious gluing. Then there is a Zariski-open dense subset E° of E
such that {X;},epe is a flat family of surfaces in D, with X; = Xq,, since 2§ = U(t) = U(t ® n). Let
X = X;, for some ty € E°, with mé“ = g and a:g" = x9. As ty deforms to tg @ 7, the surface X = X,
deforms nontrivially back to itself. The divisor s;, deforms to s¢,a,, whence Eg 19 = (s¢, — ¢9,0) deforms to
Ey 10+ Kx = (Styen — €9,0), cf. (33). The divisor Ey depends on xg, and under this process it may deform
either to itself or to Fg + Kx, as ., may deform to itself or fo,q,- Since ag is even, agFg will in any case
deform back to itself. All other divisors present in the decomposition (37) are independent of both zg and
Zg, thus remain invariant. Hence L deforms to L 4+ Kx as ty deforms to tg & 7.
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Case (ii). For each t € E, let ¢; be the unique member of |¢| through the two points in f; N T. We have
a morphism ® : £ — T mapping ¢t € E to the residual intersection point of ¢; with T’; in other words
O(t) = (L:NT)\ (ft NT). We note that ® is a double cover, identifying each ¢t € E with ¢t ® . A key
observation is that, by contrast, £; # {igy.

Pick seven general distinct points x1,...,27 on T. For any t € FE, set z, := ®(t) and let zf be the
unique point on 7" such that z; + 3 + --- + 27 + 2§ + 2§ € |Np/g @ Ny p2|. Let B = Blo,. .. arat P2
Et = Bly, o4 R and X; = Et Ur ﬁt. Then there is a Zariski-open dense subset E° of E such that {X;}tcpo
is a flat family of surfaces in D, with X; = Xya,, since 2§ = ®(t) = ®(t®n). Let X = X, for some t, € E°,
with ajg = xg and a:go = x9. As ty deforms to ¢y @ 7, the surface X = X;, deforms nontrivially back to
itself. The divisor Ey is on X represented by the pair (f;, + ¢g, s, ). As to deforms to to @7, this will deform
to (froen + €9, lrgmn) ~ Eo + Kx.

Since ag is even, agEg 109 will deform back to itself. All other divisors present in the decomposition (37)
are independent of xg and xg, thus remain invariant. It follows that L deforms to L + Kx as ty deforms to
to ® .

Case (iii). By (8) we have Eg 19 + E19 ~ E1.9 + E1, so that we may write

L~ (0,0 — 1)E9710 + (a1 + ].)El + a2E2 + -+ a7E7 + CL9E9 + (a10 - ]-)ElO + Elyg. (59)

We note that no isotropic divisor present in this decomposition depends on xg and that the only ones
depending on x; are E; and FEyg, the first occurring with odd coefficient and the latter occurring with even
coefficient in (59).

We now argue as in case (i), with xg replaced by z1, and obtain a (nontrivial) deformation of X back to
itself in such a way that E1 = (sy, — ¢1,0) deforms to Fy + Kx = (8¢y@y — ¢1,0). Since E1o occurs with even
coefficients in the decomposition (59) and all other isotropic divisors in the decomposition are independent
of x1 and zg, we see that L deforms to L + Kx.

Case (iv). We argue as in case (ii), with 9 replaced by x;, and obtain a (nontrivial) deformation of X
back to itself in such a way that E; = (f;,,¢ — ¢;) deforms to E; + K x, and since all other isotropic divisors
in the decomposition (37) are independent of both x; and zs, we see that L deforms to L + Kx. O

4. Proof of Theorem 1.1

We will need the following result:

Lemma 4.1. Let L be any effective line bundle on an Enriques surface S such that L? >0, ¢(L) > 3 and L
is not numerically 2-divisible. Then there is an isotropic 10-sequence {E1, ..., F19} on S such that

L~a By +---+arEr 4+ agFg + aioE10 + agFo 10,

where ag, a1, ...,a19 are nonnegative integers satisfying conditions (38)-(41) (in Proposition 3.7) and such
that one of the conditions (i)-(iv) in Proposition 3.12 holds.

Proof. Write L as in (9) satisfying the conditions of Proposition 2.3. Thus, (38) and (40) hold. Moreover,
if ag = 0, then also ag = ajg = 0 by (11), whence aj,as > 0 since L? > 0. It follows that also (39) holds.
Finally, since ¢(L) > 3, we must have F; - L > 3 for i € {1, 2}, yielding (41). Note that conditions (38)-(41)
are symmetric with respect to interchanging ag and a1g, as well as a; and as.

By (2) and Remark 2.4, at least one of the coefficients a; is odd.

Assume that ag > 0. If ag and ag have different parities, we are in case (i) or (ii). Similarly, if ag and a1
have different parities, we may interchange Eg and Ejy and end up in case (i) or (ii). If a; > 0 is odd for
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some i € {1,...,7}, we end up in case (iv), possibly after interchanging Fy and F5. The latter is the case if
all ag, ag, a1p are even. Left is the case where ag, ag, a9 are odd and aq, ..., a7 are even, which yields case
(iii).

Assume that ag = 0. Since a; > 0 is odd for some i € {1,...,7}, we end up in case (iv) possibly after
interchanging Fq and Fy. O

Proof of Theorem 1.1. Assume that & is an irreducible component of éA‘g parametrizing pairs (S, [H]) with
[H] 2-divisible. Then by [4, Lemma 4.8] the pairs (S, H) and (S, H + Kg) lie in different irreducible com-
ponents of £;. Hence, pg_l(g’) is reducible.

Assume on the contrary that & parametrizes numerically polarized surfaces with classes that are not
numerically 2-divisible. By [4, Prop. 4.16] the component &' consists precisely of pairs admitting the same
simple decomposition type. Let ¢ be the ¢-value of the members of &'. Assume first that ¢ > 3. Then by
Lemma 4.1 the members of £ admit the same simple decomposition type (modulo £) as (X, L), with X in D,
and L ~ a1 By + -+ arE7r +agEg + a10E10 + aoE9, 10 in Pic X satisfying the conditions in Propositions 3.7
and 3.12. By Proposition 3.7, the line bundles L and L 4+ Kx define morphisms ¢y : X — P97 and
Oriryx @ X — P97 respectively, that are isomorphisms except for contractions of (—1)-curves on either
component of X. By Proposition 3.12, the surfaces ¢ (X) and ¢rix,(X) lie in the same irreducible
component of the Hilbert scheme ), and they are both smooth points of $ by Theorem 3.10.

Let 7 : X — D be the one-parameter family with parameter ¢ over the disc D of Corollary 3.11, with
special fiber 771(0) = X and general fiber a smooth Enriques surface S; = 771(t). Let ¢; : S; C X be the
inclusion. Using Corollary 3.11 and the notation therein, and setting g®

K3
Eégo =17 Fg 10, we get

=1} E; € PicS; and, similarly,

L;:= L:L ~ a1E§t) + -+ a7E§t) + agEét) + aloE%) + GQE&%O.

In particular, (S, L;) admits the same simple decomposition type as (X, L). Moreover, ¢y, (S;) also lies in
$. Since 1 Kx = Kg,, we have

G+ Ex) ~a B+ arBY 4 agBY + ang B + a0 + Ks, ~ Ly + Ks,,

and ¢r, 1 K, (St) also lies in . Thus, (S, L) and (St, Lt + Ksg,) belong to the same irreducible component
of £;. By construction, p,([St, Lt]) = pg([St, Lt + Kg,]) lies in &'. Thus pgl(é\’), containing both (S, Lt)
and (St, Ly + Kg,), is irreducible.

If ¢ <2, then one can repeat the same reasoning substituting the pairs (S, [H]) parametrized by & with
(S,3[H]). Since Theorem 1.1 in these cases follows from [4, Cor. 1.3] anyway, we leave the details to the
reader. 0O

As a consequence of Theorem 1.1, we get a positive answer to [4, Question 4.17]:

Theorem 4.2. The irreducible components of £, are precisely the loci parametrizing pairs admitting the same
simple decomposition type.

Proof. By [4, Prop. 4.16] the irreducible components of fg are precisely the loci parametrizing pairs admit-
ting the same simple decomposition type modulo the canonical bundle. By Theorem 1.1 the map p, gives a
one-to-one correspondence between the irreducible components of £, and gg parametrizing pairs with line
bundles that are not numerically 2-divisible. Moreover, in this case pairs of the form (S, L) and (S, L + Kg)
admit the same simple decomposition type by [4, Cor. 4 and Rem. 4.11]: more precisely, this follows as one
may always find a simple isotropic decomposition L ~ Y7 | a;E; + e¢Kg with at least one odd coefficient
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a;, (by [4, Lemma 4.8]), and then setting Ej := Ej, + Kg one reaches a simple isotropic decomposition
L+Kg ~ Z?:L#ig a; Bi+a;, E{O +eKg, which is of the same type as the one for L. The theorem is therefore
proved for components of £, parametrizing classes that are not numerically 2-divisible.

On the other hand, if £’ is an irreducible component of £, parametrizing classes (.S, L) that are numerically
2-divisible, then p;*p,(£’) consists of two irreducible components by Theorem 1.1, containing (S, L) and
(S, L + Kg), respectively. Since the coefficients in any simple isotropic decomposition of (S,L) and of
(S, L+ Kg) are even by [4, Lemma 4.8], we see that (S, L) and (S, L + Kg) do not admit the same simple
decomposition type by [4, Cor. 4 and Rem. 4.11]: indeed, assuming for instance L = 2M in Pic S, then
L always has simple isotropic decompositions with ¢ = 0, whereas L + Kg always has simple isotropic
decompositions with € = 1. This proves the theorem for components of £, parametrizing classes that are
numerically 2-divisible. 0O

5. The ¢-vector and proofs of Theorems 1.3 and 1.4
Recalling Proposition 2.3, we make the following;:

Definition 5.1. Let L be any effective line bundle on an Enriques surface S such that L? > 0. A decomposition
of the form (9) with coefficients satisfying (2), (10) and (11) is called a fundamental presentation of L.

In the next two lemmas we deduce some properties of isotropic 10-sequences satisfying the conditions of
Proposition 2.3, that is, appearing in fundamental presentations.

Lemma 5.2. Let {E1,..., E19} be any isotropic 10-sequence satisfying the conditions of Proposition 2.5 and
F be any effective primitive isotropic divisor such that F # E; for alli € {1,...,9} and F # Eg 19. Then

¢(L):E1L§E2L§SEgLﬁIHlH{EgL,EgJOL}SEQLSFL

Proof. Set ag := 0 and a := Zgioai. Since a; > -+ > ay > ag = 0, and E; - L = a — a; for all
ie{l,...,8}, weget By -L <--- < Eg-L = a. Moreover, Eg - L = a + ag — ag > a since ag > ag and
Eg10-L=a+ag+ aip—ap > asince ag + ajg > ao.

Let now F be an effective primitive isotropic divisor such that F' # E; foralli € {1,...,9} and F' # Ey 1¢.

If F=Fy,then F-L=a+ag— a9 >a+ayg— ag = Fy - L since ag > ayp.

If F £ Fyg, then F-E; > 0for alli € {1,...,10} (cf. [16, Lemma 2.1]), whence F - (E} +-- -+ Ej0) > 10.
But By + -+ Ei9 ~ 3D, with D ~ Eg + E19 + Eg 19 (cf. Lemma 2.2), whence F - (Eg + E19 + Eg.10) > 4.
Hence, F'- Eg > 2, 0or F'- F1g > 2,0r '+ Fg 19 > 2.

If F-E9g > 2 ,then F-L >a+ag > a+ag—ayg > a+ag—ag = Eg- L, using the facts that ag + a19 > ag
and ag > ajo (and F - Eg 19 > 0 by [16, Lemma 2.1]).

If F- E1g > 2, then similarly F - L > a4+ a9 > a+ayg—ag = FEg - L.

If F-Egi0>2,then F-L>a+ay>a+ayg—ag=FEg-L.

We have therefore proved that F' - L > Eg - L. It follows that Ey - L = ¢(L). O

Remark 5.3. For a := Zﬁio a; the last proof yields Eg - L = a. Hence, for any effective primitive isotropic
divisor such that FF # E; for all ¢ € {1,...,8}, we get F'- L > a.

Lemma 5.4. Let {E}, ..., E1o} be any isotropic 10-sequence satisfying the conditions of Proposition 2.3. For
any isotropic 10-sequence {Fy,..., Fio} we have (Fy + -+ Fi9) - L > (E1 + -+ E10) - L. If equality
holds and Fy - L < Fy - L < --- < Fyg - L, then there is non € {1,...,9} such that E; - L = F; - L for all
ie{l,....n—1} and F,,- L < E,, - L.
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Proof. As in the previous proof, set ag := 0 and a := 2320 a;. Let D := %(E1—|—~ -+ E19) ~ E9g+E19+E9 10.
Then

D-L:(E9—|—E10—|—E9’10)-L:(a+a0—a9)+(a+a0—a10)+(a+a9+a10—ao):3a+ao.

Let {F},..., Fip} be any isotropic 10-sequence. Set D’ := %(Fl +---+ Fi) ~ F; + F; + F; ;. We will prove
that D’ - L > 3a + ag. We may and will assume that D’ # D.
We will divide the treatment into the two cases

(I) Eg10 = F; for some i € {1,...,10}.
(II) E9,10 7_é F; for all 1 € {17 ey 10}

Case (I). Assume without loss of generality that Eg19 = Fi. We have D' ~ Fy + F; + F; ; for each
Jj € {2,...,10}. Then F; # E; for i € {9,10} (as F; - Eg10 = Fj - F1 = 1). Hence there must exist
j€{2,...,10} such that F; # E; for all ¢ € {1,...,10}. Assume without loss of generality that j = 2. Note
that Fy o # E; for alli € {1,...,8} (as F1 2 Eg19 = Fi 2 - F1 = 2). We divide into the cases

(Ii) Fy12 = E) for k=9 or 10.
(I—ll) F172 §é FE; for all i € {1, ceey 10}

Case (I-i). We have Fy - E, = Fy - F1 o =2 for k=9 or 10 and F5 - E; > 0 for all ¢ € {1,...,10}, as
F, £ E;, by [16, Lemma 2.1]. Thus F5 - L > a + aj, whence

D L=(Fi+F,+Fs) - L=FEyo- L+F L+E,-L
> (a+ag+ag—ao)+ (a+ag) + (a+ ap — ax) = 3a+ ag + a1 > 3a + ag.

Case (I-ii). We have FLQ -L>a+ag (as F172 'E9710 = FLQ -F1 =2and FLQ -E; >0forallic {1, ey 10}
by [16, Lemma 2.1]). We have F5 - L > a by Remark 5.3. Thus,

D'-L=(Fi+F+F2) L=Foyw L+F-L+Fs-L
> (a+ag+ag—ao)+a+ (a+ap) =3a+ag+ ap > 3a+ ap.

Case (II). We have Eg 1o - F; > 1 for all ¢ by [16, Lemma 2.1], whence Eg 19 - (Fy + -+ + Fio) > 12, as
i+ -+ F9~3D.

If Eg 10 - F; = 1 for all but one index i = ig, then Eg 10 - F;, > 3. It follows that (Eg 10 + Fiﬂ)2 > 6
and 2 = ¢(Eg 19 + Fi,) = F; - (Eg,10 + Fi,) for all i # iy, contradicting the fact that ¢ can be computed
by at most three different effective isotropic numerical classes (cf. [4, Rem. 4.19]). Hence there exist two
different indices ¢ such that Eg 1o - F; > 2, and we will without loss of generality assume Ey 19 - £7 > 2 and
Eg 10 - F> > 2. It follows in particular that Fy, F» # E; for i € {1,...,8}.

We will divide the rest of the treatment in the following cases:

(1)
(Il-ii) Fy = Eg, F # Eqp (or vice versa).
(T1-iii) Fl,Fg # Eg, Eqp and Fy 2 = E;, for some ig € {1,...,8}.
(II—IV) Fl,ngEg,Elo and Flg;:_éE fOI‘ZE{l 8}

{Fl, Fy} = {Ey, F10} up to numerical equivalence.

Case (II-i). Assume without loss of generality that Fy = Eg, Fy» = E1g. Then Fy 2 # E; for i € {1,...,10},
and also Fy o # Eg 10, as D # D’. Thus, F1 2+ E; > 0fori € {1,...,10} and Fy 2 Fg 10 > 0 by [16, Lemma
2.1], whence Fy 2 - L > a+ ag + a1o, so that
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D' -L=(Fi+F,+F) - L=FEy-L+FE;g-L+F5-L

>(a+ag—ag)+ (a+ap—aio) + (a+ ag + a1g) = 3a + 2a9 > 3a + ag.

Case (II-ii). Since Fy # E; for all i € {1,...,10}, we have Fy - E; > 1 for all ¢ by [16, Lemma 2.1].
Moreover, Fy - L > a+ ag (as Fy - Eg 19 > 2). Since F1 2 - Eg = Fi 2 - F1 = 2, we have F} 5 # E; for all
i €{1,...,10}. Thus Fi 2 > a by Remark 5.3. Hence

D L=(Fi+F+F,) - L=FEy-L+F,-L+F-L

> (a+ap—ag) + (a+ap) +a=3a+2ag —ag > 3a+ ag.

Case (II-iii). Since Fy # E; for all i € {1,...,10}, and Fy - Eg 19 > 2 and Fy - E;, = Fy - F12 > 2, we have
Fy - L>a+ap+ a;,. Similarly, F5 - L > a + ag + a;,. Hence

D L=(F+F+F,) -L=F-L+F-L+E, L

> (a+aog+ai,) + (a+ao+ai,) + (a —a;y) = 3a+ 2a9 + a;, > 3a+ ao.

Case (II-iv). Since Fy # E; for all i € {1,...,10}, and F; - Eg 19 > 2, we have F; - L > a + ag. Similarly,
Fy-L>a+ag. Since F1 2 # E; fori € {1,...,8}, we have F1 o > a by Remark 5.3. Hence,

D' L=(F+F+F2) L>(a+a)+ (a+ap)+a=3a+2ap > 3a+ ap.

We have therefore proved the first part of the lemma, namely that (Fy+---+Fi)-L > (E1+---+E1)-L
for any isotropic 10-sequence {Fi,..., Fig}.

Assume that (Fy+ -+ Fio) - L=(E1+--++ Fy) - Land Fy - L < F5- L <.-- < Fyo- L. Arguing by
contradiction, assume that there is an n € {1,...,9} such that E; - L=F;- L foralli € {1,...,n — 1} and
F,-L < E, - L. Since by Lemma 5.2, the numbers F;- L with ¢ € {1,...,8} are the eight lowest intersections
of L with effective nonzero isotropic divisors, we must have n = 9. In this case, we would have F;-L < FEg-L
for all ¢ € {1,...,9}. Lemma 5.2 therefore yields that {Fy,...,Fy} = {E1,... Eg, Eg.10} up to numerical
equivalence and that Eg19-L > F; - L for all i € {1,...,9}. We may therefore without loss of generality
assume Ey 19 = Fy.

Consider as before D' ~ Fy + Fyg + Fy 19. Since (Fy +---+Fi)- L= (E1+---+Ew)-L, F;-L=E;-L
for all i € {1,...,8} and Fy - L < Egy - L, we must have Fio-L > Ej9-L = a+ ag — ajg. We have
Fg’lo 5_'5 E; for i € {1,,8} (as Fg,l() . E9’1() = Fgflo -Fy = 2) If Fg’lo = FE, for k =9 or 10, we have
Foi0-L =a+ag—ar > a+ag — ag; if Fog19 # Ex for k € {9,10}, we have Fy 19 - E; > 0 for all
i€ {1,...,10} (by [16, Lemma 2.1]) and Fy 19 - E9.10 = F9,10 - Fo = 2, whence Fy 19 - L > a + ap. Thus, in
any event Fy 10 - L > a + ap — ag. Hence, we get

D/~L:(F9+F10+F9710)~L:E9,10'L+F10~L+F9)10~L
> (a+ag+ajg—ag) + (a+ag — ag) + (a+ ag — ag) = 3a + ag,

a contradiction. 0O
At this point we recall Definition 1.2 from the introduction.

Proposition 5.5. Any isotropic 10-sequence as in Proposition 2.3 computes ¢(L). In particular, the coeffi-
cients a; therein are unique and given by
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alzcﬁg(L)—qbi(L), ie{l,...,7},
Z@ ) = 2¢s(L) — ¢s(L), i€ {9,10},

Z d)z 3¢8 )

Proof. The first statement is an immediate consequence of Lemma 5.4. The computation of the coefficients
a; in terms of the ¢;(L) is straightforward. O

Remark 5.6. Although the coefficients a; are unique, the isotropic 10-sequence in Proposition 2.3 is not
unique, not even up to numerical equivalence or permutation, and nor is the presentation (9). Take for
instance any isotropic 10-sequence {E1, ..., E10} and a decomposition

L~aEy+---+arEr +agEy + agFy 10,

where a1 > --- > a7 and ag are nonnegative integers. This satisfies the conditions of Proposition 2.3. On
the other hand, since Eg + F9 19 ~ Eg + E3,10, we may also write

L~aEy+---+arkr + agls + agEg 10,

whence also the isotropic 10-sequence {Ej,..., E7, Ey, Es, E1o} satisfies the desired conditions. This is a
permutation of the previous isotropic 10-sequence, but we can also construct a different isotropic 10-sequence
satisfying the conditions of Proposition 2.3 that is not a permutation: indeed, set E! := E; fori € {1,...,7},
Eg = Eg 10, By := E9 10 and Ejj := Egg. Then {£], ..., Efy} is an isotropic 10-sequence with Ej ;5 = Eo,
satisfying the conditions of Proposition 2.3, as

L~ alE{ + -4 CL7Er/7 + agEé + agEéJO.
We may summarize Propositions 2.3 and 5.5 in:

Theorem 5.7. Any effective line bundle L on an Enriques surface S satisfying L*> > 0 admits a fundamental
presentation. Moreover, the coefficients in any fundamental presentation are unique.

Definition 5.8. The coefficients a; = a;(L), i € {0,1,...,7,9,10} and ey, appearing in any fundamental
presentation of L will be called the fundamental coefficients of L.

As a consequence of Theorems 4.2 and 5.7 we obtain:

Theorem 5.9. The irreducible components of £, are precisely the loci parametrizing pairs of arithmetic genus
g with the same fundamental coefficients.

Proof. Assume that (S,L) and (S’, L) lie in the same irreducible component of &,. Then ¢;, = ¢/ and
¢(L) = ¢(L'), since the Picard group is invariant under deformation. By Proposition 5.5 we get that L and
L’ have the same fundamental coefficients.

Conversely, assume that L and L’ have the same fundamental coefficients. Since a fundamental presen-
tation is a particular type of simple isotropic decomposition, (S, L) and (S’,L’) admit the same simple
decomposition type, whence they lie in the same irreducible component of £; by Theorem 4.2. O
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We will reformulate this theorem using the ¢-vector, leading to Theorem 1.4. We first prove Theorem 1.3.

Proof of Theorem 1.3. Property (a) follows by definition and property (e) follows from Lemma 5.2 and
Proposition 5.5. To prove (b) and (c), consider the expressions of the coefficients a, in terms of the ¢; = ¢;(L)
from Proposition 5.5. It follows that Z;gl ¢; must be divisible by 3. Moreover, one checks that the conditions
(11) are equivalent to % Zgl @i > ¢s + P9 + P10, which yields (c).

To prove (d), write

=1L -(a By + -+ a7B7 + agEy + a10F1g + aoFo 10)
=a101 + -+ ardr + agdg + ar0d10 + ao(ar + - - - + a7 + 2a9 + 2a19),

and insert the values of a; from Proposition 5.5.
The “only if” part of (f) is obvious. Conversely, assume that all ¢; are even. Setting a := ag+ a1 +---+
ar + ag + aip, we have

¢8:E8'L:a/a
¢9=FEy-L=a+ao— ayg,
¢10 = FE19- L =a+ag — ap.

Thus, a, ag — ag and ag — ajg are all even. Moreover, by Proposition 5.5, all a; are even for ¢ € {1,...,7}.
Since

a=a;+---+ar+ (ag — ap) + (a0 — ap) + 3ao,

we see that also ag is even, whence also ag and a1g. Hence, all coefficients a; in the fundamental presentation
(9) are even, and it follows that L is numerically 2-divisible.

Finally we prove (g). The fact that any isotropic 10-sequence appearing in a fundamental presentation
of L computes ¢ follows from Proposition 5.5. Conversely, let {Ej, ..., E1o} be any isotropic 10-sequence
computing ¢. Define integers a;, for i € {0,1,...,7,9,10} as in Proposition 5.5. Set A:= L —a1E; —--- —
arEr—agEg—a190E10—agFg 10. Then one readily computes A? = 0 and E;-A = 0 foralli € {1,...,10}. Hence
A = 0 by the Hodge index theorem. Thus, L = a1 E1+- - -+a7Er+agEg+a10E10+aoFo 10. If all coefficients
a; are even, then L is numerically 2-divisible, whence L ~ a1 E1+- - -+arEr+agFg+ai0E10+aoFg 10+ Ks
by definition of e, (cf. (2)). If a;, is odd, for some ig € {0,1,...,7,9,10}, then substitute E;, with F;, + Kg
and Eg by Eg + Kg if necessary, to make sure that L ~ a1 E1 + - - + a7 E7 + agEg + a10E10 + aoE9 10 (note
that e, = 0 by Remark 2.4).

To prove the last statement, assume (¢1,...,¢10) satisfies (a)-(c). Define integers ag, a1, ..., ar,ag, aio
by a; = (bg — ¢1 for i € {1,...,7}, a; = %21121 (]51‘ — 2¢8 — (bi, for i € {97 10}, and ag = %21121 qj)z — 39258
Then these are all nonnegative, not all zero, and satisfy the conditions (10) and (11). Take any isotropic
10-sequence of effective divisors {E1,..., F1o} and define Eg 19 := %(El + ...+ Ey) — E9 — Eyg as usual
(cf. Lemma 2.2). Let L = a1E1 + -+ - + arE7 + agEy + a10E10 + a9,10E9,10. Then L satisfies the desired
conditions by Proposition 5.5. 0O

Proof of Theorem 1.4. By Theorem 5.9 the irreducible components of £, are determined by the fundamental
coeflicients, which are by Proposition 5.5 determined by the ¢-vector and value of €. The possible values
of the ¢-vector are determined by conditions (i)-(iii) by Theorem 1.3 and the value of €y, satisfies (iv) by
Remark 2.4. The value of g satisfies (v) by Theorem 1.3(d). The form of the fundamental presentation is
again given by Proposition 5.5. O



132 A.L. Knutsen / J. Math. Pures Appl. 144 (2020) 106-136

Proof of Proposition 1.5. From Proposition 5.5 one finds that 5621;30731732733734735,36)37,38,39 parametrizes
pairs (S, [L]) with fundamental presentation (modulo Kg)

L=7TE1+6E;+5E3+4E, + 3E5 + 2Es + E7 + 3Eg + 2E19 + 4E 10. (60)
Claim 5.9.1. The only isotropic 10-sequence computing ¢(L) is, up to numerical equivalence, (E1, ..., Eyo).

Proof of claim. Let F # E; for i € {1,...,10} be any non-zero isotropic effective divisor. We will prove
that £-L > 40 > FEyo-L = 39, unless £ = Eg 19 or Ejg 19, in which case E- L = 38 or 39, respectively. It will
follow, since Eg - L = 37, that the eight first members of any isotropic 10-sequence computing ¢(L) are, up
to numerical equivalence, E1, ..., Eg, and that the only way to complete this to a 10-sequence computing
¢(L) is with Ey and Ejo, which will prove the claim.

Assume therefore that E is non-zero effective isotropic, with E # E; for ¢ € {1,...,10} and E #
Eg 10, Es,10. Since E - E; > 0 for i € {1,...,10} by [16, Lemma 2.1], we have

1
E - (Eg+ Eio+ Eg10) = gE' (Ey+ -+ Eyo) > 3, (61)
by Lemma 2.2. Therefore, as also E - Fg 19 > 0 by [16, Lemma 2.1], we have

E-L>FE-(TEy +---+ E7) +2E - (B9 + E19 + Eg10) + E- Eg +2E - Eg 19
>T7T4+6+54+4+3+2+14+2-4+1+2=239,

and equality occurs if and only if E- E; =1fori e {1,...,7,9}, E- Ejg =2 and E - Eg 19 = 1. In this case
we must have E - Fs = 2 by (61). By Lemma 2.2, we have

44+ FE-FEg10=FE - (Eg+ Ew+ Es10) = E-(Eg+ E10+ Eg,10) =4,
whence E = Eg 19 by [16, Lemma 2.1}, a contradiction. 0O

Let ¢ = (#1,...,¢10) be any 10-tuple of integers satisfying (i)-(iii) in Theorem 1.4 and let g be as in
Theorem 1.4(v). Let (ag, a1, - . ., ar, a9, a1p) be the associated fundamental coefficients as in Proposition 5.5.
The claim implies that any member of the component 5621;30731732733734735736737738739 has a fundamental pre-
sentation as in (60) for a unique isotropic 10-sequence (Ey, ..., E1p) up to numerical equivalence. Therefore,
the map pg sending (S,[L] = [TE1 + 6E2 + 5E3 + 4E4 + 3E5 + 2Es + E7 + 3Ey + 2FE19 + 4E919]) to
(57 [al El +ZLQE2 + Cl3E3 + a4E4 +0,5E5A+ CL6E6 + CL7E7 + ClgEg + CL10E10 + CLQE9710]) is a well-defined morphism
‘LLQ : 8\621;30,31,32,33,34,35,36,37,38,39 — gg;¢1,..»,¢10' Given any element (S/, [L/]) in 59;471,-“7(15107 we may write

L = alEi + G,QEé + CLgEé + a4E4'1 + a5Eé + agEé + a7E§ + agEé + aloEio + aoEéylo,

for an isotropic 10-sequence { E1, . .., Eg} computing ¢(L'), by Theorem 1.4 (with Eg ;4 = (Bl + - +Elp)).
Define

A =TE] +6Ey +5E; + 4E) + 3E5 4 2E; + E; + 3Ey + 2E, + 4E; 4.

Then (S/, [AD € 5621;30,31,32,33,34,35,36,37,38739 by Theorem 1.4 and ,uf((SQ [A])) = (S/, [L/]) ThUS7 /Lg is
surjective. 0O

Remark 5.10. The crucial point in the previous proof is the uniqueness of the isotropic 10-sequence
computing ¢, as we otherwise would not have a well-defined map as claimed. One can prove that

5621;30,31,32,33,34735,36,37,38739 is the component of lowest genus with such a property.
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Question 5.11. By [13, (4), (7) and Prop. 5.7] also the moduli space of Enriques surfaces with a level-2-
structure M B €njoys the property that it dominates all irreducible components of the moduli space of
numerlcally polarlzed Enrlques surfaces. Are the spaces 5621 :30,31,32,33,34,35,36,37,38,39 and MEn ISOIHOI“phIC7

Remark 5.12. Consider any irreducible component &’ of &, for a fixed value of (¢1, ..., ¢10,¢) with ¢; > 3.
Then, as ¢(L) = ¢; for all (S, H) € £ by Theorem 1.3, we have that |L| is very ample for general (S, L),
cf. [9, Thm. 4.6.1]. The general member of the irreducible component of the Hilbert scheme $)’ containing
the projective models ¢,(S) of (S,L) € & is thus a smooth Enriques surface of degree 2g — 2 in P91
Proposition 2.3 and Theorem 3.10 show that there are smooth points in $) represented by a reducible
surface X = R U UP with P rational and R birational to the symmetric product of a double cover of the
smooth elliptic curve T, and R and P intersect transversally and only along 7. Computing the fundamental
coefficients a; from the ¢; as in Proposition 5.5 one can find out precisely what the surfaces R and P are as
well as their hyperplane bundles, cf. Remark 3.8. We thus have in each irreducible component of the Hilbert
scheme of smooth Enriques surfaces a concrete reducible member that we hope will find more applications
in the future.

We end by showing how to compute various irreducible components of £; in some cases. We will use the
notation for the components proposed in the introduction.

Example: The case ¢p; = 1. This case corresponds to line bundles L with ¢(L) = 1, by Theorem 1.3.
One readily checks that the only possibility given by conditions (i)-(iv) in Theorem 1.4 for fixed g is
(f1,...,010) = (1,9 —1,g,...,9). In particular there is only one irreducible component of £, with ¢; =1,
which we denote by £g:1,g—1,4,....¢ With the above notation. The fundamental presentation is (¢ —1)E; + E».
We thus retrieve [4, Cor. 1.3 and Lemma 4.18(i)].

Example: The case ¢p; = 2. This case corresponds to line bundles L with ¢(L) = 2, by Theorem 1.3. One

readily checks that the only possibilities for ¢ := (¢1,..., ¢10) given by conditions (i)-(iv) in Theorem 1.4
for fixed g are

6 2g-i—l g+1 g+3 2ggg+2 g+2 2g—lg—H% g+3
e Y 2 LA 2 ) 2 ) 7272) 2 LA 2 ) ) 2 i 2 Yt 2 M

Thus, we get the following irreducible components of £; with fundamental presentations:

o £,99 9 9t2 gtz for even g > 4; 92F, + Ep + Es;
934,555,553 1T g
o Egp o1 on1 o forodd g >3 93 E) + By + Eo 10
© &gz a1 axs  ais forg=3modd4, g 27T LBy + 2Ey;
"S;.Qg;lm a+s for g =1mod 4, g > 5; LE) + 2Es;
ST T s P
.5;297*197” MforgzlmOdélngE)a Q%IE1+2E2+KS
R R B > B TR R}

Note that in the second case we may use (8) and rewrite £ 3E1 +E9+FE9 10 ~ ;1 E1+ E5 10 In particular,

4
we see that the three irreducible components 55(12), E(H) 55(7[21) from the introduction are £5.23,... 3

4

8;272747.“74 and &5 44 . 4, respectively. We also retrieve [4, Cor. 1.3 and Lemma 4.18(ii)].

Example: The case ¢p; = 3. This case corresponds to line bundles L with ¢(L) = 3, by Theorem 1.3.
Checking the possibilities for ¢ := (¢1,...,¢10) given by conditions (i)-(iv) in Theorem 1.4 for fixed g, we
get the following irreducible components of £; with fundamental presentations:
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. 5g;3,%,m,% for g =0mod 3, g > 6; 9—g6E1 + E9 + E10 + Eg 10;
. 59;3’%,973)%)“”% for g=0mod 3, g > 9; g—§3E1+2E2+E3;

. 5g;3,gTwygT+2)gT+27%,_ng+s forg=1mod3, g >7; 9—54E1 + Fo + E3 + Ey;

. Sg;g, 1 ats  ais for g =1 mod 3, g > 10; gT_lEl—i—?)Eg;

. gg;gygTﬁ»l,gTH““’gﬁé4’gT7 for g=2mod 3, g > 8; %El + Ey + Eg + Eg 10.

Note that in the first case we may use (8) and rewrite %El + Eg+ E19+ Eg 10 ~ %El + Ey + Eq 2 and
likewise in the last case we may rewrite %El + Fo + Fg 4 Fg 19 ~ 93;2E1 + E3 + Eq 10. In particular, we
retrieve [4, Cor. 1.3 and Lemma 4.18(iii)].

Remark 5.13. Although fundamental presentations are of a suitable form to prove the results in the present
paper, there may be other effective isotropic decompositions that are more suitable to work with for other
purposes. In particular, as we have seen in the above examples, in certain cases we may obtain simple
isotropic decompositions with fewer isotropic components than the fundamental presentation using (7) or
(8). This is useful to find the relation between the ¢-vector and the results of [4], where it is proved that
irreducible components of the moduli spaces £, are unirational if the members admit simple isotropic
decompositions with at most 4 nonzero coefficients, or 5 nonzero coeflicients or 7 equal coefficients with all
intersections between the isotropic components being 1, cf. [4, Thms. 1.1-1.2]. Let us see how to relate this
to the ¢-vector.

A simple isotropic decomposition with 7 equal coefficients and with all intersections 1 between the
isotropic components corresponds to the fundamental coefficients satisfying

a = —an (62)

A simple isotropic decomposition with at most 4 nonzero coefficients can be obtained if the fundamental
coeflicients satisfy any of the following;:

ay = - = az =0, (63)

a3 =---=ar =0, ap=ag, (64)
ag =---=a7y =0, ag =ag = aig, (65)
ag=---=a7;=0, ag+ aig = aop. (66)

This is clear in the first case; in the last three cases one may rewrite agFEg + a10E10 + aoFo 10 to agEr +
ar0E10 + aoE1 10, ao(E1 + B2 + E12), and agE1 + (ag — a10)E9 10 + a10E1,9, respectively. Finally, a simple
isotropic decomposition with at most 5 nonzero coefficients with all intersections 1 between the isotropic

components corresponds to
ag = a7 = a9 = a10 = 0. (67)

Thus, the cases (62)-(67) all give unirational components of £,. Translating these conditions into conditions
on the ¢-vector using Proposition 5.5, we obtain that &, ¢,.... ¢, and 5;¢1,~~~,¢10 are unirational in any of
the following cases:

¢1 =" = ¢r,
2 = = @s,
3=+ = ¢y,
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s == P10,
g3 = =¢s = 3 (2(do + P10) — ¢1 — ¢2),
$6 = =10 =g (d1+ - +05).

This may suggest that symmetries between the ¢; guarantee unirationality. One may obtain similar condi-
tions for uniruledness of components, cf. again [4, Thms. 1.1-1.2].
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