_UNIVERSITETET I BERGEN
Matematisk institutt

Department =crassores

of
APPLIED MATHEMATICS

NUMERICAL SOLUTION OF THE
BUCKLEY-LEVERETT EQUATION
WITH A GENERAL FRACTIONAL FLOW FUNCTION

by
@ystein Pettersen

Report no. 76 November 1984

UNIVERSITY OF BERGEN
Bergen, Norway







o B P S O fngg 7

Department of Mathematics ISSN-0084-778X
University of Bergen
5000 Bergen, Norway

NUMERICAL SOLUTION OF THE
BUCKLEY-LEVERETT EQUATION
WITH A GENERAL FRACTIONAL FLOW FUNCTION

by
@ystein Pettersen

Report no. 76 November 1984

Abstract

A dispersion-free numerical procedure for the solution of nonlinear
conservation equations based on exact solutions of the Riemann Problem
by the Random Choice Method is reviewed. This paper is concentrated on
the displacement of o0il by water in a onedimensional poroustifroeks
however, the technique applies equally well to a variety of physical
problems where accurate modelling of the evolution of
discontinuities/shock waves is imperative.

For immiscible displacement, the nonlinear part of the conservation
equation is an empirical function with error bounds. The effect of
representing the (unknown) smooth nonlinearity function by a tabulated
version is studied, accompanied with a proof for the structural

stability of the problem with respect to small perturbations in the
nonlinear function.
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1 Introduction

The Buckley-Leverett Equation of reservoir dynamics is a special case
of a non—-linear conservation equation. The development of
discontinuities that such equations permit, traditionally has been
difficult to describe numerically by finite difference methods, as the
discontinuities (shock fronts) inevitably are smoothened by the FDE

algorithm (numerical dispersion).

Based on a work by Glimm7, several authors have contributed to the
development of a numerical procedure where the analytical solution of

the Riemann problem is used to construct a global solution which is

free for numerical dispersion. (See references at end of paper.) The
positions of the shock fronts are computed without error, and the
method is close to being second order accurate. A thorough description

g ithelme thod  i'shaiven dn the Eirst part of' the ‘texit.

The nonlinear part of the Buckley-Leverett Equation is basically a
function of the mobility ratio of the two fluids present. This ratio
I's pwviirtuallysgans empirieal fumetienyofifptheswetting, fluid.saturations
Previous authors have, however, assumed a given analytical dependence
on saturation in their works. We generalize the method by allowing the
fractional flow function to be given by empirical table values.
Inaccurate measurements introduce sources ofigc nnoE i nEolkEhe
description of the nonlinearity function. The method therefore must be
structurally stable with respect to perturbations in this function, a

demand which we will show is fulfilled.

Another extension of previous theory is that, restricted to physical
possible situations, we permit the nonlinear function to have a quite

general shape.

The problem will be studied in one dimension only, for applications in

multidimensional problems we refer to the list of references.
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2 Basic Equations

Our object shall be the description of one-dimensional flow of two
immiscible and incompressible fluids (water and o0il). Sources and
sinks are located only at the boundary of the model, and will be
described by the boundary conditions, not included 1in the governing

equations.

The basic equations are:

Bui 381
(B R () ) (Continuity Equation)
X at
Rex)ki.(Si). "8p
L8 uy = = S NS P pjgcosH } (Darcy”s law)
U ax
it
3) B 8, = 1 (Completely saturated
rocks?)
(4) Bivs pC(Sw) FsByrd B (Capillary Pressure

Equation)

In these equations subscript i denotes the two phases o (o0oil) and w

(water), ug is the Darcy velocity, Si denotes saturation, K the rock

permeability and k relative permeability. P, 2R ERe  papillary

el
prEessure | Q= rockEpoRoST EyMSoE=tden si Gy, gB=Eoravilt i = viscosity,

and 9 is the angle between the positive x-axis and the gravity vector.

We define the mobility of phase i by A; = kpoi/u; and

BRSNS pe chitilcM s eyl 1 = e

Let 8 = 8 (hence 8y = U="8 by Eg. (3} ), .ond g & Py
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Equations (1)-(4) are then written:

Ip
@59 e KXW{ = = i co8d }
X
p  dp
" o, (S
(6) iy = KAO{ o +-3;— Yocose }
du aS
(IY sl 4+ 005 e & 0O
9x at
¢ R M e
e X ) —— =
Ix at

If we introduce the total Darcy velocity u =u_. + u we see from

1% (6}
Egis. (7) and (8) that u is constant.
ieomi RieSa (S emel (6 v e s
= + A g A + ) 8 + A e
(9) u=-K [ (Aw o>3; ( wlw '\oYO)COS 03;— H
which gives the Pressure Equation:
a dp a 3 ap
(10) —{Ke (A, + A )D)—} = —K- (A ¥, + AoYolcos8 - — Ked —S
ax 9% ox x ox
By solving Eq. (9) with respect to the pressure gradient, combining
Eqs. (5) and (7), and 1inserting the expression for the pressure
gradient, we arrive at:
o K op 3s
(E18]8) -——{ M bl 5.0 [ S - (y. - Y, )cosd H S )
Ix A, + A As + A ax 5 at

Y (0] W O
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Denoting the derivative with respect to S by a dash, Eq. (11) can be

expressed as:

(12) d { o wao (S)BS }
— PR L R L A
ox )‘w + /\O e 9x
A AT d5
+ { =1 + kv, - vcosb[—L]" }— +
Aw + AO Aw 4r AO 9x

Agro 9K 9S
+ (Y = Y )eos8— 0 — 4 6 =0

)\w ap )\O 9x at

Equation (12) is known as the Saturation Equation.

We now assume that the rock is homogeneous, that u is time
independent, and that capillary pressure is negligible.
Under these assumptions Eq. (12) is reduced to the well-known Buckdlieys

Leverett Equation:

aS i Gl Aw K aS
(13) —+——[—¥— (1 =Y~ Yo bimasl )] ===

at DI S A RIRE S u X
W o

Equation (13) is a special case of the conservation equation:

as af(S)
(Lo i T =0
at ax

The moenlinearity function E(S) defined by Eg. (13) s known ‘as'  the
fractional flow function. We shall study Eq. (l4) for a general

nonlinearity function in the following.

3 The Riemann problem

In this section we will examine the properties of the solutions of the
nonlinear hyperbolic conservation equation for a special initial
condition. We use u as the dependent variable and denote differentials

by subscripts. The model problem is then:
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(b5 b e f(u)x =0

i

ur, x<0
(16) e u(t=0) =
ugps x 20

where up, and up are constant cases.

The initial value problem (15)-(l6) is known as the Riemann problem.

of

By defining a(u) = s 5 £ equation (15) may be written:
u

(@7 u, + a(u)uX =0

The linear case (a = pos. const.) has the solution:

up xlat
@L8Y i =

i.e. a discontinuity moving to the right with the velocity a = dx/dt.
In the x-t plane the solution is composed by two constant cases

separatad by Ehesdiscon Einulityline s = tait - S(H e Uil )

th

Fig. 1

Returning to the general case, we note that if uy, = const., u = u, is
a global solution of the Riemann problem.

Eorslars eSpositivetx we hience imay inferttthat Ehet isplution ot the
problem for small times is a wave u = up propagating with a velocity

a(ug), and for large negative x we will have a wave u = up, propagating
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with a velocity a(uL).

These modes are, however, valid only for a limited time, depending on
the absolute magnitude of x. As t increases or/and x approaches zero,
this simple approach ceases to be valid. When a(uR) < a(uL) the
solution will become multiple-valued in finite time. (Fig. 2a)

The case a(uR) > a(up) implies that a sector expanding from the origin

exists where no solution is defined. (Fig. 2b)

t
_— e
~
S 2 &Y
¥ 5 7
o* — *’ y
X X
) b)
Baio )

The Riemann problem has been intensively studied the last few decades,
leading to a theoretical basis which can be looked upon as complete
for one case, namely when f(u) is strict nonlinear, i.e. a(u) # 0 for
all wu. The main contributors to the theory are Glimm et al, Lax, and
Oleinik.

aNcompille tedels cieiip el on IS U MmN /8 Smoller21.

We shall present a brief summary of the main results:
When u;, # ug we have a jump discontinuity at the origin of the =x-t
system. This discontinuity, which seperates the constant states u; and
Ugps will propagate as a centered expansion wave or a shock (which may
be a contact discontinuity.) It is readily shown that the Riemann
problem permits several solutions, see e.g. SmollerZI. We seek the
unique weak solution that is physically feasible. Then the following
must hold:
Let x = x(t) be a curve of discontinuity for a solution O i) B
the Riemann problem. Let u_ be the limiting value of u as x(t) is
approached from the 1left, and u, = lim u(x,t) as x tends to x(t)

from the right. Standard shock theory then provides:
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1) The curve of discontinuity is a straight line with slope

(8] 8, o= e =

(Rankine-Huginot jump condition)

il R ) 7 £ ™ SE ()

U+—U U+“U

{20)

for every u between I T T e

7,18

(E-condition of Olefnik® , or the entropy condition.)

g uy and u, are two arbitrary values of u, we define

f(ul) = f(uz)

Ul—Uz

SIZ

as the slope of the straight line connecting the two points (ui’f<ui))

and (u,,f(u,)). The entropy condition then reads:
Sy o €8, _ for every u between u, and u_.

If conditions (19) and (20) are not fulfilled, the appropriate
solution must be continuous. Contrary to the linear case we here have
a situation where discontinuous 1initial data may generate a smooth
solution. On the other hand, discontinuities (shocks) can develop from

SMBOE RN n i E Al Al

Having described the conditions under which shocks are pernitEtediite
develop, we turn to the smooth solution case.

The situation is depicted in Fig. 2b. The two constant cases ur and up
are seperated by a region where for the time being mno solution is
defined. Looking at the physics, we have two waves propagating in the
same direction, where the "first'" wave has a greater velocity than the
"second" one. In other words: The "first" wave is "running away' from

the "second" one. This leads to .the definition of the so—called
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rarefaction wave. This wave is implemented as a smooth curve
connecting the two constant states, so that the total solution is
continuous.

More accurately: The sector that separates the constant states u;  and
ug is bounded by the straight lines x = ap*t and x = ag*t,

where gy = a(uL) and | ap = a(uR)-

We seek the rarefaction solution for t =T >0 at a point x = §
within the sector. The desired solution is then u(T,§) = ani(i). As ¢
runs from ap to aj;, along the line segment t = T inside the sector, we

see indeed that the solution is everywhere continuous.

From the analysis so far, we conclude that only four permitted cases
can exist as solutions of the strictly nonlinear Riemann problem. We

shall denote these cases as the four primitive modes of the problem:

Mode 1: f(u) convex and up, P ug- (Rarefaction)
Mode 2: f(u) convex and up < uge (Shock)
Mode 3: f(u) concave and up, > ug- (Shock)
Mode 4: f(u) concave and up & ug- (Rarefaction)

The primitive modes are shown pictorially in Figs., 3=6, where a) shows

the nonlinearity function, b) the solution in the x-t pillame’,fland ') is

a qualitative picture of the solution along the line t = T.
f t fu
o //’ u *
L u
I
x/////%
o
2 Up
u x x

b) c)
Eligo s SE R (M o'd e i)
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Composite solutions.

f /’ tf fu
{'4& UR
/]
X
u.
/il
P 8
b 4 X
a) b) c)
Eice g S (M Gldia 20
I T
u
ShL / L
E / i
SR | / /
a '/l
up u, u X x
ah) b) c)
avle s Bin s ((Mleieha 35 )
f / /' u
f
SRL u* Ug
i Sry / ug
|
1 / 4 "
up U] UR X X
a) b) ¢4
o SNGE (Mo die ta )

When the condition of strict nonlinearity is violated, the solution is

composed

DiSe verallloE St e primitive smodeisal iihiisic ase lhackis the solid

theoretical foundation that supplies the strict nonlinear case, sbut by

physical reasoning and application of the conditions (19) and (2 @) St

is possible to construct a solution

that

is

and

physically
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acceptable. Fig. 7 shows a rather complex nonlinearity function.

bt

u UR

b Concdye, hall

The u-axis is divided into regions, so. that each region contains
exactly one primitive mode. From the E-condition we deduce that the
classification into primitive modes always starts at the ug—end of the
diagram. The physical statement we use as basis for constructing the
composite solution is: Different shock waves starting simultaneously
from the origin of the x-t system must be ordered so that the waves
with the greater shock velocity at every time precede waves with lower
shock velocities. 1In the x-t plane this statement is Intespreted as:
When x runs from +® to -2 along the line t = Bl fe conit
wavemodes composing the solution must be encountered in the same
sequential order as when u runs from up to uy along the nonlinearity
function. I.e. the shock speeds must form a decreasing sequence when u
varies as mentioned.

This request is satisfied if (and only if) we replace f(u) by its
convex hull when up < u;, and the concave el | e up < ug - filoads
procedure 1is based on a result by Hartenis, namely that the solution
is independent of the actual shape of the nonlinearity function in the
concave (convex) regions when ug < (>) up -

The construction of the composite wave is then a simple task. The case
shown in Fig. 7a will as an example be composed by a constant state

up, a shock wave separating ugp from u,, a rarefaction wave connecting
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u,; and u,, and so on, resulting in a solution which is qualitatively

shown in Fig. 8.

u
/ t
™)
o
7 7
ey //X
X
a) b)
Fig. 8
The solution corresponding to Fig. 7b is shown in Fig. 9:
u
X
) b)
Big. g

4 The Random Choice Method.

We now turn to the actual problem we are attempting to solve, namely:

CBLY w4 Elu), = 4

(22) u(t=0)

I(x)

@28y S (==0) Bo(t), uG=1HN= Bl(t)

A method developed by Glimm7 to prove the existence and boundedness of
solutions to the Riemann problem, was during the 707s used in a

constructive manner to obtain a numerical solution to the problem
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(21)-(23). The procedure has been developed and studied by Glimm,

Marchesin, McBryan, Chorin and othersi—s’ i3y e 20. An excellent

description of the method is given by Concus and Proskurowski*.

Wesiseek: al solution ai(x E)ialt the points X{

tj = jk, j=1,2,..., where h is the spatial increment Ax and k = At.

In the following we shall denote the numerical solution by capital

Sty Al 20 og ) Gl

letters, and the analytical results by lowercase.

The solution 1is advanced one complete time step in two cycles.
Starting with the known array U(ih,jk), we first compute the solution
half a time step ahead on a shifted grid, i.e. U is evaluated in the
points {(i+1/2)h, (j7+1/2)k }. The second cycle is similar, so that at
the end of a complete time step, we obtain U{ih, (j+l)k}. In the
following we concentrate on the first time cycle, the other half is
analogeous.

The grid system: ils. shown in Fig. 10:

- + i
t=[j+32]k i
t=(j+1k ——@— A d
t=[j+12]k
bl [:}h li-12]h t li+121h “iﬂ]h X>
10505 L

We wuse a control volume interpretation of the discrete approximation,
i.e. U(x,jk) is taken as constant on each interval

(i-1/2)h < x < (i+1/2)h, and similar for U{x, (j+1/2)k}.

For the grid points (ih,jk) and {(i+l)h, jk} we thus have the problem:

Ly i 10 Wl t > jk

U(ih, jk), x € (i+1/2)h
(25) U(t=jk) =

U{Gi+D)h, jk}, x > (i+1/2)h
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In order to simplify both the notation and the computer programs, we
shifit the Jpoint {(i+1/2)h, jk} to the origin. The original Riemann
problem is then recognized. Our task is hence to solve one Riemann

problem for each grid point.

If the size of the time step is restricted by imposing the Courant

6y max Va(u)l < h/k

we are guaranteed that none of the separate Riemann problems will
interfer with each other, hence assuring that waves propagated from

the discontinuity of different Riemann problems do not intersect.

The Riemann problem generates a complex solution composed of at least
one of the primitive modes, defined on the line segment

=L A0S T R S O

This analytical solution wmust be represented by one single value
appointed to the point t =k/2, x =0 in the numerical procedure.
The straightforward angle of attack 1is to utilize the analytical
SolinEronNdttr ey hen @ Sl d i SERHE0 /) S (O Ao By R TR

method is, however, obtained by this approach.

In order to achieve stable results, a point on the given line segment
is chosen randomly, and the u-value taken at that point is assigned to
the point x = 0, t = k/2. I.e. a uniformly distributed random variable
O is sampled from the interval (-1,1), and we define the solution at

x =0 e =uk/2 as:
(CO T (R0 S E R AT /(0 S o)

(Hence the name Random Choice Method, also referred as the Uniform

Sampling Method. )

As an example, a rarefaction solution of the Riemann problem is shown
in Fig. 1l. Once O is sampled, the numerical solution to be assigned

to the point x = 0, t = k/2 is defined by:
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wp A GOk R
(28) U(0,k/2) = u(0h/2,k/2) = | u* if a_ < Ob/k < ag

where u* is defined by the equation: a(u*) = Oh/k.

2 v

t=k/2

t-0

x=-h/2

13505 L

5 The Sampling Procedure. Boundaries.

The convergence and stability of the Random Chioce Method is sensitive

to the sampling procedure, as pointed out by Chorini’2

He found that
stable results were obtained only if the same value of O is used for
every spatial point of a given time step. O is most naturally sampled
by a pseudo random generator. We require from this generator that the
O-distribution converges rapidly to a uniform distribution, without
too small repetitive patterns, and have chosen to use a random

419

generator proposed by Paulsen that serves our purpose:

A e 32768*Rj tnede 16775729, ' 7 Ba0, Whide 1rhe/2piil

To prevent loss of information at the boundaries, Chorin suggests the
following procedure:
Let K, <K, be mutually prime integers with K, odd, and let Ny < K, be

an integer. Construct the sequence of integers
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(29) 1M, pis (N ok ) 14 imad iKighs

Then for the Riemann problem solutions in the first half-step we use
(BORSLGLEDF, =10,  foet BEDYA)) /K spaal

when sampling at time t = (j + 1/2)k. In the second half-step we use
CRERE Ol *06 g sapwaR Lig) /1]

WilnEioie s am piliite £ ak e isTe M = (5 R 1)l o= GO

With this procedure, -1 < 0O S 08 el 00 S E) S

jt+1/2 j+1

Chorin showed that boundary conditions should be treated in the
following manner:

When the Dirichlet condition Ui SABieiis Spreiscr ithaid

we set U{-1/2, (j+1/2)} = 2B, - U{1/2, (j+1/2)}, and similar for the
boundary at x = 1.

If we impose a Neuman condition (Bu/an)o e o ilehy cloags Ipoime ! s

daif ided by (01 SlAZg Goeldz W=l 1ie) s (3#+1/2) ) - bl s

Hoife kbhat uthis way.of (defidding  the image points may require an
extension of the domain of definition for the noniiine ittty S SEunciEion:
InEEcuEe situdy el iise prelsents saturation, which is certainly a number
between O and l. U(x = -h/2) as defined above may however exceed 1.
HomE e ve s Erave RS p A Fo N E e ot et e displacing oil, the
left-end-point condition reduces to uco, j) = Ug, while the. right-end
condition  Is | superflions, i asthe waves ltraveltout ofl the mediaim at
this end.

If the nonlinearity function has a minimum, a(u) will be negative in
some domain, and we have waves travelling to the left. In this case

the last mentioned treatment of the boundary may be insufficient.



gl

CEE
=it _‘h.;\_._“ Ak

. *"‘gll&Cn” L
‘ i ,.‘_"H:.f?: **La“? 0 w i hl ,‘3' s‘\**te » ‘.‘I*. ¢$:’ws:l°$q 81‘1115 ,dlm -' g 0 |

T L
ah g !

"mi_ | sz‘, “anod 3 bn® wiwmd Aniby 'b‘swoﬁe oo

| .'istmsm s:uwﬂoi

‘ﬂi. b@di:anaaq 2. g8 % @u noinlhﬁod 3sidoly il »id3 uaﬁw
ﬂuw~ um; ﬁmlimwu bﬂa ,{<$\l+t) .s\x}u - oas = {cz\x*L) S\ ses ow
g it stk : R e b e e wubnuod
1 an@\aﬁ) ualﬂtbnoo nsmy s & uﬂaqmﬂ aw 31T .

mgaaﬂ w1@(£w¢+t) .a\itu s [ (8\I#) (S\i-}U ¥4 benilpb

m«m m;maﬂ $o - e aida o amds, sacH

] mﬁ anlhb jo aiemob sd1 1o aotensIxe

'«W¢ ﬂnlﬂw ‘nataqvuaaa aanauaxqax 0 J(huJe T BE-
‘le'svmw‘twb 25 (S\vﬁ-r = x)u Wl boe O peswssd
%Fwiﬂw oaqé Mgt wd3 Jex gnillavat ewvew 304
'p m » {L DY 7. 2000w woliiboos sn:oq~hna~:391
Mm— amﬂw a3 @8 celioullisque =i opiaibaos

uﬂﬂhf *“ﬁf i ' ‘:' “' LK ) RS : ) sbne aid3l

'Mpm ﬂl Luw MQ ..mu 8 eed auuanui y:ns@nunof} adp 31
imM:‘,ﬂ 1‘1,-:3@ ﬁ}a oF m,upvs:s aqub sved 9w boé .nlwdb sa08
' gus&:ﬂﬂumi P~ w .gm uda 1 :mma ann :ag gd;i




16

Solution of the multidimensional conservation equation demands an
extension of the method which is not straightforward. One angle of
attack is the 'operator splitting" scheme of Sethian, Chorinsand
Concus, where the problem is split into two or three one-dimensional
Riemann problems which are solved sequentially. As the x-y-z
components of the computed wave speeds in the different sweeps may be
inconsistent with the actual displacement, an additional routine is
required to analyze the propagation topologyzo.

Another approach is the front tracking scheme of Glimm et al, where
the Random Choice Method is used solely to determine the velocity
vector of the saturation discontinuity, a one—-dimensional problem.
Away from the front the solution is smooth, and can be found by, .a

finite element solver on a moving gridlS.

6 Discretization of the nonlinearity function.

The authors of the referenced papers all assume the ncnlinearity
function f(u) to be given in a closed form. This is a valid approach
e.g. for the non-viscous Burger s Equation where f(u) = Bu®. In our
case, mnamely immiscible displacement of o0il by water, the most common
approach has been to define the relative permeability curves for water

and oil by (u being water saturation):
o 2 o e
(32 =u°, K ons % (L=u)

Hence the nonlinearity function is:

(33) f(u) = — IS AT

This approach is less satisfactory if we wish to study a real case. A
very special form of the relative permeability relationship has been
assumed. This functional form will seldom or never be fulfilled in
practice. Moreover, it is highly improbable that we are able to obtain
any ‘‘closed expression for f(u) 'atiall. The normal case is that we are

given a table of measured values for relative permeabilities  as a
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function of saturation. Viscosity is in this discussion assumed to be

constant.

We shall henceforth discuss the algorithm for the Riemann problem when
f(u) 1is given only at a finite number of points {ui, f(ui)},

=@l o, mafinn

Dafermos® has studied the case 'where: f(u) is a polygon-line. . OQur
approach is, however, somewhat different. We still assume that falu) ddis
CZ, with known values only at selected points. The differential a(u)
is computed on the node points uj with second order accuracy. This
procedure differs from Dafermos, who obtains a piecewise constant

differential, while a(u) will be a discrete approximation to a

continous function in our case.

Another generalization of the cases studied in the litterature
hitherto, 1is that we permit a larger class of nonlinearity functions
than previously assumed. Concus & Proskurowski ' e.g., assume that f(u)
is strictly increasing with at most one inflection point. For the time
being we will allow a quite general nonlinear function, although the
class of permitted fractional flow functions is restricted by physical

reasoning and computational simplification later in the text.

We are concerned with the stability and convergence of the numerical
procedure for the modified problem. Although the discussion 1is
concentrated on the case of interest, namely that f(u) is approximated
by a polygon-line, the argument holds equally well for an arbitrary

perturbation of f(u). Hence we will show that the Riemann problem is

structurally stable with respect to small perturbations of the
nenlinearity funeti'Onas “Bhadls - i sksan ImpoRtantEireisullemais R G the
fractional flow function, always will be a result of measurements with

eEror hounds.

We define F(u) as the polygon-line passing through the points (uj,£5),
i=0,1,.+.,n. In the same manner ACu) is defined as the polygon-line
approximation to a(u). F and A are used exclusively in the procedure
in place of f and a, i.e. all function values between node points are

determined by linear interpolation.
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6.1 Stability amalysis.

In this section we compare the numerical solution obtained by the
reference method with the "perturbed solution", achieved by using the
polygon-line approximation. We denote the difference between the
results obtained as the "deviation of the modified method". The main
goal 1s to show that the discretization of the nonlinearity function

is permitted if the node points are properly chosen.
The Shock Wave.
Deroting the reference results with lowercase letters, and the

corresponding polygon line approximations with capital letters, we

have: The shock velocity is defined by:

(34) s = }L,,_fﬁ (refarence)
UL i UR
TR Wl
(3 Gi= A S (perturbed)
UL i UR

When up < u; the situation is shown in Fig. 12. We discuss this case

in the following. The case ur, < ug s analogeous.

FL

|
r‘—hl.’i ]
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Define T = 0x/At, where Ax and At are the space and time increments.

Then the reference solution of the Riemann problem is:

up when
(36) Ny =

up when

while the perturbed

G ¥s

G

solltt fom ™ 1is

up when OT > S
(S W=
up, when OT < S
il.e. a nonzero deviation occurs if SN I EN )it

SO ISTC

We see that a deviation in the shock mode will result in a wave

propagating with a shifted front velocity. We therefore

case thoroughly. Symmetry considerations permit us to assume S < s.

See Fig. 13.

i X] X2

At
2

//@ /% /’\

%, i
0 G

2
Hitgle il 3

Refering to the figure, we easily deduce:

HS0 Bl =/t

S g0 ¢ ey

<=> 2x1/Ax NE ZXZ/AX

= xi)/Ax <> Qe s ST

discuss

this
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conditional probability that the solution is perturbed,

iven.n &: .8 dsigiven: by: (using 'PS': for|Ypertarbed solutieon!)
g P

(omy B P51 8 4% )

Define the node

]

TR fL < u

jesf

chbntbilzye Hiehd hL’

(See Fig.

We first

(sien) Fp

(40) f

Hence

(81 S

where p =

12)

Pl @ gl )
P{ 0 < 0 < (s=S)-at/0x }

points u; and uy so that uj < fR < Ujiy and
Denote the increment Ugaq ™ s by hR, and
and let hRi bl " th it uj.

need an expression for Fp and fR:

Il
=)
+

Il
==
e

14

hRi/hR and a is defined by a = th-f”i = hLZ.f”

i1t 5t i
bry "
R
T el hl%i o T ey 3
hy * 1 TG i 7 b+ othg)
R R
gl 4
0.5+ RLRL - e, - 28, + £, ) + o(hd)
hg by
o A
ombrendil (BE o 03] 0 i 5 0(hg)
hg by

0.5+ {p(p-1) }*a

i



m“ %

ﬁn'?

(R0 # gasy + 20 - “_13}{(1

3

c,,um + e {(; o it
y nﬂ .'ﬂﬂ

oo ] (F=g)s} s *




21

In a similar way, X is defined by A = th/hL'
The constant a determines the increment sizes of the discretization of
f(u). In short the definition states that the smallest increments
should be used in regions where f changes rapidly, a conclusion which
is intuitively reasonable.
From the expressions above we can calculate the difference between
exact and approximate shock speed:

{8~ - (ol

(42) s-§ = TSRl s G TSR,
up -~ ug Z(UL—UR)

The positions of ugp and u; between two successive node points are not
known, we assume that HRi and HLj will take values between O and HR or
H; more or less at random. More precisely we assume that A and p are

uniformly distributed random variables on [O,l].

Inserting Eq. (41) into Eq. (38) and rearranging gives:

A
(43) P{ PS 1 s<s |} :'EF':i__'S'Zi Ul g T e R L
UL—UR X

Define the variables kg = 1/2 - p and gy =2 =k

unitEermilydd s tributedBon L (1042081 20 and lelt

g Atea
ZAx(uL = UR)

Then

(44) P{ PS 1 s<s} =pP{ 0 <o <pZ] K -kZ]}

Define the random variables X and Y by:

53 SR Bz-ké Y = Blei?
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Our next task is to determine the distribution of the stochastic

variables X and Y:

VX VX 2V
(OGPl F s |l gPal W b Bl g el Yo
R R
B B B
2
where 0 <€ x <AZ— andsimillar® for .
Hence the density functions are:
(47)f()—-----1 f()—-l
X) = y:
X BYx ¥ BYy
Atdeviated solution is found if the stochastiec variable E = X-Y¥ is

positive and O is less than E. To proceed, we hence need the density

funeEion el(E)N for Bl

(48) g(E) 1?f(mf()d 1}*____@
= +o_ =
T L S R e
1 822 -k + 8/8%4 - E
i Ez 108{ = }

where B = 52/4 - E.

As the conditional probability P{ © < E | E | is simply equal to E,

we have:
82/4
(49) P{ E>0, © € (0,E) } = [ g(E)+P{ ©<E N E | dE
0
2

I

B8
33-{ 8log(2) - log(Bz) + 1/6 }
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The total probability that the discretization of f(u) implies a

nonzero perturbation in the solution is therefore:

(50) P{Ps }=p{Psl s<s }P{s<s}+P{PSI s<s }eP(s < s}

At a At Qa
= —e———————— [ 8log(2) + 1/6 - log[ —-
Ax 256(uL — uR) Ax Z(uL — uR)

I}

The rarefaction wave

In the same manner as above we have the reference and approximate

solutions:

(51)  w = up, OT < ar,
u* arp N TR ag
ug (Sl AR
U= AL <TG AR

where u* and U* are defined by a(u*) = A(U*) = OT

If we assume the orderin a; & A L S ey e sltuailen Ae
Al i R R

depicted in Fig. 14,

Tatae ) Hlind
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This ordering 1is discussed in the following, other situations are
treated in a similar manner. The deviation due to the discretization

o st hen:

Elipe e i ap, S 6T < Ap

We take a(u) and A(u) as exact in the node points. (a(u) is really a
second order approximation to the derivative of the nonlinearity

functions. )

The deviation (U% 4 u¥*) i1s discussed firet, isee Pig: 15,

a aj

oT

Denoting the difference (ui+1 = u;) by h, and using the same notation

as in the previous section, we have:

(5% =0T

A(U*) = a, +

I

a(u*)

1]
W
+
i
(=
*
I
c
(I
~—
o8}
=
\
+
'Y
+
()
/_\‘
=
*
|
(=
(=8
N
w

Replacing hzai’ by a, and utilizing the approximation

7

h
dj44 =83 t ha;” +-§—ai” =F O(h3) L E N (5 A o Ve :

(u* - ui)z y (U* - ui)h

b+ o(n?)
2 2

a
(55)  (U* - u*);-E - aiu{
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Using the inequality (u* - ui) € h and solving for (U* - u*) we have

o(hd)

(56) U* - u* < = 0(h?%)

a h iy
qF gl
e

i.e. the deviation is of the second order, and is therefore comparable

with the error inherent in the numerical procedure.

From Fig. 16 we see directly that lup - U* | <1 u* - U* |
(as ap SO AR), hence we conclude that the deviation in the

rarefaction wave is always of the second order.

Aa
|
| aR
i ! eT
| [ ; AR
| |
| | I
! i i
1 I | Il P
up  uougl” Uy U
Bils L6

The composite wave

The solution of the Riemann problem in this case is composed by shock
and rarefaction waves, the mode appointed to the numerical result
hence depending on the raandom variable 6. The weviation in the
primitive modes is discussed above, an additional source of error is,
however, introduced when we construct the convex or conecave " huliis SAlS
previously mentioned, the exact procedure consists of drawing a
tangent from the '"right" -state to the curve f = f(u). More precisely,
et Shul T8 5 s con'structed 'se Ehat Spn> the slope of the straight line
between points (UR’fr) and (um,fm) equals the derivative B a(um)-

In the numerical procedure, the point u. 1s searched only among

candidate node points. The hull will hence be pritve S b NI Stk atite it

line from (UR’FR) to (uM’fM)’ where uy and the slope Sgy are defined

by the expression
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For simplicity we set fR = Fp in the analysis. The case 1is shown in
JEals I

Bibaa L7

We seek the probability that the deviation between the computed shock

velocity Sgy and the reference velocity Spp has consequences for the

solution of the problem.

By definition, SRm D) Sgy+ Let h = W, 7 Uye We, then have:

@  pedi SR sl ' Unhe' Tohork
RM
e = Er AR
Mo Lo S aoE = hza'/Z 3
==> “Lm{ m } 8 SRM v o 0L Lilie = m m 4 O(h )
PR ML b MG
fm a fR
As G = of—mrre = San we hence have:
U,I = UR
2 2
I wal e
(580 s — S = = m = km
Hoar Bt 4 o, v (g § 5 1)
sl R A R
k

m is @ uniformly distributed random variable taking values between
=1 and +l. In the same manner as by the analysis following Eq. (38),
1tis ¢ leasily  'shown'*! ‘that ¢ the probability that a nonzero deviation

evolves due to the approximate construction of Ehel hullid s civen by:
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At a
6 Ax u_ -

(59) p{ps} =

Conclusion

l. The deviation in the rarefaction wave is small and comparable to
the error in the numerical method. (The Random Choice Method is close
to being second order accurate.) Moreover, it is to be expected that
the element of randomization that is inherent in the method will tend
to stabilize the small deviations that occur, so that the perturbed
solution will 1in some sense oscillate with the reference solution as

mean value. Experience has shown that this is actually the case.

2. A perturbation in the shock wave is observed as a displacement of
the shock of magnitude one grid point at a given time step, relative
to the reference solution. This displacement is observed to persist

for following times, and may in some instances grow larger.

HECCHIE RIS BN O EE Al e el R ComN e o0 s o i oG e PEOLRES | @ Ehe
discretization of the nonlinearity function so that the probability
that a perturbed shift in the shock speed occurs, is as small as

possible.

We have found that the discretization process will il el glE i il
the shock speed relative to the reference method with probability p.
(where p is given e.g. by Eq. (50).) Define =N RS d N dEn o e N Ehe
number of shock discontinuities on a given time level by J. By
elementary analysis we infer that the REC balb =t halt S o me SN sho el
velocity 1is shifted at the given time step is l—qJ. From the analysis
it is clear that a deviation can arise in one of the two half steps
only.

After K time steps we hence have a probability qJK that no shock
speed deviates from the reference solution in this time interval. We

therefore conclude that the probability that the first shift in the

shock speed emerges during the first K time steps is given by:
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(60) P{ PS during K time steps } = 1 ~- qJ(K_l)

Demanding that this probability shall be less than a prescribed € and

solving for K, gives:

log(l-€)

g
Jelog(q)

By this expression we can estimate the number of time steps, and hence
elapsed time, until the solution deviates from the reference solution,
with a level of significance €. As q will depend on the number of
nodes in the discretization of f(u), Eq. (61) gives the number of node
points necessary to obtain an acceptable solution up to time ty, with

probability (l-g).

Example.

For the fractional flow function defined by Eq. (33) the maximum value
of the second derivative f"(u) is approximately 2. An appropriate
average value of a is hence a = n_z, where n is the total number of
discretization node points. Comparing Eqs. (50) and (59), we see that
the deviation predicted by Eq.(59) is larger than the one predicted by
Eq.(50) as long as n is less than approx. 100, a condition that is
fulfilled in practice. Inserting the values we have utilized in our
test runs, namely Ax = .02, At = .009, into Eq. (59) gives

p = 0.15/02. This value of "p 18" dsed "id""Eq. ""(BI) &0 “produce’ "Ele

"stability regions" shown in Fig. 18.
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For a given 'deviation-free'" time interval, the minimum number of

nodes demanded is read directly from the figure. a) is for a 1% level
of significance, while b) 'is valid for & = 0,05, the wvalue we have

found to be appropriate.

Example runs are shown in Figs. 19 and 20, where the reference
solution is shown with a solid line, wutilizing the fractional £low
function defined by Eq. (33). The dotted curves refer to results
obtained using a discrete version of the same function with 10 node
points.

A problem with constant initial saturation of u = 0.05 with boundary
value u(x=0) = 1.0 is shown in Fig. 19, while the sequence shown in
Fig. 20 has a sinusoidal initial saturation.

The first «case only permits one shock to emerge, hence we use the
curve J =1 in Fig. 18b). With n'= 10 we find E g 7 UsGLG,

This value agrees with the front curves in Fig. 19, where the first

deviation in shock position is observed for 0.243 < t < 0.324.

For the second case, J = 3, and in the same manner we infer that

thax = 0+112, which is in agreement with the sequence in Fig. 20.
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From the numerical experiments we have found that the "stability
regions" in practice are at least as great as the ones depicted by

Eq. (61) with € = 0.05. The results using 10 equidistant node points
(Fig. 19) are shown with dashed 1lines. el iz ng an optimal
discretization, the deviation between the reference case and the case
n = 10 (opt.) is hardly detectable on the plots (dotted lines). In the
same manner, the second case could be treated with a deviation less

than the plotter pen thickness with 25 optimally chosen node points.

The criterion for choosing the optimal node points given in the theory
may be difficult to use in practice. We recommend the following '"rule
of the thumb'", which successfully has been applied in our test runs:

Let d(i) be the maximum normal distance from F(u) to f(u) between node

points uy and u;

i+3* The node points should be chosen so that d(i) is

constant as 1 varies. In addition, it is advantegous to define nodes

at the inflection points.

When the number of node points in the given table for the Ffractional
flow function is insufficient, additional points may be determined by
interpolation, possibly by inspection of a plotted figure. This is
equally well done manually, as the qualitative look of the nonlinear

function is the critical property in the procedure.



L

,I?ﬂn\ #k mn pmm"w k.nag» - gnuwda wi nonmzo m
'mimm Ml Dossbas o iaokdskh NE-wes o8 Ainstiih od  wes
g Semuy Jess 1wo al boilqqs nesd asd gllukteauaut datdw "daud; sil3 %o
g &bnu nsewied (©)} 03 (1)1 mosl sonsratd lemion momixem si1 ad (1)b 38d A £
v_:ﬁj C1)Yb  geda on pmesolld od blvoda @iniog shom sdT'.l*Iu bas ;u adnlogq :
asbon anilisk oy ewogsdinevbs Bl 3% .nel3ibbs nl .aslysv 1 25 2s83eN0d
23niog nolissiial od3 38

; &inotiagmi sfly - wot slded aév&g afly ut Biniog shom 3o sodmun o3 nsdHT
ol banlmsbash sd {nm ainieq lenoliibbs dsslaliiuesi s noidsayt  woll
 ;§ s 1d¥ :;gug;a 7bs:30[q "8 1o noiloaqani zd[qldtaaoq Joidslogisind
| anantlhdn sds Yo dool ;vxasjllsup ardy es xllsunsm smob :Is§ ¢l isups

watubssoiq eil3 nl \Iveqonq Isdidivs w3 el raizsnud
‘ i




sjutod spou ussoyd Ayjewrido | yitm (M)J 23910STQ :9UT] pa3ljog
sjutod spou jueistpinbs | yiim (N)F 23919STIQ :dUT] payYseq
pPOy3lswWw 30UL1339Y :9UT] PI[OS

n COﬂum.Hﬂu,Wm ANHUHCH uﬁmumCOU
w@EHu AHWGOH%C@EHUCOGV mDOA._”\Hm\/ 103 X SNSasA COHujﬂHhum.ﬁ«u GOHum‘Hjum.m
6l "314
o 1 = ~ s e s , = =
e T i S o ol S e T T SR g Ll SINPSRC NS I COS RS L S feiznin b
5 Q ) Q Q [
) ] + I - ] L
| L § | | i i
] ] ) | r
1 1 L ! ) L
| 1 ! I
] + _ +- | | +
1 1 ! !
L 5 g &a L
1 o | a ! o I ! Mon
- 3 5 L -
r r + s
L L L L
~
- = 3 -
mvw.Onb_ e 19S50 uh- > 98v0=1 e SOYO=1 -
1 1
[+ Q Q Q
o' s o9 [+ }) s o9 o' s o9 0 s o @
Q Q [e) Q
] I \ |
— -
1 g L
| L L L L
I
] + L L |
|
- 1 T“: = !.3 = [. 7 ‘m:
L L L
- - a
zCEO-1 ! Ec 0 =1 gt ¢910=1 o3 nmo.o.bb ”
1 1 1
o Q "] @



¥

o h@?‘ﬁfﬁ
oberweyh cpomes uogs i
BRITE 10 >

a.
% I -7
3
“ Il
8 e
L Y ¥
T
poiaghily s
i "
Ll 1
o el e
= 14
0 ol
-3 b T
:? ‘;,:
® :
Lhaaee
bt o O
1 o
g AR
4 e
d 3 e
8 R 3,;- o
AEs el
s e 0P
R N i R‘ .
Edgs
e
fEei:c
26885
»‘I. '..: ' e

K

1Ages




32

0 - .
Tl e e S
Q
H L.
L}
8v9°0=1 -
1
Q
o° & o
& A UL " N a s by
Q
: K
veE0=1 3
L f

sjutod apou uasoyd Ajrewiido g} yitm

Saut] AHNGOHWEWEMVGOCV SNOoTIBA JI0J X

(n)J 23310s1(
poylauw 22uUa1ajay

:9uTT peolloq
:2UuI] PIIOS
uorjeinies [BIITUT [BPIOSNUIS

SNSI 9N GOMUDQHMUMH@ uoTtjeanjeg

07 "314
[ o 2ul ) - = = - . = ©

4 A A PRS- o .‘ Ll s e & w- 2 a u ‘ DR A " U— " - .
Q Q Q
o = | s - —
m L] [_]
1950=1 = 9840 = 1 - SOv0 =1 "

1 = ye 1
Q Q o
o m_. 0" @ 0" - 0°@ o s 0°'®
A " . s . A A ~ t 1 A A 5 1 i %
Q [+ G
: o K K]
£pT0=1 o JZ910=1 o 1800 =1 -

1 " 1 1
Q Q Q




i
-n'.,;,. ‘m:

o

e

e

Twe A cporey

2

X pUL AELYy

ATEp 10

£TR" 50

s

i )
LSRR
-
BREL
o @
J %\ 7_1"'3.
¢ { I
AR
B
¢

A% T
e UL A ‘;
Ly

i:

e e

!

&

Ie=1

; e (o o




38

7 The computational procedure.

7.1 Permitted fractional flow functions

HrEomSSE QR e @ Fin dER tha e thel Nt racElonall allow i Rline tHiontcant be

expressed as

(62) £(u) =—x————( LranGoweis

where all parameters that are independent of u are collected 1in the
constant C. Fractional flow curves for different values of C are shown

iliny B - 2

Flu)
4
S

F O 28

C = 0 corresponds to horizontal flow, the two upper curves represent
downdip flow, and the two lower wupdip. The effect of gravity is
exagaerated, SNCvluesSEwilltBibelsient fleanEsnall e inp Fac tiic e e X e

for extremely slow flow.

Example runs with € = 0, +3, and -3 are shown in Fig. 22.

In the updip case the downward bend of the fractional flow function is
due to gravity. For small values of water saturation a(u) is negative.
The o0il will hence be opposed to the displacement, and the front

yeloeity 18 reduced. For larger values of uy alm) is greater than for
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€ =0 This S resuliEsiin S an Sine redsedd umpl  in. the saturation
discontinuity, so that the sample 1is flooded out with greater

efficiéncy. Thisl is clearipmseen, in Fig. 22 b).

The upward bend of f(u) in the downdip case also results in an
interval near the residual oil region where a(u) is negative. This is
due to buoyancy, as a large water volume resides upon the lighter oil,
an unstable situation which cannot persist. For small values of u,
a(u) 1is increased compared to the horizontal case, which in this case
results in an increased front velocity. In Fig. 22 c¢) we observe that
the saturation is decrased to the stable interval instantaneously at
the start of the experiment. The overall result is a rapid, but less

efficient flood-out, an intuitively expected result.
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In a real case the range of saturation is restricted by the existence
of connate water and residual oil. When the initial saturation is
defined within the permitted interval, saturation remains in this
interval for all subsequent times. The part of the fractional flow
function outside this interval is hence never used in the procedure,
and need not be taken account of. Note that the procedure may produce
non-possible physical results if initial or boundary values are
improperly given, e.g. by defining u(x=0) > 1 - Bfpatlhisucies clearly
seen 1in Fig. 23, where we have used North Sea data for relative
permeabilities and viscosities to computesE(udl. Sine thilsiscse SWC =

04058 sand SOr SER0S3 S pTiedttval i i erunyilvithieu <=0 =809ibi's s shown in
Fig. 23 a), in b) we have put u(x=0) equal to l. Unphysical saturation
ZaNliicie NN e CET I i e STl o nd o R Ehe sample, note however tha*t the

fisuBeswarelidentical for x > 0.35,

=
i)
&
e
a 1
x
o
Lo
(=] +
a L]
x

Biip o003



whrss BTGB @mw WM"W.,M wm mmm '

mmwm 83sb Mf@ #3ucH Boww sved ew susdu &S .gi% nl pees

o w& m wddd wE 'ahm- mn os 2aliteeswiv b:u ae-zsuumpq
II.E yworls al L (MM t!alw sy "hilav" odT L0 168 bas. 20.0
m siane Lesieviqall <1 o1 lsupe (O=2)v Juq sved ow (d nld (s €2 321
el xedd 1svaam! sion (elqmee ei2 %o has Isini  ed3 al Juddo soulsy
‘ R 40 < x 0} xaahnsm 18 eomgx’l

»




a7

From the foregoing argument we conlude that all occuring situations
are covered if we permit f(u) to have at most one interior extremal
point and two inflection points. This restriction is pleasant from a
computational viewpoint, as the construction of a general hull (with
both tangent points wunknown) is avoided. This task is not at all
straightforward, and may consume appreciable processor time. (See e.g.
Grahamlh.) Whenever a hull is constructed in the procedure, the hull
will hence be a line from a known point on F(u) that touches F. To
speed up the computation, the tangent points are only searched among
candidate node points. As shown in the theory, this approximation is

consistent with other approximations that enter the procedure.

7.2 Algorithm.

The computer program is split into  twoe!partsi, .a preprosessor and the

main program.

/.2.1 The Preprosessor.

In advance of . passing input data 'te the 'main  procedure, the
nonlinearity function is handled by a separate routine, which returns

the differentiall a(u).= £i(u) and a‘classification vector.

HorSNeonsitstaucis $reasons it fafu)iiis it evalliilaiced Bab sy Wse clond order
difference formula. Nevertheless, false '"oscillations" in f(u) may be
evaluated by this routine, mainly in the 1intervals with water
Sagueation lesstSthan@hconmatei iwater, i fand Mo lsaturait fion | lles st han
residual oil.

As a"(u) 1is generally discontinuous at u = TR Rl Sl TR a(u)
may be poorly evaluated at these points, which may have great
significance 1in the procedure. This weakness can be met by i delbilz Tnie:
the property that only node points within the interval [ch, l—Sor}

enter the computation, hence allowing for an arbitrary definition of

£(u) outside this interval, affecting the evaluation of a(u) only.
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The classification vector is a string containing information on the

inflection points of f(u), the zones where f is concave resp. convex,
and indices of the u-values included in each zone.

At this point the significance of wusing linear interpolation when
evaluating f-values between node points should be mentioned. One could
a priori assume that a better algorithm could be constructed by using
a  higher order curve—fit to approximate f(u), e.g. a spline function.
Such a procedure will inevitably introduce '"false'" inflection points
and thereby superfluous convex/concave zones, which in turn will have
a tremendous effect on the results. We use only the node values of f
to construct the 'classification vector'", thereby guaranteeing that
the correct wavetype 1is found for each Riemann problem. Errors
introduced by the procedure will hence affect only wave speeds, not

types, and the qualitative picture of the evolution is preserved.

Results from the preprosessor are written to a '"metafile", which in
EuEnSSSsE Srediirected ast input itothelnex ENEASIRNDLSF cant et et hert the
main program, or normally an 'analyzer'", which plots the output
information (f(u), a(u), inflection points and zones) for inspection.
With some experience, knowledge of the fractional flow function and
the initial saturation is sufficient to estimate the number of shocks
that will evolve in the process. The theory then provides the
appropriate number of node points in the discretization. Inspection of
the preprosessor output allows one to accept the discretization and
classification, reject the results and start from scratch, or most
often accept the results after manually adjusting some quantities. Our
experience is that a(u) frequently needs some 'refreshing" in critical
Eegiions. s in rarert “ocecasilons it may Sbelide siice abille o move  Ehe
inflection points slightly. (Superfluous or missing inflection points

have never occured in our runs.)

Whether the preprosessor output data have been adjusted or not, the
next stage 1is to use the metafile as input for the main program. The
advantage with the preprosessor, aside the possibility of having
tntluenee Son|  EthebShandisingd“oiftithe nonlineapttyiitunc tion, Hisiithat
normally a series of problems will be run with the same fractional
flow function. The preprosessor is then used only prior to the first

numerical experiment.
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The structure of the procedure, with

preprosessor —> analyzer -> graphics output -> adjustment -> main prog,
possibly skipping some of the steps, is extremely well suited for the
"redirection" and "piping" facilities of the Unix operating system, in
which any route we may choose among the mentioned is simply treated
with a single command. Although more commands may be necessary, the

structure should nevertheless easily be adapted on any system.

7.2.2 The main program.

The sdominating .part,«ef, .the . preocedure | is, the: calculation.of the
solution to the Riemann problem. For each time step a random number is
drawn, and passed as argument to a sequence of calls to the procedure
Rilemanntisoncfc siliB ot iie'a'e il ol i oin ER R e i it S e Do s B o b S
procedure classifies the configuration, determined by the positions of

up, and up. The configuration type (0 - 16) is passed to a procedure

which evaluates the appropriate solution according to the parameters

determined by the wavetype.

A flow chart for the configuration type classification is shown in
Fig. 24, the 16 different nonconstant configuration types that can

occur in Fig. 25, and the possible wavetypes in Fig. 26.

Abbreviations used in Fig. 24 are defined as follows:

fr concave: f is concave in the region surrounding fr
zoneR = zoney :l ug and up lie in the same concave/convex zone

Convex hull: Construct the convex hull with slope SRM from up
SRETET to B(u), touching F in the poiat Uy

"T'" and "F" by the "choice-boxes" point to the appropriate route to
follow, according to whether the statement in the box 1is true or

false.
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In Fig. 25 the locations of occurring inflection points are shown by
solid circles. Hull tangents are drawn with a solid line when they are

explicitely used in the procedure, elsewise the tangents are dashed.

Evaluation of the rarefaction wave requires the solution of a
nonlinear equation OT = A(U*). As A is approximated by a polygon line,
this equation 1is explicite once the node indices on each side of the
root is known. Search for particular indices also enter the routine
for construction of hulls. The procedure that determines the desired
nodes must hence be efficient, as it is frequently called. The search
interval 1is first restricted by knowledge of the configuration, and
the desired index is then found by binary search. The combined work to
determine the appropriate index and evaluate U* is nevertheless less
time consuming than the direct solving of a nonlinear equation. Such
an angle of attack is mandatory when f(u) is explicitly given, as in
the reference method. In this case we use an efficient root=selver,
the so-called Illinois—routine6, a modified version of the 'regula

Fallls i method:

8 Conclusion.

The Random Choice Method can be successfully applied also to cases
where the fractional flow function is defined in terms of a tablle,  if
only the table values provide sufficient information on the
qualitative behaviour of the displacement process. Knowledge of the
physics in the model we endeavor to simulate permits the inclusion of
these characteristics in the nonlinear function by manual ad justment
when the given table contains an insufficient number of node points.
The most general fractional flow functions occuring in practice are
treated with the same ease as those studied hitherto 1in the
litterature. Although the computer programs are more complicated than
the reference programs, only small portions of the programs are used
for the solution of each Riemann problem, thus the processor time is
not increased. On the contrary, the test runs indicate that the
discretization implies a reduction in CPU-time, as. -the ‘selution  of

nonlinear equations is avoided.
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Classification of possible wave types emerging from the permitted class
of fractional flow functions.

Crypt Wave type Pos. in x-t plan |Qualitative shape
Increasing waves
S1i Shock uL //// UR _______f~‘—__—
! " *
R1i Rarefaction uL \\j/// uR ——__—J///,____
Composite. "
Gzl Shock followed by ug u Un ____—//f~———__
rarefaction
Composite. )
=2 Rarefaction followed ug u Up
by shock
Composite. =
Ci= il Two shocks separated u u Up
by rarefaction
Decreasing waves
Sd Shock uL j/// uR ———————1_—__——_
Rd Rarefaction u \{;>// Up ‘_—““\\\_—___—
Composite.
g=1d Shock followed by DS o 7 e My
rarefaction ‘
Composite. .
(C=a! Rarefaction followed up u Up
by shock ——__—_1\\_____
In the x-t charts a thin line represents continuous transition from

a constant state into a rarefaction wave.
adjacent states by a shock discontinuity.

A heavy line separates two

The waves in the rightmost column are travelling to the right.

Fig. 26
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