
{Yt}t∈Z

fv(ω) ρv(h)

f(ω)

fk�:v(ω) fk�:v(ω)

fk�(ω)

fk�:v(ω)

{{γk�(h)}h∈Z

}d

k,�=1

{
Yt =

(
Y1,t, . . . , Yd,t

)}
t∈Z

{fk�(ω)}d

k,�=1

{
Yk,t

}
t∈Z

{
Y�,t

}
t∈Z

γk�(h) :=
(
Yk,t+h, Y�,t

)
fk�(ω)

fk�(ω) =
∑
h∈Z

γk�(h) · e−2πiωh.



h = 0(
Yk,t, Y�,t

)
= γk�(0)

∫ 1/2

−1/2
fk�(ω) ω

ω

fk�(ω)

fk�(ω)

ck�(ω) = (fk�(ω)) , qk�(ω) = − (fk�(ω)) ,

αk�(ω) = (fk�(ω)) , φk�(ω) = (fk�(ω)) ,

ck�(ω) qk�(ω) αk�(ω) φk�(ω)

ck�(ω)

qk�(ω)

Kk�(ω) := fk�(ω)/
√
fkk(ω)f��(ω)

Kk�(ω)

Zk(ω) Z�(ω) Zk(ω) Z�(ω){
Yk,t

}
t∈Z

{
Y�,t

}
t∈Z

|Kk�(ω)|2 [0, 1]{
Yk,t

}
t∈Z

{
Y�,t

}
t∈Z

f(ω)

{γ(h)}
h∈Z

ξh(
Yt+h, Yt

)
{ξh}h∈Z

ξk�:h(
Yk,t+h, Y�,t

)
fk�(ω)

f(ω)

fk�(ω)

fk�(ω)

fv(ω)

ρv(h)

ρk�:v(h)

fk�:v(ω) fk�(ω)



fk�:v(ω)

fk�:v(ω)

fk�:v(ω)

fk�:v(ω)

fk�(ω)

ρv

ρv

ρv|5 ρv|1

ψ5(w;μ1, μ2, σ1, σ2, ρ) :=
1

2π·σ1σ2

√
1−ρ2

{
−σ2

1(w1−μ1)
2−2σ1σ2ρ(w1−μ1)(w2−μ2)+σ2

2(w2−μ2)
2

σ2
1σ

2
2(1−ρ2)

}
,

ψ1(w; ρ) := 1

2π·
√

1−ρ2

{
−w2

1−2ρw1w2+w2
2

1−ρ2

}
.

ρv|5 ρv|1
ρv|p

ρv|5



ψp

(
w;θp

)
θp

{Yt}t∈Z

Yt =
(
Y1,t, . . . , Yd,t

) {
Yk,t

}
t∈Z{

Y�,t

}
t∈Z

Gk G�

{
Yk,t

}
t∈Z{

Y�,t

}
t∈Z

Φ {
Zk,t

}
t∈Z

{
Z�,t

}
t∈Z{

Zk,t
:= Φ−1

(
Gk

(
Yk,t

))}
t∈Z

,
{
Z�,t

:= Φ−1
(
G�

(
Y�,t

))}
t∈Z

.

v = (v1, v2) h Zk�:h:t
:=
(
Zk:t+h, Z�:t

)
ρk�:v|p(h) p

Zk�:h:t (v1, v2)∑
h∈Z
∣∣ρk�:v|p(h)

∣∣ < ∞ v

fk�:v|p(ω) :=
∞∑

h=−∞
ρk�:v|p(h) · e−2πiωh, ω ∈ [−1

2
, 1
2

]
.

k = �

ρkk:v|p(0) ≡ 1 v

fk�:v|p(ω)

fk�:v|p(ω) fk�(ω) v ∈ R
2 {Yt}t∈Z

v̆ := (v2, v1) v = (v1, v2)

fk�:v|p(ω) = f�k:v̆|p(ω),

fk�:v|p(ω) = ρk�:v|p(0) +
∞∑
h=1

ρ�k:v̆|p(h) · e+2πiωh +
∞∑
h=1

ρk�:v|p(h) · e−2πiωh.



ρk�:v|p(h)

ρ(h)

ρk�|v(−h) = ρ�k|v̆(h) v̆ = (v2, v1)

v fk�:v|p(ω) = fk�:v|p(−ω) = f�k:v̆|p(ω)

ck�(ω)

qk�(ω) αk�(ω) φk�(ω)

ck�:v|p(ω) :=
(
fk�:v|p(ω)

)
= ρk�:v|p(0) +

∞∑
h=1

(2πωh)
[
ρk�:v|p(h) + ρk�:v̆|p(h)

]
,

qk�:v|p(ω) := − (
fk�:v|p(ω)

)
=

∞∑
h=1

(2πωh)
[
ρk�:v|p(h)− ρk�:v̆|p(h)

]
,

αk�:v|p(ω) :=
(
fk�:v|p(ω)

)
=
√
c 2
k�:v|p(ω) + q 2

k�:v|p(ω),

φk�:v|p(ω) :=
(
fk�:v|p(ω)

) ∈ (−π, π].

ck�:v|p(ω) = c�k|v̆(ω) qk�:v|p(ω) = −q�k|v̆(ω) αk�:v|p(ω) = α�k|v̆(ω) φk�:v|p(ω) =

−φ�k|v̆(ω)

Qk�:v|p(ω) := fk�:v|p(ω)f�k:v|p(ω)/fkk:v|p(ω)f��:v|p(ω)

Qk�:v|p(ω)

fkk:v|p(ω) f��:v|p(ω)

Qk�:v|p(ω)

fkk:v|p(ω) f��:v|p(ω)

ω



fk�:v|p(h)

ck�:v|p(h) qk�:v|p(h) αk�:v|p(h)

φk�:v|p(h) fk�:v|p(h)

{
yt =

(
y1,t, . . . , yd,t

)}n

t=1
n

m f̂m
k�:v|p(ω) fk�:v|p(ω){

yk,t

}n

t=1

{
y�,t

}n

t=1
Ĝk:n Ĝ�:n{

ẑk,t
:= Φ−1

(
Ĝk:n

(
yk,t

))}n

t=1

{
ẑ�,t

:= Φ−1

(
Ĝ�:n

(
y�,t

))}n

t=1

h
{(

ẑk,t+h, ẑ�,t

)}n−h

t=1
h = 0, . . . ,m

v = (v1, v2)
{
ρ̂k�:v|p(h|bh)

}m

h=0

{bh}m

h=0

h
{(

ẑ�,t+h, ẑk,t

)}n−h

t=1
h = 1, . . . ,m

v̆ = (v2, v1){
ρ̂�k:v̆|p(h|bh)

}m

h=0

λm(h)

f̂m

k�:v|p(ω) := ρ̂k�:v|p(0) +
m∑

h=1

λm(h) · ρ̂�k:v̆|p(h) · e+2πiωh +
m∑

h=1

λm(h) · ρ̂k�:v|p(h) · e−2πiωh,

{bh}m

h=0

{yt}n

t=1
n

m

cmk�:v|p(ω) :=
(
fm

k�:v|p(ω)
)
= ρ̂k�:v|p(0) +

∞∑
h=1

(2πωh)
[
ρ̂k�:v|p(h) + ρ̂k�:v̆|p(h)

]
,

qm

k�:v|p(ω) := − (
fm

k�:v|p(ω)
)
=

∞∑
h=1

(2πωh)
[
ρ̂k�:v|p(h)− ρ̂k�:v̆|p(h)

]
,

αm

k�:v|p(ω) :=
(
fm

k�:v|p(ω)
)
=
√(

cmk�:v|p(ω)
)2

+
(
qm
k�:v|p(ω)

)2
,

φm

k�:v|p(ω) :=
(
fm

k�:v|p(ω)
) ∈ (−π, π].

Ĝk:n Ĝ�:n



f̂m

k�:v|p(ω)

f̂m
k�:v|p(ω)

Yt

k � {Yt}t∈Z{
Yk,t

}
t∈Z

{
Y�,t

}
t∈Z

h

{Yt}t∈Z
Yt =

(
Y1,t, . . . , Yd,t

)
k �{

Yk,t

}
t∈Z

{
Y�,t

}
t∈Z

Yk�:h:t
:=
[
Yk,t+h, Y�,t

]′
, h ≥ 0,

Y�k:h:t
:=
[
Y�,t+h, Yk,t

]′
, h ≥ 1,

gk�:h(yk�:h) g�k:h(y�k:h)

fk�:v|p(ω) v = (v1, v2)

h gk�:h(yk�:h) Yk�:h:t

ψp

(
yk�:h;θv|k�:h|p

)
ψp

ρk�:v|p(h) h Yk,t+h

Y�,t v

b = (b1, b2) K(w)

Kk�:h:b(yk�:h − v) := 1
b1b2

K
(

yk,h−v1
b1

,
y�,0−v2

b2

)
qv|k�:h:b|p :=

∫
R2

Kk�:h:b(yk�:h − v)
[
ψp

(
yk�:h;θv|k�:h|p

)− ψp

(
yk�:h;θv|k�:h|p

)
gk�:h(yk�:h)

]
yk�:h,



∫
R2

Kk�:h:b(yk�:h − v)uk�:h|p
(
yk�:h;θv|k�:h|p

) [
gk�:h(yk�:h)− ψp

(
yk�:h;θv|k�:h|p

)]
yk�:h = 0,

uk�:h|p
(
yk�:h;θv|k�:h|p

)
:= ∇k�:h|p ψp

(
yk�:h;θv|k�:h|p

)
ψp

(
yk�:h;θv|k�:h|p

)
∇k�:h|p := ∂/∂θv|k�:h|p bk�:h:0

θv|k�:h:b|p b

0 < b < bk�:h:0 θv|k�:h:b|p
b

θ̂v|k�:h|p

Qv|k�:h:n|p
(
θv|k�:h|p

)

Yt

ψp

(
yk�:h;θp

)
gk�:h(yk�:h)

v = (v1, v2) θv|k�:h:b|p
qv|k�:h:b|p h ∈ N q ∈ {1, . . . , p}

uk�:h:q:b(w) :=
∂

∂θp:q

(
ψp

(
yk�:h;θp

))∣∣∣∣
(yk�:h; θp)=

(
w; θ

v|k�:h:b|p
) ,

∂/∂θp:q q θp

Q



K(w)

∫
R2

K(w1, w2) w1 w2 = 1,

K1:k(w2) :=

∫
R1

K(w1, w2)w
k

1 w1 k ∈ {0, 1, 2},

K2:�(w1) :=

∫
R1

K(w1, w2)w
�

2 w2 � ∈ {0, 1, 2},∫
R2

K(w1, w2) |wk

1w
�

2| w1 w2 < ∞, k, � ≥ 0 k + � ≤ 2 · �ν� ,

ν > 2 �·�

Kh:b(yk�:h − v) :=
1

b1b2
K

(
yh − v1

b1
,
y0 − v2

b2

)
.

Yk�:h:t uk�:h:q:b(w) Kh:b(yk�:h − v)

Xn|v
k�:h:q:t

Xn|v
k�:h:q:t

:=
√
b1b2Kh:b(Yk�:h:t − v) uk�:h:q:b(Yk�:h:t) .

Xn|v
k�:h:q:t Xn|v

k�:i:r:s Yk,t+h

Y�,t Yk,s+i Y�,s h, i, s, t

Xn|v
k�:h:q:t ·Xn|v

k�:i:r:s

{Yt}t∈Z

v = (v1, v2) f̂m
k�:v|p(ω) fk�:v|p(ω)

{Yt}t∈Z

{Yt}t∈Z
α(j)

∞∑
j=1

ja [α(j)]1−2/ν < ∞ ν > 2 a > 1− 2/ν.

(||Yt||2) < ∞ || · ||

gk�:h(yk�:h) g�k:h(y�k:h) h

v = (v1, v2)



gk�:h(yk�:h) v gk�:h(yk�:h)

gk�:h(yk�:h) = gh(v) + gh(v)
′ [yk�:h − v] +Rh(yk�:h)

′ [yk�:h − v] ,

gh(v) =

[
∂

∂yh
gk�:h(yk�:h)

∣∣∣
yk�:h=v

, ∂
∂y0

gk�:h(yk�:h)
∣∣∣
yk�:h=v

]′
yk�:h−→v

Rh(yk�:h),

g�k:h(y�k:h) v̆ = (v2, v1)

bk�:h:0 0 < b < bk�:h:0

θv|k�:h:b|p qv|k�:h:b|p
{bk�:h:0}h∈Z

bk�:0

0 < bk�:0
:=

h∈Z
bk�:h:0,

bk�:0

Xn|v
k�:h:q:t [

Xn|v
k�:h:q:t

] [∣∣Xn|v
k�:h:q:t

∣∣ν] [
Xn|v

k�:h:q:t ·Xn|v
k�:i:r:s

]

α

Yk,t+h Y�,t h → ∞
gk�:h(yk�:h) h

h

bk�:0 h

(
Yk,t, Y�,t

)
up(w;θp) ψp(w;θp)

h {
θv|k�:h|p

}
v

gk�:h(yk�:h)

up(v;θv|k�:h|p) �= 0 h

up(v;θv|k�:h|p) �= 0

p up(w;θp) = 0



n m b = (b1, b2)

m := mn → ∞
b := bn → 0+

h = 1, . . . ,m n b1 b2
b α ν a s := sn → ∞

s = o
(√

nb1b2/m
)

τ

n/n(b1b2)
5 −→ 0 p = 5

nb1b2/m −→ ∞
mδ(b1 ∨ b2) −→ 0, δ = 2 ∨ ν(a+1)

ν(a−1)−2√
nm/b1b2 · sτ · α(s−m+ 1) −→ ∞

m = o
(
(nb1b2)

τ/(2+5τ)−λ
)
, λ ∈ (0, τ/(2 + 5τ))

m = o(s)

f̂m
k�:v|p(ω) α̂ m

k�:v|p(ω) φ̂ m
k�:v|p(ω)

f̂m
k�:v|p(ω) = ĉ m

k�:v|p(ω)− i · q̂ m
k�:v|p(ω)

fk�:v|p(ω) = ck�:v|p(ω)− i · qk�:v|p(ω)√
n(b1b2)

(p+1)/2/m ·
([

ĉ m
k�:v|p(ω)

q̂ m
k�:v|p(ω)

]
−
[
ck�:v|p(ω)

qk�:v|p(ω)

])
d−→

([
0

0

]
,

[
σ2
c|k�:v|p(ω) 0

0 σ2
q|k�:v|p(ω)

])
,

ω �∈ 1
2
· Z =

{
. . . ,−1,−1

2
, 0, 1

2
, 1, . . .

}
σ2
c|k�:v|p(ω) σ2

q|k�:v|p(ω)

σ2

c|k�:v|k�|p(ω) =
m→∞

1

m

(
σ̃2

v|k�|p(0) +
m∑

h=1

λ2

m(h) · 2(2πωh) · {σ̃2

v|k�|p(h) + σ̃2

v̆|�k|p(h)
})

σ2

q|k�:v|k�|p(ω) =
m→∞

1

m

(
m∑

h=1

λ2

m(h) · 2(2πωh) · {σ̃2

v|k�|p(h) + σ̃2

v̆|�k|p(h)
})

,

σ̃2
v|k�|p(h) σ̃2

v̆|�k|p(h) ρ̂k�:v|p(h)

ρ̂�k:v̆|p(h)

ω ∈ 1
2
· Z

√
n(b1b2)

(p+1)/2/m ·
(
f̂m

k�:v|p(ω)− fk�:v|p(ω)
)

d−→ (
0, σ2

c|k�:v|p(ω)
)
, ω ∈ 1

2
· Z.

∨ ∧



αk�:v|p(ω) > 0 ω �∈ 1
2
· Z

α̂ m
k�:v|p(ω) =

√(
ĉ m
k�:v|p(ω)

)2
+
(
q̂ m
k�:v|p(ω)

)2
√
n(b1b2)

(p+1)/2/m · (α̂ m

k�:v|p(ω)− αk�:v|p(ω)
) d−→ (0, σ2

α(ω)) ,

σ2
α(ω) σ2

c|k�:v|p(ω) σ2
q|k�:v|p(ω)

σ2

α =
(
c2k�:v|p(ω) · σ2

c|k�:v|p(ω) + q2

k�:v|p(ω) · σ2

q|k�:v|p(ω)
)
/α2

k�:v|p(ω).

αk�:v|p(ω) > 0 ω �∈ 1
2
· Z

φ̂ m
k�:v|p(ω) =

(
ĉ m
k�:v|p(ω)− i · q̂ m

k�:v|p(ω)
)

√
n(b1b2)

(p+1)/2/m ·
(
φ̂ m

k�:v|p(ω)− φk�:v|p(ω)
)

d−→ (
0, σ2

φ (ω)
)
,

σ2
φ (ω) σ2

c|k�:v|p(ω) σ2
q|k�:v|p(ω)

σ2

φ (ω) =
(
q2

k�:v|p(ω) · σ2

c|k�:v|p(ω) + c2k�:v|p(ω) · σ2

q|k�:v|p(ω)
)
/α4

k�:v|p(ω).

σ2
c|k�:v|p(ω) σ2

q|k�:v|p(ω)

m

fk�:v|p(ω)

f̂m
k�:v|p(ω)

f̂m
k�:v|p(ω)



m fk�:v|p(ω)

p p = 5

p = 1

v = (v1, v2)

−1.28 0 1.28

ω 0 1
2

b = (b1, b2)

b = (.6, .6)

m f̂m
v|p(ω)

m = 10

λm(h)

λm(h) =

{
1
2
· (1 + (

π · h
m

)) |h| ≤ m,

0 |h| > m.

0.6 0.5 b

b = (b1, b2) b1 = b2
ρkk:v|p(h) h

ρk�:v|p(h)

b1 b2

R = 100

0.05 0.95

m

cmk�:v|p(ω) qm
k�:v|p(ω) αm

k�:v|p(ω) φm
k�:v|p(ω)

ω cmk�:v|p(ω)
qm
k�:v|p(ω) αm

k�:v|p(ω) φm
k�:v|p(ω)



f̂m
k�:v|p(ω)

v

m b

p = 5

fm
k�:v|p(ω)



v1 = v2 = 0

m

m

b = (0.6, 0.6)

m = 10 Co,  10% :: 50%

NC = OK
0.00

0.25

0.50
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m = 10 Quad,  10% :: 50%

NC = OK−0.4
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m = 10 Phase,  50% :: 50%

NC = OK
−2

0

2
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v

Y1,t = (2παt+ φ) + wt Y2,t = (2παt+ φ+ θ) + wt,



wt σ

α θ φ

[0, 2π) σ = 0.75 α = 0.302 θ = π/3

m

b = (0.6, 0.6)

m = 10 Co,  10% :: 10%

NC = OK−2

−1

0

1

2

0.0 0.1 0.2 0.3 0.4 0.5

m = 10 Quad,  10% :: 10%

NC = OK
0

1

2

3

0.0 0.1 0.2 0.3 0.4 0.5

m = 10 Phase,  10% :: 10%

NC = OK
−2

0

2

0.0 0.1 0.2 0.3 0.4 0.5

m = 10 Co,  50% :: 50%

NC = OK−2

−1

0

1

2

0.0 0.1 0.2 0.3 0.4 0.5

m = 10 Quad,  50% :: 50%

NC = OK
0

1

2

3

0.0 0.1 0.2 0.3 0.4 0.5

m = 10 Phase,  50% :: 50%

NC = OK
−2

0

2
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α = 0.302 θ = π/3

ω = α

θ = π/3

σ

σ

σ

ω

− / = ( ),

= · ( ),

− = · ( ),

−π/3 α = 0.302



√
3

ω = α

z = reiθ

z = x+ iy

m

ω

−π

10% :: 10%

m = 10   ω = 0.302

NC = OK

Polar, z = reiθ

−4i

−2i

0i

2i

4i

−4 −2 0 2 4

10% :: 10%

m = 10   ω = 0.302

NC = OK

Cartesian, z = x + iy
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fk�:v|p(ω)

Yk,t Y�,t

{
Yt =

(
Y1,t, . . . , Yd,t

)}
t∈Z



m

fk�:v|p(ω)

fkk:v|p(ω)

ω �∈ 1
2
·Z

f̂m
k�:v|p(ω)

ĉ m
k�:v|p(ω) q̂ m

k�:v|p(ω)

ĉ m

k�:v|p(ω) = Λ′
c|m(ω) · P̂k�:m|b|p(v, v̆)

q̂ m

k�:v|p(ω) = Λ′
q|m(ω) · P̂k�:m|b|p(v, v̆) ,
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c|m(ω) Λ′

q|m(ω) λm(h) (2πωh) λm(h) (2πωh)

P̂k�:m|b|p(v, v̆) =
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ρ̂�k:v̆|p(m), . . . , ρ̂�k:v̆|p(1), ρ̂k�:v|p(0), . . . , ρ̂k�:v|p(m)

]′
2m+ 1 b

P̂k�:m|b|p(v, v̆) (2m+ 1)× (2m+ 1)p E ′
m|p

e′
p ρk�:v|p(h) = e′

p · θv|k�:h|p
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θ̂v̆|�k:m:n|p, . . . , θ̂v̆|�k:1:n|p, θ̂v|k�:0:n|p, . . . , θ̂v|k�:m:n|p

]′
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ĉ m
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·E ′
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.
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√
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√
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(
Yk�:h:t;θv|k�:h|p

)
+ n

∫
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