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Abstract

In the context of the initial data and an amplitude parameter ¢, we establish a local
existence result for a highly nonlinear shallow water equation on the real line. This
result holds in the space H¥ as long as k > 5/2. Additionally, we illustrate that the
threshold time for the occurrence of wave breaking in the surging type is on the order
of ¢!, while plunging breakers do not manifest. Lastly, in accordance with ODE
theory, it is demonstrated that there are no exact solitary wave solutions in the form
of sech and sech?.
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1 Introduction

This paper delves into the dynamics of the velocity field evolution in a fluid layer,
operating under several key assumptions: the fluid is ideal, incompressible, irrotational
(zero vorticity), and subject solely to the influence of gravity [10, 18].

Employing an asymptotic regime, wherein we seek approximate models and solu-
tions, is a conventional strategy for simplifying complex problems. Johnson’s formal
asymptotic procedures [9] have notably yielded effective approximations to governing
water wave equations, especially concerning specific geophysical parameters. Con-
stantin and Lannes [2] subsequently substantiated the relevance of main asymptotical
models for shallow water-wave propagation, extending to more nonlinear generaliza-
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tions such as the KdV equations linked to the Camassa-Holm equation [4] and the
Degasperis—Procesi equations [5].

The connection between the typical wavelength A and wave amplitude a with water
depth hg is encapsulated by the shallowness (dispersion) parameter § = ho/A and
the nonlinearity (amplitude) parameter ¢ = a/hg, which naturally emerge during the
non-dimensionalization process.

Our focus lies in the "shallow water regime for waves of large amplitude" under
the scaling

§ <1, g~ O(V9).

Building on Johnson’s methodology [9, 10], Quirchmayr in [20] derived a highly non-
linear one-dimensional equation describing the unknown horizontal velocity u (¢, x)
of surface waves propagating in one direction at any position (¢, x) € Ry x R. This
equation is expressed as:

3 1
Uy +uy + Esuux - E52(4uxxx + Tuxxr)

1 1
—gsaz(uum + Quytyy) + 9—68252(398uuxuxx + 450Uty + 154u) = 0.
(1.1)

Unlike the Camassa-Holm regime [62 <« 1, & ~ O(8Y/*)], here the nonlinear effects
are more pronounced. Notably, the right-hand side of (1.1) is of order O (382, §3),
and the dependence on £28? is evident on the left-hand side.

Previous works have laid a solid theoretical foundation for this equation. Its local
well-posedness has been extensively discussed; in [22], the local well-posedness of
the corresponding Cauchy problem with initial data in H*(R) for s > 3/2 was estab-
lished using Kato’s theory. In [7, 24], the authors enhanced the local existence of
solutions to (1.1) within the Besov space setting 3127, q(]R) where p,q € [0, +o0],
and s > max(3/2, (p + 1)/p, also providing some blow-up criteria. Recently, the
well-posedness for space-periodic solutions is established in H*(R/Z) for s > 3/2
in [19]. On the other side, Geyer and Quirchmayr in [8] classified all (weak) traveling
wave solutions of (1.1) in H (R), while in [12], it has been proven that all symmetric

loc
wave solutions are traveling waves.

1.1 Statement of the results

For the remainder of this paper, we will represent u as 82.In Sect. 2, we mainly tackle
the Cauchy problem associated to the shallow water asymptotic scalar equation (1.1)
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3 1 1
ur +uy + Eguux - EM(4uxxx + Tuxyr) — ggﬂ(uuxxx + 2uyuyy)

1
+%82M(398uuxuxx + 45u2uxxx + 154“?;) =0,
(t,x) e R} xR,
uy,_o = uog = u(0, x) x eR.

This section is dedicated to the linear analysis of our problem, followed by a thorough
construction of solutions to the nonlinear system. We employ the Picard iteration
method, culminating in the long-time existence result within X* >~ H s+tL(R) (refer to
Definition 1) and ¢! time scale, asserting this result as long as s > 3/2.

Theorem 1 [Local existence] Fixs > % and an initial data ug € X*. Then, there exists
T = T(luolxs) > 0 and a unique solution to (1.1) bounded in C ([0, %]; XS(R)) N
cl(o, %]; X5~ HR)) such that for any 0 < et < T, the following solution size
estimates holds

ju(t, Hxs < CEY (uolxs), and u(t, )y S eluolys. (1.2)

where Cy = C(?N(|uo|xs) > 0 is a constant depending only on |ug|xs.

In Sect. 3, addressing the solution of (1.1), it is established that the threshold time
for the onset of wave breaking in the surging type (where the slope grows to +00) is
greater than or equal to an instant of order £ ~!. Notably, plunging breakers (where the
slope decays to —oo) are not observed. In Sect. 4, following ODE theory, it is deduced
that there are no exact solitary wave solutions in the form of sech and sech? for the
given equation.

2 Long-term well-posedness of (1.1)

In order to motivate the introduction of the energy norm (see Definition 1), it is
instructive to look at the linearized system around a reference state u :

{E(g, NHu =0, @)

uj,_y = ud.
Consequently, this requires to write the Eq. (1.1) in a quasi-linear form such that
L(u,d)u =0, (2.2)

where

7 3 2
L(v, 9) = (1 _ ﬁuax)a, 0y 5800, - —Spd]-
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1 5 1 2 5 (199 s 15 5.5 7T,
— 8M<6U3x + gvxax> -+e M(waax + 3—21) d; &vxax)
In a normal manner, for any s > 0, we define the energy of the linearized system (2.1)
as:

7 7
ESu)? = (Au <1 - E“a§> Asu> = Juld. + ﬁmuxﬁ,x. (2.3)

Here and throughout the rest of the paper, H* (R), for any real constant s, is the Sobolev
space of all tempered distributions f* with the norm | f|ps®) = |A® fl2@) < 00,
where A is the pseudo-differential operator A* = (1 — 8,)/2.

Now, under usual conditions, it is therefore commonly to define the energy space
to our problem as follows.

Definition 1 [Energy space] For all s > 0, we denote by X* = H**!(R) endowed
with the norm:

ul%s = |ul3ys + plug s (2.4)

Remark 1 [Control of E’ energy by X*-norm] Equivalence across the above energy
definitions between | - |xs and E*(u) stems directly such that

E* () < Julxs < @E%u» 25)

2.1 Linear analysis

This section targets mainly the mathematical analysis of the linearized system (2.1).
As a conclusion, in subsection 2.2 we deduce the proof of our main result (Theorem

1), that is the well-posedness of (2.2) on time scales of order el

Proposition1 Fix any s > % and assume that u € X*(R). Then for any initial

data ug € X° there exists T > 0 and a unique solution u to (2.1) bounded in
C([0, L1 X*R) N ([0, L1; X*~1(R)) such that for all 0 < et < T, it holds

lu@lxs S luolxs and lur (1) 551 S C(|ulxs, lulxs).  (2.6)

Proof By regularizing the operator £ with a sequence of Friedriches mollifiers defined
by Js = (1— 88)%)_1/ 2 with (8 > 0), the constructed unique solution for the linearized
problem (2.1) exists by a Cauchy-Lipschtiz theorem (see for instance [21]). Indeed,
once the X* energy estimate (2.6) is in hands, the Cauchy-Lipschitz technique requires
only similar estimate. For this reason, we do not give details on the implementation
strategy as the bulk of the work is to derive a prior energy estimate. We shall focus
however on proving the key step (2.6).
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Let us consider any A € R to be fixed later. Differentiating the component
%e’e“E“‘(u) with respect to time, one gets, using (2.3), and the equation (2.1),

1 ' A 7 '
Ee“’&,(eﬂmEé (u)z) = —(L%Es(u)2 + (AS (1 — 1—8u8§) us, A“u)

A 3 1
= —'STE‘Y(u)2 + —e(As(gaxu), Asu) + ga,u(A‘Y(gBSu), A‘Yu)

2
1 199

+ gsu(As (u_xafu), Asu) — K82M(As(ﬂx8fu), Asu)
15 77

- iezu(AS(fa;u), Afu) — Eezu(z\s(giaxu), Afu),

where we used the fact that 9, and 9, commutes with A*® and by integrating by parts
that (AS(—ux + %/mxxx), A“'u) =0.

Now, since for all skew-symmetric differential polynomial P (thatis, P* = —P),
and all & smooth enough, one has

1
(A*(hPu), Au) = ([A°, h]Pu, A°u) — E([P, hAu, Au),
we deduce (applying this identity with P = oy, P = 8)% and P = 8;?),
1 A 3
Ee“fa, (e_SME‘Y(u)Z) = —(%Es(u)2 + 58([AS, uluy, A'u)
3 1
- Z‘gﬂ([ax» Z]Asua Asu) + 68M([As» Ultyrx, Asu)

- Lsu([af, ulAu, A*u) + %su([As, U, Au) — éeu([af, u A u, A*u)

12
199 199

— _82I~'L([AS9MX]MX)M AYu) + _82/\;(/([8)%,%)‘]1\3‘“, AYM)
48 96
15 ) ) 15 ) )

— S (AT, u e, Au) + (0], 1A u, A'u)
32 64
77 77

— (A ulluy, Au) + —e? ([0, u2 1A u, A u)
48 96
EA o o

=—7E w)y"+A14+4A+---+ A 2.7

The key point is to bound from above each term at the right-hand side of the above equa-
tion in terms of E*(U)? and E* (U), then for a specific choice of A and by Gronwall’s
inequality the prior energy estimate (2.6) follows.

In the sequel we shall use intensively the estimates introduced by Kato-Ponce [11]
and recently improved by Lannes [17], in particular, for any s > 3/2, and f €
H*(R), g € H*~1(R), the commutator estimate below holds

LAY, flg|y S 10 flps-118l st (2.8)
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640 B. Khorbatly

Moreover, for any f, g € H*(R), s > 3/2, the classical product estimate (see [1, 11,
17]) below holds

| f8lus S 1 f 118l hs. 2.9

Also, we shall use the continuous embedding H*(R) ¢ W (R) for s > 3/2.
Estimationof A3 + Ag: Remark that for all m, n smooth enough, the following
commutator identity holds

[A%, m]On = 3, [A*, mln — [A*, d,m]n.

Therefore, using (2.8), (2.9), Cauchy—Schwartz inequality and by integration by parts,
it holds that

1 1
Az + Ag = _EEM([ASa uluyy, Asux) - EEM([ASa ﬂx]uxm Asu)

15 15
+ iezll’([As7 ﬂz]uxx» Asux) + Eezﬂ([l\s, Mx]uxxa Asu)

< eC(E*W)E* (w)* . (2.10)

Estimationof As + A7 + Aqy: Directly by the Cauchy-Schwartz inequality and esti-
mates (2.8), (2.9), it holds that

~

As+ A7+ An S eC(E W) E* (u)*, (2.11)

Estimationof A4 + Ag + Aj2: By definition we have [8)’;:1’2‘3, flg = g8i21’2’3(f).
Therefore, directly by the Cauchy-Schwartz inequality and integration by parts, it holds
that

1 77
As+Ag+Ap = Egy,(g“A‘Yu, Asux) - Eezu(giAsu, Asux)

< eC(E* W) E* (). (2.12)

Estimationof Ag: By definition we have [32, fglh = hd>(fg) +2hydx(fg). There-
fore, by integration by parts one may deduce that Ag = 0.

Estimationof Ajo: By definition we have [33, fglh = hd}(fg) + 3h.d2(fg) +
3h,x0x(fg). Therefore, directly by the Cauchy-Schwartz inequality, (2.9) and by
integration by parts, it holds that

15 45
Ay = _Egm(ax(%c)zxsu, Aluy) — aszu(ax(g2)Asux, ASuy)
< e2C(ES(w)E* (u)*. (2.13)
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The highly nonlinear shallow water equation... 641

Similarly as above, we have A] + Ay < 8C(E S(g))E S(u)?. Gathering the estimates
(2.10)—(2.13) in (2.7), we get

%eé‘)\,tat (eis)\‘lES(u)z) S 8c(ES (Z) _ %)ES (u)z

Now, for all 0 < er < T, we take o= A > 2C(E*(u)) > 0 so that the differential
inequality below holds:

d 1-
EES(M) < zkeEs(u).

As a result, by Gronwall’s inequality the desired energy estimate (2.6) holds.

Now to establish the other derivative energy estimate of (2.6), we use the linearized
system (2.1). Indeed, by definition (2.3) and proceeding as for the estimate in (2.7), it
holds that

7
ES VN u)? = (As_lu,, (1 - E/LB)%) As_lu,>

1 | ,
= ger (A i A7) = (07, WA A )

6 12
1 _ _ 1 _ _

e (A e, A7) = con (107, w AT, A )
199 _ _ 199 _ _

— g & AT Qe A )+ (10, e JA e, A )
15 _ _ 15 _ _

= 3y AT @, AT ) + (07, 1A, A )
77 77

- Eszu([A“l, ulug, A uy) + %SZM([ax,zf]As_lu, A luy)

S eC(Julxs, lulxs)ES uy) .

Hence the desired estimate. O

2.2 Proof of Theorem 1

The proof here is a standard argument used for hyperbolic systems (see Chapter III
B.1 of [1] for the general case). For sake of completeness we will present the main
procedure of the proof. We consider first a sequence of nonlinear problems of (2.2)
through the induction relation

ﬁ(u", 8)14”+1 =0
A4 . 2.14
neN, 1|1t-=1-01 — 0 with  u® = up (2.14)

Once Proposition 1 in hands and in combination with additional standard arguments,

the convergence of solution (u”)n>o is established. We recall that such an iterative
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642 B. Khorbatly

scheme is applicable on various models/equations in one or two space dimension once
the linear analysis is accomplished (see for instance [13, 15, 16]).

2.2.1 Bounding (u"),_, in X*>3/2

Combining the assumption of Theorem 1 with Proposition 1 applied to system (2.14),
one may deduce by induction on n that u"*! € C([0, %]; X nclo, %]; x5
such that for any 0 < er < T, it holds

" @) xs S Juolxs and 3" (D)1 S eluolxs.  (2.15)
2.2.2 Convergence of (u") _, in larger space X°

Denote by u" = ug + Z:‘l:_ol v' where (v")n>0 is the subtraction of two consecutive

n

approximate solutions u" ! —u" = v". Eventually, (v")n>0 satisfies the system below

L, )" = —(R(u",0) = R, 8) Ju",

2.16
(vn)|t:0 = O’ ( )

VnelN, {

with R(u, 8) = L(u’, 3) — (1 — 5ud?) —d, + %uag. We refer to appendix A for the
control of sequence (v”)n>0 in the small norm X°. As a result, for any 0 < et <T,
it holds that B

luo|xs (& lug| xs elolx T)"

" Ol S :
n:

Hence, with the help of the ratio test for convergence of a series, one may deduce that
sequence u" = ug + Z;:ol v' converges in C ([0, %]; X% to u.

2.2.3 End of the proof

Section 2.2.1 implies that there exists a weakly convergent subsequence (”nk)nkzo
in C ([0, %]; X%) to u € X*. Subsection 2.2.2 and since the limit in the sense of
distribution is unique, then # = u € C([0, %]; X*) with s > 3/2. Therefore, u"*
converges in C([0, %]; X*) to u and as a result the limit u of the iterative scheme
(2.14) is a unique solution of (2.2) that satisfies the energy estimates (1.2).

3 Wave breaking

The well-posedness result of Theorem 1 asserts that there is a time 7, < 400 at
which some norm of the solution of (1.1) becomes unbounded, the latter phenomenon
is known as (finite-time) blow-up. Consequently, a fundamental question in the theory
of nonlinear partial differential equations is when and how a singularity can form.
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When the solution itself becomes unbounded in a finite time, a simple type of
singularity occurs. On the other side, in models of water waves, wave breaking occurs
when the solution (representing the wave) remains bounded but its slope becomes
infinite as the blow-up time approaches. Eventually, the following definition states
when the wave is said to be broken:

Definition 2 [Wave breaking] We say that there is wave breaking for the Eq. (1.1), if
there exists a time 0 < 7, < +00 and solutions u(¢, x) to (1.1) such that

we L®(0, L] xR)  and  lm du(t, ) o) = +oo.

3.1 Wave breaking criterion
Our first result describes the precise blow-up pattern for the Eq. (1.1).

Proposition 2 Fix any ¢, u € (0, 1) and consider any initial data ug = u(0,-) €
HSTY(R) with s > 3/2. If the maximal existence time Tpax > 0 of the solution of (1.1)
is finite, Tmax < +00, then the corresponding solution u € C([0, Tmax); H s+l R)HN
CY([0, Tmax); H L (R)) blows up in finite time if and only if

lim  [[0yu(t, )|l Lo ®) = +00. 3.1

1= Tmax

Proof Applying Theorem 1 and a simple density argument, we only need to show
that the theorem holds for some s > 2. Here, we assume s = 2 to prove the above
proposition. In view of Theorem 1, given ug € H?3(R), the maximal existence time
of the associated solution u(7) is finite if and only if u(¢) H 3_blows up in finite time.
Thus if (3.1) holds for some time 7" > 0, then the maximal time is finite. We omit the
rest of the proof as it follows same lines as the proof of Theorem 1.2 in reference [24].

O

3.2 Wave breaking data

Our subsequent objective is to establish that, even with the introduction of heightened
nonlinearity effects in our equation (1.1), wave breaking of the surging type (i.e.,
where the slope grows to +00) transpires within a finite time, greater than or equal to
an instant of order ¢ ~!. In contrast, plunging breakers (i.e., where the slope decays to
—0o0) are not observed.

We will prove this by analyzing the equation that describes the evolution of the
slope wave (the differentiation of (1.1) with respect to the spacial variable)

7 2 3 2,2 2 1 2
(1 - 1_8M8x)utx + Uxx + Zgax ) — §l/«uxxxx - ggﬂax ()

_L 2,2 L 2 2 3\ _
128M3x (uy) + 968 L0y (398uuxuxx +45u Uy + 154ux) =0. (3.2)
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For further use, set by p(x) = |x |) the convolution kernel func-

3 6
s
tion whose Fourier transform reads p(w) = (1 + %/xwz)_l. Denoting by * the
convolution with respect to the spatial variable x € R, we have (1 — % /LB)%)_I f=
pxfand px(f — 17—8,ufxx) = fforall f € L2(R). Moreover, it is not hard to check
that

| 3
IlPllLoem) = m, ||P||L1(R) =1, ||P||L2(R) =

3 /14 _16 iy

28 ; = g# )
(3.3)
and

I px _ Il = o 2 Upellio = o ek -3

DxllLe®) = T Pxllpiry = A PxllL2m) = 08 M

S 3

<2 _ 3.4
=501 4

Applying the operator (1 — % n 8)%)_1 to the time evolution slope wave equation (3.2)
and using the identity

a2 = _ 18 _18 L*(R 3.5

one may write equation (3.2) in the weak non-local form for all (¢, x) € Ry x R as

4
Uiy 7 Px ¥ U+ SEDx F Uty + Zlhyx = ZEP * Uk

= —=fUu —¢& u, — —U, — ——& U — —€& u-u
7 XX 14 p x 14°Hx 48 M Dx xUxx 32 M Px XXX
77
- Egzﬂpx * ”)35 . (3.6)

It is also found that the solution of (1.1) cannot break up to the maximal time of
existence of solution.

Proposition 3 Let the assumption of Proposition 2 be satisfied. Then for almost every-
where on [0, Timax), it holds that

. 1
lﬁf uy(t,-) = —||0xuollLoo®y — W/ 42Ky, 3.7

3¢

where

T _ 49 22 _ 8 _
Ko = n 7/4C0+78/,L ”/4C§+?eu 9/4C§+§s,u 5/2C3
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+27182 0 AC3 + 31214 + 13262733,

with Co = CéVH (luoll g3 r)) > O is the constant that appears in Theorem 1 depending
only on ||uo |l g3 (r)-

Proof First, remark that combining the energy size estimate (1.2), we shall use inten-
sively the below estimate

lull g3y < 4u™"Co,
where Cop = Cév H (ol H3®)) > 0 is the constant that appears in Theorem 1

depending only on [[uo |l g3 (r)- Therefore, using Young’s inequality, the imbedding
L>®(R) ¢ H'(R), and the estimates (3.3)-(3.4), we obtain that

3 7
FIpe sl < Ipelizzludize < 3w ey,

3 23 B, ke
2£||Px *Ully||LooRr) < 28||Px 2 llullpoe il 2 < 5 e Ch .
3 3 2 ey
§8||P * Ullxx||Loo(R) < ?Sllplle lullzooluxxllp2 < 5t G,

3 2 3 2 3 2 8 —5/2 2
—¢|lp*xu 00 < —¢ oo ||lu < —¢ oo ||lu < -—¢ cs,
1 lp*uylizoem < 1 Ipllzoelluyllp < 2 pllzoelluxlly, < SEn 0

199 199 _
Eszullm Ul Uy || Lo R) < K«‘JZMIIPXIILZ llall oo ot |l oo et |l 2 < 271620~ VACE

15 15 _
3—282u||px U x|l oo () < 3—282u||px||Lz Nl oo llttnxll 2 < 312~ 1V4CE

77, 3 77 5 3
158 Py uiliiem = geetpllpellioe furllo

< gEZMHlelLN gl lluxll7 < 1326*073CF

At any fixed time ¢ € [0, Thax), (3.6) is an equality in the space of continuous
function C ([0, Tiax), LZ(R)). So let us evaluate both side of equality (3.6) at a point
x = &(t) € R, the local minima) of the slope wave. In fact, as u,(t,-) € H 2(R) we
see that it vanishes at +00 in which the existence of £(¢) is guarantee. In other words,
there exists at least one point £(¢) such that n(z) is defined as follows

n(t) = ;Ielﬂf{ {ux (@, )} = ux(t, 6(0)). (3-8)

We may assume that n(¢) < O for all + € Ry. In fact, when n(¢) > 0 then u(¢, -) is
non-decreasing function on R and therefore u(z, -) = 0.

For the degree of smoothness of the solution u(, -) € C'([0, Tmax), H*(R)) given
by Theorem 1, we know that by the mean value theorem n(¢) is locally Lipschitz and
therefore Rademacher’s theorem [6] implies that n(-) is almost everywhere differen-
tiable on [0, Tyax) such that

%n(t) = u(t,E()) forae. t [0, Tmax), 3.9
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646 B. Khorbatly

where £(¢) is any point where n(¢) is the minimum of u, (¢, £(¢)) (we refer to Theorem
2.1 of [3] for similar detailed proof). Now, since u, (¢, £(¢)) = 0, from (3.9), (3.6), and
the previous estimates we derive, the following differential inequality for the locally
Lipschitz function n(¢) for almost everywhere on [0, Tiyax)

3
In' (1) + ﬁsnz(t)l < Ko, (3.10)

At this stage, inspired from similar argument in Ref [23], for any x € R, let us
consider the C!-differential function in [0, Thay) defined by

1
g(t) = —n(t) — [|xuollLom®) — ENG 42Ko. (3.11)

Clearly, g(0) < 0. The proof is completed if g(¢) < 0 almost everywhere on [0, Tax).

Indeed, suppose that there exists #y € [0, Tmax) such that g(zp) > 0. Furthermore, let
us introduce the time

f = min{t > t( such that g(¢) = 0}. (3.12)

Clearly, by (3.11)-(3.12) we have that g(f) = 0 and 0 > g’(f) = —n’(f). On the other
hand, in view of (3.10), it holds that

. 3 3 1 2
n'(f) < —ﬁen(t)2 + Ko = —ﬁs (—||8xuo||Loo(R) — m 42K0> + Ko < 0.

Consequently, by contradiction the proof is completed. O
We can also prove the following wave-breaking data.

Proposition 4 Let the assumption of Proposition 2 be satisfied. Moreover, if the initial
wave profile ug € H>(R) satisfies

7
J0xtt0] e ) = 5¢ Ko, 3.13)

where K is the same constant that appears in Proposition 3. Then, for the solution
of (1.1), the threshold time to wave breaking is greater than or equal to an instant of

order e 1.

Proof An analogous result clearly yields the existence of at least one point £ (#) such
that m(t) is defined as follows

m(t) = suﬂg {ux (@, )} = ux (2, £@)). (3.14)
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The highly nonlinear shallow water equation... 647

As in Proposition 3, the following differential inequality for the locally Lipschitz
function m(¢) for almost everywhere on [0, Tax)

Im' (1) + 13—48m2(t)| < Ko. (3.15)

We infer that up to the maximal existence time Trax > 0 of the solution u(¢) of (1.1)
the function m(¢) must be increasing (i.e. m(0) < m(t)), and, moreover using (3.13),
we have

1
0<m(@) < ﬁ em?(t) fora.e.on [0, Tmax)
Dividing by m?(t) > m?(0) > 0 and integrating on (0, 1), we get
1 1 1

m_m<—8t, t € [0, Timax)

Therefore lim;47,,, m () = +00 and Trax >

the proof. O
em(0

4 Non-existence of exact sech and sech? solitary wave solutions

The goal of this section is to demonstrate that the model (1.1) does not have any exact
sech or sech? solitary wave solutions based on ideas from [14]. We start with the
derivation of the ODE for traveling wave solutions. Let us denote by £ = x + xo — ct
with xg and ¢ being constants and recall that u = 82, we seek traveling wave solutions
to (1.1) of the form

u(t,x) =u) =ulx + xg — ct). “.1)

We assume that lim (u,u’, u”) = (0,0, 0) and ¢ € R the velocity of the traveling

|€]— o0
wave. Plugging the above Ansatz into system (1.1), such solutions should satisfy

Tc 3 2 1
—cu’ + 18#”/// + u + 8(142)/ _ §Mu/// _ 65‘#(”'4”)/

1 1
3¢ en@?) + pyad 2u(45u?u” + 154uu’) = 0. 4.2)

Integrating (4.2) in &, we therefore get the following second order ODE

ot 3o — Lo et 4 (60— 2 ) ,
— —su” — —¢ & —— =€
Qut geu — e+ get 4 fep — g ep fu

15
+§82/LMZM” =0. (4.3)

@ Springer



648 B. Khorbatly

At this stage, by means of the following scaling
§—>1:=u_1/2§', u—>8_1u,

the second-order ODE associated to (4.3) in t reads

3 1 77 7 2 1 15
(1 —-cu+ Zuz - Eua + &uu/z + (—C - == —) u” + 3—21421// =0, 44

where the primes here indicate derivatives with respect to T and the transformation
1 /1
u(t,x) = —u(E(x + xo — ct)).
€

As a result, we establish that finding any sech? solution of (1.1) suffices to find a
solution of the ordinary differential equation (4.4). In the below Theorem we show
that such solutions does not exist.

Theorem 2 There is no exact solitary-wave solutionu to (1.1) characterizedby A € R*
its maximum amplitude, .. € R* the wave-spread, and ¢ € R its phase velocity, under
the form

u(t) = A sech*(A1), 4.5)

where T = 8~ (x + xo — ct), xo an arbitrary constant and (t, x) € R2. Likewise, no
exact solitary-wave solution v to (1.1)

v(t) = A sech(\1). 4.6)

Proof Assuming thatu(t) of (4.5)isasolution of the second-order ordinary differential
equation (4.4). By definition, it’s not hard to find the following differential identities

3
W)Y =yu*+pu’  and  u =ypu+ Eﬁuz,

where y = 4A% and B = —4A%/A. Substituting the above identities in (4.4), the
left-hand side becomes a bi-quadratic polynomial in u such as

443 199 1 3 1 7 1
—But + <—y - §,3> u’ + <— ——y+ éﬂ - §,3> u?

192 96 4 6
Tc 2
11— —y — = =0.
+( c+18y 9y>u

In this case, for (4.5) to be a nontrivial solution, all the coefficients have to be zero,
which is not relevant. Similarly, using the following differential identities

WY =y + vt and v =ypu+ 2800,
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one can deduce that (4.6) cannot be a solution. m]

Remark 2 Similar conclusion applies for the less nonlinear version of (1.1), i.e. the
equation of order 0(8282, 83).
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A Control in X°-norm

By definition (2.3), equation (2.16) and integration by parts, we have

19/ 0w\ 7
—a—t<E (v))_<(l——M3 )", )

1

3
= _Es(unv;l V") + — 8/“‘(unvxxx’ ) + 58“(uzv;x’ Un)
199
— Eszu(u”uﬁvﬁx’ v")
5
= 358 " 0 v") = et (), ")

_ ((R(u", 9) — R, 9)u", v")
=B1+By+---+B7. (A.1)

where we recall the explicit expression of R given by

: 3 1 1
R(u’, 8) SEU O 9, — geuu 8 — §8M'4 82

+ 19,0 192+ 132 )0} + I )20, (A2)
— Ml/t — u u . .
ag M n°H 4g " M) O
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We focus now on bounding the right-hand side components in terms of the energy
norms. For controlling Bj, by integration by parts, Cauchy-Schwartz inequality, the
energy estimate (2.15), with s > 3/2 and any 0 < ¢t < T, it holds that

1 1
2 2
By = ggu(uﬁxv;', v") + Zeu(uﬁv;, v;’) S elu”xs[v" 50 S eluolxs V" 50

For controlling Bs, by integration by parts, Cauchy-Schwartz inequality, the energy
estimate (2.15), with s > 3/2 and any 0 < ¢t < T, it holds that

Bs = — e u(uy ol ") — Jeetn(WhP ")
16 16
45 ,

2 2
S % luolxs [v" 5o

~

2 2
3¢ p(uvl, o) < et u [xs v 50

Similarly, it holds that By + B3 + B4 + Bg < &|ug|xs|v" |§(0. Now, using the explicit
expression (A.2), we have

1 _ 1 _
B; = gsu(uﬁmv" L) + gs,u(uﬁxv;l L")
199
_ —82/1((14;12”71 _ Mnflv/rrhl)u;zx’ U”)
48
_ E 2 n,n—1 _ n—1 n—1\ n n
e” (v W' hul V")
32
77
— 4—882/,L((MZU;£_1 - uﬁ_lv;‘_l)uﬁ, v")

< eluglxs v xolv" | xo

where we used integration by parts (only where third-order derivatives are applied to
one element) combined with (2.15) and Cauchy-Schwartz inequality with s > 3/2
and and any 0 < et < T. Gathering the information provided by the above estimates
in (A.1) combined with (2.5), it holds that

d —1
Elvnlxo S eluolxs (v xo + [V x0)

Multiplying the above inequality by exp( —elug|xs t) and integrating on (0, 7) for any
0 <et <T,yields
t
0" (D)x0 S eluolxs / et ol =01 1) g0 diy
0

< (£|MO|X-Y6|”0|XST)n

~

, sup [u' (1) — uo(t)| xo.
n: 1,€[0,T /¢]
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