2.2 Nonlinear cross-spectrum analysis via the local Gaussian correlation 123

Nonlinear cross-spectrum analysis
via the local Gaussian correlation

Lars Arne Jordanger Dag Tjgstheim

Abstract

Spectrum analysis can detect frequency related structures in a time series {Y,},_,,
but may in general be an inadequate tool if asymmetries or other nonlinear phe-
nomena are present. This limitation is a consequence of the way the spectrum is
based on the second order moments (auto and cross-covariances), and alternative
approaches to spectrum analysis have thus been investigated based on other mea-
sures of dependence. One such approach was developed for univariate time series
in Jordanger and Tjgstheim (2017), where it was seen that a local Gaussian auto-
spectrum f,(w), based on the local Gaussian autocorrelations p,(h) from Tjgs-
theim and Hufthammer (2013), could detect local structures in time series that
looked like white noise when investigated by the ordinary auto-spectrum f(w).
The local Gaussian approach in this paper is extended to a local Gaussian cross-
spectrum f,, (w) for multivariate time series. The local cross-spectrum f;,, (w) has
the desirable property that it coincides with the ordinary cross-spectrum f,,(w)
for Gaussian time series, which implies that f,, (w) can be used to detect non-
Gaussian traits in the time series under investigation. In particular: If the ordinary
spectrum is flat, then peaks and troughs of the local Gaussian spectrum can indi-
cate nonlinear traits, which potentially might discover local periodic phenomena
that goes undetected in an ordinary spectral analysis.

1 Introduction

The auto and cross-covariances { {v,,(h)},_, } fet
can range from determining it completely (Gaussian time series) to containing no information
at all (GARCH-type models). The auto- and cross-spectral densities { f,,(w)}; ,_, (based on
these second order moments) inherit these features, and they may thus be inadequate tools

*_ fromatimeseries {Y, = (Y;,,....Y, )}, .

when the task of interest is to investigate non-Gaussian time series containing asymmetries or
other nonlinear structures — like those observed in stock returns, cf. e.g. Hong et al. (2007).

In ordinary spectral analysis, if {Y,,}, and {Y,,}  are jointly weakly stationary, and
if the cross-covariances +,,(h) := Cov (Yk_’,’ o Yw) are absolutely summable, then the cross-
spectrum f,,(w) is defined as the Fourier transform of the autocovariances, .i.e.

f;c[(w) = Z’Ykz(h) eI, (L.1)

heZ
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The expression for the inverse Fourier transform reveals, when i = 0, that the covariance
Cov(Y,,,Y,,) = 7..(0) can be expressed as the integral fjﬁQ fi,(w) dw. This makes it possible
to inspect how the interaction between the marginal time series varies with the frequency w. An
inspection of the cross-spectrum f,,(w) is a bit more complicated than that of the auto-spectrum,
since f,,(w) in general will be a complex-valued function. It is thus usually the following real

valued functions that are investigated,

Ckl(w) =Re (f;cl(w)) ) qkl(w) = —Im (sz(w)) ) (1.2a)
akl(w) = Mod (.ﬁ-z(w)) ) (bke(w) = Arg (fk[(w)) ’ (1.2b)

where ¢, (w), ¢,,(w), a,,(w) and ¢, (w), respectively, are referred to as the cospectrum, quadra-
ture spectrum, amplitude spectrum and phase spectrum. Note that c,,(w) always integrates to
one over one period, whereas ¢,,(w) always integrates to zero.

The coherence K, ,(w) = f,,(w)/+/ fr(w) f,,(w) is an important tool when a spectral analysis
is performed on a multivariate time series, in particular since K,,(w) can be realised as the
correlation of dZ, (w) and dZ,(w), where Z, (w) and Z,(w) are the right continuous orthogonal-
increment processes that by the Spectral Representation Theorem correspond to the weakly
stationary time series {Y,,},_ and {Y,,}, . see e.g. Brockwell and Davis (1986, p. 436) for
details. The squared coherence |K,,(w)|” is of interest since its value (in the interval [0, 1])
reveals to what extent the two time series {V, .}, and {Y,,}  can be related by a linear filter.

Other spectral approaches, involving different generalisations of the auto-spectrum f(w) were
discussed in Jordanger and Tjgstheim (2017, section 1), and the majority of the approaches
were based on the following idea: The second order moments captured by the autocovariances
{7(h)},., can be replaced by alternative dependence measures &, computed from the bivariate
random variables (Y Y) , and a spectral density approach can then (under suitable regularity

t+h? Tt

conditions) be defined as the Fourier transform of {¢, } For multivariate time series, the

heL®
natural extension is then to define similar measures fk; for the bivariate random variables
(Y,,.n»Y,,), and then use the corresponding Fourier-transform as an alternative to the cross-
spectrum f,,(w).

It does not seem to be the case (yet) that multivariate versions have been investigated for all
of the possible generalisations of the auto-spectrum f(w), but some generalisations do exist.
The first extension of the cross-spectrum f,,(w) along these lines is the polyspectra introduced
in Brillinger (1965), which is the multivariate version of the higher order moments/cumulants
approach to spectral analysis, see Brillinger (1984, 1991); Tukey (1959). Another generalisa-
tion of f,,(w) is given in Chung and Hong (2007), where the generalised function approach
introduced in Hong (1999) is used to set up a cross-spectrum that can be used for the testing of
directional predictability in foreign exchange markets.

A local Gaussian spectral density f(w) for univariate strictly stationary time series was de-
fined in Jordanger and Tjgstheim (2017), based on the local Gaussian auto-correlations p,(h)
from Tjgstheim and Hufthammer (2013). A simple adjustment gives the local Gaussian cross-
correlations p,, (h) for multivariate strictly stationary time series, from which a local Gaussian
analogue f,, (w) of the cross-spectrum f,,(w) can be constructed using the Fourier transform.
The local Gaussian version of the cross-spectrum enables local Gaussian alternatives to be de-
fined of the cospectrum, quadrature spectrum, amplitude spectrum, and phase spectrum, by
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simply copying the setup used in the ordinary (global) case. Local Gaussian analogues of the
coherence and squared coherence were investigated in the preparation for this paper, but then
discarded, see remark 2.5 for further details.

An overview of the paper is as follows: Section 2 defines the local Gaussian cross-spectrum
fren(w), which immediately gives the related local Gaussian variants of the cospectrum, quadra-
ture spectrum, amplitude spectrum and phase spectrum from eq. (1.2). The asymptotic theory
for the estimators are then presented (some technical details and proofs are postponed to the
appendices). The real and simulated examples in section 3 shows that estimates of f,, (w)
can be used to detect and investigate nonlinear structures in non-Gaussian white noise, and
in particular that f,, (w) can detect local periodic phenomena that goes undetected in an or-
dinary spectral analysis. Note that the scripts needed for the reproduction of these examples
are contained in the R-package localgaussSpec,’ where it in addition is possible to use an
interactive solution to see how adjustments of the input parameters (used in the estimation al-
gorithms) influence the estimates of f,, (w). A discussion is given in section 4, and section 5
presents the conclusion.

2 Definitions

This section will present the formal definitions of the local Gaussian versions of the cross-
correlation f,,(w) and its derived entities. The details are almost identical to those encountered
when the local Gaussian spectral density was introdued in Jordanger and Tjgstheim (2017),
and the present discussion will thus only give short summaries of descriptions and arguments
already undertaken in (Jordanger and Tjgstheim, 2017).

2.1 The local Gaussian correlations

At the core of the generalisation of eq. (1.1) lies the local Gaussian correlation p, from Tjgs-
theim and Hufthammer (2013). The theoretical treatment can be based directly on p,, but
the numerical convergence of the estimation-algorithm might then sometimes fail, in partic-
ular if the samples contains outliers. As noted in (Jordanger and Tjgstheim, 2017, sec-
tions 2.1.2 and 2.1.3), this estimation-problem can be countered by the help of the two revised
versions p,. and p,,,, where a normalisation of the marginals (see definition 2.1 below) are
performed before the estimation-algorithm is used. The numbers 5 and 1 refer to whether the
estimation-algorithm use a local Gaussian correlation that originates from a five-parameter or
a one-parameter local Gaussian approximation, as shown below,

v|1°

U)s(w;ﬂlvﬂmanawp) = o202(1—p?)

1 _ o} (wl —Hq )2_2‘71‘72P(w1 —Hq ) (“’2 _H2)+‘7§ (w2 “Ho )2
2roioa/Ip? €xXp )

210,04
(2.1a)
]2* W, w. “12
Uy (wip) = e exp { A (2.1b)

Both p,; and p,, can be used as the starting point for the theoretical investigation, and the
notation p, will be used to indicate that both of the alternatives are discussed simultaneously.
Although both of the alternatives can be used, only the constructions based on p, . will in

! Use devtools::install_github("LAJordanger/localgaussSpec") to install the package. See the doc-
umentation of the function LG_extract_scripts for further details.
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general be able to properly detect local properties of the investigated time series. The discussion
in (Jordanger and Tjgstheim, 2017, appendix C.6)) gives some reasons for the failure of the
one-parameter local Gaussian approach in this context.

Remark 2.1. In order to have a unified notation, the two functions in eq. (2.1) will later on be
denoted by 9, (w; GP), where additional indices will be added to 6, in order to identify the
targeted density and the point of investigation.

2.2 The local Gaussian cross-spectrum

The definition of the local Gaussian cross-spectrum density is almost identical to the definition
of the local Gaussian spectral density from (Jordanger and Tjgstheim, 2017, section 2.2),
which in this paper henceforth will be referred to as the local Gaussian auto-spectrum.

Definition 2.1. For a strictly stationary multivariate time series {Y,},_,, where

Y, = (Y,

t 1,69 "

te?’
. KM), the local Gaussian cross-spectrum of the marginal time series {Yk’z }tEZ

and {Yw}fgv/ is constructed in the following manner.
(a) With G, and G, the univariate marginal cumulative distribution of respectively {Yk’z }tez
and {Yu}tez, and ® the cumulative distribution of the univariate standard normal dis-
tribution, define normalised versions {Z"‘vl}tez and {Zm}zez by

{Z., =2 (GC.(V. )} {Z.=27(G(Y))} o 2.2)

= (Zk:mw Z“), a
local Gaussian cross-correlation p,,,,, (h) can be computed, where the p specifies if the
correlations stems from a one or a five parameter local Gaussian approximation of the
bivariate density of Z,,, , at (v,,v,).

(c) When ), _, ’pumlp(hﬂ < 00, the local Gaussian cross-spectrum at the point v is de-
fined as

(b) For a given point v = (v,,v,) and for each bivariate lag h pair Z,

kl:h:t *

Frown@) = D P (B) e we [-11]. (2.3)

h=—o0

Remark 2.2. The definition of the local Gaussian auto-spectrum is in essence the same as the
one given here for the local Gaussian cross-spectrum, with the minor adjustment that £ = £ in
the auto-spectrum case — which requires the added convention that p,, , (0) = 1 for all points v.

The basic properties of the local Gaussian cross-spectrum are quite similar to those encoun-
tered for the local Gaussian auto-spectrum in (Jordanger and Tjgstheim, 2017, lemma 2.3).

Lemma 2.2. The following properties holds for f,,., . (w).
(@) [fiw, (W) coincides with f,,(w) for all v € R* when {Y,},_, is a multivariate Gaussian
time series.

(b) The following holds when © = (v,,v,) is the diagonal reflection of v = (v,,v,);

fke;u\p(w) - fzk-,;mp(w)7 (2.4a)

fwm\p(w) = pu;u\p(o) + Z pw:mp(h) et 4 Z pkl:v‘p(h) ce AR (2.4b)
h=1 h=1
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Proof. Ttem (a) follows since the local Gaussian cross-correlations p,,., . (h) by construction
coincides with the ordinary (global) cross-correlations p(h) in the Gaussian case. For the proof
of item (b), the key observation is that the diagonal folding property that was observed for the
local Gaussian auto-spectrum, see (Jordanger and Tjgstheim, 2017, lemma C.1), extends
directly to the present case, i.e. p,,,(—h) = p,,,(h), where © = (v,,v,) is the diagonally re-
flected point corresponding to v. This implies that f,, (W) = fi.,(—W) = fi.4,(w), and it
also follows that eq. (2.3) can be reexpressed as eq. (2.4b). ]

2.3 Related local Gaussian entities
From the definition of the local Gaussian cross-spectrum, it is possible to define related spectra
in the same manner as those mentioned for the ordinary spectrum in eq. (1.2).

Definition 2.3. The local Gaussian versions of the cospectrum c,,(w), the quadrature spec-
trum q,,(w), the amplitude spectrum «,,(w) and the phase spectrum ¢, ,(w), are given by

Cu:mp(w) = Re (fu;u\p(w)) = pu;u\p(o) + Z Cos (27“*}]7‘) I:pkf:v\p(h’) + pu;mp(hﬂ , (259)

h=1
Qurop (@) 1= =T (f, (@) = D sin (270h) [py,(B) = Py, (W] (2.5b)
h=1
gy (@) = MO (f01, () = 1/ 02, (©) + G () (2.5¢)
Brpeupp (W) = Arg (fk_[:v‘p(w)) € (—m, 7). (2.5d)
Remark 2.3. The sums occurring in eqgs. (2.5a) and (2.5b) follows from eq. (2.4b). Equa-
ti(:;l (2.(4:‘1)) gives cum‘p(w) = clkw(w), qkemlp(w) = —qlkm(w), akl;v‘p(w) = aw(w) and quMmlp(w) =
o (W)

Remark 2.4. For Gaussian distributions, the local Gaussian correlations will always be equal
to the ordinary (global) correlations,” and the local Gaussian constructions in definitions 2.1
and 2.3 will thus coincide with the ordinary (global) versions for multivariate Gaussian time
series. A comparison of the local and global estimates in the same plot is thus of interest when
a given sample is considered, since this could detect nonlinear interactions of the time series
under investigation.

Remark 2.5. Tt is possible to define a local Gaussian anaologue of the squared coherence men-

tioned in section 1 by replacing the ordinary cross- and auto-spectra with the corresponding lo-

cal Gaussian versions, i.e. the object of interest would be Q,, ., (W) = f,.0, (W) 0 (W) / Frrn)p (W) frpin) (@)
This approach was investigated in the preparation of this paper, but it has not been included

here since Q,, . (w) in general lacked the nice properties known from the ordinary global case.

In particular, the local Gaussian auto-spectra f,, . (w) and f,,, (w) will in general be com-

plex valued functions, so an inspection of @, (w) must thus be based on plots of its real and

imaginary parts (or its amplitude and phase). Moreover, these plots did more often than not

turn out to be rather hard to investigate, since the estimates of f,, , (w) and f,,, (w) (for some
distributions and some frequencies w) gave values very close to zero in the denominator.

2This is due to the way the local Gaussian correlation is defined, see Tjgstheim and Hufthammer (2013) for
details.
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2.4 Estimation

The estimation of the local Gaussian cross-spectrum f, . (h) from section 2.2 follows the
same setup that was used in (Jordanger and Tjgstheim, 2017, section 2.3) for the estimation
of the local Gaussian auto-spectrum, with the obvious difference that some extra indices are
needed in the present case. The estimation of the related spectra c,,,,,,(h), ¢, (1)s Qypy, (7))
and ¢, (h) from section 2.3 is then obtained from the estimate of f,,, (%) in an obvious
manner.

Definition 2.4. For a sample {yt = (Y., ,ydyt) }:;1 of size n from a multivariate time se-
ries, an m-truncated estimate f?ﬁv\p(w) of [rep, (W) is constructed by means of the following

procedure.
(a) Use the univariate marginals {ykht};l and {y“}::l to find estimates é,”, and @m of
the corresponding marginal cumulative distribution functions, and compute from this the

pseudo-normalised observations { = (Gk . (yk i)) }::1 and { = ¢ (GZ . (yz t)) }n:l.

(b) Create the lag I pseudo-normalised pairs { 2y o Ze, t)} "forh =0,...,m, and esti-
mate for the point v = (v,, v,) the local Gaussian cross- correlazions {Prvwrp(h]p) }
where the {b,}"  is the bandwidths that are used for the different lags.

(c) Create the lag h pseudo-normalised pairs {(Z,,,,,%,.) }t;’ forh=1,...,m, and esti-
mate for the diagonally reflected point © = (v,,v,) the local Gaussian cross-correlations

(P (B},
(d) Adjust eq. (2.4b) from lemma 2.2(b) with some lag-window function )\ (h) to get the

m

h=0"

estimate
fl:Zv\p(w) = ﬁum\p(o) + Z )\rn,(}L) : I?)\ek;mp(h) SerImen + Z )‘m(h> : Z)\Ici,:'u“)(h) : eizﬂw}ba
h=1 h=1
(2.6)
where the {b,}"_ has been suppressed from the notation in order to get a more compact
formula.
Definition 2.5. For a multivariate sample {y,},_, of size n, as described in definition 2.4, the

m-truncated estimates of the local Gaussian versions of the cospectrum, quadrature spectrum,
amplitude spectrum and phase spectrum is given by

ZZ:'UM)(W) = Re (fk?:u\p(w)) = ﬁu:u\p(o) + Z COs (QWWh) [ﬁkl:'v\p(h) + ﬁlv[:ﬁ\p(h)] , (27a)

C
h=1
(W) = —TIm (f7, (w) Zsm (27Wh) (Dt (h) = Prrarn(h)] - (2.7b)
h=1
a:lz:mp(w) = Mod (fl:;;v\p(w)) = \/(CZZ'U\p(w))Q + (qﬁ;v\p(w))Qv (2.7¢)
T (W) = Arg (f7, (w)) € (=, 7). (2.7d)

Remark 2.6. The comments in (Jordanger and Tjgstheim, 2017, remarks 2.5 to 2.8) holds for
the present case too. In particular, the estimated marginal cumulative distributions G , and G(, N

from definition 2.4(a) can either be based on the (rescaled) empirical cumulative dlstnbutlon
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functions or they could be built upon a logspline technique like the one implemented in Otneim
and Tjgstheim (2016). Furthermore, for the asymptotic investigation, the arguments in (Otneim
and Tjgstheim, 2016, Section 3) reveals that the pseudo-normalisation of the marginals does
not affect the final convergence rates, which (as was done in (Jordanger and Tjgstheim, 2017))
implies that the present theoretical analysis can ignore the distinction between the original
observations and the pseudo-normalised observations.

2.5 Asymptotic theory for ﬁ;{fw(w)

The asymptotic theory for the local Gaussian cross-spectrum £,
adjustments of the asymptotic theory that was developed for the local Gaussian auto-spectra.
Asin (Jordanger and Tjgstheim, 2017, section 2.4), the assumptions and results will be stated
for the original observations instead of the pseudo-normalised observations, since this makes

the analysis easier and since the final convergence rates are unaffected by this distinction, see

(w) follows from a few minor

remark 2.6 for details.

2.5.1 Some definitions and an assumption for Y,

As for the univariate case in (Jordanger and Tjgstheim, 2017), the assumptions to be imposed

on the k and ¢ components of the multivariate times series {Y,} __need to be phrased relative to

tEL
the bivariate pairs that can be created as different combinations of elements from the univariate
marginals {Yk, }fEZ and {Y;{J/ }tEZ. Note that the folding property from item (d) of definition 2.4
implies that it is sufficient to formulate the assumption based on non-negative values of the

lag h.

with Y, = (¥, ..V,
and for a selected pair of indices k and {, define the following bivariate pairs from the univariate

marginals {YM}fEZ and {YM}M.

Definition 2.6. For a strictly stationary multivariate time series {Y,},_,, ;

Y,.=Y.Y, h>0, (2.82)
}/Zk:h:i = I:}/é,prhv }/k,t:ll ) h 2 ]-7 (28b)

and let g,,, (Y,..,) and g,,.,.(Y,...) denote the respective probability density functions.

The basic idea for the construction of f,,, (w) is that a point v = (v, v,) should be se-
lected at which for all h the density functions g,,,(Y,,,) of Y.,,.,
P, (y,cM; 0, ,CMW), where ¢ is one of the bivariate Gaussian density functions from eq. (2.1).
The correlation-parameter from the approximating Gaussian density function will be denoted

Preoip (1), and it will be referred to as the local Gaussian lag h cross-correlation of Y, , , and

will be approximated by

Y, (in that order) at the point v.
This local investigation requires a bandwidth vector b = (b,, b,) and a kernel function K (w),
1

. . Yen= V1 YoV . . . N
which is used to define Ko (Y,,., — v) = EK(%, %), which in turn is used in

qu\kz:h:mp = ~/R2 Kk&h:b(yw:h - U) [wp (yu:}ﬁ ou\u:mp) - IOg /wp (yu:h; Ouw,:h\p) gke:h(yu:h)] dyke:m
2.9)
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a minimiser of which should satisfy the vector equation

Kk'f:hfb(yu;h - v) ukz;h\p (ykl:h; eu\uzh\p) [gu;h(yke;h) - wp (yu:rﬁ ov\ke:h\p)] dyke:h = 07
(2.10)

R2

whereu,,, (Yo euw:mp) = Vi, 1089, (Yo Hv\u:h\p) is the score function of 1, (y,,.,; lekl:,L‘p)
(with V,, . = 0/06,,,,,)- Under the assumption that there is a bandwidth b, , such
that there exists a minimiser 6,,,, ., of eq. (2.9) which satisfies eq. (2.10) for any b with
0<b<b this 6

lehi0” ikenp Will be referred to as the population value for the given band-
width b.

Remark 2.7. This approach was introduced in a more general context in Hjort and Jones (1996),
where it was used to define a local approach to density estimation, and the new idea in (Tjg@s-
t/l\leim and Hufthammer, 2013) was to focus upon the estimated local Gaussian parameters
O,jecnip
eters was investigated in (Tjgstheim and Hufthammer, 2013) by the help of the Klimko-Nelson

approach’ and a suitably defined local penalty function Q 0, k-é:h|p) (see eq. (B.1) in
appendix B.1).

(instead of the estimated densities). The asymptotic properties of the estimated param-

u\ke:hm,\p(

The assumptions to be imposed on Y, is related to the estimation of eq. (2.10), and thus
requires a few additional definitions.

Definition 2.7. For1), (yk s 0})) the local Gaussian density used when approximating g,,., (y,,.,)
at the point v = (v, v,), and for @,,,,, . the population value that minimises the penalty func-
tion G, g, from eq. (2.9), define for all h € Nand all g € {1,...,p}

0
Unsngs (W) = 55— 108 (4, (8043 6,)) ; .11

P (ykl:h;g ):("U?eu\kz:h:b\p)

where 8/00,, is the ¢ partial derivative (with respect 10 0,).

The following requirements on the kernel function are identical to those given in (Jordanger
and Tjgstheim, 2017, definition B.9).

3The Klimko-Nelson approach (see Klimko and Nelson (1978)) shows how the asymptotic properties of an
estimate of the parameters of a penalty function () can be expressed relative to the asymptotic properties of
(entities related to) the penalty function itself. The interested reader can consult (Jordanger and Tjgstheim,
2017, appendix B.1) for a more detailed presentation of the Klimko-Nelson approach when a local penalty-
function is used.
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Definition 2.8. From a bivariate, non-negative, and bounded kernel function K (w), that sat-

isfies

/ZK(wl,wz) dw,dw, =1, (2.12a)

R

K,..(w,) = lK(w17 w,) wt dw, is bounded for k € {0, 1,2}, (2.12b)
R

K,,(w,) = ]RlK(wl,wz) ws dw, is bounded for ¢ € {0,1,2}, (2.12¢)

/RZK(wl,wZ) |wiw;| dw,dw, < oo, k>0andk+(<2-[v], (2.12d)

where v > 2 is from assumption 2.1(b) (and [-] is the ceiling function), define

1 -V, Yy — U,
Eno(Yhn = 0) = 3K <y”b yb> : (2.13)

172 1 2

Definition 2.9. Based on'Y,,, . u,,.,...,(w) and K,.,(y,,, — v), define the new bivariate ran-

dom variables X,:}‘f;uq:,, as follows,

X:J:I;r:q:t =V bleKh’b(Yl-cl:h:t - ’U) uke:h,:q:b(}fu:h:t) . (2'14)

Note that a product of the random variables X ,:‘)f’h:q:,, and X°.... will be a function of Y, i
and Y,

2,87

Yoo Yoo
0,6° © k,s+i
a bivariate, trivariate or tetravariate function. The expectation of the product X ,Z}‘f;,,:q:,, X
will thus (depending on these indices) either require a bivariate, trivariate or tetravariate density

function.

which depending on the configuration of the indices h, i, s, t will be either

Assumption 2.1. The multivariate process {Y,}, , will be assumed to satisfy the following
properties, with v = (v,, v,) (initem (d)) the point at which £ (w), the estimate of f,,, (w),

Lolp
is to be computed.

(@) {Y}},, is strictly stationary.
(b) {Y.},_, is strongly mixing, with mixing coefficient o(j) satisfying

> it leG) " <o forsomer >2anda>1-2/v. (2.15)
=1
(c) Var(]|Y;||?) < oo, where || - || is the Euclidean norm.

The bivariate density functions g,,,(Y,,.,.) and g,,.,(y,...), corresponding to the lag h pairs
introduced in eq. (2.8), must satisfy the following requirements for a given point v = (v,,v,).
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) g,,.,(y,,.,) is differentiable at v, such that Taylor’s theorem can be used to write g, ., (y,,.,) as

gk;e:h,(yu:h,) = gh('v) + gh(v)/ ['ykl:h, - ’U} + mh,(yke:h)/ [yk[,:h, - ’U] ) (2-16)

!
ykf:h_”:|

with the same requirement for g,, , (y,,.,) at the diagonally reflected point © = (v,, v, ).
(e) There exists a bandwidth b,,, , such that there for every 0 < b < b, , is a unique min-
wlkenibl 1TOM €q. (2.9).

has a positive infimum, i.e. there exists a b, ,,,

) aL;ng(:h (Yyen)

where gh(v) = |:8(Zhgklé:h(ykf:h)

Yeo:n="v

and lim ‘R, (yké:h)7

Yo=Y

imiser 0, ,,.,,.,,, of the penalty function ¢
(f) The collection of bandwidths {b
such that

kk’:h:[)}h,g%

0<b = }lllég bw:h:m (2.17)

ke:0 :
which implies that this b, ,, can be used simultaneously for all the lags.

(g) For X ,f)fjuq:t from definition 2.9, the related bivariate, trivariate and tetravariate density
functions must be such that the expectations E [ X5, |, E[| Xii5...| ] and E [ X5 - X007, ]
all are finite.

Remark 2.8. The present assumption 2.1 is in essence identical to (Jordanger and Tjgstheim,
2017, assumption 2.1) with some extra indices, so the remarks from (Jordanger and Tjgstheim,
2017) is of intereset here too. In particular, the a-mixing requirement in item (b) implies that
Y, ..» and Y,  will be asymptotically independent as h — oo, i.e. the bivariate density functions
Gren (Y, ) Will for large lags h approach the product of the marginal densities, and the situation
will thus stabilise when h is large enough. This is in particular of importance for item (f), since
it implies that it will be possible to find a nonzero b,,, that works for all h. Moreover, the
finiteness assumptions in item (g) are always trivially satisfied if the required density-functions
are finite.

2.5.2 An assumption for (Y, ,.Y,,) and the score function u (w;0,) of ¢ (w;6,)
The following assumption is in essence identical to (Jordanger and Tjgstheim, 2017, assump-
tion 2.2), which was included due to the need for the asymptotic results from Tjgstheim and
Hufthammer (2013) to be applied for all the different lags h.

Assumption 2.2. The collection of local Gaussian parameters {01,‘ Mh‘p} at the point v for the
bivariate probability density functions g,,., (y,,.,), must all be such that

(@) u,(v;0,,,.,,) 7 0 for all finite A.

(b) limw,(v;0,,,,,) # 0.

Note that an inspection of the p equations in u (w;8,) = 0 can be used to identify when
items (a) and (b) of assumption 2.2 might fail, cf. the discussion in (Jordanger and Tjgstheim,
2017, section 2.4.2) for further details.

“Inequalities involving vectors are to be interpreted in a component-wise manner.
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2.5.3 Assumptions for n, m and b = (b,,b,)

The following assumption is identical to (Jordanger and Tjgstheim, 2017, assumption 2.3).
The internal consistency of it was verified in (Jordanger and Tjgstheim, 2017, lemma C.3).

Assumption 2.3. Let m := m_ — oo be a sequence of integers denoting the number of lags
to include, and let b :== b, — 0 be the bandwidths used when estimating the local Gaussian
correlations for the lags h = 1, ..., m (based on n observations). Let b, and b, refer to the two
components of b, and let o, v and a be as introduced in assumption 2.1(b). Let s := s, — 00
be a sequence of integers such that s = 0(\/nb1b2 /m) , and let 7 be a positive constant. The
following requirements must be satisfied for these entities.’

(a) logn/n(b,b,) —> 0, (only required for the case p = 5).

(b) nb,b,/m — .

(c) m’(b, Vb,) — 0, where 6 =2V %

d) /nm/bb, s a(s —m+1) — occ.
(e) m = o((nb,b,)" "), for some A € (0,7/(2+ 57)).
® m = ofs)

2.5.4 Convergence theorems for f,;;v‘p(w), a,p,,(w) and $k’" (w)

L:v|p

See appendix A for the proofs of the theorems stated below.

-~

Theorem 2.10. The estimate f;., (w) =¢.7, (w) —i-q.,, (w) of the local Gaussian cross-

spectrum [, (W) = ¢y, (W) =0 - Gy, (W), will under assumptions 2.1 to 2.3 satisfy
n(blbz)(p+l)/2/m . ([@zmp(‘”)} . {Cump(w)}) LN N( [O] 7 |:Uc2u:up(w) 0 }) 7
qkz?v\p(w) qkz:u\p(w) 0 0 U;\kz:v\p(w)
(2.18)

whenw%%-Z:{...,—l,—
are given by

,0,5,1, .. .}, where the variances o

Jreatp (W) and o, (@)

1L
27772

2 : 1 ~2 - 2 2 ~2 ~2
Uc\k/l:v\kl\p(w) = lim — (Jvup(o) + Z >\7n(h) - COS (27TWh) : {Uv\ktz\p(h’) + Uﬁ(kp(h)})

m—o0 1M, 1

(2.192)

2 : 1 - 2 a2 ~2 ~2
O troiely (W) = 77113;1)0 . (Z A2 (h) - sin®(2mwh) - {67, (R) + kap(h)}> , (2.19b)

h=1

with ;,,.(h) and 3, (h) the asymptotic variances related to the estimates p,,,, (h) and
Por.sip (), see theorem B.1 for the details.

The local Gaussian quadrature spectrum is identical to zero when w € % - Z, and for those
frequencies the following asymptotic result holds under the given assumptions

n(b,b,) "% /m - (ﬁ'zmp(w) - f,dw‘p(w)) LN N(O o? (w)) , w € % -Z. (2.20)

s Yelkeiv|p

SNotational convention: ‘v’ denotes the maximum of two numbers, whereas ‘A’ denotes the minimum.
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The asymptotic results for the local Gaussian amplitude- and phase-spectra is a direct conse-
quence of theorem 2.10 and (Brockwell and Davis, 1986, proposition 6.4.3, p. 211).

Theorem 2.11. Under assumptions 2.1 to 2.3, when o, (w) > 0 and w ¢ 1+ Z, the estimate

87y (@) =\ @1, (@))” + (@, () satisfies

\/ n(blbz)(p+l)/2/m : (akzu\p(w) - akem\p(w)) o N(07 Jj(w)) ) (2.21)

(w) (from eq. (A.9) in theorem 2.10) as

where o7(w) is given relative to 77, (w) and 77,

Of - (Ciz:u\p(w) : Ujkem\p(w) + qi@:'v“’)(w) : qu\ké:v\p(w)) /aiem\p(w)' (2'22)

Theorem 2.12. Under assumptions 2.1 to 2.3, when «

-~

(w) > 0andw ¢ % - Z, the estimate

ke:v|p

~

(@) = args (67, (w) —i- g, (w)) satisfies

VLS i (82, () = Gy (@) =5 N(0,02()) (2.23)

where o;(w) is given relative to 03,,., (w) and 0}, .(w) (from eq. (A.9) in theorem 2.10) as

4 q|ke:v|p
Oj(w) = (qil:v\p(w) ! Uju:v\p(w) + Ci[:v\p(w) ' Ujkl:v\p<w)) /Oé:'[:‘u\p(w)' (2'24)

Remark 2.9. The asymptotic normality results in theorems 2.10 to 2.12 do not necessarily
help much if computations of pointwise confidence intervals for the estimated local Gaussian
estimates are of interest, since it in practice may be unfeasible to find decent estimates of the
(w) that occurs in theorem 2.10. The pointwise confidence
intervals will thus later on either be estimated based on suitable quantiles obtained by repeated
sampling from a known distribution, or they will be based on bootstrapping techniques for those
cases where real data has been investigated. Confer Terdsvirta et al. (2010, ch. 7.2.5 and 7.2.6)
for further details with regard to the need for bootstrapping in such situations.

. 2 2
variances Uc\kz;u\p(w) and Oqirevlp

3 Examples

This section will investigate if the m-truncated estimates of the local Gaussian cross-spectrum
Jiewpp (W) might be of interest to consider when multiviarate time series are encountered. Since
f,;fv‘p(w) is complex-valued, the actual investigation will be based on plots of the correspond-
ing local Gaussian versions of the cospectrum, quadrature spectrum, phase spectrum and the
amplitude spectrum.

The present setup is similar to the one used for the investigation of the local Gaussian auto-
spectrum, see (Jordanger and Tjgstheim, 2017, section 3), i.e. it will first be checked that
the expected result is obtained when the origin of the data is a bivariate Gaussian time series.
After this a simulation from a bivariate extension of the local trigonometric time series from
(Jordanger and Tjgstheim, 2017, section 3.3.2) will be considered, and there will moreover
be an example based on real multivariate data together with a simulation from a model based
on these data. As in (Jordanger and Tjgstheim, 2017), it will be seen that plots related to the
estimated ﬁfzv‘p(w) might be useful as an exploratory tool, i.e. that this approach can detect
nonlinear dependencies and periodicities between the variables.

12



2.2 Nonlinear cross-spectrum analysis via the local Gaussian correlation 135

Several parameters must be specified in order for an m-truncated estimate of f,,, (w) to be
computed, and for the examples in the present paper the following values will be used:

1. p, the number of parameters in the local Gaussian approximation. Only the value p = 5
will be used in the present examples, since the results based on p = 1 in general fails
to capture the local structure in a proper manner (see the discussion in (Jordanger and
Tjgstheim, 2017, section 3.7) for further details).

2. v = (v,,v,), the points to investigate. The present investigation will consider points
whose first and second coordinates correspond to the 10%, 50% and 90% percentiles
of the standard normal distribution, i.e. the values are —1.28, 0 and 1.28. Information
about the point of investigation is contained in the upper right corner of the relevant plots,
where it will be marked as 10%: : 507% and so on.

3. w, the frequencies to investigate. Values between 0 and %

4. b= (b,,b,), the bandwidth-vector to be used when computing the local Gaussian auto-
correlations. The value b = (.6, .6) has been used for all of the cases in this paper.

5. m, the truncation level, i.e. the number of lags to include in the estimate :j’;(w) The
value m = 10 has been used in this investigation, and this number is by default given in
the upper left corner of the relevant plots.

6. A, (h), the weighting function to be used for the smoothing of the different lags. The
Tukey-Hanning lag-window kernel has been used for all the present examples, i.e.

1 b < m.
M(h) =42 (1+cos(m- L)) |n] <m,
0 |h| > m.

Remark 3.1. This list of parameters is similar to the one used when estimating the local Gaus-
sian auto-spectra in (Jordanger and Tjgstheim, 2017, section 3.1), with the main exception
that the value 0.6 is used instead of 0.5 in the bandwidth vector b. This adjustment is partially
due to the fact that the time series in this paper are sligthly shorter than those used in (Jordanger
and Tjgstheim, 2017), i.e. length 1859 versus length 1974. (All the time series have the same
length as the one encountered for the real sample.)

Remark 3.2. It was noted in (Jordanger and Tjgstheim, 2017) that it was natural to require
that the bandwidth b = (b,, b,) should satisfy b, = b, when the local Gaussian autocorrelations
Priwlp(t) should be estimated, since both of the components in the lag / pseudo-normalised
pairs originated from the same univariate time series. For the estimation of local Gaussian
cross-correlations p,,, . (h), it is the pseudo-normalisation of the marginals that justifies the
assumed equality of b, and b,.

Remark 3.3. The pointwise confidence bands® shown in the plots later on are all based upon
R =100 replicates. Repeated independent samples from the known model was used to con-
struct the confidence bands in section 3.3, whereas block-bootstrap was used for the real data
example in section 3.4. The lower and upper limits of the pointwise confidence bands are based
on the 0.05 and 0.95 quantiles of the resulting collection of estimated local Gaussian spectral
densities (truncated at lag m), and thus gives estimated 90% pointwise confidence bands for
CZZ:u\p(w)v qulz:v\p(w)’ azlz:u\p(w)’ and ¢22:v‘p(w)~

5The pointwise confidence band gives for each frequency w a confidence interval for the values of i (W)s

Uty (W)s O, (), and 7 (w).
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Remark 3.4. Tt will in general be hard to know in advance which input parameters it would be
natural to employ for a given time series, and it is thus necessary and recommended to find
estimates fk’;ﬁmp(w) for several different parameter combinations and then use an interactive
tool to inspect the corresponding plots to see if some interesting features might be present. The
R-package localgaussSpec’ has been created to take care of both of these parts, i.e. it allows
an integrated interactive investigation of the results by means of a shiny-application.®

Remark 3.5. The scripts that generated the plots presented in this paper is included as a part of
the R-package localgaussSpec, so the interested reader can run these and check out how the
plots change when the input parameters in the estimation algorithm are modified. Note that any
conclusions based on individual static plots, like those presented in this paper, in general should
be considered with some caution, in particular when there is a lack of data-driven methods that
can justify the parameter-configuration that was used in the estimation-algorithm. Moreover,
it is important to be aware of the fact that small-sample variation might occur not only if an
estimate is computed for a time series sample that is too short, but that it also can be small-
sample variation that dominates if the point v lies too far out in the periphery, or if the truncation
level m and the bandwidth b are not keept within reasonable limits. See the discussion in
section 4 for further details.

Remark 3.6. The R-package localgauss, see Berentsen et al. (2014), was used for the esti-
mation of the local Gaussian auto- and cross-correlations for the p = 5 case. These estimates
are returned with an indicator (named eflag) that reveals whether or not the estimation algo-
rithm converged numerically to the estimate, and this numerical convergence-information has
then been added to the relevant plots in their lower left corner. In particular, ‘NC = 0K’ will
be used to show that all the required estimates had a successful numerical convergence. Con-
trary, ‘NC = FAIL’ will represent that problems did occur during the estimation algorithm. It
should be noted that convergence-problems hardly occurs when the computations are based on
pseudo-normalised observations.

3.1 Some basic simulations

This section will check that the estimates of f7., (w) behaves as expected for a few simple
simulated bivariate examples, where the underlying models in essence are bivariate extensions
of the models encountered in (Jordanger and Tjgstheim, 2017, section 3.3), and it will be seen
that a joint inspection of the Co-, Quad- and Phase-plots might be useful as an exploratory tool
for nonlinear dependencies in multivariate time series. The Amplitude-plots have not been
included here since the interesting details (in most cases) already would have been detected by

the other plots.

3.1.1 Bivariate Gaussian white noise

It is known from lemma 2.2(a) that the local Gaussian cross-spectrum coincide with the ordi-
nary cross-spectrum when the time series under investigation is Gaussian. The plots in fig. 1
shows the Co-, Quad- and Phase-plots based on 100 independent samples of length 1859 from
a bivariate Gaussian distribution with standard normal marginals and correlation 0.35. The
left column of fig. | shows the situation for a point off the diagonal, whereas the right column

7See footnote 1 (page 3) for details about the installation of the localgaussSpec-package.
8See Chang et al. (2017) for details about shiny.
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2.2 Nonlinear cross-spectrum analysis via the local Gaussian correlation 137

shows the situation for a point at the center of the diagonal, i.e. v, = v, = 0. Note that the
global spectra are identical for all the points, i.e. the red components are the same for each row
of fig. 1.

In this simple case, where the true values of the local Gaussian versions of the spectra co-
incides with the ordinary global spectra, it follows that the Co-, Quad- and Phase-spectra (for
any truncation level m) respectively should be the constants 0.35, 0 and 0. Figure 1 shows that
the red and blue dotted lines, that respectively represents the estimates of the global and local
m-truncated spectra,’ seems to match these true values quite reasonably — and this provides a
sanity check of the code that generated these plots. Note that the 90% pointwise confidence
interval for the local Gaussian versions (blue ribbons) are wider than those for the ordinary
spectra (red ribbons) since the bandwidth used for the estimation of the local Gaussian cross-
correlations, in this case b = (0.6,0.6), reduces the number of observations that effectively
contributes to the computation of the local Gaussian spectra.

075 - =0 Co, 10% :: 50% 075- m=10 Co, 50% :: 50%
PN p— e s 0 ]
g T s PO === == e e e e e
0.00 - 0.00 -
NC'= 0K NC = 0K
o0 o 02 03 o os 00 o1 02 0 os o5
0= m=10 Quad, 10% : 50% 4= m=10 Quad, 50% : 50%
02 02+
0 e e e S O ey e MR S - D07 e T S
0z 02
4 NC=0OK ‘ , ‘ ‘ ‘ s NC=0K ‘ ‘ ‘ ‘
0 o 02 o3 o os o o o2 os o os
m=10 Phase, 10% :: 50% m=10 Phase, 50% :: 50%
2 2
o o
2 2]
NC = OK NC = OK

00 o1 02 03 04 05 00 01 02 03 04 0s

Figure 1:i.i.d. bivariate Gaussian white noise.

3.1.2 Bivariate local trigonometric examples

With the exception of the Gaussian time series, it is not known what the true local Gaussian
spectral densities should look like — which makes it hard to know whether or not the Co-, Quad-
and Phase-plots looks like they are expected to do. However, it is possible to extend to the bi-
variate case the strategy that was outlined in (Jordanger and Tjgstheim, 2017, section 3.3.2),
i.e. that bivariate local trigonometric time series can be constructed for which it, at some desig-
nated points v, can be given a heuristic argument for the expected shape of the local Gaussian
spectra.

The heuristic argument needed for the bivariate case is identical in structure to the one used
in the univariate case, and for the present case the reference for the plots later on is based on
the following simple bivariate model,

Y,, = cos (2rat + ¢) +w, and Y, , = cos (2rat + ¢ +0) + w,, 3.1)

The dotted lines represents the medians of the estimated values, whereas the 90% pointwise confidence intervals
are based on the 5% and 95% quantiles of these samples.
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where w, is Gaussian white noise with mean zero and standard deviation o, and where it in
addition is such that « and 6 are fixed for all the replicates whereas ¢ is drawn uniformly from
[0, 27r) for each individual replicate. A realisation with o = 0.75, & = 0.302 and 6 = 7/3 has
been used for the Co-, Quad-, and Phase-plots shown in fig. 2, where 100 independent samples
of length 1859 were used to get the estimates of the m-truncated spectra and their correspond-
ing 90 pointwise confidence intervals (based on the bandwidth b = (0.6, 0.6)). Some useful
remarks can be based on this plot, before the bivariate local trigonometric case is defined and
investigated.

Co, 10% :: 10%

m=10 Co, 50% :: 50%

Quad, 10% :: 10% 3- m=10

miE0 Phase, 10% :: 10% m=10 Phase, 50% :: 50%

2 i o
NQ =0K ; NC = 0K

00 o1 02 03 04 05 00 01 02 03 04 0s

Figure 2: Realisation of eq. (3.1), with & = 0.302 and § = 7/3.

Remark 3.7. In this particular case, the local Gaussian spectra in fig. 2 shares many similarities
with the corresponding global spectra. In particular, the peak of the Co- and Quad-plots lies both
for the local and global spectra at the frequency w = « (shown in the plots as a vertical line),
and the corresponding Phase-plots at this frequency lies quite close to the phase-adjustment
0 = /3 (shown as a horizontal line, positioned with an appropriate sign adjustment). This
phenomenon is present both for the point at 10%: : 10% and the point at 50%: : 50%, but it should
be noted that this nice match does not hold for all values of o. In fact, experiments with different
values for o (plots not included in this paper) indicates that the difference between the local and
global spectra becomes larger (in particular for the point 10%: : 10%) when o becomes smaller.
See (Jordanger and Tjgstheim, 2017, fig. 9) for an example of the results that can occur.

Remark 3.8. The values of the Co- and Quad-plots (for a given frequency w) are (for each
frequency) related to the corresponding values of the Amplitude- and Phase-plots by the fol-
lowing simple relations,

—Quad-plot/Co-plot = tan(Phase-plot), (3.2a)
Co-plot = Amplitude-plot - cos(Phase-plot), (3.2b)
—Quad-plot = Amplitude-plot - sin(Phase-plot), (3.2¢)

which follows trivially from the way these spectra are defined relative to Cartesian or polar
representations of the complex-valued cross-spectra, cf. eq. (1.2) and definition 2.3. For the
example investigated in fig. 2, where the Phase plot is close to —m/3 at o = 0.302, it thus
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2.2 Nonlinear cross-spectrum analysis via the local Gaussian correlation 139

follows that the peak for the Quad-spectrum should be approximately v/3 times larger than the
peak of the Co-spectrum.

Remark 3.9. Tt can be enlightening to compare the Co-, Quad- and Phase-plots in fig. 2 with
a plot that shows the underlying estimates upon which the pointwise confidence intervals were
based. Such a plot is shown in fig. 3, where the left panel presents the complex-valued esti-
mates of the local Gaussian cross-spectrum at the frequency w = «, and where medians and
quantiles relative to a polar representation, i.e. z = re’, have been added to the plot. The
center panel shows the same estimated values, but this time the median/quantiles are based
on a Cartesian representation z = = + ¢y. These two panels gives a geometrical view to the
observations presented in remark 3.8. The third panel of fig. 3 presents a zoomed in version
of the estimated values of the local Gaussian cross-spectrum, and it gives a reminder that it
in principle is possible to extract more information from these estimates than what has been
done so far. A closer inspection of these estimates could e.g. be used to see how much they
(for the given m-truncation) deviate from the expected asymptotic distributions that was given
in section 2.5.4.

Remark 3.10. The wide pointwise confidence band observed for w near O in the 10%: : 10%-
Phase-plot, is related to the branch-cut that occurs at — in the definition of the phase-spectrum,
cf. definition 2.3. The simple algorithm used for the creation of the pointwise confidence inter-
vals has not been tweaked to properly cover the case where the majority of the estimates lies in
the second and third quadrants of the complex plane, which implies that the Co- and Quad-plots
should be consulted instead when the Phase-plot misbehaves in this manner.

4" m=10 ©=0.302 4" m=10 ©=0.302 -1.6i-
Polar, z=re" Cartesian, z £ x +iy
2i- 2i- i
0i—— | -‘ 0i- ! -2.4i- i
~2i- i ~2i- ;!6‘5 -2.8i-
4-NC=0K | 10%:10% _, NC=OK | 10%:10% -32- , .
% 2 6 3 4 % 2 b 2 4 s 20 2

Figure 3: Complex-valued representation of 100 samples of f, (w) from eq. (3.1), at the peak
frequency w = 0.302. Left panel: Pointwise 90% confidence bands based on polar
representation. Center panel: Pointwise 90% confidence bands based on Cartesian
representation. Right panel: Zoomed in plot.

The bivariate local trigonometric case: Two bivariate extensions of the artificial local
trigonometric time series from (Jordanger and Tjgstheim, 2017, section 3.3.2) will now
be considered. The parameters in these time series can be selected in such a manner that the
global spectra are similar to those encountered for white noise, whereas the local Gaussian
spectra contains different peaks at different points. The same heuristic argument that was used
in (Jordanger and Tjgstheim, 2017) implies that it is expected that the local periodicity at some
designated points should resemble those in fig. 2, and samples from these models can thus be
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used to check if the Co-, Quad- and Phase-plots can detect these local properties. It will be seen
that the answer indeed is affirmative for the designated points for both of the models considered
here, see figs. 4 and 6, but it will also be noted (see fig. 5) that the plots can be quite different
when other points are investigated.

The algorithm for the bivariate samples (Yw Yu) (defined below) is based on the univariate
algorithm from (Jordanger and Tjgstheim, 2017), i.e. the marginals Y, , and Y, , will both be
generated by the same local trigonometric formula that was used in (Jordanger and Tjgstheim,
2017, section 3.3.2), but with the distinction that an additional phase-adjustment is used for
the second component. To clarify this, here follows the required modification of the univariate
setup from (Jordanger and Tjgstheim, 2017), with the specification of the parameters used in
the present computations.

The bivariate local trigonometric time series are constructed by the following principle: For a
given r > 2, first select a collection of different base levels (L,, . .., L) at the y-axis, and a col-
lection of amplitudes (A,, ..., A,) and amplitude adjustments (A/, ..., A’). Create a stochas-
tic amplitude A, (t), for each ¢, by selecting uniformly a value from the interval spanned by
A, and A!. Then select a collection of frequencies (, ..., a,), and two collections of phase-
adjustments (¢,,...,¢,) and (6,,...,6.). Finally, assign a probability p, toeachi =1,...,r,
such that 7 p, = 1. These ingredients enables the definition of the following functions for
1=1,...,7,

C,.(t)=L,+ A(t) - cos 2ma,t + ¢,), (3.3a)
C,.(t) =L, 4+ A,((t) - cos 2mat + ¢, +0,), (3.3b)

from which the stochastic variables Y, , and Y, , can be created by means of the probabilities
(pys---,p.),1.e.let N, be arandom variable that with probability p, takes the value ¢, and define

Y, =3 O, 1{N, =i}, (3.42)
i=1

Y, = C, () 1{N, = i}. (3.4b)
i=1

The indicator function 1{} ensures that only one of the r functions in the sum contributes for a
given value ¢. Note that it is assumed that the phases ¢, are uniformly drawn (one time for each
realisation) from the interval between 0 and 27, and that it moreover also is assumed that the
stochastic processes ¢,, A,(t) and N, are independent of each other. Based on this, the auto-
and cross-covariances can can be given as functions of L, and p,, from which it then is fairly
easy to select a combination of input parameters that returns a (YM7 YM)—process that looks

like white noise.
The generating models for the two time series presented in this section both have r = 4

components with base levels L, in (—2, —1,0, 1), amplitude-functions A,(¢) defined by A, in
(1.0,0.5,0.3,0.5) and A} in (0.5,0.2,0.2, 0.6), and frequencies ¢, in (0.267,0.091, 0.431, 0.270).
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The probabilities p, in (0.05, 0.28, 0.33, 0.33) was used to sample'’ which component to include
inY,,andV,,.

The distinction between the two models are due to the selection of the additional phase-
adjustments ¢,. The model investigated in figs. 4 and 5 have a constant phase adjustment of
6 = /3, whereas the model investigated in fig. 6 have individual phase-adjustments given as
0,,0,,0,,0,) = (7/3,m/4,0,7/2).

To complete the specification of the setup, note that the 90% pointwise confidence intervals
in figs. 4 to 6 all are based on 100 independent samples of length 1859 from the above described
models, and that the bandwidth b = (0.6, 0.6) was used in the computation of the local Gaussian
cross-correlations.

Constant phase adjustment: The case where the phase difference § = /3 was used for

all the 6, is investigated in figs. 4 and 5. Figure 4 (see page 22) shows the Co-, Quad- and
Phase-plots for the three designated points 10%: : 10%, 50%: : 50% and 90%: : 90%, for which the
heuristic argumentation implies that the results should look a bit like the situation encountered
in fig. 2.
Remark 3.11. The three points investigated in fig. 4 corresponds to the function-components
in eq. (3.3) with indices ¢ = 2, 3, 4. The point that corresponds to the i = 1 component would,
due to the combination of the low probability p, and the placement of the level L , lie too far out
in the tail to be properly investigated by the present sample size and truncation point. The : = 1
component was included in the example in (Jordanger and Tjgstheim, 2017) in order to show
that an exploratory approach based on local Gaussian spectra can fail to detect local signals
that are much weaker than the dominating ones.

For the points investigated in fig. 4, it seems to be the case that the local Gaussian part of the
Co-, Quad- and Phase-plots together reveal local properties in accordance with the outcome
expected from the knowledge of the generating model — and these local structures are not de-
tected by the ordinary global spectra, which in this case (due to the values used for L, and p,)
are flat. The left column investigates a point at the lower tail of the diagonal, and it can there
be observed that both the Co- and Quad-plots have a peak close to the leftmost a-value — and
the value of the corresponding Phase-plot for frequencies close to this a-value lies quite close
to the phase difference between the first and second component. A similar situation is present
for the three plots shown in the right column, where a point at the upper tail of the diagonal are
investigated. Moreover, in accordance with the general observation in remark 3.8, the peaks of
the Quad-plots are higher than those of the Co-plots in this case due to the phase-difference 6
that was used in the input parameters.

For the center column of fig. 4, which investigates the point at the center of the diagonal, it
can be seen that the Quad- and Phase-plots in addition to the expected a-value also detects the
presence of the other a-values. The Phase-plot is for this point not that close to the expected
value, but that situation changes if the truncation is performed at a higher lag than m = 10. The
center column thus shows the importance of considering a range of values for the truncation
point when such plots are investigated. The additional peaks that are detected in the center
column are due to contamination from the neighbouring regions.

10The printed probabilities might not add to one! This is due to the fact that these values was rounded in R before
they were included in this document by the means of the R-package knitr, see (Xie, 2015, 2016) for details
about dynamic documents.
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Figure 5 present plots based on the same sample that was used for fig. 4, but now the investi-
gated points are no longer among the designated ones on the diagonal. The plots in fig. 5 shows
that the Co-, Quad- and Phase-plots at the point 10%: : 90% looks more like the i.i.d. white noise
that was encountered in fig. 1, whereas the plots for the two points 10%: :50% and 50%: : 907
does detect the presence of local phenomena. It might not be any obvious interpretation of
these plots when seen isolated, but it should at least be noted that the plots for the two points
10%: :50% and 50%: : 90% have troughs for the a-values that corresponds to the first and sec-
ond coordinates of these points — and this seen in conjunction with the previously investigated
points in fig. 4 does support the idea that there are local features in the data that depends on
these a-values.

Individual phase adjustment: Figure 6 investigates the same designated points as fig. 4 did,
but now the samples have been generated from the model where the second variate used the
individual phase-adjustments specified in (6,, 6,,6,,0,) = (/3,7 /4,0, 7/2). Horizontal lines
have been added to the Phase-plots to show all of these #,-values (adjusted to have the correct
sign), and for each of the designated points the intersection with the relevant vertical o,-line
has been highlighted to show the expected outcome based on the knowledge of the model.

The Co-, Quad- and Phase-plots in fig. 6 does behave in accordance with what was observed
in fig. 4, i.e. the Phase-plots lies close to the expected #,-value when the frequency w is near
the corresponding «,-value, and the height of the corresponding Co- and Quad-peaks are in
accordance with the values of the Phase-plots. In particular, the phase-adjustment is 6, = 7 /4
for the point 10%: : 10%, which implies that the Co- and Quad-peaks should rise approximately to
the same height above their respective baselines, which seems to be fairly close to the observed
result. For the points 50%: : 50% and 90%: : 90% the situation is clearer since the respective local
frequencies 6, = 0 and §, = 7/2 then implies that only the Co-plot should have a peak for the
point 50%: :50% and only the Quad-plot should have a peak for the point 90%: : 90%, again in
agreement with the impression based on fig. 6.

Remark 3.12. The examples investigated in figs. 2 to 6 do not satisfy the requirements needed
for the asymptotic results (both for the global and local cases) to hold true, in particular the
local Gaussian cross-correlations will in these cases not be absolutely summable.'' Despite
this, the examples are still of interest since they shows that an exploratory tool based on the
local Gaussian spectra in this case can detect information that is in agreement with what could
be expected based on the parameters used in the models for (Yw YM).

Remark 3.13. The generating model will of course not be known when a real multivariate time
series is encountered, so it is important to estimate the local Gaussian cross-spectrum at a wide
range of points v in the plane and a wide range of truncation levels m. This is necessary since
it can happen, like seen in fig. 5, that there are some points where the result might look like
it has been computed based on i.i.d. white noise, whereas other points shows that some local
phenomenon could be present.

Remark 3.14. Even when it might not be obvious how to interpret the results shown in the Co-,
Quad- and Phase-plots, it should be noted that they can be used as an exploratory tool that can
detect nonlinear traits in the observations. Moreover, these plots can also be used to investigate
if a model fitted to the data contains elements that can mimic the observed features. The recipe

n this respect the situation is similar to the detection of a pure sinusoidal for the global spectrum.
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2.2 Nonlinear cross-spectrum analysis via the local Gaussian correlation 143

for this approach would then be to first select a model, then estimate parameters based on the
available sample, and finally use the resulting fitted model to generate independent samples of
the same length as the sample. Section 3.2 will show an example of this approach, cf. figs. 9
and 12.
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2.2 Nonlinear cross-spectrum analysis via the local Gaussian correlation 147

3.2 Areal multivariate time series and a (badly) fitted GARCH-type

model
This section will show how the Co-, Quad- and Phase-plots can be used as an exploratory tool
on some financial data, and then it will be seen how this approach can be used to get a visual
impression of the quality of a multivariate GARCH-type model fitted to these data.

The multivariate time series sample to be considered in this section will be a bivariate subset
of the (log-returns of the) tetravariate EuStockMarkets-sample from the datasets-package of
R, R Core Team (2017). This data-set has been selected since it has a length that should be large
enough to justify the assumption that the observed features in the Co-, Quad- and Phase-plots
are not solely there due to small sample variation.

The EuStockMarkets contains 1860 daily closing prices collected in the period 1991-1998,
from the following four major European stock indices: Germany DAX (Ibis), Switzerland SMI,
France CAC, and UK FTSE. The data was sampled in business time, i.e., weekends and holidays
was omitted.

The log-returns of the EuStockMarkets values gives a tetravariate data-set that it seems nat-
ural to model with some multivariate GARCH-type model, and the R-package rmgarch, Gha-
lanos (2015b), was thus used for that purpose. Note that the present paper only aims at showing
how this kind of analysis can be performed, so only one very simple model was investigated —
which thus gave a rather badly fitted model for the data at hand.

3.2.1 The DAX-CAC subset of the EuStockMarkets-log-returns

The log-returns of the bivariate EuStockMarkets-subset (Y,,Y;) = (DAX, CAC), of length
1859, will now be investigated. The individual pseudo-normalised traces of these observations
are shown in fig. 7, and it will be from these pseudo-normalised observations that the local
Gaussian cross-correlations will be computed.

The plots of the resulting m-truncated global and local spectra are shown as the red and
blue lines in fig. 9, and the 90% pointwise confidence intervals has been created based on 100
block-bootstrap replicates using a block-length of 100.

No data-driven algorithm is present for the selection of the blocklength in this case, cf. sec-
tion 4.1, and the rationale for the use of a given blocklength is thus based on a visual inspec-
tion of fig. 8, where the plot of the local Gaussian cross-correlations (based on the bandwidth
b = (0.6, 0.6) for all the lags) are presented for the three points that will be investigated in fig. 9.
It seems plausible, based on an inspection of fig. 8, that a blocklength of 100 might be needed
in this case — but note that a more rigorous investigation should have been employed if this was
to be an actual in depth analysis of the dependence on the blocklength.

The three points considered in fig. 9 all lie on the diagonal, since it seems easier to give an
interpretation for those points. In particular, the point 10%: : 10% represent a situation where the
market goes down both in Germany and France, whereas the points 50%: : 50% and 90%: : 907
similarly represent cases where the market either is stable or goes up in both countries.

Thus, for the purpose of the present paper, it suffices to point out that the Co-, Quad- and
Phase-plots of fig. 9 indicates that the data contains nonlinear traits, which in particular is
visible in the Co-plot for the point 10%: : 10% and for all the plots related to the point 90%: : 90%.
It should be noted that the Co-plots at the frequency w = 0 simply gives a weighted sum of the

local Gaussian cross-correlations (between (YM h Y:M)) seen in fig. 8, so the Co-plot peaks at
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w = 0 for the points 10%: : 10% and 90%: : 90% are thus as expected, and the lack of a Co-plot
peak at w = 0 for the point 50%: :50% also seems natural in view of fig. 8. It should also be
noted that the w = 0 peak for the 90%: : 90% Co-plot is lower than the corresponding peak for
10%: : 10%, but this seems in this case to be due to the low truncation level used for the plots, i.e.
these two peaks attain approximately the same height when a higher truncation level is applied.

It seems, for the particular parameter-configuration that generated the plots in fig. 9, to be
the case that the point 90%: : 90% has the most interesting Quad- and Phase-plots, but again,
as noted above, it may be premature to put too much emphasis on this particular plot given
the uncertainties involved in the selection of the bandwidth b, the truncation level m, and the
block-length to be used in the bootstrap. In particular the block-length is critical with regard
to this, since a shorter block-length tends to give wider confidence-intervals, and that might
result in plots where a seemingly significant difference between the local and global spectra
disappears.

It should also be noted that a low number of bootstrapped replicates can be a source of small
sample variation for the width of the estimated pointwise confidence intervals, and this is im-
portant to keep in mind if a minor gap is observed between the pointwise confidence intervals
for the local and global spectra. Such gaps could appear or disappear when the algorithm is
used to generate new computations based on the same number of bootstrapped replicates, a
behaviour that in particular has been observed for the rightmost peak/trough of the Quad- and
Phase-plots at the point 90%: : 90% in fig. 9.

This kind of ambiguity can be countered by increasing the number of bootstrapped replicates,
but that has not been done for the present example due to the uncertainty with regard to the size
of the selected blocklength. In particular, if fig. 9 is recreated with the blocklength 50 in-
stead of 100,'? then the pointwise confidence interval for the Phase-plot at the point 90%: : 90%
widens enough to remove those occurrences where it seems that it could be a significant trough
at the rightmost side. The peak at the center of the 90%: : 90% Phase-plot does however re-
main significantly different from the global spectrum even with a smaller blocklength, which
strengthens the impression that something of interest might be present at that frequency. How-
ever, it is important to keep in mind that this impression is based on the present combination
of bandwidth and truncation level — and there are at the moment no data-driven method for the
selection of these parameters. (A positive phase difference is consistent with the 90%: : 90%
cross-correlation plot in fig. 8, which might indicate that the DAX is leading over CAC when
the market is going up.)

Remark 3.15. Note that the shiny-interface in the R-package 1ocalgaussSpec should be used
if it is of interest to pursue a further analysis of the local Gaussian spectra of the (log-returns of
the) EuStockMarkets-data, since that enables an interactive investigation that shows how the
estimates vary based on different bandwidths b and truncation levels m, and moreover, it would
also allow an investigation of how much the selection of the block-length for the bootstrap-
procedure influences the widths of the pointwise confidence intervals in the Co-, Quad- and
Phase-plots.

12Based on the lower panel of fig. 8, it might be ample reason to consider a block-length of 50 to be too short.
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Figure 7: EuStockMarkets, pseduo-normalised components under investigation.
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2.2 Nonlinear cross-spectrum analysis via the local Gaussian correlation 151

3.2.2 A simple copula GARCH-model fitted to EuStockMarkets

It might not be obvious how to interpret the Co-, Quad- and Phase spectra based on the log-
returns of the EuStockMarkets-data, but they do at least provide an approach where nonlinear
dependencies might be detected from a visual inspection of the plots.

Furthermore, it is possible to use this as an exploratory tool in order to investigate whether
a model fitted to the original data is capable of reproducing nonlinear traits that match those
observed for the data. The procedure is straightforward:

1. Fit the selected model to the data.

2. Perform a local Gaussian spectrum investigation based on simulated samples from the
fitted model. The parameters should match those used in the investigation of the original
data.

3. Compare the plots based on the original data with corresponding plots based on the sim-
ulated data from the model. It can be of interest to not only compare the Co-, Quad- and
Phase-plots, but also include plots that shows the traces and the estimated local Gaussian
auto- and cross-spectra.

For the present case of interest, item 2 of the list above implies that 100 independent samples
of length 1859 will be used as the basis for the construction of the Co-, Quad- and Phase-plots
of the fitted model, and the bandwidth b = (0.6, 0.6) will be used for the estimation of the local
Gaussian cross-correlations at the three points 10%: : 10%, 50%: : 50% and 90%: : 90%.

The model: The R-package rmgarch was used to fit a simple multivariate GARCH-type
model to the log-returns of the EuStockMarkets-data, in order to exemplify the procedure
outlined above, i.e. a copula GARCH-model (cGARCH) with the simplest available univariate
models for the marginals'® was fitted to the data, and the resulting model was then used to
produce figs. 10 to 12.

The traces: Figure 10 shows the pseudo-normalised trace of the Y, - and Y, -variables for one
sample from the tetravariate cGARCH-model, and this can be compared with the corresponding
pseudo-normalised trace of the DAX and CAC plot for the pseudo-normalised log-returns of the
EuStockMarkets-data, see fig. 7 on page 27. Obviously, a comparison of one single simulated
trace with the trace of the original data might not reveal much, and it should also be noted that
it in general might be preferable to compare the traces before they are subjected to the pseudo-
normalisation, since that could detect if the model might fail to produce sufficiently extreme
outliers.

The local Gaussian correlations: Box-plots, based on the 100 independent estimates of the
local Gaussian cross-correlations from the cGARCH-model, are shown in fig. 1 1. These can be
compared with the local Gaussian cross-correlations estimated from the original sample, shown
in fig. 8. It should be noted that the computational cost for the production of the box-plots in
fig. 11 is substantially larger than the cost for the production of the simpler plots shown in fig. §,
so it is preferable to restrict the attention to a shorter range of lags in fig. 11. Note also that
the wide range of lags included in fig. 8 is related to the need for a justification of the selected
block-lenght for the bootstrap-algorithm, and it should be possible to judge the suitability of
the fitted model from the shorter range of lags included in fig. 11.

13See Ghalanos (2015a) for details about the cGARCH-model and other options available in the rmgarch-
package.
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The impression from the lags included in fig. 11 is that the medians of the estimated local
Gaussian cross-correlations for the point 50%: : 50% lies quite close to zero, whereas the medi-
ans for the points 10%: : 10% and 90%: : 90% mostly lies slightly above zero. Almost none of the
boxes for the two latter points seems to be positioned in a manner consistent with the desired
outcome for a good match with the corresponding estimated values in fig. 8, and it might thus
be ample reason to suspect that this cGARCH-model might better be replaced with another
model instead.

The Co- Quad- and Phase-plots: Figure 12 shows the local Gaussian spectra for the same
points v and the same configuration of parameters as those used in fig. 9. The Co-, Quad- and
Phase-plots of fig. 12 does look like they could originate from i.i.d. white noise — which does
not come as a surprise in view of the information about the local Gaussian cross-correlations in
fig. 11. The Co-plots for the two points 10%: : 10% and 90%: : 90% does show that the estimates
of the m-truncated local Gaussian cospectra, i.e. the blue dashed lines, might have a peak at
w = 0 — but the 90% pointwise confidence intervals are too wide to support a claim that these
peaks are significant. A further comparison of these two Co-plots with the corresponding Co-
plots in fig. 9 (beware of different scales for the axes), does moreover show that the confidence
intervals from fig. 12 are too narrow (at w = 0) to encompass the peaks observed in fig. 9 —
which indicates that the selected model might be a rather bad approximation to the log-returns
of the EuStockMarkets-data. It thus seems advisable to look for some other model instead, a
natural conclusion given that no effort whatsoever was made with regard to finding reasonable
marginal distributions for the copula GARCH-model used in this discussion.

Remark 3.16. It should be noted that a local Gaussian spectra comparison of the original data
and the fitted model in practise also should include a comparison of the local Gaussian auto-
spectra of the marginals, as was done in (Jordanger and Tjgstheim, 2017). These auto-spectra
plots (not included in this paper) can provide some additional information useful for the model-
selection process. In particular, if a model-selection algorithm for GARCH-type models has
been used to pick one marginal model from a given collection of marginal models, then an
investigation based on the local Gaussian auto-spectrum might reveal if the selected marginal
model captures the local traits of the corresponding marginal observations in a reasonable man-
ner.

cGARCH, Y

B » 1 wwm i wwwww—wm s
wwwwm : w«wmwwm SO0

Figure 10: cGARCH, pseduo-normalised components under investigation.
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2.2 Nonlinear cross-spectrum analysis via the local Gaussian correlation 155

4 Discussion

This paper extends the local Gaussian auto-spectrum from Jordanger and Tjgstheim (2017) to
the case of the local Gaussian cross-spectrum, and it has been seen that this can be used as an
exploratory tool to detect non-linear traits in multivariate time series. The simulated locally
trigonometric examples in section 3.1.2 showed that nonlinear periodicities can be detected
with this machinery, but it should be noted that the selection of the point v = (v,,v,) was
pivotal with regard to what was detected. It was also observed, see the discussion in section 3.2,
that this local Gaussian approach to spectral analysis might be useful with regard to model
selection, i.e. that it can be used to check if a model fitted to the data can reproduce local traits
detected in the original sample.

This new local Gaussian approach to spectral analysis is still in its infancy, and many details
have not been looked into yet. Some details, i.e. those related to the selection of the input
parameters, have already been discussed in the treatment of the univariate case, see (Jordanger
and Tjgstheim, 2017, section 4), and these will only be briefly discussed in this section.

4.1 The input parameters

The selection of the point v and the sample length: It is important that the coordinates v,
and v, of the point v = (v,, v,) should not correspond to quantiles too far out in the tails, since
that could allow small sample variation to dominate even when the sample itself is large,'* cf.
the discussion related to (Jordanger and Tj@stheim, 2017, fig. 2) for further details.

The selection of the bandwidth b and the truncation level m: A problem that can arise
when several points {v,}_, are investigated at the same time, is that each point v, could have
its own optimal configuration of bandwidth b and truncation level m — and the question then
becomes whether these individual values should be used, or if it would be preferable to instead
search for some common values for the bandwidth b and the truncation level m. The interested
reader can find a more detailed discussion about this and related issues in (Jordanger and
Tjgstheim, 2017, sections 4.1 and 4.2)

The block-length: It was noted in (Jordanger and Tjgstheim, 2017, section 4.3) that the
standard algorithms for the selection of the bootstrap block-length depended on the (global)
spectral density, and this rendered them rather useless for samples from e.g. GARCH-type
models — see (Jordanger and Tjgstheim, 2017) for further details and references.

4.2 The smoothing of the estimates

The estimates of the local Gaussian auto- and cross-spectra are smoothed by the help of weight-
ing functions A (h), that work upon the estimated local Gaussian auto- and cross-correlations,
cf. definition 2.4(d). For the present investigation, the smoothing function has been inherited
from the one used in the global case.

A completely different smoothing strategy can, as explained in (Jordanger and Tj@stheim,
2017, section 4.4), be based on the observation that the estimated m-truncated local Gaussian
spectra corresponding to different points {v,}’_, will be jointly asymptotically normal and pair-
wise asymptotically independent (when m — oo and b — 0* as n — o). This implies that it
should be possible to find a smoothed estimate of the local Gaussian spectral density at a given

141t is possible to have a point v far out in the tails if the bandwidth b is large, but the result would then hardly
deserve to be referred to as an estimate of the local Gaussian spectral density at the point v.
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point v, by the help of the estimated values in a grid of points surrounding v. This approach
resembles the one used when the ordinary global spectral densities are computed based on the
periodogram,'” but with the important distinction that the smoothing in this case would be over
a grid of neighbouring points instead of a range of neighbouring frequencies.

The periodogram-approach for the estimation of the ordinary (global) auto- and cross-spectra
provides an efficient estimation regime due to the Fast Fourier Transform (FFT), which enables
the periodogram to be computed directly from the observations without the need for an explicit
computation of all of the estimated auto- and cross-correlations. The effectiveness of FFT is
linked to the product structure of the estimated covariance function, i.e. y(h) = Z?;l‘hl Yorin * Yoo
and a similar simple connection does not exist for the distribution based approach used for the
local Gaussian autocorrelation. The above mentioned grid-based smoothing approach for the
local Gaussian spectral density might thus be rather inefficient to use in practice, but it could
still be of interest to keep this approach in mind.

4.3 The visualisation of the local Gaussian cross-spectrum

The local Gaussian cross-spectrum is complex valued, which makes a direct graphical inves-
tigation of it a bit tricky. It is possible to use a solution like the one in section 3, where a
combination of the Co-, Quad- and Phase-plots together provide a graphical setup that enable
local traits and periodicities in the data to be discovered, but other alternative might also be of
interest to investigate. In particular, plots (like fig. 3) that individually might not be that infor-
mative could reveal interesting features if a sequence of them are interactively investigated by
the means of a shiny-interface, like the one used in the R-package localgaussSpec.

A completely different approach would be to estimate the local Gaussian cross-spectra for a
grid of points v in the plane, and then use three dimensional plots to see how (for a specified
frequency w) the real and imaginary parts, or the amplitude and the phase, varies over the grid.
The two dimensional contour-plots corresponding to these three dimensional plots might of
course also be considered, or alternative visualisations like the colour-coded phase plots from
Wegert and Semmler (2011).

An obvious drawback with the above mentioned approach is that these plots might not be
useful unless the number of points in the grid is (sufficiently) large, which could incur large
computational costs. It might, despite this, still be of interest to initiate an investigation us-
ing such an approach with a coarse grid, since that could detect regions containing promising
structures.

4.4 Possible applications

A key property of the local Gaussian spectral densities is that they for Gaussian time series
coincide with the ordinary spectral densities. This implies that a comparison of ordinary spec-
tra and local Gaussian spectra can detect the presence of non-Gaussian structures, which in
particular can be of interest for time series whose ordinary spectra looks like white noise. Any
peaks and troughs of the local Gaussian spectra can for such white noise cases naturally be con-
sidered as indicators of nonlinear structures in the time series under investigation, and it might
then in particular be of interest to investigate if periodicities in the local Gaussian spectra might
correspond to real phenomena in the data generating structure.

15See e.g. Brockwell and Davis (1986) for details.
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Estimates of the local Gaussian spectral densities might also be of interest to consider as
an informal tool in addition to existing tools for model selection for time series, i.e. estimates
based on repeated samples from a parametric model fitted to the original observations can be
compared with the corresponding estimates based on the original observations. Significant
differences between these estimates (taking the pointwise confidence intervals into account)
could indicate that the selected model might not be good enough, and that it thus might be
prudent to look for a better model.

These applications of the local Gaussian spectra could provide useful insight even when it is
unknown whether or not the investigated time series actually satisfies the requirements needed
for the asymptotic theory to work. It might however occur problems due to the (at the present
state of development) unresolved issues regarding the selection of the input parameters — in
particular, cases can be encountered where it is hard to figure out if a peak/trough represents
an actual nonlinear phenomenon, or if it is small-sample variation due to an unsavoury combi-
nation of input parameters. More work is needed in order to resolve these issues.

5 Conclusion

The local Gaussian cross-spectrum f,,, (w) can be used to detect nonlinear dependencies
between the marginals Y, , and Y,, of a multivariate time series {Y, = (Y, ,,...,Y,,)}, .
This provides, together with the local Gaussian auto-spectrum from Jordanger and Tj@stheim
(2017), alocal Gaussian approach to spectral analysis, which in particular can be used to detect
if the time series under investigation deviates from being Gaussian. For time series whose ordi-
nary auto- and cross-spectra are flat, any peaks and troughs from the local Gaussian approach

can then be considered indicators of local nonlinear traits and local periodicities.
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Appendix A: The proofs of theorems 2.10 to 2.12

This appendix presents the proofs of the asymptotic results stated in the main part of the pa-
per. The proof of the result for the m-truncated estimate of the local Gaussian cross-spectrum
Jiewpp(w) 18 in essence identical to the one encountered in Jordanger and Tjgstheim (2017) for
the local Gaussian auto-spectrum f,, . (w), whereas the proofs for the estimates of the local
Gaussian amplitude- and phase-spectra are identical in structure to those encountered in the
ordinary global case. Some technical details needed for the proof of theorem 2.10 are covered
in appendix B.

Proof of theorem 2.10, page 11.
The case w ¢ % - Z will be treated first, since the other case follows from a trivial adjustment of
the setup. The key observation for this case is that the sum that defines £, (w), see eq. (2.6)

in definition 2.4(d), implies that ¢,;, (w) and g,7,,,(w) can be realised as the following inner

ke:vp
products,
/C\}:Zv\p(w) = Alz\@(w) ) PM@MP(’U, 0) (A.1a)
akzv\p(w) = A'/q\rj,(w) : ‘Pk:e@,wp(va {’) ) (A.1b)

where A/, (w)and A/, (w) respectively contains the coefficients A, () cos(2rwh) and A, (h) sin(27wh),
and where sz:@\b\p(vv 'D) = [ﬁlk:f)\p(m)7 T ﬁlk:'ﬂﬂp(l)’ ﬁkl:'zﬂp(o)’ s 7ﬁkz;u\p(m)]l contains the
2m + 1 estimates of the local Gaussian cross-correlations (based on the bandwidth b). The

vector ﬁkz:@‘b‘p(v, ¥) can by the help of a suitable (2m + 1) x (2m + 1)p matrix E.  (based
on the vectors e/ that gives p,,,.(h) =€ -0,,,, ) be expressed as

sz:@,\b\p(vv v) = E;@p : ekﬂ:@\b\p(v7 0), (A2)
where ®k£@\b|p(v7 'i}) = [Oﬁ\zzc:m:n\pv A sz\ék:lzn\p’ au\kz:om\pv s 70u\ke:mm\p is the length (2m + 1)]0

vector created by stacking into one vector all the estimated parameters from the local Gaussian
approximations. It follows from this that the target of interest can be written as

Fk;ffw(w)] _ [A' m(“)} B,

b . - © v,9), (A.3)
quv\p(w) Aq@(w> ! )

kz:@\mp(

which together with the asymptotic normality result from theorem B.3 (page 39), i.e.

\/ n(blbz)(p+l)/2 : (ékéﬁ\b\p(v’ 'b) - ek'lfrin\blp(v7 {;)) L> N(O’ Ev\k[:@\p) ) (A4)

and Brockwell and Davis (1986, proposition 6.4.2, p. 211) gives that

(b, )7 ([@’Zw(w)} _ [cwm,)(w)b (AS)

a\k?:”v\p(w) ka;mp(w)
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is asymptotically bivariate normally distributed with mean 0 and covariance matrix

1 A/C m(w) ’
E ’ <[A’qlm(w)] ! E@\p : Eume:m\p ’ Ezn\p ’ {Ac@v Aq|m]> : (A.6)

The specified form of the covariance matrix given in theorem 2.10 now follows by the help of
some linear algebra, the observation in theorem B.3 that

1 m
va@\p = (@ Zqﬂk:hp> @ (@ E‘U“c[:hp) ) (A7)

h=m h=0

and the definition 5}, (h) =€, - X

It is easy to see that both o7, .., (w) and 07, ., (w) from eq. (2.19) are nonzero when
wé % -Z, as required for the validity of (Brockwell and Davis, 1986, proposition 6.4.2, p. 211).
The proof for the case w € % - Z can be constructed in the same manner, simply ignoring the

components having sine-terms. U

.. -e_ fromtheorem B.1.
v|kl:h|p P

The key observation for the proof of theorems 2.11 and 2.12 is that they both follow as a
consequence of theorem 2.10 and Brockwell and Davis (1986, proposition 6.4.3, p. 211). Note
that these arguments are quite similar to those used for the investigation of the estimates of the
ordinary amplitude and phase spectra in (Brockwell and Davis, 1986, p.448-449).

Proof of theorem 2.11, page 12.
First observe that the function h(z,, x,) = /2% + 22 implies that

1772

akzu\p(w) - O‘kz:v\p(w) = h(EkZu\p(w)v Z]\kz‘:”v\p(w)) - h(cum\p(w)v ka:mp(w)) ) (A'S)

and then observe that the asymptotic covariance matrix in theorem 2.10

._ Uju:v\p(w) 0
DIR (%) ( 0 nguw(w)>, (A.9)

obviously is a symmetric non-negative definite matrix.
It now follows from Brockwell and Davis (1986, proposition 6.4.2, p. 211) that

n(0,b,)" 2 - {0 (@), Gy (0) = (€ (@) Gy, (@) ] = N(0,02(w))

(A.10)
where 0’ (w) = D - %, (w) - D', with
D= 0 h(z,,x,) ih(r z,)| = [, /32 + 23, 1,/ \/22 + 2] (A.11)
axl 12 7ax2 172 1 1 27 <72 1 2

evaluated in (z,, 7,) = (ck[:v‘p(w), Tty (W))-
A simple calculation gives D = [¢, ., (w)/ 0001, (@W), Qpayp (W) /@, (w)] . from which it
follows that Uj(w) = (Cif:v\p(w) : Ujum\p(w) + QZz:v\p(“}) : J;\kzm\p(w)) /O‘iz:u\p(w)' O
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Proof of theorem 2.12, page 12.

This argument is quite similar to the proof of theorem 2.1 1, and only the details that are different
will thus be included. In this case the function of interest is h(x,,z,) = tan~*(z,/x,), from
which it follows that

8 a 2 2 2 2
o h(x17x2)7 %h(xwxz) = [712/ ('Il + Iz) 7‘Tl/ (‘Tl + 1‘2)} : (A.12)
This implies that D = [—q,,.,,(w)/02,.., (W), Copuyp (W) /02, (w)] and a simple calculation
now gives
05 (@) = (@raip(@) * Ty (W) F Gy (W) * Oyl (@) /i, (@), (A.13)
which completes the proof. U

Appendix B: The underlying asymptotic results

B.1 The bivariate case, a brief overview and the p,, (h)-case

The main ingredient for the theoretical setup is a translation of the bivariate results from (Tjgs-
theim and Hufthammer, 2013) into the multivariate framework, and this is almost identical
to the discussion that was given in (Jordanger and Tjgstheim, 2017, appendix B.1.2). The
main difference is that two extra indices (k and ¢) now are needed in order to specify which
components from Y, = (Y, Y, ) that are investigated.

Lo
The basic building-blocks was given in section 2.5.1, see definitions 2.6 to 2.9, and the first
target of interest is to define a suitable bivariate penalty function relative to the requirement

of eq. (2.10). For a sample of size n from {Y, and with the present notation, the local

z:h:t}tez’
penalty function from (Tjgstheim and Hufthammer, 2013) can be described as

Qu\kz:h;n\p (Ou\kz:h\p) = Z K"'[:’“b(Y;cZ:h:t - ’l)) log wp (Kcl:h:i; 0v\uzh\p)
t=1

+n - ka:h=b(yu:h, - v) wp (yk-é:h; evwz:mp) dyw:m (B'l)
and from this, under suitable regularity conditions and by the help of the Klimko-Nelson ap-
proach, the following asymptotic normality result can be obtained for the estimated parameters,

\/ n(blbz)(p+l)/2 : (ev\k/é:h:n\p - 0v\k£:h|p) i> N(Ov va;n\p) . (B.2)

See Tjgstheim and Hufthammer (2013, Th. 3) for the details for the p = 5 case, and note that
the p = 1 case follows from a simplification of that result.

Remark B.1. For the p = 1 case, §vw:,m,,“ consists of the single value p,,.,, (%), and eq. (B.2)
gives the univariate result of interest. For the p =5 case, p,,.,;(h) can be expressed as e -
5 ~

lkenniz» Where € is the unit vector that picks out the correlation from 6 and it follows

v|kl:hin|5?

38



2.2 Nonlinear cross-spectrum analysis via the local Gaussian correlation 161

from (Brockwell and Davis, 1986, proposition 6.4.2, p. 211) that

n(ble)B ' (ﬁkl:v\f)(h) - pkm\a(h)) i) N(Ov e; : Zu\kz:ms : 65) . (B-S)

These observations can (by introducing e, := 1) be collected in the following result, which
is included in order to give a reference for the statements in theorem 2.10.

Theorem B.1. Under assumptions 2.1 to 2.3, the following univariate asymptotic result holds
for the estimates p,,.,,(h) of the local Gaussian cross-correlations p,,.,.(h).

n(b1b2)(p+1>/2 : (Ib\um\p(h) - pu:u\p(h’)) *) N(O, v\mp(h)) ) (B.4)

where G,

(h)=¢€e, -X e

P wlke:hlp ~ Cp*

B.2 The asymptotic result for e

The Klimko-Nelson approach from the bivariate case can be extended to the present case of

ké:@\b\p(v7 Tuj)

interest in the same manner as it was done for the local Gaussian auto-spectrum in (Jordanger
and Tjgstheim, 2017, appendix B).

7]

v ke:h|p

Definition B.2. For each bivariate penalty function Q.. .. n‘p( ) (as given in eq. (B.1)),
denote by Qv‘k, henlp (GUW h‘p) the extension of it from a function of Y,,,, = [YMM’ Y@.,r,]/ to a
Y, Y,

function of [ wtmr s Yoo Yooy oo YZJ . Use these extensions do define the new penalty
function

Qv:f)\kl:vj:n\p(®kl:7ﬁ\b\p(v7v ZQkahnm b|Lk:h|p +Zvahn|p u|wh\p) (B.5)

h=m

The 2m + 1 bivariate components in the sum that defines @) (:)M@b‘p(v7 13)) have

no common parameters, so the optimisation of the parameters for the different summands can be

v:0|kL:min|p

performed independently. The optimal parameter vector e) v b, (U, ©) for the penalty function
Qe (fOT @ given sample) can thus be constructed by stacking on top of each other the
and 6,

parameter vectors 6, NP

 btshlp that optimise the individual summands in eq. (B.5).

The Klimko-Nelson approach can now be used on the penalty function from eq. (B.5) i.e.
four requirements related to the penalty function must be verified before the desired asymptotic
result for the paramater-vector e weumibl (U5 ©) is obtained. The following cross-spectrum ana-
logue of (Jordanger and Tjgstheim, 2017, theorem B.23) can now be stated for the present
case of interest.

Theorem B.3. Under assumptlons 2.11t0 2.3, the followmg asymptotlc behaviour holds for the

estimated parameters © il (VD) = [Ov‘“}:mm‘p, ..,0, 6 ..,0

B|k:1in|p) L vlke:0n|p? 'v\kl:nlm,\pi| ’

0(b,5,) "+ (8, (0, 8) = 1, (0,9)) 5 N(0, 5 (B.6)

okels)
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where the matrix 3 is the direct sum of the matrices from eq. (B.2) that occurs when the

vlktsmlp
individual bivariate components of the penalty function is investigated, i.e.

1 m
Eu\k»z@\p = <@ Zmem;;) @ (@ ka(:hp> . B.7)
h=0

h=m

Proof. This result follows when the Klimko-Nelson approach is used with the local penalty-
function @, ;s (@M@b‘p(v, 1“))) from eq. (B.5), and the proof is in essence identical to
the proof of (Jordanger and Tjgstheim, 2017, theorem B.23). The three first requirements
of the Klimko-Nelson approach follows trivially from the corresponding investigation for the
bivariate case, whereas the proof of the fourth requirement must take into account how m — oo
and b — 0" asn — oo.

The investigation of the fourth requirement of the Klimko-Nelson approach can be done in
the exact same manner that was employed in Jordanger and Tjgstheim (2017), i.e. first construct
a collection of simple random variables whose interaction and asymptotic properties are easy to
investigate, then use these basic building blocks to construct a more complicated random vari-

able QO _ that has the same limiting distribution as the estimator of 1/0,0,V,, . Q. kemini (@M@‘b‘p (v,

v|m
(where V.. . is obtained by stacking together V,,, ). After this, it is sufficient to use stan-
dard methods to prove that the limiting distribution of Q7 _
distribution, and the statement for the parameter vectors then follows from the Klimko-Nelson

theorem and some linear algebra. U

is the desired multivariate normal
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