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Abstract

�e origins of contemporary mathematical hydrodynamics can be traced back to the 18th century. In 1757,
Euler published a paper where he introduced equations that could describe the motion of �uids [31], known
today as the Euler equations. Other notable �gures such as Lagrange, Laplace, Poisson, and Cauchy around
this time were also drawn to the study of waves in �uids, which continues to be an active �eld of research to
this day (see [21] for a historical review). However, the Euler equations contain several di�culties related to
the complexity of the system, both analytically and in applications. To overcome some of these issues, one
typically considers simpli�ed models characterized by dimensionless parameters that describe the main
mechanisms involved.

In this work, we rigorously derive asymptotic models from the irrotational Euler equations with a
free surface. Speci�cally, we derive several new models and prove that their solutions converge to the
solution of its reference model with respect to the scaling parameters. We say that an asymptotic model is
a fully justi�ed if we can answer the following points in the a�rmative:

1. �e solutions of the reference model exist on the relevant time scale.

2. �e solutions of the asymptotic model exist (at least) on the same time scale.

3. We must establish the consistency between the asymptotic model and the reference model. �is means
the solutions of the reference model solve the asymptotic model up to a certain precision. �en show
that the error is “small” when comparing the two solutions.

�is thesis consists of two main parts. �e �rst part consists of three papers and concerns the study
of asymptotic models in the case of a single �uid in shallow water. In papers 1 and 2, we study Whitham-
type systems that were previously derived in the sense of consistency by Emerald [27]. �e reference
model, in this case, is the water waves equations, where the �rst point is proved in the seminal paper by
Alvarez-Samaniego and Lannes [7]. �e remaining point in their full justi�cation is to prove the well-
posedness of these systems on the relevant time scale. In paper 3, we derive new models, in the sense
of consistency, with an improved description of the variation of the bo�om toporgaphy. Here, we derive
models with improved frequency dispersion, where the goal is to describe waves passing over an obstacle
that is studied experimentally in the classical paper by Dingemans [23].

For the second part of the thesis, we prove the full justi�cation of the Benjamin-Ono equation as
an asymptotic model for the unidirectional propagation of long internal water waves in a two-layer �uid,
where one layer is of great depth. In this case, the second point is well-known, while the �rst and third point
is proved in paper 4. �e proof of the consistency is based on the paper by Bona, Lannes, and Saut [14].
While the existence result for the general two-layer �uid model on the relevant time scale is a nontrivial
extension of the work of Lannes [40], where both �uids are of �nite depth.
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�eoriginsofcontemporarymathematicalhydrodynamicscanbetracedbacktothe18thcentury.In1757,
Eulerpublishedapaperwhereheintroducedequationsthatcoulddescribethemotionof�uids[31],known
todayastheEulerequations.Othernotable�guressuchasLagrange,Laplace,Poisson,andCauchyaround
thistimewerealsodrawntothestudyofwavesin�uids,whichcontinuestobeanactive�eldofresearchto
thisday(see[21]forahistoricalreview).However,theEulerequationscontainseveraldi�cultiesrelatedto
thecomplexityofthesystem,bothanalyticallyandinapplications.Toovercomesomeoftheseissues,one
typicallyconsiderssimpli�edmodelscharacterizedbydimensionlessparametersthatdescribethemain
mechanismsinvolved.

Inthiswork,werigorouslyderiveasymptoticmodelsfromtheirrotationalEulerequationswitha
freesurface.Speci�cally,wederiveseveralnewmodelsandprovethattheirsolutionsconvergetothe
solutionofitsreferencemodelwithrespecttothescalingparameters.Wesaythatanasymptoticmodelis
afullyjusti�edifwecananswerthefollowingpointsinthea�rmative:

1.�esolutionsofthereferencemodelexistontherelevanttimescale.

2.�esolutionsoftheasymptoticmodelexist(atleast)onthesametimescale.

3.Wemustestablishtheconsistencybetweentheasymptoticmodelandthereferencemodel.�ismeans
thesolutionsofthereferencemodelsolvetheasymptoticmodeluptoacertainprecision.�enshow
thattheerroris“small”whencomparingthetwosolutions.

�isthesisconsistsoftwomainparts.�e�rstpartconsistsofthreepapersandconcernsthestudy
ofasymptoticmodelsinthecaseofasingle�uidinshallowwater.Inpapers1and2,westudyWhitham-
typesystemsthatwerepreviouslyderivedinthesenseofconsistencybyEmerald[27].�ereference
model,inthiscase,isthewaterwavesequations,wherethe�rstpointisprovedintheseminalpaperby
Alvarez-SamaniegoandLannes[7].�eremainingpointintheirfulljusti�cationistoprovethewell-
posednessofthesesystemsontherelevanttimescale.Inpaper3,wederivenewmodels,inthesense
ofconsistency,withanimproveddescriptionofthevariationofthebo�omtoporgaphy.Here,wederive
modelswithimprovedfrequencydispersion,wherethegoalistodescribewavespassingoveranobstacle
thatisstudiedexperimentallyintheclassicalpaperbyDingemans[23].

Forthesecondpartofthethesis,weprovethefulljusti�cationoftheBenjamin-Onoequationas
anasymptoticmodelfortheunidirectionalpropagationoflonginternalwaterwavesinatwo-layer�uid,
whereonelayerisofgreatdepth.Inthiscase,thesecondpointiswell-known,whilethe�rstandthirdpoint
isprovedinpaper4.�eproofoftheconsistencyisbasedonthepaperbyBona,Lannes,andSaut[14].
Whiletheexistenceresultforthegeneraltwo-layer�uidmodelontherelevanttimescaleisanontrivial
extensionoftheworkofLannes[40],whereboth�uidsareof�nitedepth.
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Sammendrag

Opprinnelsen til moderne matematisk hydrodynamikk kan spores tilbake til 1700-tallet. I 1757 publiserte
Euler artikkelen der han introduserte ligninger, i dag kjent som Euler likningene, som kan beskrive væske-
dynamikk [31]. Hvordan beskrive bølger i væsker ble også studert av Lagrange, Laplace, Poisson, Cauchy
og det er fortsa� et aktivt forskningsfelt i dag (for en historisk gjennomgang se [21]). Men fra et praktisk
og analytisk perspektiv, er Euler ligningene veldig kompliserte. Det er derfor vanlig å introdusere foren-
klede modeller, som er karakterisert av dimensjonsløse parametre og som gir en god beskrivelse av den
opprinnelige modellen.

I de�e arbeidet, utleder vi asymptotiske modeller fra Euler likningene med en fri over�ate og for
irroterende �yt. Mer spesi�kt, så utleder vi �ere modeller, hvor vi kvanti�serer feilen med den opprinnelige
modellen. Altså, vi beviser at løsningene fra modellen konvergerer til løsningen av referansemodellen med
hensyn på noen dimensjonsløse parametre. Vi sier at en modell fullstendig re�ferdiggjort dersom vi kan
svare på følgende punkter:

1. Løsningen av referanse modellen eksisterer på den relevante tidsskalaen.

2. Løsningen av den asymptotiske modellen eksisterer (minst) på den samme tidsskalaen.

3. Sist må vi vise at modellene er konsistente. Altså at løsningen av referansemodellen er også en
løsning av den asymptotiske modellen opp til gi� toleranse. Dere�er må vi vise at di�eransen mellom
disse løsningene er “liten.”

Denne oppgaven består hovedsakelig i to deler. Den første delen består av tre artikler som angår utled-
ningen av asymptotiske modeller for å beskrive en enkel væske i grunt vann. I artikkel 1 og 2, studerer vi
såkalte Whitham-type modeller som ble tidligere utledet av Emerald [27] hvor han viste at ligningene var
konsistente. I de�e tilfellet er referansemodellen kjent som vannbølge ligningene, hvor punkt en er bevisst
i den viktige artikkelen av Alvarez-Samaniego og Lannes [7]. Dermed, for å fullstendig re�ferdiggjøre
Whitham-modellene, gjenstår det bare å vise at de eksisterer på den relevante tidsskalaen. I artikkel 3,
utleder vi nye modeller, der vi viser at de er konsistente med vannbølge likningene, og hvor presisjonen
gir en bedre beskrivelse av endringen av bunnen. Modellene har også en forbedret beskrivelse av disper-
sjonsforholdet til referansemodellen, og målet er å beskrive bølger som beveger seg over en bunn med bråe
endringer. De�e er motivert av de eksperimentelle resultatene i den klassiske artikkelen til Dingemans [23].

I den andre delen av avhandlingen gir vi et bevis for den fullstendige re�ferdiggjørelsen av Benjamin-
Ono likningen. De�e er en asymptotisk modell som beskriver lange bølger som beveger seg i en retning
mellom to �uider. Her er dybden for til den ene væsken mye dypere enn den andre. I de�e tilfellet er
punkt nummer to velkjent, mens det første og tredje punktet er bevist i artikkel 4 av denne avhandlingen.
Beviset for at modellene er konsistente er basert på artikkelen til Bona, Lannes, og Saut [14]. Mens eksistens
resultatet for det generelle systemet for to væsker på den relevante tidsskalaen er en ikke triviell forlengelse
av resultatet til Lannes [40] hvor begge �uidene har en endelig dybde.

Sammendrag

Opprinnelsentilmodernematematiskhydrodynamikkkansporestilbaketil1700-tallet.I1757publiserte
Eulerartikkelenderhanintroduserteligninger,idagkjentsomEulerlikningene,somkanbeskrivevæske-
dynamikk[31].HvordanbeskrivebølgerivæskerbleogsåstudertavLagrange,Laplace,Poisson,Cauchy
ogdeterfortsa�etaktivtforskningsfeltidag(forenhistoriskgjennomgangse[21]).Menfraetpraktisk
oganalytiskperspektiv,erEulerligningeneveldigkompliserte.Deterderforvanligåintrodusereforen-
kledemodeller,somerkarakterisertavdimensjonsløseparametreogsomgirengodbeskrivelseavden
opprinneligemodellen.

Ide�earbeidet,utlederviasymptotiskemodellerfraEulerlikningenemedenfriover�ateogfor
irroterende�yt.Merspesi�kt,såutledervi�eremodeller,hvorvikvanti�sererfeilenmeddenopprinnelige
modellen.Altså,vibeviseratløsningeneframodellenkonvergerertilløsningenavreferansemodellenmed
hensynpånoendimensjonsløseparametre.Visieratenmodellfullstendigre�ferdiggjortdersomvikan
svarepåfølgendepunkter:

1.Løsningenavreferansemodelleneksistererpådenrelevantetidsskalaen.

2.Løsningenavdenasymptotiskemodelleneksisterer(minst)pådensammetidsskalaen.

3.Sistmåviviseatmodelleneerkonsistente.Altsåatløsningenavreferansemodellenerogsåen
løsningavdenasymptotiskemodellenopptilgi�toleranse.Dere�ermåviviseatdi�eransenmellom
disseløsningeneer“liten.”

Denneoppgavenbestårhovedsakeligitodeler.Denførstedelenbeståravtreartiklersomangårutled-
ningenavasymptotiskemodellerforåbeskriveenenkelvæskeigruntvann.Iartikkel1og2,studerervi
såkalteWhitham-typemodellersombletidligereutledetavEmerald[27]hvorhanvisteatligningenevar
konsistente.Ide�etilfelleterreferansemodellenkjentsomvannbølgeligningene,hvorpunktenerbevisst
idenviktigeartikkelenavAlvarez-SamaniegoogLannes[7].Dermed,foråfullstendigre�ferdiggjøre
Whitham-modellene,gjenstårdetbareåviseatdeeksistererpådenrelevantetidsskalaen.Iartikkel3,
utledervinyemodeller,derviviseratdeerkonsistentemedvannbølgelikningene,oghvorpresisjonen
girenbedrebeskrivelseavendringenavbunnen.Modelleneharogsåenforbedretbeskrivelseavdisper-
sjonsforholdettilreferansemodellen,ogmåleteråbeskrivebølgersombevegersegoverenbunnmedbråe
endringer.De�eermotivertavdeeksperimentelleresultateneidenklassiskeartikkelentilDingemans[23].

Idenandredelenavavhandlingengirvietbevisfordenfullstendigere�ferdiggjørelsenavBenjamin-
Onolikningen.De�eerenasymptotiskmodellsombeskriverlangebølgersombevegersegienretning
mellomto�uider.Hererdybdenfortildenenevæskenmyedypereenndenandre.Ide�etilfelleter
punktnummertovelkjent,mensdetførsteogtredjepunkteterbevistiartikkel4avdenneavhandlingen.
BevisetforatmodelleneerkonsistenteerbasertpåartikkelentilBona,Lannes,ogSaut[14].Menseksistens
resultatetfordetgenerellesystemetfortovæskerpådenrelevantetidsskalaenerenikketriviellforlengelse
avresultatettilLannes[40]hvorbegge�uideneharenendeligdybde.
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kledemodeller,somerkarakterisertavdimensjonsløseparametreogsomgirengodbeskrivelseavden
opprinneligemodellen.

Ide�earbeidet,utlederviasymptotiskemodellerfraEulerlikningenemedenfriover�ateogfor
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irroterende �yt. Mer spesi�kt, så utleder vi �ere modeller, hvor vi kvanti�serer feilen med den opprinnelige
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2. Løsningen av den asymptotiske modellen eksisterer (minst) på den samme tidsskalaen.
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Whitham-modellene, gjenstår det bare å vise at de eksisterer på den relevante tidsskalaen. I artikkel 3,
utleder vi nye modeller, der vi viser at de er konsistente med vannbølge likningene, og hvor presisjonen
gir en bedre beskrivelse av endringen av bunnen. Modellene har også en forbedret beskrivelse av disper-
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mellom to �uider. Her er dybden for til den ene væsken mye dypere enn den andre. I de�e tilfellet er
punkt nummer to velkjent, mens det første og tredje punktet er bevist i artikkel 4 av denne avhandlingen.
Beviset for at modellene er konsistente er basert på artikkelen til Bona, Lannes, og Saut [14]. Mens eksistens
resultatet for det generelle systemet for to væsker på den relevante tidsskalaen er en ikke triviell forlengelse
av resultatet til Lannes [40] hvor begge �uidene har en endelig dybde.
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disseløsningeneer“liten.”
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Index of notations

• For the de�ntion of ε, µ, β, γ, bo see equation (1.1.16).

• We let c denote a positive constant independent of the small parameters µ, ε, β, and bo that may
change from line to line. Also, as a shorthand, we use the notation a . b to mean a 6 c b.

• Let k ∈ N, l ∈ N and m ∈ N. A function R is said to be of order O(µkεl), denoted R = O(µkεl),
if divided by µkεl this function is uniformly bounded with respect to µ, ε ∈ (0, 1) in the Sobolev
norms | · |Hs .

• We de�ne the gradient by ∇x,z = (∂x, ∂z)
T and the Laplace operator by ∆x,z = ∂2

x + ∂2
z . We also

and introduce their scaled versions

∇µx,z = (
√
µ∂x, ∂z)

T and ∆µ
x,z = ∇µx,z · ∇µx,z = µ∂2

x + ∂2
z .

• Let the normal derivative be given by ∂nf = nf · ∇x,z where nf = 1√
1+(∂xf)2

Å−∂xf
1

ã
.

• Let L2(R) be the usual space of square integrable functions with norm |f |L2 =
»∫

R |f(x)|2 dx.
Also, for any f, g ∈ L2(R) we denote the scalar product by

(
f, g
)
L2 =

∫
R f(x)g(x) dx.

• Let f : R→ R be a tempered distribution, let f̂ or Ff be its Fourier transform. Let F : R→ R be a
bounded function. �en the Fourier multiplier associated with F (ξ) is denoted F and de�ned by the
formula:

F
(
F(D)f(x)

)
(ξ) = F (ξ)f̂(ξ).

• For any s ∈ R we call the multiplier ’|D|sf(ξ) = |ξ|sf̂(ξ) the Riesz potential of order −s.

• For any s ∈ R we call the multiplier Λs = (1 + D2)
s
2 = 〈D〉s the Bessel potential of order −s.

• �e Sobolev space Hs(R) is equivalent to the weighted L2−space with |f |Hs = |Λsf |L2 .

• Let Hs+1
γ,bo(R) = Hs+1(R) with norm

|u|2
Hs+1
γ,bo

= (1− γ)|u|2Hs + bo−1|∂xu|2Hs .

• Let H∞(U) be given in terms of ∂αf ∈ L2(U) for all α ∈ N where ∂ = ∂x if U = R. In the case
U ⊂ R2, then we let ∂ be either ∂x or ∂z .

• For any s > 0 we will denote H̊s+ 1
2 (R) the homogeneous Sobolev space with |f |

H̊s+1
2

= |D 1
2 f |Hs .

One should note that |D| = H∂x, where Ĥf(ξ) = −i sgn(ξ)f̂(ξ) is the Hilbert transform.

• For any s > 0 we will denote Ḣs+1(R) the Beppo-Levi space with |f |Ḣs+1 = |Λs∂xf |L2 .
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• For the de�ntion of ε, µ, β, γ, bo see equation (1.1.16).
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change from line to line. Also, as a shorthand, we use the notation a . b to mean a 6 c b.

• Let k ∈ N, l ∈ N and m ∈ N. A function R is said to be of order O(µkεl), denoted R = O(µkεl),
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• Let the normal derivative be given by ∂nf = nf · ∇x,z where nf =
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• For any s ∈ R we call the multiplier ’|D|sf(ξ) = |ξ|sf̂(ξ) the Riesz potential of order −s.

• For any s ∈ R we call the multiplier Λs = (1 + D2)
s
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One should note that |D| = H∂x, where Ĥf(ξ) = −i sgn(ξ)f̂(ξ) is the Hilbert transform.
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Indexofnotations

•Forthede�ntionofε,µ,β,γ,boseeequation(1.1.16).

•Weletcdenoteapositiveconstantindependentofthesmallparametersµ,ε,β,andbothatmay
changefromlinetoline.Also,asashorthand,weusethenotationa.btomeana6cb.

•Letk∈N,l∈Nandm∈N.AfunctionRissaidtobeoforderO(µkεl),denotedR=O(µkεl),
ifdividedbyµkεlthisfunctionisuniformlyboundedwithrespecttoµ,ε∈(0,1)intheSobolev
norms|·|Hs.

•Wede�nethegradientby∇x,z=(∂x,∂z)TandtheLaplaceoperatorby∆x,z=∂2
x+∂2

z.Wealso
andintroducetheirscaledversions

∇
µ
x,z=(√µ∂

x,∂z)
T

and∆
µ
x,z=∇

µ
x,z·∇

µ
x,z=µ∂

2
x+∂

2
z.

•Letthenormalderivativebegivenby∂nf=nf·∇x,zwherenf=
1 √1+(∂xf)2Å−∂xf 1ã.

•LetL2(R)betheusualspaceofsquareintegrablefunctionswithnorm|f|L2=»∫R|f(x)|2dx.
Also,foranyf,g∈L2(R)wedenotethescalarproductby

(
f,g
)
L2=

∫
Rf(x)g(x)dx.

•Letf:R→Rbeatempereddistribution,letf̂orFfbeitsFouriertransform.LetF:R→Rbea
boundedfunction.�entheFouriermultiplierassociatedwithF(ξ)isdenotedFandde�nedbythe
formula:

F
(
F(D)f(x)

)
(ξ)=F(ξ)f̂(ξ).

•Foranys∈Rwecallthemultiplier’|D|sf(ξ)=|ξ|sf̂(ξ)theRieszpotentialoforder−s.

•Foranys∈RwecallthemultiplierΛs=(1+D2)
s
2=〈D〉stheBesselpotentialoforder−s.

•�eSobolevspaceHs(R)isequivalenttotheweightedL2−spacewith|f|Hs=|Λsf|L2.

•LetH
s+1
γ,bo(R)=Hs+1(R)withnorm

|u|
2
H
s+1
γ,bo

=(1−γ)|u|
2
Hs+bo−1

|∂xu|
2
Hs.

•LetH∞(U)begivenintermsof∂αf∈L2(U)forallα∈Nwhere∂=∂xifU=R.Inthecase
U⊂R2,thenwelet∂beeither∂xor∂z.

•Foranys>0wewilldenoteH̊
s+

1
2(R)thehomogeneousSobolevspacewith|f|H̊s+1

2=|D
1
2f|Hs.

Oneshouldnotethat|D|=H∂x,whereĤf(ξ)=−isgn(ξ)f̂(ξ)istheHilberttransform.
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endowed with the seminorm

‖f‖
2
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Chapter 1

Introduction

1.1 �e governing equations

We start this chapter with a brief description of the governing equations that will serve as a basis for
the thesis. �e presentation is inspired by the book of David Lannes [41], and we also refer the reader
to [3,24,36] for their excellent presentation of the subject. Moreover, we will angle the presentation towards
the main results of the thesis. In particular, the focus will be on speci�c results in water wave theory to
motivate the scienti�c result of the thesis, [29,30,44,45], presented in Chapter 2. For simplicity, we restrict
the presentation to having one horizontal dimension and we shall only make formal computations in this
section where we suppose the functions are regular and decay su�ciently fast at in�nity1.

�e reference model is given in terms of two free surface incompressible Euler equations given on
the upper-�uid domain:

Ω− = {(x, z) ∈ R2 : z > ζ},
and the lower �uid domain:

Ω+ = {(x, z) ∈ R2 : −H + b < z < ζ}.

Here ζ = ζ(x, t) ∈ R denotes the free surface, the given function b = b(x) ∈ R is the variation of the
bo�om and H > 0 is the still water depth when b = 0, see Figure 1.

Figure 1: The blue line denotes the surface elevation z = ζ where ζ = ζ(x, t) is a free variable. The free surface
separates two fluids with density 0 6 ρ− < ρ+. The brown line z = −H + b is the topography variation where
b = b(x) is a given function.

1To be precise, we will assume the functions in this section belong to H∞(U) where U = Ω± or R.
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potential Φ±(x, z) ∈ R such that
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�e internal water waves equations
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[19, 20, 62], we choose to formulate the system in terms of
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�e last system is deduced from the mass conservation (1.1.4) and the impermeability of the bo�om (1.1.6).
Next, we need to comment on the pressure force at the free surface. If there is a di�erence in pressure
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Here we choose to stay consistent with the notation used in [41], where it was noted in the case of a single
�uid that the e�ect of surface tension is only relevant for small characteristic scales. In fact, the capillary
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4 Introduction

�en we write ψ− as a function of ψ+ through the inverse relation

ψ− = (G−[ζ, b])−1G+[ζ, b]ψ+,

and we de�ne (formally) a new variable ψ by the formula

ψ = ψ+ − γψ−

=
(
1− γ(G−[ζ, b])−1G+[ζ, b]

)
ψ+

= J [ζ, b]ψ+.

�e unknowns ζ and ψ will form the primary variables of the internal water waves system. Moreover, we
use these relations to (formally) de�ne a new operator

G[ζ, b] = G+[ζ, b](J [ζ, b])−1. (1.1.9)

Remark 1.1.5. In the case of the two-�uid problem, we only will consider the case of a �at bo�om. For a
precise de�nition of G[ζ, 0], we refer the reader to Section 2 of [45].

From the above expressions, we obtain the internal water waves equations in dimensional form:®
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.

Before we turn to some comments on the structure of (1.1.10), we make a simple observation on how G[0, 0]
depends on the geometry of the problem.
Observation 1.1.6. In the formula (1.1.9) we note that we choose to invert G−[ζ, b] with domain G+[ζ, b]. To
see why the order of composition is important, we consider their linearized operators with a �at bo�om.
In particular, we have that the operators are de�ned by

G±[0, 0]ψ± = ∂zΦ
±|z=0,

where Φ± is the solutions of ®
∆x,zΦ

± = 0 in Ω±

Φ±|z=0 = ψ± ∂zΦ
+|z=−H = 0.

�en for regular Dirichlet data, we simply apply the Fourier transform on the horizontal variable and solve
the corresponding ODEs:

∂2
z Φ̂± − ξ2Φ̂± = 0.

�en use the Fourier multiplier notation to �nd that

Φ+ =
cosh((z +H)|D|)

cosh(H|D|) ψ+ and Φ− = e−z|D|ψ−. (1.1.11)

As a result, we obtain the operators

G+[0, 0]ψ+ = |D| tanh(H|D|)ψ+ and G−[0, 0]ψ− = |D|ψ−. (1.1.12)

By looking at the operator at the Fourier side, we see that G+[0, 0] has a double root in zero, while in the
in�nite depth case, G−[0, 0] has a simple root. �is is the formal reason why we choose to compose the
inverse of G− with G+. See Remark 2.7 and the proof of Proposition 2.4 in [45] for details on this point.
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1.1 �e governing equations 5

�e de�nition of G± in (1.1.12) also serves as a hint that having one �uid of in�nite depth and the
other of �nite depth alters the functional se�ing for ψ±:
Observation 1.1.7. To understand how to de�ne the elements that should be in the de�nition of the energy
space, it is instructive to look at the linearized Hamiltonian H0 of the system. In the case of the water
waves equation in �nite depth (i.e., ρ− = 0), we �nd that

H0 =
g

2

∫

R
ζ2 dx+ σ

∫

R
(∂xζ)2 dx+

1

2

∫

R
ψ+|D| tanh(H|D|)ψ+ dx.

Using Plancherel’s identity and the equivalence:

H|ξ|2
(1 +H|ξ|) . |ξ| tanh(H|ξ|) . H|ξ|2

(1 +H|ξ|) ,

allows us to identify the energy associated with the system. It should provide (at least) a control on:
∫

R

(
gζ2 + σ(∂xζ)2

)
dx+H

∫

R

∣∣∣ |D|
(1 +H|D|) 1

2

ψ+
∣∣∣
2

dx.

On the other hand, in the case of H → −∞, we see that the energy space must provide a control on the
trace of the velocity potential in H̊

1
2 (R).

Lastly, for the linearized solution, we can observe that the decay estimate in Remark 1.1.2 holds and
that there is a smoothing e�ect from the Poisson kernel:
Observation 1.1.8. Suppose ψ− ∈ H̊ 1

2 (R) and let Φ− be given in terms of the Poisson kernel (1.1.11). We
�rst observe that Φ− ∈ Ḣ1(S−). Indeed, we obtain directly by Plancherel’s identity, Fubini, and integration
in z that

∫ ∞

0

∫

R
|∂zΦ−(x, z)|2 dxdz = −1

2

∫

R
||ξ| 12 ψ̂−(ξ)|2

∫ ∞

0
∂z

(
e−2z|ξ|

)
dzdξ

=
1

2
||D| 12ψ−|2L2 .

�e same computation can be done for ∂xΦ−. Next, we verify the decay at in�nity. For s > 1
2 and z > 0,

we observe by virtue of the Sobolev embedding Hs(R) ↪→ L∞(R) and Plancherel’s identity that

|∂zΦ−(·, z)|L∞ . ||D|〈D〉se−z|D|ψ−(·)|L2 . 1√
z
||D| 12ψ−|L2 .

Taking the limit in z, we obtain the result:

lim
z→∞

sup
x∈R
|∂zΦ−(x, z)| = 0.

�e same estimate holds for ∂xΦ−.

On the structure of the internal water waves equations

Regarding the structure of the equations, we see that G±[ζ]ψ± is determined by the solution of an ellip-
tic problem that depends on the �uid domain. However, by applying a simple change of variable, problem
(1.1.8) can be transformed to a more general elliptic problem with non-constant coe�cients (see, for in-
stance, Chapter 2 in [41] for a detailed account). On the other hand, the water waves equations (1.1.7) seem
to have a more complex structure. In fact, if we let U± = U±|z=ζ = (V ±, w±)T be the velocity �eld at
the free surface, then under a seemingly technical condition:

a± = g + (∂t + V ±∂x)w± > 0, (1.1.13)

the system has a hyperbolic character [41]. We will give some details on this in the next observation, where
we follow the book of Lannes [41], Section 4.3.5.

1.1�egoverningequations5

�ede�nitionofG±in(1.1.12)alsoservesasahintthathavingone�uidofin�nitedepthandthe
otherof�nitedepthaltersthefunctionalse�ingforψ±:
Observation1.1.7.Tounderstandhowtode�netheelementsthatshouldbeinthede�nitionoftheenergy
space,itisinstructivetolookatthelinearizedHamiltonianH0ofthesystem.Inthecaseofthewater
wavesequationin�nitedepth(i.e.,ρ−=0),we�ndthat
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Ontheotherhand,inthecaseofH→−∞,weseethattheenergyspacemustprovideacontrolonthe
traceofthevelocitypotentialinH̊

1
2(R).

Lastly,forthelinearizedsolution,wecanobservethatthedecayestimateinRemark1.1.2holdsand
thatthereisasmoothinge�ectfromthePoissonkernel:
Observation1.1.8.Supposeψ−∈H̊1

2(R)andletΦ−begivenintermsofthePoissonkernel(1.1.11).We
�rstobservethatΦ−∈˙H1(S−).Indeed,weobtaindirectlybyPlancherel’sidentity,Fubini,andintegration
inzthat

∫∞

0

∫

R
|∂zΦ−(x,z)|2dxdz=−1

2

∫

R
||ξ|12ψ̂−(ξ)|2

∫∞

0
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(
e−2z|ξ|

)
dzdξ

=
1
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||D|12ψ−|2L2.

�esamecomputationcanbedonefor∂xΦ−.Next,weverifythedecayatin�nity.Fors>1
2andz>0,

weobservebyvirtueoftheSobolevembeddingHs(R)↪→L∞(R)andPlancherel’sidentitythat

|∂zΦ−(·,z)|L∞.||D|〈D〉se−z|D|ψ−(·)|L2.1√
z
||D|12ψ−|L2.

Takingthelimitinz,weobtaintheresult:

lim
z→∞

sup
x∈R

|∂zΦ−(x,z)|=0.

�esameestimateholdsfor∂xΦ−.

Onthestructureoftheinternalwaterwavesequations

Regardingthestructureoftheequations,weseethatG±[ζ]ψ±isdeterminedbythesolutionofanellip-
ticproblemthatdependsonthe�uiddomain.However,byapplyingasimplechangeofvariable,problem
(1.1.8)canbetransformedtoamoregeneralellipticproblemwithnon-constantcoe�cients(see,forin-
stance,Chapter2in[41]foradetailedaccount).Ontheotherhand,thewaterwavesequations(1.1.7)seem
tohaveamorecomplexstructure.Infact,ifweletU±=U±|z=ζ=(V±,w±)Tbethevelocity�eldat
thefreesurface,thenunderaseeminglytechnicalcondition:

a±=g+(∂t+V±∂x)w±>0,(1.1.13)

thesystemhasahyperboliccharacter[41].Wewillgivesomedetailsonthisinthenextobservation,where
wefollowthebookofLannes[41],Section4.3.5.
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6 Introduction

Observation 1.1.9. Brie�y put, the mathematical relevance of the criterion stems from the “quasilineariza-
tion” of the water waves equations. In particular, since we want to estimate the solutions in higher Sobolev
norms we apply α derivatives on the equation and reformulate it in terms of the “good unknowns”2:

ζ(α) = ∂αx ζ, ψ±(α) = ∂xψ
± − wζ(α),

where the equations take the form
{
∂tζ(α) − G±[ζ, b]ψ±(α) + ∂x(V ψ(α)) = 0

∂tψ
±
(α) + a±ζ(α) + V ±∂xψ

±
(α) = 0,

up to a rest consisting of lower order derivative terms, see Proposition 4.10 in [41]. At this point, it is
natural to de�ne an energy that cancels the linear terms in the energy estimates. However, to do so, we
need the coe�cient a± to have a positive lower bound.

With this brief explanation in mind, let us now consider the physical relevance of criteria (1.1.13).
We will relate the de�nition in (1.1.13) with a condition on the pressure force at the free surface. To do so,
to reformulate the Euler equations (1.1.1) and relate it to the trace U±:®

(∂tV
±)|z=ζ + V ±(∂xV

±)|z=ζ + w±(∂zV
±)z=ζ = −(∂xP

±)|z=ζ
(∂tw

±)|z=ζ + V ±(∂xw)|z=ζ + w±(∂zw
±)z=ζ = −(∂zP

± + g)|z=ζ .

�is is simply done by applying the chain rule. In particular, we observe: (∂ = ∂t or ∂x)

∂U± = (∂U±)|z=ζ + ∂ζ(∂zU
±)|z=ζ ,

and since the pressure is constant at the surface:

0 = (∂xP
±)|z=ζ + ∂xζ(∂zP ).

�e last equation on the pressure will provide a link between the two equations for V ± and w±. Indeed,
together with the kinematic boundary condition (1.1.5) which is directly related to U± through:

∂tζ =
»

1 + (∂xζ)2nζ ·U±

= w± − V ±∂xζ,

we �nd a�er some algebra that®
∂tV

± + V ±∂xV ± = ∂xζ(∂zP )|z=ζ
∂tw

± + V ±∂xw± = −(∂zP + g)|z=ζ .
(1.1.14)

Here the �rst equation (1.1.14) can be given by

∂tV
± + a±∂xζ + V ±∂xV ± = 0,

by substituting the pressure with the second equation which is related to (1.1.13):

a± = −(∂zP
±)|z=ζ .

In other words, (1.1.13) is equivalent to imposing positivity of the vertical pressure force at the surface. �e
condition is known as the Rayleigh-Taylor stability criterion and it gives a condition to exclude instabilities
at the surface [41, 55].

2�e de�nition of ψ(α) is deduced from the shape derivative formula of the Dirichlet-Neumann operator, see [41].
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6 Introduction

Observation 1.1.9. Brie�y put, the mathematical relevance of the criterion stems from the “quasilineariza-
tion” of the water waves equations. In particular, since we want to estimate the solutions in higher Sobolev
norms we apply α derivatives on the equation and reformulate it in terms of the “good unknowns”2:

ζ(α) = ∂
α
x ζ, ψ±

(α) = ∂xψ± − wζ(α),

where the equations take the form
{
∂tζ(α) − G±[ζ, b]ψ±

(α) + ∂x(V ψ(α)) = 0

∂tψ±
(α) + a±ζ(α) + V ±∂xψ±

(α) = 0,

up to a rest consisting of lower order derivative terms, see Proposition 4.10 in [41]. At this point, it is
natural to de�ne an energy that cancels the linear terms in the energy estimates. However, to do so, we
need the coe�cient a± to have a positive lower bound.

With this brief explanation in mind, let us now consider the physical relevance of criteria (1.1.13).
We will relate the de�nition in (1.1.13) with a condition on the pressure force at the free surface. To do so,
to reformulate the Euler equations (1.1.1) and relate it to the trace U±:

® (∂tV ±)|z=ζ + V ±(∂xV ±)|z=ζ + w±(∂zV ±)z=ζ = −(∂xP±)|z=ζ
(∂tw±)|z=ζ + V ±(∂xw)|z=ζ + w±(∂zw±)z=ζ = −(∂zP± + g)|z=ζ .

�is is simply done by applying the chain rule. In particular, we observe: (∂ = ∂t or ∂x)

∂U± = (∂U±)|z=ζ + ∂ζ(∂zU±)|z=ζ ,

and since the pressure is constant at the surface:

0 = (∂xP±)|z=ζ + ∂xζ(∂zP ).

�e last equation on the pressure will provide a link between the two equations for V ± and w±. Indeed,
together with the kinematic boundary condition (1.1.5) which is directly related to U± through:

∂tζ =»1 + (∂xζ)2nζ ·U±

= w± − V ±∂xζ,

we �nd a�er some algebra that
® ∂tV ± + V ±∂xV ± = ∂xζ(∂zP )|z=ζ
∂tw± + V ±∂xw± = −(∂zP + g)|z=ζ .

(1.1.14)

Here the �rst equation (1.1.14) can be given by

∂tV ± + a±∂xζ + V ±∂xV ± = 0,

by substituting the pressure with the second equation which is related to (1.1.13):

a± = −(∂zP±)|z=ζ .

In other words, (1.1.13) is equivalent to imposing positivity of the vertical pressure force at the surface. �e
condition is known as the Rayleigh-Taylor stability criterion and it gives a condition to exclude instabilities
at the surface [41, 55].

2�e de�nition of ψ(α) is deduced from the shape derivative formula of the Dirichlet-Neumann operator, see [41].
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1.1 �e governing equations 7

In the case of having one �uid, with ρ− = 0, the Rayleigh-Taylor stability criterion (1.1.13) is actually
a necessary condition for the system to be well-posed [25]. It was later proved that under this condition,
the water waves system was locally well-posed; we refer the reader to the pioneering work of Wu [57, 58]
in the case of in�nite depth and the work of Lannes in �nite depth [39]. In fact, as we will discuss in the
next section, the solutions of the water waves equations exist on a long time, which was proved by Alvarez-
Samaniego and Lannes [7] (see also the more recent work on extended life span and improved regularity
results [1, 2, 4–6, 59–61]).

In the case of the two �uid problems, with 0 < ρ− < ρ+, then we also need to impose criteria on the
data in order to obtain a stable con�guration of the free surface. However, in this case, the situation is more
subtle. In fact, the problem becomes ill-posed unless there is surface tension σ > 0 [26, 33, 34]. �ere are
several results that utilize this fact to obtain well-posedness results in di�erent con�gurations of the �uid
domain where the time of existence T = T (σ) tends to zero as σ → 0 [9, 10, 16, 52, 53]. From a modeling
point of view, this is a paradox, since surface tension is not relevant in the dynamics of long waves but is
necessary for there to be solutions. In particular, the asymptotic models that are derived from the two-�uid
systems neglect surface tension. A solution to this problem was provided by Lannes [40] in the case of two
�uids with �nite depth. He was able to generalize the Rayleigh-Taylor criterion for a two-�uid system to
include surface tension and is given by

a+ − a− >
1

4σ

(ρ+ρ−)2

(ρ+ + ρ−)2
c(ζ)|V + − V −|L∞ . (1.1.15)

Here c(ζ) > 0 is some constant that depends on the geometry of the problem, which in the case considered
in [40] are two �uids of �nite depth. We will adapt this criterion in the case where one �uid is of in�nite
depth. �e main point is that this criterion allowed for an existence time that does not shrink to zero
as σ → 0. In fact, by introducing the small parameters into the equations, Lannes obtained a long-time
existence and unique result.
Remark 1.1.10. �e criterion is, of course, only assumed for the initial data and then propagated for t > 0
by using the equation and the Fundamental �eorem of Calculus. Clearly, the existence time would then
depend on σ. However, by introducing the small parameters, we can bypass this di�culty and still obtain
a long time existence and uniqueness result. See Remark 1.5 in [45] for more on this point in the case with
one layer of in�nite depth.

Nondimensionalization of the internal water waves equations and comments

From a practical point of view, it is o�en be�er to consider simpli�ed models rather than full water wave
equations. �e idea dates back to Lagrange in 1781 [38], where we instead consider asymptotic models that
are derived by “zooming” in speci�c regimes that capture the physics that you set out to describe. In par-
ticular, to describe long waves in shallow water with bathymetry e�ects it is instructive to introduce the
quantities H,λ, asurf and abott, the characteristic water depth, the characteristic wavelength in the longi-
tudinal direction, the characteristic surface amplitude, and the characteristic amplitude of the bathymetry
of the system. From these characteristic quantities, we de�ne the following non-dimensional parameters

ε =
asurf

H
, µ =

H2

λ2
, β =

abott

H
, γ =

ρ−

ρ+
, bo =

ρ+gλ2

σ
, (1.1.16)

where the last number is related to surface tension and is known as the Bond number. �en the natural
scaling for long waves, with one �uid of shallow depth is given by

x = λx′, z = Hz′, t =
λ

cref
t′, ζ = asurfζ

′, b = abottb
′,

where the prime notation denotes a nondimensional quantity and cref is the reference speed. We are yet to
identify the dimensions of the auxiliary variable ψ and the reference speed in terms of the characteristic
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Nondimensionalizationoftheinternalwaterwavesequationsandcomments

Fromapracticalpointofview,itiso�enbe�ertoconsidersimpli�edmodelsratherthanfullwaterwave
equations.�eideadatesbacktoLagrangein1781[38],whereweinsteadconsiderasymptoticmodelsthat
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wherethelastnumberisrelatedtosurfacetensionandisknownastheBondnumber.�enthenatural
scalingforlongwaves,withone�uidofshallowdepthisgivenby

x=λx′,z=Hz′,t=
λ
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t′,ζ=asurfζ

′,b=abottb
′,

wheretheprimenotationdenotesanondimensionalquantityandcrefisthereferencespeed.Weareyetto
identifythedimensionsoftheauxiliaryvariableψandthereferencespeedintermsofthecharacteristic
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1.1 �e governing equations 7

In the case of having one �uid, with ρ− = 0, the Rayleigh-Taylor stability criterion (1.1.13) is actually
a necessary condition for the system to be well-posed [25]. It was later proved that under this condition,
the water waves system was locally well-posed; we refer the reader to the pioneering work of Wu [57, 58]
in the case of in�nite depth and the work of Lannes in �nite depth [39]. In fact, as we will discuss in the
next section, the solutions of the water waves equations exist on a long time, which was proved by Alvarez-
Samaniego and Lannes [7] (see also the more recent work on extended life span and improved regularity
results [1, 2, 4–6, 59–61]).

In the case of the two �uid problems, with 0 < ρ− < ρ+, then we also need to impose criteria on the
data in order to obtain a stable con�guration of the free surface. However, in this case, the situation is more
subtle. In fact, the problem becomes ill-posed unless there is surface tension σ > 0 [26, 33, 34]. �ere are
several results that utilize this fact to obtain well-posedness results in di�erent con�gurations of the �uid
domain where the time of existence T = T (σ) tends to zero as σ → 0 [9, 10, 16, 52, 53]. From a modeling
point of view, this is a paradox, since surface tension is not relevant in the dynamics of long waves but is
necessary for there to be solutions. In particular, the asymptotic models that are derived from the two-�uid
systems neglect surface tension. A solution to this problem was provided by Lannes [40] in the case of two
�uids with �nite depth. He was able to generalize the Rayleigh-Taylor criterion for a two-�uid system to
include surface tension and is given by

a
+
− a− > 1

4σ

(ρ+ρ−)2

(ρ+ + ρ−)2 c(ζ)|V
+
− V −|L∞ . (1.1.15)

Here c(ζ) > 0 is some constant that depends on the geometry of the problem, which in the case considered
in [40] are two �uids of �nite depth. We will adapt this criterion in the case where one �uid is of in�nite
depth. �e main point is that this criterion allowed for an existence time that does not shrink to zero
as σ → 0. In fact, by introducing the small parameters into the equations, Lannes obtained a long-time
existence and unique result.
Remark 1.1.10. �e criterion is, of course, only assumed for the initial data and then propagated for t > 0
by using the equation and the Fundamental �eorem of Calculus. Clearly, the existence time would then
depend on σ. However, by introducing the small parameters, we can bypass this di�culty and still obtain
a long time existence and uniqueness result. See Remark 1.5 in [45] for more on this point in the case with
one layer of in�nite depth.

Nondimensionalization of the internal water waves equations and comments

From a practical point of view, it is o�en be�er to consider simpli�ed models rather than full water wave
equations. �e idea dates back to Lagrange in 1781 [38], where we instead consider asymptotic models that
are derived by “zooming” in speci�c regimes that capture the physics that you set out to describe. In par-
ticular, to describe long waves in shallow water with bathymetry e�ects it is instructive to introduce the
quantities H,λ, asurf and abott, the characteristic water depth, the characteristic wavelength in the longi-
tudinal direction, the characteristic surface amplitude, and the characteristic amplitude of the bathymetry
of the system. From these characteristic quantities, we de�ne the following non-dimensional parameters

ε =
asurf

H
, µ =

H2

λ2 , β =
abott

H
, γ =

ρ−

ρ+ , bo =
ρ+gλ2

σ
, (1.1.16)

where the last number is related to surface tension and is known as the Bond number. �en the natural
scaling for long waves, with one �uid of shallow depth is given by

x = λx′, z = Hz′, t =
λ

cref
t′, ζ = asurfζ ′, b = abottb′,

where the prime notation denotes a nondimensional quantity and cref is the reference speed. We are yet to
identify the dimensions of the auxiliary variable ψ and the reference speed in terms of the characteristic
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quantities. To do so, it is instructive to consider the linearized system (with β = σ = 0):®
∂tζ − G[0, 0]ψ = 0

∂tψ + (1− γ)ζ = 0,
(1.1.17)

where G[0, 0] is a Fourier multiplier given by

G[0, 0] = G+[0, 0]
(

1− γ(G−[0, 0])−1G+[0, 0]
)−1

,

and using the relations (1.1.12) we �nd that

G[0, 0]ψ(x) = F−1
(
|ξ| tanh(H|ξ|)

1 + γtanh(H|ξ|) ψ̂(ξ)
)

(x).

We can simplify this expression under the shallow water assumption in the lower �uid, i.e. µ � 1. In
particular, for a wave with wavelength λ, the frequencies are concentrated around |ξ| = 2π

λ , so that a
Taylor expansion of the hyperbolic tangent implies

|ξ| tanh(H|ξ|)
1 + γtanh(H|ξ|) = Hξ2,

up to an order O(µ). �us, we �nd

G[0, 0]ψ = −H∂2
xψ.

From this simpli�cation we can reduce (1.1.17) to a wave equation:

∂2
t ζ − c2

ref∂
2
xζ = 0,

where we identify the reference speed c2
ref = H(1−γ). Moreover, and from the second equation of (1.1.17)

we can now �nd the dimensions of ψ:
ψ =

asurfλ√
H

ψ′.

�us, performing the change of variables above to the internal water waves system (1.1.10), and omi�ing
the prime notation, yields:
{
∂tζ − 1

µGµ[εζ, βb]ψ = 0

∂tψ + (1− γ)ζ + 1
2

(
ε(∂xψ

+)2 − γε(∂xψ−)2
)

+ εN [εζ, βb, ψ±] = − 1
bo

1
ε
√
µκ(ε

√
µζ),

(1.1.18)

where

N [εζ, βb, ψ±] =
1

2µ

γ(G−µ [εζ, βb]ψ− + εµ∂xζ∂xψ
−)2 − (G+

µ [εζ, βb]ψ+ + εµ∂xζ∂xψ
+)2

(1 + ε2µ(∂xζ)2)
.

and
Gµ[εζ, βb] = G+

µ [εζ, βb](Jµ[εζ, βb])−1. (1.1.19)
�e operators G±µ [εζ] are de�ned by

G±µ [εζ]ψ± = (∂zΦ
± − εµ∂xζ∂xΦ±)|z=εζ ,

through the solutions of the scaled Laplace equations:®
(µ∂2

x + ∂2
z )Φ± = 0 for Ω±

Φ±|z=εζ = ψ± ∂zΦ
+|z=−1 = 0,

(1.1.20)

where
Ω+ = {(x, z) : −1 + βb < z < εζ} and Ω− = {(x, z) : z > εζ}.

We will now list long time existence and uniqueness results related to (1.1.18) for di�erent cases in
ρ±, σ, and �uid depth.
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1.1 �e governing equations 9

Remark 1.1.11. We only consider the results that will later be used, and so the list is not exhaustive. In any
of the cases, we will impose the standard non-cavitation condition that ensures that the �uid depth:

h = 1 + εζ − βb

does not touch the bo�om. �is means there is a minimum depth hmin ∈ (0, 1) such that h > hmin

for all time the solution exists. Of course the, condition is imposed at time t = 0 and then veri�ed for
t = O( 1

max{ε,β}). See Lemma 5.2 in [44] for a detailed demonstration of this point. Now, under this
assumption, we have the following results:

1. In the case of a single �uid in �nite depth with no surface tension, the long time well-posedness
is given in [7] (see also [41], Chapter 4). �e proof relies on the energy method where the au-
thors de�ne an energy functional E(t) = E(ζ(t), ψ+(t)) that depends on the norm of (ζ, ψ+) ∈
C([0, T ];Hs(R)× Ḣs+ 1

2
µ (R)) (see Observation 1.1.7). �en under the non-cavitation condition and

a non-dimensional version of (1.1.13) they prove an estimate on the form

d

dt
E(t) . max{ε, β}

(
E(t)

) 3
2 ,

which implies an existence time t = O( 1
max{ε,β}). �e main di�culty is handling higher order

derivatives on the Dirichlet-Neumann operator and deriving precise estimates with respect to the
small parameters ε, µ, β.

2. In the case of a single �uid in �nite depth with surface tension, the same result holds. We refer the
reader to [41], Chapter 9 for the proof. �e main di�erence in the proof is in the de�nition of the
energy that now needs to include ζ in Hs+1

0,bo(R). �is gives additional di�culties when compared to
the case σ = 0. In particular, having to control one more derivative in ζ means that it will induce
subprincipal terms in ψ+ that need to be accounted for in the energy estimates. �e solution is to
de�ne energy that controls both space and time derivatives and is �rst introduced in [46]. See also
Remark 9.9 in [41] on this technical point.

3. In the case of the two �uid systems where both layers are of �nite depth, with β = 0, σ > 0, and
ρ− < ρ+, the long time existence and uniqueness are proved in [40]. Here, the energy estimate
is deduced under a non-dimensional version of (1.1.15), which allows for an existence time that is
independent of σ. We should also note that due to the complex nature of the operator Gµ, there are
several additional di�culties that arise. In particular, the proof relies on several symbolic expressions
of the operators involved inGµ using pseudodi�erential methods and is used to have precise estimates
in terms of the small parameters and to deduce the skew-adjointness in some cases.

4. In the case of a single �uid in in�nite depth without surface tension, a similar result as the �rst
point holds and is proved in [41], Chapter 4. �e main di�erence is the scaling of the equation and
the de�nition of the energy, which is now modi�ed to include the norm of the trace of the velocity
potential in H̊s+ 1

2 (R).

5. In the case of the two �uid systems where one layer is of in�nite depth with β = 0 and ρ− < ρ+,
the long time existence and uniqueness are proved in [45], and is one of the main results of this
thesis. Here we need to combine the methods used in the previous points where the domain alters
the functional se�ing, the surface tension induces subprincipal terms in the energy estimates, and
we need new pseudodi�erential estimates in this context.

We end this section with comments on the dispersive nature of internal water waves. To understand
the dispersive properties of the internal water waves equation we follow the presentation of [24] in the case
of a single �uid. In particular, it is instructive to consider plane waves solutions of the linearized equations

1.1�egoverningequations9

Remark1.1.11.Weonlyconsidertheresultsthatwilllaterbeused,andsothelistisnotexhaustive.Inany
ofthecases,wewillimposethestandardnon-cavitationconditionthatensuresthatthe�uiddepth:

h=1+εζ−βb

doesnottouchthebo�om.�ismeansthereisaminimumdepthhmin∈(0,1)suchthath>hmin

foralltimethesolutionexists.Ofcoursethe,conditionisimposedattimet=0andthenveri�edfor
t=O(1

max{ε,β}).SeeLemma5.2in[44]foradetaileddemonstrationofthispoint.Now,underthis
assumption,wehavethefollowingresults:

1.Inthecaseofasingle�uidin�nitedepthwithnosurfacetension,thelongtimewell-posedness
isgivenin[7](seealso[41],Chapter4).�eproofreliesontheenergymethodwheretheau-
thorsde�neanenergyfunctionalE(t)=E(ζ(t),ψ+(t))thatdependsonthenormof(ζ,ψ+)∈
C([0,T];Hs(R)×˙H

s+1
2

µ(R))(seeObservation1.1.7).�enunderthenon-cavitationconditionand
anon-dimensionalversionof(1.1.13)theyproveanestimateontheform

d

dt
E(t).max{ε,β}

(
E(t)

)3
2,

whichimpliesanexistencetimet=O(1
max{ε,β}).�emaindi�cultyishandlinghigherorder

derivativesontheDirichlet-Neumannoperatorandderivingpreciseestimateswithrespecttothe
smallparametersε,µ,β.

2.Inthecaseofasingle�uidin�nitedepthwithsurfacetension,thesameresultholds.Wereferthe
readerto[41],Chapter9fortheproof.�emaindi�erenceintheproofisinthede�nitionofthe
energythatnowneedstoincludeζinHs+1

0,bo(R).�isgivesadditionaldi�cultieswhencomparedto
thecaseσ=0.Inparticular,havingtocontrolonemorederivativeinζmeansthatitwillinduce
subprincipaltermsinψ+thatneedtobeaccountedforintheenergyestimates.�esolutionisto
de�neenergythatcontrolsbothspaceandtimederivativesandis�rstintroducedin[46].Seealso
Remark9.9in[41]onthistechnicalpoint.

3.Inthecaseofthetwo�uidsystemswherebothlayersareof�nitedepth,withβ=0,σ>0,and
ρ−<ρ+,thelongtimeexistenceanduniquenessareprovedin[40].Here,theenergyestimate
isdeducedunderanon-dimensionalversionof(1.1.15),whichallowsforanexistencetimethatis
independentofσ.WeshouldalsonotethatduetothecomplexnatureoftheoperatorGµ,thereare
severaladditionaldi�cultiesthatarise.Inparticular,theproofreliesonseveralsymbolicexpressions
oftheoperatorsinvolvedinGµusingpseudodi�erentialmethodsandisusedtohavepreciseestimates
intermsofthesmallparametersandtodeducetheskew-adjointnessinsomecases.

4.Inthecaseofasingle�uidinin�nitedepthwithoutsurfacetension,asimilarresultasthe�rst
pointholdsandisprovedin[41],Chapter4.�emaindi�erenceisthescalingoftheequationand
thede�nitionoftheenergy,whichisnowmodi�edtoincludethenormofthetraceofthevelocity
potentialinH̊s+1

2(R).

5.Inthecaseofthetwo�uidsystemswhereonelayerisofin�nitedepthwithβ=0andρ−<ρ+,
thelongtimeexistenceanduniquenessareprovedin[45],andisoneofthemainresultsofthis
thesis.Hereweneedtocombinethemethodsusedinthepreviouspointswherethedomainalters
thefunctionalse�ing,thesurfacetensioninducessubprincipaltermsintheenergyestimates,and
weneednewpseudodi�erentialestimatesinthiscontext.

Weendthissectionwithcommentsonthedispersivenatureofinternalwaterwaves.Tounderstand
thedispersivepropertiesoftheinternalwaterwavesequationwefollowthepresentationof[24]inthecase
ofasingle�uid.Inparticular,itisinstructivetoconsiderplanewavessolutionsofthelinearizedequations
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for all time the solution exists. Of course the, condition is imposed at time t = 0 and then veri�ed for
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1
max{ε,β}). See Lemma 5.2 in [44] for a detailed demonstration of this point. Now, under this

assumption, we have the following results:

1. In the case of a single �uid in �nite depth with no surface tension, the long time well-posedness
is given in [7] (see also [41], Chapter 4). �e proof relies on the energy method where the au-
thors de�ne an energy functional E(t) = E(ζ(t), ψ+(t)) that depends on the norm of (ζ, ψ+) ∈
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s+
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2

µ (R)) (see Observation 1.1.7). �en under the non-cavitation condition and
a non-dimensional version of (1.1.13) they prove an estimate on the form

d

dtE(t) . max{ε, β}
(
E(t)

) 3
2
,

which implies an existence time t = O(
1

max{ε,β}). �e main di�culty is handling higher order
derivatives on the Dirichlet-Neumann operator and deriving precise estimates with respect to the
small parameters ε, µ, β.

2. In the case of a single �uid in �nite depth with surface tension, the same result holds. We refer the
reader to [41], Chapter 9 for the proof. �e main di�erence in the proof is in the de�nition of the
energy that now needs to include ζ in H

s+1
0,bo(R). �is gives additional di�culties when compared to

the case σ = 0. In particular, having to control one more derivative in ζ means that it will induce
subprincipal terms in ψ+ that need to be accounted for in the energy estimates. �e solution is to
de�ne energy that controls both space and time derivatives and is �rst introduced in [46]. See also
Remark 9.9 in [41] on this technical point.

3. In the case of the two �uid systems where both layers are of �nite depth, with β = 0, σ > 0, and
ρ− < ρ+, the long time existence and uniqueness are proved in [40]. Here, the energy estimate
is deduced under a non-dimensional version of (1.1.15), which allows for an existence time that is
independent of σ. We should also note that due to the complex nature of the operator Gµ, there are
several additional di�culties that arise. In particular, the proof relies on several symbolic expressions
of the operators involved inGµ using pseudodi�erential methods and is used to have precise estimates
in terms of the small parameters and to deduce the skew-adjointness in some cases.

4. In the case of a single �uid in in�nite depth without surface tension, a similar result as the �rst
point holds and is proved in [41], Chapter 4. �e main di�erence is the scaling of the equation and
the de�nition of the energy, which is now modi�ed to include the norm of the trace of the velocity
potential in H̊

s+
1
2 (R).

5. In the case of the two �uid systems where one layer is of in�nite depth with β = 0 and ρ− < ρ+,
the long time existence and uniqueness are proved in [45], and is one of the main results of this
thesis. Here we need to combine the methods used in the previous points where the domain alters
the functional se�ing, the surface tension induces subprincipal terms in the energy estimates, and
we need new pseudodi�erential estimates in this context.

We end this section with comments on the dispersive nature of internal water waves. To understand
the dispersive properties of the internal water waves equation we follow the presentation of [24] in the case
of a single �uid. In particular, it is instructive to consider plane waves solutions of the linearized equations
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in non-dimensional variables for a �at bo�om3:
{
∂tζ − 1

µGµ[0, 0]ψ = 0

∂tψ +
(
(1− γ)− bo−1∂2

x

)
ζ = 0.

(1.1.21)

�en in order to �nd the plane wave solutions

ζ = ζ0e
i(ξx−ωiww(ξ)t) and ψ = ψ0e

i(ξx−ωiww(ξ)t),

form the initial data (ζ0, ψ0), one can verify from the equation (1.1.21) that we need iωiwwψ0 = (1− γ)ζ0

and that
ωiww(ξ)2 =

(
(1− γ) + bo−1ξ2

) ξ√
µ

tanh(
√
µξ)

1 + γtanh(
√
µ|ξ|) . (1.1.22)

�e quantity ωiww(ξ) is known as the dispersion relation of the linearized internal water waves. One should
also note that (1.1.22) is speci�c to the fact that we have one layer of in�nite depth. Moreover, we de�ne
the phase function θ(x, t) = ξ(x− ωiww(ξ)

ξ t) and the phase speed by

c2
p,iww =

ωiww(ξ)2

ξ2
,

and it reveals the dispersive character of the waves (see Figure 2). Indeed, if we suppose bo−1 is small then
since the speed depends on |ξ| ∼ 1

λ we see that waves travel faster for long waves. Meaning that if we take
a wave packet comprised of di�erent frequencies, the short frequency part (long wave) will travel faster
than the large frequencies (short waves), therefore causing the wave to spread out.

Figure 2: A plot of c2p,iww in the case bo−1 = 0 (red solid line), bo−1 � 1 (blue dased line), and bo−1 ∼ 1 (blue
dashed-dot line).

Note that the e�ect of surface tension is only relevant for large frequencies (short waves). But as noted
above, it is necessary for the internal water waves to be well-posed. �is is consistent with results in points
3 and 5 mentioned in Remark 1.1.11, where adding a small amount of surface tension allowed for long time
existence results without a�ecting the dynamics of long waves.
Remark 1.1.12. �ere are several asymptotic models that capture the dispersive nature of the internal water
wave equations. We comment brie�y on some important results. We �rst consider classical examples in the

3For a non�at bo�om the linearized Dirichlet-Neumann operators are much more complicated.
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Note that the e�ect of surface tension is only relevant for large frequencies (short waves). But as noted
above, it is necessary for the internal water waves to be well-posed. �is is consistent with results in points
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case of a single �uid and �at bo�om that will help to put the main results of this thesis in perspective. In
this case, we know that the solutions of the water waves equations exist on a long time scale (see previous
point 1. in Remark 1.1.11). �erefore, to fully justify the asymptotic model under consideration, its solutions
should exist on the same time scale and satisfy a convergence estimate.

1. One of the most classical example is the KdV equation [15, 37]:

∂tζ + (1 +
µ

6
∂2
x)∂xζ +

3ε

2
ζ∂xζ = 0,

which describes the evolution of waves propagating in one direction. �e �rst rigorous derivation
of this model was given by Craig [17] where the precision4 of the model with respect to the water
waves equation is O(µ2 + εµ).

2. For waves propagating in two directions, Bona-Chen-Saut [13] derived a family of Boussinesq sys-
tems: ®

(1− bµ∂2
x)∂tζ + (1 + aµ∂2

x)∂xv + ε∂x(ζv) = 0

(1− dµ∂2
x)∂tv + (1 + cµ∂2

x)∂xζ + εv∂xv = 0,
(1.1.23)

where a, b, c, and d are real parameters satisfying a+b+c+d = 1
3 and v(x, t) ∈ R approximates the

�uid velocity at some height in the �uid domain. �e precision of the system is the same as for the
KdV and was proved later by [12] in some cases of a+b+c+d = 1

3 . It is worth noting that the long-
time well-posedness of (1.1.23) is far from trivial and has undergone extensive studies: [43, 47–50].

3. �e higher-order extension of the Boussinesq models is the Green-Naghdi equation. For simplicity
we consider the following version [51, 54]:®

∂tζ + ∂x(hv) = 0

(1 + µT [h, βb])
(
∂tv + εv∂xv

)
+ ∂xζ + µεQ[h, v] = 0,

(1.1.24)

where h = 1 + εζ is the �uid depth in the case of a �at bo�om and with

T [h]v = − 1

3h
∂x
(
h3∂xv

)
, Q[h, v] =

2

3h
∂x
(
h3(∂xv)2

)
.

Comparing its solutions with the ones of the water waves equations evolving from the same data, one
obtains a precision of order O(µ2) [8,42]. In other words, it is an improvement from the Boussinesq
equations in the case where nonlinear e�ects are dominant (i.e., when µ� ε).

�e next results are some generalizations of the models mentioned above and that preserve the
dispersive properties of the linearized water wave equations.

4. An important example for modeling unidirectional waves in shallow water is the Whitham equation
[56]:

∂tζ +
√

F1(D)∂xζ +
3ε

2
ζ∂xζ = 0, (1.1.25)

where
√

F1(D) is a Fourier multiplier de�ned as the square root of the symbol of F1(D):

F1(D)f(x) = F−1
(tanh(

√
µξ)

√
µξ

f̂(ξ)
)

(x).

�e �rst rigorous result, justifying the model, was given by Klein, Linares, Pilod, and Saut [35], where
they compared its solution rigorously with those of the KdV equation to obtain the same precision.
More recently, this result was improved by Emerald [28] where the precision5 of (1.1.25) is of order
O(εµ) when compared to the water waves equation. In other words, it is exact at the linear level and
we therefore call it a full dispersion model.

4Actually, Craig restricted the parameters to be ε = µ. �e general precision was remarked in [28].
5�is is for well-prepared initial data, see [28] for the precise statement.
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caseofasingle�uidand�atbo�omthatwillhelptoputthemainresultsofthisthesisinperspective.In
thiscase,weknowthatthesolutionsofthewaterwavesequationsexistonalongtimescale(seeprevious
point1.inRemark1.1.11).�erefore,tofullyjustifytheasymptoticmodelunderconsideration,itssolutions
shouldexistonthesametimescaleandsatisfyaconvergenceestimate.

1.OneofthemostclassicalexampleistheKdVequation[15,37]:

∂tζ+(1+
µ

6
∂2

x)∂xζ+
3ε

2
ζ∂xζ=0,

whichdescribestheevolutionofwavespropagatinginonedirection.�e�rstrigorousderivation
ofthismodelwasgivenbyCraig[17]wheretheprecision4ofthemodelwithrespecttothewater
wavesequationisO(µ2+εµ).

2.Forwavespropagatingintwodirections,Bona-Chen-Saut[13]derivedafamilyofBoussinesqsys-
tems:®

(1−bµ∂2
x)∂tζ+(1+aµ∂2

x)∂xv+ε∂x(ζv)=0

(1−dµ∂2
x)∂tv+(1+cµ∂2

x)∂xζ+εv∂xv=0,
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wherea,b,c,anddarerealparameterssatisfyinga+b+c+d=1
3andv(x,t)∈Rapproximatesthe

�uidvelocityatsomeheightinthe�uiddomain.�eprecisionofthesystemisthesameasforthe
KdVandwasprovedlaterby[12]insomecasesofa+b+c+d=1

3.Itisworthnotingthatthelong-
timewell-posednessof(1.1.23)isfarfromtrivialandhasundergoneextensivestudies:[43,47–50].

3.�ehigher-orderextensionoftheBoussinesqmodelsistheGreen-Naghdiequation.Forsimplicity
weconsiderthefollowingversion[51,54]: ®

∂tζ+∂x(hv)=0

(1+µT[h,βb])
(
∂tv+εv∂xv

)
+∂xζ+µεQ[h,v]=0,

(1.1.24)

whereh=1+εζisthe�uiddepthinthecaseofa�atbo�omandwith

T[h]v=−1

3h
∂x

(
h3∂xv

)
,Q[h,v]=

2

3h
∂x

(
h3(∂xv)2

)
.

Comparingitssolutionswiththeonesofthewaterwavesequationsevolvingfromthesamedata,one
obtainsaprecisionoforderO(µ2)[8,42].Inotherwords,itisanimprovementfromtheBoussinesq
equationsinthecasewherenonlineare�ectsaredominant(i.e.,whenµ�ε).

�enextresultsaresomegeneralizationsofthemodelsmentionedaboveandthatpreservethe
dispersivepropertiesofthelinearizedwaterwaveequations.

4.AnimportantexampleformodelingunidirectionalwavesinshallowwateristheWhithamequation
[56]:

∂tζ+
√

F1(D)∂xζ+
3ε

2
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theycompareditssolutionrigorouslywiththoseoftheKdVequationtoobtainthesameprecision.
Morerecently,thisresultwasimprovedbyEmerald[28]wheretheprecision5of(1.1.25)isoforder
O(εµ)whencomparedtothewaterwavesequation.Inotherwords,itisexactatthelinearleveland
wethereforecallitafulldispersionmodel.

4Actually,Craigrestrictedtheparameterstobeε=µ.�egeneralprecisionwasremarkedin[28].
5�isisforwell-preparedinitialdata,see[28]fortheprecisestatement.
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T [h]v = −
1
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∂x
(
h

3
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2
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∂x
(
h

3
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x)∂tζ + (1 + aµ∂2
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x)∂tv + (1 + cµ∂2

x)∂xζ + εv∂xv = 0,
(1.1.23)

where a, b, c, and d are real parameters satisfying a+b+c+d =
1
3 and v(x, t) ∈ R approximates the

�uid velocity at some height in the �uid domain. �e precision of the system is the same as for the
KdV and was proved later by [12] in some cases of a+b+c+d =

1
3 . It is worth noting that the long-

time well-posedness of (1.1.23) is far from trivial and has undergone extensive studies: [43, 47–50].
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)
+ ∂xζ + µεQ[h, v] = 0,

(1.1.24)

where h = 1 + εζ is the �uid depth in the case of a �at bo�om and with

T [h]v = −
1

3h
∂x
(
h

3
∂xv
)
, Q[h, v] =

2

3h
∂x
(
h

3
(∂xv)

2)
.

Comparing its solutions with the ones of the water waves equations evolving from the same data, one
obtains a precision of order O(µ2) [8,42]. In other words, it is an improvement from the Boussinesq
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[56]:

∂tζ +
√

F1(D)∂xζ +
3ε

2
ζ∂xζ = 0, (1.1.25)

where
√

F1(D) is a Fourier multiplier de�ned as the square root of the symbol of F1(D):

F1(D)f(x) = F−1(tanh(√µξ)
√µξ f̂(ξ)

)
(x).
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4Actually, Craig restricted the parameters to be ε = µ. �e general precision was remarked in [28].
5�is is for well-prepared initial data, see [28] for the precise statement.

1.1�egoverningequations11

caseofasingle�uidand�atbo�omthatwillhelptoputthemainresultsofthisthesisinperspective.In
thiscase,weknowthatthesolutionsofthewaterwavesequationsexistonalongtimescale(seeprevious
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3.Itisworthnotingthatthelong-

timewell-posednessof(1.1.23)isfarfromtrivialandhasundergoneextensivestudies:[43,47–50].
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5. �ere are several full dispersion versions of the Boussinesq systems. As an example, consider the
generalization of (1.1.23) in the case (a, b, c, d) = (0, 0, 1

3 , 0) [32]:®
∂tζ + ∂x(hv) = 0

∂tv + F1(D)∂xζ + εv∂xv = 0.
(1.1.26)

�e system was rigorously derived in [27] in the sense of consistency. Moreover, combining this
result with the long time well-posedness result in [44] implies the full justi�cation of the model. �e
precision of (1.1.26) is of order O(εµ) when compared to the water waves equations.

6. A full dispersion version of the Green-Naghdi equations (1.1.24) is derived in [27] in the sense of
consistency, where we need to replace T and Q by:

TF2 [h]v = − 1

3h
∂x
√

F2(D)
(
h3
√

F2(D)∂xv
)
, QF2 [h, v] =

2

3h
∂x
√

F2(D)
(
h3(
√

F2(D)∂xv)2
)
,

with
F2(D) =

3

µ|D|2 (1− F1(D)).

�e precision of the model of order O(εµ2), and the full justi�cation as a shallow water model was
established in [29]. If we compare the precision with the classical Green-Naghdi, we observe that
there is a qualitative gain in the parameters.

Before we turn to the case of the two-�uid system, we can make a formal argument for the di�erence
in the precision of full dispersion models and their classical versions. To do so, we compare the dispersion
relation of the models full dispersion models in point 5 and 6, which is equal to the dispersion relation of
the water wave system6, the Green-Naghdi system, and the (0, 0, 1

3 , 0)−Boussinesq system:

ωww(ξ)2

ξ2
=

tanh(
√
µξ)

√
µξ

,
ωgn(ξ)2

ξ2
=

1

1 + µ
3 ξ

2
,

ωb(ξ)2

ξ2
= (1− µ

3
ξ2).

�en we see that the phase speed of the asymptotic models as Taylor expansion that is equal to the phase
speed of its full dispersion version up to an order of O(µ2) (see also Figure 3). Meaning in cases where
high-frequency interactions are dominant, they would not o�er a good description of the behavior of the
waves.

Finally, we end this remark by commenting on asymptotic models derived from the two-layer system.
Here, there are several possibilities depending on the depths of the two �uids.

5. An application of the long time existence result by Lannes [40], is the derivation of the shallow water
equations [18]: 



∂tζ + ∂x

(
h1h2
δ+γh2

v
)

= 0

∂tv + (1− γ)∂xζ + ε
2∂x

(
(δh2)2−γh22
(δh1+γh2)2

v2
)

= 0,

where the depth of the upper �uid is H1, the depth of the lower �uid H2, the ratio δ = H1
H2

, with
h1 = 1− εζ , h1 = 1 + εδζ , and v = ∂xψ. �e system was derived rigourously by Bona, Lannes, and
Saut [14] in the sense of consistency with the precision of order O(µ).

6. �ere are several important consistency results given in [14] (see also [18]). However, the main point
to keep in mind, is that the result in [40] is not uniform with respect to the �uid depth. Meaning that if
one considers models outside the shallow water regime, then one also has to revisit this result to have
uniform estimates, and of course, accompanied by the long time well-posedness of the asymptotic
model.

6ωww is given by formula (1.1.22) in the case γ = bo−1 = 0.
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result with the long time well-posedness result in [44] implies the full justi�cation of the model. �e
precision of (1.1.26) is of order O(εµ) when compared to the water waves equations.
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�e precision of the model of order O(εµ2), and the full justi�cation as a shallow water model was
established in [29]. If we compare the precision with the classical Green-Naghdi, we observe that
there is a qualitative gain in the parameters.

Before we turn to the case of the two-�uid system, we can make a formal argument for the di�erence
in the precision of full dispersion models and their classical versions. To do so, we compare the dispersion
relation of the models full dispersion models in point 5 and 6, which is equal to the dispersion relation of
the water wave system6, the Green-Naghdi system, and the (0, 0,
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�en we see that the phase speed of the asymptotic models as Taylor expansion that is equal to the phase
speed of its full dispersion version up to an order of O(µ2) (see also Figure 3). Meaning in cases where
high-frequency interactions are dominant, they would not o�er a good description of the behavior of the
waves.

Finally, we end this remark by commenting on asymptotic models derived from the two-layer system.
Here, there are several possibilities depending on the depths of the two �uids.

5. An application of the long time existence result by Lannes [40], is the derivation of the shallow water
equations [18]: 
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where the depth of the upper �uid is H1, the depth of the lower �uid H2, the ratio δ =
H1
H2 , with

h1 = 1− εζ , h1 = 1 + εδζ , and v = ∂xψ. �e system was derived rigourously by Bona, Lannes, and
Saut [14] in the sense of consistency with the precision of order O(µ).

6. �ere are several important consistency results given in [14] (see also [18]). However, the main point
to keep in mind, is that the result in [40] is not uniform with respect to the �uid depth. Meaning that if
one considers models outside the shallow water regime, then one also has to revisit this result to have
uniform estimates, and of course, accompanied by the long time well-posedness of the asymptotic
model.
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Figure 3: A plot of the phase velocities of the linearized water waves equation (red line), a Green-Naghdi system
(blue dashed line), and a Boussinesq system (blue dashed-dot line).
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where c2 = (1 − γ). �e rigorous justi�cation of the BO equation is proved in [45]. In particular,
the long-time existence of the internal water waves equations (1.1.18) with a small amount of surface
tension was established, and the precision of the BO equation is proved to be of order O(µ) when
compared to the internal water waves equation.
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where Λ
1
2
µ is the scaled Bessel potential de�ned by the symbol ξ 7→ (1 + µξ2)

1
4 in frequency. With this

energy, we were able to prove through a careful analysis of commutators and product estimates involving
the multipliers above, that

d

dt
Ewh(ζ, v) . ε

(
Ewh(ζ, v)

) 3
2 . (1.2.1)

�en with the equivalence

Ewh(ζ, v) ∼ |ζ|2Hs + |Λ
1
2
µv|2Hs ,

and an estimate on the di�erence of two solutions, a well-posedness result was proved in the sense of
Hadamar. See �eorem 1.11 in this paper for the precise statement and for the novelties related to the
other systems that were considered.

We end this brief summary with two remarks on the result.

Remark 1.2.1. A consequence of the energy estimates of the paper and the consistency result provided by
Emerald in [27] is the full justi�cation of (1.1.26) as a water waves model with precision O(εµ).

Remark 1.2.2. If we add the e�ect of the bo�om, then we simply need to change the de�ntion of �uid depth:

h = 1 + εζ − βb.

Meaning, by replacing h in the equation (1.1.26) would yield a system with precision O(µ(ε + β)) [24].
Moreover, the contribution of the bo�om in the energy estimates is not principal terms since b is a given
function. So, it seems straightforward to deduce a long time existence result using the same method. How-
ever, in this case, the time of existence is of order O( 1

max{ε,β}).

1.2.2 Paper 2: Long time well-posedness of a Whitham-Green-Naghdi system

Joint work with Louis Emerald.
Submi�ed for publication.

In paper 2, is an extension of the previous work where we consider a weakly dispersive8 version of the
Green-Nagdi system with bathymetry. In particular, we again use the energy method to prove the long
time well-posedness of a system on the form®

∂tζ + ∂x(hv) = 0

(1 + µTF2 [h, βb])
(
∂tv + εv∂xv

)
+ ∂xζ + µε(QF2 [h, v] +Qb,F2 [h, b, v]) = 0.

(1.2.2)

Here h = 1 + εζ − βb is the height of the �uid and

TF2 [h, βb]v, QF2 [h, v], Qb,F2 [h, βb, v], (1.2.3)

are complicated expressions that depend on the nonlocal operators

F1(D) =
tanh(

√
µ|D|)

√
µ|D| , F2(D)f =

3

µ|D|2 (1− F1(D)).

�e system is a similar version to a system derived by Duchêne in [24] in the sense of consistency. �e
precision of the weakly dispersive Green-Naghdi system with bo�om e�ect was proved to be of order
O(µ2(ε + β)) when compared to the water waves equations. To put the result in context, we have the
following comparisons in the case of bathymetry with the models mentioned so far:

8It is not fully dispersive since ωww was computed in the case β = 0. When β > 0, this is highly nontrivial.
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h=1+εζ−βb.

Meaning,byreplacinghintheequation(1.1.26)wouldyieldasystemwithprecisionO(µ(ε+β))[24].
Moreover,thecontributionofthebo�omintheenergyestimatesisnotprincipaltermssincebisagiven
function.So,itseemsstraightforwardtodeducealongtimeexistenceresultusingthesamemethod.How-
ever,inthiscase,thetimeofexistenceisoforderO(1
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Submi�edforpublication.
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(1.2.2)
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TF2[h,βb]v,QF2[h,v],Qb,F2[h,βb,v],(1.2.3)
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µ is the scaled Bessel potential de�ned by the symbol ξ 7→ (1 + µξ2)
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4 in frequency. With this

energy, we were able to prove through a careful analysis of commutators and product estimates involving
the multipliers above, that
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) 3
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. (1.2.1)

�en with the equivalence

Ewh(ζ, v) ∼ |ζ|
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Hs + |Λ
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and an estimate on the di�erence of two solutions, a well-posedness result was proved in the sense of
Hadamar. See �eorem 1.11 in this paper for the precise statement and for the novelties related to the
other systems that were considered.

We end this brief summary with two remarks on the result.

Remark 1.2.1. A consequence of the energy estimates of the paper and the consistency result provided by
Emerald in [27] is the full justi�cation of (1.1.26) as a water waves model with precision O(εµ).

Remark 1.2.2. If we add the e�ect of the bo�om, then we simply need to change the de�ntion of �uid depth:

h = 1 + εζ − βb.

Meaning, by replacing h in the equation (1.1.26) would yield a system with precision O(µ(ε + β)) [24].
Moreover, the contribution of the bo�om in the energy estimates is not principal terms since b is a given
function. So, it seems straightforward to deduce a long time existence result using the same method. How-
ever, in this case, the time of existence is of order O(

1
max{ε,β}).

1.2.2 Paper 2: Long time well-posedness of a Whitham-Green-Naghdi system

Joint work with Louis Emerald.
Submi�ed for publication.

In paper 2, is an extension of the previous work where we consider a weakly dispersive8 version of the
Green-Nagdi system with bathymetry. In particular, we again use the energy method to prove the long
time well-posedness of a system on the form

® ∂tζ + ∂x(hv) = 0

(1 + µTF2 [h, βb])
(
∂tv + εv∂xv

)
+ ∂xζ + µε(QF2 [h, v] +Qb,F2 [h, b, v]) = 0.

(1.2.2)

Here h = 1 + εζ − βb is the height of the �uid and

TF2 [h, βb]v, QF2 [h, v], Qb,F2 [h, βb, v], (1.2.3)

are complicated expressions that depend on the nonlocal operators

F1(D) =
tanh(√µ|D|)
√µ|D| , F2(D)f =

3

µ|D|2 (1− F1(D)).

�e system is a similar version to a system derived by Duchêne in [24] in the sense of consistency. �e
precision of the weakly dispersive Green-Naghdi system with bo�om e�ect was proved to be of order
O(µ2(ε + β)) when compared to the water waves equations. To put the result in context, we have the
following comparisons in the case of bathymetry with the models mentioned so far:

8It is not fully dispersive since ωww was computed in the case β = 0. When β > 0, this is highly nontrivial.
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precisionoftheweaklydispersiveGreen-Naghdisystemwithbo�ome�ectwasprovedtobeoforder
O(µ2(ε+β))whencomparedtothewaterwavesequations.Toputtheresultincontext,wehavethe
followingcomparisonsinthecaseofbathymetrywiththemodelsmentionedsofar:

8Itisnotfullydispersivesinceωwwwascomputedinthecaseβ=0.Whenβ>0,thisishighlynontrivial.

14Introduction

whereΛ
1
2
µisthescaledBesselpotentialde�nedbythesymbolξ7→(1+µξ2)

1
4infrequency.Withthis

energy,wewereabletoprovethroughacarefulanalysisofcommutatorsandproductestimatesinvolving
themultipliersabove,that

d

dtEwh(ζ,v).ε
(
Ewh(ζ,v)

)3
2
.(1.2.1)

�enwiththeequivalence

Ewh(ζ,v)∼|ζ|
2
Hs+|Λ

1
2
µv|

2
Hs,

andanestimateonthedi�erenceoftwosolutions,awell-posednessresultwasprovedinthesenseof
Hadamar.See�eorem1.11inthispaperfortheprecisestatementandforthenoveltiesrelatedtothe
othersystemsthatwereconsidered.

Weendthisbriefsummarywithtworemarksontheresult.

Remark1.2.1.Aconsequenceoftheenergyestimatesofthepaperandtheconsistencyresultprovidedby
Emeraldin[27]isthefulljusti�cationof(1.1.26)asawaterwavesmodelwithprecisionO(εµ).

Remark1.2.2.Ifweaddthee�ectofthebo�om,thenwesimplyneedtochangethede�ntionof�uiddepth:

h=1+εζ−βb.

Meaning,byreplacinghintheequation(1.1.26)wouldyieldasystemwithprecisionO(µ(ε+β))[24].
Moreover,thecontributionofthebo�omintheenergyestimatesisnotprincipaltermssincebisagiven
function.So,itseemsstraightforwardtodeducealongtimeexistenceresultusingthesamemethod.How-
ever,inthiscase,thetimeofexistenceisoforderO(

1
max{ε,β}).

1.2.2Paper2:Longtimewell-posednessofaWhitham-Green-Naghdisystem

JointworkwithLouisEmerald.
Submi�edforpublication.

Inpaper2,isanextensionofthepreviousworkwhereweconsideraweaklydispersive8versionofthe
Green-Nagdisystemwithbathymetry.Inparticular,weagainusetheenergymethodtoprovethelong
timewell-posednessofasystemontheform

®∂tζ+∂x(hv)=0

(1+µTF2[h,βb])
(
∂tv+εv∂xv

)
+∂xζ+µε(QF2[h,v]+Qb,F2[h,b,v])=0.

(1.2.2)

Hereh=1+εζ−βbistheheightofthe�uidand

TF2[h,βb]v,QF2[h,v],Qb,F2[h,βb,v],(1.2.3)

arecomplicatedexpressionsthatdependonthenonlocaloperators

F1(D)=
tanh(√µ|D|)
√µ|D|,F2(D)f=

3

µ|D|2(1−F1(D)).

�esystemisasimilarversiontoasystemderivedbyDuchênein[24]inthesenseofconsistency.�e
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Water waves system

Green-Naghdi system
O(µ2)

Boussinesq system
O(µ2 + µ(ε + β))

Whitham-Green-Naghdi system
O(µ2(ε + β))

Whitham-Boussinesq system
O(µ(ε + β))

To derive system (1.2.2), there are many possibilities that give the same precision. On the other hand, it is
not clear which one is well-posed. In fact, the novelty of the proof was to determine the quantities (1.2.3),
in the weakly dispersive case, such that we could prove an energy estimate of the type (1.2.1). From this
estimate, we deduce the well-posedness of the system with an existence time of order t = O( 1

max{ε,β}).
�en we use this result, to compare the solutions with the ones of the water waves equations and prove
that the two solutions are close up to an error of order O(µ2(ε+ β)) on the same time interval.

Remark 1.2.3. �e main motivation behind studying full dispersion models is that it allows us to decouple
the parameters in the precision (see discussion in Remark 1.1.12). �is, of course, implies a larger regime
for which the models are applicable.

1.2.3 Paper 3: Rigorous derivation of weakly dispersive shallow water models with
large amplitude topography variations

Joint work with Louis Emerald.
Submi�ed for publication.

In this paper, we derive new shallow water models in one and two horizontal dimensions with improved
precision with respect to µ and the bathymetry parameter β. �e motivation stems from Remark 1.2.3,
where we want to derive a model that describes waves propagating over an obstacle. �is is an important
modeling problem (see, for instance, Chapter 5, Section 2.3 in [41]) and is based on the experimental re-
sults by Dingemans [23] (see illustration of the set-up in Figure 4). In these experiments, it was observed
that waves long waves tend to steepen as they would pass an obstacle, where high frequency waves are
generated behind the obstacle.

Figure 4: A long wave propagating from le� to right towards an obstacle.
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16 Introduction

In other words, on one side of the obstacle we need a good description of long waves (µ, ε � 1), on top
of the obstacle we enter the shallow water regime (µ � 1). While a�er the waves pass, we want a good
description of the weakly nonlinear regime (ε� 1).

�e �rst result of this paper is the rigorous derivation of models with uneven bathymetries at the
order of precision O(µε). In the one-dimensional case, this model reads

{
∂tζ − 1

µGbψ = 0

∂tψ + ζ +
ε

2
(∂xψ)2 = 0,

(1.2.4)

where Gb is an operator given by

1

µ
Gbψ = −∂x

(1 + εζ − βb
1− βb

∫ 0

−1+βb
∂xΦ dz

)
,

and is de�ned by the solutions of the elliptic problem
{

∆µ
x,zΦ = 0 in R× [−1 + βb, 0],

Φ|z=0 = ψ,
[
∂zΦ− µβ∂xb∂xΦ

]∣∣
z=−1+βb

= 0.
(1.2.5)

System (1.2.4) can be viewed as an extension of the full dispersion models with uneven bathymetry, where
the elliptic problem (1.2.5) corresponds to the (1.1.20)+ in the case ε = 0. A drawback of this model is that
it depends on the solutions of an elliptic problem. �is is costly from a numerical perspective.

To simplify system (1.2.4), we instead �nd approximate solutions of (1.2.5) given in terms of pseu-
dodi�erential operators. �en we use them to rigorously derive new models in the sense of consistency
with precision:

O(µε+ µ2β2) and O(µ2ε+ µεβ + µ2β2).

1.2.4 Paper 4: Justi�cation of the Benjamin-Ono equation as an internal water waves
model

Submi�ed for publication.

�is paper gives the �rst rigorous justi�cation of the Benjamin-Ono equation:

∂tζ + c(1− γ

2

√
µ|D|)∂xζ + c

3ε

2
ζ∂xζ = 0, (1.2.6)

as an internal water wave model on the physical time scale. �e BO equation was derived formally in the
60s as an asymptotic model from a two-�uid system where one �uid is of great depth [11,22]. �e equation
has generated much interest since its inception. However, it is still an open question whether its solutions
are close to the ones of the original physical system.

�e primary step is to prove the long-time existence of the internal water wave equations with one
�uid of in�nite depth and the second �uid layer of �nite depth and �at bo�om. �en, we show that the
di�erence between two regular solutions of the internal water waves equations and the BO equation, which
evolves from the same initial datum, provides a good and stable approximation to the system on the natural
time scale. In particular, there are regular solutions9 (ζ, ψ) solving (1.1.18) on a positive time interval with
t = O(1

ε ). Moreover, from the same data, we have a unique solution of (1.2.6) denoted by ζBO, and we
prove that

|ζ − ζbo|L∞ . µt,

on a long time where the implicit constant depends on the norm of the initial data in the energy space (see
�eorem 1.18 in [45] for the precise statement).

9Of course, with β = 0 and under certain assumption on the data. See for instance Remark 1.1.10 on this point.
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as an internal water wave model on the physical time scale. �e BO equation was derived formally in the
60s as an asymptotic model from a two-�uid system where one �uid is of great depth [11,22]. �e equation
has generated much interest since its inception. However, it is still an open question whether its solutions
are close to the ones of the original physical system.
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time scale. In particular, there are regular solutions9 (ζ, ψ) solving (1.1.18) on a positive time interval with
t = O(

1
ε ). Moreover, from the same data, we have a unique solution of (1.2.6) denoted by ζBO, and we
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on a long time where the implicit constant depends on the norm of the initial data in the energy space (see
�eorem 1.18 in [45] for the precise statement).

9Of course, with β = 0 and under certain assumption on the data. See for instance Remark 1.1.10 on this point.
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1.2 Main results 17

�e novelties of the proof are related to the geometry of the problem, where having one �uid of
�nite depth and one of in�nite depth alters the functional se�ing for the Dirichlet-Neumann operators in-
volved. A simple argument was put forward in Observation 1.1.7 and Remark 1.1.11 on this point. As a
result, we study the various compositions of the operators involved in the expression of (1.1.19). �is re-
quires a re�ned symbolic analysis of the Dirichlet-Neumann operator on in�nite depth and deriving new
pseudo-di�erential estimates, where we extend the results by Lannes [40] in the case of two �uids in the
shallow water regime.

Remark 1.2.4. As noted in point 6. in Remark 1.1.12, there are several asymptotic regimes that are not cap-
tured by the result of Lannes [40]. In particular, the case of having one layer of great depth. An interesting
example would be the intermediate long wave regime where one layer is allowed to be larger than the other
(see [14, 36]).
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LONG TIME WELL-POSEDNESS OF WHITHAM-BOUSSINESQ

SYSTEMS

MARTIN OEN PAULSEN

Abstract. Consideration is given to three different full dispersion Boussinesq systems
arising as asymptotic models in the bi-directional propagation of weakly nonlinear surface
waves in shallow water. We prove that, under a non-cavitation condition on the initial
data, these three systems are well-posed on a time scale of order O( 1

ε
), where ε is a small

parameter measuring the weak non-linearity of the waves. For one of the systems, this
result is new even for short time. The two other systems involve surface tension, and for
one of them, the non-cavitation condition has to be sharpened when the surface tension
is small. The proof relies on suitable symmetrizers and the classical theory of hyperbolic
systems. However, we have to track the small parameters carefully in the commutator
estimates to get the long time well-posedness.

Finally, combining our results with the recent ones of Emerald provide a full justification
of these systems as water wave models in a larger range of regimes than the classical
(a, b, c, d)-Boussinesq systems.

1. Introduction

1.1. Full dispersion models. The Korteweg-de Vries (KdV) equation is an asymptotic
model for the unidirectional propagation of small amplitude, long waves on the surface of
an ideal fluid of constant depth. It was introduced in [8, 32] to model the propagation
of solitary waves in shallow water with a wide range of applications both mathematically
and physically. However, its dispersion is too strong in high frequencies when compared
to the full water wave system. In particular, the KdV equation does not feature wave
breaking or peaking waves. To overcome these shortcomings, Whitham introduced in [52]
an equation with an improved dispersion relation. He replaced the KdV dispersion with
the exact dispersion of the linearized water wave system obtaining the equation

∂tζ +
√
Kµ(D)∂xζ + εζ∂xζ = 0, (1.1)

for (x, t) ∈ R × R+, where the function ζ(x, t) ∈ R denotes the surface elevation and the
operator

√
Kµ(D) is the square root of the Fourier multiplier Kµ(D) defined in frequency

by

Kµ(ξ) =
tanh(

√
µ|ξ|)

√
µ|ξ|

(
1 + σµ|ξ|2

)
. (1.2)

Moreover, µ and ε are small parameters related to the level of dispersion and nonlinearity,
and σ is a nonnegative parameter related to the surface tension1,2.

Whitham conjectured in [52] that equation (1.1) would allow, in addition to the KdV
traveling-wave regime, the occurrence of waves of greatest height with a sharp crest as
well as the formation of shocks. However, it was not until recently that these phenomena
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parametermeasuringtheweaknon-linearityofthewaves.Foroneofthesystems,this
resultisnewevenforshorttime.Thetwoothersystemsinvolvesurfacetension,andfor
oneofthem,thenon-cavitationconditionhastobesharpenedwhenthesurfacetension
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wellastheformationofshocks.However,itwasnotuntilrecentlythatthesephenomena
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were rigorously proved. We mention among others the existence of periodic waves [18], the
existence and stability of traveling waves [17, 4, 48, 27], the formation of shocks [24, 45],
Benjamin-Feir instabilities [47, 25], the existence of periodic waves of greatest height [20]
and solitary waves of greatest height [50]. Note that in the case of surface tension (σ > 0),
the dynamics appear to be rather different (see e.g. [31] and the references therein).

These results illustrate some mathematical properties uniquely related to an improved dis-
persion relation, though there are some phenomena that the Whitham equation does not fea-
ture due to its unidirectionality. For instance, the Euler equations admit non-modulational
instabilities of small-amplitude periodic traveling waves [36], but the unidirectional nature
of the Whitham equation is believed to prohibit such instabilities [10].

Regarding the two-way propagation of waves at the surface of a fluid and in the long wave
regime, Bona, Chen, and Saut derived a three-parameter family of Boussinesq systems [5]

{
(1− bµ∂2x)∂tζ + (1 + aµ∂2x)∂xv + ε∂x(ζv) = 0

(1− dµ∂2x)∂tv + (1 + cµ∂2x)∂xζ + εv∂xv = 0,
(1.3)

where a, b, c and d are real parameters satisfying a + b + c + d = 1
3 , ζ(x, t) ∈ R is the

deviation of the free surface with respect to its rest state, and v(x, t) ∈ R approximates the
fluid velocity at some height in the fluid domain. Like the KdV equation, the Boussinesq
systems are celebrated models for surface waves in coastal oceanography. Analogously to
the unidirectional case, one could replace the dispersion with the linearized dispersion of the
water wave equations in (1.3). These improved dispersion versions are expected to lead to
a more “accurate” description of the full water wave system. Those systems are commonly
referred to as the Whitham-Boussinesq systems or full dispersion Boussinesq systems.

Actually, there are different possibilities of full dispersion Boussinesq systems. This paper
will focus on three important ones, linking them to some specific cases of the Boussinesq
systems without BBM terms (b = d = 0). To be precise, we introduce the operator Tµ(D)
corresponding to Kµ(D) for σ = 0, and whose Fourier symbol is defined by

Tµ(ξ) =
tanh(

√
µ|ξ|)

√
µ|ξ| . (1.4)

First, we consider the system
{
∂tζ +Kµ(D)∂xv + ε∂x(ζv) = 0

∂tv + ∂xζ + εv∂xv = 0,
(1.5)

introduced in [33, 1, 38] without surface tension and in [31] with surface tension. Here,
as above, ζ denotes the elevation of the surface around its equilibrium position, while v
approximates the fluid velocity at the free surface. We also consider its two-dimensional
counterpart {

∂tζ +Kµ(D)∇ · v + ε∇ · (ζv) = 0

∂tv +∇ζ + ε
2∇|v|2 = 0,

(1.6)

where x ∈ R2 and v(x, t) ∈ R2 approximates the fluid velocity at the surface in two space
dimensions. In the case zero surface tension, it is proved that (1.5) models solitary waves
[39] and admit high-frequency (non-modulational) instabilities of small-amplitude periodic
traveling waves [19]. We also observe that (1.5) is related to (1.3) by expanding (1.2) in
low frequencies. Indeed, since Kµ(ξ) ' 1 + µ(σ − 1

3)ξ2 by a Taylor expansion we see that

(1.5) reduce to (1.3) with (a, b, c, d) = (13 − σ, 0, 0, 0).
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wererigorouslyproved.Wementionamongotherstheexistenceofperiodicwaves[18],the
existenceandstabilityoftravelingwaves[17,4,48,27],theformationofshocks[24,45],
Benjamin-Feirinstabilities[47,25],theexistenceofperiodicwavesofgreatestheight[20]
andsolitarywavesofgreatestheight[50].Notethatinthecaseofsurfacetension(σ>0),
thedynamicsappeartoberatherdifferent(seee.g.[31]andthereferencestherein).

Theseresultsillustratesomemathematicalpropertiesuniquelyrelatedtoanimproveddis-
persionrelation,thoughtherearesomephenomenathattheWhithamequationdoesnotfea-
tureduetoitsunidirectionality.Forinstance,theEulerequationsadmitnon-modulational
instabilitiesofsmall-amplitudeperiodictravelingwaves[36],buttheunidirectionalnature
oftheWhithamequationisbelievedtoprohibitsuchinstabilities[10].

Regardingthetwo-waypropagationofwavesatthesurfaceofafluidandinthelongwave
regime,Bona,Chen,andSautderivedathree-parameterfamilyofBoussinesqsystems[5]

{
(1−bµ∂2x)∂tζ+(1+aµ∂2x)∂xv+ε∂x(ζv)=0

(1−dµ∂2x)∂tv+(1+cµ∂2x)∂xζ+εv∂xv=0,
(1.3)

wherea,b,canddarerealparameterssatisfyinga+b+c+d=1
3,ζ(x,t)∈Risthe

deviationofthefreesurfacewithrespecttoitsreststate,andv(x,t)∈Rapproximatesthe
fluidvelocityatsomeheightinthefluiddomain.LiketheKdVequation,theBoussinesq
systemsarecelebratedmodelsforsurfacewavesincoastaloceanography.Analogouslyto
theunidirectionalcase,onecouldreplacethedispersionwiththelinearizeddispersionofthe
waterwaveequationsin(1.3).Theseimproveddispersionversionsareexpectedtoleadto
amore“accurate”descriptionofthefullwaterwavesystem.Thosesystemsarecommonly
referredtoastheWhitham-BoussinesqsystemsorfulldispersionBoussinesqsystems.

Actually,therearedifferentpossibilitiesoffulldispersionBoussinesqsystems.Thispaper
willfocusonthreeimportantones,linkingthemtosomespecificcasesoftheBoussinesq
systemswithoutBBMterms(b=d=0).Tobeprecise,weintroducetheoperatorTµ(D)
correspondingtoKµ(D)forσ=0,andwhoseFouriersymbolisdefinedby

Tµ(ξ)=
tanh(

√
µ|ξ|)
√

µ|ξ|.(1.4)

First,weconsiderthesystem
{

∂tζ+Kµ(D)∂xv+ε∂x(ζv)=0

∂tv+∂xζ+εv∂xv=0,
(1.5)

introducedin[33,1,38]withoutsurfacetensionandin[31]withsurfacetension.Here,
asabove,ζdenotestheelevationofthesurfacearounditsequilibriumposition,whilev
approximatesthefluidvelocityatthefreesurface.Wealsoconsideritstwo-dimensional
counterpart{

∂tζ+Kµ(D)∇·v+ε∇·(ζv)=0

∂tv+∇ζ+ε
2∇|v|2=0,

(1.6)

wherex∈R2andv(x,t)∈R2approximatesthefluidvelocityatthesurfaceintwospace
dimensions.Inthecasezerosurfacetension,itisprovedthat(1.5)modelssolitarywaves
[39]andadmithigh-frequency(non-modulational)instabilitiesofsmall-amplitudeperiodic
travelingwaves[19].Wealsoobservethat(1.5)isrelatedto(1.3)byexpanding(1.2)in
lowfrequencies.Indeed,sinceKµ(ξ)'1+µ(σ−1

3)ξ2byaTaylorexpansionweseethat

(1.5)reduceto(1.3)with(a,b,c,d)=(13−σ,0,0,0).
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were rigorously proved. We mention among others the existence of periodic waves [18], the
existence and stability of traveling waves [17, 4, 48, 27], the formation of shocks [24, 45],
Benjamin-Feir instabilities [47, 25], the existence of periodic waves of greatest height [20]
and solitary waves of greatest height [50]. Note that in the case of surface tension (σ > 0),
the dynamics appear to be rather different (see e.g. [31] and the references therein).
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where a, b, c and d are real parameters satisfying a + b + c + d =
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3 , ζ(x, t) ∈ R is the

deviation of the free surface with respect to its rest state, and v(x, t) ∈ R approximates the
fluid velocity at some height in the fluid domain. Like the KdV equation, the Boussinesq
systems are celebrated models for surface waves in coastal oceanography. Analogously to
the unidirectional case, one could replace the dispersion with the linearized dispersion of the
water wave equations in (1.3). These improved dispersion versions are expected to lead to
a more “accurate” description of the full water wave system. Those systems are commonly
referred to as the Whitham-Boussinesq systems or full dispersion Boussinesq systems.

Actually, there are different possibilities of full dispersion Boussinesq systems. This paper
will focus on three important ones, linking them to some specific cases of the Boussinesq
systems without BBM terms (b = d = 0). To be precise, we introduce the operator Tµ(D)
corresponding to Kµ(D) for σ = 0, and whose Fourier symbol is defined by

Tµ(ξ) =
tanh(√µ|ξ|)
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introduced in [33, 1, 38] without surface tension and in [31] with surface tension. Here,
as above, ζ denotes the elevation of the surface around its equilibrium position, while v
approximates the fluid velocity at the free surface. We also consider its two-dimensional
counterpart

{
∂tζ +Kµ(D)∇ · v + ε∇ · (ζv) = 0

∂tv +∇ζ +
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2∇|v|2 = 0,

(1.6)

where x ∈ R2 and v(x, t) ∈ R2 approximates the fluid velocity at the surface in two space
dimensions. In the case zero surface tension, it is proved that (1.5) models solitary waves
[39] and admit high-frequency (non-modulational) instabilities of small-amplitude periodic
traveling waves [19]. We also observe that (1.5) is related to (1.3) by expanding (1.2) in
low frequencies. Indeed, since Kµ(ξ) ' 1 + µ(σ −
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3)ξ2 by a Taylor expansion we see that
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1
3 − σ, 0, 0, 0).
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A second system is obtained by applying the operator (1.4) to ∂xζ, which gives
{
∂tζ + ∂xv + ε∂x(ζv) = 0

∂tv + Tµ(D)∂xζ + εv∂xv = 0,
(1.7)

and in two dimensions reads{
∂tζ +∇ · v + ε∇ · (ζv) = 0

∂tv + Tµ(D)∇ζ + ε
2∇|v|2 = 0.

(1.8)

This system was first introduced in [26], where it is proved that (1.7) features Benjamin-
Feir (modulational) instabilities. Note that while ζ plays the same role as for system (1.5),
it is T −1µ (D)v which approximates the velocity potential at the free surface in this case

(and T −1µ (D)v in two dimensions). We also observe that (1.7) reduces in the formal limit√
µ|ξ| → 0 to the Boussinesq system (1.3) with (a, b, c, d) = (0, 0, 13 , 0) in low frequencies.
Finally, we will also consider a full dispersion version of (1.3) when Tµ(D) is applied to

the nonlinear terms, while Kµ(D) is applied on the ∂xζ. This system reads
{
∂tζ + ∂xv + εTµ(D)∂x(ζv) = 0

∂tv +Kµ(D)∂xζ + εTµ(D)(v∂xv) = 0,
(1.9)

and in two dimensions is given by
{
∂tζ +∇ · v + εTµ(D)∇ · (ζv) = 0

∂tv +Kµ(D)∇ζ + ε
2Tµ(D)∇|v|2 = 0.

(1.10)

Here ζ and v play the same roles as for system (1.7) (similarly, v has the same role as in
(1.8)). It was introduced in [13] and has the advantage of being Hamiltonian. Moreover,
the existence of solitary waves is proved in [14].

1.2. Full justification. A fundamental question in the derivation of an asymptotic model is
whether its solution converges to the solution of the original physical system. In particular,
we say that an asymptotic model is a valid approximation of the Euler equations with a
free surface if we can answer the following points in the affirmative [33]:

1. The solutions of the water wave equations exist on the relevant scale O(1ε ).

2. The solutions of the asymptotic model exist (at least) on the scale O(1ε ).
3. Lastly, we must establish the consistency between the asymptotic model and the wa-

ter wave equations, and then show that the error is of order O(µεt) when comparing
the two solutions.

The first point was proved by Alvarez-Samaniego and Lannes [2] for surface gravity
waves and Ming, Zhang and Zhang [37] for gravity-capillary waves in the weakly transverse
regime, while points 2. and 3. are specific to the asymptotic model under consideration.
For instance, in the case of the Whitham equation, Klein et al. [31] compared its solution
rigorously with those of the KdV equation. In particular, they proved that the difference
between two solutions evolving from the same initial datum is bounded by O(ε2t) for all
0 ≤ t . ε−1 with ε, µ in the KdV-regime:

RKdV = {(ε, µ) : 0 ≤ µ ≤ 1, µ = ε},
which justified the Whitham equation as a water wave model in this regime by relying on
the justification of the KdV equation [9, 33].

On the other hand, due to the improved dispersion relation of (1.1), Emerald [22] was
able to decouple the parameters (ε, µ) and prove an error estimate between the Whitham
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Asecondsystemisobtainedbyapplyingtheoperator(1.4)to∂xζ,whichgives
{

∂tζ+∂xv+ε∂x(ζv)=0

∂tv+Tµ(D)∂xζ+εv∂xv=0,
(1.7)

andintwodimensionsreads{
∂tζ+∇·v+ε∇·(ζv)=0

∂tv+Tµ(D)∇ζ+ε
2∇|v|2=0.

(1.8)

Thissystemwasfirstintroducedin[26],whereitisprovedthat(1.7)featuresBenjamin-
Feir(modulational)instabilities.Notethatwhileζplaysthesameroleasforsystem(1.5),
itisT−1 µ(D)vwhichapproximatesthevelocitypotentialatthefreesurfaceinthiscase

(andT−1 µ(D)vintwodimensions).Wealsoobservethat(1.7)reducesintheformallimit √
µ|ξ|→0totheBoussinesqsystem(1.3)with(a,b,c,d)=(0,0,13,0)inlowfrequencies.
Finally,wewillalsoconsiderafulldispersionversionof(1.3)whenTµ(D)isappliedto

thenonlinearterms,whileKµ(D)isappliedonthe∂xζ.Thissystemreads
{

∂tζ+∂xv+εTµ(D)∂x(ζv)=0

∂tv+Kµ(D)∂xζ+εTµ(D)(v∂xv)=0,
(1.9)

andintwodimensionsisgivenby
{

∂tζ+∇·v+εTµ(D)∇·(ζv)=0

∂tv+Kµ(D)∇ζ+ε
2Tµ(D)∇|v|2=0.

(1.10)

Hereζandvplaythesamerolesasforsystem(1.7)(similarly,vhasthesameroleasin
(1.8)).Itwasintroducedin[13]andhastheadvantageofbeingHamiltonian.Moreover,
theexistenceofsolitarywavesisprovedin[14].

1.2.Fulljustification.Afundamentalquestioninthederivationofanasymptoticmodelis
whetheritssolutionconvergestothesolutionoftheoriginalphysicalsystem.Inparticular,
wesaythatanasymptoticmodelisavalidapproximationoftheEulerequationswitha
freesurfaceifwecananswerthefollowingpointsintheaffirmative[33]:

1.ThesolutionsofthewaterwaveequationsexistontherelevantscaleO(1ε).

2.Thesolutionsoftheasymptoticmodelexist(atleast)onthescaleO(1ε).
3.Lastly,wemustestablishtheconsistencybetweentheasymptoticmodelandthewa-

terwaveequations,andthenshowthattheerrorisoforderO(µεt)whencomparing
thetwosolutions.

ThefirstpointwasprovedbyAlvarez-SamaniegoandLannes[2]forsurfacegravity
wavesandMing,ZhangandZhang[37]forgravity-capillarywavesintheweaklytransverse
regime,whilepoints2.and3.arespecifictotheasymptoticmodelunderconsideration.
Forinstance,inthecaseoftheWhithamequation,Kleinetal.[31]compareditssolution
rigorouslywiththoseoftheKdVequation.Inparticular,theyprovedthatthedifference
betweentwosolutionsevolvingfromthesameinitialdatumisboundedbyO(ε2t)forall
0≤t.ε−1withε,µintheKdV-regime:

RKdV={(ε,µ):0≤µ≤1,µ=ε},
whichjustifiedtheWhithamequationasawaterwavemodelinthisregimebyrelyingon
thejustificationoftheKdVequation[9,33].

Ontheotherhand,duetotheimproveddispersionrelationof(1.1),Emerald[22]was
abletodecoupletheparameters(ε,µ)andproveanerrorestimatebetweentheWhitham
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A second system is obtained by applying the operator (1.4) to ∂xζ, which gives
{
∂tζ + ∂xv + ε∂x(ζv) = 0

∂tv + Tµ(D)∂xζ + εv∂xv = 0,
(1.7)

and in two dimensions reads
{
∂tζ +∇ · v + ε∇ · (ζv) = 0

∂tv + Tµ(D)∇ζ +
ε
2∇|v|2 = 0.

(1.8)

This system was first introduced in [26], where it is proved that (1.7) features Benjamin-
Feir (modulational) instabilities. Note that while ζ plays the same role as for system (1.5),
it is T −1µ (D)v which approximates the velocity potential at the free surface in this case

(and T −1µ (D)v in two dimensions). We also observe that (1.7) reduces in the formal limit
√µ|ξ| → 0 to the Boussinesq system (1.3) with (a, b, c, d) = (0, 0,

1
3 , 0) in low frequencies.

Finally, we will also consider a full dispersion version of (1.3) when Tµ(D) is applied to
the nonlinear terms, while Kµ(D) is applied on the ∂xζ. This system reads
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(1.8)). It was introduced in [13] and has the advantage of being Hamiltonian. Moreover,
the existence of solitary waves is proved in [14].

1.2. Full justification. A fundamental question in the derivation of an asymptotic model is
whether its solution converges to the solution of the original physical system. In particular,
we say that an asymptotic model is a valid approximation of the Euler equations with a
free surface if we can answer the following points in the affirmative [33]:

1. The solutions of the water wave equations exist on the relevant scale O(
1
ε ).

2. The solutions of the asymptotic model exist (at least) on the scale O(
1
ε ).

3. Lastly, we must establish the consistency between the asymptotic model and the wa-
ter wave equations, and then show that the error is of order O(µεt) when comparing
the two solutions.

The first point was proved by Alvarez-Samaniego and Lannes [2] for surface gravity
waves and Ming, Zhang and Zhang [37] for gravity-capillary waves in the weakly transverse
regime, while points 2. and 3. are specific to the asymptotic model under consideration.
For instance, in the case of the Whitham equation, Klein et al. [31] compared its solution
rigorously with those of the KdV equation. In particular, they proved that the difference
between two solutions evolving from the same initial datum is bounded by O(ε2t) for all
0 ≤ t . ε−1 with ε, µ in the KdV-regime:

RKdV = {(ε, µ) : 0 ≤ µ ≤ 1, µ = ε},
which justified the Whitham equation as a water wave model in this regime by relying on
the justification of the KdV equation [9, 33].

On the other hand, due to the improved dispersion relation of (1.1), Emerald [22] was
able to decouple the parameters (ε, µ) and prove an error estimate between the Whitham

LONG TIME WELL-POSEDNESS OF WHITHAM-BOUSSINESQ SYSTEMS 3

A second system is obtained by applying the operator (1.4) to ∂xζ, which gives
{
∂tζ + ∂xv + ε∂x(ζv) = 0

∂tv + Tµ(D)∂xζ + εv∂xv = 0,
(1.7)

and in two dimensions reads
{
∂tζ +∇ · v + ε∇ · (ζv) = 0

∂tv + Tµ(D)∇ζ +
ε
2∇|v|2 = 0.

(1.8)

This system was first introduced in [26], where it is proved that (1.7) features Benjamin-
Feir (modulational) instabilities. Note that while ζ plays the same role as for system (1.5),
it is T −1µ (D)v which approximates the velocity potential at the free surface in this case

(and T −1µ (D)v in two dimensions). We also observe that (1.7) reduces in the formal limit
√µ|ξ| → 0 to the Boussinesq system (1.3) with (a, b, c, d) = (0, 0,

1
3 , 0) in low frequencies.

Finally, we will also consider a full dispersion version of (1.3) when Tµ(D) is applied to
the nonlinear terms, while Kµ(D) is applied on the ∂xζ. This system reads

{
∂tζ + ∂xv + εTµ(D)∂x(ζv) = 0

∂tv +Kµ(D)∂xζ + εTµ(D)(v∂xv) = 0,
(1.9)

and in two dimensions is given by
{
∂tζ +∇ · v + εTµ(D)∇ · (ζv) = 0

∂tv +Kµ(D)∇ζ +
ε
2Tµ(D)∇|v|2 = 0.

(1.10)

Here ζ and v play the same roles as for system (1.7) (similarly, v has the same role as in
(1.8)). It was introduced in [13] and has the advantage of being Hamiltonian. Moreover,
the existence of solitary waves is proved in [14].

1.2. Full justification. A fundamental question in the derivation of an asymptotic model is
whether its solution converges to the solution of the original physical system. In particular,
we say that an asymptotic model is a valid approximation of the Euler equations with a
free surface if we can answer the following points in the affirmative [33]:

1. The solutions of the water wave equations exist on the relevant scale O(
1
ε ).

2. The solutions of the asymptotic model exist (at least) on the scale O(
1
ε ).

3. Lastly, we must establish the consistency between the asymptotic model and the wa-
ter wave equations, and then show that the error is of order O(µεt) when comparing
the two solutions.

The first point was proved by Alvarez-Samaniego and Lannes [2] for surface gravity
waves and Ming, Zhang and Zhang [37] for gravity-capillary waves in the weakly transverse
regime, while points 2. and 3. are specific to the asymptotic model under consideration.
For instance, in the case of the Whitham equation, Klein et al. [31] compared its solution
rigorously with those of the KdV equation. In particular, they proved that the difference
between two solutions evolving from the same initial datum is bounded by O(ε2t) for all
0 ≤ t . ε−1 with ε, µ in the KdV-regime:

RKdV = {(ε, µ) : 0 ≤ µ ≤ 1, µ = ε},
which justified the Whitham equation as a water wave model in this regime by relying on
the justification of the KdV equation [9, 33].

On the other hand, due to the improved dispersion relation of (1.1), Emerald [22] was
able to decouple the parameters (ε, µ) and prove an error estimate between the Whitham

LONGTIMEWELL-POSEDNESSOFWHITHAM-BOUSSINESQSYSTEMS3

Asecondsystemisobtainedbyapplyingtheoperator(1.4)to∂xζ,whichgives
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{
∂tζ+∇·v+ε∇·(ζv)=0

∂tv+Tµ(D)∇ζ+
ε
2∇|v|2=0.

(1.8)

Thissystemwasfirstintroducedin[26],whereitisprovedthat(1.7)featuresBenjamin-
Feir(modulational)instabilities.Notethatwhileζplaysthesameroleasforsystem(1.5),
itisT−1 µ(D)vwhichapproximatesthevelocitypotentialatthefreesurfaceinthiscase

(andT−1 µ(D)vintwodimensions).Wealsoobservethat(1.7)reducesintheformallimit
√µ|ξ|→0totheBoussinesqsystem(1.3)with(a,b,c,d)=(0,0,

1
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Hereζandvplaythesamerolesasforsystem(1.7)(similarly,vhasthesameroleasin
(1.8)).Itwasintroducedin[13]andhastheadvantageofbeingHamiltonian.Moreover,
theexistenceofsolitarywavesisprovedin[14].

1.2.Fulljustification.Afundamentalquestioninthederivationofanasymptoticmodelis
whetheritssolutionconvergestothesolutionoftheoriginalphysicalsystem.Inparticular,
wesaythatanasymptoticmodelisavalidapproximationoftheEulerequationswitha
freesurfaceifwecananswerthefollowingpointsintheaffirmative[33]:

1.ThesolutionsofthewaterwaveequationsexistontherelevantscaleO(
1
ε).

2.Thesolutionsoftheasymptoticmodelexist(atleast)onthescaleO(
1
ε).

3.Lastly,wemustestablishtheconsistencybetweentheasymptoticmodelandthewa-
terwaveequations,andthenshowthattheerrorisoforderO(µεt)whencomparing
thetwosolutions.
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betweentwosolutionsevolvingfromthesameinitialdatumisboundedbyO(ε2t)forall
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whichjustifiedtheWhithamequationasawaterwavemodelinthisregimebyrelyingon
thejustificationoftheKdVequation[9,33].

Ontheotherhand,duetotheimproveddispersionrelationof(1.1),Emerald[22]was
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equation and the water wave system with a precision O(µεt) for 0 ≤ t . ε−1 in the shallow
water regime:

RSW = {(ε, µ) : 0 ≤ µ ≤ 1, 0 ≤ ε ≤ 1}. (1.11)

Moreover, Emerald decoupled the small parameters for the KdV equation and proved its
precision to be O(µ2 +µε)t for 0 ≤ t . ε−1. Consequently, the Witham equation is valid for
a larger set of small parameters when compared to the KdV equation. Specifically, when
ε � µ, these estimates imply that (1.1) equation is a better approximation of the water
wave equations.

In the case of the Boussinesq systems (1.3), consistency was first proved in [6] for (ε, µ) ∈
RKdV by relying on intermediate symmetric systems for which the long time well-posedness
follows by classical arguments. However the long time well-posedness for the (a, b, c, d)
Boussinesq is far from trivial. This result was proved3 later by Saut, Xu and Wang [42, 46].
The proof relies on suitable symmetrizers and hyperbolic theory.

The natural next step is to consider the Whitham-Boussinesq systems for (ε, µ) ∈ RSW .
In particular, the goal of this paper is to establish the well-posedness of (1.5)-(1.10), with
uniform bounds, on time intervals of size O(1ε ). Since point 1. of the justification is already
established, the long-time existence and consistency remain. Using the method of Emerald,
one can prove the consistency of any Whitham-Boussinesq system with the water wave
system (see also [21] for other full dispersion shallow water models). Therefore, having
the long time well-posedness theory for (1.5)-(1.10) will provide the final step for the full
justification of these systems.

1.3. Former well-posedness results. Regarding system (1.5) and (1.6), we know from
previous studies that surface tension plays a fundamental role in the well-posedness theory.
In fact, when σ = 0 the initial value problem associated to system (1.5) is probably ill-
posed unless ζ > 0 (see the formal argument in Section 4 in [31]). We refer to [40] for
a well-posedness under the non-physical condition ζ ≥ c0 > 0. When surface tension is
taken into account, system (1.5) was proved to be locally well-posed by Kalisch and Pilod

[28] for (ζ, v) ∈ Hs(R) × Hs+ 1
2 (R), s > 5

2 (and s > 3 in two dimensions), by using a
modified energy method. We also refer to the work by Wang [51] for an alternative proof
using a nonlocal symmetrizer. However, it is worth noting that all these well-posedness
resutls were proved on a short time without considering the small parameters ε and µ.
Finally, in the formal limit

√
µ|ξ| → 0, one recovers the Boussinesq system corresponding

to (a, b, c, d) = (13 −σ, 0, 0, 0). This system has been proved in [46] to be well-posed on large

time for σ > 1
3 , while it is known to be ill-posed for σ < 1

3 [3]. This is a formal indication

that the threshold σ = 1
3 will play an important role for the long well-posedness of (1.5)

and (1.6). We will come back to this issue in the next section (see Figure 1).
As far as we know, there are no well-posedness results for system (1.7) and (1.8) even on

short time. In the formal limit
√
µ|ξ| → 0, system (1.7) reduces to the Boussinesq system

corresponding to (a, b, c, d) = (0, 0, 13 , 0), which is believed to be ill-posed [31].
Next, attention is turned to (1.9) and (1.10). There are several results when σ = 0. In this

case, Dinvay [12] proved short time local well-posedness for (ζ, v) ∈ Hs+ 1
2 (R) × Hs+1(R),

s ≥ 0 in the one-dimensional case. The proof is based on standard hyperbolic theory that
involves a modified energy similar to [28]. This result was then extended in [15] by exploiting
the smoothing effect of the linear flow using dispersive techniques improving the regularity

3In the most dispersive case (a, b, c, d) = ( 1
6
, 1
6
, 0, 0), the relevant time scale O(ε−1) is still missing; the

best results being on a time scale O(ε−
2
3 ) [43, 44], (see also [35] on a time scale O(ε−

1
2 ) by using dispersive

techniques).
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equation and the water wave system with a precision O(µεt) for 0 ≤ t . ε−1 in the shallow
water regime:

RSW = {(ε, µ) : 0 ≤ µ ≤ 1, 0 ≤ ε ≤ 1}. (1.11)

Moreover, Emerald decoupled the small parameters for the KdV equation and proved its
precision to be O(µ2 +µε)t for 0 ≤ t . ε−1. Consequently, the Witham equation is valid for
a larger set of small parameters when compared to the KdV equation. Specifically, when
ε � µ, these estimates imply that (1.1) equation is a better approximation of the water
wave equations.

In the case of the Boussinesq systems (1.3), consistency was first proved in [6] for (ε, µ) ∈
RKdV by relying on intermediate symmetric systems for which the long time well-posedness
follows by classical arguments. However the long time well-posedness for the (a, b, c, d)
Boussinesq is far from trivial. This result was proved

3
later by Saut, Xu and Wang [42, 46].

The proof relies on suitable symmetrizers and hyperbolic theory.
The natural next step is to consider the Whitham-Boussinesq systems for (ε, µ) ∈ RSW .

In particular, the goal of this paper is to establish the well-posedness of (1.5)-(1.10), with
uniform bounds, on time intervals of size O(

1
ε ). Since point 1. of the justification is already

established, the long-time existence and consistency remain. Using the method of Emerald,
one can prove the consistency of any Whitham-Boussinesq system with the water wave
system (see also [21] for other full dispersion shallow water models). Therefore, having
the long time well-posedness theory for (1.5)-(1.10) will provide the final step for the full
justification of these systems.

1.3. Former well-posedness results. Regarding system (1.5) and (1.6), we know from
previous studies that surface tension plays a fundamental role in the well-posedness theory.
In fact, when σ = 0 the initial value problem associated to system (1.5) is probably ill-
posed unless ζ > 0 (see the formal argument in Section 4 in [31]). We refer to [40] for
a well-posedness under the non-physical condition ζ ≥ c0 > 0. When surface tension is
taken into account, system (1.5) was proved to be locally well-posed by Kalisch and Pilod

[28] for (ζ, v) ∈ Hs(R) × H
s+

1
2 (R), s >

5
2 (and s > 3 in two dimensions), by using a

modified energy method. We also refer to the work by Wang [51] for an alternative proof
using a nonlocal symmetrizer. However, it is worth noting that all these well-posedness
resutls were proved on a short time without considering the small parameters ε and µ.
Finally, in the formal limit √µ|ξ| → 0, one recovers the Boussinesq system corresponding

to (a, b, c, d) = (
1
3 −σ, 0, 0, 0). This system has been proved in [46] to be well-posed on large

time for σ >
1
3 , while it is known to be ill-posed for σ <

1
3 [3]. This is a formal indication

that the threshold σ =
1
3 will play an important role for the long well-posedness of (1.5)

and (1.6). We will come back to this issue in the next section (see Figure 1).
As far as we know, there are no well-posedness results for system (1.7) and (1.8) even on

short time. In the formal limit √µ|ξ| → 0, system (1.7) reduces to the Boussinesq system

corresponding to (a, b, c, d) = (0, 0,
1
3 , 0), which is believed to be ill-posed [31].

Next, attention is turned to (1.9) and (1.10). There are several results when σ = 0. In this

case, Dinvay [12] proved short time local well-posedness for (ζ, v) ∈ H
s+

1
2 (R) × Hs+1(R),

s ≥ 0 in the one-dimensional case. The proof is based on standard hyperbolic theory that
involves a modified energy similar to [28]. This result was then extended in [15] by exploiting
the smoothing effect of the linear flow using dispersive techniques improving the regularity

3In the most dispersive case (a, b, c, d) = (
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equationandthewaterwavesystemwithaprecisionO(µεt)for0≤t.ε−1intheshallow
waterregime:
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Moreover,EmeralddecoupledthesmallparametersfortheKdVequationandprovedits
precisiontobeO(µ2+µε)tfor0≤t.ε−1.Consequently,theWithamequationisvalidfor
alargersetofsmallparameterswhencomparedtotheKdVequation.Specifically,when
ε�µ,theseestimatesimplythat(1.1)equationisabetterapproximationofthewater
waveequations.

InthecaseoftheBoussinesqsystems(1.3),consistencywasfirstprovedin[6]for(ε,µ)∈
RKdVbyrelyingonintermediatesymmetricsystemsforwhichthelongtimewell-posedness
followsbyclassicalarguments.Howeverthelongtimewell-posednessforthe(a,b,c,d)
Boussinesqisfarfromtrivial.Thisresultwasproved
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to Hs(R) ×Hs+ 1
2 (R), s > − 1

10 . Furthermore, when considering small data, the system is
globally well-posed due to the control of the Hamiltonian. The estimates derived in the
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long wave regime (see for instance [35] for similar results for the Boussinesq system in the
KdV-KdV case). Finally, in the case of surface tension σ > 0, Dinvay proved in [11] the
short time local well-posedness of (1.9) and (1.10) by using modified energy techniques.
This result also implies the small data global well-posedness in this case.

Lastly,4 we would like to comment on a recent work by Emerald [23]. Here he considered a
class of non-local quasi-linear systems in one and two dimensions that include the following
family of Whitham-Boussinesq systems,

{
∂tζ + Tµ(D)∇ · v + ε(Tµ)α(D)∇ · (ζ(Tµ)α(D)v) = 0

∂tv +∇ζ + ε((Tµ)α(D)v · ∇)((Tµ)α(D)v) = 0,
(1.12)

with α ≥ 1
2 . In the paper, the author proves the long time well-posedness of (1.12), and

deomonstrate that the error between the water wave system is of order O(µεt). Also, note
that in the case α = 0, then (1.12) corresponds to system (1.6) in the case σ = 0. This
case is still an open problem. However, combining the results of [23] with the ones in this
paper, accounts for many of the possible Whitham-Boussinesq systems, and thus complete
each other well.

1.4. Main results. In the current paper, we take into account the small parameters (ε, µ)
and prove the well-posedness of (1.5), (1.7), (1.9), and their two-dimensional versions, on a
time scale O(1ε ).

In the case of systems (1.7)-(1.8) and (1.9)-(1.10), we will work under the standard non-
cavitation condition.

Definition 1.1 (Non-cavitation condition). Let d = 1 or 2 with s > d
2 and ε ∈ (0, 1). We

say the initial surface elevation ζ0 ∈ Hs(Rd) satisfies the “non-cavitation condition” if there
exist h0 ∈ (0, 1) such that

1 + εζ0(x) ≥ h0, for all x ∈ Rd. (1.13)

In the case of system (1.5) and (1.6), we will distinguish between the cases σ ≥ 1
3 and

0 < σ < 1
3 . More precisely, for σ ≥ 1

3 , we will also assume the non-cavitation condition in

Definition 1.1, while for 0 < σ < 1
3 , we have to impose the following σ−dependent surface
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Remark 1.3. For 0 < σ < 1
3 , Kµ(ξ) is not a monotone function for positive frequencies,

as we can be seen in the figure below. This is why we choose to impose condition (1.14) in
this case.

4See also [16] for a survey on resent developments in the field.
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that satisfies

sup
t∈[0,T/ε]

|(ζ,v)|V sµ . |(ζ0,v0)|V sµ . (1.17)

Furthermore, there exists a neighborhood U of (ζ0,v0) such that the flow map

F sT,ε,µ : V s
µ (Rd) → C([0, T2ε ];V

s
µ (Rd)), (ζ0,v0) 7→ (ζ,v),

is continuous.

Remark 1.7. The proof of the continuous dependence on long time of order O(1ε ) seems
to be new for Boussinesq type systems. It relies on the Bona-Smith argument [7] and could
be easily adapted for the (a, b, c, d)-Boussinesq systems.

Remark 1.8. A heuristic argument can be made to argue that the physical solutions appear
when the initial data is of order one in terms of ε [41]. To illustrate this point, take the
Burgers equation

ut − εuux = 0,

a simple model that can describe an inviscid fluid in shallow water theory. Then by the
energy method, it is easy to deduce that the time of existence is of order T ∼ 1

ε|u0|Hs for

s > 3
2 . As a consequence, we have that T ∼ 1

ε if the initial data is of size Oε(1).

Remark 1.9. If σ ∼ 1 then ε . 1 by (1.15), and so (1.16) implies that T/ε ∼ 1/ε. On
the other hand, in the case of having σ � 1, (1.15) would impose ε . σ , and by (1.16) we
have the existence on the timescale T/ε ∼ σ/ε.
Remark 1.10. Regarding the σ−dependent surface condition, we demonstrate that the
solution will persist for a long time and satisfy εζ(x, t) ≥ −cσ for some constant c > 0.
One should also note that this is coherent since 0 < ε . σ as explained in the previous
remark. For a related discussion on this physical condition see Subsection 1.3.

Next, we state a well-posedness result for (1.7) and (1.8). These systems does not feature
any surface tension and is well-posed for a long time under the standard non-cavitation
condition.

Theorem 1.11. Let d = 1 or 2 with s > d
2 +1 and µ ∈ (0, 1). Assume that (ζ0, v0) ∈ V s

µ (R)
satisfies the non-cavitation condition (1.13), where curl v0 = 0 if d = 2. Also assume that

for some c > 0 that 0 < ε ≤ c
(
|(ζ0,v0)|V sµ

)−1
. Then there exists T = c

(
|(ζ0,v0)|V sµ

)−1
such

that (1.7) and (1.8) admits a unique solution

(ζ,v) ∈ C([0, T/ε] : V s
µ (Rd)) ∩ C1([0, T/ε] : V s−1

µ (Rd)),

that satisfies

sup
t∈[0,T/ε]

|(ζ,v)|V sµ . |(ζ0,v0)|V sµ .

In addition, the flow map is continuous with respect to the initial data.

Remark 1.12. As far as we know, Theorem 1.11 is the first well-posedness result for
systems (1.7)-(1.8).

Similarly, we can combine the techniques used to prove Theorem 1.6 and Theorem 1.11
to establish the long time well-posedness of (1.9)-(1.10) in the space:

Definition 1.13. Define the norm on the function space Xs
σ,µ(Rd) to be

|(ζ,v)|2Xs
σ,µ

:= |ζ|2Hs + σµ|D1ζ|2Hs + |v|2Hs +
√
µ|D 1

2 v|2Hs .
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thatsatisfies

sup
t∈[0,T/ε]

|(ζ,v)|Vsµ.|(ζ0,v0)|Vsµ.(1.17)

Furthermore,thereexistsaneighborhoodUof(ζ0,v0)suchthattheflowmap

FsT,ε,µ:Vs
µ(Rd)→C([0,T2ε];V

s
µ(Rd)),(ζ0,v0)7→(ζ,v),

iscontinuous.

Remark1.7.TheproofofthecontinuousdependenceonlongtimeoforderO(1ε)seems
tobenewforBoussinesqtypesystems.ItreliesontheBona-Smithargument[7]andcould
beeasilyadaptedforthe(a,b,c,d)-Boussinesqsystems.

Remark1.8.Aheuristicargumentcanbemadetoarguethatthephysicalsolutionsappear
whentheinitialdataisoforderoneintermsofε[41].Toillustratethispoint,takethe
Burgersequation

ut−εuux=0,

asimplemodelthatcandescribeaninviscidfluidinshallowwatertheory.Thenbythe
energymethod,itiseasytodeducethatthetimeofexistenceisoforderT∼1

ε|u0|Hsfor

s>3
2.Asaconsequence,wehavethatT∼1

εiftheinitialdataisofsizeOε(1).

Remark1.9.Ifσ∼1thenε.1by(1.15),andso(1.16)impliesthatT/ε∼1/ε.On
theotherhand,inthecaseofhavingσ�1,(1.15)wouldimposeε.σ,andby(1.16)we
havetheexistenceonthetimescaleT/ε∼σ/ε.
Remark1.10.Regardingtheσ−dependentsurfacecondition,wedemonstratethatthe
solutionwillpersistforalongtimeandsatisfyεζ(x,t)≥−cσforsomeconstantc>0.
Oneshouldalsonotethatthisiscoherentsince0<ε.σasexplainedintheprevious
remark.ForarelateddiscussiononthisphysicalconditionseeSubsection1.3.

Next,westateawell-posednessresultfor(1.7)and(1.8).Thesesystemsdoesnotfeature
anysurfacetensionandiswell-posedforalongtimeunderthestandardnon-cavitation
condition.

Theorem1.11.Letd=1or2withs>d
2+1andµ∈(0,1).Assumethat(ζ0,v0)∈Vs

µ(R)
satisfiesthenon-cavitationcondition(1.13),wherecurlv0=0ifd=2.Alsoassumethat

forsomec>0that0<ε≤c
(
|(ζ0,v0)|Vsµ

)−1
.ThenthereexistsT=c

(
|(ζ0,v0)|Vsµ

)−1
such

that(1.7)and(1.8)admitsauniquesolution

(ζ,v)∈C([0,T/ε]:Vs
µ(Rd))∩C1([0,T/ε]:Vs−1

µ(Rd)),

thatsatisfies

sup
t∈[0,T/ε]

|(ζ,v)|Vsµ.|(ζ0,v0)|Vsµ.

Inaddition,theflowmapiscontinuouswithrespecttotheinitialdata.

Remark1.12.Asfarasweknow,Theorem1.11isthefirstwell-posednessresultfor
systems(1.7)-(1.8).

Similarly,wecancombinethetechniquesusedtoproveTheorem1.6andTheorem1.11
toestablishthelongtimewell-posednessof(1.9)-(1.10)inthespace:

Definition1.13.DefinethenormonthefunctionspaceXs
σ,µ(Rd)tobe

|(ζ,v)|2Xs
σ,µ

:=|ζ|2Hs+σµ|D1ζ|2Hs+|v|2Hs+
√

µ|D1
2v|2Hs.
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that satisfies

sup
t∈[0,T/ε]

|(ζ,v)|V sµ . |(ζ0,v0)|V sµ . (1.17)

Furthermore, there exists a neighborhood U of (ζ0,v0) such that the flow map

F
s
T,ε,µ : V

s
µ (R

d
) → C([0,

T
2ε ];V

s
µ (R

d
)), (ζ0,v0) 7→ (ζ,v),

is continuous.

Remark 1.7. The proof of the continuous dependence on long time of order O(
1
ε ) seems

to be new for Boussinesq type systems. It relies on the Bona-Smith argument [7] and could
be easily adapted for the (a, b, c, d)-Boussinesq systems.

Remark 1.8. A heuristic argument can be made to argue that the physical solutions appear
when the initial data is of order one in terms of ε [41]. To illustrate this point, take the
Burgers equation

ut − εuux = 0,

a simple model that can describe an inviscid fluid in shallow water theory. Then by the
energy method, it is easy to deduce that the time of existence is of order T ∼

1
ε|u0|Hs for

s >
3
2 . As a consequence, we have that T ∼

1
ε if the initial data is of size Oε(1).

Remark 1.9. If σ ∼ 1 then ε . 1 by (1.15), and so (1.16) implies that T/ε ∼ 1/ε. On
the other hand, in the case of having σ � 1, (1.15) would impose ε . σ , and by (1.16) we
have the existence on the timescale T/ε ∼ σ/ε.
Remark 1.10. Regarding the σ−dependent surface condition, we demonstrate that the
solution will persist for a long time and satisfy εζ(x, t) ≥ −cσ for some constant c > 0.
One should also note that this is coherent since 0 < ε . σ as explained in the previous
remark. For a related discussion on this physical condition see Subsection 1.3.

Next, we state a well-posedness result for (1.7) and (1.8). These systems does not feature
any surface tension and is well-posed for a long time under the standard non-cavitation
condition.

Theorem 1.11. Let d = 1 or 2 with s >
d
2 +1 and µ ∈ (0, 1). Assume that (ζ0, v0) ∈ V s

µ (R)
satisfies the non-cavitation condition (1.13), where curl v0 = 0 if d = 2. Also assume that

for some c > 0 that 0 < ε ≤ c
(
|(ζ0,v0)|V sµ )−1

. Then there exists T = c
(
|(ζ0,v0)|V sµ )−1

such

that (1.7) and (1.8) admits a unique solution

(ζ,v) ∈ C([0, T/ε] : V
s
µ (R

d
)) ∩ C

1
([0, T/ε] : V

s−1
µ (R

d
)),

that satisfies

sup
t∈[0,T/ε]

|(ζ,v)|V sµ . |(ζ0,v0)|V sµ .

In addition, the flow map is continuous with respect to the initial data.

Remark 1.12. As far as we know, Theorem 1.11 is the first well-posedness result for
systems (1.7)-(1.8).

Similarly, we can combine the techniques used to prove Theorem 1.6 and Theorem 1.11
to establish the long time well-posedness of (1.9)-(1.10) in the space:

Definition 1.13. Define the norm on the function space Xs
σ,µ(Rd) to be

|(ζ,v)|
2
Xs
σ,µ := |ζ|

2
Hs + σµ|D

1
ζ|

2
Hs + |v|

2
Hs +√µ|D 1

2 v|
2
Hs .
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sup
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2ε ];V

s
µ (R

d
)), (ζ0,v0) 7→ (ζ,v),

is continuous.

Remark 1.7. The proof of the continuous dependence on long time of order O(
1
ε ) seems

to be new for Boussinesq type systems. It relies on the Bona-Smith argument [7] and could
be easily adapted for the (a, b, c, d)-Boussinesq systems.

Remark 1.8. A heuristic argument can be made to argue that the physical solutions appear
when the initial data is of order one in terms of ε [41]. To illustrate this point, take the
Burgers equation

ut − εuux = 0,

a simple model that can describe an inviscid fluid in shallow water theory. Then by the
energy method, it is easy to deduce that the time of existence is of order T ∼

1
ε|u0|Hs for

s >
3
2 . As a consequence, we have that T ∼

1
ε if the initial data is of size Oε(1).

Remark 1.9. If σ ∼ 1 then ε . 1 by (1.15), and so (1.16) implies that T/ε ∼ 1/ε. On
the other hand, in the case of having σ � 1, (1.15) would impose ε . σ , and by (1.16) we
have the existence on the timescale T/ε ∼ σ/ε.
Remark 1.10. Regarding the σ−dependent surface condition, we demonstrate that the
solution will persist for a long time and satisfy εζ(x, t) ≥ −cσ for some constant c > 0.
One should also note that this is coherent since 0 < ε . σ as explained in the previous
remark. For a related discussion on this physical condition see Subsection 1.3.

Next, we state a well-posedness result for (1.7) and (1.8). These systems does not feature
any surface tension and is well-posed for a long time under the standard non-cavitation
condition.

Theorem 1.11. Let d = 1 or 2 with s >
d
2 +1 and µ ∈ (0, 1). Assume that (ζ0, v0) ∈ V s

µ (R)
satisfies the non-cavitation condition (1.13), where curl v0 = 0 if d = 2. Also assume that

for some c > 0 that 0 < ε ≤ c
(
|(ζ0,v0)|V sµ )−1

. Then there exists T = c
(
|(ζ0,v0)|V sµ )−1

such

that (1.7) and (1.8) admits a unique solution

(ζ,v) ∈ C([0, T/ε] : V
s
µ (R

d
)) ∩ C

1
([0, T/ε] : V

s−1
µ (R

d
)),

that satisfies

sup
t∈[0,T/ε]

|(ζ,v)|V sµ . |(ζ0,v0)|V sµ .

In addition, the flow map is continuous with respect to the initial data.

Remark 1.12. As far as we know, Theorem 1.11 is the first well-posedness result for
systems (1.7)-(1.8).

Similarly, we can combine the techniques used to prove Theorem 1.6 and Theorem 1.11
to establish the long time well-posedness of (1.9)-(1.10) in the space:

Definition 1.13. Define the norm on the function space Xs
σ,µ(Rd) to be

|(ζ,v)|
2
Xs
σ,µ := |ζ|

2
Hs + σµ|D

1
ζ|

2
Hs + |v|

2
Hs +√µ|D 1

2 v|
2
Hs .
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thatsatisfies

sup
t∈[0,T/ε]

|(ζ,v)|Vsµ.|(ζ0,v0)|Vsµ.(1.17)

Furthermore,thereexistsaneighborhoodUof(ζ0,v0)suchthattheflowmap

F
s
T,ε,µ:V

s
µ(R

d
)→C([0,

T
2ε];V

s
µ(R

d
)),(ζ0,v0)7→(ζ,v),

iscontinuous.

Remark1.7.TheproofofthecontinuousdependenceonlongtimeoforderO(
1
ε)seems

tobenewforBoussinesqtypesystems.ItreliesontheBona-Smithargument[7]andcould
beeasilyadaptedforthe(a,b,c,d)-Boussinesqsystems.

Remark1.8.Aheuristicargumentcanbemadetoarguethatthephysicalsolutionsappear
whentheinitialdataisoforderoneintermsofε[41].Toillustratethispoint,takethe
Burgersequation

ut−εuux=0,

asimplemodelthatcandescribeaninviscidfluidinshallowwatertheory.Thenbythe
energymethod,itiseasytodeducethatthetimeofexistenceisoforderT∼

1
ε|u0|Hsfor

s>
3
2.Asaconsequence,wehavethatT∼

1
εiftheinitialdataisofsizeOε(1).

Remark1.9.Ifσ∼1thenε.1by(1.15),andso(1.16)impliesthatT/ε∼1/ε.On
theotherhand,inthecaseofhavingσ�1,(1.15)wouldimposeε.σ,andby(1.16)we
havetheexistenceonthetimescaleT/ε∼σ/ε.
Remark1.10.Regardingtheσ−dependentsurfacecondition,wedemonstratethatthe
solutionwillpersistforalongtimeandsatisfyεζ(x,t)≥−cσforsomeconstantc>0.
Oneshouldalsonotethatthisiscoherentsince0<ε.σasexplainedintheprevious
remark.ForarelateddiscussiononthisphysicalconditionseeSubsection1.3.

Next,westateawell-posednessresultfor(1.7)and(1.8).Thesesystemsdoesnotfeature
anysurfacetensionandiswell-posedforalongtimeunderthestandardnon-cavitation
condition.

Theorem1.11.Letd=1or2withs>
d
2+1andµ∈(0,1).Assumethat(ζ0,v0)∈Vs

µ(R)
satisfiesthenon-cavitationcondition(1.13),wherecurlv0=0ifd=2.Alsoassumethat

forsomec>0that0<ε≤c
(
|(ζ0,v0)|Vsµ)−1

.ThenthereexistsT=c
(
|(ζ0,v0)|Vsµ)−1

such

that(1.7)and(1.8)admitsauniquesolution

(ζ,v)∈C([0,T/ε]:V
s
µ(R

d
))∩C

1
([0,T/ε]:V

s−1
µ(R

d
)),

thatsatisfies

sup
t∈[0,T/ε]

|(ζ,v)|Vsµ.|(ζ0,v0)|Vsµ.

Inaddition,theflowmapiscontinuouswithrespecttotheinitialdata.

Remark1.12.Asfarasweknow,Theorem1.11isthefirstwell-posednessresultfor
systems(1.7)-(1.8).

Similarly,wecancombinethetechniquesusedtoproveTheorem1.6andTheorem1.11
toestablishthelongtimewell-posednessof(1.9)-(1.10)inthespace:

Definition1.13.DefinethenormonthefunctionspaceXs
σ,µ(Rd)tobe

|(ζ,v)|
2
Xs
σ,µ:=|ζ|

2
Hs+σµ|D

1
ζ|

2
Hs+|v|

2
Hs+√µ|D1

2v|
2
Hs.
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Theorem 1.14. Let d = 1 or 2 with s > d
2 + 1, σ ≥ 0 and µ ∈ (0, 1). Assume that

(ζ0,v0) ∈ Xs
σ,µ(R) satisfies the non-cavitation condition (1.13), where curl v0 = 0 if d = 2.

Also assume that for some c > 0 that 0 < ε ≤ c
(
|(ζ0,v0)|Xs

σ,µ

)−1
. Then there exists

T = c
(
|(ζ0,v0)|Xs

σ,µ

)−1
such that (1.9) and (1.10) admits a unique solution

(ζ,v) ∈ C([0, T/ε] : Xs
σ,µ(Rd) ∩ C1([0, T/ε] : Xs−1

σ,µ (Rd)),

that satisfies

sup
t∈[0,T/ε]

|(ζ,v)|Xs
σ,µ
. |(ζ0,v0)|Xs

σ,µ
.

In addition, the flow map is continuous with respect to the initial data.

Remark 1.15. Including σ > 0 in the norm in the definition of Xs
σ,µ(Rd) will allow us to

obtain a long time well-posedness result under the non-cavitation condition. Additionally,
when 0 < σ < 1

3 then ε is independent from the surface tension parameter, and in the case

σ = 0 we have that Xs
0,µ(Rd) is equal to V s

µ (Rd).

Remark 1.16. For the sake of clarity, we will mainly focus on the one-dimensional case.
Theorems 1.6, 1.11 and 1.14 can be easily extended to the 2-dimensional case by following
the same methods since the symbols Kµ(D) and Tµ(D) are radial. We give a brief outline
of what would be the main changes in Section 6.

1.5. Strategy and outline. The proof of Theorem 1.6 relies mainly on energy estimates
similar to the ones provided in [28] on a fixed time. Though, we use the idea of Wang [51],
who included the nonlocal operator Kµ(D) in the definition of the energy5:

Definition 1.17. Let (η, u) = ε(ζ, v) and Λs be the bessel potential of order −s. Then we
define the energy associated to (1.5) in the one-dimensional case to be:

Es(η, u) :=

∫

R

(
(Λsη)2 + η(Λsu)2 + (

√
Kµ(D)Λsu)2

)
dx.

This energy formulation will free us to cancel out specific nonlinear terms that appear
naturally in the computations yielding the estimate

d

dt
Es(η, u) .σ

(
Es(η, u)

) 3
2 . (1.18)

Combined with the coercivity of the energy, then by a standard bootstrap argument, one
deduces a solution with the lifespan of T0 = O(1ε ). We refer the reader to Proposition 3.1
and Lemma 5.3 for these results. The proof of the energy estimate is similar to the one
presented in [51], but we keep track of the small parameters. We should also note that
estimate (1.18) is applied to a regularized version of (1.5), where we recover the original
system using a Bona-Smith argument.

To run the Bona-Smith argument for s > 2, one classically needs to estimate the difference
between two solutions at the V 0

µ (R)−level. These estimates will be the most technical
point of the paper and are specific to the dependence of the small parameters. In short,
the technical difficulty is related to the apparent need for ’generalized’ Kato-Ponce type
commutator estimates on Kµ(D) (see Lemma 2.9 and the generalization for Kµ(D) in Lemma
2.11). Whereas for the case µ = 1, one can use Calderón type estimates to simplify Kµ(D)
directly (see [28] and the reformulated system (2.1)). The main idea will be to split Kµ(D)

5Wang actually used this multiplier in the case µ = 1.
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)−1
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thatsatisfies

sup
t∈[0,T/ε]

|(ζ,v)|Xs
σ,µ

.|(ζ0,v0)|Xs
σ,µ

.

Inaddition,theflowmapiscontinuouswithrespecttotheinitialdata.

Remark1.15.Includingσ>0inthenorminthedefinitionofXs
σ,µ(Rd)willallowusto

obtainalongtimewell-posednessresultunderthenon-cavitationcondition.Additionally,
when0<σ<1

3thenεisindependentfromthesurfacetensionparameter,andinthecase

σ=0wehavethatXs
0,µ(Rd)isequaltoVs

µ(Rd).

Remark1.16.Forthesakeofclarity,wewillmainlyfocusontheone-dimensionalcase.
Theorems1.6,1.11and1.14canbeeasilyextendedtothe2-dimensionalcasebyfollowing
thesamemethodssincethesymbolsKµ(D)andTµ(D)areradial.Wegiveabriefoutline
ofwhatwouldbethemainchangesinSection6.

1.5.Strategyandoutline.TheproofofTheorem1.6reliesmainlyonenergyestimates
similartotheonesprovidedin[28]onafixedtime.Though,weusetheideaofWang[51],
whoincludedthenonlocaloperatorKµ(D)inthedefinitionoftheenergy5:

Definition1.17.Let(η,u)=ε(ζ,v)andΛsbethebesselpotentialoforder−s.Thenwe
definetheenergyassociatedto(1.5)intheone-dimensionalcasetobe:

Es(η,u):=

∫

R

(
(Λsη)2+η(Λsu)2+(

√
Kµ(D)Λsu)2

)
dx.

Thisenergyformulationwillfreeustocanceloutspecificnonlineartermsthatappear
naturallyinthecomputationsyieldingtheestimate

d

dt
Es(η,u).σ

(
Es(η,u)

)3
2.(1.18)

Combinedwiththecoercivityoftheenergy,thenbyastandardbootstrapargument,one
deducesasolutionwiththelifespanofT0=O(1ε).WereferthereadertoProposition3.1
andLemma5.3fortheseresults.Theproofoftheenergyestimateissimilartotheone
presentedin[51],butwekeeptrackofthesmallparameters.Weshouldalsonotethat
estimate(1.18)isappliedtoaregularizedversionof(1.5),wherewerecovertheoriginal
systemusingaBona-Smithargument.

ToruntheBona-Smithargumentfors>2,oneclassicallyneedstoestimatethedifference
betweentwosolutionsattheV0

µ(R)−level.Theseestimateswillbethemosttechnical
pointofthepaperandarespecifictothedependenceofthesmallparameters.Inshort,
thetechnicaldifficultyisrelatedtotheapparentneedfor’generalized’Kato-Poncetype
commutatorestimatesonKµ(D)(seeLemma2.9andthegeneralizationforKµ(D)inLemma
2.11).Whereasforthecaseµ=1,onecanuseCaldeŕontypeestimatestosimplifyKµ(D)
directly(see[28]andthereformulatedsystem(2.1)).ThemainideawillbetosplitKµ(D)

5Wangactuallyusedthismultiplierinthecaseµ=1.

8M.OENPAULSEN

Theorem1.14.Letd=1or2withs>d
2+1,σ≥0andµ∈(0,1).Assumethat

(ζ0,v0)∈Xs
σ,µ(R)satisfiesthenon-cavitationcondition(1.13),wherecurlv0=0ifd=2.

Alsoassumethatforsomec>0that0<ε≤c
(
|(ζ0,v0)|Xs

σ,µ

)−1
.Thenthereexists

T=c
(
|(ζ0,v0)|Xs

σ,µ

)−1
suchthat(1.9)and(1.10)admitsauniquesolution

(ζ,v)∈C([0,T/ε]:Xs
σ,µ(Rd)∩C1([0,T/ε]:Xs−1

σ,µ(Rd)),

thatsatisfies

sup
t∈[0,T/ε]

|(ζ,v)|Xs
σ,µ

.|(ζ0,v0)|Xs
σ,µ

.

Inaddition,theflowmapiscontinuouswithrespecttotheinitialdata.

Remark1.15.Includingσ>0inthenorminthedefinitionofXs
σ,µ(Rd)willallowusto

obtainalongtimewell-posednessresultunderthenon-cavitationcondition.Additionally,
when0<σ<1

3thenεisindependentfromthesurfacetensionparameter,andinthecase

σ=0wehavethatXs
0,µ(Rd)isequaltoVs

µ(Rd).

Remark1.16.Forthesakeofclarity,wewillmainlyfocusontheone-dimensionalcase.
Theorems1.6,1.11and1.14canbeeasilyextendedtothe2-dimensionalcasebyfollowing
thesamemethodssincethesymbolsKµ(D)andTµ(D)areradial.Wegiveabriefoutline
ofwhatwouldbethemainchangesinSection6.

1.5.Strategyandoutline.TheproofofTheorem1.6reliesmainlyonenergyestimates
similartotheonesprovidedin[28]onafixedtime.Though,weusetheideaofWang[51],
whoincludedthenonlocaloperatorKµ(D)inthedefinitionoftheenergy5:

Definition1.17.Let(η,u)=ε(ζ,v)andΛsbethebesselpotentialoforder−s.Thenwe
definetheenergyassociatedto(1.5)intheone-dimensionalcasetobe:

Es(η,u):=

∫

R

(
(Λsη)2+η(Λsu)2+(

√
Kµ(D)Λsu)2

)
dx.

Thisenergyformulationwillfreeustocanceloutspecificnonlineartermsthatappear
naturallyinthecomputationsyieldingtheestimate

d

dt
Es(η,u).σ

(
Es(η,u)

)3
2.(1.18)

Combinedwiththecoercivityoftheenergy,thenbyastandardbootstrapargument,one
deducesasolutionwiththelifespanofT0=O(1ε).WereferthereadertoProposition3.1
andLemma5.3fortheseresults.Theproofoftheenergyestimateissimilartotheone
presentedin[51],butwekeeptrackofthesmallparameters.Weshouldalsonotethat
estimate(1.18)isappliedtoaregularizedversionof(1.5),wherewerecovertheoriginal
systemusingaBona-Smithargument.

ToruntheBona-Smithargumentfors>2,oneclassicallyneedstoestimatethedifference
betweentwosolutionsattheV0

µ(R)−level.Theseestimateswillbethemosttechnical
pointofthepaperandarespecifictothedependenceofthesmallparameters.Inshort,
thetechnicaldifficultyisrelatedtotheapparentneedfor’generalized’Kato-Poncetype
commutatorestimatesonKµ(D)(seeLemma2.9andthegeneralizationforKµ(D)inLemma
2.11).Whereasforthecaseµ=1,onecanuseCaldeŕontypeestimatestosimplifyKµ(D)
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Theorem 1.14. Let d = 1 or 2 with s >
d
2 + 1, σ ≥ 0 and µ ∈ (0, 1). Assume that

(ζ0,v0) ∈ Xs
σ,µ(R) satisfies the non-cavitation condition (1.13), where curl v0 = 0 if d = 2.

Also assume that for some c > 0 that 0 < ε ≤ c
(
|(ζ0,v0)|Xs

σ,µ

)−1
. Then there exists

T = c
(
|(ζ0,v0)|Xs

σ,µ

)−1
such that (1.9) and (1.10) admits a unique solution

(ζ,v) ∈ C([0, T/ε] : X
s
σ,µ(R

d
) ∩ C

1
([0, T/ε] : X

s−1
σ,µ (R

d
)),

that satisfies

sup
t∈[0,T/ε]

|(ζ,v)|Xs
σ,µ . |(ζ0,v0)|Xs

σ,µ .

In addition, the flow map is continuous with respect to the initial data.

Remark 1.15. Including σ > 0 in the norm in the definition of Xs
σ,µ(Rd) will allow us to

obtain a long time well-posedness result under the non-cavitation condition. Additionally,
when 0 < σ <

1
3 then ε is independent from the surface tension parameter, and in the case

σ = 0 we have that Xs
0,µ(Rd) is equal to V s

µ (Rd).

Remark 1.16. For the sake of clarity, we will mainly focus on the one-dimensional case.
Theorems 1.6, 1.11 and 1.14 can be easily extended to the 2-dimensional case by following
the same methods since the symbols Kµ(D) and Tµ(D) are radial. We give a brief outline
of what would be the main changes in Section 6.

1.5. Strategy and outline. The proof of Theorem 1.6 relies mainly on energy estimates
similar to the ones provided in [28] on a fixed time. Though, we use the idea of Wang [51],
who included the nonlocal operator Kµ(D) in the definition of the energy

5
:

Definition 1.17. Let (η, u) = ε(ζ, v) and Λs be the bessel potential of order −s. Then we
define the energy associated to (1.5) in the one-dimensional case to be:

Es(η, u) :=

∫

R

(
(Λ

s
η)

2
+ η(Λ

s
u)

2
+ (
√
Kµ(D)Λ

s
u)

2

)
dx.

This energy formulation will free us to cancel out specific nonlinear terms that appear
naturally in the computations yielding the estimate

d

dt
Es(η, u) .σ

(
Es(η, u)

) 3
2
. (1.18)

Combined with the coercivity of the energy, then by a standard bootstrap argument, one
deduces a solution with the lifespan of T0 = O(

1
ε ). We refer the reader to Proposition 3.1

and Lemma 5.3 for these results. The proof of the energy estimate is similar to the one
presented in [51], but we keep track of the small parameters. We should also note that
estimate (1.18) is applied to a regularized version of (1.5), where we recover the original
system using a Bona-Smith argument.

To run the Bona-Smith argument for s > 2, one classically needs to estimate the difference
between two solutions at the V 0

µ (R)−level. These estimates will be the most technical
point of the paper and are specific to the dependence of the small parameters. In short,
the technical difficulty is related to the apparent need for ’generalized’ Kato-Ponce type
commutator estimates on Kµ(D) (see Lemma 2.9 and the generalization for Kµ(D) in Lemma
2.11). Whereas for the case µ = 1, one can use Calderón type estimates to simplify Kµ(D)
directly (see [28] and the reformulated system (2.1)). The main idea will be to split Kµ(D)

5Wang actually used this multiplier in the case µ = 1.
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in high and low frequencies, and then derive new commutator estimates that allow us to
obtain the necessary order of µ in the estimates related to the energy.

For the proof of Theorem 1.11, we follow the same strategy, but in this case, the dispersion
operator (1.4) is regularizing. The trick will be to introduce a scaled Bessel potential in the
energy, allowing us to mimic the properties of (1.2). The energy is given by:

Definition 1.18. Let (η, u) = ε(ζ, v) and Λ
1
2
µ be the scaled Bessel potential defined by

the symbol ξ 7→ (1 + µξ2)
1
4 in frequency. Then the energy associated to (1.7) in the one-

dimensional case reads:

Es(η, u) :=

∫

R

(
(
√
Tµ(D)Λ

1
2
µΛsη)2 + (1 + η)(Λ

1
2
µΛsu)2

)
dx.

The energy formulated in Definition 1.18 is new and will require commutator estimates
specific to the equation. This will, in turn, allow us to decouple the parameters µ and ε in
the estimates and, by extension, provide an estimate in the form of (1.18).

In the same spirit, we define a modified energy for system (1.9):

Definition 1.19. Let (η, u) = ε(ζ, v) and σ > 0. Then the energy associated to (1.9) in
the one-dimensional case reads:

Es(η, u) :=

∫

R

(
(Λsη)2 + σµ(D1Λsη)2 + η(Λsu)2 + (

√
T −1µ (D)Λsu)2

)
dx.

Note also that the energy includes the surface tension parameter σ and will allow us to
deduce an estimate on the form (1.18), where the coercivity estimate will be uniform in σ.
In turn, this will provide the long time well-posedness for σ � 1 and T/ε ∼ 1/ε as pointed
out in Remark 1.15.

The paper is organized as follows. In Section 2, we introduce some important technical
results whose proofs will be postponed to the appendix. In the same section, we also present
new commutator estimates needed to treat the nonlinear terms when estimating the energy
in Sections 3 and 4. Then we conclude in Section 5 by combining the results obtained in
the former sections to prove Theorem 1.6 in full detail in the one-dimensional case. Lastly,
we comment briefly on the changes to adapt the proof in the two-dimensional setting, while
the proof of Theorem 1.11 and Theorem 1.14 will follow by the same arguments.

1.6. Notation.

• We let c denote a positive constant independent of µ, ε that may change from line
to line. Also, as a shorthand, we use the notation a . b to mean a ≤ c b. Similarly,
if the constant depends on σ, we write a .σ b. In particular, we define the constants
depending on σ,

c1σ =

{
cσ for 0 < σ < 1

3

c for σ ≥ 1
3

and c2σ =

{
c for 0 < σ < 1

3

cσ for σ ≥ 1
3

(1.19)

• Let (V, | · |V ) be a vector space. Then for α ≥ 0, λ > 0 and fλ ∈ V be a function
depending on λ, we define the “big−O” notation to be

|fλ|V = O(λα) ⇐⇒ lim
λ→0

λ−α|fλ|V <∞.

Similarly, we define the “small−o” notation to be

|fλ|V = o(λα) ⇐⇒ lim
λ→0

λ−α|fλ|V = 0.
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inhighandlowfrequencies,andthenderivenewcommutatorestimatesthatallowusto
obtainthenecessaryorderofµintheestimatesrelatedtotheenergy.

FortheproofofTheorem1.11,wefollowthesamestrategy,butinthiscase,thedispersion
operator(1.4)isregularizing.ThetrickwillbetointroduceascaledBesselpotentialinthe
energy,allowingustomimicthepropertiesof(1.2).Theenergyisgivenby:

Definition1.18.Let(η,u)=ε(ζ,v)andΛ
1
2
µbethescaledBesselpotentialdefinedby

thesymbolξ7→(1+µξ2)
1
4infrequency.Thentheenergyassociatedto(1.7)intheone-

dimensionalcasereads:

Es(η,u):=

∫

R

(
(
√
Tµ(D)Λ

1
2
µΛsη)2+(1+η)(Λ

1
2
µΛsu)2

)
dx.

TheenergyformulatedinDefinition1.18isnewandwillrequirecommutatorestimates
specifictotheequation.Thiswill,inturn,allowustodecoupletheparametersµandεin
theestimatesand,byextension,provideanestimateintheformof(1.18).

Inthesamespirit,wedefineamodifiedenergyforsystem(1.9):

Definition1.19.Let(η,u)=ε(ζ,v)andσ>0.Thentheenergyassociatedto(1.9)in
theone-dimensionalcasereads:

Es(η,u):=

∫

R

(
(Λsη)2+σµ(D1Λsη)2+η(Λsu)2+(

√
T−1 µ(D)Λsu)2

)
dx.

Notealsothattheenergyincludesthesurfacetensionparameterσandwillallowusto
deduceanestimateontheform(1.18),wherethecoercivityestimatewillbeuniforminσ.
Inturn,thiswillprovidethelongtimewell-posednessforσ�1andT/ε∼1/εaspointed
outinRemark1.15.

Thepaperisorganizedasfollows.InSection2,weintroducesomeimportanttechnical
resultswhoseproofswillbepostponedtotheappendix.Inthesamesection,wealsopresent
newcommutatorestimatesneededtotreatthenonlineartermswhenestimatingtheenergy
inSections3and4.ThenweconcludeinSection5bycombiningtheresultsobtainedin
theformersectionstoproveTheorem1.6infulldetailintheone-dimensionalcase.Lastly,
wecommentbrieflyonthechangestoadapttheproofinthetwo-dimensionalsetting,while
theproofofTheorem1.11andTheorem1.14willfollowbythesamearguments.

1.6.Notation.

•Weletcdenoteapositiveconstantindependentofµ,εthatmaychangefromline
toline.Also,asashorthand,weusethenotationa.btomeana≤cb.Similarly,
iftheconstantdependsonσ,wewritea.σb.Inparticular,wedefinetheconstants
dependingonσ,

c1σ=

{
cσfor0<σ<1

3

cforσ≥1
3

andc2σ=

{
cfor0<σ<1

3

cσforσ≥1
3

(1.19)
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in high and low frequencies, and then derive new commutator estimates that allow us to
obtain the necessary order of µ in the estimates related to the energy.

For the proof of Theorem 1.11, we follow the same strategy, but in this case, the dispersion
operator (1.4) is regularizing. The trick will be to introduce a scaled Bessel potential in the
energy, allowing us to mimic the properties of (1.2). The energy is given by:

Definition 1.18. Let (η, u) = ε(ζ, v) and Λ
1
2
µ be the scaled Bessel potential defined by

the symbol ξ 7→ (1 + µξ2)
1
4 in frequency. Then the energy associated to (1.7) in the one-

dimensional case reads:

Es(η, u) :=

∫

R
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√
Tµ(D)Λ

1
2
µΛ

s
η)

2
+ (1 + η)(Λ

1
2
µΛ

s
u)

2

)
dx.

The energy formulated in Definition 1.18 is new and will require commutator estimates
specific to the equation. This will, in turn, allow us to decouple the parameters µ and ε in
the estimates and, by extension, provide an estimate in the form of (1.18).
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s
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s
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2

)
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obtainthenecessaryorderofµintheestimatesrelatedtotheenergy.
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operator(1.4)isregularizing.ThetrickwillbetointroduceascaledBesselpotentialinthe
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TheenergyformulatedinDefinition1.18isnewandwillrequirecommutatorestimates
specifictotheequation.Thiswill,inturn,allowustodecoupletheparametersµandεin
theestimatesand,byextension,provideanestimateintheformof(1.18).

Inthesamespirit,wedefineamodifiedenergyforsystem(1.9):
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√
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wecommentbrieflyonthechangestoadapttheproofinthetwo-dimensionalsetting,while
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• Let L2(R) be the usual space of square integrable functions with norm |f |L2 =√∫
R |f(x)|2 dx. Also, for any f, g ∈ L2(R) we denote the scalar product by

(
f, g
)
L2 =

∫
R f(x)g(x) dx.

• For any tempered distribution f , the operator F denoting the Fourier transform,
applied to f , will be written as f̂(ξ) or Ff(ξ).
• Let m : R → R be a smooth function. Then we will use the notation m(D) for a

multiplier defined in frequency by m̂(D)f(ξ) = m(ξ)f̂(ξ).

• For any s ∈ R we call the multiplier D̂sf(ξ) = |ξ|sf̂(ξ) the Riesz potential of order

−s. One should note that D1 = H∂x, where Ĥf(ξ) = −i sgn(ξ)f̂(ξ) is the Hilbert
transform.
• For any s ∈ R we call the multiplier Λs = (1 + D2)

s
2 = 〈D〉s the Bessel potential

of order −s. Moreover, the Sobolev space Hs(R) is equivalent to the weighted

L2−space; |f |Hs = |Λsf |L2 . We also find it convenient to define Λ
1
2
µ which is a

multiplier assosiated to the symbol:

F(Λ
1
2
µf)(ξ) = (1 + µξ2)

1
4 f̂(ξ). (1.20)

• We say f is a Schwartz function S (R), if f ∈ C∞(R) and satisfies for all α, β ∈ N,

sup
x
|xα∂βxf | <∞.

• If A and B are two operators, then we denote the commutator between them to be
[A,B] = AB −BA.

2. Preliminary results

2.1. Pointwise estimates. The first result concerns the properties of the dispersive part
of the equation. Namely, we deduce pointwise estimates for the multipliers (1.2) and (1.4)
that are needed to obtain the coercivity of the energy (see, for instance, equation (3.7)
below). Moreover, these estimates will prove essential when dealing with the nonlinear
parts of the equation that appear in the energy estimates.

Lemma 2.1. Let µ ∈ (0, 1). Then we have the following pointwise estimates on the kernel
Kµ(ξ) :

• For σ ≥ 0, we have the upper bound

Kµ(ξ) . 1 + σ(1 + σ
√
µ|ξ|). (2.1)

• If σ ≥ 1
3 , then for all h0 ∈ (0, 1) we have the lower bound

Kµ(ξ) ≥ (1− h0
2

) + c
√
µ|ξ|, (2.2)

whereas, if 0 < σ < 1
3 , we have the lower bound

Kµ(ξ) ≥ σ + cσ
√
µ|ξ|. (2.3)

• The derivative of the symbol Kµ(ξ) satisfies
∣∣∣∣
d

dξ

√
Kµ(ξ)

∣∣∣∣ . 〈ξ〉−1 +
√
σµ

1
4 〈ξ〉− 1

2 . (2.4)

• We have the following comparison of
√
Kµ(ξ) by

∣∣
√
Kµ(ξ)−√σµ 1

4 |ξ| 12
∣∣ . √σ + σ. (2.5)
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• Let L2(R) be the usual space of square integrable functions with norm |f |L2 =√∫
R |f(x)|2 dx. Also, for any f, g ∈ L2(R) we denote the scalar product by

(
f, g
)
L2 =

∫
R f(x)g(x) dx.

• For any tempered distribution f , the operator F denoting the Fourier transform,
applied to f , will be written as f̂(ξ) or Ff(ξ).
• Let m : R → R be a smooth function. Then we will use the notation m(D) for a

multiplier defined in frequency by m̂(D)f(ξ) = m(ξ)f̂(ξ).

• For any s ∈ R we call the multiplier D̂sf(ξ) = |ξ|sf̂(ξ) the Riesz potential of order

−s. One should note that D1 = H∂x, where Ĥf(ξ) = −i sgn(ξ)f̂(ξ) is the Hilbert
transform.
• For any s ∈ R we call the multiplier Λs = (1 + D2)

s
2 = 〈D〉s the Bessel potential

of order −s. Moreover, the Sobolev space Hs(R) is equivalent to the weighted

L2−space; |f |Hs = |Λsf |L2 . We also find it convenient to define Λ
1
2
µ which is a

multiplier assosiated to the symbol:

F(Λ
1
2
µf)(ξ) = (1 + µξ

2
)
1
4 f̂(ξ). (1.20)

• We say f is a Schwartz function S (R), if f ∈ C∞(R) and satisfies for all α, β ∈ N,

sup
x
|x
α
∂
β
xf | <∞.

• If A and B are two operators, then we denote the commutator between them to be
[A,B] = AB −BA.

2. Preliminary results

2.1. Pointwise estimates. The first result concerns the properties of the dispersive part
of the equation. Namely, we deduce pointwise estimates for the multipliers (1.2) and (1.4)
that are needed to obtain the coercivity of the energy (see, for instance, equation (3.7)
below). Moreover, these estimates will prove essential when dealing with the nonlinear
parts of the equation that appear in the energy estimates.

Lemma 2.1. Let µ ∈ (0, 1). Then we have the following pointwise estimates on the kernel
Kµ(ξ) :

• For σ ≥ 0, we have the upper bound
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• If σ ≥
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• There holds √
Kµ(ξ)〈ξ〉s−1|ξ| . (

√
σ + σ)〈ξ〉s +

√
σµ

1
4 〈ξ〉s|ξ| 12 . (2.6)

Remark 2.2. For inequality (2.3), it is crucial to specify the dependence in σ as it will
provide the coercivity of the energy when 0 < σ < 1

3 . The same is true for (2.2), whose
importance will be revealed in the proof of Proposition 3.1 below. Though, we note that
(2.3) does not agree with (2.2) when σ = 1

3 . This is because the lower bound in (2.3) is not
optimal, but it does not play a role in the overall result.

Remark 2.3. We also trace the dependence in σ for the first pointwise estimate (2.1),
and it will sometimes be replaced with c2σ given by (1.19). This constant will again appear
when we prove the energy estimates which will provide the size of the time of existence (see
Lemma 5.3 in the proof Theorem 1.6).

The proof of Lemma 2.1 is technical and postponed to the Appendix in Section A.2. A
corollary of Proposition 2.1 may now be stated.

Corollary 2.4. Take f ∈ S (R), µ ∈ (0, 1) and s ∈ R. Then in the case σ ≥ 1
3 and for all

h0 ∈ (0, 1) we have

(1− h0
2

)|f |2Hs + c
√
µ|D 1

2 f |2Hs ≤ |
√
Kµ(D)f |2Hs ≤ c2σ|f |2Hs + cσ

√
µ|D 1

2 f |2Hs . (2.7)

Similarly, in the case 0 < σ < 1
3 there holds

σ|f |2Hs + cσ
√
µ|D 1

2 f |2Hs ≤ |
√
Kµ(D)f |2Hs ≤ c2σ|f |2Hs + c

√
µ|D 1

2 f |2Hs . (2.8)

Proof. The upper bound in (2.7) follows by Plancherel’s identity and the pointwise estimate
(2.1), while the lower bound is a consequence of (2.2).

In the same way, for 0 < σ < 1
3 , then (2.8) is deduced from (2.3). �

Similarly, we state some useful pointwise estimates on Tµ(ξ) and the scaled Bessel po-

tential Λ
1
2
µ , where the proof is presented in Appendix A.2.

Lemma 2.5. Let µ ∈ (0, 1). Then we have the following pointwise estimates on the kernel
Tµ(ξ) :

• For all h0 ∈ (0, 1) there holds

(1− h0
2

) + c
√
µ|ξ| ≤ (Tµ(ξ))−1 . 1 +

√
µ|ξ|. (2.9)

• There holds
1 . Tµ(ξ)〈√µξ〉 . 1. (2.10)

• For s ∈ R there holds∣∣∣∣
d

dξ
〈ξ〉s〈√µξ〉 12

∣∣∣∣ . 〈ξ〉s−1〈
√
µξ〉 12 . (2.11)

• For s ∈ R there holds∣∣∣∣
d

dξ

√
Tµ(ξ)〈ξ〉s〈√µξ〉 12

∣∣∣∣ . 〈ξ〉s−1. (2.12)

• There holds ∣∣∣∣〈
√
µξ〉 12 − µ 1

4 |ξ| 12
∣∣∣∣ . 1. (2.13)

A direct consequence of the above estimates can now be given.
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• There holds
√
Kµ(ξ)〈ξ〉

s−1|ξ| . (√σ + σ)〈ξ〉
s

+√σµ 1
4 〈ξ〉s|ξ|

1
2 . (2.6)

Remark 2.2. For inequality (2.3), it is crucial to specify the dependence in σ as it will
provide the coercivity of the energy when 0 < σ <

1
3 . The same is true for (2.2), whose

importance will be revealed in the proof of Proposition 3.1 below. Though, we note that
(2.3) does not agree with (2.2) when σ =

1
3 . This is because the lower bound in (2.3) is not

optimal, but it does not play a role in the overall result.

Remark 2.3. We also trace the dependence in σ for the first pointwise estimate (2.1),
and it will sometimes be replaced with c2

σ given by (1.19). This constant will again appear
when we prove the energy estimates which will provide the size of the time of existence (see
Lemma 5.3 in the proof Theorem 1.6).

The proof of Lemma 2.1 is technical and postponed to the Appendix in Section A.2. A
corollary of Proposition 2.1 may now be stated.

Corollary 2.4. Take f ∈ S (R), µ ∈ (0, 1) and s ∈ R. Then in the case σ ≥
1
3 and for all

h0 ∈ (0, 1) we have

(1−
h0
2

)|f |
2
Hs + c√µ|D 1

2 f |2Hs ≤ |
√
Kµ(D)f |

2
Hs ≤ c

2
σ|f |

2
Hs + cσ√µ|D 1

2 f |2Hs . (2.7)
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(2.1), while the lower bound is a consequence of (2.2).

In the same way, for 0 < σ <
1
3 , then (2.8) is deduced from (2.3). �

Similarly, we state some useful pointwise estimates on Tµ(ξ) and the scaled Bessel po-

tential Λ
1
2
µ , where the proof is presented in Appendix A.2.

Lemma 2.5. Let µ ∈ (0, 1). Then we have the following pointwise estimates on the kernel
Tµ(ξ) :
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1
2
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∣∣ . 1. (2.13)

A direct consequence of the above estimates can now be given.
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(2.3)doesnotagreewith(2.2)whenσ=

1
3.Thisisbecausethelowerboundin(2.3)isnot

optimal,butitdoesnotplayaroleintheoverallresult.

Remark2.3.Wealsotracethedependenceinσforthefirstpointwiseestimate(2.1),
anditwillsometimesbereplacedwithc2

σgivenby(1.19).Thisconstantwillagainappear
whenweprovetheenergyestimateswhichwillprovidethesizeofthetimeofexistence(see
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Corollary 2.6. Let f ∈ S (R), µ ∈ (0, 1), s ∈ R and c > 0. Then for all h0 ∈ (0, 1) there
holds

|
√
Tµ(D)f |L2 ≤ |f |L2 . (2.14)

(1− h0
2

)|f |2Hs + c
√
µ|D 1

2 f |2Hs ≤ |
√
Tµ
−1

(D)f |2Hs . |f |2Hs + c
√
µ|D 1

2 f |2Hs . (2.15)

|f |Hs . |
√
Tµ(D)Λ

1
2
µf |Hs . |f |Hs . (2.16)

|f |2Hs +
√
µ|D 1

2 f |2Hs . |Λ
1
2
µf |2Hs . |f |2Hs +

√
µ|D 1

2 f |2Hs . (2.17)

2.2. Commutator estimates. To handle derivatives in the nonlinear parts of the equa-
tions, we need commutator estimates on Kµ(D) and Tµ(D).

Lemma 2.7. Let f, g ∈ S (R), µ ∈ (0, 1), s ≥ 1, and t0 >
1
2 . Then we have the following

commutator estimate

|[
√
Kµ(D)Λs, f ]∂xg|L2 . (c2σ|f |Hs +

√
σµ

1
4 |D 1

2 f |Hs)|∂xg|Ht0

+ (c2σ|g|Hs +
√
σµ

1
4 |D 1

2 g|Hs)|∂xf |Ht0 . (2.18)

In the high regularity setting, the proof will follow the same lines as in [51], but we track
the dependence in µ and σ using the pointwise estimates above.

Proof. First, write the commutator as a bilinear form:

∣∣[
√
Kµ(D)Λs, f ]∂xg

∣∣
L2 =

∣∣∣∣
∫

R

(√
Kµ(ξ)〈ξ〉s −

√
Kµ(ρ)〈ρ〉s

)
f̂(ξ − ρ)∂̂xg(ρ) dρ

∣∣∣∣
L2
ξ

.

Then if a = min{ξ, ρ} and b = max{ξ, ρ}, we can use the mean value theorem, leaving us
to estimate the following terms

∣∣∣
√
Kµ(ξ)〈ξ〉s −

√
Kµ(ρ)〈ρ〉s

∣∣∣ . sup
ω∈(a,b)

|m(ω)| |ξ − ρ|,

where

m(ω) = m1(ω) +m2(ω) = 〈ω〉s d
dω

√
Kµ(ω) + 〈ω〉s−1

√
Kµ(ω).

But using (2.5) to estimate m1(ω) and (2.4) to treat m2(ω), we deduce

m(ω) . c2σ〈ω〉s−1 +
√
σµ

1
4 〈ω〉s−1|ω| 12 , (2.19)

where the upper bound is increasing for s ≥ 1. Therefore an upper bound is attained at
|ρ| or |ξ| ≤ |ξ − ρ|+ |ρ| . In particular, if ω = |ξ − ρ| then we may conclude by Minkowski
integral inequality, the Cauchy-Schwarz inequality and (2.19) that

∣∣[
√
Kµ(D)Λs, f ]∂xg

∣∣
L2 . c2σ

∣∣∣∣
∫

R
〈ξ − ρ〉s−1|ξ − ρ| |f̂(ξ − ρ)| |∂̂xg(ρ)| dρ

∣∣∣∣
L2
ξ

+
√
σµ

1
4

∣∣∣∣
∫

R
〈ξ − ρ〉s−1|ξ − ρ| 12 |ξ − ρ| |f̂(ξ − ρ)| |∂̂xg(ρ)| dρ

∣∣∣∣
L2
ξ

. (c2σ|f |Hs +
√
σµ

1
4 |D 1

2 f |Hs)|∂xg|Ht0 ,
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Corollary2.6.Letf∈S(R),µ∈(0,1),s∈Randc>0.Thenforallh0∈(0,1)there
holds

|
√
Tµ(D)f|L2≤|f|L2.(2.14)

(1−h0
2

)|f|2Hs+c
√

µ|D1
2f|2Hs≤|

√
Tµ

−1
(D)f|2Hs.|f|2Hs+c

√
µ|D1

2f|2Hs.(2.15)

|f|Hs.|
√
Tµ(D)Λ

1
2
µf|Hs.|f|Hs.(2.16)

|f|2Hs+
√

µ|D1
2f|2Hs.|Λ

1
2
µf|2Hs.|f|2Hs+

√
µ|D1

2f|2Hs.(2.17)

2.2.Commutatorestimates.Tohandlederivativesinthenonlinearpartsoftheequa-
tions,weneedcommutatorestimatesonKµ(D)andTµ(D).

Lemma2.7.Letf,g∈S(R),µ∈(0,1),s≥1,andt0>
1
2.Thenwehavethefollowing

commutatorestimate

|[
√
Kµ(D)Λs,f]∂xg|L2.(c2σ|f|Hs+

√
σµ

1
4|D1

2f|Hs)|∂xg|Ht0

+(c2σ|g|Hs+
√

σµ
1
4|D1

2g|Hs)|∂xf|Ht0.(2.18)

Inthehighregularitysetting,theproofwillfollowthesamelinesasin[51],butwetrack
thedependenceinµandσusingthepointwiseestimatesabove.

Proof.First,writethecommutatorasabilinearform:

∣∣[
√
Kµ(D)Λs,f]∂xg

∣∣
L2=

∣∣∣∣
∫

R

(√
Kµ(ξ)〈ξ〉s−

√
Kµ(ρ)〈ρ〉s

)
f̂(ξ−ρ)̂∂xg(ρ)dρ

∣∣∣∣
L2

ξ

.

Thenifa=min{ξ,ρ}andb=max{ξ,ρ},wecanusethemeanvaluetheorem,leavingus
toestimatethefollowingterms

∣∣∣
√

Kµ(ξ)〈ξ〉s−
√

Kµ(ρ)〈ρ〉s
∣∣∣.sup

ω∈(a,b)
|m(ω)||ξ−ρ|,

where

m(ω)=m1(ω)+m2(ω)=〈ω〉sd
dω

√
Kµ(ω)+〈ω〉s−1

√
Kµ(ω).

Butusing(2.5)toestimatem1(ω)and(2.4)totreatm2(ω),wededuce

m(ω).c2σ〈ω〉s−1+
√

σµ
1
4〈ω〉s−1|ω|12,(2.19)

wheretheupperboundisincreasingfors≥1.Thereforeanupperboundisattainedat
|ρ|or|ξ|≤|ξ−ρ|+|ρ|.Inparticular,ifω=|ξ−ρ|thenwemayconcludebyMinkowski
integralinequality,theCauchy-Schwarzinequalityand(2.19)that

∣∣[
√
Kµ(D)Λs,f]∂xg

∣∣
L2.c2σ

∣∣∣∣
∫

R
〈ξ−ρ〉s−1|ξ−ρ||f̂(ξ−ρ)||̂∂xg(ρ)|dρ
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L2

ξ

+
√

σµ
1
4

∣∣∣∣
∫

R
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L2

ξ

.(c2σ|f|Hs+
√

σµ
1
4|D1

2f|Hs)|∂xg|Ht0,
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(1−
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2
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2 f |2Hs ≤ |
√
Tµ
−1

(D)f |
2
Hs . |f |

2
Hs + c√µ|D 1

2 f |2Hs . (2.15)

|f |Hs . |
√
Tµ(D)Λ

1
2
µf |Hs . |f |Hs . (2.16)
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2
Hs +√µ|D 1

2 f |2Hs . |Λ
1
2
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2
Hs . |f |

2
Hs +√µ|D 1

2 f |2Hs . (2.17)

2.2. Commutator estimates. To handle derivatives in the nonlinear parts of the equa-
tions, we need commutator estimates on Kµ(D) and Tµ(D).

Lemma 2.7. Let f, g ∈ S (R), µ ∈ (0, 1), s ≥ 1, and t0 >
1
2 . Then we have the following

commutator estimate

|[
√
Kµ(D)Λ

s
, f ]∂xg|L2 . (c

2
σ|f |Hs +√σµ 1

4 |D
1
2 f |Hs)|∂xg|Ht0

+ (c
2
σ|g|Hs +√σµ 1

4 |D
1
2 g|Hs)|∂xf |Ht0 . (2.18)

In the high regularity setting, the proof will follow the same lines as in [51], but we track
the dependence in µ and σ using the pointwise estimates above.

Proof. First, write the commutator as a bilinear form:

∣∣
[
√
Kµ(D)Λ

s
, f ]∂xg

∣∣
L2 =

∣∣
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∫

R

(√
Kµ(ξ)〈ξ〉

s
−
√
Kµ(ρ)〈ρ〉

s)
f̂(ξ − ρ)∂̂xg(ρ) dρ

∣∣
∣∣
L2
ξ

.

Then if a = min{ξ, ρ} and b = max{ξ, ρ}, we can use the mean value theorem, leaving us
to estimate the following terms

∣∣
∣
√
Kµ(ξ)〈ξ〉

s
−
√
Kµ(ρ)〈ρ〉

s∣∣
∣ . sup

ω∈(a,b)
|m(ω)| |ξ − ρ|,

where

m(ω) = m1(ω) +m2(ω) = 〈ω〉
s d

dω

√
Kµ(ω) + 〈ω〉

s−1√
Kµ(ω).

But using (2.5) to estimate m1(ω) and (2.4) to treat m2(ω), we deduce

m(ω) . c
2
σ〈ω〉

s−1 +√σµ 1
4 〈ω〉s−1|ω|

1
2 , (2.19)

where the upper bound is increasing for s ≥ 1. Therefore an upper bound is attained at
|ρ| or |ξ| ≤ |ξ − ρ|+ |ρ| . In particular, if ω = |ξ − ρ| then we may conclude by Minkowski
integral inequality, the Cauchy-Schwarz inequality and (2.19) that

∣∣
[
√
Kµ(D)Λ

s
, f ]∂xg

∣∣
L2 . c

2
σ

∣∣
∣∣
∫

R
〈ξ − ρ〉

s−1|ξ − ρ| |f̂(ξ − ρ)| |∂̂xg(ρ)| dρ
∣∣
∣∣
L2
ξ

+√σµ 1
4

∣∣
∣∣
∫

R
〈ξ − ρ〉

s−1|ξ − ρ|
1
2 |ξ − ρ| |f̂(ξ − ρ)| |∂̂xg(ρ)| dρ

∣∣
∣∣
L2
ξ

. (c
2
σ|f |Hs +√σµ 1

4 |D
1
2 f |Hs)|∂xg|Ht0 ,
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Lemma 2.7. Let f, g ∈ S (R), µ ∈ (0, 1), s ≥ 1, and t0 >
1
2 . Then we have the following
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4 |D
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In the high regularity setting, the proof will follow the same lines as in [51], but we track
the dependence in µ and σ using the pointwise estimates above.

Proof. First, write the commutator as a bilinear form:
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∣∣
L2 =

∣∣
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∫

R

(√
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s
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√
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∣∣
∣∣
L2
ξ

.

Then if a = min{ξ, ρ} and b = max{ξ, ρ}, we can use the mean value theorem, leaving us
to estimate the following terms

∣∣
∣
√
Kµ(ξ)〈ξ〉

s
−
√
Kµ(ρ)〈ρ〉

s∣∣
∣ . sup

ω∈(a,b)
|m(ω)| |ξ − ρ|,

where

m(ω) = m1(ω) +m2(ω) = 〈ω〉
s d

dω

√
Kµ(ω) + 〈ω〉

s−1√
Kµ(ω).

But using (2.5) to estimate m1(ω) and (2.4) to treat m2(ω), we deduce

m(ω) . c
2
σ〈ω〉

s−1 +√σµ 1
4 〈ω〉s−1|ω|

1
2 , (2.19)

where the upper bound is increasing for s ≥ 1. Therefore an upper bound is attained at
|ρ| or |ξ| ≤ |ξ − ρ|+ |ρ| . In particular, if ω = |ξ − ρ| then we may conclude by Minkowski
integral inequality, the Cauchy-Schwarz inequality and (2.19) that

∣∣
[
√
Kµ(D)Λ

s
, f ]∂xg

∣∣
L2 . c

2
σ

∣∣
∣∣
∫

R
〈ξ − ρ〉

s−1|ξ − ρ| |f̂(ξ − ρ)| |∂̂xg(ρ)| dρ
∣∣
∣∣
L2
ξ

+√σµ 1
4

∣∣
∣∣
∫

R
〈ξ − ρ〉

s−1|ξ − ρ|
1
2 |ξ − ρ| |f̂(ξ − ρ)| |∂̂xg(ρ)| dρ

∣∣
∣∣
L2
ξ
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2
σ|f |Hs +√σµ 1
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1
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2
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for t0 >
1
2 . On the other hand, if ω = |ρ|, then we make a change of coordinates and argue

similarly to deduce,

∣∣[
√
Kµ(D)Λs, f ]∂xg

∣∣
L2 . c2σ

∣∣∣∣
∫

R
〈ξ − ν〉s−1|∂̂xg(ξ − ν)| |ν| |f̂(ν)| dν

∣∣∣∣
L2
ξ

+
√
σµ

1
4

∣∣∣∣
∫

R
〈ν〉s−1|ξ − ν| 12 |∂̂xg(ξ − ν)| |ν| |f̂(ν)| dν

∣∣∣∣
L2
ξ

. (c2σ|g|Hs +
√
σµ

1
4 |D 1

2 g|Hs)|∂xf |Ht0 .

Adding the two scenarios, we may conclude that (2.18) holds.
�

We will also need a commutator estimates on Tµ(D) and Λ
1
2
µ .

Lemma 2.8. Let f, g ∈ S (R), s ≥ 1, t0 >
1
2 , µ ∈ (0, 1) and Λ

1
2
µ as defined in (1.20).

• Then we have a Kato-Ponce type estimate

|[ΛsΛ
1
2
µ , f ]∂xg|L2 . (|f |Hs + µ

1
4 |D 1

2 f |Hs)|∂xg|Ht0

+ (|g|Hs + µ
1
4 |D 1

2 g|Hs)|∂xf |Ht0 . (2.20)

• There holds

|[
√
Tµ(D)ΛsΛ

1
2
µ , f ]∂xg|L2 . |f |Hs |g|Ht0+1 + |f |Ht0+1 |g|Hs . (2.21)

Proof. The proof is similar to the one of Lemma 2.7 and relies on the pointwise estimates

established in Lemma 2.5. Indeed, for (2.20) we define a1(D)(f, g) := [ΛsΛ
1
2
µ , f ]∂xg and use

the mean value theorem combined with (2.11) to deduce

|â1(ξ)(f, g)| ≤
∫

R

∣∣∣〈ξ〉s〈√µξ〉 12 − 〈ρ〉s〈√µρ〉 12
∣∣∣|f̂(ξ − ρ)| |∂̂xg(ρ)| dρ

.
∫

R
〈ξ − ρ〉s−1〈√µ(ξ − ρ)〉 12 |ξ − ρ| |f̂(ξ − ρ)| |∂̂xg(η)| dρ

+

∫

R
〈ρ〉s−1〈√µρ〉 12 |ξ − ρ| |f̂(ξ − ρ)| |∂̂xg(ρ)| dρ.

Then if we apply the L2(R)−norm with respect to ξ, we can argue as in Lemma 2.7 that

|â1(ξ)(f, g)|L2
ξ
. |Λ

1
2
µf |Hs

∫

R
|∂̂xg(ρ)| dρ+ |Λ

1
2
µg|Hs

∫

R
|ρ| |f̂(ρ)| dρ.

Then use the definiton of a1(D)(f, g) and (2.17) to conclude.

The proof of (2.21) is the same, with a2(D)(f, g) := [
√
Tµ(D)ΛsΛ

1
2
µ , f ]∂xg. We use (2.12)

to find that

|â2(ξ)(f, g)| ≤
∫

R

∣∣∣
√
Tµ(ξ)〈ξ〉s〈√µξ〉 12 −

√
Tµ(ρ)〈ρ〉s〈√µρ〉 12

∣∣∣|f̂(ξ − ρ)| |∂̂xg(ρ)| dρ

.
∫

R
〈ξ − ρ〉s−1|ξ − ρ| |f̂(ξ − ρ)| |∂̂xg(ρ)| dρ

+

∫

R
〈ρ〉s−1|ξ − ρ| |f̂(ξ − ρ)| |∂̂xg(ρ)| dρ,

and the result follows.
�
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�
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1
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2f|Hs)|∂xg|Ht0
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1
4|D1

2g|Hs)|∂xf|Ht0.(2.20)
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√
Tµ(D)ΛsΛ
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|̂a1(ξ)(f,g)|≤
∫

R

∣∣∣〈ξ〉s〈√µξ〉12−〈ρ〉s〈√µρ〉12
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|â1(ξ)(f,g)|≤
∫

R

∣∣
∣〈ξ〉

s
〈√µξ〉12−〈ρ〉s〈√µρ〉12∣∣

∣|f̂(ξ−ρ)||∂̂xg(ρ)|dρ

.
∫

R
〈ξ−ρ〉

s−1〈√µ(ξ−ρ)〉
1
2|ξ−ρ||f̂(ξ−ρ)||∂̂xg(η)|dρ

+

∫

R
〈ρ〉

s−1〈√µρ〉12|ξ−ρ||f̂(ξ−ρ)||∂̂xg(ρ)|dρ.

ThenifweapplytheL2(R)−normwithrespecttoξ,wecanargueasinLemma2.7that
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Next, we state the classical Kato-Ponce commutator estimate. We will use it repeatedly
to commute the Bessel potential with functions to obtain the desired energy estimates in
the coming sections.

Lemma 2.9 (Kato - Ponce commutator estimates [29]). Let s ≥ 0, p, p2, p3 ∈ (1,∞) and
p1, p4 ∈ (1,∞] such that 1

p = 1
p1

+ 1
p2

= 1
p3

+ 1
p4
. Then

|Λs(fg)|Lp . |f |Lp1 |Λsg|Lp2 + |Λsf |Lp3 |g|Lp4 (2.22)

and
|[Λs, f ]g|Lp . |∂xf |Lp1 |Λs−1g|Lp2 + |Λsf |Lp3 |g|Lp4 . (2.23)

Similar commutator estimates also hold for more general multipliers. In fact, by splitting
the frequency domain into two parts using smooth cut-off functions defined in frequency,
we can obtain sharper commutator estimates specific to equation (1.5).

Definition 2.10. We define the smooth cut-off functions χ(i) ∈ S (R) as Fourier multipliers

F(χ(i)(D)f)(ξ) = χ(i)(|ξ|)f̂(ξ),

for any f ∈ S (R) with the following properties:

0 ≤ χ(i)(ξ) ≤ 1, (χ(1)(ξ))2 + (χ(2)(ξ))2 = 1 on R,
and

supp χ(1) ⊂ [−1, 1], supp χ(2) ⊂ R\
[
− 1

2
,
1

2

]
.

Moreover, we denote the scaled version in µ by χ
(i)
µ (ξ) = χ(i)(

√
µξ).

We have the results:

Lemma 2.11. Let s > 3
2 , µ ∈ (0, 1) and f, g ∈ S (R).

• Let (χ
(1)
µ

√
Kµ)(D) be the multiplier of the symbol (χ

(1)
µ

√
Kµ)(ξ). Then

|(χ(1)
µ

√
Kµ)(D)f |L2 .σ |f |L2 , (2.24)

and
|[(χ(1)

µ

√
Kµ)(D), f ]∂xg|L2 .σ |f |Hs |g|L2 . (2.25)

• We define the symbol

Fµ, 1
2
(D) :=

(
1√
µ|D| + σ

√
µ|D|

) 1
2

. (2.26)

Then
|(χ(2)

µ Fµ, 1
2
)(D)f |L2 .σ |f |L2 + µ

1
4 |D 1

2 f |L2 (2.27)

and
|[(χ(2)

µ Fµ, 1
2
)(D), f ]∂xg|L2 .σ µ

1
4 |f |Hs |g|

H
1
2
. (2.28)

• Lastly, we define the symbol Fµ,0(D) to be

Fµ,0(D) :=

(
1√
µ|D| + σ

√
µ|D| − Kµ(D)

) 1
2

. (2.29)

Then
|(χ(2)

µ Fµ,0)(D)f |L2 .σ |f |L2 (2.30)

and
|[(χ(2)

µ Fµ,0)(D), f ]∂xg|L2 .σ |f |Hs |g|L2 . (2.31)

14M.OENPAULSEN

Next,westatetheclassicalKato-Poncecommutatorestimate.Wewilluseitrepeatedly
tocommutetheBesselpotentialwithfunctionstoobtainthedesiredenergyestimatesin
thecomingsections.

Lemma2.9(Kato-Poncecommutatorestimates[29]).Lets≥0,p,p2,p3∈(1,∞)and
p1,p4∈(1,∞]suchthat1

p=1
p1

+1
p2

=1
p3

+1
p4

.Then

|Λs(fg)|Lp.|f|Lp1|Λsg|Lp2+|Λsf|Lp3|g|Lp4(2.22)

and
|[Λs,f]g|Lp.|∂xf|Lp1|Λs−1g|Lp2+|Λsf|Lp3|g|Lp4.(2.23)

Similarcommutatorestimatesalsoholdformoregeneralmultipliers.Infact,bysplitting
thefrequencydomainintotwopartsusingsmoothcut-offfunctionsdefinedinfrequency,
wecanobtainsharpercommutatorestimatesspecifictoequation(1.5).

Definition2.10.Wedefinethesmoothcut-offfunctionsχ(i)∈S(R)asFouriermultipliers

F(χ(i)(D)f)(ξ)=χ(i)(|ξ|)f̂(ξ),

foranyf∈S(R)withthefollowingproperties:

0≤χ(i)(ξ)≤1,(χ(1)(ξ))2+(χ(2)(ξ))2=1onR,
and

suppχ(1)⊂[−1,1],suppχ(2)⊂R\
[
−1

2
,

1

2

]
.

Moreover,wedenotethescaledversioninµbyχ
(i)
µ(ξ)=χ(i)(

√
µξ).

Wehavetheresults:

Lemma2.11.Lets>3
2,µ∈(0,1)andf,g∈S(R).

•Let(χ
(1)
µ

√
Kµ)(D)bethemultiplierofthesymbol(χ

(1)
µ

√
Kµ)(ξ).Then

|(χ(1)
µ

√
Kµ)(D)f|L2.σ|f|L2,(2.24)

and
|[(χ(1)

µ

√
Kµ)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.25)

•Wedefinethesymbol

Fµ,1
2

(D):=

(
1 √
µ|D|+σ

√
µ|D|

)1
2

.(2.26)

Then
|(χ(2)

µFµ,1
2

)(D)f|L2.σ|f|L2+µ
1
4|D1

2f|L2(2.27)

and
|[(χ(2)

µFµ,1
2

)(D),f]∂xg|L2.σµ
1
4|f|Hs|g|

H
1
2
.(2.28)

•Lastly,wedefinethesymbolFµ,0(D)tobe

Fµ,0(D):=

(
1 √
µ|D|+σ

√
µ|D|−Kµ(D)

)1
2

.(2.29)

Then
|(χ(2)

µFµ,0)(D)f|L2.σ|f|L2(2.30)

and
|[(χ(2)

µFµ,0)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.31)

14M.OENPAULSEN

Next,westatetheclassicalKato-Poncecommutatorestimate.Wewilluseitrepeatedly
tocommutetheBesselpotentialwithfunctionstoobtainthedesiredenergyestimatesin
thecomingsections.

Lemma2.9(Kato-Poncecommutatorestimates[29]).Lets≥0,p,p2,p3∈(1,∞)and
p1,p4∈(1,∞]suchthat1

p=1
p1

+1
p2

=1
p3

+1
p4

.Then

|Λs(fg)|Lp.|f|Lp1|Λsg|Lp2+|Λsf|Lp3|g|Lp4(2.22)

and
|[Λs,f]g|Lp.|∂xf|Lp1|Λs−1g|Lp2+|Λsf|Lp3|g|Lp4.(2.23)

Similarcommutatorestimatesalsoholdformoregeneralmultipliers.Infact,bysplitting
thefrequencydomainintotwopartsusingsmoothcut-offfunctionsdefinedinfrequency,
wecanobtainsharpercommutatorestimatesspecifictoequation(1.5).

Definition2.10.Wedefinethesmoothcut-offfunctionsχ(i)∈S(R)asFouriermultipliers

F(χ(i)(D)f)(ξ)=χ(i)(|ξ|)f̂(ξ),

foranyf∈S(R)withthefollowingproperties:

0≤χ(i)(ξ)≤1,(χ(1)(ξ))2+(χ(2)(ξ))2=1onR,
and

suppχ(1)⊂[−1,1],suppχ(2)⊂R\
[
−1

2
,

1

2

]
.

Moreover,wedenotethescaledversioninµbyχ
(i)
µ(ξ)=χ(i)(

√
µξ).

Wehavetheresults:

Lemma2.11.Lets>3
2,µ∈(0,1)andf,g∈S(R).

•Let(χ
(1)
µ

√
Kµ)(D)bethemultiplierofthesymbol(χ

(1)
µ

√
Kµ)(ξ).Then

|(χ(1)
µ

√
Kµ)(D)f|L2.σ|f|L2,(2.24)

and
|[(χ(1)

µ

√
Kµ)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.25)

•Wedefinethesymbol

Fµ,1
2

(D):=

(
1 √
µ|D|+σ

√
µ|D|

)1
2

.(2.26)

Then
|(χ(2)

µFµ,1
2

)(D)f|L2.σ|f|L2+µ
1
4|D1

2f|L2(2.27)

and
|[(χ(2)

µFµ,1
2

)(D),f]∂xg|L2.σµ
1
4|f|Hs|g|

H
1
2
.(2.28)

•Lastly,wedefinethesymbolFµ,0(D)tobe

Fµ,0(D):=

(
1 √
µ|D|+σ

√
µ|D|−Kµ(D)

)1
2

.(2.29)

Then
|(χ(2)

µFµ,0)(D)f|L2.σ|f|L2(2.30)

and
|[(χ(2)

µFµ,0)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.31)

14 M. OEN PAULSEN

Next, we state the classical Kato-Ponce commutator estimate. We will use it repeatedly
to commute the Bessel potential with functions to obtain the desired energy estimates in
the coming sections.

Lemma 2.9 (Kato - Ponce commutator estimates [29]). Let s ≥ 0, p, p2, p3 ∈ (1,∞) and
p1, p4 ∈ (1,∞] such that

1
p =

1
p1 +

1
p2 =

1
p3 +

1
p4 . Then

|Λ
s
(fg)|Lp . |f |Lp1 |Λsg|Lp2 + |Λ

s
f |Lp3 |g|Lp4 (2.22)

and
|[Λ

s
, f ]g|Lp . |∂xf |Lp1 |Λs−1g|Lp2 + |Λ

s
f |Lp3 |g|Lp4 . (2.23)

Similar commutator estimates also hold for more general multipliers. In fact, by splitting
the frequency domain into two parts using smooth cut-off functions defined in frequency,
we can obtain sharper commutator estimates specific to equation (1.5).

Definition 2.10. We define the smooth cut-off functions χ(i) ∈ S (R) as Fourier multipliers

F(χ
(i)

(D)f)(ξ) = χ
(i)

(|ξ|)f̂(ξ),

for any f ∈ S (R) with the following properties:

0 ≤ χ
(i)

(ξ) ≤ 1, (χ
(1)

(ξ))
2

+ (χ
(2)

(ξ))
2

= 1 on R,
and

supp χ
(1)
⊂ [−1, 1], supp χ

(2)
⊂ R\

[
−

1

2
,
1

2

]
.

Moreover, we denote the scaled version in µ by χ
(i)
µ (ξ) = χ(i)(√µξ).

We have the results:

Lemma 2.11. Let s >
3
2 , µ ∈ (0, 1) and f, g ∈ S (R).

• Let (χ
(1)
µ

√
Kµ)(D) be the multiplier of the symbol (χ

(1)
µ

√
Kµ)(ξ). Then

|(χ
(1)
µ

√
Kµ)(D)f |L2 .σ |f |L2 , (2.24)

and
|[(χ

(1)
µ

√
Kµ)(D), f ]∂xg|L2 .σ |f |Hs |g|L2 . (2.25)

• We define the symbol

Fµ, 1
2
(D) :=

( 1
√µ|D| + σ√µ|D|) 1

2

. (2.26)

Then
|(χ

(2)
µ Fµ, 1

2
)(D)f |L2 .σ |f |L2 + µ

1
4 |D

1
2 f |L2 (2.27)

and
|[(χ

(2)
µ Fµ, 1

2
)(D), f ]∂xg|L2 .σ µ

1
4 |f |Hs |g|H 1

2 . (2.28)

• Lastly, we define the symbol Fµ,0(D) to be

Fµ,0(D) :=

( 1
√µ|D| + σ√µ|D| − K

µ(D)

) 1
2

. (2.29)

Then
|(χ

(2)
µ Fµ,0)(D)f |L2 .σ |f |L2 (2.30)

and
|[(χ

(2)
µ Fµ,0)(D), f ]∂xg|L2 .σ |f |Hs |g|L2 . (2.31)

14 M. OEN PAULSEN

Next, we state the classical Kato-Ponce commutator estimate. We will use it repeatedly
to commute the Bessel potential with functions to obtain the desired energy estimates in
the coming sections.

Lemma 2.9 (Kato - Ponce commutator estimates [29]). Let s ≥ 0, p, p2, p3 ∈ (1,∞) and
p1, p4 ∈ (1,∞] such that

1
p =

1
p1 +

1
p2 =

1
p3 +

1
p4 . Then

|Λ
s
(fg)|Lp . |f |Lp1 |Λsg|Lp2 + |Λ

s
f |Lp3 |g|Lp4 (2.22)

and
|[Λ

s
, f ]g|Lp . |∂xf |Lp1 |Λs−1g|Lp2 + |Λ

s
f |Lp3 |g|Lp4 . (2.23)

Similar commutator estimates also hold for more general multipliers. In fact, by splitting
the frequency domain into two parts using smooth cut-off functions defined in frequency,
we can obtain sharper commutator estimates specific to equation (1.5).

Definition 2.10. We define the smooth cut-off functions χ(i) ∈ S (R) as Fourier multipliers

F(χ
(i)

(D)f)(ξ) = χ
(i)

(|ξ|)f̂(ξ),

for any f ∈ S (R) with the following properties:

0 ≤ χ
(i)

(ξ) ≤ 1, (χ
(1)

(ξ))
2

+ (χ
(2)

(ξ))
2

= 1 on R,
and

supp χ
(1)
⊂ [−1, 1], supp χ

(2)
⊂ R\

[
−

1

2
,
1

2

]
.

Moreover, we denote the scaled version in µ by χ
(i)
µ (ξ) = χ(i)(√µξ).

We have the results:

Lemma 2.11. Let s >
3
2 , µ ∈ (0, 1) and f, g ∈ S (R).

• Let (χ
(1)
µ

√
Kµ)(D) be the multiplier of the symbol (χ

(1)
µ

√
Kµ)(ξ). Then

|(χ
(1)
µ

√
Kµ)(D)f |L2 .σ |f |L2 , (2.24)

and
|[(χ

(1)
µ

√
Kµ)(D), f ]∂xg|L2 .σ |f |Hs |g|L2 . (2.25)

• We define the symbol

Fµ, 1
2
(D) :=

( 1
√µ|D| + σ√µ|D|) 1

2

. (2.26)

Then
|(χ

(2)
µ Fµ, 1

2
)(D)f |L2 .σ |f |L2 + µ

1
4 |D

1
2 f |L2 (2.27)

and
|[(χ

(2)
µ Fµ, 1

2
)(D), f ]∂xg|L2 .σ µ

1
4 |f |Hs |g|H 1

2 . (2.28)

• Lastly, we define the symbol Fµ,0(D) to be

Fµ,0(D) :=

( 1
√µ|D| + σ√µ|D| − K

µ(D)

) 1
2

. (2.29)

Then
|(χ

(2)
µ Fµ,0)(D)f |L2 .σ |f |L2 (2.30)

and
|[(χ

(2)
µ Fµ,0)(D), f ]∂xg|L2 .σ |f |Hs |g|L2 . (2.31)

14M.OENPAULSEN

Next,westatetheclassicalKato-Poncecommutatorestimate.Wewilluseitrepeatedly
tocommutetheBesselpotentialwithfunctionstoobtainthedesiredenergyestimatesin
thecomingsections.

Lemma2.9(Kato-Poncecommutatorestimates[29]).Lets≥0,p,p2,p3∈(1,∞)and
p1,p4∈(1,∞]suchthat

1
p=

1
p1+

1
p2=

1
p3+

1
p4.Then

|Λ
s
(fg)|Lp.|f|Lp1|Λsg|Lp2+|Λ

s
f|Lp3|g|Lp4(2.22)

and
|[Λ

s
,f]g|Lp.|∂xf|Lp1|Λs−1g|Lp2+|Λ

s
f|Lp3|g|Lp4.(2.23)

Similarcommutatorestimatesalsoholdformoregeneralmultipliers.Infact,bysplitting
thefrequencydomainintotwopartsusingsmoothcut-offfunctionsdefinedinfrequency,
wecanobtainsharpercommutatorestimatesspecifictoequation(1.5).

Definition2.10.Wedefinethesmoothcut-offfunctionsχ(i)∈S(R)asFouriermultipliers

F(χ
(i)

(D)f)(ξ)=χ
(i)

(|ξ|)f̂(ξ),

foranyf∈S(R)withthefollowingproperties:

0≤χ
(i)

(ξ)≤1,(χ
(1)

(ξ))
2

+(χ
(2)

(ξ))
2

=1onR,
and

suppχ
(1)
⊂[−1,1],suppχ

(2)
⊂R\

[
−

1

2
,
1

2

]
.

Moreover,wedenotethescaledversioninµbyχ
(i)
µ(ξ)=χ(i)(√µξ).

Wehavetheresults:

Lemma2.11.Lets>
3
2,µ∈(0,1)andf,g∈S(R).

•Let(χ
(1)
µ

√
Kµ)(D)bethemultiplierofthesymbol(χ

(1)
µ

√
Kµ)(ξ).Then

|(χ
(1)
µ

√
Kµ)(D)f|L2.σ|f|L2,(2.24)

and
|[(χ

(1)
µ

√
Kµ)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.25)

•Wedefinethesymbol

Fµ,1
2
(D):=

(1
√µ|D|+σ√µ|D|)1

2

.(2.26)

Then
|(χ

(2)
µFµ,1

2
)(D)f|L2.σ|f|L2+µ

1
4|D

1
2f|L2(2.27)

and
|[(χ

(2)
µFµ,1

2
)(D),f]∂xg|L2.σµ

1
4|f|Hs|g|H1

2.(2.28)

•Lastly,wedefinethesymbolFµ,0(D)tobe

Fµ,0(D):=

(1
√µ|D|+σ√µ|D|−K

µ(D)

)1
2

.(2.29)

Then
|(χ

(2)
µFµ,0)(D)f|L2.σ|f|L2(2.30)

and
|[(χ

(2)
µFµ,0)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.31)

14M.OENPAULSEN

Next,westatetheclassicalKato-Poncecommutatorestimate.Wewilluseitrepeatedly
tocommutetheBesselpotentialwithfunctionstoobtainthedesiredenergyestimatesin
thecomingsections.

Lemma2.9(Kato-Poncecommutatorestimates[29]).Lets≥0,p,p2,p3∈(1,∞)and
p1,p4∈(1,∞]suchthat

1
p=

1
p1+

1
p2=

1
p3+

1
p4.Then

|Λ
s
(fg)|Lp.|f|Lp1|Λsg|Lp2+|Λ

s
f|Lp3|g|Lp4(2.22)

and
|[Λ

s
,f]g|Lp.|∂xf|Lp1|Λs−1g|Lp2+|Λ

s
f|Lp3|g|Lp4.(2.23)

Similarcommutatorestimatesalsoholdformoregeneralmultipliers.Infact,bysplitting
thefrequencydomainintotwopartsusingsmoothcut-offfunctionsdefinedinfrequency,
wecanobtainsharpercommutatorestimatesspecifictoequation(1.5).

Definition2.10.Wedefinethesmoothcut-offfunctionsχ(i)∈S(R)asFouriermultipliers

F(χ
(i)

(D)f)(ξ)=χ
(i)

(|ξ|)f̂(ξ),

foranyf∈S(R)withthefollowingproperties:

0≤χ
(i)

(ξ)≤1,(χ
(1)

(ξ))
2

+(χ
(2)

(ξ))
2

=1onR,
and

suppχ
(1)
⊂[−1,1],suppχ

(2)
⊂R\

[
−

1

2
,
1

2

]
.

Moreover,wedenotethescaledversioninµbyχ
(i)
µ(ξ)=χ(i)(√µξ).

Wehavetheresults:

Lemma2.11.Lets>
3
2,µ∈(0,1)andf,g∈S(R).

•Let(χ
(1)
µ

√
Kµ)(D)bethemultiplierofthesymbol(χ

(1)
µ

√
Kµ)(ξ).Then

|(χ
(1)
µ

√
Kµ)(D)f|L2.σ|f|L2,(2.24)

and
|[(χ

(1)
µ

√
Kµ)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.25)

•Wedefinethesymbol

Fµ,1
2
(D):=

(1
√µ|D|+σ√µ|D|)1

2

.(2.26)

Then
|(χ

(2)
µFµ,1

2
)(D)f|L2.σ|f|L2+µ

1
4|D

1
2f|L2(2.27)

and
|[(χ

(2)
µFµ,1

2
)(D),f]∂xg|L2.σµ

1
4|f|Hs|g|H1

2.(2.28)

•Lastly,wedefinethesymbolFµ,0(D)tobe

Fµ,0(D):=

(1
√µ|D|+σ√µ|D|−K

µ(D)

)1
2

.(2.29)

Then
|(χ

(2)
µFµ,0)(D)f|L2.σ|f|L2(2.30)

and
|[(χ

(2)
µFµ,0)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.31)

14M.OENPAULSEN

Next,westatetheclassicalKato-Poncecommutatorestimate.Wewilluseitrepeatedly
tocommutetheBesselpotentialwithfunctionstoobtainthedesiredenergyestimatesin
thecomingsections.

Lemma2.9(Kato-Poncecommutatorestimates[29]).Lets≥0,p,p2,p3∈(1,∞)and
p1,p4∈(1,∞]suchthat

1
p=

1
p1+

1
p2=

1
p3+

1
p4.Then

|Λ
s
(fg)|Lp.|f|Lp1|Λsg|Lp2+|Λ

s
f|Lp3|g|Lp4(2.22)

and
|[Λ

s
,f]g|Lp.|∂xf|Lp1|Λs−1g|Lp2+|Λ

s
f|Lp3|g|Lp4.(2.23)

Similarcommutatorestimatesalsoholdformoregeneralmultipliers.Infact,bysplitting
thefrequencydomainintotwopartsusingsmoothcut-offfunctionsdefinedinfrequency,
wecanobtainsharpercommutatorestimatesspecifictoequation(1.5).

Definition2.10.Wedefinethesmoothcut-offfunctionsχ(i)∈S(R)asFouriermultipliers

F(χ
(i)

(D)f)(ξ)=χ
(i)

(|ξ|)f̂(ξ),

foranyf∈S(R)withthefollowingproperties:

0≤χ
(i)

(ξ)≤1,(χ
(1)

(ξ))
2

+(χ
(2)

(ξ))
2

=1onR,
and

suppχ
(1)
⊂[−1,1],suppχ

(2)
⊂R\

[
−

1

2
,
1

2

]
.

Moreover,wedenotethescaledversioninµbyχ
(i)
µ(ξ)=χ(i)(√µξ).

Wehavetheresults:

Lemma2.11.Lets>
3
2,µ∈(0,1)andf,g∈S(R).

•Let(χ
(1)
µ

√
Kµ)(D)bethemultiplierofthesymbol(χ

(1)
µ

√
Kµ)(ξ).Then

|(χ
(1)
µ

√
Kµ)(D)f|L2.σ|f|L2,(2.24)

and
|[(χ

(1)
µ

√
Kµ)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.25)

•Wedefinethesymbol

Fµ,1
2
(D):=

(1
√µ|D|+σ√µ|D|)1

2

.(2.26)

Then
|(χ

(2)
µFµ,1

2
)(D)f|L2.σ|f|L2+µ

1
4|D

1
2f|L2(2.27)

and
|[(χ

(2)
µFµ,1

2
)(D),f]∂xg|L2.σµ

1
4|f|Hs|g|H1

2.(2.28)

•Lastly,wedefinethesymbolFµ,0(D)tobe

Fµ,0(D):=

(1
√µ|D|+σ√µ|D|−K

µ(D)

)1
2

.(2.29)

Then
|(χ

(2)
µFµ,0)(D)f|L2.σ|f|L2(2.30)

and
|[(χ

(2)
µFµ,0)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.31)

14M.OENPAULSEN

Next,westatetheclassicalKato-Poncecommutatorestimate.Wewilluseitrepeatedly
tocommutetheBesselpotentialwithfunctionstoobtainthedesiredenergyestimatesin
thecomingsections.

Lemma2.9(Kato-Poncecommutatorestimates[29]).Lets≥0,p,p2,p3∈(1,∞)and
p1,p4∈(1,∞]suchthat

1
p=

1
p1+

1
p2=

1
p3+

1
p4.Then

|Λ
s
(fg)|Lp.|f|Lp1|Λsg|Lp2+|Λ

s
f|Lp3|g|Lp4(2.22)

and
|[Λ

s
,f]g|Lp.|∂xf|Lp1|Λs−1g|Lp2+|Λ

s
f|Lp3|g|Lp4.(2.23)

Similarcommutatorestimatesalsoholdformoregeneralmultipliers.Infact,bysplitting
thefrequencydomainintotwopartsusingsmoothcut-offfunctionsdefinedinfrequency,
wecanobtainsharpercommutatorestimatesspecifictoequation(1.5).

Definition2.10.Wedefinethesmoothcut-offfunctionsχ(i)∈S(R)asFouriermultipliers

F(χ
(i)

(D)f)(ξ)=χ
(i)

(|ξ|)f̂(ξ),

foranyf∈S(R)withthefollowingproperties:

0≤χ
(i)

(ξ)≤1,(χ
(1)

(ξ))
2

+(χ
(2)

(ξ))
2

=1onR,
and

suppχ
(1)
⊂[−1,1],suppχ

(2)
⊂R\

[
−

1

2
,
1

2

]
.

Moreover,wedenotethescaledversioninµbyχ
(i)
µ(ξ)=χ(i)(√µξ).

Wehavetheresults:

Lemma2.11.Lets>
3
2,µ∈(0,1)andf,g∈S(R).

•Let(χ
(1)
µ

√
Kµ)(D)bethemultiplierofthesymbol(χ

(1)
µ

√
Kµ)(ξ).Then

|(χ
(1)
µ

√
Kµ)(D)f|L2.σ|f|L2,(2.24)

and
|[(χ

(1)
µ

√
Kµ)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.25)

•Wedefinethesymbol

Fµ,1
2
(D):=

(1
√µ|D|+σ√µ|D|)1

2

.(2.26)

Then
|(χ

(2)
µFµ,1

2
)(D)f|L2.σ|f|L2+µ

1
4|D

1
2f|L2(2.27)

and
|[(χ

(2)
µFµ,1

2
)(D),f]∂xg|L2.σµ

1
4|f|Hs|g|H1

2.(2.28)

•Lastly,wedefinethesymbolFµ,0(D)tobe

Fµ,0(D):=

(1
√µ|D|+σ√µ|D|−K

µ(D)

)1
2

.(2.29)

Then
|(χ

(2)
µFµ,0)(D)f|L2.σ|f|L2(2.30)

and
|[(χ

(2)
µFµ,0)(D),f]∂xg|L2.σ|f|Hs|g|L2.(2.31)



LONG TIME WELL-POSEDNESS OF WHITHAM-BOUSSINESQ SYSTEMS 15

The proof is postponed to Appendix A.3, where we also will prove the following commu-
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2.3. Classical estimates. Before turning to the proof of the energy estimates, we state
some necessary results that will also be used throughout the paper. First, recall the em-
beddings (see, for example [34]).
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∫
ϕ = 1 and for δ > 0 define the regularization

operators ϕδ(D) in frequency by
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2.3.Classicalestimates.Beforeturningtotheproofoftheenergyestimates,westate
somenecessaryresultsthatwillalsobeusedthroughoutthepaper.First,recalltheem-
beddings(see,forexample[34]).

Lemma2.13(Sobolevembeddings).Letf∈S(R)ands∈(0,
1
2).ThenHs(R)↪→Lp(R)

withp=
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1−2s,andthereholds
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Moreover,Inthecases>
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Moreover, there holds

|ϕδ(D)f − f |Hs−β =
δ→0

o(δβ), ∀β ∈ [0, s]. (2.41)

3. A priori estimates

In this section, we give a priori estimates for solutions of the three systems (1.5), (1.7),
and (1.9).

3.1. Estimates for system (1.5). As noted in the introduction, we revisit the energy
estimate in [51] to keep track of the parameters σ, ε and µ. For simplicity, we adopt the
notation U = (η, u)T = ε(ζ, v)T , where we write (1.5) on the compact form:

∂tU +M(U,D)U = 0, (3.1)

with

M(U,D) =

(
u∂x (Kµ(D) + η)∂x
∂x u∂x

)
. (3.2)

Also, we simplify the notation for the energy given in Definition 1.17 by introducing the
symmetrizer

Q(U,D) = Q(1)(U,D) +Q(2)(U,D) =

(
1 0
0 η

)
+

(
0 0
0 Kµ(D)

)
. (3.3)

Then the energy given in Definition 1.17 can be rewritten as

Es(U) =
(
ΛsU, Q(U, D)ΛsU

)
L2 .

Proposition 3.1. Let s > 2, ε, µ ∈ (0, 1) and (η, u) = ε(ζ, v) ∈ C([0, T0];V
s
µ (R)) be a

solution to (3.1) on a time interval [0, T0] for some T0 > 0. Moreover, assume there exist
h0 ∈ (0, 1) and h1 > 0 such that

h0 − 1 ≤ η(x, t), ∀(x, t) ∈ R× [0, T0] and sup
t∈[0,T0]

|(η, u)|Hs×Hs ≤ h1, (3.4)

when σ ≥ 1
3 , and that

−σ
2
≤ η(x, t), ∀(x, t) ∈ R× [0, T0] and sup

t∈[0,T0]
|(η, u)|Hs×Hs ≤ h1, (3.5)

when 0 < σ < 1
3 .

Then, for the energy given in Definition 1.17 and ciσ defined by (1.19),

d

dt
Es(U) ≤ c2σ

(
Es(U)

) 3
2 , (3.6)

for all 0 < t < T0, and

c1σ|(η, u)|2V sµ ≤ Es(U) ≤ c2σ|(η, u)|2V sµ , (3.7)

for all 0 < t < T0.

Remark 3.2. Note that we aim to prove (3.6) with power 3
2 on the right-hand side. This

result will prove essential in getting the time of existence T ∼ 1
ε in the proof of Theorem

1.6. One should also note that if we have (3.7), then it is enough to show

d

dt
Es(U) .σ |(η, u)|3V sµ ,

to obtain (3.6). With this in mind, in the proof of the proposition, we will repeatedly use
assumption (3.4)−(3.5) to discard higher powers in the norm of the solution than 3. Meaning
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the terms of form |(η, u)|3+nV sµ
for n ∈ N will be bounded by |(η, u)|3V sµ since this seems to be

the best we can hope for when using the current method.

Proof of Proposition 3.1. We first prove estimate (3.7) in the case σ ≥ 1/3. By definition,
we have that

Es(U) = |Λsη|2L2 +
(
Λsu, (Kµ(D) + η)Λsu

)
L2 .

Thus, as a result of the non-cavitation condition (3.4) and the estimate (2.7), there holds

(
Λsu, (Kµ(D) + η)Λsu

)
L2 ≥

h0
2
|u|2Hs + c

√
µ|D 1

2u|2Hs .

The reverse inequality holds for any σ > 0 and is a consequence of (2.7), Hölder’s inequality,
the Sobolev embedding with s > 3

2 , and conditions (3.4)−(3.5). Indeed, we observe that

Es(U) ≤ |η|2Hs + |
√
Kµ(D)u|2Hs + |η|L∞ |u|2Hs ≤ cσ|(η, u)|2V sµ .

In the case 0 < σ < 1
3 , we impose the σ−dependent surface condition (3.5), leaving less

to be absorbed for the coercivity and in conjunction with (2.8). This implies
(
Λsu, (Kµ(D) + η)Λsu

)
L2 ≥

σ

2
|u|2Hs + c

√
µ|D 1

2u|2Hs .

As a consequence, we have that (3.7) is established for all σ > 0.
Next, we prove (3.6). By using (3.1) and the fact that Q(U,D) is self-adjoint, we compute

1

2

d

dt
Es(U) =

(
Λs∂tU, Q(U,D)ΛsU

)
L2 +

1

2

(
ΛsU, (∂tQ(U,D))ΛsU

)
L2

= −
(
ΛsM(U,D)U, Q(U,D)ΛsU

)
L2 +

1

2

(
ΛsU, (∂tQ(U,D))ΛsU

)
L2

=: −I + II.

Control of I. We may write

I =
(
[Λs,M(U,D)]U, Q(1)(U,D)ΛsU

)
L2 +

(
Q(1)(U,D)M(U,D)ΛsU,ΛsU

)
L2

+
(
ΛsM(U,D)U, Q(2)(U,D)ΛsU

)
L2

=: I1 + I2 + I3.

Control of I1. It follows from the Cauchy-Schwarz inequality that

|I1| ≤ |[Λs,M(U,D)]U|L2 |Q(1)(U,D)ΛsU|L2 .

The second term is easily treated,

|Q(1)(U,D)ΛsU|L2 . |Λsη|L2 + |η|L∞ |Λsu|L2 . |(η, u)|V sµ ,

by Hölder’s inequality, the Sobolev embedding with s > 1
2 , and assumption (3.4). Further-

more, using the Kato-Ponce commutator estimate (2.23) yields

|[Λs,M(U,D)]U|L2 ≤ |[Λs, u]∂xη|L2 + |[Λs, η]∂xu|L2 + |[Λs, u]∂xu|L2

≤ |η|Hs |u|Hs + |u|2Hs

≤ |(η, u)|2V sµ .
The desired bound on I1 follows:

|I1| . |(η, u)|3V sµ .
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thebestwecanhopeforwhenusingthecurrentmethod.
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L2.

Thus,asaresultofthenon-cavitationcondition(3.4)andtheestimate(2.7),thereholds

(
Λsu,(Kµ(D)+η)Λsu

)
L2≥

h0
2
|u|2Hs+c

√
µ|D1

2u|2Hs.

Thereverseinequalityholdsforanyσ>0andisaconsequenceof(2.7),Hölder’sinequality,
theSobolevembeddingwiths>3

2,andconditions(3.4)−(3.5).Indeed,weobservethat

Es(U)≤|η|2Hs+|
√
Kµ(D)u|2Hs+|η|L∞|u|2Hs≤cσ|(η,u)|2Vsµ.

Inthecase0<σ<1
3,weimposetheσ−dependentsurfacecondition(3.5),leavingless

tobeabsorbedforthecoercivityandinconjunctionwith(2.8).Thisimplies
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Λsu,(Kµ(D)+η)Λsu
)
L2≥

σ

2
|u|2Hs+c

√
µ|D1

2u|2Hs.

Asaconsequence,wehavethat(3.7)isestablishedforallσ>0.
Next,weprove(3.6).Byusing(3.1)andthefactthatQ(U,D)isself-adjoint,wecompute
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2,andassumption(3.4).Further-
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the terms of form |(η, u)|
3+n
V s
µ for n ∈ N will be bounded by |(η, u)|3V s

µ since this seems to be

the best we can hope for when using the current method.

Proof of Proposition 3.1. We first prove estimate (3.7) in the case σ ≥ 1/3. By definition,
we have that

Es(U) = |Λ
s
η|

2
L2 +

(
Λ
s
u, (Kµ(D) + η)Λ

s
u
)
L2 .

Thus, as a result of the non-cavitation condition (3.4) and the estimate (2.7), there holds

(
Λ
s
u, (Kµ(D) + η)Λ

s
u
)
L2 ≥

h0
2 |u|

2
Hs + c√µ|D 1

2u|2Hs .

The reverse inequality holds for any σ > 0 and is a consequence of (2.7), Hölder’s inequality,
the Sobolev embedding with s >

3
2 , and conditions (3.4)−(3.5). Indeed, we observe that

Es(U) ≤ |η|
2
Hs + |

√
Kµ(D)u|

2
Hs + |η|L∞ |u|2Hs ≤ cσ|(η, u)|

2
V s
µ .

In the case 0 < σ <
1
3 , we impose the σ−dependent surface condition (3.5), leaving less

to be absorbed for the coercivity and in conjunction with (2.8). This implies
(
Λ
s
u, (Kµ(D) + η)Λ

s
u
)
L2 ≥

σ

2 |u|
2
Hs + c√µ|D 1

2u|2Hs .

As a consequence, we have that (3.7) is established for all σ > 0.
Next, we prove (3.6). By using (3.1) and the fact that Q(U,D) is self-adjoint, we compute

1

2

d

dt
Es(U) =

(
Λ
s
∂tU, Q(U,D)Λ

s
U
)
L2 +

1

2

(
Λ
s
U, (∂tQ(U,D))Λ

s
U
)
L2

= −
(
Λ
s
M(U,D)U, Q(U,D)Λ

s
U
)
L2 +

1

2

(
Λ
s
U, (∂tQ(U,D))Λ

s
U
)
L2

=: −I + II.

Control of I. We may write

I =
(
[Λ
s
,M(U,D)]U, Q

(1)
(U,D)Λ

s
U
)
L2 +

(
Q

(1)
(U,D)M(U,D)Λ

s
U,Λ

s
U
)
L2

+
(
Λ
s
M(U,D)U, Q

(2)
(U,D)Λ

s
U
)
L2

=: I1 + I2 + I3.

Control of I1. It follows from the Cauchy-Schwarz inequality that

|I1| ≤ |[Λ
s
,M(U,D)]U|L2 |Q

(1)
(U,D)Λ

s
U|L2 .

The second term is easily treated,

|Q
(1)

(U,D)Λ
s
U|L2 . |Λ

s
η|L2 + |η|L∞ |Λsu|L2 . |(η, u)|V sµ ,

by Hölder’s inequality, the Sobolev embedding with s >
1
2 , and assumption (3.4). Further-

more, using the Kato-Ponce commutator estimate (2.23) yields

|[Λ
s
,M(U,D)]U|L2 ≤ |[Λ

s
, u]∂xη|L2 + |[Λ

s
, η]∂xu|L2 + |[Λ

s
, u]∂xu|L2

≤ |η|Hs |u|Hs + |u|
2
Hs

≤ |(η, u)|
2
V s
µ .

The desired bound on I1 follows:

|I1| . |(η, u)|
3
V s
µ .
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s
,M(U,D)]U|L2 ≤ |[Λ

s
, u]∂xη|L2 + |[Λ

s
, η]∂xu|L2 + |[Λ

s
, u]∂xu|L2

≤ |η|Hs |u|Hs + |u|
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Hs
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2
V s
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|I1| . |(η, u)|
3
V s
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s
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Control of I2 + I3. First note that (aij) = Q(1)(U,D)M(U,D) is given by,

(aij) =

(
u∂x (Kµ(D) + η)∂x
η∂x ηu∂x

)
.

We must estimate each piece below,
(
Q(1)(U,D)M(U,D)ΛsU,ΛsU

)
L2

=
(
a11Λ

sη,Λsη
)
L2 +

(
a12Λ

su,Λsη
)
L2 +

(
a21Λ

sη,Λsu
)
L2 +

(
a22Λ

su,Λsu
)
L2

=: A11 +A12 +A21 +A22.

As we will shortly see, A12 + A21 needs to be compensated by B21, that is defined by the
remaining part:
(
ΛsM(U,D)U, Q(2)(U,D)ΛsU

)
L2 =

(
∂xΛsη,Kµ(D)Λsu

)
L2 +

(
Λs(u∂xu),Kµ(D)Λsu

)
L2

=: B21 +B22,

while B22 is the price we pay for symmetry.

Control of A11. Integration by part and the Sobolev embedding yields

|A11| ≤
1

2

∣∣(∂xuΛsη,Λsη
)
L2

∣∣ ≤ 1

2
|∂xu|L∞ |η|2Hs . |(η, u)|3V sµ .

Control of A12 +A21 +B21. By definition, consideration is given to the expression

A12 +A21 +B21 =
(
(Kµ(D) + η)∂xΛsu,Λsη

)
L2 +

(
(Kµ(D) + η)∂xΛsη,Λsu

)
L2 .

Observe, after integration by parts that

A12 = −
(
Λsu, (Kµ(D) + η)∂xΛsη

)
L2 −

(
Λsu, ∂xηΛsη

)
L2 .

The first term cancels with (A21 + B21), while the Sobolev embedding easily controls the
remaining part,

|
(
Λsu, ∂xηΛsη

)
L2 | ≤ |∂xη|L∞ |η|Hs |u|Hs . |(η, u)|3V sµ .

Control of A22. We simply use integration by parts as above together with (3.4)−(3.5) to
deduce

|A22| ≤ |
(
ηu∂xΛsu,Λsu

)
L2 | ≤ c2σ|(η, u)|3V sµ .

Control of B22. We observe, after integrating by parts that

B22 =
(
Λs(u∂xu),Kµ(D)Λsu

)
L2

=
(
[
√
Kµ(D)Λs, u]∂xu,

√
Kµ(D)Λsu

)
L2 −

1

2

(
(∂xu)

√
Kµ(D)Λsu,

√
Kµ(D)Λsu

)
L2 .

Thus, we deduce by using Hölder’s inequality, estimates (2.18) and (2.7) that

|B22| ≤ c2σ|(η, u)|3V sµ .
Control of II. First we claim that |Kµ(D)∂xu|L∞ .σ |(η, u)|V sµ for s > 2. Indeed, it follows

from (2.1) and the Sobolev embedding H
1
2

+

(R) ↪→ L∞(R) that

|Kµ(D)∂xu|L∞ ≤ |∂xu|
Hs− 3

2
+ σ
√
µ|D1∂xu|

Hs− 3
2

≤ c2σ(|u|Hs +
√
µ|D 1

2u|Hs). (3.8)

Then we observe by using equation (3.1) yields,

II =
(
Λsu, (∂tη)Λsu

)
L2 = −

(
Λsu, (Kµ(D)∂xu)Λsu

)
L2 −

(
Λsu, (∂x(ηu))Λsu

)
L2 .
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(
Q

(1)
(U,D)M(U,D)Λ

s
U,Λ

s
U
)
L2

=
(
a11Λ

s
η,Λ

s
η
)
L2+

(
a12Λ

s
u,Λ

s
η
)
L2+

(
a21Λ

s
η,Λ

s
u
)
L2+

(
a22Λ

s
u,Λ

s
u
)
L2

=:A11+A12+A21+A22.

Aswewillshortlysee,A12+A21needstobecompensatedbyB21,thatisdefinedbythe
remainingpart:
(
Λ
s
M(U,D)U,Q

(2)
(U,D)Λ

s
U
)
L2=

(
∂xΛ

s
η,Kµ(D)Λ

s
u
)
L2+

(
Λ
s
(u∂xu),Kµ(D)Λ

s
u
)
L2

=:B21+B22,

whileB22isthepricewepayforsymmetry.

ControlofA11.IntegrationbypartandtheSobolevembeddingyields

|A11|≤
1

2

∣∣(
∂xuΛ

s
η,Λ

s
η
)
L2

∣∣
≤

1

2|∂xu|L∞|η|2Hs.|(η,u)|
3
Vs
µ.

ControlofA12+A21+B21.Bydefinition,considerationisgiventotheexpression
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(
(Kµ(D)+η)∂xΛ

s
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s
η
)
L2+

(
(Kµ(D)+η)∂xΛ

s
η,Λ

s
u
)
L2.

Observe,afterintegrationbypartsthat

A12=−
(
Λ
s
u,(Kµ(D)+η)∂xΛ

s
η
)
L2−

(
Λ
s
u,∂xηΛ

s
η
)
L2.

Thefirsttermcancelswith(A21+B21),whiletheSobolevembeddingeasilycontrolsthe
remainingpart,

|
(
Λ
s
u,∂xηΛ

s
η
)
L2|≤|∂xη|L∞|η|Hs|u|Hs.|(η,u)|

3
Vs
µ.

ControlofA22.Wesimplyuseintegrationbypartsasabovetogetherwith(3.4)−(3.5)to
deduce

|A22|≤|
(
ηu∂xΛ

s
u,Λ

s
u
)
L2|≤c

2
σ|(η,u)|

3
Vs
µ.

ControlofB22.Weobserve,afterintegratingbypartsthat

B22=
(
Λ
s
(u∂xu),Kµ(D)Λ

s
u
)
L2

=
(
[
√
Kµ(D)Λ

s
,u]∂xu,

√
Kµ(D)Λ

s
u
)
L2−

1

2

(
(∂xu)

√
Kµ(D)Λ

s
u,
√
Kµ(D)Λ

s
u
)
L2.

Thus,wededucebyusingHölder’sinequality,estimates(2.18)and(2.7)that

|B22|≤c
2
σ|(η,u)|

3
Vs
µ.

ControlofII.Firstweclaimthat|Kµ(D)∂xu|L∞.σ|(η,u)|Vsµfors>2.Indeed,itfollows

from(2.1)andtheSobolevembeddingH
1
2

+

(R)↪→L∞(R)that

|Kµ(D)∂xu|L∞≤|∂xu|Hs−3
2+σ√µ|D1

∂xu|Hs−3
2

≤c
2
σ(|u|Hs+√µ|D1

2u|Hs).(3.8)

Thenweobservebyusingequation(3.1)yields,

II=
(
Λ
s
u,(∂tη)Λ

s
u
)
L2=−

(
Λ
s
u,(Kµ(D)∂xu)Λ

s
u
)
L2−

(
Λ
s
u,(∂x(ηu))Λ

s
u
)
L2.
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Consequently, the desired estimate follows from Hölder’s inequality, the Sobolev embedding,
and the above claim that,

|II| . |Kµ(D)∂xu|L∞ |u|2Hs + |∂x(ηu)|L∞ |u|2Hs .σ |(η, u)|3V sµ . (3.9)

Adding together all the estimates, combined with (3.7) yields,

d

dt
Es(U) ≤ c2σ

(
Es(U)

) 3
2 ,

and completes the proof of Proposition 3.1.
�

3.2. Estimates for system (1.7). As in the former subsection we define U = (η, u)T =
ε(ζ, v)T and we write the system on a compact form:

∂tU +M(U,D)U = 0, (3.10)

with

M(U,D) =

(
u∂x (1 + η)∂x

Tµ(D)∂x u∂x

)
. (3.11)

We define the symmetrizer associated to (3.10) to be

Q(U,D) =

(
Tµ(D) 0

0 1 + η

)
. (3.12)

Then the energy given in Definition 1.18 can be written as

Es(U) =
(
ΛsΛ

1
2
µU,Q(U, D)ΛsΛ

1
2
µU
)
L2 , (3.13)

and the a priori estimate for (1.7) is stated in the following proposition.

Proposition 3.3. Let s > 3
2 , ε, µ ∈ (0, 1) and (η, u) = ε(ζ, v) ∈ C([0, T0];V

s
µ (R)) be a

solution to (1.7) on a time interval [0, T0] for some T0 > 0. Moreover, assume there exist
h0 ∈ (0, 1) and h1 > 0 such that

h0 − 1 ≤ η(x, t), ∀(x, t) ∈ R× [0, T0] and sup
t∈[0,T0]

|(η, u)|Hs×Hs ≤ h1. (3.14)

Then, for the energy given in Definition 1.18, there holds

d

dt
Es(U) .

(
Es(U)

) 3
2 , (3.15)

for all 0 < t < T0, and
|(η, u)|2V sµ . Es(U) . |(η, u)|2V sµ , (3.16)

for all 0 < t < T0.

Proof of Proposition 3.3. We begin by proving (3.16). By Definition (1.18) of the energy,
the non-cavitation condition (3.14), (2.17), and (2.16) we obtain the lower bound

Es(U) = |
√
Tµ(D)Λ

1
2
µη|2Hs +

(
Λ

1
2
µΛsu, (1 + η)Λ

1
2
µΛsu

)
L2

≥ c|η|2Hs + h0|Λ
1
2
µu|2Hs

≥ c|η|2Hs + c · h0(|u|2Hs +
√
µ|D 1

2u|2Hs),

for some c > 0. The reverse inequality follows by the estimates (2.16), (2.17), Hölder’s
inequality, the Sobolev embedding, and (3.14):

Es(U) ≤ |
√
Tµ(D)Λ

1
2
µη|2Hs + |Λ

1
2
µu|2Hs + |η|L∞ |Λ

1
2
µu|2Hs . |(η, u)|2V sµ .
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Consequently,thedesiredestimatefollowsfromHölder’sinequality,theSobolevembedding,
andtheaboveclaimthat,

|II|.|Kµ(D)∂xu|L∞|u|2Hs+|∂x(ηu)|L∞|u|2Hs.σ|(η,u)|3Vsµ.(3.9)

Addingtogetheralltheestimates,combinedwith(3.7)yields,

d

dt
Es(U)≤c2σ

(
Es(U)

)3
2,

andcompletestheproofofProposition3.1.
�

3.2.Estimatesforsystem(1.7).AsintheformersubsectionwedefineU=(η,u)T=
ε(ζ,v)Tandwewritethesystemonacompactform:

∂tU+M(U,D)U=0,(3.10)

with

M(U,D)=

(
u∂x(1+η)∂x
Tµ(D)∂xu∂x

)
.(3.11)

Wedefinethesymmetrizerassociatedto(3.10)tobe

Q(U,D)=

(
Tµ(D)0

01+η

)
.(3.12)

ThentheenergygiveninDefinition1.18canbewrittenas

Es(U)=
(

ΛsΛ
1
2
µU,Q(U,D)ΛsΛ

1
2
µU

)
L2,(3.13)

andtheaprioriestimatefor(1.7)isstatedinthefollowingproposition.

Proposition3.3.Lets>3
2,ε,µ∈(0,1)and(η,u)=ε(ζ,v)∈C([0,T0];V

s
µ(R))bea

solutionto(1.7)onatimeinterval[0,T0]forsomeT0>0.Moreover,assumethereexist
h0∈(0,1)andh1>0suchthat

h0−1≤η(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η,u)|Hs×Hs≤h1.(3.14)

Then,fortheenergygiveninDefinition1.18,thereholds

d

dt
Es(U).

(
Es(U)

)3
2,(3.15)

forall0<t<T0,and
|(η,u)|2Vsµ.Es(U).|(η,u)|2Vsµ,(3.16)

forall0<t<T0.

ProofofProposition3.3.Webeginbyproving(3.16).ByDefinition(1.18)oftheenergy,
thenon-cavitationcondition(3.14),(2.17),and(2.16)weobtainthelowerbound

Es(U)=|
√
Tµ(D)Λ

1
2
µη|2Hs+

(
Λ

1
2
µΛsu,(1+η)Λ

1
2
µΛsu

)
L2

≥c|η|2Hs+h0|Λ
1
2
µu|2Hs

≥c|η|2Hs+c·h0(|u|2Hs+
√

µ|D1
2u|2Hs),

forsomec>0.Thereverseinequalityfollowsbytheestimates(2.16),(2.17),Hölder’s
inequality,theSobolevembedding,and(3.14):

Es(U)≤|
√
Tµ(D)Λ

1
2
µη|2Hs+|Λ

1
2
µu|2Hs+|η|L∞|Λ

1
2
µu|2Hs.|(η,u)|2Vsµ.
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Consequently,thedesiredestimatefollowsfromHölder’sinequality,theSobolevembedding,
andtheaboveclaimthat,

|II|.|Kµ(D)∂xu|L∞|u|2Hs+|∂x(ηu)|L∞|u|2Hs.σ|(η,u)|3Vsµ.(3.9)

Addingtogetheralltheestimates,combinedwith(3.7)yields,

d

dt
Es(U)≤c2σ

(
Es(U)

)3
2,

andcompletestheproofofProposition3.1.
�

3.2.Estimatesforsystem(1.7).AsintheformersubsectionwedefineU=(η,u)T=
ε(ζ,v)Tandwewritethesystemonacompactform:

∂tU+M(U,D)U=0,(3.10)

with

M(U,D)=

(
u∂x(1+η)∂x
Tµ(D)∂xu∂x

)
.(3.11)

Wedefinethesymmetrizerassociatedto(3.10)tobe

Q(U,D)=

(
Tµ(D)0

01+η

)
.(3.12)

ThentheenergygiveninDefinition1.18canbewrittenas

Es(U)=
(

ΛsΛ
1
2
µU,Q(U,D)ΛsΛ

1
2
µU

)
L2,(3.13)

andtheaprioriestimatefor(1.7)isstatedinthefollowingproposition.

Proposition3.3.Lets>3
2,ε,µ∈(0,1)and(η,u)=ε(ζ,v)∈C([0,T0];V

s
µ(R))bea

solutionto(1.7)onatimeinterval[0,T0]forsomeT0>0.Moreover,assumethereexist
h0∈(0,1)andh1>0suchthat

h0−1≤η(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η,u)|Hs×Hs≤h1.(3.14)

Then,fortheenergygiveninDefinition1.18,thereholds

d

dt
Es(U).

(
Es(U)

)3
2,(3.15)

forall0<t<T0,and
|(η,u)|2Vsµ.Es(U).|(η,u)|2Vsµ,(3.16)

forall0<t<T0.

ProofofProposition3.3.Webeginbyproving(3.16).ByDefinition(1.18)oftheenergy,
thenon-cavitationcondition(3.14),(2.17),and(2.16)weobtainthelowerbound

Es(U)=|
√
Tµ(D)Λ

1
2
µη|2Hs+

(
Λ

1
2
µΛsu,(1+η)Λ

1
2
µΛsu

)
L2

≥c|η|2Hs+h0|Λ
1
2
µu|2Hs

≥c|η|2Hs+c·h0(|u|2Hs+
√

µ|D1
2u|2Hs),

forsomec>0.Thereverseinequalityfollowsbytheestimates(2.16),(2.17),Hölder’s
inequality,theSobolevembedding,and(3.14):

Es(U)≤|
√
Tµ(D)Λ

1
2
µη|2Hs+|Λ

1
2
µu|2Hs+|η|L∞|Λ

1
2
µu|2Hs.|(η,u)|2Vsµ.
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Consequently, the desired estimate follows from Hölder’s inequality, the Sobolev embedding,
and the above claim that,

|II| . |Kµ(D)∂xu|L∞ |u|2Hs + |∂x(ηu)|L∞ |u|2Hs .σ |(η, u)|
3
V s
µ . (3.9)

Adding together all the estimates, combined with (3.7) yields,

d

dt
Es(U) ≤ c

2
σ

(
Es(U)

) 3
2
,

and completes the proof of Proposition 3.1.
�

3.2. Estimates for system (1.7). As in the former subsection we define U = (η, u)T =
ε(ζ, v)T and we write the system on a compact form:

∂tU +M(U,D)U = 0, (3.10)

with

M(U,D) =

(
u∂x (1 + η)∂x

Tµ(D)∂x u∂x

)
. (3.11)

We define the symmetrizer associated to (3.10) to be

Q(U,D) =

(
Tµ(D) 0

0 1 + η

)
. (3.12)

Then the energy given in Definition 1.18 can be written as

Es(U) =
(
Λ
s
Λ

1
2
µU,Q(U, D)Λ

s
Λ

1
2
µU
)
L2 , (3.13)

and the a priori estimate for (1.7) is stated in the following proposition.

Proposition 3.3. Let s >
3
2 , ε, µ ∈ (0, 1) and (η, u) = ε(ζ, v) ∈ C([0, T0];V s

µ (R)) be a
solution to (1.7) on a time interval [0, T0] for some T0 > 0. Moreover, assume there exist
h0 ∈ (0, 1) and h1 > 0 such that

h0 − 1 ≤ η(x, t), ∀(x, t) ∈ R× [0, T0] and sup
t∈[0,T0]

|(η, u)|Hs×Hs ≤ h1. (3.14)

Then, for the energy given in Definition 1.18, there holds

d

dtEs(U) .
(
Es(U)

) 3
2
, (3.15)

for all 0 < t < T0, and
|(η, u)|

2
V s
µ . Es(U) . |(η, u)|

2
V s
µ , (3.16)

for all 0 < t < T0.

Proof of Proposition 3.3. We begin by proving (3.16). By Definition (1.18) of the energy,
the non-cavitation condition (3.14), (2.17), and (2.16) we obtain the lower bound

Es(U) = |
√
Tµ(D)Λ

1
2
µη|

2
Hs +

(
Λ

1
2
µΛ

s
u, (1 + η)Λ

1
2
µΛ

s
u
)
L2

≥ c|η|
2
Hs + h0|Λ

1
2
µu|

2
Hs

≥ c|η|
2
Hs + c · h0(|u|

2
Hs +√µ|D 1

2u|2Hs),

for some c > 0. The reverse inequality follows by the estimates (2.16), (2.17), Hölder’s
inequality, the Sobolev embedding, and (3.14):

Es(U) ≤ |
√
Tµ(D)Λ

1
2
µη|

2
Hs + |Λ

1
2
µu|

2
Hs + |η|L∞ |Λ

1
2
µu|

2
Hs . |(η, u)|

2
V s
µ .
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Consequently, the desired estimate follows from Hölder’s inequality, the Sobolev embedding,
and the above claim that,

|II| . |Kµ(D)∂xu|L∞ |u|2Hs + |∂x(ηu)|L∞ |u|2Hs .σ |(η, u)|
3
V s
µ . (3.9)

Adding together all the estimates, combined with (3.7) yields,

d

dt
Es(U) ≤ c

2
σ

(
Es(U)

) 3
2
,

and completes the proof of Proposition 3.1.
�

3.2. Estimates for system (1.7). As in the former subsection we define U = (η, u)T =
ε(ζ, v)T and we write the system on a compact form:

∂tU +M(U,D)U = 0, (3.10)

with

M(U,D) =

(
u∂x (1 + η)∂x

Tµ(D)∂x u∂x

)
. (3.11)

We define the symmetrizer associated to (3.10) to be

Q(U,D) =

(
Tµ(D) 0

0 1 + η

)
. (3.12)

Then the energy given in Definition 1.18 can be written as

Es(U) =
(
Λ
s
Λ

1
2
µU,Q(U, D)Λ

s
Λ

1
2
µU
)
L2 , (3.13)

and the a priori estimate for (1.7) is stated in the following proposition.

Proposition 3.3. Let s >
3
2 , ε, µ ∈ (0, 1) and (η, u) = ε(ζ, v) ∈ C([0, T0];V s

µ (R)) be a
solution to (1.7) on a time interval [0, T0] for some T0 > 0. Moreover, assume there exist
h0 ∈ (0, 1) and h1 > 0 such that

h0 − 1 ≤ η(x, t), ∀(x, t) ∈ R× [0, T0] and sup
t∈[0,T0]

|(η, u)|Hs×Hs ≤ h1. (3.14)

Then, for the energy given in Definition 1.18, there holds

d

dtEs(U) .
(
Es(U)

) 3
2
, (3.15)

for all 0 < t < T0, and
|(η, u)|

2
V s
µ . Es(U) . |(η, u)|

2
V s
µ , (3.16)

for all 0 < t < T0.

Proof of Proposition 3.3. We begin by proving (3.16). By Definition (1.18) of the energy,
the non-cavitation condition (3.14), (2.17), and (2.16) we obtain the lower bound

Es(U) = |
√
Tµ(D)Λ

1
2
µη|

2
Hs +

(
Λ

1
2
µΛ

s
u, (1 + η)Λ

1
2
µΛ

s
u
)
L2

≥ c|η|
2
Hs + h0|Λ

1
2
µu|

2
Hs

≥ c|η|
2
Hs + c · h0(|u|

2
Hs +√µ|D 1

2u|2Hs),

for some c > 0. The reverse inequality follows by the estimates (2.16), (2.17), Hölder’s
inequality, the Sobolev embedding, and (3.14):

Es(U) ≤ |
√
Tµ(D)Λ

1
2
µη|

2
Hs + |Λ

1
2
µu|

2
Hs + |η|L∞ |Λ

1
2
µu|

2
Hs . |(η, u)|

2
V s
µ .
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Consequently,thedesiredestimatefollowsfromHölder’sinequality,theSobolevembedding,
andtheaboveclaimthat,

|II|.|Kµ(D)∂xu|L∞|u|2Hs+|∂x(ηu)|L∞|u|2Hs.σ|(η,u)|
3
Vs
µ.(3.9)

Addingtogetheralltheestimates,combinedwith(3.7)yields,

d

dt
Es(U)≤c

2
σ

(
Es(U)

)3
2
,

andcompletestheproofofProposition3.1.
�

3.2.Estimatesforsystem(1.7).AsintheformersubsectionwedefineU=(η,u)T=
ε(ζ,v)Tandwewritethesystemonacompactform:

∂tU+M(U,D)U=0,(3.10)

with

M(U,D)=

(
u∂x(1+η)∂x

Tµ(D)∂xu∂x

)
.(3.11)

Wedefinethesymmetrizerassociatedto(3.10)tobe

Q(U,D)=

(
Tµ(D)0

01+η

)
.(3.12)

ThentheenergygiveninDefinition1.18canbewrittenas

Es(U)=
(
Λ
s
Λ

1
2
µU,Q(U,D)Λ

s
Λ

1
2
µU
)
L2,(3.13)

andtheaprioriestimatefor(1.7)isstatedinthefollowingproposition.

Proposition3.3.Lets>
3
2,ε,µ∈(0,1)and(η,u)=ε(ζ,v)∈C([0,T0];Vs

µ(R))bea
solutionto(1.7)onatimeinterval[0,T0]forsomeT0>0.Moreover,assumethereexist
h0∈(0,1)andh1>0suchthat

h0−1≤η(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η,u)|Hs×Hs≤h1.(3.14)

Then,fortheenergygiveninDefinition1.18,thereholds

d

dtEs(U).
(
Es(U)

)3
2
,(3.15)

forall0<t<T0,and
|(η,u)|

2
Vs
µ.Es(U).|(η,u)|

2
Vs
µ,(3.16)

forall0<t<T0.

ProofofProposition3.3.Webeginbyproving(3.16).ByDefinition(1.18)oftheenergy,
thenon-cavitationcondition(3.14),(2.17),and(2.16)weobtainthelowerbound

Es(U)=|
√
Tµ(D)Λ

1
2
µη|

2
Hs+

(
Λ

1
2
µΛ

s
u,(1+η)Λ

1
2
µΛ

s
u
)
L2

≥c|η|
2
Hs+h0|Λ

1
2
µu|

2
Hs

≥c|η|
2
Hs+c·h0(|u|

2
Hs+√µ|D1

2u|2Hs),

forsomec>0.Thereverseinequalityfollowsbytheestimates(2.16),(2.17),Hölder’s
inequality,theSobolevembedding,and(3.14):

Es(U)≤|
√
Tµ(D)Λ

1
2
µη|

2
Hs+|Λ

1
2
µu|

2
Hs+|η|L∞|Λ

1
2
µu|

2
Hs.|(η,u)|

2
Vs
µ.
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Consequently,thedesiredestimatefollowsfromHölder’sinequality,theSobolevembedding,
andtheaboveclaimthat,

|II|.|Kµ(D)∂xu|L∞|u|2Hs+|∂x(ηu)|L∞|u|2Hs.σ|(η,u)|
3
Vs
µ.(3.9)

Addingtogetheralltheestimates,combinedwith(3.7)yields,

d

dt
Es(U)≤c

2
σ

(
Es(U)

)3
2
,

andcompletestheproofofProposition3.1.
�

3.2.Estimatesforsystem(1.7).AsintheformersubsectionwedefineU=(η,u)T=
ε(ζ,v)Tandwewritethesystemonacompactform:

∂tU+M(U,D)U=0,(3.10)

with

M(U,D)=
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u∂x(1+η)∂x

Tµ(D)∂xu∂x

)
.(3.11)

Wedefinethesymmetrizerassociatedto(3.10)tobe
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)
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Next, we prove (3.15). There follows by using (3.10) and the self-adjointness of Q(U,D)
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On the other hand, we cannot estimate A2,2
12 on its own. We must therefore cancel it with

A21. Observe

A21 =
(
ΛsΛ

1
2
µ

√
Tµ(D)∂xη, [

√
Tµ(D), η]ΛsΛ

1
2
µu
)
L2

+
(
ΛsΛ

1
2
µ

√
Tµ(D)∂xη, (1 + η)ΛsΛ

1
2
µ

√
Tµ(D)u

)
L2

= A1
21 +A2

21.

First, by using integration by parts, the Cauchy-Schwarz inequality, (2.16), (2.35) and (2.17)
we find that

|A1
21| = |ΛsΛ

1
2
µ

√
Tµ(D)η|L2 |∂x[

√
Tµ(D), η]ΛsΛ

1
2
µu|L2 . |(η, u)|3V sµ . (3.17)

On the other hand, we observe that A2
21 = −A2,2

21 . We may therefore conclude that the sum
satisfies:

|A12 +A21| . |(η, u)|3V sµ .

Control of A22. Similar to A11 we write the expression with the good commutator:
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Consequently, we may add (3.18) and (3.19), then apply (3.16) to conclude the proof of
estimate (3.15).
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Then,byusingHölder’sinequality,theSobolevembedding,(3.14)and(2.17),wededuce
that

|II|.(|∂xu|L∞+|∂x(ηu)|L∞)|Λ
1
2
µu|2Hs.|(η,u)|3Vsµ.(3.19)

Consequently,wemayadd(3.18)and(3.19),thenapply(3.16)toconcludetheproofof
estimate(3.15).
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On the other hand, we cannot estimate A
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First, by using integration by parts, the Cauchy-Schwarz inequality, (2.16), (2.35) and (2.17)
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2 , and the Sobolev em-

bedding to get

|A
1
22| . |[Λ

s
Λ

1
2
µ , u]∂xu|L2(1 + |η|L∞)|Λ

s
Λ

1
2
µu|L2 . |(η, u)|

3
V s
µ .

While for A2
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Consequently, we may add (3.18) and (3.19), then apply (3.16) to conclude the proof of
estimate (3.15).
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that
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Consequently, we may add (3.18) and (3.19), then apply (3.16) to conclude the proof of
estimate (3.15).
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wefindthat
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ControlofA22.SimilartoA11wewritetheexpressionwiththegoodcommutator:
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Consequently,wemayadd(3.18)and(3.19),thenapply(3.16)toconcludetheproofof
estimate(3.15).
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estimate(3.15).
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3
Vs
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3
Vs
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3
Vs
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Λ
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Λ
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Λ
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µu
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(
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s
Λ
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s
Λ
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Λ
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2
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√
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3.3. Estimates for system (1.9). As in the former subsections we let U = (η, u)T =
ε(ζ, v)T and write the system on the form

∂tU + M (U,D)U = 0, (3.20)

with

M (U,D) =

(
Tµ(D)(u∂x·) ∂x + Tµ(D)(η∂x·)
Kµ(D)∂x Tµ(D)(u∂x·)

)
. (3.21)

The symmetrizer is defined by

Q(U, D) =

(T −1µ (D)Kµ(D) 0
0 T −1µ (D) + η

)
. (3.22)

Then the energy given in Definition 1.19 can be written as

Es(U) =
(
ΛsU,Q(U, D)ΛsU

)
L2 , (3.23)

and the a priori estimate for (1.9) is stated in the following proposition.

Proposition 3.4. Let s > 3
2 , ε, µ ∈ (0, 1), σ ≥ 0, and let (η, u) = ε(ζ, v) ∈ C([0, T0];X

s
σ,µ(R))

be a solution to (1.9) on a time interval [0, T0] for some T0 > 0. Moreover, assume that
there exist h0 ∈ (0, 1) and h1 > 0 such that

h0 − 1 ≤ η(x, t), ∀(x, t) ∈ R× [0, T0] and sup
t∈[0,T0]

|(η, u)|Hs×Hs ≤ h1. (3.24)

Then, for the energy given in Definition 1.19, there holds,

d

dt
Es(U) . c2σ

(
Es(U)

) 3
2 , (3.25)

and the energy is coercive:

|(η, u)|2Xs
σ,µ
. Es(U) . |(η, u)|2Xs

σ,µ
. (3.26)

Proof of Proposition 3.4. We will first provide the coercivity estimate (3.26). By Definition
1.19 for the energy, the non-cavitation condition (3.24) and (2.15) we obtain the lower
bound

Es(U) = |〈√σµD1〉η|2Hs +
(
Λsu, (T −1µ (D) + η)Λsu

)
L2

≥ |η|2Hs + σµ|D1η|2Hs +
h0
2
|u|2Hs + c

√
µ|D 1

2u|2Hs ,

for some c > 0 and σ ≥ 0. The reverse inequality follows by the upper bound in (2.15), the
Sobolev embedding and (3.24):

Es(U) ≤ |〈√σµD1〉η|2Hs + |
√
T −1µ (D)Λsu|2 + |η|L∞ |Λsu|2 . |(η, u)|2Xs

σ,µ
.

We may now prove (3.25). To do so, we use (3.20) and the self-adjointness of Q(U,D)
to write

1

2

d

dt
Es(U) = −

(
ΛsM (U,D)U,Q(U,D)ΛsU

)
L2 +

1

2

(
ΛsU, (∂tQ(U,D))ΛsU

)
L2

=: I + I I .

Control of I . By definition of (3.23) we must estimate the following terms:

I =
(
Λs(u∂xη),Kµ(D)Λsη

)
L2 +

(
Λs∂xu+ ΛsTµ(D)(η∂xu), T −1µ (D)Kµ(D)Λsη

)
L2

+
(
ΛsKµ(D)∂xη, (T −1µ (D) + η)Λsu

)
L2 +

(
ΛsTµ(D)(u∂xu), (T −1µ (D) + η)Λsu

)
L2

=: A11 + A12 + A21 + A22.
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3.3.Estimatesforsystem(1.9).AsintheformersubsectionsweletU=(η,u)T=
ε(ζ,v)Tandwritethesystemontheform

∂tU+M(U,D)U=0,(3.20)

with

M(U,D)=

(
Tµ(D)(u∂x·)∂x+Tµ(D)(η∂x·)
Kµ(D)∂xTµ(D)(u∂x·)

)
.(3.21)

Thesymmetrizerisdefinedby

Q(U,D)=

(T−1 µ(D)Kµ(D)0
0T−1 µ(D)+η

)
.(3.22)

ThentheenergygiveninDefinition1.19canbewrittenas

Es(U)=
(

ΛsU,Q(U,D)ΛsU
)
L2,(3.23)

andtheaprioriestimatefor(1.9)isstatedinthefollowingproposition.

Proposition3.4.Lets>3
2,ε,µ∈(0,1),σ≥0,andlet(η,u)=ε(ζ,v)∈C([0,T0];X

s
σ,µ(R))

beasolutionto(1.9)onatimeinterval[0,T0]forsomeT0>0.Moreover,assumethat
thereexisth0∈(0,1)andh1>0suchthat

h0−1≤η(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η,u)|Hs×Hs≤h1.(3.24)

Then,fortheenergygiveninDefinition1.19,thereholds,

d

dt
Es(U).c2σ

(
Es(U)

)3
2,(3.25)

andtheenergyiscoercive:

|(η,u)|2Xs
σ,µ

.Es(U).|(η,u)|2Xs
σ,µ

.(3.26)

ProofofProposition3.4.Wewillfirstprovidethecoercivityestimate(3.26).ByDefinition
1.19fortheenergy,thenon-cavitationcondition(3.24)and(2.15)weobtainthelower
bound

Es(U)=|〈√σµD1〉η|2Hs+
(

Λsu,(T−1 µ(D)+η)Λsu
)
L2

≥|η|2Hs+σµ|D1η|2Hs+
h0
2
|u|2Hs+c

√
µ|D1

2u|2Hs,

forsomec>0andσ≥0.Thereverseinequalityfollowsbytheupperboundin(2.15),the
Sobolevembeddingand(3.24):

Es(U)≤|〈√σµD1〉η|2Hs+|
√
T−1 µ(D)Λsu|2+|η|L∞|Λsu|2.|(η,u)|2Xs

σ,µ
.

Wemaynowprove(3.25).Todoso,weuse(3.20)andtheself-adjointnessofQ(U,D)
towrite

1

2

d

dt
Es(U)=−

(
ΛsM(U,D)U,Q(U,D)ΛsU

)
L2+

1

2

(
ΛsU,(∂tQ(U,D))ΛsU

)
L2

=:I+II.

ControlofI.Bydefinitionof(3.23)wemustestimatethefollowingterms:

I=
(

Λs(u∂xη),Kµ(D)Λsη
)
L2+

(
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(
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)
L2
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3.3. Estimates for system (1.9). As in the former subsections we let U = (η, u)T =
ε(ζ, v)T and write the system on the form

∂tU + M (U,D)U = 0, (3.20)

with

M (U,D) =

(
Tµ(D)(u∂x·) ∂x + Tµ(D)(η∂x·)
Kµ(D)∂x Tµ(D)(u∂x·)

)
. (3.21)

The symmetrizer is defined by

Q(U, D) =

(T −1
µ (D)Kµ(D) 0

0 T −1µ (D) + η

)
. (3.22)

Then the energy given in Definition 1.19 can be written as

Es(U) =
(
Λ
s
U,Q(U, D)Λ

s
U
)
L2 , (3.23)

and the a priori estimate for (1.9) is stated in the following proposition.

Proposition 3.4. Let s >
3
2 , ε, µ ∈ (0, 1), σ ≥ 0, and let (η, u) = ε(ζ, v) ∈ C([0, T0];Xs

σ,µ(R))
be a solution to (1.9) on a time interval [0, T0] for some T0 > 0. Moreover, assume that
there exist h0 ∈ (0, 1) and h1 > 0 such that

h0 − 1 ≤ η(x, t), ∀(x, t) ∈ R× [0, T0] and sup
t∈[0,T0]

|(η, u)|Hs×Hs ≤ h1. (3.24)

Then, for the energy given in Definition 1.19, there holds,

d

dt
Es(U) . c

2
σ

(
Es(U)

) 3
2
, (3.25)

and the energy is coercive:

|(η, u)|
2
Xs
σ,µ . Es(U) . |(η, u)|

2
Xs
σ,µ . (3.26)

Proof of Proposition 3.4. We will first provide the coercivity estimate (3.26). By Definition
1.19 for the energy, the non-cavitation condition (3.24) and (2.15) we obtain the lower
bound

Es(U) = |〈√σµD
1
〉η|

2
Hs +

(
Λ
s
u, (T −1µ (D) + η)Λ

s
u
)
L2

≥ |η|
2
Hs + σµ|D

1
η|

2
Hs +

h0
2 |u|

2
Hs + c√µ|D 1

2u|2Hs ,

for some c > 0 and σ ≥ 0. The reverse inequality follows by the upper bound in (2.15), the
Sobolev embedding and (3.24):

Es(U) ≤ |〈√σµD
1
〉η|

2
Hs + |

√
T
−1
µ (D)Λ

s
u|

2
+ |η|L∞ |Λsu|2 . |(η, u)|

2
Xs
σ,µ .

We may now prove (3.25). To do so, we use (3.20) and the self-adjointness of Q(U,D)
to write

1

2

d

dt
Es(U) = −

(
Λ
s
M (U,D)U,Q(U,D)Λ

s
U
)
L2 +

1

2

(
Λ
s
U, (∂tQ(U,D))Λ

s
U
)
L2

=: I + I I .

Control of I . By definition of (3.23) we must estimate the following terms:

I =
(
Λ
s
(u∂xη),Kµ(D)Λ

s
η
)
L2 +

(
Λ
s
∂xu+ Λ

s
Tµ(D)(η∂xu), T −1µ (D)Kµ(D)Λ

s
η
)
L2

+
(
Λ
s
Kµ(D)∂xη, (T −1µ (D) + η)Λ

s
u
)
L2 +

(
Λ
s
Tµ(D)(u∂xu), (T −1µ (D) + η)Λ

s
u
)
L2

=: A11 + A12 + A21 + A22.
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useHölder’sinequality,(2.33),(2.14),theSobolevembedding,andintegrationbypartsto
deducetheestimate

|A11|≤|
(
[Λ
s√
Tµ(D),u]∂xη,Λ

s√
Tµ(D)η

)
L2|+|

(
uΛ

s√
Tµ(D)∂xη,Λ

s√
Tµ(D)η

)
L2|

.|u|Hs|η|2Hs.

ControlofA12+A21.Byusingintegrationbypartswewrite,

A12=
(
Λ
s
(η∂xu),Kµ(D)Λ

s
η
)
L2−

(
Λ
s
u,T−1 µ(D)Kµ(D)Λ

s
∂xη
)
L2

=A
1
12+A

2
12.

ForA1
12,observe

A
1
12=

(
[Λ
s
,η]∂xu,Kµ(D)Λ

s
η
)
L2−

(
(∂xη)Λ

s
u,Kµ(D)Λ

s
η
)
L2−

(
ηΛ

s
u,Kµ(D)Λ

s
∂xη
)
L2

=A
1,1
12+A

1,2
12+A

1,3
12.

Theninthecaseσ>0weusetheKato-Poncecommutatorestimate(2.9),theSobolev
embedding,andthepointwiseestimate(2.1)combinedwithPlancherelimplythat

|A
1,1
12+A

1,2
12|.c

2
σ|u|Hs|η|Hs(|η|Hs+σ√µ|D1

η|Hs).c2σ|(η,u)|
3
Xs
σ,µ.

Whileforthecaseσ=0,wesimplyusetheboundednessofTµ(D)onL2(R)todeduce,

|A
1,1
12+A

1,2
12|.|u|Hs|η|2Hs.

However,ineithercasethecontributionofremainingterms,A
1,3
12+A2

12,willbecanceled
byA21.Indeed,weobservethat

A21=
(
Λ
s
Kµ(D)∂xη,ηΛ

s
u
)
L2+

(
Λ
s
Kµ(D)∂xη,T−1 µ(D)Λ

s
u
)
L2=−A

1,3
12−A

2
12.

Hence,combiningtheseidentitiesandestimatesgivesthebound

|A12+A21|.c
2
σ|(η,u)|

3
Xs
σ,µ.

ControlofA22.Considerthetwoterms:

A22=
(
Λ
s
(u∂xu),Λ

s
u
)
L2+

(
Λ
s
Tµ(D)(u∂xu),ηΛ

s
u
)
L2=A

1
22+A

2
22.

LONGTIMEWELL-POSEDNESSOFWHITHAM-BOUSSINESQSYSTEMS23

ControlofA11.WerewriteA11as

A11=
(
[Λ
s√
Kµ(D),u]∂xη,Λ

s√
Kµ(D)η

)
L2+

(
uΛ

s√
Kµ(D)∂xη,Λ

s√
Kµ(D)η

)
L2

=:A
1
11+A

2
11.

Theninthecaseσ>0,wefirstobservebyinterpolationandYoung’sinequalitythat

√σµ1
4|η|Hs+1

2≤|η|
1
2
Hs

(
σ√µ|η|

Hs+1

)1
2
.σ|η|Hs+σ√µ|D1

η|Hs,(3.27)

andthusA1
11istreatedbytheCauchy-Schwarzinequality,thecommutatorestimate(2.18)

withs>
3
2,(2.7),and(3.27):

|A
1
11|.c

2
σ(|u|Hs+µ

1
2|u|Hs+1

2)(|η|Hs+√σµ1
4|η|Hs+1

2)
2
.c

2
σ|(η,u)|

3
Xs
σ,µ.

Ontheotherhand,forA2
11weconcludebyintegrationbyparts,(2.7),(3.27),andthe

Sobolevembeddingwiths>
3
2that

|A11|.|A
1
11|+|∂xu|L∞|

√
Kµ(D)η|Hs|

√
Kµ(D)η|Hs.c2σ|(η,u)|

3
Xs
σ,µ,

forσ>0.Moreover,inthecaseσ=0,thenKµ(D)isequaltoTµ(D)andwesimply
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Sobolevembeddingwiths>
3
2that

|A11|.|A
1
11|+|∂xu|L∞|

√
Kµ(D)η|Hs|

√
Kµ(D)η|Hs.c2σ|(η,u)|

3
Xs
σ,µ,

forσ>0.Moreover,inthecaseσ=0,thenKµ(D)isequaltoTµ(D)andwesimply
useHölder’sinequality,(2.33),(2.14),theSobolevembedding,andintegrationbypartsto
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(
[Λ
s√
Tµ(D),u]∂xη,Λ

s√
Tµ(D)η

)
L2|+|

(
uΛ

s√
Tµ(D)∂xη,Λ

s√
Tµ(D)η

)
L2|

.|u|Hs|η|2Hs.

ControlofA12+A21.Byusingintegrationbypartswewrite,

A12=
(
Λ
s
(η∂xu),Kµ(D)Λ

s
η
)
L2−

(
Λ
s
u,T−1 µ(D)Kµ(D)Λ

s
∂xη
)
L2

=A
1
12+A

2
12.

ForA1
12,observe

A
1
12=

(
[Λ
s
,η]∂xu,Kµ(D)Λ

s
η
)
L2−

(
(∂xη)Λ

s
u,Kµ(D)Λ

s
η
)
L2−

(
ηΛ

s
u,Kµ(D)Λ

s
∂xη
)
L2

=A
1,1
12+A

1,2
12+A

1,3
12.

Theninthecaseσ>0weusetheKato-Poncecommutatorestimate(2.9),theSobolev
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|A
1,1
12+A

1,2
12|.c

2
σ|u|Hs|η|Hs(|η|Hs+σ√µ|D1

η|Hs).c2σ|(η,u)|
3
Xs
σ,µ.

Whileforthecaseσ=0,wesimplyusetheboundednessofTµ(D)onL2(R)todeduce,

|A
1,1
12+A

1,2
12|.|u|Hs|η|2Hs.

However,ineithercasethecontributionofremainingterms,A
1,3
12+A2
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A21=
(
Λ
s
Kµ(D)∂xη,ηΛ

s
u
)
L2+

(
Λ
s
Kµ(D)∂xη,T−1 µ(D)Λ

s
u
)
L2=−A

1,3
12−A

2
12.
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|A12+A21|.c
2
σ|(η,u)|

3
Xs
σ,µ.

ControlofA22.Considerthetwoterms:

A22=
(
Λ
s
(u∂xu),Λ

s
u
)
L2+

(
Λ
s
Tµ(D)(u∂xu),ηΛ

s
u
)
L2=A

1
22+A

2
22.
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The control of A 1
22 is a direct consequence of the Kato-Ponce commutator estimate (2.9)

and integration by parts. Since s > 3
2 , we have that

|A 1
22| ≤

∣∣([Λs, u]∂xu,Λ
su
)
L2

∣∣+
1

2

∣∣((∂xu)Λsu,Λsu
)
L2

∣∣ . |u|3Hs .

To deal with A 2
22, we make the decomposition

A 2
22 =

(
[Λs
√
Tµ(D), u]∂xu,

√
Tµ(D)ηΛsu

)
L2 +

(
uΛs

√
Tµ(D)∂xu, [

√
Tµ(D), η]Λsu

)
L2

+
(
uΛs

√
Tµ(D)∂xu, η

√
Tµ(D)Λsu

)
L2

= A 2,1
22 + A 2,2

22 + A 2,3
22 .

Then for A 2,1
22 we employ the Cauchy-Schwarz inequality, (2.33), (3.24), (2.14), and the

Sobolev embedding to deduce

|A 2,1
22 | ≤ |[Λs

√
Tµ(D), u]∂xu|L2 |

√
Tµ(D)(ηΛsu)|L2 . |(η, u)|3Xs

σ,µ
.

Before we treat A 2,2
22 , we note that |[

√
Tµ(D), η]Λsu|L2 . |η|Hs |u|Hs . Indeed, using (2.14)

and the Sobolev embedding we find that

|[
√
Tµ(D), η]Λsu|L2 . |η|L∞ |Λsu|L2 . |η|Hs |u|Hs . (3.28)

Consequently, using integration by parts, the Cauchy-Schwarz inequality, (3.28) and (2.35)
we get

|A 2,2
22 | =

∣∣((∂xu)Λs
√
Tµ(D)u, [

√
Tµ(D), η]Λsu

)
L2

∣∣

+
∣∣(uΛs

√
Tµ(D)u, ∂x[

√
Tµ(D), η]Λsu

)
L2

∣∣
. |η|Hs |u|3Hs ,

then use (3.24) on one term. Similarly, for A 2,3
22 we use integration by parts, the Sobolev

embedding, and (2.14) to get the bound

|A 2,3
22 | . |∂x(ηu)|L∞ |u|2Hs .

Therefore, we conclude by (3.24) and gathering all these estimates that

|A22| . |(η, u)|3Xs
σ,µ
,

and by extension, we have the bound

|I | .σ |(η, u)|3Xs
σ,µ
.

Control of I I . By defintion of (3.22) and (3.20) we get that,

I I =
(
Λsu, (∂tη)Λsu

)
L2

= −
(
Λsu, (∂xu)Λsu

)
L2 −

(
Λsu, (Tµ(D)∂x(ηu))Λsu

)
L2 ,

Then the final estimate follows by the Cauchy-Schwarz inequality, (3.24) and the fact that
Tµ(D) is bounded on L2(R), then apply Hölder’s inequality, and the Sobolev embedding to
deduce

|I I | ≤ |∂xu|L∞ |u|2Hs + |Tµ(D)∂x(ηu)|L∞ |u|2Hs . |(η, u)|3Xs
σ,µ
.
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ThecontrolofA1
22isadirectconsequenceoftheKato-Poncecommutatorestimate(2.9)

andintegrationbyparts.Sinces>3
2,wehavethat
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2

∣∣((∂xu)Λsu,Λsu
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∣∣.|u|3Hs.
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L2+

(
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√
Tµ(D)∂xu,[

√
Tµ(D),η]Λsu

)
L2

+
(
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√
Tµ(D)∂xu,η

√
Tµ(D)Λsu

)
L2

=A2,1
22+A2,2

22+A2,3
22.

ThenforA2,1
22weemploytheCauchy-Schwarzinequality,(2.33),(3.24),(2.14),andthe

Sobolevembeddingtodeduce
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22|≤|[Λs

√
Tµ(D),u]∂xu|L2|

√
Tµ(D)(ηΛsu)|L2.|(η,u)|3Xs

σ,µ
.

BeforewetreatA2,2
22,wenotethat|[

√
Tµ(D),η]Λsu|L2.|η|Hs|u|Hs.Indeed,using(2.14)

andtheSobolevembeddingwefindthat

|[
√

Tµ(D),η]Λsu|L2.|η|L∞|Λsu|L2.|η|Hs|u|Hs.(3.28)

Consequently,usingintegrationbyparts,theCauchy-Schwarzinequality,(3.28)and(2.35)
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√
Tµ(D)u,[

√
Tµ(D),η]Λsu
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L2

∣∣

+
∣∣(uΛs

√
Tµ(D)u,∂x[

√
Tµ(D),η]Λsu

)
L2

∣∣
.|η|Hs|u|3Hs,

thenuse(3.24)ononeterm.Similarly,forA2,3
22weuseintegrationbyparts,theSobolev

embedding,and(2.14)togetthebound

|A2,3
22|.|∂x(ηu)|L∞|u|2Hs.

Therefore,weconcludeby(3.24)andgatheringalltheseestimatesthat

|A22|.|(η,u)|3Xs
σ,µ

,

andbyextension,wehavethebound

|I|.σ|(η,u)|3Xs
σ,µ

.

ControlofII.Bydefintionof(3.22)and(3.20)wegetthat,

II=
(

Λsu,(∂tη)Λsu
)
L2

=−
(

Λsu,(∂xu)Λsu
)
L2−

(
Λsu,(Tµ(D)∂x(ηu))Λsu

)
L2,

ThenthefinalestimatefollowsbytheCauchy-Schwarzinequality,(3.24)andthefactthat
Tµ(D)isboundedonL2(R),thenapplyHölder’sinequality,andtheSobolevembeddingto
deduce

|II|≤|∂xu|L∞|u|2Hs+|Tµ(D)∂x(ηu)|L∞|u|2Hs.|(η,u)|3Xs
σ,µ

.

�

24M.OENPAULSEN

ThecontrolofA1
22isadirectconsequenceoftheKato-Poncecommutatorestimate(2.9)

andintegrationbyparts.Sinces>3
2,wehavethat

|A1
22|≤

∣∣([Λs,u]∂xu,Λ
su

)
L2

∣∣+
1

2

∣∣((∂xu)Λsu,Λsu
)
L2

∣∣.|u|3Hs.

TodealwithA2
22,wemakethedecomposition

A2
22=

(
[Λs

√
Tµ(D),u]∂xu,

√
Tµ(D)ηΛsu

)
L2+

(
uΛs

√
Tµ(D)∂xu,[

√
Tµ(D),η]Λsu

)
L2

+
(
uΛs

√
Tµ(D)∂xu,η

√
Tµ(D)Λsu

)
L2

=A2,1
22+A2,2

22+A2,3
22.

ThenforA2,1
22weemploytheCauchy-Schwarzinequality,(2.33),(3.24),(2.14),andthe

Sobolevembeddingtodeduce

|A2,1
22|≤|[Λs

√
Tµ(D),u]∂xu|L2|

√
Tµ(D)(ηΛsu)|L2.|(η,u)|3Xs

σ,µ
.

BeforewetreatA2,2
22,wenotethat|[

√
Tµ(D),η]Λsu|L2.|η|Hs|u|Hs.Indeed,using(2.14)

andtheSobolevembeddingwefindthat

|[
√

Tµ(D),η]Λsu|L2.|η|L∞|Λsu|L2.|η|Hs|u|Hs.(3.28)

Consequently,usingintegrationbyparts,theCauchy-Schwarzinequality,(3.28)and(2.35)
weget

|A2,2
22|=

∣∣((∂xu)Λs
√
Tµ(D)u,[

√
Tµ(D),η]Λsu

)
L2

∣∣

+
∣∣(uΛs

√
Tµ(D)u,∂x[

√
Tµ(D),η]Λsu

)
L2

∣∣
.|η|Hs|u|3Hs,

thenuse(3.24)ononeterm.Similarly,forA2,3
22weuseintegrationbyparts,theSobolev

embedding,and(2.14)togetthebound

|A2,3
22|.|∂x(ηu)|L∞|u|2Hs.

Therefore,weconcludeby(3.24)andgatheringalltheseestimatesthat

|A22|.|(η,u)|3Xs
σ,µ

,

andbyextension,wehavethebound

|I|.σ|(η,u)|3Xs
σ,µ

.

ControlofII.Bydefintionof(3.22)and(3.20)wegetthat,

II=
(

Λsu,(∂tη)Λsu
)
L2

=−
(

Λsu,(∂xu)Λsu
)
L2−

(
Λsu,(Tµ(D)∂x(ηu))Λsu

)
L2,

ThenthefinalestimatefollowsbytheCauchy-Schwarzinequality,(3.24)andthefactthat
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The control of A 1
22 is a direct consequence of the Kato-Ponce commutator estimate (2.9)

and integration by parts. Since s >
3
2 , we have that

|A
1
22| ≤

∣∣(
[Λ
s
, u]∂xu,Λ

s
u
)
L2

∣∣
+

1

2

∣∣(
(∂xu)Λ

s
u,Λ

s
u
)
L2

∣∣
. |u|

3
Hs .

To deal with A 2
22, we make the decomposition

A
2
22 =

(
[Λ
s√
Tµ(D), u]∂xu,

√
Tµ(D)ηΛ

s
u
)
L2 +

(
uΛ

s√
Tµ(D)∂xu, [

√
Tµ(D), η]Λ

s
u
)
L2

+
(
uΛ

s√
Tµ(D)∂xu, η

√
Tµ(D)Λ

s
u
)
L2

= A
2,1
22 + A

2,2
22 + A

2,3
22 .

Then for A
2,1
22 we employ the Cauchy-Schwarz inequality, (2.33), (3.24), (2.14), and the

Sobolev embedding to deduce

|A
2,1
22 | ≤ |[Λ

s√
Tµ(D), u]∂xu|L2 |

√
Tµ(D)(ηΛ

s
u)|L2 . |(η, u)|

3
Xs
σ,µ .

Before we treat A
2,2
22 , we note that |[

√
Tµ(D), η]Λsu|L2 . |η|Hs |u|Hs . Indeed, using (2.14)

and the Sobolev embedding we find that

|[
√
Tµ(D), η]Λ

s
u|L2 . |η|L∞ |Λsu|L2 . |η|Hs |u|Hs . (3.28)

Consequently, using integration by parts, the Cauchy-Schwarz inequality, (3.28) and (2.35)
we get

|A
2,2
22 | =

∣∣(
(∂xu)Λ

s√
Tµ(D)u, [

√
Tµ(D), η]Λ

s
u
)
L2

∣∣

+
∣∣(
uΛ

s√
Tµ(D)u, ∂x[

√
Tµ(D), η]Λ

s
u
)
L2

∣∣
. |η|Hs |u|3Hs ,

then use (3.24) on one term. Similarly, for A
2,3
22 we use integration by parts, the Sobolev

embedding, and (2.14) to get the bound

|A
2,3
22 | . |∂x(ηu)|L∞ |u|2Hs .

Therefore, we conclude by (3.24) and gathering all these estimates that

|A22| . |(η, u)|
3
Xs
σ,µ ,

and by extension, we have the bound

|I | .σ |(η, u)|
3
Xs
σ,µ .

Control of I I . By defintion of (3.22) and (3.20) we get that,

I I =
(
Λ
s
u, (∂tη)Λ

s
u
)
L2

= −
(
Λ
s
u, (∂xu)Λ

s
u
)
L2 −

(
Λ
s
u, (Tµ(D)∂x(ηu))Λ

s
u
)
L2 ,

Then the final estimate follows by the Cauchy-Schwarz inequality, (3.24) and the fact that
Tµ(D) is bounded on L2(R), then apply Hölder’s inequality, and the Sobolev embedding to
deduce

|I I | ≤ |∂xu|L∞ |u|2Hs + |Tµ(D)∂x(ηu)|L∞ |u|2Hs . |(η, u)|
3
Xs
σ,µ .
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ThecontrolofA1
22isadirectconsequenceoftheKato-Poncecommutatorestimate(2.9)

andintegrationbyparts.Sinces>
3
2,wehavethat

|A
1
22|≤

∣∣(
[Λ
s
,u]∂xu,Λ

s
u
)
L2

∣∣
+

1

2

∣∣(
(∂xu)Λ

s
u,Λ

s
u
)
L2
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.|u|

3
Hs.

TodealwithA2
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Tµ(D),u]∂xu,
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Tµ(D)ηΛ

s
u
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s√
Tµ(D)∂xu,[

√
Tµ(D),η]Λ

s
u
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√
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s
u
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=A
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22+A
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ThenthefinalestimatefollowsbytheCauchy-Schwarzinequality,(3.24)andthefactthat
Tµ(D)isboundedonL2(R),thenapplyHölder’sinequality,andtheSobolevembeddingto
deduce
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4. Estimates for the difference of two solutions

4.1. Estimates for system (1.5). We will now estimate the difference between two solu-
tions of (1.5) given by U1 = (η1, u1)

T = ε(ζ1, v1)
T and U2 = (η2, u2)

T = ε(ζ2, v2)
T . For

convenience, we define (ψ,w) = (η1 − η2, u1 − u2). Then W = (ψ,w)T solves

∂tW +M(U1,D)W = F, (4.1)

with M defined as in (3.2) and F = −
(
M(U1,D)−M(U2,D)

)
U2. Specifically, the source

term is given by

F = −
(
w∂xη2 + ψ∂xu2

w∂xu2

)
. (4.2)

The energy associated to (4.1) is given in terms of the symmetrizer Q(U1,D) defined in
(3.3) and reads

Ẽs(W) :=
(
ΛsW, Q(U1,D)ΛsW

)
L2 . (4.3)

The main result of this section reads:

Proposition 4.1. Take s > 2 and ε, µ ∈ (0, 1). Let (η1, u1), (η2, u2) ∈ C([0, T0] : V s
µ (R)) be

two solutions of (1.5) on a time interval [0, T0] for some T0 > 0. Moreover, assume there
exist h0 ∈ (0, 1) and h1 > 0 such that

h0 − 1 ≤ η1(x, t), ∀(x, t) ∈ R× [0, T0] and sup
t∈[0,T0]

|(η1, u1)|Hs×Hs ≤ h1, (4.4)

when σ ≥ 1
3 , and that

−σ
2
≤ η1(x, t), ∀(x, t) ∈ R× [0, T0] and sup

t∈[0,T0]
|(η1, u1)|Hs×Hs ≤ h1, (4.5)

when 0 < σ < 1
3 .

Define the difference to be W = (ψ,w) = (η1− η2, u1−u2). Then, for the energy defined
by (4.3), there holds

d

dt
Ẽ0(W) .σ max

i=1,2
|(ηi, ui)|V sµ |(ψ,w)|2V 0

µ
, (4.6)

and
|(ψ,w)|2V 0

µ
.σ Ẽ0(W) .σ |(ψ,w)|2V 0

µ
. (4.7)

Furthermore, we have the following estimate at the V s
µ− level:

d

dt
Ẽs(W) .σ |

(
ΛsF, Q(U1,D)ΛsW

)
L2 |+ max

i=1,2
|(ηi, ui)|V sµ |(ψ,w)|2V sµ , (4.8)

and
|(ψ,w)|2V sµ .σ Ẽs(W) .σ |(ψ,w)|2V sµ . (4.9)

Remark 4.2. The source term corresponding to F given by (4.8) will be treated in the proof
of Theorem 1.6 by using regularization estimates and a classical Bona-Smith argument [7].

Proof of Proposition 4.1. First, the proofs of (4.7) and (4.9) are similar to the one of (3.7).
Next, we only prove (4.6), where (4.8) is more straightforward and follows the same line,

utilizing similar estimates to those applied for the proof of Proposition 3.1.
To prove (4.6), we use (4.1) and the self-adjointness of Q(U1,D) to write

1

2

d

dt
Ẽ0(W) =

1

2

(
W, (∂tQ(U1,D))W

)
L2 +

(
F, Q(U1,D)W

)
L2

−
(
M(U1,D)W, Q(U1,D)W

)
L2

=: I − II − III.
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4.Estimatesforthedifferenceoftwosolutions

4.1.Estimatesforsystem(1.5).Wewillnowestimatethedifferencebetweentwosolu-
tionsof(1.5)givenbyU1=(η1,u1)

T=ε(ζ1,v1)
TandU2=(η2,u2)

T=ε(ζ2,v2)
T.For

convenience,wedefine(ψ,w)=(η1−η2,u1−u2).ThenW=(ψ,w)Tsolves

∂tW+M(U1,D)W=F,(4.1)

withMdefinedasin(3.2)andF=−
(
M(U1,D)−M(U2,D)

)
U2.Specifically,thesource

termisgivenby

F=−
(

w∂xη2+ψ∂xu2
w∂xu2

)
.(4.2)

Theenergyassociatedto(4.1)isgivenintermsofthesymmetrizerQ(U1,D)definedin
(3.3)andreads

Ẽs(W):=
(

ΛsW,Q(U1,D)ΛsW
)
L2.(4.3)

Themainresultofthissectionreads:

Proposition4.1.Takes>2andε,µ∈(0,1).Let(η1,u1),(η2,u2)∈C([0,T0]:Vs
µ(R))be

twosolutionsof(1.5)onatimeinterval[0,T0]forsomeT0>0.Moreover,assumethere
existh0∈(0,1)andh1>0suchthat

h0−1≤η1(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η1,u1)|Hs×Hs≤h1,(4.4)

whenσ≥1
3,andthat

−σ
2
≤η1(x,t),∀(x,t)∈R×[0,T0]andsup

t∈[0,T0]
|(η1,u1)|Hs×Hs≤h1,(4.5)

when0<σ<1
3.

DefinethedifferencetobeW=(ψ,w)=(η1−η2,u1−u2).Then,fortheenergydefined
by(4.3),thereholds

d

dt
Ẽ0(W).σmax

i=1,2
|(ηi,ui)|Vsµ|(ψ,w)|2V0

µ
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and
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µ
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µ
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Furthermore,wehavethefollowingestimateattheVs
µ−level:
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)
L2|+max

i=1,2
|(ηi,ui)|Vsµ|(ψ,w)|2Vsµ,(4.8)

and
|(ψ,w)|2Vsµ.σẼs(W).σ|(ψ,w)|2Vsµ.(4.9)

Remark4.2.ThesourcetermcorrespondingtoFgivenby(4.8)willbetreatedintheproof
ofTheorem1.6byusingregularizationestimatesandaclassicalBona-Smithargument[7].

ProofofProposition4.1.First,theproofsof(4.7)and(4.9)aresimilartotheoneof(3.7).
Next,weonlyprove(4.6),where(4.8)ismorestraightforwardandfollowsthesameline,

utilizingsimilarestimatestothoseappliedfortheproofofProposition3.1.
Toprove(4.6),weuse(4.1)andtheself-adjointnessofQ(U1,D)towrite
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4. Estimates for the difference of two solutions
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Λ
s
W, Q(U1,D)Λ

s
W
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σ
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Ẽ0(W) .σ max
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V 0
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V 0
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V 0
µ . (4.7)
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V s
µ , (4.8)
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µ . (4.9)
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Theenergyassociatedto(4.1)isgivenintermsofthesymmetrizerQ(U1,D)definedin
(3.3)andreads

Ẽs(W):=
(
Λ
s
W,Q(U1,D)Λ

s
W
)
L2.(4.3)

Themainresultofthissectionreads:

Proposition4.1.Takes>2andε,µ∈(0,1).Let(η1,u1),(η2,u2)∈C([0,T0]:Vs
µ(R))be

twosolutionsof(1.5)onatimeinterval[0,T0]forsomeT0>0.Moreover,assumethere
existh0∈(0,1)andh1>0suchthat

h0−1≤η1(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η1,u1)|Hs×Hs≤h1,(4.4)

whenσ≥
1
3,andthat

−
σ
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Vs
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Vs
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Remark4.2.ThesourcetermcorrespondingtoFgivenby(4.8)willbetreatedintheproof
ofTheorem1.6byusingregularizationestimatesandaclassicalBona-Smithargument[7].

ProofofProposition4.1.First,theproofsof(4.7)and(4.9)aresimilartotheoneof(3.7).
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utilizingsimilarestimatestothoseappliedfortheproofofProposition3.1.
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Ẽ0(W)=

1

2

(
W,(∂tQ(U1,D))W

)
L2+

(
F,Q(U1,D)W

)
L2

−
(
M(U1,D)W,Q(U1,D)W

)
L2

=:I−II−III.

LONGTIMEWELL-POSEDNESSOFWHITHAM-BOUSSINESQSYSTEMS25

4.Estimatesforthedifferenceoftwosolutions

4.1.Estimatesforsystem(1.5).Wewillnowestimatethedifferencebetweentwosolu-
tionsof(1.5)givenbyU1=(η1,u1)T=ε(ζ1,v1)TandU2=(η2,u2)T=ε(ζ2,v2)T.For
convenience,wedefine(ψ,w)=(η1−η2,u1−u2).ThenW=(ψ,w)Tsolves

∂tW+M(U1,D)W=F,(4.1)

withMdefinedasin(3.2)andF=−
(
M(U1,D)−M(U2,D)

)
U2.Specifically,thesource

termisgivenby

F=−
(
w∂xη2+ψ∂xu2

w∂xu2

)
.(4.2)

Theenergyassociatedto(4.1)isgivenintermsofthesymmetrizerQ(U1,D)definedin
(3.3)andreads
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Control of I. We estimate the first term for s > 2 by arguing similarly to estimate (3.9).
Indeed, we have that

I = (w, (∂tη1)w) . |∂tη1|L∞ |w|2L2 .σ |(u1, η1)|V sµ |(ψ,w)|2V 0
µ
.

Control of II. For II, we write

II =
(
w∂xη2, ψ

)
L2 +

(
ψ∂xη2, ψ

)
L2 +

(
w∂xu2, η1w

)
L2 +

(
w∂xu2,Kµ(D)w

)
L2

=: II1 + II2 + II3 + II4.

The first three terms are treated by the Cauchy-Schwarz inequality and the Sobolev em-
bedding. Take, for instance, II1:

|II1| . |w∂xη2|L2 |ψ|L2 . |η2|Hs |(ψ,w)|2V 0
µ
,

for s > 3
2 . Then estimating II2 + II3 similarly gives

|II1 + II2 + II3| . max
i=1,2

|(ηi, ui)|V sµ |(ψ,w)|2V 0
µ
.

Regarding the term containing the multiplier Kµ(D), we write

II4 ≤ |
√
Kµ(D)(w∂xu2)|L2 |

√
Kµ(D)w|L2 =: II14 · II24 ,

and make the observation

II14 ≤ |(
√
Kµ(D)−√σµ 1

4 D
1
2 )(w∂xu2)|L2 +

√
σµ

1
4 |D 1

2 (w∂xu2)|L2

=: II1,14 +
√
σII1,24 .

For the first term, we note that (
√
Kµ(D) −√σµ 1

4 D
1
2 ) is bounded on L2(R) by (2.5), and

we can conclude by the Sobolev embedding that

II1,14 .σ |w∂xη2|L2 .σ |η2|Hs |(ψ,w)|V 0
µ
.

For the remaining term, II1,24 , we first make an observation. Let ν = 1
2

−
and (p1, p2) =

( 1ν ,
2

1−2ν ) then by (2.37) there holds

|D 1
2∂xu2|Lp1µ

1
4 |w|Lp2 . |u2|H2−νµ

1
4 |D 1

2w|L2 . (4.10)

Moreover, by the fractional Leibniz rule (2.38), the triangle inequality and Hölder’s inequal-
ity yields the bound

II1,24 . µ 1
4 |D 1

2 (w∂xu2)− wD
1
2∂xu2 − (∂xu2)D

1
2w|L2 + µ

1
4 |wD

1
2∂xu2|L2

+ µ
1
4 |(∂xu2)D

1
2w|L2

. |D 1
2∂xu2|Lp1µ

1
4 |w|Lp2 + |w|L2µ

1
4 |D 1

2∂xu2|L∞ + |∂xu2|L∞µ
1
4 |D 1

2w|L2 .

Now, since 1
p1

+ 1
p2

= ν + 1−2ν
2 = 1

2 , we may apply (4.10) to deal with the first term, and

combined with the Sobolev embedding H
1
2

+

(R) ↪→ L∞(R) we deduce that

II1,24 . |u2|Hsµ
1
4 |D 1

2w|L2 + |w|L2µ
1
4 |D 1

2u2|Hs ,

with s > 3
2 . Consequently, the bound on II4 is given by

II4 .σ max
i=1,2

|(ηi, ui)|V sµ |(ψ,w)|2V 0
µ
,

which allows us to conclude that

II .σ max
i=1,2

|(ηi, ui)|V sµ |(ψ,w)|2V 0
µ
.
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ity yields the bound

II
1,2
4 . µ

1
4 |D

1
2 (w∂xu2)− wD

1
2∂xu2 − (∂xu2)D

1
2w|L2 + µ

1
4 |wD

1
2∂xu2|L2

+ µ
1
4 |(∂xu2)D

1
2w|L2

. |D
1
2∂xu2|Lp1µ

1
4 |w|Lp2 + |w|L2µ

1
4 |D

1
2∂xu2|L∞ + |∂xu2|L∞µ

1
4 |D

1
2w|L2 .

Now, since
1
p1 +

1
p2 = ν +

1−2ν
2 =

1
2 , we may apply (4.10) to deal with the first term, and

combined with the Sobolev embedding H
1
2

+

(R) ↪→ L∞(R) we deduce that

II
1,2
4 . |u2|Hsµ

1
4 |D

1
2w|L2 + |w|L2µ

1
4 |D

1
2u2|Hs ,

with s >
3
2 . Consequently, the bound on II4 is given by

II4 .σ max
i=1,2 |(ηi, ui)|V sµ |(ψ,w)|

2
V 0
µ ,

which allows us to conclude that

II .σ max
i=1,2 |(ηi, ui)|V sµ |(ψ,w)|

2
V 0
µ .

26 M. OEN PAULSEN

Control of I. We estimate the first term for s > 2 by arguing similarly to estimate (3.9).
Indeed, we have that

I = (w, (∂tη1)w) . |∂tη1|L∞ |w|2L2 .σ |(u1, η1)|V sµ |(ψ,w)|
2
V 0
µ .

Control of II. For II, we write

II =
(
w∂xη2, ψ

)
L2 +

(
ψ∂xη2, ψ

)
L2 +

(
w∂xu2, η1w

)
L2 +

(
w∂xu2,Kµ(D)w

)
L2

=: II1 + II2 + II3 + II4.

The first three terms are treated by the Cauchy-Schwarz inequality and the Sobolev em-
bedding. Take, for instance, II1:

|II1| . |w∂xη2|L2 |ψ|L2 . |η2|Hs |(ψ,w)|
2
V 0
µ ,

for s >
3
2 . Then estimating II2 + II3 similarly gives

|II1 + II2 + II3| . max
i=1,2 |(ηi, ui)|V sµ |(ψ,w)|

2
V 0
µ .

Regarding the term containing the multiplier Kµ(D), we write

II4 ≤ |
√
Kµ(D)(w∂xu2)|L2 |

√
Kµ(D)w|L2 =: II

1
4 · II

2
4 ,

and make the observation

II
1
4 ≤ |(

√
Kµ(D)−√σµ 1

4 D
1
2 )(w∂xu2)|L2 +√σµ 1

4 |D
1
2 (w∂xu2)|L2

=: II
1,1
4 +√σII1,2

4 .

For the first term, we note that (
√
Kµ(D) −√σµ 1

4 D
1
2 ) is bounded on L2(R) by (2.5), and

we can conclude by the Sobolev embedding that

II
1,1
4 .σ |w∂xη2|L2 .σ |η2|Hs |(ψ,w)|V 0

µ .

For the remaining term, II
1,2
4 , we first make an observation. Let ν =

1
2

−
and (p1, p2) =

(
1
ν ,

2
1−2ν ) then by (2.37) there holds

|D
1
2∂xu2|Lp1µ

1
4 |w|Lp2 . |u2|H2−νµ

1
4 |D

1
2w|L2 . (4.10)

Moreover, by the fractional Leibniz rule (2.38), the triangle inequality and Hölder’s inequal-
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µ,
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3
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µ.
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1
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2
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1
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1
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1
2

+
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1
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1
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1
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1
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3
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2
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2
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Control of III. By definition, we must estimate:

III =
(
u1∂xψ,ψ

)
L2 +

(
(Kµ(D) + η1)∂xw,ψ

)
L2

+
(
∂xψ, (Kµ(D) + η1)w

)
L2 +

(
u1∂xw, (Kµ(D) + η1)w

)
L2

= A1 +A2 +A3 +A4.

The first term is handled by integration by parts and the Sobolev embedding

|A1| . |∂xu1|L∞ |ψ|2L2 . |u1|Hs |ψ|2L2 .

Next, we observe a cancelation in the off-diagonal terms due to the symmetry. Indeed, we
see after integrating by parts that

A2 = −
(
(∂xη1)w,ψ

)
L2 −A3.

Consequently, we observe after using Hölder’s inequality and the Sobolev embedding that
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The only term remaining is A4, which contains the multiplier that will need some more
care. In particular, we write

A4 =
(
u1∂xw, η1w

)
L2 +

(
u1∂xw,Kµ(D)w

)
L2

=: A1
4 +A2

4.

The first term is again treated by integration by parts, and we obtain the bound

|A1
4| . |u1|Hs |η1|Hs |w|2L2 .

Lastly, to estimate A2
4, we split the kernel Kµ(D) into several pieces that are localized in

low and high frequencies:

Kµ(D) = ((χ(1)
µ )2Kµ)(D) + ((χ(2)

µ )2(Fµ, 1
2
)2)(D)− ((χ(2)

µ )2(Fµ,0)
2)(D), (4.11)

where Fµ, 1
2
(D) is defined in (2.26), Fµ,0(D) is defined in (2.29) and χ

(i)
µ (D) with its porperties

given by Definition 2.10. Then, we get that
(
u1∂xw,Kµ(D)w

)
L2 =

(
(χ(1)

µ

√
Kµ)(D)(u1∂xw), (χ(1)

µ

√
Kµ)(D)w

)
L2

+
(
(χ(2)

µ Fµ, 1
2
)(D)(u1∂xw), (χ(2)

µ Fµ, 1
2
)(D)w

)
L2

−
(
(χ(2)

µ Fµ,0)(D)(u1∂xw), (χ(2)
µ Fµ,0)(D)w

)
L2

=: A2,1
4 +A2,2

4 −A2,3
4 .

We treat each term individually using the commutator estimates in Lemma 2.11, where the
remaining part is symmetric and is treated by using integration by parts and the Sobolev
embedding in the usual way.

Control of A2,1
4 . Proceeding as explained above, we have that

A2,1
4 =
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[(χ(1)

µ

√
Kµ)(D), u1]∂xw, (χ

(1)
µ

√
Kµ)(D)w

)
L2
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u1(χ

(1)
µ

√
Kµ)(D)∂xw, (χ

(1)
µ

√
Kµ)(D)w

)
L2

= A2,1,1
4 +A2,1,2

4 .

For A2,1,1
4 we use the Cauchy-Schwarz inequality, (2.24), and (2.25) to obtain the bound

|A2,1,1
4 | . |[(χ(1)

µ

√
Kµ)(D), u1]∂xw|L2 |(χ(1)

µ

√
Kµ)(D)w|L2

. |u1|Hs |w|2L2 .
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ControlofIII.Bydefinition,wemustestimate:
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Next,weobserveacancelationintheoff-diagonaltermsduetothesymmetry.Indeed,we
seeafterintegratingbypartsthat

A2=−
(

(∂xη1)w,ψ
)
L2−A3.

Consequently,weobserveafterusingHölder’sinequalityandtheSobolevembeddingthat

|A2+A3|.|∂xη1|L∞|w|L2|ψ|L2.

TheonlytermremainingisA4,whichcontainsthemultiplierthatwillneedsomemore
care.Inparticular,wewrite

A4=
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u1∂xw,η1w

)
L2+

(
u1∂xw,Kµ(D)w
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L2

=:A1
4+A2

4.

Thefirsttermisagaintreatedbyintegrationbyparts,andweobtainthebound

|A1
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Lastly,toestimateA2
4,wesplitthekernelKµ(D)intoseveralpiecesthatarelocalizedin
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whereFµ,1
2
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(i)
µ(D)withitsporperties
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µ
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µ
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Kµ)(D)w

)
L2

+
(

(χ(2)
µFµ,1

2
)(D)(u1∂xw),(χ(2)

µFµ,1
2

)(D)w
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L2

−
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(χ(2)
µFµ,0)(D)(u1∂xw),(χ(2)

µFµ,0)(D)w
)
L2

=:A2,1
4+A2,2

4−A2,3
4.

WetreateachtermindividuallyusingthecommutatorestimatesinLemma2.11,wherethe
remainingpartissymmetricandistreatedbyusingintegrationbypartsandtheSobolev
embeddingintheusualway.

ControlofA2,1
4.Proceedingasexplainedabove,wehavethat
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Control of III. By definition, we must estimate:

III =
(
u1∂xψ,ψ

)
L2 +

(
(Kµ(D) + η1)∂xw,ψ

)
L2

+
(
∂xψ, (Kµ(D) + η1)w

)
L2 +

(
u1∂xw, (Kµ(D) + η1)w

)
L2

= A1 +A2 +A3 +A4.

The first term is handled by integration by parts and the Sobolev embedding

|A1| . |∂xu1|L∞ |ψ|2L2 . |u1|Hs |ψ|2L2 .

Next, we observe a cancelation in the off-diagonal terms due to the symmetry. Indeed, we
see after integrating by parts that

A2 = −
(
(∂xη1)w,ψ

)
L2 −A3.

Consequently, we observe after using Hölder’s inequality and the Sobolev embedding that

|A2 +A3| . |∂xη1|L∞ |w|L2 |ψ|L2 .

The only term remaining is A4, which contains the multiplier that will need some more
care. In particular, we write

A4 =
(
u1∂xw, η1w

)
L2 +

(
u1∂xw,Kµ(D)w

)
L2

=: A
1
4 +A

2
4.

The first term is again treated by integration by parts, and we obtain the bound

|A
1
4| . |u1|Hs |η1|Hs |w|2L2 .

Lastly, to estimate A2
4, we split the kernel Kµ(D) into several pieces that are localized in

low and high frequencies:

Kµ(D) = ((χ
(1)
µ )

2
Kµ)(D) + ((χ

(2)
µ )

2
(Fµ, 1

2
)
2
)(D)− ((χ

(2)
µ )

2
(Fµ,0)

2
)(D), (4.11)

where Fµ, 1
2
(D) is defined in (2.26), Fµ,0(D) is defined in (2.29) and χ

(i)
µ (D) with its porperties

given by Definition 2.10. Then, we get that
(
u1∂xw,Kµ(D)w

)
L2 =

(
(χ

(1)
µ

√
Kµ)(D)(u1∂xw), (χ

(1)
µ

√
Kµ)(D)w

)
L2

+
(
(χ

(2)
µ Fµ, 1

2
)(D)(u1∂xw), (χ

(2)
µ Fµ, 1

2
)(D)w

)
L2

−
(
(χ

(2)
µ Fµ,0)(D)(u1∂xw), (χ

(2)
µ Fµ,0)(D)w

)
L2

=: A
2,1
4 +A

2,2
4 −A

2,3
4 .

We treat each term individually using the commutator estimates in Lemma 2.11, where the
remaining part is symmetric and is treated by using integration by parts and the Sobolev
embedding in the usual way.

Control of A
2,1
4 . Proceeding as explained above, we have that

A
2,1
4 =

(
[(χ

(1)
µ

√
Kµ)(D), u1]∂xw, (χ

(1)
µ

√
Kµ)(D)w

)
L2

+
(
u1(χ

(1)
µ

√
Kµ)(D)∂xw, (χ

(1)
µ

√
Kµ)(D)w

)
L2

= A
2,1,1
4 +A

2,1,2
4 .

For A
2,1,1
4 we use the Cauchy-Schwarz inequality, (2.24), and (2.25) to obtain the bound

|A
2,1,1
4 | . |[(χ

(1)
µ

√
Kµ)(D), u1]∂xw|L2 |(χ

(1)
µ

√
Kµ)(D)w|L2

. |u1|Hs |w|2L2 .
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For the remaining term, we deduce from (2.24) that

|A2,1,2
4 | = 1

2
|
(
(∂xu1)(χ

(1)
µ

√
Kµ)(D)w, (χ(1)

µ

√
Kµ)(D)w

)
L2 |

. |∂xu1|L∞ |w|2L2 .

Control of A2,2
4 . Similarly we get from the estimates (2.27), (2.28) and the Sobolev embed-

ding that

|A2,2
4 | . |

(
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µ Fµ, 1
2
)(D), u1]∂xw, (χ

(2)
µ Fµ, 1

2
)(D)w
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+
1

2
|
(
(∂xu1)(χ

(2)
µ Fµ, 1

2
)(D)w, (χ(2)

µ Fµ, 1
2
)(D)w

)
L2 |

. |u1|Hs(|w|L2 + µ
1
4 |D 1

2w|L2)2.

Control of A2,3
4 . By the same approach as above, combined with estimates (2.30) and (2.31)

leaves us with the bound

|A2,3
4 | . |

(
[(χ(2)

µ Fµ,0)(D), u1]∂xw, (χ
(2)
µ Fµ,0)(D)w

)
L2 |

+
1

2
|
(
(∂xu1)(χ

(2)
µ Fµ,0)(D)w, (χ(2)

µ Fµ,0)(D)w
)
L2 |

. |u1|Hs |w|2L2 + |∂xu1|L∞ |w|2L2 .

Gathering all these estimates, we obtain the result

|A4| = |A1
4 +A2

4 +A3
4| .σ (|u1|Hs + |η1|Hs)|(ψ,w)|2V 0

µ
.

Adding I + II + III concludes the proof. �
4.2. Estimates for system (1.7). As in the prvious subsection, we let U1 = (η1, u1)

T =
ε(ζ1, v1)

T and U2 = (η2, u2)
T = ε(ζ2, v2)

T be two solutions of (1.7) and define the difference
(ψ,w) = (η1 − η2, u1 − u2). Then W = (ψ,w)T solves

∂tW +M(U1,D)W = F, (4.12)

with M defined as in (3.11) and F will remain the same as previously defined by (4.2).
Then the energy associated to (4.12) is given in terms of the symmetrizer (3.12):

Ẽs(W) :=
(
Λ

1
2
µΛsW,Q(U1,D)Λ

1
2
µΛsW

)
L2 . (4.13)

Proposition 4.3. Take s > 3
2 and ε, µ ∈ (0, 1). Let (η1, u1), (η2, u2) ∈ C([0, T0] : V s

µ (R)) be
two solutions of (1.7) on a time interval [0, T0] for some T0 > 0. Moreover, assume there
exists h0 ∈ (0, 1) and h1 > 0 such that

h0 − 1 ≤ η1(x, t), ∀(x, t) ∈ R× [0, T0] and sup
t∈[0,T0]

|(η1, u1)|Hs×Hs ≤ h1. (4.14)

Define the difference to be W = (ψ,w) = (η1− η2, u1−u2). Then, for the energy defined
by (4.13), there holds

d

dt
Ẽ0(W) . max

i=1,2
|(ηi, ui)|V sµ |(ψ,w)|2V 0

µ
, (4.15)

and
|(ψ,w)|2V 0

µ
. Ẽ0(W) . |(ψ,w)|2V 0

µ
. (4.16)

Furthermore, we have the following estimate at the V s
µ− level:

d

dt
Ẽs(W) . |

(
ΛsF,Q(U1,D)ΛsW

)
L2 |+ max

i=1,2
|(ηi, ui)|V sµ |(ψ,w)|2V sµ , (4.17)
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Fortheremainingterm,wededucefrom(2.24)that
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Ẽ0(W).max

i=1,2
|(ηi,ui)|Vsµ|(ψ,w)|2V0

µ
,(4.15)

and
|(ψ,w)|2V0

µ
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dtẼs(W).|
(
Λ
s
F,Q(U1,D)Λ

s
W
)
L2|+max

i=1,2|(ηi,ui)|Vsµ|(ψ,w)|
2
Vs
µ,(4.17)

28M.OENPAULSEN

Fortheremainingterm,wededucefrom(2.24)that

|A
2,1,2
4|=

1

2|
(
(∂xu1)(χ

(1)
µ

√
Kµ)(D)w,(χ

(1)
µ

√
Kµ)(D)w

)
L2|

.|∂xu1|L∞|w|2L2.

ControlofA
2,2
4.Similarlywegetfromtheestimates(2.27),(2.28)andtheSobolevembed-

dingthat

|A
2,2
4|.|

(
[(χ

(2)
µFµ,1

2
)(D),u1]∂xw,(χ

(2)
µFµ,1

2
)(D)w

)
L2|

+
1

2|
(
(∂xu1)(χ

(2)
µFµ,1

2
)(D)w,(χ

(2)
µFµ,1

2
)(D)w

)
L2|

.|u1|Hs(|w|L2+µ
1
4|D

1
2w|L2)

2
.

ControlofA
2,3
4.Bythesameapproachasabove,combinedwithestimates(2.30)and(2.31)

leavesuswiththebound

|A
2,3
4|.|

(
[(χ

(2)
µFµ,0)(D),u1]∂xw,(χ

(2)
µFµ,0)(D)w

)
L2|

+
1

2|
(
(∂xu1)(χ

(2)
µFµ,0)(D)w,(χ

(2)
µFµ,0)(D)w

)
L2|

.|u1|Hs|w|2L2+|∂xu1|L∞|w|2L2.

Gatheringalltheseestimates,weobtaintheresult

|A4|=|A
1
4+A

2
4+A

3
4|.σ(|u1|Hs+|η1|Hs)|(ψ,w)|

2
V0
µ.

AddingI+II+IIIconcludestheproof.�
4.2.Estimatesforsystem(1.7).Asintheprvioussubsection,weletU1=(η1,u1)T=
ε(ζ1,v1)TandU2=(η2,u2)T=ε(ζ2,v2)Tbetwosolutionsof(1.7)anddefinethedifference
(ψ,w)=(η1−η2,u1−u2).ThenW=(ψ,w)Tsolves

∂tW+M(U1,D)W=F,(4.12)

withMdefinedasin(3.11)andFwillremainthesameaspreviouslydefinedby(4.2).
Thentheenergyassociatedto(4.12)isgivenintermsofthesymmetrizer(3.12):
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and
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Proof. The proofs of (4.16) and (4.18) are similar to the proof of (3.16).
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dt Ẽ0(W) =
1

2

(
Λ

1
2
µW, (∂tQ(U1,D))Λ

1
2
µW

)
L2 +

(
Λ

1
2
µF,Q(U1,D)Λ

1
2
µW

)
L2

−
(
Λ

1
2
µM(U1,D)W,Q(U1,D)Λ

1
2
µW

)
L2

=: I − II − III.

Control of I. Using (4.12), (2.17), the Sobolev embedding and (4.14) yields

|I| =
1

2 |
(
Λ

1
2
µw, (∂tη1)Λ

1
2
µw
)
L2 | . |(η1, u1)|V sµ |Λ

1
2
µw|

2
L2 ,

since s >
3
2 .

Control of II. The contribution of the source term is given by

II =
(
Λ

1
2
µ (w∂xη2), Tµ(D)Λ

1
2
µψ
)
L2 +

(
Λ

1
2
µ (ψ∂xu2), Tµ(D)Λ

1
2
µψ
)
L2

+
(
Λ

1
2
µ (w∂xu2),Λ

1
2
µw
)
L2 +

(
Λ

1
2
µ (w∂xu2), η1Λ

1
2
µw
)
L2

=: II1 + II2 + II3 + II4.

Control of II1 + II2. The estimate of II1 is a direct consequence of the Cauchy-Schwarz
inequality, (2.16) and the Sobolev embedding. Indeed, since s >

3
2 , we get

|II1| ≤ |
√
Tµ(D)Λ

1
2
µ (w∂xη2)|L2 |

√
Tµ(D)Λ

1
2
µψ|L2 . |η2|Hs |w|L2 |ψ|L2 .

Next, the control of II2 follows by the same estimates and gives

|II2| . |η2|Hs |ψ|2H1 .

Control of II3 + II4. We first deduce from (2.13) that

|Λ
1
2
µ (w∂xu2)|L2 ≤ |w∂xu2|L2 + µ

1
4 |D

1
2 (w∂xu2)|L2 .

The first term is estimated by the Sobolev embedding, while the second term is equal to
the term II

1,2
4 in the proof of Proposition 4.1. Since the terms w and u2 in II

1,2
4 belong to

the same function space, we can apply the same estimates. Thus, there holds for s >
3
2 that

|Λ
1
2
µ (w∂xu2)|L2 . max

i=1,2 |(ηi, ui)|V sµ |(ψ,w)|
2
V 0
µ . (4.19)

Therefore, by using the Cauchy-Schwarz inequality, (4.19), (2.17), (4.14), and the Sobolev
embedding implies

|II3|+ |II4| . (1 + |η1|L∞)|Λ
1
2
µ (w∂xu2)|L2 |Λ

1
2
µw|L2 . max

i=1,2 |(ηi, ui)|V sµ |(ψ,w)|
2
V 0
µ .

LONGTIMEWELL-POSEDNESSOFWHITHAM-BOUSSINESQSYSTEMS29

and

|(ψ,w)|
2
Vs
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Control of III. Lastly, the symmetrized term reads:
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Each term is treated by using integration by parts and suitable commutator estimates.
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.
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2 . On the other hand, the term A2,2
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21 by using the Cauchy-Schwarz inequality, (2.16), (2.35),

and (2.17) to get

|A1
21| ≤ |

√
Tµ(D)Λ

1
2
µψ|L2 |∂x[
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1
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µ
.

Thus, we deduce by gathering all these estimates that
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µ
.
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Thecommutatorestimate(2.32)andestimate(2.16)dealswiththefirstterm.Indeed,we
getthebound

|A1
12|≤|[

√
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µ
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Next,weintegrateA2
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Arguingasabove,wefindthat
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2.Ontheotherhand,thetermA2,2

12,isabsorbedbyA21.Indeed,

A21=−
(√

Tµ(D)Λ
1
2
µψ,∂x[
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12.WeestimateA1
21byusingtheCauchy-Schwarzinequality,(2.16),(2.35),
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Thus,wededucebygatheringalltheseestimatesthat
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for s >
3
2 . On the other hand, the term A

2,2
12 , is absorbed by A21. Indeed,

A21 = −
(√
Tµ(D)Λ

1
2
µψ, ∂x[

√
Tµ(D), η1]Λ

1
2
µw
)
L2

+
(√
Tµ(D)Λ

1
2
µ∂xψ, (1 + η1)

√
Tµ(D)Λ

1
2
µw
)
L2

= A
1
21 +A

2
21,

with A2
21 = −A

2,2
12 . We estimate A1

21 by using the Cauchy-Schwarz inequality, (2.16), (2.35),
and (2.17) to get

|A
1
21| ≤ |

√
Tµ(D)Λ

1
2
µψ|L2 |∂x[

√
Tµ(D), η1]Λ

1
2
µw|L2 . |η1|Hs |(ψ,w)|

2
V 0
µ .

Thus, we deduce by gathering all these estimates that

|A12 +A21| . max
i=1,2 |(ηi, ui)|V sµ |(ψ,w)|

2
V 0
µ .

30M.OENPAULSEN

ControlofIII.Lastly,thesymmetrizedtermreads:

III=
(
Λ

1
2
µ(u1∂xψ),Tµ(D)Λ

1
2
µψ
)
L2+

(
Λ

1
2
µ

(
(1+η1)∂xw

)
,Tµ(D)Λ

1
2
µψ
)
L2

+
(
Tµ(D)Λ

1
2
µ∂xψ,(1+η1)Λ

1
2
µw
)
L2+

(
Λ

1
2
µ(u1∂xw),(1+η1)Λ

1
2
µw
)
L2

=A11+A12+A21+A22.

Eachtermistreatedbyusingintegrationbypartsandsuitablecommutatorestimates.
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Control of A22. Lastly, the term A22 is estimated by (2.36) for s > 3
2 , (4.14), and integration

by parts

|A2
22| ≤ |

(
[Λ

1
2
µ , u1]∂xw, (1 + η1)Λ

1
2
µw
)
L2 |+ |

(
u1Λ

1
2
µ∂xw, (1 + η1)Λ

1
2
µw
)
L2 |

. max
i=1,2

|(ηi, ui)|V sµ |(ψ,w)|2V 0
µ
.

Therefore, we deduce that

d

dt
Ẽ0(W) . |I|+ |II|+ |III| . max

i=1,2
|(ηi, ui)|V sµ |(ψ,w)|2V 0

µ
,

which concludes the proof of Proposition 4.3.
�

4.3. Estimates for system (1.9). Again, we let U1 = (η1, u1)
T = ε(ζ1, v1)

T and U2 =
(η2, u2)

T = ε(ζ2, v2)
T be two solutions of (1.9) and define the difference (ψ,w) = (η1 −

η2, u1 − u2). Then W = (ψ,w)T solves

∂tW + M (U1,D)W = F, (4.20)

with M defined as in (3.21) and F is defined by

F = −
(
Tµ(D)(w∂xη2) + Tµ(D)(ψ∂xu2)

Tµ(D)(w∂xu2)

)
. (4.21)

The energy associated with (4.20) is given in terms of the symmetrizer (3.22) by

Ẽs(W) :=
(
ΛsW,Q(U1,D)ΛsW

)
L2 . (4.22)

Proposition 4.4. Take s > 3
2 , ε, µ ∈ (0, 1) and σ ≥ 0. Let (η1, u1), (η2, u2) ∈ C([0, T0] :

Xs
σ,µ(R)) be two solutions of (1.9) on a time interval [0, T0] for some T0 > 0. Moreover,

assume there exist h0 ∈ (0, 1) and h1 > 0 such that

h0 − 1 ≤ η1(x, t), ∀(x, t) ∈ R× [0, T0] and sup
t∈[0,T0]

|(η1, u1)|Hs×Hs ≤ h1. (4.23)

Define the difference to be W = (ψ,w) = (η1− η2, u1−u2). Then, for the energy defined
by (4.22), there holds

d

dt
Ẽ0(W) .σ max

i=1,2
|(ηi, ui)|Hs |(ψ,w)|2X0

σ,µ
, (4.24)

and

|(ψ,w)|2X0
σ,µ
. Ẽ0(W) . |(ψ,w)|2X0

σ,µ
. (4.25)

Furthermore, we have the following estimate at the Xs
σ,µ− level:

d

dt
Ẽs(W) .σ |

(
ΛsF,Q(U1,D)ΛsW

)
L2 |+ max

i=1,2
|(ηi, ui)|Xs

σ,µ
|(ψ,w)|2Xs

σ,µ
, (4.26)

and

|(ψ,w)|2Xs
σ,µ
. Ẽs(W) . |(ψ,w)|2Xs

σ,µ
. (4.27)

Proof. By previous arguments, we note that the proofs of (4.25) and (4.27) are similar to
the proof of (3.26).

Moreover, we will only prove (4.24) since the control of (4.26) follows by the proof of
Proposition 3.4.
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ControlofA22.Lastly,thetermA22isestimatedby(2.36)fors>3
2,(4.14),andintegration

byparts
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µ
.

Therefore,wededucethat
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Proposition4.4.Takes>3
2,ε,µ∈(0,1)andσ≥0.Let(η1,u1),(η2,u2)∈C([0,T0]:

Xs
σ,µ(R))betwosolutionsof(1.9)onatimeinterval[0,T0]forsomeT0>0.Moreover,
assumethereexisth0∈(0,1)andh1>0suchthat

h0−1≤η1(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η1,u1)|Hs×Hs≤h1.(4.23)

DefinethedifferencetobeW=(ψ,w)=(η1−η2,u1−u2).Then,fortheenergydefined
by(4.22),thereholds

d

dt
Ẽ0(W).σmax

i=1,2
|(ηi,ui)|Hs|(ψ,w)|2X0

σ,µ
,(4.24)

and

|(ψ,w)|2X0
σ,µ

.Ẽ0(W).|(ψ,w)|2X0
σ,µ

.(4.25)

Furthermore,wehavethefollowingestimateattheXs
σ,µ−level:

d

dt
Ẽs(W).σ|

(
ΛsF,Q(U1,D)ΛsW

)
L2|+max

i=1,2
|(ηi,ui)|Xs

σ,µ
|(ψ,w)|2Xs

σ,µ
,(4.26)

and

|(ψ,w)|2Xs
σ,µ

.Ẽs(W).|(ψ,w)|2Xs
σ,µ

.(4.27)

Proof.Bypreviousarguments,wenotethattheproofsof(4.25)and(4.27)aresimilarto
theproofof(3.26).

Moreover,wewillonlyprove(4.24)sincethecontrolof(4.26)followsbytheproofof
Proposition3.4.
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ControlofA22.Lastly,thetermA22isestimatedby(2.36)fors>3
2,(4.14),andintegration

byparts

|A2
22|≤|

(
[Λ

1
2
µ,u1]∂xw,(1+η1)Λ

1
2
µw

)
L2|+|

(
u1Λ

1
2
µ∂xw,(1+η1)Λ

1
2
µw

)
L2|

.max
i=1,2

|(ηi,ui)|Vsµ|(ψ,w)|2V0
µ
.

Therefore,wededucethat

d

dt
Ẽ0(W).|I|+|II|+|III|.max

i=1,2
|(ηi,ui)|Vsµ|(ψ,w)|2V0

µ
,

whichconcludestheproofofProposition4.3.
�

4.3.Estimatesforsystem(1.9).Again,weletU1=(η1,u1)
T=ε(ζ1,v1)

TandU2=
(η2,u2)

T=ε(ζ2,v2)
Tbetwosolutionsof(1.9)anddefinethedifference(ψ,w)=(η1−

η2,u1−u2).ThenW=(ψ,w)Tsolves

∂tW+M(U1,D)W=F,(4.20)

withMdefinedasin(3.21)andFisdefinedby

F=−
(
Tµ(D)(w∂xη2)+Tµ(D)(ψ∂xu2)

Tµ(D)(w∂xu2)

)
.(4.21)

Theenergyassociatedwith(4.20)isgivenintermsofthesymmetrizer(3.22)by

Ẽs(W):=
(

ΛsW,Q(U1,D)ΛsW
)
L2.(4.22)

Proposition4.4.Takes>3
2,ε,µ∈(0,1)andσ≥0.Let(η1,u1),(η2,u2)∈C([0,T0]:

Xs
σ,µ(R))betwosolutionsof(1.9)onatimeinterval[0,T0]forsomeT0>0.Moreover,
assumethereexisth0∈(0,1)andh1>0suchthat

h0−1≤η1(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η1,u1)|Hs×Hs≤h1.(4.23)

DefinethedifferencetobeW=(ψ,w)=(η1−η2,u1−u2).Then,fortheenergydefined
by(4.22),thereholds

d

dt
Ẽ0(W).σmax

i=1,2
|(ηi,ui)|Hs|(ψ,w)|2X0

σ,µ
,(4.24)

and

|(ψ,w)|2X0
σ,µ

.Ẽ0(W).|(ψ,w)|2X0
σ,µ

.(4.25)

Furthermore,wehavethefollowingestimateattheXs
σ,µ−level:

d

dt
Ẽs(W).σ|

(
ΛsF,Q(U1,D)ΛsW

)
L2|+max

i=1,2
|(ηi,ui)|Xs

σ,µ
|(ψ,w)|2Xs

σ,µ
,(4.26)

and

|(ψ,w)|2Xs
σ,µ

.Ẽs(W).|(ψ,w)|2Xs
σ,µ

.(4.27)

Proof.Bypreviousarguments,wenotethattheproofsof(4.25)and(4.27)aresimilarto
theproofof(3.26).

Moreover,wewillonlyprove(4.24)sincethecontrolof(4.26)followsbytheproofof
Proposition3.4.
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Control of A22. Lastly, the term A22 is estimated by (2.36) for s >
3
2 , (4.14), and integration

by parts

|A
2
22| ≤ |

(
[Λ

1
2
µ , u1]∂xw, (1 + η1)Λ

1
2
µw
)
L2 |+ |

(
u1Λ

1
2
µ∂xw, (1 + η1)Λ

1
2
µw
)
L2 |

. max
i=1,2 |(ηi, ui)|V sµ |(ψ,w)|

2
V 0
µ .

Therefore, we deduce that

d

dt Ẽ0(W) . |I|+ |II|+ |III| . max
i=1,2 |(ηi, ui)|V sµ |(ψ,w)|

2
V 0
µ ,

which concludes the proof of Proposition 4.3.
�

4.3. Estimates for system (1.9). Again, we let U1 = (η1, u1)T = ε(ζ1, v1)T and U2 =
(η2, u2)T = ε(ζ2, v2)T be two solutions of (1.9) and define the difference (ψ,w) = (η1 −
η2, u1 − u2). Then W = (ψ,w)T solves

∂tW + M (U1,D)W = F, (4.20)

with M defined as in (3.21) and F is defined by

F = −
(
Tµ(D)(w∂xη2) + Tµ(D)(ψ∂xu2)

Tµ(D)(w∂xu2)

)
. (4.21)

The energy associated with (4.20) is given in terms of the symmetrizer (3.22) by

Ẽs(W) :=
(
Λ
s
W,Q(U1,D)Λ

s
W
)
L2 . (4.22)

Proposition 4.4. Take s >
3
2 , ε, µ ∈ (0, 1) and σ ≥ 0. Let (η1, u1), (η2, u2) ∈ C([0, T0] :

Xs
σ,µ(R)) be two solutions of (1.9) on a time interval [0, T0] for some T0 > 0. Moreover,

assume there exist h0 ∈ (0, 1) and h1 > 0 such that

h0 − 1 ≤ η1(x, t), ∀(x, t) ∈ R× [0, T0] and sup
t∈[0,T0]

|(η1, u1)|Hs×Hs ≤ h1. (4.23)

Define the difference to be W = (ψ,w) = (η1− η2, u1−u2). Then, for the energy defined
by (4.22), there holds

d

dt
Ẽ0(W) .σ max

i=1,2 |(ηi, ui)|Hs |(ψ,w)|
2
X0
σ,µ , (4.24)

and

|(ψ,w)|
2
X0
σ,µ . Ẽ0(W) . |(ψ,w)|

2
X0
σ,µ . (4.25)

Furthermore, we have the following estimate at the Xs
σ,µ− level:

d

dt
Ẽs(W) .σ |

(
Λ
s
F,Q(U1,D)Λ

s
W
)
L2 |+ max

i=1,2 |(ηi, ui)|Xs
σ,µ |(ψ,w)|

2
Xs
σ,µ , (4.26)

and

|(ψ,w)|
2
Xs
σ,µ . Ẽs(W) . |(ψ,w)|

2
Xs
σ,µ . (4.27)

Proof. By previous arguments, we note that the proofs of (4.25) and (4.27) are similar to
the proof of (3.26).

Moreover, we will only prove (4.24) since the control of (4.26) follows by the proof of
Proposition 3.4.
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Control of A22. Lastly, the term A22 is estimated by (2.36) for s >
3
2 , (4.14), and integration

by parts

|A
2
22| ≤ |

(
[Λ

1
2
µ , u1]∂xw, (1 + η1)Λ

1
2
µw
)
L2 |+ |

(
u1Λ

1
2
µ∂xw, (1 + η1)Λ

1
2
µw
)
L2 |

. max
i=1,2 |(ηi, ui)|V sµ |(ψ,w)|

2
V 0
µ .

Therefore, we deduce that

d

dt Ẽ0(W) . |I|+ |II|+ |III| . max
i=1,2 |(ηi, ui)|V sµ |(ψ,w)|

2
V 0
µ ,

which concludes the proof of Proposition 4.3.
�

4.3. Estimates for system (1.9). Again, we let U1 = (η1, u1)T = ε(ζ1, v1)T and U2 =
(η2, u2)T = ε(ζ2, v2)T be two solutions of (1.9) and define the difference (ψ,w) = (η1 −
η2, u1 − u2). Then W = (ψ,w)T solves

∂tW + M (U1,D)W = F, (4.20)

with M defined as in (3.21) and F is defined by

F = −
(
Tµ(D)(w∂xη2) + Tµ(D)(ψ∂xu2)

Tµ(D)(w∂xu2)

)
. (4.21)

The energy associated with (4.20) is given in terms of the symmetrizer (3.22) by

Ẽs(W) :=
(
Λ
s
W,Q(U1,D)Λ

s
W
)
L2 . (4.22)

Proposition 4.4. Take s >
3
2 , ε, µ ∈ (0, 1) and σ ≥ 0. Let (η1, u1), (η2, u2) ∈ C([0, T0] :

Xs
σ,µ(R)) be two solutions of (1.9) on a time interval [0, T0] for some T0 > 0. Moreover,

assume there exist h0 ∈ (0, 1) and h1 > 0 such that

h0 − 1 ≤ η1(x, t), ∀(x, t) ∈ R× [0, T0] and sup
t∈[0,T0]

|(η1, u1)|Hs×Hs ≤ h1. (4.23)

Define the difference to be W = (ψ,w) = (η1− η2, u1−u2). Then, for the energy defined
by (4.22), there holds

d

dt
Ẽ0(W) .σ max

i=1,2 |(ηi, ui)|Hs |(ψ,w)|
2
X0
σ,µ , (4.24)

and

|(ψ,w)|
2
X0
σ,µ . Ẽ0(W) . |(ψ,w)|

2
X0
σ,µ . (4.25)

Furthermore, we have the following estimate at the Xs
σ,µ− level:

d

dt
Ẽs(W) .σ |

(
Λ
s
F,Q(U1,D)Λ

s
W
)
L2 |+ max

i=1,2 |(ηi, ui)|Xs
σ,µ |(ψ,w)|

2
Xs
σ,µ , (4.26)

and

|(ψ,w)|
2
Xs
σ,µ . Ẽs(W) . |(ψ,w)|

2
Xs
σ,µ . (4.27)

Proof. By previous arguments, we note that the proofs of (4.25) and (4.27) are similar to
the proof of (3.26).

Moreover, we will only prove (4.24) since the control of (4.26) follows by the proof of
Proposition 3.4.
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ControlofA22.Lastly,thetermA22isestimatedby(2.36)fors>
3
2,(4.14),andintegration

byparts

|A
2
22|≤|

(
[Λ

1
2
µ,u1]∂xw,(1+η1)Λ

1
2
µw
)
L2|+|

(
u1Λ

1
2
µ∂xw,(1+η1)Λ

1
2
µw
)
L2|

.max
i=1,2|(ηi,ui)|Vsµ|(ψ,w)|

2
V0
µ.

Therefore,wededucethat

d

dtẼ0(W).|I|+|II|+|III|.max
i=1,2|(ηi,ui)|Vsµ|(ψ,w)|

2
V0
µ,

whichconcludestheproofofProposition4.3.
�

4.3.Estimatesforsystem(1.9).Again,weletU1=(η1,u1)T=ε(ζ1,v1)TandU2=
(η2,u2)T=ε(ζ2,v2)Tbetwosolutionsof(1.9)anddefinethedifference(ψ,w)=(η1−
η2,u1−u2).ThenW=(ψ,w)Tsolves

∂tW+M(U1,D)W=F,(4.20)

withMdefinedasin(3.21)andFisdefinedby

F=−
(
Tµ(D)(w∂xη2)+Tµ(D)(ψ∂xu2)

Tµ(D)(w∂xu2)

)
.(4.21)

Theenergyassociatedwith(4.20)isgivenintermsofthesymmetrizer(3.22)by

Ẽs(W):=
(
Λ
s
W,Q(U1,D)Λ

s
W
)
L2.(4.22)

Proposition4.4.Takes>
3
2,ε,µ∈(0,1)andσ≥0.Let(η1,u1),(η2,u2)∈C([0,T0]:

Xs
σ,µ(R))betwosolutionsof(1.9)onatimeinterval[0,T0]forsomeT0>0.Moreover,

assumethereexisth0∈(0,1)andh1>0suchthat

h0−1≤η1(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η1,u1)|Hs×Hs≤h1.(4.23)

DefinethedifferencetobeW=(ψ,w)=(η1−η2,u1−u2).Then,fortheenergydefined
by(4.22),thereholds

d

dt
Ẽ0(W).σmax

i=1,2|(ηi,ui)|Hs|(ψ,w)|
2
X0
σ,µ,(4.24)

and

|(ψ,w)|
2
X0
σ,µ.Ẽ0(W).|(ψ,w)|

2
X0
σ,µ.(4.25)

Furthermore,wehavethefollowingestimateattheXs
σ,µ−level:

d

dt
Ẽs(W).σ|

(
Λ
s
F,Q(U1,D)Λ

s
W
)
L2|+max

i=1,2|(ηi,ui)|Xs
σ,µ|(ψ,w)|

2
Xs
σ,µ,(4.26)

and

|(ψ,w)|
2
Xs
σ,µ.Ẽs(W).|(ψ,w)|

2
Xs
σ,µ.(4.27)

Proof.Bypreviousarguments,wenotethattheproofsof(4.25)and(4.27)aresimilarto
theproofof(3.26).

Moreover,wewillonlyprove(4.24)sincethecontrolof(4.26)followsbytheproofof
Proposition3.4.
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ControlofA22.Lastly,thetermA22isestimatedby(2.36)fors>
3
2,(4.14),andintegration

byparts

|A
2
22|≤|

(
[Λ

1
2
µ,u1]∂xw,(1+η1)Λ

1
2
µw
)
L2|+|

(
u1Λ

1
2
µ∂xw,(1+η1)Λ

1
2
µw
)
L2|

.max
i=1,2|(ηi,ui)|Vsµ|(ψ,w)|

2
V0
µ.

Therefore,wededucethat

d

dtẼ0(W).|I|+|II|+|III|.max
i=1,2|(ηi,ui)|Vsµ|(ψ,w)|

2
V0
µ,

whichconcludestheproofofProposition4.3.
�

4.3.Estimatesforsystem(1.9).Again,weletU1=(η1,u1)T=ε(ζ1,v1)TandU2=
(η2,u2)T=ε(ζ2,v2)Tbetwosolutionsof(1.9)anddefinethedifference(ψ,w)=(η1−
η2,u1−u2).ThenW=(ψ,w)Tsolves

∂tW+M(U1,D)W=F,(4.20)

withMdefinedasin(3.21)andFisdefinedby

F=−
(
Tµ(D)(w∂xη2)+Tµ(D)(ψ∂xu2)

Tµ(D)(w∂xu2)

)
.(4.21)

Theenergyassociatedwith(4.20)isgivenintermsofthesymmetrizer(3.22)by

Ẽs(W):=
(
Λ
s
W,Q(U1,D)Λ

s
W
)
L2.(4.22)

Proposition4.4.Takes>
3
2,ε,µ∈(0,1)andσ≥0.Let(η1,u1),(η2,u2)∈C([0,T0]:

Xs
σ,µ(R))betwosolutionsof(1.9)onatimeinterval[0,T0]forsomeT0>0.Moreover,

assumethereexisth0∈(0,1)andh1>0suchthat

h0−1≤η1(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η1,u1)|Hs×Hs≤h1.(4.23)

DefinethedifferencetobeW=(ψ,w)=(η1−η2,u1−u2).Then,fortheenergydefined
by(4.22),thereholds

d

dt
Ẽ0(W).σmax

i=1,2|(ηi,ui)|Hs|(ψ,w)|
2
X0
σ,µ,(4.24)

and

|(ψ,w)|
2
X0
σ,µ.Ẽ0(W).|(ψ,w)|

2
X0
σ,µ.(4.25)

Furthermore,wehavethefollowingestimateattheXs
σ,µ−level:

d

dt
Ẽs(W).σ|

(
Λ
s
F,Q(U1,D)Λ

s
W
)
L2|+max

i=1,2|(ηi,ui)|Xs
σ,µ|(ψ,w)|

2
Xs
σ,µ,(4.26)

and

|(ψ,w)|
2
Xs
σ,µ.Ẽs(W).|(ψ,w)|

2
Xs
σ,µ.(4.27)

Proof.Bypreviousarguments,wenotethattheproofsof(4.25)and(4.27)aresimilarto
theproofof(3.26).

Moreover,wewillonlyprove(4.24)sincethecontrolof(4.26)followsbytheproofof
Proposition3.4.

LONGTIMEWELL-POSEDNESSOFWHITHAM-BOUSSINESQSYSTEMS31

ControlofA22.Lastly,thetermA22isestimatedby(2.36)fors>
3
2,(4.14),andintegration

byparts

|A
2
22|≤|

(
[Λ

1
2
µ,u1]∂xw,(1+η1)Λ

1
2
µw
)
L2|+|

(
u1Λ

1
2
µ∂xw,(1+η1)Λ

1
2
µw
)
L2|

.max
i=1,2|(ηi,ui)|Vsµ|(ψ,w)|

2
V0
µ.

Therefore,wededucethat

d

dtẼ0(W).|I|+|II|+|III|.max
i=1,2|(ηi,ui)|Vsµ|(ψ,w)|

2
V0
µ,

whichconcludestheproofofProposition4.3.
�

4.3.Estimatesforsystem(1.9).Again,weletU1=(η1,u1)T=ε(ζ1,v1)TandU2=
(η2,u2)T=ε(ζ2,v2)Tbetwosolutionsof(1.9)anddefinethedifference(ψ,w)=(η1−
η2,u1−u2).ThenW=(ψ,w)Tsolves

∂tW+M(U1,D)W=F,(4.20)

withMdefinedasin(3.21)andFisdefinedby

F=−
(
Tµ(D)(w∂xη2)+Tµ(D)(ψ∂xu2)

Tµ(D)(w∂xu2)

)
.(4.21)

Theenergyassociatedwith(4.20)isgivenintermsofthesymmetrizer(3.22)by

Ẽs(W):=
(
Λ
s
W,Q(U1,D)Λ

s
W
)
L2.(4.22)

Proposition4.4.Takes>
3
2,ε,µ∈(0,1)andσ≥0.Let(η1,u1),(η2,u2)∈C([0,T0]:

Xs
σ,µ(R))betwosolutionsof(1.9)onatimeinterval[0,T0]forsomeT0>0.Moreover,

assumethereexisth0∈(0,1)andh1>0suchthat

h0−1≤η1(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η1,u1)|Hs×Hs≤h1.(4.23)

DefinethedifferencetobeW=(ψ,w)=(η1−η2,u1−u2).Then,fortheenergydefined
by(4.22),thereholds

d

dt
Ẽ0(W).σmax

i=1,2|(ηi,ui)|Hs|(ψ,w)|
2
X0
σ,µ,(4.24)

and

|(ψ,w)|
2
X0
σ,µ.Ẽ0(W).|(ψ,w)|

2
X0
σ,µ.(4.25)

Furthermore,wehavethefollowingestimateattheXs
σ,µ−level:

d

dt
Ẽs(W).σ|

(
Λ
s
F,Q(U1,D)Λ

s
W
)
L2|+max

i=1,2|(ηi,ui)|Xs
σ,µ|(ψ,w)|

2
Xs
σ,µ,(4.26)

and

|(ψ,w)|
2
Xs
σ,µ.Ẽs(W).|(ψ,w)|

2
Xs
σ,µ.(4.27)

Proof.Bypreviousarguments,wenotethattheproofsof(4.25)and(4.27)aresimilarto
theproofof(3.26).

Moreover,wewillonlyprove(4.24)sincethecontrolof(4.26)followsbytheproofof
Proposition3.4.
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ControlofA22.Lastly,thetermA22isestimatedby(2.36)fors>
3
2,(4.14),andintegration

byparts

|A
2
22|≤|

(
[Λ

1
2
µ,u1]∂xw,(1+η1)Λ

1
2
µw
)
L2|+|

(
u1Λ

1
2
µ∂xw,(1+η1)Λ

1
2
µw
)
L2|

.max
i=1,2|(ηi,ui)|Vsµ|(ψ,w)|

2
V0
µ.

Therefore,wededucethat

d

dtẼ0(W).|I|+|II|+|III|.max
i=1,2|(ηi,ui)|Vsµ|(ψ,w)|

2
V0
µ,

whichconcludestheproofofProposition4.3.
�

4.3.Estimatesforsystem(1.9).Again,weletU1=(η1,u1)T=ε(ζ1,v1)TandU2=
(η2,u2)T=ε(ζ2,v2)Tbetwosolutionsof(1.9)anddefinethedifference(ψ,w)=(η1−
η2,u1−u2).ThenW=(ψ,w)Tsolves

∂tW+M(U1,D)W=F,(4.20)

withMdefinedasin(3.21)andFisdefinedby

F=−
(
Tµ(D)(w∂xη2)+Tµ(D)(ψ∂xu2)

Tµ(D)(w∂xu2)

)
.(4.21)

Theenergyassociatedwith(4.20)isgivenintermsofthesymmetrizer(3.22)by

Ẽs(W):=
(
Λ
s
W,Q(U1,D)Λ

s
W
)
L2.(4.22)

Proposition4.4.Takes>
3
2,ε,µ∈(0,1)andσ≥0.Let(η1,u1),(η2,u2)∈C([0,T0]:

Xs
σ,µ(R))betwosolutionsof(1.9)onatimeinterval[0,T0]forsomeT0>0.Moreover,

assumethereexisth0∈(0,1)andh1>0suchthat

h0−1≤η1(x,t),∀(x,t)∈R×[0,T0]andsup
t∈[0,T0]

|(η1,u1)|Hs×Hs≤h1.(4.23)

DefinethedifferencetobeW=(ψ,w)=(η1−η2,u1−u2).Then,fortheenergydefined
by(4.22),thereholds

d

dt
Ẽ0(W).σmax

i=1,2|(ηi,ui)|Hs|(ψ,w)|
2
X0
σ,µ,(4.24)

and

|(ψ,w)|
2
X0
σ,µ.Ẽ0(W).|(ψ,w)|

2
X0
σ,µ.(4.25)
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We will now prove (4.24). Then we first use (4.20) and the self-adjointness of Q(U1,D)
to write

1

2
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dt
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2
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L2 +

(
F,Q(U1,D)W

)
L2
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M (U1,D)W,Q(U1,D)W

)
L2

=: I −I I −I I I .
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2
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σ,µ
.
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.

Gathering all these estimates yields
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Control of I I I . The symmetrized term I I I reads:
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(2)
µ )2(Fµ, 1

2
)2)(D)ψ

)
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(2)
µ )2(Fµ,0)

2)(D)ψ
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L2 ,

where we have divided the multiplier Kµ(D) into three pieces in the same way as we did in
(4.11). We may therefore apply the same estimates as for A3

4 in the proof of Proposition
4.1, where we change the role of ψ and w to obtain

|A11| = |
(
u1∂xψ,Kµ(D)ψ

)
L2 | .σ |u1|Hs(|ψ|2L2 +

√
σµ

1
4 |ψ|2

H
1
2
).
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Wewillnowprove(4.24).Thenwefirstuse(4.20)andtheself-adjointnessofQ(U1,D)
towrite
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wherewehavedividedthemultiplierKµ(D)intothreepiecesinthesamewayaswedidin
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4intheproofofProposition
4.1,wherewechangetheroleofψandwtoobtain
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where we have divided the multiplier Kµ(D) into three pieces in the same way as we did in
(4.11). We may therefore apply the same estimates as for A3

4 in the proof of Proposition
4.1, where we change the role of ψ and w to obtain

|A11| = |
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Wewillnowprove(4.24).Thenwefirstuse(4.20)andtheself-adjointnessofQ(U1,D)
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ControlofI.By(4.20),Hölder’sinequality,theSobolevembeddingand(4.23)wededuce

|I|=
1

2|
(
w,(∂tη1)w

)
L2|.|u1|Hs(1+|η1|Hs)|w|2L2.max

i=1,2|(ηi,ui)|Hs|(ψ,w)|
2
X0
σ,µ.

ControlofII.Thecontributionfromthesourcetermisgivenby,

II=
(
w∂xη2,Kµ(D)ψ

)
L2+

(
ψ∂xη2,Kµ(D)ψ

)
L2

+
(
w∂xu2,w

)
L2+

(
Tµ(D)(w∂xu2),η1w

)
L2

=:II1+II2+II3+II4.

ControlofII1+II2.Forσ>0,wefirstapplytheCauchy-Schwarzinequality,(2.1),
andtheSobolevembeddingtodeducethatfors>

3
2

|II1|+|II2|.(|w|L2+|ψ|L2)|η2|Hs|Kµ(D)ψ|L2

.|η2|Hs|(ψ,w)|
2
X0
σ,µ.

Thecaseσ=0,issimilarwhereweinsteadusetheboundednessofTµ(D)onL2(R)to
obtain

|II1|+|II2|.|η2|Hs|(ψ,w)|
2
L2.
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2
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Then use inequality (3.27) to conclude that

|A11| . |u1|Hs |(ψ,w)|2X0
σ,µ
.

In the case σ = 0, we simply use Hölder’s inequality, (2.14), (2.34), to obtain

|A11| . |
(
(∂xu1)

√
Tµ(D)ψ,

√
Tµ(D)ψ

)
L2 |+ |

(
[
√
Tµ(D), u1]∂xψ,

√
Tµ(D)ψ

)
L2 |

. |u1|Hs |ψ|2L2 .

Control of A12 + A21. Treating the off-diagonal terms we first observe by integrating by
parts that

A12 = −
(
(∂xη1)w,Kµ(D)ψ

)
L2 −A21.

Therefore, we may apply Hölder’s inequality, the Sobolev embedding, and (2.1) for σ ≥ 0,
to deduce

|A12 + A21| . |η1|Hs |(ψ,w)|X0
σ,µ
.

Control of A22. We decompose A22 into two terms

A22 =
(
u1∂xw,w

)
L2 +

(
Tµ(D)(u1∂xw), η1w

)
L2

= A 1
22 + A 2

22.

We see that A 1
22 is easily treated by the Cauchy-Schwarz inequality, integration by parts,

the Sobolev embedding, and (4.23). Indeed, there holds

|A 1
22| . |u1|Hs |w|2L2 .

Next, we decompose A 2
22 into three parts

A 2
22 =

(
[
√
Tµ(D), u1]∂xw,

√
Tµ(D)(η1w)

)
L2 +

(
u1
√
Tµ(D)∂xw, [

√
Tµ(D), η1]w

)
L2

+
(
u1
√
Tµ(D)∂xw, η1

√
Tµ(D)w

)
L2 .

= A 2,1
22 + A 2,2

22 + A 2,3
22 .

For A 2,1
22 , we simply apply Hölder’s inequality, (2.34), (2.14), the Sobolev embedding to

find that

|A 2,1
22 | ≤ |[

√
Tµ(D), u1]∂xw|L2 |

√
Tµ(D)(η1w)|L2 . |u1|Hs |η1|Hs |w|2L2 .

For A 2,2
22 , we first remark that

|[
√
Tµ(D), η1]w|L2 . |η1|L∞ |w|L2 , (4.28)

simply by using Hölder’s inequality and (2.14). Then after integrating by parts, we use
Hölder’s inequality, the Sobolev embedding, (2.35), (4.23), and (4.28) to deduce that

|A 2,2
22 | ≤ |∂xu1|L∞ |

√
Tµ(D)w|L2 |[

√
Tµ(D), η1]w|L2

+ |u1|L∞ |
√
Tµ(D)w|L2 |∂x[

√
Tµ(D), η1]w|L2

. max
i=1,2

|(ηi, ui)|Hs |w|2L2 .

Lastly, we use integration by parts, then apply Hölder’s inequality, (2.14), the Sobolev
embedding, and (4.23) to obtain that

|A 2,3
22 | ≤

1

2
|∂x(u1η1)|L∞ |

√
Tµ(D)w|2L2 . max

i=1,2
|(ηi, ui)|Hs |w|2L2 .

We may now gather these estimates to conclude that

|A22| . max
i=1,2

|(ηi, ui)|Hs |(ψ,w)|2X0
σ,µ
,
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Thenuseinequality(3.27)toconcludethat

|A11|.|u1|Hs|(ψ,w)|2X0
σ,µ

.

Inthecaseσ=0,wesimplyuseHölder’sinequality,(2.14),(2.34),toobtain

|A11|.|
(

(∂xu1)
√
Tµ(D)ψ,

√
Tµ(D)ψ

)
L2|+|

(
[
√
Tµ(D),u1]∂xψ,

√
Tµ(D)ψ

)
L2|

.|u1|Hs|ψ|2L2.

ControlofA12+A21.Treatingtheoff-diagonaltermswefirstobservebyintegratingby
partsthat

A12=−
(

(∂xη1)w,Kµ(D)ψ
)
L2−A21.

Therefore,wemayapplyHölder’sinequality,theSobolevembedding,and(2.1)forσ≥0,
todeduce

|A12+A21|.|η1|Hs|(ψ,w)|X0
σ,µ

.

ControlofA22.WedecomposeA22intotwoterms

A22=
(
u1∂xw,w

)
L2+

(
Tµ(D)(u1∂xw),η1w

)
L2

=A1
22+A2

22.

WeseethatA1
22iseasilytreatedbytheCauchy-Schwarzinequality,integrationbyparts,

theSobolevembedding,and(4.23).Indeed,thereholds

|A1
22|.|u1|Hs|w|2L2.

Next,wedecomposeA2
22intothreeparts

A2
22=

(
[
√
Tµ(D),u1]∂xw,

√
Tµ(D)(η1w)

)
L2+

(
u1

√
Tµ(D)∂xw,[

√
Tµ(D),η1]w

)
L2

+
(
u1

√
Tµ(D)∂xw,η1

√
Tµ(D)w

)
L2.

=A2,1
22+A2,2

22+A2,3
22.

ForA2,1
22,wesimplyapplyHölder’sinequality,(2.34),(2.14),theSobolevembeddingto

findthat

|A2,1
22|≤|[

√
Tµ(D),u1]∂xw|L2|

√
Tµ(D)(η1w)|L2.|u1|Hs|η1|Hs|w|2L2.

ForA2,2
22,wefirstremarkthat

|[
√

Tµ(D),η1]w|L2.|η1|L∞|w|L2,(4.28)

simplybyusingHölder’sinequalityand(2.14).Thenafterintegratingbyparts,weuse
Hölder’sinequality,theSobolevembedding,(2.35),(4.23),and(4.28)todeducethat

|A2,2
22|≤|∂xu1|L∞|

√
Tµ(D)w|L2|[

√
Tµ(D),η1]w|L2

+|u1|L∞|
√
Tµ(D)w|L2|∂x[

√
Tµ(D),η1]w|L2

.max
i=1,2

|(ηi,ui)|Hs|w|2L2.

Lastly,weuseintegrationbyparts,thenapplyHölder’sinequality,(2.14),theSobolev
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22|≤

1
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|(ηi,ui)|Hs|w|2L2.

Wemaynowgathertheseestimatestoconcludethat
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σ,µ
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Then use inequality (3.27) to conclude that

|A11| . |u1|Hs |(ψ,w)|
2
X0
σ,µ .

In the case σ = 0, we simply use Hölder’s inequality, (2.14), (2.34), to obtain

|A11| . |
(
(∂xu1)

√
Tµ(D)ψ,

√
Tµ(D)ψ

)
L2 |+ |

(
[
√
Tµ(D), u1]∂xψ,

√
Tµ(D)ψ

)
L2 |

. |u1|Hs |ψ|2L2 .

Control of A12 + A21. Treating the off-diagonal terms we first observe by integrating by
parts that

A12 = −
(
(∂xη1)w,Kµ(D)ψ

)
L2 −A21.

Therefore, we may apply Hölder’s inequality, the Sobolev embedding, and (2.1) for σ ≥ 0,
to deduce

|A12 + A21| . |η1|Hs |(ψ,w)|X0
σ,µ .

Control of A22. We decompose A22 into two terms

A22 =
(
u1∂xw,w

)
L2 +

(
Tµ(D)(u1∂xw), η1w

)
L2

= A
1
22 + A

2
22.

We see that A 1
22 is easily treated by the Cauchy-Schwarz inequality, integration by parts,

the Sobolev embedding, and (4.23). Indeed, there holds

|A
1
22| . |u1|Hs |w|2L2 .

Next, we decompose A 2
22 into three parts

A
2
22 =

(
[
√
Tµ(D), u1]∂xw,

√
Tµ(D)(η1w)

)
L2 +

(
u1
√
Tµ(D)∂xw, [

√
Tµ(D), η1]w

)
L2

+
(
u1
√
Tµ(D)∂xw, η1

√
Tµ(D)w

)
L2 .

= A
2,1
22 + A

2,2
22 + A

2,3
22 .

For A
2,1
22 , we simply apply Hölder’s inequality, (2.34), (2.14), the Sobolev embedding to

find that

|A
2,1
22 | ≤ |[

√
Tµ(D), u1]∂xw|L2 |

√
Tµ(D)(η1w)|L2 . |u1|Hs |η1|Hs |w|2L2 .

For A
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22 , we first remark that
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√
Tµ(D), η1]w|L2 . |η1|L∞ |w|L2 , (4.28)
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√
Tµ(D)w|L2 |[
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Tµ(D), η1]w|L2
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√
Tµ(D)w|L2 |∂x[

√
Tµ(D), η1]w|L2

. max
i=1,2 |(ηi, ui)|Hs |w|2L2 .

Lastly, we use integration by parts, then apply Hölder’s inequality, (2.14), the Sobolev
embedding, and (4.23) to obtain that

|A
2,3
22 | ≤

1

2 |∂x(u1η1)|L∞ |
√
Tµ(D)w|

2
L2 . max

i=1,2 |(ηi, ui)|Hs |w|2L2 .

We may now gather these estimates to conclude that

|A22| . max
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2
X0
σ,µ ,
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√
Tµ(D)ψ

)
L2 |+ |

(
[
√
Tµ(D), u1]∂xψ,

√
Tµ(D)ψ

)
L2 |

. |u1|Hs |ψ|2L2 .

Control of A12 + A21. Treating the off-diagonal terms we first observe by integrating by
parts that

A12 = −
(
(∂xη1)w,Kµ(D)ψ

)
L2 −A21.

Therefore, we may apply Hölder’s inequality, the Sobolev embedding, and (2.1) for σ ≥ 0,
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|A12 + A21| . |η1|Hs |(ψ,w)|X0
σ,µ .

Control of A22. We decompose A22 into two terms

A22 =
(
u1∂xw,w

)
L2 +

(
Tµ(D)(u1∂xw), η1w

)
L2

= A
1
22 + A

2
22.

We see that A 1
22 is easily treated by the Cauchy-Schwarz inequality, integration by parts,

the Sobolev embedding, and (4.23). Indeed, there holds

|A
1
22| . |u1|Hs |w|2L2 .
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22 into three parts

A
2
22 =

(
[
√
Tµ(D), u1]∂xw,

√
Tµ(D)(η1w)

)
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(
u1
√
Tµ(D)∂xw, [

√
Tµ(D), η1]w

)
L2

+
(
u1
√
Tµ(D)∂xw, η1

√
Tµ(D)w

)
L2 .

= A
2,1
22 + A

2,2
22 + A

2,3
22 .

For A
2,1
22 , we simply apply Hölder’s inequality, (2.34), (2.14), the Sobolev embedding to
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|A
2,1
22 | ≤ |[

√
Tµ(D), u1]∂xw|L2 |

√
Tµ(D)(η1w)|L2 . |u1|Hs |η1|Hs |w|2L2 .

For A
2,2
22 , we first remark that

|[
√
Tµ(D), η1]w|L2 . |η1|L∞ |w|L2 , (4.28)
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√
Tµ(D)w|L2 |[

√
Tµ(D), η1]w|L2
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√
Tµ(D)w|L2 |∂x[

√
Tµ(D), η1]w|L2

. max
i=1,2 |(ηi, ui)|Hs |w|2L2 .
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|A
2,3
22 | ≤

1

2 |∂x(u1η1)|L∞ |
√
Tµ(D)w|

2
L2 . max

i=1,2 |(ηi, ui)|Hs |w|2L2 .

We may now gather these estimates to conclude that
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Thenuseinequality(3.27)toconcludethat
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Thenuseinequality(3.27)toconcludethat

|A11|.|u1|Hs|(ψ,w)|
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σ,µ.

Inthecaseσ=0,wesimplyuseHölder’sinequality,(2.14),(2.34),toobtain
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ControlofA12+A21.Treatingtheoff-diagonaltermswefirstobservebyintegratingby
partsthat

A12=−
(
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)
L2−A21.

Therefore,wemayapplyHölder’sinequality,theSobolevembedding,and(2.1)forσ≥0,
todeduce
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|A
1
22|.|u1|Hs|w|2L2.

Next,wedecomposeA2
22intothreeparts

A
2
22=

(
[
√
Tµ(D),u1]∂xw,

√
Tµ(D)(η1w)

)
L2+

(
u1
√
Tµ(D)∂xw,[

√
Tµ(D),η1]w

)
L2

+
(
u1
√
Tµ(D)∂xw,η1

√
Tµ(D)w

)
L2.

=A
2,1
22+A

2,2
22+A

2,3
22.

ForA
2,1
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and as a result the proof of Proposition 4.4 is now complete. �

5. Proof of Theorem 1.6 in the one-dimensional case

Proof. The proof is divided into eight steps, utilizing the results above.

Step 1: Existence of solutions for a regularized system. Let s > 1
2 , 0 < ν < 1 and α = 3

2

+
.

Then, for any initial data U0 := (η0, u0) ∈ V s
µ (R), we claim that there exist cσ > 0, and a

time

0 < Tν := Tν
(
|(η0, u0)|V sµ

)
=

(
cσν

2
3α

1 + |(η0, u0)|V sµ

) 1

1− 2
3α (5.1)

such that Uν := (ην , uν)T ∈ C([0, Tν ];V s
µ (R)) is a unique solution of the regularized Cauchy

problem: {
∂tη

ν + uν∂xη
ν + (Kµ(D) + ην)∂xu

ν = −ν〈D〉αην
∂tu

ν + ∂xη
ν + uν∂xu

ν = −ν〈D〉αuν . (5.2)

The proof of the existence of a unique solution is a consequence of the contraction mapping
principle. First, we find the diagonalisation of the linear part, Sν(t), of (5.2) to be

Sν(t) =
1

2

(
−
√
Kµ(D)

√
Kµ(D)

1 1

)(
exp(−tLν−(D)) 0

0 exp(−tLν+(D))

)(
−K−

1
2

µ (D) 1

K−
1
2

µ (D) 1

)

where Lν±(D) = ±iD
√
Kµ(D) + ν〈D〉α. Then we shall show that

ΦU0(Uν)(t) := Sν(t)U0 −
∫ t

0
Sν(t− s)∂x

(
ηνuν

(uν)2

2

)
(s) ds, (5.3)

defines a contraction on the closed subspace B(a) of C([0, T ];V s
µ (R)), whose norm is bounded

by a, and is centered at the point Sν(t)U0. However, we note by Plancherel that for |ξ| > 1
there holds,

|Sν(t)∂xU|L2 .σ ||ξ|
3
2 e−ν|ξ|

αtÛ|L2 .σ
1

(νt)
2
3α

|U|L2 . (5.4)

The same is trivially true for |ξ| ≤ 1. Now, combining (5.4) with the fact that 2
3α < 1 and

the algebra property of H
1
2

+

(R) we deduce that

|ΦU0(Uν)− Sν(t)U0|Hs .σ T 1− 2
3α ν−

2
3α |Uν |2Hs

and

|ΦU0(Uν
1)− ΦU0(Uν

2)|Hs .σ T 1− 2
3α ν−

2
3α |Uν

1 −Uν
2 |Hs(|Uν

1 |Hs + |Uν
2 |Hs)

Therefore, by choosing a = |U0|L∞T V sµ and T as in (5.1) we can use the above estimates

to conclude by the Fixed Point Theorem that there exist a unique solution of (5.2) in
C([0, Tν ];V s

µ (R)).

Remark 5.1. A consequence of Step 1, is the continuity of the flow map associated with
(5.2). But this is only for the ’short’ time Tν given by (5.1), and is therefore not useful for
the limit equation.

Step 2: The blow-up alternative. We define the maximal time of existence to be

T ?ν = sup
{
Tν > 0 : ∃! Uν = (ην , uν)T solution of (5.2) in C([0, Tν ];V s

µ (R))
}
.
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andasaresulttheproofofProposition4.4isnowcomplete.�

5.ProofofTheorem1.6intheone-dimensionalcase

Proof.Theproofisdividedintoeightsteps,utilizingtheresultsabove.

Step1:Existenceofsolutionsforaregularizedsystem.Lets>1
2,0<ν<1andα=3

2

+
.

Then,foranyinitialdataU0:=(η0,u0)∈Vs
µ(R),weclaimthatthereexistcσ>0,anda

time

0<Tν:=Tν
(
|(η0,u0)|Vsµ

)
=

(
cσν

2
3α

1+|(η0,u0)|Vsµ

)1

1−2
3α(5.1)

suchthatUν:=(ην,uν)T∈C([0,Tν];Vs
µ(R))isauniquesolutionoftheregularizedCauchy

problem:{
∂tη

ν+uν∂xη
ν+(Kµ(D)+ην)∂xu

ν=−ν〈D〉αην
∂tu

ν+∂xη
ν+uν∂xu

ν=−ν〈D〉αuν.(5.2)

Theproofoftheexistenceofauniquesolutionisaconsequenceofthecontractionmapping
principle.First,wefindthediagonalisationofthelinearpart,Sν(t),of(5.2)tobe

Sν(t)=
1

2
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−
√
Kµ(D)

√
Kµ(D)
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)(
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)(
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1
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µ(D)1

K−
1
2
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)

whereLν±(D)=±iD
√
Kµ(D)+ν〈D〉α.Thenweshallshowthat

ΦU0(Uν)(t):=Sν(t)U0−
∫t

0
Sν(t−s)∂x

(
ηνuν

(uν)2

2

)
(s)ds,(5.3)

definesacontractionontheclosedsubspaceB(a)ofC([0,T];Vs
µ(R)),whosenormisbounded

bya,andiscenteredatthepointSν(t)U0.However,wenotebyPlancherelthatfor|ξ|>1
thereholds,
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3
2e−ν|ξ|

αtÛ|L2.σ
1

(νt)
2
3α

|U|L2.(5.4)

Thesameistriviallytruefor|ξ|≤1.Now,combining(5.4)withthefactthat2
3α<1and
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1
2

+
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3αν−

2
3α|Uν|2Hs
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|ΦU0(Uν
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2)|Hs.σT1−2
3αν−

2
3α|Uν

1−Uν
2|Hs(|Uν

1|Hs+|Uν
2|Hs)

Therefore,bychoosinga=|U0|L∞TVsµandTasin(5.1)wecanusetheaboveestimates

toconcludebytheFixedPointTheoremthatthereexistauniquesolutionof(5.2)in
C([0,Tν];Vs

µ(R)).

Remark5.1.AconsequenceofStep1,isthecontinuityoftheflowmapassociatedwith
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and as a result the proof of Proposition 4.4 is now complete. �

5. Proof of Theorem 1.6 in the one-dimensional case

Proof. The proof is divided into eight steps, utilizing the results above.

Step 1: Existence of solutions for a regularized system. Let s >
1
2 , 0 < ν < 1 and α =

3
2

+
.

Then, for any initial data U0 := (η0, u0) ∈ V s
µ (R), we claim that there exist cσ > 0, and a

time

0 < Tν := Tν
(
|(η0, u0)|V sµ )

=

( cσν
2
3α

1 + |(η0, u0)|V sµ

) 1

1− 2
3α

(5.1)

such that Uν := (ην , uν)T ∈ C([0, Tν ];V s
µ (R)) is a unique solution of the regularized Cauchy

problem: {
∂tην + uν∂

xην + (Kµ(D) + ην)∂xuν = −ν〈D〉αην
∂tuν + ∂xην + uν∂

xuν = −ν〈D〉αuν . (5.2)

The proof of the existence of a unique solution is a consequence of the contraction mapping
principle. First, we find the diagonalisation of the linear part, Sν(t), of (5.2) to be

S
ν
(t) =

1

2

(
−
√
Kµ(D)

√
Kµ(D)

1 1

)(
exp(−tLν−(D)) 0

0 exp(−tLν+(D))

)(
−K

−
1
2

µ (D) 1

K
−

1
2

µ (D) 1

)

where Lν±(D) = ±iD
√
Kµ(D) + ν〈D〉α. Then we shall show that

ΦU0(U
ν
)(t) := S

ν
(t)U0 −

∫ t

0
S
ν
(t− s)∂x

(ηνuν
(uν)2

2

)
(s) ds, (5.3)

defines a contraction on the closed subspace B(a) of C([0, T ];V s
µ (R)), whose norm is bounded

by a, and is centered at the point Sν(t)U0. However, we note by Plancherel that for |ξ| > 1
there holds,

|S
ν
(t)∂xU|L2 .σ ||ξ|

3
2 e−ν|ξ|αt

Û|L2 .σ
1

(νt)
2
3α

|U|L2 . (5.4)

The same is trivially true for |ξ| ≤ 1. Now, combining (5.4) with the fact that
2
3α < 1 and

the algebra property of H
1
2

+

(R) we deduce that

|ΦU0(U
ν
)− S

ν
(t)U0|Hs .σ T 1−

2
3α ν−

2
3α |Uν

|
2
Hs

and

|ΦU0(U
ν
1)− ΦU0(U

ν
2)|Hs .σ T 1−
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3α ν−

2
3α |Uν

1 −U
ν
2 |Hs(|Uν

1 |Hs + |U
ν
2 |Hs)

Therefore, by choosing a = |U0|L∞T V sµ and T as in (5.1) we can use the above estimates

to conclude by the Fixed Point Theorem that there exist a unique solution of (5.2) in
C([0, Tν ];V s

µ (R)).

Remark 5.1. A consequence of Step 1, is the continuity of the flow map associated with
(5.2). But this is only for the ’short’ time Tν given by (5.1), and is therefore not useful for
the limit equation.

Step 2: The blow-up alternative. We define the maximal time of existence to be

T
?
ν = sup

{
Tν > 0 : ∃! U

ν
= (η

ν
, u

ν
)
T

solution of (5.2) in C([0, Tν ];V
s
µ (R))

}
.
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andasaresulttheproofofProposition4.4isnowcomplete.�

5.ProofofTheorem1.6intheone-dimensionalcase

Proof.Theproofisdividedintoeightsteps,utilizingtheresultsabove.

Step1:Existenceofsolutionsforaregularizedsystem.Lets>
1
2,0<ν<1andα=

3
2

+
.

Then,foranyinitialdataU0:=(η0,u0)∈Vs
µ(R),weclaimthatthereexistcσ>0,anda

time

0<Tν:=Tν
(
|(η0,u0)|Vsµ)

=

(cσν
2
3α

1+|(η0,u0)|Vsµ
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1−2
3α

(5.1)

suchthatUν:=(ην,uν)T∈C([0,Tν];Vs
µ(R))isauniquesolutionoftheregularizedCauchy

problem:{
∂tην+uν∂

xην+(Kµ(D)+ην)∂xuν=−ν〈D〉αην
∂tuν+∂xην+uν∂

xuν=−ν〈D〉αuν.(5.2)

Theproofoftheexistenceofauniquesolutionisaconsequenceofthecontractionmapping
principle.First,wefindthediagonalisationofthelinearpart,Sν(t),of(5.2)tobe

S
ν
(t)=

1

2
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√
Kµ(D)

√
Kµ(D)

11

)(
exp(−tLν−(D))0

0exp(−tLν+(D))

)(
−K

−
1
2

µ(D)1

K
−

1
2

µ(D)1

)

whereLν±(D)=±iD
√
Kµ(D)+ν〈D〉α.Thenweshallshowthat

ΦU0(U
ν
)(t):=S

ν
(t)U0−

∫t

0
S
ν
(t−s)∂x

(ηνuν
(uν)2

2

)
(s)ds,(5.3)

definesacontractionontheclosedsubspaceB(a)ofC([0,T];Vs
µ(R)),whosenormisbounded

bya,andiscenteredatthepointSν(t)U0.However,wenotebyPlancherelthatfor|ξ|>1
thereholds,

|S
ν
(t)∂xU|L2.σ||ξ|

3
2e−ν|ξ|αt

Û|L2.σ
1

(νt)
2
3α

|U|L2.(5.4)

Thesameistriviallytruefor|ξ|≤1.Now,combining(5.4)withthefactthat
2
3α<1and

thealgebrapropertyofH
1
2

+

(R)wededucethat

|ΦU0(U
ν
)−S

ν
(t)U0|Hs.σT1−

2
3αν−

2
3α|Uν

|
2
Hs

and

|ΦU0(U
ν
1)−ΦU0(U

ν
2)|Hs.σT1−

2
3αν−

2
3α|Uν

1−U
ν
2|Hs(|Uν

1|Hs+|U
ν
2|Hs)

Therefore,bychoosinga=|U0|L∞TVsµandTasin(5.1)wecanusetheaboveestimates

toconcludebytheFixedPointTheoremthatthereexistauniquesolutionof(5.2)in
C([0,Tν];Vs

µ(R)).

Remark5.1.AconsequenceofStep1,isthecontinuityoftheflowmapassociatedwith
(5.2).Butthisisonlyforthe’short’timeTνgivenby(5.1),andisthereforenotusefulfor
thelimitequation.

Step2:Theblow-upalternative.Wedefinethemaximaltimeofexistencetobe

T
?
ν=sup

{
Tν>0:∃!U

ν
=(η

ν
,u

ν
)
T

solutionof(5.2)inC([0,Tν];V
s
µ(R))

}
.
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2
3α|Uν
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2
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and

|ΦU0(U
ν
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ν
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ν
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ν
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T
?
ν=sup
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=(η

ν
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ν
)
T

solutionof(5.2)inC([0,Tν];V
s
µ(R))

}
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Then we claim that the solution of (5.2) satisfies the blow-up alternative:

If T ?ν <∞, then lim
t↗T ?ν

|(ην , uν)(t)|V sµ =∞. (5.5)

First, we argue by contradiction that T ?ν <∞ and there exist A ∈ R+ such that

sup
t∈[0,T ?ν )

|(ην , uν)(t)|V sµ = A. (5.6)

We use (5.1) to define τν,A = T ?ν − Tν(A)
2 . Then we have that

a := |(ην , uν)(τν,A)|V sµ ≤ A.
Therefore, if we let Vν

0 = (ην , uν)T (τν,A) serve as initial data, then (5.2) has a unique
solution given by

Vν(t) = Sν(t)Vν
0 −

∫ t

0
Sν(t− s)∂x

(
vν1v

ν
2

(vν2 )
2

2

)
(s) ds (5.7)

with Vν = (vν1 , v
ν
2 ) ∈ C([0, Tν(a)];V s

µ (R)). Here, Tν(a) is given by (5.1) due to Step 1.
Moreover, we observe that Tν(a) ≥ Tν(A) by definition (5.1), and implies τν,A + Tν(a) ≥
T ?ν + Tν(A)

2 . Thus, we define the extension of Uν = (ην , uν)T by the function

Zν(t) =

{
Uν(t), if 0 ≤ t < τν,A

Vν(t− τν,A), if τν,A ≤ t ≤ τν,A + Tν(a),

and one can verify that it is a solution of (5.2) for all t ∈ [0, T ?ν + Tν(A)
2 ] ⊂ [0, τν,A + Tν(a)].

This contradicts the definition of T ?ν . Thus, we conclude that if T ?ν < ∞, then necessarily
A =∞ in (5.6), and implies

lim sup
t↗T ?ν

|(ην , uν(t))|V sµ =∞. (5.8)

To conclude the proof of the claim, we use (5.8) to verify that for all R > 0 there exists
an open interval (tR, T

?
ν ) such that |(ην , uν(t))|V sµ > R, for all t ∈ (tR, T

?
ν ). Indeed, we argue

by contradiction that there exists R ∈ R+ such that for all 0 < tR < T ?ν , we have

|(ην , uν)(t)|V sµ ≤ R, (5.9)

for some t ∈ (tR, T
?
ν ). By (5.8) there is a time such that τR,0 > T ?ν − Tν(R)

2 and satisfying

|(ην , uν)(τR,0)|V sµ > R.

On the other hand, by assumption (5.9) we can take tR = τR,0 and use the fact that there
is a time τR,1 ∈ (tR, T

?
ν ) such that

|(ην , uν)(τR,1)|V sµ ≤ R.
Thus, by the same argument as above we can take (ην , uν)(τR,1) as initial data of (5.2) to

find an extended solution defined on [0, T ?ν + Tν(R)
2 ] ⊂ [0, τR,1 +Tν(R)]. This contradicts the

definition of T ?ν . As a result, we conclude that (5.5) holds true.

Step 3: The existence time is independent of ν > 0. We claim that there exists

T =
1

k1σ|(ζ0, v0)|V sµ
,

as in (1.16), such that the regularized solution ε(ζν , vν) = (ην , uν) exists on the interval
[0, Tε ].
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Thenweclaimthatthesolutionof(5.2)satisfiestheblow-upalternative:

IfT?ν<∞,thenlim
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Weuse(5.1)todefineτν,A=T?ν−Tν(A)
2.Thenwehavethat

a:=|(ην,uν)(τν,A)|Vsµ≤A.
Therefore,ifweletVν

0=(ην,uν)T(τν,A)serveasinitialdata,then(5.2)hasaunique
solutiongivenby

Vν(t)=Sν(t)Vν
0−

∫t

0
Sν(t−s)∂x

(
vν1v

ν
2

(vν2)
2

2

)
(s)ds(5.7)

withVν=(vν1,v
ν
2)∈C([0,Tν(a)];Vs

µ(R)).Here,Tν(a)isgivenby(5.1)duetoStep1.
Moreover,weobservethatTν(a)≥Tν(A)bydefinition(5.1),andimpliesτν,A+Tν(a)≥
T?ν+Tν(A)

2.Thus,wedefinetheextensionofUν=(ην,uν)Tbythefunction

Zν(t)=

{
Uν(t),if0≤t<τν,A

Vν(t−τν,A),ifτν,A≤t≤τν,A+Tν(a),

andonecanverifythatitisasolutionof(5.2)forallt∈[0,T?ν+Tν(A)
2]⊂[0,τν,A+Tν(a)].

ThiscontradictsthedefinitionofT?ν.Thus,weconcludethatifT?ν<∞,thennecessarily
A=∞in(5.6),andimplies

limsup
t↗T?ν

|(ην,uν(t))|Vsµ=∞.(5.8)

Toconcludetheproofoftheclaim,weuse(5.8)toverifythatforallR>0thereexists
anopeninterval(tR,T

?
ν)suchthat|(ην,uν(t))|Vsµ>R,forallt∈(tR,T

?
ν).Indeed,weargue

bycontradictionthatthereexistsR∈R+suchthatforall0<tR<T?ν,wehave

|(ην,uν)(t)|Vsµ≤R,(5.9)

forsomet∈(tR,T
?
ν).By(5.8)thereisatimesuchthatτR,0>T?ν−Tν(R)

2andsatisfying

|(ην,uν)(τR,0)|Vsµ>R.

Ontheotherhand,byassumption(5.9)wecantaketR=τR,0andusethefactthatthere
isatimeτR,1∈(tR,T

?
ν)suchthat

|(ην,uν)(τR,1)|Vsµ≤R.
Thus,bythesameargumentasabovewecantake(ην,uν)(τR,1)asinitialdataof(5.2)to

findanextendedsolutiondefinedon[0,T?ν+Tν(R)
2]⊂[0,τR,1+Tν(R)].Thiscontradictsthe

definitionofT?ν.Asaresult,weconcludethat(5.5)holdstrue.

Step3:Theexistencetimeisindependentofν>0.Weclaimthatthereexists

T=
1

k1σ|(ζ0,v0)|Vsµ
,

asin(1.16),suchthattheregularizedsolutionε(ζν,vν)=(ην,uν)existsontheinterval
[0,Tε].
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Then we claim that the solution of (5.2) satisfies the blow-up alternative:

If T
?
ν <∞, then lim

t↗T ?ν |(η
ν
, u

ν
)(t)|V sµ =∞. (5.5)

First, we argue by contradiction that T ?
ν <∞ and there exist A ∈ R+ such that

sup
t∈[0,T ?ν ) |(η

ν
, u

ν
)(t)|V sµ = A. (5.6)

We use (5.1) to define τν,A = T ?
ν −

Tν(A)
2 . Then we have that

a := |(η
ν
, u

ν
)(τν,A)|V sµ ≤ A.

Therefore, if we let Vν
0 = (ην , uν)T (τν,A) serve as initial data, then (5.2) has a unique

solution given by

V
ν
(t) = S

ν
(t)V

ν
0 −

∫ t

0
S
ν
(t− s)∂x

(
vν
1vν

2
(vν

2 )2

2

)
(s) ds (5.7)

with Vν = (vν
1 , vν

2 ) ∈ C([0, Tν(a)];V s
µ (R)). Here, Tν(a) is given by (5.1) due to Step 1.

Moreover, we observe that Tν(a) ≥ Tν(A) by definition (5.1), and implies τν,A + Tν(a) ≥
T ?
ν +

Tν(A)
2 . Thus, we define the extension of Uν = (ην , uν)T by the function

Z
ν
(t) =

{
Uν(t), if 0 ≤ t < τν,A

Vν(t− τν,A), if τν,A ≤ t ≤ τν,A + Tν(a),

and one can verify that it is a solution of (5.2) for all t ∈ [0, T ?
ν +

Tν(A)
2 ] ⊂ [0, τν,A + Tν(a)].

This contradicts the definition of T ?
ν . Thus, we conclude that if T ?

ν < ∞, then necessarily
A =∞ in (5.6), and implies

lim sup
t↗T ?ν |(η

ν
, u

ν
(t))|V sµ =∞. (5.8)

To conclude the proof of the claim, we use (5.8) to verify that for all R > 0 there exists
an open interval (tR, T ?

ν ) such that |(ην , uν(t))|V sµ > R, for all t ∈ (tR, T ?
ν ). Indeed, we argue

by contradiction that there exists R ∈ R+ such that for all 0 < tR < T ?
ν , we have

|(η
ν
, u

ν
)(t)|V sµ ≤ R, (5.9)

for some t ∈ (tR, T ?
ν ). By (5.8) there is a time such that τR,0 > T ?

ν −
Tν(R)

2 and satisfying

|(η
ν
, u

ν
)(τR,0)|V sµ > R.

On the other hand, by assumption (5.9) we can take tR = τR,0 and use the fact that there
is a time τR,1 ∈ (tR, T ?

ν ) such that

|(η
ν
, u

ν
)(τR,1)|V sµ ≤ R.

Thus, by the same argument as above we can take (ην , uν)(τR,1) as initial data of (5.2) to

find an extended solution defined on [0, T ?
ν +

Tν(R)
2 ] ⊂ [0, τR,1 +Tν(R)]. This contradicts the

definition of T ?
ν . As a result, we conclude that (5.5) holds true.

Step 3: The existence time is independent of ν > 0. We claim that there exists

T =
1

k1
σ|(ζ0, v0)|V sµ

,

as in (1.16), such that the regularized solution ε(ζν , vν) = (ην , uν) exists on the interval
[0,

T
ε ].
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Thenweclaimthatthesolutionof(5.2)satisfiestheblow-upalternative:

IfT
?
ν<∞,thenlim
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,u

ν
)(t)|Vsµ=∞.(5.5)

First,wearguebycontradictionthatT?
ν<∞andthereexistA∈R+suchthat

sup
t∈[0,T?ν)|(η

ν
,u

ν
)(t)|Vsµ=A.(5.6)

Weuse(5.1)todefineτν,A=T?
ν−

Tν(A)
2.Thenwehavethat

a:=|(η
ν
,u

ν
)(τν,A)|Vsµ≤A.

Therefore,ifweletVν
0=(ην,uν)T(τν,A)serveasinitialdata,then(5.2)hasaunique

solutiongivenby

V
ν
(t)=S

ν
(t)V

ν
0−

∫t

0
S
ν
(t−s)∂x

(
vν
1vν

2
(vν

2)2

2

)
(s)ds(5.7)

withVν=(vν
1,vν

2)∈C([0,Tν(a)];Vs
µ(R)).Here,Tν(a)isgivenby(5.1)duetoStep1.

Moreover,weobservethatTν(a)≥Tν(A)bydefinition(5.1),andimpliesτν,A+Tν(a)≥
T?
ν+

Tν(A)
2.Thus,wedefinetheextensionofUν=(ην,uν)Tbythefunction

Z
ν
(t)=
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ν
,u

ν
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|(η
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ν
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The proof relies on a bootstrap argument similar to the proof of Lemma 5.1 in [28]. In
fact, the long time existence is a direct consequence of the following remark and lemma.

Remark 5.2. We will invoke the estimates in Proposition 3.1 for system (5.2). However,
due to the parabolic regularisation, we must also control the additional terms given by

d

dt
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ν)
) 3

2 − ν
(
Λs+αUν , Q(Uν ,D)ΛsUν

)
L2 .
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α
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α
2 ην
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α
2 uν , (Kµ(D) + ην)Λs+

α
2 uν

)
L2

+
(
Λs+

α
2 uν , [Λ

α
2 , ην ]Λsuν

)
L2

= I + II + III.

The first two terms has a positive sign, while the third term, III, can be absorbed by the
second term by using Cauchy-Schwarz, (A.9) and Young’s inequality:

|III| ≤ 2c1|uν |Hs+α2
|ην |Hs |uν |Hs ≤ c2|uν |2

Hs+α2
+
c1
c2
|ην |2Hs |uν |2Hs ,

by choosing 0 < c2 < min{h02 , σ2 }. Indeed, by (2.7), (2.8), (3.4), (3.5) and (3.7) we get the
bound

−ν(I + II + III) ≤ −ν|ην |2
Hs+α2

+ ν(c2 −min{h0
2
,
σ

2
})|uν |2

Hs+α2

+
c1
c2
cσ
(
Es(U

ν)
) 3

2 .

Therefore, we have that Proposition 3.1 holds for the regularised system.

Lemma 5.3. Let s > 2 and ε be as in (1.15). Let (ην , uν) = ε(ζν , vν) ∈ C([0, T ?ν );V s
µ (R))

be a solution of (5.2) with initial data ε(ζ0, v0) = (η0, u0) ∈ V s
µ (R), defined on its maximal

time of existence and satisfying the blow-up alternative (5.5). Moreover, let η0 = εζ0 satisfy
either the non-cavitation condition (1.13) or the σ−dependent surface condition (1.14),
depending on whether σ ≥ 1

3 or 0 < σ < 1
3 , respectively. Then there exists a time

T0 =
1

k1σ|(η0, u0)|V sµ
, (5.10)

such that T ?ν > T0 and

sup
t∈[0,T0]

|(ην , uν)(t)|V sµ ≤ 4k2σ|(η0, u0)|V sµ . (5.11)

The constants are on the form

k2σ =
c2σ
c1σ

and k1σ =

{
C1
σ for 0 < σ < 1

3

C2σ
2 for σ ≥ 1

3

where C1 and C2 are two positive constants to be fixed in the proof.

Proof. We define the set

T̃ν = sup
{
Tν ∈ (0, T ?ν ) : sup

t∈[0,Tν ]
|(ην , uν)(t)|V sµ ≤ 4k2σ|(η0, u0)|V sµ

}
. (5.12)

Then we first note that T̃ν < T ?ν , or else it would contradict the blow-up alternative (5.5).

For the proof we argue by contradiction that T̃ν ≤ T0.
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TheproofreliesonabootstrapargumentsimilartotheproofofLemma5.1in[28].In
fact,thelongtimeexistenceisadirectconsequenceofthefollowingremarkandlemma.

Remark5.2.WewillinvoketheestimatesinProposition3.1forsystem(5.2).However,
duetotheparabolicregularisation,wemustalsocontroltheadditionaltermsgivenby
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dt
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(

Λs+αUν,Q(Uν,D)ΛsUν
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L2.

Butdecomposingthelastterm,wenotethat
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)
L2

+
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Λs+
α
2uν,[Λ

α
2,ην]Λsuν

)
L2

=I+II+III.

Thefirsttwotermshasapositivesign,whilethethirdterm,III,canbeabsorbedbythe
secondtermbyusingCauchy-Schwarz,(A.9)andYoung’sinequality:

|III|≤2c1|uν|Hs+α2
|ην|Hs|uν|Hs≤c2|uν|2

Hs+α2
+

c1
c2
|ην|2Hs|uν|2Hs,

bychoosing0<c2<min{h02,σ2}.Indeed,by(2.7),(2.8),(3.4),(3.5)and(3.7)wegetthe
bound

−ν(I+II+III)≤−ν|ην|2
Hs+α2

+ν(c2−min{h0
2

,
σ

2
})|uν|2

Hs+α2

+
c1
c2

cσ
(
Es(U

ν)
)3

2.

Therefore,wehavethatProposition3.1holdsfortheregularisedsystem.

Lemma5.3.Lets>2andεbeasin(1.15).Let(ην,uν)=ε(ζν,vν)∈C([0,T?ν);Vs
µ(R))

beasolutionof(5.2)withinitialdataε(ζ0,v0)=(η0,u0)∈Vs
µ(R),definedonitsmaximal

timeofexistenceandsatisfyingtheblow-upalternative(5.5).Moreover,letη0=εζ0satisfy
eitherthenon-cavitationcondition(1.13)ortheσ−dependentsurfacecondition(1.14),
dependingonwhetherσ≥1

3or0<σ<1
3,respectively.Thenthereexistsatime

T0=
1

k1σ|(η0,u0)|Vsµ
,(5.10)

suchthatT?ν>T0and

sup
t∈[0,T0]

|(ην,uν)(t)|Vsµ≤4k2σ|(η0,u0)|Vsµ.(5.11)

Theconstantsareontheform

k2σ=
c2σ
c1σ

andk1σ=

{
C1
σfor0<σ<1

3

C2σ
2forσ≥1

3

whereC1andC2aretwopositiveconstantstobefixedintheproof.

Proof.Wedefinetheset

T̃ν=sup
{

Tν∈(0,T?ν):sup
t∈[0,Tν]

|(ην,uν)(t)|Vsµ≤4k2σ|(η0,u0)|Vsµ
}

.(5.12)

ThenwefirstnotethatT̃ν<T?ν,orelseitwouldcontradicttheblow-upalternative(5.5).

FortheproofwearguebycontradictionthatT̃ν≤T0.
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The proof relies on a bootstrap argument similar to the proof of Lemma 5.1 in [28]. In
fact, the long time existence is a direct consequence of the following remark and lemma.

Remark 5.2. We will invoke the estimates in Proposition 3.1 for system (5.2). However,
due to the parabolic regularisation, we must also control the additional terms given by

d

dt
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The first two terms has a positive sign, while the third term, III, can be absorbed by the
second term by using Cauchy-Schwarz, (A.9) and Young’s inequality:

|III| ≤ 2c1|u
ν
|Hs+α

2 |η
ν
|Hs |uν |Hs ≤ c2|uν |2

H
s+α

2 +
c1
c2 |η

ν
|
2
Hs |u

ν
|
2
Hs ,
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bound

−ν(I + II + III) ≤ −ν|η
ν
|
2

H
s+α

2 + ν(c2 −min{
h0
2
,
σ

2 })|u
ν
|
2

H
s+α

2

+
c1
c2
cσ
(
Es(U

ν
)
) 3

2
.

Therefore, we have that Proposition 3.1 holds for the regularised system.
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The main idea is to improve the estimate given in (5.12). First, we verify that the solution
(ην , uν) satisfy (3.4). Indeed, recalling assumption (1.15):

0 < ε ≤ 1

k2σ|(ζ0, v0)|V sµ
,

implies

|(ην , uν)|Hs ≤ k2σ|(ην0 , uν0)|V sµ = 4εk2σ|(ζ0, v0)|V sµ ≤ 4, (5.13)

for all t ∈ [0, T̃ν ]. Next, the solution (ην , uν) satisfy the non-cavitation condition. We will
prove this as a consequence of the bound

sup
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|∂tην(τ)| ≤ k2σσ2.
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1
2

+

(R) ↪→ L∞(R) to
find

|∂tην |L∞ ≤ c2σ|(ην , uν)|V sµ + |ην |Hs |uν |Hs ≤ 4k2σc
2
σ|(η0, u0)|V sµ .

Then, by the Fundamental Theorem of Calculus we obtain

1 + ην(x, t) = 1 + η0 +

∫ t

0
∂tη
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3 , then

k2σ =
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= cσ.

Thus, for C2 > 0 large enough, we get that k1σ ≥ C2σ
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. Moreover, by the assumption

T̃ν ≤ T0, we conclude from (5.14) that

1 + ην(x, t) ≥ h0 − k2σσ2T0 ≥
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2
,

for all t ∈ [0, T̃ν ]. On the other hand, in the case when σ ∈ (0, 13) we need to verify (3.5).

But this can be done the same way by choosing k1σ ≥ C1
σ ≥ c

σhσ
for C1 > 0 large enough.

Having remark 5.2 in mind, the hypotheses of Proposition 3.1 are now verified, leaving
us (3.6) and (3.7) at our disposal. With this at hand, we observe that
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differential inequality and use (3.7) to relate the energy with the V s
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and deduce that
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for all t ∈ [0, T̃ν ]. Finally, if C1, C2 > 0 is large enough then since T̃ν ≤ T0 we have that

|(ην , uν)(t)|V sµ ≤ 2k2σ|(ην0 , uν0)|V sµ .
Though, by continuity of the solution in time t ∈ [0, T ?ν ), there exists τ > 0 such that

|(ην , uν)(τ)|V sµ ≤ 3k2σ|(η0, u0)|V sµ for T̃ν < τ < T ?ν . This contradicts the definition of T̃ν .

Thus, we may conclude T0 < T̃ν for all ν > 0 and that T0 is independent from ν by its
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Themainideaistoimprovetheestimategivenin(5.12).First,weverifythatthesolution
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The main idea is to improve the estimate given in (5.12). First, we verify that the solution
(ην , uν) satisfy (3.4). Indeed, recalling assumption (1.15):

0 < ε ≤
1

k2
σ|(ζ0, v0)|V sµ

,

implies

|(η
ν
, u

ν
)|Hs ≤ k2σ|(ην0 , uν0)|V sµ = 4εk

2
σ|(ζ0, v0)|V sµ ≤ 4, (5.13)

for all t ∈ [0, T̃ν ]. Next, the solution (ην , uν) satisfy the non-cavitation condition. We will
prove this as a consequence of the bound

sup
τ∈[0,T̃ν ]

|∂tη
ν
(τ)| ≤ k

2
σσ

2
.

Indeed, by similar argument as for (3.8), we use (5.2), (5.13), and H
1
2

+

(R) ↪→ L∞(R) to
find

|∂tη
ν
|L∞ ≤ c2σ|(ην , uν)|V sµ + |η

ν
|Hs |uν |Hs ≤ 4k

2
σc

2
σ|(η0, u0)|V sµ .

Then, by the Fundamental Theorem of Calculus we obtain

1 + η
ν
(x, t) = 1 + η0 +

∫ t

0
∂tη

ν
(x, s) ds ≥ h0 − k

2
σσ

2
T̃ν , (5.14)

for all t ∈ [0, T̃ν ]. On the one hand, if σ ≥
1
3 , then

k
2
σ =

c2
σ

c1
σ

= cσ.

Thus, for C2 > 0 large enough, we get that k1
σ ≥ C2σ2 ≥ cσ2

h0 . Moreover, by the assumption

T̃ν ≤ T0, we conclude from (5.14) that

1 + η
ν
(x, t) ≥ h0 − k

2
σσ

2
T0 ≥

h0
2
,

for all t ∈ [0, T̃ν ]. On the other hand, in the case when σ ∈ (0,
1
3) we need to verify (3.5).

But this can be done the same way by choosing k1
σ ≥

C1
σ ≥

c
σhσ for C1 > 0 large enough.

Having remark 5.2 in mind, the hypotheses of Proposition 3.1 are now verified, leaving
us (3.6) and (3.7) at our disposal. With this at hand, we observe that

Es(U
ν
)(t) ≤ Es(U
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)(0) + c

2
σ

∫ t

0

(
Es(U

ν
)(s′)) 3

2
ds′ =: ψ̃(t).

By the above inequality, we then have ψ̃′(t) ≤ c2σ (
Es(Uν)(t)

) 3
2
≤ c2σ (ψ̃(t))

3
2 . We solve the

differential inequality and use (3.7) to relate the energy with the V s
µ−norm of the solution

and deduce that

c
1
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, u

ν
)(t)|V sµ ≤
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(c2
σ)2

2 t|(η0, u0)|V sµ
, (5.15)

for all t ∈ [0, T̃ν ]. Finally, if C1, C2 > 0 is large enough then since T̃ν ≤ T0 we have that

|(η
ν
, u

ν
)(t)|V sµ ≤ 2k

2
σ|(η

ν
0 , u

ν
0)|V sµ .

Though, by continuity of the solution in time t ∈ [0, T ?
ν ), there exists τ > 0 such that

|(ην , uν)(τ)|V sµ ≤ 3k2
σ|(η0, u0)|V sµ for T̃ν < τ < T ?

ν . This contradicts the definition of T̃ν .

Thus, we may conclude T0 < T̃ν for all ν > 0 and that T0 is independent from ν by its
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Themainideaistoimprovetheestimategivenin(5.12).First,weverifythatthesolution
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definition in (5.10).

�
Remark 5.4. For 0 < σ < 1

3 we observe that k1σ ∼ k2σ ∼ 1
σ and is due to the appearance of

c1σ in the coercivity estimate (3.7). This will impact the size of the time interval when σ is
small (see Remark 1.9). On the other hand, for system (1.9) the coercivity estimate (3.26)
is independent of σ and therefore gives a longer time of existence, as noted in Remark 1.15.

Step 4: Uniqueness. Given a solution of (1.5), then we claim that it must be unique.
We consider two solutions

ε(ζ1, v1) = (η1, u1) and ε(ζ1, v1) = (η1, u1) in C([0, T0];V
s
µ (R)),

with the same initial data. Then define W = (η1 − η2, u1 − u2)
T , which is associated

to the initial datum W(0) = 0. Since (η1, u1) ∈ Hs(R), there exist a number h1 > 0
such that |(η1, u1)|Hs×Hs ≤ h1. Moreover, η1 satisfies the non-cavitation condition by the
Fundamental Theorem of Calculus and the argument made in the proof of Lemma 5.3.
Thus, we may use Proposition 4.1 to deduce

d

dt
Ẽ0(W) .σ max

i=1,2
|(ηi, ui)|V sµ Ẽ0(W).

Then Grönwall’s lemma and (4.7) implies that |(η1−η2, u1−u2)(t)|V sµ = 0 for all t ∈ [0, T0].
We therefore conclude the proof of the uniqueness.

Step 5: Existence of solutions. We claim that for all 0 ≤ s′ < s there exists a solution

(ζ, v) = ε−1(η, u) ∈ C([0, T0];V
s′
µ (R)) ∩ L∞([0, T0];V

s
µ (R)) of (1.5) with T0 = O(1ε ) defined

by (5.10).

Using the change of variable (ζ, v) = ε−1(η, u), we see that the claim in Step 5 is equivalent
to proving that (ην , uν) solving (5.2) will satisfy system (3.1) in the limit ν ↘ 0 on [0, T0].
In fact, the main idea is to prove the convergence of {(ην , uν)} as ν ↘ 0 by considering the
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with 0 < ν ′ < ν < µ and where (ην
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we have that (ψ,w) satisfies a regularized version of
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The system also satisfies the estimates of Proposition 4.1 by simply noting that
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σandisduetotheappearanceof

c1σinthecoercivityestimate(3.7).Thiswillimpactthesizeofthetimeintervalwhenσis
small(seeRemark1.9).Ontheotherhand,forsystem(1.9)thecoercivityestimate(3.26)
isindependentofσandthereforegivesalongertimeofexistence,asnotedinRemark1.15.

Step4:Uniqueness.Givenasolutionof(1.5),thenweclaimthatitmustbeunique.
Weconsidertwosolutions
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µ(R)),

withthesameinitialdata.ThendefineW=(η1−η2,u1−u2)
T,whichisassociated

totheinitialdatumW(0)=0.Since(η1,u1)∈Hs(R),thereexistanumberh1>0
suchthat|(η1,u1)|Hs×Hs≤h1.Moreover,η1satisfiesthenon-cavitationconditionbythe
FundamentalTheoremofCalculusandtheargumentmadeintheproofofLemma5.3.
Thus,wemayuseProposition4.1todeduce
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Wethereforeconcludetheproofoftheuniqueness.
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s′
µ(R))∩L∞([0,T0];V

s
µ(R))of(1.5)withT0=O(1ε)defined

by(5.10).

Usingthechangeofvariable(ζ,v)=ε−1(η,u),weseethattheclaiminStep5isequivalent
toprovingthat(ην,uν)solving(5.2)willsatisfysystem(3.1)inthelimitν↘0on[0,T0].
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w∂xu
ν

)
,(5.16)
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σ ∼ k2σ ∼ 1
σ and is due to the appearance of

c1
σ in the coercivity estimate (3.7). This will impact the size of the time interval when σ is
small (see Remark 1.9). On the other hand, for system (1.9) the coercivity estimate (3.26)
is independent of σ and therefore gives a longer time of existence, as noted in Remark 1.15.
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with the same initial data. Then define W = (η1 − η2, u1 − u2)T , which is associated
to the initial datum W(0) = 0. Since (η1, u1) ∈ Hs(R), there exist a number h1 > 0
such that |(η1, u1)|Hs×Hs ≤ h1. Moreover, η1 satisfies the non-cavitation condition by the
Fundamental Theorem of Calculus and the argument made in the proof of Lemma 5.3.
Thus, we may use Proposition 4.1 to deduce
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dt
Ẽ0(W) .σ max

i=1,2 |(ηi, ui)|V sµ Ẽ0(W).

Then Grönwall’s lemma and (4.7) implies that |(η1−η2, u1−u2)(t)|V sµ = 0 for all t ∈ [0, T0].
We therefore conclude the proof of the uniqueness.

Step 5: Existence of solutions. We claim that for all 0 ≤ s′ < s there exists a solution

(ζ, v) = ε−1(η, u) ∈ C([0, T0];V s′
µ (R)) ∩ L∞([0, T0];V s

µ (R)) of (1.5) with T0 = O(
1
ε ) defined

by (5.10).

Using the change of variable (ζ, v) = ε−1(η, u), we see that the claim in Step 5 is equivalent
to proving that (ην , uν) solving (5.2) will satisfy system (3.1) in the limit ν ↘ 0 on [0, T0].
In fact, the main idea is to prove the convergence of {(ην , uν)} as ν ↘ 0 by considering the
difference between two solutions

W = (ψ,w) := (η
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− η
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, u
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).

with 0 < ν ′ < ν < µ and where (ην′
, uν′

), (ην , uν) are two sets of solutions to system (5.2),

obtained in Step 1. Then for α =
3
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+
we have that (ψ,w) satisfies a regularized version of

(4.1):
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with
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= −
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and the same initial data.
The system also satisfies the estimates of Proposition 4.1 by simply noting that
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totheinitialdatumW(0)=0.Since(η1,u1)∈Hs(R),thereexistanumberh1>0
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ThenGrönwall’slemmaand(4.7)impliesthat|(η1−η2,u1−u2)(t)|Vsµ=0forallt∈[0,T0].
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The two first term has a positive sign, while the last term can be absorbed arguing exactly
as in remark 5.2. On the other hand, we have directly that for s > 3

2

|
(
ΛαUν , Q(Uν′ ,D)W

)
L2 | . |ην |Hs |ψ|L2 + |ην′ |Hs |uν |Hs |w|L2

+ |
√
Kµ(D)uν |Hs |

√
Kµ(D)w|L2 .

Thus, gathering these estimates with (1.17), (2.7) and (4.7) we find that

d

dt
Ẽ0(W) .σ |(η0, u0)|V sµ (Ẽ0(W) + (ν − ν ′)(Ẽ0(W))

1
2 ). (5.17)

Step 5.1: Convergence in C([0, T0];V
0
µ (R)). Define the difference (ψ,w) as above, then use

(5.17) and (4.7), combined with Grönwall’s inequality and (5.11) to find the estimate

sup
t∈[0,T0]

|(ψ,w)(t)|V 0
µ
.σ |(η0, u0)|V sµ (ν − ν ′).

Consequently, {(ην , uν)}0<ν≤1 defines a Cauchy sequence in C([0, T0];V
0
µ (R)) and we con-

clude that there exists a limit (η, u) ∈ C([0, T0];V
0
µ (R)) by completeness.

Step 5.2: Solution in C([0, T0];V
s′
µ (R)) ∩ L∞([0, T0];V

s
µ (R)) for s′ ∈ [0, s). As a direct

consequence of (5.11) and the previous step, we deduce by interpolation

|(ψ,w)|L∞T0V s
′

µ
.σ |(ψ,w)|

s′
s
L∞T0V

s
µ
|(ψ,w)|1−

s′
s

L∞T0V
0
µ

.σ (ν − ν ′)1− s
′
s |(η0, u0)|V sµ −→ν→0

0. (5.18)

Step 6: The solution is bounded by the initial data. We claim that the solution obtained in
Step 5 satisfies (1.17).

Indeed, using the notation from the previous step, we deduce by (5.11) that

{(ην , uν)}0<ν≤1 ⊂ C([0, T0];V
s
µ (R))

is a bounded sequence in a reflexive Banach space. As a result, we have by Eberlein-
S̆mulian’s Theorem that (ην , uν) ⇀

ν→0
(η, u) weakly in V s

µ (R) for all t ∈ [0, T0] and implies

sup
t∈[0,T0]

|(η, u)|V sµ .σ |(η0, u0)|V sµ . (5.19)

Remark 5.5. For smooth data (η0, u0) ∈ H∞(R) of (3.1) we could reapply the arguments
above to deduce the existence of a smooth solution (η, u) ∈ C([0, T0];H

∞(R)), who satisfy
the bound (5.19) for any s > 2 and with T0 as defined in (5.10).

Step 7: Presistence of the solution. We claim that there exists a unique solution (ζ, v) =

ε−1(η, u) ∈ C([0, T0];V
s
µ (R)) of (1.5).

We consider (ηδ, uδ), solving (3.1) with regularised initial data: (ηδ0, u
δ
0) = (ϕδ(D)η0, ϕδ(D)u0)

and with ϕδ(D) as in definition 2.15. Then for any δ > 0 we have by remark 5.5 that the
solution is smooth and satisfy

|(ηδ, uδ)|L∞T0V sµ . |(η
δ
0, u

δ
0)|V sµ , (5.20)

for t ∈ [0, T0]. To conclude the proof, we let 0 < δ′ < δ < 1 and again consider the difference

W = (ψ,w) := (ηδ
′ − ηδ, uδ′ − uδ),

which also satisfy

∂tW +M(Uδ′ ,D)W = Fδ
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Thetwofirsttermhasapositivesign,whilethelasttermcanbeabsorbedarguingexactly
asinremark5.2.Ontheotherhand,wehavedirectlythatfors>3

2

|
(

ΛαUν,Q(Uν′,D)W
)
L2|.|ην|Hs|ψ|L2+|ην′|Hs|uν|Hs|w|L2

+|
√

Kµ(D)uν|Hs|
√
Kµ(D)w|L2.

Thus,gatheringtheseestimateswith(1.17),(2.7)and(4.7)wefindthat

d

dt
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1
2).(5.17)

Step5.1:ConvergenceinC([0,T0];V
0
µ(R)).Definethedifference(ψ,w)asabove,thenuse

(5.17)and(4.7),combinedwithGr̈onwall’sinequalityand(5.11)tofindtheestimate

sup
t∈[0,T0]

|(ψ,w)(t)|V0
µ
.σ|(η0,u0)|Vsµ(ν−ν′).

Consequently,{(ην,uν)}0<ν≤1definesaCauchysequenceinC([0,T0];V
0
µ(R))andwecon-

cludethatthereexistsalimit(η,u)∈C([0,T0];V
0
µ(R))bycompleteness.

Step5.2:SolutioninC([0,T0];V
s′
µ(R))∩L∞([0,T0];V

s
µ(R))fors′∈[0,s).Asadirect

consequenceof(5.11)andthepreviousstep,wededucebyinterpolation

|(ψ,w)|L∞T0Vs
′
µ

.σ|(ψ,w)|
s′
s
L∞T0V

s
µ
|(ψ,w)|1−

s′
s

L∞T0V
0
µ

.σ(ν−ν′)1−s
′
s|(η0,u0)|Vsµ−→ν→0

0.(5.18)

Step6:Thesolutionisboundedbytheinitialdata.Weclaimthatthesolutionobtainedin
Step5satisfies(1.17).

Indeed,usingthenotationfromthepreviousstep,wededuceby(5.11)that

{(ην,uν)}0<ν≤1⊂C([0,T0];V
s
µ(R))

isaboundedsequenceinareflexiveBanachspace.Asaresult,wehavebyEberlein-
S̆mulian’sTheoremthat(ην,uν)⇀

ν→0
(η,u)weaklyinVs

µ(R)forallt∈[0,T0]andimplies

sup
t∈[0,T0]

|(η,u)|Vsµ.σ|(η0,u0)|Vsµ.(5.19)

Remark5.5.Forsmoothdata(η0,u0)∈H∞(R)of(3.1)wecouldreapplythearguments
abovetodeducetheexistenceofasmoothsolution(η,u)∈C([0,T0];H

∞(R)),whosatisfy
thebound(5.19)foranys>2andwithT0asdefinedin(5.10).

Step7:Presistenceofthesolution.Weclaimthatthereexistsauniquesolution(ζ,v)=

ε−1(η,u)∈C([0,T0];V
s
µ(R))of(1.5).

Weconsider(ηδ,uδ),solving(3.1)withregularisedinitialdata:(ηδ0,u
δ
0)=(ϕδ(D)η0,ϕδ(D)u0)

andwithϕδ(D)asindefinition2.15.Thenforanyδ>0wehavebyremark5.5thatthe
solutionissmoothandsatisfy

|(ηδ,uδ)|L∞T0Vsµ.|(η
δ
0,u

δ
0)|Vsµ,(5.20)

fort∈[0,T0].Toconcludetheproof,welet0<δ′<δ<1andagainconsiderthedifference

W=(ψ,w):=(ηδ
′−ηδ,uδ′−uδ),

whichalsosatisfy

∂tW+M(Uδ′,D)W=Fδ
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The two first term has a positive sign, while the last term can be absorbed arguing exactly
as in remark 5.2. On the other hand, we have directly that for s >

3
2

|
(
Λ
α
U
ν
, Q(U

ν′
,D)W
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L2 | . |η

ν
|Hs |ψ|L2 + |η

ν′
|Hs |uν |Hs |w|L2

+ |
√
Kµ(D)u

ν
|Hs |

√
Kµ(D)w|L2 .

Thus, gathering these estimates with (1.17), (2.7) and (4.7) we find that

d

dt
Ẽ0(W) .σ |(η0, u0)|V sµ (Ẽ0(W) + (ν − ν ′)(Ẽ0(W))

1
2 ). (5.17)

Step 5.1: Convergence in C([0, T0];V 0
µ (R)). Define the difference (ψ,w) as above, then use

(5.17) and (4.7), combined with Grönwall’s inequality and (5.11) to find the estimate

sup
t∈[0,T0]

|(ψ,w)(t)|V 0
µ .σ |(η0, u0)|V sµ (ν − ν ′).

Consequently, {(ην , uν)}0<ν≤1 defines a Cauchy sequence in C([0, T0];V 0
µ (R)) and we con-

clude that there exists a limit (η, u) ∈ C([0, T0];V 0
µ (R)) by completeness.

Step 5.2: Solution in C([0, T0];V s′
µ (R)) ∩ L∞([0, T0];V s

µ (R)) for s′ ∈ [0, s). As a direct
consequence of (5.11) and the previous step, we deduce by interpolation

|(ψ,w)|L∞T0V s′µ .σ |(ψ,w)|
s′
s
L∞
T0V s

µ |(ψ,w)|
1−

s′
s

L∞
T0V 0

µ

.σ (ν − ν ′)1−
s′
s |(η0, u0)|V sµ −→ν→0

0. (5.18)

Step 6: The solution is bounded by the initial data. We claim that the solution obtained in
Step 5 satisfies (1.17).

Indeed, using the notation from the previous step, we deduce by (5.11) that

{(η
ν
, u

ν
)}0<ν≤1 ⊂ C([0, T0];V

s
µ (R))

is a bounded sequence in a reflexive Banach space. As a result, we have by Eberlein-
S̆mulian’s Theorem that (ην , uν) ⇀

ν→0
(η, u) weakly in V s

µ (R) for all t ∈ [0, T0] and implies

sup
t∈[0,T0]

|(η, u)|V sµ .σ |(η0, u0)|V sµ . (5.19)

Remark 5.5. For smooth data (η0, u0) ∈ H∞(R) of (3.1) we could reapply the arguments
above to deduce the existence of a smooth solution (η, u) ∈ C([0, T0];H∞(R)), who satisfy
the bound (5.19) for any s > 2 and with T0 as defined in (5.10).

Step 7: Presistence of the solution. We claim that there exists a unique solution (ζ, v) =

ε−1(η, u) ∈ C([0, T0];V s
µ (R)) of (1.5).

We consider (ηδ, uδ), solving (3.1) with regularised initial data: (ηδ
0, uδ

0) = (ϕδ(D)η0, ϕδ(D)u0)
and with ϕδ(D) as in definition 2.15. Then for any δ > 0 we have by remark 5.5 that the
solution is smooth and satisfy

|(η
δ
, u

δ
)|L∞T0V sµ . |(ηδ0, uδ0)|V sµ , (5.20)

for t ∈ [0, T0]. To conclude the proof, we let 0 < δ′ < δ < 1 and again consider the difference

W = (ψ,w) := (η
δ′
− η

δ
, u

δ′
− u

δ
),

which also satisfy

∂tW +M(U
δ′
,D)W = F

δ
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W = (ψ,w) := (η
δ′
− η

δ
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δ
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with

Fδ = −
(
w∂xη

δ + ψ∂xu
δ

w∂xu
δ

)
, (5.21)

and with initial data

(ψ(0), w(0)) = ((ϕδ′(D)− ϕδ(D))η0, (ϕδ′(D)− ϕδ(D))u0). (5.22)

The system satisfies the estimates of Proposition 4.1 and we use (4.6) and (4.7), combined
with Grönwall’s inequality and (5.20) to first find the estimate

sup
t∈[0,T0]

|(ψ,w)(t)|V 0
µ
≤ ec

2
σ |(η0,u0)|V sµ T0 |(ψ(0), w(0))|V 0

µ
,

with |(η0, u0)|V sµT0 .σ 1 by definition (5.10). As a result, we use (5.22), the triangle

inequality and (2.40) to deduce that

sup
t∈[0,T0]

|(ψ,w)(t)|V 0
µ
.σ δs|(η0, u0)|V sµ −→δ→0

0. (5.23)

Moreover, as a direct consequence of (5.11) and (5.23), we deduce by interpolation

|(ψ,w)|L∞T0V s
′

µ
.σ |(ψ,w)|

s′
s
L∞T0V

s
µ
|(ψ,wδ)|1−

s′
s

L∞T0V
0
µ

.σ δs−s
′ |(η0, u0)|V sµ −→δ→0

0. (5.24)

To conclude, we keep these estimates in mind where we aim to apply estimate (4.8), following
the Bona-Smith argument [7]. But first we must control Fδ in V s

µ (R). The elements of Fδ

are given in (4.2), and we must therefore control the terms given by:
(
ΛsFδ, Q(Uδ′ , D)ΛsW

)
L2

=
(
Λs(w∂xη

δ),Λsψ
)
L2 +

(
Λs(ψ∂xη

δ),Λsψ
)
L2

+
(
Λs(w∂xu

δ), ηδ
′
Λsw

)
L2 +

(
Λs(w∂xu

δ),Kµ(D)Λsw
)
L2

=: A1 +A2 +A3 +A4.

The terms A1, A2 and A3 are treated similarly. For instance, take A1. Then we observe
that

A1 ≤ |Λs(w∂xηδ)|L2 |Λsψ|L2 .

Furthermore, using (2.22) and the Sobolev embedding, we obtain that

|Λs(w∂xηδ)|L2 . |w|L∞ |Λs∂xηδ|L2 + |Λsw|L2 |ηδ|Hs . (5.25)

Using the triangle inequality, (2.39), and (5.20), we observe that

|Λs∂xηδ|L2 ≤ δ−1|η0|Hs , (5.26)

which needs to be compensated to close the estimate. With this in mind, we use the Sobolev

embedding H
1
2

+

(R) ↪→ L∞(R) and (5.24) to deduce

|w|L∞T0L∞ . |(ψ,w)|
L∞T0V

1
2
+

µ

. δs− 1
2

+

|(η0, u0)|V sµ . (5.27)

Thus, combining (5.25) with (5.26) and (5.27) we get that

|A1| . sup
t∈[0,T0]

(
|w|Hs |ηδ|Hs + δs−

3
2

+

|(η0, u0)|V sµ
)
|ψ|Hs ,
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as δ ↘ 0. Arguing similarly, and using estimate (5.20), we deduce that

|A1|+ |A2|+ |A3| . sup
t∈[0,T0]

|(η0, u0)|V sµ
(
|(ψ,w)|2V sµ + δs−

3
2

+

|(ψ,w)|V sµ
)
.

For A4, we write

A4 =
(
[Λs
√
Kµ(D), w]∂xu

δ,Λs
√
Kµ(D)w

)
L2

+
(
wΛs

√
Kµ(D)∂xu

δ,Λs
√
Kµ(D)w

)
L2 .

The commutator is treated by (2.18). While in the second term, we use (2.7) and argue as
above, giving the estimate

|A4| .σ sup
t∈[0,T0]

|(η0, u0)|V sµ
(
|(ψ,w)|2V sµ + δs−

3
2

+

|(ψ,w)|V sµ
)
.

We may therefore conclude by (4.8):

d

dt
Ẽs(W) .σ |(η0, u0)|V sµ

(
Ẽs(W) + δs−

3
2

+

Ẽs(W)
1
2
)
.

Then Grönwall’s inequality and (4.9) implies

|(ψ,w)|L∞T0V sµ .σ δ
s− 3

2

+

|(η0, u0)|V sµ −→δ→0
0.

Thus, (ηδ, uδ) is a Cauchy sequence in C([0, T0];V
s
µ (R)) and we conclude by the uniqueness

of the limit that the solution (η, u) ∈ C([0, T0];V
s
µ (R)).

Step 8: Continuous dependence of the flow map data solution. Consider two sets of initial
data (ζ1, v1)(0), (ζ2, v2)(0) ∈ V s

µ (R). Then we claim that for all λ > 0, there exists γ > 0
such that having

|(ζ1 − ζ2, v1 − v2)(0)|V sµ < γ,

implies

|(ζ1 − ζ2, v1 − v2)|L∞T0
2

V sµ < λ.

Equivalently, we will prove that for ε(ζ1, ζ2, v1, v2) = (η1, η2, u1, u2) such that

|(η1 − η2, u1 − u2)(0)|V sµ < εγ,

implies

|(η1 − η2, u1 − u2)|L∞T0
2

V sµ < ελ.

Using the notation in Step 7, we let 0 < δ < 1 to be fixed, and (ηδ1, u
δ
1), (η

δ
2, u

δ
2) ∈

C([0, T02 ];V s
µ (R)) be two solutions of (5.2) on large time with corresponding initial data

(ϕδ(D)η1, ϕδ(D)u1)(0) and (ϕδ(D)η2, ϕδ(D)u2)(0). Then observe

|(η1 − η2, u1 − u2)|V sµ ≤ |(η1 − ηδ1, u1 − uδ1)|V sµ + |(η2 − ηδ2, u2 − uδ2)|V sµ
+ |(ηδ1 − ηδ2, uδ1 − uδ2)|V sµ

=: B1 +B2 +B3. (5.28)

For the first two terms we use that ε−1(ηδ, uδ) = (ζδ, vδ) → (ζ, v) = ε−1(η, u) as δ ↘ 0 by
Step 6. Therefore it follows that B1 and B2 must at least satisfy the estimate,

sup
t∈[0,T0

2
]

(B1 +B2)(t) .σ εoδ(1). (5.29)
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asδ↘0.Arguingsimilarly,andusingestimate(5.20),wededucethat

|A1|+|A2|+|A3|.sup
t∈[0,T0]

|(η0,u0)|Vsµ
(
|(ψ,w)|2Vsµ+δs−

3
2

+

|(ψ,w)|Vsµ
)
.

ForA4,wewrite

A4=
(

[Λs
√
Kµ(D),w]∂xu

δ,Λs
√
Kµ(D)w

)
L2

+
(
wΛs

√
Kµ(D)∂xu

δ,Λs
√
Kµ(D)w

)
L2.

Thecommutatoristreatedby(2.18).Whileinthesecondterm,weuse(2.7)andargueas
above,givingtheestimate

|A4|.σsup
t∈[0,T0]

|(η0,u0)|Vsµ
(
|(ψ,w)|2Vsµ+δs−

3
2

+

|(ψ,w)|Vsµ
)
.

Wemaythereforeconcludeby(4.8):

d

dt
Ẽs(W).σ|(η0,u0)|Vsµ

(
Ẽs(W)+δs−

3
2

+

Ẽs(W)
1
2
)
.

ThenGr̈onwall’sinequalityand(4.9)implies

|(ψ,w)|L∞T0Vsµ.σδ
s−3

2

+

|(η0,u0)|Vsµ−→δ→0
0.

Thus,(ηδ,uδ)isaCauchysequenceinC([0,T0];V
s
µ(R))andweconcludebytheuniqueness

ofthelimitthatthesolution(η,u)∈C([0,T0];V
s
µ(R)).

Step8:Continuousdependenceoftheflowmapdatasolution.Considertwosetsofinitial
data(ζ1,v1)(0),(ζ2,v2)(0)∈Vs

µ(R).Thenweclaimthatforallλ>0,thereexistsγ>0
suchthathaving

|(ζ1−ζ2,v1−v2)(0)|Vsµ<γ,

implies

|(ζ1−ζ2,v1−v2)|L∞T0
2

Vsµ<λ.

Equivalently,wewillprovethatforε(ζ1,ζ2,v1,v2)=(η1,η2,u1,u2)suchthat

|(η1−η2,u1−u2)(0)|Vsµ<εγ,

implies

|(η1−η2,u1−u2)|L∞T0
2

Vsµ<ελ.

UsingthenotationinStep7,welet0<δ<1tobefixed,and(ηδ1,u
δ
1),(η

δ
2,u

δ
2)∈

C([0,T02];Vs
µ(R))betwosolutionsof(5.2)onlargetimewithcorrespondinginitialdata

(ϕδ(D)η1,ϕδ(D)u1)(0)and(ϕδ(D)η2,ϕδ(D)u2)(0).Thenobserve

|(η1−η2,u1−u2)|Vsµ≤|(η1−ηδ1,u1−uδ1)|Vsµ+|(η2−ηδ2,u2−uδ2)|Vsµ
+|(ηδ1−ηδ2,uδ1−uδ2)|Vsµ

=:B1+B2+B3.(5.28)

Forthefirsttwotermsweusethatε−1(ηδ,uδ)=(ζδ,vδ)→(ζ,v)=ε−1(η,u)asδ↘0by
Step6.ThereforeitfollowsthatB1andB2mustatleastsatisfytheestimate,

sup
t∈[0,T0

2
]

(B1+B2)(t).σεoδ(1).(5.29)
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+
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Thecommutatoristreatedby(2.18).Whileinthesecondterm,weuse(2.7)andargueas
above,givingtheestimate
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+
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d

dt
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+
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1
2
)
.

ThenGr̈onwall’sinequalityand(4.9)implies

|(ψ,w)|L∞T0Vsµ.σδ
s−3

2

+

|(η0,u0)|Vsµ−→δ→0
0.

Thus,(ηδ,uδ)isaCauchysequenceinC([0,T0];V
s
µ(R))andweconcludebytheuniqueness

ofthelimitthatthesolution(η,u)∈C([0,T0];V
s
µ(R)).

Step8:Continuousdependenceoftheflowmapdatasolution.Considertwosetsofinitial
data(ζ1,v1)(0),(ζ2,v2)(0)∈Vs

µ(R).Thenweclaimthatforallλ>0,thereexistsγ>0
suchthathaving

|(ζ1−ζ2,v1−v2)(0)|Vsµ<γ,

implies

|(ζ1−ζ2,v1−v2)|L∞T0
2

Vsµ<λ.

Equivalently,wewillprovethatforε(ζ1,ζ2,v1,v2)=(η1,η2,u1,u2)suchthat

|(η1−η2,u1−u2)(0)|Vsµ<εγ,

implies

|(η1−η2,u1−u2)|L∞T0
2

Vsµ<ελ.

UsingthenotationinStep7,welet0<δ<1tobefixed,and(ηδ1,u
δ
1),(η

δ
2,u

δ
2)∈

C([0,T02];Vs
µ(R))betwosolutionsof(5.2)onlargetimewithcorrespondinginitialdata

(ϕδ(D)η1,ϕδ(D)u1)(0)and(ϕδ(D)η2,ϕδ(D)u2)(0).Thenobserve

|(η1−η2,u1−u2)|Vsµ≤|(η1−ηδ1,u1−uδ1)|Vsµ+|(η2−ηδ2,u2−uδ2)|Vsµ
+|(ηδ1−ηδ2,uδ1−uδ2)|Vsµ

=:B1+B2+B3.(5.28)

Forthefirsttwotermsweusethatε−1(ηδ,uδ)=(ζδ,vδ)→(ζ,v)=ε−1(η,u)asδ↘0by
Step6.ThereforeitfollowsthatB1andB2mustatleastsatisfytheestimate,

sup
t∈[0,T0

2
]

(B1+B2)(t).σεoδ(1).(5.29)
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as δ ↘ 0. Arguing similarly, and using estimate (5.20), we deduce that

|A1|+ |A2|+ |A3| . sup
t∈[0,T0]

|(η0, u0)|V sµ (
|(ψ,w)|

2
V s
µ + δ

s−
3
2

+

|(ψ,w)|V sµ )
.

For A4, we write

A4 =
(
[Λ
s√
Kµ(D), w]∂xu

δ
,Λ

s√
Kµ(D)w

)
L2

+
(
wΛ

s√
Kµ(D)∂xu

δ
,Λ

s√
Kµ(D)w

)
L2 .

The commutator is treated by (2.18). While in the second term, we use (2.7) and argue as
above, giving the estimate

|A4| .σ sup
t∈[0,T0]

|(η0, u0)|V sµ (
|(ψ,w)|

2
V s
µ + δ

s−
3
2

+

|(ψ,w)|V sµ )
.

We may therefore conclude by (4.8):

d

dt
Ẽs(W) .σ |(η0, u0)|V sµ (

Ẽs(W) + δ
s−

3
2

+

Ẽs(W)
1
2 )
.

Then Grönwall’s inequality and (4.9) implies

|(ψ,w)|L∞T0V sµ .σ δs−
3
2

+

|(η0, u0)|V sµ −→δ→0
0.

Thus, (ηδ, uδ) is a Cauchy sequence in C([0, T0];V s
µ (R)) and we conclude by the uniqueness

of the limit that the solution (η, u) ∈ C([0, T0];V s
µ (R)).

Step 8: Continuous dependence of the flow map data solution. Consider two sets of initial
data (ζ1, v1)(0), (ζ2, v2)(0) ∈ V s

µ (R). Then we claim that for all λ > 0, there exists γ > 0
such that having

|(ζ1 − ζ2, v1 − v2)(0)|V sµ < γ,

implies

|(ζ1 − ζ2, v1 − v2)|L∞T0
2

V s
µ < λ.

Equivalently, we will prove that for ε(ζ1, ζ2, v1, v2) = (η1, η2, u1, u2) such that

|(η1 − η2, u1 − u2)(0)|V sµ < εγ,

implies

|(η1 − η2, u1 − u2)|L∞T0
2

V s
µ < ελ.

Using the notation in Step 7, we let 0 < δ < 1 to be fixed, and (ηδ
1, uδ

1), (ηδ
2, uδ

2) ∈
C([0,

T0
2 ];V s

µ (R)) be two solutions of (5.2) on large time with corresponding initial data
(ϕδ(D)η1, ϕδ(D)u1)(0) and (ϕδ(D)η2, ϕδ(D)u2)(0). Then observe

|(η1 − η2, u1 − u2)|V sµ ≤ |(η1 − ηδ1, u1 − uδ1)|V sµ + |(η2 − η
δ
2, u2 − u

δ
2)|V sµ

+ |(η
δ
1 − η

δ
2, u

δ
1 − u

δ
2)|V sµ

=: B1 +B2 +B3. (5.28)

For the first two terms we use that ε−1(ηδ, uδ) = (ζδ, vδ) → (ζ, v) = ε−1(η, u) as δ ↘ 0 by
Step 6. Therefore it follows that B1 and B2 must at least satisfy the estimate,

sup
t∈[0,

T0
2 ]

(B1 +B2)(t) .σ εoδ(1). (5.29)
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as δ ↘ 0. Arguing similarly, and using estimate (5.20), we deduce that

|A1|+ |A2|+ |A3| . sup
t∈[0,T0]

|(η0, u0)|V sµ (
|(ψ,w)|

2
V s
µ + δ

s−
3
2

+

|(ψ,w)|V sµ )
.

For A4, we write

A4 =
(
[Λ
s√
Kµ(D), w]∂xu

δ
,Λ

s√
Kµ(D)w

)
L2

+
(
wΛ

s√
Kµ(D)∂xu

δ
,Λ

s√
Kµ(D)w

)
L2 .

The commutator is treated by (2.18). While in the second term, we use (2.7) and argue as
above, giving the estimate

|A4| .σ sup
t∈[0,T0]

|(η0, u0)|V sµ (
|(ψ,w)|

2
V s
µ + δ

s−
3
2

+

|(ψ,w)|V sµ )
.

We may therefore conclude by (4.8):

d

dt
Ẽs(W) .σ |(η0, u0)|V sµ (

Ẽs(W) + δ
s−

3
2

+

Ẽs(W)
1
2 )
.

Then Grönwall’s inequality and (4.9) implies

|(ψ,w)|L∞T0V sµ .σ δs−
3
2

+

|(η0, u0)|V sµ −→δ→0
0.

Thus, (ηδ, uδ) is a Cauchy sequence in C([0, T0];V s
µ (R)) and we conclude by the uniqueness

of the limit that the solution (η, u) ∈ C([0, T0];V s
µ (R)).

Step 8: Continuous dependence of the flow map data solution. Consider two sets of initial
data (ζ1, v1)(0), (ζ2, v2)(0) ∈ V s

µ (R). Then we claim that for all λ > 0, there exists γ > 0
such that having

|(ζ1 − ζ2, v1 − v2)(0)|V sµ < γ,

implies

|(ζ1 − ζ2, v1 − v2)|L∞T0
2

V s
µ < λ.

Equivalently, we will prove that for ε(ζ1, ζ2, v1, v2) = (η1, η2, u1, u2) such that

|(η1 − η2, u1 − u2)(0)|V sµ < εγ,

implies

|(η1 − η2, u1 − u2)|L∞T0
2

V s
µ < ελ.

Using the notation in Step 7, we let 0 < δ < 1 to be fixed, and (ηδ
1, uδ

1), (ηδ
2, uδ

2) ∈
C([0,

T0
2 ];V s

µ (R)) be two solutions of (5.2) on large time with corresponding initial data
(ϕδ(D)η1, ϕδ(D)u1)(0) and (ϕδ(D)η2, ϕδ(D)u2)(0). Then observe

|(η1 − η2, u1 − u2)|V sµ ≤ |(η1 − ηδ1, u1 − uδ1)|V sµ + |(η2 − η
δ
2, u2 − u

δ
2)|V sµ

+ |(η
δ
1 − η

δ
2, u

δ
1 − u

δ
2)|V sµ

=: B1 +B2 +B3. (5.28)

For the first two terms we use that ε−1(ηδ, uδ) = (ζδ, vδ) → (ζ, v) = ε−1(η, u) as δ ↘ 0 by
Step 6. Therefore it follows that B1 and B2 must at least satisfy the estimate,

sup
t∈[0,

T0
2 ]

(B1 +B2)(t) .σ εoδ(1). (5.29)
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asδ↘0.Arguingsimilarly,andusingestimate(5.20),wededucethat

|A1|+|A2|+|A3|.sup
t∈[0,T0]

|(η0,u0)|Vsµ(
|(ψ,w)|

2
Vs
µ+δ

s−
3
2

+

|(ψ,w)|Vsµ)
.

ForA4,wewrite

A4=
(
[Λ
s√
Kµ(D),w]∂xu

δ
,Λ

s√
Kµ(D)w

)
L2

+
(
wΛ

s√
Kµ(D)∂xu

δ
,Λ

s√
Kµ(D)w

)
L2.

Thecommutatoristreatedby(2.18).Whileinthesecondterm,weuse(2.7)andargueas
above,givingtheestimate

|A4|.σsup
t∈[0,T0]

|(η0,u0)|Vsµ(
|(ψ,w)|

2
Vs
µ+δ

s−
3
2

+

|(ψ,w)|Vsµ)
.

Wemaythereforeconcludeby(4.8):

d

dt
Ẽs(W).σ|(η0,u0)|Vsµ(

Ẽs(W)+δ
s−

3
2

+

Ẽs(W)
1
2)
.

ThenGrönwall’sinequalityand(4.9)implies

|(ψ,w)|L∞T0Vsµ.σδs−
3
2

+

|(η0,u0)|Vsµ−→δ→0
0.

Thus,(ηδ,uδ)isaCauchysequenceinC([0,T0];Vs
µ(R))andweconcludebytheuniqueness

ofthelimitthatthesolution(η,u)∈C([0,T0];Vs
µ(R)).

Step8:Continuousdependenceoftheflowmapdatasolution.Considertwosetsofinitial
data(ζ1,v1)(0),(ζ2,v2)(0)∈Vs

µ(R).Thenweclaimthatforallλ>0,thereexistsγ>0
suchthathaving

|(ζ1−ζ2,v1−v2)(0)|Vsµ<γ,

implies

|(ζ1−ζ2,v1−v2)|L∞T0
2

Vs
µ<λ.

Equivalently,wewillprovethatforε(ζ1,ζ2,v1,v2)=(η1,η2,u1,u2)suchthat

|(η1−η2,u1−u2)(0)|Vsµ<εγ,

implies

|(η1−η2,u1−u2)|L∞T0
2

Vs
µ<ελ.

UsingthenotationinStep7,welet0<δ<1tobefixed,and(ηδ
1,uδ

1),(ηδ
2,uδ

2)∈
C([0,

T0
2];Vs

µ(R))betwosolutionsof(5.2)onlargetimewithcorrespondinginitialdata
(ϕδ(D)η1,ϕδ(D)u1)(0)and(ϕδ(D)η2,ϕδ(D)u2)(0).Thenobserve

|(η1−η2,u1−u2)|Vsµ≤|(η1−ηδ1,u1−uδ1)|Vsµ+|(η2−η
δ
2,u2−u

δ
2)|Vsµ

+|(η
δ
1−η

δ
2,u

δ
1−u

δ
2)|Vsµ

=:B1+B2+B3.(5.28)

Forthefirsttwotermsweusethatε−1(ηδ,uδ)=(ζδ,vδ)→(ζ,v)=ε−1(η,u)asδ↘0by
Step6.ThereforeitfollowsthatB1andB2mustatleastsatisfytheestimate,

sup
t∈[0,

T0
2]

(B1+B2)(t).σεoδ(1).(5.29)
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asδ↘0.Arguingsimilarly,andusingestimate(5.20),wededucethat
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Thecommutatoristreatedby(2.18).Whileinthesecondterm,weuse(2.7)andargueas
above,givingtheestimate
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µ(R)).
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implies
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2)∈
C([0,
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(ϕδ(D)η1,ϕδ(D)u1)(0)and(ϕδ(D)η2,ϕδ(D)u2)(0).Thenobserve
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δ
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+|(η
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Forthefirsttwotermsweusethatε−1(ηδ,uδ)=(ζδ,vδ)→(ζ,v)=ε−1(η,u)asδ↘0by
Step6.ThereforeitfollowsthatB1andB2mustatleastsatisfytheestimate,
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asδ↘0.Arguingsimilarly,andusingestimate(5.20),wededucethat
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Thecommutatoristreatedby(2.18).Whileinthesecondterm,weuse(2.7)andargueas
above,givingtheestimate
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Wemaythereforeconcludeby(4.8):
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dt
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.

ThenGrönwall’sinequalityand(4.9)implies
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Thus,(ηδ,uδ)isaCauchysequenceinC([0,T0];Vs
µ(R))andweconcludebytheuniqueness

ofthelimitthatthesolution(η,u)∈C([0,T0];Vs
µ(R)).

Step8:Continuousdependenceoftheflowmapdatasolution.Considertwosetsofinitial
data(ζ1,v1)(0),(ζ2,v2)(0)∈Vs

µ(R).Thenweclaimthatforallλ>0,thereexistsγ>0
suchthathaving

|(ζ1−ζ2,v1−v2)(0)|Vsµ<γ,

implies

|(ζ1−ζ2,v1−v2)|L∞T0
2

Vs
µ<λ.

Equivalently,wewillprovethatforε(ζ1,ζ2,v1,v2)=(η1,η2,u1,u2)suchthat

|(η1−η2,u1−u2)(0)|Vsµ<εγ,

implies

|(η1−η2,u1−u2)|L∞T0
2

Vs
µ<ελ.

UsingthenotationinStep7,welet0<δ<1tobefixed,and(ηδ
1,uδ

1),(ηδ
2,uδ

2)∈
C([0,

T0
2];Vs

µ(R))betwosolutionsof(5.2)onlargetimewithcorrespondinginitialdata
(ϕδ(D)η1,ϕδ(D)u1)(0)and(ϕδ(D)η2,ϕδ(D)u2)(0).Thenobserve

|(η1−η2,u1−u2)|Vsµ≤|(η1−ηδ1,u1−uδ1)|Vsµ+|(η2−η
δ
2,u2−u

δ
2)|Vsµ

+|(η
δ
1−η

δ
2,u

δ
1−u

δ
2)|Vsµ

=:B1+B2+B3.(5.28)

Forthefirsttwotermsweusethatε−1(ηδ,uδ)=(ζδ,vδ)→(ζ,v)=ε−1(η,u)asδ↘0by
Step6.ThereforeitfollowsthatB1andB2mustatleastsatisfytheestimate,

sup
t∈[0,

T0
2]

(B1+B2)(t).σεoδ(1).(5.29)
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asδ↘0.Arguingsimilarly,andusingestimate(5.20),wededucethat

|A1|+|A2|+|A3|.sup
t∈[0,T0]

|(η0,u0)|Vsµ(
|(ψ,w)|

2
Vs
µ+δ

s−
3
2

+

|(ψ,w)|Vsµ)
.

ForA4,wewrite

A4=
(
[Λ
s√
Kµ(D),w]∂xu

δ
,Λ

s√
Kµ(D)w

)
L2

+
(
wΛ

s√
Kµ(D)∂xu

δ
,Λ

s√
Kµ(D)w

)
L2.

Thecommutatoristreatedby(2.18).Whileinthesecondterm,weuse(2.7)andargueas
above,givingtheestimate

|A4|.σsup
t∈[0,T0]

|(η0,u0)|Vsµ(
|(ψ,w)|

2
Vs
µ+δ

s−
3
2

+

|(ψ,w)|Vsµ)
.

Wemaythereforeconcludeby(4.8):

d

dt
Ẽs(W).σ|(η0,u0)|Vsµ(

Ẽs(W)+δ
s−

3
2

+

Ẽs(W)
1
2)
.

ThenGrönwall’sinequalityand(4.9)implies

|(ψ,w)|L∞T0Vsµ.σδs−
3
2

+

|(η0,u0)|Vsµ−→δ→0
0.

Thus,(ηδ,uδ)isaCauchysequenceinC([0,T0];Vs
µ(R))andweconcludebytheuniqueness

ofthelimitthatthesolution(η,u)∈C([0,T0];Vs
µ(R)).

Step8:Continuousdependenceoftheflowmapdatasolution.Considertwosetsofinitial
data(ζ1,v1)(0),(ζ2,v2)(0)∈Vs

µ(R).Thenweclaimthatforallλ>0,thereexistsγ>0
suchthathaving

|(ζ1−ζ2,v1−v2)(0)|Vsµ<γ,

implies

|(ζ1−ζ2,v1−v2)|L∞T0
2

Vs
µ<λ.

Equivalently,wewillprovethatforε(ζ1,ζ2,v1,v2)=(η1,η2,u1,u2)suchthat

|(η1−η2,u1−u2)(0)|Vsµ<εγ,

implies

|(η1−η2,u1−u2)|L∞T0
2

Vs
µ<ελ.

UsingthenotationinStep7,welet0<δ<1tobefixed,and(ηδ
1,uδ

1),(ηδ
2,uδ

2)∈
C([0,

T0
2];Vs

µ(R))betwosolutionsof(5.2)onlargetimewithcorrespondinginitialdata
(ϕδ(D)η1,ϕδ(D)u1)(0)and(ϕδ(D)η2,ϕδ(D)u2)(0).Thenobserve

|(η1−η2,u1−u2)|Vsµ≤|(η1−ηδ1,u1−uδ1)|Vsµ+|(η2−η
δ
2,u2−u

δ
2)|Vsµ

+|(η
δ
1−η

δ
2,u

δ
1−u

δ
2)|Vsµ

=:B1+B2+B3.(5.28)

Forthefirsttwotermsweusethatε−1(ηδ,uδ)=(ζδ,vδ)→(ζ,v)=ε−1(η,u)asδ↘0by
Step6.ThereforeitfollowsthatB1andB2mustatleastsatisfytheestimate,

sup
t∈[0,

T0
2]

(B1+B2)(t).σεoδ(1).(5.29)
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While for B3, we need the continuity of the flow map of the regularized system (5.2) on a
long time (see Remark 5.1).

We let W̃ = (ψ̃, w̃) = (ηδ1 − ηδ2, uδ1−uδ2). Then staying consistent with previous notation,
we have that the difference between two regularized solutions will satisfy the equation:

∂tW̃ +M(Uδ
1,D)W̃ = F̃δ, (5.30)

with

F̃δ = −
(
w̃∂x η

δ
2 + ψ̃∂xu

δ
2

w̃∂xu
δ
2

)
,

and initial data

(ψ̃, w̃)(0) = (ϕδ(D)η1 − ϕδ(D)η2, ϕδ(D)u1 − ϕδ(D)u2)(0).

We will use this information to estimate B3 by suitable energy estimates at V 0
µ (R) and

V s
µ (R)−level.

Similar to Step 6, we first obtain the estimate in V 0
µ (R) by using (4.7) and (4.9). Indeed,

there holds
d

dt
Ẽ0(W̃) .σ max

i=1,2
|(ηδi , uδi )|V sµ Ẽ0(W̃). (5.31)

For simplicity we let |(η1, u1)(0)|V sµ = εK. Moreover, we observe that if εγ < 1
2 |(η1, u1)(0)|V sµ ,

then we have by (5.20) that

|(ηδ1, uδ1)|L∞T0
2

V sµ + |(ηδ2, uδ2)||L∞T0
2

V sµ .σ |(η1, u1)(0)|V sµ + |(η2, u2)(0)|V sµ
.σ εK. (5.32)

As a result, we have an estimate of the difference in V 0
µ (R). Indeed, by Grönwall’s inequality,

(5.31), (5.32), the triangle inequality, and (2.40) implies

|(ψ̃, w̃)|V 0
µ
.σ |(ψ̃, w̃)(0)|V 0

µ
.σ εK(δs +K−1γ). (5.33)

We will now use this decay estimate to deal with (4.8), which is at the V s
µ (R)−level.

Similar to Step 6, we decompose the source term (4.2) in four pieces

Ã :=
(
ΛsF̃δ, Q(Uδ

1,D)ΛsW̃δ
)
L2

=
(
Λs(w̃∂xη

δ
2),Λsψ̃

)
L2 +

(
Λs(ψ̃∂xη

δ
2),Λsψ̃

)
L2

+
(
Λs(w̃∂xu

δ
2), η

δ
2Λsw̃

)
L2 +

(
Λs(w̃∂xu

δ
2),Kµ(D)Λsw̃

)
L2

=: Ã1 + Ã2 + Ã3 + Ã4.

To estimate Ã1, we first obtain a bound similar to (5.24). Indeed, using the Sobolev
emebedding, interpolation, (5.32), and (5.33) yields

sup
t∈[0,T0]

|w̃|L∞ . sup
t∈[0,T0]

|(ψ̃, w̃)|
V

1
2
+

µ

. |(ψ̃, w̃)|
1
2s

+

L∞T0V
s
µ
|(ψ̃, w̃)|1−

1
2s

+

L∞T0V
0
µ

. εK(δs−
1
2

+

+ (K−1γ)1−
1
2s

+

)
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WhileforB3,weneedthecontinuityoftheflowmapoftheregularizedsystem(5.2)ona
longtime(seeRemark5.1).

WeletW̃=(ψ̃,w̃)=(ηδ1−ηδ2,uδ1−uδ2).Thenstayingconsistentwithpreviousnotation,
wehavethatthedifferencebetweentworegularizedsolutionswillsatisfytheequation:

∂tW̃+M(Uδ
1,D)W̃=F̃δ,(5.30)

with

F̃δ=−
(

w̃∂xη
δ
2+ψ̃∂xu

δ
2

w̃∂xu
δ
2

)
,

andinitialdata

(ψ̃,w̃)(0)=(ϕδ(D)η1−ϕδ(D)η2,ϕδ(D)u1−ϕδ(D)u2)(0).

WewillusethisinformationtoestimateB3bysuitableenergyestimatesatV0
µ(R)and

Vs
µ(R)−level.

SimilartoStep6,wefirstobtaintheestimateinV0
µ(R)byusing(4.7)and(4.9).Indeed,

thereholds
d

dt
Ẽ0(W̃).σmax

i=1,2
|(ηδi,uδi)|VsµẼ0(W̃).(5.31)

Forsimplicitywelet|(η1,u1)(0)|Vsµ=εK.Moreover,weobservethatifεγ<1
2|(η1,u1)(0)|Vsµ,

thenwehaveby(5.20)that

|(ηδ1,uδ1)|L∞T0
2

Vsµ+|(ηδ2,uδ2)||L∞T0
2

Vsµ.σ|(η1,u1)(0)|Vsµ+|(η2,u2)(0)|Vsµ
.σεK.(5.32)

Asaresult,wehaveanestimateofthedifferenceinV0
µ(R).Indeed,byGr̈onwall’sinequality,

(5.31),(5.32),thetriangleinequality,and(2.40)implies

|(ψ̃,w̃)|V0
µ
.σ|(ψ̃,w̃)(0)|V0

µ
.σεK(δs+K−1γ).(5.33)

Wewillnowusethisdecayestimatetodealwith(4.8),whichisattheVs
µ(R)−level.

SimilartoStep6,wedecomposethesourceterm(4.2)infourpieces

Ã:=
(

Λs̃Fδ,Q(Uδ
1,D)ΛsW̃δ

)
L2

=
(

Λs(w̃∂xη
δ
2),Λsψ̃

)
L2+

(
Λs(ψ̃∂xη

δ
2),Λsψ̃

)
L2

+
(

Λs(w̃∂xu
δ
2),η

δ
2Λsw̃

)
L2+

(
Λs(w̃∂xu

δ
2),Kµ(D)Λsw̃

)
L2

=:Ã1+Ã2+Ã3+Ã4.

ToestimateÃ1,wefirstobtainaboundsimilarto(5.24).Indeed,usingtheSobolev
emebedding,interpolation,(5.32),and(5.33)yields

sup
t∈[0,T0]

|w̃|L∞.sup
t∈[0,T0]

|(ψ̃,w̃)|
V

1
2

+

µ

.|(ψ̃,w̃)|
1
2s

+

L∞T0V
s
µ
|(ψ̃,w̃)|1−

1
2s

+

L∞T0V
0
µ

.εK(δs−
1
2

+

+(K−1γ)1−
1
2s

+

)
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WhileforB3,weneedthecontinuityoftheflowmapoftheregularizedsystem(5.2)ona
longtime(seeRemark5.1).

WeletW̃=(ψ̃,w̃)=(ηδ1−ηδ2,uδ1−uδ2).Thenstayingconsistentwithpreviousnotation,
wehavethatthedifferencebetweentworegularizedsolutionswillsatisfytheequation:

∂tW̃+M(Uδ
1,D)W̃=F̃δ,(5.30)

with

F̃δ=−
(

w̃∂xη
δ
2+ψ̃∂xu

δ
2

w̃∂xu
δ
2

)
,

andinitialdata

(ψ̃,w̃)(0)=(ϕδ(D)η1−ϕδ(D)η2,ϕδ(D)u1−ϕδ(D)u2)(0).

WewillusethisinformationtoestimateB3bysuitableenergyestimatesatV0
µ(R)and

Vs
µ(R)−level.

SimilartoStep6,wefirstobtaintheestimateinV0
µ(R)byusing(4.7)and(4.9).Indeed,

thereholds
d

dt
Ẽ0(W̃).σmax

i=1,2
|(ηδi,uδi)|VsµẼ0(W̃).(5.31)

Forsimplicitywelet|(η1,u1)(0)|Vsµ=εK.Moreover,weobservethatifεγ<1
2|(η1,u1)(0)|Vsµ,

thenwehaveby(5.20)that

|(ηδ1,uδ1)|L∞T0
2

Vsµ+|(ηδ2,uδ2)||L∞T0
2

Vsµ.σ|(η1,u1)(0)|Vsµ+|(η2,u2)(0)|Vsµ
.σεK.(5.32)

Asaresult,wehaveanestimateofthedifferenceinV0
µ(R).Indeed,byGr̈onwall’sinequality,

(5.31),(5.32),thetriangleinequality,and(2.40)implies

|(ψ̃,w̃)|V0
µ
.σ|(ψ̃,w̃)(0)|V0

µ
.σεK(δs+K−1γ).(5.33)

Wewillnowusethisdecayestimatetodealwith(4.8),whichisattheVs
µ(R)−level.

SimilartoStep6,wedecomposethesourceterm(4.2)infourpieces

Ã:=
(

Λs̃Fδ,Q(Uδ
1,D)ΛsW̃δ

)
L2

=
(

Λs(w̃∂xη
δ
2),Λsψ̃

)
L2+

(
Λs(ψ̃∂xη

δ
2),Λsψ̃

)
L2

+
(

Λs(w̃∂xu
δ
2),η

δ
2Λsw̃

)
L2+

(
Λs(w̃∂xu

δ
2),Kµ(D)Λsw̃

)
L2

=:Ã1+Ã2+Ã3+Ã4.

ToestimateÃ1,wefirstobtainaboundsimilarto(5.24).Indeed,usingtheSobolev
emebedding,interpolation,(5.32),and(5.33)yields

sup
t∈[0,T0]

|w̃|L∞.sup
t∈[0,T0]

|(ψ̃,w̃)|
V

1
2

+

µ

.|(ψ̃,w̃)|
1
2s

+

L∞T0V
s
µ
|(ψ̃,w̃)|1−

1
2s

+

L∞T0V
0
µ

.εK(δs−
1
2

+

+(K−1γ)1−
1
2s

+

)
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While for B3, we need the continuity of the flow map of the regularized system (5.2) on a
long time (see Remark 5.1).

We let W̃ = (ψ̃, w̃) = (ηδ
1 − ηδ2, uδ1−uδ2). Then staying consistent with previous notation,

we have that the difference between two regularized solutions will satisfy the equation:

∂tW̃ +M(U
δ
1,D)W̃ = F̃

δ
, (5.30)

with

F̃
δ

= −
(
w̃∂x ηδ

2 + ψ̃∂xuδ
2

w̃∂xuδ
2

)
,

and initial data

(ψ̃, w̃)(0) = (ϕδ(D)η1 − ϕδ(D)η2, ϕδ(D)u1 − ϕδ(D)u2)(0).

We will use this information to estimate B3 by suitable energy estimates at V 0
µ (R) and

V s
µ (R)−level.

Similar to Step 6, we first obtain the estimate in V 0
µ (R) by using (4.7) and (4.9). Indeed,

there holds
d

dt
Ẽ0(W̃) .σ max

i=1,2 |(η
δ
i , u

δ
i )|V sµ Ẽ0(W̃). (5.31)

For simplicity we let |(η1, u1)(0)|V sµ = εK. Moreover, we observe that if εγ <
1
2 |(η1, u1)(0)|V sµ ,

then we have by (5.20) that

|(η
δ
1, u

δ
1)|L∞T0

2

V s
µ + |(η

δ
2, u

δ
2)||L∞T0

2

V s
µ .σ |(η1, u1)(0)|V sµ + |(η2, u2)(0)|V sµ
.σ εK. (5.32)

As a result, we have an estimate of the difference in V 0
µ (R). Indeed, by Grönwall’s inequality,

(5.31), (5.32), the triangle inequality, and (2.40) implies

|(ψ̃, w̃)|V 0
µ .σ |(ψ̃, w̃)(0)|V 0

µ .σ εK(δ
s

+K−1γ). (5.33)

We will now use this decay estimate to deal with (4.8), which is at the V s
µ (R)−level.

Similar to Step 6, we decompose the source term (4.2) in four pieces

Ã :=
(
Λ
s
F̃
δ
, Q(U

δ
1,D)Λ

s
W̃

δ)
L2

=
(
Λ
s
(w̃∂xη

δ
2),Λ

s
ψ̃
)
L2 +

(
Λ
s
(ψ̃∂xη

δ
2),Λ

s
ψ̃
)
L2

+
(
Λ
s
(w̃∂xu

δ
2), η

δ
2Λ

s
w̃
)
L2 +

(
Λ
s
(w̃∂xu

δ
2),Kµ(D)Λ

s
w̃
)
L2

=: Ã1 + Ã2 + Ã3 + Ã4.

To estimate Ã1, we first obtain a bound similar to (5.24). Indeed, using the Sobolev
emebedding, interpolation, (5.32), and (5.33) yields

sup
t∈[0,T0]

|w̃|L∞ . sup
t∈[0,T0]

|(ψ̃, w̃)|
V

1
2
+

µ

. |(ψ̃, w̃)|
1
2s

+

L∞
T0V s

µ |(ψ̃, w̃)|
1−

1
2s

+

L∞
T0V 0

µ

. εK(δ
s−

1
2

+

+ (K−1γ)
1−

1
2s

+

)
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While for B3, we need the continuity of the flow map of the regularized system (5.2) on a
long time (see Remark 5.1).

We let W̃ = (ψ̃, w̃) = (ηδ
1 − ηδ2, uδ1−uδ2). Then staying consistent with previous notation,

we have that the difference between two regularized solutions will satisfy the equation:

∂tW̃ +M(U
δ
1,D)W̃ = F̃

δ
, (5.30)

with

F̃
δ

= −
(
w̃∂x ηδ

2 + ψ̃∂xuδ
2

w̃∂xuδ
2

)
,

and initial data

(ψ̃, w̃)(0) = (ϕδ(D)η1 − ϕδ(D)η2, ϕδ(D)u1 − ϕδ(D)u2)(0).

We will use this information to estimate B3 by suitable energy estimates at V 0
µ (R) and

V s
µ (R)−level.

Similar to Step 6, we first obtain the estimate in V 0
µ (R) by using (4.7) and (4.9). Indeed,

there holds
d

dt
Ẽ0(W̃) .σ max

i=1,2 |(η
δ
i , u

δ
i )|V sµ Ẽ0(W̃). (5.31)

For simplicity we let |(η1, u1)(0)|V sµ = εK. Moreover, we observe that if εγ <
1
2 |(η1, u1)(0)|V sµ ,

then we have by (5.20) that

|(η
δ
1, u

δ
1)|L∞T0

2

V s
µ + |(η

δ
2, u

δ
2)||L∞T0

2

V s
µ .σ |(η1, u1)(0)|V sµ + |(η2, u2)(0)|V sµ
.σ εK. (5.32)

As a result, we have an estimate of the difference in V 0
µ (R). Indeed, by Grönwall’s inequality,

(5.31), (5.32), the triangle inequality, and (2.40) implies

|(ψ̃, w̃)|V 0
µ .σ |(ψ̃, w̃)(0)|V 0

µ .σ εK(δ
s

+K−1γ). (5.33)

We will now use this decay estimate to deal with (4.8), which is at the V s
µ (R)−level.

Similar to Step 6, we decompose the source term (4.2) in four pieces

Ã :=
(
Λ
s
F̃
δ
, Q(U

δ
1,D)Λ

s
W̃

δ)
L2

=
(
Λ
s
(w̃∂xη

δ
2),Λ

s
ψ̃
)
L2 +

(
Λ
s
(ψ̃∂xη

δ
2),Λ
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)
L2

+
(
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δ
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)
L2 +

(
Λ
s
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δ
2),Kµ(D)Λ

s
w̃
)
L2

=: Ã1 + Ã2 + Ã3 + Ã4.

To estimate Ã1, we first obtain a bound similar to (5.24). Indeed, using the Sobolev
emebedding, interpolation, (5.32), and (5.33) yields

sup
t∈[0,T0]

|w̃|L∞ . sup
t∈[0,T0]
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WhileforB3,weneedthecontinuityoftheflowmapoftheregularizedsystem(5.2)ona
longtime(seeRemark5.1).

WeletW̃=(ψ̃,w̃)=(ηδ
1−ηδ2,uδ1−uδ2).Thenstayingconsistentwithpreviousnotation,

wehavethatthedifferencebetweentworegularizedsolutionswillsatisfytheequation:

∂tW̃+M(U
δ
1,D)W̃=F̃

δ
,(5.30)

with

F̃
δ

=−
(
w̃∂xηδ

2+ψ̃∂xuδ
2

w̃∂xuδ
2

)
,

andinitialdata

(ψ̃,w̃)(0)=(ϕδ(D)η1−ϕδ(D)η2,ϕδ(D)u1−ϕδ(D)u2)(0).

WewillusethisinformationtoestimateB3bysuitableenergyestimatesatV0
µ(R)and

Vs
µ(R)−level.

SimilartoStep6,wefirstobtaintheestimateinV0
µ(R)byusing(4.7)and(4.9).Indeed,

thereholds
d

dt
Ẽ0(W̃).σmax

i=1,2|(η
δ
i,u

δ
i)|VsµẼ0(W̃).(5.31)

Forsimplicitywelet|(η1,u1)(0)|Vsµ=εK.Moreover,weobservethatifεγ<
1
2|(η1,u1)(0)|Vsµ,

thenwehaveby(5.20)that

|(η
δ
1,u

δ
1)|L∞T0

2

Vs
µ+|(η

δ
2,u

δ
2)||L∞T0

2

Vs
µ.σ|(η1,u1)(0)|Vsµ+|(η2,u2)(0)|Vsµ
.σεK.(5.32)

Asaresult,wehaveanestimateofthedifferenceinV0
µ(R).Indeed,byGrönwall’sinequality,

(5.31),(5.32),thetriangleinequality,and(2.40)implies

|(ψ̃,w̃)|V0
µ.σ|(ψ̃,w̃)(0)|V0

µ.σεK(δ
s

+K−1γ).(5.33)

Wewillnowusethisdecayestimatetodealwith(4.8),whichisattheVs
µ(R)−level.

SimilartoStep6,wedecomposethesourceterm(4.2)infourpieces
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where 1− 1
2s

+
> 0 for s > 1

2

+
. Then arguing as we did for A1 in Step 7, we obtain that

|Ã1| . sup
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(
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)
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|w̃|Hs + δs−

3
2

+

+ δ−1(K−1γ)1−
1
2s

+)
|ψ̃|Hs .

Moreover, for the remaining terms, we can use similar estimates, recalling that for Ã4 we
also need to deal with the non-local operator Kµ(D) (see step 7 for details). Indeed,

Ã .σ εK sup
t∈[0,T0]

(
|(ψ̃, w̃)|V sµ + δs−

3
2
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1
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Consequently, combining estimates (4.8) and (4.9) with (5.34) yields
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3
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1
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1
2
)
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Thus, we have an estimate on B3 by the energy estimate (4.9), Grönwall’s inequality and
(2.41). Indeed, there holds

B3 = |(ψ̃, w̃)|V sµ .σ |(ψ̃, w̃)(0)|V sµ + εK(δs−
3
2
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)

.σ εoδ(1) + εγ + εK(δs−
3
2
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1
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+

). (5.35)

Returning to (5.28), we may conclude the proof of the continuous dependence. We first
fix 0 < δ < 1 to be small enough and satisfying

oδ(1) +Kδs−
3
2

+

<
λ

2cσ
,

for some constant cσ depending on σ. Then let γ verify the restriction:

εγ <
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such that γ+Kδ−1(K−1γ)1−
1
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< λ
2cσ

. Consequently, we have by (5.28), (5.29) and (5.35)
that

sup
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2
]

|(η1 − η2, u1 − u2)(t)|V sµ ≤ εcσ(oδ(1) + γ +K(δs−
3
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1
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+

))

< ελ.

As a result, we have demonstrated that the solution of (1.5) depends continuously on the
initial data and thus completes the proof of Theorem 1.6.

�

6. The two-dimensional case

Let x = (x1, x2) ∈ R2 and v = (v1, v2)
T . Then we observe that under the curl-free condition

on the initial datum in Theorem 1.6 that (1.6) enjoys a similar structure to (1.5) (see also
Lemma 4.2 in [35]). Indeed, since curl v0 = 0 we can take the curl of the second equation
in (1.6) and find that curl v = 0, courtesy of the Fundamental Theorem of Calculus. We
therefore have the relation

∂x1v2 = ∂x2v1. (6.1)

Now, let u = εv and define U = (η,u)T = ε(ζ,v)T . Then use (6.1) to rewrite system (1.6)
as

∂tU +M(U, D)U = 0, (6.2)
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where1−1
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also need to deal with the non-local operator Kµ(D) (see step 7 for details). Indeed,
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Returning to (5.28), we may conclude the proof of the continuous dependence. We first
fix 0 < δ < 1 to be small enough and satisfying
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As a result, we have demonstrated that the solution of (1.5) depends continuously on the
initial data and thus completes the proof of Theorem 1.6.
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6. The two-dimensional case

Let x = (x1, x2) ∈ R2 and v = (v1, v2)T . Then we observe that under the curl-free condition
on the initial datum in Theorem 1.6 that (1.6) enjoys a similar structure to (1.5) (see also
Lemma 4.2 in [35]). Indeed, since curl v0 = 0 we can take the curl of the second equation
in (1.6) and find that curl v = 0, courtesy of the Fundamental Theorem of Calculus. We
therefore have the relation

∂x1v2 = ∂x2v1. (6.1)

Now, let u = εv and define U = (η,u)T = ε(ζ,v)T . Then use (6.1) to rewrite system (1.6)
as

∂tU +M(U, D)U = 0, (6.2)
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|Ã1| . sup
t∈[0,T0]

(
|w̃|Hs |ηδ2|Hs + |w̃|L∞δ−1|ηδ2|Hs)

|ψ̃|Hs

. εK sup
t∈[0,T0]

(
|w̃|Hs + δ

s−
3
2

+

+ δ−1(K−1γ)
1−

1
2s

+)
|ψ̃|Hs .

Moreover, for the remaining terms, we can use similar estimates, recalling that for Ã4 we
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Asaresult,wehavedemonstratedthatthesolutionof(1.5)dependscontinuouslyonthe
initialdataandthuscompletestheproofofTheorem1.6.
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Letx=(x1,x2)∈R2andv=(v1,v2)T.Thenweobservethatunderthecurl-freecondition
ontheinitialdatuminTheorem1.6that(1.6)enjoysasimilarstructureto(1.5)(seealso
Lemma4.2in[35]).Indeed,sincecurlv0=0wecantakethecurlofthesecondequation
in(1.6)andfindthatcurlv=0,courtesyoftheFundamentalTheoremofCalculus.We
thereforehavetherelation
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with

M(U, D) =




u · ∇ (Kµ(D) + η)∂x1 (Kµ(D) + η)∂x2
∂x1 (u · ∇) · 0
∂x2 0 (u · ∇) ·


 .

Then the natural symmetrizer is given by

Q(U, D) =




1 0 0
0 (Kµ(D) + η) 0
0 0 (Kµ(D) + η)


 ,

and by extension, an energy associated to (6.2) reads

Es(U) =
(
ΛsU, Q(U,D)ΛsU

)
.

The energy estimates are similar to the one-dimensional case. Indeed, for (η,u) ∈ V s
µ (R2)

and s > 5
2 , we observe that

1

2

d

dt
Es(U) = −

(
Λs(u · ∇η),Λsη

)
L2 −

(
Λs((Kµ(D) + η)∇ · u),Λsη

)
L2

−
(
Λs∇η, (Kµ(D) + η)Λsu

)
L2 −

(
Λs((u · ∇)u), (Kµ(D) + η)Λsu

)
L2

+
1

2

(
Λsu, (∂tη)Λsu

)
L2 .

An estimate analogous to the ones of Proposition 3.1 is a consequence of two-dimensional
versions of estimates in Section 2. However, these are easily extended to 2-d by noting that
Kµ(D) and Tµ(D) is radial.

The estimate of the difference between two solutions is similar to the proof of Proposition
4.1.

Appendix A

A.1. Pointwise estimates for
√
Kµ(ξ) and

√
Tµ(ξ). Before turning to the proof of the

pointwise estimates in Lemma 2.1 and Lemma 2.5, we make an important observation. Let√
Tµ(D) be the Fourier multiplier associated with the symbol

√
Tµ(ξ) =

√
tanh(

√
µ|ξ|)

√
µ|ξ| .

Then the operator is regularizing for µ > 0 on L2(R), and acts similar to the scaled Bessel

potential Λ
− 1

2
µ defined by the symbol ξ 7→ (1 + µξ2)−

1
4 . While

√
Kµ(ξ) has a similar

behaviour in low frequency for σ < 1
3 , but acts like Λ

1
2
µ in high frequencies.

Lemma A.1. Let µ > 0 and take any n ∈ N.
• Then Tµ(ξ) satisfies

∣∣∣ d
n

dξn

√
Tµ(ξ)

∣∣∣ . µn2 〈√µξ〉− 1
2
−n. (A.1)

• Similarly, Kµ(ξ) satisfies
∣∣∣ d

n

dξn

√
Kµ(ξ)

∣∣∣ .σ µ
n
2 〈√µξ〉 12−n. (A.2)
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An estimate analogous to the ones of Proposition 3.1 is a consequence of two-dimensional
versions of estimates in Section 2. However, these are easily extended to 2-d by noting that
Kµ(D) and Tµ(D) is radial.

The estimate of the difference between two solutions is similar to the proof of Proposition
4.1.
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Figure 3. The multiplier
√
K1(ξ) in the cases σ ≥ 1

3 (line) and σ < 1
3 (dash-dots).

The red curve is a plot of
√
T1(ξ) (dash).

Proof. The proof is a generalization of Lemma 8 in [15]. Following their arguments, we
observe that since T1(

√
µr) = Tµ(r) for r > 0, it is sufficient to show that
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Lastly, we have that (A.2) follows by the Leibniz rule. Indeed, we observe
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which concludes the proof of Lemma A.1. �

A.2. Proof of Lemmas 2.1 and 2.5.
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But this holds since
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We have therefore verified (A.5) for all r ≥ 0 and we conclude that (2.2) holds true.

Similarly, for 0 < σ < 1
3 , we have that (2.3) is a consequence of the inequality
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The proof of estimate (2.4) is a direct consequence of Lemma A.1 and (A.2) with n = 1
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Similarly,for0<σ<1
3,wehavethat(2.3)isaconsequenceoftheinequality

tanh(r)

r
(1+σr2)≥σ+cr.

Oneshouldnotethatwedonotrequiresharpestimates.Infact,wesimplyneedtoobtain
theestimate(

1+σr2−r(σ+cr)

)(
e2r+1

)
−2

(
1+σr2

)
=:H(r)≥0,

forr≥0.Ontheotherhand,weobservethat

H′′′(r)=4e2r
(

2+2σr(2+r)−3c+2cr(3+r)
)

>0

forallr≥0if

(2−3c)+2r(2σ−3c)+2r2(σ−c)>0

andisensuredfor0<c≤10−3σ.Consequently,

0<H′′(0)≤H′′(r)=2e2r
(

2+σ(2r2+2r−1)−c(2r2+4r+1)
)
−2(σ+c)

0<H′(0)≤H′(r)=e2r
(

2+σ(2r2−1)−2c(r2+2r)
)
−σ(2r+1)−2cr

0<H(0)≤H(r),

andweargueasabovetoconclude.

Theproofofestimate(2.4)isadirectconsequenceofLemmaA.1and(A.2)withn=1
ifwetracethedependenceinσ:

∣∣d
dr

√
K1(r)

∣∣.〈r〉−1
2
−1(1+σr2)

1
2+〈r〉−1

2
σr

(1+σr2)
1
2

.〈r〉−1+
√

σ〈r〉−1
2.

Estimate(2.5)concernsthefollowingboundonthedifference:

∣∣∣
√

Kµ(ξ)−√σµ1
4|ξ|12

∣∣∣=
∣∣∣
(tanh(

√
µ|ξ|)
√

µ|ξ|(1+σµξ2)
)1

2−√σµ1
4|ξ|12

∣∣∣.

LONGTIMEWELL-POSEDNESSOFWHITHAM-BOUSSINESQSYSTEMS47

Butthisholdssince

G′′′(r)=
4

3
e2r

(
2r2−3c(2r2+6r+3)

)

≥4

3
e2r

(
r2(1−6c)+r(

h0
8

−18c)+(
h20
32

−9c)
)
,

andispositivefor0<c<10−3h20withr≥h0
4.Indeed,asaconsequencewehavethe

followingchainofimplications

0<G′′
(h0

2

)
≤G′′(r)=

2

3

(
e2r(1−2r+2r2−3c(2r2+4r+1))−3c−1

)

=⇒0<G′
(h0

2

)
≤G′(r)=

1

3

(
e2r(3−4r+2r2−6cr(r+1))−2r−3−6cr

)

=⇒0<G
(h0

2

)
≤G(r).

Wehavethereforeverified(A.5)forallr≥0andweconcludethat(2.2)holdstrue.

Similarly,for0<σ<1
3,wehavethat(2.3)isaconsequenceoftheinequality

tanh(r)

r
(1+σr2)≥σ+cr.

Oneshouldnotethatwedonotrequiresharpestimates.Infact,wesimplyneedtoobtain
theestimate(

1+σr2−r(σ+cr)

)(
e2r+1

)
−2

(
1+σr2

)
=:H(r)≥0,

forr≥0.Ontheotherhand,weobservethat

H′′′(r)=4e2r
(

2+2σr(2+r)−3c+2cr(3+r)
)

>0

forallr≥0if

(2−3c)+2r(2σ−3c)+2r2(σ−c)>0

andisensuredfor0<c≤10−3σ.Consequently,

0<H′′(0)≤H′′(r)=2e2r
(

2+σ(2r2+2r−1)−c(2r2+4r+1)
)
−2(σ+c)

0<H′(0)≤H′(r)=e2r
(

2+σ(2r2−1)−2c(r2+2r)
)
−σ(2r+1)−2cr

0<H(0)≤H(r),

andweargueasabovetoconclude.

Theproofofestimate(2.4)isadirectconsequenceofLemmaA.1and(A.2)withn=1
ifwetracethedependenceinσ:

∣∣d
dr

√
K1(r)

∣∣.〈r〉−1
2
−1(1+σr2)

1
2+〈r〉−1

2
σr

(1+σr2)
1
2

.〈r〉−1+
√

σ〈r〉−1
2.

Estimate(2.5)concernsthefollowingboundonthedifference:

∣∣∣
√

Kµ(ξ)−√σµ1
4|ξ|12

∣∣∣=
∣∣∣
(tanh(

√
µ|ξ|)
√

µ|ξ|(1+σµξ2)
)1

2−√σµ1
4|ξ|12

∣∣∣.

LONG TIME WELL-POSEDNESS OF WHITHAM-BOUSSINESQ SYSTEMS 47

But this holds since

G′′′(r) =
4

3
e
2r(

2r
2
− 3c(2r

2
+ 6r + 3)

)

≥
4

3
e
2r(

r
2
(1− 6c) + r(

h0
8 − 18c) + (

h2
0

32 − 9c)
)
,

and is positive for 0 < c < 10−3h2
0 with r ≥

h0
4 . Indeed, as a consequence we have the

following chain of implications

0 < G′′(h0
2

)
≤ G′′(r) =

2

3

(
e
2r

(1− 2r + 2r
2
− 3c(2r

2
+ 4r + 1))− 3c− 1

)

=⇒ 0 < G′(h0
2

)
≤ G′(r) =

1

3

(
e
2r

(3− 4r + 2r
2
− 6cr(r + 1))− 2r − 3− 6cr

)

=⇒ 0 < G
(h0

2

)
≤ G(r).

We have therefore verified (A.5) for all r ≥ 0 and we conclude that (2.2) holds true.

Similarly, for 0 < σ <
1
3 , we have that (2.3) is a consequence of the inequality

tanh(r)

r
(1 + σr

2
) ≥ σ + cr.

One should note that we do not require sharp estimates. In fact, we simply need to obtain
the estimate

(
1 + σr

2
− r(σ + cr)

)(
e
2r

+ 1
)
− 2

(
1 + σr

2

)
=: H(r) ≥ 0,

for r ≥ 0. On the other hand, we observe that

H ′′′(r) = 4e
2r(

2 + 2σr(2 + r)− 3c+ 2cr(3 + r)
)
> 0

for all r ≥ 0 if

(2− 3c) + 2r(2σ − 3c) + 2r
2
(σ − c) > 0

and is ensured for 0 < c ≤ 10−3σ. Consequently,

0 < H ′′(0) ≤ H ′′(r) = 2e
2r(

2 + σ(2r
2

+ 2r − 1)− c(2r
2

+ 4r + 1)
)
− 2(σ + c)

0 < H ′(0) ≤ H ′(r) = e
2r(

2 + σ(2r
2
− 1)− 2c(r

2
+ 2r)

)
− σ(2r + 1)− 2cr

0 < H(0) ≤ H(r),

and we argue as above to conclude.

The proof of estimate (2.4) is a direct consequence of Lemma A.1 and (A.2) with n = 1
if we trace the dependence in σ:

∣∣ d
dr

√
K1(r)

∣∣
. 〈r〉−

1
2−1(1 + σr

2
)
1
2 + 〈r〉−

1
2

σr

(1 + σr2)
1
2

. 〈r〉−1 +√σ〈r〉− 1
2 .

Estimate (2.5) concerns the following bound on the difference:

∣∣
∣
√
Kµ(ξ)−√σµ 1

4 |ξ|
1
2

∣∣
∣ =

∣∣
∣
(tanh(√µ|ξ|)

√µ|ξ| (1 + σµξ
2
)
) 1

2
−√σµ 1

4 |ξ|
1
2

∣∣
∣.

LONG TIME WELL-POSEDNESS OF WHITHAM-BOUSSINESQ SYSTEMS 47

But this holds since

G′′′(r) =
4

3
e
2r(

2r
2
− 3c(2r

2
+ 6r + 3)

)

≥
4

3
e
2r(

r
2
(1− 6c) + r(

h0
8 − 18c) + (

h2
0

32 − 9c)
)
,

and is positive for 0 < c < 10−3h2
0 with r ≥

h0
4 . Indeed, as a consequence we have the

following chain of implications

0 < G′′(h0
2

)
≤ G′′(r) =

2

3

(
e
2r

(1− 2r + 2r
2
− 3c(2r

2
+ 4r + 1))− 3c− 1

)

=⇒ 0 < G′(h0
2

)
≤ G′(r) =

1

3

(
e
2r

(3− 4r + 2r
2
− 6cr(r + 1))− 2r − 3− 6cr

)

=⇒ 0 < G
(h0

2

)
≤ G(r).

We have therefore verified (A.5) for all r ≥ 0 and we conclude that (2.2) holds true.

Similarly, for 0 < σ <
1
3 , we have that (2.3) is a consequence of the inequality

tanh(r)

r
(1 + σr

2
) ≥ σ + cr.

One should note that we do not require sharp estimates. In fact, we simply need to obtain
the estimate

(
1 + σr

2
− r(σ + cr)

)(
e
2r

+ 1
)
− 2

(
1 + σr

2

)
=: H(r) ≥ 0,

for r ≥ 0. On the other hand, we observe that

H ′′′(r) = 4e
2r(

2 + 2σr(2 + r)− 3c+ 2cr(3 + r)
)
> 0

for all r ≥ 0 if

(2− 3c) + 2r(2σ − 3c) + 2r
2
(σ − c) > 0

and is ensured for 0 < c ≤ 10−3σ. Consequently,

0 < H ′′(0) ≤ H ′′(r) = 2e
2r(

2 + σ(2r
2

+ 2r − 1)− c(2r
2

+ 4r + 1)
)
− 2(σ + c)

0 < H ′(0) ≤ H ′(r) = e
2r(

2 + σ(2r
2
− 1)− 2c(r

2
+ 2r)

)
− σ(2r + 1)− 2cr

0 < H(0) ≤ H(r),

and we argue as above to conclude.

The proof of estimate (2.4) is a direct consequence of Lemma A.1 and (A.2) with n = 1
if we trace the dependence in σ:

∣∣ d
dr

√
K1(r)

∣∣
. 〈r〉−

1
2−1(1 + σr

2
)
1
2 + 〈r〉−

1
2

σr

(1 + σr2)
1
2

. 〈r〉−1 +√σ〈r〉− 1
2 .

Estimate (2.5) concerns the following bound on the difference:

∣∣
∣
√
Kµ(ξ)−√σµ 1

4 |ξ|
1
2

∣∣
∣ =

∣∣
∣
(tanh(√µ|ξ|)

√µ|ξ| (1 + σµξ
2
)
) 1

2
−√σµ 1

4 |ξ|
1
2

∣∣
∣.

LONGTIMEWELL-POSEDNESSOFWHITHAM-BOUSSINESQSYSTEMS47

Butthisholdssince

G′′′(r)=
4

3
e
2r(

2r
2
−3c(2r

2
+6r+3)

)

≥
4

3
e
2r(

r
2
(1−6c)+r(

h0
8−18c)+(

h2
0

32−9c)
)
,

andispositivefor0<c<10−3h2
0withr≥

h0
4.Indeed,asaconsequencewehavethe

followingchainofimplications

0<G′′(h0
2

)
≤G′′(r)=

2

3

(
e
2r

(1−2r+2r
2
−3c(2r

2
+4r+1))−3c−1

)

=⇒0<G′(h0
2

)
≤G′(r)=

1

3

(
e
2r

(3−4r+2r
2
−6cr(r+1))−2r−3−6cr

)

=⇒0<G
(h0

2

)
≤G(r).

Wehavethereforeverified(A.5)forallr≥0andweconcludethat(2.2)holdstrue.

Similarly,for0<σ<
1
3,wehavethat(2.3)isaconsequenceoftheinequality

tanh(r)

r
(1+σr

2
)≥σ+cr.

Oneshouldnotethatwedonotrequiresharpestimates.Infact,wesimplyneedtoobtain
theestimate

(
1+σr

2
−r(σ+cr)

)(
e
2r

+1
)
−2

(
1+σr

2

)
=:H(r)≥0,

forr≥0.Ontheotherhand,weobservethat

H′′′(r)=4e
2r(

2+2σr(2+r)−3c+2cr(3+r)
)
>0

forallr≥0if

(2−3c)+2r(2σ−3c)+2r
2
(σ−c)>0

andisensuredfor0<c≤10−3σ.Consequently,

0<H′′(0)≤H′′(r)=2e
2r(

2+σ(2r
2

+2r−1)−c(2r
2

+4r+1)
)
−2(σ+c)

0<H′(0)≤H′(r)=e
2r(

2+σ(2r
2
−1)−2c(r

2
+2r)

)
−σ(2r+1)−2cr

0<H(0)≤H(r),

andweargueasabovetoconclude.

Theproofofestimate(2.4)isadirectconsequenceofLemmaA.1and(A.2)withn=1
ifwetracethedependenceinσ:

∣∣d
dr

√
K1(r)

∣∣
.〈r〉−

1
2−1(1+σr

2
)
1
2+〈r〉−

1
2

σr

(1+σr2)
1
2

.〈r〉−1+√σ〈r〉−1
2.

Estimate(2.5)concernsthefollowingboundonthedifference:

∣∣
∣
√
Kµ(ξ)−√σµ1

4|ξ|
1
2

∣∣
∣=

∣∣
∣
(tanh(√µ|ξ|)

√µ|ξ|(1+σµξ
2
)
)1

2
−√σµ1

4|ξ|
1
2

∣∣
∣.

LONGTIMEWELL-POSEDNESSOFWHITHAM-BOUSSINESQSYSTEMS47

Butthisholdssince

G′′′(r)=
4

3
e
2r(

2r
2
−3c(2r

2
+6r+3)

)

≥
4

3
e
2r(

r
2
(1−6c)+r(

h0
8−18c)+(

h2
0

32−9c)
)
,

andispositivefor0<c<10−3h2
0withr≥

h0
4.Indeed,asaconsequencewehavethe

followingchainofimplications

0<G′′(h0
2

)
≤G′′(r)=

2

3

(
e
2r

(1−2r+2r
2
−3c(2r

2
+4r+1))−3c−1

)

=⇒0<G′(h0
2

)
≤G′(r)=

1

3

(
e
2r

(3−4r+2r
2
−6cr(r+1))−2r−3−6cr

)

=⇒0<G
(h0

2

)
≤G(r).

Wehavethereforeverified(A.5)forallr≥0andweconcludethat(2.2)holdstrue.

Similarly,for0<σ<
1
3,wehavethat(2.3)isaconsequenceoftheinequality

tanh(r)

r
(1+σr

2
)≥σ+cr.

Oneshouldnotethatwedonotrequiresharpestimates.Infact,wesimplyneedtoobtain
theestimate

(
1+σr

2
−r(σ+cr)

)(
e
2r

+1
)
−2

(
1+σr

2

)
=:H(r)≥0,

forr≥0.Ontheotherhand,weobservethat

H′′′(r)=4e
2r(

2+2σr(2+r)−3c+2cr(3+r)
)
>0

forallr≥0if

(2−3c)+2r(2σ−3c)+2r
2
(σ−c)>0

andisensuredfor0<c≤10−3σ.Consequently,

0<H′′(0)≤H′′(r)=2e
2r(

2+σ(2r
2

+2r−1)−c(2r
2

+4r+1)
)
−2(σ+c)

0<H′(0)≤H′(r)=e
2r(

2+σ(2r
2
−1)−2c(r

2
+2r)

)
−σ(2r+1)−2cr

0<H(0)≤H(r),

andweargueasabovetoconclude.

Theproofofestimate(2.4)isadirectconsequenceofLemmaA.1and(A.2)withn=1
ifwetracethedependenceinσ:

∣∣d
dr

√
K1(r)

∣∣
.〈r〉−

1
2−1(1+σr

2
)
1
2+〈r〉−

1
2

σr

(1+σr2)
1
2

.〈r〉−1+√σ〈r〉−1
2.

Estimate(2.5)concernsthefollowingboundonthedifference:

∣∣
∣
√
Kµ(ξ)−√σµ1

4|ξ|
1
2

∣∣
∣=

∣∣
∣
(tanh(√µ|ξ|)

√µ|ξ|(1+σµξ
2
)
)1

2
−√σµ1

4|ξ|
1
2

∣∣
∣.

LONGTIMEWELL-POSEDNESSOFWHITHAM-BOUSSINESQSYSTEMS47

Butthisholdssince

G′′′(r)=
4

3
e
2r(

2r
2
−3c(2r

2
+6r+3)

)

≥
4

3
e
2r(

r
2
(1−6c)+r(

h0
8−18c)+(

h2
0

32−9c)
)
,

andispositivefor0<c<10−3h2
0withr≥

h0
4.Indeed,asaconsequencewehavethe

followingchainofimplications

0<G′′(h0
2

)
≤G′′(r)=

2

3

(
e
2r

(1−2r+2r
2
−3c(2r

2
+4r+1))−3c−1

)

=⇒0<G′(h0
2

)
≤G′(r)=

1

3

(
e
2r

(3−4r+2r
2
−6cr(r+1))−2r−3−6cr

)

=⇒0<G
(h0

2

)
≤G(r).

Wehavethereforeverified(A.5)forallr≥0andweconcludethat(2.2)holdstrue.

Similarly,for0<σ<
1
3,wehavethat(2.3)isaconsequenceoftheinequality

tanh(r)

r
(1+σr

2
)≥σ+cr.

Oneshouldnotethatwedonotrequiresharpestimates.Infact,wesimplyneedtoobtain
theestimate

(
1+σr

2
−r(σ+cr)

)(
e
2r

+1
)
−2

(
1+σr

2

)
=:H(r)≥0,

forr≥0.Ontheotherhand,weobservethat

H′′′(r)=4e
2r(

2+2σr(2+r)−3c+2cr(3+r)
)
>0

forallr≥0if

(2−3c)+2r(2σ−3c)+2r
2
(σ−c)>0

andisensuredfor0<c≤10−3σ.Consequently,

0<H′′(0)≤H′′(r)=2e
2r(

2+σ(2r
2

+2r−1)−c(2r
2

+4r+1)
)
−2(σ+c)

0<H′(0)≤H′(r)=e
2r(

2+σ(2r
2
−1)−2c(r

2
+2r)

)
−σ(2r+1)−2cr

0<H(0)≤H(r),

andweargueasabovetoconclude.

Theproofofestimate(2.4)isadirectconsequenceofLemmaA.1and(A.2)withn=1
ifwetracethedependenceinσ:

∣∣d
dr

√
K1(r)

∣∣
.〈r〉−

1
2−1(1+σr

2
)
1
2+〈r〉−

1
2

σr

(1+σr2)
1
2

.〈r〉−1+√σ〈r〉−1
2.

Estimate(2.5)concernsthefollowingboundonthedifference:

∣∣
∣
√
Kµ(ξ)−√σµ1

4|ξ|
1
2

∣∣
∣=

∣∣
∣
(tanh(√µ|ξ|)

√µ|ξ|(1+σµξ
2
)
)1

2
−√σµ1

4|ξ|
1
2

∣∣
∣.

LONGTIMEWELL-POSEDNESSOFWHITHAM-BOUSSINESQSYSTEMS47

Butthisholdssince

G′′′(r)=
4

3
e
2r(

2r
2
−3c(2r

2
+6r+3)

)

≥
4

3
e
2r(

r
2
(1−6c)+r(

h0
8−18c)+(

h2
0

32−9c)
)
,

andispositivefor0<c<10−3h2
0withr≥

h0
4.Indeed,asaconsequencewehavethe

followingchainofimplications

0<G′′(h0
2

)
≤G′′(r)=

2

3

(
e
2r

(1−2r+2r
2
−3c(2r

2
+4r+1))−3c−1

)

=⇒0<G′(h0
2

)
≤G′(r)=

1

3

(
e
2r

(3−4r+2r
2
−6cr(r+1))−2r−3−6cr

)

=⇒0<G
(h0

2

)
≤G(r).

Wehavethereforeverified(A.5)forallr≥0andweconcludethat(2.2)holdstrue.

Similarly,for0<σ<
1
3,wehavethat(2.3)isaconsequenceoftheinequality

tanh(r)

r
(1+σr

2
)≥σ+cr.

Oneshouldnotethatwedonotrequiresharpestimates.Infact,wesimplyneedtoobtain
theestimate

(
1+σr

2
−r(σ+cr)

)(
e
2r

+1
)
−2

(
1+σr

2

)
=:H(r)≥0,

forr≥0.Ontheotherhand,weobservethat

H′′′(r)=4e
2r(

2+2σr(2+r)−3c+2cr(3+r)
)
>0

forallr≥0if

(2−3c)+2r(2σ−3c)+2r
2
(σ−c)>0

andisensuredfor0<c≤10−3σ.Consequently,

0<H′′(0)≤H′′(r)=2e
2r(

2+σ(2r
2

+2r−1)−c(2r
2

+4r+1)
)
−2(σ+c)

0<H′(0)≤H′(r)=e
2r(

2+σ(2r
2
−1)−2c(r

2
+2r)

)
−σ(2r+1)−2cr

0<H(0)≤H(r),

andweargueasabovetoconclude.

Theproofofestimate(2.4)isadirectconsequenceofLemmaA.1and(A.2)withn=1
ifwetracethedependenceinσ:

∣∣d
dr

√
K1(r)

∣∣
.〈r〉−

1
2−1(1+σr

2
)
1
2+〈r〉−

1
2

σr

(1+σr2)
1
2

.〈r〉−1+√σ〈r〉−1
2.

Estimate(2.5)concernsthefollowingboundonthedifference:

∣∣
∣
√
Kµ(ξ)−√σµ1

4|ξ|
1
2

∣∣
∣=

∣∣
∣
(tanh(√µ|ξ|)

√µ|ξ|(1+σµξ
2
)
)1

2
−√σµ1

4|ξ|
1
2

∣∣
∣.



48 M. OEN PAULSEN

For σ
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Proof of Lemma 2.5. To prove (2.9), since T1(
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µξ) = Tµ(ξ), we only need to establish the

following inequality:
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A.3. Proof of Lemmas 2.11 and 2.12. For the proof of Lemma 2.11 and Lemma 2.12,
we need a “generalized” version of the Kato-Ponce commutator estimate which holds for
symbols defined by:

Definition A.2 (Symbol class [33] Def. B.7). We say that a symbol F(D) is a member of
the symbol class Ss with s ∈ R, if ξ 7→ F (ξ) ∈ C is smooth and satisfies

∀α ∈ N, sup
ξ∈R
〈ξ〉α−s

∣∣∣ d
α

dξα
F (ξ)

∣∣∣ <∞.

One also associates the following seminorm on Ss :

N s(F) = sup
α∈N, α≤4

sup
ξ∈R
〈ξ〉α−s

∣∣∣ d
α

dξα
F (ξ)

∣∣∣. (A.8)

The following results is found in Appendix B of [33].

Lemma A.3. Let t0 > 1/2, s ≥ 0 and σ ∈ Ss. If f ∈ Hs ∩ Ht0+1(R), then for all
g ∈ Hs−1(R),

|[F(D), f ]g|L2 . N s(F)|f |Hmax{t0+1,s} |g|Hs−1 . (A.9)

With this at hand, we may give the proof.

Proof of Lemma 2.11. To prove (2.24) and (2.25), it suffices to verify for all n ∈ N that

sup
ξ∈R
〈ξ〉n

∣∣∣ d
n

dξn
(χ(1)

µ

√
Kµ)(ξ)

∣∣∣ .σ 1, (A.10)

for any 0 < µ < 1. Indeed, in agreement with Definition A.2, then (χ
(1)
µ

√
Kµ) ∈ S0 and

(2.25) holds true due to Lemma A.3. Moreover, using Plancherel and (A.10) with n = 0 we
have

|(χ(1)
µ

√
Kµ)(D)f |L2 .σ |f |L2 ,

proving (2.24). Now, let us prove (A.10). We observe that

µ
k
2 〈ξ〉k

∣∣∣( d
k

dξk
χ(1))(

√
µξ)
∣∣∣ . 1, k ≥ 0, (A.11)

since
√
µ|ξ| . 1 on the support of χ

(1)
µ (ξ). Moreover, we observe by Lemma A.1 and

µ ∈ (0, 1) that

χ(1)
µ (ξ)

∣∣∣ d
k

dξk

√
Kµ(ξ)

∣∣∣ .σ χ(1)
µ (ξ)〈√µξ〉 12µ k2 〈√µξ〉−k .σ 〈ξ〉−k.

Combining these estimates with the Leibniz rule yields
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∣∣∣ d

n
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√
Kµ(ξ)
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k=0

∣∣∣ d
n−k

dξn−k
(
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√
µξ)
) dk

dξk
(√

Kµ(ξ)
)∣∣∣

.σ 〈ξ〉n
n∑

k=0

µ
n−k
2

∣∣( d
n−k

dξn−k
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√
µξ)
∣∣〈ξ〉−k

.σ
n∑

k=0

µ
n−k
2 〈ξ〉n−k

∣∣( d
n−k

dξn−k
χ(1))(

√
µξ)
∣∣ .σ 1.

Hence, (χ
(1)
µ

√
Kµ) ∈ S0 and N 0(χ

(1)
µ

√
Kµ) .σ 1 independently from µ, proves (A.10).
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A.3.ProofofLemmas2.11and2.12.FortheproofofLemma2.11andLemma2.12,
weneeda“generalized”versionoftheKato-Poncecommutatorestimatewhichholdsfor
symbolsdefinedby:

DefinitionA.2(Symbolclass[33]Def.B.7).WesaythatasymbolF(D)isamemberof
thesymbolclassSswiths∈R,ifξ7→F(ξ)∈Cissmoothandsatisfies

∀α∈N,sup
ξ∈R

〈ξ〉α−s
∣∣∣d

α

dξα
F(ξ)

∣∣∣<∞.

OnealsoassociatesthefollowingseminormonSs:

Ns(F)=sup
α∈N,α≤4

sup
ξ∈R

〈ξ〉α−s
∣∣∣d

α

dξα
F(ξ)

∣∣∣.(A.8)

ThefollowingresultsisfoundinAppendixBof[33].

LemmaA.3.Lett0>1/2,s≥0andσ∈Ss.Iff∈Hs∩Ht0+1(R),thenforall
g∈Hs−1(R),

|[F(D),f]g|L2.Ns(F)|f|Hmax{t0+1,s}|g|Hs−1.(A.9)

Withthisathand,wemaygivetheproof.

ProofofLemma2.11.Toprove(2.24)and(2.25),itsufficestoverifyforalln∈Nthat

sup
ξ∈R
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∣∣∣d

n
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µ

√
Kµ)(ξ)

∣∣∣.σ1,(A.10)

forany0<µ<1.Indeed,inagreementwithDefinitionA.2,then(χ
(1)
µ

√
Kµ)∈S0and

(2.25)holdstrueduetoLemmaA.3.Moreover,usingPlanchereland(A.10)withn=0we
have

|(χ(1)
µ

√
Kµ)(D)f|L2.σ|f|L2,

proving(2.24).Now,letusprove(A.10).Weobservethat
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√
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since
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µ|ξ|.1onthesupportofχ
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µ(ξ).Moreover,weobservebyLemmaA.1and

µ∈(0,1)that
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√
Kµ(ξ)

∣∣∣.σχ(1)
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CombiningtheseestimateswiththeLeibnizruleyields
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Hence,(χ
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√
Kµ).σ1independentlyfromµ,proves(A.10).
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A.3. Proof of Lemmas 2.11 and 2.12. For the proof of Lemma 2.11 and Lemma 2.12,
we need a “generalized” version of the Kato-Ponce commutator estimate which holds for
symbols defined by:

Definition A.2 (Symbol class [33] Def. B.7). We say that a symbol F(D) is a member of
the symbol class Ss with s ∈ R, if ξ 7→ F (ξ) ∈ C is smooth and satisfies

∀α ∈ N, sup
ξ∈R
〈ξ〉

α−s∣∣
∣
dα

dξαF (ξ)
∣∣
∣ <∞.

One also associates the following seminorm on Ss :

N
s
(F) = sup

α∈N, α≤4
sup
ξ∈R
〈ξ〉

α−s∣∣
∣
dα

dξαF (ξ)
∣∣
∣. (A.8)

The following results is found in Appendix B of [33].

Lemma A.3. Let t0 > 1/2, s ≥ 0 and σ ∈ Ss. If f ∈ Hs ∩ Ht0+1(R), then for all
g ∈ Hs−1(R),

|[F(D), f ]g|L2 . N
s
(F)|f |Hmax{t0+1,s} |g|Hs−1 . (A.9)

With this at hand, we may give the proof.

Proof of Lemma 2.11. To prove (2.24) and (2.25), it suffices to verify for all n ∈ N that

sup
ξ∈R
〈ξ〉

n ∣∣
∣
dn

dξn (χ
(1)
µ

√
Kµ)(ξ)

∣∣
∣ .σ 1, (A.10)

for any 0 < µ < 1. Indeed, in agreement with Definition A.2, then (χ
(1)
µ

√
Kµ) ∈ S0 and

(2.25) holds true due to Lemma A.3. Moreover, using Plancherel and (A.10) with n = 0 we
have

|(χ
(1)
µ

√
Kµ)(D)f |L2 .σ |f |L2 ,

proving (2.24). Now, let us prove (A.10). We observe that

µ
k
2 〈ξ〉k∣∣

∣(
dk

dξkχ
(1)

)(√µξ)∣∣
∣ . 1, k ≥ 0, (A.11)

since √µ|ξ| . 1 on the support of χ
(1)
µ (ξ). Moreover, we observe by Lemma A.1 and

µ ∈ (0, 1) that

χ
(1)
µ (ξ)

∣∣
∣
dk

dξk

√
Kµ(ξ)

∣∣
∣ .σ χ

(1)
µ (ξ)〈√µξ〉 12µ k2 〈√µξ〉−k .

σ 〈ξ〉−k.

Combining these estimates with the Leibniz rule yields
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n∣∣
∣
dn

dξn
(
χ
(1)
µ (ξ)

√
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)∣∣
∣ . 〈ξ〉

n
n∑

k=0

∣∣
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∣
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Hence, (χ
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√
Kµ) .σ 1 independently from µ, proves (A.10).
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Next, we consider estimates (2.27) and (2.28). Recalling (2.26) we define
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(ξ) = µ−

1
4Fµ, 1

2
(ξ) =
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Then, it suffices to prove that
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The estimate is uniform in µ ∈ (0, 1), and (A.13) is proved, which provides the desired
result.

Lastly, we prove (2.30) and (2.31) arguing in the same vein. First, we write:
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µ (ξ) · 1
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by (A.16). Arguing as above, we may conclude that the estimates (2.30) and (2.31) hold. �

Proof of Lemma 2.12. In order to prove (2.32), we simply verify that
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Theestimateisuniforminµ∈(0,1),and(A.13)isproved,whichprovidesthedesired
result.

Lastly,weprove(2.30)and(2.31)arguinginthesamevein.First,wewrite:

χ(2)
µ(ξ)Fµ,0(ξ)=χ(2)

µ(ξ)·1

µ
1
4|ξ|12

·
(

1+µσξ2
)1

2·
(2

e2
√

µ|ξ|+1

)1
2

=:χ(2)
µ(ξ)aµ(ξ)bµ(ξ)cµ(ξ),

makinguseoftheidentity(A.4).ThenweobserveforallN∈Nthat

〈ξ〉k〈√µξ〉N
∣∣∣d

k

dξk
cµ(ξ)

∣∣∣.µk2〈ξ〉k〈√µξ〉Ne−
√

µ|ξ|.1.(A.17)

Asaresult,wededuceby(A.15)and(A.17)withN=1that

χ(2)
µ(ξ)

∣∣∣d
k

dξk
(bµ(ξ)cµ(ξ))

∣∣∣.χ(2)
µ(ξ)

k∑

j=0

∣∣d
k−j

dξk−j
(
bµ(ξ)

)∣∣∣∣d
j

dξj
(
cµ(ξ)

)∣∣

.σ
k∑

j=0

〈ξ〉−(k−j)〈√µξ〉〈ξ〉−j〈√µξ〉−1

.σ〈ξ〉−k.
Moreover,weuse(A.14)todeduce

χ(2)
µ(ξ)

∣∣∣d
k

dξk
Fµ,0(ξ)

∣∣∣.χ(2)
µ(ξ)

k∑

j=0

∣∣∣d
k−j

dξk−j
(
aµ(ξ)

)∣∣∣
∣∣∣d

j

dξj
(
bµ,σ(ξ)cµ(ξ)

)∣∣∣.σ〈ξ〉−k,

fromwhichwefind

〈ξ〉n
∣∣∣d

n

dξn
(
χ(2)

µ(ξ)Fµ,0(ξ)
)∣∣∣.〈ξ〉n

n∑

k=0

∣∣∣d
n−k

dξn−k
(
χ(2)

µ(ξ)
)∣∣∣

∣∣∣d
k

dξk
(

Fµ,0(ξ)
)∣∣∣.σ1,

by(A.16).Arguingasabove,wemayconcludethattheestimates(2.30)and(2.31)hold.�

ProofofLemma2.12.Inordertoprove(2.32),wesimplyverifythat
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Asimilarapproachisusedfortheproofof(2.33).Indeed,weobservethat
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Theestimateisuniforminµ∈(0,1),and(A.13)isproved,whichprovidesthedesired
result.
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The estimate is uniform in µ ∈ (0, 1), and (A.13) is proved, which provides the desired
result.

Lastly, we prove (2.30) and (2.31) arguing in the same vein. First, we write:
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As a result, we deduce by (A.15) and (A.17) with N = 1 that
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by (A.16). Arguing as above, we may conclude that the estimates (2.30) and (2.31) hold. �
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and is bounded by a constant independent from µ ∈ (0, 1). Hence, we may conclude by
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The estimate is uniform in µ ∈ (0, 1), and (A.13) is proved, which provides the desired
result.
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Theestimateisuniforminµ∈(0,1),and(A.13)isproved,whichprovidesthedesired
result.
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by(A.16).Arguingasabove,wemayconcludethattheestimates(2.30)and(2.31)hold.�
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by(A.16).Arguingasabove,wemayconcludethattheestimates(2.30)and(2.31)hold.�
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andisboundedbyaconstantindependentfromµ∈(0,1).Hence,wemayconcludeby
LemmaA.3that(2.32)holdstrue.
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Theestimateisuniforminµ∈(0,1),and(A.13)isproved,whichprovidesthedesired
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Asaresult,wededuceby(A.15)and(A.17)withN=1that
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by(A.16).Arguingasabove,wemayconcludethattheestimates(2.30)and(2.31)hold.�
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Hence,
√
TµΛs ∈ Ss and N s(

√
TµΛs) . 1 uniformly in µ ∈ (0, 1), allowing us to conclude

by Lemma A.3.
The proof of (2.34) is the same, by a direct application of (A.1) we deduce that

√
Tµ ∈ S0

uniformly in µ ∈ (0, 1).
Next, we consider (2.35). Define the bilinear form: a1(D)(f, g) = ∂x[

√
Tµ(D), f ]g. Then

we may use Plancherel to write

|â1(ξ)(f, g)| ≤
∫

R
|ξ|
∣∣∣
√
Tµ(ξ)−

√
Tµ(ρ)

∣∣∣|f̂(ξ − ρ)| |ĝ(ρ)| dρ.
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b1(ξ, ρ) := |ξ|
∣∣∣
√
Tµ(ξ)−

√
Tµ(ρ)

∣∣∣ . 1 + |ξ − ρ|, (A.18)

then we can conclude as we did for the proof of Lemma 2.7. Indeed, assuming the claim
(A.18), then there holds

|∂x[
√
Tµ(D), f ]g|L2 = |â1(ξ)(f, g)|L2 . (|f |Ht0 + |∂xf |Ht0 )|g|L2 .

Now, in order to estimate b1(ξ, ρ) we consider three cases. First, if |ρ| ≤ 1, then we have by
the triangle inequality,

b1(ξ, ρ) ≤ (1 + |ξ − ρ|)
(√

Tµ(ξ) +
√
Tµ(ρ)

)
. 1 + |ξ − ρ|,

since ξ 7→
√
Tµ(ξ) is bounded by one. Secondly, consider the region where |ρ| > 1 and

|ξ| ≥ |ρ|. Then since ξ 7→ tanh(
√
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Finally, we estimate (2.36) using a similar approach. We define the bilinear form a2(D)(f, g) =
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µ , f ]∂xg and look in frequency:
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We consider three cases. If |ρ| ≤ 1 then since µ ∈ (0, 1), there holds by the triangle
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Hence,
√
TµΛs ∈ Ss and N s(√

TµΛs) . 1 uniformly in µ ∈ (0, 1), allowing us to conclude
by Lemma A.3.

The proof of (2.34) is the same, by a direct application of (A.1) we deduce that
√
Tµ ∈ S0

uniformly in µ ∈ (0, 1).
Next, we consider (2.35). Define the bilinear form: a1(D)(f, g) = ∂x[

√
Tµ(D), f ]g. Then

we may use Plancherel to write

|â1(ξ)(f, g)| ≤
∫

R
|ξ|
∣∣
∣
√
Tµ(ξ)−

√
Tµ(ρ)

∣∣
∣|f̂(ξ − ρ)| |ĝ(ρ)| dρ.

Clearly, if we can prove that

b1(ξ, ρ) := |ξ|
∣∣
∣
√
Tµ(ξ)−

√
Tµ(ρ)

∣∣
∣ . 1 + |ξ − ρ|, (A.18)

then we can conclude as we did for the proof of Lemma 2.7. Indeed, assuming the claim
(A.18), then there holds

|∂x[
√
Tµ(D), f ]g|L2 = |â1(ξ)(f, g)|L2 . (|f |Ht0 + |∂xf |Ht0 )|g|L2 .

Now, in order to estimate b1(ξ, ρ) we consider three cases. First, if |ρ| ≤ 1, then we have by
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Tµ(ξ) +
√
Tµ(ρ)

)
. 1 + |ξ − ρ|,

since ξ 7→
√
Tµ(ξ) is bounded by one. Secondly, consider the region where |ρ| > 1 and

|ξ| ≥ |ρ|. Then since ξ 7→ tanh(√µ|ξ|) is increasing and ξ 7→ Tµ(ξ) is decreasing, we have
that

|ρ|
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( |ρ|
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) 1
2

≤
(T

µ(ξ)

Tµ(ρ)

) 1
2

≤ 1.

Thus, there holds

b1(ξ, ρ) = |ξ|
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(T

µ(ξ)

Tµ(ρ)

) 1
2)√

Tµ(ρ) ≤ |ξ| − |ρ| ≤ |ξ − ρ|.

For |ρ| > 1 and |ξ| < |ρ| we use a similar argument to find,
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(T

µ(ρ)
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) 1
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|ρ|

(|ρ| − |ξ|) ≤ |ξ − ρ|.

Finally, we estimate (2.36) using a similar approach. We define the bilinear form a2(D)(f, g) =

[Λ
1
2
µ , f ]∂xg and look in frequency:

|â2(ξ)(f, g)| ≤
∫

R

∣∣
∣〈√µξ〉 12 − 〈√µρ〉 12 ∣∣

∣|f̂(ξ − ρ)| |∂̂xg(ρ)| dρ.

Then by the same argument as above, we only need to prove that

b2(ξ, ρ) =
∣∣
∣〈√µξ〉 12 − 〈√µρ〉 12 ∣∣

∣ |ρ|
〈√µρ〉 12 . 1 + |ξ − ρ|. (A.19)

We consider three cases. If |ρ| ≤ 1 then since µ ∈ (0, 1), there holds by the triangle
inequality:

b2(ξ, ρ) . 1 + 〈ξ − ρ〉
1
2 .
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Tµ(ξ)isboundedbyone.Secondly,considertheregionwhere|ρ|>1and
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that
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b2(ξ,ρ).1+〈ξ−ρ〉
1
2.
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[16]V.Duchêne,ManyModelsforWaterWaves,arXivpreprintarXiv:2203.11340,(2022).
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[8] J. Boussinesq, Théorie des ondes et des remous qui se propagent le long d’un canal rectangulaire
horizontal, en communiquant au liquide contenu dans ce canal des vitesses sensiblement pareilles
de la surface au fond, J. Math. Pures Appl. (2), 17, (1872), 55-108.

[9] W. Craig, An existence theory for water waves and the Boussinesq and Korteweg-de Vries scaling
limits, Comm. Partial Differential Equations 10, (1985), no. 8, 787–1003.

[10] B. Deconinck and O. Trichtchenko, High-frequency instabilities of small-amplitude solutions of
Hamiltonian PDEs, Discrete Contin. Dyn. Syst. 37, (2017), no. 3, 1323–1358

[11] E. Dinvay, Well-Posedness for a Whitham–Boussinesq System with Surface Tension, Math.
Phys. Anal. Geom., 23, (2020), no. 2, 1-27.

[12] , On well-posedness of a dispersive system of the Whitham–Boussinesq type, Appl. Math.
Lett., 88, (2019), 13–20.

[13] E. Dinvay, D. Moldabayev, D. Dutykh, and H. Kalisch, The Whitham equation with surface
tension, Nonlinear Dynam., 88, (2017), no. 2, 1125–1138.

[14] E. Dinvay and D. Nilsson, Solitary wave solutions of a Whitham–Boussinesq system, Nonlinear
Anal. Real World Appl., 60, (2021), no. 103280, 1–24.

[15] E. Dinvay, S. Selberg, and A. Tesfahun, Well-Posedness for a Dispersive System of the
Whitham–Boussinesq Type, SIAM J. Math. Anal., 52, (2020), no. 3, 2353–2382.
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[18]M.EhrnströmandH.Kalisch,TravelingwavesfortheWhithamequation,DifferentialIntegral
Equations,22,(2009),no.11-12,1193–1210.

[19]M.Ehrnström,A.Mathew,andK.M.Claassen,Existenceofahighestwaveinafullydispersive
two-wayshallowwatermodel,Arch.Ration.Mech.Anal.,231,(2019),no.3,1635–1673.

[20]M.Ehrnström,andE.Wahlén,OnWhitham’sconjectureofahighestcuspedwaveforanonlocal
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[8]J.Boussinesq,Théoriedesondesetdesremousquisepropagentlelongd’uncanalrectangulaire
horizontal,encommuniquantauliquidecontenudanscecanaldesvitessessensiblementpareilles
delasurfaceaufond,J.Math.PuresAppl.(2),17,(1872),55-108.

[9]W.Craig,AnexistencetheoryforwaterwavesandtheBoussinesqandKorteweg-deVriesscaling
limits,Comm.PartialDifferentialEquations10,(1985),no.8,787–1003.

[10]B.DeconinckandO.Trichtchenko,High-frequencyinstabilitiesofsmall-amplitudesolutionsof
HamiltonianPDEs,DiscreteContin.Dyn.Syst.37,(2017),no.3,1323–1358

[11]E.Dinvay,Well-PosednessforaWhitham–BoussinesqSystemwithSurfaceTension,Math.
Phys.Anal.Geom.,23,(2020),no.2,1-27.

[12],Onwell-posednessofadispersivesystemoftheWhitham–Boussinesqtype,Appl.Math.
Lett.,88,(2019),13–20.

[13]E.Dinvay,D.Moldabayev,D.Dutykh,andH.Kalisch,TheWhithamequationwithsurface
tension,NonlinearDynam.,88,(2017),no.2,1125–1138.

[14]E.DinvayandD.Nilsson,SolitarywavesolutionsofaWhitham–Boussinesqsystem,Nonlinear
Anal.RealWorldAppl.,60,(2021),no.103280,1–24.

[15]E.Dinvay,S.Selberg,andA.Tesfahun,Well-PosednessforaDispersiveSystemofthe
Whitham–BoussinesqType,SIAMJ.Math.Anal.,52,(2020),no.3,2353–2382.
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LONG TIME WELL-POSEDNESS AND FULL JUSTIFICATION OF A

WHITHAM-GREEN-NAGHDI SYSTEM

LOUIS EMERALD AND MARTIN OEN PAULSEN

Abstract. We establish the full justification of a “Whitham-Green-Naghdi” system mod-
eling the propagation of surface gravity waves with bathymetry in the shallow water regime.
It is an asymptotic model of the water waves equations with the same dispersion relation.
The model under study is a nonlocal quasilinear symmetrizable hyperbolic system without
surface tension. We prove the consistency of the general water waves equations with our
system at the order of precision O(µ2(ε + β)), where µ is the shallow water parameter,
ε the nonlinearity parameter, and β the topography parameter. Then we prove the long
time well-posedness on a time scale O( 1

max{ε,β} ). Lastly, we show the convergence of the

solutions of the Whitham-Green-Naghdi system to the ones of the water waves equations
on the later time scale.

1. Introduction

In this article, we study a full dispersion Green-Naghdi system that describes strongly dis-
persive surface waves over a variable bottom. The system under consideration is described
in terms of the unknowns ζ, v, and b. Here ζ(t, x) ∈ R denotes the surface elevation,
v(t, x) ∈ R is related to the velocity field described by the full Euler equations, and b is the
elevation of the bathymetry. The system reads,

{
∂tζ + ∂x(hv) = 0

(h+ µhT [h, βb])
(
∂tv + εv∂xv

)
+ h∂xζ + µεh(Q[h, v] +Qb[h, b, v]) = 0,

(1.1)

where h = 1 + εζ − βb and

T [h, βb]v = − 1

3h
∂xF

1
2
(
h3F

1
2∂xv

)
+

1

2h

(
∂xF

1
2 (h2(β∂xb)v)− h2(β∂xb)F

1
2∂xv

)
(1.2)

+ (β∂xb)
2v,

and

Q[h, v] =
2

3h
∂xF

1
2
(
h3(F

1
2∂xv)2

)
(1.3)

Qb[h, βb, v] = h(F
1
2∂xv)2(β∂xb) +

1

2h
∂xF

1
2 (h2v2β∂2xb) + v2(β∂2xb)(β∂xb), (1.4)

with F
1
2 being a Fourier multiplier associated with the dispersion relation of the water waves

system. Specifically, if we let f̂(ξ) be the Fourier transform of f , then the symbol is defined
in frequency by

F̂
1
2 f(ξ) =

√
3

µξ2

( √
µξ

tanh(
√
µξ)
− 1
)
f̂(ξ). (1.5)
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The parameters µ, ε, and β are defined by the comparison between characteristic quanti-
ties of the system under study. Among those are the characteristic water depth H0, the
characteristic wave amplitude as, the characteristic bathymetry amplitude ab, and the char-
acteristic wavelength L. From these comparisons appear three adimensional parameters of
main importance:

• µ :=
H2

0
L2 is the shallow water parameter,

• ε := as
H0

is the nonlinearity parameter,

• β := ab
H0

is the bathymetry parameter.

Replacing the Fourier multiplier F
1
2 by identity in system (1.1) we retrieve the classical

Green-Naghdi system. The later system is proved to be consistent with the water waves
equations, in the sense of Definition 5.1 in [31], at the order of precision O(µ2) for parameters
(µ, ε, β) in the shallow water regime:

Definition 1.1. Let µmax > 0, then we define the shallow water regime to be

ASW := {(µ, ε, β) : µ ∈ (0, µmax], ε ∈ [0, 1], β ∈ [0, 1]}.
Taking ε to be zero in (1.1), we get the linearized water waves equations around the rest

state with the following dispersion relation

ωWW (ξ)2 = ξ2
tanh(

√
µξ)

√
µξ

. (1.6)

This is why we say that system (1.1) is a full dispersion Green-Naghdi model. Moreover, it
is proved in the present paper that the water waves equations are consistent, in the sense
of Proposition 3.2, with system (1.1) at the order of precision O(µ2(ε+ β)). The improved
precision compared to the classical Green-Naghdi system allows for a change in the prop-
agation of the waves. Such occurrences have been studied in the Dingemans experiments
[7]. In these experiments, they investigated a long wave passing over a submerged obstacle.
They observed that waves tend to steepen due to a compression effect from the bottom,
where high harmonics generated by topography-induced nonlinear interactions are freely
released behind the obstacle. This last phenomenon makes it natural that one wants to im-
prove the frequency dispersion of the classical shallow water models. Deriving such models
has been the subject of active research. Here are some references in the case of the Boussi-
nesq model [24, 33, 5]. In the case of the Green-Naghdi model, one can consult [42] and
[6], where the authors compared the classical Green-Naghdi model with one-parameter and
three-parameters Green-Naghdi models in one case of the Dingemans experiments for which
the propagation and interaction of highly dispersive waves are under study. By tuning the
parameters, they are able to describe the dispersion relation of the water waves equations
for a larger set of frequencies. As an example, the dispersion relation of the three-parameter
model is

ωGN (ξ)2 = ξ2
(1 + µ θ+γ3 ξ2)(1 + µα−13 ξ2)

(1 + µγ3 ξ
2)(1 + µα+θ3 ξ2)

, (1.7)

where the parameters α, γ and θ are chosen such that (1.7) approximates well the disper-
sion relation of the water waves equations, (1.6), for higher frequencies. In particular, for
(θ, α, γ) = (−1, 1, 1) we obtain the original Green-Naghdi system. Moreover, in the case
(θ, α, γ) = (0.207, 1, 0.071) it was demonstrated in [6], that (1.7) is a better approximation
of (1.6) (see Figure 1). This improvement allowed the authors to describe strongly disper-
sive waves with uneven bathymetry accurately. In fact, in the case where high frequencies
are dominant, the improved Green-Naghdi models tend to describe the propagation of the
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Thisiswhywesaythatsystem(1.1)isafulldispersionGreen-Naghdimodel.Moreover,it
isprovedinthepresentpaperthatthewaterwavesequationsareconsistent,inthesense
ofProposition3.2,withsystem(1.1)attheorderofprecisionO(µ2(ε+β)).Theimproved
precisioncomparedtotheclassicalGreen-Naghdisystemallowsforachangeintheprop-
agationofthewaves.SuchoccurrenceshavebeenstudiedintheDingemansexperiments
[7].Intheseexperiments,theyinvestigatedalongwavepassingoverasubmergedobstacle.
Theyobservedthatwavestendtosteependuetoacompressioneffectfromthebottom,
wherehighharmonicsgeneratedbytopography-inducednonlinearinteractionsarefreely
releasedbehindtheobstacle.Thislastphenomenonmakesitnaturalthatonewantstoim-
provethefrequencydispersionoftheclassicalshallowwatermodels.Derivingsuchmodels
hasbeenthesubjectofactiveresearch.HerearesomereferencesinthecaseoftheBoussi-
nesqmodel[24,33,5].InthecaseoftheGreen-Naghdimodel,onecanconsult[42]and
[6],wheretheauthorscomparedtheclassicalGreen-Naghdimodelwithone-parameterand
three-parametersGreen-NaghdimodelsinonecaseoftheDingemansexperimentsforwhich
thepropagationandinteractionofhighlydispersivewavesareunderstudy.Bytuningthe
parameters,theyareabletodescribethedispersionrelationofthewaterwavesequations
foralargersetoffrequencies.Asanexample,thedispersionrelationofthethree-parameter
modelis
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sionrelationofthewaterwavesequations,(1.6),forhigherfrequencies.Inparticular,for
(θ,α,γ)=(−1,1,1)weobtaintheoriginalGreen-Naghdisystem.Moreover,inthecase
(θ,α,γ)=(0.207,1,0.071)itwasdemonstratedin[6],that(1.7)isabetterapproximation
of(1.6)(seeFigure1).Thisimprovementallowedtheauthorstodescribestronglydisper-
sivewaveswithunevenbathymetryaccurately.Infact,inthecasewherehighfrequencies
aredominant,theimprovedGreen-Naghdimodelstendtodescribethepropagationofthe
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Theyobservedthatwavestendtosteependuetoacompressioneffectfromthebottom,
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Figure 1. The blue curve is a plot of ωWW (ξ)/ξ2 (line). The red curves plots
ωGN (ξ)/ξ2 in the case (θ, α, γ) = (−1, 1, 1) (dash) and (θ, α, γ) = (0.207, 1, 0.071)
(dash-dots).

waves more correctly. However, in general, one can expect to have even higher frequency
interactions for which one needs to keep the full dispersion relation of the water waves
equations.

The first full dispersion model, called the Whitham equations, was introduced by Whitham
in [43] to study breaking waves and Stokes waves of maximal amplitude. The existence of
these phenomena for this model has been proved in the recent papers [20, 25, 38, 40]. The
Whitham is a classical model in oceanography and can be seen as a modified version of the
Kordeweg-de Vries equations with lower frequency dispersion. In addition, the existence
of periodic waves was proved in [19], and the existence of Benjamin-Feir instabilities was
demonstrated in [26, 37]. See also the series of papers on the stability of traveling waves
[2, 17, 29, 39],

The study of bidirectional full dispersion models for a flat bottom has also been the
subject of active research. One class of such systems is the Whitham-Boussinesq ones.
They are the full dispersion versions of the Boussinesq system, meaning they have the
same dispersion relation as the water waves equations (1.6). Like the Whitham equation,
these type of systems features solitary waves [8, 34], Benjamin-Feir instabilities [27, 35, 41],
high-frequency instabilities of small-amplitude periodic traveling waves [18]. See also some
comparative studies between the Boussinesq and the Whitham-Boussinesq models [4, 11].

The full dispersion Whitham-Green-Naghdi models are next order approximations of the
water waves equations when compared to the Whitham-Boussinesq systems. These systems
were recently derived in [21] for a flat bottom and extended to include bathymetry in [14].
See also [13] where the authors derived a two-layers Whitham-Green-Naghdi system. There
is still a lot of research left to be done on the study of qualitative properties of these systems,
but we mention the work of Duchene et. al [16], which proved the existence of solitary waves
where they consider both surface gravity waves and internal waves.

An important part of the study of the full dispersion systems is the full justification as
an asymptotic model of the water waves equations in the shallow water regime. To be more
precise, we say a model is fully justified if the following points are proven:

• The solutions of the water waves equations exist on the scale O( 1
max{ε,β}).

• The solutions of the asymptotic model exist on the scale O( 1
max{ε,β}).
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thesephenomenaforthismodelhasbeenprovedintherecentpapers[20,25,38,40].The
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subjectofactiveresearch.OneclassofsuchsystemsistheWhitham-Boussinesqones.
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comparativestudiesbetweentheBoussinesqandtheWhitham-Boussinesqmodels[4,11].
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waterwavesequationswhencomparedtotheWhitham-Boussinesqsystems.Thesesystems
wererecentlyderivedin[21]foraflatbottomandextendedtoincludebathymetryin[14].
Seealso[13]wheretheauthorsderivedatwo-layersWhitham-Green-Naghdisystem.There
isstillalotofresearchlefttobedoneonthestudyofqualitativepropertiesofthesesystems,
butwementiontheworkofDucheneet.al[16],whichprovedtheexistenceofsolitarywaves
wheretheyconsiderbothsurfacegravitywavesandinternalwaves.

Animportantpartofthestudyofthefulldispersionsystemsisthefulljustificationas
anasymptoticmodelofthewaterwavesequationsintheshallowwaterregime.Tobemore
precise,wesayamodelisfullyjustifiedifthefollowingpointsareproven:
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• Solutions of the water waves equations solve the asymptotic model up to remainder
terms of a specified order of precision in terms of the adimensional parameters µ, ε,
and β. This last point is called the consistency of the water waves equations with
respect to the asymptotic model.
• By virtue of the previous points, one has to show that the difference between the

solutions of the water waves equations and the asymptotic model satisfies an error
estimate depending polynomially on µ, ε and β.

If we can verify these four points, then we can compare solutions of the water waves equa-
tions with solutions of the asymptotic models up to times of order O( 1

max{ε,β}). The first

point is proved by Alvarez-Samaniego and Lannes in [1].
The three remaining points are specific to the asymptotic model. For instance, in the case

of the Whitham equation, the local well-posedness in the relevant time scale follow by clas-
sical arguments on hyperbolic systems. The consistency of the water waves equations with
this model has been recently proved in [22] at the order of precision O(µε) in the unidirec-
tional case, but the method supposes well-prepared initial conditions. In the bidirectional
case, the author proved an order of precision O(µε+ ε2) and doesn’t suppose well-prepared
initial conditions. In conclusion, we have the full justification of the Whitham equation at
the order of precision O(µε) in the unidirectional case under the restriction of well-prepared
initial conditions. In the bidirectional case, the order of precision is O(µε+ ε2).

Regarding the Whitham-Boussinesq systems for flat bottoms, the consistency of the water
waves equations with the later models has been proved in [21] with an order of precision
O(µε) in the shallow water regime. When nonflat bottoms are considered, it has been
proved in [14] to be consistent with the water waves with a precision O(µ(ε + β)). With
respect to the second point of the justification, it has been proved for a large class of
Whitham-Boussinesq systems with flat bottoms [36, 23], to be well-posed on the time scale
O(1ε ). Lastly, we also mention earlier results on the local-well posedness on a fixed time
scale given in [9, 10, 12].

For the Whitham-Green-Naghdi systems, it is proved in [21] that for a flat bottom, the
water waves equations are consistent with the later systems at the order of precision O(µ2ε)
in the shallow water regime. Moreover, in the case of uneven bathymetry, it has been proved
in [14] that the precision order is O(µ2(ε + β)). In [13], the authors proved the local well-
posedness with a relevant time scale for a two-layer full dispersion Green-Naghdi model
with surface tension. This system can be seen as a generalization of (1.1). However, their
method relies on adding surface tension, where the time of existence tends to zero as the
surface tension parameter goes to zero. Moreover, this system has only been proved to be
consistent with the water waves equations at the order of precision O(µ2) even if, based on
numerical experiments, the expected seems to be O(µ2ε).

In the present paper, we prove the full justification of the Whitham-Green-Naghdi system
without surface tension (1.1) as an asymptotic model of the water waves equations at the
order of precision O(µ2(ε+ β)).

1.1. Definition and notations.

• We let c denote a positive constant independent of µ, ε, β that may change from line
to line. Also, as a shorthand, we use the notation a . b to mean a ≤ c b.
• Let s ∈ R then the function dse returns the smallest integer greater than or equal

to s.
4

•Solutionsofthewaterwavesequationssolvetheasymptoticmodeluptoremainder
termsofaspecifiedorderofprecisionintermsoftheadimensionalparametersµ,ε,
andβ.Thislastpointiscalledtheconsistencyofthewaterwavesequationswith
respecttotheasymptoticmodel.
•Byvirtueofthepreviouspoints,onehastoshowthatthedifferencebetweenthe

solutionsofthewaterwavesequationsandtheasymptoticmodelsatisfiesanerror
estimatedependingpolynomiallyonµ,εandβ.

Ifwecanverifythesefourpoints,thenwecancomparesolutionsofthewaterwavesequa-
tionswithsolutionsoftheasymptoticmodelsuptotimesoforderO(1

max{ε,β}).Thefirst

pointisprovedbyAlvarez-SamaniegoandLannesin[1].
Thethreeremainingpointsarespecifictotheasymptoticmodel.Forinstance,inthecase

oftheWhithamequation,thelocalwell-posednessintherelevanttimescalefollowbyclas-
sicalargumentsonhyperbolicsystems.Theconsistencyofthewaterwavesequationswith
thismodelhasbeenrecentlyprovedin[22]attheorderofprecisionO(µε)intheunidirec-
tionalcase,butthemethodsupposeswell-preparedinitialconditions.Inthebidirectional
case,theauthorprovedanorderofprecisionO(µε+ε2)anddoesn’tsupposewell-prepared
initialconditions.Inconclusion,wehavethefulljustificationoftheWhithamequationat
theorderofprecisionO(µε)intheunidirectionalcaseundertherestrictionofwell-prepared
initialconditions.Inthebidirectionalcase,theorderofprecisionisO(µε+ε2).

RegardingtheWhitham-Boussinesqsystemsforflatbottoms,theconsistencyofthewater
wavesequationswiththelatermodelshasbeenprovedin[21]withanorderofprecision
O(µε)intheshallowwaterregime.Whennonflatbottomsareconsidered,ithasbeen
provedin[14]tobeconsistentwiththewaterwaveswithaprecisionO(µ(ε+β)).With
respecttothesecondpointofthejustification,ithasbeenprovedforalargeclassof
Whitham-Boussinesqsystemswithflatbottoms[36,23],tobewell-posedonthetimescale
O(1ε).Lastly,wealsomentionearlierresultsonthelocal-wellposednessonafixedtime
scalegivenin[9,10,12].

FortheWhitham-Green-Naghdisystems,itisprovedin[21]thatforaflatbottom,the
waterwavesequationsareconsistentwiththelatersystemsattheorderofprecisionO(µ2ε)
intheshallowwaterregime.Moreover,inthecaseofunevenbathymetry,ithasbeenproved
in[14]thattheprecisionorderisO(µ2(ε+β)).In[13],theauthorsprovedthelocalwell-
posednesswitharelevanttimescaleforatwo-layerfulldispersionGreen-Naghdimodel
withsurfacetension.Thissystemcanbeseenasageneralizationof(1.1).However,their
methodreliesonaddingsurfacetension,wherethetimeofexistencetendstozeroasthe
surfacetensionparametergoestozero.Moreover,thissystemhasonlybeenprovedtobe
consistentwiththewaterwavesequationsattheorderofprecisionO(µ2)evenif,basedon
numericalexperiments,theexpectedseemstobeO(µ2ε).

Inthepresentpaper,weprovethefulljustificationoftheWhitham-Green-Naghdisystem
withoutsurfacetension(1.1)asanasymptoticmodelofthewaterwavesequationsatthe
orderofprecisionO(µ2(ε+β)).

1.1.Definitionandnotations.

•Weletcdenoteapositiveconstantindependentofµ,ε,βthatmaychangefromline
toline.Also,asashorthand,weusethenotationa.btomeana≤cb.
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terms of a specified order of precision in terms of the adimensional parameters µ, ε,
and β. This last point is called the consistency of the water waves equations with
respect to the asymptotic model.
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solutions of the water waves equations and the asymptotic model satisfies an error
estimate depending polynomially on µ, ε and β.

If we can verify these four points, then we can compare solutions of the water waves equa-
tions with solutions of the asymptotic models up to times of order O(
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point is proved by Alvarez-Samaniego and Lannes in [1].
The three remaining points are specific to the asymptotic model. For instance, in the case
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O(µε) in the shallow water regime. When nonflat bottoms are considered, it has been
proved in [14] to be consistent with the water waves with a precision O(µ(ε + β)). With
respect to the second point of the justification, it has been proved for a large class of
Whitham-Boussinesq systems with flat bottoms [36, 23], to be well-posed on the time scale
O(

1
ε ). Lastly, we also mention earlier results on the local-well posedness on a fixed time

scale given in [9, 10, 12].
For the Whitham-Green-Naghdi systems, it is proved in [21] that for a flat bottom, the

water waves equations are consistent with the later systems at the order of precision O(µ2ε)
in the shallow water regime. Moreover, in the case of uneven bathymetry, it has been proved
in [14] that the precision order is O(µ2(ε + β)). In [13], the authors proved the local well-
posedness with a relevant time scale for a two-layer full dispersion Green-Naghdi model
with surface tension. This system can be seen as a generalization of (1.1). However, their
method relies on adding surface tension, where the time of existence tends to zero as the
surface tension parameter goes to zero. Moreover, this system has only been proved to be
consistent with the water waves equations at the order of precision O(µ2) even if, based on
numerical experiments, the expected seems to be O(µ2ε).
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• Let L2(R) be the usual space of square integrable functions with norm |f |L2 =√∫
R |f(x)|2 dx. Also, for any f, g ∈ L2(R) we denote the scalar product by

(
f, g
)
L2 =

∫
R f(x)g(x) dx.

• Let f : R → R be a tempered distribution, let f̂ or Ff be its Fourier transform.
Let G : R → R be a smooth function. Then the Fourier multiplier associated with
G(ξ) is denoted G and defined by the formula:

Ĝf(ξ) = G(ξ)f̂(ξ).

• For any s ∈ R we call the multiplier D̂sf(ξ) = |ξ|sf̂(ξ) the Riesz potential of order
−s.
• For any s ∈ R we call the multiplier Λs = (1 + D2)

s
2 = 〈D〉s the Bessel potential of

order −s.
• The Sobolev space Hs(R) is equivalent to the weighted L2−space with |f |Hs =
|Λsf |L2 .

• For any s ≥ 1 we will denote Ḣs(R) the Beppo Levi space with |f |Ḣs = |Λs−1∂xf |L2 .

• Let k ∈ N, l ∈ N and m ∈ N. A function R is said to be of order O(µk(εl + βm)),
denoted R = O(µk(εl + βm)), if divided by µk(εl + βm) this function is uniformly
bounded with respect to (µ, ε, β) ∈ ASW in the Sobolev norms | · |Hs , s ≥ 0.
• We say f is a Schwartz function S (R), if f ∈ C∞(R) and satisfies for all j, k ∈ N,

sup
x
|xj∂kxf | <∞.

• If A and B are two operators, then we denote the commutator between them to be
[A,B] = AB −BA.

1.2. Main results. Throughout this paper, we will always make the following fundamental
assumption.

Definition 1.2 (Non-cavitation assumption). Let s > 1
2 , ε ∈ (0, 1) and β ≥ 0. We say

the initial surface elevation ζ0 ∈ Hs(R) and the bottom profile b ∈ L∞(R) satisfies the
“non-cavitation assumption” if there exist h0 ∈ (0, 1) such that

1 + εζ0(x)− βb(x) ≥ h0, for all x ∈ R. (1.8)

Next, before we state the main results, we define the energy space associated to (1.1).

Definition 1.3. We define the complete function space Y s
µ (Rd) = Hs(R) ×Xs

µ(R), where

Xs
µ(R) is a subspace of Hs+ 1

2 (R) equipped with the norm

|v|2Xs
µ

:= |v|2Hs +
√
µ|D 1

2 v|2Hs ,

and we make the definition
|(ζ, v)|2Y sµ := |ζ|2Hs + |v|2Xs

µ
.

The following Theorem is one of the main results of the paper and concerns the local
well-posedness of (1.1) on the relevant time scale O( 1

max{ε,β}) in the energy space.

Theorem 1.4 (Well-posedness). Let s > 3
2 and (µ, ε, β) ∈ ASW. Assume that (ζ0, v0) ∈

Y s
µ (R) satisfies the non-cavitation condition (1.8) and b ∈ Hs+2(R). Then there exists

T = c
(
|(ζ0, v0)|Y sµ

)−1
such that (1.1) admits a unique solution

(ζ, v) ∈ C([0,
T

max{ε, β} ] : Y s
µ (R)) ∩ C1([0,

T

max{ε, β} ] : Y s−1
µ (R)),
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that satisfies

sup
t∈[0, T

max{ε,β} ]
|(ζ, v)|Y sµ . |(ζ0, v0)|Y sµ . (1.9)

Furthermore, there exists a neighborhood of (ζ0, v0) such that the flow map

: Y s
µ (R) → C([0, T

2max{ε,β} ];Y
s
µ (R)), (ζ0, v0) 7→ (ζ, v),

is continuous.

Remark 1.5. For the sake of simplicity, we restrict our study to the one-dimensional
setting. We comment on the possible extension to two dimensions at the end of Section 3.

For the next Theorem, we will state the full justification of (1.1) as a water waves model.
To give the result, we first state the water waves equations:




∂tζ − 1

µGµ[εζ]ψ = 0

∂tψ + ζ + ε
2(∂xψ)2 − µε

2

( 1
µ
Gµ[εζ]ψ+ε∂xζ·∂xψ)2

1+ε2µ(∂xζ)2
= 0,

(1.10)

where Gµ[εζ] stands for the Dirichlet-Neumann operator and ψ is the trace at the surface
of the velocity potential Φ, see [31] for more information. To compare solutions between
the water waves equations and system (1.1), we define the vertical average of the horizontal
component of the velocity field through the formula

V =
1

h

∫ εζ

−1+βb
∂xΦ dz, (1.11)

where Φ stands for the velocity potential in the water domain Ωt := {(x, z) ∈ R2,−1+βb ≤
z ≤ εζ}. It is the solution of the following elliptic problem

{
∂2zΦ + µ∂2xΦ = 0, in Ωt

Φ|z=εζ = ψ, ∂nΦ|z=−1+βb = 0,
(1.12)

where ∂nΦ|z=−1+βb = ∂zΦ − µβ∂xb∂xΦ. The last ingredient in justifying the full disper-
sion Green-Naghdi system is a long time existence result for the water waves equations.
As explaind above, this was proved in [1] and is also detailed in [31] (see Theorem 4.16).
The result holds for regular data satisfying the non-cavitation condition and the classi-
cal Rayleigh-Taylor stability condition. Since this is a technical condition related to the
hyperbolicity of the system, we will simply refer to [31] for the precise statement.

We may now state the final result of this paper.
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max{ε,β} ] : Hs(R)) through (1.11) and let U = (ζ, V ).

Moreover, if we let vWGN
0 = V |t=0. Then vWGN

0 ∈ Xs
µ(R) and there exist a unique classical

solution, denoted by

UWGN = (ζWGN, vWGN) ∈ C([0,
T

max{ε, β} ] : Y s
µ (R)),
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Remark 1.5. For the sake of simplicity, we restrict our study to the one-dimensional
setting. We comment on the possible extension to two dimensions at the end of Section 3.

For the next Theorem, we will state the full justification of (1.1) as a water waves model.
To give the result, we first state the water waves equations:
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where Gµ[εζ] stands for the Dirichlet-Neumann operator and ψ is the trace at the surface
of the velocity potential Φ, see [31] for more information. To compare solutions between
the water waves equations and system (1.1), we define the vertical average of the horizontal
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s
(R)),

fromwhichwedefineV∈C([0,
T̃

max{ε,β}]:Hs(R))through(1.11)andletU=(ζ,V).

Moreover,ifweletv
WGN
0=V|t=0.Thenv

WGN
0∈Xs

µ(R)andthereexistauniqueclassical
solution,denotedby

U
WGN

=(ζ
WGN

,v
WGN

)∈C([0,
T

max{ε,β}
]:Y

s
µ(R)),

6

thatsatisfies

sup
t∈[0,

T
max{ε,β}]

|(ζ,v)|Ysµ.|(ζ0,v0)|Ysµ.(1.9)

Furthermore,thereexistsaneighborhoodof(ζ0,v0)suchthattheflowmap

:Y
s
µ(R)→C([0,

T
2max{ε,β}];Y

s
µ(R)),(ζ0,v0)7→(ζ,v),

iscontinuous.

Remark1.5.Forthesakeofsimplicity,werestrictourstudytotheone-dimensional
setting.WecommentonthepossibleextensiontotwodimensionsattheendofSection3.

ForthenextTheorem,wewillstatethefulljustificationof(1.1)asawaterwavesmodel.
Togivetheresult,wefirststatethewaterwavesequations:




∂tζ−

1
µGµ[εζ]ψ=0

∂tψ+ζ+
ε
2(∂xψ)2−µε

2

(
1
µGµ[εζ]ψ+ε∂xζ·∂xψ)2

1+ε2µ(∂xζ)2=0,
(1.10)

whereGµ[εζ]standsfortheDirichlet-Neumannoperatorandψisthetraceatthesurface
ofthevelocitypotentialΦ,see[31]formoreinformation.Tocomparesolutionsbetween
thewaterwavesequationsandsystem(1.1),wedefinetheverticalaverageofthehorizontal
componentofthevelocityfieldthroughtheformula

V=
1

h

∫εζ

−1+βb
∂xΦdz,(1.11)

whereΦstandsforthevelocitypotentialinthewaterdomainΩt:={(x,z)∈R2,−1+βb≤
z≤εζ}.Itisthesolutionofthefollowingellipticproblem

{
∂2
zΦ+µ∂2

xΦ=0,inΩt

Φ|z=εζ=ψ,∂nΦ|z=−1+βb=0,
(1.12)

where∂nΦ|z=−1+βb=∂zΦ−µβ∂xb∂xΦ.Thelastingredientinjustifyingthefulldisper-
sionGreen-Naghdisystemisalongtimeexistenceresultforthewaterwavesequations.
Asexplaindabove,thiswasprovedin[1]andisalsodetailedin[31](seeTheorem4.16).
Theresultholdsforregulardatasatisfyingthenon-cavitationconditionandtheclassi-
calRayleigh-Taylorstabilitycondition.Sincethisisatechnicalconditionrelatedtothe
hyperbolicityofthesystem,wewillsimplyreferto[31]fortheprecisestatement.

Wemaynowstatethefinalresultofthispaper.

Theorem1.6(Fulljustification).Lets∈Nsuchthats≥4and(µ,ε,β)∈ASW.Thenfor

b∈Hs+2(R)andanyinitialdata(ζ0,ψ0)∈Hs(R)×Ḣs(R)satisfyingthenon-cavitation
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of the Whitham-Green-Naghdi system (1.1) sharing the same initial data

UWGN|t=0 = (ζ, V )|t=0.

Comparing the two solutions, we have that for s ∈ N large enough such that for all 0 ≤
max{ε, β}t ≤ min{T̃ , T} there holds

|U−UWGN|L∞([0,t]×R) ≤ C(|ζ0|Hs , |V |t=0|Hs , |b|Hs+2)µ2(ε+ β)t,

with T̃ , T, C positive constants uniform with respect to (µ, ε, β) ∈ ASW .

Remark 1.7. In the statement of the theorem, we simply let s be large enough. The reason
is due to the consistency result given by Theorem 10.5 in [14], which links the water waves
equations with a similar Whitham-Green-Naghdi system. However, it is possible to have a
precise range of s if one reproves this theorem and carefully tracks the “loss of derivatives”.
See Section 3 for more on this point.

1.3. Outline. In Section 2, we state the technical estimates that will be used throughout
the paper. In Subsection 2.1, we state some classical estimates. In Subsection 2.2 we study

the properties of the Fourier multiplier F
1
2 . Lastly, in Subsection (2.3) we establish the

properties related to the operator T [h, βb] defined by (1.2).
In Section 3 we prove the consistency of the water waves equations with system (1.1) at

the order of precision O(µ2(ε+β)) in the shallow water regime ASW. The starting point of
this proof is the full dispersion Green-Naghdi system derived [14] where the precision with
respect to the water waves equations (1.10) is proved to be O(µ2(ε+ β)).

Sections, 4 and 5 are about establishing the energy estimates with uniform bounds on the
solutions. Then as a result of the energy estimates provided in the aforementioned sections,
we are in the position to prove Theorem 1.4 in Section 6. The proof relies on classical
hyperbolic theory for quasilinear systems.

In Section 7, we prove the full justification result of system (1.1) resulting from all previous
sections.

2. Preliminary results

2.1. Classical estimates. In this section, we state some classical results that will be used
throughout the paper. First, recall the embedding results (see, for example, [32]).

Proposition 2.1 (Sobolev embedding). Let f ∈ S (R) and s ∈ (0, 12). Then Hs(R) ↪→
Lp(R) with p = 2

1−2s , and there holds

|f |Lp . |Dsf |L2 . (2.1)

Moreover, In the case s > 1
2 , then Hs(R) is continuously embedded in L∞(R).

Next, we state the Leibniz rule for the Riesz potential.

Proposition 2.2 (Fractional Leibniz rule [30]). Let σ = σ1 + σ2 ∈ (0, 1) with σi ∈ [0, σ]
and p, p1, p2 ∈ (1,∞) satisfy 1

p = 1
p1

+ 1
p2

. Then, for f, g ∈ S (R)

|Dσ(fg)− fDσg − gDσf |Lp . |Dσ1f |Lp1 |Dσ2g|Lp2 . (2.2)

Moreover, the case σ2 = 0, p2 =∞ is also allowed.

Corollary 2.3. Let r ∈ (12 , 1), f ∈ Hr(R) and g ∈ H 1
2 (R). Then

|fg|L2 . |Dr− 1
2 f |L2 |g|

H
1
2

(2.3)

and
|D 1

2 (fg)|L2 . |f |Hr |g|
H

1
2
. (2.4)
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max{ε, β}t ≤ min{T̃ , T} there holds
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(ε+ β)t,

with T̃ , T, C positive constants uniform with respect to (µ, ε, β) ∈ ASW .

Remark 1.7. In the statement of the theorem, we simply let s be large enough. The reason
is due to the consistency result given by Theorem 10.5 in [14], which links the water waves
equations with a similar Whitham-Green-Naghdi system. However, it is possible to have a
precise range of s if one reproves this theorem and carefully tracks the “loss of derivatives”.
See Section 3 for more on this point.

1.3. Outline. In Section 2, we state the technical estimates that will be used throughout
the paper. In Subsection 2.1, we state some classical estimates. In Subsection 2.2 we study

the properties of the Fourier multiplier F
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2 . Lastly, in Subsection (2.3) we establish the

properties related to the operator T [h, βb] defined by (1.2).
In Section 3 we prove the consistency of the water waves equations with system (1.1) at

the order of precision O(µ2(ε+β)) in the shallow water regime ASW. The starting point of
this proof is the full dispersion Green-Naghdi system derived [14] where the precision with
respect to the water waves equations (1.10) is proved to be O(µ2(ε+ β)).

Sections, 4 and 5 are about establishing the energy estimates with uniform bounds on the
solutions. Then as a result of the energy estimates provided in the aforementioned sections,
we are in the position to prove Theorem 1.4 in Section 6. The proof relies on classical
hyperbolic theory for quasilinear systems.

In Section 7, we prove the full justification result of system (1.1) resulting from all previous
sections.
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Lastly, we need an interpolation inequality. In particular, for any s, r, t ∈ R such that
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Lastly,weneedaninterpolationinequality.Inparticular,foranys,r,t∈Rsuchthat
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Proof. To prove (2.14) we note that the Fourier multiplier ΛsF
1
2 is of order s − 1

2 in the
sense of Definition 2.4. Moreover, we observe that

N s− 1
2 (ΛsF

1
2 ) . µ− 1

4 .

Thanks to the commutator estimates of Proposition 2.5 and estimate (2.10), we have

|[ΛsF 1
2 , f ]g|L2 . µ− 1

4 |f |
Hmax{t0+1,s− 1

2 }
|g|

Hs− 3
2
. |f |

Hmax{t0+1,s− 1
2 }
|F 1

2 g|Hs−1 ,

and proves estimate (2.14).

For the proof of (2.15), we start by estimating the bilinear form:

a(D)(f, g) = [Λs,F
1
2∂x(f ·)]∂xg,

given by

|â(ξ)(f, g)| ≤
∫

R
F

1
2 (ξ)|ξ|

∣∣〈ξ〉s − 〈ρ〉s
∣∣|f̂(ξ − ρ)| |∂̂xg(ρ)| dρ.

First, if |ξ| ≤ |ρ| we can use the mean value theorem to deduce that

|â(ξ)(f, g)| .
∫

R
F

1
2 (ρ)|ρ|〈ρ〉s−1|ξ − ρ||f̂(ξ − ρ)| |∂̂xg(ρ)| dρ,

since both ω 7→ 〈ω〉s−1 and ω 7→ F
1
2 (ω)|ω| are increasing functions. By extension, we make

a change of variable γ = ξ− ρ, apply Minkowski integral inequality and Cauchy-Schwarz to
find the estimate

|[Λs,F 1
2∂x(f ·)]∂xg|L2 .

∣∣∣
∫

R
F

1
2 (· − γ)| · −γ|〈· − γ〉s−1|γ||f̂(γ)| |∂̂xg(· − γ)| dγ

∣∣∣
L2
ξ

. |F 1
2∂xg|Hs

∫

R
|γ||f̂(γ)| dγ

. |F 1
2∂xg|Hs |∂xf |Ht0 .

On the other hand, when |ρ| ≤ |ξ| then we can argue similarly to find that

|â(ξ)(f, g)| .
∫

R
F

1
2 (ξ − ρ)|ξ − ρ|〈ξ − ρ〉s−1|ξ − ρ||f̂(ξ − ρ)| |∂̂xg(ρ)| dρ

+

∫

R
F

1
2 (ρ)|ρ|〈ρ〉s−1|ξ − ρ||f̂(ξ − ρ)| |∂̂xg(ρ)| dρ,

and as using the estimate above we conclude in this case that

|[Λs,F 1
2∂x(f ·)]∂xg|L2 .

∣∣∣
∫

R
F

1
2 (· − ρ)| · −ρ|〈· − ρ〉s−1| · −ρ||f̂(· − ρ)| |∂̂xg(ρ)| dρ

∣∣∣
L2
ξ

+ |F 1
2∂xg|Hs |∂xf |Ht0

. |F 1
2∂xf |Hs |∂xg|Ht0 .+ |F

1
2∂xg|Hs |∂xf |Ht0 .

Adding the two cases completes the proof.

Next, we prove (2.16) by estimating the bilinear form:

|â(ξ)(f, g)| .
∫

R

∣∣F 1
2 (ξ)− F 1

2 (ρ)
∣∣|f̂(ξ − ρ)||ĝ(ρ)| dρ.
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Proof.Toprove(2.14)wenotethattheFouriermultiplierΛsF
1
2isoforders−1

2inthe
senseofDefinition2.4.Moreover,weobservethat

Ns−1
2(ΛsF

1
2).µ−1

4.

ThankstothecommutatorestimatesofProposition2.5andestimate(2.10),wehave

|[ΛsF1
2,f]g|L2.µ−1

4|f|
Hmax{t0+1,s−1

2}
|g|

Hs−3
2
.|f|

Hmax{t0+1,s−1
2}
|F1

2g|Hs−1,

andprovesestimate(2.14).

Fortheproofof(2.15),westartbyestimatingthebilinearform:

a(D)(f,g)=[Λs,F
1
2∂x(f·)]∂xg,

givenby

|̂a(ξ)(f,g)|≤
∫

R
F

1
2(ξ)|ξ|

∣∣〈ξ〉s−〈ρ〉s
∣∣|f̂(ξ−ρ)||̂∂xg(ρ)|dρ.

First,if|ξ|≤|ρ|wecanusethemeanvaluetheoremtodeducethat

|̂a(ξ)(f,g)|.
∫

R
F

1
2(ρ)|ρ|〈ρ〉s−1|ξ−ρ||f̂(ξ−ρ)||̂∂xg(ρ)|dρ,

sincebothω7→〈ω〉s−1andω7→F
1
2(ω)|ω|areincreasingfunctions.Byextension,wemake

achangeofvariableγ=ξ−ρ,applyMinkowskiintegralinequalityandCauchy-Schwarzto
findtheestimate

|[Λs,F1
2∂x(f·)]∂xg|L2.

∣∣∣
∫

R
F

1
2(·−γ)|·−γ|〈·−γ〉s−1|γ||f̂(γ)||̂∂xg(·−γ)|dγ

∣∣∣
L2

ξ

.|F1
2∂xg|Hs

∫

R
|γ||f̂(γ)|dγ

.|F1
2∂xg|Hs|∂xf|Ht0.

Ontheotherhand,when|ρ|≤|ξ|thenwecanarguesimilarlytofindthat

|̂a(ξ)(f,g)|.
∫

R
F

1
2(ξ−ρ)|ξ−ρ|〈ξ−ρ〉s−1|ξ−ρ||f̂(ξ−ρ)||̂∂xg(ρ)|dρ

+

∫

R
F

1
2(ρ)|ρ|〈ρ〉s−1|ξ−ρ||f̂(ξ−ρ)||̂∂xg(ρ)|dρ,

andasusingtheestimateaboveweconcludeinthiscasethat

|[Λs,F1
2∂x(f·)]∂xg|L2.

∣∣∣
∫

R
F

1
2(·−ρ)|·−ρ|〈·−ρ〉s−1|·−ρ||f̂(·−ρ)||̂∂xg(ρ)|dρ

∣∣∣
L2

ξ

+|F1
2∂xg|Hs|∂xf|Ht0

.|F1
2∂xf|Hs|∂xg|Ht0.+|F

1
2∂xg|Hs|∂xf|Ht0.
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|â(ξ)(f,g)|.
∫

R
F

1
2(ρ)|ρ|〈ρ〉

s−1|ξ−ρ||f̂(ξ−ρ)||∂̂xg(ρ)|dρ,

sincebothω7→〈ω〉s−1andω7→F
1
2(ω)|ω|areincreasingfunctions.Byextension,wemake

achangeofvariableγ=ξ−ρ,applyMinkowskiintegralinequalityandCauchy-Schwarzto
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10



Clearly, it is enough to prove that

k(ξ, ρ) :=
∣∣F 1

2 (ξ)− F 1
2 (ρ)

∣∣F− 1
2 (ρ)〈ρ〉 . 1 + |ξ − ρ|F− 1

2 (ξ − ρ). (2.17)

Indeed, assuming the claim (2.17) and using Plancherel, Minkowski integral inequality, the
Cauchy-Schwarz inequality and (2.11) we obtain the desired estimate

|[F 1
2 , f ]g|L2 ≤

∣∣∣
∫

R
k(ξ, ρ) |f̂(ξ − ρ)| F 1

2 (ρ)〈ρ〉−1|ĝ(ρ)| dρ
∣∣∣
L2
ξ

.
∣∣∣
∫

R

(
1 + |γ|F− 1

2 (γ)
)
|f̂(γ)| F 1

2 (ξ − γ)〈ξ − γ〉−1|ĝ(ξ − γ)| dγ
∣∣∣
L2
ξ

. |f |
X
t0+1
µ
|F 1

2 g|H−1 .

Now, to prove the claim (2.17), we consider three cases. First, in the case |ρ| ≤ 1 it follows
directly that

k(ξ, ρ) . 1,

since ξ 7→ F
1
2 (ξ) and ρ 7→ F−

1
2 (ρ)〈ρ〉 is bounded. Next, consider the case |ρ| > 1 and

|ξ| ≤ |ρ|. Then we note that since ξ 7→ F
1
2 (ξ) is decreasing for ξ > 0, we have the estimate

F (ρ)

F (ξ)
≤ 1,

and moreover since ξ 7→
( √

µξ
tanh(

√
µξ) − 1

)
is increasing for ξ > 0, we get that

|ξ|
|ρ| ≤

( |ξ|
|ρ|

) 1
2

≤
(
F (ρ)

F (ξ)

) 1
2

≤ 1. (2.18)

Thus, we obtain the bound

k(ξ, ρ) =

(
1−

(
F (ρ)

F (ξ)

) 1
2
)(

F (ξ)

F (ρ)

) 1
2

〈ρ〉

. (|ρ| − |ξ|)
(
F (ξ)

F (ρ)

) 1
2

.

Finally, to conclude this case, we make the observation that if |ξ| ∼ |ρ|, then

(
F (ξ)

F (ρ)

) 1
2

. 1.

Otherwise, we obtain

(
F (ξ)

F (ρ)

) 1
2

. 1 + µ
1
4 |ρ| 12 . 1 + µ

1
4 |ρ− ξ| 12 .

Gathering these estimates allows us to conclude that

k(ξ, ρ) . (|ρ| − |ξ|)
(
F (ξ)

F (ρ)

) 1
2

. 1 + |ξ − ρ|F− 1
2 (ξ − ρ).
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On the other hand, the case |ξ| > |ρ| > 1 follows directly by changing the role of ξ and ρ in
(2.18). Indeed, we obtain that

k(ξ, ρ) =

(
1−

(
F (ξ)

F (ρ)

) 1
2
)
〈ρ〉

. (|ξ| − |ρ|),

and the proof of (2.16) is complete.
�

Proposition 2.10. Let s ≥ 0, and let f ∈ Hs+2(R), then we have the following estimation

on the Fourier multiplier F
1
2

|(F 1
2 − 1)f |Hs . µ|f |Hs+2 .

Proof. First, remark that it is enough to prove the result only when s = 0. The function

defining the Fourier multiplier F
1
2 is a smooth function on (0,+∞), continuous in 0 with

F
1
2 (0) = 1 and its first derivative is zero. Moreover, its second derivative is bounded in

[0,+∞), so that from Plancherel identity and the Taylor-Lagrange formula, we get

|(F 1
2 (
√
µ|ξ|)− 1)f̂ |2 ≤ µ||ξ|2f̂ |L2 .

In the end, we have the estimate

|(F 1
2 − 1)f |L2 ≤ µ|f |H2 .

�

2.3. Properties of T [h, βb]. In this section, we study an elliptic operator associated with
T [h, βb] given by (1.2). The main result is given in the following proposition where the
main reference is [28].

Proposition 2.11. Let (µ, ε, β) ∈ ASW, s ≥ 0, ζ ∈ Hmax{1,s}(R), b ∈ Hs+2(R) and let
h = 1 + εζ − βb satisfy the non-cavitation condition (1.8). Define the application

T [h, βb] :

{
H1(R) → L2(R)

v 7→ hv + µhT [h, βb]v
(2.19)

Then we have the following properties:

1. The operator (2.19) is well-defined and for v ∈ H1(R) there holds,

|T [h, βb]v|L2 . |v|
X

1
2
µ

. (2.20)

2. The operator (2.19) is one-to-one and onto.

3. For s ≥ 0 and f ∈ Hs(R) there holds,

|T −1[h, βb]f |Xs
µ
. |f |Hs . (2.21)

4. For s ≥ 1 and f ∈ Hs−1(R) there holds,

√
µ|F 1

2 T −1[h, βb]f |Hs . |f |Hs−1 . (2.22)
12

Ontheotherhand,thecase|ξ|>|ρ|>1followsdirectlybychangingtheroleofξandρin
(2.18).Indeed,weobtainthat

k(ξ,ρ)=

(
1−

(
F(ξ)

F(ρ)

)1
2
)
〈ρ〉

.(|ξ|−|ρ|),

andtheproofof(2.16)iscomplete.
�

Proposition2.10.Lets≥0,andletf∈Hs+2(R),thenwehavethefollowingestimation

ontheFouriermultiplierF
1
2

|(F1
2−1)f|Hs.µ|f|Hs+2.

Proof.First,remarkthatitisenoughtoprovetheresultonlywhens=0.Thefunction

definingtheFouriermultiplierF
1
2isasmoothfunctionon(0,+∞),continuousin0with

F
1
2(0)=1anditsfirstderivativeiszero.Moreover,itssecondderivativeisboundedin

[0,+∞),sothatfromPlancherelidentityandtheTaylor-Lagrangeformula,weget

|(F1
2(
√

µ|ξ|)−1)f̂|2≤µ||ξ|2f̂|L2.

Intheend,wehavetheestimate

|(F1
2−1)f|L2≤µ|f|H2.

�

2.3.PropertiesofT[h,βb].Inthissection,westudyanellipticoperatorassociatedwith
T[h,βb]givenby(1.2).Themainresultisgiveninthefollowingpropositionwherethe
mainreferenceis[28].

Proposition2.11.Let(µ,ε,β)∈ASW,s≥0,ζ∈Hmax{1,s}(R),b∈Hs+2(R)andlet
h=1+εζ−βbsatisfythenon-cavitationcondition(1.8).Definetheapplication

T[h,βb]:

{
H1(R)→L2(R)

v7→hv+µhT[h,βb]v
(2.19)

Thenwehavethefollowingproperties:

1.Theoperator(2.19)iswell-definedandforv∈H1(R)thereholds,

|T[h,βb]v|L2.|v|
X

1
2
µ

.(2.20)

2.Theoperator(2.19)isone-to-oneandonto.

3.Fors≥0andf∈Hs(R)thereholds,

|T−1[h,βb]f|Xs
µ
.|f|Hs.(2.21)

4.Fors≥1andf∈Hs−1(R)thereholds,

√
µ|F1

2T−1[h,βb]f|Hs.|f|Hs−1.(2.22)
12

Ontheotherhand,thecase|ξ|>|ρ|>1followsdirectlybychangingtheroleofξandρin
(2.18).Indeed,weobtainthat

k(ξ,ρ)=

(
1−

(
F(ξ)

F(ρ)

)1
2
)
〈ρ〉

.(|ξ|−|ρ|),

andtheproofof(2.16)iscomplete.
�

Proposition2.10.Lets≥0,andletf∈Hs+2(R),thenwehavethefollowingestimation

ontheFouriermultiplierF
1
2

|(F1
2−1)f|Hs.µ|f|Hs+2.

Proof.First,remarkthatitisenoughtoprovetheresultonlywhens=0.Thefunction

definingtheFouriermultiplierF
1
2isasmoothfunctionon(0,+∞),continuousin0with

F
1
2(0)=1anditsfirstderivativeiszero.Moreover,itssecondderivativeisboundedin

[0,+∞),sothatfromPlancherelidentityandtheTaylor-Lagrangeformula,weget

|(F1
2(
√

µ|ξ|)−1)f̂|2≤µ||ξ|2f̂|L2.

Intheend,wehavetheestimate

|(F1
2−1)f|L2≤µ|f|H2.

�

2.3.PropertiesofT[h,βb].Inthissection,westudyanellipticoperatorassociatedwith
T[h,βb]givenby(1.2).Themainresultisgiveninthefollowingpropositionwherethe
mainreferenceis[28].

Proposition2.11.Let(µ,ε,β)∈ASW,s≥0,ζ∈Hmax{1,s}(R),b∈Hs+2(R)andlet
h=1+εζ−βbsatisfythenon-cavitationcondition(1.8).Definetheapplication

T[h,βb]:

{
H1(R)→L2(R)

v7→hv+µhT[h,βb]v
(2.19)

Thenwehavethefollowingproperties:

1.Theoperator(2.19)iswell-definedandforv∈H1(R)thereholds,

|T[h,βb]v|L2.|v|
X

1
2
µ

.(2.20)

2.Theoperator(2.19)isone-to-oneandonto.

3.Fors≥0andf∈Hs(R)thereholds,

|T−1[h,βb]f|Xs
µ
.|f|Hs.(2.21)

4.Fors≥1andf∈Hs−1(R)thereholds,

√
µ|F1

2T−1[h,βb]f|Hs.|f|Hs−1.(2.22)
12

On the other hand, the case |ξ| > |ρ| > 1 follows directly by changing the role of ξ and ρ in
(2.18). Indeed, we obtain that

k(ξ, ρ) =

(
1−

(F (ξ)

F (ρ)

) 1
2)
〈ρ〉

. (|ξ| − |ρ|),

and the proof of (2.16) is complete.
�

Proposition 2.10. Let s ≥ 0, and let f ∈ Hs+2(R), then we have the following estimation

on the Fourier multiplier F
1
2

|(F
1
2 − 1)f |Hs . µ|f |Hs+2 .

Proof. First, remark that it is enough to prove the result only when s = 0. The function

defining the Fourier multiplier F
1
2 is a smooth function on (0,+∞), continuous in 0 with

F
1
2 (0) = 1 and its first derivative is zero. Moreover, its second derivative is bounded in

[0,+∞), so that from Plancherel identity and the Taylor-Lagrange formula, we get

|(F
1
2 (√µ|ξ|)− 1)f̂ |2 ≤ µ||ξ|

2
f̂ |L2 .

In the end, we have the estimate

|(F
1
2 − 1)f |L2 ≤ µ|f |H2 .

�

2.3. Properties of T [h, βb]. In this section, we study an elliptic operator associated with
T [h, βb] given by (1.2). The main result is given in the following proposition where the
main reference is [28].

Proposition 2.11. Let (µ, ε, β) ∈ ASW, s ≥ 0, ζ ∈ Hmax{1,s}(R), b ∈ Hs+2(R) and let
h = 1 + εζ − βb satisfy the non-cavitation condition (1.8). Define the application

T [h, βb] :

{
H1(R) → L2(R)

v 7→ hv + µhT [h, βb]v
(2.19)

Then we have the following properties:

1. The operator (2.19) is well-defined and for v ∈ H1(R) there holds,

|T [h, βb]v|L2 . |v|X 1
2
µ

. (2.20)

2. The operator (2.19) is one-to-one and onto.

3. For s ≥ 0 and f ∈ Hs(R) there holds,

|T −1[h, βb]f |Xs
µ . |f |Hs . (2.21)

4. For s ≥ 1 and f ∈ Hs−1(R) there holds,

√µ|F 1
2 T −1[h, βb]f |Hs . |f |Hs−1 . (2.22)

12

On the other hand, the case |ξ| > |ρ| > 1 follows directly by changing the role of ξ and ρ in
(2.18). Indeed, we obtain that

k(ξ, ρ) =

(
1−

(F (ξ)

F (ρ)

) 1
2)
〈ρ〉

. (|ξ| − |ρ|),

and the proof of (2.16) is complete.
�

Proposition 2.10. Let s ≥ 0, and let f ∈ Hs+2(R), then we have the following estimation

on the Fourier multiplier F
1
2

|(F
1
2 − 1)f |Hs . µ|f |Hs+2 .

Proof. First, remark that it is enough to prove the result only when s = 0. The function

defining the Fourier multiplier F
1
2 is a smooth function on (0,+∞), continuous in 0 with

F
1
2 (0) = 1 and its first derivative is zero. Moreover, its second derivative is bounded in

[0,+∞), so that from Plancherel identity and the Taylor-Lagrange formula, we get

|(F
1
2 (√µ|ξ|)− 1)f̂ |2 ≤ µ||ξ|

2
f̂ |L2 .

In the end, we have the estimate

|(F
1
2 − 1)f |L2 ≤ µ|f |H2 .

�

2.3. Properties of T [h, βb]. In this section, we study an elliptic operator associated with
T [h, βb] given by (1.2). The main result is given in the following proposition where the
main reference is [28].

Proposition 2.11. Let (µ, ε, β) ∈ ASW, s ≥ 0, ζ ∈ Hmax{1,s}(R), b ∈ Hs+2(R) and let
h = 1 + εζ − βb satisfy the non-cavitation condition (1.8). Define the application

T [h, βb] :

{
H1(R) → L2(R)

v 7→ hv + µhT [h, βb]v
(2.19)

Then we have the following properties:

1. The operator (2.19) is well-defined and for v ∈ H1(R) there holds,

|T [h, βb]v|L2 . |v|X 1
2
µ

. (2.20)

2. The operator (2.19) is one-to-one and onto.

3. For s ≥ 0 and f ∈ Hs(R) there holds,

|T −1[h, βb]f |Xs
µ . |f |Hs . (2.21)

4. For s ≥ 1 and f ∈ Hs−1(R) there holds,

√µ|F 1
2 T −1[h, βb]f |Hs . |f |Hs−1 . (2.22)

12

Ontheotherhand,thecase|ξ|>|ρ|>1followsdirectlybychangingtheroleofξandρin
(2.18).Indeed,weobtainthat

k(ξ,ρ)=

(
1−

(F(ξ)

F(ρ)

)1
2)
〈ρ〉

.(|ξ|−|ρ|),

andtheproofof(2.16)iscomplete.
�

Proposition2.10.Lets≥0,andletf∈Hs+2(R),thenwehavethefollowingestimation

ontheFouriermultiplierF
1
2

|(F
1
2−1)f|Hs.µ|f|Hs+2.

Proof.First,remarkthatitisenoughtoprovetheresultonlywhens=0.Thefunction

definingtheFouriermultiplierF
1
2isasmoothfunctionon(0,+∞),continuousin0with

F
1
2(0)=1anditsfirstderivativeiszero.Moreover,itssecondderivativeisboundedin

[0,+∞),sothatfromPlancherelidentityandtheTaylor-Lagrangeformula,weget

|(F
1
2(√µ|ξ|)−1)f̂|2≤µ||ξ|

2
f̂|L2.

Intheend,wehavetheestimate

|(F
1
2−1)f|L2≤µ|f|H2.

�

2.3.PropertiesofT[h,βb].Inthissection,westudyanellipticoperatorassociatedwith
T[h,βb]givenby(1.2).Themainresultisgiveninthefollowingpropositionwherethe
mainreferenceis[28].

Proposition2.11.Let(µ,ε,β)∈ASW,s≥0,ζ∈Hmax{1,s}(R),b∈Hs+2(R)andlet
h=1+εζ−βbsatisfythenon-cavitationcondition(1.8).Definetheapplication

T[h,βb]:

{
H1(R)→L2(R)

v7→hv+µhT[h,βb]v
(2.19)

Thenwehavethefollowingproperties:

1.Theoperator(2.19)iswell-definedandforv∈H1(R)thereholds,

|T[h,βb]v|L2.|v|X1
2
µ

.(2.20)

2.Theoperator(2.19)isone-to-oneandonto.

3.Fors≥0andf∈Hs(R)thereholds,

|T−1[h,βb]f|Xs
µ.|f|Hs.(2.21)

4.Fors≥1andf∈Hs−1(R)thereholds,

√µ|F1
2T−1[h,βb]f|Hs.|f|Hs−1.(2.22)

12

Ontheotherhand,thecase|ξ|>|ρ|>1followsdirectlybychangingtheroleofξandρin
(2.18).Indeed,weobtainthat

k(ξ,ρ)=

(
1−

(F(ξ)

F(ρ)

)1
2)
〈ρ〉

.(|ξ|−|ρ|),

andtheproofof(2.16)iscomplete.
�

Proposition2.10.Lets≥0,andletf∈Hs+2(R),thenwehavethefollowingestimation

ontheFouriermultiplierF
1
2

|(F
1
2−1)f|Hs.µ|f|Hs+2.

Proof.First,remarkthatitisenoughtoprovetheresultonlywhens=0.Thefunction

definingtheFouriermultiplierF
1
2isasmoothfunctionon(0,+∞),continuousin0with

F
1
2(0)=1anditsfirstderivativeiszero.Moreover,itssecondderivativeisboundedin

[0,+∞),sothatfromPlancherelidentityandtheTaylor-Lagrangeformula,weget

|(F
1
2(√µ|ξ|)−1)f̂|2≤µ||ξ|

2
f̂|L2.

Intheend,wehavetheestimate

|(F
1
2−1)f|L2≤µ|f|H2.

�

2.3.PropertiesofT[h,βb].Inthissection,westudyanellipticoperatorassociatedwith
T[h,βb]givenby(1.2).Themainresultisgiveninthefollowingpropositionwherethe
mainreferenceis[28].

Proposition2.11.Let(µ,ε,β)∈ASW,s≥0,ζ∈Hmax{1,s}(R),b∈Hs+2(R)andlet
h=1+εζ−βbsatisfythenon-cavitationcondition(1.8).Definetheapplication

T[h,βb]:

{
H1(R)→L2(R)

v7→hv+µhT[h,βb]v
(2.19)

Thenwehavethefollowingproperties:

1.Theoperator(2.19)iswell-definedandforv∈H1(R)thereholds,

|T[h,βb]v|L2.|v|X1
2
µ

.(2.20)

2.Theoperator(2.19)isone-to-oneandonto.

3.Fors≥0andf∈Hs(R)thereholds,

|T−1[h,βb]f|Xs
µ.|f|Hs.(2.21)

4.Fors≥1andf∈Hs−1(R)thereholds,

√µ|F1
2T−1[h,βb]f|Hs.|f|Hs−1.(2.22)

12

Ontheotherhand,thecase|ξ|>|ρ|>1followsdirectlybychangingtheroleofξandρin
(2.18).Indeed,weobtainthat

k(ξ,ρ)=

(
1−

(F(ξ)

F(ρ)

)1
2)
〈ρ〉

.(|ξ|−|ρ|),

andtheproofof(2.16)iscomplete.
�

Proposition2.10.Lets≥0,andletf∈Hs+2(R),thenwehavethefollowingestimation

ontheFouriermultiplierF
1
2

|(F
1
2−1)f|Hs.µ|f|Hs+2.

Proof.First,remarkthatitisenoughtoprovetheresultonlywhens=0.Thefunction

definingtheFouriermultiplierF
1
2isasmoothfunctionon(0,+∞),continuousin0with

F
1
2(0)=1anditsfirstderivativeiszero.Moreover,itssecondderivativeisboundedin

[0,+∞),sothatfromPlancherelidentityandtheTaylor-Lagrangeformula,weget

|(F
1
2(√µ|ξ|)−1)f̂|2≤µ||ξ|

2
f̂|L2.

Intheend,wehavetheestimate

|(F
1
2−1)f|L2≤µ|f|H2.

�

2.3.PropertiesofT[h,βb].Inthissection,westudyanellipticoperatorassociatedwith
T[h,βb]givenby(1.2).Themainresultisgiveninthefollowingpropositionwherethe
mainreferenceis[28].

Proposition2.11.Let(µ,ε,β)∈ASW,s≥0,ζ∈Hmax{1,s}(R),b∈Hs+2(R)andlet
h=1+εζ−βbsatisfythenon-cavitationcondition(1.8).Definetheapplication

T[h,βb]:

{
H1(R)→L2(R)

v7→hv+µhT[h,βb]v
(2.19)

Thenwehavethefollowingproperties:

1.Theoperator(2.19)iswell-definedandforv∈H1(R)thereholds,

|T[h,βb]v|L2.|v|X1
2
µ

.(2.20)

2.Theoperator(2.19)isone-to-oneandonto.

3.Fors≥0andf∈Hs(R)thereholds,

|T−1[h,βb]f|Xs
µ.|f|Hs.(2.21)

4.Fors≥1andf∈Hs−1(R)thereholds,

√µ|F1
2T−1[h,βb]f|Hs.|f|Hs−1.(2.22)

12

Ontheotherhand,thecase|ξ|>|ρ|>1followsdirectlybychangingtheroleofξandρin
(2.18).Indeed,weobtainthat

k(ξ,ρ)=

(
1−

(F(ξ)

F(ρ)

)1
2)
〈ρ〉

.(|ξ|−|ρ|),

andtheproofof(2.16)iscomplete.
�

Proposition2.10.Lets≥0,andletf∈Hs+2(R),thenwehavethefollowingestimation

ontheFouriermultiplierF
1
2

|(F
1
2−1)f|Hs.µ|f|Hs+2.

Proof.First,remarkthatitisenoughtoprovetheresultonlywhens=0.Thefunction

definingtheFouriermultiplierF
1
2isasmoothfunctionon(0,+∞),continuousin0with

F
1
2(0)=1anditsfirstderivativeiszero.Moreover,itssecondderivativeisboundedin

[0,+∞),sothatfromPlancherelidentityandtheTaylor-Lagrangeformula,weget

|(F
1
2(√µ|ξ|)−1)f̂|2≤µ||ξ|

2
f̂|L2.

Intheend,wehavetheestimate

|(F
1
2−1)f|L2≤µ|f|H2.

�

2.3.PropertiesofT[h,βb].Inthissection,westudyanellipticoperatorassociatedwith
T[h,βb]givenby(1.2).Themainresultisgiveninthefollowingpropositionwherethe
mainreferenceis[28].

Proposition2.11.Let(µ,ε,β)∈ASW,s≥0,ζ∈Hmax{1,s}(R),b∈Hs+2(R)andlet
h=1+εζ−βbsatisfythenon-cavitationcondition(1.8).Definetheapplication

T[h,βb]:

{
H1(R)→L2(R)

v7→hv+µhT[h,βb]v
(2.19)

Thenwehavethefollowingproperties:

1.Theoperator(2.19)iswell-definedandforv∈H1(R)thereholds,

|T[h,βb]v|L2.|v|X1
2
µ

.(2.20)

2.Theoperator(2.19)isone-to-oneandonto.

3.Fors≥0andf∈Hs(R)thereholds,

|T−1[h,βb]f|Xs
µ.|f|Hs.(2.21)

4.Fors≥1andf∈Hs−1(R)thereholds,

√µ|F1
2T−1[h,βb]f|Hs.|f|Hs−1.(2.22)

12



Proof. We give the proof in four steps.
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ding H
1
2

+
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Sobolevembedding,and(2.10)weestimateA1+A4+A5:

A1+A4+A5≤c(|h−1|H1,|h2−1|H1,β|∂xb|L∞)|v|
X

1
2
µ

.

Theremainingtermsaretreatedsimilarly,afteranapplicationof(2.4),andyieldthedesired
estimate

|T[h,βb]v|L2.|v|
X

1
2
µ

.

Step2.Theapplication(2.19)isone-to-oneandonto.Equivalently,weprovethatthere

existauniquesolutionv∈H1(R)totheequation

T[h,βb]v=f,(2.23)

forf∈L2(R).Toconstructasolution,wefirstconsiderthevariationalformulationof
(2.23)thatisgivenby

a(v,ϕ)=L(ϕ),(2.24)

foranyϕ∈C∞c(R)andwith
{

a(v,ϕ):=
(
v,hϕ

)
L2+

(
v,µhT[h,βb]ϕ

)
L2

L(ϕ):=
(
f,ϕ

)
L2.

Then,throughadirectapplicationoftheLax-Milgramlemma,weprovethereexistsa

uniquevariationalsolutionv∈C∞c(R)
|·|

H
1
2=H

1
2(R).Indeed,weobservethattheapplica-

tion(u,v)7→a(u,v)iscontinuousonH
1
2(R)×H1

2(R):

|a(v,ϕ)|≤c(|h−1|H1,β|∂xb|L∞)|v|X0
µ
|ϕ|X0

µ
,
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by integration by parts, Hölder’s inequality and (2.10). Moreover, the coercivity estimate
is deduced by first making the observation:

a(v, v) =
(
v, hv

)
L2 + µ

(
h
( h
√

3
F

1
2∂xv −

√
3

2
(β∂xb)v

)
,
h
√

3
F

1
2∂xv −

√
3

2
(β∂xb)v

)
L2

+
µ

4

(
h(β∂xb)v, (β∂xb)v

)
L2

≥ h0|v|
2
L2 + µh0

∣∣
∣
h
√

3
F

1
2∂xv −

√
3

2
(β∂xb)v

∣∣
∣
2

L2 +
µβ2

4 |
√
h(∂xb)v|

2
L2

=: I.

13

Proof.Wegivetheproofinfoursteps.

Step1:Theapplication(2.19)iswell-defined.Indeed,byassumptionandSobolevembed-

dingH
1
2

+

(R)↪→L∞(R)wehavethath∈L∞(R).Therefore,by(2.10)wegetthat

|T[h,βb]v|L2.|hv|L2+µ|∂xF
1
2(h

3
F

1
2∂xv)|L2+µ|∂xF

1
2(h

2
(β∂xb)v)|L2

+µ|h
2
(β∂xb)F

1
2∂xv|L2+µ|h(β∂xb)

2
v|L2

.|h|L∞|v|L2+µ
3
4|D

1
2(h

3
F

1
2∂xv)|L2+µ

3
4|D

1
2(h

2
(β∂xb)v)|L2

+µ|h
2
(β∂xb)F

1
2∂xv|L2+µ|h|L∞|(β∂xb)2v|L2

=:A1+A2+A3+A4+A5.

Toconclude,wenotethat(h−1)∈H1(R)andtogetherwithHölder’sinequality,the
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byintegrationbyparts,Hölder’sinequalityand(2.10).Moreover,thecoercivityestimate
isdeducedbyfirstmakingtheobservation:

a(v,v)=
(
v,hv

)
L2+µ

(
h
(h
√

3
F

1
2∂xv−

√
3

2
(β∂xb)v

)
,
h
√

3
F

1
2∂xv−

√
3

2
(β∂xb)v

)
L2

+
µ

4

(
h(β∂xb)v,(β∂xb)v

)
L2

≥h0|v|
2
L2+µh0

∣∣
∣
h
√

3
F

1
2∂xv−

√
3

2
(β∂xb)v

∣∣
∣
2

L2+
µβ2

4|
√
h(∂xb)v|

2
L2

=:I.

13

Proof.Wegivetheproofinfoursteps.

Step1:Theapplication(2.19)iswell-defined.Indeed,byassumptionandSobolevembed-

dingH
1
2

+

(R)↪→L∞(R)wehavethath∈L∞(R).Therefore,by(2.10)wegetthat

|T[h,βb]v|L2.|hv|L2+µ|∂xF
1
2(h

3
F

1
2∂xv)|L2+µ|∂xF

1
2(h

2
(β∂xb)v)|L2

+µ|h
2
(β∂xb)F

1
2∂xv|L2+µ|h(β∂xb)

2
v|L2

.|h|L∞|v|L2+µ
3
4|D

1
2(h

3
F

1
2∂xv)|L2+µ

3
4|D

1
2(h

2
(β∂xb)v)|L2

+µ|h
2
(β∂xb)F

1
2∂xv|L2+µ|h|L∞|(β∂xb)2v|L2

=:A1+A2+A3+A4+A5.

Toconclude,wenotethat(h−1)∈H1(R)andtogetherwithHölder’sinequality,the
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Now, let ν > 0 be chosen later and make the decomposition I = (1 − ν)I + νI. Then the
first term can be bounded below by

(1− ν)I ≥ (1− ν)h0|v|2L2 +
(1− ν)µβ2

4
|
√
h(∂xb)v|2L2 .

On the other hand, the remaining part is estimated by Cauchy-Schwarz and Young’s in-
equality:
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Thus, to conclude, simply choose ν small enough, from which we deduce the desired estimate

a(v, v) ≥ c|v|2X0
µ
. (2.25)

Lastly, the application ϕ 7→ L(ϕ) is continuous on ϕ ∈ H 1
2 (R) by Cauchy-Schwarz. Con-

sequently, we have a unique variational solution v ∈ H
1
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2 (R). Let us show that this solution is in H1(R), so that it also satisfies (2.23).
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(
T[h,βb]v,ϕ

)
L2=

(
f,ϕ

)
L2,
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3. Consistency between (1.1) and (1.10)
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Ḣs+n(R)) to the water waves equations (1.10) one has
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and where |R|Hs ≤ C( 1
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, µmax, |ζ|Hs+n) , |∂xψ|Hs+n , |b|Hs+n).

Furthermore, we say that the water waves equations are consistent with the system (3.1)
at the order of precision O(µ2(ε+ β)) in the shallow water regime.
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Remark 3.3. If we consider the two-dimensional case where we let X = (x1, x2) and
V ,R ∈ R2, then system (3.1) reads
{
∂tζ +∇X · (hV ) = 0

∂t(V + µT [h, βb]V ) +∇Xζ + ε
2∇X |V |2 + µε∇XR[h, β∂xb, V ] = µ2(ε+ β)R.

(3.5)

In this case, one can exploit the observation that the quantity

U = V + µT [h, βb]V (3.6)

approximates the gradient of the velocity potential at the free surface. Consequently, for
regular solutions, one can impose the condition curlU |t=0 = 0 and using the second equation
in (3.5), we can deduce that curl U = 0 whenever the solution is defined. However, this
observation does not carry over to (1.1) since the two systems are not equivalent. On the
other hand, if F = Id, then the two systems are equivalent, and one may exploit this insight
to deal with the two-dimensional case.
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Remark 3.4. The estimates in Section 2 can be extended to two dimensions where we note
that F

1
2 (ξ) is a radial function. Also, in light of the previous remark, it could be possible to

work on system (3.5) directly where we estimate the variables ζ, U and with V = V [h, βb, U ]
uniquely defined by (3.6) (see [15] for similar observations). However, doing this change
of unknowns would change the mathematical structure of the equations. So that it is not
obvious that we can close the energy method in that case.

4. A priori estimates

In this section, we establish a priori bounds on the solutions of (1.1). To this end, we
let U = (ζ, v) and for simplicity we introduce the notation

T = T [h, βb], Q = Q[h, v], Qb = Qb[h, βb, v],

allowing us to write (1.1) on the more compact form:

S(U)(∂tU +M1(U)∂xU) +M2(U)∂xU +Q(U) +Qb(U) = 0, (4.1)

with

S(U) :=

(
1 0
0 T (·)

)
, M1(U) :=

(
0 0
0 εv

)
, M2(U) :=

(
εv h
h 0

)
,

and where the quadratic terms are

Q(U) =

(
0

µεhQ

)
, Qb(U) =

(
−(β∂xb)v
µεhQb

)
, (4.2)

with Q as defined by (1.3) and Qb defined by (1.4). We may now give the energy and the
energy estimate of (4.1). In particular, we make the definition:

Es(U) =
(
ΛsU, S(U)ΛsU

)
L2 , (4.3)

allowing us to state the following result.

Proposition 4.1. Let s > 3
2 , (µ, ε, β) ∈ ASW , and (ζ, v) ∈ C([0, T ];Y s

µ (R)) be a solution

to (4.1) on a time interval [0, T ] for some T > 0. Moreover, assume b ∈ Hs+2(R) and there
exist h0 ∈ (0, 1) such that

h0 − 1 + βb ≤ εζ(x, t), ∀(x, t) ∈ R× [0, T ], (4.4)

and suppose that

N(s) := ε sup
t∈[0,T ]

|(ζ(t, ·), v(t, ·))|Y sµ + β|b|Hs+2 ≤ N?, (4.5)

for some N? ∈ R+. Then, for the energy given by (4.3), there holds,

d

dt
Es(U) . N(s)Es(U), (4.6)

and

|(ζ, v)|2Y sµ . Es(U) . |(ζ, v)|2Y sµ , (4.7)

for all 0 < t < T .

Proof. We first prove (4.7). We note that the energy is similar to the bilinear form defined
in (2.24). Thus, the estimate is a direct consequence of Step 2. in the proof of Proposition
2.11 and (4.4).
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(4.5), Sobolev embedding, and (4.7) we obtain the bound

|I| ≤
1

2 |
(
Λ
s
v, (∂th)Λ

s
v
)
L2 |+

µ

6 |
(
F

1
2∂xΛ

s
v, (∂t(h

3
))F

1
2∂xΛ

s
v
)
L2 |

+
µ

2 |
(
F

1
2∂xΛ

s
v, (∂t(h

2
))β(∂xb)Λ

s
v
)
L2 |+ µ|

(
Λ
s
v, (∂th)(β∂xb)

2
Λ
s
v
)
L2 |

. N(s)Es(U),

for s >
3
2 .

Control of II. By definition of T [h, βb] we must deal with the terms:

II = −ε
(
Λ
s
(v∂xv), hΛ

s
v
)
L2 +

µε

3

(
Λ
s
(v∂xv), ∂xF

1
2 (h

3
∂xF

1
2 Λ

s
v)
)
L2

−
µεβ

2

(
Λ
s
(v∂xv), ∂xF

1
2 (h

2
(∂xb)Λ

s
v)
)
L2 +

µεβ

2

(
Λ
s
(v∂xv), h

2
(∂xb)∂xF

1
2 Λ

s
v
)
L2

−
µεβ

2

(
Λ
s
(v∂xv), h(β∂xb)

2
Λ
s
v
)
L2

=: II1 + II2 + II3 + II4 + II5.

Using integration by parts, we may decompose II1 into two pieces

II1 = −ε
(
hvΛ

s
∂xv,Λ

s
v
)
L2 − ε

(
[Λ
s
, v]∂xv, hΛ

s
v
)
L2

=
ε

2

(
(∂x(hv))Λ

s
v,Λ

s
v
)
L2 − ε

(
[Λ
s
, v]∂xv, hΛ

s
v
)
L2 .
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Then we treat II12 with Hölder’s inequality, Sobolev embedding, and (2.15) to get

|II12 | . (1 + |h3 − 1|Hs)|v|Hs |v|2Xs
µ
.

On the other hand, we need to decompose II22 further and carefully distribute the µ:

II22 = −µε
3

(
vF

1
2 Λs∂2xv, h

3∂xF
1
2 Λsv

)
L2 −

µε

3

(
[F

1
2 , v]Λs∂2xv, h

3∂xF
1
2 Λsv

)
L2

− µε

3

(
F

1
2
(
(∂xv)Λs∂xv

)
, h3∂xF

1
2 Λsv

)
L2

=: II2,12 + II2,22 + II2,32 .

For II2,12 , we simply integrate by parts and argue as we did for II1 to obtain

|II2,12 | . µε|∂x(h3v)|Hs−1 |F 1
2 Λs∂xv|2Hs

. ε(1 + |h3 − 1|Hs)|v|Hs |v|2Xs
µ
.
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Then we treat II1
2 with Hölder’s inequality, Sobolev embedding, and (2.15) to get
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ThenestimateAbyHölder’sinequality,theSobolevembedding,andtheboundednessof

F
1
2onL2(R)toget

A.|v|Hs(1+|h
3
−1|Hs)|v|Xs

µ,

whileforB,wealsouse(2.4)and(2.13)toget

B.µ
3
4|v|Hs|F

1
2(
h
3
∂xF

1
2Λ

s
v
)
|H1

2

.√µ|v|
Hs|h3∂xF

1
2Λ

s
v|L2

.|v|Hs(1+|h
3
−1|Hs)|v|Xs

µ.

Next,weuseintegrationbypartstodecomposeII3intoseveralpieces:

II3=−
µεβ

2

(
[Λ
s
,v]∂xv,∂xF

1
2(h

2
(∂xb)Λ

s
v)
)
L2+

µεβ

2

(
F

1
2((∂xv)Λ

s
∂xv),h

2
(∂xb)Λ

s
v
)
L2

+
µεβ

2

(
F

1
2(vΛ

s
∂
2
xv),h

2
(∂xb)Λ

s
v
)
L2

=:II
1
3+II

2
3+II

3
3.

ThenforII1
3,weapply(2.5),(2.13),and(2.4)toobtainthat

|II
1
3|.ε|v|

2
Hsµ

3
4|D

1
2(h

2
(∂xb)Λ

s
v)|L2

.ε(1+|h
2
−1|Hs)|b|Hs+1|v|

3
Xs
µ.

20

ThenwetreatII1
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For II23 , we argue as for II2,32 to get that
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Then we may use Hölder’s inequality, (2.5), (4.5), (4.7), and Sobolev embedding to get that
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Then we may use Hölder’s inequality, (2.5), (4.5), (4.7), and Sobolev embedding to get that

|II
2,2
3 + II4| . N(s)Es(U).

Gathering all these estimates, using (4.5) and (4.7), allows us to conclude that

|II| . N(s)Es(U).

Control of III. Then by definition, we must estimate the terms:

III = −ε
(
v∂xΛ

s
ζ,Λ

s
ζ
)
L2 −

(
h∂xΛ

s
v,Λ

s
ζ
)
L2 −

(
h∂xΛ

s
ζ,Λ

s
v
)
L2

For the estimate on these terms, we integrate by parts and apply Hölder’s inequality, Sobolev
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3 , we employ Hölder’s inequality, Sobolev embedding, and (2.16) to get that

|II
2,1
3 | . µε|v|Xs

µ |F
1
2∂xv|Hs |b|Hs+1(1 + |h

2
− 1|Hs)|v|Hs .

Lastly, for II
2,2
3 , we use integration by parts to make the observation that

II
2,2
3 = −

µεβ

2

(
F

1
2 Λ

s
∂xv, (vh

2
(∂xb))vΛ

s
∂xv
)
L2 −

µεβ

2

(
F

1
2 Λ

s
∂xv, (∂x(vh

2
(∂xb)))Λ

s
v
)
L2

=
µεβ

2

(
F

1
2 Λ

s
∂xv, vh

2
(∂xb)[Λ

s
, v]∂xv

)
L2 − II4 −

µεβ

2

(
F

1
2 Λ

s
∂xv, (∂x(vh

2
(∂xb)))Λ

s
v
)
L2 .
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embedding,and(4.7)todeduce

|III|≤
ε

2|
(
(∂xv)Λ

s
ζ,Λ

s
ζ
)
L2|+|

(
(∂xh)Λ

s
v,Λ

s
ζ
)
L2|

.N(s)Es(U).

ControlofIV.WedecomposeeachterminIVandestimatethemseparately.Inparticular,
wemustestimatethefollowingterms,

IV=−ε
(
[Λ
s
,v]∂xζ,Λ

s
ζ
)
L2−

(
[Λ
s
,h]∂xv,Λ

s
ζ
)
L2−

(
[Λ
s
,T−1(h·)]∂xζ,TΛ

s
v
)
L2

=:IV1+IV2+IV3.

ThefirsttwotermsareeasilycontrolledbyCauchy-Schwarzand(2.5):

|IV1|+|IV2|.ε|v|L∞|ζ|2Hs+(ε|ζ|L∞+β|b|L∞)|ζ|Hs|v|Hs.

21



Then use Sobolev embedding and (4.7) to conclude. However, need to decompose the
remaining term further. To do so, we make the observation that

T [Λs,T −1(h·)]f = −[Λs, h]T −1(hf) +
µ

3
∂xF

1
2 [Λs, h3]∂xF

1
2
(
T −1(hf)

)
(4.9)

− µ

2
∂xF

1
2 [Λs, h2β(∂xb)]T

−1(hf) +
µ

2
[Λs, h2β(∂xb)]∂xF

1
2 T −1(hf)

+ µ[Λs, h(β∂xb)
2]T −1(hf) + [Λs, h]f.

Then by this identity, the self-adjointness of T [h, βb], and integration by parts, we may
decompose IV3 into six pieces:

IV3 =
(
[Λs, h]T −1(h∂xζ),Λsv

)
L2 +

µ

3

(
[Λs, h3]∂xF

1
2
(
T −1(h∂xζ)

)
, ∂xF

1
2 Λsv

)
L2

− µ

2

(
[Λs, h2β(∂xb)]T

−1(h∂xζ), ∂xF
1
2 Λsv

)
L2 −

µ

2

(
[Λs, h2β(∂xb)]∂xF

1
2 T −1(h∂xζ),Λsv

)
L2

− µ
(
[Λs, h(β∂xb)

2]T −1(h∂xζ),Λsv
)
L2 −

(
[Λs, h]∂xζ,Λ

sv
)
L2

=: IV 1
3 + IV 2

3 + IV 3
3 + IV 4

3 + IV 5
3 + IV 6

3 .

For IV 1
3 , use Cauchy-Schwarz inequality, (2.5), Sobolev embedding, (2.21), (4.5), and the

algebra property of Hs−1(R) for s− 1 > 1
2 to get the bound

|IV 1
3 | . (ε|∂xζ|L∞ + β|∂xb|L∞)|h∂xζ|Hs−1 |v|Hs

. ε|ζ|2Hs |v|Hs + β|∂xb|L∞ |ζ|Hs |v|Hs .

Similarly, when estimating IV 2
3 we also use (2.10) and the inverse estimate (2.22) to deduce

|IV 2
3 | . εµ|ζ|Hs |F 1

2 T −1(h∂xζ)|Hs |∂xF
1
2 Λsv|Hs

. ε|ζ|2Hs |v|Xs
µ

+ β|∂xb|L∞ |ζ|Hs |v|Xs
µ
.

Next, we see that IV 3
3 + IV 4

3 + IV 5
3 offers no other difficulties. In fact, applying the same

estimates as above, with (4.5), yields

|IV 3
3 |+ |IV 4

3 |+ |IV 5
3 | . (1 + ε|ζ|Hs)β|∂xb|L∞ |ζ|Hs |v|Xs

µ
.

Lastly, IV 6
3 is controlled by Cauchy-Schwarz inequality, (2.5) and Sobolev emebedding:

|IV 6
3 | . ε|ζ|2Hs |v|Hs .

Control of V . We need to make a careful decomposition of the following term

T
(
ΛsT −1(hQ)

)
=

2

3
T
(

ΛsT −1
(
∂xF

1
2 (h3(F

1
2∂xv)2)

))
.

To do so, we use the identity

T
(

ΛsT −1
(
F

1
2∂x(fg)

))
= −[Λs,T ]T −1(F

1
2∂x(fg)) + [Λs,F

1
2∂x(f ·)]g

+ F
1
2∂x(fΛsg),

then use integration by parts to make the decomposition

V =
2µε

3

[(
[Λs,T ]T −1(hQ),Λsv

)
L2 +

(
[Λs, h3]

(
(F

1
2∂xv)2

)
,F

1
2∂xΛsv

)
L2

+
(
h3Λs

(
(F

1
2∂xv)2

)
,F

1
2∂xΛsv

)
L2

]

= V1 + V2 + V3.

22

ThenuseSobolevembeddingand(4.7)toconclude.However,needtodecomposethe
remainingtermfurther.Todoso,wemaketheobservationthat

T[Λs,T−1(h·)]f=−[Λs,h]T−1(hf)+
µ

3
∂xF

1
2[Λs,h3]∂xF

1
2
(

T−1(hf)
)

(4.9)

−µ

2
∂xF

1
2[Λs,h2β(∂xb)]T

−1(hf)+
µ

2
[Λs,h2β(∂xb)]∂xF

1
2T−1(hf)

+µ[Λs,h(β∂xb)
2]T−1(hf)+[Λs,h]f.

Thenbythisidentity,theself-adjointnessofT[h,βb],andintegrationbyparts,wemay
decomposeIV3intosixpieces:

IV3=
(

[Λs,h]T−1(h∂xζ),Λsv
)
L2+

µ

3

(
[Λs,h3]∂xF

1
2
(

T−1(h∂xζ)
)
,∂xF

1
2Λsv

)
L2

−µ

2

(
[Λs,h2β(∂xb)]T

−1(h∂xζ),∂xF
1
2Λsv

)
L2−

µ

2

(
[Λs,h2β(∂xb)]∂xF

1
2T−1(h∂xζ),Λsv

)
L2

−µ
(

[Λs,h(β∂xb)
2]T−1(h∂xζ),Λsv

)
L2−

(
[Λs,h]∂xζ,Λ

sv
)
L2

=:IV1
3+IV2

3+IV3
3+IV4

3+IV5
3+IV6

3.

ForIV1
3,useCauchy-Schwarzinequality,(2.5),Sobolevembedding,(2.21),(4.5),andthe

algebrapropertyofHs−1(R)fors−1>1
2togetthebound

|IV1
3|.(ε|∂xζ|L∞+β|∂xb|L∞)|h∂xζ|Hs−1|v|Hs

.ε|ζ|2Hs|v|Hs+β|∂xb|L∞|ζ|Hs|v|Hs.

Similarly,whenestimatingIV2
3wealsouse(2.10)andtheinverseestimate(2.22)todeduce

|IV2
3|.εµ|ζ|Hs|F1

2T−1(h∂xζ)|Hs|∂xF
1
2Λsv|Hs

.ε|ζ|2Hs|v|Xs
µ

+β|∂xb|L∞|ζ|Hs|v|Xs
µ
.

Next,weseethatIV3
3+IV4

3+IV5
3offersnootherdifficulties.Infact,applyingthesame

estimatesasabove,with(4.5),yields

|IV3
3|+|IV4

3|+|IV5
3|.(1+ε|ζ|Hs)β|∂xb|L∞|ζ|Hs|v|Xs

µ
.

Lastly,IV6
3iscontrolledbyCauchy-Schwarzinequality,(2.5)andSobolevemebedding:

|IV6
3|.ε|ζ|2Hs|v|Hs.

ControlofV.Weneedtomakeacarefuldecompositionofthefollowingterm

T
(

ΛsT−1(hQ)
)

=
2

3
T

(
ΛsT−1

(
∂xF

1
2(h3(F

1
2∂xv)2)

))
.

Todoso,weusetheidentity

T
(

ΛsT−1
(

F
1
2∂x(fg)

))
=−[Λs,T]T−1(F

1
2∂x(fg))+[Λs,F

1
2∂x(f·)]g

+F
1
2∂x(fΛsg),

thenuseintegrationbypartstomakethedecomposition

V=
2µε

3

[(
[Λs,T]T−1(hQ),Λsv

)
L2+

(
[Λs,h3]

(
(F

1
2∂xv)2

)
,F

1
2∂xΛsv

)
L2

+
(
h3Λs

(
(F

1
2∂xv)2

)
,F

1
2∂xΛsv

)
L2

]

=V1+V2+V3.

22

ThenuseSobolevembeddingand(4.7)toconclude.However,needtodecomposethe
remainingtermfurther.Todoso,wemaketheobservationthat

T[Λs,T−1(h·)]f=−[Λs,h]T−1(hf)+
µ

3
∂xF

1
2[Λs,h3]∂xF

1
2
(

T−1(hf)
)

(4.9)

−µ

2
∂xF

1
2[Λs,h2β(∂xb)]T

−1(hf)+
µ

2
[Λs,h2β(∂xb)]∂xF

1
2T−1(hf)

+µ[Λs,h(β∂xb)
2]T−1(hf)+[Λs,h]f.

Thenbythisidentity,theself-adjointnessofT[h,βb],andintegrationbyparts,wemay
decomposeIV3intosixpieces:

IV3=
(

[Λs,h]T−1(h∂xζ),Λsv
)
L2+

µ

3

(
[Λs,h3]∂xF

1
2
(

T−1(h∂xζ)
)
,∂xF

1
2Λsv

)
L2

−µ

2

(
[Λs,h2β(∂xb)]T

−1(h∂xζ),∂xF
1
2Λsv

)
L2−

µ

2

(
[Λs,h2β(∂xb)]∂xF

1
2T−1(h∂xζ),Λsv

)
L2

−µ
(

[Λs,h(β∂xb)
2]T−1(h∂xζ),Λsv

)
L2−

(
[Λs,h]∂xζ,Λ

sv
)
L2

=:IV1
3+IV2

3+IV3
3+IV4

3+IV5
3+IV6

3.

ForIV1
3,useCauchy-Schwarzinequality,(2.5),Sobolevembedding,(2.21),(4.5),andthe

algebrapropertyofHs−1(R)fors−1>1
2togetthebound

|IV1
3|.(ε|∂xζ|L∞+β|∂xb|L∞)|h∂xζ|Hs−1|v|Hs

.ε|ζ|2Hs|v|Hs+β|∂xb|L∞|ζ|Hs|v|Hs.

Similarly,whenestimatingIV2
3wealsouse(2.10)andtheinverseestimate(2.22)todeduce

|IV2
3|.εµ|ζ|Hs|F1

2T−1(h∂xζ)|Hs|∂xF
1
2Λsv|Hs

.ε|ζ|2Hs|v|Xs
µ

+β|∂xb|L∞|ζ|Hs|v|Xs
µ
.

Next,weseethatIV3
3+IV4

3+IV5
3offersnootherdifficulties.Infact,applyingthesame

estimatesasabove,with(4.5),yields

|IV3
3|+|IV4

3|+|IV5
3|.(1+ε|ζ|Hs)β|∂xb|L∞|ζ|Hs|v|Xs

µ
.

Lastly,IV6
3iscontrolledbyCauchy-Schwarzinequality,(2.5)andSobolevemebedding:

|IV6
3|.ε|ζ|2Hs|v|Hs.

ControlofV.Weneedtomakeacarefuldecompositionofthefollowingterm

T
(

ΛsT−1(hQ)
)

=
2

3
T

(
ΛsT−1

(
∂xF

1
2(h3(F

1
2∂xv)2)

))
.

Todoso,weusetheidentity

T
(

ΛsT−1
(

F
1
2∂x(fg)

))
=−[Λs,T]T−1(F

1
2∂x(fg))+[Λs,F

1
2∂x(f·)]g

+F
1
2∂x(fΛsg),

thenuseintegrationbypartstomakethedecomposition

V=
2µε

3

[(
[Λs,T]T−1(hQ),Λsv

)
L2+

(
[Λs,h3]

(
(F

1
2∂xv)2

)
,F

1
2∂xΛsv

)
L2

+
(
h3Λs

(
(F

1
2∂xv)2

)
,F

1
2∂xΛsv

)
L2

]

=V1+V2+V3.

22

Then use Sobolev embedding and (4.7) to conclude. However, need to decompose the
remaining term further. To do so, we make the observation that

T [Λ
s
,T −1(h·)]f = −[Λ

s
, h]T −1(hf) +

µ

3
∂xF

1
2 [Λ

s
, h

3
]∂xF

1
2 (

T −1(hf)
)

(4.9)

−
µ

2
∂xF

1
2 [Λ

s
, h

2
β(∂xb)]T −1(hf) +

µ

2
[Λ
s
, h

2
β(∂xb)]∂xF

1
2 T −1(hf)

+ µ[Λ
s
, h(β∂xb)

2
]T −1(hf) + [Λ

s
, h]f.

Then by this identity, the self-adjointness of T [h, βb], and integration by parts, we may
decompose IV3 into six pieces:

IV3 =
(
[Λ
s
, h]T −1(h∂xζ),Λ

s
v
)
L2 +

µ

3

(
[Λ
s
, h

3
]∂xF

1
2 (

T −1(h∂xζ)
)
, ∂xF

1
2 Λ

s
v
)
L2

−
µ

2

(
[Λ
s
, h

2
β(∂xb)]T −1(h∂xζ), ∂xF

1
2 Λ

s
v
)
L2 −

µ

2

(
[Λ
s
, h

2
β(∂xb)]∂xF

1
2 T −1(h∂xζ),Λ

s
v
)
L2

− µ
(
[Λ
s
, h(β∂xb)

2
]T −1(h∂xζ),Λ

s
v
)
L2 −

(
[Λ
s
, h]∂xζ,Λ

s
v
)
L2

=: IV
1
3 + IV

2
3 + IV

3
3 + IV

4
3 + IV

5
3 + IV

6
3 .

For IV 1
3 , use Cauchy-Schwarz inequality, (2.5), Sobolev embedding, (2.21), (4.5), and the

algebra property of Hs−1(R) for s− 1 >
1
2 to get the bound

|IV
1
3 | . (ε|∂xζ|L∞ + β|∂xb|L∞)|h∂xζ|Hs−1 |v|Hs

. ε|ζ|
2
Hs |v|Hs + β|∂xb|L∞ |ζ|Hs |v|Hs .

Similarly, when estimating IV 2
3 we also use (2.10) and the inverse estimate (2.22) to deduce

|IV
2
3 | . εµ|ζ|Hs |F

1
2 T −1(h∂xζ)|Hs |∂xF

1
2 Λ

s
v|Hs

. ε|ζ|
2
Hs |v|Xs

µ + β|∂xb|L∞ |ζ|Hs |v|Xs
µ .

Next, we see that IV 3
3 + IV 4

3 + IV 5
3 offers no other difficulties. In fact, applying the same

estimates as above, with (4.5), yields

|IV
3
3 |+ |IV

4
3 |+ |IV

5
3 | . (1 + ε|ζ|Hs)β|∂xb|L∞ |ζ|Hs |v|Xs

µ .

Lastly, IV 6
3 is controlled by Cauchy-Schwarz inequality, (2.5) and Sobolev emebedding:

|IV
6
3 | . ε|ζ|

2
Hs |v|Hs .

Control of V . We need to make a careful decomposition of the following term

T
(
Λ
s
T −1(hQ)

)
=

2

3
T
(

Λ
s
T −1(

∂xF
1
2 (h

3
(F

1
2∂xv)

2
)
))
.

To do so, we use the identity

T
(

Λ
s
T −1(

F
1
2∂x(fg)

))
= −[Λ

s
,T ]T −1(F

1
2∂x(fg)) + [Λ

s
,F

1
2∂x(f ·)]g

+ F
1
2∂x(fΛ

s
g),

then use integration by parts to make the decomposition

V =
2µε

3

[(
[Λ
s
,T ]T −1(hQ),Λ

s
v
)
L2 +

(
[Λ
s
, h

3
]
(
(F

1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

+
(
h
3
Λ
s(

(F
1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

]

= V1 + V2 + V3.

22

Then use Sobolev embedding and (4.7) to conclude. However, need to decompose the
remaining term further. To do so, we make the observation that

T [Λ
s
,T −1(h·)]f = −[Λ

s
, h]T −1(hf) +

µ

3
∂xF

1
2 [Λ

s
, h

3
]∂xF

1
2 (

T −1(hf)
)

(4.9)

−
µ

2
∂xF

1
2 [Λ

s
, h

2
β(∂xb)]T −1(hf) +

µ

2
[Λ
s
, h

2
β(∂xb)]∂xF

1
2 T −1(hf)

+ µ[Λ
s
, h(β∂xb)

2
]T −1(hf) + [Λ

s
, h]f.

Then by this identity, the self-adjointness of T [h, βb], and integration by parts, we may
decompose IV3 into six pieces:

IV3 =
(
[Λ
s
, h]T −1(h∂xζ),Λ

s
v
)
L2 +

µ

3

(
[Λ
s
, h

3
]∂xF

1
2 (

T −1(h∂xζ)
)
, ∂xF

1
2 Λ

s
v
)
L2

−
µ

2

(
[Λ
s
, h

2
β(∂xb)]T −1(h∂xζ), ∂xF

1
2 Λ

s
v
)
L2 −

µ

2

(
[Λ
s
, h

2
β(∂xb)]∂xF

1
2 T −1(h∂xζ),Λ

s
v
)
L2

− µ
(
[Λ
s
, h(β∂xb)

2
]T −1(h∂xζ),Λ

s
v
)
L2 −

(
[Λ
s
, h]∂xζ,Λ

s
v
)
L2

=: IV
1
3 + IV

2
3 + IV

3
3 + IV

4
3 + IV

5
3 + IV

6
3 .

For IV 1
3 , use Cauchy-Schwarz inequality, (2.5), Sobolev embedding, (2.21), (4.5), and the

algebra property of Hs−1(R) for s− 1 >
1
2 to get the bound

|IV
1
3 | . (ε|∂xζ|L∞ + β|∂xb|L∞)|h∂xζ|Hs−1 |v|Hs

. ε|ζ|
2
Hs |v|Hs + β|∂xb|L∞ |ζ|Hs |v|Hs .

Similarly, when estimating IV 2
3 we also use (2.10) and the inverse estimate (2.22) to deduce

|IV
2
3 | . εµ|ζ|Hs |F

1
2 T −1(h∂xζ)|Hs |∂xF

1
2 Λ

s
v|Hs

. ε|ζ|
2
Hs |v|Xs

µ + β|∂xb|L∞ |ζ|Hs |v|Xs
µ .

Next, we see that IV 3
3 + IV 4

3 + IV 5
3 offers no other difficulties. In fact, applying the same

estimates as above, with (4.5), yields

|IV
3
3 |+ |IV

4
3 |+ |IV

5
3 | . (1 + ε|ζ|Hs)β|∂xb|L∞ |ζ|Hs |v|Xs

µ .

Lastly, IV 6
3 is controlled by Cauchy-Schwarz inequality, (2.5) and Sobolev emebedding:

|IV
6
3 | . ε|ζ|

2
Hs |v|Hs .

Control of V . We need to make a careful decomposition of the following term

T
(
Λ
s
T −1(hQ)

)
=

2

3
T
(

Λ
s
T −1(

∂xF
1
2 (h

3
(F

1
2∂xv)

2
)
))
.

To do so, we use the identity

T
(

Λ
s
T −1(

F
1
2∂x(fg)

))
= −[Λ

s
,T ]T −1(F

1
2∂x(fg)) + [Λ

s
,F

1
2∂x(f ·)]g

+ F
1
2∂x(fΛ

s
g),

then use integration by parts to make the decomposition

V =
2µε

3

[(
[Λ
s
,T ]T −1(hQ),Λ

s
v
)
L2 +

(
[Λ
s
, h

3
]
(
(F

1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

+
(
h
3
Λ
s(

(F
1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

]

= V1 + V2 + V3.

22

ThenuseSobolevembeddingand(4.7)toconclude.However,needtodecomposethe
remainingtermfurther.Todoso,wemaketheobservationthat

T[Λ
s
,T−1(h·)]f=−[Λ

s
,h]T−1(hf)+

µ

3
∂xF

1
2[Λ

s
,h

3
]∂xF

1
2(

T−1(hf)
)

(4.9)

−
µ

2
∂xF

1
2[Λ

s
,h

2
β(∂xb)]T−1(hf)+

µ

2
[Λ
s
,h

2
β(∂xb)]∂xF

1
2T−1(hf)

+µ[Λ
s
,h(β∂xb)

2
]T−1(hf)+[Λ

s
,h]f.

Thenbythisidentity,theself-adjointnessofT[h,βb],andintegrationbyparts,wemay
decomposeIV3intosixpieces:

IV3=
(
[Λ
s
,h]T−1(h∂xζ),Λ

s
v
)
L2+

µ

3

(
[Λ
s
,h

3
]∂xF

1
2(

T−1(h∂xζ)
)
,∂xF

1
2Λ

s
v
)
L2

−
µ

2

(
[Λ
s
,h

2
β(∂xb)]T−1(h∂xζ),∂xF

1
2Λ

s
v
)
L2−

µ

2

(
[Λ
s
,h

2
β(∂xb)]∂xF

1
2T−1(h∂xζ),Λ

s
v
)
L2

−µ
(
[Λ
s
,h(β∂xb)

2
]T−1(h∂xζ),Λ

s
v
)
L2−

(
[Λ
s
,h]∂xζ,Λ

s
v
)
L2

=:IV
1
3+IV

2
3+IV

3
3+IV

4
3+IV

5
3+IV

6
3.

ForIV1
3,useCauchy-Schwarzinequality,(2.5),Sobolevembedding,(2.21),(4.5),andthe

algebrapropertyofHs−1(R)fors−1>
1
2togetthebound

|IV
1
3|.(ε|∂xζ|L∞+β|∂xb|L∞)|h∂xζ|Hs−1|v|Hs

.ε|ζ|
2
Hs|v|Hs+β|∂xb|L∞|ζ|Hs|v|Hs.

Similarly,whenestimatingIV2
3wealsouse(2.10)andtheinverseestimate(2.22)todeduce

|IV
2
3|.εµ|ζ|Hs|F

1
2T−1(h∂xζ)|Hs|∂xF

1
2Λ

s
v|Hs

.ε|ζ|
2
Hs|v|Xs

µ+β|∂xb|L∞|ζ|Hs|v|Xs
µ.

Next,weseethatIV3
3+IV4

3+IV5
3offersnootherdifficulties.Infact,applyingthesame

estimatesasabove,with(4.5),yields

|IV
3
3|+|IV

4
3|+|IV

5
3|.(1+ε|ζ|Hs)β|∂xb|L∞|ζ|Hs|v|Xs

µ.

Lastly,IV6
3iscontrolledbyCauchy-Schwarzinequality,(2.5)andSobolevemebedding:

|IV
6
3|.ε|ζ|

2
Hs|v|Hs.

ControlofV.Weneedtomakeacarefuldecompositionofthefollowingterm

T
(
Λ
s
T−1(hQ)

)
=

2

3
T
(

Λ
s
T−1(

∂xF
1
2(h

3
(F

1
2∂xv)

2
)
))
.

Todoso,weusetheidentity

T
(

Λ
s
T−1(

F
1
2∂x(fg)

))
=−[Λ

s
,T]T−1(F

1
2∂x(fg))+[Λ

s
,F

1
2∂x(f·)]g

+F
1
2∂x(fΛ

s
g),

thenuseintegrationbypartstomakethedecomposition

V=
2µε

3

[(
[Λ
s
,T]T−1(hQ),Λ

s
v
)
L2+

(
[Λ
s
,h

3
]
(
(F

1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

+
(
h
3
Λ
s(

(F
1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

]

=V1+V2+V3.

22

ThenuseSobolevembeddingand(4.7)toconclude.However,needtodecomposethe
remainingtermfurther.Todoso,wemaketheobservationthat

T[Λ
s
,T−1(h·)]f=−[Λ

s
,h]T−1(hf)+

µ

3
∂xF

1
2[Λ

s
,h

3
]∂xF

1
2(

T−1(hf)
)

(4.9)

−
µ

2
∂xF

1
2[Λ

s
,h

2
β(∂xb)]T−1(hf)+

µ

2
[Λ
s
,h

2
β(∂xb)]∂xF

1
2T−1(hf)

+µ[Λ
s
,h(β∂xb)

2
]T−1(hf)+[Λ

s
,h]f.

Thenbythisidentity,theself-adjointnessofT[h,βb],andintegrationbyparts,wemay
decomposeIV3intosixpieces:

IV3=
(
[Λ
s
,h]T−1(h∂xζ),Λ

s
v
)
L2+

µ

3

(
[Λ
s
,h

3
]∂xF

1
2(

T−1(h∂xζ)
)
,∂xF

1
2Λ

s
v
)
L2

−
µ

2

(
[Λ
s
,h

2
β(∂xb)]T−1(h∂xζ),∂xF

1
2Λ

s
v
)
L2−

µ

2

(
[Λ
s
,h

2
β(∂xb)]∂xF

1
2T−1(h∂xζ),Λ

s
v
)
L2

−µ
(
[Λ
s
,h(β∂xb)

2
]T−1(h∂xζ),Λ

s
v
)
L2−

(
[Λ
s
,h]∂xζ,Λ

s
v
)
L2

=:IV
1
3+IV

2
3+IV

3
3+IV

4
3+IV

5
3+IV

6
3.

ForIV1
3,useCauchy-Schwarzinequality,(2.5),Sobolevembedding,(2.21),(4.5),andthe

algebrapropertyofHs−1(R)fors−1>
1
2togetthebound

|IV
1
3|.(ε|∂xζ|L∞+β|∂xb|L∞)|h∂xζ|Hs−1|v|Hs

.ε|ζ|
2
Hs|v|Hs+β|∂xb|L∞|ζ|Hs|v|Hs.

Similarly,whenestimatingIV2
3wealsouse(2.10)andtheinverseestimate(2.22)todeduce

|IV
2
3|.εµ|ζ|Hs|F

1
2T−1(h∂xζ)|Hs|∂xF

1
2Λ

s
v|Hs

.ε|ζ|
2
Hs|v|Xs

µ+β|∂xb|L∞|ζ|Hs|v|Xs
µ.

Next,weseethatIV3
3+IV4

3+IV5
3offersnootherdifficulties.Infact,applyingthesame

estimatesasabove,with(4.5),yields

|IV
3
3|+|IV

4
3|+|IV

5
3|.(1+ε|ζ|Hs)β|∂xb|L∞|ζ|Hs|v|Xs

µ.

Lastly,IV6
3iscontrolledbyCauchy-Schwarzinequality,(2.5)andSobolevemebedding:

|IV
6
3|.ε|ζ|

2
Hs|v|Hs.

ControlofV.Weneedtomakeacarefuldecompositionofthefollowingterm

T
(
Λ
s
T−1(hQ)

)
=

2

3
T
(

Λ
s
T−1(

∂xF
1
2(h

3
(F

1
2∂xv)

2
)
))
.

Todoso,weusetheidentity

T
(

Λ
s
T−1(

F
1
2∂x(fg)

))
=−[Λ

s
,T]T−1(F

1
2∂x(fg))+[Λ

s
,F

1
2∂x(f·)]g

+F
1
2∂x(fΛ

s
g),

thenuseintegrationbypartstomakethedecomposition

V=
2µε

3

[(
[Λ
s
,T]T−1(hQ),Λ

s
v
)
L2+

(
[Λ
s
,h

3
]
(
(F

1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

+
(
h
3
Λ
s(

(F
1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

]

=V1+V2+V3.

22

ThenuseSobolevembeddingand(4.7)toconclude.However,needtodecomposethe
remainingtermfurther.Todoso,wemaketheobservationthat

T[Λ
s
,T−1(h·)]f=−[Λ

s
,h]T−1(hf)+

µ

3
∂xF

1
2[Λ

s
,h

3
]∂xF

1
2(

T−1(hf)
)

(4.9)

−
µ

2
∂xF

1
2[Λ

s
,h

2
β(∂xb)]T−1(hf)+

µ

2
[Λ
s
,h

2
β(∂xb)]∂xF

1
2T−1(hf)

+µ[Λ
s
,h(β∂xb)

2
]T−1(hf)+[Λ

s
,h]f.

Thenbythisidentity,theself-adjointnessofT[h,βb],andintegrationbyparts,wemay
decomposeIV3intosixpieces:

IV3=
(
[Λ
s
,h]T−1(h∂xζ),Λ

s
v
)
L2+

µ

3

(
[Λ
s
,h

3
]∂xF

1
2(

T−1(h∂xζ)
)
,∂xF

1
2Λ

s
v
)
L2

−
µ

2

(
[Λ
s
,h

2
β(∂xb)]T−1(h∂xζ),∂xF

1
2Λ

s
v
)
L2−

µ

2

(
[Λ
s
,h

2
β(∂xb)]∂xF

1
2T−1(h∂xζ),Λ

s
v
)
L2

−µ
(
[Λ
s
,h(β∂xb)

2
]T−1(h∂xζ),Λ

s
v
)
L2−

(
[Λ
s
,h]∂xζ,Λ

s
v
)
L2

=:IV
1
3+IV

2
3+IV

3
3+IV

4
3+IV

5
3+IV

6
3.

ForIV1
3,useCauchy-Schwarzinequality,(2.5),Sobolevembedding,(2.21),(4.5),andthe

algebrapropertyofHs−1(R)fors−1>
1
2togetthebound

|IV
1
3|.(ε|∂xζ|L∞+β|∂xb|L∞)|h∂xζ|Hs−1|v|Hs

.ε|ζ|
2
Hs|v|Hs+β|∂xb|L∞|ζ|Hs|v|Hs.

Similarly,whenestimatingIV2
3wealsouse(2.10)andtheinverseestimate(2.22)todeduce

|IV
2
3|.εµ|ζ|Hs|F

1
2T−1(h∂xζ)|Hs|∂xF

1
2Λ

s
v|Hs

.ε|ζ|
2
Hs|v|Xs

µ+β|∂xb|L∞|ζ|Hs|v|Xs
µ.

Next,weseethatIV3
3+IV4

3+IV5
3offersnootherdifficulties.Infact,applyingthesame

estimatesasabove,with(4.5),yields

|IV
3
3|+|IV

4
3|+|IV

5
3|.(1+ε|ζ|Hs)β|∂xb|L∞|ζ|Hs|v|Xs

µ.

Lastly,IV6
3iscontrolledbyCauchy-Schwarzinequality,(2.5)andSobolevemebedding:

|IV
6
3|.ε|ζ|

2
Hs|v|Hs.

ControlofV.Weneedtomakeacarefuldecompositionofthefollowingterm

T
(
Λ
s
T−1(hQ)

)
=

2

3
T
(

Λ
s
T−1(

∂xF
1
2(h

3
(F

1
2∂xv)

2
)
))
.

Todoso,weusetheidentity

T
(

Λ
s
T−1(

F
1
2∂x(fg)

))
=−[Λ

s
,T]T−1(F

1
2∂x(fg))+[Λ

s
,F

1
2∂x(f·)]g

+F
1
2∂x(fΛ

s
g),

thenuseintegrationbypartstomakethedecomposition

V=
2µε

3

[(
[Λ
s
,T]T−1(hQ),Λ

s
v
)
L2+

(
[Λ
s
,h

3
]
(
(F

1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

+
(
h
3
Λ
s(

(F
1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

]

=V1+V2+V3.

22

ThenuseSobolevembeddingand(4.7)toconclude.However,needtodecomposethe
remainingtermfurther.Todoso,wemaketheobservationthat

T[Λ
s
,T−1(h·)]f=−[Λ

s
,h]T−1(hf)+

µ

3
∂xF

1
2[Λ

s
,h

3
]∂xF

1
2(

T−1(hf)
)

(4.9)

−
µ

2
∂xF

1
2[Λ

s
,h

2
β(∂xb)]T−1(hf)+

µ

2
[Λ
s
,h

2
β(∂xb)]∂xF

1
2T−1(hf)

+µ[Λ
s
,h(β∂xb)

2
]T−1(hf)+[Λ

s
,h]f.

Thenbythisidentity,theself-adjointnessofT[h,βb],andintegrationbyparts,wemay
decomposeIV3intosixpieces:

IV3=
(
[Λ
s
,h]T−1(h∂xζ),Λ

s
v
)
L2+

µ

3

(
[Λ
s
,h

3
]∂xF

1
2(

T−1(h∂xζ)
)
,∂xF

1
2Λ

s
v
)
L2

−
µ

2

(
[Λ
s
,h

2
β(∂xb)]T−1(h∂xζ),∂xF

1
2Λ

s
v
)
L2−

µ

2

(
[Λ
s
,h

2
β(∂xb)]∂xF

1
2T−1(h∂xζ),Λ

s
v
)
L2

−µ
(
[Λ
s
,h(β∂xb)

2
]T−1(h∂xζ),Λ

s
v
)
L2−

(
[Λ
s
,h]∂xζ,Λ

s
v
)
L2

=:IV
1
3+IV

2
3+IV

3
3+IV

4
3+IV

5
3+IV

6
3.

ForIV1
3,useCauchy-Schwarzinequality,(2.5),Sobolevembedding,(2.21),(4.5),andthe

algebrapropertyofHs−1(R)fors−1>
1
2togetthebound

|IV
1
3|.(ε|∂xζ|L∞+β|∂xb|L∞)|h∂xζ|Hs−1|v|Hs

.ε|ζ|
2
Hs|v|Hs+β|∂xb|L∞|ζ|Hs|v|Hs.

Similarly,whenestimatingIV2
3wealsouse(2.10)andtheinverseestimate(2.22)todeduce

|IV
2
3|.εµ|ζ|Hs|F

1
2T−1(h∂xζ)|Hs|∂xF

1
2Λ

s
v|Hs

.ε|ζ|
2
Hs|v|Xs

µ+β|∂xb|L∞|ζ|Hs|v|Xs
µ.

Next,weseethatIV3
3+IV4

3+IV5
3offersnootherdifficulties.Infact,applyingthesame

estimatesasabove,with(4.5),yields

|IV
3
3|+|IV

4
3|+|IV

5
3|.(1+ε|ζ|Hs)β|∂xb|L∞|ζ|Hs|v|Xs

µ.

Lastly,IV6
3iscontrolledbyCauchy-Schwarzinequality,(2.5)andSobolevemebedding:

|IV
6
3|.ε|ζ|

2
Hs|v|Hs.

ControlofV.Weneedtomakeacarefuldecompositionofthefollowingterm

T
(
Λ
s
T−1(hQ)

)
=

2

3
T
(

Λ
s
T−1(

∂xF
1
2(h

3
(F

1
2∂xv)

2
)
))
.

Todoso,weusetheidentity

T
(

Λ
s
T−1(

F
1
2∂x(fg)

))
=−[Λ

s
,T]T−1(F

1
2∂x(fg))+[Λ

s
,F

1
2∂x(f·)]g

+F
1
2∂x(fΛ

s
g),

thenuseintegrationbypartstomakethedecomposition

V=
2µε

3

[(
[Λ
s
,T]T−1(hQ),Λ

s
v
)
L2+

(
[Λ
s
,h

3
]
(
(F

1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

+
(
h
3
Λ
s(

(F
1
2∂xv)

2)
,F

1
2∂xΛ

s
v
)
L2

]

=V1+V2+V3.

22



We treat V1 first, where we must control the following terms:
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Next, we estimate V2 using Hölder’s inequality, (4.5) and (2.5) to obtain

|V2| . µε(1 + |h3 − 1|Hs)|F 1
2 v|2Hs |∂xF

1
2 v|Hs

. N(s)|v|2Xs
µ
.

23

WetreatV1first,wherewemustcontrolthefollowingterms:

V1=µε
(

[Λs,h]T−1(hQ),Λsv
)
L2+

µ2ε

3

(
[Λs,h3]∂xF

1
2
(

T−1(hQ)
)
,∂xF

1
2Λsv

)
L2

−µ2ε

2

(
[Λs,h2β(∂xb)]T

−1(hQ),∂xF
1
2Λsv

)
L2−

µ2ε

2

(
[Λs,h2β(∂xb)]∂xF

1
2T−1(hQ),Λsv

)
L2

−µ2ε
(

[Λs,h(β∂xb)
2]T−1(h∂xQ),Λsv

)
L2

=:V1
1+V2

1+V3
1+V4

1+V5
1.

Toestimatethefirstterm,V1,wesimplyargueasabove.Indeed,by(2.5),theSobolev
embedding,andusingthatXs−1(R)⊂Hs−1(R)with(2.21)yields

|V1
1|.µε|[Λs,h]T−1(hQ)|L2|v|Hs

.µε|hQ|Hs−1|ζ|Hs|v|Hs.

Thentoestimate|hQ|Hs−1,wefirstobservebytheinterpolationinequality(2.9)andYoung’s
inequalitythat

√
µ|F1

2∂xv|2
Hs−1

2
.|F1

2∂xv|Hs−1
√

µ|F1
2∂xv|Hs

.|v|2Hs+µ|F1
2∂xv|2Hs.

Thus,wemayestimate|hQ|Hs−1byusing(2.21),thealgebrapropertyofHs−1
2(R)for

s−1
2>1andcombinedwith(2.14)and(2.13):

µ|hQ|Hs−1=
µ

3
|∂xF

1
2
(
h3((F

1
2∂xv)2))|Hs−1

.µ|∂xF
1
2((F

1
2∂xv)2)|Hs−1+µ|∂xF

1
2
(

(h3−1)F
1
2((∂xv)2)

)
|Hs−1

.√µ|F1
2∂xv|2

Hs−1
2

+µ|[ΛsF1
2,h3]((F

1
2∂xv)2)|L2+µ|(h3−1)F

1
2((F

1
2∂xv)2)|Hs

.N(s)|v|2Hs,

andusing(4.5),wededucethat

|V1
1|.N(s)|v|2Hs.

Next,weconsiderV2
1andobservethatwecanhaveasimilarbound.Indeed,using(4.5),

(2.5),and(2.14)weobservethat

|V2
1|.µ2ε|[Λs,h3]∂xF

1
2T−1(hQ)|L2|F1

2∂xv|Hs

.µ3
2ε|F1

2T−1(hQ)|Hs|v|Xs
µ

.µε|hQ|Hs−1|v|Xs
µ
,

andweusethepreviousestimatestoobtainthat

|V2
1|.N(s)|v|2Xs

µ
.

Moreover,wenotethatitisstraightforwardtoestimate|V3
1|+...+|V5

1|arguingaswedid
forV1

1andV2
1.Thus,gatheringalltheseestimatesandusing(4.7)yields,

|V1|.N(s)Es(U).
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Lastly, for V3, we inject a commutator and use Hölder’s inequality, Sobolev embedding,
(4.5) and (2.5) to get

|V3| . µε|
(
h3[Λs, (F

1
2∂xv)](F

1
2∂xv),F

1
2∂xΛsv

)
L2 |+ µε|

(
h3(F

1
2∂xv)ΛsF

1
2∂xv,F

1
2∂xΛsv

)
L2 |

. µε|F 1
2∂xv|Hs |F 1

2∂xv|Hs−1 |F 1
2∂xΛsv|L2

. N(s)|v|2Xs
µ
.
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Each term is treated similarly. For instance, take V I21 , which is the term with the least
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Lastly,forV3,weinjectacommutatoranduseHölder’sinequality,Sobolevembedding,
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|V3|.µε|
(
h3[Λs,(F

1
2∂xv)](F

1
2∂xv),F

1
2∂xΛsv

)
L2|+µε|

(
h3(F

1
2∂xv)ΛsF

1
2∂xv,F

1
2∂xΛsv

)
L2|

.µε|F1
2∂xv|Hs|F1

2∂xv|Hs−1|F1
2∂xΛsv|L2

.N(s)|v|2Xs
µ
.

ControlofVI.Tocompletetheproofweneedtoestimatetheremainingpart:

VI=−εµ
(

[Λs,T]T−1Qb,Λsv
)
L2−εµ

(
ΛsQb,Λsv

)
L2

−
(

Λs((β∂xb)v),Λsζ
)
L2

=:VI1+VI2+VI3.

TheestimateinVIissimilartotheoneofV,wherewenowhavetodealwiththefollowing
terms

VI1=−µε
(

[Λs,h]T−1Qb,Λsv
)
L2+

µ2ε

3

(
F

1
2∂x

(
[Λs,h3]F

1
2∂x(T−1Qb

)
,Λsv

)
L2

−µ2ε

2

(
F

1
2∂x

(
[Λs,h2β(∂xb)]T

−1Qb
)
,Λsv

)
L2

+
µ2ε

2

(
[Λs,h2β(∂xb)]F

1
2∂x(T−1Qb),Λsv

)
L2

−µ2ε
(

[Λs,h(β∂xb)
2]T−1Qb,Λsv

)
L2

=:VI11+VI21+VI31+VI41+VI51.

Eachtermistreatedsimilarly.Forinstance,takeVI21,whichisthetermwiththeleast
margin.Arguingasabove,weuseCauchy-Schwarzinequality,(2.5),(2.22)and(4.5)to
deducethat

|VI21|.εµ|Qb|Hs−1|v|Xs
µ
,

whereusethealgebrapropertyofHs−1(R)fors>3
2toget:

µ|Qb|Hs−1.µ|h2(∂xF
1
2v)2(β∂xb)|Hs−1+µ|∂xF

1
2(h2v2β∂2xb)|Hs−1+µ|hv2(β∂2xb)(β∂xb)|Hs−1

.|v|2Hs.

Usingsimilarestimatesfortheremainingterms,itiseasytodeducethat

|VI1|.ε|v|3Xs
µ
.

ForIV2,weuseintegrationbypartstomakethedecomposition:

VI2=−εµ
(

Λs(h2(∂xF
1
2v)2(β∂xb)),Λ

sv
)
L2+

εµ

2

(
Λs(h2v2β∂2xb),∂xF

1
2Λsv

)
L2

−εµ
(

Λs(hv2(β∂2xb)(β∂xb)),Λ
sv

)
L2.
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(4.5) and (2.5) to get

|V3| . µε|
(
h
3
[Λ
s
, (F

1
2∂xv)](F

1
2∂xv),F

1
2∂xΛ

s
v
)
L2 |+ µε|

(
h
3
(F

1
2∂xv)Λ

s
F

1
2∂xv,F

1
2∂xΛ

s
v
)
L2 |

. µε|F
1
2∂xv|Hs |F

1
2∂xv|Hs−1 |F

1
2∂xΛ

s
v|L2

. N(s)|v|
2
Xs
µ .
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Each term is treated similarly. For instance, take V I2
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margin. Arguing as above, we use Cauchy-Schwarz inequality, (2.5), (2.22) and (4.5) to
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Each term is estimated by Hölder’s inequality, Sobolev embedding, the algebra property of
Hs(R), and (4.7), leaving us with the estimate
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Lastly, V I3 is estimated using the same estimates and gives

|V I3| . β|∂xb|Hs |v|Hs |ζ|Hs .
24

Lastly, for V3, we inject a commutator and use Hölder’s inequality, Sobolev embedding,
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Consequently, we have the estimate
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Ẽ0(W) . N(s)|(η, w)|

2
Y 0
µ , (5.4)

and
|(η, w)|

2
Y 0
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µ.Ẽs(W).|(η,w)|

2
Ys
µ.(5.7)

25

Consequently,wehavetheestimate

|VI|.N(s)Es(U),

andthuscompletestheproofofProposition4.1.
�

Remark4.2.UndertheprovisionofProposition4.1,usingthealgebrapropertyofHs−1(R)
fors>

3
2,(2.21),suitablecommutatorestimatesonecaneasilyobtainthat

|(M1+S−1M2)(U)∂xU|Hs−1.|U|Hs,(4.10)

and
|(S−1(Q+Qb)(U)|Hs−1.|U|Hs.(4.11)

5.Estimatesonthedifferenceoftwosolutions

Wewillnowestimatethedifferencebetweentwosolutionsof(1.1)givenbyU1=(ζ1,v1)T

andU2=ε(ζ2,v2)T.Forconvenience,wedefine(η,w)=(ζ1−ζ2,v1−v2).ThenW=
(η,w)Tsolves

∂tW+(M1+S−1M2)(U1)∂xW=F,(5.1)

withS,M1,M2,Q,Qbdefinedasin(4.1)and

F=−
[
(M1+(S−1M2))(U1)−(M1+S−1M2)(U2)

]
∂xU2

−
[
(S−1(Q+Qb))(U1)−(S−1(Q+Qb))(U2)

]

=:F1+F2.

Theenergyassociatedto(7.1)isgivenintermsofthesymmetrizerS(U1)andreads
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µ.Ẽs(W).|(η,w)|

2
Ys
µ.(5.7)

25

Consequently,wehavetheestimate

|VI|.N(s)Es(U),

andthuscompletestheproofofProposition4.1.
�

Remark4.2.UndertheprovisionofProposition4.1,usingthealgebrapropertyofHs−1(R)
fors>

3
2,(2.21),suitablecommutatorestimatesonecaneasilyobtainthat

|(M1+S−1M2)(U)∂xU|Hs−1.|U|Hs,(4.10)

and
|(S−1(Q+Qb)(U)|Hs−1.|U|Hs.(4.11)

5.Estimatesonthedifferenceoftwosolutions

Wewillnowestimatethedifferencebetweentwosolutionsof(1.1)givenbyU1=(ζ1,v1)T

andU2=ε(ζ2,v2)T.Forconvenience,wedefine(η,w)=(ζ1−ζ2,v1−v2).ThenW=
(η,w)Tsolves

∂tW+(M1+S−1M2)(U1)∂xW=F,(5.1)

withS,M1,M2,Q,Qbdefinedasin(4.1)and

F=−
[
(M1+(S−1M2))(U1)−(M1+S−1M2)(U2)

]
∂xU2

−
[
(S−1(Q+Qb))(U1)−(S−1(Q+Qb))(U2)

]

=:F1+F2.

Theenergyassociatedto(7.1)isgivenintermsofthesymmetrizerS(U1)andreads
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Proposition 4.1 and is therefore omitted.
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and(5.3):

|I|.N(s)|w|
2
X0
µ,

fors>
3
2.

ControlofII.BydefinitionofII,afterperforminganintegrationbyparts,yields

II=
ε

2

(
(∂x(v1h1))w,w

)
L2+

µε

3

(
∂xF

1
2(v1∂xw),h

3
1∂xF

1
2w)

L2

−
µεβ

2

(
v1∂xw,∂xF

1
2(h

2
1(∂xb)w)

)
L2+

µεβ

2

(
v1∂xw,h

2
1(∂xb)∂xF

1
2w)

L2

+
µεβ

2

(
v1∂xw,h1(β∂xb)

2
w
)
L2

=:II1+II2+II3+II4+II5.
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ForII1andII5,wesimplyuseHöldersinequalityandSobolevembeddingtoobtain

|II1|+|II5|.ε(1+|h1−1|Hs+(1+|h1−1|Hs)|b|2Hs+1)|v1|Hs|w|2L2.

ForII2,weobservethatissimilartoII2
2intheproofofProposition4.1wherewplaysthe

roleofΛsv.Thenreapplyingthesameestimatesyields:

|II2|.ε(1+|h
3
1−1|Hs)|w|3X0

µ.

ForII3,weintegratebypartstomakethedecomposition

II3=
µεβ

2

(
F

1
2((∂xv1)∂xw),h

2
1(∂xb)w

)
L2+

µεβ

2

(
F

1
2(v1∂

2
xw),h

2
1(∂xb)w

)
L2

=:II
1
3+II

2
3.

HereII
1
3issimilartoII2

3intheproofofProposition4.1andapplyingtheestimatesyields,

|II
1
3|.ε(1+|h

2
1−1|Hs)|b|Hs+1|v1|Hs|w|L2|w|X0

µ.

Ontheotherhand,II
2
3issimilartoII3

3andweobservethat

II
2
3=

µεβ

2

(
[F

1
2,v1]∂2

xw,h
2
1(∂xb)w

)
L2−

µεβ

2

(
v1F

1
2∂xw,h2

1(∂xb)∂xw
)
L2

−
µεβ

2

(
v1F

1
2∂xw,(

∂x(h
2
1(∂xb))

)
w
)
L2

=II
2,1
3+II

2,2
3+II

2,3
3.

ThenweobservethatII
2,2
3=−II4,whileforII

2,1
3andII

2,3
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embedding to deduce

|III1| . ε|v1|Hs |η|2L2 .

Similarly, for III2 + III3 we use integration by parts, the Sobolev embedding, and (5.3)
to get that

|III2 + III3| . |∂xh1|L∞ |w|L2 |η|L2

. N(s)|w|L2 |η|L2 .

In conclusion, we obtain the bound

|III| . N(s)|(η, w)|
2
Y 0
µ .

Control of IV . First define the notation

Ti = T [hi, βb],

for i = 1, 2 and consider the terms

IV = −ε
(
w∂xζ2, η

)
L2 − ε

(
η∂xv2, η

)
L2 −

(
(T −1

1 (h1·)−T −1
2 (h2·))∂xζ2,T1w

)
L2

− ε
(
w∂xv2,T1w

)
L2

=: IV1 + IV2 + IV3 + IV4.
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ThenweuseHölder’sinequality,Sobolevembedding,and(2.4)todeducethat

µ
1
4|w∂xv2|H1

2.µ
1
4(|∂xv2|L∞|w|L2+|D

1
2(w∂xv2)|L2)

.|v2|Hs|w|L2+µ
1
4|v2|Hr+1|w|H1

2,

foranyr>
1
2.Nowchoosersuchthats>r+1>

3
2allowingustoconcludethat

µ
1
4|w∂xv2|H1

2.|v2|Hs|w|X0
µ,

andfromwhichweobtain:

|IV
2
4|.N(s)|w|

2
X0
µ.

Tosummarizethispart,wecanuse(5.3)toobtaintheestimate

|IV|.N(s)|(η,w)|
2
Y0
µ.

28

whereIV
1
3=IV1whichisalreadytreated.Whileforthesecondterm,weuseintegration
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|V1|.β|∂xb|L∞|w|L2|η|L2.

ForV2,weusethedefinitionofQiandthenintegrationbypartstomakethefollowing
decomposition

V2=
2µε

3

((
h31(∂xF

1
2v1)

2−h32(∂xF
1
2v2)

2
)
,∂xF

1
2w

)
L2

=
2µε

3

((
η(h1+h2)

)
(∂xF

1
2v1)

2,∂xF
1
2w

)
L2

+
2µε

3

(
h32

(
∂xF

1
2(v1+v2)

)
(∂xF

1
2w,),∂xF

1
2w

)
L2.
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Each term is treated similarly, but the term with the least margin is V13 . In fact, we use
integration by parts, Hölder’s inequality, the Sobolev embedding Hs−1(R) ↪→ L∞(R), (5.3),
and (2.22) to get the following estimate
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|V1| . β|∂xb|L∞ |w|L2 |η|L2 .

For V2, we use the definition of Qi and then integration by parts to make the following
decomposition

V2 =
2µε

3

((
h
3
1(∂xF

1
2 v1)2 − h32(∂xF

1
2 v2)2)

, ∂xF
1
2w)

L2

=
2µε

3

((
η(h1 + h2)

)
(∂xF

1
2 v1)2, ∂

xF
1
2w)

L2

+
2µε

3

(
h
3
2

(
∂xF

1
2 (v1 + v2)

)
(∂xF

1
2w, ), ∂xF

1
2w)

L2 .
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where |V23 |+ ...+ |V43 | are easier versions of V23 .
To conclude we must estimate V4 and V5. However, since Qb contains fewer derivatives

than Q, these terms could be considered to be of lower order. In fact, V4 is estimated by a
similar decomposition to the one of V2, while V5 is a just a simpler version of V3. We may
therefore conclude that

|V| . N(s)|(η, w)|2Y 0
µ
.

Gathering all these estimates, we obtain (5.4), and the proof of Proposition 5.1 is complete.
�

Remark 5.2. From the proof of the proposition, it is easy to make the rough estimate of
the source term in (5.6):
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combining the estimates used below (see control of II) and using the product estimate for
Hs(R). The estimate (5.6) serves two purposes. One is to prove the full justification of
(1.1) as a water waves model, where we allow for a loss of derivatives (see Section 7).

On the other hand, to get the continuity of the flow, one needs to compensate the norms
on the right of (5.6):
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and is done by regularising the initial data and a Bona-Smith argument [3].

6. Long time Well-posedness of (1.1)

For the proof of Theorem 1.4 we will use the parabolic regularisation method for the ex-
istence of solutions and a Bona–Smith regularisation argument [3] to prove the continuous
dependence of the solutions with respect to the initial data. This method is classical in the
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(1.1) and needed to run the argument. In particular, one can read [14] for a similar argu-
ment in the case of the classical Green-Naghdi system. Lastly, the reader might also find
it useful to read the detailed proof, using these methods, in the case of the Benjamin-Ono
equation in [32], and likewise in the case of Whitham-Boussinesq systems demonstrated in
[36].
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)
,

combiningtheestimatesusedbelow(seecontrolofII)andusingtheproductestimatefor
Hs(R).Theestimate(5.6)servestwopurposes.Oneistoprovethefulljustificationof
(1.1)asawaterwavesmodel,whereweallowforalossofderivatives(seeSection7).

Ontheotherhand,togetthecontinuityoftheflow,oneneedstocompensatethenorms
ontherightof(5.6):

max
i=1,2

|(ζi,vi)|Ys+1
µ

|(η,w)|Ys−1
µ

,
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6.LongtimeWell-posednessof(1.1)

FortheproofofTheorem1.4wewillusetheparabolicregularisationmethodfortheex-
istenceofsolutionsandaBona–Smithregularisationargument[3]toprovethecontinuous
dependenceofthesolutionswithrespecttotheinitialdata.Thismethodisclassicalinthe
caseofquasilinearequationsandwewillonlyoutlinethestepsthatareuniquetosystem
(1.1)andneededtoruntheargument.Inparticular,onecanread[14]forasimilarargu-
mentinthecaseoftheclassicalGreen-Naghdisystem.Lastly,thereadermightalsofind
itusefultoreadthedetailedproof,usingthesemethods,inthecaseoftheBenjamin-Ono
equationin[32],andlikewiseinthecaseofWhitham-Boussinesqsystemsdemonstratedin
[36].
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where |V23 |+ ...+ |V43 | are easier versions of V23 .
To conclude we must estimate V4 and V5. However, since Qb contains fewer derivatives

than Q, these terms could be considered to be of lower order. In fact, V4 is estimated by a
similar decomposition to the one of V2, while V5 is a just a simpler version of V3. We may
therefore conclude that

|V| . N(s)|(η, w)|
2
Y 0
µ .

Gathering all these estimates, we obtain (5.4), and the proof of Proposition 5.1 is complete.
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combining the estimates used below (see control of II) and using the product estimate for
Hs(R). The estimate (5.6) serves two purposes. One is to prove the full justification of
(1.1) as a water waves model, where we allow for a loss of derivatives (see Section 7).

On the other hand, to get the continuity of the flow, one needs to compensate the norms
on the right of (5.6):
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and is done by regularising the initial data and a Bona-Smith argument [3].
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To prove the claim, we first suppose the non-cavitation condition for Uν and use Propo-
sition 2.11 to apply the inverse of T [h, βb] on the second equation in (6.3). Then we study
the Duhamel formulation:

Uν(t) = e−ν〈D〉
αtU0 +

∫ t

0
e−ν〈D〉

α(t−s)N (Uν)(s) ds,

where e−ν〈D〉
αt is the Fourier multiplier defined by

F(e−ν〈D〉
αtf)(ξ) = e−ν〈ξ〉

αtf̂(ξ),

and with

N (Uν) = (M1 + S−1M2)(U
ν)∂xU

ν + (S−1(Q+Qb))(U
ν).

In particular, we prove that the application

Φ : Uν 7→ e−ν〈D〉
αtU0 +

∫ t

0
e−ν〈D〉

α(t−s)N (Uν)(s) ds, (6.4)

is a contraction map on the subspace

B(R, h0) =
{

U = (ζ, v) ∈ C([0, T ];Y s
µ (R)) : |(ζ, v)|Y sµ < R, inf

t∈(0,T )
(1 + εζν − βb) ≥ h0

}
,

with R > 0 to be determined. First, observe by Plancherel’s identity and then splitting in
high and low frequencies that

|e−ν〈D〉αtU|Hs . |U|L2 + (νt)−
1
α |(νt) 1

α |ξ|e−((νt)
1
α |ξ|)αÛ|Hs−1

. (1 + (νt)−
1
α )|U|Hs−1 ,

and trivially that

|e−ν〈D〉αtU|Hs ≤ |U|Hs .

Thus, as a consequence of these estimates and Remark 4.2 we obtain that

sup
t∈[0,T ]

|Φ(Uν)(t)|Hs ≤ c|U0|Hs + cT 1− 1
α ν−

1
α |U|Hs .

Now, choose R to be

R = 2c|(ζ0, v0)|Y sµ .

Additionally, since 1− 1
α > 0 we may take T positive depending on ν and R on the form

T 1− 1
α ∼ ν

1
α

R
,

small enough, and such that

1 + εζν(x, t)− βb(x) = h0 +

∫ t

0
∂tζ

ν(x, s) ds ≥ h0 − cT (R+R2) ≥ h0
2
,

using the Fundamental theorem of calculus and (4.8). Then the map (6.4) is well-defined

on B(R, h02 ), and the contraction estimate is obtained similarly after some straightforward
algebraic manipulations. We may therefore conclude this step by the Banach fixed point
Theorem.
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To prove the claim, we first suppose the non-cavitation condition for Uν and use Propo-
sition 2.11 to apply the inverse of T [h, βb] on the second equation in (6.3). Then we study
the Duhamel formulation:

U
ν
(t) = e−ν〈D〉αt

U0 +

∫ t

0
e−ν〈D〉α(t−s)

N (U
ν
)(s) ds,

where e−ν〈D〉αt
is the Fourier multiplier defined by

F(e−ν〈D〉αt
f)(ξ) = e−ν〈ξ〉αt

f̂(ξ),

and with

N (U
ν
) = (M1 + S−1M2)(U

ν
)∂xU

ν
+ (S−1(Q+Qb))(U

ν
).

In particular, we prove that the application

Φ : U
ν
7→ e−ν〈D〉αt

U0 +

∫ t

0
e−ν〈D〉α(t−s)

N (U
ν
)(s) ds, (6.4)

is a contraction map on the subspace

B(R, h0) =
{

U = (ζ, v) ∈ C([0, T ];Y
s
µ (R)) : |(ζ, v)|Y sµ < R, inf

t∈(0,T )
(1 + εζ

ν
− βb) ≥ h0

}
,

with R > 0 to be determined. First, observe by Plancherel’s identity and then splitting in
high and low frequencies that

|e−ν〈D〉αtU|
Hs . |U|L2 + (νt)−

1
α |(νt)

1
α |ξ|e−((νt)

1
α |ξ|)α

Û|Hs−1

. (1 + (νt)−
1
α )|U|Hs−1 ,

and trivially that

|e−ν〈D〉αtU|
Hs ≤ |U|Hs .

Thus, as a consequence of these estimates and Remark 4.2 we obtain that

sup
t∈[0,T ]

|Φ(U
ν
)(t)|Hs ≤ c|U0|Hs + cT

1−
1
α ν−

1
α |U|Hs .

Now, choose R to be

R = 2c|(ζ0, v0)|Y sµ .

Additionally, since 1−
1
α > 0 we may take T positive depending on ν and R on the form

T
1−

1
α ∼

ν
1
α

R
,

small enough, and such that

1 + εζ
ν
(x, t)− βb(x) = h0 +

∫ t

0
∂tζ

ν
(x, s) ds ≥ h0 − cT (R+R

2
) ≥

h0
2
,

using the Fundamental theorem of calculus and (4.8). Then the map (6.4) is well-defined

on B(R,
h0
2 ), and the contraction estimate is obtained similarly after some straightforward

algebraic manipulations. We may therefore conclude this step by the Banach fixed point
Theorem.
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Remark 6.1 (The blow-up alternative). If we define the maximal time of existence T νMax
to be

T νMax = sup
{
Tν > 0 : ∃! Uν solution of (6.3) in C([0, Tν ];Y s

µ (R))
}
,

then by a standard contradiction argument, one can deduce that

if T νMax <∞, then lim
t↗T νMax

|(ζν , vν)|Y sµ =∞ or lim
t↗T νMax

inf
x∈R

1 + εζν + βb = 0. (6.5)

This is due to the fact that if (6.5) does not hold, one can use Step 1. and the properties
of T ν given by (6.1) and (6.2) to extend the solution beyond the maximal time.

Step 2: The existence time is independent of ν > 0. Let s > 3
2 and (ζν , vν) ∈ C([0, T νMax);Y s

µ (R))
be a solution of (6.3) with initial data (ζ0, v0) ∈ Y s

µ (R), defined on its maximal time of ex-
istence and satisfying the blow-up alternative (6.5). Moreover, let ζ0 satisfy (1.2). Then for

Ñ = |(ζ0, v0)|Y sµ + |b|Hs+2 , there exist a time

T =
1

Ñ
, (6.6)

such that T < T νMax and

sup
t∈[0, T

max{ε,β} ]
|(ζν , vν)(t)|Y sµ . |(ζ0, v0)|Y sµ . (6.7)

Indeed, if the solution of (6.3) also satisfies estimate (4.6), then one could combine this
estimate with (6.5) and a bootstrap argument to get the result. However, to obtain the
same estimate for (6.3), one has to take into account an additional term:

d

dt
Es(U

ν) . N(s)Es(U
ν)− ν

(
Λs+αUν , S(Uν)ΛsUν

)
L2 ,

appearing due to the regularisation. To control this additional term, we make the decom-
position
(
Λs+αUν , S(Uν)ΛsUν

)
L2 = |ζν |2

Hs+α2
+
(
T Λs+

α
2 vν ,Λs+

α
2 vν
)
L2 +

(
[Λ

α
2 ,T ]Λsvν ,Λs+

α
2 vν
)
L2

= I1 + I2 + I3.

Then the two first terms will have a positive sign, where

I2 ≥ c(h0)|vν |2
Xs+α2

,

arguing as we did in the proof of Proposition 2.11, step 2. On the other hand, I3 is further
decomposed by using integration by parts:

I3 = −
(
[Λ

α
2 , hν ]Λsvν ,Λs+

α
2 vν
)
L2 −

µ

3

(
[Λ

α
2 , (hν)3]ΛsF

1
2∂xv

ν ,Λs+
α
2 F

1
2∂xv

ν
)
L2

− µ

2

(
[Λ

α
2 , (hν)2(β∂xb)]Λ

svν ,Λs+
α
2 F

1
2∂xv

ν
)
L2 +

µ

2

(
[Λ

α
2 , (hν)2(β∂xb)]Λ

svν ,Λs+
α
2 vν
)
L2

+ µ
(
[Λ

α
2 , hν(β∂xb)

2]ΛsF
1
2∂xv

ν ,Λs+
α
2 vν
)
L2 .

We recall that α ∈ (1, 32 ]. We may therefore estimate each term by Hölder’s inequality,
(2.5), Sobolev embedding, and then use Young’s inequality to deduce that

|I3| ≤ N(s)|vν |Xs
µ
|vν |

X
s+α2
µ

≤ N(s)

c1
|vν |2Xs

µ
+ c1N(s)|vν |2

X
s+α2
µ

,
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Remark 6.1 (The blow-up alternative). If we define the maximal time of existence T ν
Max

to be

T
ν
Max = sup

{
Tν > 0 : ∃! U

ν
solution of (6.3) in C([0, Tν ];Y

s
µ (R))

}
,

then by a standard contradiction argument, one can deduce that

if T
ν
Max <∞, then lim

t↗T νMax

|(ζ
ν
, v
ν
)|Y sµ =∞ or lim

t↗T νMax

inf
x∈R

1 + εζ
ν

+ βb = 0. (6.5)

This is due to the fact that if (6.5) does not hold, one can use Step 1. and the properties
of T ν given by (6.1) and (6.2) to extend the solution beyond the maximal time.

Step 2: The existence time is independent of ν > 0. Let s >
3
2 and (ζν , vν) ∈ C([0, T ν

Max);Y s
µ (R))

be a solution of (6.3) with initial data (ζ0, v0) ∈ Y s
µ (R), defined on its maximal time of ex-

istence and satisfying the blow-up alternative (6.5). Moreover, let ζ0 satisfy (1.2). Then for

Ñ = |(ζ0, v0)|Y sµ + |b|Hs+2 , there exist a time

T =
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|(ζ
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, v
ν
)(t)|Y sµ . |(ζ0, v0)|Y sµ . (6.7)

Indeed, if the solution of (6.3) also satisfies estimate (4.6), then one could combine this
estimate with (6.5) and a bootstrap argument to get the result. However, to obtain the
same estimate for (6.3), one has to take into account an additional term:

d

dt
Es(U

ν
) . N(s)Es(U

ν
)− ν

(
Λ
s+α

U
ν
, S(U

ν
)Λ

s
U
ν)
L2 ,

appearing due to the regularisation. To control this additional term, we make the decom-
position
(
Λ
s+α

U
ν
, S(U

ν
)Λ

s
U
ν)
L2 = |ζ

ν
|
2

H
s+α

2 +
(
T Λ

s+
α
2 vν ,Λs+

α
2 vν)

L2 +
(
[Λ

α
2 ,T ]Λ

s
v
ν
,Λ

s+
α
2 vν)

L2

= I1 + I2 + I3.

Then the two first terms will have a positive sign, where
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arguing as we did in the proof of Proposition 2.11, step 2. On the other hand, I3 is further
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We recall that α ∈ (1,
3
2 ]. We may therefore estimate each term by Hölder’s inequality,

(2.5), Sobolev embedding, and then use Young’s inequality to deduce that
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|(ζ
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)|Ysµ=∞orlim
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inf
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1+εζ
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+βb=0.(6.5)

Thisisduetothefactthatif(6.5)doesnothold,onecanuseStep1.andtheproperties
ofTνgivenby(6.1)and(6.2)toextendthesolutionbeyondthemaximaltime.

Step2:Theexistencetimeisindependentofν>0.Lets>
3
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µ(R),definedonitsmaximaltimeofex-

istenceandsatisfyingtheblow-upalternative(6.5).Moreover,letζ0satisfy(1.2).Thenfor
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sup
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|(ζ
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,v
ν
)(t)|Ysµ.|(ζ0,v0)|Ysµ.(6.7)

Indeed,ifthesolutionof(6.3)alsosatisfiesestimate(4.6),thenonecouldcombinethis
estimatewith(6.5)andabootstrapargumenttogettheresult.However,toobtainthe
sameestimatefor(6.3),onehastotakeintoaccountanadditionalterm:
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arguingaswedidintheproofofProposition2.11,step2.Ontheotherhand,I3isfurther
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Werecallthatα∈(1,
3
2].WemaythereforeestimateeachtermbyHölder’sinequality,

(2.5),Sobolevembedding,andthenuseYoung’sinequalitytodeducethat
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Ñ=|(ζ0,v0)|Ysµ+|b|Hs+2,thereexistatime

T=
1

Ñ
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for c1 > 0 small enough such that
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from which we deduce that {(ζν , vν)}0<ν≤1 defines a Cauchy sequence in C([0, T
max{ε,β} ];Y

s′
µ (R))∩

L∞([0, T
max{ε,β} ];Y

s
µ (R)) for s′ ∈ [0, s). Thus, we conclude that there exists a limit by com-

pleteness.

Step 4: The solution is bounded by the initial data. We claim that the solution obtained in
Step 3 satisfies (1.9).

Indeed, using the notation from the previous step, we deduce by (6.7) that
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T

max{ε, β} ];Y s
µ (R)),

is a bounded sequence in a reflexive Banach space. As a result, we have by Eberlein-
S̆mulian’s Theorem that (ζν , vν) ⇀

ν→0
(ζ, v) weakly in Y s

µ (R) for a.e. t ∈ [0, T
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particular, we have that

sup
t∈[0, T

max{ε,β} ]
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Step 5: Persistence and continuity of the flow. There is a solution (ζ, v) ∈ C([0, T
max{ε,β} ];V

s
µ (R))

of (1.1) that depends continuously on the initial data.
For the proof of this step, we define a new sequence of functions (ζδ, vδ) solving (1.1),

with mollified initial data, i.e.

(ζδ0 , v
δ
0) = (χδ(D)ζ0, χδ(D)v0) ∈ H∞(R) := ∩s>0H

s(R).

Reapplying the arguments of Step 1 and Step 2, combined with Proposition 2.7, one can
deduce that

(ζδ, vδ) ∈ C([0,
T

max{ε, β} ];H∞(R)),

satisfying (6.10). Now that the sequence is well-defined one can again define the difference
between two solutions and use Proposition 2.7, together with Proposition 5.1 and Remark
5.2 to deduce the result. As mentioned above, at this stage in the proof, the argument is
classical and the details can be found in e.g. [3, 32, 36].

�

7. Justification of (1.1) as a water waves model

We now give the proof of Theorem 1.6.

Proof. First, we let s ≥ 4 and take initial data (ζ0, ψ0) ∈ Hs(R)× Ḣs(R) and b ∈ Hs+2(R).
Then the solutions of the water waves equations (1.10):
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T̃
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are given by Theorem 4.16 in [1]. Moreover, we can define V ∈ C([0, T̃
max{ε,β} ];X

s
µ(R)).

Now, use Proposition 3.2 and formulation (4.1) to say that for some T̃ > 0 the functions
U = (ζ, V )T solves

∂tU + (M1 + (S−1M2))(U)∂xU + (S−1Q)(U) + (S−1Qb)(U) = µ2(ε+ β)R,

for any t ∈ [0, T̃
max{ε,β} ] and with S,M1,M2, Q,Qb defined as in (4.1) and R = (0, R) ∈

L∞([0, T̃
max{ε,β} ];X

r
µ(R)) for some r ∈ N.
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Step 4: The solution is bounded by the initial data. We claim that the solution obtained in
Step 3 satisfies (1.9).
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satisfying (6.10). Now that the sequence is well-defined one can again define the difference
between two solutions and use Proposition 2.7, together with Proposition 5.1 and Remark
5.2 to deduce the result. As mentioned above, at this stage in the proof, the argument is
classical and the details can be found in e.g. [3, 32, 36].
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The next step is to let vWGN
0 = V |t=0 ∈ Xs

µ(R) and then use Theorem 1.4 deduce the
existence of T > 0 such that

UWGN = (ζWGN, vWGN) ∈ C([0,
T

max{ε, β} ];Y s
µ (R)),

solves system (4.1):

∂tU
WGN + (M1 + (S−1M2))(U

WGN)∂xU
WGN + (S−1Q)(UWGN) + (S−1Qb)(U

WGN) = 0,

for any t ∈ [0, T
max{ε,β} ]. Consequently, taking the difference between the two solutions

W = (η, w)T = U−UWGN,

we obtain the following system

∂tW + (M1 + S−1M2)(U)∂xW = F̃, (7.1)

similar to (7.1) and with

F̃ = −
[
(M1 + (S−1M2))(U)− (M1 + S−1M2)(U

WGN)
]
∂xU

WGN

−
[
(S−1(Q+Qb))(U)− (S−1(Q+Qb))(U

WGN)
]

+ µ2(ε+ β)R

= F + µ2(ε+ β)R,

for any t ∈ [0, min{T̃ ,T}
max{ε,β} ]. Then using the estimates (5.6),(5.7), and Remark 5.2 we deduce

for r > 3
2 that

d

dt
Ẽr(W) . |

(
ΛrF̃, S(U)ΛrW

)
L2 |+N(r)Ẽr(W)

. µ2(ε+ β)|
(
ΛrR,T [h, βb]Λrw

)
L2 |+N(r + 1)Ẽr(W).

However, by definition of T [h, βb] and using integration by parts, Hölder’s inequality and
the Sobolev embedding we easily obtain the estimate

|
(
ΛrR,T [h, βb]Λrw

)
L2 | . N(r)|R|Xr

µ
|w|Xr

µ
.

Gathering these estimates, together with (5.7), we observe

d

dt
Ẽr(W) . µ2(ε+ β)|R|Xr

µ
(Ẽr(W))

1
2 +N(r + 1)Ẽr(W).

Now, a simple application of Grönwall’s inequality and (5.7) yields

|(η, w)|Y rµ . µ2(ε+ β)t |R|Xr
µ
eN(r+1)t. (7.2)

Finally, to conclude we use that Y r
µ (R) ⊂ Hr(R) ↪→ L∞(R) for r > 3

2 , and (7.2) to get

|U−UWGN|L∞([0,t];R) . |(η, w)|L∞([0,t];Y rµ (R))

. µ2(ε+ β)t |R|Xr
µ
eN(r+1)t.

To conclude, we let s be large enough such that r + 1 < s to get that

|U−UWGN|L∞([0,t];R) . µ2(ε+ β)t,

for all t ∈ [0, min{T̃ ,T}
max{ε,β} ].
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Now,asimpleapplicationofGr̈onwall’sinequalityand(5.7)yields

|(η,w)|Yrµ.µ2(ε+β)t|R|Xr
µ
eN(r+1)t.(7.2)

Finally,toconcludeweusethatYr
µ(R)⊂Hr(R)↪→L∞(R)forr>3

2,and(7.2)toget

|U−UWGN|L∞([0,t];R).|(η,w)|L∞([0,t];Yrµ(R))

.µ2(ε+β)t|R|Xr
µ
eN(r+1)t.

Toconclude,weletsbelargeenoughsuchthatr+1<stogetthat

|U−UWGN|L∞([0,t];R).µ2(ε+β)t,

forallt∈[0,min{T̃,T}
max{ε,β}].

�
35

The next step is to let v
WGN
0 = V |t=0 ∈ Xs

µ(R) and then use Theorem 1.4 deduce the
existence of T > 0 such that

U
WGN

= (ζ
WGN

, v
WGN

) ∈ C([0,
T

max{ε, β}
];Y

s
µ (R)),

solves system (4.1):

∂tU
WGN

+ (M1 + (S−1M2))(U
WGN

)∂xU
WGN

+ (S−1Q)(U
WGN

) + (S−1Q
b)(U

WGN
) = 0,

for any t ∈ [0,
T

max{ε,β} ]. Consequently, taking the difference between the two solutions

W = (η, w)
T

= U−U
WGN

,

we obtain the following system

∂tW + (M1 + S−1M2)(U)∂xW = F̃, (7.1)

similar to (7.1) and with

F̃ = −
[
(M1 + (S−1M2))(U)− (M1 + S−1M2)(U

WGN
)
]
∂xU

WGN

−
[
(S−1(Q+Qb))(U)− (S−1(Q+Qb))(U

WGN
)
]

+ µ
2
(ε+ β)R

= F + µ
2
(ε+ β)R,

for any t ∈ [0,
min{T̃ ,T}
max{ε,β} ]. Then using the estimates (5.6),(5.7), and Remark 5.2 we deduce

for r >
3
2 that

d

dt
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µ(Ẽr(W))
1
2 +N(r + 1)Ẽr(W).
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[15]VincentDuchêneandSamerIsrawi.Well-posednessoftheGreen-NaghdiandBoussinesq-Peregrine
systems.Ann.Math.BlaisePascal,25(1):21–74,2018.
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[15]VincentDuchêneandSamerIsrawi.Well-posednessoftheGreen-NaghdiandBoussinesq-Peregrine
systems.Ann.Math.BlaisePascal,25(1):21–74,2018.
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ZeitschriftfürangewandteMathematikundPhysik,70(70),2019.

[35]AshishPandey.Theeffectsofsurfacetensiononmodulationalinstabilityinfull-dispersionwater-wave
models.EuropeanJournalofMechanics-B/Fluids,77:177–182,2019.

[36]MartinOenPaulsen.Longtimewell-posednessofWhitham-Boussinesqsystems.Nonlinearity,
35(12):6284–6348,2022.

[37]NathanSanford,KeriKodama,JohnD.Carter,andHenrikKalisch.Stabilityoftravelingwavesolutions
totheWhithamequation.Phys.Lett.A,378(30-31):2100–2107,2014.

[38]Jean-ClaudeSautandYuexunWang.ThewavebreakingforWhitham-typeequationsrevisited.SIAM
J.Math.Anal.,54(2):2295–2319,2022.

[39]AtanasStefanovandJ.DouglasWright.Smallamplitudetravelingwavesinthefull-dispersionWhitham
equation.J.Dynam.DifferentialEquations,32(1):85–99,2020.

[40]TienTruong,ErikWahlén,andMilesH.Wheeler.GlobalbifurcationofsolitarywavesfortheWhitham
equation.Math.Ann.,383(3-4):1521–1565,2022.

[41]R.M.Vargas-MagañaandP.Panayotaros.AWhitham–Boussinesqlong-wavemodelforvariabletopog-
raphy.WaveMotion,65:156–174,2016.

[42]GeWei,JamesT.Kirby,StephanT.Grilli,andRavishankarSubramanya.AfullynonlinearBoussinesq
modelforsurfacewaves.I.Highlynonlinearunsteadywaves.J.FluidMech.,294:71–92,1995.

[43]G.B.Whitham.Variationalmethodsandapplicationstowaterwaves.RoyalSociety,London,299:6–25,
1967.

DepartmentofMathematics,NazarbayevUniversity,Nur-Sultan010000,Kazakhstan
Emailaddress:Louisemerald76@gmail.com

DepartmentofMathematics,UniversityofBergen,Postbox7800,5020Bergen,Norway
Emailaddress:Martin.Paulsen@UiB.no

37

[26]VeraMikyoungHurandMathewA.Johnson.ModulationalinstabilityintheWhithamequationwith
surfacetensionandvorticity.NonlinearAnal.,129:104–118,2015.

[27]VeraMikyoungHurandAshishPandey.Modulationalinstabilityinafull-dispersionshallowwater
model.StudiesinAppliedMathematics,082016.

[28]SamerIsrawi.Largetimeexistencefor1DGreen-Naghdiequations.NonlinearAnal.,74(1):81–93,2011.
[29]MathewA.JohnsonandJ.DouglasWright.Generalizedsolitarywavesinthegravity-capillaryWhitham

equation.Stud.Appl.Math.,144(1):102–130,2020.
[30]CarlosE.Kenig,GustavoPonce,andLuisVega.Well-posednessandscatteringresultsforthegeneralized

Korteweg-deVriesequationviathecontractionprinciple.Comm.PureAppl.Math.,46(4):527–620,
1993.

[31]Lannes.Thewaterwavesproblem:mathematicalanalysisandasymptotics.Mathematicalsurveysand
monographs;volume188.AmericanMathematicalSociety,RhodeIsland,United-States,2013.

[32]FelipeLinaresandGustavoPonce.Introductiontononlineardispersiveequations.Universitext.Springer,
NewYork,secondedition,2015.

[33]P.A.Madsen,H.B.Bingham,andHuaLiu.AnewBoussinesqmethodforfullynonlinearwavesfrom
shallowtodeepwater.J.FluidMech.,462:1–30,2002.

[34]DagNilssonandYuexunWang.SolitarywavesolutionstoaclassofWhitham-Boussinesqsystems.
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RIGOROUS DERIVATION OF WEAKLY DISPERSIVE SHALLOW

WATER MODELS WITH LARGE AMPLITUDE TOPOGRAPHY

VARIATIONS

LOUIS EMERALD AND MARTIN OEN PAULSEN

Abstract. We derive rigorously from the water waves equations new irrotational shallow
water models for the propagation of surface waves in the case of uneven topography in
horizontal dimensions one and two. The systems are made to capture the possible change
in the waves’ propagation, which can occur in the case of large amplitude topography.
The main contribution of this work is the construction of new multi-scale shallow water
approximations of the Dirichlet-Neumann operator. We prove that the precision of these
approximations is given at the order O(µε), O(µε+µ2β2) and O(µ2ε+µεβ+µ2β2). Here
µ, ε, and β denote respectively the shallow water parameter, the nonlinear parameter, and
the bathymetry parameter. From these approximations, we derive models with the same
precision as the ones above. The model with precision O(µε) is coupled with an elliptic
problem, while the other models do not present this inconvenience.

1. Introduction

1.1. Motivations. The general model of surface waves in coastal oceanography is often
considered too complex to be used in practical situations. As a result, the simplification of
the water waves equations in specific asymptotic regimes has been a subject of active re-
search. In the derivation of asymptotic models, one considers characteristic quantities of the
system under study. In our paper, we will denote by H0, L, asurf and abott, the characteristic
water depth, the characteristic wavelength in the longitudinal direction, the characteristic
surface amplitude and the characteristic amplitude of the bathymetry of the system. From
these characteristic quantities, we define the following non-dimensional parameters

µ :=
H2

0

L2
, ε :=

asurf

H0
, β :=

abott

H0
.

We will focus on the shallow water regime defined by µ � 1 and the weakly nonlinear
regime ε� 1, in the case of uneven topography.

Numerous shallow water models were derived in the literature, giving approximations of
the solutions of the water waves system in the shallow water regime or long wave regime
µ ∼ ε � 1, at the order of precision O(µk) with k = 1, 2 or 3. However, it is not clear
that these classical models capture the change in the propagation of the waves which can
happen in the case of large amplitude topographies. Such occurrences have been studied
in the Dingemans experiments [9]. In these experiments, the authors investigate a long
wave passing over a submerged obstacle. They observed that waves tend to steepen due
to a compression effect from the bottom, where high harmonics generated by topography-
induced nonlinear interactions are freely released behind the obstacle. This last phenomenon
makes it natural to improve the frequency dispersion of the classical shallow water models.
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Wewillfocusontheshallowwaterregimedefinedbyµ�1andtheweaklynonlinear
regimeε�1,inthecaseofuneventopography.

Numerousshallowwatermodelswerederivedintheliterature,givingapproximationsof
thesolutionsofthewaterwavessystemintheshallowwaterregimeorlongwaveregime
µ∼ε�1,attheorderofprecisionO(µk)withk=1,2or3.However,itisnotclear
thattheseclassicalmodelscapturethechangeinthepropagationofthewaveswhichcan
happeninthecaseoflargeamplitudetopographies.Suchoccurrenceshavebeenstudied
intheDingemansexperiments[9].Intheseexperiments,theauthorsinvestigatealong
wavepassingoverasubmergedobstacle.Theyobservedthatwavestendtosteependue
toacompressioneffectfromthebottom,wherehighharmonicsgeneratedbytopography-
inducednonlinearinteractionsarefreelyreleasedbehindtheobstacle.Thislastphenomenon
makesitnaturaltoimprovethefrequencydispersionoftheclassicalshallowwatermodels.
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1.1. Motivations. The general model of surface waves in coastal oceanography is often
considered too complex to be used in practical situations. As a result, the simplification of
the water waves equations in specific asymptotic regimes has been a subject of active re-
search. In the derivation of asymptotic models, one considers characteristic quantities of the
system under study. In our paper, we will denote by H0, L, asurf and abott, the characteristic
water depth, the characteristic wavelength in the longitudinal direction, the characteristic
surface amplitude and the characteristic amplitude of the bathymetry of the system. From
these characteristic quantities, we define the following non-dimensional parameters

µ :=
H2

0

L2 , ε :=
asurf

H0
, β :=

abott

H0
.

We will focus on the shallow water regime defined by µ � 1 and the weakly nonlinear
regime ε� 1, in the case of uneven topography.

Numerous shallow water models were derived in the literature, giving approximations of
the solutions of the water waves system in the shallow water regime or long wave regime
µ ∼ ε � 1, at the order of precision O(µk) with k = 1, 2 or 3. However, it is not clear
that these classical models capture the change in the propagation of the waves which can
happen in the case of large amplitude topographies. Such occurrences have been studied
in the Dingemans experiments [9]. In these experiments, the authors investigate a long
wave passing over a submerged obstacle. They observed that waves tend to steepen due
to a compression effect from the bottom, where high harmonics generated by topography-
induced nonlinear interactions are freely released behind the obstacle. This last phenomenon
makes it natural to improve the frequency dispersion of the classical shallow water models.
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Abstract.Wederiverigorouslyfromthewaterwavesequationsnewirrotationalshallow
watermodelsforthepropagationofsurfacewavesinthecaseofuneventopographyin
horizontaldimensionsoneandtwo.Thesystemsaremadetocapturethepossiblechange
inthewaves’propagation,whichcanoccurinthecaseoflargeamplitudetopography.
Themaincontributionofthisworkistheconstructionofnewmulti-scaleshallowwater
approximationsoftheDirichlet-Neumannoperator.Weprovethattheprecisionofthese
approximationsisgivenattheorderO(µε),O(µε+µ

2
β
2
)andO(µ

2
ε+µεβ+µ

2
β
2
).Here

µ,ε,andβdenoterespectivelytheshallowwaterparameter,thenonlinearparameter,and
thebathymetryparameter.Fromtheseapproximations,wederivemodelswiththesame
precisionastheonesabove.ThemodelwithprecisionO(µε)iscoupledwithanelliptic
problem,whiletheothermodelsdonotpresentthisinconvenience.

1.Introduction

1.1.Motivations.Thegeneralmodelofsurfacewavesincoastaloceanographyisoften
consideredtoocomplextobeusedinpracticalsituations.Asaresult,thesimplificationof
thewaterwavesequationsinspecificasymptoticregimeshasbeenasubjectofactivere-
search.Inthederivationofasymptoticmodels,oneconsiderscharacteristicquantitiesofthe
systemunderstudy.Inourpaper,wewilldenotebyH0,L,asurfandabott,thecharacteristic
waterdepth,thecharacteristicwavelengthinthelongitudinaldirection,thecharacteristic
surfaceamplitudeandthecharacteristicamplitudeofthebathymetryofthesystem.From
thesecharacteristicquantities,wedefinethefollowingnon-dimensionalparameters

µ:=
H2

0

L2,ε:=
asurf

H0
,β:=

abott

H0
.

Wewillfocusontheshallowwaterregimedefinedbyµ�1andtheweaklynonlinear
regimeε�1,inthecaseofuneventopography.

Numerousshallowwatermodelswerederivedintheliterature,givingapproximationsof
thesolutionsofthewaterwavessystemintheshallowwaterregimeorlongwaveregime
µ∼ε�1,attheorderofprecisionO(µk)withk=1,2or3.However,itisnotclear
thattheseclassicalmodelscapturethechangeinthepropagationofthewaveswhichcan
happeninthecaseoflargeamplitudetopographies.Suchoccurrenceshavebeenstudied
intheDingemansexperiments[9].Intheseexperiments,theauthorsinvestigatealong
wavepassingoverasubmergedobstacle.Theyobservedthatwavestendtosteependue
toacompressioneffectfromthebottom,wherehighharmonicsgeneratedbytopography-
inducednonlinearinteractionsarefreelyreleasedbehindtheobstacle.Thislastphenomenon
makesitnaturaltoimprovethefrequencydispersionoftheclassicalshallowwatermodels.
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The ideal precision of the resulting model would be of the form O(µkεl), with k, l ≥ 1, in
order to capture both the shallow water and the weakly non-linear regimes.

One way to improve the frequency dispersion is to consider multi-parameters Boussinesq
or Green-Naghdi models; see [14, 17] for a comparison between the classical Boussinesq and
Green-Naghdi models with their multi-parameters versions in the case of the Dingemans
experiments. The improved frequency dispersion allowed the authors to describe strongly
dispersive waves with uneven bathymetry accurately. However, the order of precision of
these multi-parameters systems is the same as the classical ones.

In the flat bottom case, another way to improve the frequency dispersion of the classical
shallow water models is to consider full dispersion models, for which the dispersion relation
is the same as the one of the water waves equations:

ωWW(ξ)2 =
tanh (

√
µ|ξ|)

√
µ|ξ| |ξ|2.

In [11], the author rigorously derived these models at the order of precision O(µε) and
O(µ2ε). To obtain this non-trivial order of precision, it is fundamental to keep the exact
dispersion relation. In comparison, for the classical Boussinesq and Green-Naghdi model,
the dispersion relation is

ωB(ξ)2 =
(
1− µ

3
|ξ|2
)
|ξ|2, ωGN(ξ)2 =

1

1 + µ
3 |ξ|2

|ξ|2,

so that by a Taylor expansion, one makes errors of order O(µ2) from the approximation of
the dispersion relation of the water waves equations.

In [10], the author extended the work in [11] in the case of variable bottom. He derived
models with a precision of order O(µε+ µβ) when compared to the water waves equations
for a class of weakly dispersive Boussinesq system, and a precision order O(µ2ε+µ2β) with
respect to the water waves equations for a class of weakly dispersive Green-Naghdi systems.

The first result of this paper is the rigorous derivation of an extension of the full dispersion
models in the case of uneven bathymetries at the order of precision O(µε). This model reads

{
∂tζ − 1

µGbψ = 0

∂tψ + ζ +
ε

2
|∇Xψ|2 = 0,

(1.1)

where ζ(t,X) ∈ R represents the water surface elevation, b(X) ∈ R represents the bottom
elevation, ψ(t,X) ∈ R is the trace at z = 0, where z is the variable, of the potential φ,
solving

{
∆µ
X,zφ = 0 in Rd × [−1 + βb, 0],

φ|z=0 = ψ,
[
∂zφ− µβ∇Xb · ∇Xφ

]∣∣
z=−1+βb

= 0,
(1.2)

and where Gb is an operator given by

1

µ
Gbψ = −∇X ·

(1 + εζ − βb
1− βb

∫ 0

−1+βb
∇Xφ dz

)
. (1.3)

The model (1.1) can be viewed as a simplified version of the water waves model, where
the elliptic problem is given on a fixed domain independent of time. The precision of the
model is O(µε) and makes it an ideal extension of the full dispersion models in the case of
a variable bottom with which one can capture the change of behavior in the propagation of
the wave during the aforementioned Dingemans experiments. A drawback from a numerical
point of view would be that one would need to solve an elliptic problem at each time step
when computing the solutions of the model.
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TheidealprecisionoftheresultingmodelwouldbeoftheformO(µkεl),withk,l≥1,in
ordertocaptureboththeshallowwaterandtheweaklynon-linearregimes.

Onewaytoimprovethefrequencydispersionistoconsidermulti-parametersBoussinesq
orGreen-Naghdimodels;see[14,17]foracomparisonbetweentheclassicalBoussinesqand
Green-Naghdimodelswiththeirmulti-parametersversionsinthecaseoftheDingemans
experiments.Theimprovedfrequencydispersionallowedtheauthorstodescribestrongly
dispersivewaveswithunevenbathymetryaccurately.However,theorderofprecisionof
thesemulti-parameterssystemsisthesameastheclassicalones.
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shallowwatermodelsistoconsiderfulldispersionmodels,forwhichthedispersionrelation
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sothatbyaTaylorexpansion,onemakeserrorsoforderO(µ2)fromtheapproximationof
thedispersionrelationofthewaterwavesequations.

In[10],theauthorextendedtheworkin[11]inthecaseofvariablebottom.Hederived
modelswithaprecisionoforderO(µε+µβ)whencomparedtothewaterwavesequations
foraclassofweaklydispersiveBoussinesqsystem,andaprecisionorderO(µ2ε+µ2β)with
respecttothewaterwavesequationsforaclassofweaklydispersiveGreen-Naghdisystems.

Thefirstresultofthispaperistherigorousderivationofanextensionofthefulldispersion
modelsinthecaseofunevenbathymetriesattheorderofprecisionO(µε).Thismodelreads
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∂tζ−1
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ε
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|∇Xψ|2=0,

(1.1)

whereζ(t,X)∈Rrepresentsthewatersurfaceelevation,b(X)∈Rrepresentsthebottom
elevation,ψ(t,X)∈Risthetraceatz=0,wherezisthevariable,ofthepotentialφ,
solving
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andwhereGbisanoperatorgivenby
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µ
Gbψ=−∇X·

(1+εζ−βb
1−βb

∫0

−1+βb
∇Xφdz

)
.(1.3)

Themodel(1.1)canbeviewedasasimplifiedversionofthewaterwavesmodel,where
theellipticproblemisgivenonafixeddomainindependentoftime.Theprecisionofthe
modelisO(µε)andmakesitanidealextensionofthefulldispersionmodelsinthecaseof
avariablebottomwithwhichonecancapturethechangeofbehaviorinthepropagationof
thewaveduringtheaforementionedDingemansexperiments.Adrawbackfromanumerical
pointofviewwouldbethatonewouldneedtosolveanellipticproblemateachtimestep
whencomputingthesolutionsofthemodel.
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dispersive waves with uneven bathymetry accurately. However, the order of precision of
these multi-parameters systems is the same as the classical ones.

In the flat bottom case, another way to improve the frequency dispersion of the classical
shallow water models is to consider full dispersion models, for which the dispersion relation
is the same as the one of the water waves equations:
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In [11], the author rigorously derived these models at the order of precision O(µε) and
O(µ2ε). To obtain this non-trivial order of precision, it is fundamental to keep the exact
dispersion relation. In comparison, for the classical Boussinesq and Green-Naghdi model,
the dispersion relation is
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so that by a Taylor expansion, one makes errors of order O(µ2) from the approximation of
the dispersion relation of the water waves equations.

In [10], the author extended the work in [11] in the case of variable bottom. He derived
models with a precision of order O(µε+ µβ) when compared to the water waves equations
for a class of weakly dispersive Boussinesq system, and a precision order O(µ2ε+µ2β) with
respect to the water waves equations for a class of weakly dispersive Green-Naghdi systems.

The first result of this paper is the rigorous derivation of an extension of the full dispersion
models in the case of uneven bathymetries at the order of precision O(µε). This model reads

{
∂tζ −

1
µGbψ = 0

∂tψ + ζ +
ε

2 |∇Xψ|2 = 0,
(1.1)

where ζ(t,X) ∈ R represents the water surface elevation, b(X) ∈ R represents the bottom
elevation, ψ(t,X) ∈ R is the trace at z = 0, where z is the variable, of the potential φ,
solving

{
∆
µ
X,zφ = 0 in Rd × [−1 + βb, 0],

φ|z=0 = ψ,
[
∂zφ− µβ∇Xb · ∇Xφ

]∣∣
z=−1+βb = 0,

(1.2)

and where Gb is an operator given by

1

µGbψ = −∇X ·
(1 + εζ − βb

1− βb

∫ 0

−1+βb
∇Xφ dz

)
. (1.3)

The model (1.1) can be viewed as a simplified version of the water waves model, where
the elliptic problem is given on a fixed domain independent of time. The precision of the
model is O(µε) and makes it an ideal extension of the full dispersion models in the case of
a variable bottom with which one can capture the change of behavior in the propagation of
the wave during the aforementioned Dingemans experiments. A drawback from a numerical
point of view would be that one would need to solve an elliptic problem at each time step
when computing the solutions of the model.
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ordertocaptureboththeshallowwaterandtheweaklynon-linearregimes.

Onewaytoimprovethefrequencydispersionistoconsidermulti-parametersBoussinesq
orGreen-Naghdimodels;see[14,17]foracomparisonbetweentheclassicalBoussinesqand
Green-Naghdimodelswiththeirmulti-parametersversionsinthecaseoftheDingemans
experiments.Theimprovedfrequencydispersionallowedtheauthorstodescribestrongly
dispersivewaveswithunevenbathymetryaccurately.However,theorderofprecisionof
thesemulti-parameterssystemsisthesameastheclassicalones.

Intheflatbottomcase,anotherwaytoimprovethefrequencydispersionoftheclassical
shallowwatermodelsistoconsiderfulldispersionmodels,forwhichthedispersionrelation
isthesameastheoneofthewaterwavesequations:
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sothatbyaTaylorexpansion,onemakeserrorsoforderO(µ2)fromtheapproximationof
thedispersionrelationofthewaterwavesequations.
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respecttothewaterwavesequationsforaclassofweaklydispersiveGreen-Naghdisystems.

Thefirstresultofthispaperistherigorousderivationofanextensionofthefulldispersion
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whereζ(t,X)∈Rrepresentsthewatersurfaceelevation,b(X)∈Rrepresentsthebottom
elevation,ψ(t,X)∈Risthetraceatz=0,wherezisthevariable,ofthepotentialφ,
solving
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Themodel(1.1)canbeviewedasasimplifiedversionofthewaterwavesmodel,where
theellipticproblemisgivenonafixeddomainindependentoftime.Theprecisionofthe
modelisO(µε)andmakesitanidealextensionofthefulldispersionmodelsinthecaseof
avariablebottomwithwhichonecancapturethechangeofbehaviorinthepropagationof
thewaveduringtheaforementionedDingemansexperiments.Adrawbackfromanumerical
pointofviewwouldbethatonewouldneedtosolveanellipticproblemateachtimestep
whencomputingthesolutionsofthemodel.
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To simplify the model even further, one can construct explicit approximations of the
solutions of the elliptic problem (1.2). From these approximations, one deduce expansions of
the Dirichlet-Neumman operator at the same order of precision. In [8], the authors derived
such approximations of the Dirichlet-Neumann operator in the long wave regime/ small
amplitude waves regime using an explicit formula for the solution of the elliptic problem
(1.2), where the formula depends on the inversion of a pseudo-differential operator. They
make use of these approximations to derive a Boussinesq type model. Their result is formal
and holds only in horizontal dimension one. The extension in the variable bottom case
of full dispersion models was considered in [6] in the case of horizontal dimension one.
The authors used the result in [8] to formally derive three models in the shallow water
regime with order of precision O(µε + ε2). A drawback is that their models depend on
the inversion of a pseudo-differential operator and consequently seem to create instabilities
in the simulations. Moreover, if one inverts a pseudo-differential operator, it is not clear
how one could quantify the error of approximation in the Sobolev spaces uniformly in the
parameters µ, ε and β and then make the derivation rigorous with the correct order of
precision.

In [7], the author derived rigorously, from the water waves equations, a classical type
Boussinesq system in the long wave regime with an order of precision O(µ2) when β = O(1).
Translated in the shallow water regime, the precision is O(µ2 +µε+µ2β2). One should also
note that the bathymetry related terms in the aforementioned system are of higher order
when compared to the linear terms. Therefore, the well-posedness of such a system is not
clear.

In the present work, we construct new shallow water approximations of the Dirichlet-
Neumann operator at the order of precision O(µε), O(µε+µ2β2) and O(µ2ε+µεβ+µ2β2).
We also quantify the error in the Sobolev spaces uniformly in µ, ε and β. With these
approximations, we prove that system (1.1) is consistent with the water waves equations at
order O(µε). Then we derive new weakly-dispersive Boussinesq type systems with the order
of precision O(µε+µ2β2), with respect to the water waves equations. In addition, we derive
new weakly-dispersive Green-Naghdi type systems with the order of precision O(µ2ε+µεβ+
µ2β2). We emphasize the fact that the orders of precision are non-trivial in terms of the
bathymetry parameter. Contrary to the models presented in[7], the contribution of the
bathymetry terms does not contain higher order derivatives when compared to the linear
terms. Moreover, they have a similar quasi-linear hyperbolic structure as the full dispersion
models in the flat bottom case. We expect then, in light of the recent works of [5, 4], to be
able to prove a long time well-posedness result for these models. This will be an objective
for future work. Lastly, we discuss the derivation of extensions that have a Hamiltonian
structure.

Notations 1.1. space

• Let Id be the d × d identity matrix, and take 0 = (0, 0)T if d = 2, 0 = 0 if d = 1.
Then we define the (d+ 1)× (d+ 1) matrix Iµ by

Iµ =

(√
µId 0
0T 1

)
.

• We define the d-dimensional Laplace operator by

∆X =

{
∂2
x when d = 1

∂2
x + ∂2

y when d = 2.
3

Tosimplifythemodelevenfurther,onecanconstructexplicitapproximationsofthe
solutionsoftheellipticproblem(1.2).Fromtheseapproximations,onededuceexpansionsof
theDirichlet-Neummanoperatoratthesameorderofprecision.In[8],theauthorsderived
suchapproximationsoftheDirichlet-Neumannoperatorinthelongwaveregime/small
amplitudewavesregimeusinganexplicitformulaforthesolutionoftheellipticproblem
(1.2),wheretheformuladependsontheinversionofapseudo-differentialoperator.They
makeuseoftheseapproximationstoderiveaBoussinesqtypemodel.Theirresultisformal
andholdsonlyinhorizontaldimensionone.Theextensioninthevariablebottomcase
offulldispersionmodelswasconsideredin[6]inthecaseofhorizontaldimensionone.
Theauthorsusedtheresultin[8]toformallyderivethreemodelsintheshallowwater
regimewithorderofprecisionO(µε+ε2).Adrawbackisthattheirmodelsdependon
theinversionofapseudo-differentialoperatorandconsequentlyseemtocreateinstabilities
inthesimulations.Moreover,ifoneinvertsapseudo-differentialoperator,itisnotclear
howonecouldquantifytheerrorofapproximationintheSobolevspacesuniformlyinthe
parametersµ,εandβandthenmakethederivationrigorouswiththecorrectorderof
precision.

In[7],theauthorderivedrigorously,fromthewaterwavesequations,aclassicaltype
BoussinesqsysteminthelongwaveregimewithanorderofprecisionO(µ2)whenβ=O(1).
Translatedintheshallowwaterregime,theprecisionisO(µ2+µε+µ2β2).Oneshouldalso
notethatthebathymetryrelatedtermsintheaforementionedsystemareofhigherorder
whencomparedtothelinearterms.Therefore,thewell-posednessofsuchasystemisnot
clear.

Inthepresentwork,weconstructnewshallowwaterapproximationsoftheDirichlet-
NeumannoperatorattheorderofprecisionO(µε),O(µε+µ2β2)andO(µ2ε+µεβ+µ2β2).
WealsoquantifytheerrorintheSobolevspacesuniformlyinµ,εandβ.Withthese
approximations,weprovethatsystem(1.1)isconsistentwiththewaterwavesequationsat
orderO(µε).Thenwederivenewweakly-dispersiveBoussinesqtypesystemswiththeorder
ofprecisionO(µε+µ2β2),withrespecttothewaterwavesequations.Inaddition,wederive
newweakly-dispersiveGreen-NaghditypesystemswiththeorderofprecisionO(µ2ε+µεβ+
µ2β2).Weemphasizethefactthattheordersofprecisionarenon-trivialintermsofthe
bathymetryparameter.Contrarytothemodelspresentedin[7],thecontributionofthe
bathymetrytermsdoesnotcontainhigherorderderivativeswhencomparedtothelinear
terms.Moreover,theyhaveasimilarquasi-linearhyperbolicstructureasthefulldispersion
modelsintheflatbottomcase.Weexpectthen,inlightoftherecentworksof[5,4],tobe
abletoprovealongtimewell-posednessresultforthesemodels.Thiswillbeanobjective
forfuturework.Lastly,wediscussthederivationofextensionsthathaveaHamiltonian
structure.

Notations1.1.space

•LetIdbethed×didentitymatrix,andtake0=(0,0)Tifd=2,0=0ifd=1.
Thenwedefinethe(d+1)×(d+1)matrixIµby

Iµ=

(√
µId0
0T1

)
.

•Wedefinethed-dimensionalLaplaceoperatorby

∆X=

{
∂2

xwhend=1

∂2
x+∂2

ywhend=2.
3

Tosimplifythemodelevenfurther,onecanconstructexplicitapproximationsofthe
solutionsoftheellipticproblem(1.2).Fromtheseapproximations,onededuceexpansionsof
theDirichlet-Neummanoperatoratthesameorderofprecision.In[8],theauthorsderived
suchapproximationsoftheDirichlet-Neumannoperatorinthelongwaveregime/small
amplitudewavesregimeusinganexplicitformulaforthesolutionoftheellipticproblem
(1.2),wheretheformuladependsontheinversionofapseudo-differentialoperator.They
makeuseoftheseapproximationstoderiveaBoussinesqtypemodel.Theirresultisformal
andholdsonlyinhorizontaldimensionone.Theextensioninthevariablebottomcase
offulldispersionmodelswasconsideredin[6]inthecaseofhorizontaldimensionone.
Theauthorsusedtheresultin[8]toformallyderivethreemodelsintheshallowwater
regimewithorderofprecisionO(µε+ε2).Adrawbackisthattheirmodelsdependon
theinversionofapseudo-differentialoperatorandconsequentlyseemtocreateinstabilities
inthesimulations.Moreover,ifoneinvertsapseudo-differentialoperator,itisnotclear
howonecouldquantifytheerrorofapproximationintheSobolevspacesuniformlyinthe
parametersµ,εandβandthenmakethederivationrigorouswiththecorrectorderof
precision.

In[7],theauthorderivedrigorously,fromthewaterwavesequations,aclassicaltype
BoussinesqsysteminthelongwaveregimewithanorderofprecisionO(µ2)whenβ=O(1).
Translatedintheshallowwaterregime,theprecisionisO(µ2+µε+µ2β2).Oneshouldalso
notethatthebathymetryrelatedtermsintheaforementionedsystemareofhigherorder
whencomparedtothelinearterms.Therefore,thewell-posednessofsuchasystemisnot
clear.

Inthepresentwork,weconstructnewshallowwaterapproximationsoftheDirichlet-
NeumannoperatorattheorderofprecisionO(µε),O(µε+µ2β2)andO(µ2ε+µεβ+µ2β2).
WealsoquantifytheerrorintheSobolevspacesuniformlyinµ,εandβ.Withthese
approximations,weprovethatsystem(1.1)isconsistentwiththewaterwavesequationsat
orderO(µε).Thenwederivenewweakly-dispersiveBoussinesqtypesystemswiththeorder
ofprecisionO(µε+µ2β2),withrespecttothewaterwavesequations.Inaddition,wederive
newweakly-dispersiveGreen-NaghditypesystemswiththeorderofprecisionO(µ2ε+µεβ+
µ2β2).Weemphasizethefactthattheordersofprecisionarenon-trivialintermsofthe
bathymetryparameter.Contrarytothemodelspresentedin[7],thecontributionofthe
bathymetrytermsdoesnotcontainhigherorderderivativeswhencomparedtothelinear
terms.Moreover,theyhaveasimilarquasi-linearhyperbolicstructureasthefulldispersion
modelsintheflatbottomcase.Weexpectthen,inlightoftherecentworksof[5,4],tobe
abletoprovealongtimewell-posednessresultforthesemodels.Thiswillbeanobjective
forfuturework.Lastly,wediscussthederivationofextensionsthathaveaHamiltonian
structure.

Notations1.1.space

•LetIdbethed×didentitymatrix,andtake0=(0,0)Tifd=2,0=0ifd=1.
Thenwedefinethe(d+1)×(d+1)matrixIµby

Iµ=

(√
µId0
0T1

)
.

•Wedefinethed-dimensionalLaplaceoperatorby

∆X=

{
∂2

xwhend=1

∂2
x+∂2

ywhend=2.
3

To simplify the model even further, one can construct explicit approximations of the
solutions of the elliptic problem (1.2). From these approximations, one deduce expansions of
the Dirichlet-Neumman operator at the same order of precision. In [8], the authors derived
such approximations of the Dirichlet-Neumann operator in the long wave regime/ small
amplitude waves regime using an explicit formula for the solution of the elliptic problem
(1.2), where the formula depends on the inversion of a pseudo-differential operator. They
make use of these approximations to derive a Boussinesq type model. Their result is formal
and holds only in horizontal dimension one. The extension in the variable bottom case
of full dispersion models was considered in [6] in the case of horizontal dimension one.
The authors used the result in [8] to formally derive three models in the shallow water
regime with order of precision O(µε + ε2). A drawback is that their models depend on
the inversion of a pseudo-differential operator and consequently seem to create instabilities
in the simulations. Moreover, if one inverts a pseudo-differential operator, it is not clear
how one could quantify the error of approximation in the Sobolev spaces uniformly in the
parameters µ, ε and β and then make the derivation rigorous with the correct order of
precision.

In [7], the author derived rigorously, from the water waves equations, a classical type
Boussinesq system in the long wave regime with an order of precision O(µ2) when β = O(1).
Translated in the shallow water regime, the precision is O(µ2 +µε+µ2β2). One should also
note that the bathymetry related terms in the aforementioned system are of higher order
when compared to the linear terms. Therefore, the well-posedness of such a system is not
clear.

In the present work, we construct new shallow water approximations of the Dirichlet-
Neumann operator at the order of precision O(µε), O(µε+µ2β2) and O(µ2ε+µεβ+µ2β2).
We also quantify the error in the Sobolev spaces uniformly in µ, ε and β. With these
approximations, we prove that system (1.1) is consistent with the water waves equations at
order O(µε). Then we derive new weakly-dispersive Boussinesq type systems with the order
of precision O(µε+µ2β2), with respect to the water waves equations. In addition, we derive
new weakly-dispersive Green-Naghdi type systems with the order of precision O(µ2ε+µεβ+
µ2β2). We emphasize the fact that the orders of precision are non-trivial in terms of the
bathymetry parameter. Contrary to the models presented in[7], the contribution of the
bathymetry terms does not contain higher order derivatives when compared to the linear
terms. Moreover, they have a similar quasi-linear hyperbolic structure as the full dispersion
models in the flat bottom case. We expect then, in light of the recent works of [5, 4], to be
able to prove a long time well-posedness result for these models. This will be an objective
for future work. Lastly, we discuss the derivation of extensions that have a Hamiltonian
structure.

Notations 1.1. space

• Let Id be the d × d identity matrix, and take 0 = (0, 0)T if d = 2, 0 = 0 if d = 1.
Then we define the (d+ 1)× (d+ 1) matrix Iµ by

I
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(√
µId 0
0T 1

)
.

• We define the d-dimensional Laplace operator by

∆X =
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• We define the (d+ 1)-dimensional scaled gradient by

∇µX,z = Iµ∇X,z =

{
(
√
µ∂x, ∂z)

T when d = 1

(
√
µ∂x,

√
µ∂y, ∂z)

T when d = 2,

and we introduce the scaled Laplace operator

∆µ
X,z = ∇µX,z · ∇

µ
X,z = µ∆X + ∂2

z .

• Let f : Rd → R be a tempered distribution, let f̂ or Ff be its Fourier transform and
F−1f be its inverse Fourier transform.
• For any s ∈ R we call the multiplier Λs = (1 + |D|2)

s
2 = 〈D〉s the Bessel potential of

order −s.
• The Sobolev space Hs(Rd) is equivalent to the weighted L2−space with |f |Hs =
|Λsf |L2.

• For any s ≥ 1 we will denote Ḣs(Rd) the Beppo-Levi space with |f |Ḣs = |Λs−1∇Xf |L2.

• Let Ω ⊂ Rd+1. For any k ∈ N, we define the space Hk,0(Ω) with norm

‖f‖2Hk,0(Ω) =
∑

|γ|≤k

∫

Ω
|∂γXf(X, z)|2 dzdX,

and similarly, for l ∈ N such that l ≤ k, we define the space Hk,l(Ω) with norm

‖f‖Hk,l(Ω) =
l∑

j=0
‖∂jzf‖Hk−j,0(Ω).

• We say that f is a Schwartz function S (Rd), if f ∈ C∞(Rd) and satisfies for all
α, β ∈ Nd,

sup
X∈Rd

|Xα∂βXf | <∞.

• If A and B are two operators, then we denote the commutator between them to be
[A,B] = AB −BA.
• We let c denote a positive constant independent of µ, ε, β that may change from line

to line. Also, as a shorthand, we use the notation a . b to mean a ≤ c b.
• Let t0 >

d
2 , s ≥ 0, hmin, hb,min ∈ (0, 1). Then for ζ, b,∇Xψ sufficiently regular and

C(·) a positive, non-decreasing function of its argument, we define the constants

M0 = C(
1

hmin
,

1

hb,min
, |ζ|Ht0 , |b|Ht0 )

M(s) = C(M0, |ζ|Hmax{t0+2,s} , |b|Hmax{t0+2,s})

N(s) = C(M(s), |∇Xψ|Hs).

1.2. The consistency problem and main results. Throughout this paper, d will be the
dimension of the horizontal variable, denoted X ∈ Rd. The reference model of our study is
the water waves equations, written under the Zakharov-Craig-Sulem formulation:




∂tζ − 1

µGµ[εζ, βb]ψ = 0

∂tψ + ζ + ε
2 |∇Xψ|2 −

µε
2

( 1
µ
Gµ[εζ,βb]ψ+ε∇Xζ·∇Xψ)2

1+ε2µ|∇Xζ|2 = 0.
(1.4)

Here the free surface elevation is the graph of ζ(t,X), which is a function of time t and
horizontal space X ∈ Rd. The bottom elevation is the graph of b(X), which is a time-
independent function. The function ψ(t,X) is the trace at the surface of the velocity
potential, and Gµ is the Dirichlet-to-Neumann operator defined later in Definition 1.3.
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• We define the (d+ 1)-dimensional scaled gradient by
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µ
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∇X,z =
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(√µ∂x, ∂z)T when d = 1

(√µ∂x,√µ∂y, ∂z)T when d = 2,

and we introduce the scaled Laplace operator

∆
µ
X,z = ∇

µ
X,z · ∇

µ
X,z = µ∆X + ∂

2
z .

• Let f : Rd → R be a tempered distribution, let f̂ or Ff be its Fourier transform and
F−1f be its inverse Fourier transform.
• For any s ∈ R we call the multiplier Λs = (1 + |D|2)

s
2 = 〈D〉s the Bessel potential of

order −s.
• The Sobolev space Hs(Rd) is equivalent to the weighted L2−space with |f |Hs =
|Λsf |L2.

• For any s ≥ 1 we will denote Ḣs(Rd) the Beppo-Levi space with |f |Ḣs = |Λs−1∇Xf |L2.

• Let Ω ⊂ Rd+1. For any k ∈ N, we define the space Hk,0(Ω) with norm
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dzdX,

and similarly, for l ∈ N such that l ≤ k, we define the space Hk,l(Ω) with norm

‖f‖Hk,l(Ω) =
l∑

j=0
‖∂

j
zf‖Hk−j,0(Ω).

• We say that f is a Schwartz function S (Rd), if f ∈ C∞(Rd) and satisfies for all
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α
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β
Xf | <∞.

• If A and B are two operators, then we denote the commutator between them to be
[A,B] = AB −BA.
• We let c denote a positive constant independent of µ, ε, β that may change from line

to line. Also, as a shorthand, we use the notation a . b to mean a ≤ c b.
• Let t0 >

d
2 , s ≥ 0, hmin, hb,min ∈ (0, 1). Then for ζ, b,∇Xψ sufficiently regular and

C(·) a positive, non-decreasing function of its argument, we define the constants

M0 = C(
1
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,
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hb,min
, |ζ|Ht0 , |b|Ht0 )

M(s) = C(M0, |ζ|Hmax{t0+2,s} , |b|Hmax{t0+2,s})

N(s) = C(M(s), |∇Xψ|Hs).

1.2. The consistency problem and main results. Throughout this paper, d will be the
dimension of the horizontal variable, denoted X ∈ Rd. The reference model of our study is
the water waves equations, written under the Zakharov-Craig-Sulem formulation:
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
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1+ε2µ|∇Xζ|2 = 0.
(1.4)

Here the free surface elevation is the graph of ζ(t,X), which is a function of time t and
horizontal space X ∈ Rd. The bottom elevation is the graph of b(X), which is a time-
independent function. The function ψ(t,X) is the trace at the surface of the velocity
potential, and Gµ is the Dirichlet-to-Neumann operator defined later in Definition 1.3.
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2 (Rd), b ∈ C∞c (Rd), and ζ ∈ Ht0+1(Rd) be such that

(1.5) is satisfied. Let Φ be the unique solution in Ḣ2(Ωt) of the boundary value problem
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



∆
µ
X,zΦ=0inΩt:={(X,z)∈Rd+1,−1+βb(X)<z<εζ(X)}

∂nbΦ=0onz=−1+βb(X)

Φ=ψonz=εζ(t,X),

(1.6)

where

∂nb=nb·I
µ
∇
µ
X,z,nb=

1
√

1+β2|∇Xb|2

(
−β∇Xb

1

)
,

thenGµ[εζ,βb]ψ∈H
1
2(Rd)isdefinedby

G
µ
[εζ,βb]ψ=(∂zΦ−µε∇Xζ·∇XΦ)|z=εζ.(1.7)

Forconvenience,itiseasiertoworkwiththeverticalaverageofthehorizontalcomponent
ofthevelocity.WemakethefollowingdefinitionusingProposition3.35in[14].

Definition1.4.Lett0>
d
2,ψ∈Ḣ
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Definition1.6.LetF0beaFouriermultiplierdependingonthetransversevariable:

F0u(X)=F−1(cosh((z+1)√µ|ξ|)
cosh(√µ|ξ|)û(ξ)
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transform.LetF:Rd→Rbeasmoothfunctionwithpolynomialdecay.ThentheFourier
multiplierassociatedwithF(ξ)isdenotedF(D)(denotedFwhennoconfusionispossible)
anddefinedbytheformula:

F̂(D)u(ξ)=F(ξ)û(ξ).
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Moreover, for u ∈ S (Rd) we have the following estimates

|Lµ1 [βb]u|Hs ≤M(s)|u|Hs . (1.15)

|Lµ2 [βb]u|Hs ≤M(s)|u|Hs (1.16)

|Lµ3 [βb]u|Hs ≤M(s)|u|Hs (1.17)

|Lµ1 [βb]u+ bu|Hs ≤ µM(s)|u|Hs+2 (1.18)

|Lµ1 [βb]u− (−b− µβ2

6
b3|D|2)F3u|Hs ≤ µ2β4M(s)|u|Hs+4 (1.19)

|Lµ2 [βb]u− (−1

2
bF4 +

β2

6
b3F3)u|Hs ≤ µβ4M(s)|u|Hs+2 . (1.20)

Remark 1.11. Under assumption (1.13) the operators Lµ1 , Lµ2 , and Lµ3 are “classical
pseudo-differential operators of order zero”. We will share the details of the proof in Ap-
pendix A, Subsection A.1.

Proposition 1.12. Let t0 >
d
2 , ψ ∈ Ḣ 3

2 (Rd), b ∈ C∞c (Rd), and ζ ∈ Ht0+1(Rd) such that

(1.5) is satisfied. Let φ ∈ Ḣ2(Rd × [−1 + βb, 0]) be the solution of
{

∆µ
X,zφ = 0 in Sb,

φ|z=0 = ψ,
[
∂zφ− µβ∇Xb · ∇Xφ

]∣∣
z=−1+βb

= 0.
(1.21)

Then we can define

1

µ
Gbψ = −∇X ·

( h
hb

∫ 0

−hb
∇Xφ dz

)
. (1.22)

Moreover, for ψ ∈ Ḣs+5(Rd) and ζ ∈ Hmax{t0+2,s+3}(Rd) we have the estimate

1

µ
|Gµψ − Gbψ|Hs ≤ µεM(s+ 3)|∇Xψ|Hs+4 .

Remark 1.13. The operator Gb contains terms of order εζ and is different from Gµ[0, βb]
defined by (1.9). To be precise, we can relate the two operators by expanding h

hb
:

1

µ
Gbψ =

1

µ
Gµ[0, βb]ψ − ε∇X ·

( ζ
hb

∫ 0

−hb
∇Xφ dz

)
.

Proposition 1.14. Let d = 1, 2, t0 > d
2 and s ≥ 0. Also let b ∈ C∞c (Rd) and ζ ∈

Hmax{t0+2,s+3}(Rd) such that (1.5) and (1.13) are satisfied. From the previously defined
operators, we have the following approximations of the Dirichlet-Neumann operator:

1

µ
G0ψ = −F1∆Xψ − β(1 +

µ

2
F4∆X)∇X ·

(
Lµ1 [βb]∇Xψ

)
− ε∇X ·

(
ζF1∇Xψ

)

+
µβ2

2
∇X ·

(
B[βb]∇Xψ

)
,

and

1

µ
G1ψ = −∇X · (h∇Xψ)− µ

3
∆X

(h3

h3
b

F2∆Xψ
)
− µβ∆X

(
Lµ2 [βb]∆Xψ

)

− µβ

2
F4∆X∇X ·

(
Lµ1 [βb]∇Xψ

)
+
µβ2

2
∇X ·

(
B[βb]∇Xψ

)
,
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Moreover,foru∈S(Rd)wehavethefollowingestimates

|Lµ1[βb]u|Hs≤M(s)|u|Hs.(1.15)

|Lµ2[βb]u|Hs≤M(s)|u|Hs(1.16)

|Lµ3[βb]u|Hs≤M(s)|u|Hs(1.17)

|Lµ1[βb]u+bu|Hs≤µM(s)|u|Hs+2(1.18)

|Lµ1[βb]u−(−b−µβ2

6
b3|D|2)F3u|Hs≤µ2β4M(s)|u|Hs+4(1.19)

|Lµ2[βb]u−(−1

2
bF4+

β2

6
b3F3)u|Hs≤µβ4M(s)|u|Hs+2.(1.20)

Remark1.11.Underassumption(1.13)theoperatorsLµ1,Lµ2,andLµ3are“classical
pseudo-differentialoperatorsoforderzero”.WewillsharethedetailsoftheproofinAp-
pendixA,SubsectionA.1.

Proposition1.12.Lett0>
d
2,ψ∈˙H

3
2(Rd),b∈C∞c(Rd),andζ∈Ht0+1(Rd)suchthat

(1.5)issatisfied.Letφ∈˙H2(Rd×[−1+βb,0])bethesolutionof
{

∆µ
X,zφ=0inSb,
φ|z=0=ψ,

[
∂zφ−µβ∇Xb·∇Xφ

]∣∣
z=−1+βb

=0.
(1.21)

Thenwecandefine

1

µ
Gbψ=−∇X·

(h
hb

∫0

−hb
∇Xφdz

)
.(1.22)

Moreover,forψ∈˙Hs+5(Rd)andζ∈Hmax{t0+2,s+3}(Rd)wehavetheestimate

1

µ
|Gµψ−Gbψ|Hs≤µεM(s+3)|∇Xψ|Hs+4.

Remark1.13.TheoperatorGbcontainstermsoforderεζandisdifferentfromGµ[0,βb]
definedby(1.9).Tobeprecise,wecanrelatethetwooperatorsbyexpandingh

hb
:

1

µ
Gbψ=

1

µ
Gµ[0,βb]ψ−ε∇X·

(ζ
hb

∫0

−hb
∇Xφdz

)
.

Proposition1.14.Letd=1,2,t0>d
2ands≥0.Alsoletb∈C∞c(Rd)andζ∈

Hmax{t0+2,s+3}(Rd)suchthat(1.5)and(1.13)aresatisfied.Fromthepreviouslydefined
operators,wehavethefollowingapproximationsoftheDirichlet-Neumannoperator:
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µ
G0ψ=−F1∆Xψ−β(1+

µ

2
F4∆X)∇X·

(
Lµ1[βb]∇Xψ

)
−ε∇X·

(
ζF1∇Xψ

)
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µβ2

2
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)
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Moreover, for u ∈ S (Rd) we have the following estimates

|L
µ
1 [βb]u|Hs ≤M(s)|u|Hs . (1.15)

|L
µ
2 [βb]u|Hs ≤M(s)|u|Hs (1.16)

|L
µ
3 [βb]u|Hs ≤M(s)|u|Hs (1.17)

|L
µ
1 [βb]u+ bu|Hs ≤ µM(s)|u|Hs+2 (1.18)
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µ
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6
b
3
|D|

2
)F3u|Hs ≤ µ2

β
4
M(s)|u|Hs+4 (1.19)

|L
µ
2 [βb]u− (−

1

2
bF4 +

β2

6
b
3
F3)u|Hs ≤ µβ4

M(s)|u|Hs+2 . (1.20)

Remark 1.11. Under assumption (1.13) the operators L
µ
1 , L

µ
2 , and L

µ
3 are “classical

pseudo-differential operators of order zero”. We will share the details of the proof in Ap-
pendix A, Subsection A.1.

Proposition 1.12. Let t0 >
d
2 , ψ ∈ Ḣ

3
2 (Rd), b ∈ C∞c (Rd), and ζ ∈ Ht0+1(Rd) such that
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]∣∣
z=−1+βb = 0.

(1.21)

Then we can define

1

µGbψ = −∇X ·
( h
hb

∫ 0

−hb
∇Xφ dz

)
. (1.22)

Moreover, for ψ ∈ Ḣs+5(Rd) and ζ ∈ Hmax{t0+2,s+3}(Rd) we have the estimate

1

µ |G
µ
ψ − Gbψ|Hs ≤ µεM(s+ 3)|∇Xψ|Hs+4 .
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Hmax{t0+2,s+3}(Rd) such that (1.5) and (1.13) are satisfied. From the previously defined
operators, we have the following approximations of the Dirichlet-Neumann operator:

1

µG0ψ = −F1∆Xψ − β(1 +
µ

2
F4∆X)∇X ·

(
L
µ
1 [βb]∇Xψ

)
− ε∇X ·

(
ζF1∇Xψ

)

+
µβ2

2 ∇X ·
(
B[βb]∇Xψ

)
,

and

1

µG1ψ = −∇X · (h∇Xψ)−
µ

3
∆X

(h3

h3
b

F2∆Xψ
)
− µβ∆X

(
L
µ
2 [βb]∆Xψ

)

−
µβ

2
F4∆X∇X ·

(
L
µ
1 [βb]∇Xψ

)
+
µβ2

2 ∇X ·
(
B[βb]∇Xψ

)
,

7

Moreover,foru∈S(Rd)wehavethefollowingestimates

|L
µ
1[βb]u|Hs≤M(s)|u|Hs.(1.15)

|L
µ
2[βb]u|Hs≤M(s)|u|Hs(1.16)

|L
µ
3[βb]u|Hs≤M(s)|u|Hs(1.17)
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6
b
3
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Remark1.11.Underassumption(1.13)theoperatorsL
µ
1,L

µ
2,andL

µ
3are“classical

pseudo-differentialoperatorsoforderzero”.WewillsharethedetailsoftheproofinAp-
pendixA,SubsectionA.1.
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(1.5)issatisfied.Letφ∈Ḣ2(Rd×[−1+βb,0])bethesolutionof
{

∆
µ
X,zφ=0inSb,

φ|z=0=ψ,
[
∂zφ−µβ∇Xb·∇Xφ

]∣∣
z=−1+βb=0.

(1.21)

Thenwecandefine

1

µGbψ=−∇X·
(h
hb

∫0

−hb
∇Xφdz

)
.(1.22)
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where

B[βb]∇Xψ = bF4∇X(∇X · (b∇Xψ)) (1.23)

+ hb∇X
(
bF4∇X · (b∇Xψ)

)
+ 2hb(∇Xb)F1∇X · (b∇Xψ).

Moreover, we have the following estimates on the Dirichlet-Neumann operator

1

µ
|Gµψ − G0ψ|Hs ≤ (µε+ µ2β2)M(s+ 3)|∇Xψ|Hs+5 (1.24)

1

µ
|Gµψ − G1ψ|Hs ≤ (µ2ε+ µεβ + µ2β2)M(s+ 3)|∇Xψ|Hs+5 . (1.25)

Proposition 1.14 is the key result from which we will derive our new models. However,
before presenting these models, we need to define the notion of consistency of the water
waves equations (1.4) with a given asymptotic model.

Definition 1.15 (Consistency). Let µ, ε, β ∈ [0, 1]. We denote by (A) an asymptotic model
of the following form:

(A)

{
∂tζ +N1(ζ, b, ψ) = 0

∂t(T [ζ, b]ψ) +N2(ζ, b, ψ) = 0,

where T is a linear operator with respect to ψ and possibly nonlinear with respect to ζ and
b. While N1 and N2 are possibly nonlinear operators.

We say that the water waves equations are consistent at order O(
∑
µkεlβm) with (A)

if there exists n ∈ N and a universal constant T > 0 such that for any s ≥ 0 and every
solution (ζ, ψ) ∈ C([0, Tε ];Hs+n(Rd) × Ḣs+n(Rd)) to the water waves equations (1.4), one

has for all t ∈ [0, Tε ],
{
∂tζ +N1(ζ, b, ψ) =

(∑
µkεlβm

)
R1

∂t(T [ζ, b]ψ) +N2(ζ, b, ψ) =
(∑

µkεlβm
)
R2,

where |Ri|Hs ≤ N(s+ n) for all t ∈ [0, Tε ] with i = 1, 2.

We should note that the existence time for solutions of the water waves equations is
proved to be on the scale O( 1

max{ε,β}) and uniformly with respect to µ (see [3]). However,

it was proved that when one includes surface tension with a strength of the same order as
the shallow water parameter µ, then the time existence is improved and becomes of order
O(1

ε ) [5]. For the sake of clarity, we will omit the surface tension in this paper. But one
could easily add it to every model of this work without changing the results. With this in
mind, we may now state our consistency results.

Theorem 1.16. Let Gb be defined by (2.22). Then for any µ ∈ (0, 1], ε ∈ [0, 1], and
β ∈ [0, 1] the water waves equations (1.4) are consistent, in the sense of Definition 1.15
with n = 5, at order O(µε) with the Boussinesq-type system:

{
∂tζ − 1

µGbψ = 0

∂tψ + ζ +
ε

2
|∇Xψ|2 = 0,

(1.26)

Remark 1.17. The system is a simplified version of the water waves equations where Gb
is defined implicitly in terms of the solution of (1.21). The elliptic problem is defined on
the fixed domain Sb = Rd × [−1 + βb, 0], but depends on the Dirichlet data ψ which in turn
depend on ζ through (3.1).
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∂t(T[ζ,b]ψ)+N2(ζ,b,ψ)=0,
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∑
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)
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(∑

µkεlβm
)
R2,

where|Ri|Hs≤N(s+n)forallt∈[0,Tε]withi=1,2.

Weshouldnotethattheexistencetimeforsolutionsofthewaterwavesequationsis
provedtobeonthescaleO(1

max{ε,β})anduniformlywithrespecttoµ(see[3]).However,

itwasprovedthatwhenoneincludessurfacetensionwithastrengthofthesameorderas
theshallowwaterparameterµ,thenthetimeexistenceisimprovedandbecomesoforder
O(1

ε)[5].Forthesakeofclarity,wewillomitthesurfacetensioninthispaper.Butone
couldeasilyaddittoeverymodelofthisworkwithoutchangingtheresults.Withthisin
mind,wemaynowstateourconsistencyresults.

Theorem1.16.LetGbbedefinedby(2.22).Thenforanyµ∈(0,1],ε∈[0,1],and
β∈[0,1]thewaterwavesequations(1.4)areconsistent,inthesenseofDefinition1.15
withn=5,atorderO(µε)withtheBoussinesq-typesystem:

{
∂tζ−1

µGbψ=0

∂tψ+ζ+
ε

2
|∇Xψ|2=0,

(1.26)

Remark1.17.ThesystemisasimplifiedversionofthewaterwavesequationswhereGb
isdefinedimplicitlyintermsofthesolutionof(1.21).Theellipticproblemisdefinedon
thefixeddomainSb=Rd×[−1+βb,0],butdependsontheDirichletdataψwhichinturn
dependonζthrough(3.1).
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dependonζthrough(3.1).
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where

B[βb]∇Xψ = bF4∇X(∇X · (b∇Xψ)) (1.23)

+ hb∇X
(
bF4∇X · (b∇Xψ)

)
+ 2hb(∇Xb)F1∇X · (b∇Xψ).

Moreover, we have the following estimates on the Dirichlet-Neumann operator

1

µ |G
µ
ψ − G0ψ|Hs ≤ (µε+ µ

2
β

2
)M(s+ 3)|∇Xψ|Hs+5 (1.24)

1

µ |G
µ
ψ − G1ψ|Hs ≤ (µ

2
ε+ µεβ + µ

2
β

2
)M(s+ 3)|∇Xψ|Hs+5 . (1.25)

Proposition 1.14 is the key result from which we will derive our new models. However,
before presenting these models, we need to define the notion of consistency of the water
waves equations (1.4) with a given asymptotic model.

Definition 1.15 (Consistency). Let µ, ε, β ∈ [0, 1]. We denote by (A) an asymptotic model
of the following form:

(A)

{
∂tζ +N1(ζ, b, ψ) = 0

∂t(T [ζ, b]ψ) +N2(ζ, b, ψ) = 0,

where T is a linear operator with respect to ψ and possibly nonlinear with respect to ζ and
b. While N1 and N2 are possibly nonlinear operators.

We say that the water waves equations are consistent at order O(∑µkεlβm) with (A)
if there exists n ∈ N and a universal constant T > 0 such that for any s ≥ 0 and every
solution (ζ, ψ) ∈ C([0,

T
ε ];Hs+n(Rd) × Ḣs+n(Rd)) to the water waves equations (1.4), one

has for all t ∈ [0,
T
ε ],
{
∂tζ +N1(ζ, b, ψ) =

(∑
µkεlβm)

R1

∂t(T [ζ, b]ψ) +N2(ζ, b, ψ) =
(∑

µkεlβm)
R2,

where |Ri|Hs ≤ N(s+ n) for all t ∈ [0,
T
ε ] with i = 1, 2.

We should note that the existence time for solutions of the water waves equations is
proved to be on the scale O(

1
max{ε,β}) and uniformly with respect to µ (see [3]). However,

it was proved that when one includes surface tension with a strength of the same order as
the shallow water parameter µ, then the time existence is improved and becomes of order
O(

1
ε ) [5]. For the sake of clarity, we will omit the surface tension in this paper. But one

could easily add it to every model of this work without changing the results. With this in
mind, we may now state our consistency results.

Theorem 1.16. Let Gb be defined by (2.22). Then for any µ ∈ (0, 1], ε ∈ [0, 1], and
β ∈ [0, 1] the water waves equations (1.4) are consistent, in the sense of Definition 1.15
with n = 5, at order O(µε) with the Boussinesq-type system:

{
∂tζ −

1
µGbψ = 0

∂tψ + ζ +
ε

2 |∇Xψ|2 = 0,
(1.26)

Remark 1.17. The system is a simplified version of the water waves equations where Gb
is defined implicitly in terms of the solution of (1.21). The elliptic problem is defined on
the fixed domain Sb = Rd × [−1 + βb, 0], but depends on the Dirichlet data ψ which in turn
depend on ζ through (3.1).
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µ
ψ−G1ψ|Hs≤(µ
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ε+µεβ+µ
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)M(s+3)|∇Xψ|Hs+5.(1.25)

Proposition1.14isthekeyresultfromwhichwewillderiveournewmodels.However,
beforepresentingthesemodels,weneedtodefinethenotionofconsistencyofthewater
wavesequations(1.4)withagivenasymptoticmodel.

Definition1.15(Consistency).Letµ,ε,β∈[0,1].Wedenoteby(A)anasymptoticmodel
ofthefollowingform:

(A)

{
∂tζ+N1(ζ,b,ψ)=0

∂t(T[ζ,b]ψ)+N2(ζ,b,ψ)=0,

whereTisalinearoperatorwithrespecttoψandpossiblynonlinearwithrespecttoζand
b.WhileN1andN2arepossiblynonlinearoperators.

WesaythatthewaterwavesequationsareconsistentatorderO(∑µkεlβm)with(A)
ifthereexistsn∈NandauniversalconstantT>0suchthatforanys≥0andevery
solution(ζ,ψ)∈C([0,

T
ε];Hs+n(Rd)×Ḣs+n(Rd))tothewaterwavesequations(1.4),one

hasforallt∈[0,
T
ε],
{
∂tζ+N1(ζ,b,ψ)=

(∑
µkεlβm)

R1

∂t(T[ζ,b]ψ)+N2(ζ,b,ψ)=
(∑

µkεlβm)
R2,

where|Ri|Hs≤N(s+n)forallt∈[0,
T
ε]withi=1,2.

Weshouldnotethattheexistencetimeforsolutionsofthewaterwavesequationsis
provedtobeonthescaleO(

1
max{ε,β})anduniformlywithrespecttoµ(see[3]).However,

itwasprovedthatwhenoneincludessurfacetensionwithastrengthofthesameorderas
theshallowwaterparameterµ,thenthetimeexistenceisimprovedandbecomesoforder
O(

1
ε)[5].Forthesakeofclarity,wewillomitthesurfacetensioninthispaper.Butone

couldeasilyaddittoeverymodelofthisworkwithoutchangingtheresults.Withthisin
mind,wemaynowstateourconsistencyresults.

Theorem1.16.LetGbbedefinedby(2.22).Thenforanyµ∈(0,1],ε∈[0,1],and
β∈[0,1]thewaterwavesequations(1.4)areconsistent,inthesenseofDefinition1.15
withn=5,atorderO(µε)withtheBoussinesq-typesystem:

{
∂tζ−

1
µGbψ=0

∂tψ+ζ+
ε

2|∇Xψ|2=0,
(1.26)

Remark1.17.ThesystemisasimplifiedversionofthewaterwavesequationswhereGb
isdefinedimplicitlyintermsofthesolutionof(1.21).Theellipticproblemisdefinedon
thefixeddomainSb=Rd×[−1+βb,0],butdependsontheDirichletdataψwhichinturn
dependonζthrough(3.1).

8

where

B[βb]∇Xψ=bF4∇X(∇X·(b∇Xψ))(1.23)

+hb∇X
(
bF4∇X·(b∇Xψ)

)
+2hb(∇Xb)F1∇X·(b∇Xψ).

Moreover,wehavethefollowingestimatesontheDirichlet-Neumannoperator

1

µ|G
µ
ψ−G0ψ|Hs≤(µε+µ

2
β

2
)M(s+3)|∇Xψ|Hs+5(1.24)

1

µ|G
µ
ψ−G1ψ|Hs≤(µ

2
ε+µεβ+µ

2
β

2
)M(s+3)|∇Xψ|Hs+5.(1.25)

Proposition1.14isthekeyresultfromwhichwewillderiveournewmodels.However,
beforepresentingthesemodels,weneedtodefinethenotionofconsistencyofthewater
wavesequations(1.4)withagivenasymptoticmodel.

Definition1.15(Consistency).Letµ,ε,β∈[0,1].Wedenoteby(A)anasymptoticmodel
ofthefollowingform:

(A)

{
∂tζ+N1(ζ,b,ψ)=0

∂t(T[ζ,b]ψ)+N2(ζ,b,ψ)=0,

whereTisalinearoperatorwithrespecttoψandpossiblynonlinearwithrespecttoζand
b.WhileN1andN2arepossiblynonlinearoperators.

WesaythatthewaterwavesequationsareconsistentatorderO(∑µkεlβm)with(A)
ifthereexistsn∈NandauniversalconstantT>0suchthatforanys≥0andevery
solution(ζ,ψ)∈C([0,

T
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ε];Hs+n(Rd)×Ḣs+n(Rd))tothewaterwavesequations(1.4),one

hasforallt∈[0,
T
ε],
{
∂tζ+N1(ζ,b,ψ)=

(∑
µkεlβm)

R1

∂t(T[ζ,b]ψ)+N2(ζ,b,ψ)=
(∑

µkεlβm)
R2,

where|Ri|Hs≤N(s+n)forallt∈[0,
T
ε]withi=1,2.

Weshouldnotethattheexistencetimeforsolutionsofthewaterwavesequationsis
provedtobeonthescaleO(

1
max{ε,β})anduniformlywithrespecttoµ(see[3]).However,

itwasprovedthatwhenoneincludessurfacetensionwithastrengthofthesameorderas
theshallowwaterparameterµ,thenthetimeexistenceisimprovedandbecomesoforder
O(

1
ε)[5].Forthesakeofclarity,wewillomitthesurfacetensioninthispaper.Butone

couldeasilyaddittoeverymodelofthisworkwithoutchangingtheresults.Withthisin
mind,wemaynowstateourconsistencyresults.

Theorem1.16.LetGbbedefinedby(2.22).Thenforanyµ∈(0,1],ε∈[0,1],and
β∈[0,1]thewaterwavesequations(1.4)areconsistent,inthesenseofDefinition1.15
withn=5,atorderO(µε)withtheBoussinesq-typesystem:

{
∂tζ−

1
µGbψ=0

∂tψ+ζ+
ε

2|∇Xψ|2=0,
(1.26)

Remark1.17.ThesystemisasimplifiedversionofthewaterwavesequationswhereGb
isdefinedimplicitlyintermsofthesolutionof(1.21).Theellipticproblemisdefinedon
thefixeddomainSb=Rd×[−1+βb,0],butdependsontheDirichletdataψwhichinturn
dependonζthrough(3.1).

8



Theorem 1.18. Let F1 and F4 be the two Fourier multipliers given in Definition 1.6, and
let Lµ1 be given in Definition 1.10. Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1] the
water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 6, at
order O(µε+ µ2β2) with the Boussinesq type system:




∂tζ + F1∆Xψ + β(1 + µ
2 F4∆X)∇X · (Lµ1 [βb]∇Xψ)

+εG1∇X · (ζG2∇Xψ)− µβ2

2 ∇X · (B[βb]∇Xψ
)

= 0

∂tψ + ζ +
ε

2
(G1∇Xψ) · (G2∇Xψ) = 0,

(1.27)

where

B[βb]∇Xψ = bF4∇X(∇X · (b∇Xψ)) + hb∇X
(
bF4∇X · (b∇Xψ)

)
+ 2hb(∇Xb)F1∇X · (b∇Xψ),

and G1,G2 are any Fourier multipliers such that for any s ≥ 0 and u ∈ Hs+2(Rd), we have

|(Gj − 1)u|Hs . µ|u|Hs+2 . (1.28)

Remark 1.19.

• Taking β = 0 in (3.4), we get the class of full dispersion Boussinesq systems derived
rigorously in [11] with a precision O(µε). These systems were rigorously justified
on a time scale of order O(1

ε ) under additional decrease constraint on the Fourier
multipliers G1 and G2 (see [12] for more information).
• In the case G1 = G2 = Id, (3.4) is believed to be ill-posed [13] in the case β = 0, un-

less one includes surface tension [16]. Alternatively, one can exploit the regularizing
effect provided by the multipliers Gj [12].
• One could also add Fourier multipliers Gj, defined by (1.28), in the term of order
O(µβ2) without changing the precision of the model.
• Neglecting terms of order O(µε+µβ) and approximating Lµ1 [βb] with estimate (1.18),

we arrive at the same models derived in [10].

One can replace the pseudo-differential operator in (3.4) with estimate (1.19). Indeed,
we have the following result:

Corollary 1.20. Under the same assumptions as in Theorem 1.18, we can take

Lµ1 [βb]• = −(b+
µβ2

6
b3|D|2)F3•,

in system (3.4) and keep the precision O(µε+ µ2β2).

We also derive a Boussinesq-type system in the variables (ζ, V ):

Theorem 1.21. Let F1 and F4 be the two Fourier multipliers given in Definition 1.6, and
let Lµ1 be given in Definition 1.10. Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1] the
water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 7, at
order O(µε+ µ2β2) with the Boussinesq type system:

{
∂tζ +∇X · (hV ) = 0

∂tV + T µ0 [βb, εζ]∇Xζ + ε
2∇X |V |2 = 0,

(1.29)

where

T µ0 [βb, εζ]• =
1

h

(
F1 •+βLµ1 [βb] •+εζF1 •

)
+
µβ

2
∇XF4∇X ·

(
Lµ1 [βb] •

)

− µβ2

2
∇X
(
bF4∇X · (b•)

)
− µβ2(∇Xb)F1∇X · (b•).
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wearriveatthesamemodelsderivedin[10].

Onecanreplacethepseudo-differentialoperatorin(3.4)withestimate(1.19).Indeed,
wehavethefollowingresult:

Corollary1.20.UnderthesameassumptionsasinTheorem1.18,wecantake

Lµ1[βb]•=−(b+
µβ2

6
b3|D|2)F3•,

insystem(3.4)andkeeptheprecisionO(µε+µ2β2).

WealsoderiveaBoussinesq-typesysteminthevariables(ζ,V):

Theorem1.21.LetF1andF4bethetwoFouriermultipliersgiveninDefinition1.6,and
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{
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2∇X|V|2=0,
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where
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1

h

(
F1•+βLµ1[βb]•+εζF1•

)
+

µβ

2
∇XF4∇X·

(
Lµ1[βb]•

)

−µβ2

2
∇X

(
bF4∇X·(b•)

)
−µβ2(∇Xb)F1∇X·(b•).
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|(Gj−1)u|Hs.µ|u|Hs+2.(1.28)

Remark1.19.
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Theorem 1.18. Let F1 and F4 be the two Fourier multipliers given in Definition 1.6, and
let L

µ
1 be given in Definition 1.10. Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1] the

water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 6, at
order O(µε+ µ2β2) with the Boussinesq type system:




∂tζ + F1∆Xψ + β(1 +
µ
2 F4∆X)∇X · (L

µ
1 [βb]∇Xψ)

+εG1∇X · (ζG2∇Xψ)−
µβ2

2 ∇X · (B[βb]∇Xψ
)

= 0

∂tψ + ζ +
ε

2
(G1∇Xψ) · (G2∇Xψ) = 0,

(1.27)

where

B[βb]∇Xψ = bF4∇X(∇X · (b∇Xψ)) + hb∇X
(
bF4∇X · (b∇Xψ)

)
+ 2hb(∇Xb)F1∇X · (b∇Xψ),

and G1,G2 are any Fourier multipliers such that for any s ≥ 0 and u ∈ Hs+2(Rd), we have

|(Gj − 1)u|Hs . µ|u|Hs+2 . (1.28)

Remark 1.19.

• Taking β = 0 in (3.4), we get the class of full dispersion Boussinesq systems derived
rigorously in [11] with a precision O(µε). These systems were rigorously justified
on a time scale of order O(

1
ε ) under additional decrease constraint on the Fourier

multipliers G1 and G2 (see [12] for more information).
• In the case G1 = G2 = Id, (3.4) is believed to be ill-posed [13] in the case β = 0, un-

less one includes surface tension [16]. Alternatively, one can exploit the regularizing
effect provided by the multipliers Gj [12].
• One could also add Fourier multipliers Gj, defined by (1.28), in the term of order
O(µβ2) without changing the precision of the model.
• Neglecting terms of order O(µε+µβ) and approximating L

µ
1 [βb] with estimate (1.18),

we arrive at the same models derived in [10].

One can replace the pseudo-differential operator in (3.4) with estimate (1.19). Indeed,
we have the following result:

Corollary 1.20. Under the same assumptions as in Theorem 1.18, we can take

L
µ
1 [βb]• = −(b+

µβ2

6
b
3
|D|

2
)F3•,

in system (3.4) and keep the precision O(µε+ µ2β2).

We also derive a Boussinesq-type system in the variables (ζ, V ):

Theorem 1.21. Let F1 and F4 be the two Fourier multipliers given in Definition 1.6, and
let L

µ
1 be given in Definition 1.10. Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1] the

water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 7, at
order O(µε+ µ2β2) with the Boussinesq type system:

{
∂tζ +∇X · (hV ) = 0

∂tV + T
µ

0 [βb, εζ]∇Xζ +
ε
2∇X |V |2 = 0,

(1.29)

where

T
µ

0 [βb, εζ]• =
1

h

(
F1 •+βL

µ
1 [βb] •+εζF1 •

)
+
µβ

2 ∇XF4∇X ·
(
L
µ
1 [βb] •

)

−
µβ2

2 ∇X
(
bF4∇X · (b•)

)
− µβ

2
(∇Xb)F1∇X · (b•).
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let L

µ
1 be given in Definition 1.10. Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1] the

water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 7, at
order O(µε+ µ2β2) with the Boussinesq type system:
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Theorem1.18.LetF1andF4bethetwoFouriermultipliersgiveninDefinition1.6,and
letL

µ
1begiveninDefinition1.10.Thenforanyµ∈(0,1],ε∈[0,1],andβ∈[0,1]the

waterwavesequations(1.4)areconsistent,inthesenseofDefinition1.15withn=6,at
orderO(µε+µ2β2)withtheBoussinesqtypesystem:




∂tζ+F1∆Xψ+β(1+
µ
2F4∆X)∇X·(L

µ
1[βb]∇Xψ)

+εG1∇X·(ζG2∇Xψ)−
µβ2

2∇X·(B[βb]∇Xψ
)

=0

∂tψ+ζ+
ε

2
(G1∇Xψ)·(G2∇Xψ)=0,

(1.27)

where

B[βb]∇Xψ=bF4∇X(∇X·(b∇Xψ))+hb∇X
(
bF4∇X·(b∇Xψ)

)
+2hb(∇Xb)F1∇X·(b∇Xψ),

andG1,G2areanyFouriermultiplierssuchthatforanys≥0andu∈Hs+2(Rd),wehave

|(Gj−1)u|Hs.µ|u|Hs+2.(1.28)

Remark1.19.

•Takingβ=0in(3.4),wegettheclassoffulldispersionBoussinesqsystemsderived
rigorouslyin[11]withaprecisionO(µε).Thesesystemswererigorouslyjustified
onatimescaleoforderO(

1
ε)underadditionaldecreaseconstraintontheFourier

multipliersG1andG2(see[12]formoreinformation).
•InthecaseG1=G2=Id,(3.4)isbelievedtobeill-posed[13]inthecaseβ=0,un-

lessoneincludessurfacetension[16].Alternatively,onecanexploittheregularizing
effectprovidedbythemultipliersGj[12].
•OnecouldalsoaddFouriermultipliersGj,definedby(1.28),inthetermoforder
O(µβ2)withoutchangingtheprecisionofthemodel.
•NeglectingtermsoforderO(µε+µβ)andapproximatingL

µ
1[βb]withestimate(1.18),

wearriveatthesamemodelsderivedin[10].

Onecanreplacethepseudo-differentialoperatorin(3.4)withestimate(1.19).Indeed,
wehavethefollowingresult:

Corollary1.20.UnderthesameassumptionsasinTheorem1.18,wecantake

L
µ
1[βb]•=−(b+

µβ2

6
b
3
|D|

2
)F3•,

insystem(3.4)andkeeptheprecisionO(µε+µ2β2).

WealsoderiveaBoussinesq-typesysteminthevariables(ζ,V):
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waterwavesequations(1.4)areconsistent,inthesenseofDefinition1.15withn=7,at
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µ

0[βb,εζ]∇Xζ+
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2∇X|V|2=0,
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where

T
µ

0[βb,εζ]•=
1

h

(
F1•+βL

µ
1[βb]•+εζF1•
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+
µβ

2∇XF4∇X·
(
L
µ
1[βb]•

)

−
µβ2

2∇X
(
bF4∇X·(b•)

)
−µβ

2
(∇Xb)F1∇X·(b•).
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Remark 1.22.

• The first equation in (1.29) is exact and is a formulation of the conservation of
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Several generalizations can now be made, where the next system is chosen to mimic some
of the properties of the classical Green-Naghdi systems:

Theorem 1.27. Let F2 and F4 be the two the Fourier multipliers given in Definition 1.6,
let Lµ1 and Lµ2 be given in Definition 1.10. Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1]
the water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 7,
at order O(µ2ε+ µεβ + µ2β2) with the Green-Naghdi type system:

{
∂tζ +∇X · (hV ) = 0,

∂t(Iµ[h]V ) + Iµ[h]T µ2 [βb, h]∇Xζ + ε
2∇X

(
|V |2

)
+ µε∇XRµ1 [βb, h, V ] = 0,

(1.31)

where V defined by (1.8),

Iµ[h]• = Id− µ

3h

√
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(
h3
√

F2∇X · •
)
,

T µ2 [βb, εζ]• = Id +
µ
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F2∇X · •

)
+
µβ

h
∇X
(
Lµ2 [βb]∇X · •

)

+
µβhb
2h
∇XF4∇X ·

(
Lµ1 [βb] •

)
− µβ2hb

2h
∇X
(
bF4∇X · (b•)

)

− µβ2hb
h
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(∇X · V )2 − 1
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(
∇X(h3∇X · V )

)
· V − 1

2
h3∆X(|V |2) +

1

6h
h3∆X(|V |2).

Remark 1.28.

• As for the classical Green-Naghdi system, we observe that the first equation is a
formulation of mass conservation.
• The system depends on the elliptic operator hIµ[h] and is similar to the systems

derived in [14, 11, 10] in that sense.
• The presence of the term Iµ[h]T µ2 [βb, h]∇Xζ in the second equation makes it quite

unique. Note that one may simplify it, but we chose to keep it under this form
because in the study of the local well-posedness theory, one would apply the inverse
of the elliptic operator hIµ[h] to the equation.

Corollary 1.29. Under the same assumptions as in Theorem 1.27, we can take

Lµ1 [βb]• = −bF3•,
and

Lµ2 [βb]• = −1

2
bF4 •+

β2

6
b3F3•,

in system (4.5) keeping the precision O(µ2ε+ µεβ + µ2β2).

1.3. Outline. The paper is organized as follows. In Section 2, we set out to prove Propo-
sition 1.14. First, we start Subsection 2.1 by transforming the elliptic problem (1.6) so that
its domain is time-independent. Then we use this new formulation to perform multi-scale
expansions. In particular, in Subsection 2.2 and 2.3, we make several expansions of the
velocity potential in terms of µ, ε and β. From these expansions, we approximate the ver-
tically averaged velocity potential V in Subsection 2.4, from which the proof of Proposition
1.14 is deduced in Subsection 2.5. Section 3 is dedicated to the proofs of Theorem 1.18 and
Theorem 1.21. We also formally derive a Hamiltonian Boussinesq type system. In Section

11

Severalgeneralizationscannowbemade,wherethenextsystemischosentomimicsome
ofthepropertiesoftheclassicalGreen-Naghdisystems:

Theorem1.27.LetF2andF4bethetwotheFouriermultipliersgiveninDefinition1.6,
letLµ1andLµ2begiveninDefinition1.10.Thenforanyµ∈(0,1],ε∈[0,1],andβ∈[0,1]
thewaterwavesequations(1.4)areconsistent,inthesenseofDefinition1.15withn=7,
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{
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(
|V|2

)
+µε∇XRµ1[βb,h,V]=0,

(1.31)

whereVdefinedby(1.8),
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h3∆X(|V|2)+
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h3∆X(|V|2).

Remark1.28.

•AsfortheclassicalGreen-Naghdisystem,weobservethatthefirstequationisa
formulationofmassconservation.
•ThesystemdependsontheellipticoperatorhIµ[h]andissimilartothesystems

derivedin[14,11,10]inthatsense.
•ThepresenceofthetermIµ[h]Tµ2[βb,h]∇Xζinthesecondequationmakesitquite

unique.Notethatonemaysimplifyit,butwechosetokeepitunderthisform
becauseinthestudyofthelocalwell-posednesstheory,onewouldapplytheinverse
oftheellipticoperatorhIµ[h]totheequation.

Corollary1.29.UnderthesameassumptionsasinTheorem1.27,wecantake

Lµ1[βb]•=−bF3•,
and

Lµ2[βb]•=−1

2
bF4•+

β2

6
b3F3•,

insystem(4.5)keepingtheprecisionO(µ2ε+µεβ+µ2β2).

1.3.Outline.Thepaperisorganizedasfollows.InSection2,wesetouttoprovePropo-
sition1.14.First,westartSubsection2.1bytransformingtheellipticproblem(1.6)sothat
itsdomainistime-independent.Thenweusethisnewformulationtoperformmulti-scale
expansions.Inparticular,inSubsection2.2and2.3,wemakeseveralexpansionsofthe
velocitypotentialintermsofµ,εandβ.Fromtheseexpansions,weapproximatethever-
ticallyaveragedvelocitypotentialVinSubsection2.4,fromwhichtheproofofProposition
1.14isdeducedinSubsection2.5.Section3isdedicatedtotheproofsofTheorem1.18and
Theorem1.21.WealsoformallyderiveaHamiltonianBoussinesqtypesystem.InSection
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Remark 1.28.

• As for the classical Green-Naghdi system, we observe that the first equation is a
formulation of mass conservation.
• The system depends on the elliptic operator hIµ[h] and is similar to the systems

derived in [14, 11, 10] in that sense.
• The presence of the term Iµ[h]T

µ
2 [βb, h]∇Xζ in the second equation makes it quite

unique. Note that one may simplify it, but we chose to keep it under this form
because in the study of the local well-posedness theory, one would apply the inverse
of the elliptic operator hIµ[h] to the equation.
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velocity potential in terms of µ, ε and β. From these expansions, we approximate the ver-
tically averaged velocity potential V in Subsection 2.4, from which the proof of Proposition
1.14 is deduced in Subsection 2.5. Section 3 is dedicated to the proofs of Theorem 1.18 and
Theorem 1.21. We also formally derive a Hamiltonian Boussinesq type system. In Section
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4 we prove Theorem 1.24 and Theorem 1.27. Lastly, the appendix is composed of three
subsections. The Subsection A.1 is dedicated to the proof of Proposition 1.10. In the last
two Subsections A.2 and A.3, we state and prove technical tools.

2. Asymptotic expansions of the Dirichlet-Neumann operator

In this section, we perform expansions of the Dirichlet-Neumann operator with an error
of order O(µε + µ2β2) and O(µ2ε + µεβ + µ2β2). The standard approach to deriving
asymptotic models is by approximating the velocity potential Φ, which in turn will give an
approximation of (1.7). Classically, one straightens the fluid domain to work on the flat
strip, where we can easily make approximations. However, if we straighten the bottom,
there will be an appearance of β that will give approximations on the form O(µε+ µβ) in
the case Boussinesq type systems and O(µ2ε+µ2β) in the case Green-Naghdi type systems
(see [10] for the derivation of such models).

2.1. The transformed Laplace equation. Motivated by the previous discussion, we
make a change of variable that only straightens the top of the fluid domain.

Definition 2.1. Let s > d
2 + 1, b ∈ C∞c (Rd), and ζ ∈ Hs(Rd) such that the non-cavitation

assumptions (1.5) and (1.13) are satisfied. We define the time-dependent diffeomorphism
mapping the domain

Sb := {(X, z) ∈ Rd+1 : −1 + βb ≤ z ≤ 0},
onto the water domain Ωt through

Σb :

{
Sb −→ Ωt

(X, z) 7→ (X, z + σ(X, z))

with

σ(X, z) =
εζ(X)

1− βb(X)
z + εζ(X). (2.1)

Remark 2.2. The map given in Definition 2.1 is a diffeomorphism. Indeed, by computing
the Jacobi matrix, we find that

JΣb =

(
Id 0

(∇Xσ)T 1 + ∂zσ

)
,

where

1 + ∂zσ =
h

hb
.

Therefore, under the non-cavitation condition as stated in Definition 1.2, we have a non-zero
determinant:

|JΣb | ≥
hmin

1 + β|b|L∞
.

The next result shows that the properties of solutions of the boundary problem (1.6) can
be obtained from the study of an equivalent elliptic boundary value problem defined on Sb.
Proposition 2.3. Let φb = Φ◦Σb where the map Σb is given in Definition 2.1. Then under
the provisions of Definition 1.3 we have that Φ is a (variational, classical) solution of (1.6)
if and only if φb is a (variational, classical) solution of

{
∇µX,z · P (Σb)∇µX,zφb = 0 in Sb

φb|z=0 = ψ, ∂Pbnbφb|z=−hb = 0,
(2.2)
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where the matrix P (Σb) is given by

P (Σb) = |JΣb |(Iµ)−1J−1
Σb

(Iµ)2(J−1
Σb

)T (Iµ)−1, (2.3)

and the Neumann condition reads

∂Pbnbφb|z=−hb = nb · IµP (Σb)∇µX,zφb|z=−hb . (2.4)

Moreover, the matrix P (Σb) is coercive, i.e. there exists c > 0 such that for all Y ∈ Rd+1

and any (X, z) ∈ Sb there holds,

P (Σb)Y · Y ≥ c|Y |2. (2.5)

Remark 2.4. We may compute the inverse Jacobi-matrix J−1
Σb

so that using the expression

for P (Σb) (2.3), we find

P (Σb) =




(1 + ∂zσ)Id −√µ∇Xσ
−√µ(∇Xσ)T

1 + µhb|∇Xσ|2
1 + ∂zσ


 .

Now, since σ is given by (2.1) we find that

1 + ∂zσ = 1 +
εζ

hb
=

h

hb
,

and

P (Σb) =




h

hb
Id −√µ∇Xσ

−√µ(∇Xσ)T
hb + µhb|∇Xσ|2

h


 ,

where

∇Xσ = ε∇X
( ζ
hb

)
z + ε∇Xζ. (2.6)

Proof. The fact that ∇µX,z ·P (Σb)∇µX,zφb = 0 in Sb and that P (Σb) satisfies (2.5) is classical

and we simply refer to [14], Proposition 2.25 and Lemma 2.26.
To verify the Neumann condition, we first use the chain rule to make the observation

∇µX,zφb = Iµ(JΣb)
T (Iµ)−1(∇µX,zΦ) ◦ Σb. (2.7)

Then by (2.4), we get that

∂Pbnbφb = |JΣb |nb · (JΣb)
−1Iµ(∇µX,zΦ) ◦ Σb

= nb · Iµ
(

(1 + ∂zσ)Id 0
−(∇Xσ)T 1

)
(∇µX,zΦ) ◦ Σb

= nb · Iµ(∇µX,zΦ) ◦ Σb + nb · Iµ
(

∂zσId 0
−(∇Xσ)T 0

)
(∇µX,zΦ) ◦ Σb.

Now, use (1.6) with the fact that for z = −hb then

0 = ∂nbΦ|−hb = nb · Iµ(∇µX,zΦ) ◦ Σb.
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∂
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µ
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µ
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Therefore, we are left with the expression

∂Pbnbφb|z=−hb =
1

|nb|

(
−β∇Xb

1

)
·
(

µ∂zσ(∇XΦ)|z=−hb
−µ∇Xσ · (∇XΦ)|z=−hb

)

= − µ

|nb|
(β∂zσ∇Xb+∇Xσ) · (∇XΦ)

∣∣
z=−hb .

But ∂zσ|z=−hb =
εζ

hb
, ∇Xσ|z=−hb = −β εζ

hb
∇Xb, and thus the proof is complete. �

In the next section, we will make expansions of φb and then use the expression of (1.8)
to approximate the Dirichelet-Naumann operator. But first, we must relate the definition
of V

µ
[εζ, βb]ψ with the new velocity potential on Sb.

Proposition 2.5. Let Σb be given in Definition 2.1. Then under the provisions of Definition
1.4, the operator (1.8) is equivalent to the following formulation

V
µ
[εζ, βb]ψ =

1

h

∫ 0

−1+βb

[ h
hb
∇Xφb − (ε∇X

( ζ
hb

)
z + ε∇Xζ)∂zφb

]
dz, (2.8)

where φb = Φ ◦ Σb.

Proof. We use the new variables defined by the mapping Σb and the chain rule to get

V
µ
[εζ, βb]ψ =

1

h

∫ 0

−1+βb
(∇XΦ) ◦ Σb |JΣb | dz

=
1

h

∫ 0

−1+βb

[ h
hb
∇Xφb −∇Xσ∂zφb

]
dz.

Then using (2.1), we obtain the result. �

2.2. Multi-scale expansions. In order to make expansions of φb we first make several
observations on how to decompose system (2.2).

Observation 2.6. We can decompose the elliptic operator given in Remark 2.4 into:

h

hb
∇µX,z · P (Σb)∇µX,zφb = ∆µ

X,zφb + µεA[∇X , ∂z]φb,

where

A[∇X , ∂z]φb =
ζ

hb
∆Xφb +

h

hb
∇X ·

( ζ
hb
∇Xφb

)
− h

hb
∇X ·

(1

ε
∇Xσ∂zφb

)

− h

hb
∂z
(1

ε
∇Xσ · ∇Xφb

)
+ ∂z

(1

ε
|∇Xσ|2∂zφb

)
.

We may simplify this expression by using formula (2.6) for ∇Xσ to get that

A[∇X , ∂z]φb =
ζ

hb
(1 +

h

hb
)∆Xφb −

h

hb
∇Xζ · ∇X∂zφb (2.9)

− h

hb
∇X ·

(1

ε
∇Xσ∂zφb

)
+ ∂z

(1

ε
|∇Xσ|2∂zφb

)
.

In this formula, we emphasize the terms that do not contain ∂zφb. This is because these are
the leading terms in the approximations that are performed below.
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V
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h
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(ζ

hb

)
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dz,(2.8)

whereφb=Φ◦Σb.

Proof.WeusethenewvariablesdefinedbythemappingΣbandthechainruletoget

V
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1

h
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hb

∇Xφb−∇Xσ∂zφb
]

dz.

Thenusing(2.1),weobtaintheresult.�

2.2.Multi-scaleexpansions.Inordertomakeexpansionsofφbwefirstmakeseveral
observationsonhowtodecomposesystem(2.2).

Observation2.6.WecandecomposetheellipticoperatorgiveninRemark2.4into:

h

hb
∇µX,z·P(Σb)∇µX,zφb=∆µ

X,zφb+µεA[∇X,∂z]φb,

where

A[∇X,∂z]φb=
ζ

hb
∆Xφb+

h

hb
∇X·

(ζ
hb

∇Xφb
)
−h

hb
∇X·

(1

ε
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)
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hb
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ε
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.

Wemaysimplifythisexpressionbyusingformula(2.6)for∇Xσtogetthat
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h
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h
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∇X·
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ε
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)
+∂z

(1

ε
|∇Xσ|2∂zφb

)
.

Inthisformula,weemphasizethetermsthatdonotcontain∂zφb.Thisisbecausetheseare
theleadingtermsintheapproximationsthatareperformedbelow.
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Observation 2.7. Similarly, we can also decompose the Neumann condition into

h

hb
|nb|∂Pbnbφb|z=−hb = [∂zφb − µβ

h

hb
∇Xb · ∇Xφb − µβ2εζ

|∇Xb|2
hb

∂zφb]|z=−hb
= [∂zφb − µβ∇Xb · ∇Xφb]|z=−hb + µεβB[∇X , ∂z]φb|z=−hb .

where

B[∇X , ∂z]φb = − ζ

hb
∇Xb · ∇Xφb − βζ

|∇Xb|2
hb

∂zφb.

To summarize the observations, we now have that φb solves
{

∆µ
X,zφb = −µεA[∇X , ∂z]φb in Sb

φb|z=0 = ψ, [∂zφb − µβ∇Xb · ∇Xφb]|z=−hb = µεβB[∇X , ∂z]φb|z=−hb .
(2.10)

Remark 2.8. In the paper [8], their strategy is to solve (2.10) first in the case ε = 0, where
the solution is defined in terms of the inverse of a pseudo-differential operator. If we add
the parameters µ and β then, in dimension one, this operator is given by

Lµ[βb] = − cosh ((−1 + βb(X))
√
µD)−1 sinh (βb(X)

√
µD)sech(

√
µD). (2.11)

Formally, in dimension one, they obtain the first order approximation:

G0 =
√
µD tanh(

√
µD) +

√
µDLµ[βb].

At higher order they obtain the expansion of Gµ given on the form

1

µ
Gµ =

1

µ

n∑

j=0

εjGj +O(εn+1),

where Gj defined recursively for j ≥ 0 and is the classical expansion for small amplitude
waves when β = 0 [8] (see also [14] where the approximation is proved with Sobolev bounds
when β = 0). In this paper, our approach allow us to decouple the parameters µ, ε and β,
writing expansions of the Dirichlet-Neumann operator which do not include the inversion
of a pseudo-differential operator.

2.3. Multi-scale expansions of the velocity potential φb. We will now use (2.10) to
make multi-scale expansions of φb. But first, we state an important result to justify the
procedure.

Proposition 2.9. Let d = 1, 2, t0 >
d
2 , and k ∈ N. Let b ∈ C∞c (Rd) and ζ ∈ Hmax{t0+2,k+1}(Rd)

such that (1.5) and (1.13) are satisfied. Let also f ∈ Hk,k(Sb) and g ∈ Hk(Rd) be two given
functions. Then the boundary value problem

{
∇µX,z · P (Σb)∇µX,zu = f in Sb
u|z=0 = 0, ∂Pbnbu|z=−1+βb = g,

(2.12)

admits a unique solution u ∈ Hk+1,0(Sb). Moreover, the solution satisfies the estimate

‖∇µX,zu‖Hk,0(Sb) ≤M(k + 1)(|g|Hk +

k∑

j=0

‖f‖Hk−j,j(Sb)). (2.13)

The proof of Proposition 2.9 is similar to the one of Proposition 4.5 in [10] and is post-
poned for Appendix A, Subsection A.2 to ease the presentation. We may now use this result
to construct an implicit function such that φ = φb +O(µε).
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Observation 2.7. Similarly, we can also decompose the Neumann condition into

h

hb |nb|∂
Pb
nbφb|z=−hb = [∂zφb − µβ

h

hb∇Xb · ∇Xφb − µβ
2
εζ |∇Xb|2

hb
∂zφb]|z=−hb

= [∂zφb − µβ∇Xb · ∇Xφb]|z=−hb + µεβB[∇X , ∂z]φb|z=−hb .
where

B[∇X , ∂z]φb = −
ζ

hb∇Xb · ∇Xφb − βζ |∇Xb|2
hb

∂zφb.

To summarize the observations, we now have that φb solves
{

∆
µ
X,zφb = −µεA[∇X , ∂z]φb in Sb

φb|z=0 = ψ, [∂zφb − µβ∇Xb · ∇Xφb]|z=−hb = µεβB[∇X , ∂z]φb|z=−hb .
(2.10)

Remark 2.8. In the paper [8], their strategy is to solve (2.10) first in the case ε = 0, where
the solution is defined in terms of the inverse of a pseudo-differential operator. If we add
the parameters µ and β then, in dimension one, this operator is given by

L
µ
[βb] = − cosh ((−1 + βb(X))√µD)−1

sinh (βb(X)√µD)sech(√µD). (2.11)

Formally, in dimension one, they obtain the first order approximation:

G0 = √µD tanh(√µD) +√µDLµ[βb].

At higher order they obtain the expansion of Gµ given on the form

1

µG
µ

=
1

µ

n∑

j=0

ε
j
Gj +O(ε

n+1
),

where Gj defined recursively for j ≥ 0 and is the classical expansion for small amplitude
waves when β = 0 [8] (see also [14] where the approximation is proved with Sobolev bounds
when β = 0). In this paper, our approach allow us to decouple the parameters µ, ε and β,
writing expansions of the Dirichlet-Neumann operator which do not include the inversion
of a pseudo-differential operator.

2.3. Multi-scale expansions of the velocity potential φb. We will now use (2.10) to
make multi-scale expansions of φb. But first, we state an important result to justify the
procedure.

Proposition 2.9. Let d = 1, 2, t0 >
d
2 , and k ∈ N. Let b ∈ C∞c (Rd) and ζ ∈ Hmax{t0+2,k+1}(Rd)

such that (1.5) and (1.13) are satisfied. Let also f ∈ Hk,k(Sb) and g ∈ Hk(Rd) be two given
functions. Then the boundary value problem

{
∇
µ
X,z · P (Σb)∇

µ
X,zu = f in Sb

u|z=0 = 0, ∂Pb
nbu|z=−1+βb = g,

(2.12)

admits a unique solution u ∈ Hk+1,0(Sb). Moreover, the solution satisfies the estimate

‖∇
µ
X,zu‖Hk,0(Sb) ≤M(k + 1)(|g|Hk +

k∑

j=0

‖f‖Hk−j,j(Sb)). (2.13)

The proof of Proposition 2.9 is similar to the one of Proposition 4.5 in [10] and is post-
poned for Appendix A, Subsection A.2 to ease the presentation. We may now use this result
to construct an implicit function such that φ = φb +O(µε).
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Proposition 2.10. Let d = 1, 2, t0 > d
2 , and k ∈ N. Let ψ ∈ Ḣk+3(Rd). Let also

b ∈ C∞c (Rd) and ζ ∈ Hmax{t0+2,k+2}(Rd) such that (1.5) and (1.13) are satisfied. Then
there exists a unique solution φ0 ∈ Hk,0(Sb) solving

{
∆µ
X,zφ = 0 in Sb,

φ|z=0 = ψ,
[
∂zφ− µβ∇Xb · ∇Xφ

]∣∣
z=−1+βb

= 0,
(2.14)

where the solution satisfies the estimates

‖∇X,zφ‖Hk,0(Sb) ≤M(k + 1)|∇Xψ|Hk , (2.15)

and
‖∇µX,z(φb − φ)‖Hk,0(Sb) ≤ µεM(k + 2)|∇Xψ|Hk+2 . (2.16)

Proof. The existence and uniqueness is a direct consequence Riesz representation Theorem,
and the Poincaré inequality (A.6). Moreover, we know that φ̃ = φ(X, zhb) defined is defined
on the fixed strip S = Rd × [−1, 0] and satisfies

‖∇X,zφ̃‖Hk,0(S) ≤M(k + 1)|∇Xψ|Hk .

by Proposition 2.37 with ε = 0 in [14]. Then we may use this result, together with the

relations ∇X,zφ(X, z) = ∇X,z
(
φ̃(X, zhb )

)
∈ Hk,0(Sb) and ∂2

zφ = −µ∆Xφ to obtain the

bound
‖∇X,zφ‖Hk,0(Sb) ≤M(k + 1)|∇Xψ|Hk .

Consequently, estimate (2.16) follows from Proposition 2.9 and the observation that

‖∇µX,z(φb − φ)‖Hk,0(Sb) ≤ µεM(k + 1)‖hb
h
A[∇X , ∂z]φ‖Hk,0(Sb) + ‖B[∇X , ∂z]φ|z=−hb‖),

where A[∇X , ∂z] is a second order differential operator and B[∇X , ∂z] is a first order operator
(second order after using the trace estimate (A.7)). Then we simply conclude by using (2.15)
combined with product estimates for Hk(Rd) given by (A.9) and (A.10).

�
Next, we will make expansion with respect to µβ by splitting problem (2.10) into two

parts. In particular, we will construct a function φ0 = φb +O(µ(ε+ β)) by solving the first
part of the “straightened” Laplace problem with an explicit error of order O(µβ), that will
be canceled later, and an additional error of O(µε).

Proposition 2.11. Let d = 1, 2, t0 > d
2 , and k ∈ N. Let ψ ∈ Ḣk+3(Rd). Let also

b ∈ C∞c (Rd) and ζ ∈ Hmax{t0+2,k+2}(Rd) such that (1.5) and (1.13) are satisfied. If φ0

satisfies the following Laplace problem:{
∆µ
X,zφ0 = 0 in Sb,

φ0|z=0 = ψ,
[
∂zφ0 − µβ∇Xb · ∇Xφ0

]∣∣
z=−1+βb

= µβ∇X · Lµ1 [βb]∇Xψ,
(2.17)

where

Lµ1 [βb]∇Xψ = − 1

β
sinh (βb(X)

√
µ|D|)sech(

√
µ|D|) 1√

µ|D|∇Xψ,

then for z ∈ [−1 + βb, 0] its expression is given by

φ0 =
cosh ((z + 1)

√
µ|D|)

cosh (
√
µ|D|) ψ = F0ψ. (2.18)

Moreover, the solution satisfies the estimate

‖∇µX,z(φb − φ0)‖Hk,0(Sb) ≤ µ(ε+ β)M(k + 2)|∇Xψ|Hk+2 . (2.19)
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Proof. Since φ0 is given by the solution of the Laplace problem when the bottom is flat, we
only need to verify the boundary condition at the bottom. In fact, we have that
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√
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|D|∇Xψ
)
.
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)
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)
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where the expressions of f and g are deduced from the decompositions of Observations 2.6
and 2.7 and the construction of φ0. Moreover, since −hb(X) > −2 (see (1.13)), we can
extend the definition of φ0 to the domain S := Rd × [−2, 0]. For any (X, z) ∈ S, we write
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√
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cosh (
√
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This extension is a Fourier multiplier depending on z, and we can use the estimates in
Proposition A.4 together with the fact that A[∇X , ∂z]•, given by (2.9), only depends on
functions of X and is polynomial in z. Thus, combining the elliptic estimate (2.13) with
(1.15), the non-cavitation conditions (1.5), (1.13), the product estimates for Hk(Rd) given
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�
Remark 2.12. The source term µβ∇X · Lµ1 [βb]∇Xψ in the Neumann condition of (2.17)
is chosen so that the solution φ0 of the system does not depend on the inverse of a pseudo-
differential operator. Indeed, any other source term in the Neumann condition would induce
the dependence of the solution on operators of this kind.

We now construct the next order approximation by canceling the error of order O(µβ).
But first, we make an observation on the problem that needs to be solved.

Observation 2.13. To make the next order approximation φ1 such that φb = φ0 + µβφ1 +
O(µ(ε+ µβ2)), we solve the problem

{
∆µ
X,zφ1 = µβF in Sb,

φ1|z=0 = 0, ∂zφ1|z=−1+βb = −∇X ·
(
Lµ1 [βb]∇Xψ

)
,
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Proof.Sinceφ0isgivenbythesolutionoftheLaplaceproblemwhenthebottomisflat,we
onlyneedtoverifytheboundaryconditionatthebottom.Infact,wehavethat
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Thenextstepistoprovethatφ0approximatesφbwithaprecisionofO(µ(ε+β)).To
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wheretheexpressionsoffandgarededucedfromthedecompositionsofObservations2.6
and2.7andtheconstructionofφ0.Moreover,since−hb(X)>−2(see(1.13)),wecan
extendthedefinitionofφ0tothedomainS:=Rd×[−2,0].Forany(X,z)∈S,wewrite
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ThisextensionisaFouriermultiplierdependingonz,andwecanusetheestimatesin
PropositionA.4togetherwiththefactthatA[∇X,∂z]•,givenby(2.9),onlydependson
functionsofXandispolynomialinz.Thus,combiningtheellipticestimate(2.13)with
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differentialoperator.Indeed,anyothersourcetermintheNeumannconditionwouldinduce
thedependenceofthesolutiononoperatorsofthiskind.

WenowconstructthenextorderapproximationbycancelingtheerroroforderO(µβ).
Butfirst,wemakeanobservationontheproblemthatneedstobesolved.
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This extension is a Fourier multiplier depending on z, and we can use the estimates in
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where F is to be chosen and satisfies

‖F‖Hk,k(Sb) ≤M(k + 2)|∇Xψ|Hk+2 . (2.20)

so that formally{
h
hb
∇X,z · P (Σb)∇X,z(φ0 + µβφ1) = O(µε+ µ2β2) in Sb,

(φ0 + µβφ1)|z=0 = ψ, h
hb
∂Pbnb (φ0 + µβφ1)|z=−1+βb = O(µε+ µ2β2).

Moreover, the presence of the source term µβF is motivated by the fact that the boundary
conditions require a function of the form

φ1 = −hb
sinh( zhb

√
µ|D|)

cosh(
√
µ|D|)

1√
µ|D|∇X ·

(
Lµ1 [βb]∇Xψ

)
,

for −hb ≤ z ≤ 0. Indeed, if we let G = ∇X ·
(
Lµ1 [βb]∇Xψ

)
, then

∂zφ1|z=−hb = −F−1
(cosh( z

hb(X)

√
µ|ξ|)

cosh(
√
µ|ξ|) Ĝ(ξ)

)
(X)|z=−hb(X)

= −G(X).

Now, let us compute the Laplace operator. To do so, we introduce the notation

T1(z)[X,D]• = F−1
(sinh( z

hb(X)

√
µ|ξ|)

cosh(
√
µ|ξ|) •̂

)
(X),

and

T2(z)[X,D]• = F−1
(cosh( z

hb(X)

√
µ|ξ|)

cosh(
√
µ|ξ|) •̂

)
(X).

Using the identity ∆X = −|D|2, we observe that

∂2
zφ1 =

µ

hb
T1(z)[X,D]

∆X√
µ|D|G.

Similarly, after some computations we find

µ∆Xφ1 = −µhbT1(z)[X,D]
∆X√
µ|D|G+ µ[hbT1(z)[X,D]

1√
µ|D| ,∆]G

= −µT1(z)[X,D]
∆X√
µ|D|G+ µ[hbT1(z)[X,D]

1√
µ|D| ,∆]G+ µβbT1(z)[X,D]

∆X√
µ|D|G.

We define F̃ by

F̃ = µ
[
hbT1(z)[X,D]

1√
µ|D| ,∆

]
G+ µβbT1(z)[X,D]

∆X√
µ|D|G

where µ
[
hbT1(z)[X,D] 1√

µ|D| ,∆
]
G = O(µβ) by direct calculation. From this expression, we

identify F by

∆µ
X,zφ1 = µβF̃ + µ(

1

hb
− 1)T1(z)[X,D]

∆X√
µ|D|G

= µβF̃ +
µβb

hb
T1(z)[X,D]

∆X√
µ|D|G

= µβF.

The estimate (2.20) on F is a consequence of the boundedness of T1 and T2 for z ∈ [−hb, 0],
given by Proposition A.5, while we estimate Lµ1 in Hk+2(Rd) by Proposition 1.10 with
inequality (1.15).
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)
(X)|z=−hb(X)

= −G(X).

Now, let us compute the Laplace operator. To do so, we introduce the notation

T1(z)[X,D]• = F−1(sinh(
z

hb(X)

√µ|ξ|)
cosh(√µ|ξ|) •̂

)
(X),

and

T2(z)[X,D]• = F−1(cosh(
z

hb(X)

√µ|ξ|)
cosh(√µ|ξ|) •̂

)
(X).

Using the identity ∆X = −|D|2, we observe that

∂
2
zφ1 =

µ

hb
T1(z)[X,D]

∆X
√µ|D|G.

Similarly, after some computations we find

µ∆Xφ1 = −µhbT1(z)[X,D]
∆X
√µ|D|G+ µ[hbT1(z)[X,D]

1
√µ|D| ,∆]G

= −µT1(z)[X,D]
∆X
√µ|D|G+ µ[hbT1(z)[X,D]

1
√µ|D| ,∆]G+ µβbT1(z)[X,D]

∆X
√µ|D|G.

We define F̃ by

F̃ = µ
[
hbT1(z)[X,D]

1
√µ|D| ,∆

]
G+ µβbT1(z)[X,D]

∆X
√µ|D|G

where µ
[
hbT1(z)[X,D]

1√
µ|D| ,∆

]
G = O(µβ) by direct calculation. From this expression, we

identify F by

∆
µ
X,zφ1 = µβF̃ + µ(

1

hb − 1)T1(z)[X,D]
∆X
√µ|D|G

= µβF̃ +
µβb

hb
T1(z)[X,D]

∆X
√µ|D|G

= µβF.

The estimate (2.20) on F is a consequence of the boundedness of T1 and T2 for z ∈ [−hb, 0],
given by Proposition A.5, while we estimate L

µ
1 in Hk+2(Rd) by Proposition 1.10 with
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We summarize these observations in the next Proposition.

Proposition 2.14. Let d = 1, 2, t0 > d
2 , and k ∈ N. Let ψ ∈ Ḣk+4(Rd). Let also

b ∈ C∞c (Rd) and ζ ∈ Hmax{t0+2,k+2}(Rd) such that (1.5) and (1.13) are satisfied. Then the
function φ1 given by

φ1 = −hb
sinh( zhb

√
µ|D|)

cosh(
√
µ|D|)

1√
µ|D|∇X ·

(
Lµ1 [βb]∇Xψ

)
, (2.21)

satisfies
{

∆µ
X,zφ1 = µβF in Sb,

φ1|z=0 = 0, ∂zφ1|z=−1+βb = −∇X ·
(
Lµ1 [βb]∇Xψ),

(2.22)

where F ∈ Hk,k(Sb) is such that

‖F‖Hk,k(Sb) ≤M(k + 2)|∇Xψ|Hk+2 , (2.23)

and

Lµ1 [βb]∇Xψ = − 1

β
sinh (βb(X)

√
µ|D|)sech(

√
µ|D|) 1√

µ|D|∇Xψ.

Moreover, for φb satisfying (2.2) and φ0 given by (2.18) there holds,

‖∇µX,z(φb − (φ0 + µβφ1))‖Hk,0(Sb) . (µε+ µ2β2)M(k + 2)|∇ψ|Hk+3 . (2.24)

Proof. By constriction of φ1 given by (2.21), we know there exists an F such that (2.23) is
satisfied. Now, let us prove (2.24). First, observe that the function

u = φb − (φ0 + µβφ1)

solves

h

hb
∇µX,zP (Σb)∇µX,zu = −µεA[∇X , ∂z]φ0 − µ2εβA[∇X , ∂z]φ1 − µ2β2F

=: f.

Moreover, at z = −hb, we have the Neumann condition

h

hb
|nb|∂Pbnbu = ∂zφ0 − µβ∇Xb · ∇Xφ0 + µεβB[∇X , ∂z]φ0 + µβ∂zφ1 + µ2εβ2B[∇X , ∂z]φ1

= µεβB[∇X , ∂z]φ0 + µ2εβ2B[∇X , ∂z]φ1

=: g.

Estimating each terms, noting that A[∇X , ∂z] is a differential operator of order two and
B[∇X , ∂z] is of order one, while the error due to F is given by construction, we obtain that

‖∇µX,zu‖Hk,0(Sb) ≤ µ(ε+ εβ + µβ2)M(k + 2)|∇ψ|Hk+2 .

�

Observation 2.15. We now construct an approximation of φb to the order O(µ(µε+ εβ+
µβ2)). To do so, we add a term of order µε in the approximation of φb in order to cancel
the terms of order µε. In particular, we consider φ2 solution of the problem




∂2
zφ2 = − ζ

hb

(
1 +

h

hb

)
∆Xψ in Sb,

φ2|z=0 = 0, ∂zφ2|z=−1+βb = 0.
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Indeed, if we use the decomposition given by Observations (2.7) and (2.6), and the defini-
tions of φ0 and φ1, we get:

h

hb
∇µX,z · P (Σb)∇µX,z(φb − φ0 − µβφ1 − µεφ2) = −µε∂2

zφ2 − µεA[∇X , ∂z]φ0 +O(µ2ε),

and

h

hb
|nb|∂Pbnb (φb − φ0 − µβφ1 − µεφ2)|z=−hb = −µε∂zφ2|z=−hb +O(µ(µε+ εβ + µβ2)).

Moreover, using the estimates in Proposition A.4 with t0 > d
2 , one can deduce from the

definition of A[∇X , ∂z]•, given by (2.9), that

LHS : = ‖A[∇X , ∂z]φ0 −
ζ

hb

(
1 +

h

hb

)
∆Xψ‖Hk,0(Sb)

.
∣∣ ζ
hb

(1 +
h

hb
)
∣∣
Hmax(t0,k)

‖∆X(φ0 − ψ)‖Hk,0(S)

+
∣∣ h
hb

∣∣
Hmax(t0,k)

|∇Xζ|Hmax(t0,k)‖∇X∂zφ0‖Hk,0(S)

+ ‖ h
hb
∇X ·

(1

ε
∇Xσ∂zφ0

)
‖Hk,0(S) + ‖∂z

(1

ε
|∇Xσ|2∂zφ0

)
‖Hk,0(S)

≤ µM(k + 2)|∇Xψ|Hk+3 ,

for any k ∈ N.

With this observation in mind, we can write the following result.

Proposition 2.16. Let d = 1, 2, t0 >
d
2 and k ∈ N. Let ψ ∈ Ḣk+4(Rd). Let also b ∈

C∞c (Rd) and ζ ∈ Hmax{t0+2,k+2}(Rd) such that (1.5) and (1.13) are satisfied. If φ2 satisfies
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2andk∈N.Letψ∈Ḣk+4(Rd).Letalsob∈

C∞
c(Rd)andζ∈Hmax{t0+2,k+2}(Rd)suchthat(1.5)and(1.13)aresatisfied.Ifφ2satisfies

thefollowingLaplaceproblem



∂2
zφ2=−

ζ

hb

(
1+

h

hb

)
∆XψinSb,

φ2|z=0=0,∂zφ2|z=−1+βb=0.

Thenitsexpressionisgivenby:

φ2=−(
z2

2
+hbz)

ζ

hb

(
1+

h

hb

)
∆Xψ.

Moreover,forφbsatisfying(2.2),φ0givenby(2.18)andφ1givenby(2.21),thereholds

‖∇
µ
X,z(φb−(φ0+µβφ1+µεφ2))‖Hk,0(Sb).µ(µε+εβ+µβ

2
)M(k+2)|∇ψ|Hk+3.(2.25)

Proof.Thefunctionφ2satisfiesasimpleODEandissolvedbyintegratingtheequation
twotimesinz:

φ2=

∫0

z

∫z′

−1+βb

ζ

hb

(
1+

h

hb

)
∆Xψdz′′dz′=−(

z2

2
+hbz)

ζ

hb

(
1+

h

hb

)
∆Xψ.

Then,byconstruction,wehavethatu=φb−(φ0+µβφ1+µεφ2)satisfies
{h
hb∇

µ
X,z·P(Σb)∇

µ
X,zu=finSb

u|z=0=0,
h
hb|nb|∂Pb nbu|z=−hb=g,

(2.26)

20

Indeed,ifweusethedecompositiongivenbyObservations(2.7)and(2.6),andthedefini-
tionsofφ0andφ1,weget:

h

hb∇
µ
X,z·P(Σb)∇

µ
X,z(φb−φ0−µβφ1−µεφ2)=−µε∂

2
zφ2−µεA[∇X,∂z]φ0+O(µ

2
ε),

and

h

hb|nb|∂
Pb
nb(φb−φ0−µβφ1−µεφ2)|z=−hb=−µε∂zφ2|z=−hb+O(µ(µε+εβ+µβ

2
)).

Moreover,usingtheestimatesinPropositionA.4witht0>
d
2,onecandeducefromthe

definitionofA[∇X,∂z]•,givenby(2.9),that

LHS:=‖A[∇X,∂z]φ0−
ζ

hb

(
1+

h

hb

)
∆Xψ‖Hk,0(Sb)

.
∣∣ζ
hb

(1+
h

hb
)
∣∣
Hmax(t0,k)‖∆X(φ0−ψ)‖Hk,0(S)

+
∣∣h
hb

∣∣
Hmax(t0,k)|∇Xζ|Hmax(t0,k)‖∇X∂zφ0‖Hk,0(S)

+‖
h

hb∇X·
(1

ε∇Xσ∂zφ0

)
‖Hk,0(S)+‖∂z

(1

ε|∇Xσ|
2
∂zφ0

)
‖Hk,0(S)

≤µM(k+2)|∇Xψ|Hk+3,

foranyk∈N.

Withthisobservationinmind,wecanwritethefollowingresult.

Proposition2.16.Letd=1,2,t0>
d
2andk∈N.Letψ∈Ḣk+4(Rd).Letalsob∈

C∞
c(Rd)andζ∈Hmax{t0+2,k+2}(Rd)suchthat(1.5)and(1.13)aresatisfied.Ifφ2satisfies

thefollowingLaplaceproblem



∂2
zφ2=−

ζ

hb

(
1+

h

hb

)
∆XψinSb,

φ2|z=0=0,∂zφ2|z=−1+βb=0.

Thenitsexpressionisgivenby:

φ2=−(
z2

2
+hbz)

ζ

hb

(
1+

h

hb

)
∆Xψ.

Moreover,forφbsatisfying(2.2),φ0givenby(2.18)andφ1givenby(2.21),thereholds

‖∇
µ
X,z(φb−(φ0+µβφ1+µεφ2))‖Hk,0(Sb).µ(µε+εβ+µβ

2
)M(k+2)|∇ψ|Hk+3.(2.25)

Proof.Thefunctionφ2satisfiesasimpleODEandissolvedbyintegratingtheequation
twotimesinz:

φ2=

∫0

z

∫z′

−1+βb

ζ

hb

(
1+

h

hb

)
∆Xψdz′′dz′=−(

z2

2
+hbz)

ζ

hb

(
1+

h

hb

)
∆Xψ.

Then,byconstruction,wehavethatu=φb−(φ0+µβφ1+µεφ2)satisfies
{h
hb∇

µ
X,z·P(Σb)∇

µ
X,zu=finSb

u|z=0=0,
h
hb|nb|∂Pb nbu|z=−hb=g,

(2.26)

20

Indeed,ifweusethedecompositiongivenbyObservations(2.7)and(2.6),andthedefini-
tionsofφ0andφ1,weget:

h

hb∇
µ
X,z·P(Σb)∇

µ
X,z(φb−φ0−µβφ1−µεφ2)=−µε∂

2
zφ2−µεA[∇X,∂z]φ0+O(µ

2
ε),

and

h

hb|nb|∂
Pb
nb(φb−φ0−µβφ1−µεφ2)|z=−hb=−µε∂zφ2|z=−hb+O(µ(µε+εβ+µβ

2
)).

Moreover,usingtheestimatesinPropositionA.4witht0>
d
2,onecandeducefromthe

definitionofA[∇X,∂z]•,givenby(2.9),that

LHS:=‖A[∇X,∂z]φ0−
ζ

hb

(
1+

h

hb

)
∆Xψ‖Hk,0(Sb)

.
∣∣ζ
hb

(1+
h

hb
)
∣∣
Hmax(t0,k)‖∆X(φ0−ψ)‖Hk,0(S)

+
∣∣h
hb

∣∣
Hmax(t0,k)|∇Xζ|Hmax(t0,k)‖∇X∂zφ0‖Hk,0(S)

+‖
h

hb∇X·
(1

ε∇Xσ∂zφ0

)
‖Hk,0(S)+‖∂z

(1

ε|∇Xσ|
2
∂zφ0

)
‖Hk,0(S)

≤µM(k+2)|∇Xψ|Hk+3,

foranyk∈N.

Withthisobservationinmind,wecanwritethefollowingresult.

Proposition2.16.Letd=1,2,t0>
d
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We can make the formal computations in Observation 2.18 rigorous.

Proposition 2.19. Let d = 1, 2, t0 >
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φapp be defined by

φapp = ψ +
( h
hb

)2
(φ0 − ψ) + µβφ1, (2.30)

with φ1 given by (2.21). Then for φb satisfying (2.2) there holds,

‖∇µX,z(φb − φapp)‖Hk,0(Sb) . µ(µε+ εβ + µβ2)M(s+ 2)|∇ψ|Hk+3 . (2.31)

Proof. We first use Proposition 2.16 to get the estimate

‖∇µX,z(φb − φapp)‖Hk,0(Sb) . µ(µε+ εβ + µβ2)M(k + 2)|∇ψ|Hk+3

+ ‖∇µX,z(φ0 + µεφ1 − φapp)‖Hk,0(Sb).

Making the same approximations as in Observation 2.18 will complete the proof. In partic-
ular, accounting for the loss of derivatives given by (2.29) yields,

‖∇µX,z(φ0 + µβφ1 + µεφ2 − φapp)‖Hk,0(S) . µ(µε+ εβ)M(k + 1)|∇ψ|Hk+3 .

Gathering these estimates concludes the proof. �

2.4. Multi-scale expansions of V . In this subsection we will use the expression of φ, φ0,
φ1, and φapp to construct approximations of V . The first result is given in the following
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Now, note that hb and h are only functions of X and satisfies (1.5) and (1.13), we can
therefore use (A.9), (A.10), and (A.8) to get that
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Finally, we will deal with J3 and J4. To that end, we need to trade the derivatives in ∂z
with derivatives in the horizontal variable by relating the functions with an elliptic problem.
We introduce the notation
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z (φb − φ) = µ∆X(φb − φ)− µεÃ[∇X , ∂z](φb − φ)− µεÃ[∇X , ∂z]φ

− µ|∇Xσ|2∂2
zφ.

23

Now,notethathbandhareonlyfunctionsofXandsatisfies(1.5)and(1.13),wecan
thereforeuse(A.9),(A.10),and(A.8)togetthat

|V−V[0,βb]|Hk.
∣∣∣1

hb

∫0

−1+βb
∇X(φb−φ)dz

∣∣∣
Hk

+ε
∣∣∣1
h
∇X

(ζ
hb

)∫0

−1+βb
z∂zφbdz

∣∣∣
Hk

+ε
∣∣∣1
h
∇Xζ

∫0

−1+βb
∂zφbdz

∣∣∣
Hk

≤M(k)‖∇µX,z(φb−φ)‖Hk+1,0(Sb)+εM(k+1)‖∂zφb‖Hk,0(Sb)

+M(k)
k∑

j=1

‖∇µX,z∂j−1
z(φb−φ)‖Hk−j+1,0(Sb)

+εM(k+1)
k∑

j=1

‖∂j+1
zφb‖Hk−j,0(Sb)

=J1+J2+J3+J4.

Wewillnowestimateeachterm.ToestimateJ1,weapply(2.16)togetthat

J1≤µεM(k+3)|∇Xψ|Hk+4.

ToestimateJ2,weusePropositionA.4toseethat|∂zφ0|Hk.µ|∇Xψ|Hk+1andcombineit
with(2.19)togettheestimate,

J2≤εM(k+1)(‖∇µX,z(φb−φ0)‖Hk+1,0+‖∂zφ0‖Hk,0)

≤µεM(s+3)|∇Xψ|Hk+3.

Finally,wewilldealwithJ3andJ4.Tothatend,weneedtotradethederivativesin∂z
withderivativesinthehorizontalvariablebyrelatingthefunctionswithanellipticproblem.
Weintroducethenotation

f∼g⇐⇒f(X,z)=r(X)g(X,z),(2.34)

withr∈Hk(Rd)suchthat|r|Hk≤M(k+1).Then,byconstruction,wehavefrom(2.9)
that

(1+µ|∇Xσ|2)∂2
zφb=−µ∆Xφb−µε(A[∇X,∂z]φb−

1

ε
|∇Xσ|2∂2

zφb)

=:−µ∆Xφb−µεÃ[∇X,∂z]φb,
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Consequently, we can trade two derivatives in z by ∆X , ∇X∂z, and ∂z. From that point,
we can deduce that for k ≥ 3, we have

∂kz (φb − φ) ∼ µ
∑

γ∈Nd |γ|≤k−1

∂γX∂z
(
(φb − φ)− εφ

)
+

k∑

j=1

µε2∂jzφ,

For the last term we can use that ∂2
zφ = −µ∆Xφ. From these relations, and the control of

the residual terms r(X) in (2.34) with the product estimate (A.9), we may conclude from
(2.16), (2.15), and (A.6) that

J3 ≤M(k + 1)(‖∇µX,z(φb − φ)‖Hk+1,0(Sb) + µε|∇Xψ|Hk+1)

≤ µ(ε+ εβ + µβ2)M(k + 3)|∇Xψ|Hk+3 .

To conclude, we estimate J4. Since there is an ε appearing we only need to introduce φ0

and we obtain

J4 = εM(k + 1)

k∑

j=1

(
‖∂j+1

z (φb − φ0)‖Hk−j,0(Sb) + ‖∂j+1
z φ0‖Hk−j,0(Sb)

)

≤ ε(µε+ µβ + µ)M(k + 3)|∇Xψ|Hk+3 .

�
The next result concerns the expansion of V with respect to µβ:

Proposition 2.21. Let d = 1, 2, t0 >
d
2 and s ≥ 0. Let b ∈ C∞c (Rd) and ζ ∈ Hmax{t0+2,s+3}(Rd)

be such that (1.5) and (1.13) are satisfied. Let Lµ1 [βb] and Lµ2 [βb] be two pseudo-differential
operators defined by

Lµ1 [βb] = − 1

β
sinh (βb(X)

√
µ|D|)sech(

√
µ|D|) 1√

µ|D|

Lµ2 [βb] = −(Lµ1 [βb] + b)
1

µ|D|2 .

Let also F1, F2, F3, and F4 be four Fourier multipliers defined by

F1 =
tanh (

√
µ|D|)

√
µ|D| , F2 =

3

µ|D|2 (1− F1), F3 = sech(
√
µ|D|), F4 =

2

µ|D|2 (1− F3).

Let ψ ∈ Ḣs+5(Rd) and consider the approximation:

V 0 =
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Lµ1 [βb]∇Xψ +
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2
∇XF4∇X ·

(
Lµ1 [βb]∇Xψ

)
(2.35)
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(
bF4∇X · (b∇Xψ)

)
− µβ2(∇Xb)F1∇X · (b∇Xψ).

Then for V defined by (1.8), there holds

|V − V 0|Hs ≤ (µε+ µ2β2)M(s+ 3)|∇Xψ|Hs+4 . (2.36)

Furthermore, let V app be defined by the approximation:
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Consequently,wecantradetwoderivativesinzby∆X,∇X∂z,and∂z.Fromthatpoint,
wecandeducethatfork≥3,wehave
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Forthelasttermwecanusethat∂2
zφ=−µ∆Xφ.Fromtheserelations,andthecontrolof

theresidualtermsr(X)in(2.34)withtheproductestimate(A.9),wemayconcludefrom
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Consequently, we can trade two derivatives in z by ∆X , ∇X∂z, and ∂z. From that point,
we can deduce that for k ≥ 3, we have

∂
k
z (φb − φ) ∼ µ

∑

γ∈Nd |γ|≤k−1

∂
γ
X∂z

(
(φb − φ)− εφ

)
+

k∑

j=1

µε
2
∂
j
zφ,

For the last term we can use that ∂2
zφ = −µ∆Xφ. From these relations, and the control of

the residual terms r(X) in (2.34) with the product estimate (A.9), we may conclude from
(2.16), (2.15), and (A.6) that
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Then there holds

|V − V app|Hs ≤ (µ2ε+ µεβ + µ2β2)M(s+ 3)|∇Xψ|Hs+4 . (2.38)

Proof. We give the proof in four steps.

Step 1. Construction of V 0. To construct V 0, we use the solution of φ0 given by (2.18), the
solution φ1 given by (2.21), and formula (2.8), formally discarding terms of order µε, to get
that

hbV 0 =

∫ 0

−1+βb(X)
∇Xφ0 dz + µβ

∫ 0

−1+βb(X)
∇Xφ1 dz

= I1 + I2.

Then by direct computations, we get

I1 = F−1
(∫ 0

−1+βb(X)
cosh ((z + 1)

√
µ|ξ|)sech(

√
µ|ξ|) iξψ̂(ξ) dz

)
(X)

=
tanh (

√
µ|D|)

√
µ|D| ∇Xψ − sinh (βb(X)

√
µ|D|)sech(

√
µ|D|) 1√

µ|D|∇Xψ.

While for I2, we simplify the notation by defining G = ∇X · Lµ1 [βb]∇Xψ and then make the
observation

µβ

∫ 0

−hb
∇Xφ1(X, z)dz = µβhb

∫ 0

−1
(∇Xφ1)(X,hbz)dz.

Then by the chain rule, we have the relation

∇X(φ1(X,hbz)) = (∇Xφ1)(X,hbz)− β∇Xb(∂zφ1)(X,hbz),

and

∂z(φ1(X,hbz)) = hb(∂zφ1)(X,hbz),

from which we obtain

I2 = µβ

∫ 0

−hb
∇Xφ1(X, z)dz

= µβhb

∫ 0

−1
∇X(φ1(X,hbz))dz + µβ2(∇Xb)

∫ 0

−1
∂z(φ1(X,hbz))dz

= µβhb∇X
(
hb(1− sech(

√
µ|D|)) 1

µ|D|2G
)
− µβ2(∇Xb)hb

tanh(
√
µ|D|)

√
µ|D| G.

Adding these computations yields,

V 0 =
1

hb
F1∇Xψ +

β

hb
Lµ1 [βb]∇Xψ +

µβ

2
∇X(hbF4G)− µβ2(∇Xb)F1G,

To conclude this step, we use (1.18) to approximate G = ∇X · (b∇Xψ) + µR1, where
|R1|Hk ≤M(k + 1)|∇Xψ|Hk+4 . Then we have constructed the approximation:

V 0 =
1

hb
F1∇Xψ +

β

hb
Lµ1 [βb]∇Xψ +

µβ
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∇XF4∇X · Lµ1 [βb]∇Xψ

− µβ2
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∇X
(
bF4∇X · (b∇Xψ)

)
− µβ2(∇Xb)F1∇X · (b∇Xψ) + µ2β2R2.

For some R2 satisfying |R2|Hk ≤M(k + 1)|∇Xψ|Hk+4 .

25

Thenthereholds

|V−Vapp|Hs≤(µ2ε+µεβ+µ2β2)M(s+3)|∇Xψ|Hs+4.(2.38)

Proof.Wegivetheproofinfoursteps.

Step1.ConstructionofV0.ToconstructV0,weusethesolutionofφ0givenby(2.18),the
solutionφ1givenby(2.21),andformula(2.8),formallydiscardingtermsoforderµε,toget
that

hbV0=

∫0

−1+βb(X)
∇Xφ0dz+µβ

∫0

−1+βb(X)
∇Xφ1dz

=I1+I2.

Thenbydirectcomputations,weget

I1=F−1
(∫0

−1+βb(X)
cosh((z+1)

√
µ|ξ|)sech(

√
µ|ξ|)iξψ̂(ξ)dz

)
(X)

=
tanh(

√
µ|D|)
√

µ|D|∇Xψ−sinh(βb(X)
√

µ|D|)sech(
√

µ|D|)1 √
µ|D|∇Xψ.

WhileforI2,wesimplifythenotationbydefiningG=∇X·Lµ1[βb]∇Xψandthenmakethe
observation

µβ

∫0

−hb
∇Xφ1(X,z)dz=µβhb

∫0

−1
(∇Xφ1)(X,hbz)dz.

Thenbythechainrule,wehavetherelation

∇X(φ1(X,hbz))=(∇Xφ1)(X,hbz)−β∇Xb(∂zφ1)(X,hbz),

and

∂z(φ1(X,hbz))=hb(∂zφ1)(X,hbz),

fromwhichweobtain

I2=µβ

∫0

−hb
∇Xφ1(X,z)dz

=µβhb

∫0

−1
∇X(φ1(X,hbz))dz+µβ2(∇Xb)

∫0

−1
∂z(φ1(X,hbz))dz

=µβhb∇X
(
hb(1−sech(

√
µ|D|))1

µ|D|2G
)
−µβ2(∇Xb)hb

tanh(
√

µ|D|)
√

µ|D|G.

Addingthesecomputationsyields,

V0=
1

hb
F1∇Xψ+

β

hb
Lµ1[βb]∇Xψ+

µβ

2
∇X(hbF4G)−µβ2(∇Xb)F1G,

Toconcludethisstep,weuse(1.18)toapproximateG=∇X·(b∇Xψ)+µR1,where
|R1|Hk≤M(k+1)|∇Xψ|Hk+4.Thenwehaveconstructedtheapproximation:

V0=
1

hb
F1∇Xψ+

β

hb
Lµ1[βb]∇Xψ+

µβ

2
∇XF4∇X·Lµ1[βb]∇Xψ

−µβ2

2
∇X

(
bF4∇X·(b∇Xψ)

)
−µβ2(∇Xb)F1∇X·(b∇Xψ)+µ2β2R2.

ForsomeR2satisfying|R2|Hk≤M(k+1)|∇Xψ|Hk+4.

25

Thenthereholds

|V−Vapp|Hs≤(µ2ε+µεβ+µ2β2)M(s+3)|∇Xψ|Hs+4.(2.38)

Proof.Wegivetheproofinfoursteps.

Step1.ConstructionofV0.ToconstructV0,weusethesolutionofφ0givenby(2.18),the
solutionφ1givenby(2.21),andformula(2.8),formallydiscardingtermsoforderµε,toget
that

hbV0=

∫0

−1+βb(X)
∇Xφ0dz+µβ

∫0

−1+βb(X)
∇Xφ1dz

=I1+I2.

Thenbydirectcomputations,weget

I1=F−1
(∫0

−1+βb(X)
cosh((z+1)

√
µ|ξ|)sech(

√
µ|ξ|)iξψ̂(ξ)dz

)
(X)

=
tanh(

√
µ|D|)
√

µ|D|∇Xψ−sinh(βb(X)
√

µ|D|)sech(
√

µ|D|)1 √
µ|D|∇Xψ.

WhileforI2,wesimplifythenotationbydefiningG=∇X·Lµ1[βb]∇Xψandthenmakethe
observation

µβ

∫0

−hb
∇Xφ1(X,z)dz=µβhb

∫0

−1
(∇Xφ1)(X,hbz)dz.

Thenbythechainrule,wehavetherelation

∇X(φ1(X,hbz))=(∇Xφ1)(X,hbz)−β∇Xb(∂zφ1)(X,hbz),

and

∂z(φ1(X,hbz))=hb(∂zφ1)(X,hbz),

fromwhichweobtain
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Addingthesecomputationsyields,
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β
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Lµ1[βb]∇Xψ+

µβ

2
∇X(hbF4G)−µβ2(∇Xb)F1G,

Toconcludethisstep,weuse(1.18)toapproximateG=∇X·(b∇Xψ)+µR1,where
|R1|Hk≤M(k+1)|∇Xψ|Hk+4.Thenwehaveconstructedtheapproximation:
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Then there holds
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2
ε+ µεβ + µ

2
β

2
)M(s+ 3)|∇Xψ|Hs+4 . (2.38)

Proof. We give the proof in four steps.

Step 1. Construction of V 0. To construct V 0, we use the solution of φ0 given by (2.18), the
solution φ1 given by (2.21), and formula (2.8), formally discarding terms of order µε, to get
that

hbV 0 =

∫ 0

−1+βb(X)
∇Xφ0 dz + µβ

∫ 0

−1+βb(X)
∇Xφ1 dz

= I1 + I2.

Then by direct computations, we get

I1 = F−1(∫ 0

−1+βb(X)
cosh ((z + 1)√µ|ξ|)sech(√µ|ξ|) iξψ̂(ξ) dz
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(X)
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tanh (√µ|D|)
√µ|D| ∇Xψ − sinh (βb(X)√µ|D|)sech(√µ|D|) 1

√µ|D|∇Xψ.

While for I2, we simplify the notation by defining G = ∇X · L
µ
1 [βb]∇Xψ and then make the

observation

µβ

∫ 0

−hb
∇Xφ1(X, z)dz = µβhb

∫ 0

−1
(∇Xφ1)(X,hbz)dz.

Then by the chain rule, we have the relation

∇X(φ1(X,hbz)) = (∇Xφ1)(X,hbz)− β∇Xb(∂zφ1)(X,hbz),

and
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µ
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2 ∇X(hbF4G)− µβ
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(∇Xb)F1G,

To conclude this step, we use (1.18) to approximate G = ∇X · (b∇Xψ) + µR1, where
|R1|Hk ≤M(k + 1)|∇Xψ|Hk+4 . Then we have constructed the approximation:
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For some R2 satisfying |R2|Hk ≤M(k + 1)|∇Xψ|Hk+4 .
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hbV 0 =
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)
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While for I2, we simplify the notation by defining G = ∇X · L
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−1
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(
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Adding these computations yields,

V 0 =
1
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F1∇Xψ +

β

hbL
µ
1 [βb]∇Xψ +

µβ

2 ∇X(hbF4G)− µβ
2
(∇Xb)F1G,

To conclude this step, we use (1.18) to approximate G = ∇X · (b∇Xψ) + µR1, where
|R1|Hk ≤M(k + 1)|∇Xψ|Hk+4 . Then we have constructed the approximation:

V 0 =
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Thenthereholds

|V−Vapp|Hs≤(µ
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ε+µεβ+µ

2
β

2
)M(s+3)|∇Xψ|Hs+4.(2.38)

Proof.Wegivetheproofinfoursteps.

Step1.ConstructionofV0.ToconstructV0,weusethesolutionofφ0givenby(2.18),the
solutionφ1givenby(2.21),andformula(2.8),formallydiscardingtermsoforderµε,toget
that

hbV0=

∫0

−1+βb(X)
∇Xφ0dz+µβ

∫0

−1+βb(X)
∇Xφ1dz

=I1+I2.

Thenbydirectcomputations,weget

I1=F−1(∫0

−1+βb(X)
cosh((z+1)√µ|ξ|)sech(√µ|ξ|)iξψ̂(ξ)dz

)
(X)

=
tanh(√µ|D|)
√µ|D|∇Xψ−sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|∇Xψ.

WhileforI2,wesimplifythenotationbydefiningG=∇X·L
µ
1[βb]∇Xψandthenmakethe

observation

µβ

∫0

−hb
∇Xφ1(X,z)dz=µβhb

∫0

−1
(∇Xφ1)(X,hbz)dz.

Thenbythechainrule,wehavetherelation

∇X(φ1(X,hbz))=(∇Xφ1)(X,hbz)−β∇Xb(∂zφ1)(X,hbz),

and

∂z(φ1(X,hbz))=hb(∂zφ1)(X,hbz),

fromwhichweobtain

I2=µβ
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∇Xφ1(X,z)dz
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∇X(φ1(X,hbz))dz+µβ

2
(∇Xb)
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∂z(φ1(X,hbz))dz
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(
hb(1−sech(√µ|D|))1

µ|D|2G
)
−µβ

2
(∇Xb)hb

tanh(√µ|D|)
√µ|D|G.

Addingthesecomputationsyields,

V0=
1

hb
F1∇Xψ+

β

hbL
µ
1[βb]∇Xψ+

µβ

2∇X(hbF4G)−µβ
2
(∇Xb)F1G,

Toconcludethisstep,weuse(1.18)toapproximateG=∇X·(b∇Xψ)+µR1,where
|R1|Hk≤M(k+1)|∇Xψ|Hk+4.Thenwehaveconstructedtheapproximation:

V0=
1

hb
F1∇Xψ+

β

hbL
µ
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µβ

2∇XF4∇X·L
µ
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(∇Xb)F1∇X·(b∇Xψ)+µ

2
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2
R2.

ForsomeR2satisfying|R2|Hk≤M(k+1)|∇Xψ|Hk+4.
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Thenthereholds

|V−Vapp|Hs≤(µ
2
ε+µεβ+µ

2
β

2
)M(s+3)|∇Xψ|Hs+4.(2.38)

Proof.Wegivetheproofinfoursteps.

Step1.ConstructionofV0.ToconstructV0,weusethesolutionofφ0givenby(2.18),the
solutionφ1givenby(2.21),andformula(2.8),formallydiscardingtermsoforderµε,toget
that

hbV0=

∫0

−1+βb(X)
∇Xφ0dz+µβ

∫0

−1+βb(X)
∇Xφ1dz

=I1+I2.

Thenbydirectcomputations,weget

I1=F−1(∫0

−1+βb(X)
cosh((z+1)√µ|ξ|)sech(√µ|ξ|)iξψ̂(ξ)dz

)
(X)

=
tanh(√µ|D|)
√µ|D|∇Xψ−sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|∇Xψ.

WhileforI2,wesimplifythenotationbydefiningG=∇X·L
µ
1[βb]∇Xψandthenmakethe

observation

µβ

∫0

−hb
∇Xφ1(X,z)dz=µβhb

∫0

−1
(∇Xφ1)(X,hbz)dz.

Thenbythechainrule,wehavetherelation

∇X(φ1(X,hbz))=(∇Xφ1)(X,hbz)−β∇Xb(∂zφ1)(X,hbz),

and

∂z(φ1(X,hbz))=hb(∂zφ1)(X,hbz),

fromwhichweobtain

I2=µβ

∫0

−hb
∇Xφ1(X,z)dz

=µβhb

∫0

−1
∇X(φ1(X,hbz))dz+µβ

2
(∇Xb)

∫0

−1
∂z(φ1(X,hbz))dz
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(
hb(1−sech(√µ|D|))1

µ|D|2G
)
−µβ

2
(∇Xb)hb

tanh(√µ|D|)
√µ|D|G.

Addingthesecomputationsyields,

V0=
1

hb
F1∇Xψ+

β

hbL
µ
1[βb]∇Xψ+

µβ

2∇X(hbF4G)−µβ
2
(∇Xb)F1G,

Toconcludethisstep,weuse(1.18)toapproximateG=∇X·(b∇Xψ)+µR1,where
|R1|Hk≤M(k+1)|∇Xψ|Hk+4.Thenwehaveconstructedtheapproximation:

V0=
1

hb
F1∇Xψ+

β

hbL
µ
1[βb]∇Xψ+
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2∇XF4∇X·L
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(
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ForsomeR2satisfying|R2|Hk≤M(k+1)|∇Xψ|Hk+4.
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Thenthereholds

|V−Vapp|Hs≤(µ
2
ε+µεβ+µ

2
β

2
)M(s+3)|∇Xψ|Hs+4.(2.38)

Proof.Wegivetheproofinfoursteps.

Step1.ConstructionofV0.ToconstructV0,weusethesolutionofφ0givenby(2.18),the
solutionφ1givenby(2.21),andformula(2.8),formallydiscardingtermsoforderµε,toget
that

hbV0=

∫0

−1+βb(X)
∇Xφ0dz+µβ

∫0

−1+βb(X)
∇Xφ1dz

=I1+I2.

Thenbydirectcomputations,weget

I1=F−1(∫0

−1+βb(X)
cosh((z+1)√µ|ξ|)sech(√µ|ξ|)iξψ̂(ξ)dz

)
(X)

=
tanh(√µ|D|)
√µ|D|∇Xψ−sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|∇Xψ.

WhileforI2,wesimplifythenotationbydefiningG=∇X·L
µ
1[βb]∇Xψandthenmakethe

observation

µβ

∫0

−hb
∇Xφ1(X,z)dz=µβhb

∫0

−1
(∇Xφ1)(X,hbz)dz.

Thenbythechainrule,wehavetherelation

∇X(φ1(X,hbz))=(∇Xφ1)(X,hbz)−β∇Xb(∂zφ1)(X,hbz),

and

∂z(φ1(X,hbz))=hb(∂zφ1)(X,hbz),

fromwhichweobtain

I2=µβ

∫0

−hb
∇Xφ1(X,z)dz

=µβhb

∫0

−1
∇X(φ1(X,hbz))dz+µβ

2
(∇Xb)

∫0

−1
∂z(φ1(X,hbz))dz

=µβhb∇X
(
hb(1−sech(√µ|D|))1
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)
−µβ

2
(∇Xb)hb

tanh(√µ|D|)
√µ|D|G.

Addingthesecomputationsyields,

V0=
1

hb
F1∇Xψ+

β

hbL
µ
1[βb]∇Xψ+

µβ

2∇X(hbF4G)−µβ
2
(∇Xb)F1G,

Toconcludethisstep,weuse(1.18)toapproximateG=∇X·(b∇Xψ)+µR1,where
|R1|Hk≤M(k+1)|∇Xψ|Hk+4.Thenwehaveconstructedtheapproximation:
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1
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F1∇Xψ+
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µ
1[βb]∇Xψ+
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Thenthereholds
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2
β

2
)M(s+3)|∇Xψ|Hs+4.(2.38)

Proof.Wegivetheproofinfoursteps.

Step1.ConstructionofV0.ToconstructV0,weusethesolutionofφ0givenby(2.18),the
solutionφ1givenby(2.21),andformula(2.8),formallydiscardingtermsoforderµε,toget
that

hbV0=

∫0

−1+βb(X)
∇Xφ0dz+µβ

∫0

−1+βb(X)
∇Xφ1dz

=I1+I2.

Thenbydirectcomputations,weget

I1=F−1(∫0

−1+βb(X)
cosh((z+1)√µ|ξ|)sech(√µ|ξ|)iξψ̂(ξ)dz

)
(X)

=
tanh(√µ|D|)
√µ|D|∇Xψ−sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|∇Xψ.

WhileforI2,wesimplifythenotationbydefiningG=∇X·L
µ
1[βb]∇Xψandthenmakethe

observation

µβ

∫0

−hb
∇Xφ1(X,z)dz=µβhb

∫0

−1
(∇Xφ1)(X,hbz)dz.

Thenbythechainrule,wehavetherelation

∇X(φ1(X,hbz))=(∇Xφ1)(X,hbz)−β∇Xb(∂zφ1)(X,hbz),

and

∂z(φ1(X,hbz))=hb(∂zφ1)(X,hbz),

fromwhichweobtain

I2=µβ
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∇Xφ1(X,z)dz
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2
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−1
∂z(φ1(X,hbz))dz
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(
hb(1−sech(√µ|D|))1
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)
−µβ

2
(∇Xb)hb

tanh(√µ|D|)
√µ|D|G.

Addingthesecomputationsyields,
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hb
F1∇Xψ+

β

hbL
µ
1[βb]∇Xψ+

µβ

2∇X(hbF4G)−µβ
2
(∇Xb)F1G,

Toconcludethisstep,weuse(1.18)toapproximateG=∇X·(b∇Xψ)+µR1,where
|R1|Hk≤M(k+1)|∇Xψ|Hk+4.Thenwehaveconstructedtheapproximation:
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Step 2. We will now prove the estimate on V − V 0, where we argue as in the proof of
Proposition 2.20. In particular, we do the estimates for k ∈ N, and then use interpolation
for s ≥ 0. Also, we define the approximation

φ1
app = φ0 + µβφ1,

and let R be the function constructed in the previous step satisfying estimate |R|Hk ≤
M(k + 1)|∇Xψ|Hk+4 . Then we have that

|V − V 0|Hk =
∣∣∣
∫ 0

−1+βb

[ 1

hb
∇X(φb − φ1

app)− 1

h
(ε∇X

( ζ
hb

)
z + ε∇Xζ)∂zφb

]
dz
∣∣∣
Hk

+ µ2β2|R|Hk .

We now use (A.9), (A.10) and (A.8) to obtain

|V − V 0|Hk .
∣∣∣ 1

hb

∫ 0

−1+βb
∇X(φb − φ1

app) dz
∣∣∣
Hk

+ ε
∣∣∣1
h
∇X
( ζ
hb

)∫ 0

−1+βb
z∂zφb dz

∣∣∣
Hk

+ ε
∣∣∣1
h
∇Xζ

∫ 0

−1+βb
∂zφb dz

∣∣∣
Hk

+ µ2β2|R|Hk

≤M(k)‖∇µX,z(φb − φ1
app)‖Hk+1,0(Sb) + εM(k + 1)‖∂zφb‖Hk,0(Sb)

+M(k)
k∑

j=1

‖∇µX,z∂j−1
z (φb − φ1

app)‖Hk−j+1,0(Sb) + εM(k + 1)
k∑

j=1

‖∂j+1
z φb‖Hk−j,0(Sb)

+ µ2β2M(k + 1)|∇Xψ|Hk+4

= II1 + II2 + II3 + II4 + II5.

We will now estimate each term. To estimate II1, we apply (2.24) to get that

II1 ≤ µ(ε+ εβ + µβ2)M(k + 3)|∇Xψ|Hk+4 .

The estimate on II2, is the same as for J2 in the proof of Proposition 2.20:

II2 ≤ εM(k + 1)(‖∇µX,z(φb − φ0)‖Hk+1,0 + ‖∂zφ0‖Hk,0)

≤ µεM(s+ 3)|∇Xψ|Hk+3 .

Lastly, the estimates on II3 and II4 are similar to the estimates on J3 and J4 in the
proof of Proposition 2.20. In particular, we trade the derivatives in ∂z with derivatives in
the horizontal variable by relating the functions with an elliptic problem. We recall the
notation (2.34):

f ∼ g ⇐⇒ f(X, z) = r(X)g(X, z),

with r ∈ Hk(Rd) such that |r|Hk ≤M(k+ 1). Then for φ1
app = φ0 +µβφ1 defined by (2.17)

and (2.22), we have the relation

(1 + µ|∇Xσ|2)∂2
z (φb − φ1

app) = µ∆X(φb − φ1
app)− µεÃ[∇X , ∂z](φb − φ1

app)− µεÃ[∇X , ∂z]φ1
app
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fors≥0.Also,wedefinetheapproximation

φ1
app=φ0+µβφ1,

andletRbethefunctionconstructedinthepreviousstepsatisfyingestimate|R|Hk≤
M(k+1)|∇Xψ|Hk+4.Thenwehavethat

|V−V0|Hk=
∣∣∣
∫0

−1+βb

[1

hb
∇X(φb−φ1

app)−1

h
(ε∇X

(ζ
hb

)
z+ε∇Xζ)∂zφb

]
dz

∣∣∣
Hk

+µ2β2|R|Hk.

Wenowuse(A.9),(A.10)and(A.8)toobtain

|V−V0|Hk.
∣∣∣1

hb

∫0

−1+βb
∇X(φb−φ1

app)dz
∣∣∣
Hk

+ε
∣∣∣1
h
∇X

(ζ
hb

)∫0

−1+βb
z∂zφbdz

∣∣∣
Hk

+ε
∣∣∣1
h
∇Xζ

∫0

−1+βb
∂zφbdz

∣∣∣
Hk

+µ2β2|R|Hk

≤M(k)‖∇µX,z(φb−φ1
app)‖Hk+1,0(Sb)+εM(k+1)‖∂zφb‖Hk,0(Sb)

+M(k)
k∑

j=1

‖∇µX,z∂j−1
z(φb−φ1

app)‖Hk−j+1,0(Sb)+εM(k+1)
k∑

j=1

‖∂j+1
zφb‖Hk−j,0(Sb)

+µ2β2M(k+1)|∇Xψ|Hk+4

=II1+II2+II3+II4+II5.

Wewillnowestimateeachterm.ToestimateII1,weapply(2.24)togetthat

II1≤µ(ε+εβ+µβ2)M(k+3)|∇Xψ|Hk+4.

TheestimateonII2,isthesameasforJ2intheproofofProposition2.20:

II2≤εM(k+1)(‖∇µX,z(φb−φ0)‖Hk+1,0+‖∂zφ0‖Hk,0)

≤µεM(s+3)|∇Xψ|Hk+3.

Lastly,theestimatesonII3andII4aresimilartotheestimatesonJ3andJ4inthe
proofofProposition2.20.Inparticular,wetradethederivativesin∂zwithderivativesin
thehorizontalvariablebyrelatingthefunctionswithanellipticproblem.Werecallthe
notation(2.34):

f∼g⇐⇒f(X,z)=r(X)g(X,z),

withr∈Hk(Rd)suchthat|r|Hk≤M(k+1).Thenforφ1
app=φ0+µβφ1definedby(2.17)

and(2.22),wehavetherelation

(1+µ|∇Xσ|2)∂2
z(φb−φ1

app)=µ∆X(φb−φ1
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Step 2. We will now prove the estimate on V − V 0, where we argue as in the proof of
Proposition 2.20. In particular, we do the estimates for k ∈ N, and then use interpolation
for s ≥ 0. Also, we define the approximation

φ
1
app = φ0 + µβφ1,

and let R be the function constructed in the previous step satisfying estimate |R|Hk ≤
M(k + 1)|∇Xψ|Hk+4 . Then we have that
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We will now estimate each term. To estimate II1, we apply (2.24) to get that

II1 ≤ µ(ε+ εβ + µβ
2
)M(k + 3)|∇Xψ|Hk+4 .

The estimate on II2, is the same as for J2 in the proof of Proposition 2.20:
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≤ µεM(s+ 3)|∇Xψ|Hk+3 .

Lastly, the estimates on II3 and II4 are similar to the estimates on J3 and J4 in the
proof of Proposition 2.20. In particular, we trade the derivatives in ∂z with derivatives in
the horizontal variable by relating the functions with an elliptic problem. We recall the
notation (2.34):

f ∼ g ⇐⇒ f(X, z) = r(X)g(X, z),

with r ∈ Hk(Rd) such that |r|Hk ≤M(k+ 1). Then for φ1
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where F is some function satisfying (2.23) and goes into the rest. Consequently, we can
trade two derivatives in z by ∆X , ∇X∂z, and ∂z. From that point, we can deduce that for
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Step2.WewillnowprovetheestimateonV−V0,whereweargueasintheproofof
Proposition2.20.Inparticular,wedotheestimatesfork∈N,andthenuseinterpolation
fors≥0.Also,wedefinetheapproximation
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proofofProposition2.20.Inparticular,wetradethederivativesin∂zwithderivativesin
thehorizontalvariablebyrelatingthefunctionswithanellipticproblem.Werecallthe
notation(2.34):

f∼g⇐⇒f(X,z)=r(X)g(X,z),
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whereFissomefunctionsatisfying(2.23)andgoesintotherest.Consequently,wecan
tradetwoderivativesinzby∆X,∇X∂z,and∂z.Fromthatpoint,wecandeducethatfor
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From this estimate, where we control the residual terms r(X) in (2.34) with the product
estimate (A.9), then combine it with (2.24) and (A.6) to get

II3 ≤M(k + 1)(‖∇µX,z(φb − φ1
app)‖Hk+1,0(Sb) + µε|∇Xψ|Hk+1)

≤ µ(ε+ εβ + µβ2)M(k + 3)|∇Xψ|Hk+3 .

To conclude, we need an estimate on II4. But since II4 = J4, we have that

II4 ≤ ε(µε+ µβ + µ)M(k + 3)|∇Xψ|Hk+3 .

Step 3. Construction of V app. The next step is to construct V app by replacing φb with φapp

in (2.8):
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hb

)
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]
dz. (2.39)

Then using (2.30), we obtain that
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ζ
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= III1 + III2 + III3 + III4 + III5.

Clearly, III1 = ∇Xψ and to compute III2 + III3 we use formula (2.18) for φ0:

III2 + III3 =
1

h
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(h3
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b

tanh (
√
µ|D|)

√
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− 1
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(
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√
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√
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µ|D|ψ − (−1 + βb)ψ
))
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(
cosh (βb(X)

√
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√
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)
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=
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√
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b

(
sinh (βb(X)

√
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√
µ|D|) 1√
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))

+ µεβR5,

where R5 is given by

R5 = −ζh∇Xb
h3
b

(
cosh (βb(X)

√
µ|D|)sech(

√
µ|D|)− 1

) 1

µ|D|2 ∆Xψ.

Moreover, using the algebra property of the Sobolev spaces (A.9), (A.10), and estimate
(1.17), we have that

|R5|Hk ≤M(k + 1)|∇Xψ|Hk+1 . (2.40)
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Fromthisestimate,wherewecontroltheresidualtermsr(X)in(2.34)withtheproduct
estimate(A.9),thencombineitwith(2.24)and(A.6)toget

II3≤M(k+1)(‖∇µX,z(φb−φ1
app)‖Hk+1,0(Sb)+µε|∇Xψ|Hk+1)

≤µ(ε+εβ+µβ2)M(k+3)|∇Xψ|Hk+3.

Toconclude,weneedanestimateonII4.ButsinceII4=J4,wehavethat

II4≤ε(µε+µβ+µ)M(k+3)|∇Xψ|Hk+3.

Step3.ConstructionofVapp.ThenextstepistoconstructVappbyreplacingφbwithφapp

in(2.8):
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Thenusing(2.30),weobtainthat
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From this estimate, where we control the residual terms r(X) in (2.34) with the product
estimate (A.9), then combine it with (2.24) and (A.6) to get
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To conclude, we need an estimate on II4. But since II4 = J4, we have that

II4 ≤ ε(µε+ µβ + µ)M(k + 3)|∇Xψ|Hk+3 .

Step 3. Construction of V app. The next step is to construct V app by replacing φb with φapp

in (2.8):

V app =

∫ 0

−1+βb

[ 1

hb∇Xφapp −
1

h
(ε∇X

( ζ
hb

)
z + ε∇Xζ)∂zφapp

]
dz. (2.39)

Then using (2.30), we obtain that

V app =

∫ 0

−1+βb

1

hb∇Xψ dz +

∫ 0

−1+βb

1

hb∇X
(h2

h2
b

(φ0 − ψ)
)

dz

−
∫ 0

−1+βb

1

h
(zε∇X(

ζ

hb
) + ε∇Xζ)∂z

(h2

h2
b

(φ0 − ψ)
)

dz

+ µβ
1

hb

∫ 0

−1+βb
∇Xφ1dz − µεβ

∫ 0

−1+βb

1

h
(z∇X(

ζ

hb
) +∇Xζ)∂zφ1 dz

= III1 + III2 + III3 + III4 + III5.

Clearly, III1 = ∇Xψ and to compute III2 + III3 we use formula (2.18) for φ0:

III2 + III3 =
1

h∇X
(h3

h3
b

tanh (√µ|D|)
√µ|D| ψ

)

−
1

h∇X
(h3

h3
b

(
sinh (βb(X)√µ|D|)sech(√µ|D|) 1

√µ|D|ψ − (−1 + βb)ψ
))

− εβζh∇Xb
h3
b

(
cosh (βb(X)√µ|D|)sech(√µ|D|)− 1

)
ψ

=
µ

3h∇X
(h3

h3
b

3

µ|D|2
(

1−
tanh (√µ|D|)
√µ|D|

)
∆Xψ

)

−
1

h∇X
(h3

h3
b

(
sinh (βb(X)√µ|D|)sech(√µ|D|) 1

√µ|D|ψ − βbψ
))

+ µεβR5,

where R5 is given by

R5 = −ζh∇Xb
h3
b

(
cosh (βb(X)√µ|D|)sech(√µ|D|)− 1

) 1

µ|D|2 ∆Xψ.

Moreover, using the algebra property of the Sobolev spaces (A.9), (A.10), and estimate
(1.17), we have that

|R5|Hk ≤M(k + 1)|∇Xψ|Hk+1 . (2.40)
27

From this estimate, where we control the residual terms r(X) in (2.34) with the product
estimate (A.9), then combine it with (2.24) and (A.6) to get

II3 ≤M(k + 1)(‖∇
µ
X,z(φb − φ

1
app)‖Hk+1,0(Sb) + µε|∇Xψ|Hk+1)

≤ µ(ε+ εβ + µβ
2
)M(k + 3)|∇Xψ|Hk+3 .

To conclude, we need an estimate on II4. But since II4 = J4, we have that

II4 ≤ ε(µε+ µβ + µ)M(k + 3)|∇Xψ|Hk+3 .

Step 3. Construction of V app. The next step is to construct V app by replacing φb with φapp

in (2.8):

V app =

∫ 0

−1+βb

[ 1

hb∇Xφapp −
1

h
(ε∇X

( ζ
hb

)
z + ε∇Xζ)∂zφapp

]
dz. (2.39)

Then using (2.30), we obtain that

V app =

∫ 0

−1+βb

1

hb∇Xψ dz +

∫ 0

−1+βb

1

hb∇X
(h2

h2
b

(φ0 − ψ)
)

dz

−
∫ 0

−1+βb

1

h
(zε∇X(

ζ

hb
) + ε∇Xζ)∂z

(h2

h2
b

(φ0 − ψ)
)

dz

+ µβ
1

hb

∫ 0

−1+βb
∇Xφ1dz − µεβ

∫ 0

−1+βb

1

h
(z∇X(

ζ

hb
) +∇Xζ)∂zφ1 dz

= III1 + III2 + III3 + III4 + III5.

Clearly, III1 = ∇Xψ and to compute III2 + III3 we use formula (2.18) for φ0:

III2 + III3 =
1

h∇X
(h3

h3
b

tanh (√µ|D|)
√µ|D| ψ

)

−
1

h∇X
(h3

h3
b

(
sinh (βb(X)√µ|D|)sech(√µ|D|) 1

√µ|D|ψ − (−1 + βb)ψ
))

− εβζh∇Xb
h3
b

(
cosh (βb(X)√µ|D|)sech(√µ|D|)− 1

)
ψ

=
µ

3h∇X
(h3

h3
b

3

µ|D|2
(

1−
tanh (√µ|D|)
√µ|D|

)
∆Xψ

)

−
1

h∇X
(h3

h3
b

(
sinh (βb(X)√µ|D|)sech(√µ|D|) 1

√µ|D|ψ − βbψ
))

+ µεβR5,

where R5 is given by

R5 = −ζh∇Xb
h3
b

(
cosh (βb(X)√µ|D|)sech(√µ|D|)− 1

) 1

µ|D|2 ∆Xψ.

Moreover, using the algebra property of the Sobolev spaces (A.9), (A.10), and estimate
(1.17), we have that

|R5|Hk ≤M(k + 1)|∇Xψ|Hk+1 . (2.40)
27

Fromthisestimate,wherewecontroltheresidualtermsr(X)in(2.34)withtheproduct
estimate(A.9),thencombineitwith(2.24)and(A.6)toget

II3≤M(k+1)(‖∇
µ
X,z(φb−φ

1
app)‖Hk+1,0(Sb)+µε|∇Xψ|Hk+1)

≤µ(ε+εβ+µβ
2
)M(k+3)|∇Xψ|Hk+3.

Toconclude,weneedanestimateonII4.ButsinceII4=J4,wehavethat

II4≤ε(µε+µβ+µ)M(k+3)|∇Xψ|Hk+3.

Step3.ConstructionofVapp.ThenextstepistoconstructVappbyreplacingφbwithφapp

in(2.8):

Vapp=

∫0

−1+βb

[1

hb∇Xφapp−
1

h
(ε∇X

(ζ
hb

)
z+ε∇Xζ)∂zφapp

]
dz.(2.39)

Thenusing(2.30),weobtainthat

Vapp=

∫0

−1+βb

1

hb∇Xψdz+

∫0

−1+βb

1

hb∇X
(h2

h2
b

(φ0−ψ)
)

dz

−
∫0

−1+βb

1

h
(zε∇X(

ζ

hb
)+ε∇Xζ)∂z

(h2

h2
b

(φ0−ψ)
)

dz

+µβ
1

hb

∫0

−1+βb
∇Xφ1dz−µεβ

∫0

−1+βb

1

h
(z∇X(

ζ

hb
)+∇Xζ)∂zφ1dz

=III1+III2+III3+III4+III5.

Clearly,III1=∇XψandtocomputeIII2+III3weuseformula(2.18)forφ0:

III2+III3=
1

h∇X
(h3

h3
b

tanh(√µ|D|)
√µ|D|ψ

)

−
1

h∇X
(h3

h3
b

(
sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|ψ−(−1+βb)ψ
))

−εβζh∇Xb
h3
b

(
cosh(βb(X)√µ|D|)sech(√µ|D|)−1

)
ψ

=
µ

3h∇X
(h3

h3
b

3

µ|D|2
(

1−
tanh(√µ|D|)
√µ|D|

)
∆Xψ

)

−
1

h∇X
(h3

h3
b

(
sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|ψ−βbψ
))

+µεβR5,

whereR5isgivenby

R5=−ζh∇Xb
h3
b

(
cosh(βb(X)√µ|D|)sech(√µ|D|)−1

)1

µ|D|2∆Xψ.

Moreover,usingthealgebrapropertyoftheSobolevspaces(A.9),(A.10),andestimate
(1.17),wehavethat

|R5|Hk≤M(k+1)|∇Xψ|Hk+1.(2.40)
27

Fromthisestimate,wherewecontroltheresidualtermsr(X)in(2.34)withtheproduct
estimate(A.9),thencombineitwith(2.24)and(A.6)toget

II3≤M(k+1)(‖∇
µ
X,z(φb−φ

1
app)‖Hk+1,0(Sb)+µε|∇Xψ|Hk+1)

≤µ(ε+εβ+µβ
2
)M(k+3)|∇Xψ|Hk+3.

Toconclude,weneedanestimateonII4.ButsinceII4=J4,wehavethat

II4≤ε(µε+µβ+µ)M(k+3)|∇Xψ|Hk+3.

Step3.ConstructionofVapp.ThenextstepistoconstructVappbyreplacingφbwithφapp

in(2.8):

Vapp=

∫0

−1+βb

[1

hb∇Xφapp−
1

h
(ε∇X

(ζ
hb

)
z+ε∇Xζ)∂zφapp

]
dz.(2.39)

Thenusing(2.30),weobtainthat

Vapp=

∫0

−1+βb

1

hb∇Xψdz+

∫0

−1+βb

1

hb∇X
(h2

h2
b

(φ0−ψ)
)

dz

−
∫0

−1+βb

1

h
(zε∇X(

ζ

hb
)+ε∇Xζ)∂z

(h2

h2
b

(φ0−ψ)
)

dz

+µβ
1

hb

∫0

−1+βb
∇Xφ1dz−µεβ

∫0

−1+βb

1

h
(z∇X(

ζ

hb
)+∇Xζ)∂zφ1dz

=III1+III2+III3+III4+III5.

Clearly,III1=∇XψandtocomputeIII2+III3weuseformula(2.18)forφ0:

III2+III3=
1

h∇X
(h3

h3
b

tanh(√µ|D|)
√µ|D|ψ

)

−
1

h∇X
(h3

h3
b

(
sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|ψ−(−1+βb)ψ
))

−εβζh∇Xb
h3
b

(
cosh(βb(X)√µ|D|)sech(√µ|D|)−1

)
ψ

=
µ

3h∇X
(h3

h3
b

3

µ|D|2
(

1−
tanh(√µ|D|)
√µ|D|

)
∆Xψ

)

−
1

h∇X
(h3

h3
b

(
sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|ψ−βbψ
))

+µεβR5,

whereR5isgivenby

R5=−ζh∇Xb
h3
b

(
cosh(βb(X)√µ|D|)sech(√µ|D|)−1

)1

µ|D|2∆Xψ.

Moreover,usingthealgebrapropertyoftheSobolevspaces(A.9),(A.10),andestimate
(1.17),wehavethat

|R5|Hk≤M(k+1)|∇Xψ|Hk+1.(2.40)
27

Fromthisestimate,wherewecontroltheresidualtermsr(X)in(2.34)withtheproduct
estimate(A.9),thencombineitwith(2.24)and(A.6)toget

II3≤M(k+1)(‖∇
µ
X,z(φb−φ

1
app)‖Hk+1,0(Sb)+µε|∇Xψ|Hk+1)

≤µ(ε+εβ+µβ
2
)M(k+3)|∇Xψ|Hk+3.

Toconclude,weneedanestimateonII4.ButsinceII4=J4,wehavethat

II4≤ε(µε+µβ+µ)M(k+3)|∇Xψ|Hk+3.

Step3.ConstructionofVapp.ThenextstepistoconstructVappbyreplacingφbwithφapp

in(2.8):

Vapp=

∫0

−1+βb

[1

hb∇Xφapp−
1

h
(ε∇X

(ζ
hb

)
z+ε∇Xζ)∂zφapp

]
dz.(2.39)

Thenusing(2.30),weobtainthat

Vapp=

∫0

−1+βb

1

hb∇Xψdz+

∫0

−1+βb

1

hb∇X
(h2

h2
b

(φ0−ψ)
)

dz

−
∫0

−1+βb

1

h
(zε∇X(

ζ

hb
)+ε∇Xζ)∂z

(h2

h2
b

(φ0−ψ)
)

dz

+µβ
1

hb

∫0

−1+βb
∇Xφ1dz−µεβ

∫0

−1+βb

1

h
(z∇X(

ζ

hb
)+∇Xζ)∂zφ1dz

=III1+III2+III3+III4+III5.

Clearly,III1=∇XψandtocomputeIII2+III3weuseformula(2.18)forφ0:

III2+III3=
1

h∇X
(h3

h3
b

tanh(√µ|D|)
√µ|D|ψ

)

−
1

h∇X
(h3

h3
b

(
sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|ψ−(−1+βb)ψ
))

−εβζh∇Xb
h3
b

(
cosh(βb(X)√µ|D|)sech(√µ|D|)−1

)
ψ

=
µ

3h∇X
(h3

h3
b

3

µ|D|2
(

1−
tanh(√µ|D|)
√µ|D|

)
∆Xψ

)

−
1

h∇X
(h3

h3
b

(
sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|ψ−βbψ
))

+µεβR5,

whereR5isgivenby

R5=−ζh∇Xb
h3
b

(
cosh(βb(X)√µ|D|)sech(√µ|D|)−1

)1

µ|D|2∆Xψ.

Moreover,usingthealgebrapropertyoftheSobolevspaces(A.9),(A.10),andestimate
(1.17),wehavethat

|R5|Hk≤M(k+1)|∇Xψ|Hk+1.(2.40)
27

Fromthisestimate,wherewecontroltheresidualtermsr(X)in(2.34)withtheproduct
estimate(A.9),thencombineitwith(2.24)and(A.6)toget

II3≤M(k+1)(‖∇
µ
X,z(φb−φ

1
app)‖Hk+1,0(Sb)+µε|∇Xψ|Hk+1)

≤µ(ε+εβ+µβ
2
)M(k+3)|∇Xψ|Hk+3.

Toconclude,weneedanestimateonII4.ButsinceII4=J4,wehavethat

II4≤ε(µε+µβ+µ)M(k+3)|∇Xψ|Hk+3.

Step3.ConstructionofVapp.ThenextstepistoconstructVappbyreplacingφbwithφapp

in(2.8):

Vapp=

∫0

−1+βb

[1

hb∇Xφapp−
1

h
(ε∇X

(ζ
hb

)
z+ε∇Xζ)∂zφapp

]
dz.(2.39)

Thenusing(2.30),weobtainthat

Vapp=

∫0

−1+βb

1

hb∇Xψdz+

∫0

−1+βb

1

hb∇X
(h2

h2
b

(φ0−ψ)
)

dz

−
∫0

−1+βb

1

h
(zε∇X(

ζ

hb
)+ε∇Xζ)∂z

(h2

h2
b

(φ0−ψ)
)

dz

+µβ
1

hb

∫0

−1+βb
∇Xφ1dz−µεβ

∫0

−1+βb

1

h
(z∇X(

ζ

hb
)+∇Xζ)∂zφ1dz

=III1+III2+III3+III4+III5.

Clearly,III1=∇XψandtocomputeIII2+III3weuseformula(2.18)forφ0:

III2+III3=
1

h∇X
(h3

h3
b

tanh(√µ|D|)
√µ|D|ψ

)

−
1

h∇X
(h3

h3
b

(
sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|ψ−(−1+βb)ψ
))

−εβζh∇Xb
h3
b

(
cosh(βb(X)√µ|D|)sech(√µ|D|)−1

)
ψ

=
µ

3h∇X
(h3

h3
b

3

µ|D|2
(

1−
tanh(√µ|D|)
√µ|D|

)
∆Xψ

)

−
1

h∇X
(h3

h3
b

(
sinh(βb(X)√µ|D|)sech(√µ|D|)1

√µ|D|ψ−βbψ
))

+µεβR5,

whereR5isgivenby

R5=−ζh∇Xb
h3
b

(
cosh(βb(X)√µ|D|)sech(√µ|D|)−1

)1

µ|D|2∆Xψ.

Moreover,usingthealgebrapropertyoftheSobolevspaces(A.9),(A.10),andestimate
(1.17),wehavethat

|R5|Hk≤M(k+1)|∇Xψ|Hk+1.(2.40)
27



Next, we see that III4 is already treated in Step 1. and satisfies:

III4 =
µβ

2
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for some function R6 satisfying |R6|Hk ≤ M(k + 1)|∇Xψ|Hk+4 . Lastly, for the term III5,
we use integration by parts to find the expressions
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The multipliers are bounded on Hk(Rd) and combined with Proposition 1.10 we get that

|III5|Hk ≤ µεβM(k + 1)|∇Xψ|Hk+1 .

Adding these identities in the definition of V app we get that
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where R7 is some generic function satisfying |R7|Hk ≤M(k + 1)|∇Xψ|Hk+4 .

Step 4. Proof of (2.38). We use the definition (2.39) of V app and (A.8) to identify the terms

|V − V app|Hk =
∣∣∣
∫ 0

−1+βb

[ 1

hb
∇X(φb − φapp)− 1

h
(ε∇X

( ζ
hb

)
z + ε∇Xζ)∂z(φb − φapp)

]
dz
∣∣∣
Hk

≤M(k)‖∇µX,z(φb − φapp)‖Hk+1,0(Sb) +M(k + 1)‖∂z(φb − φapp)‖Hk,0(Sb)

+M(k)
k∑

j=1

‖∇µX,z∂j−1
z (φb − φapp)‖Hk−j+1,0(Sb)

+ εM(k + 1)
k∑

j=1

‖∂j+1
z (φb − φapp)‖Hk−j,0(Sb)

= IV1 + IV2 + IV3 + IV4.

For the two first terms we use estimate (2.31) to get that

IV1 + IV2 ≤ (µ2ε+ µεβ + µ2β2)M(k + 3)|∇Xψ|Hk+4 .
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constructed in Propositions 2.11, 2.14 and 2.16. Indeed, from Observation 2.18 we used the
approximation (2.28) and depends polynomially on z. So formula (2.30) is related by φ2

app

through the relation

∂kz (φ2
app − φapp) ∼ µ(µε+ εβ)∂kz (z2R), (2.41)

for k ≥ 1 and where R = R(X) satisfies (2.29). Then by definition of φ0, φ1, and φ2 we
have that

∂2
z (φb − φ2

app) = −µ∆X(φb − φ0 − µβφ1)− µεA[∇X , ∂z](φb − φ0)− µε(A[∇X , ∂z]φ0 + ∂2
zφ2)

= −µ∆X(φb − φ0 − µβφ1)− µεÃ[∇X , ∂z](φb − φ0)− µε(A[∇X , ∂z]φ0 + ∂2
zφ2)

− µ|∇Xσ|2∂2
z (φb − φ0 − µβφ1 − µεφ2))− µ2β|∇Xσ|2∂2

zφ1 + µ2ε|∇Xσ|2∂2
zφ2,

so that

(1 + µ|∇Xσ|2)∂2
z (φb − φ2

app) = −µ∆X(φb − φ0 − µβφ1)− µεÃ[∇X , ∂z](φb − φ0)

− µε(A[∇X , ∂z]φ0 + ∂2
zφ2)− µ2|∇Xσ|2∂2

z (βφ1 + ε∂2
zφ2).

Here derivatives of φ1 is bounded using Proposition A.5 and by definition of σ, given by
(2.6), we have that

µ2β|∇Xσ|2∂2
zφ1 ∼ µ2ε2β∂2

zφ1.

Moreover, since φ2 is only polynomial in z can use the notation above (2.34) to see the last
term as

µ2ε|∇Xσ|2∂2
zφ2 ∼ µ2ε3(1 + z + z2).

Also, we see from observation 2.15 that

µε(A[∇X , ∂z]φ0 + ∂2
zφ2) ∼ µε∆X(φ0 − ψ) + µε(1 + z)∇Xf · ∇X∂zφ0 + µεz∂zφ0,

for some f ∈ Hk+3(Rd). Then arguing as in Step 2, we get the induction relation for k ≥ 3:

∂kz (φb − φ2
app) ∼ µ

∑

γ∈Nd |γ|≤k−1
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(
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app) + ε(φb − φ0)
)

+ µε
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∂jz
(
∆Xφ0 +∇Xf · ∇X∂zφ0 + ∂zφ0

)
+ µ2ε2β

k∑

j=1

∂jzφ1.

Then as a result, we use these estimates with the product estimate (A.9), (A.4), and (A.5)
to obtain the bound

k∑
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‖∂j+1
z (φb − φ2

app)‖Hk−j(Sb) . µM(k + 1)
(
‖∂z(φb − φ1

app)‖Hk,0(Sb) + ε‖∂z(φb − φ0)‖Hk,0(Sb)

+ µ2ε|∇Xψ|Hk+1 + µ2ε2β|∇X · Lµ1 [βb]∇ψ|Hk+1

)
,

from which the estimate on IV4 follows by (1.15), the relation (2.41) with estimate (2.29),
and then (2.25) and (2.19):

IV4 ≤M(k)
k∑

j=1

‖∇µX,z∂j−1
z (φb − φ2

app)‖Hk−j+1,0(Sb) + µ(µε+ εβ)|∇Xψ|Hk+4

≤ µ(µε+ εβ)M(k + 2)|∇Xψ|Hk+4 .

The same estimate holds for IV5, and therefore completes the proof.
�
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=−µ∆X(φb−φ0−µβφ1)−µεÃ[∇X,∂z](φb−φ0)−µε(A[∇X,∂z]φ0+∂2
zφ2)

−µ|∇Xσ|2∂2
z(φb−φ0−µβφ1−µεφ2))−µ2β|∇Xσ|2∂2

zφ1+µ2ε|∇Xσ|2∂2
zφ2,

sothat

(1+µ|∇Xσ|2)∂2
z(φb−φ2

app)=−µ∆X(φb−φ0−µβφ1)−µεÃ[∇X,∂z](φb−φ0)
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=−µ∆X(φb−φ0−µβφ1)−µεÃ[∇X,∂z](φb−φ0)−µε(A[∇X,∂z]φ0+∂
2
zφ2)

−µ|∇Xσ|
2
∂

2
z(φb−φ0−µβφ1−µεφ2))−µ

2
β|∇Xσ|

2
∂

2
zφ1+µ

2
ε|∇Xσ|

2
∂

2
zφ2,

sothat

(1+µ|∇Xσ|
2
)∂

2
z(φb−φ

2
app)=−µ∆X(φb−φ0−µβφ1)−µεÃ[∇X,∂z](φb−φ0)
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2.5. Multi-scale expansions of Gµ. In this section, we give the expansions of the Dirichlet-
Neumann operator. We will use that Gµ is directly related to V through (1.7) and (2.8). In
particular, we have the following result two results.

Proposition 2.22. Under the provisions of Proposition 2.20 we define

1

µ
Gbψ = −∇X ·

( h
hb

∫ 0

−hb
∇Xφ dz

)
,

and for ψ ∈ Ḣs+5(Rd) we have the estimate

1

µ
|Gµψ − Gbψ|Hs ≤ µεM(s+ 3)|∇Xψ|Hs+4 . (2.42)

Proof. By definition of the Dirichlet-Neumann operator (1.9) and Proposition 2.20 we have
the result

1

µ
|Gµψ − Gbψ|Hs = |∇X · (h(V − V [0, βb]ψ))|Hs

≤ µεM(s+ 3)|∇Xψ|Hs+4 .

�

Proposition 2.23. Under the provisions of Proposition 2.21, we can define the approxi-
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where

B[βb]∇Xψ = bF4∇X(∇X · (b∇Xψ)) (2.44)

+ hb∇X
(
bF4∇X · (b∇Xψ)) + 2hb(∇Xb)F1∇X · (b∇Xψ).

Moreover, for ψ ∈ Ḣs+6(Rd) we have the following estimates on the Dirichlet-Neumann
operator

1

µ
|Gµψ − G0ψ|Hs ≤ (µε+ µ2β2)M(s+ 3)|∇Xψ|Hs+5 (2.45)

1

µ
|Gµψ − G1ψ|Hs ≤ (µ2ε+ µεβ + µ2β2)M(s+ 3)|∇Xψ|Hs+5 . (2.46)

Proof. To prove inequality (2.45), we introduce a generic function R such that

|R|Hs ≤M(s+ 3)|∇Xψ|Hs+5 . (2.47)
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Moreover,forψ∈Ḣs+6(Rd)wehavethefollowingestimatesontheDirichlet-Neumann
operator

1

µ|G
µ
ψ−G0ψ|Hs≤(µε+µ

2
β

2
)M(s+3)|∇Xψ|Hs+5(2.45)

1

µ|G
µ
ψ−G1ψ|Hs≤(µ

2
ε+µεβ+µ

2
β

2
)M(s+3)|∇Xψ|Hs+5.(2.46)

Proof.Toproveinequality(2.45),weintroduceagenericfunctionRsuchthat

|R|Hs≤M(s+3)|∇Xψ|Hs+5.(2.47)
30

2.5.Multi-scaleexpansionsofGµ.Inthissection,wegivetheexpansionsoftheDirichlet-
Neumannoperator.WewillusethatGµisdirectlyrelatedtoVthrough(1.7)and(2.8).In
particular,wehavethefollowingresulttworesults.

Proposition2.22.UndertheprovisionsofProposition2.20wedefine

1

µGbψ=−∇X·
(h
hb

∫0

−hb
∇Xφdz

)
,
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Then note that the first two terms in G0 are obtained from the first two terms in V 0. Indeed,
let G = ∇X · Lµ1 [βb]∇Xψ and use formula (2.35) to observe that
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µβ2

2
∇X ·

(
h
(
∇X
(
bF4∇X · (b∇Xψ)
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To conclude, we identify the remaining terms with the ones in ∇X ·
(
B[βb]∇Xψ

)
by (2.44),

and we conclude by (2.36) that
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µ
|Gµψ − G0ψ|Hs = |∇X · (h(V − V 0))|Hs

≤M(s+ 3)|∇Xψ|Hs+5 .
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ThennotethatthefirsttwotermsinG0areobtainedfromthefirsttwotermsinV0.Indeed,
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The proof of inequality (2.46) is similar, where we first use formula (2.37) to get that

1

µ
G1ψ = −∇X · (hV app)

= −∇X · (h∇Xψ)− µ∆X
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b

F2ψ
)
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2
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h∇XF4∇X ·

(
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+
µβ2

2
∇X ·

(
h(∇X

(
bF4∇X · (b∇Xψ)

)
+ 2(∇Xb)F1∇X · (b∇Xψ))

)
.

Then using the same arguments as for G0, for the last three terms, we know there is a
function R such that
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µ
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+ (µεβ + µ2β2)R,

where R satisfies (2.47). Thus, we only use (1.16) to say

µβLµ2 [βb] = µβR. (2.48)

and combine it with the observation h3

h3b
− 1 = εR, allowing us to neglect the term

µβ∆X

(
(
h3

h3
b

− 1)Lµ2 [βb]∆Xψ
)

= µεβR.

By estimate (2.38) we conclude that (2.46) holds true.
�

3. Derivation of Boussinesq type systems with bathymetry

In this section, we derive a family of weakly dispersive Boussinesq systems in the shallow
water regime with precision O(µε) and O(µε+ µ2β2).

3.1. Derivation of a Boussinesq type system with precision O(µε). We will now
derive a system with precision O(µε). This system is defined implicitly through the solution
of an elliptic problem on a fixed domain with solution φ which depends on time through
the Dirichlet data ψ.

Theorem 3.1. Let Gb be defined by (2.22). Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1]
the water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 5,
at order O(µε) with the Boussinesq type system:

{
∂tζ − 1

µGbψ = 0

∂tψ + ζ +
ε

2
|∇Xψ|2 = 0,

(3.1)

Proof. For the first equation we use the approximation given in Proposition 2.22. While
for the second equation we simply use (A.5) to replace the Dirichlet-Neumann operator by
terms of order O(µε). �
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Theproofofinequality(2.46)issimilar,wherewefirstuseformula(2.37)togetthat
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Byestimate(2.38)weconcludethat(2.46)holdstrue.
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3.DerivationofBoussinesqtypesystemswithbathymetry

Inthissection,wederiveafamilyofweaklydispersiveBoussinesqsystemsintheshallow
waterregimewithprecisionO(µε)andO(µε+µ2β2).

3.1.DerivationofaBoussinesqtypesystemwithprecisionO(µε).Wewillnow
deriveasystemwithprecisionO(µε).Thissystemisdefinedimplicitlythroughthesolution
ofanellipticproblemonafixeddomainwithsolutionφwhichdependsontimethrough
theDirichletdataψ.

Theorem3.1.LetGbbedefinedby(2.22).Thenforanyµ∈(0,1],ε∈[0,1],andβ∈[0,1]
thewaterwavesequations(1.4)areconsistent,inthesenseofDefinition1.15withn=5,
atorderO(µε)withtheBoussinesqtypesystem:

{
∂tζ−1

µGbψ=0

∂tψ+ζ+
ε

2
|∇Xψ|2=0,

(3.1)

Proof.ForthefirstequationweusetheapproximationgiveninProposition2.22.While
forthesecondequationwesimplyuse(A.5)toreplacetheDirichlet-Neumannoperatorby
termsoforderO(µε).�
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The proof of inequality (2.46) is similar, where we first use formula (2.37) to get that
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where R satisfies (2.47). Thus, we only use (1.16) to say
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and combine it with the observation
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By estimate (2.38) we conclude that (2.46) holds true.
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3. Derivation of Boussinesq type systems with bathymetry

In this section, we derive a family of weakly dispersive Boussinesq systems in the shallow
water regime with precision O(µε) and O(µε+ µ2β2).

3.1. Derivation of a Boussinesq type system with precision O(µε). We will now
derive a system with precision O(µε). This system is defined implicitly through the solution
of an elliptic problem on a fixed domain with solution φ which depends on time through
the Dirichlet data ψ.

Theorem 3.1. Let Gb be defined by (2.22). Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1]
the water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 5,
at order O(µε) with the Boussinesq type system:

{
∂tζ −
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2 |∇Xψ|2 = 0,
(3.1)

Proof. For the first equation we use the approximation given in Proposition 2.22. While
for the second equation we simply use (A.5) to replace the Dirichlet-Neumann operator by
terms of order O(µε). �
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3.2. Derivation of Boussinesq type systems with precision O(µε+ µ2β2). The sys-
tem derived in this section will have the benefit of being explicit. This will reduce the
computational cost from a numerical perspective, where the price we pay is given by an
additional term of order µ2β2. However, the system has improved dispersive properties
when compared to classical models. Moreover, since the precision is of higher order in β,
these systems can handle larger amplitude topography variations. The first result of this
section reads:

Theorem 3.2. Let F1 and F4 be the two Fourier multipliers given in Definition 1.6, and
let Lµ1 be given in Definition 1.10. Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1] the
water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 6, at
order O(µε+ µ2β2) with the Boussinesq type system:




∂tζ + F1∆Xψ + β(1 + µ
2 F4∆X)∇X · (Lµ1 [βb]∇Xψ)

+εG1∇X · (ζG2∇Xψ)− µβ2

2 ∇X ·
(
B[βb]∇Xψ

)
= 0

∂tψ + ζ +
ε

2
(G1∇Xψ) · (G2∇Xψ) = 0,

(3.2)

where

B[βb]• = bF4∇X(∇X · (b•)) + hb∇X
(
bF4∇X · (b•)) + 2hb(∇Xb)F1∇X · (b•),

and G1,G2 are any Fourier multipliers such that for any s ≥ 0 and u ∈ Hs+2(Rd), we have

|(Gj − 1)u|Hs . µ|u|Hs+2 .

Proof. To start, we replace the Dirichlet-Neumann operator by (A.5) and its expansion
given by (2.45) and discarding all the terms of order O(µ(ε + µβ2)) in the water waves
equations (1.4) yields,



∂tζ + F1∆Xψ + β(1 + µ
2 F4∆X)∇X ·

(
Lµ1 [βb]∇Xψ

)
+ ε∇X ·

(
ζF1∇Xψ

)

−µβ2

2 ∇X ·
(
B[βb]∇Xψ

)
= (µε+ µ2β2)R,

∂tψ + ζ +
ε

2
|∇Xψ|2 = µεR.

where we introduced a generic function R such that

|R|Hs ≤M(s+ 3)|∇Xψ|Hs+5 . (3.3)

To complete the proof, we use the assumption on Gj whenever there is the appearance of
an ε. Then apply estimate (2.45) up to the rest R satisfying (3.3). �

The next result concerns a Boussinesq type system for which the first equation is exact
and where the unknowns are given in terms of (ζ, V ).

Theorem 3.3. Let F1 and F4 be the two Fourier multipliers given in Definition 1.6, and
let Lµ1 be given in Definition 1.10. Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1] the
water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 7, at
order O(µε+ µ2β2) with the Boussinesq type system:

{
∂tζ +∇X · (hV ) = 0

∂tV + T µ0 [βb, εζ]∇Xζ + ε
2∇X |V |2 = 0,

(3.4)

where

T µ0 [βb, εζ]• =
1

h

(
F1 •+βLµ1 [βb] •+εζF1 •

)
+
µβ

2
∇XF4∇X ·

(
Lµ1 [βb] •

)

− µβ2

2
∇X
(
bF4∇X · (b•)

)
− µβ2(∇Xb)F1∇X · (b•).
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3.2. Derivation of Boussinesq type systems with precision O(µε+ µ2β2). The sys-
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Proof. The first equation is exact by identity (1.9), and so we only work with the second
equation of (1.4). However, using Theorem 1.18 we can work directly of on the second
equation of (3.4) in the case G1 = G2 = Id. Also, since we will take the gradient of ψ
we need to increase the regularity of our rest function. In particular, let R be a generic
function such that

|R|Hs ≤M(s+ 3)|∇Xψ|Hs+6 .

Then by (2.35) there holds

hV =
h

hb
F1∇Xψ + β

h

hb
Lµ1 [βb]∇Xψ +

µβ

2
hb∇XF4∇X · Lµ1 [βb]∇Xψ

− µβ2

2
hb∇X

(
bF4∇X · (b∇Xψ)

)
− µβ2hb(∇Xb)F1∇X · (b∇Xψ) + (µε+ µ2β2)R.

Moreover, by (1.18) and (A.7) we make the observation

h

hb

(
F1∇Xψ + βLµ1 [βb]∇Xψ

)
= F1∇Xψ + βLµ1 [βb]∇Xψ + εζF1∇Xψ + µεR,

so that

hV = hT µ0 [βb, εζ]∇Xψ + (µε+ µ2β2)R.

From this expression, we can use the first equation to see that ∂th = −ε∇X · (hV ), and the
estimates (A.7) together with the relation ∇Xψ = V + µR to get that:

h∂tV = (∂th)
(
F1∇Xψ − V ) + hT µ0 [βb, εζ]∇X∂tψ

= hT µ0 [βb, εζ]∇X∂tψ.

We may now use this relation in the second equation of (3.4) where we apply the gradient
and T0[βb, εζ] to obtain that

h∂tV + hT µ0 [βb, εζ]∇Xζ +
ε

2
hT µ0 [βb, εζ]∇X |V |2 = (µε+ µ2β2)R.

Then we conclude from the fact that T µ0 [βb, εζ] = Id + µR.
�

3.2.1. Hamiltonian structure. We end this section by briefly commenting on the Hamil-
tonian structure of Boussinesq type systems with bathymetry. To do so, we recall the
Hamiltonian of the water waves equations (1.4) [18]:

H(ζ, ψ) =
1

2

∫

Rd
ζ2 dX +

1

2µ

∫

Rd
ψGµψ dX, (3.5)

with H(ζ, ψ) satisfying the system

{
∂tζ = δψH

∂tψ = −δζH,
(3.6)
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Proof. The first equation is exact by identity (1.9), and so we only work with the second
equation of (1.4). However, using Theorem 1.18 we can work directly of on the second
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where δψ and δζ are functional derivatives. Then replacing the Dirichlet-Neumann operator
in (3.5) with its approximation its approximation (2.45) we obtain

H(ζ, ψ) =
1

2

∫

Rd
ζ2 dX +

1

2

∫

Rd
F1∇Xψ · ∇Xψ dX (3.7)

+
ε

2

∫

Rd
ζG∇Xψ ·G∇Xψ dX +

β

2

∫

Rd
Lµ1 [βb]∇Xψ · ∇Xψ dX

+
µβ

4

∫

Rd
F4∆XLµ1 [βb]∇Xψ · ∇Xψ dX − µβ2

4

∫

Rd
∇Xψ · B[βb]∇Xψ dX

+O(µε+ µ2β2),

for some Fourier multiplier G of the form G = 1 + O(µ).
Now, to compute the functional derivatives in system (3.6) we note that the Fourier

multipliers that appear are self-adjoint. While for the pseudo-differential operator of order
zero, Lµ1 , one can use the fact that there exists an adjoint. However, a simpler approach is
to approximate it by (1.19) and gives

Lµ1 [βb] = −bF3 −
µβ2

6
b3|D|2F3 +O(µ2β4).

Using this relation implies

RHS1 : =
β

2

∫

Rd
Lµ1 [βb]∇Xψ · ∇Xψ dX

= −β
2

∫

Rd
bF3∇Xψ · ∇Xψ dX +

µβ3

12

∫

Rd
b3∆XF3∇Xψ · ∇Xψ dX +O(µ2β5),

and

RHS2 : =
µβ

4

∫

Rd
F4∆XLµ1 [βb]∇Xψ · ∇Xψ dX

= −µβ
4

∫

Rd
F4∆X(b∇Xψ) · ∇Xψ dX +O(µ2β3).

In particular, the first equation in (3.6) is given by

δψH = −F1∆Xψ +∇X · (Aµ[βb]∇Xψ)− εG∇X · (ζG∇Xψ) +
µβ2

4
∇X ·

((
B[βb] + B[βb]∗

)
∇Xψ

)
,

where

Aµ[βb]• =
β

2

(
F3(b•) + bF3 •

)
+
µβ

2

(
F4∆X(b•) + bF4∆X •

)
− µβ3

12

(
b3∆XF3 •+∆XF3(b3•)

)
,

and where B[βb]∗ stands for the adjoint of B[βb] and reads

B[βb]∗∇Xψ = bF4∇X
(
∇X · (b∇Xψ)

)
+ bF4∇X(b∇X · (hb∇Xψ)) + 2bF1∇X(hb∇Xb · ∇Xψ).

Similarly for the second equation:

δζH = −ζ − ε

2
|G∇Xψ|2.

Then using (3.6), we will arrive at the following system




∂tζ + F1∆Xψ −∇X ·
(
Aµ[βb]∇Xψ

)
+ εG∇X · (ζG∇Xψ)

−µβ2

4 ∇X ·
((
B[βb] + B[βb]∗

)
∇Xψ

)
= 0

∂tψ + ζ + ε
2 |G∇Xψ|2 = 0,

(3.8)
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zero, L

µ
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4. Derivation of Green-Naghdi type systems with bathymetry

In this section, we derive weakly dispersive Green-Naghdi systems in the shallow water
regime with precision O(µ2ε+ µεβ + µ2β2). The following Green-Naghdi type system may
be derived from the water waves equations:
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systemderivedin[10].
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and is preserved by smooth solutions of (3.8).

Remark 3.4. If we neglect terms of order O(µε+µβ), using F3 = 1 +O(µ), we obtain the
system derived in [10].

4. Derivation of Green-Naghdi type systems with bathymetry

In this section, we derive weakly dispersive Green-Naghdi systems in the shallow water
regime with precision O(µ2ε+ µεβ + µ2β2). The following Green-Naghdi type system may
be derived from the water waves equations:

Theorem 4.1. Let F2 and F4 be the two Fourier multipliers given in Definition 1.6, and
let L

µ
2 be given in Definition 1.10. Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1] the

water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 6, at
order O(µ2ε+ µεβ + µ2β2) with the Green-Naghdi type system:
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at order O(µ2ε + µεβ). Indeed, using (A.7) to say F2 = 1 + µR and
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at order O(µ). In particular, we use (A.5) to simplify the second equation in the water
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and we may use this expression to simplify (4.4) where we again use that
√

F2 = 1 + µR.
Thus, we conclude the proof of this theorem with estimate (A.5) up to a rest R satisfying
(4.2).

�

One may also derive a system with unknowns (ζ, V ) instead of (ζ, ψ), for which the first
equation is exact. The new system reads:
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let Lµ1 and Lµ2 be given in Definition 1.10. Then for any µ ∈ (0, 1], ε ∈ [0, 1], and β ∈ [0, 1]
the water waves equations (1.4) are consistent, in the sense of Definition 1.15 with n = 7,
at order O(µ2ε+ µεβ + µ2β2) with the Green-Naghdi type system:

{
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where V defined by (1.8),
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atorderO(µ2ε+µεβ).Indeed,using(A.7)tosayF2=1+µRand
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at order O(µ2ε + µεβ). Indeed, using (A.7) to say F2 = 1 + µR and √F2 = 1 + µR, we
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at order O(µ). In particular, we use (A.5) to simplify the second equation in the water
waves equations (1.4) to get that

∂tψ + ζ +
ε

2 |∇Xψ|
2
−
µε

2

( 1

µG
µ
[εζ, βb]ψ + ε∇Xζ · ∇Xψ

)2
= µ

2
εR. (4.4)

Then using (A.5) we have that

1

µG
µ
[εζ, βb]ψ = −∇X · (h∇Xψ) + µR

= −h∆Xψ − ε∇Xζ · ∇Xψ + (µ+ β)R,

and we may use this expression to simplify (4.4) where we again use that √F2 = 1 + µR.
Thus, we conclude the proof of this theorem with estimate (A.5) up to a rest R satisfying
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Proof. The first equation is exact so we only need to work on the second equation. Also,
since V is related to the gradient of ψ we need to increase the regularity of the rest function
R. In particular, we introduce a generic function R satisfying

|R|Hs ≤M(s+ 3)|∇Xψ|Hs+6 . (4.8)
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Furthermore, using (4.12) and (4.11) we obtain that
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4.0.1. Hamiltonian structure. We end this section by briefly commenting on the Hamil-
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Appendix A

A.1. On the properties of pseudo-differential operators. In this section, we will give
a rigorous meaning to the pseudo-differential operators given in Proposition 1.10. Before
turning to the proof, we recall the definition of a symbol.

Definition A.1. Let d = 1, 2 and m ∈ R. We say L ∈ Sm is a symbol of order m if L(X, ξ)
is C∞(Rd × Rd) and satisfies

∀α ∈ Nd, ∀γ ∈ Nd, 〈ξ〉−(m−|γ|)|∂αX∂γξL(X, ξ)| <∞.
We also introduce the seminorm

Mm(L) = sup
|α|≤d d

2
e+1

sup
|γ|≤d d

2
e+1

sup
(X,ξ)∈Rd×Rd

{
〈ξ〉−(m−|γ|)|∂αX∂γξL(X, ξ)|

}
. (A.1)

Moreover, we recall the main tool we will use to justify the pseudo-differential operators in
Sobolev spaces:

Theorem A.2. Let d = 1, 2, s ≥ 0, and L ∈ Sm. Then formula (1.10) defines a bounded
pseudo-differential operator from Hs+m(Rd) to Hs(R) and satisfies

|L[X,D]u|Hs ≤Mm(L)|u|Hs+m . (A.2)

With this Theorem at hand, we can now give the proof.

Proof of Proposition 1.10. We will first prove that for s ≥ 0 the operators Lµi are a uniformly

bounded on Hs(Rd). To prove this point we need to verify that the symbols:

Lµ1 (βb(X), ξ) = − 1

β
sinh (βb(X)

√
µ|ξ|)sech(

√
µ|ξ|) 1√

µ|ξ|

Lµ2 (βb(X), ξ) =
1

β
(sinh (βb(X)

√
µ|ξ|)sech(

√
µ|ξ|) 1√

µ|ξ| − βb)
1

µ|ξ|2

Lµ3 (βb(X), ξ) = −
(

cosh(βb(X)
√
µ|ξ|)sech(

√
µ|ξ|)− 1

) 1

µ|ξ|2

are elements of S0 where the constants M0(Li) are independent of µ and β. We treat each
symbol separately.

We start by proving that the symbol Lµ1 is in S0. To do so, we will split the frequency
domain into three regions. First, let β

√
µ|ξ| ≤ 1 and

√
µ|ξ| ≤ 1. Then since Lµ1 (βb(X), ξ) ∈

C∞(Rd × Rd) and the Taylor expansion around (X, 0) gives us

|∂αX∂γξL
µ
1 (βb(X), ξ)| . 1.

Next, consider the region β
√
µ|ξ| > 1. Then we also have that |ξ| ≥ √µ|ξ| > 1. With this

in mind, we can prove the necessary decay estimate. Indeed, since b ∈ C∞c (Rd) satisfies
(1.13), i.e. for hb,max ∈ (0, 1):

0 < hb,min ≤ 1− βb(X),

combined with sech(x) ∼ e−x and sinh(x) ∼ ex for x ∈ R, we have that
∣∣∣∂αX∂γξ

(sinh(βb(X)
√
µ|ξ|)

cosh(
√
µ|ξ|)

)∣∣∣ . µ
|γ|
2 (1 +

√
µ|ξ|)|α|e−hb,min

√
µ|ξ|

. (
2

hb,min
)|α|µ

|γ|
2 e−

1
2
hb,min

√
µ|ξ|.
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A.1. On the properties of pseudo-differential operators. In this section, we will give
a rigorous meaning to the pseudo-differential operators given in Proposition 1.10. Before
turning to the proof, we recall the definition of a symbol.

Definition A.1. Let d = 1, 2 and m ∈ R. We say L ∈ Sm is a symbol of order m if L(X, ξ)
is C∞(Rd × Rd) and satisfies

∀α ∈ N
d
, ∀γ ∈ N

d
, 〈ξ〉−(m−|γ|)|∂αX∂γ

ξL(X, ξ)| <∞.
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. (A.1)

Moreover, we recall the main tool we will use to justify the pseudo-differential operators in
Sobolev spaces:

Theorem A.2. Let d = 1, 2, s ≥ 0, and L ∈ Sm. Then formula (1.10) defines a bounded
pseudo-differential operator from Hs+m(Rd) to Hs(R) and satisfies

|L[X,D]u|Hs ≤Mm(L)|u|Hs+m . (A.2)

With this Theorem at hand, we can now give the proof.

Proof of Proposition 1.10. We will first prove that for s ≥ 0 the operators L
µ
i are a uniformly

bounded on Hs(Rd). To prove this point we need to verify that the symbols:
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are elements of S0 where the constants M0(Li) are independent of µ and β. We treat each
symbol separately.

We start by proving that the symbol L
µ
1 is in S0. To do so, we will split the frequency

domain into three regions. First, let β√µ|ξ| ≤ 1 and √µ|ξ| ≤ 1. Then since L
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1 (βb(X), ξ) ∈

C∞(Rd × Rd) and the Taylor expansion around (X, 0) gives us
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Next, consider the region β√µ|ξ| > 1. Then we also have that |ξ| ≥ √µ|ξ| > 1. With this

in mind, we can prove the necessary decay estimate. Indeed, since b ∈ C∞
c (Rd) satisfies

(1.13), i.e. for hb,max ∈ (0, 1):
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Additionally, there holds

µ
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2 (1 + |ξ|)|γ|e−

√
µ|ξ| . 1,

and so we obtain the estimate
∣∣∣∂αX∂γξ

(sinh(βb(X)
√
µ|ξ|)

cosh(
√
µ|ξ|)

)∣∣∣ . (1 + |ξ|)−|γ|. (A.3)

Then combining this estimate with the Leibniz rule we obtain that

|∂αX∂γξL
µ
1 (βb(X), ξ)| . 1

β

∑

γ1∈Nd : γ1≤γ

∣∣∣∂αX∂γ1ξ
(sinh(βb(X)

√
µ|ξ|)

cosh(
√
µ|ξ|)

)∣∣∣
∣∣∂γ−γ1ξ

(
(
√
µ|ξ|)−1

)∣∣

. (β
√
µ|ξ|)−1

∑

γ1∈Nd : γ1≤γ
(1 + |ξ|)−|γ1||ξ||γ1|−|γ|

. |ξ|−|γ|.
However, since we have that |ξ| ≥ √µ|ξ| > 1, we obtain the desired result

|∂αX∂γξL
µ
1 (βb(X), ξ)| . 〈ξ〉−|γ|. (A.4)

Lastly, let β
√
µ|ξ| ≤ 1 and

√
µ|ξ| ≥ 1. In this case, we expand x 7→ sinh(x) to obtain

Lµ1 (βb(X), ξ) = −b(X)sech(
√
µ|ξ|)

− 1

6β

(
β3b(X)3

∫ 1

0
cosh(tβb(X)

√
µ|ξ|)(1− t)2 dt

)
(
√
µ|ξ|)2sech(

√
µ|ξ|).

To conclude, we observe that

|∂αX∂γξ
(
b(X)sech(

√
µ|ξ|)

)
| . µ

|γ|
2 e−

√
µ|ξ| . 〈ξ〉−|γ|.

For the second term, we let t ∈ [0, 1] and observe that we only need to consider

cosh(tβb(X)
√
µ|ξ|)

cosh(
√
µ|ξ|) (

√
µ|ξ|)2,

for which the decay estimate follows similarly to (A.3). Indeed, we first observe that

∣∣∣∂αX∂γξ
(cosh(tβb(X)

√
µ|ξ|)

cosh(
√
µ|ξ|)

)∣∣∣ . µ
|γ|
2 t|α|(1 +

√
µt|ξ|)|α|e−hb,min

√
µ|ξ|

. µ
|γ|
2 e−

hb,min
2

√
µ|ξ|,

since t ∈ [0, 1]. Then by the Leibniz rule, we get

∣∣∣∂αX∂γξ
(cosh(tβb(X)

√
µ|ξ|)

cosh(
√
µ|ξ|) µ|ξ|2

)∣∣∣ .
∑

γ1∈Nd : γ1≤γ
µ
|γ1|
2

+1e−
hb,min

2

√
µ|ξ||ξ|2+|γ1|−|γ|

. |ξ|−|γ|,
for |ξ| ≥ √µ|ξ| > 1. Consequently, we can conclude this case. By Theorem (A.2) there
holds,

|Lµ1 [βb]u|Hs ≤M(s)|u|Hs .

For the symbol Lµ2 , we observe for β
√
µ|ξ| ≤ 1 and

√
µ|ξ| ≤ 1 and a Taylor expansion

that it is smooth and bounded. Moreover, for frequencies such that β
√
µ|ξ| > 1, we can
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Additionally,thereholds

µ
|γ|
2(1+|ξ|)|γ|e−

√
µ|ξ|.1,

andsoweobtaintheestimate
∣∣∣∂αX∂γξ

(sinh(βb(X)
√

µ|ξ|)
cosh(

√
µ|ξ|)

)∣∣∣.(1+|ξ|)−|γ|.(A.3)

ThencombiningthisestimatewiththeLeibnizruleweobtainthat

|∂αX∂γξL
µ
1(βb(X),ξ)|.1

β

∑

γ1∈Nd:γ1≤γ

∣∣∣∂αX∂γ1 ξ
(sinh(βb(X)

√
µ|ξ|)

cosh(
√

µ|ξ|)
)∣∣∣

∣∣∂γ−γ1 ξ

(
(
√

µ|ξ|)−1
)∣∣

.(β
√

µ|ξ|)−1
∑

γ1∈Nd:γ1≤γ
(1+|ξ|)−|γ1||ξ||γ1|−|γ|

.|ξ|−|γ|.
However,sincewehavethat|ξ|≥√µ|ξ|>1,weobtainthedesiredresult

|∂αX∂γξL
µ
1(βb(X),ξ)|.〈ξ〉−|γ|.(A.4)

Lastly,letβ
√

µ|ξ|≤1and
√

µ|ξ|≥1.Inthiscase,weexpandx7→sinh(x)toobtain

Lµ1(βb(X),ξ)=−b(X)sech(
√

µ|ξ|)

−1

6β

(
β3b(X)3

∫1

0
cosh(tβb(X)

√
µ|ξ|)(1−t)2dt

)
(
√

µ|ξ|)2sech(
√

µ|ξ|).

Toconclude,weobservethat

|∂αX∂γξ
(
b(X)sech(

√
µ|ξ|)

)
|.µ

|γ|
2e−

√
µ|ξ|.〈ξ〉−|γ|.

Forthesecondterm,welett∈[0,1]andobservethatweonlyneedtoconsider

cosh(tβb(X)
√

µ|ξ|)
cosh(

√
µ|ξ|)(

√
µ|ξ|)2,

forwhichthedecayestimatefollowssimilarlyto(A.3).Indeed,wefirstobservethat

∣∣∣∂αX∂γξ
(cosh(tβb(X)

√
µ|ξ|)

cosh(
√

µ|ξ|)
)∣∣∣.µ

|γ|
2t|α|(1+

√
µt|ξ|)|α|e−hb,min

√
µ|ξ|

.µ
|γ|
2e−

hb,min
2

√
µ|ξ|,

sincet∈[0,1].ThenbytheLeibnizrule,weget

∣∣∣∂αX∂γξ
(cosh(tβb(X)

√
µ|ξ|)

cosh(
√

µ|ξ|)µ|ξ|2
)∣∣∣.

∑

γ1∈Nd:γ1≤γ
µ

|γ1|
2

+1e−
hb,min

2

√
µ|ξ||ξ|2+|γ1|−|γ|

.|ξ|−|γ|,
for|ξ|≥√µ|ξ|>1.Consequently,wecanconcludethiscase.ByTheorem(A.2)there
holds,

|Lµ1[βb]u|Hs≤M(s)|u|Hs.

ForthesymbolLµ2,weobserveforβ
√

µ|ξ|≤1and
√

µ|ξ|≤1andaTaylorexpansion
thatitissmoothandbounded.Moreover,forfrequenciessuchthatβ

√
µ|ξ|>1,wecan
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Additionally,thereholds

µ
|γ|
2(1+|ξ|)|γ|e−

√
µ|ξ|.1,

andsoweobtaintheestimate
∣∣∣∂αX∂γξ

(sinh(βb(X)
√

µ|ξ|)
cosh(

√
µ|ξ|)

)∣∣∣.(1+|ξ|)−|γ|.(A.3)

ThencombiningthisestimatewiththeLeibnizruleweobtainthat

|∂αX∂γξL
µ
1(βb(X),ξ)|.1

β

∑

γ1∈Nd:γ1≤γ

∣∣∣∂αX∂γ1 ξ
(sinh(βb(X)

√
µ|ξ|)

cosh(
√

µ|ξ|)
)∣∣∣

∣∣∂γ−γ1 ξ

(
(
√

µ|ξ|)−1
)∣∣

.(β
√

µ|ξ|)−1
∑

γ1∈Nd:γ1≤γ
(1+|ξ|)−|γ1||ξ||γ1|−|γ|

.|ξ|−|γ|.
However,sincewehavethat|ξ|≥√µ|ξ|>1,weobtainthedesiredresult

|∂αX∂γξL
µ
1(βb(X),ξ)|.〈ξ〉−|γ|.(A.4)

Lastly,letβ
√

µ|ξ|≤1and
√

µ|ξ|≥1.Inthiscase,weexpandx7→sinh(x)toobtain

Lµ1(βb(X),ξ)=−b(X)sech(
√

µ|ξ|)

−1

6β

(
β3b(X)3

∫1

0
cosh(tβb(X)

√
µ|ξ|)(1−t)2dt

)
(
√

µ|ξ|)2sech(
√

µ|ξ|).

Toconclude,weobservethat

|∂αX∂γξ
(
b(X)sech(

√
µ|ξ|)

)
|.µ

|γ|
2e−

√
µ|ξ|.〈ξ〉−|γ|.

Forthesecondterm,welett∈[0,1]andobservethatweonlyneedtoconsider

cosh(tβb(X)
√

µ|ξ|)
cosh(

√
µ|ξ|)(

√
µ|ξ|)2,

forwhichthedecayestimatefollowssimilarlyto(A.3).Indeed,wefirstobservethat

∣∣∣∂αX∂γξ
(cosh(tβb(X)

√
µ|ξ|)

cosh(
√

µ|ξ|)
)∣∣∣.µ

|γ|
2t|α|(1+

√
µt|ξ|)|α|e−hb,min

√
µ|ξ|

.µ
|γ|
2e−

hb,min
2

√
µ|ξ|,

sincet∈[0,1].ThenbytheLeibnizrule,weget

∣∣∣∂αX∂γξ
(cosh(tβb(X)

√
µ|ξ|)

cosh(
√

µ|ξ|)µ|ξ|2
)∣∣∣.

∑

γ1∈Nd:γ1≤γ
µ

|γ1|
2

+1e−
hb,min

2

√
µ|ξ||ξ|2+|γ1|−|γ|

.|ξ|−|γ|,
for|ξ|≥√µ|ξ|>1.Consequently,wecanconcludethiscase.ByTheorem(A.2)there
holds,

|Lµ1[βb]u|Hs≤M(s)|u|Hs.

ForthesymbolLµ2,weobserveforβ
√

µ|ξ|≤1and
√

µ|ξ|≤1andaTaylorexpansion
thatitissmoothandbounded.Moreover,forfrequenciessuchthatβ

√
µ|ξ|>1,wecan
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Additionally, there holds

µ
|γ|
2 (1 + |ξ|)|γ|e−√µ|ξ|

. 1,

and so we obtain the estimate
∣∣
∣∂
α
X∂

γ
ξ

(sinh(βb(X)√µ|ξ|)
cosh(√µ|ξ|)

)∣∣
∣ . (1 + |ξ|)−|γ|. (A.3)

Then combining this estimate with the Leibniz rule we obtain that

|∂
α
X∂

γ
ξL

µ
1 (βb(X), ξ)| .

1

β

∑

γ1∈Nd : γ1≤γ

∣∣
∣∂
α
X∂

γ1
ξ

(sinh(βb(X)√µ|ξ|)
cosh(√µ|ξ|)

)∣∣
∣
∣∣
∂
γ−γ1
ξ

(
(√µ|ξ|)−1)∣

∣

. (β√µ|ξ|)−1 ∑

γ1∈Nd : γ1≤γ
(1 + |ξ|)−|γ1||ξ||γ1|−|γ|

. |ξ|−|γ|.
However, since we have that |ξ| ≥ √µ|ξ| > 1, we obtain the desired result

|∂
α
X∂

γ
ξL

µ
1 (βb(X), ξ)| . 〈ξ〉−|γ|. (A.4)

Lastly, let β√µ|ξ| ≤ 1 and √µ|ξ| ≥ 1. In this case, we expand x 7→ sinh(x) to obtain

L
µ
1 (βb(X), ξ) = −b(X)sech(√µ|ξ|)

−
1

6β

(
β

3
b(X)

3

∫ 1

0
cosh(tβb(X)√µ|ξ|)(1− t)2

dt
)

(√µ|ξ|)2
sech(√µ|ξ|).

To conclude, we observe that

|∂
α
X∂

γ
ξ

(
b(X)sech(√µ|ξ|))

| . µ
|γ|
2 e−√µ|ξ|

. 〈ξ〉−|γ|.
For the second term, we let t ∈ [0, 1] and observe that we only need to consider

cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|) (√µ|ξ|)2

,

for which the decay estimate follows similarly to (A.3). Indeed, we first observe that

∣∣
∣∂
α
X∂

γ
ξ

(cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|)

)∣∣
∣ . µ

|γ|
2 t|α|(1 +√µt|ξ|)|α|e−hb,min

√µ|ξ|

. µ
|γ|
2 e−

hb,min
2

√µ|ξ|
,

since t ∈ [0, 1]. Then by the Leibniz rule, we get

∣∣
∣∂
α
X∂

γ
ξ

(cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|) µ|ξ|

2)∣∣
∣ .

∑

γ1∈Nd : γ1≤γ
µ
|γ1|
2 +1

e−
hb,min

2

√µ|ξ|
|ξ|

2+|γ1|−|γ|

. |ξ|−|γ|,
for |ξ| ≥ √µ|ξ| > 1. Consequently, we can conclude this case. By Theorem (A.2) there
holds,

|L
µ
1 [βb]u|Hs ≤M(s)|u|Hs .

For the symbol L
µ
2 , we observe for β√µ|ξ| ≤ 1 and √µ|ξ| ≤ 1 and a Taylor expansion

that it is smooth and bounded. Moreover, for frequencies such that β√µ|ξ| > 1, we can
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Additionally, there holds

µ
|γ|
2 (1 + |ξ|)|γ|e−√µ|ξ|

. 1,

and so we obtain the estimate
∣∣
∣∂
α
X∂

γ
ξ

(sinh(βb(X)√µ|ξ|)
cosh(√µ|ξ|)

)∣∣
∣ . (1 + |ξ|)−|γ|. (A.3)

Then combining this estimate with the Leibniz rule we obtain that

|∂
α
X∂

γ
ξL

µ
1 (βb(X), ξ)| .

1

β

∑

γ1∈Nd : γ1≤γ

∣∣
∣∂
α
X∂

γ1
ξ

(sinh(βb(X)√µ|ξ|)
cosh(√µ|ξ|)

)∣∣
∣
∣∣
∂
γ−γ1
ξ

(
(√µ|ξ|)−1)∣

∣

. (β√µ|ξ|)−1 ∑

γ1∈Nd : γ1≤γ
(1 + |ξ|)−|γ1||ξ||γ1|−|γ|

. |ξ|−|γ|.
However, since we have that |ξ| ≥ √µ|ξ| > 1, we obtain the desired result

|∂
α
X∂

γ
ξL

µ
1 (βb(X), ξ)| . 〈ξ〉−|γ|. (A.4)

Lastly, let β√µ|ξ| ≤ 1 and √µ|ξ| ≥ 1. In this case, we expand x 7→ sinh(x) to obtain

L
µ
1 (βb(X), ξ) = −b(X)sech(√µ|ξ|)

−
1

6β

(
β

3
b(X)

3

∫ 1

0
cosh(tβb(X)√µ|ξ|)(1− t)2

dt
)

(√µ|ξ|)2
sech(√µ|ξ|).

To conclude, we observe that

|∂
α
X∂

γ
ξ

(
b(X)sech(√µ|ξ|))

| . µ
|γ|
2 e−√µ|ξ|

. 〈ξ〉−|γ|.
For the second term, we let t ∈ [0, 1] and observe that we only need to consider

cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|) (√µ|ξ|)2

,

for which the decay estimate follows similarly to (A.3). Indeed, we first observe that

∣∣
∣∂
α
X∂

γ
ξ

(cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|)

)∣∣
∣ . µ

|γ|
2 t|α|(1 +√µt|ξ|)|α|e−hb,min

√µ|ξ|

. µ
|γ|
2 e−

hb,min
2

√µ|ξ|
,

since t ∈ [0, 1]. Then by the Leibniz rule, we get

∣∣
∣∂
α
X∂

γ
ξ

(cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|) µ|ξ|

2)∣∣
∣ .

∑

γ1∈Nd : γ1≤γ
µ
|γ1|
2 +1

e−
hb,min

2

√µ|ξ|
|ξ|

2+|γ1|−|γ|

. |ξ|−|γ|,
for |ξ| ≥ √µ|ξ| > 1. Consequently, we can conclude this case. By Theorem (A.2) there
holds,

|L
µ
1 [βb]u|Hs ≤M(s)|u|Hs .

For the symbol L
µ
2 , we observe for β√µ|ξ| ≤ 1 and √µ|ξ| ≤ 1 and a Taylor expansion

that it is smooth and bounded. Moreover, for frequencies such that β√µ|ξ| > 1, we can
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Additionally,thereholds

µ
|γ|
2(1+|ξ|)|γ|e−√µ|ξ|

.1,

andsoweobtaintheestimate
∣∣
∣∂
α
X∂

γ
ξ

(sinh(βb(X)√µ|ξ|)
cosh(√µ|ξ|)

)∣∣
∣.(1+|ξ|)−|γ|.(A.3)

ThencombiningthisestimatewiththeLeibnizruleweobtainthat

|∂
α
X∂

γ
ξL

µ
1(βb(X),ξ)|.

1
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γ1∈Nd:γ1≤γ

∣∣
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α
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γ1
ξ

(sinh(βb(X)√µ|ξ|)
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)∣∣
∣
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∂
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ξ

(
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∣

.(β√µ|ξ|)−1∑

γ1∈Nd:γ1≤γ
(1+|ξ|)−|γ1||ξ||γ1|−|γ|

.|ξ|−|γ|.
However,sincewehavethat|ξ|≥√µ|ξ|>1,weobtainthedesiredresult

|∂
α
X∂

γ
ξL

µ
1(βb(X),ξ)|.〈ξ〉−|γ|.(A.4)

Lastly,letβ√µ|ξ|≤1and√µ|ξ|≥1.Inthiscase,weexpandx7→sinh(x)toobtain

L
µ
1(βb(X),ξ)=−b(X)sech(√µ|ξ|)

−
1

6β

(
β

3
b(X)

3

∫1

0
cosh(tβb(X)√µ|ξ|)(1−t)2

dt
)

(√µ|ξ|)2
sech(√µ|ξ|).

Toconclude,weobservethat

|∂
α
X∂

γ
ξ

(
b(X)sech(√µ|ξ|))

|.µ
|γ|
2e−√µ|ξ|

.〈ξ〉−|γ|.
Forthesecondterm,welett∈[0,1]andobservethatweonlyneedtoconsider

cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|)(√µ|ξ|)2

,

forwhichthedecayestimatefollowssimilarlyto(A.3).Indeed,wefirstobservethat

∣∣
∣∂
α
X∂

γ
ξ

(cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|)

)∣∣
∣.µ

|γ|
2t|α|(1+√µt|ξ|)|α|e−hb,min

√µ|ξ|

.µ
|γ|
2e−

hb,min
2

√µ|ξ|
,

sincet∈[0,1].ThenbytheLeibnizrule,weget

∣∣
∣∂
α
X∂

γ
ξ

(cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|)µ|ξ|

2)∣∣
∣.

∑

γ1∈Nd:γ1≤γ
µ
|γ1|
2+1

e−
hb,min

2

√µ|ξ|
|ξ|

2+|γ1|−|γ|

.|ξ|−|γ|,
for|ξ|≥√µ|ξ|>1.Consequently,wecanconcludethiscase.ByTheorem(A.2)there
holds,

|L
µ
1[βb]u|Hs≤M(s)|u|Hs.

ForthesymbolL
µ
2,weobserveforβ√µ|ξ|≤1and√µ|ξ|≤1andaTaylorexpansion

thatitissmoothandbounded.Moreover,forfrequenciessuchthatβ√µ|ξ|>1,wecan
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Additionally,thereholds

µ
|γ|
2(1+|ξ|)|γ|e−√µ|ξ|

.1,

andsoweobtaintheestimate
∣∣
∣∂
α
X∂

γ
ξ

(sinh(βb(X)√µ|ξ|)
cosh(√µ|ξ|)

)∣∣
∣.(1+|ξ|)−|γ|.(A.3)

ThencombiningthisestimatewiththeLeibnizruleweobtainthat

|∂
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µ
1(βb(X),ξ)|.
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(
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.(β√µ|ξ|)−1∑
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(1+|ξ|)−|γ1||ξ||γ1|−|γ|

.|ξ|−|γ|.
However,sincewehavethat|ξ|≥√µ|ξ|>1,weobtainthedesiredresult

|∂
α
X∂

γ
ξL

µ
1(βb(X),ξ)|.〈ξ〉−|γ|.(A.4)

Lastly,letβ√µ|ξ|≤1and√µ|ξ|≥1.Inthiscase,weexpandx7→sinh(x)toobtain

L
µ
1(βb(X),ξ)=−b(X)sech(√µ|ξ|)

−
1

6β

(
β

3
b(X)

3

∫1

0
cosh(tβb(X)√µ|ξ|)(1−t)2

dt
)

(√µ|ξ|)2
sech(√µ|ξ|).

Toconclude,weobservethat

|∂
α
X∂

γ
ξ

(
b(X)sech(√µ|ξ|))

|.µ
|γ|
2e−√µ|ξ|

.〈ξ〉−|γ|.
Forthesecondterm,welett∈[0,1]andobservethatweonlyneedtoconsider

cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|)(√µ|ξ|)2

,

forwhichthedecayestimatefollowssimilarlyto(A.3).Indeed,wefirstobservethat

∣∣
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α
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γ
ξ

(cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|)

)∣∣
∣.µ
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2t|α|(1+√µt|ξ|)|α|e−hb,min

√µ|ξ|

.µ
|γ|
2e−

hb,min
2
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,

sincet∈[0,1].ThenbytheLeibnizrule,weget

∣∣
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α
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γ
ξ

(cosh(tβb(X)√µ|ξ|)
cosh(√µ|ξ|)µ|ξ|

2)∣∣
∣.

∑

γ1∈Nd:γ1≤γ
µ
|γ1|
2+1

e−
hb,min

2

√µ|ξ|
|ξ|

2+|γ1|−|γ|

.|ξ|−|γ|,
for|ξ|≥√µ|ξ|>1.Consequently,wecanconcludethiscase.ByTheorem(A.2)there
holds,

|L
µ
1[βb]u|Hs≤M(s)|u|Hs.

ForthesymbolL
µ
2,weobserveforβ√µ|ξ|≤1and√µ|ξ|≤1andaTaylorexpansion
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A.2. Technical estimates. In this section we give a series of multiplier estimates. To
start, we recall the Fourier multiplier depending on the transverse variable:

F0u(X) = F−1
(cosh((z + 1)

√
µ|ξ|)

cosh(
√
µ|ξ|) û(ξ)

)
(X).

Then the first result reads:

Proposition A.4. Let s ∈ R and take u ∈ S (Rd), then there holds

|F0u|Hs . |u|Hs

|∂zF0u|Hs . µ|∇Xu|Hs+1

|∂2
zF0u|Hs . µ|∇Xu|Hs+1 .

Moreover, for k ∈ N and under condition (1.13) we have similar estimates on the domain
Sb = Rd × [−1 + βb, 0]:

‖F0u− u‖Hk,0(Sb) . µ|∇Xu|Hk+1

‖∂zF0u‖Hk,0(Sb) . µ|∇Xu|Hk+1

‖∂2
zF0u‖Hk,0(Sb) . µ|∇Xu|Hk+1 .

Proof. The estimates on Hs(Rd) are a direct consequence of Plancherel’s identity and the
Taylor expansion formula for x ∈ R:

cosh(x) = 1 +
x2

2

∫ 1

0
cosh(tx)(1− t) dt.

For the estimates on Sb, we use that −hb(X) > −2, by assumption (1.13), then extend the
definition of F0 to the domain S := Rd × [−2, 0]. The first estimate on Sb is a consequence
of

‖F0u− u‖Hk,0(Sb) ≤ ‖F0u− u‖Hk,0(S) =
∥∥∥

cosh ((z + 1)
√
µ|D|)

cosh (
√
µ|D|) u− u

∥∥∥
Hk,0(S)

. µ|∇Xu|Hk+1 .

The remaining estimates are proved similarly. �

The next result concerns the following operators:

T1(z)[X,D]u(X) = F−1
(sinh( z

hb(X)

√
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cosh(
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(X),

and
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(cosh( z

hb(X)

√
µ|ξ|)

cosh(
√
µ|ξ|) û(ξ)

)
(X).

We should note that we will apply these operators to functions depending only on X, which
makes the dependence in z ∈ [−hb, 0] easier to deal with.

Proposition A.5. Let k ∈ N and take u ∈ S (Rd), then under condition (1.13) we have

‖T1u‖Hk,0(Sb) ≤M(k)|u|Hk

‖T2u‖Hk,0(Sb) ≤M(k)|u|Hk .
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)
(X).

WeshouldnotethatwewillapplytheseoperatorstofunctionsdependingonlyonX,which
makesthedependenceinz∈[−hb,0]easiertodealwith.

PropositionA.5.Letk∈Nandtakeu∈S(Rd),thenundercondition(1.13)wehave

‖T1u‖Hk,0(Sb)≤M(k)|u|Hk

‖T2u‖Hk,0(Sb)≤M(k)|u|Hk.
44

A.2.Technicalestimates.Inthissectionwegiveaseriesofmultiplierestimates.To
start,werecalltheFouriermultiplierdependingonthetransversevariable:

F0u(X)=F−1(cosh((z+1)√µ|ξ|)
cosh(√µ|ξ|)û(ξ)
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∫

Rd
〈ξ〉−t0 dξ

<∞.
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The next result is on the Dirichlet-Neumann operator (Theorem 3.15 in [14]):
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µ
|Gµψ|Hs+1 ≤M(s+ 3)|∇Xψ|Hs+2 . (A.5)
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3
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2

µ|D|2 (1− F3).
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∫

Rd〈ξ〉−t0 dξ

<∞.

Moreover, using similar arguments one can prove T1u ∈ S (Rd). The same is true for T2.
Next, we prove the estimates. To do so, we first let k = 0 and use a change of vari-
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A.3. Classical estimates. In this section, we recall some classical estimates that will be
used throughout the paper. Finally, we end the section with the proof of Proposition 2.9.

Lemma A.8. Let β ∈ [0, 1], b ∈ C∞c (Rd), hb = 1 − βb, Sb = (−hb, 0) × Rd, and assume
(1.13) holds true. Then for u ∈ H1(Sb) satisfying u|z=0 = 0, there holds

‖u‖L2(Sb) . ‖∇
µ
X,zu‖L2(Sb), (A.6)

and
|u|z=−hb |L2 . ‖∇µX,zu‖L2(Sb). (A.7)
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A.3.Classicalestimates.Inthissection,werecallsomeclassicalestimatesthatwillbe
usedthroughoutthepaper.Finally,weendthesectionwiththeproofofProposition2.9.
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A.3. Classical estimates. In this section, we recall some classical estimates that will be
used throughout the paper. Finally, we end the section with the proof of Proposition 2.9.
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A.3. Classical estimates. In this section, we recall some classical estimates that will be
used throughout the paper. Finally, we end the section with the proof of Proposition 2.9.
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A.3.Classicalestimates.Inthissection,werecallsomeclassicalestimatesthatwillbe
usedthroughoutthepaper.Finally,weendthesectionwiththeproofofProposition2.9.

LemmaA.8.Letβ∈[0,1],b∈C∞c(Rd),hb=1−βb,Sb=(−hb,0)×Rd,andassume
(1.13)holdstrue.Thenforu∈H1(Sb)satisfyingu|z=0=0,thereholds
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A.3.Classicalestimates.Inthissection,werecallsomeclassicalestimatesthatwillbe
usedthroughoutthepaper.Finally,weendthesectionwiththeproofofProposition2.9.
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A.3.Classicalestimates.Inthissection,werecallsomeclassicalestimatesthatwillbe
usedthroughoutthepaper.Finally,weendthesectionwiththeproofofProposition2.9.
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Repeating this process for any k ∈ N, using the Leibniz rule, gives us
∣∣∣
∫ 0

−1+βb(·)
u(·, z) dz

∣∣∣
2

Hk
=

∑

γ∈Nd : |γ|≤k

∫

Rd

∣∣∂γX
∫ 0

−1

(
u(X, zhb(X))hb(X)

)
dz
∣∣2 dX

≤M(k)(‖u‖2Hk,0(Sb) +
k∑

j=0

‖∂jzu‖2Hk−j,0(Sb)).

To conclude our observation, we use the assumption u|z=0 = 0 to apply the Poincaré
inequality (A.6) on the first terms. �

Before proving the main result, we need some classical estimates (see Proposition B.2
and Proposition B.4 in [14]).

Lemma A.9. Let t0 ≥ d
2 , s ≥ −t0, , f ∈ Hmax{t0,s}(Rd), and take g ∈ Hs(Rd) then

|fg|Hs . |f |Hmax{t0,s} |g|Hs . (A.9)

Moreover, if there exist c0 > 0 and 1 + g ≥ c0 then
∣∣∣ f

1 + g

∣∣∣
Hs
. C(c0, |g|L∞)(1 + |f |Hs)|g|Hs . (A.10)

Lastly, we will prove the main result of this section:

Proof of Proposition 2.9. We first establish the existence and uniqueness of variational so-
lutions to (2.12). Here the variational formulation associated with (2.12) is given by

∫

Sb
P (Σb)∇µX,zu · ∇

µ
X,zϕ dzdX =

∫

Sb
fϕ dzdX +

∫

Rd
g ϕ|z=−hb dX, (A.11)

for ϕ ∈ H1(Sb). Then using the coercivity estimate (2.5) and the Poincaré inequality (A.6)
to get that

c‖ϕ‖H1 ≤
∫

Sb
P (Σb)∇µX,zϕ · ∇

µ
X,zϕ dzdX.

While the right-hand side of (A.11) is continuous by Cauchy-Schwarz and the trace inequal-
ity (A.7). As a result, by Riesz representation Theorem, there exists a unique variational
solution u ∈ H1,0(Sb).

Next, we will prove that u ∈ Hk,0(Sb) by considering the problem on the fixed strip
S = Rd × [−1, 0], where we define

Σ(X, z) = (X,hz + εζ).

Then we have that

(u ◦ Σ−1
b ) ◦ Σ(X, z) = u(X, zhb) := ũ(X, z),

and through a change of variable, we obtain the equation
∫

S
P̃ (Σ)∇µX,zũ · ∇

µ
X,zϕ̃ dzdX =

∫

S
f̃ ϕ̃ dzdX +

∫

Rd
g ϕ̃|z=−1 dX, (A.12)

where f̃(X, z) = f(X, zhb(X)), ϕ̃(X, z) = ϕ(X, zhb(X)), and P̃ (Σ) is an elliptic matrix
given by

P̃ (Σ) =




(1 + ∂zθ)Id −√µ∇Xθ
−√µ(∇Xθ)T

1 + µ|∇Xθ|2
1 + ∂zθ


 .
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Repeatingthisprocessforanyk∈N,usingtheLeibnizrule,givesus
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Toconcludeourobservation,weusetheassumptionu|z=0=0toapplythePoincaŕe
inequality(A.6)onthefirstterms.�

Beforeprovingthemainresult,weneedsomeclassicalestimates(seePropositionB.2
andPropositionB.4in[14]).
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togetthat

c‖ϕ‖H1≤
∫

Sb
P(Σb)∇µX,zϕ·∇

µ
X,zϕdzdX.

Whiletheright-handsideof(A.11)iscontinuousbyCauchy-Schwarzandthetraceinequal-
ity(A.7).Asaresult,byRieszrepresentationTheorem,thereexistsauniquevariational
solutionu∈H1,0(Sb).

Next,wewillprovethatu∈Hk,0(Sb)byconsideringtheproblemonthefixedstrip
S=Rd×[−1,0],wherewedefine

Σ(X,z)=(X,hz+εζ).

Thenwehavethat

(u◦Σ−1
b)◦Σ(X,z)=u(X,zhb):=ũ(X,z),
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µ
X,zϕ̃dzdX=

∫

S
f̃ϕ̃dzdX+

∫

Rd
gϕ̃|z=−1dX,(A.12)

wheref̃(X,z)=f(X,zhb(X)),ϕ̃(X,z)=ϕ(X,zhb(X)),andP̃(Σ)isanellipticmatrix
givenby

P̃(Σ)=




(1+∂zθ)Id−√µ∇Xθ
−√µ(∇Xθ)T

1+µ|∇Xθ|2
1+∂zθ


.

47

Repeating this process for any k ∈ N, using the Leibniz rule, gives us
∣∣
∣
∫ 0

−1+βb(·)
u(·, z) dz

∣∣
∣
2

Hk =
∑

γ∈Nd : |γ|≤k

∫

Rd

∣∣
∂
γ
X

∫ 0

−1

(
u(X, zhb(X))hb(X)

)
dz
∣∣2

dX

≤M(k)(‖u‖
2
Hk,0(Sb) +

k∑

j=0

‖∂
j
zu‖

2
Hk−j,0(Sb)).

To conclude our observation, we use the assumption u|z=0 = 0 to apply the Poincaré
inequality (A.6) on the first terms. �
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inequality(A.6)onthefirstterms.�

Beforeprovingthemainresult,weneedsomeclassicalestimates(seePropositionB.2
andPropositionB.4in[14]).

LemmaA.9.Lett0≥
d
2,s≥−t0,,f∈Hmax{t0,s}(Rd),andtakeg∈Hs(Rd)then

|fg|Hs.|f|Hmax{t0,s}|g|Hs.(A.9)

Moreover,ifthereexistc0>0and1+g≥c0then
∣∣
∣
f

1+g

∣∣
∣Hs.C(c0,|g|L∞)(1+|f|Hs)|g|Hs.(A.10)

Lastly,wewillprovethemainresultofthissection:

ProofofProposition2.9.Wefirstestablishtheexistenceanduniquenessofvariationalso-
lutionsto(2.12).Herethevariationalformulationassociatedwith(2.12)isgivenby

∫

Sb
P(Σb)∇

µ
X,zu·∇

µ
X,zϕdzdX=

∫

Sb
fϕdzdX+

∫

Rd
gϕ|z=−hbdX,(A.11)

forϕ∈H1(Sb).Thenusingthecoercivityestimate(2.5)andthePoincaréinequality(A.6)
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with θ(X, z) = (εζ − βb)z + εζ. At this point, the problem is classical, and we refer to
Proposition 4.5 in [10] to deduce that ∇µX,zũ ∈ Hk,0(S) for k ∈ N and satisfying

‖∇µX,zũ‖Hk,0(S) ≤M(k + 1)(|g|Hk + ‖f̃‖Hk,0)

≤M(k + 1)(|g|Hk +

k∑

j=0

‖∂jzf‖Hk−j,0).

In the last inequality, we used the chain rule and the product estimate (A.9). Moreover, for
k ≥ 1 + t0 we have ũ ∈ C2(S) and is a classical solution of

{
∇µX,zP̃ (Σ)∇µX,zũ = f̃

v|z=0 = 0, ∂P̃n ũ|z=−1 = g.

Then using the equation, we can control the partial derivatives in z by the derivatives in X
through

1 + |∇Xθ|2
h

∂2
z ũ = f̃ − µ∇X · (h∇X ũ) + µ∇X · (∇Xθ∂zũ) + µ∂z(∇Xθ · ∇X ũ)− (∂z|∇Xθ|2)

h
∂zũ,

and the regularity and positivity of 1+|∇Xθ|2
h . Indeed, there holds,

‖∂kz ũ‖L2(S) ≤M(k + 1)(‖ũ‖Hk,0(S) + ‖∂zũ‖Hk,0(S) + ‖∂kz f̃‖L2(Sb)).

Having the desired regularity, we may relate these observations with the original problem
u on Sb. In particular, by (1.13) we have that

∇µX,zu(X, z) = ∇µX,z
(
ũ(X,

z

hb
)
)
∈ Hk,0(Sb),

using the chain rule, the regularity of hb, and a change of variable to get that

‖∇µX,zu‖Hk,0(Sb) ≤M(k + 1)(‖∇µX,zũ‖Hk,0(S) +

k∑

j=0

‖∂jz ũ‖Hk,0(S))

≤M(k + 1)(|g|Hk +
k∑

j=0

‖∂jzf‖Hk−j,0(Sb)).
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X,zũ‖Hk,0(S) +

k∑

j=0

‖∂
j
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X,zũ‖Hk,0(S) ≤M(k + 1)(|g|Hk + ‖f̃‖Hk,0)

≤M(k + 1)(|g|Hk +

k∑

j=0

‖∂
j
zf‖Hk−j,0).

In the last inequality, we used the chain rule and the product estimate (A.9). Moreover, for
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X,zũ‖Hk,0(S)≤M(k+1)(|g|Hk+‖f̃‖Hk,0)

≤M(k+1)(|g|Hk+

k∑

j=0

‖∂
j
zf‖Hk−j,0).

Inthelastinequality,weusedthechainruleandtheproductestimate(A.9).Moreover,for
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[4]Mésognon-GireauBenôıt.TheCauchyproblemonlargetimeforaBoussinesq-Peregrineequationwith
largetopographyvariations.Adv.DifferentialEquations,22(7-8):457–504,2017.
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[5] Mésognon-Gireau Benôıt. The Cauchy problem on large time for the water waves equations with large
topography variations. Ann. Inst. H. Poincaré C Anal. Non Linéaire, 34(1):89–118, 2017.
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JUSTIFICATION OF THE BENJAMIN-ONO EQUATION AS AN

INTERNAL WATER WAVES MODEL

MARTIN OEN PAULSEN

Abstract. In this paper, we give the first rigorous justification of the Benjamin-Ono
equation:

∂tζ + c(1− γ

2

√
µ|D|)∂xζ + c

3ε

2
ζ∂xζ = 0, (BO)

as an internal water wave model on the physical time scale. To be precise, we first prove
the existence of a solution to the internal water wave equations for a two-layer fluid with
surface tension, where one layer is of shallow depth and the other is of infinite depth. The
existence time is of order O( 1

ε
) for ε ≤ √µ and with a small amount of surface tension

bo−1 = ε
√
µ. Here, ε and µ denote the nonlinearity and shallowness parameters, and bo

is the Bond number. Then, we show that these solutions are close, on the same time scale,
to the solutions of the BO equation with a precision of order O(µ).

The long-time well-posedness of the two-layer fluid problem was first studied by Lannes
[Arch. Ration. Mech. Anal., 208(2):481-567, 2013] in the case where both fluids have
finite depth. Here, we adapt this work to the case where one of the fluid domains is of
finite depth, and the other one is of infinite depth. The novelties of the proof are related
to the geometry of the problem, where the difference in domains alters the functional
setting for the Dirichlet-Neumann operators involved. In particular, we study the various
compositions of these operators that require a refined symbolic analysis of the Dirichlet-
Neumann operator on infinite depth and derive new pseudo-differential estimates that
might be of independent interest.

1. Introduction

1.1. The Benjamin-Ono equation. The Benjamin-Ono (BO) equation is a nonlocal as-
ymptotic model for the unidirectional propagation of weakly nonlinear, long internal waves
in a two-layer fluid. The equation is given by

∂tζ + c(1− γ

2

√
µ|D|)∂xζ + c

3ε

2
ζ∂xζ = 0, (1.1)

where x ∈ R, t > 0 and ζ = ζ(x, t) denotes the free surface, which is a real-valued function.
Here, ε is a small parameter measuring the weak nonlinearity of the waves, µ is the shal-
lowness parameter, c > 0 is the wave speed, and γ ∈ (0, 1) is the ratio between the densities
of the two fluids. The operator |D| is a Fourier multiplier defined by

|D|f(x) = F−1
(
|ξ|F(f)(ξ)

)
(x).

The BO equation was introduced formally by Benjamin [12] in 1967 and at the same time
independently by Davis and Acrivos [22]. We also refer the reader to the book by Klein
and Saut [45], Chapter 3, for a detailed state-of-the-art. The studies in [12, 22] showed
that the BO equation admits solitary waves with mere algebraic decay, as opposed to the
exponential decay exhibited for the solitary waves of the KdV equation. Davis and Acrivos
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ζ∂xζ=0,(BO)

asaninternalwaterwavemodelonthephysicaltimescale.Tobeprecise,wefirstprove
theexistenceofasolutiontotheinternalwaterwaveequationsforatwo-layerfluidwith
surfacetension,whereonelayerisofshallowdepthandtheotherisofinfinitedepth.The
existencetimeisoforderO(

1
ε)forε≤√µandwithasmallamountofsurfacetension

bo−1
=ε√µ.Here,εandµdenotethenonlinearityandshallownessparameters,andbo

istheBondnumber.Then,weshowthatthesesolutionsareclose,onthesametimescale,
tothesolutionsoftheBOequationwithaprecisionoforderO(µ).

Thelong-timewell-posednessofthetwo-layerfluidproblemwasfirststudiedbyLannes
[Arch.Ration.Mech.Anal.,208(2):481-567,2013]inthecasewherebothfluidshave
finitedepth.Here,weadaptthisworktothecasewhereoneofthefluiddomainsisof
finitedepth,andtheotheroneisofinfinitedepth.Thenoveltiesoftheproofarerelated
tothegeometryoftheproblem,wherethedifferenceindomainsaltersthefunctional
settingfortheDirichlet-Neumannoperatorsinvolved.Inparticular,westudythevarious
compositionsoftheseoperatorsthatrequirearefinedsymbolicanalysisoftheDirichlet-
Neumannoperatoroninfinitedepthandderivenewpseudo-differentialestimatesthat
mightbeofindependentinterest.

1.Introduction

1.1.TheBenjamin-Onoequation.TheBenjamin-Ono(BO)equationisanonlocalas-
ymptoticmodelfortheunidirectionalpropagationofweaklynonlinear,longinternalwaves
inatwo-layerfluid.Theequationisgivenby

∂tζ+c(1−
γ

2

√µ|D|)∂
xζ+c

3ε

2
ζ∂xζ=0,(1.1)

wherex∈R,t>0andζ=ζ(x,t)denotesthefreesurface,whichisareal-valuedfunction.
Here,εisasmallparametermeasuringtheweaknonlinearityofthewaves,µistheshal-
lownessparameter,c>0isthewavespeed,andγ∈(0,1)istheratiobetweenthedensities
ofthetwofluids.Theoperator|D|isaFouriermultiplierdefinedby

|D|f(x)=F−1(
|ξ|F(f)(ξ)

)
(x).

TheBOequationwasintroducedformallybyBenjamin[12]in1967andatthesametime
independentlybyDavisandAcrivos[22].WealsoreferthereadertothebookbyKlein
andSaut[45],Chapter3,foradetailedstate-of-the-art.Thestudiesin[12,22]showed
thattheBOequationadmitssolitarywaveswithmerealgebraicdecay,asopposedtothe
exponentialdecayexhibitedforthesolitarywavesoftheKdVequation.DavisandAcrivos
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also gave experimental results. The experiments were carried out in a wave tank with a
stratified solution of salt and water, where almost any disturbance to the surface would,
after a short time, produce a wave with a fixed shape that propagates stably. It was later
noted by Ono [63] that the ease with which they could generate solitary waves indicates
that they are solitons.

The paper by Ono sparked much interest in studying the dynamics of the BO equation.
It was proved that the solitary waves are unique (up to translation) [11], and the stability of
these objects is studied in [13, 72, 43] (see the references for a precise definition). Moreover,
the stability of these waves is strong enough to preserve its own identity upon nonlinear
interactions. The strong interaction between several solitary waves is studied in [54, 61]
and relies on explicit formulas (see also [43] for the asymptotic stability of one soliton and
N−solitons).

The fact that explicit solutions like the soliton (or multi-solitons) exist is a consequence
of the complete integrability of the BO equation. Nakamura [60] proved the existence of
an infinite number of conserved quantities and discovered a Lax pair structure (see also
[14, 25, 31]). This insight is proven to be crucial for the study of the dynamics of the
BO equation and was further developed by Gérard and Kapeller [31]. They constructed a
nonlinear Fourier transform for the BO equation on the torus, which has several applications
to low regularity well-posedness of the initial value problem, the long-time behavior of
solutions, and stability of traveling waves (see [28] for a survey on this topic). More recently,
Gérard [29] derived an explicit formula for the BO equation based on the Lax pair structure
with remarkable consequences, for instance, the zero-dispersion limit problem [30] (see also
[27, 26]).

The Cauchy problem for BO has been extensively studied in the last 40 years. It was first
proved to be globally well-posed in Hs(R) for s > 3

2 using an energy method, see [1, 38]. We
also refer to the results [65, 46, 42] for an improvement by including the dispersive smoothing
effects in the energy estimates. One of the main difficulties in improving the result further
is that the flow map fails to be C2 in any Sobolev space Hs(R) [59] (see also [47]). A
breakthrough was achieved by Tao [70], where he introduced a clever change of variables
(the gauge transform) to improve the structure of the nonlinearity. As a consequence, he
obtained a global well-posedness result for data in H1(R). Several papers expanded on
these ideas. We refer the interested reader to [17, 37, 58, 34] for results on the line and
[56, 57, 58] in the periodic case culminating in the global well-posedness in L2. So far,
the theory is based on PDE methods. However, by actively using the integrable structure,
Gérard, Kappeler, and Topalov [32] proved the sharp global well-posedness result in Hs(T)
for s > −1

2 on the torus. Also, still relying on the integrability, Killip, Laurens, and Vişan

[44] recently proved the global well-posedness in Hs(R) for s > −1
2 on the line.

1.1.1. Full justification. Despite the rich well-posedness theory for the BO equation, it is
still an open question whether its solutions are close to the ones of the original physical
system. In the rigorous derivation of any asymptotic model, it is fundamental to know
whether its solutions converge to the solutions of the reference model from which it is
derived. The BO equation’s reference model is a coupled system of Euler equations for two
fluids that are joined with an interface, as in Figure 1.1. Under the irrotationality condition,
we will call the reference model the “internal water waves system”. To prove that BO is a
valid approximation, we shall compare their solutions to the physical parameters:

ε =
a

λ
, µ =

H2

λ2
and bo =

ρ+gλ2

σ
,

2

alsogaveexperimentalresults.Theexperimentswerecarriedoutinawavetankwitha
stratifiedsolutionofsaltandwater,wherealmostanydisturbancetothesurfacewould,
afterashorttime,produceawavewithafixedshapethatpropagatesstably.Itwaslater
notedbyOno[63]thattheeasewithwhichtheycouldgeneratesolitarywavesindicates
thattheyaresolitons.

ThepaperbyOnosparkedmuchinterestinstudyingthedynamicsoftheBOequation.
Itwasprovedthatthesolitarywavesareunique(uptotranslation)[11],andthestabilityof
theseobjectsisstudiedin[13,72,43](seethereferencesforaprecisedefinition).Moreover,
thestabilityofthesewavesisstrongenoughtopreserveitsownidentityuponnonlinear
interactions.Thestronginteractionbetweenseveralsolitarywavesisstudiedin[54,61]
andreliesonexplicitformulas(seealso[43]fortheasymptoticstabilityofonesolitonand
N−solitons).

Thefactthatexplicitsolutionslikethesoliton(ormulti-solitons)existisaconsequence
ofthecompleteintegrabilityoftheBOequation.Nakamura[60]provedtheexistenceof
aninfinitenumberofconservedquantitiesanddiscoveredaLaxpairstructure(seealso
[14,25,31]).Thisinsightisproventobecrucialforthestudyofthedynamicsofthe
BOequationandwasfurtherdevelopedbyGérardandKapeller[31].Theyconstructeda
nonlinearFouriertransformfortheBOequationonthetorus,whichhasseveralapplications
tolowregularitywell-posednessoftheinitialvalueproblem,thelong-timebehaviorof
solutions,andstabilityoftravelingwaves(see[28]forasurveyonthistopic).Morerecently,
Gérard[29]derivedanexplicitformulafortheBOequationbasedontheLaxpairstructure
withremarkableconsequences,forinstance,thezero-dispersionlimitproblem[30](seealso
[27,26]).

TheCauchyproblemforBOhasbeenextensivelystudiedinthelast40years.Itwasfirst
provedtobegloballywell-posedinHs(R)fors>3

2usinganenergymethod,see[1,38].We
alsorefertotheresults[65,46,42]foranimprovementbyincludingthedispersivesmoothing
effectsintheenergyestimates.Oneofthemaindifficultiesinimprovingtheresultfurther
isthattheflowmapfailstobeC2inanySobolevspaceHs(R)[59](seealso[47]).A
breakthroughwasachievedbyTao[70],whereheintroducedacleverchangeofvariables
(thegaugetransform)toimprovethestructureofthenonlinearity.Asaconsequence,he
obtainedaglobalwell-posednessresultfordatainH1(R).Severalpapersexpandedon
theseideas.Werefertheinterestedreaderto[17,37,58,34]forresultsonthelineand
[56,57,58]intheperiodiccaseculminatingintheglobalwell-posednessinL2.Sofar,
thetheoryisbasedonPDEmethods.However,byactivelyusingtheintegrablestructure,
Gérard,Kappeler,andTopalov[32]provedthesharpglobalwell-posednessresultinHs(T)
fors>−1

2onthetorus.Also,stillrelyingontheintegrability,Killip,Laurens,andVi̧san

[44]recentlyprovedtheglobalwell-posednessinHs(R)fors>−1
2ontheline.

1.1.1.Fulljustification.Despitetherichwell-posednesstheoryfortheBOequation,itis
stillanopenquestionwhetheritssolutionsareclosetotheonesoftheoriginalphysical
system.Intherigorousderivationofanyasymptoticmodel,itisfundamentaltoknow
whetheritssolutionsconvergetothesolutionsofthereferencemodelfromwhichitis
derived.TheBOequation’sreferencemodelisacoupledsystemofEulerequationsfortwo
fluidsthatarejoinedwithaninterface,asinFigure1.1.Undertheirrotationalitycondition,
wewillcallthereferencemodelthe“internalwaterwavessystem”.ToprovethatBOisa
validapproximation,weshallcomparetheirsolutionstothephysicalparameters:
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also gave experimental results. The experiments were carried out in a wave tank with a
stratified solution of salt and water, where almost any disturbance to the surface would,
after a short time, produce a wave with a fixed shape that propagates stably. It was later
noted by Ono [63] that the ease with which they could generate solitary waves indicates
that they are solitons.

The paper by Ono sparked much interest in studying the dynamics of the BO equation.
It was proved that the solitary waves are unique (up to translation) [11], and the stability of
these objects is studied in [13, 72, 43] (see the references for a precise definition). Moreover,
the stability of these waves is strong enough to preserve its own identity upon nonlinear
interactions. The strong interaction between several solitary waves is studied in [54, 61]
and relies on explicit formulas (see also [43] for the asymptotic stability of one soliton and
N−solitons).

The fact that explicit solutions like the soliton (or multi-solitons) exist is a consequence
of the complete integrability of the BO equation. Nakamura [60] proved the existence of
an infinite number of conserved quantities and discovered a Lax pair structure (see also
[14, 25, 31]). This insight is proven to be crucial for the study of the dynamics of the
BO equation and was further developed by Gérard and Kapeller [31]. They constructed a
nonlinear Fourier transform for the BO equation on the torus, which has several applications
to low regularity well-posedness of the initial value problem, the long-time behavior of
solutions, and stability of traveling waves (see [28] for a survey on this topic). More recently,
Gérard [29] derived an explicit formula for the BO equation based on the Lax pair structure
with remarkable consequences, for instance, the zero-dispersion limit problem [30] (see also
[27, 26]).

The Cauchy problem for BO has been extensively studied in the last 40 years. It was first
proved to be globally well-posed in Hs(R) for s >

3
2 using an energy method, see [1, 38]. We

also refer to the results [65, 46, 42] for an improvement by including the dispersive smoothing
effects in the energy estimates. One of the main difficulties in improving the result further
is that the flow map fails to be C2 in any Sobolev space Hs(R) [59] (see also [47]). A
breakthrough was achieved by Tao [70], where he introduced a clever change of variables
(the gauge transform) to improve the structure of the nonlinearity. As a consequence, he
obtained a global well-posedness result for data in H1(R). Several papers expanded on
these ideas. We refer the interested reader to [17, 37, 58, 34] for results on the line and
[56, 57, 58] in the periodic case culminating in the global well-posedness in L2. So far,
the theory is based on PDE methods. However, by actively using the integrable structure,
Gérard, Kappeler, and Topalov [32] proved the sharp global well-posedness result in Hs(T)
for s > −

1
2 on the torus. Also, still relying on the integrability, Killip, Laurens, and Vişan

[44] recently proved the global well-posedness in Hs(R) for s > −
1
2 on the line.

1.1.1. Full justification. Despite the rich well-posedness theory for the BO equation, it is
still an open question whether its solutions are close to the ones of the original physical
system. In the rigorous derivation of any asymptotic model, it is fundamental to know
whether its solutions converge to the solutions of the reference model from which it is
derived. The BO equation’s reference model is a coupled system of Euler equations for two
fluids that are joined with an interface, as in Figure 1.1. Under the irrotationality condition,
we will call the reference model the “internal water waves system”. To prove that BO is a
valid approximation, we shall compare their solutions to the physical parameters:
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[44]recentlyprovedtheglobalwell-posednessinHs(R)fors>−
1
2ontheline.

1.1.1.Fulljustification.Despitetherichwell-posednesstheoryfortheBOequation,itis
stillanopenquestionwhetheritssolutionsareclosetotheonesoftheoriginalphysical
system.Intherigorousderivationofanyasymptoticmodel,itisfundamentaltoknow
whetheritssolutionsconvergetothesolutionsofthereferencemodelfromwhichitis
derived.TheBOequation’sreferencemodelisacoupledsystemofEulerequationsfortwo
fluidsthatarejoinedwithaninterface,asinFigure1.1.Undertheirrotationalitycondition,
wewillcallthereferencemodelthe“internalwaterwavessystem”.ToprovethatBOisa
validapproximation,weshallcomparetheirsolutionstothephysicalparameters:

ε=
a

λ
,µ=

H2

λ2andbo=
ρ+gλ2

σ
,

2

alsogaveexperimentalresults.Theexperimentswerecarriedoutinawavetankwitha
stratifiedsolutionofsaltandwater,wherealmostanydisturbancetothesurfacewould,
afterashorttime,produceawavewithafixedshapethatpropagatesstably.Itwaslater
notedbyOno[63]thattheeasewithwhichtheycouldgeneratesolitarywavesindicates
thattheyaresolitons.

ThepaperbyOnosparkedmuchinterestinstudyingthedynamicsoftheBOequation.
Itwasprovedthatthesolitarywavesareunique(uptotranslation)[11],andthestabilityof
theseobjectsisstudiedin[13,72,43](seethereferencesforaprecisedefinition).Moreover,
thestabilityofthesewavesisstrongenoughtopreserveitsownidentityuponnonlinear
interactions.Thestronginteractionbetweenseveralsolitarywavesisstudiedin[54,61]
andreliesonexplicitformulas(seealso[43]fortheasymptoticstabilityofonesolitonand
N−solitons).

Thefactthatexplicitsolutionslikethesoliton(ormulti-solitons)existisaconsequence
ofthecompleteintegrabilityoftheBOequation.Nakamura[60]provedtheexistenceof
aninfinitenumberofconservedquantitiesanddiscoveredaLaxpairstructure(seealso
[14,25,31]).Thisinsightisproventobecrucialforthestudyofthedynamicsofthe
BOequationandwasfurtherdevelopedbyGérardandKapeller[31].Theyconstructeda
nonlinearFouriertransformfortheBOequationonthetorus,whichhasseveralapplications
tolowregularitywell-posednessoftheinitialvalueproblem,thelong-timebehaviorof
solutions,andstabilityoftravelingwaves(see[28]forasurveyonthistopic).Morerecently,
Gérard[29]derivedanexplicitformulafortheBOequationbasedontheLaxpairstructure
withremarkableconsequences,forinstance,thezero-dispersionlimitproblem[30](seealso
[27,26]).

TheCauchyproblemforBOhasbeenextensivelystudiedinthelast40years.Itwasfirst
provedtobegloballywell-posedinHs(R)fors>

3
2usinganenergymethod,see[1,38].We

alsorefertotheresults[65,46,42]foranimprovementbyincludingthedispersivesmoothing
effectsintheenergyestimates.Oneofthemaindifficultiesinimprovingtheresultfurther
isthattheflowmapfailstobeC2inanySobolevspaceHs(R)[59](seealso[47]).A
breakthroughwasachievedbyTao[70],whereheintroducedacleverchangeofvariables
(thegaugetransform)toimprovethestructureofthenonlinearity.Asaconsequence,he
obtainedaglobalwell-posednessresultfordatainH1(R).Severalpapersexpandedon
theseideas.Werefertheinterestedreaderto[17,37,58,34]forresultsonthelineand
[56,57,58]intheperiodiccaseculminatingintheglobalwell-posednessinL2.Sofar,
thetheoryisbasedonPDEmethods.However,byactivelyusingtheintegrablestructure,
Gérard,Kappeler,andTopalov[32]provedthesharpglobalwell-posednessresultinHs(T)
fors>−

1
2onthetorus.Also,stillrelyingontheintegrability,Killip,Laurens,andVişan
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Figure 1. The blue line denotes the surface elevation z = εζ and separates two
fluids with density 0 < ρ− < ρ+.

where a is the typical amplitude of the waves, H is the still water depth in the lower fluid, λ
is the typical wavelength, ρ+ is the density of the lower fluid, g is the acceleration of gravity,
σ is the surface tension parameter. Since surface tension is only relevant for short waves,
we will suppose that bo−1 is small. To be precise, we will let ε . √µ and bo−1 = ε

√
µ,

where we answer the following three questions:

1. The solutions of the internal water wave equations exist on the relevant time scale
O(1

ε ).

2. The solutions of the BO equation exist (at least) on the time scale O(1
ε ).

3. Lastly, we must establish the consistency between the BO equation and the internal
water wave equations and then show that the error is of order O(µt) when comparing
the two solutions.

The first point is the most challenging step of this paper, where we need to prove that the
internal water waves equations are long-time well-posed for regular initial data. Moreover,
we are confined to the specific geometry where one fluid layer is of shallow depth and the
other of infinite depth. The main obstacle to constructing such solutions is the tendency of
internal waves to break down due to Kelvin-Helmholtz instabilities. This issue was resolved
in the case of a single fluid (i.e., ρ− = 0), where stable solutions are deduced by imposing
the Rayleigh-Taylor criterion:

−∂zP+|z=εζ > 0, (1.2)

where z is the vertical coordinate, and P+|z=εζ is the pressure at the surface. The physical
relevance of this criterion can be seen by considering the Euler equations for a trivial
flow −∂zP+|z=εζ = ρ+g, where gravity g > 0 is the restoring force. In this sense, the
criterion is a natural condition to ensure that the pressure force is restoring and does
not amplify the waves [71]. From a mathematical perspective, the criterion ensures the
hyperbolicity of the water waves equation. Moreover, it is proved that under this condition,
the water waves system in finite depth is locally well-posed by Lannes [48] and then long-
time well-posed by Alvarez-Samaniego and Lannes [8]. We also refer the reader to the
pioneering work of Wu [73, 74] in the case of infinite depth where one of the key observations
was the use of the Rayleigh-Taylor criterion (1.2) to remove a smallness condition on the
data (see also the more recent work on extended life span and improved regularity results
[75, 76, 77, 7, 5, 6, 3, 2]).
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whereaisthetypicalamplitudeofthewaves,Histhestillwaterdepthinthelowerfluid,λ
isthetypicalwavelength,ρ+isthedensityofthelowerfluid,gistheaccelerationofgravity,
σisthesurfacetensionparameter.Sincesurfacetensionisonlyrelevantforshortwaves,
wewillsupposethatbo−1issmall.Tobeprecise,wewillletε.√µandbo−1=ε
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whereweanswerthefollowingthreequestions:

1.Thesolutionsoftheinternalwaterwaveequationsexistontherelevanttimescale
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ε).

2.ThesolutionsoftheBOequationexist(atleast)onthetimescaleO(1
ε).

3.Lastly,wemustestablishtheconsistencybetweentheBOequationandtheinternal
waterwaveequationsandthenshowthattheerrorisoforderO(µt)whencomparing
thetwosolutions.

Thefirstpointisthemostchallengingstepofthispaper,whereweneedtoprovethatthe
internalwaterwavesequationsarelong-timewell-posedforregularinitialdata.Moreover,
weareconfinedtothespecificgeometrywhereonefluidlayerisofshallowdepthandthe
otherofinfinitedepth.Themainobstacletoconstructingsuchsolutionsisthetendencyof
internalwavestobreakdownduetoKelvin-Helmholtzinstabilities.Thisissuewasresolved
inthecaseofasinglefluid(i.e.,ρ−=0),wherestablesolutionsarededucedbyimposing
theRayleigh-Taylorcriterion:

−∂zP+|z=εζ>0,(1.2)

wherezistheverticalcoordinate,andP+|z=εζisthepressureatthesurface.Thephysical
relevanceofthiscriterioncanbeseenbyconsideringtheEulerequationsforatrivial
flow−∂zP+|z=εζ=ρ+g,wheregravityg>0istherestoringforce.Inthissense,the
criterionisanaturalconditiontoensurethatthepressureforceisrestoringanddoes
notamplifythewaves[71].Fromamathematicalperspective,thecriterionensuresthe
hyperbolicityofthewaterwavesequation.Moreover,itisprovedthatunderthiscondition,
thewaterwavessysteminfinitedepthislocallywell-posedbyLannes[48]andthenlong-
timewell-posedbyAlvarez-SamaniegoandLannes[8].Wealsoreferthereadertothe
pioneeringworkofWu[73,74]inthecaseofinfinitedepthwhereoneofthekeyobservations
wastheuseoftheRayleigh-Taylorcriterion(1.2)toremoveasmallnessconditiononthe
data(seealsothemorerecentworkonextendedlifespanandimprovedregularityresults
[75,76,77,7,5,6,3,2]).
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we are confined to the specific geometry where one fluid layer is of shallow depth and the
other of infinite depth. The main obstacle to constructing such solutions is the tendency of
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the water waves system in finite depth is locally well-posed by Lannes [48] and then long-
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In the case of two fluid systems, the internal water waves system produces Kelvin-
Helmholtz instabilities and becomes ill-posed unless there is surface tension σ > 0 [23,
36, 39]. There are several results on the well-posedness of the internal water wave systems
in different configurations of the fluid domain where the time of existence depends on σ
[9, 10, 18, 68, 69]. On the other hand, the strength of surface tension is only relevant for
very small values in water waves theory. Therefore, we must add surface tension to ex-
ploit its regularizing effect, but obtain a uniform local well-posedness result with respect to
σ > 0, allowing it to be taken small. Lannes solved this problem in [50] for two fluid layers
of finite depth, where he derived a new stability criterion depending on σ. A crucial point
is that surface tension could be taken small enough in the criterion such that it does not
affect the main dynamics of the equation. It is also noted in the paper that the criterion
depends strongly on the geometry of the problem. Many of the technical difficulties in this
paper are related to this observation. In this work, we consider one of the layers to be of
infinite depth. This is the key point of the paper, which will require a symbolic analysis of
the Dirichlet-Neumann operator in a new functional setting. To achieve this goal, we derive
several pseudo-differential estimates for symbols with limited smoothness.

The second point is well-known since the BO equation is globally well-posed for regular
data (see the discussion above). However, we will consider two intermediate models to
derive the BO equation. We will first derive a weakly dispersive BO-type system from the
internal water waves system that is consistent with a precision of order O(µ). Then, we
will consider unidirectional solutions of this system, with the same precision, to deduce a
weakly dispersive BO equation, which is also consistent with the BO equation. To derive
these models, we closely follow the work of Bona, Lannes, and Saut in [15]. In this paper,
they derive several shallow water models for internal fluids and comment on the formal
derivation of the BO equation.

Finally, we comment on several works that are closely related to the derivation of the BO
equation. In [19], Craig, Guyenne, and Kalisch used a Hamiltonian perturbation approach
to formally derive asymptotic models from the two-layer system. Among the models is the
BO equation. The benefit of this approach is that the systems inherit the Hamiltonian
structure, but as noted in [45], the process could lead to ill-posed systems. In particular,
the BO system they derive, which links the BO equation, is linearly ill-posed. In [33],
Ifrim, Rowan, Tataru, and Wan show that the BO equation can also be viewed as an
asymptotic model from the water waves equations in infinite depth in the case of constant
vorticity. The approximation they obtain is rigorously justified but, of course, not related
to the asymptotic description of internal waves. Lastly, in [62], Ohi and Iguchi proved the
well-posedness of the internal water waves for one fluid of infinite depth to derive the BO

equation. However, in their paper, the existence time is of order O(bo−
1
2 ), which is too

short to justify the BO equation on the physical time scale. The technique is based on the
one of Wu [73], where the reference model is given in holomorphic coordinates. We will
instead use a version of the Zakharov-Craig-Sulem formulation and closely follow the work
of Lannes [50]. In particular, the goal of this paper is to prove the long-time existence of the
internal water waves equations with one fluid of infinite depth and positive surface tension.
Then we show that the difference between two regular solutions of the internal water waves
equations and the BO equation, which evolves from the same initial datum, is bounded by
O(µ) for all 0 ≤ t . ε−1 for any ε, µ ∈ (0, 1) such that ε . µ and bo−1 = ε

√
µ.

1.2. The governing equations. The basis of this study is the Euler equations for an
irrotational two-layer fluid written in the Zakharov-Craig-Sulem formulation [79, 20, 21].
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Inthecaseoftwofluidsystems,theinternalwaterwavessystemproducesKelvin-
Helmholtzinstabilitiesandbecomesill-posedunlessthereissurfacetensionσ>0[23,
36,39].Thereareseveralresultsonthewell-posednessoftheinternalwaterwavesystems
indifferentconfigurationsofthefluiddomainwherethetimeofexistencedependsonσ
[9,10,18,68,69].Ontheotherhand,thestrengthofsurfacetensionisonlyrelevantfor
verysmallvaluesinwaterwavestheory.Therefore,wemustaddsurfacetensiontoex-
ploititsregularizingeffect,butobtainauniformlocalwell-posednessresultwithrespectto
σ>0,allowingittobetakensmall.Lannessolvedthisproblemin[50]fortwofluidlayers
offinitedepth,wherehederivedanewstabilitycriteriondependingonσ.Acrucialpoint
isthatsurfacetensioncouldbetakensmallenoughinthecriterionsuchthatitdoesnot
affectthemaindynamicsoftheequation.Itisalsonotedinthepaperthatthecriterion
dependsstronglyonthegeometryoftheproblem.Manyofthetechnicaldifficultiesinthis
paperarerelatedtothisobservation.Inthiswork,weconsideroneofthelayerstobeof
infinitedepth.Thisisthekeypointofthepaper,whichwillrequireasymbolicanalysisof
theDirichlet-Neumannoperatorinanewfunctionalsetting.Toachievethisgoal,wederive
severalpseudo-differentialestimatesforsymbolswithlimitedsmoothness.

Thesecondpointiswell-knownsincetheBOequationisgloballywell-posedforregular
data(seethediscussionabove).However,wewillconsidertwointermediatemodelsto
derivetheBOequation.WewillfirstderiveaweaklydispersiveBO-typesystemfromthe
internalwaterwavessystemthatisconsistentwithaprecisionoforderO(µ).Then,we
willconsiderunidirectionalsolutionsofthissystem,withthesameprecision,todeducea
weaklydispersiveBOequation,whichisalsoconsistentwiththeBOequation.Toderive
thesemodels,wecloselyfollowtheworkofBona,Lannes,andSautin[15].Inthispaper,
theyderiveseveralshallowwatermodelsforinternalfluidsandcommentontheformal
derivationoftheBOequation.

Finally,wecommentonseveralworksthatarecloselyrelatedtothederivationoftheBO
equation.In[19],Craig,Guyenne,andKalischusedaHamiltonianperturbationapproach
toformallyderiveasymptoticmodelsfromthetwo-layersystem.Amongthemodelsisthe
BOequation.ThebenefitofthisapproachisthatthesystemsinherittheHamiltonian
structure,butasnotedin[45],theprocesscouldleadtoill-posedsystems.Inparticular,
theBOsystemtheyderive,whichlinkstheBOequation,islinearlyill-posed.In[33],
Ifrim,Rowan,Tataru,andWanshowthattheBOequationcanalsobeviewedasan
asymptoticmodelfromthewaterwavesequationsininfinitedepthinthecaseofconstant
vorticity.Theapproximationtheyobtainisrigorouslyjustifiedbut,ofcourse,notrelated
totheasymptoticdescriptionofinternalwaves.Lastly,in[62],OhiandIguchiprovedthe
well-posednessoftheinternalwaterwavesforonefluidofinfinitedepthtoderivetheBO

equation.However,intheirpaper,theexistencetimeisoforderO(bo−
1
2),whichistoo

shorttojustifytheBOequationonthephysicaltimescale.Thetechniqueisbasedonthe
oneofWu[73],wherethereferencemodelisgiveninholomorphiccoordinates.Wewill
insteaduseaversionoftheZakharov-Craig-Sulemformulationandcloselyfollowthework
ofLannes[50].Inparticular,thegoalofthispaperistoprovethelong-timeexistenceofthe
internalwaterwavesequationswithonefluidofinfinitedepthandpositivesurfacetension.
Thenweshowthatthedifferencebetweentworegularsolutionsoftheinternalwaterwaves
equationsandtheBOequation,whichevolvesfromthesameinitialdatum,isboundedby
O(µ)forall0≤t.ε−1foranyε,µ∈(0,1)suchthatε.µandbo−1=ε

√
µ.

1.2.Thegoverningequations.ThebasisofthisstudyistheEulerequationsforan
irrotationaltwo-layerfluidwrittenintheZakharov-Craig-Sulemformulation[79,20,21].
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BO equation. The benefit of this approach is that the systems inherit the Hamiltonian
structure, but as noted in [45], the process could lead to ill-posed systems. In particular,
the BO system they derive, which links the BO equation, is linearly ill-posed. In [33],
Ifrim, Rowan, Tataru, and Wan show that the BO equation can also be viewed as an
asymptotic model from the water waves equations in infinite depth in the case of constant
vorticity. The approximation they obtain is rigorously justified but, of course, not related
to the asymptotic description of internal waves. Lastly, in [62], Ohi and Iguchi proved the
well-posedness of the internal water waves for one fluid of infinite depth to derive the BO

equation. However, in their paper, the existence time is of order O(bo−
1
2 ), which is too

short to justify the BO equation on the physical time scale. The technique is based on the
one of Wu [73], where the reference model is given in holomorphic coordinates. We will
instead use a version of the Zakharov-Craig-Sulem formulation and closely follow the work
of Lannes [50]. In particular, the goal of this paper is to prove the long-time existence of the
internal water waves equations with one fluid of infinite depth and positive surface tension.
Then we show that the difference between two regular solutions of the internal water waves
equations and the BO equation, which evolves from the same initial datum, is bounded by
O(µ) for all 0 ≤ t . ε−1 for any ε, µ ∈ (0, 1) such that ε . µ and bo−1
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)
= −P−|z=ζ .

(1.3)

Here, the free surface elevation is the graph of ζ(t, x) ∈ R, the function P−|z=εζ is the
pressure force at the free surface. The function ψ−(t, x) ∈ R is the trace at the surface of
the velocity potential solving the elliptic problem

{
(∂2
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z )Φ− = 0 for Ω− = {(x, z) : z > ζ}
Φ−|z=ζ = ψ−,

(1.4)

and G− is the negative Dirichlet-Neumann operator defined by

G−[ζ]ψ− = (∂zφ
− − ∂xζ∂xφ−)|z=ζ .

For the fluid in the lower layer, the governing equations are given in terms of (ζ, ψ+) and
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where the elliptic problem in the lower fluid is given by
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and the positive Dirichlet-Neumann operator is defined by
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To ease the notation, we make the following simplifications
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Moreover, we recall that the difference in pressure at the interface is proportional to the
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We will now collect all these equations into one system, where we reduce the number of
unknowns by using the first equation in (1.5) and (1.3) to see that
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In particular, we will prove later that we can write ψ− as a function of ψ+ through the
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Then, we can define the new variable ψ by the formula
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The unknowns ζ and ψ are the primary variables. We follow the work of Lannes [50] to
show that we can use them to recover the velocity potentials Φ± through the transmission
problem: 




∆x,zΦ
± = 0 in Ω±

Φ+|z=ζ − γΦ−|z=ζ = ψ

∂nΦ−|z=ζ = ∂nΦ+|z=ζ , ∂zΦ
+|z=−H = 0,

(1.9)

with ψ± = Φ±|z=ζ and the normal condition on z = ζ is the same as (1.8) where ∂n stands
for the upwards normal derivative. From these relations, it will be possible to reduce the
two-fluid equations into a set of equations defined by ζ and ψ where we formally define a
new Dirichlet-Neumann operator that links the two fluids through the relation,

G[ζ] = G+[ζ](J [ζ])−1. (1.10)

From the above expressions, we have the main governing equations (in dimensional form)
that we will study throughout this paper:

{
∂tζ − G[ζ]ψ = 0

∂tψ + (1− γ)ζ + 1
2

(
(∂xψ

+)2 − γ(∂xψ
−)2
)

+N [ζ, ψ±] = −σκ(ζ),
(1.11)

where

N [ζ, ψ±] =
γ(G−[ζ]ψ− + ∂xζ∂xψ

−)2 − (G+[ζ]ψ+ + ∂xζ∂xψ
+)2

2(1 + (∂xζ)2)
.

1.2.1. Nondimensionalization of the equations. To derive an asymptotic model from (1.11),
we will compare every variable and function with physical characteristic parameters of the
same dimension H, a, or λ. Since the BO equation describes long waves, it is natural to
consider the scaling:

x = λx′, ζ = aζ ′,

where the prime notation denotes a nondimensional quantity. To identify the remaining
variables ψ′ and t = λ

cref
t′ one needs information on the reference velocity cref . To do so, we

look at the linearized equations (with σ = 0):
{
∂tζ − G[0]ψ = 0

∂tψ + (1− γ)ζ = 0,
(1.12)

where G[0] is a Fourier multiplier given by1

G[0]ψ(x) = F−1
(
|ξ| tanh(H|ξ|)

1 + γtanh(H|ξ|) ψ̂(ξ)
)

(x).

For a wave with typical wavelength λ, the frequencies are concentrated around |ξ| = 2π
λ .

Therefore, if we suppose that the depth of lower fluid is small compared to the wavelength,
then we have by a Taylor expansion that

G[0]ψ = −H∂2
xψ,

up to higher order terms in µ. From this simplification we can reduce (1.12) to a wave
equation where we make the identification c2

ref = H(1 − γ), and from the second equation
we find the dimensions of ψ:

ψ =
aλ√
H
ψ′.

1See Remark 2.3
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Lastly, we also choose to scale the transverse variable with H (i.e., z = Hz′) to have
a reference domain in the lower fluid of unitary depth. Then applying these changes of
variables and dropping the prime notation, we find that the nondimensional internal water
waves system (1.11) is given by:
{
∂tζ − 1

µGµ[εζ]ψ = 0

∂tψ + (1− γ)ζ + 1
2

(
ε(∂xψ

+)2 − γε(∂xψ−)2
)

+ εN [εζ, ψ±] = − 1
bo

1
ε
√
µκ(ε

√
µζ),

(1.13)

where

N [εζ, ψ±] =
1

2µ

γ(G−µ [εζ]ψ− + εµ∂xζ∂xψ
−)2 − (G+

µ [εζ]ψ+ + εµ∂xζ∂xψ
+)2

(1 + ε2µ(∂xζ)2)
.

The operators G±µ [εζ] are defined by

G±µ [εζ]ψ± =
√

1 + ε2(∂xζ)2∂nΦ±|z=εζ ,
through the solutions of the scaled Laplace equations:

{
(µ∂2

x + ∂2
z )Φ+ = 0 for Ω+ = {(x, z) : −1 < z < εζ}

Φ+|z=εζ = ψ+ ∂zΦ
+|z=−1 = 0,

and {
(µ∂2

x + ∂2
z )Φ− = 0 for Ω− = {(x, z) : z > εζ}

Φ−|z=εζ = ψ−.

1.3. Main results. In this paper we will first prove the well-posedness of (1.13) on a time
scale O(1

ε ) for ε . √µ and bo−1 = ε
√
µ. To state this result, there are two fundamental

assumptions that we need to make.

Definition 1.1 (Non-cavitation condition). Let ε ∈ (0, 1), s > 1
2 and take ζ0 ∈ Hs(R). We

say ζ0 satisfies the “non-cavitation condition” if there exist hmin ∈ (0, 1) such that

h = 1 + εζ0(x) ≥ hmin, for all x ∈ R. (1.14)

The second condition is to ensure the solutions do not break down due to Kelvin-
Helmholtz instabilities and is key to showing the long-time existence for solutions of (1.13).
The criterion is enforced for data in the energy space, which we will now define.

Definition 1.2 (Energy space). Let ε, µ, γ, bo−1 ∈ (0, 1) and N ∈ N. Then we define the

function space HN+1
γ,bo (R) by

HN+1
γ,bo (R) = HN+1(R),

with norm

|u|2
HN+1
γ,bo

= (1− γ)|u|2HN + bo−1|∂xu|2HN .

We define Ḣ
s+ 1

2
µ (R) as a Beppo-Levi space

Ḣ
s+ 1

2
µ (R) = Ḣs+ 1

2 (R) = {u ∈ L2
loc(R) : ∂xu ∈ Hs− 1

2 (R)},
endowed with

|u|
Ḣ
s+ 1

2
µ

=
∣∣∣ |D|
(1 +

√
µ|D|) 1

2

u
∣∣∣
Hs
.

Moreover, let α ∈ N2 and define the “good unknowns” by

ζ(α) = ∂αx,tζ, ψ(α) = ∂αx,tψ − εw∂αx,tζ.
7

Lastly,wealsochoosetoscalethetransversevariablewithH(i.e.,z=Hz′)tohave
areferencedomaininthelowerfluidofunitarydepth.Thenapplyingthesechangesof
variablesanddroppingtheprimenotation,wefindthatthenondimensionalinternalwater
wavessystem(1.11)isgivenby:
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Then the natural energy space E N
bo,T associated to (1.13) is defined for functions U =

(ζ(α), ψ(α)) in

E N
bo,T = {U ∈ C([0, T ];HN (R)× Ḣt0+3(R), sup

t∈[0,T ]
EN,t0bo,µ (U(t)) <∞}, (1.15)

whose norm is the square root of

EN,t0bo,µ (U) = |∂xψ|2Ht0+2 +
∑

α∈N2,|α|≤N
|ζ(α)|2H1

γ,bo
+ |ψ(α)|2

Ḣ
1
2
µ

. (1.16)

Remark 1.3. Here, the energy depends on both time derivatives and spatial derivatives.
This is the method put forward by [66, 67, 55] to control the surface tension term for the
water wave equations (see Remark 5.1 for the specifics on this point). This method was later
used for the internal water waves equations with surface tension in the case of two fluids of
finite depth [50], which is one of the primary references of this paper.

Definition 1.4 (Stability criterion). Let U0 = (ζ0, ψ0) ∈ L2(R)× Ḣ
1
2
µ (R) and EN,t0bo,µ (U0) <

∞. Then we define the “stability criterion” by

0 < d(U) := inf
R

a−Υc(ζ)|[[V ±]]|4Ht0+1 , at t = 0, (1.17)

where

Υ =
bo

4
(1− γ)2γ2ε2µ,

and

a =
(

(1− γ) + ε
(
(∂t + εV +∂x)w+ − γ(∂t + εV −∂x)w−

))

e(ζ) = sup

f∈H 1
2 (R),f 6=0

(
(Jµ[εζ])−1(G−µ [εζ])−1∂xf, ∂xf

)
L2

|1 +
√
µ|D| 12 f |2

L2

c(ζ) = e(ζ)2(1 + ε2µ|∂xζ|2L∞)
3
2 .

The quantities V ±, w± describe the horizontal and vertical velocity field in the fluids and
are given in Definition 4.1. See also Corollary A.18 in the Appendix, where they are given
in terms of ζ and ψ.

Remark 1.5. The stability criterion (1.17) can be seen as a two-layer generalization of the
Rayleigh-Taylor criterion where

a = −
(
∂zP

+ − γ∂zP−
)
|z=εζ > Υc(ζ)|[[V ±]]|4Ht0+1 .

We will let bo−1 to be of order O(ε
√
µ). In this case, the size of the quantity Υ is of order

O(ε
√
µ) and is neglected in the BO regime.

Remark 1.6. One key difference with the work of Lannes [50] for the internal water waves
on finite depth is in the symbolic analysis of G−µ [εζ]. The operator depends on the solution
of an elliptic problem on a domain with infinite depth. This alters the functional setting,
where we also need precise estimates depending on the parameters ε, µ ∈ (0, 1).

Theorem 1.7. Let t0 = 1, N ≥ 5, ε, µ, γ ∈ (0, 1) such that ε ≤ √µ and bo−1 = ε
√
µ.

Assume that U0 = (ζ0, ψ0)T ∈ L2(R) × Ḣ
1
2
µ (R) such that EN,t0bo,µ (U0) < ∞. Suppose further

that U0 satisfies the non-cavitation condition (1.14) and the stability criterion (1.17). Then
there exists a constant C = C(h−1

min, γ,
1

d(U0)) > 0 and a time

T = T (CEN,t0bo,µ (U0)) > 0,
8
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Remark 1.3. Here, the energy depends on both time derivatives and spatial derivatives.
This is the method put forward by [66, 67, 55] to control the surface tension term for the
water wave equations (see Remark 5.1 for the specifics on this point). This method was later
used for the internal water waves equations with surface tension in the case of two fluids of
finite depth [50], which is one of the primary references of this paper.
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The quantities V ±, w± describe the horizontal and vertical velocity field in the fluids and
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in terms of ζ and ψ.
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to be of order O(ε√µ). In this case, the size of the quantity Υ is of order

O(ε√µ) and is neglected in the BO regime.

Remark 1.6. One key difference with the work of Lannes [50] for the internal water waves
on finite depth is in the symbolic analysis of G−µ [εζ]. The operator depends on the solution
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which is a nonincreasing function of its argument, and a unique solution U = (ζ, ψ)T ∈
E N

bo,ε−1T of (1.13). Moreover, the solution satisfies

sup
t∈[0,ε−1T ]

EN,t0bo,µ (U) ≤ EN,t0bo,µ (U0). (1.18)

Remark 1.8. For notational convenience we shall write EN (U) instead of EN,t0bo,µ (U). We

also consider the case of one horizontal dimension since our primary goal is to justify the
BO equation, which is a model that does not include transverse effects. We will deal with
the higher dimensional case in a forthcoming paper.

Remark 1.9. The local well-posedness of (1.13) was first proved by Ohi and Iguchi [62].

However, in their paper, the existence time is of order O(bo−
1
2 ), which is far too short to

justify the BO equation on the physical time scale. In fact, Theorem 1.7 is the first proof of
the long-time well-posedness of the internal water waves in the case where one layer is of
infinite depth.

Remark 1.10. The surface tension term is regularizing and plays a fundamental role in the
well-posedness of (1.13). However, as noted in Remark 1.5, it does not affect the dynamics
of the BO equation.

Having defined a solution of the reference model (1.13) on a long time scale, the next
step is to derive the asymptotic models. Here we follow the road map in [15], where they
derived several internal water wave models in finite depth and gave comments on the formal
derivation of the BO equation. In particular, it is convenient to write (1.13) in terms of

ψ+ ∈ Ḣ
3
2
µ (R) through the interface operator:

Hµ[εζ]ψ+ = ∂xψ
− ∈ H 1

2 (R), (1.19)

where ψ− = Φ−|z=εζ ∈ H̊
3
2 (R) and Φ− ∈ Ḣ2(Ω−) is the unique solution2 (up to a constant)

of {
(µ∂2

x + ∂2
z )Φ− = 0 in Ω−

∂nΦ− = (1 + ε2(∂xζ)2)−
1
2G+

µ [εζ]ψ+ on z = εζ.
(1.20)

Then we may define the the velocity variable

v = ∂xψ (1.21)
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+ − γHµ[εζ]ψ+,

and apply a derivative to the second equation of (1.13) to find that
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∂tζ − 1

µG+
µ [εζ]ψ+ = 0
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(∂xψ
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+ ε∂xN [εζ, ψ±] = − 1
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1
ε
√
µ∂xκ(ε

√
µζ).

(1.22)
As noted in the introduction, we will first derive a system from (1.22), where we will

show that a solution of the internal water waves equations, with regular data (ζ0, v0), solves
a weakly dispersive BO system:

{
∂tζ + (1− γ tanh(

√
µ|D|))∂xv + ε∂x(ζv) = 0

∂tv + c2∂xζ + εv∂xv = 0,

2See Proposition 2.4.
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well-posednessof(1.13).However,asnotedinRemark1.5,itdoesnotaffectthedynamics
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Havingdefinedasolutionofthereferencemodel(1.13)onalongtimescale,thenext
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Remark 1.8. For notational convenience we shall write EN (U) instead of E
N,t0
bo,µ (U). We

also consider the case of one horizontal dimension since our primary goal is to justify the
BO equation, which is a model that does not include transverse effects. We will deal with
the higher dimensional case in a forthcoming paper.

Remark 1.9. The local well-posedness of (1.13) was first proved by Ohi and Iguchi [62].

However, in their paper, the existence time is of order O(bo−
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2 ), which is far too short to

justify the BO equation on the physical time scale. In fact, Theorem 1.7 is the first proof of
the long-time well-posedness of the internal water waves in the case where one layer is of
infinite depth.
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Remark1.9.Thelocalwell-posednessof(1.13)wasfirstprovedbyOhiandIguchi[62].

However,intheirpaper,theexistencetimeisoforderO(bo−
1
2),whichisfartooshortto

justifytheBOequationonthephysicaltimescale.Infact,Theorem1.7isthefirstproofof
thelong-timewell-posednessoftheinternalwaterwavesinthecasewhereonelayerisof
infinitedepth.

Remark1.10.Thesurfacetensiontermisregularizingandplaysafundamentalroleinthe
well-posednessof(1.13).However,asnotedinRemark1.5,itdoesnotaffectthedynamics
oftheBOequation.

Havingdefinedasolutionofthereferencemodel(1.13)onalongtimescale,thenext
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+
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v=∂xψ(1.21)

=∂xψ
+
−γHµ[εζ]ψ

+
,

andapplyaderivativetothesecondequationof(1.13)tofindthat
{
∂tζ−

1
µG+

µ[εζ]ψ+=0

∂tv+(1−γ)∂xζ+
ε
2∂x
(
(∂xψ+)2−γ(Hµ[εζ]ψ+)2)

+ε∂xN[εζ,ψ±]=−
1

bo
1

ε√µ∂xκ(ε√µζ).

(1.22)
Asnotedintheintroduction,wewillfirstderiveasystemfrom(1.22),wherewewill

showthatasolutionoftheinternalwaterwavesequations,withregulardata(ζ0,v0),solves
aweaklydispersiveBOsystem:

{
∂tζ+(1−γtanh(√µ|D|))∂xv+ε∂x(ζv)=0

∂tv+c2∂
xζ+εv∂xv=0,

2SeeProposition2.4.

9



up to an error of order O(µ+ ε
√
µ). Then under an additional assumption on the data (for

right-moving waves), we will show that we can approximate this system with the solutions
of

∂tζ + c
(
1− γ

2
tanh(

√
µ|D|)

)
∂xζ + c

3ε

2
ζ∂xζ = 0.

Remark 1.11. An alternative approach would be to rigorously derive the regularized BO
system given by:

{(
1 + α

√
µγ|D|

)
∂tζ +

(
1 + (α− 1)γ

√
µ|D|

)
∂xv + ε∂x(ζv) = 0

∂tv + c2∂xζ + εv∂xv = 0,
(1.23)

for α ≥ 0. This is the model that was formally derived in [15], and moreover we can use it
to derive the “regularized Benjamin-Ono equation” [21]:

(
1 + α

√
µγ|D|

)
∂tζ + c∂xζ + (2α− 1)

γ

2

√
µ|D|∂xζ + c

3ε

2
ζ∂xζ = 0.

The rigorous derivation of these models is straightforward when having Theorem 1.7 at
hand. However, the result would depend on α since the long-time well-posedness of (1.23)
requires α > 1 [78].

Before we proceed, we establish the long-time well-posedness of the weakly dispersive
models introduced above. To do so, we will have to sharpen the non-cavitation condition
(1.14) to define an energy associated with (1.17).

Definition 1.12 (γ−dependent surface condition). Let ε, γ ∈ (0, 1) and s > 1
2 . We say the

initial surface elevation ζ0 ∈ Hs(Rd) satisfy the “γ−dependent surface condition” if there
exist hmin,γ ∈ (0, 1) such that

1 + εζ0(x)− γ ≥ hmin,γ , for all x ∈ R. (1.24)

Remark 1.13. The main difference with (1.23) is that we can impose a physical constraint
on the data instead of a constraint on the parameter in the equation.

Theorem 1.14. Let ε, µ, γ, c ∈ (0, 1) and s > 3
2 . Assume that (ζ0, v0) ∈ Hs(R) ×Hs(R).

Then there exists a constant C = C(h−1
min,γ , γ) and a time

T = T (C|(ζ0, v0)|Hs×Hs) > 0,

which is a nonincreasing function of its argument such that:

1. There exists a unique solution ζwBO ∈ C
(
[0, ε−1T ] : Hs(R)

)
to equation

∂tζ
wBO + c

(
1− γ

2
tanh(

√
µ|D|)

)
∂xζ

wBO + c
3ε

2
ζwBO∂xζ

wBO = 0, (1.25)

that satisfies
sup

t∈[0,ε−1T ]

|ζwBO|Hs ≤ C|ζ0|Hs . (1.26)

2. Suppose further that ζ0 satisfies the γ−dependent surface condition (1.24). Then
there exist a unique solution (ζBOs, vBOs) ∈ C([0, ε−1T ] : Hs

(
R)×Hs(R)

)
to system

{
∂tζ

BOs + (1− γ tanh(
√
µ|D|))∂xvBOs + ε∂x(ζBOsvBOs) = 0

∂tv
BOs + c2∂xζ

BOs + εvBOs∂xv
BOs = 0,

(1.27)

that satisfies

sup
t∈[0,ε−1T ]

|(ζBOs, vBOs)|Hs×Hs ≤ C|(ζ0, v0)|Hs×Hs . (1.28)

10

uptoanerroroforderO(µ+ε
√

µ).Thenunderanadditionalassumptiononthedata(for
right-movingwaves),wewillshowthatwecanapproximatethissystemwiththesolutions
of

∂tζ+c
(

1−γ

2
tanh(

√
µ|D|)

)
∂xζ+c

3ε

2
ζ∂xζ=0.

Remark1.11.AnalternativeapproachwouldbetorigorouslyderivetheregularizedBO
systemgivenby:

{(
1+α

√
µγ|D|

)
∂tζ+

(
1+(α−1)γ

√
µ|D|

)
∂xv+ε∂x(ζv)=0

∂tv+c2∂xζ+εv∂xv=0,
(1.23)

forα≥0.Thisisthemodelthatwasformallyderivedin[15],andmoreoverwecanuseit
toderivethe“regularizedBenjamin-Onoequation”[21]:

(
1+α

√
µγ|D|

)
∂tζ+c∂xζ+(2α−1)

γ

2

√
µ|D|∂xζ+c

3ε

2
ζ∂xζ=0.

TherigorousderivationofthesemodelsisstraightforwardwhenhavingTheorem1.7at
hand.However,theresultwoulddependonαsincethelong-timewell-posednessof(1.23)
requiresα>1[78].

Beforeweproceed,weestablishthelong-timewell-posednessoftheweaklydispersive
modelsintroducedabove.Todoso,wewillhavetosharpenthenon-cavitationcondition
(1.14)todefineanenergyassociatedwith(1.17).

Definition1.12(γ−dependentsurfacecondition).Letε,γ∈(0,1)ands>1
2.Wesaythe

initialsurfaceelevationζ0∈Hs(Rd)satisfythe“γ−dependentsurfacecondition”ifthere
existhmin,γ∈(0,1)suchthat

1+εζ0(x)−γ≥hmin,γ,forallx∈R.(1.24)

Remark1.13.Themaindifferencewith(1.23)isthatwecanimposeaphysicalconstraint
onthedatainsteadofaconstraintontheparameterintheequation.

Theorem1.14.Letε,µ,γ,c∈(0,1)ands>3
2.Assumethat(ζ0,v0)∈Hs(R)×Hs(R).

ThenthereexistsaconstantC=C(h−1
min,γ,γ)andatime

T=T(C|(ζ0,v0)|Hs×Hs)>0,

whichisanonincreasingfunctionofitsargumentsuchthat:

1.ThereexistsauniquesolutionζwBO∈C
(

[0,ε−1T]:Hs(R)
)

toequation

∂tζ
wBO+c

(
1−γ

2
tanh(

√
µ|D|)

)
∂xζ

wBO+c
3ε

2
ζwBO∂xζ

wBO=0,(1.25)

thatsatisfies
sup

t∈[0,ε−1T]

|ζwBO|Hs≤C|ζ0|Hs.(1.26)

2.Supposefurtherthatζ0satisfiestheγ−dependentsurfacecondition(1.24).Then
thereexistauniquesolution(ζBOs,vBOs)∈C([0,ε−1T]:Hs

(
R)×Hs(R)

)
tosystem

{
∂tζ

BOs+(1−γtanh(
√

µ|D|))∂xvBOs+ε∂x(ζBOsvBOs)=0

∂tv
BOs+c2∂xζ

BOs+εvBOs∂xv
BOs=0,

(1.27)

thatsatisfies

sup
t∈[0,ε−1T]

|(ζBOs,vBOs)|Hs×Hs≤C|(ζ0,v0)|Hs×Hs.(1.28)

10

uptoanerroroforderO(µ+ε
√

µ).Thenunderanadditionalassumptiononthedata(for
right-movingwaves),wewillshowthatwecanapproximatethissystemwiththesolutions
of

∂tζ+c
(

1−γ

2
tanh(

√
µ|D|)

)
∂xζ+c

3ε

2
ζ∂xζ=0.

Remark1.11.AnalternativeapproachwouldbetorigorouslyderivetheregularizedBO
systemgivenby:

{(
1+α

√
µγ|D|

)
∂tζ+

(
1+(α−1)γ

√
µ|D|

)
∂xv+ε∂x(ζv)=0

∂tv+c2∂xζ+εv∂xv=0,
(1.23)

forα≥0.Thisisthemodelthatwasformallyderivedin[15],andmoreoverwecanuseit
toderivethe“regularizedBenjamin-Onoequation”[21]:

(
1+α

√
µγ|D|

)
∂tζ+c∂xζ+(2α−1)

γ

2

√
µ|D|∂xζ+c

3ε

2
ζ∂xζ=0.

TherigorousderivationofthesemodelsisstraightforwardwhenhavingTheorem1.7at
hand.However,theresultwoulddependonαsincethelong-timewell-posednessof(1.23)
requiresα>1[78].

Beforeweproceed,weestablishthelong-timewell-posednessoftheweaklydispersive
modelsintroducedabove.Todoso,wewillhavetosharpenthenon-cavitationcondition
(1.14)todefineanenergyassociatedwith(1.17).

Definition1.12(γ−dependentsurfacecondition).Letε,γ∈(0,1)ands>1
2.Wesaythe

initialsurfaceelevationζ0∈Hs(Rd)satisfythe“γ−dependentsurfacecondition”ifthere
existhmin,γ∈(0,1)suchthat

1+εζ0(x)−γ≥hmin,γ,forallx∈R.(1.24)

Remark1.13.Themaindifferencewith(1.23)isthatwecanimposeaphysicalconstraint
onthedatainsteadofaconstraintontheparameterintheequation.

Theorem1.14.Letε,µ,γ,c∈(0,1)ands>3
2.Assumethat(ζ0,v0)∈Hs(R)×Hs(R).

ThenthereexistsaconstantC=C(h−1
min,γ,γ)andatime

T=T(C|(ζ0,v0)|Hs×Hs)>0,

whichisanonincreasingfunctionofitsargumentsuchthat:

1.ThereexistsauniquesolutionζwBO∈C
(

[0,ε−1T]:Hs(R)
)

toequation

∂tζ
wBO+c

(
1−γ

2
tanh(

√
µ|D|)

)
∂xζ

wBO+c
3ε

2
ζwBO∂xζ

wBO=0,(1.25)

thatsatisfies
sup

t∈[0,ε−1T]

|ζwBO|Hs≤C|ζ0|Hs.(1.26)

2.Supposefurtherthatζ0satisfiestheγ−dependentsurfacecondition(1.24).Then
thereexistauniquesolution(ζBOs,vBOs)∈C([0,ε−1T]:Hs

(
R)×Hs(R)

)
tosystem

{
∂tζ

BOs+(1−γtanh(
√

µ|D|))∂xvBOs+ε∂x(ζBOsvBOs)=0

∂tv
BOs+c2∂xζ

BOs+εvBOs∂xv
BOs=0,

(1.27)

thatsatisfies

sup
t∈[0,ε−1T]

|(ζBOs,vBOs)|Hs×Hs≤C|(ζ0,v0)|Hs×Hs.(1.28)
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up to an error of order O(µ+ ε√µ). Then under an additional assumption on the data (for
right-moving waves), we will show that we can approximate this system with the solutions
of

∂tζ + c
(
1−

γ

2
tanh(√µ|D|))

∂xζ + c
3ε

2
ζ∂xζ = 0.

Remark 1.11. An alternative approach would be to rigorously derive the regularized BO
system given by:

{(
1 + α√µγ|D|)

∂tζ +
(
1 + (α− 1)γ√µ|D|)

∂xv + ε∂x(ζv) = 0

∂tv + c2∂
xζ + εv∂xv = 0,

(1.23)

for α ≥ 0. This is the model that was formally derived in [15], and moreover we can use it
to derive the “regularized Benjamin-Ono equation” [21]:

(
1 + α√µγ|D|)

∂tζ + c∂xζ + (2α− 1)
γ

2

√µ|D|∂
xζ + c

3ε

2
ζ∂xζ = 0.

The rigorous derivation of these models is straightforward when having Theorem 1.7 at
hand. However, the result would depend on α since the long-time well-posedness of (1.23)
requires α > 1 [78].

Before we proceed, we establish the long-time well-posedness of the weakly dispersive
models introduced above. To do so, we will have to sharpen the non-cavitation condition
(1.14) to define an energy associated with (1.17).

Definition 1.12 (γ−dependent surface condition). Let ε, γ ∈ (0, 1) and s >
1
2 . We say the

initial surface elevation ζ0 ∈ Hs(Rd) satisfy the “γ−dependent surface condition” if there
exist hmin,γ ∈ (0, 1) such that

1 + εζ0(x)− γ ≥ hmin,γ , for all x ∈ R. (1.24)

Remark 1.13. The main difference with (1.23) is that we can impose a physical constraint
on the data instead of a constraint on the parameter in the equation.

Theorem 1.14. Let ε, µ, γ, c ∈ (0, 1) and s >
3
2 . Assume that (ζ0, v0) ∈ Hs(R) ×Hs(R).

Then there exists a constant C = C(h−1
min,γ , γ) and a time

T = T (C|(ζ0, v0)|Hs×Hs) > 0,

which is a nonincreasing function of its argument such that:

1. There exists a unique solution ζ
wBO
∈ C

(
[0, ε−1T ] : Hs(R)

)
to equation

∂tζ
wBO

+ c
(
1−

γ

2
tanh(√µ|D|))

∂xζ
wBO

+ c
3ε

2
ζ
wBO

∂xζ
wBO

= 0, (1.25)

that satisfies
sup

t∈[0,ε−1T ]

|ζ
wBO
|Hs ≤ C|ζ0|Hs . (1.26)

2. Suppose further that ζ0 satisfies the γ−dependent surface condition (1.24). Then
there exist a unique solution (ζ

BOs
, v

BOs
) ∈ C([0, ε−1T ] : Hs(

R)×Hs(R)
)

to system
{
∂tζ

BOs
+ (1− γ tanh(√µ|D|))∂xvBOs

+ ε∂x(ζ
BOs

v
BOs

) = 0

∂tv
BOs

+ c2∂
xζ

BOs
+ εv

BOs
∂xv

BOs
= 0,

(1.27)

that satisfies

sup
t∈[0,ε−1T ]

|(ζ
BOs

, v
BOs

)|Hs×Hs ≤ C|(ζ0, v0)|Hs×Hs . (1.28)
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up to an error of order O(µ+ ε√µ). Then under an additional assumption on the data (for
right-moving waves), we will show that we can approximate this system with the solutions
of

∂tζ + c
(
1−

γ

2
tanh(√µ|D|))

∂xζ + c
3ε

2
ζ∂xζ = 0.

Remark 1.11. An alternative approach would be to rigorously derive the regularized BO
system given by:

{(
1 + α√µγ|D|)

∂tζ +
(
1 + (α− 1)γ√µ|D|)

∂xv + ε∂x(ζv) = 0

∂tv + c2∂
xζ + εv∂xv = 0,

(1.23)

for α ≥ 0. This is the model that was formally derived in [15], and moreover we can use it
to derive the “regularized Benjamin-Ono equation” [21]:

(
1 + α√µγ|D|)

∂tζ + c∂xζ + (2α− 1)
γ

2

√µ|D|∂
xζ + c

3ε

2
ζ∂xζ = 0.

The rigorous derivation of these models is straightforward when having Theorem 1.7 at
hand. However, the result would depend on α since the long-time well-posedness of (1.23)
requires α > 1 [78].

Before we proceed, we establish the long-time well-posedness of the weakly dispersive
models introduced above. To do so, we will have to sharpen the non-cavitation condition
(1.14) to define an energy associated with (1.17).

Definition 1.12 (γ−dependent surface condition). Let ε, γ ∈ (0, 1) and s >
1
2 . We say the

initial surface elevation ζ0 ∈ Hs(Rd) satisfy the “γ−dependent surface condition” if there
exist hmin,γ ∈ (0, 1) such that

1 + εζ0(x)− γ ≥ hmin,γ , for all x ∈ R. (1.24)

Remark 1.13. The main difference with (1.23) is that we can impose a physical constraint
on the data instead of a constraint on the parameter in the equation.

Theorem 1.14. Let ε, µ, γ, c ∈ (0, 1) and s >
3
2 . Assume that (ζ0, v0) ∈ Hs(R) ×Hs(R).

Then there exists a constant C = C(h−1
min,γ , γ) and a time

T = T (C|(ζ0, v0)|Hs×Hs) > 0,

which is a nonincreasing function of its argument such that:

1. There exists a unique solution ζ
wBO
∈ C

(
[0, ε−1T ] : Hs(R)

)
to equation

∂tζ
wBO

+ c
(
1−

γ

2
tanh(√µ|D|))

∂xζ
wBO

+ c
3ε

2
ζ
wBO

∂xζ
wBO

= 0, (1.25)

that satisfies
sup

t∈[0,ε−1T ]

|ζ
wBO
|Hs ≤ C|ζ0|Hs . (1.26)

2. Suppose further that ζ0 satisfies the γ−dependent surface condition (1.24). Then
there exist a unique solution (ζ

BOs
, v

BOs
) ∈ C([0, ε−1T ] : Hs(

R)×Hs(R)
)

to system
{
∂tζ

BOs
+ (1− γ tanh(√µ|D|))∂xvBOs

+ ε∂x(ζ
BOs

v
BOs

) = 0

∂tv
BOs

+ c2∂
xζ

BOs
+ εv

BOs
∂xv

BOs
= 0,

(1.27)

that satisfies

sup
t∈[0,ε−1T ]

|(ζ
BOs

, v
BOs

)|Hs×Hs ≤ C|(ζ0, v0)|Hs×Hs . (1.28)
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uptoanerroroforderO(µ+ε√µ).Thenunderanadditionalassumptiononthedata(for
right-movingwaves),wewillshowthatwecanapproximatethissystemwiththesolutions
of

∂tζ+c
(
1−

γ

2
tanh(√µ|D|))

∂xζ+c
3ε

2
ζ∂xζ=0.

Remark1.11.AnalternativeapproachwouldbetorigorouslyderivetheregularizedBO
systemgivenby:

{(
1+α√µγ|D|)

∂tζ+
(
1+(α−1)γ√µ|D|)

∂xv+ε∂x(ζv)=0

∂tv+c2∂
xζ+εv∂xv=0,

(1.23)

forα≥0.Thisisthemodelthatwasformallyderivedin[15],andmoreoverwecanuseit
toderivethe“regularizedBenjamin-Onoequation”[21]:

(
1+α√µγ|D|)

∂tζ+c∂xζ+(2α−1)
γ

2

√µ|D|∂
xζ+c

3ε

2
ζ∂xζ=0.

TherigorousderivationofthesemodelsisstraightforwardwhenhavingTheorem1.7at
hand.However,theresultwoulddependonαsincethelong-timewell-posednessof(1.23)
requiresα>1[78].

Beforeweproceed,weestablishthelong-timewell-posednessoftheweaklydispersive
modelsintroducedabove.Todoso,wewillhavetosharpenthenon-cavitationcondition
(1.14)todefineanenergyassociatedwith(1.17).

Definition1.12(γ−dependentsurfacecondition).Letε,γ∈(0,1)ands>
1
2.Wesaythe

initialsurfaceelevationζ0∈Hs(Rd)satisfythe“γ−dependentsurfacecondition”ifthere
existhmin,γ∈(0,1)suchthat

1+εζ0(x)−γ≥hmin,γ,forallx∈R.(1.24)

Remark1.13.Themaindifferencewith(1.23)isthatwecanimposeaphysicalconstraint
onthedatainsteadofaconstraintontheparameterintheequation.

Theorem1.14.Letε,µ,γ,c∈(0,1)ands>
3
2.Assumethat(ζ0,v0)∈Hs(R)×Hs(R).

ThenthereexistsaconstantC=C(h−1
min,γ,γ)andatime

T=T(C|(ζ0,v0)|Hs×Hs)>0,

whichisanonincreasingfunctionofitsargumentsuchthat:

1.Thereexistsauniquesolutionζ
wBO
∈C

(
[0,ε−1T]:Hs(R)

)
toequation

∂tζ
wBO

+c
(
1−

γ

2
tanh(√µ|D|))

∂xζ
wBO

+c
3ε

2
ζ
wBO

∂xζ
wBO

=0,(1.25)

thatsatisfies
sup

t∈[0,ε−1T]

|ζ
wBO
|Hs≤C|ζ0|Hs.(1.26)

2.Supposefurtherthatζ0satisfiestheγ−dependentsurfacecondition(1.24).Then
thereexistauniquesolution(ζ

BOs
,v

BOs
)∈C([0,ε−1T]:Hs(

R)×Hs(R)
)

tosystem
{
∂tζ

BOs
+(1−γtanh(√µ|D|))∂xvBOs

+ε∂x(ζ
BOs

v
BOs

)=0

∂tv
BOs

+c2∂
xζ

BOs
+εv

BOs
∂xv

BOs
=0,

(1.27)

thatsatisfies

sup
t∈[0,ε−1T]

|(ζ
BOs

,v
BOs

)|Hs×Hs≤C|(ζ0,v0)|Hs×Hs.(1.28)
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uptoanerroroforderO(µ+ε√µ).Thenunderanadditionalassumptiononthedata(for
right-movingwaves),wewillshowthatwecanapproximatethissystemwiththesolutions
of

∂tζ+c
(
1−

γ

2
tanh(√µ|D|))

∂xζ+c
3ε

2
ζ∂xζ=0.

Remark1.11.AnalternativeapproachwouldbetorigorouslyderivetheregularizedBO
systemgivenby:

{(
1+α√µγ|D|)

∂tζ+
(
1+(α−1)γ√µ|D|)

∂xv+ε∂x(ζv)=0

∂tv+c2∂
xζ+εv∂xv=0,

(1.23)

forα≥0.Thisisthemodelthatwasformallyderivedin[15],andmoreoverwecanuseit
toderivethe“regularizedBenjamin-Onoequation”[21]:

(
1+α√µγ|D|)

∂tζ+c∂xζ+(2α−1)
γ

2

√µ|D|∂
xζ+c

3ε

2
ζ∂xζ=0.

TherigorousderivationofthesemodelsisstraightforwardwhenhavingTheorem1.7at
hand.However,theresultwoulddependonαsincethelong-timewell-posednessof(1.23)
requiresα>1[78].

Beforeweproceed,weestablishthelong-timewell-posednessoftheweaklydispersive
modelsintroducedabove.Todoso,wewillhavetosharpenthenon-cavitationcondition
(1.14)todefineanenergyassociatedwith(1.17).

Definition1.12(γ−dependentsurfacecondition).Letε,γ∈(0,1)ands>
1
2.Wesaythe

initialsurfaceelevationζ0∈Hs(Rd)satisfythe“γ−dependentsurfacecondition”ifthere
existhmin,γ∈(0,1)suchthat

1+εζ0(x)−γ≥hmin,γ,forallx∈R.(1.24)

Remark1.13.Themaindifferencewith(1.23)isthatwecanimposeaphysicalconstraint
onthedatainsteadofaconstraintontheparameterintheequation.

Theorem1.14.Letε,µ,γ,c∈(0,1)ands>
3
2.Assumethat(ζ0,v0)∈Hs(R)×Hs(R).

ThenthereexistsaconstantC=C(h−1
min,γ,γ)andatime

T=T(C|(ζ0,v0)|Hs×Hs)>0,

whichisanonincreasingfunctionofitsargumentsuchthat:

1.Thereexistsauniquesolutionζ
wBO
∈C

(
[0,ε−1T]:Hs(R)

)
toequation

∂tζ
wBO

+c
(
1−

γ

2
tanh(√µ|D|))

∂xζ
wBO

+c
3ε

2
ζ
wBO

∂xζ
wBO

=0,(1.25)

thatsatisfies
sup

t∈[0,ε−1T]

|ζ
wBO
|Hs≤C|ζ0|Hs.(1.26)

2.Supposefurtherthatζ0satisfiestheγ−dependentsurfacecondition(1.24).Then
thereexistauniquesolution(ζ

BOs
,v

BOs
)∈C([0,ε−1T]:Hs(

R)×Hs(R)
)

tosystem
{
∂tζ

BOs
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Remark 1.15. System (1.27) and (1.25) are new and are chosen such that it is easy to
deduce the long-time existence. The choice was based on the observations made in [64],
where weakly dispersive shallow water models are considered and can, in some cases, give
rise to well-posed systems while their strongly dispersive versions are not.

Remark 1.16. For the data ζ0 ∈ Hs(R) with s > 3
2 the long-time (global) well-posedness

of BO is classical. The result can easily be extended for (1.25) with ε ∈ (0, 1). See, for
instance, [53] in the case of the BO equation on a fixed time with ε = 1.

With this result in hand, we can use it as a link to prove the consistency between the
BO equation and the internal water waves equations.

Theorem 1.17. Let ε, µ, γ ∈ (0, 1), c2 = (1 − γ) such that ε ≤ √µ and bo−1 = ε
√
µ.

Assume that U0 = (ζ0, ψ0)T satisfies the assumptions of Theorem 1.7 and define v0 = ∂xψ0.
Suppose also that ζ0 satisfies the γ−dependent surface condition (1.24). Then there exists
a time T > 0 such that for some generic function R satisfying
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for all t ∈ [0, ε−1T ] we have the following results:
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(
[0, ε−1T ] : HN− 1

2 (R) × HN− 1
2 (R)

)
to

(1.22), where v = ∂xψ. Moreover, on the same time interval, the same solution also
satisfies

{
∂tζ + (1− γ tanh(

√
µ|D|))∂xv + ε∂x(ζv) = (µ+ ε

√
µ)R

∂tv + c2∂xζ + εv∂xv = (µ+ ε
√
µ)R.

2. There exist a unique solution ζwBO ∈ C
(
[0, ε−1T ] : HN− 1

2 (R)
)

that solves

∂tζ
wBO + c

(
1− γ

2
tanh(

√
µ|D|)

)
∂xζ

wBO + c
3ε

2
ζwBO∂xζ

wBO = 0.

Suppose further that the data v0 is given by

v0 = (1 +
γ

2
tanh(

√
µ|D|))ζ0 −

ε

4
ζ2

0 , (1.29)

and define vwBO ∈ C
(
[0, ε−1T ] : HN− 1

2 (R)
)

by

vwBO = (1 +
γ

2
tanh(

√
µ|D|))ζwBO − ε

4
(ζwBO)2.
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√
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wBO + c2∂xζ
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wBO = µR.
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2 (R)
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that solves

∂tζ
BO + c

(
1− γ

2

√
µ|D|
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∂xζ
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BO = 0,

and on the same time interval it satisfies

∂tζ
BO + c

(
1− γ

2
tanh(

√
µ|D|)

)
∂xζ

BO + c
3ε

2
ζBO∂xζ

BO = µR.

A consequence of the above results is the full justification of the BO equation.
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Remark1.15.System(1.27)and(1.25)arenewandarechosensuchthatitiseasyto
deducethelong-timeexistence.Thechoicewasbasedontheobservationsmadein[64],
whereweaklydispersiveshallowwatermodelsareconsideredandcan,insomecases,give
risetowell-posedsystemswhiletheirstronglydispersiveversionsarenot.

Remark1.16.Forthedataζ0∈Hs(R)withs>3
2thelong-time(global)well-posedness

ofBOisclassical.Theresultcaneasilybeextendedfor(1.25)withε∈(0,1).See,for
instance,[53]inthecaseoftheBOequationonafixedtimewithε=1.

Withthisresultinhand,wecanuseitasalinktoprovetheconsistencybetweenthe
BOequationandtheinternalwaterwavesequations.
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Remark 1.15. System (1.27) and (1.25) are new and are chosen such that it is easy to
deduce the long-time existence. The choice was based on the observations made in [64],
where weakly dispersive shallow water models are considered and can, in some cases, give
rise to well-posed systems while their strongly dispersive versions are not.

Remark 1.16. For the data ζ0 ∈ Hs(R) with s >
3
2 the long-time (global) well-posedness

of BO is classical. The result can easily be extended for (1.25) with ε ∈ (0, 1). See, for
instance, [53] in the case of the BO equation on a fixed time with ε = 1.

With this result in hand, we can use it as a link to prove the consistency between the
BO equation and the internal water waves equations.

Theorem 1.17. Let ε, µ, γ ∈ (0, 1), c2 = (1 − γ) such that ε ≤ √µ and bo−1
= ε√µ.

Assume that U0 = (ζ0, ψ0)T satisfies the assumptions of Theorem 1.7 and define v0 = ∂xψ0.
Suppose also that ζ0 satisfies the γ−dependent surface condition (1.24). Then there exists
a time T > 0 such that for some generic function R satisfying
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N

(U0)),

for all t ∈ [0, ε−1T ] we have the following results:

1. There exists a unique solution (ζ, v)T ∈ C(
[0, ε−1T ] : H

N−
1
2 (R) × H

N−
1
2 (R)

)
to

(1.22), where v = ∂xψ. Moreover, on the same time interval, the same solution also
satisfies

{
∂tζ + (1− γ tanh(√µ|D|))∂xv + ε∂x(ζv) = (µ+ ε√µ)R

∂tv + c2∂
xζ + εv∂xv = (µ+ ε√µ)R.

2. There exist a unique solution ζ
wBO
∈ C
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2 (R)
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that solves
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wBO
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2
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wBO

= 0.

Suppose further that the data v0 is given by

v0 = (1 +
γ

2
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2
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2 (R)
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ε

4
(ζ

wBO
)
2
.
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Theorem 1.18. Let ε, µ, γ ∈ (0, 1), c2 = (1 − γ) such that ε ≤ √µ and bo−1 = ε
√
µ.

Assume that U0 = (ζ0, ψ0)T satisfies the assumptions of Theorem 1.7 with N ≥ 7 and
define v0 = ∂xψ0. Suppose further that ζ0 satisfies the γ−dependent surface condition
(1.24) and that v0 satisfies (1.29). Then there exists T > 0 such that:

1. There exist a unique solution (ζ, v) ∈ C
(
[0, ε−1T ] : HN− 1

2 (R)×HN− 1
2 (R)

)
to (1.22)

where v = ∂xψ.

2. From the same initial data:
2.1. There exists a unique solution (ζBOs, vBOs) ∈ C([0, ε−1T ] : Hs

(
R)×Hs(R)

)
to

the weakly dispersive BO system{
∂tζ

BOs + (1− γ tanh(
√
µ|D|))∂xvBOs + ε∂x(ζBOsvBOs) = 0

∂tv
BOs + c2∂xζ

BOs + εvBOs∂xv
BOs = 0,

and for any t ∈ [0, ε−1T ] there holds,

|(ζ − ζBOs, v − vBOs)|L∞([0,t]×R) ≤ (µ+ ε
√
µ)tC(EN (U0)). (1.30)

2.2. There exists a unique solution ζwBO ∈ C
(
[0, ε−1T ] : HN− 1

2 (R)
)

to the weakly
dispersive BO equation

∂tζ
wBO + c(1− γ

2
tanh(

√
µ|D|))∂xζwBO + c

3ε

2
ζwBO∂xζ

wBO = 0,

and for any t ∈ [0, ε−1T ] there holds,

|ζ − ζwBO|L∞([0,t]×R) ≤ µtC(EN (U0)). (1.31)

2.3. There exists a unique solution ζBO ∈ C
(
[0, ε−1T ] : HN− 1

2 (R)
)

to the BO
equation

∂tζ
BO + c(1− γ

2

√
µ|D|)∂xζBO + c

3ε

2
ζBO∂xζ

BO = 0,

and for any t ∈ [0, ε−1T ] there holds,

|ζ − ζBO|L∞([0,t]×R) ≤ µtC(EN (U0)). (1.32)

Remark 1.19. Estimates (1.30) and (1.31) together with the well-posedness theory imply
the full justification of their respective systems as internal water waves equations. These are
new results, but their primary purpose is to serve as an intermediate step for the derivation
of the BO equation and are added here for the sake of completeness.

1.3.1. Strategy and outline of the proofs. The main body of the paper is devoted to the proof
of Theorem 1.7, which relies on energy estimates similar to the ones provided by Lannes
[50]. To do so, we first need to prove that the operators involved in the main system (1.13)
are well-defined and can be formulated solely in terms of ζ and ψ. We start by studying
the operator Gµ in Section 2, which will be given by the expression:

Gµ[εζ]ψ = G+
µ [εζ]

(
1− γ(G−µ [εζ])−1G+

µ [εζ]
)−1

ψ. (1.33)

The main difference with the work of Lannes is that we have the composition of two oper-
ators G+

µ and G−µ that act on different space. This is a consequence of having one fluid of

finite depth and the other of infinite depth. In particular, to define the composition (G−µ )−1

with G+
µ we need to work on a homogeneous3 target space.

3The function space with norm |f |
H̊

s+1
2

= |D 1
2 f |Hs .
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Theorem 1.18. Let ε, µ, γ ∈ (0, 1), c2 = (1 − γ) such that ε ≤ √µ and bo−1
= ε√µ.

Assume that U0 = (ζ0, ψ0)T satisfies the assumptions of Theorem 1.7 with N ≥ 7 and
define v0 = ∂xψ0. Suppose further that ζ0 satisfies the γ−dependent surface condition
(1.24) and that v0 satisfies (1.29). Then there exists T > 0 such that:

1. There exist a unique solution (ζ, v) ∈ C
(
[0, ε−1T ] : H

N−
1
2 (R)×H

N−
1
2 (R)

)
to (1.22)

where v = ∂xψ.

2. From the same initial data:
2.1. There exists a unique solution (ζ

BOs
, v

BOs
) ∈ C([0, ε−1T ] : Hs(

R)×Hs(R)
)

to
the weakly dispersive BO system
{
∂tζ

BOs
+ (1− γ tanh(√µ|D|))∂xvBOs

+ ε∂x(ζ
BOs

v
BOs

) = 0

∂tv
BOs

+ c2∂
xζ

BOs
+ εv

BOs
∂xv

BOs
= 0,

and for any t ∈ [0, ε−1T ] there holds,

|(ζ − ζ
BOs

, v − v
BOs

)|L∞([0,t]×R) ≤ (µ+ ε√µ)tC(E
N

(U0)). (1.30)

2.2. There exists a unique solution ζ
wBO
∈ C

(
[0, ε−1T ] : H

N−
1
2 (R)

)
to the weakly

dispersive BO equation

∂tζ
wBO

+ c(1−
γ

2
tanh(√µ|D|))∂

xζ
wBO

+ c
3ε

2
ζ
wBO

∂xζ
wBO

= 0,

and for any t ∈ [0, ε−1T ] there holds,

|ζ − ζ
wBO
|L∞([0,t]×R) ≤ µtC(E

N
(U0)). (1.31)

2.3. There exists a unique solution ζ
BO
∈ C

(
[0, ε−1T ] : H

N−
1
2 (R)

)
to the BO

equation

∂tζ
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γ

2

√µ|D|)∂
xζ

BO
+ c

3ε

2
ζ
BO
∂xζ

BO
= 0,

and for any t ∈ [0, ε−1T ] there holds,

|ζ − ζ
BO
|L∞([0,t]×R) ≤ µtC(E

N
(U0)). (1.32)

Remark 1.19. Estimates (1.30) and (1.31) together with the well-posedness theory imply
the full justification of their respective systems as internal water waves equations. These are
new results, but their primary purpose is to serve as an intermediate step for the derivation
of the BO equation and are added here for the sake of completeness.

1.3.1. Strategy and outline of the proofs. The main body of the paper is devoted to the proof
of Theorem 1.7, which relies on energy estimates similar to the ones provided by Lannes
[50]. To do so, we first need to prove that the operators involved in the main system (1.13)
are well-defined and can be formulated solely in terms of ζ and ψ. We start by studying
the operator Gµ in Section 2, which will be given by the expression:

Gµ[εζ]ψ = G
+
µ [εζ]

(
1− γ(G−µ [εζ])−1

G
+
µ [εζ]

)−1
ψ. (1.33)

The main difference with the work of Lannes is that we have the composition of two oper-
ators G+

µ and G−µ that act on different space. This is a consequence of having one fluid of

finite depth and the other of infinite depth. In particular, to define the composition (G−µ )−1

with G+
µ we need to work on a homogeneous

3
target space.
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thefulljustificationoftheirrespectivesystemsasinternalwaterwavesequations.Theseare
newresults,buttheirprimarypurposeistoserveasanintermediatestepforthederivation
oftheBOequationandareaddedhereforthesakeofcompleteness.

1.3.1.Strategyandoutlineoftheproofs.Themainbodyofthepaperisdevotedtotheproof
ofTheorem1.7,whichreliesonenergyestimatessimilartotheonesprovidedbyLannes
[50].Todoso,wefirstneedtoprovethattheoperatorsinvolvedinthemainsystem(1.13)
arewell-definedandcanbeformulatedsolelyintermsofζandψ.Westartbystudying
theoperatorGµinSection2,whichwillbegivenbytheexpression:
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G
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)−1
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ThemaindifferencewiththeworkofLannesisthatwehavethecompositionoftwooper-
atorsG+

µandG−µthatactondifferentspace.Thisisaconsequenceofhavingonefluidof
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The next step is to give a symbolic description of the operators involved in the expression
of Gµ. This involves some of the key estimates that will be used to close the energy estimates.
To do so, we need a symbolic description of each of the operators involved in (1.33). The
key estimate, which is proved in Section 3 reads,

|G−µ [εζ]ψ− −
(
−√µ|D|ψ−

)
|
Hs+ 1

2
≤ εµC

(
|ζ|Ht0+3

)
|ψ−|

H̊s+ 1
2
.

The symbolic approximation of G−µ is well-known; see the collection of work by Lannes,
Alazard, Metivier, Burq, and Zuily [48, 7, 5, 6] for similar estimates. Their results are
sharper in the sense that they require less regularity on ζ. However, the symbolic description
they provide is without the parameters ε, µ, and more importantly, is given on the space

ψ− ∈ Hs+ 1
2 (R). More precisely, the main difference is that we need to account for the small

parameters and arrive at the homogeneous space H̊s+ 1
2 (R) to close the estimates later. This

result seems new and could be of independent interest. We refer the reader to Remark 3.3
for the novelties of the proof and possible extensions.

The last step before providing the a priori estimates is the quasilinearization of the
internal water wave system. This is done in Section 4, where we only give detailed proofs
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Thenextstepistogiveasymbolicdescriptionoftheoperatorsinvolvedintheexpression
ofGµ.Thisinvolvessomeofthekeyestimatesthatwillbeusedtoclosetheenergyestimates.
Todoso,weneedasymbolicdescriptionofeachoftheoperatorsinvolvedin(1.33).The
keyestimate,whichisprovedinSection3reads,
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ThesymbolicapproximationofG−µiswell-known;seethecollectionofworkbyLannes,
Alazard,Metivier,Burq,andZuily[48,7,5,6]forsimilarestimates.Theirresultsare
sharperinthesensethattheyrequirelessregularityonζ.However,thesymbolicdescription
theyprovideiswithouttheparametersε,µ,andmoreimportantly,isgivenonthespace

ψ−∈Hs+1
2(R).Moreprecisely,themaindifferenceisthatweneedtoaccountforthesmall

parametersandarriveatthehomogeneousspaceH̊s+1
2(R)toclosetheestimateslater.This

resultseemsnewandcouldbeofindependentinterest.WereferthereadertoRemark3.3
forthenoveltiesoftheproofandpossibleextensions.

Thelaststepbeforeprovidingtheaprioriestimatesisthequasilinearizationofthe
internalwaterwavesystem.ThisisdoneinSection4,whereweonlygivedetailedproofs
ofthestepsuniquetothecurrentsetting.Infact,wecanreducesomeoftheproofsto
theestimatesperformedin[50].Wealsoprovidedetailsonthederivationofthestability
criterioninProposition4.6,whereweobtaincoercivitytypeestimates.Fromtheseresults,
weestablishaprioriboundsonthesolutioninSection5.Thenweusethemtoprove
Theorem1.7inSection6.

Fortheremainderofthepaper,wegivethedetailsonthederivationoftheBOequation.
WealsoprovideacompletejustificationofthemodelsthatlinktheBOequationwiththe
internalwaterwavesequations.InSection8,wefollowtheworkofBona,Lannes,andSaut
[15]toderivetheintermediatesystemsprovidedinTheorem1.17andtheBOequation.
Then,inSection7,weprovideashortproofofTheorem1.14,whichgivesthelong-time
well-posednessofaweakly-dispersiveBOsystem.Lastly,inSection9,weconcludethe
paperbyprovingTheorem1.18,i.e.,thefulljustificationofeachofthesystemsderivedin
Theorem1.17.
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sharper in the sense that they require less regularity on ζ. However, the symbolic description
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istheHilberttransform.
•Foranys≥0wewilldenote˙Hs+1(R)theBeppo-Levispacewith|f|˙Hs+1=
|Λs∂xf|L2.

•Foranys≥0wewilldenote˙H
s+1

2
µ(R)=˙Hs+1

2(R)with|f|
˙H
s+1

2
µ

=|Bf|L2and

whereBisaFouriermultiplierdefinedinfrequencyby:

F(Bf)(ξ)=
|ξ|

(1+
√

µ|ξ|)1
2

f̂(ξ).

•WesayfisaSchwartzfunctionS(R),iff∈C∞(R)andsatisfiesforallj,k∈N,

sup
x

|xj∂kxf|<∞.

•Leta<bberealnumbersandconsiderthedomainS=(a,b)×R.Thenthespace
˙Hs(S)isendowedwiththeseminorm

‖f‖2˙Hs+1(S)
=

∫b

a
|∇x,zf(·,z)|2Hsdz.

•IfAandBaretwooperators,thenwedenotethecommutatorbetweenthemtobe
[A,B]=AB−BA.
•Lett0>

1
2,s≥0,andhmin∈(0,1).ThenforC(·)beingapositivenon-decreasing

functionofitsargument,wedefinetheconstants

M=C(
1

hmin
,|ζ|Ht0+2),

and

M(s)=C(M,|ζ|Hs).

1.4.1.Diffeomorphisms.Inmanyinstancesitisconvenientto“straighten”thefluiddo-
main.Inparticular,insteadofworkingonthefluiddomainΩ±tweintroducethetwostrips:

S+={(x,z)∈R2:−1<z<0}andS−={(x,z)∈R2:0<z}.
ThemappingbetweenS±andΩ±twillbegivenbythetrivialdiffeomorphismsdefined
below.

Definition1.20.Lett0>
1
2andζ∈Ht0+2(R)suchthatthenon-cavitationassumptions

(1.14)issatisfied.Forthelowerdomain,wehavethat:

1.Wedefinethetime-dependentdiffeomorphismmappingthelowerdomainS+onto
thewaterdomainΩ+

tthrough

Σ+:

{
S+−→Ω+

t

(x,z)7→(x,z(1+εζ)+εζ).
14

• For any s ∈ R we call the multiplier |̂D|sf(ξ) = |ξ|sf̂(ξ) the Riesz potential of order
−s.
• For any s ∈ R we call the multiplier Λs = (1 + D2)

s
2 = 〈D〉s the Bessel potential of

order −s.
• The Sobolev space Hs(R) is equivalent to the weighted L2−space with |f |Hs =
|Λsf |L2 .

• For any s ≥ 0 we will denote H̊
s+

1
2 (R) the homogeneous Sobolev space with

|f |H̊s+ 1
2 = |D

1
2 f |Hs . One should note that |D| = H∂x, where Ĥf(ξ) = −i sgn(ξ)f̂(ξ)
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|Λs∂xf|L2.

•Foranys≥0wewilldenoteḢ
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)
,
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1 +M
|θ|2 and ‖P+(Σ+)‖L∞ ≤M. (1.34)

Similarly, for the upper domain, we have that:
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2. Properties of Gµ
In this section, we aim to give a rigorous meaning to the operator Gµ introduced formally

in equation (1.10) and study its properties. The main results in this section will now be
stated.
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

Ḣ
s+ 1

2
µ (R) → Hs− 1

2 (R)

ψ 7→ G+
µ [εζ]

(
1− γ(G−µ [εζ])−1G+

µ [εζ]
)−1

ψ,
(2.1)

is well-defined and satisfies the following properties:
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2.PropertiesofGµ
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Ḣ

1
2
µ

≤M
(
ψ,

1

µ
Gµ[εζ]ψ

)
L2 . (2.6)

4. The bilinear form is symmetric on Ḣ
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|g|Ḣs+ 1
2

µ

. (2.8)

Remark 2.2. Here we take t0 ≥ 1 since we will apply the result at high regularity. If one
would take t0 >

1
2 then we would need s ∈ [max{0, 1 − t0}, t0 +

1
2 ] to enforce Remark A.9,

which specifies the needed regularity to define G−µ .

Remark 2.3. For the undisturbed case, we can use formulas (A.3) and (A.19) to find that

Gµ[0] = √µ|D| tanh(√µ|D|)
1 + γtanh(√µ|D|) . (2.9)

We will follow the same strategy as in [50], where we study the operators involved in the
expression for Gµ and prove that we can define them by ψ through the transition problem
(1.9). We study each part individually in separate subsections. The main difference from
the previous work is that we have to carefully track the dependence on the parameters for
the current regime. Moreover, the functional setting of the upper fluid is fundamentally
different from the one in the lower fluid domain.

2.1. Properties of (G−µ )−1G+
µ . For the description of the operator (G−µ )−1G+

µ we will follow
the proof of Proposition 1 in [50]. The main difference is that we have an interaction of two
operators that act on different scales, and this is seen in the estimates given below:

Proposition 2.4. Let t0 ≥ 1, s ∈ [0, t0 + 1] and ζ ∈ Ht0+2(R) be such that (1.14) is
satisfied. Then the mapping

(Gµ[εζ]−)−1
G

+
µ [εζ] :

{
Ḣ
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|Ḣs+ 1
2

µ

, (2.11)

16

1.Forany0≤s≤t0+1,thereholds,

|Gµ[εζ]ψ|Hs−1
2≤µ

3
4M|ψ|

Ḣ
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2
µ

|g|Ḣs+1
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s+

1
2

µ(R)thereholds,

|
(
Λ
s
Gµ[εζ]f,Λ

s
g
)
L2|≤µM|f|Ḣs+1
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Remark 2.5. If we change the role of ± the result is not true. Indeed, consider the case
εζ = 0, then we have by direct computations that
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which is incompatible with having ψ− ∈ H̊s+ 1
2 (R).

Before we turn to the proof, we need a Lemma that will be used to justify some of the
computations that will be made.

Lemma 2.6. Suppose the provisions of Proposition 2.4, and further that φ− = Φ− ◦ Σ− ∈
Ḣs+1(S−) is a variational solution to

{
∇µx,z · P (Σ−)∇µx,zφ− = 0 in S−
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−

n φ− = G+
µ [εζ]ψ+ on z = 0.
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Remark 2.7. For the proof of (2.15), we need to work on the upper-half plane to prove
the estimate, and this is the technical reason why we do not study the reverse composition:
(G+
µ )−1G−µ .

Remark 2.8. The proof of estimate (2.14) is given in [4] for φ|z=0 ∈ Hs+ 1
2 (R) and we will

briefly explain the changes for φ|z=0 ∈ H̊s+ 1
2 (R).

Assuming for a moment that Lemma 2.6 holds true, we can give the proof of Proposition
2.4.

Proof of Proposition 2.4. We divide the proof into four main steps.

Step 1. (G−µ )−1 ◦ G+
µ is well-defined on H̊s+ 1

2 (R). It is sufficient to prove that there exists

a unique variational solution φ− ∈ Ḣs+1(S−) to the system (2.13) for any ψ+ ∈ Ḣs+ 1
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Indeed, assuming there is such a solution, then by (2.15), we can define
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so that for any ψ+ ∈ Ḣs+ 1
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µ (R) there is a ψ− where Proposition A.13 implies
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Ḣs+1(S−)isavariationalsolutionto

{
∇
µ
x,z·P(Σ−)∇

µ
x,zφ−=0inS−

∂P−
nφ−=G+

µ[εζ]ψ+onz=0.
(2.13)

ThenthereisanumberR>0suchthatforS−R={(x,z)∈S−:z>R}andanyα+β
integer>0thereholds,

∂
α
z∂

β
xφ−∈L2

(S−R)andlim
z→∞

sup
x∈R

∣∣
∂
α
z∂

β
xφ−(x,z)

∣∣
=0.(2.14)

Moreover,wehavethefollowingtraceinequalities:

|φ−|z=0|H̊s+1
2≤‖Λ

s
∇x,zφ−‖L2(S−),(2.15)

and
|φ−|z=0|Ḣs+1
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1
2

µ(R).
Indeed,assumingthereissuchasolution,thenby(2.15),wecandefine

ψ−=φ−|z=0∈H̊
s+

1
2(R),

sothatforanyψ+∈Ḣs+
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To prove the claim we first let s = 0, and use (2.14) to define the variational problem
associated to (2.13) by

a(φ−, ϕ) =

∫

S−
P (Σ−)∇µx,zφ− · ∇µx,zϕ dxdz (2.17)

= −
∫

{z=0}
(G+
µ [εζ]ψ+)ϕ dx

= L(ϕ),

for any ϕ ∈ C∞(S−) ∩ Ḣ1(S−). We will now verify the assumptions of Lax-Milgram’s

Theorem to deduce a variational solution in Ḣ1(S−) in two steps (extending the result to

Ḣs+1(S−) is classical).

The first step is to show that the application ϕ 7→ L(ϕ) is continuous on Ḣ1(S−). To do
so, we note by estimate (A.6) that

|L(ϕ)| ≤ |
(
G+
µ [εζ]ψ+, ϕ|z=0

)
L2 |

≤ µ|ψ+|
Ḣ

1
2
µ

|ϕ|z=0|
Ḣ

1
2
µ

.

Then use (2.16) to obtain the needed bound

µ
3
4 |ϕ|z=0|

Ḣ
1
2
µ

≤ ‖∇µx,zϕ‖L2(S−). (2.18)

Lastly, The bilinear form a(·, ·) is continuous and coercive on Ḣ1(S−) by using estimate

(1.35). We may therefore conclude that there is a unique solution φ− ∈ Ḣ1(S−).

Step 2. Estimate (2.11) holds true. Let ψ− = φ−|z=0 ∈ H̊s+ 1
2 defined by the solution of

(2.13). Then we can use estimate (A.22) to get that

|(G−µ [εζ])−1G+
µ [εζ]ψ+|

H̊s+ 1
2

= |ψ−|
H̊s+ 1

2

≤M‖Λs∇µx,zφ−‖L2(S+).

Thus, we need to verify

‖Λs∇µφ−‖L2(S−) ≤ µ
1
4 |ψ+|

Ḣ
s+ 1

2
µ

.

To this end, we apply Λs to (2.13) and study:
{
∇µx,z · P (Σ−)∇µx,zΛsφ− = −∇x,z[P (Σ−),Λs]∇µx,zφ− in S−
∂P
−

n Λsφ− = −ez · [P (Σ−),Λs]∇µx,zφ− + ΛsG+
µ [εζ]ψ+ on z = 0.

Then from the variational formulation, we find that
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Now, by the coercivity estimate (1.35), Cauchy-Schwarz, (A.6), (2.16), and the commutator
estimate (B.8) we get that

‖Λs∇µx,zφ−‖L2(S−) ≤M
(
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Ḣ
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µ
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)
. (2.19)
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Toprovetheclaimwefirstlets=0,anduse(2.14)todefinethevariationalproblem
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2
µ

≤‖∇
µ
x,zϕ‖L2(S−).(2.18)

Lastly,Thebilinearforma(·,·)iscontinuousandcoerciveonḢ1(S−)byusingestimate
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Ḣs+1(S−)isclassical).

Thefirststepistoshowthattheapplicationϕ7→L(ϕ)iscontinuousonḢ1(S−).Todo
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Also, using the estimates in Step 1, we obtain the base case

‖∇µx,zφ−‖L2(S−) ≤ µ
1
4M |ψ+|

Ḣ
1
2
µ

. (2.20)

We may now conclude the proof of this step by continuous induction.

Step 3. To prove estimate (2.12) we first observe that

〈ξ〉s|ξ| . 〈ξ〉s+ 1
2 |ξ| 12 and 〈ξ〉s+ 1

2
|ξ|

(1 +
√
µ|ξ|) 1

2

. µ− 1
4 〈ξ〉s|ξ|.

Then use Plancherel’s identity and (2.11) to find that

|∂x
(
(G−µ [εζ])−1 ◦ G+

µ [εζ]ψ+
)
|Hs . |(G−µ [εζ])−1 ◦ G+

µ [εζ]ψ+|
H̊(s+ 1

2 )+ 1
2

≤ µ 1
4M |ψ+|

Ḣ
(s+ 1

2 )+ 1
2

µ

≤M |∂xψ+|Hs .

�

To close this subsection, we give the proof of Lemma 2.6.

Proof of Lemma 2.6. We first give a proof of the trace inequalities on C∞(S−) ∩ Ḣ1(S−).
For the proof of (2.15), we define a multiplier being a smooth cut-off function in frequency
χ : [0,∞)→ [0, 1] such that χ(0) = 1, χ(ξ) = 0 for ξ > 1, and χ, χ′ ∈ L∞(R). Then by the
Fundamental Theorem of Calculus and Young’s inequality, we obtain that

||D| 12φ−|z=0|2L2 = −
∫

R

∫ 2
|ξ|

0
∂z
(
χ(z|ξ|)

∣∣|ξ| 12 φ̂−
∣∣2) dzdξ

. |χ′|L∞
∫

R

∫ ∞

0

∣∣|ξ|φ̂−
∣∣2 dzdξ + |χ|L∞

∫

R

∫ ∞

0

∣∣(|ξ|+ ∂z)φ̂
−∣∣2 dzdξ.

Then to conclude, we use Plancherel’s identity to obtain (2.15) for s = 0. The general case
is proved similarly.

For the proof of (2.16) we let η ∈ C1
b ([0,∞)) such that η(0) = 1 and η(z) = 0 for z > 1.

Then use the Fundamental Theorem of Calculus and Young’s inequality to get that

|φ−|z=0|2
Ḣ

1
2
µ

=

∫

R

|ξ|2
1 +
√
µ|ξ| |φ̂

−|z=0|2 dξ

. |η′|L∞
∫

R

∫ ∞

0
|ξ|2|φ̂−|2 dzdξ + |η|L∞

1√
µ

∫

R

∫ ∞

0
|(|ξ|+ ∂z)φ̂

−|2 dzdξ.

The result follows from the use of Plancherel’s identity.
For the proof of (2.14), we note from Definition 1.20 that Φ− = φ− ◦Σ−1 ∈ Ḣs+1(Ω−) is

harmonic, and by Sobolev embedding we have that ζ is bounded above by some constant R >

0. From these observations, we can use (2.15) to see that Φ−|z=R ∈ H̊s+ 1
2 (R). Moreover,

we consider the harmonic extension on S−R given by the Poisson formula:

Φ−R(x, z) = e−(z−R)
√
µ|D|Φ−(x,R).

From this formula, we can verify (2.14) for Φ−R by direct computations as in [4]. To conclude,
we use that both functions are harmonic and agree on the line z = R.
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Also,usingtheestimatesinStep1,weobtainthebasecase
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Toclosethissubsection,wegivetheproofofLemma2.6.
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Proof of Lemma 2.6. We first give a proof of the trace inequalities on C∞(S−) ∩ Ḣ1(S−).
For the proof of (2.15), we define a multiplier being a smooth cut-off function in frequency
χ : [0,∞)→ [0, 1] such that χ(0) = 1, χ(ξ) = 0 for ξ > 1, and χ, χ′ ∈ L∞(R). Then by the
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For the proof of (2.14), we note from Definition 1.20 that Φ− = φ− ◦Σ−1 ∈ Ḣs+1(Ω−) is

harmonic, and by Sobolev embedding we have that ζ is bounded above by some constant R >

0. From these observations, we can use (2.15) to see that Φ−|z=R ∈ H̊s+
1
2 (R). Moreover,

we consider the harmonic extension on S−R given by the Poisson formula:

Φ−
R(x, z) = e−(z−R)√µ|D|

Φ−(x,R).

From this formula, we can verify (2.14) for Φ−
R by direct computations as in [4]. To conclude,

we use that both functions are harmonic and agree on the line z = R.
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|Ḣ1
2
µ

.(2.20)

Wemaynowconcludetheproofofthisstepbycontinuousinduction.

Step3.Toproveestimate(2.12)wefirstobservethat

〈ξ〉
s
|ξ|.〈ξ〉

s+
1
2|ξ|

1
2and〈ξ〉

s+
1
2|ξ|

(1+√µ|ξ|)1
2

.µ−
1
4〈ξ〉s|ξ|.

ThenusePlancherel’sidentityand(2.11)tofindthat

|∂x
(
(G−µ[εζ])−1

◦G
+
µ[εζ]ψ

+)
|Hs.|(G−µ[εζ])−1

◦G
+
µ[εζ]ψ

+
|H̊(s+1

2)+1
2

≤µ
1
4M|ψ+
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harmonic,andbySobolevembeddingwehavethatζisboundedabovebysomeconstantR>

0.Fromtheseobservations,wecanuse(2.15)toseethatΦ−|z=R∈H̊s+
1
2(R).Moreover,

weconsidertheharmonicextensiononS−RgivenbythePoissonformula:

Φ−
R(x,z)=e−(z−R)√µ|D|

Φ−(x,R).

Fromthisformula,wecanverify(2.14)forΦ−
Rbydirectcomputationsasin[4].Toconclude,

weusethatbothfunctionsareharmonicandagreeonthelinez=R.
�

19

Also,usingtheestimatesinStep1,weobtainthebasecase

‖∇
µ
x,zφ−‖L2(S−)≤µ

1
4M|ψ+

|Ḣ1
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We should note that there are several results that follow from Proposition 2.4, and that
will be used throughout the paper. However, to ease the presentation, we postponed these
results for the Appendix in Section A.3 since the proofs are technical and not needed in
this section.

2.2. Properties of (1− γ(G−µ )−1G+
µ )−1. Following the road map provided in [50], we can

recover the velocity potentials φ± from the knowledge of ζ and a trace ψ defined though
the transmission problem:





∇µ±x,z · P (Σ±)∇µ±x,zφ± = 0 in S±
φ+|z=0 − γφ−|z=0 = ψ

∂P
−

n φ−|z=0 = ∂P
+

n φ+|z=0, ∂P
+

n φ+|z=−1 = 0,

(2.21)

where the solvability of this problem is ensured in the next result:

Proposition 2.9. Let t0 ≥ 1, s ∈ [0, t0 + 1] and ζ ∈ Ht0+2(R) be such that (1.14) is

satisfied. Then for all ψ ∈ Ḣs+ 1
2

µ (R), there exist a unique solution φ± ∈ Ḣs+1(S±) to (2.21)
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Ḣ
s+ 1

2
µ

. (2.23)

Remark 2.11. For any ψ ∈ Ḣs+ 1
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Proof of Lemma 2.10. To prove estimate (2.23), we first consider the case s = 0. Then we
use the definition of Jµ[εζ], the construction ψ− = (G−µ [εζ])−1G+
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=
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∫
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ψ− G−µ [εζ]ψ− dx.
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WeshouldnotethatthereareseveralresultsthatfollowfromProposition2.4,andthat
willbeusedthroughoutthepaper.However,toeasethepresentation,wepostponedthese
resultsfortheAppendixinSectionA.3sincetheproofsaretechnicalandnotneededin
thissection.

2.2.Propertiesof(1−γ(G−µ)−1G+
µ)−1.Followingtheroadmapprovidedin[50],wecan

recoverthevelocitypotentialsφ±fromtheknowledgeofζandatraceψdefinedthough
thetransmissionproblem:





∇µ±x,z·P(Σ±)∇µ±x,zφ±=0inS±
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−
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+

nφ+|z=0,∂P
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wherethesolvabilityofthisproblemisensuredinthenextresult:
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=
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ψ−G−µ[εζ]ψ−dx.
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We should note that there are several results that follow from Proposition 2.4, and that
will be used throughout the paper. However, to ease the presentation, we postponed these
results for the Appendix in Section A.3 since the proofs are technical and not needed in
this section.

2.2. Properties of (1− γ(G−µ )−1G+
µ )−1. Following the road map provided in [50], we can

recover the velocity potentials φ± from the knowledge of ζ and a trace ψ defined though
the transmission problem:





∇
µ±
x,z · P (Σ±)∇

µ±
x,zφ± = 0 in S±

φ+|z=0 − γφ−|z=0 = ψ

∂P−
n φ−|z=0 = ∂P+

n φ+|z=0, ∂P+

n φ+|z=−1 = 0,

(2.21)

where the solvability of this problem is ensured in the next result:

Proposition 2.9. Let t0 ≥ 1, s ∈ [0, t0 + 1] and ζ ∈ Ht0+2(R) be such that (1.14) is

satisfied. Then for all ψ ∈ Ḣ
s+

1
2

µ (R), there exist a unique solution φ± ∈ Ḣs+1(S±) to (2.21)
and that satisfies

‖Λ
s
∇
µ
x,zφ±‖L2(S+) ≤ √µM |ψ|

Ḣ
s+ 1

2
µ

.

The proof of this result is a consequence of the following Lemma:
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Jµ[εζ] :

{
Ḣ
s+

1
2

µ (R) → Ḣ
s+

1
2

µ (R)

ψ+ 7→ (1− γ(G−µ [εζ])−1G+
µ [εζ])ψ+

(2.22)

is one-to-one and onto. Moreover, it satisfies the estimate

|(Jµ[εζ])−1
ψ

+
|Ḣs+ 1

2
µ

≤M |ψ
+
|Ḣs+ 1

2
µ

. (2.23)

Remark 2.11. For any ψ ∈ Ḣ
s+

1
2

µ (R) we can define ψ+ by

ψ
+

= (Jµ[εζ])−1
ψ ∈ Ḣ

s+
1
2

µ (R),

from which we define ψ− by

ψ− = (G−µ [εζ])−1
G

+
µ [εζ]ψ

+
∈ H̊

s+
1
2 (R).

Also, note that from these identities and (2.11) that there holds,

|ψ|Ḣs+ 1
2

µ

= |Jµ[εζ]ψ
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|Ḣs+ 1

2
µ
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G

+
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+
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µ

≤ |ψ
+
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+
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2
µ

.

Proof of Lemma 2.10. To prove estimate (2.23), we first consider the case s = 0. Then we
use the definition of Jµ[εζ], the construction ψ− = (G−µ [εζ])−1G+

µ [εζ]ψ+ to get that
∫

R
Jµ[εζ]ψ

+
G

+
µ [εζ]ψ

+
dx =
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ψ

+
G
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+
dx− γ
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+
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+
G

+
ψ

+
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=

∫

R
ψ

+
G

+
µ [εζ]ψ

+
dx− γ

∫

R
ψ− G−µ [εζ]ψ− dx.
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WeshouldnotethatthereareseveralresultsthatfollowfromProposition2.4,andthat
willbeusedthroughoutthepaper.However,toeasethepresentation,wepostponedthese
resultsfortheAppendixinSectionA.3sincetheproofsaretechnicalandnotneededin
thissection.
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|Ḣs+1

2
µ

≤|ψ
+
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resultsfortheAppendixinSectionA.3sincetheproofsaretechnicalandnotneededin
thissection.

2.2.Propertiesof(1−γ(G−µ)−1G+
µ)−1.Followingtheroadmapprovidedin[50],wecan

recoverthevelocitypotentialsφ±fromtheknowledgeofζandatraceψdefinedthough
thetransmissionproblem:
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|Ḣs+1

2
µ

≤M|ψ
+
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|Ḣs+1

2
µ

+γ|(G−µ[εζ])−1
G

+
µ[εζ]ψ

+
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|Ḣs+1

2
µ

≤|ψ
+
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Then apply Proposition A.4 and A.13 combined with the coercivity of P (Σ±) to obtain the
estimate ∫

R
Jµ[εζ]ψ+ G+

µ [εζ]ψ+ dx =

∫

S+

P (Σ+)∇µx,zφ+ · ∇µx,zφ+ dxdz

+ γ

∫

S−
P (Σ−)∇µx,zφ− · ∇µx,zφ− dxdz

≥ 1

1 +M
‖∇µx,zφ+‖2L2(S+).

Moreover, since Jµ[εζ]ψ+ ∈ Ḣs+ 1
2

µ (R) ⊂ Ḣ
1
2
µ (R) we have (A.6) at hand. In particular, we

obtain from the above estimates and (A.4) that

|ψ+|
Ḣ

1
2
µ

≤M |Jµ[εζ]ψ+|
Ḣ

1
2
µ

. (2.25)

Equivalently, estimate (2.23) holds in the case s = 0. We may also use this estimate to
prove the invertibility as in [50]. In particular, we have from the lower bound (2.25) and
Proposition 2.4 with estimate (2.11) that Jµ is an injective and closed operator since,

γ|(G−µ [εζ])−1G+
µ [εζ]ψ+|

Ḣ
s+ 1

2
µ

≤ µ− 1
4 γ|(G−µ [εζ])−1G+

µ [εζ]ψ+|
H̊s+ 1

2
≤ γM |ψ+|

Ḣ
s+ 1

2
µ

.

Moreover, from the lower bound, (2.25), on Jµ we know that it is also semi-Fredholm. Then
since for small enough values of γ ∈ (0, 1) it is invertible by a Neumann series expansion,
we have from the homotopic invariance of the index that the operator is in fact Fredholm
of index zero [40]. Consequently, the operator is also surjective and therefore invertible.

For the general case of s ∈ [0, t0 + 1], the proof is the same as Lemma 2 in [50]. �

We may now use Lemma 2.10 to prove Proposition 2.9.

Proof of Proposition 2.9. We first consider the existence of a unique solution φ+ in the lower

domain. Since ψ ∈ Ḣs+ 1
2

µ (R) we can use Proposition 2.10 to make the definition:

ψ+ = (Jµ[εζ])−1ψ ∈ Ḣs+ 1
2

µ (R) and ψ− = (G−µ [εζ])−1G+
µ [εζ]ψ+ ∈ H̊s+ 1

2 (R) ⊂ Ḣs+ 1
2

µ (R),

where we let φ±|z=0 = ψ±. Then we can use the first point of Proposition A.4 to deduce a
unique solution φ+ in the lower domain, where the estimate follows from (A.5) and (2.23):

‖Λs∇µφ+‖L2(S±) ≤
√
µM |ψ+|

Ḣ
s+ 1

2
µ

=
√
µM |(Jµ[εζ])−1ψ|

Ḣ
s+ 1

2
µ

≤ √µM |ψ|
Ḣ
s+ 1

2
µ

.

For the upper half plane, we use Proposition 2.4 we use Remark A.9 together with the first
point of Proposition A.13 to deduce a unique solution φ−. The estimate is a consequence
of estimates (A.23), (2.11), and then (2.23):

‖Λs∇µx,zφ−‖L2(S−) ≤ µ
1
4M |ψ−|

H̊s+ 1
2

= µ
1
4 γM |(G−µ [εζ])−1G+

µ [εζ]ψ+|
H̊s+ 1

2

≤ √µM |ψ+|
Ḣ
s+ 1

2
µ

≤ √µM |ψ|
Ḣ
s+ 1

2
µ

.
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ThenapplyPropositionA.4andA.13combinedwiththecoercivityofP(Σ±)toobtainthe
estimate∫

R
Jµ[εζ]ψ+G+

µ[εζ]ψ+dx=

∫

S+

P(Σ+)∇µx,zφ+·∇µx,zφ+dxdz

+γ

∫

S−
P(Σ−)∇µx,zφ−·∇µx,zφ−dxdz

≥1

1+M
‖∇µx,zφ+‖2L2(S+).

Moreover,sinceJµ[εζ]ψ+∈˙H
s+1

2
µ(R)⊂˙H

1
2
µ(R)wehave(A.6)athand.Inparticular,we

obtainfromtheaboveestimatesand(A.4)that

|ψ+|
˙H

1
2
µ

≤M|Jµ[εζ]ψ+|
˙H

1
2
µ

.(2.25)

Equivalently,estimate(2.23)holdsinthecases=0.Wemayalsousethisestimateto
provetheinvertibilityasin[50].Inparticular,wehavefromthelowerbound(2.25)and
Proposition2.4withestimate(2.11)thatJµisaninjectiveandclosedoperatorsince,

γ|(G−µ[εζ])−1G+
µ[εζ]ψ+|

˙H
s+1

2
µ

≤µ−1
4γ|(G−µ[εζ])−1G+

µ[εζ]ψ+|̊
Hs+1

2
≤γM|ψ+|

˙H
s+1

2
µ

.

Moreover,fromthelowerbound,(2.25),onJµweknowthatitisalsosemi-Fredholm.Then
sinceforsmallenoughvaluesofγ∈(0,1)itisinvertiblebyaNeumannseriesexpansion,
wehavefromthehomotopicinvarianceoftheindexthattheoperatorisinfactFredholm
ofindexzero[40].Consequently,theoperatorisalsosurjectiveandthereforeinvertible.

Forthegeneralcaseofs∈[0,t0+1],theproofisthesameasLemma2in[50].�

WemaynowuseLemma2.10toproveProposition2.9.

ProofofProposition2.9.Wefirstconsidertheexistenceofauniquesolutionφ+inthelower

domain.Sinceψ∈˙H
s+1

2
µ(R)wecanuseProposition2.10tomakethedefinition:

ψ+=(Jµ[εζ])−1ψ∈˙H
s+1

2
µ(R)andψ−=(G−µ[εζ])−1G+
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µ(R),

whereweletφ±|z=0=ψ±.ThenwecanusethefirstpointofPropositionA.4todeducea
uniquesolutionφ+inthelowerdomain,wheretheestimatefollowsfrom(A.5)and(2.23):
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2
µ

=
√

µM|(Jµ[εζ])−1ψ|
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2
µ

≤√µM|ψ|
˙H
s+1

2
µ

.

Fortheupperhalfplane,weuseProposition2.4weuseRemarkA.9togetherwiththefirst
pointofPropositionA.13todeduceauniquesolutionφ−.Theestimateisaconsequence
ofestimates(A.23),(2.11),andthen(2.23):

‖Λs∇µx,zφ−‖L2(S−)≤µ
1
4M|ψ−|̊

Hs+1
2

=µ
1
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2
µ

.
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Then apply Proposition A.4 and A.13 combined with the coercivity of P (Σ±) to obtain the
estimate

∫

R
Jµ[εζ]ψ

+
G

+
µ [εζ]ψ

+
dx =

∫

S+

P (Σ
+

)∇
µ
x,zφ

+
· ∇

µ
x,zφ

+
dxdz

+ γ

∫

S−
P (Σ−)∇

µ
x,zφ− · ∇µx,zφ− dxdz

≥
1

1 +M ‖∇
µ
x,zφ

+
‖

2
L2(S+).

Moreover, since Jµ[εζ]ψ+ ∈ Ḣs+
1
2

µ (R) ⊂ Ḣ
1
2
µ (R) we have (A.6) at hand. In particular, we

obtain from the above estimates and (A.4) that

|ψ
+
|Ḣ 1

2
µ

≤M |Jµ[εζ]ψ
+
|Ḣ 1

2
µ

. (2.25)

Equivalently, estimate (2.23) holds in the case s = 0. We may also use this estimate to
prove the invertibility as in [50]. In particular, we have from the lower bound (2.25) and
Proposition 2.4 with estimate (2.11) that Jµ is an injective and closed operator since,

γ|(G−µ [εζ])−1
G

+
µ [εζ]ψ

+
|Ḣs+ 1

2
µ

≤ µ−
1
4 γ|(G−µ [εζ])−1

G
+
µ [εζ]ψ

+
|H̊s+ 1

2 ≤ γM |ψ
+
|Ḣs+ 1

2
µ

.

Moreover, from the lower bound, (2.25), on Jµ we know that it is also semi-Fredholm. Then
since for small enough values of γ ∈ (0, 1) it is invertible by a Neumann series expansion,
we have from the homotopic invariance of the index that the operator is in fact Fredholm
of index zero [40]. Consequently, the operator is also surjective and therefore invertible.

For the general case of s ∈ [0, t0 + 1], the proof is the same as Lemma 2 in [50]. �

We may now use Lemma 2.10 to prove Proposition 2.9.

Proof of Proposition 2.9. We first consider the existence of a unique solution φ+ in the lower

domain. Since ψ ∈ Ḣ
s+

1
2

µ (R) we can use Proposition 2.10 to make the definition:
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+
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+
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where we let φ±|z=0 = ψ±. Then we can use the first point of Proposition A.4 to deduce a
unique solution φ+ in the lower domain, where the estimate follows from (A.5) and (2.23):
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∇
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Ḣ
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2
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.

For the upper half plane, we use Proposition 2.4 we use Remark A.9 together with the first
point of Proposition A.13 to deduce a unique solution φ−. The estimate is a consequence
of estimates (A.23), (2.11), and then (2.23):
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|Ḣ 1

2
µ

. (2.25)

Equivalently, estimate (2.23) holds in the case s = 0. We may also use this estimate to
prove the invertibility as in [50]. In particular, we have from the lower bound (2.25) and
Proposition 2.4 with estimate (2.11) that Jµ is an injective and closed operator since,

γ|(G−µ [εζ])−1
G

+
µ [εζ]ψ

+
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1
2

µ(R)⊂Ḣ
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|Ḣ1

2
µ

≤M|Jµ[εζ]ψ
+
|Ḣ1
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We may now give the proof of the main result of the section.

Proof of Proposition 2.1. We prove each point individually in four separate steps.

Step 1. The proof of estimate (2.2) and (2.3) follows by (A.7), (2.23), and Plancherel’s
identity:

|Gµ[εζ]ψ|
Hs− 1

2
= |G+

µ [εζ](Jµ[εζ])−1ψ|
Hs− 1

2
≤ µ 3

4 |(Jµ[εζ])−1ψ|
Ḣ
s+ 1

2
µ

≤ µ 3
4 |ψ|

Ḣ
s+ 1

2
µ

≤ √µ|∂xψ|Hs .

Step 2. The proof of (2.4) and (2.5), is proved the same way as in Step 1, but we instead
use (A.8).

Step 3. The coercivity estimate (2.6) follows by construction where use the identities in
Remark 2.11 to get that

(
ψ,Gµ[εζ]ψ

)
L2 =

(
ψ,G+

µ [εζ](Jµ[εζ])−1ψ
)
L2 =

(
Jµ[εζ]ψ+,G+

µ [εζ]ψ+
)
L2 .

Now, argue as in the proof Proposition 2.10 where estimates (A.4) and (2.24) implies
(
ψ,Gµ[εζ]ψ

)
L2 ≥

µ

1 +M
|ψ+|2

Ḣ
1
2
µ

≥ µ

1 +M
|ψ|2

Ḣ
1
2
µ

.

Step 4. The symmetry follows by the second point in Propostions A.4 and A.13.

Step 5. Finally, for the proof estimate (2.8) we use (A.6) and Lemma 2.10.
�

3. Symbolic analysis of the Dirichlet-Neumann operator

In this section, we will give a symbolic description of the operator Gµ defined given
by (2.1). The estimates need to be precise in terms of the parameters µ, ε, and where
we carefully track the Sobolev regularity with respect to ψ and ζ. One reason for these
expressions is that we need to have an estimate of the type:

|
(
Gµ[εζ] ◦ (G−µ [εζ])−1

(
∂x(fg)

)
, f
)
L2(R)

| ≤M(t0 + 3)|g|Ht0+1 |f |2L2 , (3.1)

which appears naturally in the energy estimates and the quasilinearisation of the main
equations. As we can see from (3.1), one needs to absorb a derivative and be uniform with
respect to the small parameters. Also, recall that

Gµ[εζ]ψ = G+
µ [εζ]

(
1− γ(G−µ [εζ])−1G+

µ [εζ]
)−1

ψ,

which means we need a good symbolic description of each of the operators involved in the
expression. This is the strategy that was implemented in [48, 50], where we first will consider
the symbolic description of G±µ , then we treat the inverse operators that are involved.

3.1. Symbolic analysis of G±µ . For the symbolic description of G+
µ , we know that the

operator coincides with the ones studied in [50]. In particular, we can use Theorem 4, in
dimension one, which is one of the key estimates of the paper:

Proposition 3.1 (Theorem 4 in [50]). Let t0 >
1
2 and ζ ∈ Ht0+3(R) be such that (1.14)

is satisfied. Then for all 0 ≤ s ≤ t0 and ψ ∈ Ḣs+ 1
2

µ (R), one can approximate the positive
Dirichlet-Neumann operator by

Op(S+)ψ(x) =
√
µF−1

(
|ξ| tanh(

√
µt(x, ξ)ψ̂(ξ)

)
(x),
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Wemaynowgivetheproofofthemainresultofthesection.

ProofofProposition2.1.Weproveeachpointindividuallyinfourseparatesteps.

Step1.Theproofofestimate(2.2)and(2.3)followsby(A.7),(2.23),andPlancherel’s
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Step2.Theproofof(2.4)and(2.5),isprovedthesamewayasinStep1,butweinstead
use(A.8).

Step3.Thecoercivityestimate(2.6)followsbyconstructionwhereusetheidentitiesin
Remark2.11togetthat

(
ψ,Gµ[εζ]ψ

)
L2=

(
ψ,G+

µ[εζ](Jµ[εζ])−1ψ
)
L2=

(
Jµ[εζ]ψ+,G+

µ[εζ]ψ+
)
L2.

Now,argueasintheproofProposition2.10whereestimates(A.4)and(2.24)implies
(
ψ,Gµ[εζ]ψ

)
L2≥

µ

1+M
|ψ+|2

˙H
1
2
µ

≥µ

1+M
|ψ|2

˙H
1
2
µ

.

Step4.ThesymmetryfollowsbythesecondpointinPropostionsA.4andA.13.

Step5.Finally,fortheproofestimate(2.8)weuse(A.6)andLemma2.10.
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We may now give the proof of the main result of the section.

Proof of Proposition 2.1. We prove each point individually in four separate steps.

Step 1. The proof of estimate (2.2) and (2.3) follows by (A.7), (2.23), and Plancherel’s
identity:
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Ḣ
s+ 1

2
µ
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Step 2. The proof of (2.4) and (2.5), is proved the same way as in Step 1, but we instead
use (A.8).

Step 3. The coercivity estimate (2.6) follows by construction where use the identities in
Remark 2.11 to get that
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(
ψ,Gµ[εζ]ψ

)
L2 ≥

µ

1 +M |ψ
+
|
2

Ḣ
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Step 4. The symmetry follows by the second point in Propostions A.4 and A.13.

Step 5. Finally, for the proof estimate (2.8) we use (A.6) and Lemma 2.10.
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3. Symbolic analysis of the Dirichlet-Neumann operator

In this section, we will give a symbolic description of the operator Gµ defined given
by (2.1). The estimates need to be precise in terms of the parameters µ, ε, and where
we carefully track the Sobolev regularity with respect to ψ and ζ. One reason for these
expressions is that we need to have an estimate of the type:
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which appears naturally in the energy estimates and the quasilinearisation of the main
equations. As we can see from (3.1), one needs to absorb a derivative and be uniform with
respect to the small parameters. Also, recall that
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+
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)−1
ψ,

which means we need a good symbolic description of each of the operators involved in the
expression. This is the strategy that was implemented in [48, 50], where we first will consider
the symbolic description of G±µ , then we treat the inverse operators that are involved.

3.1. Symbolic analysis of G±µ . For the symbolic description of G+
µ , we know that the

operator coincides with the ones studied in [50]. In particular, we can use Theorem 4, in
dimension one, which is one of the key estimates of the paper:

Proposition 3.1 (Theorem 4 in [50]). Let t0 >
1
2 and ζ ∈ Ht0+3(R) be such that (1.14)

is satisfied. Then for all 0 ≤ s ≤ t0 and ψ ∈ Ḣ
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µ (R), one can approximate the positive
Dirichlet-Neumann operator by
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Wemaynowgivetheproofofthemainresultofthesection.

ProofofProposition2.1.Weproveeachpointindividuallyinfourseparatesteps.

Step1.Theproofofestimate(2.2)and(2.3)followsby(A.7),(2.23),andPlancherel’s
identity:
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Step2.Theproofof(2.4)and(2.5),isprovedthesamewayasinStep1,butweinstead
use(A.8).

Step3.Thecoercivityestimate(2.6)followsbyconstructionwhereusetheidentitiesin
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Step4.ThesymmetryfollowsbythesecondpointinPropostionsA.4andA.13.

Step5.Finally,fortheproofestimate(2.8)weuse(A.6)andLemma2.10.
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Inthissection,wewillgiveasymbolicdescriptionoftheoperatorGµdefinedgiven
by(2.1).Theestimatesneedtobepreciseintermsoftheparametersµ,ε,andwhere
wecarefullytracktheSobolevregularitywithrespecttoψandζ.Onereasonforthese
expressionsisthatweneedtohaveanestimateofthetype:
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s+

1
2

µ(R),onecanapproximatethepositive
Dirichlet-Neumannoperatorby

Op(S
+

)ψ(x)=√µF−1(
|ξ|tanh(√µt(x,ξ)ψ̂(ξ)

)
(x),

22

�
Wemaynowgivetheproofofthemainresultofthesection.

ProofofProposition2.1.Weproveeachpointindividuallyinfourseparatesteps.

Step1.Theproofofestimate(2.2)and(2.3)followsby(A.7),(2.23),andPlancherel’s
identity:

|Gµ[εζ]ψ|Hs−1
2=|G

+
µ[εζ](Jµ[εζ])−1

ψ|Hs−1
2≤µ

3
4|(Jµ[εζ])−1

ψ|Ḣs+1
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Ḣ
1
2
µ

.

Step4.ThesymmetryfollowsbythesecondpointinPropostionsA.4andA.13.

Step5.Finally,fortheproofestimate(2.8)weuse(A.6)andLemma2.10.
�

3.SymbolicanalysisoftheDirichlet-Neumannoperator

Inthissection,wewillgiveasymbolicdescriptionoftheoperatorGµdefinedgiven
by(2.1).Theestimatesneedtobepreciseintermsoftheparametersµ,ε,andwhere
wecarefullytracktheSobolevregularitywithrespecttoψandζ.Onereasonforthese
expressionsisthatweneedtohaveanestimateofthetype:

|
(
Gµ[εζ]◦(G−µ[εζ])−1(

∂x(fg)
)
,f
)
L2(R)|≤M(t0+3)|g|Ht0+1|f|

2
L2,(3.1)

whichappearsnaturallyintheenergyestimatesandthequasilinearisationofthemain
equations.Aswecanseefrom(3.1),oneneedstoabsorbaderivativeandbeuniformwith
respecttothesmallparameters.Also,recallthat

Gµ[εζ]ψ=G
+
µ[εζ]

(
1−γ(G−µ[εζ])−1

G
+
µ[εζ]

)−1
ψ,

whichmeansweneedagoodsymbolicdescriptionofeachoftheoperatorsinvolvedinthe
expression.Thisisthestrategythatwasimplementedin[48,50],wherewefirstwillconsider
thesymbolicdescriptionofG±µ,thenwetreattheinverseoperatorsthatareinvolved.

3.1.SymbolicanalysisofG±µ.ForthesymbolicdescriptionofG+
µ,weknowthatthe

operatorcoincideswiththeonesstudiedin[50].Inparticular,wecanuseTheorem4,in
dimensionone,whichisoneofthekeyestimatesofthepaper:

Proposition3.1(Theorem4in[50]).Lett0>
1
2andζ∈Ht0+3(R)besuchthat(1.14)

issatisfied.Thenforall0≤s≤t0andψ∈Ḣ
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Ḣ
s+1

2
µ

≤√µ|∂
xψ|Hs.

Step2.Theproofof(2.4)and(2.5),isprovedthesamewayasinStep1,butweinstead
use(A.8).

Step3.Thecoercivityestimate(2.6)followsbyconstructionwhereusetheidentitiesin
Remark2.11togetthat

(
ψ,Gµ[εζ]ψ

)
L2=

(
ψ,G

+
µ[εζ](Jµ[εζ])−1

ψ
)
L2=

(
Jµ[εζ]ψ

+
,G

+
µ[εζ]ψ

+)
L2.

Now,argueasintheproofProposition2.10whereestimates(A.4)and(2.24)implies
(
ψ,Gµ[εζ]ψ

)
L2≥

µ

1+M|ψ
+
|
2

Ḣ
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where we define the “tail” by the symbol

t(X, ξ) = (1 + εζ)
arctan(ε

√
µ∂xζ)

ε
√
µ∂xζ

|ξ|. (3.2)

Moreover, for k = 0, 1, the operator satisfy

|G+
µ [εζ]ψ −Op(S+)ψ|

Hs+ k
2
≤ εµ1− k

4M(t0 + 3)|ψ|
Ḣ
s+ 1

2
µ

. (3.3)

In the case of infinite depth, it is pointed out in Remark 17 in [50] that the tail effects
vanish (formally) since the hyperbolic tangent is a bottom effect. In particular, we have the
following result that proves this fact.

Proposition 3.2. Let t0 ≥ 1 and ζ ∈ Ht0+3(R). Then for all 0 ≤ s ≤ t0 and ψ ∈ H̊s+ 1
2 (R),

one can approximate the negative Dirichlet-Neumann operator by

S−(D) = −√µ|D|,
where we have the following estimate

|G−µ [εζ]ψ −Op(S−)ψ|
Hs+ 1

2
≤ εµM(t0 + 3)|ψ|

H̊s+ 1
2
. (3.4)

Remark 3.3. The proof can be seen as a modified version of the proof presented in [50],
but where we need to make two approximations of an elliptic problem depending on the
frequencies and weighted estimates to deal with some integrability issues in S− = R ×
[0,∞). The weights and the cut-off functions are adapted to the approximation and deal
with separate issues. We also note that the proof in [50] also extends to two dimensions.
In fact, Proposition 3.2 is mainly the result that restricts Theorem 1.7 to one horizontal
dimension in this paper. However, we expect the result to be true for X ∈ R2 by modifying
the ansatz in the proof and letting Op(S−) be given by

Op(S−)ψ(X) = −√µF−1
(√
|ξ|2 + ε2µ

(
(|∇Xζ|2|ξ|2)− (∇Xζ · ξ)2

)
ψ̂(ξ)

)
(X),

for X, ξ ∈ R2.

Proof. The proof will be given in several steps, where we first decompose the estimate into
two main parts depending on the frequencies. In particular, let χ1 be a Fourier multiplier
with a smooth symbol and equal to one around zero. Also, let χ2 = 1 − χ1 be the high-
frequency part. Then we have by duality

|G−µ [εζ]ψ +
√
µ|D|ψ|

Hs+ 1
2

= sup
|ϕ|L2=1

∣∣∣
∫

R
Λs+

1
2
(
G−µ [εζ]ψ +

√
µ|D|ψ

)
χ1(D)ϕ dx

+

∫

R
Λs+

1
2
(
G−µ [εζ]ψ +

√
µ|D|ψ

)
χ2(D)ϕ dx
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≤ sup
|ϕ|L2=1

(
|I1(ϕ)|+ |I2(ϕ)|

)
. (3.5)

We will now make two approximations of the elliptic problem (A.20), where the estimate on
I1 can be made using the Poisson kernel. On the other hand, the estimate on I2 requires an
approximate solution of (A.20) that accounts for the principal part of the elliptic operator
and is “well-behaved” in high frequency on weighted Sobolev spaces.

Step 1. Approximate solutions for I1. We know that φ1
app = e−z

√
µ|D|ψ solves

{
(µ∂2

x + ∂2
z )φ1

app = 0 in S−
φ1

app|z=0 = ψ,
(3.6)
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2
µ

. (3.3)

In the case of infinite depth, it is pointed out in Remark 17 in [50] that the tail effects
vanish (formally) since the hyperbolic tangent is a bottom effect. In particular, we have the
following result that proves this fact.

Proposition 3.2. Let t0 ≥ 1 and ζ ∈ Ht0+3(R). Then for all 0 ≤ s ≤ t0 and ψ ∈ H̊
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one can approximate the negative Dirichlet-Neumann operator by
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where we have the following estimate
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Remark 3.3. The proof can be seen as a modified version of the proof presented in [50],
but where we need to make two approximations of an elliptic problem depending on the
frequencies and weighted estimates to deal with some integrability issues in S− = R ×
[0,∞). The weights and the cut-off functions are adapted to the approximation and deal
with separate issues. We also note that the proof in [50] also extends to two dimensions.
In fact, Proposition 3.2 is mainly the result that restricts Theorem 1.7 to one horizontal
dimension in this paper. However, we expect the result to be true for X ∈ R2 by modifying
the ansatz in the proof and letting Op(S−) be given by

Op(S−)ψ(X) = −√µF−1(√
|ξ|2 + ε2µ(

(|∇Xζ|2|ξ|2)− (∇Xζ · ξ)2)
ψ̂(ξ)

)
(X),

for X, ξ ∈ R2.

Proof. The proof will be given in several steps, where we first decompose the estimate into
two main parts depending on the frequencies. In particular, let χ1 be a Fourier multiplier
with a smooth symbol and equal to one around zero. Also, let χ2 = 1 − χ1 be the high-
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We will now make two approximations of the elliptic problem (A.20), where the estimate on
I1 can be made using the Poisson kernel. On the other hand, the estimate on I2 requires an
approximate solution of (A.20) that accounts for the principal part of the elliptic operator
and is “well-behaved” in high frequency on weighted Sobolev spaces.

Step 1. Approximate solutions for I1. We know that φ1
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2
µ

. (3.3)

In the case of infinite depth, it is pointed out in Remark 17 in [50] that the tail effects
vanish (formally) since the hyperbolic tangent is a bottom effect. In particular, we have the
following result that proves this fact.

Proposition 3.2. Let t0 ≥ 1 and ζ ∈ Ht0+3(R). Then for all 0 ≤ s ≤ t0 and ψ ∈ H̊
s+

1
2 (R),

one can approximate the negative Dirichlet-Neumann operator by

S−(D) = −√µ|D|,
where we have the following estimate

|G−µ [εζ]ψ −Op(S−)ψ|Hs+ 1
2 ≤ εµM(t0 + 3)|ψ|H̊s+ 1

2 . (3.4)

Remark 3.3. The proof can be seen as a modified version of the proof presented in [50],
but where we need to make two approximations of an elliptic problem depending on the
frequencies and weighted estimates to deal with some integrability issues in S− = R ×
[0,∞). The weights and the cut-off functions are adapted to the approximation and deal
with separate issues. We also note that the proof in [50] also extends to two dimensions.
In fact, Proposition 3.2 is mainly the result that restricts Theorem 1.7 to one horizontal
dimension in this paper. However, we expect the result to be true for X ∈ R2 by modifying
the ansatz in the proof and letting Op(S−) be given by

Op(S−)ψ(X) = −√µF−1(√
|ξ|2 + ε2µ(

(|∇Xζ|2|ξ|2)− (∇Xζ · ξ)2)
ψ̂(ξ)

)
(X),

for X, ξ ∈ R2.

Proof. The proof will be given in several steps, where we first decompose the estimate into
two main parts depending on the frequencies. In particular, let χ1 be a Fourier multiplier
with a smooth symbol and equal to one around zero. Also, let χ2 = 1 − χ1 be the high-
frequency part. Then we have by duality

|G−µ [εζ]ψ +√µ|D|ψ|
H
s+ 1

2 = sup
|ϕ|L2=1

∣∣
∣
∫

R
Λ
s+

1
2 (
G−µ [εζ]ψ +√µ|D|ψ)

χ1(D)ϕ dx

+

∫

R
Λ
s+

1
2 (
G−µ [εζ]ψ +√µ|D|ψ)

χ2(D)ϕ dx
∣∣
∣

≤ sup
|ϕ|L2=1

(
|I1(ϕ)|+ |I2(ϕ)|

)
. (3.5)

We will now make two approximations of the elliptic problem (A.20), where the estimate on
I1 can be made using the Poisson kernel. On the other hand, the estimate on I2 requires an
approximate solution of (A.20) that accounts for the principal part of the elliptic operator
and is “well-behaved” in high frequency on weighted Sobolev spaces.

Step 1. Approximate solutions for I1. We know that φ1
app = e−z√µ|D|

ψ solves
{

(µ∂2
x + ∂2

z )φ1
app = 0 in S−

φ1
app|z=0 = ψ,

(3.6)

23

wherewedefinethe“tail”bythesymbol

t(X,ξ)=(1+εζ)
arctan(ε√µ∂xζ)

ε√µ∂xζ|ξ|.(3.2)

Moreover,fork=0,1,theoperatorsatisfy

|G
+
µ[εζ]ψ−Op(S

+
)ψ|Hs+k

2≤εµ
1−

k
4M(t0+3)|ψ|Ḣs+1
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2
µ

.(3.3)

Inthecaseofinfinitedepth,itispointedoutinRemark17in[50]thatthetaileffects
vanish(formally)sincethehyperbolictangentisabottomeffect.Inparticular,wehavethe
followingresultthatprovesthisfact.

Proposition3.2.Lett0≥1andζ∈Ht0+3(R).Thenforall0≤s≤t0andψ∈H̊
s+

1
2(R),

onecanapproximatethenegativeDirichlet-Neumannoperatorby

S−(D)=−√µ|D|,
wherewehavethefollowingestimate

|G−µ[εζ]ψ−Op(S−)ψ|Hs+1
2≤εµM(t0+3)|ψ|H̊s+1

2.(3.4)

Remark3.3.Theproofcanbeseenasamodifiedversionoftheproofpresentedin[50],
butwhereweneedtomaketwoapproximationsofanellipticproblemdependingonthe
frequenciesandweightedestimatestodealwithsomeintegrabilityissuesinS−=R×
[0,∞).Theweightsandthecut-offfunctionsareadaptedtotheapproximationanddeal
withseparateissues.Wealsonotethattheproofin[50]alsoextendstotwodimensions.
Infact,Proposition3.2ismainlytheresultthatrestrictsTheorem1.7toonehorizontal
dimensioninthispaper.However,weexpecttheresulttobetrueforX∈R2bymodifying
theansatzintheproofandlettingOp(S−)begivenby

Op(S−)ψ(X)=−√µF−1(√
|ξ|2+ε2µ(

(|∇Xζ|2|ξ|2)−(∇Xζ·ξ)2)
ψ̂(ξ)

)
(X),

forX,ξ∈R2.

Proof.Theproofwillbegiveninseveralsteps,wherewefirstdecomposetheestimateinto
twomainpartsdependingonthefrequencies.Inparticular,letχ1beaFouriermultiplier
withasmoothsymbolandequaltoonearoundzero.Also,letχ2=1−χ1bethehigh-
frequencypart.Thenwehavebyduality

|G−µ[εζ]ψ+√µ|D|ψ|
H
s+1

2=sup
|ϕ|L2=1

∣∣
∣
∫

R
Λ
s+

1
2(
G−µ[εζ]ψ+√µ|D|ψ)

χ1(D)ϕdx

+

∫

R
Λ
s+

1
2(
G−µ[εζ]ψ+√µ|D|ψ)

χ2(D)ϕdx
∣∣
∣

≤sup
|ϕ|L2=1

(
|I1(ϕ)|+|I2(ϕ)|

)
.(3.5)

Wewillnowmaketwoapproximationsoftheellipticproblem(A.20),wheretheestimateon
I1canbemadeusingthePoissonkernel.Ontheotherhand,theestimateonI2requiresan
approximatesolutionof(A.20)thataccountsfortheprincipalpartoftheellipticoperator
andis“well-behaved”inhighfrequencyonweightedSobolevspaces.

Step1.ApproximatesolutionsforI1.Weknowthatφ1
app=e−z√µ|D|

ψsolves
{

(µ∂2
x+∂2

z)φ1
app=0inS−

φ1
app|z=0=ψ,

(3.6)

23

wherewedefinethe“tail”bythesymbol

t(X,ξ)=(1+εζ)
arctan(ε√µ∂xζ)

ε√µ∂xζ|ξ|.(3.2)

Moreover,fork=0,1,theoperatorsatisfy

|G
+
µ[εζ]ψ−Op(S

+
)ψ|Hs+k

2≤εµ
1−

k
4M(t0+3)|ψ|Ḣs+1
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and it satisfies the smoothing estimate
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We now need to incorporate a weight in the estimates. To do so, we let ϕext2 be the
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The first three terms are easily estimated by Lemma B.10, with Remark B.11, and the
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3.2. Symbolic analysis of (G−µ )−1G+

µ . The next step in studying the symbolic behaviour

of Gµ is to understand the composition of (G−µ )−1 with G+
µ .
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Remark 3.5. From the symmetry of the Dirichlet-Neumann operators G± they can be
defined on Sobolev spaces of negative order by duality. See Remark 3.17 in [51].
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Assuming the inequality holds, we can argue as in the proof of Proposition 2.4, Step 2. to
obtain the result.

To prove (3.17), we will decompose the left-hand side in several pieces. In particular, we
first observe that
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Assuming the inequality holds, we can argue as in the proof of Proposition 2.4, Step 2. to
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2

µ

|u0|Ḣs+ 1
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Assumingtheinequalityholds,wecanargueasintheproofofProposition2.4,Step2.to
obtaintheresult.
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Thentoconcludetheproof,weuseCauchy-Schwarz,theadjointestimate(B.24)togetthat
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3.3. Symbolic analysis of (G−µ )−1Gµ. Next we will study the symbolic behaviour of

(G−µ )−1Gµ. To do so, we recall that we may write Gµ = G+
µ (Jµ)−1 where the symbolic

behaviour of Jµ is captured by the symbol

SJ = 1− γS
+

S−
. (3.18)

Corollary 3.6. Let t0 ≥ 1 and ζ ∈ Ht0+3(R) be such that (1.14) is satisfied. Then for all
0 ≤ s ≤ t0 and f ∈ S (R) one can approximate the operator (G−µ [εζ])−1Gµ[εζ] by

Op
( S+

S−SJ

)
f(x) = −F−1

( tanh(
√
µt(x, ξ))

1 + γ tanh(
√
µt(x, ξ))

f̂(ξ)
)

(x),

where t is defined by (3.2). Moreover, there holds,

|(G−µ [εζ])−1Gµ[εζ]f −Op
( S+

S−SJ

)
f |
H̊s+ 1

2
≤ ε√µM(t0 + 3)|f |

Hs− 1
2
. (3.19)

Proof. We will give the proof in three steps. First, we will prove that SJ provides a good
symbolic description of Jµ. Then we will show that 1/SJ describes the inverse, and lastly,
we combine each step with the previous results of this section to prove (3.19).

Step 1. We can approximate Jµ with Op(SJ). Indeed, by definition and estimate (3.14) we
get that

|Jµ[εζ]f −Op(SJ)f |
H̊s+ 1

2
= γ|(G−µ [εζ])−1G+
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(S+
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)
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2
(3.20)

≤ ε√µM(t0 + 3)|f |
Hs− 1

2
.

Step 2. We can approximate (Jµ)−1 with Op(1/SJ). To prove this fact, we simply employ
Proposition 2.10 with inequality (2.23) to deduce that
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2
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2
µ
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µ
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Here R1 is estimated by (B.26):
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1
4 |
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)
f |
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2
≤ εµ 1

4 |f |
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2
.

While R2 we use the estimate in Step 1. and (B.25) to obtain
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2
.

As a result, we have the following estimate
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3.3.Symbolicanalysisof(G−µ)−1Gµ.Nextwewillstudythesymbolicbehaviourof

(G−µ)−1Gµ.Todoso,werecallthatwemaywriteGµ=G+
µ(Jµ)−1wherethesymbolic

behaviourofJµiscapturedbythesymbol

SJ=1−γS
+

S−
.(3.18)

Corollary3.6.Lett0≥1andζ∈Ht0+3(R)besuchthat(1.14)issatisfied.Thenforall
0≤s≤t0andf∈S(R)onecanapproximatetheoperator(G−µ[εζ])−1Gµ[εζ]by

Op
(S+

S−SJ

)
f(x)=−F−1

(tanh(
√

µt(x,ξ))

1+γtanh(
√

µt(x,ξ))
f̂(ξ)

)
(x),

wheretisdefinedby(3.2).Moreover,thereholds,

|(G−µ[εζ])−1Gµ[εζ]f−Op
(S+

S−SJ
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f|̊

Hs+1
2
≤ε√µM(t0+3)|f|

Hs−1
2
.(3.19)

Proof.Wewillgivetheproofinthreesteps.First,wewillprovethatSJprovidesagood
symbolicdescriptionofJµ.Thenwewillshowthat1/SJdescribestheinverse,andlastly,
wecombineeachstepwiththepreviousresultsofthissectiontoprove(3.19).

Step1.WecanapproximateJµwithOp(SJ).Indeed,bydefinitionandestimate(3.14)we
getthat

|Jµ[εζ]f−Op(SJ)f|̊
Hs+1

2
=γ|(G−µ[εζ])−1G+
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(S+
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)
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(3.20)

≤ε√µM(t0+3)|f|
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2
.

Step2.Wecanapproximate(Jµ)−1withOp(1/SJ).Toprovethisfact,wesimplyemploy
Proposition2.10withinequality(2.23)todeducethat
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µ
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µ
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µ
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HereR1isestimatedby(B.26):

R1≤µ−
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.

WhileR2weusetheestimateinStep1.and(B.25)toobtain
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.

Asaresult,wehavethefollowingestimate
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2
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3.3.Symbolicanalysisof(G−µ)−1Gµ.Nextwewillstudythesymbolicbehaviourof

(G−µ)−1Gµ.Todoso,werecallthatwemaywriteGµ=G+
µ(Jµ)−1wherethesymbolic

behaviourofJµiscapturedbythesymbol

SJ=1−γS
+

S−
.(3.18)

Corollary3.6.Lett0≥1andζ∈Ht0+3(R)besuchthat(1.14)issatisfied.Thenforall
0≤s≤t0andf∈S(R)onecanapproximatetheoperator(G−µ[εζ])−1Gµ[εζ]by

Op
(S+

S−SJ

)
f(x)=−F−1

(tanh(
√

µt(x,ξ))

1+γtanh(
√

µt(x,ξ))
f̂(ξ)

)
(x),

wheretisdefinedby(3.2).Moreover,thereholds,

|(G−µ[εζ])−1Gµ[εζ]f−Op
(S+

S−SJ

)
f|̊

Hs+1
2
≤ε√µM(t0+3)|f|

Hs−1
2
.(3.19)

Proof.Wewillgivetheproofinthreesteps.First,wewillprovethatSJprovidesagood
symbolicdescriptionofJµ.Thenwewillshowthat1/SJdescribestheinverse,andlastly,
wecombineeachstepwiththepreviousresultsofthissectiontoprove(3.19).

Step1.WecanapproximateJµwithOp(SJ).Indeed,bydefinitionandestimate(3.14)we
getthat

|Jµ[εζ]f−Op(SJ)f|̊
Hs+1

2
=γ|(G−µ[εζ])−1G+

µ[εζ]f−Op
(S+

S−
)
f|̊

Hs+1
2

(3.20)

≤ε√µM(t0+3)|f|
Hs−1

2
.

Step2.Wecanapproximate(Jµ)−1withOp(1/SJ).Toprovethisfact,wesimplyemploy
Proposition2.10withinequality(2.23)todeducethat

|(Jµ[εζ])−1f−Op(1/SJ)f|
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µ
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(
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µ
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)
f|

˙H
s+1

2
µ
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+|
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Jµ[εζ]−Op(SJ)

)
Op(1/SJ)f|

˙H
s+1

2
µ

=:R1+R2.

HereR1isestimatedby(B.26):

R1≤µ−
1
4|
(

1−Op(SJ)Op(1/SJ)
)
f|

Hs+1
2
≤εµ1

4|f|
Hs−1

2
.

WhileR2weusetheestimateinStep1.and(B.25)toobtain

R2≤µ−
1
4|
(
Jµ[εζ]−Op(SJ)

)
Op(1/SJ)f|̊

Hs+1
2

≤εµ1
4M(t0+3)|Op(1/SJ)f|

Hs−1
2

≤εµ1
4M(t0+3)|f|
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2
.

Asaresult,wehavethefollowingestimate

|(Jµ[εζ])−1f−Op(1/SJ)f|
˙H
s+1
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≤εµ1
4M(t0+3)|f|

Hs−1
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3.3. Symbolic analysis of (G−µ )−1Gµ. Next we will study the symbolic behaviour of

(G−µ )−1Gµ. To do so, we recall that we may write Gµ = G+
µ (Jµ)−1 where the symbolic

behaviour of Jµ is captured by the symbol

SJ = 1− γ
S+

S− . (3.18)

Corollary 3.6. Let t0 ≥ 1 and ζ ∈ Ht0+3(R) be such that (1.14) is satisfied. Then for all
0 ≤ s ≤ t0 and f ∈ S (R) one can approximate the operator (G−µ [εζ])−1Gµ[εζ] by

Op
( S+

S−SJ

)
f(x) = −F−1( tanh(√µt(x, ξ))

1 + γ tanh(√µt(x, ξ)) f̂(ξ)
)

(x),

where t is defined by (3.2). Moreover, there holds,

|(G−µ [εζ])−1
Gµ[εζ]f −Op

( S+

S−SJ

)
f |H̊s+ 1

2 ≤ ε√µM(t0 + 3)|f |Hs− 1
2 . (3.19)

Proof. We will give the proof in three steps. First, we will prove that SJ provides a good
symbolic description of Jµ. Then we will show that 1/SJ describes the inverse, and lastly,
we combine each step with the previous results of this section to prove (3.19).

Step 1. We can approximate Jµ with Op(SJ). Indeed, by definition and estimate (3.14) we
get that

|Jµ[εζ]f −Op(SJ)f |H̊s+ 1
2 = γ|(G−µ [εζ])−1

G
+
µ [εζ]f −Op

(S+

S−
)
f |H̊s+ 1

2 (3.20)

≤ ε√µM(t0 + 3)|f |Hs− 1
2 .

Step 2. We can approximate (Jµ)−1 with Op(1/SJ). To prove this fact, we simply employ
Proposition 2.10 with inequality (2.23) to deduce that

|(Jµ[εζ])−1
f −Op(1/SJ)f |Ḣs+ 1

2
µ

= |(Jµ[εζ])−1(
1− Jµ[εζ]Op(1/SJ)
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f |Ḣs+ 1

2
µ

≤M |
(
1− Jµ[εζ]Op(1/SJ)
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2
µ

≤M
(
|
(
1−Op(SJ)Op(1/SJ)

)
f |Ḣs+ 1

2
µ

+ |
(
Jµ[εζ]−Op(SJ)

)
Op(1/SJ)f |Ḣs+ 1

2
µ

=: R1 +R2.

Here R1 is estimated by (B.26):

R1 ≤ µ−
1
4 |(

1−Op(SJ)Op(1/SJ)
)
f |Hs+ 1

2 ≤ εµ
1
4 |f |Hs− 1

2 .

While R2 we use the estimate in Step 1. and (B.25) to obtain

R2 ≤ µ−
1
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Jµ[εζ]−Op(SJ)
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Op(1/SJ)f |H̊s+ 1

2

≤ εµ
1
4M(t0 + 3)|Op(1/SJ)f |Hs− 1

2

≤ εµ
1
4M(t0 + 3)|f |Hs− 1

2 .

As a result, we have the following estimate

|(Jµ[εζ])−1
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2
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2 . (3.21)
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3.3. Symbolic analysis of (G−µ )−1Gµ. Next we will study the symbolic behaviour of

(G−µ )−1Gµ. To do so, we recall that we may write Gµ = G+
µ (Jµ)−1 where the symbolic

behaviour of Jµ is captured by the symbol

SJ = 1− γ
S+

S− . (3.18)

Corollary 3.6. Let t0 ≥ 1 and ζ ∈ Ht0+3(R) be such that (1.14) is satisfied. Then for all
0 ≤ s ≤ t0 and f ∈ S (R) one can approximate the operator (G−µ [εζ])−1Gµ[εζ] by

Op
( S+

S−SJ

)
f(x) = −F−1( tanh(√µt(x, ξ))

1 + γ tanh(√µt(x, ξ)) f̂(ξ)
)

(x),

where t is defined by (3.2). Moreover, there holds,

|(G−µ [εζ])−1
Gµ[εζ]f −Op

( S+

S−SJ

)
f |H̊s+ 1

2 ≤ ε√µM(t0 + 3)|f |Hs− 1
2 . (3.19)

Proof. We will give the proof in three steps. First, we will prove that SJ provides a good
symbolic description of Jµ. Then we will show that 1/SJ describes the inverse, and lastly,
we combine each step with the previous results of this section to prove (3.19).

Step 1. We can approximate Jµ with Op(SJ). Indeed, by definition and estimate (3.14) we
get that

|Jµ[εζ]f −Op(SJ)f |H̊s+ 1
2 = γ|(G−µ [εζ])−1

G
+
µ [εζ]f −Op

(S+

S−
)
f |H̊s+ 1

2 (3.20)

≤ ε√µM(t0 + 3)|f |Hs− 1
2 .

Step 2. We can approximate (Jµ)−1 with Op(1/SJ). To prove this fact, we simply employ
Proposition 2.10 with inequality (2.23) to deduce that

|(Jµ[εζ])−1
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2
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= |(Jµ[εζ])−1(
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1−Op(SJ)Op(1/SJ)

)
f |Ḣs+ 1

2
µ
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(
Jµ[εζ]−Op(SJ)

)
Op(1/SJ)f |Ḣs+ 1

2
µ

=: R1 +R2.

Here R1 is estimated by (B.26):

R1 ≤ µ−
1
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1−Op(SJ)Op(1/SJ)
)
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2 ≤ εµ
1
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2 .

While R2 we use the estimate in Step 1. and (B.25) to obtain
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1
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1
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As a result, we have the following estimate
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3.3.Symbolicanalysisof(G−µ)−1Gµ.Nextwewillstudythesymbolicbehaviourof

(G−µ)−1Gµ.Todoso,werecallthatwemaywriteGµ=G+
µ(Jµ)−1wherethesymbolic

behaviourofJµiscapturedbythesymbol

SJ=1−γ
S+

S−.(3.18)

Corollary3.6.Lett0≥1andζ∈Ht0+3(R)besuchthat(1.14)issatisfied.Thenforall
0≤s≤t0andf∈S(R)onecanapproximatetheoperator(G−µ[εζ])−1Gµ[εζ]by

Op
(S+

S−SJ

)
f(x)=−F−1(tanh(√µt(x,ξ))

1+γtanh(√µt(x,ξ))f̂(ξ)
)

(x),

wheretisdefinedby(3.2).Moreover,thereholds,
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Gµ[εζ]f−Op
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2≤ε√µM(t0+3)|f|Hs−1
2.(3.19)

Proof.Wewillgivetheproofinthreesteps.First,wewillprovethatSJprovidesagood
symbolicdescriptionofJµ.Thenwewillshowthat1/SJdescribestheinverse,andlastly,
wecombineeachstepwiththepreviousresultsofthissectiontoprove(3.19).

Step1.WecanapproximateJµwithOp(SJ).Indeed,bydefinitionandestimate(3.14)we
getthat
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HereR1isestimatedby(B.26):
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3.3.Symbolicanalysisof(G−µ)−1Gµ.Nextwewillstudythesymbolicbehaviourof

(G−µ)−1Gµ.Todoso,werecallthatwemaywriteGµ=G+
µ(Jµ)−1wherethesymbolic

behaviourofJµiscapturedbythesymbol

SJ=1−γ
S+

S−.(3.18)

Corollary3.6.Lett0≥1andζ∈Ht0+3(R)besuchthat(1.14)issatisfied.Thenforall
0≤s≤t0andf∈S(R)onecanapproximatetheoperator(G−µ[εζ])−1Gµ[εζ]by

Op
(S+

S−SJ

)
f(x)=−F−1(tanh(√µt(x,ξ))

1+γtanh(√µt(x,ξ))f̂(ξ)
)

(x),

wheretisdefinedby(3.2).Moreover,thereholds,
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(S+
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2.(3.19)

Proof.Wewillgivetheproofinthreesteps.First,wewillprovethatSJprovidesagood
symbolicdescriptionofJµ.Thenwewillshowthat1/SJdescribestheinverse,andlastly,
wecombineeachstepwiththepreviousresultsofthissectiontoprove(3.19).
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2
µ

=:R1+R2.

HereR1isestimatedby(B.26):

R1≤µ−
1
4|(

1−Op(SJ)Op(1/SJ)
)
f|Hs+1

2≤εµ
1
4|f|Hs−1

2.

WhileR2weusetheestimateinStep1.and(B.25)toobtain

R2≤µ−
1
4|(
Jµ[εζ]−Op(SJ)

)
Op(1/SJ)f|H̊s+1

2

≤εµ
1
4M(t0+3)|Op(1/SJ)f|Hs−1

2

≤εµ
1
4M(t0+3)|f|Hs−1

2.

Asaresult,wehavethefollowingestimate

|(Jµ[εζ])−1
f−Op(1/SJ)f|Ḣs+1
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2
µ

=:R1+R2.

HereR1isestimatedby(B.26):

R1≤µ−
1
4|(

1−Op(SJ)Op(1/SJ)
)
f|Hs+1

2≤εµ
1
4|f|Hs−1

2.

WhileR2weusetheestimateinStep1.and(B.25)toobtain

R2≤µ−
1
4|(
Jµ[εζ]−Op(SJ)

)
Op(1/SJ)f|H̊s+1

2

≤εµ
1
4M(t0+3)|Op(1/SJ)f|Hs−1

2

≤εµ
1
4M(t0+3)|f|Hs−1

2.

Asaresult,wehavethefollowingestimate

|(Jµ[εζ])−1
f−Op(1/SJ)f|Ḣs+1
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f|Ḣs+1

2
µ
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(
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(
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2
µ

+|
(
Jµ[εζ]−Op(SJ)

)
Op(1/SJ)f|Ḣs+1

2
µ

=:R1+R2.

HereR1isestimatedby(B.26):

R1≤µ−
1
4|(

1−Op(SJ)Op(1/SJ)
)
f|Hs+1

2≤εµ
1
4|f|Hs−1

2.

WhileR2weusetheestimateinStep1.and(B.25)toobtain

R2≤µ−
1
4|(
Jµ[εζ]−Op(SJ)

)
Op(1/SJ)f|H̊s+1

2

≤εµ
1
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2
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4M(t0+3)|f|Hs−1
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Step 3. Estimate (3.19) holds true. To prove this, we first use the definition Gµ = G+
µ J −1

µ

to make the decomposition:

LHS(3.19) := |(G−µ [εζ])−1G+
µ [εζ](Jµ[εζ])−1f −Op

( S+

S−SJ

)
f |
H̊s+ 1

2

≤ |(G−µ [εζ])−1G+
µ [εζ]

(
(Jµ[εζ])−1 −Op

( 1

SJ

))
f |
H̊s+ 1

2

+ |(G−µ [εζ])−1G+
µ [εζ]Op

( 1

SJ

)
f −Op

( S+

S−SJ

)
f |
H̊s+ 1

2

=: R3 +R4.

For R3 we use Proposition 2.4 with inequality (2.11) and then Step 2. to get that

R3 ≤ µ
1
4M |

(
(Jµ[εζ])−1 −Op

( 1

SJ

))
f |
Ḣ
s+ 1

2
µ

≤ ε√µM(t0 + 3)|f |
Hs− 1

2
.

For R4, we decompose it further:

R4 = |
(

(G−µ [εζ])−1G+
µ [εζ]−Op

(S+

S−

))
Op
( 1

SJ

)
f |
H̊s+ 1

2

+ |
(

Op
(S+

S−

)
Op
( 1

SJ

)
−Op

( S+

S−SJ

))
f |
H̊s+ 1

2

=: R5 +R6.

For R5 we use (3.14) and (B.25) to get that

R5 ≤ ε
√
µM(t0 + 3)|Op

( 1

SJ

)
f |
Hs− 1

2
≤ ε√µM(t0 + 3)|f |

Hs− 1
2
.

While for R6 we simply employ estimate (B.31) which yields

R6 = ε
√
µM |f |

Hs− 1
2
.

Gathering all these estimates concludes the proof.
�

3.4. Symbolic description of Gµ. For the next result, we will give a simple approximation
of Gµ. We will allow for a loss of derivatives in the estimate. However, the loss in regularity
is translated into precision with respect to the small parameters.

Corollary 3.7. Let t0 ≥ 1 and ζ ∈ Ht0+2(R) be such that (1.14) is satisfied. Then for

all 0 ≤ s ≤ t0 and ψ ∈ Ḣs+2(R) one can approximate the operator Gµ[εζ] by the Fourier
multiplier Gµ[0] defined by

Gµ[0] =
√
µ|D| tanh(

√
µ|D|)

1 + γ tanh(
√
µ|D|) ,

and it satisfies the estimate

|Gµ[εζ]ψ − Gµ[0]ψ|Hs ≤ εµM |∂xψ|Hs+1 . (3.22)

Proof. For the proof of inequality (3.22), we let Gµ[0] = G+
µ [0](Jµ[0])−1 and make the

following decomposition

|Gµ[εζ]ψ − G+
µ [0](Jµ[0])−1ψ|Hs ≤ |

(
G+
µ [εζ]− G+

µ [0]
)
(Jµ[εζ])−1ψ|Hs

+ |G+
µ [0]

(
(Jµ[εζ])−1 − (Jµ[0])−1

)
ψ|Hs

= B1 +B2.
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Step3.Estimate(3.19)holdstrue.Toprovethis,wefirstusethedefinitionGµ=G+
µJ−1

µ

tomakethedecomposition:

LHS(3.19):=|(G−µ[εζ])−1G+
µ[εζ](Jµ[εζ])−1f−Op

(S+

S−SJ

)
f|̊

Hs+1
2

≤|(G−µ[εζ])−1G+
µ[εζ]

(
(Jµ[εζ])−1−Op

(1

SJ

))
f|̊

Hs+1
2

+|(G−µ[εζ])−1G+
µ[εζ]Op

(1

SJ

)
f−Op

(S+

S−SJ

)
f|̊

Hs+1
2

=:R3+R4.

ForR3weuseProposition2.4withinequality(2.11)andthenStep2.togetthat

R3≤µ
1
4M|

(
(Jµ[εζ])−1−Op

(1

SJ

))
f|

˙H
s+1

2
µ

≤ε√µM(t0+3)|f|
Hs−1

2
.

ForR4,wedecomposeitfurther:

R4=|
(

(G−µ[εζ])−1G+
µ[εζ]−Op

(S+

S−

))
Op

(1

SJ

)
f|̊

Hs+1
2

+|
(

Op
(S+

S−

)
Op

(1

SJ

)
−Op

(S+

S−SJ

))
f|̊

Hs+1
2

=:R5+R6.

ForR5weuse(3.14)and(B.25)togetthat

R5≤ε
√

µM(t0+3)|Op
(1

SJ

)
f|

Hs−1
2
≤ε√µM(t0+3)|f|

Hs−1
2
.

WhileforR6wesimplyemployestimate(B.31)whichyields

R6=ε
√

µM|f|
Hs−1

2
.

Gatheringalltheseestimatesconcludestheproof.
�

3.4.SymbolicdescriptionofGµ.Forthenextresult,wewillgiveasimpleapproximation
ofGµ.Wewillallowforalossofderivativesintheestimate.However,thelossinregularity
istranslatedintoprecisionwithrespecttothesmallparameters.

Corollary3.7.Lett0≥1andζ∈Ht0+2(R)besuchthat(1.14)issatisfied.Thenfor

all0≤s≤t0andψ∈˙Hs+2(R)onecanapproximatetheoperatorGµ[εζ]bytheFourier
multiplierGµ[0]definedby

Gµ[0]=
√

µ|D|tanh(
√

µ|D|)
1+γtanh(

√
µ|D|),

anditsatisfiestheestimate

|Gµ[εζ]ψ−Gµ[0]ψ|Hs≤εµM|∂xψ|Hs+1.(3.22)

Proof.Fortheproofofinequality(3.22),weletGµ[0]=G+
µ[0](Jµ[0])−1andmakethe

followingdecomposition

|Gµ[εζ]ψ−G+
µ[0](Jµ[0])−1ψ|Hs≤|

(
G+

µ[εζ]−G+
µ[0]

)
(Jµ[εζ])−1ψ|Hs

+|G+
µ[0]

(
(Jµ[εζ])−1−(Jµ[0])−1

)
ψ|Hs

=B1+B2.
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2
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.
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2
.
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2
.

Gatheringalltheseestimatesconcludestheproof.
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3.4.SymbolicdescriptionofGµ.Forthenextresult,wewillgiveasimpleapproximation
ofGµ.Wewillallowforalossofderivativesintheestimate.However,thelossinregularity
istranslatedintoprecisionwithrespecttothesmallparameters.

Corollary3.7.Lett0≥1andζ∈Ht0+2(R)besuchthat(1.14)issatisfied.Thenfor

all0≤s≤t0andψ∈˙Hs+2(R)onecanapproximatetheoperatorGµ[εζ]bytheFourier
multiplierGµ[0]definedby

Gµ[0]=
√

µ|D|tanh(
√

µ|D|)
1+γtanh(
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µ|D|),

anditsatisfiestheestimate

|Gµ[εζ]ψ−Gµ[0]ψ|Hs≤εµM|∂xψ|Hs+1.(3.22)

Proof.Fortheproofofinequality(3.22),weletGµ[0]=G+
µ[0](Jµ[0])−1andmakethe

followingdecomposition

|Gµ[εζ]ψ−G+
µ[0](Jµ[0])−1ψ|Hs≤|
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)
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Step 3. Estimate (3.19) holds true. To prove this, we first use the definition Gµ = G+
µ J −1

µ

to make the decomposition:

LHS(3.19) := |(G−µ [εζ])−1
G

+
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S−SJ
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2
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µ [εζ]
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2
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For R3 we use Proposition 2.4 with inequality (2.11) and then Step 2. to get that
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))
f |Ḣs+ 1
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While for R6 we simply employ estimate (B.31) which yields

R6 = ε√µM |f |
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Gathering all these estimates concludes the proof.
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of Gµ. We will allow for a loss of derivatives in the estimate. However, the loss in regularity
is translated into precision with respect to the small parameters.
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For the estimate on B1, we use the classical small amplitude expansion of G+
µ provided by

Proposition 3.44 (with n = 1, k = 1, s′ = s+ 1
2) in [51], and then (2.23):

B1 ≤ εµM |ψ|
Ḣ
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2
µ
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For an estimate on B2, we first observe that

√
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√
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2

.

We may therefore use the product rule, combined with (2.23) and the shape derivative
formulas (A.55) and (A.56) to find that
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Ḣ
s+ 1

2
µ

+ |dζJµ[εζ](∂xζ)(Jµ[0])−1ψ|
Ḣ
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3.5. Symbolic analysis of (Jµ)−1(G−µ )−1∂x. We end this section with the study of an
operator that appears in the quasilinearisation of the equations. In particular, we will need
the symbolic description for the energy estimates later (see inequality (5.12)). The operator
is well-defined by the first point in Corollary A.17, and can be approximated by a first order
operator with a skew-symmetric principal symbol.

Corollary 3.8. Let t0 ≥ 1 and ζ ∈ Ht0+3(R) be such that (1.14) is satisfied. Then for all

0 ≤ s ≤ t0 and f ∈ Hs+ 1
2 (R), one can approximate the operator B2(Jµ)−1(G−µ )−1∂x by
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FortheestimateonB1,weusetheclassicalsmallamplitudeexpansionofG+
µprovidedby
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operatorthatappearsinthequasilinearisationoftheequations.Inparticular,wewillneed
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operatorwithaskew-symmetricprincipalsymbol.
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For the estimate on B1, we use the classical small amplitude expansion of G+
µ provided by
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3.5. Symbolic analysis of (Jµ)−1(G−µ )−1∂
x. We end this section with the study of an

operator that appears in the quasilinearisation of the equations. In particular, we will need
the symbolic description for the energy estimates later (see inequality (5.12)). The operator
is well-defined by the first point in Corollary A.17, and can be approximated by a first order
operator with a skew-symmetric principal symbol.

Corollary 3.8. Let t0 ≥ 1 and ζ ∈ Ht0+3(R) be such that (1.14) is satisfied. Then for all
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FortheestimateonB1,weusetheclassicalsmallamplitudeexpansionofG+
µprovidedby
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3.5.Symbolicanalysisof(Jµ)−1(G−µ)−1∂
x.Weendthissectionwiththestudyofan

operatorthatappearsinthequasilinearisationoftheequations.Inparticular,wewillneed
thesymbolicdescriptionfortheenergyestimateslater(seeinequality(5.12)).Theoperator
iswell-definedbythefirstpointinCorollaryA.17,andcanbeapproximatedbyafirstorder
operatorwithaskew-symmetricprincipalsymbol.

Corollary3.8.Lett0≥1andζ∈Ht0+3(R)besuchthat(1.14)issatisfied.Thenforall
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|Ḣs+1

2
µ

≤µM
(
|dζ(Jµ[εζ])−1

(∂xζ)(1−Jµ[εζ](Jµ[0])−1
)ψ|Ḣs+1
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Then apply (2.23) and(A.34) to find that

|Bf ]|L2 = |(Jµ[εζ])−1(G−µ [εζ])−1∂xf |
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,

which yields the following estimate on R1:
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For the estimate on R2 we would like to employ the symbolic description of G±µ . However,

since estimate (3.4) arrives on H̊
1
2 (R), we need to carefully decompose this term so that we

can estimate the operators in f ]. First, we observe that
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Thenapply(2.23)and(A.34)tofindthat
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2
µ

(3.25)

≤µ−
1
4M|(G−µ[εζ])−1

∂xf|H̊1
2

≤µ−
3
4M|f|H̊1

2,

whichyieldsthefollowingestimateonR1:

|R1|Hs+k
2≤εµ−1−

k
4M|(1+√µ|D|)1

2f|Hs.

FortheestimateonR2wewouldliketoemploythesymbolicdescriptionofG±µ.However,

sinceestimate(3.4)arrivesonH̊
1
2(R),weneedtocarefullydecomposethistermsothatwe

canestimatetheoperatorsinf].First,weobservethat

Op(S−SJ)−G−µ[εζ]Jµ[εζ]
)
f
]

=
((

Op(S−)−G−µ[εζ]
)
Jµ[εζ]

)
f
]

+
(
Op(S−SJ)−Op(S−)Op(SJ)

)
f
]

+
(

Op(S−)
(
Op(SJ)−Jµ[εζ]

))
f
]

=r1+r2+r3.

LetRi
2=Λ

k
2Op(

B2

SJS−)riwithi=1,2,3.ThenforthecontributionofR1
2,wefirstuse

estimates(B.25)and(B.5)tofindthat

|R
1
2|Hs≤µ−

3
4−

k
4M(t0+3)|r1|H̊s+1

2.

ThenapplyProposition3.2,thedefinitionoff],andargueasintheproofofestimate(3.25)
todeduce,

|R
1
2|Hs≤εµ

1
4−

k
4M(t0+3)|(G−µ[εζ])−1

∂xf|H̊s+1
2

≤εµ−1
M(t0+3)|(1+√µ|D|)1

2f|Hs.

ForR2
2,weapplyestimates(B.25),(B.5),(B.30),and(3.25):

|R
2
2|Hs≤εµ−1

M|(1+√µ|D|)1
2f|Hs.

Lastly,forR3
2,wewilldecomposeitfurther:

R
3
2=−γΛ

k
2Op

(B2

SJS−
)(

Op(S−)Op(
S+

S−)−Op(S
+

)
)
f
]

−γΛ
k
2Op

(B2

SJS−
)(

Op(S
+

)−G
+
µ[εζ]

)
f
]

−γΛ
k
2Op

(B2

SJS−
)(
G−µ[εζ]−Op(S−)

)
(G−µ[εζ])−1

G
+
µ[εζ]f

]

=R
3,1
2+R

3,2
2+R

3,3
2.

ForR
3,1
2,weuse(B.25),(B.5),(B.30),and(3.25)tofindthat

|R
3,1
2|Hs≤εµ−1

M|(1+√µ|D|)1
2f|Hs.

ForR
3,2
2,weuse(B.25),(B.5),thenestimate(3.3)tofindthat

|R
3,2
2|Hs≤εµ1−

k
4M(t0+3)|(1+√µ|D|)1

2f|Hs

35

Thenapply(2.23)and(A.34)tofindthat

|Bf
]
|L2=|(Jµ[εζ])−1

(G−µ[εζ])−1
∂xf|Ḣ1
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2,weuseestimates(B.25),(B.5),(3.4),(2.11),(3.25)tofindthat
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�

4.Quasilinearizationoftheinternalwaterwavesystem
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Moreover, we define the instability operator:

Ins[U]• = a • −(1− γ)γε2µ[[V ±]]Eµ[εζ]
(
• [[V ±]]

)
− bo−1∂xK[ε

√
µ∂xζ]∂x•, (4.4)

where

Eµ[εζ]• = ∂x ◦ (Jµ[εζ])−1(G−µ [εζ])−1 ◦ ∂x • . (4.5)

Then to put the internal water waves system in matrix form, it is convenient to introduce
the notation

A[U ] =

(
0 − 1

µGµ[εζ]

Ins[U] 0

)
, B[U] =

(
εI[U] 0

0 −εI[U]∗

)
,

where A and B corresponds to the principal part of the system. To account for surface
tension, one also needs to track the dependence in the sub-principal part, which is defined
for α = (α1, α2) ∈ N2:

Cα[U ] =
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µ∂xζ] 0
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Gµ,(α)[εζ]F =

2∑

j=1
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K(α)[∂xζ]F = −∂x
( 2∑

j=1

dζK[∂x∂jζ]∂xfj +K[∂xfj ]∂x∂jζ
)
.

With these formulas, we can state the main result of the section.

Proposition 4.2. Let T > 0, t0 ≥ 1 and N ∈ N be such that N ≥ 5. Furthermore, let U =
(ζ, ψ)T ∈ E N

bo,T be such that (1.14) is satisfied on [0, T ]. Also, for any α = (α1, α2) ∈ N2,
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Moreover,wedefinetheinstabilityoperator:
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−bo−1∂xK[ε

√
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where
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Thentoputtheinternalwaterwavessysteminmatrixform,itisconvenienttointroduce
thenotation

A[U]=

(
0−1

µGµ[εζ]

Ins[U]0

)
,B[U]=

(
εI[U]0

0−εI[U]∗

)
,

whereAandBcorrespondstotheprincipalpartofthesystem.Toaccountforsurface
tension,onealsoneedstotrackthedependenceinthesub-principalpart,whichisdefined
forα=(α1,α2)∈N2:

Cα[U]=
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wherewelet(∂1,∂2)=(∂x,∂t),F=(f1,f2)todefine

Gµ,(α)[εζ]F=
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αjdζG[εζ](∂jζ)fj,

andwehave:

K(α)[∂xζ]F=−∂x
(2∑

j=1

dζK[∂x∂jζ]∂xfj+K[∂xfj]∂x∂jζ
)
.

Withtheseformulas,wecanstatethemainresultofthesection.

Proposition4.2.LetT>0,t0≥1andN∈NbesuchthatN≥5.Furthermore,letU=
(ζ,ψ)T∈EN
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.
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Moreover, we define the instability operator:

Ins[U]• = a • −(1− γ)γε
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where
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Then to put the internal water waves system in matrix form, it is convenient to introduce
the notation

A[U ] =

( 0 −
1
µGµ[εζ]

Ins[U] 0

)
, B[U] =

(
εI[U] 0

0 −εI[U]∗

)
,

where A and B corresponds to the principal part of the system. To account for surface
tension, one also needs to track the dependence in the sub-principal part, which is defined
for α = (α1, α2) ∈ N2:

Cα[U ] =

( 0 −
1
µGµ,(α)[εζ]

bo−1
K(α)[ε√µ∂xζ] 0

)
,

where we let (∂1, ∂2) = (∂x, ∂t), F = (f1, f2) to define

Gµ,(α)[εζ]F =
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j=1

αjdζG[εζ](∂jζ)fj ,

and we have:

K(α)[∂xζ]F = −∂x
( 2∑

j=1

dζK[∂x∂jζ]∂xfj +K[∂xfj ]∂x∂jζ
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.

With these formulas, we can state the main result of the section.

Proposition 4.2. Let T > 0, t0 ≥ 1 and N ∈ N be such that N ≥ 5. Furthermore, let U =
(ζ, ψ)T ∈ E N

bo,T be such that (1.14) is satisfied on [0, T ]. Also, for any α = (α1, α2) ∈ N2,

α̌j = α− ej, with 1 ≤ |α| ≤ N we define ∂α
x,t = ∂α1

x ∂
α2
t , and let w± be defined as in (A.41).

Moreover, define w by

w = w
+
− γw−,

and

ζ(α) = ∂
α
x,tζ, ψ(α) = ∂

α
x,tψ − εw∂

α
x,tζ, ψ〈α̌〉 = (ψ(α̌1), ψ(α̌2))

T
.

Then for U(α) = (ζ(α), ψ(α))T and U〈α̌〉 = (ζ(α), ψ〈α̌〉)T , there holds
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T

(4.7)

The rest functions satisfy the estimates
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2
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(U)
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L∞ |ζ|

2
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1
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, (4.8)

for some C > 0 and where |ζ|<N+
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2> is defined by
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|∂
α
x,tζ|H̊ 1
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Ḣ
1
2
µ

≤ CE
N

(U)
(
1 + ε

2√µ|[[V ±]]|
2
L∞ |ζ|

2
<N+

1
2>

)
, (4.8)

for some C > 0 and where |ζ|<N+
1
2> is defined by

|ζ|<N+
1
2> =

∑

α∈N2,|α|=N
|∂
α
x,tζ|H̊ 1

2 .

37
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For the proof, we need to carefully track the dependencies in the small parameters.
However, this part is very similar to the one in [50] and can therefore be considered a
technical point. We give the details and point out the differences in the Appendix A,
Section A.5. Now, before we proceed with the energy estimates, we need to give a rigorous
meaning to the operators given in Definition 4.1. This will be done in separate subsections.

4.0.1. Properties of I[U]•. First, we study the operator I[U]• which appears later in the
shape derivative formulas for Gµ.

Proposition 4.3. Let t0 ≥ 1 and U = (ζ, ψ)T , with ζ ∈ Ht0+3(R) satisfying (1.14) and

ψ ∈ Ḣt0+2(R). Then we may define the operator

I[U]• = ∂x(•V +) + γGµ[εζ](G−µ [εζ])−1∂x

(
• [[V ±]]

)
,

and it satisfies the following properties:

1. For all 0 ≤ s ≤ t0 and f ∈ Hs+ 1
2 (R) there holds,

|I[U]f |
Hs− 1

2
≤M |f |

Hs+ 1
2
|∂xψ|

Ht0+ 1
2
, (4.9)

and
|I[U]f |

Hs− 1
2
≤M |f |

Ht0+ 1
2
|∂xψ|

Hs+ 1
2
. (4.10)

2. Let a = 1 + b, with b ∈ Ht0+1(R), and for all f ∈ L2(R) there holds,
(
aI[U]f, f

)
L2 ≤M(t0 + 3)(1 + |b|Ht0+1)|∂xψ|Ht0+1 |f |2L2 . (4.11)

3. Let K ∈ Ht0+1(R), then for all f ∈ H1(R) there holds,
(
∂x(K∂xI[U]f), f

)
L2 ≤M(t0 + 3)|K|Ht0+1 |∂xψ|Ht0+1 |f |2H1 . (4.12)

4. For all f ∈ Ḣ
1
2
µ (R), g ∈ H 1

2 (R), one has
(
I[U]∗f, g

)
L2 ≤M |∂xψ|

Ht0+ 1
2
|f |

Ḣ
1
2
µ

(|g|L2 + µ
1
4 |g|

H
1
2
). (4.13)

Proof. We prove each point in separate steps.

Step 1. To prove the first point, we observe that the first part of I[U]f is estimated by the
product estimate (B.6) and (A.45):

|∂x(fV +)|
Hs− 1

2
≤ |f |

Hs+ 1
2
|V +|

Hmax{s+ 1
2 ,t0}

≤M |f |
Hs+ 1

2
|∂xψ|

Ht0+ 1
2
.

To estimate the remaining part we first estimate Gµ with (2.2) to find that

|Gµ[εζ](G−µ [εζ])−1
(
∂x(f [[V ±]])

)
|
Hs− 1

2
≤ µ 3

4 |(G−µ [εζ])−1
(
∂x(f [[V ±]])

)
|
Ḣ
s+ 1

2
µ

.

Then use (A.34), the product estimate (B.6), and (A.45) to see that

µ
3
4 |(G−µ [εζ])−1

(
∂x(f [[V ±]])

)
|
Ḣ
s+ 1

2
µ

≤ µ 1
2 |(G−µ [εζ])−1

(
∂x(f [[V ±]])

)
|
H̊s+ 1

2

≤ |f [[V ±]]|
Hs+ 1

2

≤M |f |
Hs+ 1

2
|∂xψ|

Ht0+ 1
2
.

For the proof of (4.10), it is proved similarly where we only need to modify the part when
we apply the product estimate.
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Fortheproof,weneedtocarefullytrackthedependenciesinthesmallparameters.
However,thispartisverysimilartotheonein[50]andcanthereforebeconsidereda
technicalpoint.WegivethedetailsandpointoutthedifferencesintheAppendixA,
SectionA.5.Now,beforeweproceedwiththeenergyestimates,weneedtogivearigorous
meaningtotheoperatorsgiveninDefinition4.1.Thiswillbedoneinseparatesubsections.

4.0.1.PropertiesofI[U]•.First,westudytheoperatorI[U]•whichappearslaterinthe
shapederivativeformulasforGµ.

Proposition4.3.Lett0≥1andU=(ζ,ψ)T,withζ∈Ht0+3(R)satisfying(1.14)and

ψ∈˙Ht0+2(R).Thenwemaydefinetheoperator

I[U]•=∂x(•V+)+γGµ[εζ](G−µ[εζ])−1∂x

(
•[[V±]]

)
,

anditsatisfiesthefollowingproperties:

1.Forall0≤s≤t0andf∈Hs+1
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Proof.Weproveeachpointinseparatesteps.

Step1.Toprovethefirstpoint,weobservethatthefirstpartofI[U]fisestimatedbythe
productestimate(B.6)and(A.45):
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ToestimatetheremainingpartwefirstestimateGµwith(2.2)tofindthat

|Gµ[εζ](G−µ[εζ])−1
(
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Thenuse(A.34),theproductestimate(B.6),and(A.45)toseethat

µ
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µ
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2
.

Fortheproofof(4.10),itisprovedsimilarlywhereweonlyneedtomodifythepartwhen
weapplytheproductestimate.
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For the proof, we need to carefully track the dependencies in the small parameters.
However, this part is very similar to the one in [50] and can therefore be considered a
technical point. We give the details and point out the differences in the Appendix A,
Section A.5. Now, before we proceed with the energy estimates, we need to give a rigorous
meaning to the operators given in Definition 4.1. This will be done in separate subsections.

4.0.1. Properties of I[U]•. First, we study the operator I[U]• which appears later in the
shape derivative formulas for Gµ.

Proposition 4.3. Let t0 ≥ 1 and U = (ζ, ψ)T , with ζ ∈ Ht0+3(R) satisfying (1.14) and

ψ ∈ Ḣt0+2(R). Then we may define the operator

I[U]• = ∂x(•V
+

) + γGµ[εζ](G−µ [εζ])−1
∂x

(
• [[V ±]]

)
,

and it satisfies the following properties:

1. For all 0 ≤ s ≤ t0 and f ∈ H
s+

1
2 (R) there holds,

|I[U]f |Hs− 1
2 ≤M |f |Hs+ 1

2 |∂xψ|Ht0+ 1
2 , (4.9)

and
|I[U]f |Hs− 1

2 ≤M |f |Ht0+ 1
2 |∂xψ|Hs+ 1

2 . (4.10)

2. Let a = 1 + b, with b ∈ Ht0+1(R), and for all f ∈ L2(R) there holds,
(
aI[U]f, f

)
L2 ≤M(t0 + 3)(1 + |b|Ht0+1)|∂xψ|Ht0+1 |f |

2
L2 . (4.11)

3. Let K ∈ Ht0+1(R), then for all f ∈ H1(R) there holds,
(
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)
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4. For all f ∈ Ḣ
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4 |g|H 1

2 ). (4.13)

Proof. We prove each point in separate steps.

Step 1. To prove the first point, we observe that the first part of I[U]f is estimated by the
product estimate (B.6) and (A.45):
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To estimate the remaining part we first estimate Gµ with (2.2) to find that
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Then use (A.34), the product estimate (B.6), and (A.45) to see that
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For the proof of (4.10), it is proved similarly where we only need to modify the part when
we apply the product estimate.
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For the proof, we need to carefully track the dependencies in the small parameters.
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Fortheproof,weneedtocarefullytrackthedependenciesinthesmallparameters.
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meaningtotheoperatorsgiveninDefinition4.1.Thiswillbedoneinseparatesubsections.
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Proof.Weproveeachpointinseparatesteps.

Step1.Toprovethefirstpoint,weobservethatthefirstpartofI[U]fisestimatedbythe
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Fortheproofof(4.10),itisprovedsimilarlywhereweonlyneedtomodifythepartwhen
weapplytheproductestimate.
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Step 2. In this estimate, we note that the instability operator is a first-order differential
operator acting on f 7→ I[U]f . But the principal symbol is skew-adjoint. Indeed, for the
first part, we use integration by parts

(
a∂x(fV +), f

)
L2 =

(
a(∂xV

+)f, f
)
L2 −

1

2

((
∂x(aV +)

)
f, f

)
L2 .

Then Hölder’s inequality, the Sobolev embedding Ht0(R) ↪→ L∞(R), the product estimate
(B.6), and (A.44) gives

|
(
a∂x(fV +), f

)
L2 | = (1 + |b|Ht0+1)|V +|Ht0+1 |f |2L2

≤ (1 + |b|Ht0+1)|∂xψ|Ht0+1 |f |2L2 .

For the second part, we use integration by parts together with the fact that Gµ and G−µ are
symmetric to make the following decomposition
(
aGµ[εζ](G−µ [εζ])−1

(
∂x(f [[V ±]])

)
, f
)
L2 = −

(
f [[V ±]], ∂x

(
(G−µ [εζ])−1Gµ[εζ](af)

))
L2

= −
(
f [[V ±]], ∂x

(
(G−µ [εζ])−1Gµ[εζ]−Op

( S+

S−SJ

))
(af)

)
L2

+
(
∂x(f [[V ±]]),Op

( S+

S−SJ

)
(af)

)
L2

=: R1 +R2.

For R1 we use Cauchy-Schwarz and estimate (3.19) to deduce that

|R1| ≤ |f [[V ±]]|L2 |((G−µ [εζ])−1Gµ[εζ]−Op
( S+
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)
)(af)|H̊1

≤ ε√µM(t0 + 3)|f [[V ±]]|L2 |af |L2 .

Then use the product estimate (B.6) and (A.45) to get that

|R1| ≤ ε
√
µM(t0 + 3)(1 + |b|Ht0 )|∂xψ|Ht0 |f |2L2 .
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2.

For R1
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2 we use (B.27), for R3
2 we use (B.28), combined with

(B.6) and (A.45) we get that

|R1
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√
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2.
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embedding, estimate (A.45), and (B.10) to find that

|A1| ≤ |[V
+
, (1 +√µ|D|) 1

2 ]
∂x

(1 +√µ|D|) 1
2

f |L2 |g|L2

+ |V
+
|L∞ |

∂x

(1 +√µ|D|) 1
2

f ||(1 +√µ|D|) 1
2 g|L2

≤M |∂xψ|Ht0+ 1
2 |f |Ḣ 1
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For the next result, we will treat the properties of the instability operator. In particular,
we will show that under the stability criterion, we can have a coercivity-type estimate. This
is essential for the well-posedness theory to work and relies on the surface tension parameter
through the Bond number bo−1 > 0. To be clear, we restate the stability criterion in the
introduction:
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and a is given by (4.18), e is given in (4.16), and we define

c(ζ) = e(ζ)2(1 + ε2µ|∂xζ|2L∞)
3
2 .

Proposition 4.6. Let ε, µ, bo−1 ∈ (0, 1), T > 0, t0 ≥ 1, and U = (ζ, ψ) ∈ E N
bo,T be such

that the non-cavitation condition (1.14) holds and satisfies the stability criterion (1.17) on
[0, T ]. Then we have the following set of inequalities on the same time interval:

1. For all u ∈ H1
γ,bo(R), C > 0, and Ins(U) defined by (4.4), one has

(
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)
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γ,bo
. (4.17)

2. For a(U) defined by

a(U) = (1− γ)γε2e(ζ)|[[V ±]]|2L∞ , (4.18)

and there is some C1 > 0 and b(U) defined by

b(U) = (1− γ)γε2√µC1e(ζ)|[[V ±]]|2Ht0+1 , (4.19)

such that for d defined by (1.17) there holds,
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2
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γ,bo
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2
. (4.20)

3. Lastly, there is a control on u ∈ H̊ 1
2 (R) through the inequality

εµ
1
4 |[[V ±]]|2Ht0+1 |u|

H̊
1
2
≤ εC(E1(U))|u|H1
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. (4.21)

Proof. The proof is similar to the one of Lemma 11 in [50]. However, we give a short proof
for the convenience of the reader to track the constants that are responsible for the defini-
tions above. We divide the proof into three steps

Step 1. For the proof of (4.17), we have to deal with the terms:
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a
)
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where the upper bound is direct since the energy includes time derivatives. For the estimate
on I2, we employ (4.14) to find that
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So the upper bound in (4.17) is proved.
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Proof. The proof is similar to the one of Lemma 11 in [50]. However, we give a short proof
for the convenience of the reader to track the constants that are responsible for the defini-
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Step 2. For the proof of (4.20), we need to work on the lower bound in I2. First, we can
replace the lower bound using the commutator estimate (B.8) and Hölder’s inequality to
find that
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Clearly, the proof is over if we have the following inequality

inf
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which holds by (1.17) on [0, T ].

Step 3. To prove the third point, we again use interpolation and the full stability criterion
(1.17) to obtain
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5. A priori estimates

We are now in the position to derive energy estimates for the internal water waves system
(1.13). To define a natural energy to the system, we distinguish between the cases α = 0
and 1 ≤ |α| ≤ N. For α = 0, we have enough regularity on the data to control the solutions
with the energy:
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where G[0]ψ is defined by formula (2.9):
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5. A priori estimates

We are now in the position to derive energy estimates for the internal water waves system
(1.13). To define a natural energy to the system, we distinguish between the cases α = 0
and 1 ≤ |α| ≤ N. For α = 0, we have enough regularity on the data to control the solutions
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For 1 ≤ |α| ≤ N , we use Proposition 4.2 and exploit its quaslinear structure to define a
suitable symmetrizer. In particular, we will need to cancel specific terms in the energy
estimates, and it will be done by introducing the symmetrizer:

Q(U) = Q(1)(U) +Q(2)(U) =

(
Ins[U] 0

0 1
µGµ[εζ]

)
+

(
a(U) + b(U)Λ−1 0

0 0

)
. (5.2)

where a(U) and b(U) are defined by (4.18) and (4.19). With this symmetrizer at hand, we
define energies by

Eα(U) =
(
U(α), Q(U)U(α)

)
L2 . (5.3)

Finally, taking the sum over all α will be the main quantity used to control the principal
part of (1.13):

Ek(U) = E0(U) +
∑

1≤|α|≤k
Eα(U). (5.4)

Before proceeding, we make three comments on the choice of the energy.

Remark 5.1. ho

1. The term Q1[U] in (5.2), is chosen specifically to cancel the principal part:
(
A[U]U(α), Q1(U)U(α)

)
L2 = 0,

which appears naturally in the energy estimates. See estimate of B1
2 in the proof of

Proposition 5.2 below.
2. The role of the term Q2[U] is to make the energy equivalent to the energy norm. In

particular, for (5.4) to be coercive, we need Q2[U] and the stability criterion (1.17)
to have a lower bound on Ins[U] in the energy space.
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Beforeproceeding,wemakethreecommentsonthechoiceoftheenergy.

Remark5.1.ho
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for all 0 < t < T .

Proof. We first prove (5.7) and (5.8) in two separate steps before turning to the proof of
(5.6).
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µ
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Ḣ

1
2
µ

, (5.10)

45

and
1

C
EN(U)≤ENIWW(U)≤CEN(U),(5.8)

forall0<t<T.

Proof.Wefirstprove(5.7)and(5.8)intwoseparatestepsbeforeturningtotheproofof
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Proof. We first prove (5.7) and (5.8) in two separate steps before turning to the proof of
(5.6).

Proof of (5.7). First consider the case k = 0. Let (Gµ[0])
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2 be the square root of the symbol
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The lower bound will be absorbed in EN (U) when summing over all k. While for the upper
bound, we relate ψ with the definition of ψ(α) through the estimate
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The first two terms are controlled by (4.20) and (4.17). While the last term is controlled
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Proof of (5.8). Next, we prove (5.8). To estimate the additional term when |α| = N , we
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2
µ

2∑

j=1

|ψ(α̌j)|Ḣ1
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|Λ
7
2ζ|2H1

γ,bo
+

1

C|∂xψ|
2
H3≤E

0
(U)≤C|ψ|

2
Ḣ4
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Then(B.6)and(A.42)yields,
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Then since the surface tension term can be treated directly by integration by parts, we use
Young’s inequality to find that

∑

|α|=N
|
(
U(α), Q̃(U)U〈α̌〉

)
L2 | ≤

∑

|α|=N
bo−1|
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1

µ
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(
ψ(α),Gµ,(α)ψ〈α̌〉

)
L2 |

≤ 1

2C2
EN (U) +

C2

2
EN−1(U),

for any C2 > 0. Then let C2 ≥ C and use (5.7) with the definition of the modified energy
(5.5) to see that

1

2
EN (U) ≤ ENIWW (U) ≤ C2CE

N (U).

Lastly, we will prove energy estimate (5.6) by considering two cases.

An energy estimate in the case k = 0. We first use (1.13) to make the decomposition

∂tζ =
1

µ
Gµ[0]ψ + εN1(U)

∂tψ = −
(
(1− γ)− bo−1∂2

x

)
ζ + εN2(U),

where

N1(U) =
1

µε
(Gµ[εζ]− Gµ[0])ψ,

and

N2(U) =
1

εbo
∂x

(( 1√
1 + ε2µ(∂xζ)2

− 1
)
∂xζ
)
− 1

2

(
(∂xψ

+)2 + γ(∂xψ
−)2
)
−N (U).

The decomposition emphasizes the terms of order ε, while the linear terms are canceled by
our choice of the energy:
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2

d

dt
E0(U) =

(
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7
2∂tζ,

(
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1

µ
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7
2∂tψ,Gµ[0]Λ

7
2ψ
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7
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L2 +

ε

µ

(
Λ

7
2N2(U),Gµ[0]Λ

7
2ψ
)
L2 .

= A1 +A2.

For the estimate on A1, we use Plancherel’s identity, Cauchy-Schwarz inequality, and (3.22)
to find that

|A1| ≤ εC|∂xψ|
H

7
2
|Λ 9

2 ζ|H1
γ,bo

.

Then to estimate ∂xψ, we use (5.9). Combining these estimates implies

|A1| ≤ εCEN (U).

For the estimate on A2, we integrate by parts and use the algebra property of H
7
2 (R) to

find that

|A2| ≤
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µ
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H
7
2
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H
7
2
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(|∂xψ+|

H
7
2

+ |∂xψ−|
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7
2
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2
)|Gµ[0]ψ|

H
7
2
,

where we recall the definition

N [εζ, ψ] =
1

2µ

γ(G−µ [εζ]ψ− + εµ∂xζ∂xψ
−)2 − (G+

µ [εζ]ψ+ + εµ∂xζ∂xψ
+)2

(1 + ε2µ(∂xζ)2)
.
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Thensincethesurfacetensiontermcanbetreateddirectlybyintegrationbyparts,weuse
Young’sinequalitytofindthat

∑

|α|=N
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2
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foranyC2>0.ThenletC2≥Canduse(5.7)withthedefinitionofthemodifiedenergy
(5.5)toseethat
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EN(U)≤ENIWW(U)≤C2CE

N(U).

Lastly,wewillproveenergyestimate(5.6)byconsideringtwocases.

Anenergyestimateinthecasek=0.Wefirstuse(1.13)tomakethedecomposition
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)
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wherewerecallthedefinition
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Thensincethesurfacetensiontermcanbetreateddirectlybyintegrationbyparts,weuse
Young’sinequalitytofindthat
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Then since the surface tension term can be treated directly by integration by parts, we use
Young’s inequality to find that

∑

|α|=N
|
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∑

|α|=N
bo−1

|
(
ζ(α),K(α)ζ〈α̌〉

)
L2 |+

1

µ |
(
ψ(α),Gµ,(α)ψ〈α̌〉
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for any C2 > 0. Then let C2 ≥ C and use (5.7) with the definition of the modified energy
(5.5) to see that
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Lastly, we will prove energy estimate (5.6) by considering two cases.

An energy estimate in the case k = 0. We first use (1.13) to make the decomposition

∂tζ =
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∂tψ = −
(
(1− γ)− bo−1

∂
2
x

)
ζ + εN2(U),

where

N1(U) =
1

µε
(Gµ[εζ]− Gµ[0])ψ,

and

N2(U) =
1

εbo
∂x

(( 1
√

1 + ε2µ(∂xζ)2 − 1
)
∂xζ
)
−

1

2

(
(∂xψ

+
)
2

+ γ(∂xψ−)
2)
−N (U).

The decomposition emphasizes the terms of order ε, while the linear terms are canceled by
our choice of the energy:
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For the estimate on A1, we use Plancherel’s identity, Cauchy-Schwarz inequality, and (3.22)
to find that

|A1| ≤ εC|∂xψ|H 7
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9
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.

Then to estimate ∂xψ, we use (5.9). Combining these estimates implies

|A1| ≤ εCE
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For the estimate on A2, we integrate by parts and use the algebra property of H
7
2 (R) to

find that

|A2| ≤
ε

µ
bo−1

C|∂xζ|H 7
2 |Gµ[0]ψ|H 7

2 +
ε

µ
(|∂xψ

+
|H 7

2 + |∂xψ−|
H

7
2 + |N (U)|H 7

2 )|Gµ[0]ψ|H 7
2 ,

where we recall the definition
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µ [εζ]ψ+ + εµ∂xζ∂xψ+)2

(1 + ε2µ(∂xζ)2)
.
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Then since the surface tension term can be treated directly by integration by parts, we use
Young’s inequality to find that
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Thensincethesurfacetensiontermcanbetreateddirectlybyintegrationbyparts,weuse
Young’sinequalitytofindthat
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Lastly,wewillproveenergyestimate(5.6)byconsideringtwocases.
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Thensincethesurfacetensiontermcanbetreateddirectlybyintegrationbyparts,weuse
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Thensincethesurfacetensiontermcanbetreateddirectlybyintegrationbyparts,weuse
Young’sinequalitytofindthat

∑

|α|=N
|
(
U(α),Q̃(U)U〈α̌〉

)
L2|≤

∑

|α|=N
bo−1

|
(
ζ(α),K(α)ζ〈α̌〉

)
L2|+

1

µ|
(
ψ(α),Gµ,(α)ψ〈α̌〉

)
L2|

≤
1

2C2
E
N

(U)+
C2

2E
N−1

(U),

foranyC2>0.ThenletC2≥Canduse(5.7)withthedefinitionofthemodifiedenergy
(5.5)toseethat

1

2
E
N

(U)≤E
N
IWW(U)≤C2CE

N
(U).

Lastly,wewillproveenergyestimate(5.6)byconsideringtwocases.

Anenergyestimateinthecasek=0.Wefirstuse(1.13)tomakethedecomposition

∂tζ=
1

µGµ[0]ψ+εN1(U)

∂tψ=−
(
(1−γ)−bo−1

∂
2
x

)
ζ+εN2(U),

where

N1(U)=
1

µε
(Gµ[εζ]−Gµ[0])ψ,

and

N2(U)=
1

εbo
∂x

((1
√

1+ε2µ(∂xζ)2−1
)
∂xζ
)
−

1

2

(
(∂xψ

+
)
2

+γ(∂xψ−)
2)
−N(U).

Thedecompositionemphasizesthetermsoforderε,whilethelineartermsarecanceledby
ourchoiceoftheenergy:

1

2

d

dt
E

0
(U)=

(
Λ

7
2∂tζ,(

(1−γ)−bo−1
∂

2
x

)
Λ

7
2ζ)

L2+
1

µ

(
Λ

7
2∂tψ,Gµ[0]Λ

7
2ψ)

L2

=ε
(
Λ

7
2N1(U),

(
(1−γ)−bo−1

∂
2
x

)
Λ

7
2ζ)

L2+
ε

µ

(
Λ

7
2N2(U),Gµ[0]Λ

7
2ψ)

L2.

=A1+A2.

FortheestimateonA1,weusePlancherel’sidentity,Cauchy-Schwarzinequality,and(3.22)
tofindthat

|A1|≤εC|∂xψ|H7
2|Λ

9
2ζ|H1

γ,bo
.

Thentoestimate∂xψ,weuse(5.9).Combiningtheseestimatesimplies

|A1|≤εCE
N

(U).

FortheestimateonA2,weintegratebypartsandusethealgebrapropertyofH
7
2(R)to

findthat

|A2|≤
ε

µ
bo−1

C|∂xζ|H7
2|Gµ[0]ψ|H7

2+
ε

µ
(|∂xψ

+
|H7

2+|∂xψ−|
H

7
2+|N(U)|H7

2)|Gµ[0]ψ|H7
2,

wherewerecallthedefinition

N[εζ,ψ]=
1

2µ

γ(G−µ[εζ]ψ−+εµ∂xζ∂xψ−)2−(G+
µ[εζ]ψ++εµ∂xζ∂xψ+)2

(1+ε2µ(∂xζ)2)
.

46

Thensincethesurfacetensiontermcanbetreateddirectlybyintegrationbyparts,weuse
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To conclude, we simply use (B.1) to control 1
µGµ[0]ψ, while for the remaining quantities we

use Corollary A.18 and estimates (A.40) with (5.9) to get that

|∂xψ+|2
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2

+ |∂xψ−|2
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7
2
≤ C|∂xψ|2

H
7
2
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Moreover, to deal with the terms in N (U) we use the algebra property of H
7
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(A.42) to obtain
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where in the last estimate we argued as in (5.9) and used the assumption ε
√
µ = bo−1.

Gathering all these estimates, we find that

d

dt
E0(U) ≤ εCEN (U). (5.11)

An energy estimate in the case 1 ≤ k ≤ N . We first derive an estimate on each Eα(U) de-
fined by (5.3) for 1 ≤ |α| ≤ N . To do so, we use the self-adjointness of Q(U) to find
that
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Toconclude,wesimplyuse(B.1)tocontrol1
µGµ[0]ψ,whilefortheremainingquantitieswe

useCorollaryA.18andestimates(A.40)with(5.9)togetthat
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Gatheringalltheseestimates,wefindthat
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To conclude, we simply use (B.1) to control
1
µGµ[0]ψ, while for the remaining quantities we

use Corollary A.18 and estimates (A.40) with (5.9) to get that
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inequality,Sobolevembeddingwiths>
1
2,and(B.6)tofindthat

|B
1,1
1|≤

1

2|∂ta|Hs|ζ(α)|
2
L2

≤ε(|∂
2
tw

+
|Hs+|V

+
|Hs|∂t∂xw+

|Hs)|ζ(α)|
2
L2

+ε(|∂
2
tw−|Hs+|V−|Hs|∂t∂xw−|Hs)|ζ(α)|

2
L2.

47

Toconclude,wesimplyuse(B.1)tocontrol
1
µGµ[0]ψ,whilefortheremainingquantitieswe

useCorollaryA.18andestimates(A.40)with(5.9)togetthat

|∂xψ
+
|
2

H
7
2

+|∂xψ−|2
H

7
2≤C|∂xψ|

2

H
7
2≤CE

N
(U).

Moreover,todealwiththetermsinN(U)weusethealgebrapropertyofH
7
2(R),estimate

(A.42)toobtain

|N(U)|H7
2≤C(

γ

µ|w−|2
H

7
2

+
1

µ|w
+
|
2

H
7
2
)≤C|∂xψ|

2

H
9
2≤CE

N
(U),

whereinthelastestimatewearguedasin(5.9)andusedtheassumptionε√µ=bo−1
.

Gatheringalltheseestimates,wefindthat

d

dt
E

0
(U)≤εCE

N
(U).(5.11)

Anenergyestimateinthecase1≤k≤N.WefirstderiveanestimateoneachEα(U)de-
finedby(5.3)for1≤|α|≤N.Todoso,weusetheself-adjointnessofQ(U)tofind
that

1

2

d

dt
Eα(U)=

1

2

(
U(α),

(
∂tQ(U)

)
U(α)

)
L2+

(
∂tU(α),Q(U)U(α)

)
L2

=B1+B2.

ControlofB1.BydefinitionofQ(U)givenby(5.2),wefindthat

B1=
1

2

(
[∂t,Ins(U)]ζ(α),ζ(α)

)
L2+

1

2µ

(
[∂t,G]ψ(α),ψ(α)

)
L2

+
1

2

(
(∂ta)ζ(α),ζ(α)

)
L2+

1

2

(
(∂tb)ζ(α),Λ−1

ζ(α)

)
L2

=B
1
1+B

2
1+B

3
1+B

4
1.

FortheestimateonB1
1,wehavebydefinitionandintegrationbypartsthat

B
1
1=

1

2

(
ζ(α),

(
∂ta
)
ζ(α)

)
L2+

1

2bo

(
∂xζ(α),

[
∂t,K[ε√µ∂

xζ]
]
∂xζ(α)

)
L2

−(1−γ)γε
2
µ
((
∂t[[V±]]

)
ζ(α),Eµ[εζ]

(
ζ(α)[[V±]]

))
L2

−
1

2
(1−γ)γε

2
µ
(
[[V±]]ζ(α),

[
∂t,Eµ[εζ]

](
ζ(α)[[V±]]

))
L2

=B
1,1
1+B

1,2
1+B

1,3
1+B

1,4
1.

FortheestimateonB
1,1
1,wehavebydefinitionofagivenby(4.1)andestimates:Hölder’s
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For ∂2
tw

+ we can use that it also satisfies estimate (A.12) and use it with (A.42) and (A.40)
to find that
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Ḣ
1
2
µ

+ ε|wζ(α)|
2

Ḣ
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Asaresult,weobtainbyHölder’sinequalityandthedefinitionoftheenergythat

|B
1,2
1|≤εCE

N
(U).

FortheestimateonB
1,3
1,weuseestimates(4.14),(4.24),and(4.21):

B
1,3
1≤(1−γ)γε

2
µ|(1+√µ|D|)1

2(ζ(α)[[V±]])|
2
L2

≤εCE
N

(U).

Likewise,theestimateonB
1,4
1wesimplyuse(4.15)insteadof(4.14)toobtainthesame

boundandwededucethat

|B
1
1|≤εCE

N
(U).

Clearly,theestimatesonB3
1andB4

1isestimatedsimilarlytoB
1,1
1,whileweestimateB2

1

wehavebydirectcomputationsthat

|B
2
1|≤

1

2µ

(
[∂t,G

+
µ](Jµ)−1

ψ(α),ψ(α)

)
L2+

1

2µ

(
G

+
µ(Jµ)−1

(dJµ(∂tζ))(Jµ)−1
ψ(α),ψ(α)

)
L2.

ForthefirsttermweuseProposition3.6of[8]with(2.23),whiletheforthesecondterm
wealsouse(A.6),(2.23),andthen(A.55)tofindthat

|B
2
1|≤εCE

N
(U).

Collectingeachestimatesofargives

|B1|≤εCE
N

(U).

ControlofB2.Weusesystem(4.7)tofindthat

B2=−
(
A[U]U(α),Q(U)U(α)

)
L2−

(
B[U]U(α),Q(U)U(α)

)
L2

−
(
C[U]U〈α̌〉,Q(U)U(α)

)
L2+ε

(
(Rα,Sα)

T
,Q(U)U(α)

)
L2

=B
1
2+B

2
2+B

3
2+B

4
2.

48

For∂2
tw+wecanusethatitalsosatisfiesestimate(A.12)anduseitwith(A.42)and(A.40)

tofindthat

|∂
2
tw

+
|H1≤

2∑

j=1

µ
3
4|∂jtζ|H2|∂

2−j
tψ|Ḣ2
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2
µ

)

≤M|ψ(α)|Ḣ1
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Ḣ
1
2
µ

≤ εM |V
+
|H2 |ψ(α)|

2

Ḣ
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Ḣ
1
2
µ

≤εCE
N

(U).

FortheestimateonB
2,2,1,2
2,weletg̃=(G−µ)−1G+

µψ(α)anduse(A.27).Itisthenstraight-
forwardtoobtainthedesiredboundusingalso(2.11):

|B
2,2,1,1
2|≤γ

ε

µ|
(
V

+
∂xg̃,G−µg̃)

L2|

≤εµ−
1
2M|V+

|W1,∞|g̃|
2

H̊
1
2

≤εCE
N

(U).

Lastly,fortheestimateonB
2,2,2
2weletg]=(G−µ)−1Gµψ(α),andagainuse(A.27)with(2.4)

and(2.23):

|B
2,2,2
2|=γ

ε

µ|
(
[[V±]]∂xg

]
,G−µg])

L2|

≤εµ−
1
2M|(G−µ)−1

G
+
µJ−1

µψ(α)|
2

H̊
1
2

≤εCE
N

(U).

Fromtheseestimates,weconcludetheboundonB2
2wherewefindthat

|B
2
2|≤εCE

N
(U).

ControlofB3
2.Togetanestimateoforderεweneedtocancelthefollowingterm(when

k=N):

B
3,1
2:=

(
C[U]U〈α̌〉,Q1(U)U(α)

)
L2=−

(
A[U]U(α),Q̃(U)U〈α̌〉

)
L2.

WewillcancelB
3,1
2laterbyintroducingQ̃intotheenergy(seeRemark5.1).Therefore,we

maydecompose(B3
2−B

3,1
2)intotwoparts:

(B
3
2−B

3,1
2)=

1

µ
a(U)

(
Gµ,(α)ψ〈α̌〉,ζ(α)

)
L2+

1

µ
b(U)

(
Gµ,(α)ψ〈α̌〉,Λ−1

ζ(α)

)
L2

=B
3,2
2+B

3,3
2.

However,thesetermsareeasilydealtwithusingestimatesonG+
µand(Jµ)−1(similarto

(5.10))andthatε≤bo−
1
2toobtain

|B
3,2
2|+|B

3,3
2|≤εCE

N
(U).

50



Control of B4
2 . For B4

2 we have to estimate the following terms,

B4
2 = ε

(
Rα, Ins[U]ζ(α)

)
L2 +

ε

µ

(
Sα,Gµψ(α)

)
L2

+ εa(U)
(
Rα, ζ(α)

)
L2 + εb(U)

(
Rα,Λ

−1ζ(α)

)
L2 .

For the first term, we use (4.17) and (4.8) to obtain,

ε|
(
Rα, Ins[U]ζ(α)

)
L2 | ≤ εCE1(U)|Rα|H1

γ,bo
≤ εCEN (U).

For the second term is treated by (2.8), (4.8), and (4.21) to get

ε

µ
|
(
Sα,Gµψ(α)

)
L2 | ≤ εM |Sα|

Ḣ
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6. Proof of Theorem 1.7

The strategy for the proof of Theorem 1.7 is classical, and we refer the reader to [51]
Chapter 4 for a detailed proof in the case of the water waves equations. See also Chapter
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now give the main steps involved.
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Proof. The first step is to regularize the internal water waves equations (1.13), and use the
Fixed Point Theorem to deduce the existence of a solution. In fact, the solution is smooth.
However, the existence time depends on the regularization parameter and shrinks to zero
when taking the limit. To extend the existence time, we verify non-cavitatation condition
and the stability criteria on a long-time scale using the Fundamental Theorem of Calculus.
Then one applies Proposition 5.2 and uses compactness to deduce a limit.

For uniqueness, one needs to have an estimate of the difference between two solutions,
which can be proved with estimates similar to the ones used for the proof of Proposition
5.2. �

7. Proof of Theorem 1.14

Since the long-time well-posedness of the unidirectional model (1.25) is classical (see
Remark 1.16) we only give the proof for (1.27). The strategy of the proof is the same as
for (1.13). It relies on the energy method, where we need to find a suitable symmetrizer for
the system. For simplicity, let U = (ζ, v)T , and we write (1.27) on the compact form:

∂tU +M(U)U = 0, (7.1)

with

M(U) =

(
εv∂x (h− γ tanh(

√
µ|D|))∂x

(1− γ)∂x εv∂x

)
, (7.2)

where h = 1 + εζ. To define an energy, we introduce the symmetrizer

Q(U) =

(
(1− γ) 0

0 (h− γ tanh(
√
µ|D|))

)
. (7.3)

Then the energy associated with the weakly dispersive BO system (1.27) can be written as

EsBOs(U) =
(
ΛsU,Q(U)ΛsU

)
L2 .

We will use this energy to deduce a bound on the solutions of (7.2). As noted in the proof
Theorem 1.7, this is not enough. One also needs a uniqueness type estimate to establish
the well-posedness with the energy method. This estimate is derived similarly, but since
we will need it for the proof of the full justification, we also state it in the next result. For
convenience, we let two solutions of (7.2) be given by U1 = (ζ1, v1)T and U2 = (ζ2, v2)T

where we define (η, w) = (ζ1 − ζ2, u1 − u2). Then W = (η, w)T solves

∂tW +M(U1, D)W = F, (7.4)

with M defined as in (7.2) and the source term is given by

F = −
(
M(U1)−M(U2)

)
U2. (7.5)

The energy associated to (7.4) is given in terms of the symmetrizer Q(U1) defined in (7.3)
and reads

ẼsBOs(W) :=
(
JsW,Q(U1)JsW

)
L2 . (7.6)

From these energies, we have the following a priori estimate and an estimate on the
difference between two solutions.

Proposition 7.1. Let ε, µ, γ ∈ (0, 1), s > 3
2 , and (ζ, v) ∈ C([0, T ];Hs(R) × Hs(R)) be a

solution to (7.1) on a time interval [0, T ] for some T > 0. Moreover, assume that (1.24)
holds uniformly in time and define K(s) = C1(h−1

min,γ , |(ζ, v)|Hs×Hs) > 0. Then, for the
energy given in Definition 5.4, there holds,
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1. For all 0 < t < T , we have that

d

dt
EsBOs(U) ≤ εK(s)Es(U). (7.7)

2. For all 0 < t < T , there exist C2 > 0 such that

C−1
2 |(ζ, v)|2Hs×Hs ≤ EsBOs(U) ≤ C2|(ζ, v)|2Hs×Hs . (7.8)

Moreover, let (ζ1, v1), (ζ1, v1) ∈ C([0, T ];Hs(R) × Hs(R)) be solutions to (7.1) on a time
interval [0, T ] and satisfying the condition (1.24) uniformly in time. Define the difference

to be W = (η, w) = (ζ1 − ζ2, v1 − v2) and let K̃(s) = C3(h−1
min,γ , |(ζi, vi)|Hs×Hs) > 0 for

i = 1, 2. Then, for the energy defined by (7.6), there holds

3. For all 0 < t < T , we have that

d

dt
Ẽ0

BOs(W) ≤ εK̃(s)Ẽ0
BOs(W). (7.9)

4. For all 0 < t < T , we have that

d

dt
ẼsBOs(W) ≤ εK̃(s+ 1)ẼsBOs(W). (7.10)

5. For all 0 < t < T and r ≥ 0, there exist C3 > 0 such that

C−1
3 |(η, w)|2Hr×Hr ≤ ẼrBOs(W) ≤ C3|(η, w)|2Hr×Hr . (7.11)

Remark 7.2. In estimate (7.10), we observe that there is a loss of derivative. This is not
sufficient for the proof of the continuous dependence with respect to initial data. In fact,
one would have to refine this estimate using a Bona-Smith argument [16]. Since we are not
concerned with the details of the well-posedness of this system, we simply allow this rough
estimate and use it to deduce a the convergence estimate when comparing its solution with
the ones of the internal water waves system.

Proof of Proposition 7.1. The proof of point 3 − 5 is similar to the proof of the first two
points. We will therefore only prove (7.7) and (7.8).

We first prove estimate (7.8). By definition, we have that

EsBOs(U) = (1− γ)|Λsζ|2L2 +
(
Λsv, (h− γ tanh(

√
µ|D|))Λsv

)
L2 .

Then, as a result of the γ-dependent surface condition (1.24) and Plancherel’s identity
(
Λsv, (h− γ tanh(

√
µ|D|))Λsv

)
L2 ≥ hmin,γ |v|2Hs ,

since 0 ≤ tanh(
√
µ|ξ|) ≤ 1. The reverse inequality is a consequence of Hölder’s inequality,

the Sobolev embedding with s > 3
2 :

EsBOs(U) ≤ |ζ|2Hs + |
√

tanh(
√
µ|D|)v|2Hs + (1 + ε|ζ|L∞)|v|2Hs

≤ K(s)|(ζ, v)|2Hs×Hs .

Next, we prove (7.7). By using (7.1) and the fact that Q(U) is self-adjoint, we compute

1

2

d

dt
EsBOs(U) = −

(
ΛsM(U)U,Q(U)ΛsU

)
L2 +

1

2

(
ΛsU, (∂tQ(U))ΛsU

)
L2

= −I + II.

Control of I. We may write

I =
(
[Λs,M(U)]U,Q(U)ΛsU

)
L2 +

(
Q(U)M(U)ΛsU,ΛsU

)
L2

=: I1 + I2.
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min,γ,|(ζi,vi)|Hs×Hs)>0for
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sufficientfortheproofofthecontinuousdependencewithrespecttoinitialdata.Infact,
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5.Forall0<t<Tandr≥0,thereexistC3>0suchthat

C−1
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2
Hs×Hs . (7.8)

Moreover, let (ζ1, v1), (ζ1, v1) ∈ C([0, T ];Hs(R) × Hs(R)) be solutions to (7.1) on a time
interval [0, T ] and satisfying the condition (1.24) uniformly in time. Define the difference

to be W = (η, w) = (ζ1 − ζ2, v1 − v2) and let K̃(s) = C3(h−1
min,γ , |(ζi, vi)|Hs×Hs) > 0 for

i = 1, 2. Then, for the energy defined by (7.6), there holds
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Remark 7.2. In estimate (7.10), we observe that there is a loss of derivative. This is not
sufficient for the proof of the continuous dependence with respect to initial data. In fact,
one would have to refine this estimate using a Bona-Smith argument [16]. Since we are not
concerned with the details of the well-posedness of this system, we simply allow this rough
estimate and use it to deduce a the convergence estimate when comparing its solution with
the ones of the internal water waves system.

Proof of Proposition 7.1. The proof of point 3 − 5 is similar to the proof of the first two
points. We will therefore only prove (7.7) and (7.8).
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tobeW=(η,w)=(ζ1−ζ2,v1−v2)andletK̃(s)=C3(h−1
min,γ,|(ζi,vi)|Hs×Hs)>0for

i=1,2.Then,fortheenergydefinedby(7.6),thereholds

3.Forall0<t<T,wehavethat

d

dt
Ẽ
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Remark7.2.Inestimate(7.10),weobservethatthereisalossofderivative.Thisisnot
sufficientfortheproofofthecontinuousdependencewithrespecttoinitialdata.Infact,
onewouldhavetorefinethisestimateusingaBona-Smithargument[16].Sincewearenot
concernedwiththedetailsofthewell-posednessofthissystem,wesimplyallowthisrough
estimateanduseittodeduceatheconvergenceestimatewhencomparingitssolutionwith
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r
BOs(W)≤C3|(η,w)|

2
Hr×Hr.(7.11)

Remark7.2.Inestimate(7.10),weobservethatthereisalossofderivative.Thisisnot
sufficientfortheproofofthecontinuousdependencewithrespecttoinitialdata.Infact,
onewouldhavetorefinethisestimateusingaBona-Smithargument[16].Sincewearenot
concernedwiththedetailsofthewell-posednessofthissystem,wesimplyallowthisrough
estimateanduseittodeduceatheconvergenceestimatewhencomparingitssolutionwith
theonesoftheinternalwaterwavessystem.

ProofofProposition7.1.Theproofofpoint3−5issimilartotheproofofthefirsttwo
points.Wewillthereforeonlyprove(7.7)and(7.8).

Wefirstproveestimate(7.8).Bydefinition,wehavethat

E
s
BOs(U)=(1−γ)|Λ

s
ζ|

2
L2+

(
Λ
s
v,(h−γtanh(√µ|D|))Λsv)

L2.

Then,asaresultoftheγ-dependentsurfacecondition(1.24)andPlancherel’sidentity
(
Λ
s
v,(h−γtanh(√µ|D|))Λsv)

L2≥hmin,γ|v|
2
Hs,

since0≤tanh(√µ|ξ|)≤1.ThereverseinequalityisaconsequenceofHölder’sinequality,
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Control of I1. It follows from the Cauchy-Schwarz inequality that

|I1| ≤ |[Λs,M(U)]U|L2 |Q(U)ΛsU|L2 ,

where the first term is treated using the commutator estimate (B.8) yields

|[Λs,M(U)]U|L2 ≤ ε|[Λs, v]∂xζ|L2 + ε|[Λs, ζ]∂xv|L2 + ε|[Λs, v]∂xv|L2

≤ εK(s)|(ζ, v)|Hs×Hs .

The second term is easily treated by Hölder’s inequality, the Sobolev embedding with s > 1
2 :

|Q(U)ΛsU|L2 . |Λsζ|L2 + ε|ζ|L∞ |Λsv|L2 ≤ K(s)|(ζ, v)|Hs×Hs .

The desired bound on I1 then follows:

|I1| ≤ εK(s)|(ζ, v)|2Hs×Hs .

Control of I2. By definition, we must estimate the following terms,
(
Q(U, D)M(U)ΛsU,ΛsU

)
L2

= (1− γ)ε
(
v∂xΛsζ,Λsζ

)
L2 + (1− γ)

(
(h− γ tanh(

√
µ|D|))∂xΛsv,Λsζ

)
L2

+ (1− γ)
(
(h− γ tanh(

√
µ|D|))∂xΛsζ,Λsv

)
L2 +

(
(h− γ tanh(

√
µ|D|))Λsv,Λsv

)
L2

=: I1
1 + I2

1 + I3
1 + I4

2 .

Control of I1
1 . Using integration by part and the Sobolev embedding yields

|I1
1 | ≤ (1− γ)

ε

2

∣∣(∂xvΛsζ,Λsζ
)
L2

∣∣ ≤ εK(s)|(ζ, v)|3Hs×Hs .

Control of I1
1 + I2

1 . Observe, after integration by parts that

I1
1 = −I2

1 − ε
(
(∂xζ)Λsv,Λsv

)
L2 .

The first term cancels with I2
1 , while the Sobolev embedding easily controls the remaining

part,
ε|
(
(∂xζ)Λsv,Λsv

)
L2 | ≤ εK(s)|(ζ, v)|3Hs×Hs .

Control of II. Using equation (7.1) gives us the following terms to estimate,

II = ε
(
Λsv, (∂tζ)Λsv

)
L2

= −ε
(
Λsv,

(
(h− γ tanh(

√
µ|D|))∂xv

)
Λsv

)
L2 − ε2

(
Λsv, (∂x(ζv))Λsv

)
L2 .

Consequently, the desired estimate follows from Hölder’s inequality and the Sobolev em-
bedding

|II| ≤ εK(s)|(ζ, v)|2Hs×Hs . (7.12)

Adding together all the estimates, combined with (7.8) yields,

d

dt
EsBOs(U) ≤ εK(s)EsBOs(U),

and completes the proof of Proposition 7.1.
�

Proof of Theorem 1.14. The proof is an application of the energy method where we use
the estimates in Proposition 7.1 and Remark 7.2. We refer the reader to [64] for a similar
proof. �
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ControlofI1.ItfollowsfromtheCauchy-Schwarzinequalitythat

|I1|≤|[Λs,M(U)]U|L2|Q(U)ΛsU|L2,

wherethefirsttermistreatedusingthecommutatorestimate(B.8)yields

|[Λs,M(U)]U|L2≤ε|[Λs,v]∂xζ|L2+ε|[Λs,ζ]∂xv|L2+ε|[Λs,v]∂xv|L2

≤εK(s)|(ζ,v)|Hs×Hs.

ThesecondtermiseasilytreatedbyHölder’sinequality,theSobolevembeddingwiths>1
2:

|Q(U)ΛsU|L2.|Λsζ|L2+ε|ζ|L∞|Λsv|L2≤K(s)|(ζ,v)|Hs×Hs.

ThedesiredboundonI1thenfollows:

|I1|≤εK(s)|(ζ,v)|2Hs×Hs.

ControlofI2.Bydefinition,wemustestimatethefollowingterms,
(
Q(U,D)M(U)ΛsU,ΛsU

)
L2

=(1−γ)ε
(
v∂xΛsζ,Λsζ

)
L2+(1−γ)

(
(h−γtanh(

√
µ|D|))∂xΛsv,Λsζ

)
L2

+(1−γ)
(

(h−γtanh(
√

µ|D|))∂xΛsζ,Λsv
)
L2+

(
(h−γtanh(

√
µ|D|))Λsv,Λsv

)
L2

=:I1
1+I2

1+I3
1+I4

2.

ControlofI1
1.UsingintegrationbypartandtheSobolevembeddingyields

|I1
1|≤(1−γ)

ε

2

∣∣(∂xvΛsζ,Λsζ
)
L2

∣∣≤εK(s)|(ζ,v)|3Hs×Hs.

ControlofI1
1+I2

1.Observe,afterintegrationbypartsthat

I1
1=−I2

1−ε
(

(∂xζ)Λsv,Λsv
)
L2.

ThefirsttermcancelswithI2
1,whiletheSobolevembeddingeasilycontrolstheremaining

part,
ε|
(

(∂xζ)Λsv,Λsv
)
L2|≤εK(s)|(ζ,v)|3Hs×Hs.

ControlofII.Usingequation(7.1)givesusthefollowingtermstoestimate,

II=ε
(

Λsv,(∂tζ)Λsv
)
L2

=−ε
(

Λsv,
(

(h−γtanh(
√

µ|D|))∂xv
)

Λsv
)
L2−ε2

(
Λsv,(∂x(ζv))Λsv

)
L2.

Consequently,thedesiredestimatefollowsfromHölder’sinequalityandtheSobolevem-
bedding

|II|≤εK(s)|(ζ,v)|2Hs×Hs.(7.12)

Addingtogetheralltheestimates,combinedwith(7.8)yields,

d

dt
EsBOs(U)≤εK(s)EsBOs(U),

andcompletestheproofofProposition7.1.
�

ProofofTheorem1.14.Theproofisanapplicationoftheenergymethodwhereweuse
theestimatesinProposition7.1andRemark7.2.Wereferthereaderto[64]forasimilar
proof.�
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ControlofI1.ItfollowsfromtheCauchy-Schwarzinequalitythat

|I1|≤|[Λs,M(U)]U|L2|Q(U)ΛsU|L2,

wherethefirsttermistreatedusingthecommutatorestimate(B.8)yields

|[Λs,M(U)]U|L2≤ε|[Λs,v]∂xζ|L2+ε|[Λs,ζ]∂xv|L2+ε|[Λs,v]∂xv|L2

≤εK(s)|(ζ,v)|Hs×Hs.

ThesecondtermiseasilytreatedbyHölder’sinequality,theSobolevembeddingwiths>1
2:

|Q(U)ΛsU|L2.|Λsζ|L2+ε|ζ|L∞|Λsv|L2≤K(s)|(ζ,v)|Hs×Hs.

ThedesiredboundonI1thenfollows:

|I1|≤εK(s)|(ζ,v)|2Hs×Hs.

ControlofI2.Bydefinition,wemustestimatethefollowingterms,
(
Q(U,D)M(U)ΛsU,ΛsU

)
L2

=(1−γ)ε
(
v∂xΛsζ,Λsζ

)
L2+(1−γ)

(
(h−γtanh(

√
µ|D|))∂xΛsv,Λsζ

)
L2

+(1−γ)
(

(h−γtanh(
√

µ|D|))∂xΛsζ,Λsv
)
L2+

(
(h−γtanh(

√
µ|D|))Λsv,Λsv

)
L2

=:I1
1+I2

1+I3
1+I4

2.

ControlofI1
1.UsingintegrationbypartandtheSobolevembeddingyields

|I1
1|≤(1−γ)

ε

2

∣∣(∂xvΛsζ,Λsζ
)
L2

∣∣≤εK(s)|(ζ,v)|3Hs×Hs.

ControlofI1
1+I2

1.Observe,afterintegrationbypartsthat

I1
1=−I2

1−ε
(

(∂xζ)Λsv,Λsv
)
L2.

ThefirsttermcancelswithI2
1,whiletheSobolevembeddingeasilycontrolstheremaining

part,
ε|
(

(∂xζ)Λsv,Λsv
)
L2|≤εK(s)|(ζ,v)|3Hs×Hs.

ControlofII.Usingequation(7.1)givesusthefollowingtermstoestimate,

II=ε
(

Λsv,(∂tζ)Λsv
)
L2

=−ε
(

Λsv,
(

(h−γtanh(
√

µ|D|))∂xv
)

Λsv
)
L2−ε2

(
Λsv,(∂x(ζv))Λsv

)
L2.

Consequently,thedesiredestimatefollowsfromHölder’sinequalityandtheSobolevem-
bedding

|II|≤εK(s)|(ζ,v)|2Hs×Hs.(7.12)

Addingtogetheralltheestimates,combinedwith(7.8)yields,

d

dt
EsBOs(U)≤εK(s)EsBOs(U),

andcompletestheproofofProposition7.1.
�

ProofofTheorem1.14.Theproofisanapplicationoftheenergymethodwhereweuse
theestimatesinProposition7.1andRemark7.2.Wereferthereaderto[64]forasimilar
proof.�
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Control of I1. It follows from the Cauchy-Schwarz inequality that

|I1| ≤ |[Λ
s
,M(U)]U|L2 |Q(U)Λ

s
U|L2 ,

where the first term is treated using the commutator estimate (B.8) yields

|[Λ
s
,M(U)]U|L2 ≤ ε|[Λ

s
, v]∂xζ|L2 + ε|[Λ

s
, ζ]∂xv|L2 + ε|[Λ

s
, v]∂xv|L2

≤ εK(s)|(ζ, v)|Hs×Hs .

The second term is easily treated by Hölder’s inequality, the Sobolev embedding with s >
1
2 :

|Q(U)Λ
s
U|L2 . |Λ

s
ζ|L2 + ε|ζ|L∞ |Λsv|L2 ≤ K(s)|(ζ, v)|Hs×Hs .

The desired bound on I1 then follows:

|I1| ≤ εK(s)|(ζ, v)|
2
Hs×Hs .

Control of I2. By definition, we must estimate the following terms,
(
Q(U, D)M(U)Λ

s
U,Λ

s
U
)
L2

= (1− γ)ε
(
v∂xΛ

s
ζ,Λ

s
ζ
)
L2 + (1− γ)

(
(h− γ tanh(√µ|D|))∂

xΛ
s
v,Λ

s
ζ
)
L2

+ (1− γ)
(
(h− γ tanh(√µ|D|))∂

xΛ
s
ζ,Λ

s
v
)
L2 +

(
(h− γ tanh(√µ|D|))Λsv,Λsv)

L2

=: I
1
1 + I

2
1 + I

3
1 + I

4
2 .

Control of I1
1 . Using integration by part and the Sobolev embedding yields

|I
1
1 | ≤ (1− γ)

ε

2

∣∣(
∂xvΛ

s
ζ,Λ

s
ζ
)
L2

∣∣
≤ εK(s)|(ζ, v)|

3
Hs×Hs .

Control of I1
1 + I2

1 . Observe, after integration by parts that

I
1
1 = −I

2
1 − ε

(
(∂xζ)Λ

s
v,Λ

s
v
)
L2 .

The first term cancels with I2
1 , while the Sobolev embedding easily controls the remaining

part,
ε|
(
(∂xζ)Λ

s
v,Λ

s
v
)
L2 | ≤ εK(s)|(ζ, v)|

3
Hs×Hs .

Control of II. Using equation (7.1) gives us the following terms to estimate,

II = ε
(
Λ
s
v, (∂tζ)Λ

s
v
)
L2

= −ε
(
Λ
s
v,
(
(h− γ tanh(√µ|D|))∂

xv
)
Λ
s
v
)
L2 − ε

2(
Λ
s
v, (∂x(ζv))Λ

s
v
)
L2 .

Consequently, the desired estimate follows from Hölder’s inequality and the Sobolev em-
bedding

|II| ≤ εK(s)|(ζ, v)|
2
Hs×Hs . (7.12)

Adding together all the estimates, combined with (7.8) yields,

d

dt
E
s
BOs(U) ≤ εK(s)E

s
BOs(U),

and completes the proof of Proposition 7.1.
�

Proof of Theorem 1.14. The proof is an application of the energy method where we use
the estimates in Proposition 7.1 and Remark 7.2. We refer the reader to [64] for a similar
proof. �

54

Control of I1. It follows from the Cauchy-Schwarz inequality that

|I1| ≤ |[Λ
s
,M(U)]U|L2 |Q(U)Λ

s
U|L2 ,

where the first term is treated using the commutator estimate (B.8) yields

|[Λ
s
,M(U)]U|L2 ≤ ε|[Λ

s
, v]∂xζ|L2 + ε|[Λ

s
, ζ]∂xv|L2 + ε|[Λ

s
, v]∂xv|L2

≤ εK(s)|(ζ, v)|Hs×Hs .

The second term is easily treated by Hölder’s inequality, the Sobolev embedding with s >
1
2 :

|Q(U)Λ
s
U|L2 . |Λ

s
ζ|L2 + ε|ζ|L∞ |Λsv|L2 ≤ K(s)|(ζ, v)|Hs×Hs .

The desired bound on I1 then follows:

|I1| ≤ εK(s)|(ζ, v)|
2
Hs×Hs .

Control of I2. By definition, we must estimate the following terms,
(
Q(U, D)M(U)Λ

s
U,Λ

s
U
)
L2

= (1− γ)ε
(
v∂xΛ

s
ζ,Λ

s
ζ
)
L2 + (1− γ)

(
(h− γ tanh(√µ|D|))∂

xΛ
s
v,Λ

s
ζ
)
L2

+ (1− γ)
(
(h− γ tanh(√µ|D|))∂

xΛ
s
ζ,Λ

s
v
)
L2 +

(
(h− γ tanh(√µ|D|))Λsv,Λsv)

L2

=: I
1
1 + I

2
1 + I

3
1 + I

4
2 .

Control of I1
1 . Using integration by part and the Sobolev embedding yields

|I
1
1 | ≤ (1− γ)

ε

2

∣∣(
∂xvΛ

s
ζ,Λ

s
ζ
)
L2

∣∣
≤ εK(s)|(ζ, v)|

3
Hs×Hs .

Control of I1
1 + I2

1 . Observe, after integration by parts that

I
1
1 = −I

2
1 − ε

(
(∂xζ)Λ

s
v,Λ

s
v
)
L2 .

The first term cancels with I2
1 , while the Sobolev embedding easily controls the remaining

part,
ε|
(
(∂xζ)Λ

s
v,Λ

s
v
)
L2 | ≤ εK(s)|(ζ, v)|

3
Hs×Hs .

Control of II. Using equation (7.1) gives us the following terms to estimate,

II = ε
(
Λ
s
v, (∂tζ)Λ

s
v
)
L2

= −ε
(
Λ
s
v,
(
(h− γ tanh(√µ|D|))∂

xv
)
Λ
s
v
)
L2 − ε

2(
Λ
s
v, (∂x(ζv))Λ

s
v
)
L2 .

Consequently, the desired estimate follows from Hölder’s inequality and the Sobolev em-
bedding

|II| ≤ εK(s)|(ζ, v)|
2
Hs×Hs . (7.12)

Adding together all the estimates, combined with (7.8) yields,

d

dt
E
s
BOs(U) ≤ εK(s)E

s
BOs(U),

and completes the proof of Proposition 7.1.
�

Proof of Theorem 1.14. The proof is an application of the energy method where we use
the estimates in Proposition 7.1 and Remark 7.2. We refer the reader to [64] for a similar
proof. �
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ControlofI1.ItfollowsfromtheCauchy-Schwarzinequalitythat

|I1|≤|[Λ
s
,M(U)]U|L2|Q(U)Λ

s
U|L2,

wherethefirsttermistreatedusingthecommutatorestimate(B.8)yields

|[Λ
s
,M(U)]U|L2≤ε|[Λ

s
,v]∂xζ|L2+ε|[Λ

s
,ζ]∂xv|L2+ε|[Λ

s
,v]∂xv|L2

≤εK(s)|(ζ,v)|Hs×Hs.

ThesecondtermiseasilytreatedbyHölder’sinequality,theSobolevembeddingwiths>
1
2:

|Q(U)Λ
s
U|L2.|Λ

s
ζ|L2+ε|ζ|L∞|Λsv|L2≤K(s)|(ζ,v)|Hs×Hs.

ThedesiredboundonI1thenfollows:

|I1|≤εK(s)|(ζ,v)|
2
Hs×Hs.

ControlofI2.Bydefinition,wemustestimatethefollowingterms,
(
Q(U,D)M(U)Λ

s
U,Λ

s
U
)
L2

=(1−γ)ε
(
v∂xΛ

s
ζ,Λ

s
ζ
)
L2+(1−γ)

(
(h−γtanh(√µ|D|))∂

xΛ
s
v,Λ

s
ζ
)
L2

+(1−γ)
(
(h−γtanh(√µ|D|))∂

xΛ
s
ζ,Λ

s
v
)
L2+

(
(h−γtanh(√µ|D|))Λsv,Λsv)

L2

=:I
1
1+I

2
1+I

3
1+I

4
2.

ControlofI1
1.UsingintegrationbypartandtheSobolevembeddingyields

|I
1
1|≤(1−γ)

ε

2

∣∣(
∂xvΛ

s
ζ,Λ

s
ζ
)
L2

∣∣
≤εK(s)|(ζ,v)|

3
Hs×Hs.

ControlofI1
1+I2

1.Observe,afterintegrationbypartsthat

I
1
1=−I

2
1−ε

(
(∂xζ)Λ

s
v,Λ

s
v
)
L2.

ThefirsttermcancelswithI2
1,whiletheSobolevembeddingeasilycontrolstheremaining

part,
ε|
(
(∂xζ)Λ

s
v,Λ

s
v
)
L2|≤εK(s)|(ζ,v)|

3
Hs×Hs.

ControlofII.Usingequation(7.1)givesusthefollowingtermstoestimate,

II=ε
(
Λ
s
v,(∂tζ)Λ

s
v
)
L2

=−ε
(
Λ
s
v,
(
(h−γtanh(√µ|D|))∂

xv
)
Λ
s
v
)
L2−ε

2(
Λ
s
v,(∂x(ζv))Λ

s
v
)
L2.

Consequently,thedesiredestimatefollowsfromHölder’sinequalityandtheSobolevem-
bedding

|II|≤εK(s)|(ζ,v)|
2
Hs×Hs.(7.12)

Addingtogetheralltheestimates,combinedwith(7.8)yields,

d

dt
E
s
BOs(U)≤εK(s)E

s
BOs(U),

andcompletestheproofofProposition7.1.
�

ProofofTheorem1.14.Theproofisanapplicationoftheenergymethodwhereweuse
theestimatesinProposition7.1andRemark7.2.Wereferthereaderto[64]forasimilar
proof.�
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ControlofI1.ItfollowsfromtheCauchy-Schwarzinequalitythat

|I1|≤|[Λ
s
,M(U)]U|L2|Q(U)Λ

s
U|L2,

wherethefirsttermistreatedusingthecommutatorestimate(B.8)yields

|[Λ
s
,M(U)]U|L2≤ε|[Λ

s
,v]∂xζ|L2+ε|[Λ

s
,ζ]∂xv|L2+ε|[Λ

s
,v]∂xv|L2

≤εK(s)|(ζ,v)|Hs×Hs.

ThesecondtermiseasilytreatedbyHölder’sinequality,theSobolevembeddingwiths>
1
2:

|Q(U)Λ
s
U|L2.|Λ

s
ζ|L2+ε|ζ|L∞|Λsv|L2≤K(s)|(ζ,v)|Hs×Hs.

ThedesiredboundonI1thenfollows:

|I1|≤εK(s)|(ζ,v)|
2
Hs×Hs.

ControlofI2.Bydefinition,wemustestimatethefollowingterms,
(
Q(U,D)M(U)Λ

s
U,Λ

s
U
)
L2

=(1−γ)ε
(
v∂xΛ

s
ζ,Λ

s
ζ
)
L2+(1−γ)

(
(h−γtanh(√µ|D|))∂

xΛ
s
v,Λ

s
ζ
)
L2

+(1−γ)
(
(h−γtanh(√µ|D|))∂

xΛ
s
ζ,Λ

s
v
)
L2+

(
(h−γtanh(√µ|D|))Λsv,Λsv)

L2

=:I
1
1+I

2
1+I

3
1+I

4
2.

ControlofI1
1.UsingintegrationbypartandtheSobolevembeddingyields

|I
1
1|≤(1−γ)

ε

2

∣∣(
∂xvΛ

s
ζ,Λ

s
ζ
)
L2

∣∣
≤εK(s)|(ζ,v)|

3
Hs×Hs.

ControlofI1
1+I2

1.Observe,afterintegrationbypartsthat

I
1
1=−I

2
1−ε

(
(∂xζ)Λ

s
v,Λ

s
v
)
L2.

ThefirsttermcancelswithI2
1,whiletheSobolevembeddingeasilycontrolstheremaining

part,
ε|
(
(∂xζ)Λ

s
v,Λ

s
v
)
L2|≤εK(s)|(ζ,v)|

3
Hs×Hs.

ControlofII.Usingequation(7.1)givesusthefollowingtermstoestimate,

II=ε
(
Λ
s
v,(∂tζ)Λ

s
v
)
L2

=−ε
(
Λ
s
v,
(
(h−γtanh(√µ|D|))∂

xv
)
Λ
s
v
)
L2−ε

2(
Λ
s
v,(∂x(ζv))Λ

s
v
)
L2.

Consequently,thedesiredestimatefollowsfromHölder’sinequalityandtheSobolevem-
bedding

|II|≤εK(s)|(ζ,v)|
2
Hs×Hs.(7.12)

Addingtogetheralltheestimates,combinedwith(7.8)yields,

d

dt
E
s
BOs(U)≤εK(s)E

s
BOs(U),

andcompletestheproofofProposition7.1.
�

ProofofTheorem1.14.Theproofisanapplicationoftheenergymethodwhereweuse
theestimatesinProposition7.1andRemark7.2.Wereferthereaderto[64]forasimilar
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ControlofI1.ItfollowsfromtheCauchy-Schwarzinequalitythat

|I1|≤|[Λ
s
,M(U)]U|L2|Q(U)Λ

s
U|L2,

wherethefirsttermistreatedusingthecommutatorestimate(B.8)yields

|[Λ
s
,M(U)]U|L2≤ε|[Λ

s
,v]∂xζ|L2+ε|[Λ

s
,ζ]∂xv|L2+ε|[Λ

s
,v]∂xv|L2

≤εK(s)|(ζ,v)|Hs×Hs.

ThesecondtermiseasilytreatedbyHölder’sinequality,theSobolevembeddingwiths>
1
2:

|Q(U)Λ
s
U|L2.|Λ

s
ζ|L2+ε|ζ|L∞|Λsv|L2≤K(s)|(ζ,v)|Hs×Hs.

ThedesiredboundonI1thenfollows:

|I1|≤εK(s)|(ζ,v)|
2
Hs×Hs.

ControlofI2.Bydefinition,wemustestimatethefollowingterms,
(
Q(U,D)M(U)Λ

s
U,Λ

s
U
)
L2

=(1−γ)ε
(
v∂xΛ

s
ζ,Λ

s
ζ
)
L2+(1−γ)

(
(h−γtanh(√µ|D|))∂

xΛ
s
v,Λ

s
ζ
)
L2

+(1−γ)
(
(h−γtanh(√µ|D|))∂

xΛ
s
ζ,Λ

s
v
)
L2+

(
(h−γtanh(√µ|D|))Λsv,Λsv)

L2

=:I
1
1+I

2
1+I

3
1+I

4
2.

ControlofI1
1.UsingintegrationbypartandtheSobolevembeddingyields

|I
1
1|≤(1−γ)

ε

2

∣∣(
∂xvΛ

s
ζ,Λ

s
ζ
)
L2

∣∣
≤εK(s)|(ζ,v)|

3
Hs×Hs.

ControlofI1
1+I2

1.Observe,afterintegrationbypartsthat

I
1
1=−I

2
1−ε

(
(∂xζ)Λ

s
v,Λ

s
v
)
L2.

ThefirsttermcancelswithI2
1,whiletheSobolevembeddingeasilycontrolstheremaining

part,
ε|
(
(∂xζ)Λ

s
v,Λ

s
v
)
L2|≤εK(s)|(ζ,v)|

3
Hs×Hs.

ControlofII.Usingequation(7.1)givesusthefollowingtermstoestimate,

II=ε
(
Λ
s
v,(∂tζ)Λ

s
v
)
L2

=−ε
(
Λ
s
v,
(
(h−γtanh(√µ|D|))∂

xv
)
Λ
s
v
)
L2−ε

2(
Λ
s
v,(∂x(ζv))Λ

s
v
)
L2.

Consequently,thedesiredestimatefollowsfromHölder’sinequalityandtheSobolevem-
bedding

|II|≤εK(s)|(ζ,v)|
2
Hs×Hs.(7.12)

Addingtogetheralltheestimates,combinedwith(7.8)yields,
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8. Proof of Theorem 1.17

For the derivation of (1.1), we follow the strategy given in [15], where we formulated
(1.13) in terms of the (ζ, v) solving system (1.22). The convenience of this formulation is
apparent since we can use the shallow water expansion of G+

µ derived by Emerald in [24]4:

|G+
µ [εζ]ψ+ − ∂x

(
− µ(1 + εζ)T(D)∂xψ

+
)
|Hs ≤ µ2εM(s+ 3)|∂xψ+|Hs+3 , (8.2)

where T(D) =
tanh(

√
µ|D|)√

µ|D| and for s ≥ 0. Finally, the last ingredient before we turn to the

proof is an expansion of the interface operator defined by (1.19).

Proposition 8.1. Let t0 ≥ 1, s ≥ 0, and ζ ∈ Hs+3(R) such that it satisfies (1.14). Then

for all ψ+ ∈ Ḣs+4(R) there holds,
∣∣∣Hµ[εζ]ψ+ +

√
µ|D|∂xψ+

∣∣∣
Hs− 1

2
≤ (µ

3
2 +
√
µε)M(s+ 3)|∂xψ+|Hs+3 . (8.3)

Remark 8.2. The expansion of Hµ[εζ] is the same as the one mentioned in [15] (see Remark
20 of this paper). Even though the expansion they gave was formal, it is straightforward to
adapt their method in finite depth to the current configuration.

Proof of Proposition 8.1. The proof relies on making an approximate solution of φ− = Φ− ◦
Σ− solving (1.20). In particular, we know that

φ−app = −√µ|D|e−z
√
µ|D|ψ+,

solves {
(µ∂2

x + ∂2
z )φ−app = 0,

∂zφ
−
app |z=0

= −µ∂2
xψ

+,
(8.4)

and satisfies the decay estimates (2.14) by using Plancherel’s identity. Then defining the
difference u = φ− − φ−app, we have that it solves

{
∇µx,z · P (Σ−)∇µx,zu = εµr1 in S−
∂P
−

n u|z=0 = G+
µ [εζ]ψ+ + µ∂2

xψ
+ + εµr2, lim

z→∞
|∇µx,zu| = 0,

where r1 reads

r1 = ∂x
(
(∂xζ)∂zφ

−
app

)
+ (∂xζ)∂x∂zφ

−
app − εµ(∂xζ)2∂2

zφ
−
app,

and the second rest is given by

r2 = (∂xζ)∂xψ
+ + εµ(∂xζ)2|D|ψ+.

Then arguing similarly as in Step 2. of the proof of Proposition 2.4, we find that

‖Λs∇µx,zu‖L2(S−) ≤M
(
µε‖Λsr1‖L2(S−) + |G+

µ [εζ]ψ+ + µ∂2
xψ

+|Hs + µε|r2|Hs

)
.

For the estimate on r1 we use (3.8) to deal with the integrability on S−, while the estimate
for r2 is straightforward since we allow for loss of derivatives. Lastly, we use (8.1) to
approximate G+

µ . From these estimates, we get the following bound on the gradient

‖Λs∇µx,zu‖L2(S−) ≤ (µ2 + µε)|∂xψ+|Hs+3 .

4The classical expansion of G+
µ is provided by Proposition 3.8 in [8]:

|G+
µ [εζ]ψ+ − ∂x

(
− µ(1 + εζ)∂xψ

+)|Hs ≤ µ2M(s+ 3)|∂xψ+|Hs+3 . (8.1)
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8.ProofofTheorem1.17

Forthederivationof(1.1),wefollowthestrategygivenin[15],whereweformulated
(1.13)intermsofthe(ζ,v)solvingsystem(1.22).Theconvenienceofthisformulationis
apparentsincewecanusetheshallowwaterexpansionofG+

µderivedbyEmeraldin[24]4:

|G+
µ[εζ]ψ+−∂x

(
−µ(1+εζ)T(D)∂xψ

+
)
|Hs≤µ2εM(s+3)|∂xψ+|Hs+3,(8.2)

whereT(D)=
tanh(

√
µ|D|) √
µ|D|andfors≥0.Finally,thelastingredientbeforeweturntothe

proofisanexpansionoftheinterfaceoperatordefinedby(1.19).

Proposition8.1.Lett0≥1,s≥0,andζ∈Hs+3(R)suchthatitsatisfies(1.14).Then

forallψ+∈˙Hs+4(R)thereholds,
∣∣∣Hµ[εζ]ψ++

√
µ|D|∂xψ+

∣∣∣
Hs−1

2
≤(µ

3
2+

√
µε)M(s+3)|∂xψ+|Hs+3.(8.3)

Remark8.2.TheexpansionofHµ[εζ]isthesameastheonementionedin[15](seeRemark
20ofthispaper).Eventhoughtheexpansiontheygavewasformal,itisstraightforwardto
adapttheirmethodinfinitedepthtothecurrentconfiguration.

ProofofProposition8.1.Theproofreliesonmakinganapproximatesolutionofφ−=Φ−◦
Σ−solving(1.20).Inparticular,weknowthat

φ−app=−√µ|D|e−z
√

µ|D|ψ+,

solves{
(µ∂2

x+∂2
z)φ−app=0,

∂zφ
−
app|z=0

=−µ∂2
xψ

+,
(8.4)

andsatisfiesthedecayestimates(2.14)byusingPlancherel’sidentity.Thendefiningthe
differenceu=φ−−φ−app,wehavethatitsolves

{
∇µx,z·P(Σ−)∇µx,zu=εµr1inS−
∂P

−
nu|z=0=G+

µ[εζ]ψ++µ∂2
xψ

++εµr2,lim
z→∞

|∇µx,zu|=0,

wherer1reads

r1=∂x
(

(∂xζ)∂zφ
−
app

)
+(∂xζ)∂x∂zφ

−
app−εµ(∂xζ)2∂2

zφ
−
app,

andthesecondrestisgivenby

r2=(∂xζ)∂xψ
++εµ(∂xζ)2|D|ψ+.

ThenarguingsimilarlyasinStep2.oftheproofofProposition2.4,wefindthat

‖Λs∇µx,zu‖L2(S−)≤M
(
µε‖Λsr1‖L2(S−)+|G+

µ[εζ]ψ++µ∂2
xψ

+|Hs+µε|r2|Hs

)
.

Fortheestimateonr1weuse(3.8)todealwiththeintegrabilityonS−,whiletheestimate
forr2isstraightforwardsinceweallowforlossofderivatives.Lastly,weuse(8.1)to
approximateG+

µ.Fromtheseestimates,wegetthefollowingboundonthegradient

‖Λs∇µx,zu‖L2(S−)≤(µ2+µε)|∂xψ+|Hs+3.

4TheclassicalexpansionofG+
µisprovidedbyProposition3.8in[8]:

|G+
µ[εζ]ψ+−∂x

(
−µ(1+εζ)∂xψ

+)|Hs≤µ2M(s+3)|∂xψ+|Hs+3.(8.1)
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8. Proof of Theorem 1.17

For the derivation of (1.1), we follow the strategy given in [15], where we formulated
(1.13) in terms of the (ζ, v) solving system (1.22). The convenience of this formulation is
apparent since we can use the shallow water expansion of G+

µ derived by Emerald in [24]
4
:

|G
+
µ [εζ]ψ

+
− ∂x

(
− µ(1 + εζ)T(D)∂xψ

+)
|Hs ≤ µ2

εM(s+ 3)|∂xψ
+
|Hs+3 , (8.2)

where T(D) =
tanh(√µ|D|)
√µ|D| and for s ≥ 0. Finally, the last ingredient before we turn to the

proof is an expansion of the interface operator defined by (1.19).

Proposition 8.1. Let t0 ≥ 1, s ≥ 0, and ζ ∈ Hs+3(R) such that it satisfies (1.14). Then

for all ψ+ ∈ Ḣs+4(R) there holds,
∣∣
∣Hµ[εζ]ψ

+
+√µ|D|∂

xψ
+∣∣
∣Hs− 1

2 ≤ (µ
3
2 +√µε)M(s+ 3)|∂xψ

+
|Hs+3 . (8.3)

Remark 8.2. The expansion of Hµ[εζ] is the same as the one mentioned in [15] (see Remark
20 of this paper). Even though the expansion they gave was formal, it is straightforward to
adapt their method in finite depth to the current configuration.

Proof of Proposition 8.1. The proof relies on making an approximate solution of φ− = Φ− ◦
Σ− solving (1.20). In particular, we know that

φ−
app = −√µ|D|e−z√µ|D|

ψ
+
,

solves {
(µ∂2

x + ∂2
z )φ−

app = 0,

∂zφ−
app |z=0 = −µ∂2

xψ+, (8.4)

and satisfies the decay estimates (2.14) by using Plancherel’s identity. Then defining the
difference u = φ− − φ−app, we have that it solves

{
∇
µ
x,z · P (Σ−)∇

µ
x,zu = εµr1 in S−

∂P−
n u|z=0 = G+

µ [εζ]ψ+ + µ∂2
xψ+ + εµr2, lim

z→∞ |∇
µ
x,zu| = 0,

where r1 reads

r1 = ∂x
(
(∂xζ)∂zφ−

app

)
+ (∂xζ)∂x∂zφ−

app − εµ(∂xζ)
2
∂

2
zφ−

app,

and the second rest is given by

r2 = (∂xζ)∂xψ
+

+ εµ(∂xζ)
2
|D|ψ

+
.

Then arguing similarly as in Step 2. of the proof of Proposition 2.4, we find that

‖Λ
s
∇
µ
x,zu‖L2(S−) ≤M

(
µε‖Λ

s
r1‖L2(S−) + |G

+
µ [εζ]ψ

+
+ µ∂

2
xψ

+
|Hs + µε|r2|Hs)

.

For the estimate on r1 we use (3.8) to deal with the integrability on S−, while the estimate
for r2 is straightforward since we allow for loss of derivatives. Lastly, we use (8.1) to
approximate G+

µ . From these estimates, we get the following bound on the gradient

‖Λ
s
∇
µ
x,zu‖L2(S−) ≤ (µ

2
+ µε)|∂xψ

+
|Hs+3 .

4The classical expansion of G
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µ is provided by Proposition 3.8 in [8]:
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for all ψ+ ∈ Ḣs+4(R) there holds,
∣∣
∣Hµ[εζ]ψ

+
+√µ|D|∂

xψ
+∣∣
∣Hs− 1

2 ≤ (µ
3
2 +√µε)M(s+ 3)|∂xψ

+
|Hs+3 . (8.3)

Remark 8.2. The expansion of Hµ[εζ] is the same as the one mentioned in [15] (see Remark
20 of this paper). Even though the expansion they gave was formal, it is straightforward to
adapt their method in finite depth to the current configuration.

Proof of Proposition 8.1. The proof relies on making an approximate solution of φ− = Φ− ◦
Σ− solving (1.20). In particular, we know that

φ−
app = −√µ|D|e−z√µ|D|

ψ
+
,

solves {
(µ∂2

x + ∂2
z )φ−

app = 0,

∂zφ−
app |z=0 = −µ∂2

xψ+, (8.4)

and satisfies the decay estimates (2.14) by using Plancherel’s identity. Then defining the
difference u = φ− − φ−app, we have that it solves

{
∇
µ
x,z · P (Σ−)∇

µ
x,zu = εµr1 in S−

∂P−
n u|z=0 = G+

µ [εζ]ψ+ + µ∂2
xψ+ + εµr2, lim

z→∞ |∇
µ
x,zu| = 0,

where r1 reads

r1 = ∂x
(
(∂xζ)∂zφ−

app

)
+ (∂xζ)∂x∂zφ−

app − εµ(∂xζ)
2
∂

2
zφ−

app,

and the second rest is given by

r2 = (∂xζ)∂xψ
+

+ εµ(∂xζ)
2
|D|ψ

+
.

Then arguing similarly as in Step 2. of the proof of Proposition 2.4, we find that

‖Λ
s
∇
µ
x,zu‖L2(S−) ≤M

(
µε‖Λ

s
r1‖L2(S−) + |G

+
µ [εζ]ψ

+
+ µ∂

2
xψ

+
|Hs + µε|r2|Hs)

.

For the estimate on r1 we use (3.8) to deal with the integrability on S−, while the estimate
for r2 is straightforward since we allow for loss of derivatives. Lastly, we use (8.1) to
approximate G+

µ . From these estimates, we get the following bound on the gradient

‖Λ
s
∇
µ
x,zu‖L2(S−) ≤ (µ

2
+ µε)|∂xψ

+
|Hs+3 .

4The classical expansion of G
+
µ is provided by Proposition 3.8 in [8]:

|G
+
µ [εζ]ψ

+
− ∂x

(
− µ(1 + εζ)∂xψ

+)
|Hs ≤ µ

2
M(s+ 3)|∂xψ

+
|Hs+3 . (8.1)

55

8.ProofofTheorem1.17

Forthederivationof(1.1),wefollowthestrategygivenin[15],whereweformulated
(1.13)intermsofthe(ζ,v)solvingsystem(1.22).Theconvenienceofthisformulationis
apparentsincewecanusetheshallowwaterexpansionofG+

µderivedbyEmeraldin[24]
4
:

|G
+
µ[εζ]ψ

+
−∂x

(
−µ(1+εζ)T(D)∂xψ

+)
|Hs≤µ2

εM(s+3)|∂xψ
+
|Hs+3,(8.2)

whereT(D)=
tanh(√µ|D|)
√µ|D|andfors≥0.Finally,thelastingredientbeforeweturntothe

proofisanexpansionoftheinterfaceoperatordefinedby(1.19).

Proposition8.1.Lett0≥1,s≥0,andζ∈Hs+3(R)suchthatitsatisfies(1.14).Then
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forallψ+∈Ḣs+4(R)thereholds,
∣∣
∣Hµ[εζ]ψ

+
+√µ|D|∂

xψ
+∣∣
∣Hs−1

2≤(µ
3
2+√µε)M(s+3)|∂xψ

+
|Hs+3.(8.3)

Remark8.2.TheexpansionofHµ[εζ]isthesameastheonementionedin[15](seeRemark
20ofthispaper).Eventhoughtheexpansiontheygavewasformal,itisstraightforwardto
adapttheirmethodinfinitedepthtothecurrentconfiguration.

ProofofProposition8.1.Theproofreliesonmakinganapproximatesolutionofφ−=Φ−◦
Σ−solving(1.20).Inparticular,weknowthat

φ−
app=−√µ|D|e−z√µ|D|

ψ
+
,

solves{
(µ∂2

x+∂2
z)φ−

app=0,

∂zφ−
app|z=0=−µ∂2

xψ+,(8.4)

andsatisfiesthedecayestimates(2.14)byusingPlancherel’sidentity.Thendefiningthe
differenceu=φ−−φ−app,wehavethatitsolves

{
∇
µ
x,z·P(Σ−)∇

µ
x,zu=εµr1inS−

∂P−
nu|z=0=G+

µ[εζ]ψ++µ∂2
xψ++εµr2,lim

z→∞|∇
µ
x,zu|=0,

wherer1reads

r1=∂x
(
(∂xζ)∂zφ−

app

)
+(∂xζ)∂x∂zφ−

app−εµ(∂xζ)
2
∂

2
zφ−

app,

andthesecondrestisgivenby

r2=(∂xζ)∂xψ
+

+εµ(∂xζ)
2
|D|ψ

+
.

ThenarguingsimilarlyasinStep2.oftheproofofProposition2.4,wefindthat

‖Λ
s
∇
µ
x,zu‖L2(S−)≤M

(
µε‖Λ

s
r1‖L2(S−)+|G

+
µ[εζ]ψ

+
+µ∂

2
xψ

+
|Hs+µε|r2|Hs)

.

Fortheestimateonr1weuse(3.8)todealwiththeintegrabilityonS−,whiletheestimate
forr2isstraightforwardsinceweallowforlossofderivatives.Lastly,weuse(8.1)to
approximateG+

µ.Fromtheseestimates,wegetthefollowingboundonthegradient

‖Λ
s
∇
µ
x,zu‖L2(S−)≤(µ

2
+µε)|∂xψ

+
|Hs+3.

4TheclassicalexpansionofG
+
µisprovidedbyProposition3.8in[8]:

|G
+
µ[εζ]ψ

+
−∂x

(
−µ(1+εζ)∂xψ

+)
|Hs≤µ

2
M(s+3)|∂xψ

+
|Hs+3.(8.1)

55

8.ProofofTheorem1.17

Forthederivationof(1.1),wefollowthestrategygivenin[15],whereweformulated
(1.13)intermsofthe(ζ,v)solvingsystem(1.22).Theconvenienceofthisformulationis
apparentsincewecanusetheshallowwaterexpansionofG+

µderivedbyEmeraldin[24]
4
:

|G
+
µ[εζ]ψ

+
−∂x

(
−µ(1+εζ)T(D)∂xψ

+)
|Hs≤µ2

εM(s+3)|∂xψ
+
|Hs+3,(8.2)

whereT(D)=
tanh(√µ|D|)
√µ|D|andfors≥0.Finally,thelastingredientbeforeweturntothe

proofisanexpansionoftheinterfaceoperatordefinedby(1.19).

Proposition8.1.Lett0≥1,s≥0,andζ∈Hs+3(R)suchthatitsatisfies(1.14).Then

forallψ+∈Ḣs+4(R)thereholds,
∣∣
∣Hµ[εζ]ψ

+
+√µ|D|∂

xψ
+∣∣
∣Hs−1

2≤(µ
3
2+√µε)M(s+3)|∂xψ

+
|Hs+3.(8.3)

Remark8.2.TheexpansionofHµ[εζ]isthesameastheonementionedin[15](seeRemark
20ofthispaper).Eventhoughtheexpansiontheygavewasformal,itisstraightforwardto
adapttheirmethodinfinitedepthtothecurrentconfiguration.

ProofofProposition8.1.Theproofreliesonmakinganapproximatesolutionofφ−=Φ−◦
Σ−solving(1.20).Inparticular,weknowthat

φ−
app=−√µ|D|e−z√µ|D|

ψ
+
,

solves{
(µ∂2

x+∂2
z)φ−

app=0,

∂zφ−
app|z=0=−µ∂2

xψ+,(8.4)

andsatisfiesthedecayestimates(2.14)byusingPlancherel’sidentity.Thendefiningthe
differenceu=φ−−φ−app,wehavethatitsolves

{
∇
µ
x,z·P(Σ−)∇

µ
x,zu=εµr1inS−

∂P−
nu|z=0=G+

µ[εζ]ψ++µ∂2
xψ++εµr2,lim

z→∞|∇
µ
x,zu|=0,

wherer1reads

r1=∂x
(
(∂xζ)∂zφ−

app

)
+(∂xζ)∂x∂zφ−

app−εµ(∂xζ)
2
∂

2
zφ−

app,

andthesecondrestisgivenby

r2=(∂xζ)∂xψ
+

+εµ(∂xζ)
2
|D|ψ

+
.

ThenarguingsimilarlyasinStep2.oftheproofofProposition2.4,wefindthat

‖Λ
s
∇
µ
x,zu‖L2(S−)≤M

(
µε‖Λ

s
r1‖L2(S−)+|G

+
µ[εζ]ψ

+
+µ∂

2
xψ

+
|Hs+µε|r2|Hs)

.

Fortheestimateonr1weuse(3.8)todealwiththeintegrabilityonS−,whiletheestimate
forr2isstraightforwardsinceweallowforlossofderivatives.Lastly,weuse(8.1)to
approximateG+

µ.Fromtheseestimates,wegetthefollowingboundonthegradient

‖Λ
s
∇
µ
x,zu‖L2(S−)≤(µ

2
+µε)|∂xψ

+
|Hs+3.

4TheclassicalexpansionofG
+
µisprovidedbyProposition3.8in[8]:

|G
+
µ[εζ]ψ

+
−∂x

(
−µ(1+εζ)∂xψ

+)
|Hs≤µ

2
M(s+3)|∂xψ

+
|Hs+3.(8.1)

55

8.ProofofTheorem1.17

Forthederivationof(1.1),wefollowthestrategygivenin[15],whereweformulated
(1.13)intermsofthe(ζ,v)solvingsystem(1.22).Theconvenienceofthisformulationis
apparentsincewecanusetheshallowwaterexpansionofG+

µderivedbyEmeraldin[24]
4
:

|G
+
µ[εζ]ψ

+
−∂x

(
−µ(1+εζ)T(D)∂xψ

+)
|Hs≤µ2

εM(s+3)|∂xψ
+
|Hs+3,(8.2)

whereT(D)=
tanh(√µ|D|)
√µ|D|andfors≥0.Finally,thelastingredientbeforeweturntothe

proofisanexpansionoftheinterfaceoperatordefinedby(1.19).

Proposition8.1.Lett0≥1,s≥0,andζ∈Hs+3(R)suchthatitsatisfies(1.14).Then
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Having these two expansions at hand, we can turn to the main proof of the section.
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which is a direct consequence of Plancherel’s identity and a Taylor expansion in low fre-
quencies. Indeed, from these observations there holds,

∂2
xT(D)ψ+ + ε∂x(ζ∂xT(D)ψ+) = (1− γ√µ|D|T(D))∂xv + ε∂x(ζv)

+ (µ+ ε
√
µ+ εµ)R.

For the second equation, we have that

(∂xψ
+)2 = v2 − 2γv

√
µ|D|v + µR,

and

(Hµ[εζ]ψ+)2 = µR.

Consequently, if we let bo−1 = ε
√
µ we find the desired system

{
∂tζ + (1− γ tanh(

√
µ|D|))∂xv + ε∂x(ζv) = (µ+ ε

√
µ)R

∂tv + (1− γ)∂xζ + εv∂xv = (µ+ ε
√
µ)R.

Step 2. To derive (1.25) we can make an approximation vwBO in terms of ζwBO at order

O(µ+ ε2) solving (1.25). Then we will show that this solution is consistent with the weakly
dispersive BO system (1.27). The proof is given in two steps, where we first make formal
computations and then prove the consistency once we have constructed vwBO. To simplify

the presentation further, we let c = (1 − γ)
1
2 and introduce the change of variable x = cx̃

and v = cṽ to obtain:{
∂tζ + (1− γ tanh(

√
µ|D|))∂x̃ṽ + ε∂x̃(ζṽ) = 0

∂tṽ + ∂x̃ζ + εṽ∂x̃ṽ = 0.

For simplicity, we also omit the tilde notation in the proof.

Step 2.1. Formal derivation: To construct the lowest order approximation of vwBO in terms

of the solution ζwBO, we let
√
µ = O(ε) and first consider system (1.27) at order ε:
{
∂tζ

wBO + ∂xv
wBO = 0

∂tv
wBO + ∂xζ

wBO = 0.

The system is reduced to a wave equation with speed one. We therefore choose the right-
moving solution where vwBO is equal to ζwBO at first order. Then having an approximation
at first order we can now make a correction at higher order:

vwBO = ζwBO +
√
µA+ εB,

for some functions A and B depending on the solution ζwBO. In particular, we construct A
and B by plugging the ansatz into (1.27):
{
∂tζ

wBO + ∂xζ
wBO +

(√
µ∂xA− γ tanh(

√
µ|D|)∂xζwBO

)
+ ε
(
∂xB + ∂x((ζwBO)2)

)
= 0

∂tζ
wBO + ∂xζ

wBO +
√
µ∂tA+ ε

(
∂tB + ζwBO∂xζ

wBO
)

= 0.

Now using the transport equations to see that ∂xA = −∂tA and ∂xB = −∂tB (up to an
order O(ε+

√
µ)), we find the equations:

{
2
√
µ∂xA = γ tanh(

√
µ|D|))∂xζwBO

2∂xB = −ζwBO∂xζ
wBO.
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whichisadirectconsequenceofPlancherel’sidentityandaTaylorexpansioninlowfre-
quencies.Indeed,fromtheseobservationsthereholds,

∂2
xT(D)ψ++ε∂x(ζ∂xT(D)ψ+)=(1−γ√µ|D|T(D))∂xv+ε∂x(ζv)

+(µ+ε
√

µ+εµ)R.

Forthesecondequation,wehavethat

(∂xψ
+)2=v2−2γv

√
µ|D|v+µR,

and

(Hµ[εζ]ψ+)2=µR.

Consequently,ifweletbo−1=ε
√

µwefindthedesiredsystem
{

∂tζ+(1−γtanh(
√

µ|D|))∂xv+ε∂x(ζv)=(µ+ε
√

µ)R

∂tv+(1−γ)∂xζ+εv∂xv=(µ+ε
√

µ)R.

Step2.Toderive(1.25)wecanmakeanapproximationvwBOintermsofζwBOatorder

O(µ+ε2)solving(1.25).Thenwewillshowthatthissolutionisconsistentwiththeweakly
dispersiveBOsystem(1.27).Theproofisgivenintwosteps,wherewefirstmakeformal
computationsandthenprovetheconsistencyoncewehaveconstructedvwBO.Tosimplify

thepresentationfurther,weletc=(1−γ)
1
2andintroducethechangeofvariablex=cx̃

andv=cṽtoobtain:{
∂tζ+(1−γtanh(

√
µ|D|))∂x̃ṽ+ε∂x̃(ζṽ)=0

∂t̃v+∂x̃ζ+εṽ∂x̃ṽ=0.

Forsimplicity,wealsoomitthetildenotationintheproof.

Step2.1.Formalderivation:ToconstructthelowestorderapproximationofvwBOinterms

ofthesolutionζwBO,welet
√

µ=O(ε)andfirstconsidersystem(1.27)atorderε:
{

∂tζ
wBO+∂xv

wBO=0

∂tv
wBO+∂xζ

wBO=0.

Thesystemisreducedtoawaveequationwithspeedone.Wethereforechoosetheright-
movingsolutionwherevwBOisequaltoζwBOatfirstorder.Thenhavinganapproximation
atfirstorderwecannowmakeacorrectionathigherorder:

vwBO=ζwBO+
√

µA+εB,

forsomefunctionsAandBdependingonthesolutionζwBO.Inparticular,weconstructA
andBbypluggingtheansatzinto(1.27):
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wBO
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=0.
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which is a direct consequence of Plancherel’s identity and a Taylor expansion in low fre-
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at order
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dispersive BO system (1.27). The proof is given in two steps, where we first make formal
computations and then prove the consistency once we have constructed v
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. To simplify

the presentation further, we let c = (1 − γ)
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2 and introduce the change of variable x = cx̃

and v = cṽ to obtain:
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of the solution ζ
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The system is reduced to a wave equation with speed one. We therefore choose the right-
moving solution where v
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wBO
at first order. Then having an approximation

at first order we can now make a correction at higher order:

v
wBO

= ζ
wBO

+√µA+ εB,

for some functions A and B depending on the solution ζ
wBO

. In particular, we construct A
and B by plugging the ansatz into (1.27):
{
∂tζ

wBO
+ ∂xζ

wBO
+
(√
µ∂xA− γ tanh(√µ|D|)∂xζwBO)

+ ε
(
∂xB + ∂x((ζ

wBO
)2)
)

= 0

∂tζ
wBO

+ ∂xζ
wBO

+√µ∂tA+ ε
(
∂tB + ζ

wBO
∂xζ

wBO)
= 0.

Now using the transport equations to see that ∂xA = −∂tA and ∂xB = −∂tB (up to an
order O(ε+√µ)), we find the equations:

{
2√µ∂xA = γ tanh(√µ|D|))∂xζwBO

2∂xB = −ζ
wBO

∂xζ
wBO

.
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which is a direct consequence of Plancherel’s identity and a Taylor expansion in low fre-
quencies. Indeed, from these observations there holds,

∂
2
xT(D)ψ

+
+ ε∂x(ζ∂xT(D)ψ

+
) = (1− γ√µ|D|T(D))∂xv + ε∂x(ζv)

+ (µ+ ε√µ+ εµ)R.

For the second equation, we have that

(∂xψ
+

)
2

= v
2
− 2γv√µ|D|v + µR,

and

(Hµ[εζ]ψ
+

)
2

= µR.

Consequently, if we let bo−1
= ε√µ we find the desired system

{
∂tζ + (1− γ tanh(√µ|D|))∂xv + ε∂x(ζv) = (µ+ ε√µ)R

∂tv + (1− γ)∂xζ + εv∂xv = (µ+ ε√µ)R.
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wBO

in terms of ζ
wBO

at order

O(µ+ ε2) solving (1.25). Then we will show that this solution is consistent with the weakly
dispersive BO system (1.27). The proof is given in two steps, where we first make formal
computations and then prove the consistency once we have constructed v

wBO
. To simplify

the presentation further, we let c = (1 − γ)
1
2 and introduce the change of variable x = cx̃

and v = cṽ to obtain:
{
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∂tv
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moving solution where v

wBO
is equal to ζ

wBO
at first order. Then having an approximation

at first order we can now make a correction at higher order:

v
wBO

= ζ
wBO

+√µA+ εB,

for some functions A and B depending on the solution ζ
wBO

. In particular, we construct A
and B by plugging the ansatz into (1.27):
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∂tζ
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+
(√
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(
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wBO
)2)
)

= 0

∂tζ
wBO

+ ∂xζ
wBO

+√µ∂tA+ ε
(
∂tB + ζ

wBO
∂xζ

wBO)
= 0.

Now using the transport equations to see that ∂xA = −∂tA and ∂xB = −∂tB (up to an
order O(ε+√µ)), we find the equations:

{
2√µ∂xA = γ tanh(√µ|D|))∂xζwBO
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whichisadirectconsequenceofPlancherel’sidentityandaTaylorexpansioninlowfre-
quencies.Indeed,fromtheseobservationsthereholds,

∂
2
xT(D)ψ

+
+ε∂x(ζ∂xT(D)ψ

+
)=(1−γ√µ|D|T(D))∂xv+ε∂x(ζv)

+(µ+ε√µ+εµ)R.

Forthesecondequation,wehavethat

(∂xψ
+

)
2

=v
2
−2γv√µ|D|v+µR,

and

(Hµ[εζ]ψ
+

)
2

=µR.

Consequently,ifweletbo−1
=ε√µwefindthedesiredsystem

{
∂tζ+(1−γtanh(√µ|D|))∂xv+ε∂x(ζv)=(µ+ε√µ)R

∂tv+(1−γ)∂xζ+εv∂xv=(µ+ε√µ)R.

Step2.Toderive(1.25)wecanmakeanapproximationv
wBO

intermsofζ
wBO

atorder

O(µ+ε2)solving(1.25).Thenwewillshowthatthissolutionisconsistentwiththeweakly
dispersiveBOsystem(1.27).Theproofisgivenintwosteps,wherewefirstmakeformal
computationsandthenprovetheconsistencyoncewehaveconstructedv

wBO
.Tosimplify

thepresentationfurther,weletc=(1−γ)
1
2andintroducethechangeofvariablex=cx̃

andv=cṽtoobtain:
{
∂tζ+(1−γtanh(√µ|D|))∂x̃ṽ+ε∂x̃(ζṽ)=0

∂tṽ+∂x̃ζ+εṽ∂x̃ṽ=0.

Forsimplicity,wealsoomitthetildenotationintheproof.

Step2.1.Formalderivation:Toconstructthelowestorderapproximationofv
wBO

interms

ofthesolutionζ
wBO

,welet√µ=O(ε)andfirstconsidersystem(1.27)atorderε:
{
∂tζ

wBO
+∂xv

wBO
=0

∂tv
wBO

+∂xζ
wBO

=0.

Thesystemisreducedtoawaveequationwithspeedone.Wethereforechoosetheright-
movingsolutionwherev

wBO
isequaltoζ

wBO
atfirstorder.Thenhavinganapproximation

atfirstorderwecannowmakeacorrectionathigherorder:

v
wBO

=ζ
wBO

+√µA+εB,

forsomefunctionsAandBdependingonthesolutionζ
wBO

.Inparticular,weconstructA
andBbypluggingtheansatzinto(1.27):
{
∂tζ
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+
(√
µ∂xA−γtanh(√µ|D|)∂xζwBO)
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wBO
)2)
)
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wBO
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wBO

+√µ∂tA+ε
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∂tB+ζ

wBO
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wBO)
=0.

Nowusingthetransportequationstoseethat∂xA=−∂tAand∂xB=−∂tB(uptoan
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{
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whichisadirectconsequenceofPlancherel’sidentityandaTaylorexpansioninlowfre-
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∂tṽ+∂x̃ζ+εṽ∂x̃ṽ=0.
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whichisadirectconsequenceofPlancherel’sidentityandaTaylorexpansioninlowfre-
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movingsolutionwherev
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atfirstorder.Thenhavinganapproximation

atfirstorderwecannowmakeacorrectionathigherorder:
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.Inparticular,weconstructA
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+
(√
µ∂xA−γtanh(√µ|D|)∂xζwBO)

+ε
(
∂xB+∂x((ζ

wBO
)2)
)
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whichisadirectconsequenceofPlancherel’sidentityandaTaylorexpansioninlowfre-
quencies.Indeed,fromtheseobservationsthereholds,
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and
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{
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wBO
=0

∂tv
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=0.

Thesystemisreducedtoawaveequationwithspeedone.Wethereforechoosetheright-
movingsolutionwherev

wBO
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wBO
atfirstorder.Thenhavinganapproximation

atfirstorderwecannowmakeacorrectionathigherorder:

v
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wBO

+√µA+εB,

forsomefunctionsAandBdependingonthesolutionζ
wBO

.Inparticular,weconstructA
andBbypluggingtheansatzinto(1.27):
{
∂tζ
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+∂xζ
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+
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µ∂xA−γtanh(√µ|D|)∂xζwBO)

+ε
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∂xB+∂x((ζ
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)

=0
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Nowusingthetransportequationstoseethat∂xA=−∂tAand∂xB=−∂tB(uptoan
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We therefore let vwBO be given by

vwBO = (1 +
γ

2
tanh(

√
µ|D|))ζwBO − ε

4
(ζwBO)2. (8.8)

Step 2.2. Rigorous derivation: For any (ζ0, v0) ∈ HN− 1
2 (R)×HN− 1

2 (R) where v0 satisfies

v0 = (1 +
γ

2
tanh(

√
µ|D|))ζ0 −

ε

4
(ζ0)2,

then there is a time T1 > 0 and a unique solution ζwBO ∈ C
(
[0, ε−1T1] : HN− 1

2 (R)
)

associated to ζ0 solving the equation

∂tζ
wBO + (1− γ

2
tanh(

√
µ|D|))∂xζwBO +

3ε

2
ζwBO∂xζ

wBO = 0.

Moreover, we can define vwBO ∈ C
(
[0, ε−1T1] : HN− 1

2 (R)
)

by (8.8). Then by Plancherel’s
identity and a Taylor expansion:

| tanh(
√
µ|ξ|)f −√µ|ξ|f |Hs ≤ µ 3

2C|∂3
xf |Hs , (8.9)

we deduce from (1.26) that
{
∂tζ

wBO + (1− γ tanh(
√
µ|D|))∂xvwBO + ε∂x(ζwBOvwBO) = (µ+ ε

√
µ+ ε2)R

∂tv
wBO + ∂xζ

wBO + εvwBO∂xv
wBO = (µ+ ε

√
µ+ ε2)R,

for R satisfying (8.6). Now, rescaling the equation back to its original variables concludes
the proof of this step.

Step 3. For the consistency result in the case of the BO equation we simply use (8.9).
�

9. Proof of Theorem 1.18

Proof. First, we let N ≥ 7 and take initial data (ζ0, ψ0) satisfying the assumptions of
Theorem 1.7. Then using (8.5), we can define the solutions of the internal water waves
equations (1.22) with variables

(ζ, v) ∈ C([0, ε−1T1];HN− 1
2 (R)×HN− 1

2 (R)),

from the data (ζ0, ∂xψ0) ∈ HN− 1
2 (R)×HN− 1

2 (R) for some T1 > 0. Next, we use Theorem
1.17 and the matrix notation (7.2) to say that on the same time interval the functions
U = (ζ, v)T solves

∂tU +M(U)U = (µ+ ε2)(R,R)T ,

for any t ∈ [0, ε−1T1] and where the rest satisfies

|R|HN−5 ≤ C(EN (U0)).

We will now use this to prove estimates (1.30), (1.31), and (1.31) in three separate steps.

Step 1. Proof of estimate (1.30). We take the same data (ζ0, v0) with v0 = ∂xψ0, and use
Theorem 1.27 to deduce the existence of T2 > 0 such that

UBOs = (ζBOs, vBOs) ∈ C([0, ε−1T2];HN− 1
2 (R)×HN− 1

2 (R)),

solves system (7.1):

∂tU
BOs +M(UBOs)UBOs = 0,
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forRsatisfying(8.6).Now,rescalingtheequationbacktoitsoriginalvariablesconcludes
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for any t ∈ [0, ε−1T2]. We may now take the difference between the two solutions

W = (η, w)T = U−UBOs,

to find that
∂tW +M(U)W = F + (µ+ ε2)(R,R)T ,

for any t ∈ [0, ε−1 min{T1, T2}] where F is defined by (7.5). Then using the estimate (7.10)
with N − 5 > 3

2 and adding the rest term we find that

d

dt
ẼN−5(W) ≤ (µ+ ε2)|

(
ΛN−5(R,R)T ,Q(U1)ΛN−5W

)
L2 |+ K̃(N − 4)ẼN−5(W).

Furthermore, by definition of Q(U1), the Hölder inequality, the Sobolev embedding, and
(7.11) we obtain

d

dt
ẼN−5(W) ≤ (µ+ ε2)C(EN (U0))(ẼN−5(W))

1
2 + εK̃(N − 4)ẼN−5(W).

Then Grönwall’s inequality and (7.11) yields

|(η, w)|HN−5×HN−5 ≤ (µ+ ε2)C(EN (U0))eεK̃(N−4)t.

Finally, we observe that

εK̃(N − 4)t ≤ CEN (U0) min{T1, T2},
and use it together with the embedding HN−5(R) ↪→ L∞(R) for N ≥ 7 to find:

|U−UBOs|L∞([0,t];R) . |(η, w)|L∞([0,t]:HN−5×HN−5)

≤ (µ+ ε
√
µ)tC(EN (U0)),

for all t ∈ [0, ε−1 min{T1, T2}]. This completes the proof of estimate (1.30).

Step 2. Proof of estimate (1.30). By Theorem 1.27 we deduce the existence of T3 > 0 such
that

ζwBO ∈ C([0, ε−1T3];HN− 1
2 (R)),

solves (1.25) and from it we define

vwBO = (1 +
γ

2
tanh(

√
µ|D|))ζwBO − ε

4
(ζwBO)2.

Moreover, by estimate (1.26) we have that

sup
t∈[0,ε−1T3]

|(ζwBO, vwBO)|
HN− 1

2×HN− 1
2
≤ C(|ζ0|

HN− 1
2
).
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find that

|U−UwBO|L∞([0,t];R) ≤ |U−UBOs|L∞([0,t];R) + |UBOs −UwBO|L∞([0,t];R)

≤ µtC(EN (U0)),

for all t ∈ [0, ε−1 min{T1, T2, T3}].

Step 3. Proof of estimate (1.30). Let T = min{T1, T2, T3}. Then from the data ζ0 ∈
HN− 1

2 (R) there exist a unique solution ζBO ∈ C([0, ε−1T ];HN− 1
2 (R)) that is bounded by

its initial data. Moreover, by Theorem 1.17 the solution satisfies

∂tζ
BO + c

(
1− γ

2
tanh(

√
µ|D|)

)
∂xζ

BO + c
3ε

2
ζBO∂xζ

BO = µR.
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for any t ∈ [0, ε−1T
2]. We may now take the difference between the two solutions

W = (η, w)
T

= U−U
BOs

,

to find that
∂tW +M(U)W = F + (µ+ ε

2
)(R,R)

T
,

for any t ∈ [0, ε−1 min{T1, T2}] where F is defined by (7.5). Then using the estimate (7.10)
with N − 5 >

3
2 and adding the rest term we find that
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(W).

Furthermore, by definition of Q(U1), the Hölder inequality, the Sobolev embedding, and
(7.11) we obtain

d

dt
ẼN−5(W) ≤ (µ+ ε

2
)C(E

N
(U0))(ẼN−5(W))
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2 + εK̃(N − 4)ẼN−5(W).

Then Grönwall’s inequality and (7.11) yields
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2
)C(E

N
(U0))e

εK̃(N−4)t
.

Finally, we observe that

εK̃(N − 4)t ≤ CE
N

(U0) min{T1, T2},
and use it together with the embedding HN−5(R) ↪→ L∞(R) for N ≥ 7 to find:
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BOs
|L∞([0,t];R) . |(η, w)|L∞([0,t]:HN−5×HN−5)

≤ (µ+ ε√µ)tC(E
N

(U0)),
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.
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H
N−

1
2 (R) there exist a unique solution ζ

BO
∈ C([0, ε−1T ];H

N−
1
2 (R)) that is bounded by
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ẼN−5(W) ≤ (µ+ ε

2
)C(E

N
(U0))(ẼN−5(W))
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foranyt∈[0,ε−1T
2].Wemaynowtakethedifferencebetweenthetwosolutions
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∂tW+M(U)W=F+(µ+ε

2
)(R,R)

T
,

foranyt∈[0,ε−1min{T1,T2}]whereFisdefinedby(7.5).Thenusingtheestimate(7.10)
withN−5>

3
2andaddingtheresttermwefindthat
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Furthermore,bydefinitionofQ(U1),theHölderinequality,theSobolevembedding,and
(7.11)weobtain

d
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.
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that
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Furthermore,bydefinitionofQ(U1),theHölderinequality,theSobolevembedding,and
(7.11)weobtain

d

dt
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forsomeimportantcommentsontheintroduction,LouisEmeraldforhelpfulremarks,and
myadvisor,DidierPilod,forhiscommentsontheintroduction,support,andfriendship.

AppendixA.PropertiesoftheDirichlet-Neumannoperators

InthissectionwewillgiveseveralresultsonG±µ[εζ]andGµ[εζ].Thenwewillusethese
resultstosharesomedetailsontheproofProposition4.2.Butaswewillshortlysee,the
mainquantitiesin(1.13)canbeestimatedintermsoftheprincipalunknown(ζ,ψ)where
theestimatesareverysimilartotheonesin[50].Wewillthereforegivemoredetailswhen
thereisadifference,andwhentheestimatesarethesame,wewillsimplyrefertotheresults
in[50].

A.1.PropertiesofG+
µ.Westartthissectionbygivingaprecisedefinitionofthepositive

Dirichlet-NeumannoperatorG+
µ.

DefinitionA.1.Lett0>
1
2,ψ+∈Ḣ
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3
2
µ(R),andζ∈Ht0+2(R)besuchthat(1.14)is

satisfied.LetΦ+betheuniquesolutioninḢ2(Ω
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where

∂
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µ
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G
+
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nφ
+
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Thenifwedefinethedifferenceη̃=(ζ
wBO
−ζ

BO
)itisstraightforwardtodeducethat

1

2

d

dt|η̃|
2
HN−5≤εC(|ζ0|HN−4)|η̃|

2
HN−5+µ|R|HN−5|η̃|HN−5.

TheresultisthenadirectconsequenceofGrönwall’sinequalityandtheprevioussteps.�
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AppendixA.PropertiesoftheDirichlet-Neumannoperators

InthissectionwewillgiveseveralresultsonG±µ[εζ]andGµ[εζ].Thenwewillusethese
resultstosharesomedetailsontheproofProposition4.2.Butaswewillshortlysee,the
mainquantitiesin(1.13)canbeestimatedintermsoftheprincipalunknown(ζ,ψ)where
theestimatesareverysimilartotheonesin[50].Wewillthereforegivemoredetailswhen
thereisadifference,andwhentheestimatesarethesame,wewillsimplyrefertotheresults
in[50].

A.1.PropertiesofG+
µ.Westartthissectionbygivingaprecisedefinitionofthepositive

Dirichlet-NeumannoperatorG+
µ.

DefinitionA.1.Lett0>
1
2,ψ+∈Ḣ
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+
t)oftheboundaryvalueproblem





∆
µ
x,zΦ+=0inΩ

+
t

Φ+=ψ+onz=εζ

∂zΦ+=0onz=−1,

thenG+
µ[εζ]ψ+∈H

1
2(R)isdefinedby

G
+
µ[εζ]ψ

+
=(∂zΦ

+
−µε∂xζ∂xΦ

+
)|z=εζ.

RemarkA.2.UndertheprovisionsofDefinitionA.1andletφ+=Φ◦Σ+whereΣ+is
thediffeomorphisimfromthefixeddomainS+ontoΩ

+
tgiveninDefinition1.20,thenwe

havethat



∇
µ
x,z·P(Σ+)∇

µ
x,zφ+=0inS+

φ+=ψ+onz=0,

∂P+

nφ+=0onz=−1,

(A.1)

where

∂
P+

n=ez·P(Σ
+

)∇
µ
x,z.

Moreover,wehaveanequivalentexpressionofG+[ζ]ψ+givenby

G
+
µ[εζ]ψ

+
=∂

P+

nφ
+
|z=0.(A.2)

60



Remark A.3. For ε = 0 we have that G+ becomes

G−µ [0]ψ+ =
√
µ|D| tanh(

√
µ|D|)ψ+. (A.3)

Next, we will state several results on the Dirichlet-Neumann operator that are taken from
[51, 50].

Proposition A.4. Let t0 > 1
2 , s ∈ [0, t0 + 1] and ζ ∈ Ht0+2(R) be such that (1.14) is

satisfied. Then we have the following properties:

1. For ψ+ ∈ Ḣs+ 1
2

µ (R) there is a (variational) solution of (A.1) satisfying the estimates
√
µ|ψ+|

Ḣ
s+ 1

2
µ

≤M‖Λs∇µx,zφ+‖L2(S+), (A.4)

and
‖Λs∇µx,zφ+‖L2(S+) ≤

√
µM |ψ+|

Ḣ
s+ 1

2
µ

. (A.5)

2. We may extend definition A.1 for

G+
µ [εζ] : Ḣ

s+ 1
2

µ (R)→ Hs− 1
2 (R),

where for all ψ1, ψ2 ∈ Ḣ
s+ 1

2
µ (R), there holds,

∫

R
ψ1G+

µ [εζ]ψ2 dx =

∫

S+

∇µx,zφ+
1 · P+(Σ+)∇µx,zφ+

2 dxdz.

3. For all ψ1, ψ2 ∈ Ḣ
s+ 1

2
µ (R), there holds,

(
Λsψ1,Λ

sG+
µ [εζ]ψ2

)
L2 ≤ µM |ψ1|

Ḣ
s+ 1

2
µ

|ψ2|
Ḣ
s+ 1

2
µ

. (A.6)

4. For ψ+ ∈ Hs+ 1
2

µ (R) the following estimates hold

∀s ∈ [0, t0 +
3

2
], |G+

µ [εζ]ψ+|
Hs− 1

2
≤ µ 3

4M |ψ|
Ḣ
s+ 1

2
µ

, (A.7)

∀s ∈ [0, t0 + 1], |G+
µ [εζ]ψ+|

Hs− 1
2
≤ µM |ψ|Ḣs+1

µ
. (A.8)

5. For all ψ1 ∈ Ḣ
s− 1

2
µ (R) and ψ2 ∈ Ḣ

s+ 1
2

µ (R), there holds
([

Λs,G+
µ [εζ]

]
ψ1,Λ

sψ2

)
L2 ≤ µεM |ψ1|

Ḣ
s− 1

2
µ

|ψ2|
Ḣ
s+ 1

2
µ

. (A.9)

6. For all V ∈ Ht0+1(R) and ψ+ ∈ H
1
2
µ (R) there holds,

(
(V ∂xψ

+),
1

µ
G+
µ [εζ]ψ+

)
L2 ≤M |V |W 1,∞ |ψ+|

Ḣ
1
2
µ

. (A.10)

Remark A.5. The regularity on ζ here is not optimal. Specifically, the dependence on
|ζ|Ht0+2 in the definition of M can be lowered in the estimates above. However, we do
not give these estimates since we will in other instances require more regularity on the free
surface (as an example, see estimate (3.3)).

Remark A.6. The last estimate (A.9) is taken from [50] (see equation number (2.24)).
However, in (2.24), there is an ε missing due to a typo and has been added here [52].

The next result concerns the shape derivative of G+
µ . The result is found in [51, 50].

Proposition A.7. Let t0 >
1
2 , s ∈ [0, t0 + 1], and for any ζ ∈ Ht0+2(R) satisfying (1.14)

we have the following properties:
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µ

.(A.5)
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µ
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2
µ
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4.Forψ+∈Hs+1
2

µ(R)thefollowingestimateshold
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3

2
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2
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2
µ
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µ
.(A.8)

5.Forallψ1∈˙H
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µ
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s+1
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µ
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6.ForallV∈Ht0+1(R)andψ+∈H
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µ(R)thereholds,
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(V∂xψ
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µ
G+

µ[εζ]ψ+
)
L2≤M|V|W1,∞|ψ+|

˙H
1
2
µ

.(A.10)

RemarkA.5.Theregularityonζhereisnotoptimal.Specifically,thedependenceon
|ζ|Ht0+2inthedefinitionofMcanbeloweredintheestimatesabove.However,wedo
notgivetheseestimatessincewewillinotherinstancesrequiremoreregularityonthefree
surface(asanexample,seeestimate(3.3)).

RemarkA.6.Thelastestimate(A.9)istakenfrom[50](seeequationnumber(2.24)).
However,in(2.24),thereisanεmissingduetoatypoandhasbeenaddedhere[52].

ThenextresultconcernstheshapederivativeofG+
µ.Theresultisfoundin[51,50].
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Remark A.3. For ε = 0 we have that G+ becomes

G−µ [0]ψ
+

= √µ|D| tanh(√µ|D|)ψ+
. (A.3)

Next, we will state several results on the Dirichlet-Neumann operator that are taken from
[51, 50].

Proposition A.4. Let t0 >
1
2 , s ∈ [0, t0 + 1] and ζ ∈ Ht0+2(R) be such that (1.14) is

satisfied. Then we have the following properties:

1. For ψ+ ∈ Ḣs+
1
2

µ (R) there is a (variational) solution of (A.1) satisfying the estimates
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2
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∇
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. (A.5)

2. We may extend definition A.1 for
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+
µ [εζ] : Ḣ
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where for all ψ1, ψ2 ∈ Ḣ
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µ (R), there holds,
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+
2 dxdz.

3. For all ψ1, ψ2 ∈ Ḣ
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4. For ψ+ ∈ Hs+
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s−

1
2

µ (R) and ψ2 ∈ Ḣ
s+

1
2

µ (R), there holds
([

Λ
s
,G

+
µ [εζ]

]
ψ1,Λ

s
ψ2

)
L2 ≤ µεM |ψ1|Ḣs− 1
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Remark A.5. The regularity on ζ here is not optimal. Specifically, the dependence on
|ζ|Ht0+2 in the definition of M can be lowered in the estimates above. However, we do
not give these estimates since we will in other instances require more regularity on the free
surface (as an example, see estimate (3.3)).

Remark A.6. The last estimate (A.9) is taken from [50] (see equation number (2.24)).
However, in (2.24), there is an ε missing due to a typo and has been added here [52].

The next result concerns the shape derivative of G+
µ . The result is found in [51, 50].
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2
µ

|ψ2|Ḣs+1
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|Ḣ1

2
µ

.(A.10)

RemarkA.5.Theregularityonζhereisnotoptimal.Specifically,thedependenceon
|ζ|Ht0+2inthedefinitionofMcanbeloweredintheestimatesabove.However,wedo
notgivetheseestimatessincewewillinotherinstancesrequiremoreregularityonthefree
surface(asanexample,seeestimate(3.3)).

RemarkA.6.Thelastestimate(A.9)istakenfrom[50](seeequationnumber(2.24)).
However,in(2.24),thereisanεmissingduetoatypoandhasbeenaddedhere[52].

ThenextresultconcernstheshapederivativeofG+
µ.Theresultisfoundin[51,50].

PropositionA.7.Lett0>
1
2,s∈[0,t0+1],andforanyζ∈Ht0+2(R)satisfying(1.14)

wehavethefollowingproperties:
61

RemarkA.3.Forε=0wehavethatG+becomes

G−µ[0]ψ
+

=√µ|D|tanh(√µ|D|)ψ+
.(A.3)

Next,wewillstateseveralresultsontheDirichlet-Neumannoperatorthataretakenfrom
[51,50].

PropositionA.4.Lett0>
1
2,s∈[0,t0+1]andζ∈Ht0+2(R)besuchthat(1.14)is

satisfied.Thenwehavethefollowingproperties:

1.Forψ+∈Ḣs+
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s+
1
2

µ(R)→H
s−

1
2(R),

whereforallψ1,ψ2∈Ḣ
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|Ḣ1

2
µ

.(A.10)

RemarkA.5.Theregularityonζhereisnotoptimal.Specifically,thedependenceon
|ζ|Ht0+2inthedefinitionofMcanbeloweredintheestimatesabove.However,wedo
notgivetheseestimatessincewewillinotherinstancesrequiremoreregularityonthefree
surface(asanexample,seeestimate(3.3)).

RemarkA.6.Thelastestimate(A.9)istakenfrom[50](seeequationnumber(2.24)).
However,in(2.24),thereisanεmissingduetoatypoandhasbeenaddedhere[52].

ThenextresultconcernstheshapederivativeofG+
µ.Theresultisfoundin[51,50].

PropositionA.7.Lett0>
1
2,s∈[0,t0+1],andforanyζ∈Ht0+2(R)satisfying(1.14)

wehavethefollowingproperties:
61

RemarkA.3.Forε=0wehavethatG+becomes

G−µ[0]ψ
+

=√µ|D|tanh(√µ|D|)ψ+
.(A.3)

Next,wewillstateseveralresultsontheDirichlet-Neumannoperatorthataretakenfrom
[51,50].

PropositionA.4.Lett0>
1
2,s∈[0,t0+1]andζ∈Ht0+2(R)besuchthat(1.14)is

satisfied.Thenwehavethefollowingproperties:

1.Forψ+∈Ḣs+
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s+
1
2

µ(R)→H
s−

1
2(R),

whereforallψ1,ψ2∈Ḣ
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Ḣ
max{s,t0}+1
µ

. (A.14)

5. For all 0 ≤ s ≤ t0, j ≥ 1, ψ+ ∈ Ḣmax{s+ 1
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A.2. Properties of G−µ . In this section will define and give the main properties of the
negative Dirichlet-Neumann operator.

Definition A.8. Let t0 ≥ 1, ψ ∈ H̊ 3
2 (R), and ζ ∈ Ht0+2(R) be such that (1.14) is satisfied.

Let Φ− be the unique solution in Ḣ2(Ω−t ) of the boundary value problem
{

∆µ
x,zΦ− = 0 in Ω−t

Φ− = ψ on z = εζ,

then G−µ [εζ]ψ− ∈ H 1
2 (R) is defined by

G−µ [εζ]ψ− = (∂zΦ
− − εµ∂xζ∂xΦ−)|z=εζ . (A.18)

Remark A.9. As noted in Remark 3.50 (2) in [51], we can define the negative Dirichlet-

Neumann operator by formula (A.18) (or formula (A.21) below) for ψ− ∈ H̊s+ 1
2 (R) if t0 >

1
2

and s ≥ max{0, 1 − t0}, where the restriction is a consequence of (B.6). We therefore put
t0 ≥ 1 for simplicity.
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2 |ψ1|Ḣmax{s,t0}+1 |ψ2|Ḣs+ 1
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2,j≥1,ψ+∈Ḣmax{s,t0}+1

µ(R),thereholds,

|d
j
ζG

+
µ[εζ](h)ψ

+
|Hs−1

2≤ε
j
µM|hk|Hs+1

2

j∏

m6=k
|hm|Hmax{s,t0}+3
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max{s,t0}+1
µ(R),ψ2∈Ḣ
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2
µ

.(A.16)

7.Forforall0≤s≤t0+
1
2,j≥1,ψ1∈Ḣ
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Remark A.10. The scaling for G−µ [εζ] is different from the one used in [51], where the
author used the scaling natural for infinite depth. In that case one would change µ = 1
and ε by ε = a

λ . In our case, the internal water wave model depends on both scales and is
explained in detail in Subsection 1.2.1.
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Remark A.10. The scaling for G−µ [εζ] is different from the one used in [51], where the
author used the scaling natural for infinite depth. In that case one would change µ = 1
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λ . In our case, the internal water wave model depends on both scales and is
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explainedindetailinSubsection1.2.1.

RemarkA.11.Forεζ=0wehavethatG−µbecomes

G−µ[0]ψ−=√µ|D|ψ−.(A.19)

RemarkA.12.UndertheprovisionsofDefinitionA.8andletφ−=Φ◦Σ−whereΣ+is
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tgiveninDefinition1.20,thenwe
havethat{

∇
µ
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µ
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andwehaveanequivalentexpressionofG−µ[εζ]ψ−givenby

G−µ[εζ]ψ−=∂
P−
nφ−|z=0,(A.21)

where∂P−
n=ez·P(Σ−)∇

µ
x,z.

Hereweusetheresultsin[51]adaptedtothecurrentscaling.
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Remark A.14. If we compare the estimates for G+
µ with the ones above, we note that there

is a
√
µ missing. However, this is a simple consequence of the functional setting where there

is an additional gain in µ from the observation that

√
µ|ξ|tanh(

√
µ|ξ|) ∼ µ |ξ|2

(1 +
√
µ|ξ|) .

Remark A.15. The inequality (A.26) is a direct extension of inequality (2.24) in [50].
While the last inequality (A.27) is the extension of Proposition 3.30 in [51] to infinite depth.
The extension is straightforward and is explained on page 88 of this book.

Lastly, we will need a shape derivative formula for G−µ and estimates on higher order
shape derivatives [51]:

Proposition A.16. Let t0 ≥ 1, s ∈ [0, t0 + 1], and take ζ ∈ Ht0+2(R). Then we have the
following properties:

1. For ψ− ∈ H̊s+ 1
2 (R) the shape derivative of G−µ [εζ] at ζ ∈ Ht0+2(R) in the direction

of h ∈ Ht0+2(R) is given by the formula

dζG−µ [εζ](h)ψ− = −εG−µ [εζ](hw−)− εµ∂x(hV −). (A.28)

2. For all 0 ≤ s ≤ t0 + 1, j ≥ 1 and ψ1, ψ2 ∈ H̊s+ 1
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2
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3. For all 0 ≤ s ≤ t0 + 1
2 , j ≥ 1, ψ1 ∈ H̊max{s,t0}+ 3

2 (R), ψ2 ∈ H̊s+ 1
2 (R), there holds,

∣∣(ΛsdjG−µ [εζ](h)ψ1,Λ
sψ2
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A.3. Corollaries from the results in Section 2. We will give an important gener-
alization of Proposition 2.4 where we prove that we can trade G+

µ with any operator

Op(A) : X → Hs− 1
2 (R) satisfying
∣∣(ΛsOp(A)f1,Λ

sf2

)
L2

∣∣ ≤MMA(f1)
√
µ|f2|

H̊s+ 1
2
, (A.31)

where MA(ψ) is some positive number defined by the norm on X. This can be seen from
Step 1.1 in the proof, which is the only place where we use that (G−µ )−1 is composed with

G+
µ . We have the following result.

Corollary A.17. Let t0 ≥ 1, s ∈ [0, t0 + 1], and ζ ∈ Ht0+2(R) be such that (1.14) is
satisfied. Then for f ∈ S (R) and Op(A) satisfying condition (A.31), the mapping

(G−µ [εζ])−1Op(A) :

{
X → H̊s+ 1

2 (R)

f 7→ (G−µ [εζ])−1Op(A)f
(A.32)

is well-defined and satisfies

|(G−µ [εζ])−1Op(A)f |
H̊s+ 1

2
≤MMA(f). (A.33)

Moreover, we have the particular cases of Op(A):
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whereMA(ψ)issomepositivenumberdefinedbythenormonX.Thiscanbeseenfrom
Step1.1intheproof,whichistheonlyplacewhereweusethat(G−µ)−1iscomposedwith
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µ.Wehavethefollowingresult.
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where MA(ψ) is some positive number defined by the norm on X. This can be seen from
Step 1.1 in the proof, which is the only place where we use that (G−µ )−1 is composed with

G+
µ . We have the following result.
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whereMA(ψ)issomepositivenumberdefinedbythenormonX.Thiscanbeseenfrom
Step1.1intheproof,whichistheonlyplacewhereweusethat(G−µ)−1iscomposedwith

G+
µ.Wehavethefollowingresult.
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Proof. As explained above, we only need to consider the specific cases of Op(A). Moreover,
since we have (A.33) at hand, we simply verify inequality (A.31) and identify the constant
MA(f1).

Step 1. For the proof of (A.34) we use that ∂x = −H|D|, where H is the Hilbert transform
and then use Plancherel’s identity together with Cauchy-Schwarz inequality to deduce the
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Proof.Asexplainedabove,weonlyneedtoconsiderthespecificcasesofOp(A).Moreover,
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Proof. As explained above, we only need to consider the specific cases of Op(A). Moreover,
since we have (A.33) at hand, we simply verify inequality (A.31) and identify the constant
MA(f1).

Step 1. For the proof of (A.34) we use that ∂x = −H|D|, where H is the Hilbert transform
and then use Plancherel’s identity together with Cauchy-Schwarz inequality to deduce the
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While the proof of (A.36) is obtained by (A.17).

Step 3. This step is a direct consequence of estimates (A.29) and (A.30), where estimate
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Proof.Asexplainedabove,weonlyneedtoconsiderthespecificcasesofOp(A).Moreover,
sincewehave(A.33)athand,wesimplyverifyinequality(A.31)andidentifytheconstant
MA(f1).

Step1.Fortheproofof(A.34)weusethat∂x=−H|D|,whereHistheHilberttransform
andthenusePlancherel’sidentitytogetherwithCauchy-Schwarzinequalitytodeducethe
bound
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Step3.Thisstepisadirectconsequenceofestimates(A.29)and(A.30),whereestimate
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Proof.Asexplainedabove,weonlyneedtoconsiderthespecificcasesofOp(A).Moreover,
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Proof.Asexplainedabove,weonlyneedtoconsiderthespecificcasesofOp(A).Moreover,
sincewehave(A.33)athand,wesimplyverifyinequality(A.31)andidentifytheconstant
MA(f1).
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A.4. Basic definitions. We start this section by defining the main quantities involved in
(1.13) and relating them to the primary variables (ζ, ψ).

Corollary A.18. Let t0 ≥ 1, s ∈ [0, t0 + 1] , and ζ ∈ Ht0+2(R) satisfying (1.14). Moreover
define ψ± as in Remark 2.11 and as the trace of φ± satisfying (2.21). Then there holds:

1. The tangential velocity is given by the mapping

V±‖ :

{
Ḣ
s+ 1

2
µ (R) → Hs− 1

2 (R)

ψ 7→ ∂xψ
± (A.39)

is well-defined and satisfies

∀s ∈ [0, t0 + 1], |V±‖ |Hs ≤M |∂xψ|Hs . (A.40)

2. The horizontal component of the velocity is given by the mappings

w± :




Ḣ
s+ 1

2
µ (R) → Hs− 1

2 (R)

ψ 7→ G±µ [εζ]ψ±+εµ∂xζ∂xψ±

1+ε2µ(∂xζ)2 ,
(A.41)

is well-defined and satisfies

s ∈ [0, t0 + 1], |w±ψ|
Hs− 1

2
≤ µ 3

4M |ψ|
Ḣ
s+ 1

2
µ

, (A.42)

and

s ∈ [0, t0 +
1

2
], |w±ψ|

Hs− 1
2
≤ µM |ψ|Ḣs+1

µ
. (A.43)

3. The vertical component of the velocity is given by the mappings

V ± :

{
Ḣ
s+ 1

2
µ (R) → Hs− 1

2 (R)

ψ 7→ V±‖ − ε(w±ψ)∂xζ
(A.44)

is well-defined and satisfies

s ∈ [0, t0 +
1

2
], |V ±|Hs ≤M |∂xψ|Hs . (A.45)
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Ḣ
s+

1
2

µ (R) → H
s−

1
2 (R)

ψ 7→ V±
‖ − ε(w±ψ)∂xζ

(A.44)

is well-defined and satisfies

s ∈ [0, t0 +
1

2
], |V ±|Hs ≤M |∂xψ|Hs . (A.45)

Proof. We prove each point in separate steps.

Step 1. For V
+
‖ we will use formula ψ+ = (Jµ)−1ψ and tn Proposition 2.10 with estimate

(2.23) to get

|V
+
‖ |Hs ≤M |(Jµ[εζ])−1
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Step 2. We consider the first estimate of w+, where we use estimate (A.7), the product

estimates (B.6) and definition of ψ+ with (2.23) to get:
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2
≤ |G+
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2
+ µε|∂xζ|
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4M |ψ+|

Ḣ
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2
µ

≤ µ 3
4M |ψ|

Ḣ
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2
µ

.

For the second estimate on w+, we argue similarly using (A.8) instead of (A.7).

For w− we first use the definition of ψ− = (G−µ )−1G+
µ ψ

+ and apply the same estimates,
combined with (2.11):
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For the second estimate on w−, we argue as above, where we use (A.8) instead of (A.7).

Step 3. We prove first (A.45). For the first part of V ± we use estimates (A.40), while the
second part is estimated by the product estimate (B.6) and then (A.42) to see that

|V ±|Hs ≤ |V±‖ |Hs + ε|w±∂xζ|Hs

≤M |∂xψ|Hs + ε|∂xζ|Hmax{t0,s} |w±|H(s+ 1
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�

A.5. Proof of Proposition 4.2. We will in this section give the details on the proof of
Proposition 4.2. Since the strategy in the proof is exactly the same as in [50] and the main
quantities involved satisfy the same estimates (see Corollary A.18), we only prove the steps
that are unique to the current regime. The first step is to derive linearization formulas. for
the Dirichlet-Neumann operator Gµ.

A.5.1. Linearization formulas. The main step in the quasilinearisation of the internal water
waves system (1.13) is to get linearization formulas for

Gµ[εζ] = G+
µ [εζ]

(
1− γ(G−µ [εζ])−1G+

µ [εζ]
)−1

ψ
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|Ḣs+1
2

µ

≤µ
3
4M|ψ|

Ḣ
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Forthesecondestimateonw−,weargueasabove,whereweuse(A.8)insteadof(A.7).
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A.5.ProofofProposition4.2.Wewillinthissectiongivethedetailsontheproofof
Proposition4.2.Sincethestrategyintheproofisexactlythesameasin[50]andthemain
quantitiesinvolvedsatisfythesameestimates(seeCorollaryA.18),weonlyprovethesteps
thatareuniquetothecurrentregime.Thefirststepistoderivelinearizationformulas.for
theDirichlet-NeumannoperatorGµ.

A.5.1.Linearizationformulas.Themainstepinthequasilinearisationoftheinternalwater
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HereitwillbeimportanttogetanexplicitformulafortheshapederivativeofGµwith
respecttoζandtrackthedependenciesinthesmallparameters.
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U=(ζ,ψ)T∈E
N,t0
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α̌j=α−ej,with1≤|α|≤Nanddefine∂α
x,t=∂α1

x∂
α2
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+
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and

ζ(α) = ∂αx,tζ, ψ(α) = ∂αx,tψ − εw∂αx,tζ, ψ〈α̌〉 = (ψα̌1), ψ(α̌2)).

Then for all 1 ≤ |α| ≤ N , one has

if α < N :
1

µ
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µ
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where the linear operators I[U ] and Gµ,(α) are given in Definition 4.1, while Rα is a function
that satisfies the estimate

|Rα(t)|2H1
γ,bo
≤ CEN (U(t)), (A.46)

for some C > 0 and for all t ∈ [0, T ].

Remark A.20. The principal part of the linearization formula for Gµ is given in terms
of Gµψ(α) and I[U ]ζα. While the additional term Gµ,(α)ψ〈α̌〉 is sub-principal that offers no
difficulty in the proof, but is needed to deal with surface tension in the energy estimates (see
the third point in Remark 5.1).

We will now give the main ingredients in proving the linearization formulas in Lemma
A.19. These formulas involve the precise formulation of the directional derivative of Gµ,
and we therefore give the definition.

Remark A.21. Let ψ ∈ Hs+ 1
2 (R) and ζ ∈ Ht0+2(R), then ζ 7→ Gµ[εζ]ψ is smooth and the

directional derivative, in the direction of h ∈ Ht0+2(R), is given by

dζGµ[εζ](h)ψ = lim
ν→0
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ν
.

The smoothness follows from the shape analyticity of G±µ [51].

Lemma A.22. Let t0 ≥ 1 and ζ ∈ Ht0+2(R) be such that (1.14) is satisfied.
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I[U ]h = ∂x(hV +) + γGµ[εζ](G−µ [εζ])−1∂x

(
h(V + − V −)

)
.

2. For all 0 ≤ s ≤ t0 + 1, j ≥ 1, there holds,
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and

ζ(α)=∂αx,tζ,ψ(α)=∂αx,tψ−εw∂αx,tζ,ψ〈α̌〉=(ψα̌1),ψ(α̌2)).
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wherethelinearoperatorsI[U]andGµ,(α)aregiveninDefinition4.1,whileRαisafunction
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≤CEN(U(t)),(A.46)

forsomeC>0andforallt∈[0,T].

RemarkA.20.TheprincipalpartofthelinearizationformulaforGµisgiveninterms
ofGµψ(α)andI[U]ζα.WhiletheadditionaltermGµ,(α)ψ〈α̌〉issub-principalthatoffersno
difficultyintheproof,butisneededtodealwithsurfacetensionintheenergyestimates(see
thethirdpointinRemark5.1).

WewillnowgivethemainingredientsinprovingthelinearizationformulasinLemma
A.19.TheseformulasinvolvethepreciseformulationofthedirectionalderivativeofGµ,
andwethereforegivethedefinition.

RemarkA.21.Letψ∈Hs+1
2(R)andζ∈Ht0+2(R),thenζ7→Gµ[εζ]ψissmoothandthe

directionalderivative,inthedirectionofh∈Ht0+2(R),isgivenby
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α
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α
x,tψ − εw∂

α
x,tζ, ψ〈α̌〉 = (ψα̌1), ψ(α̌2)).

Then for all 1 ≤ |α| ≤ N , one has

if α < N :
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∂
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x,t(Gµ[εζ]ψ) =
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µGµ[εζ]ψ(α) + εR(α),

if α ≤ N :
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∂
α
x,t(Gµ[εζ]ψ) =

1

µGµ[εζ]ψ(α) − εI[U ]ζ(α) +
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µGµ,(α)[εζ]ψ〈α̌〉 + εRα,

where the linear operators I[U ] and Gµ,(α) are given in Definition 4.1, while Rα is a function
that satisfies the estimate

|Rα(t)|
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γ,bo ≤ CE

N
(U(t)), (A.46)

for some C > 0 and for all t ∈ [0, T ].

Remark A.20. The principal part of the linearization formula for Gµ is given in terms
of Gµψ(α) and I[U ]ζα. While the additional term Gµ,(α)ψ〈α̌〉 is sub-principal that offers no
difficulty in the proof, but is needed to deal with surface tension in the energy estimates (see
the third point in Remark 5.1).

We will now give the main ingredients in proving the linearization formulas in Lemma
A.19. These formulas involve the precise formulation of the directional derivative of Gµ,
and we therefore give the definition.

Remark A.21. Let ψ ∈ H
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1
2 (R) and ζ ∈ Ht0+2(R), then ζ 7→ Gµ[εζ]ψ is smooth and the

directional derivative, in the direction of h ∈ Ht0+2(R), is given by

dζGµ[εζ](h)ψ = lim
ν→0

Gµ[εζ + νh]ψ − Gµ[εζ]ψ

ν
.

The smoothness follows from the shape analyticity of G±µ [51].

Lemma A.22. Let t0 ≥ 1 and ζ ∈ Ht0+2(R) be such that (1.14) is satisfied.
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N
(U(t)),(A.46)

forsomeC>0andforallt∈[0,T].

RemarkA.20.TheprincipalpartofthelinearizationformulaforGµisgiveninterms
ofGµψ(α)andI[U]ζα.WhiletheadditionaltermGµ,(α)ψ〈α̌〉issub-principalthatoffersno
difficultyintheproof,butisneededtodealwithsurfacetensionintheenergyestimates(see
thethirdpointinRemark5.1).

WewillnowgivethemainingredientsinprovingthelinearizationformulasinLemma
A.19.TheseformulasinvolvethepreciseformulationofthedirectionalderivativeofGµ,
andwethereforegivethedefinition.
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5. For all 0 ≤ s ≤ t0, j ≥ 1, there holds,

|djζGµ[εζ](h)ψ|
Hs− 1

2
≤ εjµM |hk|Hs+1

j∏

m 6=k
|hm|

Hmax{s+ 1
2 ,t0}+

3
2
|ψ|

Ḣ
max{s+ 1

2 ,t0}+1
µ

. (A.51)

Proof. The proof is similar to the one in [50], but we have to track the dependence in the
small parameters for the current scaling and adapt them to a different functional setting.
We prove each point separately.

Step 1. We do the details here, where we note that it is important not to compose the inverse

of G+
µ with G−µ (see Remark 2.5). With this in mind, we observe by direct computations

(suppressing the argument in ζ) that

d(Gµ ◦ Jµ)(h) = dGµ(h) ◦ Jµ + Gµ ◦ dJµ(h).

Then use definition (2.1) and compose the above identity with J −1
µ from the right to obtain

that
dGµ(h) = dG+

µ (h) ◦ (Jµ)−1 − Gµ ◦ dJµ(h) ◦ (Jµ)−1. (A.52)

Then we note by Proposition 2.11 that (Jµ)−1ψ = ψ+ allowing us to use formula (A.11)
and express the first term by

dG+
µ (h)(Jµ)−1ψ = dG+

µ (h)ψ+

= −εG+
µ (hw+)− εµ∂x(hV +).

For the second term of (A.52), we first make the observation

(G−µ )−1 ◦ dG+
µ (h) = (G−µ )−1 ◦ d(G−µ ◦

(
(G−µ )−1 ◦ G+

µ

)
)(h)

= (G−µ )−1 ◦
(

dG−µ (h) ◦
(
(G−µ )−1 ◦ G+

µ

)
− γ−1G−µ ◦ dJµ(h)

)

= (G−µ )−1 ◦ dG−µ (h) ◦ (G−µ )−1 ◦ G+
µ + γ−1dJµ(h),

so that

dJµ(h) = γ(G−µ )−1 ◦
(

dG+
µ (h)− dG−µ (h) ◦ (G−µ )−1 ◦ G+

µ

)
.

Then by Remark 2.11 we have that ψ− = (G−µ )−1◦G+
µ ψ

+, together with the shape derivative
formulas (A.11) and (A.28), we deduce that

dJµ(h) ◦ (Jµ)−1ψ = dJµ(h)ψ+

= γ(G−µ )−1
(

dG+
µ (h)ψ+ − dG−µ (h)ψ−

)

= −εγ(G−µ )−1
(
G+
µ (hw+)− G−µ (hw−)

)
− γεµ(G−µ )−1

(
∂x(hV +)− ∂x(hV −)

)
.

From (A.52) and definition of I[U ]h given by (4.2), we may collect the above identities and
factorize the leading terms together to find that

dGµ(h)ψ = −εG+
µ (hw+)− εγGµ ◦ (G−µ )−1

(
G+
µ (hw+)− G−µ (hw−)

)

− εµ
(
∂x(hV +) + γGµ ◦ (G−)−1

(
∂x(hV +)− ∂x(hV −)

))

= −ε
(

1 + γGµ ◦ (G−)−1
)
◦ G+

µ (hw+) + εγGµ(hw−)− µεI(U)h.

Clearly, the proof is a consequence of the following relation(
1 + γGµ ◦ (G−µ )−1

)
◦ G+

µ = Gµ. (A.53)
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5.Forall0≤s≤t0,j≥1,thereholds,
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2,t0}+
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|ψ|
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max{s+1

2,t0}+1
µ

.(A.51)

Proof.Theproofissimilartotheonein[50],butwehavetotrackthedependenceinthe
smallparametersforthecurrentscalingandadaptthemtoadifferentfunctionalsetting.
Weproveeachpointseparately.

Step1.Wedothedetailshere,wherewenotethatitisimportantnottocomposetheinverse

ofG+
µwithG−µ(seeRemark2.5).Withthisinmind,weobservebydirectcomputations

(suppressingtheargumentinζ)that

d(Gµ◦Jµ)(h)=dGµ(h)◦Jµ+Gµ◦dJµ(h).

Thenusedefinition(2.1)andcomposetheaboveidentitywithJ−1
µfromtherighttoobtain

that
dGµ(h)=dG+

µ(h)◦(Jµ)−1−Gµ◦dJµ(h)◦(Jµ)−1.(A.52)

ThenwenotebyProposition2.11that(Jµ)−1ψ=ψ+allowingustouseformula(A.11)
andexpressthefirsttermby

dG+
µ(h)(Jµ)−1ψ=dG+

µ(h)ψ+

=−εG+
µ(hw+)−εµ∂x(hV+).

Forthesecondtermof(A.52),wefirstmaketheobservation

(G−µ)−1◦dG+
µ(h)=(G−µ)−1◦d(G−µ◦

(
(G−µ)−1◦G+

µ

)
)(h)

=(G−µ)−1◦
(

dG−µ(h)◦
(

(G−µ)−1◦G+
µ

)
−γ−1G−µ◦dJµ(h)

)

=(G−µ)−1◦dG−µ(h)◦(G−µ)−1◦G+
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dJµ(h)=γ(G−µ)−1◦
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µ(h)−dG−µ(h)◦(G−µ)−1◦G+

µ

)
.

ThenbyRemark2.11wehavethatψ−=(G−µ)−1◦G+
µψ

+,togetherwiththeshapederivative
formulas(A.11)and(A.28),wededucethat
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(
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=−εγ(G−µ)−1
(
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)
−γεµ(G−µ)−1

(
∂x(hV+)−∂x(hV−)

)
.

From(A.52)anddefinitionofI[U]hgivenby(4.2),wemaycollecttheaboveidentitiesand
factorizetheleadingtermstogethertofindthat
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Proof. The proof is similar to the one in [50], but we have to track the dependence in the
small parameters for the current scaling and adapt them to a different functional setting.
We prove each point separately.
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Then use definition (2.1) and compose the above identity with J −1
µ from the right to obtain

that
dGµ(h) = dG

+
µ (h) ◦ (Jµ)−1

− Gµ ◦ dJµ(h) ◦ (Jµ)−1
. (A.52)

Then we note by Proposition 2.11 that (Jµ)−1ψ = ψ+ allowing us to use formula (A.11)
and express the first term by

dG
+
µ (h)(Jµ)−1

ψ = dG
+
µ (h)ψ

+

= −εG
+
µ (hw

+
)− εµ∂x(hV

+
).

For the second term of (A.52), we first make the observation

(G−µ )−1
◦ dG

+
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◦ d(G−µ ◦ (
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and can be seen in the identity

G+
µ = Gµ ◦ Jµ

= Gµ − γGµ ◦ (G−µ )−1 ◦ G+
µ .

Step 2. We first use the previous step and (A.52) to write

dGµ(h)ψ = dG+
µ (h)ψ+ − G ◦ dJµ(h)ψ+. (A.54)

Then for the first term, we use (A.12) and Proposition (2.10) with estimate (2.23) to get
that

|djG+
µ (h)ψ+|

Hs− 1
2
≤ εjµ 3

4M

j∏

m=1

|hm|Hmax{s,t0}+1 |J −1
µ ψ|

Ḣ
s+ 1

2
µ

,

≤ εjµ 3
4M

j∏

m=1

|hm|Hmax{s,t0}+1 |ψ|
Ḣ
s+ 1

2
µ

.

For the second term, we first let j = 1 and observe by direct calculations (or see previous
step) that

|dJµψ+|
H̊s+ 1

2
≤ |(G−µ )−1dG+

µ (h1)ψ+|
H̊s+ 1

2
+ |(G−µ )−1dG−µ (h1)ψ−|

H̊s+ 1
2

=: R1 +R2.

Here we treat R1 by (A.35) and then (2.23) to get that

R1 ≤ εµ
1
4M |h1|Hmax{s,t0}+1 |ψ|

Ḣ
s+ 1

2
µ

.

For R2 we use (A.37), then the relation ψ− = (G−µ )−1G+
µ ψ

+ together with estimates (2.11)
and (2.23) to obtain,

R2 ≤ εM |h1|Hmax{s,t0}+1 |ψ−|
H̊s+ 1

2

≤ εµ 1
4M |h1|Hmax{s,t0}+1 |ψ|

Ḣ
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2
µ

.

As a result, for j = 1, we have by (2.2) (for 0 ≤ s ≤ t0 + 1) and the above estimates that

|G ◦ dJ (h)ψ+|
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2
≤ µ 3

2M |dJ (h)ψ+|
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2
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Ḣ
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2
µ

.

The remaining cases follow recursively and can be proved by induction.

Step 3−5. The proof follows similarly, where for the first term in (A.54) we instead use
(A.13) or (A.14), or (A.15). While for the second term, we can gain precision in µ using
(2.4).

�

Remark A.23. In Step 1. of the proof, we found a formula for the shape derivative of Jµ:

dζJµ[εζ](h) = γ(G−µ [εζ])−1 ◦
(

dζG+
µ [εζ](h)− dζG−µ [εζ](h) ◦ (G−µ [εζ])−1 ◦ G+

µ [εζ]
)
.
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andcanbeseenintheidentity
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Theremainingcasesfollowrecursivelyandcanbeprovedbyinduction.
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RemarkA.23.InStep1.oftheproof,wefoundaformulafortheshapederivativeofJµ:
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(A.13)or(A.14),or(A.15).Whileforthesecondterm,wecangainprecisioninµusing
(2.4).

�

RemarkA.23.InStep1.oftheproof,wefoundaformulafortheshapederivativeofJµ:

dζJµ[εζ](h)=γ(G−µ[εζ])−1◦
(

dζG+
µ[εζ](h)−dζG−µ[εζ](h)◦(G−µ[εζ])−1◦G+

µ[εζ]
)
.
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and can be seen in the identity

G
+
µ = Gµ ◦ Jµ

= Gµ − γGµ ◦ (G−µ )−1
◦ G

+
µ .

Step 2. We first use the previous step and (A.52) to write

dGµ(h)ψ = dG
+
µ (h)ψ

+
− G ◦ dJµ(h)ψ

+
. (A.54)

Then for the first term, we use (A.12) and Proposition (2.10) with estimate (2.23) to get
that
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The remaining cases follow recursively and can be proved by induction.

Step 3−5. The proof follows similarly, where for the first term in (A.54) we instead use
(A.13) or (A.14), or (A.15). While for the second term, we can gain precision in µ using
(2.4).
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Remark A.23. In Step 1. of the proof, we found a formula for the shape derivative of Jµ:
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2
µ

.

As a result, for j = 1, we have by (2.2) (for 0 ≤ s ≤ t0 + 1) and the above estimates that

|G ◦ dJ (h)ψ
+
|Hs− 1

2 ≤ µ
3
2M |dJ (h)ψ

+
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andcanbeseenintheidentity

G
+
µ=Gµ◦Jµ

=Gµ−γGµ◦(G−µ)−1
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+
µ.

Step2.Wefirstusethepreviousstepand(A.52)towrite

dGµ(h)ψ=dG
+
µ(h)ψ

+
−G◦dJµ(h)ψ

+
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Thenforthefirstterm,weuse(A.12)andProposition(2.10)withestimate(2.23)toget
that
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Furthermore, in Step 2., we proved the estimate

|dζJµ[εζ](∂xζ)ψ|
H̊s+ 1

2
≤ εµ 1

4M |∂xζ|Hmax{s,t0}+1 |ψ|
Ḣ
s+ 1

2
µ

. (A.55)

From these expressions, we can deduce an estimate on the inverse:

|dζ(Jµ[εζ])−1(∂xζ)ψ|
Ḣ
s+ 1

2
µ

= |(Jµ[εζ])−1 ◦ dζJµ[εζ](∂xζ) ◦ (Jµ[εζ])−1ψ+|
Ḣ
s+ 1

2
µ

(A.56)

≤ εM |∂xζ|Hmax{s,t0}+1 |ψ|
Ḣ
s+ 1

2
µ

.

For an application of these estimates, see proof of (3.22).

Remark A.24. In step 1. in the proof we also have some convenient identities for Gµ. We
saw that (

1 + γGµ[εζ] ◦ (G−µ [εζ])−1
)
◦ G+

µ [εζ] = Gµ[εζ].

Composing this identity with (G+
µ [εζ])−1 on the right, we get a quantity we will use later:

(
1 + γGµ[εζ](G−µ [εζ])−1

)
= Gµ[εζ](G+

µ [εζ])−1 (A.57)

Furthermore, we have that

−γ(G−µ [εζ])−1Gµ[εζ] = −γ(G−µ [εζ])−1G+
µ [εζ](Jµ[εζ])−1

= 1− (Jµ[εζ])−1,

and implies

(Jµ[εζ])−1 + γ(G−µ [εζ])−1Gµ[εζ] = 1 + 2γ(G−µ [εζ])−1Gµ[εζ]. (A.58)

Lastly, we will make use of the following identities:

γ(G−µ [εζ])−1G+
µ [εζ](Jµ[εζ])−1 = −(Jµ[εζ])−1 + γ(G−µ [εζ])−1G+

µ [εζ](Jµ[εζ])−1 + (Jµ[εζ])−1

= (Jµ[εζ])−1(Jµ[εζ]− 1)

= −γ(Jµ[εζ])−1(G−µ [εζ])−1G+
µ [εζ],

which implies

γ(G−µ [εζ])−1G+
µ [εζ]Jµ[εζ]−1(G+

µ [εζ])−1 = −γJµ[εζ]−1(G−µ [εζ])−1. (A.59)

Proof of Proposition A.19. The proof relies on the estimates provided by Lemma A.22.
However, these estimates are the same as in [50], and so we refer the reader to the proof of
Proposition 6 in this paper. �

To prove the main result of this section, we also need the following Lemma:

Lemma A.25. Under the assumptions of Proposition A.19, one has for |α| ≤ N − 1 that

G±µ [εζ]ψ(α) = r±α ,

In the case when |α| = N , then

G±µ [εζ]ψ±(α) = Gµ[εζ]ψ(α) − γεµGµ[εζ](G∓µ [εζ])−1∂x

(
ζ(α)(V

+ − V −)
)
,

where the residual terms r±α satisfies

|(G±µ [εζ])−1r+
α |2
Ḣ

3
2
µ

≤ CEN (U)(1 + γε2√µ|ζ|2
<N+ 1

2
>

),

with |ζ|<N+ 1
2
> =

∑
α∈N2,|α|=N

|∂αx,tζ|H̊ 1
2

.
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Furthermore,inStep2.,weprovedtheestimate
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Foranapplicationoftheseestimates,seeproofof(3.22).
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ProofofPropositionA.19.TheproofreliesontheestimatesprovidedbyLemmaA.22.
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Foranapplicationoftheseestimates,seeproofof(3.22).

RemarkA.24.Instep1.intheproofwealsohavesomeconvenientidentitiesforGµ.We
sawthat(

1+γGµ[εζ]◦(G−µ[εζ])−1
)
◦G+

µ[εζ]=Gµ[εζ].

Composingthisidentitywith(G+
µ[εζ])−1ontheright,wegetaquantitywewilluselater:

(
1+γGµ[εζ](G−µ[εζ])−1

)
=Gµ[εζ](G+

µ[εζ])−1(A.57)

Furthermore,wehavethat

−γ(G−µ[εζ])−1Gµ[εζ]=−γ(G−µ[εζ])−1G+
µ[εζ](Jµ[εζ])−1

=1−(Jµ[εζ])−1,

andimplies

(Jµ[εζ])−1+γ(G−µ[εζ])−1Gµ[εζ]=1+2γ(G−µ[εζ])−1Gµ[εζ].(A.58)

Lastly,wewillmakeuseofthefollowingidentities:

γ(G−µ[εζ])−1G+
µ[εζ](Jµ[εζ])−1=−(Jµ[εζ])−1+γ(G−µ[εζ])−1G+

µ[εζ](Jµ[εζ])−1+(Jµ[εζ])−1

=(Jµ[εζ])−1(Jµ[εζ]−1)

=−γ(Jµ[εζ])−1(G−µ[εζ])−1G+
µ[εζ],

whichimplies

γ(G−µ[εζ])−1G+
µ[εζ]Jµ[εζ]−1(G+

µ[εζ])−1=−γJµ[εζ]−1(G−µ[εζ])−1.(A.59)

ProofofPropositionA.19.TheproofreliesontheestimatesprovidedbyLemmaA.22.
However,theseestimatesarethesameasin[50],andsowereferthereadertotheproofof
Proposition6inthispaper.�

Toprovethemainresultofthissection,wealsoneedthefollowingLemma:

LemmaA.25.UndertheassumptionsofPropositionA.19,onehasfor|α|≤N−1that

G±µ[εζ]ψ(α)=r±α,

Inthecasewhen|α|=N,then

G±µ[εζ]ψ±(α)=Gµ[εζ]ψ(α)−γεµGµ[εζ](G∓µ[εζ])−1∂x

(
ζ(α)(V

+−V−)
)
,

wheretheresidualtermsr±αsatisfies

|(G±µ[εζ])−1r+
α|2

˙H
3
2
µ

≤CEN(U)(1+γε2√µ|ζ|2
<N+1

2
>

),

with|ζ|<N+1
2
>=

∑
α∈N2,|α|=N

|∂αx,tζ|̊H1
2

.

71

Furthermore, in Step 2., we proved the estimate

|dζJµ[εζ](∂xζ)ψ|H̊s+ 1
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From these expressions, we can deduce an estimate on the inverse:
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2

µ

.

For an application of these estimates, see proof of (3.22).

Remark A.24. In step 1. in the proof we also have some convenient identities for Gµ. We
saw that (
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Proof of Proposition A.19. The proof relies on the estimates provided by Lemma A.22.
However, these estimates are the same as in [50], and so we refer the reader to the proof of
Proposition 6 in this paper. �
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ProofofPropositionA.19.TheproofreliesontheestimatesprovidedbyLemmaA.22.
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We will now turn to the proof of Proposition 4.2. However, since the quantities involved
satisfy the same estimates as in [50], we only point out the main differences (see also for a
similar approach [35]).

Proof of Proposition 4.2. Let ψ± and ψ be defined as in the transmission problem (2.21)
throughout the proof. Then for the first equation, we simply apply ∂αx,t and conclude by
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To prove the claim (A.61), we apply ∂ to the second equation (1.13) to find that
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The proof of this fact is the same as in [50], where the estimate relies on the following
inequalities
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This can be seen in the proof of Lemma 9 in [50]. In our case, the proof is a consequence
of Lemma A.25 and Corollary A.18. However, the quantities involved satisfy the same
estimates and therefore complete the estimate on Sα.
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Byaddingtheseobservationsandtrading1
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µG−µ[εζ]ψ−with∂tζ,wededuce

theidentity(A.61).
Thenextstepistoletα=β+δwith|δ|=1,wherewetrade∂with∂δx,tin(A.61).Then
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ThiscanbeseenintheproofofLemma9in[50].Inourcase,theproofisaconsequence
ofLemmaA.25andCorollaryA.18.However,thequantitiesinvolvedsatisfythesame
estimatesandthereforecompletetheestimateonSα.
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Ḣ
1
2
µ

≤ CE
N

(U)
(
1 + ε

2√µ|V +
− V −|2L∞ |ζ|2

<N+
1
2>

)
. (A.64)

The proof of this fact is the same as in [50], where the estimate relies on the following
inequalities

|ψ±
(α)|Ḣ 1
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This can be seen in the proof of Lemma 9 in [50]. In our case, the proof is a consequence
of Lemma A.25 and Corollary A.18. However, the quantities involved satisfy the same
estimates and therefore complete the estimate on Sα.
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ThiscanbeseenintheproofofLemma9in[50].Inourcase,theproofisaconsequence
ofLemmaA.25andCorollaryA.18.However,thequantitiesinvolvedsatisfythesame
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Ḣ
1
2
µ

≤CE
N

(U)
(
1+ε

2√µ|V+
−V−|2L∞|ζ|2

<N+
1
2>

)
.(A.64)

Theproofofthisfactisthesameasin[50],wheretheestimatereliesonthefollowing
inequalities

|ψ±
(α)|Ḣ1
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To conclude, we simply need to work on the terms:

εV +∂xψ
+
(α) − γεV

−∂xψ
−
(α) =

ε

2

(
V + + V −

)
∂xψ(α) +

ε

2

(
V + − V −

)
∂x
(
ψ+

(α) + γψ−(α)

)
. (A.67)

Then by identities (A.58), (A.59), and Lemma A.25 implies
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Here r±α is the term in Lemma A.25, which is of lower order. So that (A.67) becomes
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The surface tension term is linearized with the formula
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where K is given in Definition 4.1. We also identify Ins[U] by
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• [[V ±]]
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√
µ∂xζ]∂x•,

where Eµ[εζ] reads

Eµ[εζ]• = ∂x ◦ Jµ[εζ]−1(G−µ [εζ])−1 ◦ ∂x • .
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Appendix B. Tools

B.1. Estimates on Fourier multipliers and classical estimates. In this section, we
will give basic multiplier estimates. To be precise, we will give a definition of the Fourier
multipliers.

Definition B.1. We say that a Fourier multiplier F is of order s (s ∈ R) and write F ∈ Ss
if ξ ∈ R 7→ F (ξ) ∈ C is smooth and satisfies

∀ξ ∈ R, ∀β ∈ N, sup
ξ∈R
〈ξ〉β−s|∂βF (ξ)| <∞.

We also introduce the seminorm

N s(F) = sup
β∈N,β≤4

sup
ξ∈R
〈ξ〉β−s|∂βF (ξ)|.

The first result is several basic multiplier estimates that are used throughout the paper.

Proposition B.2. Let µ, γ ∈ (0, 1) and f ∈ S (R). Then there exist a universal constant
C > 0 such that:
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1. For the symbol

Gµ[0] =
√
µ|D| tanh(

√
µ|D|)

1 + γtanh(
√
µ|D|) ,

there holds,
1

µ
|Gµ[0]f |L2 ≤ C|∂xf |H1 , (B.1)

2. For the symbol

(Gµ[0])
1
2 =

(√
µ|D| tanh(

√
µ|D|)

1 + γtanh(
√
µ|D|)

) 1
2
,

there holds,
1

C
|f |

Ḣ
1
2
µ

≤ 1√
µ
|(Gµ[0])

1
2 f |L2 ≤ C|f |

Ḣ
1
2
µ

. (B.2)

3. There holds,

|f |
Ḣ
s+ 1

2
µ

≤ µ− 1
4 |∂xf |

Hs− 1
2
≤ µ− 1

4 ||D| 12 f |Hs , (B.3)

and
|f |

Ḣ
s+ 1

2
µ

≤ |∂xf |Hs . (B.4)

Moreover, for B = |D|(1 +
√
µ|D|)− 1

2 and S− = −√µ|D| there holds,

|B
2

S−
f |
Hs+ 1

2
≤ µ− 3

4 |f |
Ḣ
s+ 1

2
µ

. (B.5)

Proof. We first consider the square of the symbol in frequency, where the elementary in-
equality holds

1

2

√
µ|ξ|tanh(

√
µ|ξ|) ≤ √µ|ξ| tanh(

√
µ|ξ|)

1 + γtanh(
√
µ|ξ|) ≤

√
µ|ξ|tanh(

√
µ|ξ|).

Then by splitting in high and low frequency, we can prove that there is a number C > 0
such that

µ

C

|ξ|2
(1 +

√
µ|ξ|) ≤

√
µ|ξ|tanh(

√
µ|ξ|) ≤ µC |ξ|2

(1 +
√
µ|ξ|) .

To conclude, use Plancherel’s identity for (B.1), and take the square root of the inequalities
above to deduce (B.2).

The proof of the estimates in point three follows directly by Plancherel’s identity and
elementary inequalities. �

We will also use the following product estimates (see Proposition B.2 and Proposition
B.4 in [51]).

Lemma B.3. Let t0 >
d
2 , s ≥ −t0, f ∈ Hmax{t0,s}(Rd), and take g ∈ Hs(Rd) then

|fg|Hs . |f |Hmax{t0,s} |g|Hs . (B.6)

Moreover, if there exist c0 > 0 and 1 + g ≥ c0 then
∣∣∣ f

1 + g

∣∣∣
Hs
. C(c0, |g|L∞)(1 + |f |Hs)|g|Hs . (B.7)

Lastly, we will use several commutator estimates for Fourier multipliers. The first result
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2
µ

.(B.2)

3.Thereholds,

|f|Ḣs+1
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2
µ

.(B.2)

3.Thereholds,

|f|Ḣs+1
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Proposition B.4. Let t0 >
1
2 , s ≥ 0 and F ∈ Ss. If f ∈ Hmax{t0+1,s}(R) then, for all

g ∈ Hs−1(R),

|[F, f ]g|L2 ≤ N s(F)|f |Hmax{t0+1,s} |g|Hs−1 . (B.8)

Moreover, we will also need some commutator estimates on multipliers with non-smooth
symbol.

Proposition B.5. Let f, g ∈ S (R), t0 >
1
2 then there is a universal constant C > 0 such

that

|[f, |D| 12 ]g| ≤ C|f |
Ht0+ 1

2
|g|L2 (B.9)

and for µ ∈ (0, 1) there holds,

|[f, (1 +
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µ|D|) 1
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2
|g|L2 . (B.10)

Proof. For the proof of (B.9), we write the commutator as a convolution product in fre-
quency:

∣∣[f, |D| 12 ]g
∣∣
L2 =

∣∣∣∣
∫

R

(
|ξ| 12 − |ρ| 12

)
f̂(ξ − ρ)∂̂xg(ρ) dρ

∣∣∣∣
L2
ξ

.

Then the proof is a direct consequence of the estimate |ξ| 12 − |ρ| 12 ≤ 1 + |ξ − ρ| 12 when
combined with Minkowski integral inequality and Cauchy-Schwarz inequality.

Inequality (B.10) is proved similarly. �

B.2. Estimates on pseudo-differential operators. In this section, we will give esti-
mates of pseudo-differential operators whose symbol depends on the free surface. In partic-
ular, the framework needs to handle symbols of limited smoothness which is developed in
[49]. To be precise, we give the definition of the objects we will study.

Definition B.6. Let m ∈ R and t0 >
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1. For σ ∈ Γms0, s ∈ (−t0, t0), and m ∈ R, there holds,

|Op(σ)f |Hs ≤ |σ|Hs0
(m)
|f |Hs+m , (B.11)

Moreover, for −t0 < s+m ≤ t0 + 1 and −t0 < s ≤ t0 + 1, there holds,

|[Λs,Op(σ)]f |
H

1
2
≤ |σ|Hs0

(m)
|f |

Hs+m− 1
2
, (B.12)

2. Let m1,m2 ∈ R, σ1 ∈ Γm1
s0 and σ2 ∈ Γm2

s0 such that −t0 < s + mj ≤ t0 + 1 and

−t0 < s ≤ t0 + 1. Moreover, let (v1, v2) ∈W 1,∞(R) and define

σj(x, ξ) = Σ(vj(x), ξ) ∈ C∞(R, L∞(|ξ| ≤ 1)),

such that for all α, β ∈ N there is a positive nondecreasing function Cα,β(·) satisfying,

sup
ξ∈R
〈ξ〉β−m|∂αv ∂βξ Σ(vj , ξ)| ≤ Cα,β(|vj |).

Then one has,

|
(
Op(σ1)∗ −Op(σ1)

)
f |Hs ≤ |v1|W 1,∞ |f |Hs+m1−1 (B.13)

|[Op(σ1),Op(σ2)]f |Hs ≤ |v1|W 1,∞ |v2|W 1,∞ |f |Hs+m1+m2−1 (B.14)

|Op(σ1σ2)−Op(σ1) ◦Op(σ2)f |Hs ≤ |v1|W 1,∞ |v2|W 1,∞ |f |Hs+m1+m2−1 . (B.15)
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Then for z ∈ (0,∞) and any |ξ| ≥ 1
4 we have that

|∂βξ σz(x, ξ)|Ht0 . C(|∂xζ|Ht0 )(z
√
µ)βe−

z
2

√
µ|ξ|

≤ C(|∂xζ|Ht0 )(z
√
µ|ξ|)βe− z2

√
µ|ξ|〈ξ〉−β ,

by the algebra property of Ht0(R), so that

L0
3,t0(σz) . C(|ζ|Ht0+1).

While in low frequencies, the symbol is bounded, which implies

l0,t0(σz) ≤ C(|ζ|Ht0+1).

Since σ ∈ Γ0
t0 we may use Proposition B.7 with inequality (B.11) and Plancherel’s identity

to say that

|Op(L)f |Hs ≤ C(|ζ|Ht0+1)|e− z2
√
µ|D|f |Hs .

To conclude, we use this inequality with Plancherel’s identity and Fubini’s Theorem to see
that

‖ΛsOp(L)∂xf‖2L2(S−) =

∫ ∞

0
|(Op(L)∂xf)(·, z)|2Hs dz

≤ C(|ζ|Ht0+1)

∫ ∞

0
|e− z2

√
µ|D|∂xf |2Hs dz

≤ C(|ζ|Ht0+1)

∫

R
||ξ| 12 〈ξ〉sf̂(ξ)|2

∫ ∞

0
e−z
√
µ|ξ||ξ| dzdx

≤ µ− 1
2C(|ζ|Ht0+1)|f |2

H̊s+ 1
2
.

The proof of the remaining inequalities essentially boils down to having one more poly-
nomial power in |ξ| when compared to z. In particular, for the proof of (B.17), we see that
there is a gain of

√
µ and a |ξ| that appears after computing the derivative with respect to

z. Therefore, the proof follows as it did for (B.16).
For the proof of (B.18), there is also a gain in the small parameters. However, there is

a polynomial dependence in z and an additional |ξ|. Since we need |ξ| for the integrability,
we define

σ̃z(x, ξ) = |ξ|−1∂xσz(x, ξ),

and make the computation for |ξ| > 1
4 :

|∂βξ σ̃z(x, ξ)|Ht0 ≤ εC(|ζ|Ht0+2)(zµ)(z
√
µ)βe−

z
2

√
µ|ξ|

≤ zεµC(|∂xζ|Ht0+2)(z
√
µ|ξ|)βe− z2

√
µ|ξ|〈ξ〉−β .

Then we use Proposition B.7 to find that

‖ΛsOp(
1

z
∂xL)f‖2L2(S−) ≤ (εµ)2C(|ζ|Ht0+2)

∫ ∞

0
|e− z2

√
µ|D||D|f |2Hs dz

≤ ε2µ
3
2C(|ζ|Ht0+1)|f |2

H̊s+ 1
2
.

For the estimate of (B.18), the proof is similar where we define

˜̃σz(x, ξ) = |ξ|−1∂2
xσz(x, ξ),

and find that

|∂βξ ˜̃σz(x, ξ)|Ht0 ≤ zεµC(|∂xζ|Ht0+3)〈ξ〉−β .
At this point, the proof is the same.
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Thenforz∈(0,∞)andany|ξ|≥1
4wehavethat

|∂βξσz(x,ξ)|Ht0.C(|∂xζ|Ht0)(z
√

µ)βe−
z
2

√
µ|ξ|

≤C(|∂xζ|Ht0)(z
√

µ|ξ|)βe−z2
√

µ|ξ|〈ξ〉−β,
bythealgebrapropertyofHt0(R),sothat

L0
3,t0(σz).C(|ζ|Ht0+1).

Whileinlowfrequencies,thesymbolisbounded,whichimplies

l0,t0(σz)≤C(|ζ|Ht0+1).

Sinceσ∈Γ0
t0wemayusePropositionB.7withinequality(B.11)andPlancherel’sidentity

tosaythat

|Op(L)f|Hs≤C(|ζ|Ht0+1)|e−z2
√

µ|D|f|Hs.

Toconclude,weusethisinequalitywithPlancherel’sidentityandFubini’sTheoremtosee
that
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µ|ξ||ξ|dzdx

≤µ−1
2C(|ζ|Ht0+1)|f|2

H̊s+1
2
.

Theproofoftheremaininginequalitiesessentiallyboilsdowntohavingonemorepoly-
nomialpowerin|ξ|whencomparedtoz.Inparticular,fortheproofof(B.17),weseethat
thereisagainof

√
µanda|ξ|thatappearsaftercomputingthederivativewithrespectto

z.Therefore,theprooffollowsasitdidfor(B.16).
Fortheproofof(B.18),thereisalsoagaininthesmallparameters.However,thereis

apolynomialdependenceinzandanadditional|ξ|.Sinceweneed|ξ|fortheintegrability,
wedefine

σ̃z(x,ξ)=|ξ|−1∂xσz(x,ξ),

andmakethecomputationfor|ξ|>1
4:

|∂βξσ̃z(x,ξ)|Ht0≤εC(|ζ|Ht0+2)(zµ)(z
√

µ)βe−
z
2

√
µ|ξ|

≤zεµC(|∂xζ|Ht0+2)(z
√

µ|ξ|)βe−z2
√

µ|ξ|〈ξ〉−β.
ThenweusePropositionB.7tofindthat
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∂xL)f‖2L2(S−)≤(εµ)2C(|ζ|Ht0+2)

∫∞

0
|e−z2

√
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≤ε2µ
3
2C(|ζ|Ht0+1)|f|2

H̊s+1
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.

Fortheestimateof(B.18),theproofissimilarwherewedefine

˜̃σz(x,ξ)=|ξ|−1∂2
xσz(x,ξ),

andfindthat

|∂βξ˜̃σz(x,ξ)|Ht0≤zεµC(|∂xζ|Ht0+3)〈ξ〉−β.
Atthispoint,theproofisthesame.
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The remaining two estimates are proved similar to the ones above.
�

The next estimates are given on Hs(R) and are simpler to deal with. They are versions
of estimates used in [50], but are listed here for the sake of clarity.
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and for s ∈ (−t0, t0 + 1] there holds,
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√
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Note that the operators are of order
√
µ and with symbols that are elements in Γ1

t0 . Then
using (B.15), where the derivative of the symbols give rise to another ε

√
µ we obtain that

|
(
Op(S−SJ)−Op(S−)Op(SJ)

)
f |Hs ≤ εµC(|ζ|Ht0+2)

(√
µ|χ∂xf |Hs + |(1− χ)f |Hs

)

≤ εµC(|ζ|Ht0+2)|f |Ḣs
µ
.

where in the last inequality we also use that µ
1
4χ〈ξ〉 1

2 . 1 and (1− χ)
〈√µξ〉 12 µ 1

4 〈ξ〉 12√
µ|ξ| . 1.

The estimates in point 4, we note that the symbol in (B.32) is of order zero and we
conclude by (B.11). While for the proof of (B.33), we need to work on the domain of Bf
for the composition to be well-defined in low frequency. In particular, we have that

σ1 =
B2

SJS−
∈ Γ0

t0 , σ2 = 〈D〉− 1
2
|D|SJS−

B2
∈ Γ

1
2
t0
,

and the product σ1σ2 = |D|〈D〉− 1
2 ∈ Γ

1
2
t0

, allowing us to deduce by (B.15) for −t0 < s′ ≤
t0 + 1

2 that,

|
(
1−Op(

B2

SJS−
)Op(

SJS
−

B2
)
)
Bf |Hs′ ≤ C|

(
Op(σ1σ2)−Op(σ1)Op(σ2)

) 〈D〉 1
2

〈√µD〉 1
2

f |Hs′

≤ εC(|ζ|Ht0+2)| 〈D〉
1
2

〈√µD〉 1
2

f |
Hs′− 1

2
,

where the ε is a consequence of the estimate on the derivative of the symbol SJ . Now for

the case k = 1, we can compensate the half-derivative with the symbol (1 +
√
µ|D|)− 1

2 at a

price of µ−
1
4 . For k = 0, the symbol is uniformly bounded and thus completes the proof.
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The estimates in point 4, we note that the symbol in (B.32) is of order zero and we
conclude by (B.11). While for the proof of (B.33), we need to work on the domain of Bf
for the composition to be well-defined in low frequency. In particular, we have that
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where the ε is a consequence of the estimate on the derivative of the symbol SJ . Now for

the case k = 1, we can compensate the half-derivative with the symbol (1 +√µ|D|)− 1
2 at a

price of µ−
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4 . For k = 0, the symbol is uniformly bounded and thus completes the proof.
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Notethattheoperatorsareoforder√µandwithsymbolsthatareelementsinΓ1
t0.Then

using(B.15),wherethederivativeofthesymbolsgiverisetoanotherε√µweobtainthat

|
(
Op(S−SJ)−Op(S−)Op(SJ)

)
f|Hs≤εµC(|ζ|Ht0+2)

(√
µ|χ∂xf|Hs+|(1−χ)f|Hs)

≤εµC(|ζ|Ht0+2)|f|Ḣs
µ
.

whereinthelastinequalitywealsousethatµ
1
4χ〈ξ〉

1
2.1and(1−χ)〈√µξ〉12µ1

4〈ξ〉
1
2

√µ|ξ|.1.

Theestimatesinpoint4,wenotethatthesymbolin(B.32)isoforderzeroandwe
concludeby(B.11).Whilefortheproofof(B.33),weneedtoworkonthedomainofBf
forthecompositiontobewell-definedinlowfrequency.Inparticular,wehavethat

σ1=
B2

SJS−∈Γ
0
t0,σ2=〈D〉−

1
2|D|SJS−

B2∈Γ
1
2
t0,

andtheproductσ1σ2=|D|〈D〉−
1
2∈Γ

1
2
t0,allowingustodeduceby(B.15)for−t0<s′≤

t0+
1
2that,

|
(
1−Op(

B2

SJS−)Op(
SJS−

B2)
)
Bf|Hs′≤C|(

Op(σ1σ2)−Op(σ1)Op(σ2)
)〈D〉

1
2

〈√µD〉
1
2

f|Hs′

≤εC(|ζ|Ht0+2)|〈D〉
1
2

〈√µD〉
1
2

f|Hs′−1
2,

wheretheεisaconsequenceoftheestimateonthederivativeofthesymbolSJ.Nowfor

thecasek=1,wecancompensatethehalf-derivativewiththesymbol(1+√µ|D|)−1
2ata

priceofµ−
1
4.Fork=0,thesymbolisuniformlyboundedandthuscompletestheproof.
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[4]T.Alazard.Freesurfaceflowsinfluiddynamics.Lecturenote,EcoleNormaleSupérieureParis-Saclay,

2021.
[5]T.Alazard,N.Burq,andC.Zuily.Onthewater-waveequationswithsurfacetension.DukeMath.J.,

158(3):413–499,2011.
[6]T.Alazard,N.Burq,andC.Zuily.OntheCauchyproblemforgravitywaterwaves.Invent.Math.,

198(1):71–163,2014.
[7]T.AlazardandG.Métivier.ParalinearizationoftheDirichlettoNeumannoperator,andregularityof

three-dimensionalwaterwaves.Comm.PartialDifferentialEquations,34(10-12):1632–1704,2009.
[8]B.Alvarez-SamaniegoandD.Lannes.Largetimeexistencefor3Dwater-wavesandasymptotics.Invent.

Math.,171(3):485–541,2008.
[9]D.M.Ambrose.Well-posednessofvortexsheetswithsurfacetension.SIAMJ.Math.Anal.,35(1):211–

244,2003.
[10]D.M.AmbroseandN.Masmoudi.Well-posednessof3Dvortexsheetswithsurfacetension.Commun.

Math.Sci.,5(2):391–430,2007.
[11]C.J.AmickandJ.F.Toland.UniquenessandrelatedanalyticpropertiesfortheBenjamin-Onoequa-

tion—anonlinearneumannproblemintheplane.ActaMath,167:107–126,1991.
[12]T.B.Benjamin.Internalwavesofpermanentforminfluidsofgreatdepth.J.FluidMech.,29:559–592,

1967.
[13]D.P.Bennett,R.W.Brown,S.E.Stansfield,J.D.Stroughair,andJ.L.Bona.Thestabilityofinternal

solitarywaves.Math.Proc.CambridgePhilos.Soc.,94(2):351–379,1983.

81



[14] T. L. Bock and M. D. Kruskal. A two-parameter Miura transformation of the Benjamin-Ono equation.
Phys. Lett. A, 74(3-4):173–176, 1979.

[15] J. L. Bona, D. Lannes, and J.-C. Saut. Asymptotic models for internal waves. J. Math. Pures Appl. (9),
89(6):538–566, 2008.

[16] J. L. Bona and R. Smith. The initial-value problem for the Korteweg-de Vries equation. Philos. Trans.
Roy. Soc. London Ser. A, 278(1287):555–601, 1975.

[17] N. Burq and F. Planchon. On well-posedness for the Benjamin-Ono equation. Math. Ann., 340(3):497–
542, 2008.

[18] A. Cheng, D. Coutand, and S. Shkoller. On the motion of vortex sheets with surface tension in three-
dimensional Euler equations with vorticity. Comm. Pure Appl. Math., 61(12):1715–1752, 2008.

[19] W. Craig, P. Guyenne, and H. Kalisch. Hamiltonian long-wave expansions for free surfaces and inter-
faces. Comm. Pure Appl. Math., 58(12):1587–1641, 2005.

[20] W. Craig and C. Sulem. Numerical simulation of gravity waves. J. Comput. Phys., 108(1):73–83, 1993.
[21] W. Craig, C. Sulem, and P.-L. Sulem. Nonlinear modulation of gravity waves: a rigorous approach.

Nonlinearity, 5(2):497–522, 1992.
[22] R.E. Davis and A. Acrivos. Solitary internal waves in deep water. J. Fluid Mech., 29:593–607, 2067.
[23] D. G. Ebin. Ill-posedness of the Rayleigh-Taylor and Helmholtz problems for incompressible fluids.

Comm. Partial Differential Equations, 13(10):1265–1295, 1988.
[24] L. Emerald. Rigorous derivation from the water waves equations of some full dispersion shallow water

models. SIAM J. Math. Anal., 53(4):3772–3800, 2021.
[25] A. S. Fokas and M. J. Ablowitz. The inverse scattering transform for the Benjamin-Ono equation—a

pivot to multidimensional problems. Stud. Appl. Math., 68(1):1–10, 1983.
[26] L. Gassot. Lax eigenvalues in the zero-dispersion limit for the Benjamin-Ono equation on the torus.

arXiv, 2023.
[27] L. Gassot. Zero-dispersion limit for the Benjamin-Ono equation on the torus with bell shaped initial

data. Comm. Math. Phys., 401(3):2793–2843, 2023.
[28] P. Gérard. A nonlinear Fourier transform for the Benjamin-Ono equation on the torus and applications.
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[51]F.Serre,Contributionàl’étudedesécoulementspermanentsetvariablesdanslescanaux,LaHouille
Blanche(1953),no.6,830–872.

[52]J.ShatahandC.Zeng,Aprioriestimatesfor�uidinterfaceproblems,Comm.PureAppl.Math.61(2008),
no.6,848–876.MR2400608

[53],Localwell-posednessfor�uidinterfaceproblems,Arch.Ration.Mech.Anal.199(2011),no.2,
653–705.MR2763036

[54]C.H.SuandC.S.Gardner,Korteweg-deVriesequationandgeneralizations.III.Derivationofthe
Korteweg-deVriesequationandBurgersequation,J.MathematicalPhys.10(1969),536–539.

[55]G.Taylor,�einstabilityofliquidsurfaceswhenacceleratedinadirectionperpendiculartotheirplanes.
I,Proc.Roy.Soc.LondonSer.A201(1950),192–196.MR36104

BIBLIOGRAPHY253

[36]C.KleinandJ.-C.Saut,Nonlineardispersiveequations—inversesca�eringandPDEmethods,Applied
MathematicalSciences,vol.209,Springer,Cham,[2021]©2021.MR4400881

[37]D.J.KortewegandG.deVries,Onthechangeofformoflongwavesadvancinginarectangularcanal,
andonanewtypeoflongstationarywaves,Philos.Mag.(5)39(1895),no.240,422–443.MR3363408
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