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1. INTRODUCTION
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The report discusses the solution of the nan-strictly hyperbolic

system
[ S L] )
I P )x
()
VR (g RS N )
t . X
assuming that the equation
ug - vg S0 (1.2)

u v

defines two distinct curves in the (u,v)-space along which the system
Eq.(1.1) has a parabolic degeneracy. As shown in the Appendix, such
systems can be used modelling non-isothermal two-phase flow in a

porous medium.

First, the Riemann problem associated to Eg.(1.1) is solved,

1.e. the Cauchy problem defined by Eq.(1.1) and the initial data

3]

(u,v) (IR
t

uL, uR etc denote constant values. 1In the solution of the Riemann
problem, entropy conditiaons valid independently of local linear
degeneracies of the system kq.(1.1) are defined. The system allows
foer an additional conservation law, an entropy equation, and this
equation 1s solved explicitly. Opposite ta strictly hyperbolic
systems, it 1s not possible to construct lacally a convex entropy at
all points 1n the phase space. Results from applicatian of the
Riemann solver in the Random Choice Method for numerical solution of

Egrns s S hre s ahited!
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2

Based on the Riemann solution, it is proven that the general
Cauchy problem for Eq.(1.1) has a solution. This is a generalization
of a proof given by Temple [27] in the case of a single transition

curve,

Hyperbolic systems with parabolic degeneracies have been studied
by several authors [4,7,11-16,26,27]. The solution of the Riemann
problem for Eq.(1.1) involving a single transition curve in phase
space where the eigenvalues are equal, has been given by Keyfitz and
Kranzer [14], assuming one of the wave families to be genuinely
nonlinear, A specific application to a reservair modelling problem,
where a single local degeneracy exists, was discused by lsaacsan (e
Johansen and Winther [13] solved the Riemann problem for a system
tlosely related to Eq.({1.1), also involving a single transitian curve.
Farts of the general solution of Fq.(1.1), with special significance
to reservoir modelling, was first given by Hovdan [11] and by Pope
[26]. The general solution presented in this report has also beed
found independently by Da Mota [4], with a $lightly more restrictive

definition of the fupction g.
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2. ALTERNATIVE FORMS OF THE MODEL EQUATIONS

T e o e P Py (e o e 0 8 B ot e e e e e e o B e 2t e e B S . o S P B B S S o o e o

[t will be convenient to operate with several different forms of
the system Eq.(1.1). As shown in the Appendix, when modelling non-
isathermal flow in a porous media, the system originated through the
physical wvariables S and T, representing saturation and temperature
respectively. [n these variables, the system is written in matrix

form as

i I

Ihe relationship hetween (S,T) and (u,v) is given by

S W=
: (625528}
v
[ et
U=
apnd the functions f and g are related as
A, (2.3)
g S + B §

a and f are positive constants representing thermodynamic parameters,
In the physical model a < B, hut this restriction is not imposed in
the follawing. Note that g will be used hoth as functiaon of (u,v) and
i S

A polar-coordinate form of the equations is written as

v t (rg) 5. 0
t X
(2.4)
3] + (¢ = 0
L 8 X
The dependent variables are then defined by
vV
0 - Arctgls = AT c EgiTE)
u
(2.5)
2 2 2

T = u ot v = (G EEE R S
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3. DESCRIPTION OF THE FUNCTION f = (S,T)

The function f is defined on the (S,T)-domain [0,11x[0,1]. For
constant T, f is assumed ta be the S-shaped fractional-flow functian

well-known from i1sothermal flow in porous media:

Ty
Example of f(S,T=canst)

Further, f will be assumed to have the following properties:

fT (] IRE RO (e et
o
i R § =0 (L8] 2]
) A
a + 1
f S | e S= | (faka
S B + 1

Fas.(3.2-3) together assure the existence of two distinct transition
curves 1n phase space, 1.e, in (S,T)-space, where the eigenvalues of
the system-matrix are equal. These properties are only possibhle if
for each Tel0,1], there exist at least one paint where fSS =0, As
long as two and only two transition curves exist, no restriction will
be made on the number of inflextion points af f i f=canst), Hence,
gravity may he 1ncluded in the model equations, as described in the
Appendix. It will however be assumed that f(T=const) is convex in the
vicinety of the transition curve 31. concave in the vicinety of 52‘
S1(T) < SZ(T),
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A simple example of a function f with the desired properties 1is

given hy

2
8

2 2 (3.4)
S5t Kl =S

"

aK
where hoth k k(T) and E? are positive.



LIb 'H-
.i'l.L-*" ..”'"?:h' P

m 1
L
il S
Ll o

.'H;,- rar LB .‘I-,' i ,]i; ;H"'\;'l s Lhor

bt A ’ AN : - H i
i i o{ M b = . iw B . &
as L i s by i - ¥

. ..J-'l.

e il '.:HH
5 R ”*ﬂ-!“!-




4. STRUCTURE OF THE FUNDAMENTAL WAVES

e e o e et 7w e e o o B G W0 o e G e e e o Gt 0 S e e e e B S Y Sy e B e R S e e o S e o e o P o

The structure of the fundamental waves is independent of the
values of the conpstants d and B, and has previously been discussed by
Keyfitz & Kranzer [14] and by Isaacson [12]. The main properties will

he reviewed here for the sake of compleetness.

The eigenvalues and eigenvectors of the system-matrix given in

Eg.{(2.1) are given hy

A f A=
4 g
' i o g1 (4.1)
) T 9 - .
A
1 T 2 1
S e BENE D, )
S T

Consequently, the two transitiaon-curves S1 and S2 where the eigen-
values are equal are defined implicitly by the following equatian,

equivalent to Eq.(1.2);
e = 0 (4.2)

The system 1is not diagonalizable along 51 and Sz' Note that in the
(f.S)-space, the transition curves are easily determined as paints
where straight lines through the paint P = ( - a,- B ) are tangents to
the curves f = f(S,T=sconst). The transition curves divide the phase

space 1nto three separate regians, defined as:

=

AT RS URTR RS N EI [0 T8 0<s<s1(r)} I
|

f a4 1Rl el s S, 4T) €8 < 8, (7) } A B cj
Gineh 18 %) delsldei) S,0T) % 881 ) _J
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negativ in B. A point in the phase space will bhe denoted U = (IS TRTRI R
The characteristic family belonging to the eigenvalue Az is

linearly degenerate, whereas the other family has a local degeneracy

at each reflextion point aof f(T=const):

h

(4.3)
2 2
T * VA

m
b =]

The last equation also shows that Az = g is a Riemann invariant far
the system, the other invariant is given by T. ODue to the lack of
strict hyperbolicity, no unique transformation between the Riemann

invariants and the original variables (S,T) exists:

(4.4)

Ihe discontinuities are described by the Rankine-Hugoniot conditiens:

[ 1] I (fra)l]

[ atal,

T AR 1.1 A

a denotes the speed of the discontinuity and the symbol [x] the ‘jump
in x acraoss the discontinuity. The last wequation may easily he
transformed to a form shawing that one of the Riemann invariants has
to be constant across a discontinuity. Hence, a discontinuity belongs

to one of the twao following types:

caonst. "Buckley-Leverett shock"

2

EONSEn Contact discantinuity

Q
'
[ie]
i)

"

In a summary, the solution of the Riemann prablam  far Eq. (T 1)

consists of a sequence of the follwing waves;:
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1) Rarefaction waves where T is constant and the wave speed given hy
hE
S

2) Shocks where T is constant across the discontinuity, and the shock
speed is given by the Rankine-Hugoniot canditian.

3) Contact-discontinuities where g is constant across the
discontinuity, and the speed of the discontinuity equals g.

The two first types will be treated together and denoted as a S-wave,
the last type will bhe denoted as a T-wave, Consequently, if a
fundamental wave 1is allowed to he "degenerate" in the way that the

left state equals the right state, the general form of the Riemann

solutinn is S1T152....Tn. 51 1s a wave with left state UL. T" a wave
with right state U . Let a J-curve denote a general contineous,

piecewise smooth curve in phase space, connecting two states and
consisting of a union of sements of level curves for T and g. In the
phase space, the solution of the Riemann problem obviously is a J-
curve. Fig 4.1 shows level curves for 9., together with an example af

a J-curve.

Note that changes in T can only oaccur through a T-wave, i.e

thraugh a contact discontinuity,

S

Fig 4.1 : Level curves for 9, together with an example of 3 J-curve
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5. ENTROPY CONDITIONS

An entropy condition for a non-strictly hyperpolic system was
formulated by Keyfitz and Kranzer [14], generalizing the well-known
Lax entropy condition [18). For a 2x2 system, the Keyfitz-and-Kranzer
entropy condition states that for a discontinuity in the solutian to

he admissible, either

1) 3 characteristics enter the discontinuity and 1 leaves, - ar

2) 2 characteristics are tangents to the discontinuity and at least
one of the remaining enters the discontinuity, - or

3) the shock may he regarded as a limit of a sequence of shocks

satisfying 1) or 2)

As an example of a shock admissible according to condition 3), take a
situation where onpe of the shock values is situated on a trapsition
curve; then 3 characteristics are tangents, while the remaining enters
or leaves the discontinuity. By a careful choice of the function f,
1t 1s also possible to construct discontinuities where all the
chavacteristics are tangents to the line of discontinuity, confer Fig
5.1. The condition (E) given by Temple [27] does not adequately

descrihe these situations.

F'd
f? 2
/
Vi
“ H
Example of a discontinuity
where all characteristics
v are tangents to the line
- 1. of discontinuity
7
» 8
=

It 1s well-kpown that far a strictly hyperbolic system with

local linear degeneracies, the Lax criterinn is not restrictive enough
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ta resolve a unique solution [20,23]. As the function f(T=const) may
have more than one inflection point, we will not use the generalized
Lax criterion directly. Combining the Rankine-Hugoniot canditian,

Eq.(4.5), and the relation hetween f and g, Eq.(2.3), we have

L
R S+ L
g w=40 = T (8 =t o) oo )
R
S .+.B8
As ( S + B ) is always positive, it follows that if o # gL. ane of the
characteristics belonging to the second family leaves, while the ather
enters the discontinuity. Hence, for a "Buckley-lLeverett" shaock it is
sufficient to study the hehaviour as if only one family of waves is
present. The following shock-admissibility criterion is eqivalent to
the generalized Lax criterion if nae local lipear degeneracies is

present:

Shock-admissibility criterion

A T-wave is admissible if it does not cross a transition curve. A §-
wave 1s admissible if it satisfies the Gleinik condition [23] far

EanistamEas:

fwa fundamental waves may be combined inta ane wave through a
copnstant state UM { U'L = UM G? UR ) 1if the speed of the fraont of
the chasing wave is less than the speed of the tail af the chased, and
if this candition is fullfilled, the two fundamental waves are said to
he compatible. A necessary and sufficient «criterion for determing
when two waves are compatible is given by the following compatibility

conditions:
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1

Compatibility conditions (CC)

The two fundamental waves in a TS-wave are compatible if and aonly if
one of the following conditions is satisfied:

1) The S-wave contains a rarefaction part close to UM,

and UM € B,

2) The S-wave contains a shock close to UM and, if supscript R

denotes the right shock value,

M R
5;9_;0
SM = SR

The two fundamental waves in & ST-wave are campatible if and only if

one of the following conditions is satisfied;

1) The S-wave contains a rarefaction part clase ton UM,
and UM (S (3

2) The S-wave contains a shock close to UM ciiely Bl SEaGE e fL

denotes the left shock value,

I R
gﬁ" Skl
SRS
Eroof:
Only the first part concerning the TS-wave will be shown, as the

second case 1is apalogous. If S has a rarefaction part close to UM.

AP W R R R SN

shock close to UM, the waves are compatible iff

the waves are compatible iff g

MBS, M I R

0o PR L. eglies o TG S b b (5.2)
MR MR
gitiud g gL %

Here, the Rankine-Hugoniot expression for the shock speed has been

used. As ( S + B ) is always positive, the resylt follows.

The shock-admissibility criterion is valid independently of the
number of transition curves and the number of inflextion points of f,
Also, the CC 1is easily extended to he valid for a general number of
transition curves. Together, the shock-admissibility criterion and
the CC will be used to construct a salution of the Riemann problem,

unique in the (x,t)-space, termed the entropy solytiop.
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6. CONSTRUCTION OF AN ENTROPY FUNCTION

An entropy function E for the a hyperbolic system is a scalar

function, having the following properties

1) E is convex, i.e the Hessian dZE is positive definite
2) A scalar function F exists such that VE = A VF where A is the
system matrix and V is the gradient operator in the unknown

functions

For a strictly hyperbolic, genuine non-linear system, if an entropy
exlsts, a viscous regularization must satisfy the following inequality

in the taopology of distributions [191:

E + F s 0 (HGR18)

It E is a known function, Fq.(6.1) can be used as a shock-
admissibility critevien. Wsing Eq.(1.1), is it easy to to show that a
function E = El(u,v) can have the property 2) only if it satisfies the

following equatian:

ug E I (SR R N S = W) fE = 0 (6.2)

For a general 2x2 system, the entropy-equation is of equal type as the
original 1.order system, i.e. Eq.(6.2) is hyperbolic sverywhere except
along the tranpsition curves. The equation may be integrated by
writing the equation on the form

e DO [ AT T A ) S S [t B = A (6,3)
v u u v

As (gv. 5 gu) 1s the tangent-vector to level-curves of g, it follows
that E must satisfy Clairaut's differential equation with an
inhomogeneity term w,- ® being an arbitrary function of g:

UEN S SRRy e SRS i ) (6.4)
u v

By transforming to polar coordinates as defined in Egpa(io B s it e

solution for E is written:
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Eef= Ay | f; dr + 71 {6.5)
I

Y = P(0) is a new arbitrary function. The entrapy-flux F is given by

s
"

gk + [ ¢ dg (6.6)

A necessary condition far the given entropy function to he

convex in (r,B8) is that Err is positive:

Ty T {h)

@' denotes the derivative of p with respect to g, As gr changes sign
across the transition curves, it follows that Err also changes sign in
the phase space. Hence, it is pot possible to construct a contineous
entropy that is globally convex, and at the transition curves Edh L]
not possible to construct a locally convex entropy. Nete that for a
strictly hyperbolic 2x2 system, it was shawn VREah A TR B e fr i e

always possible to define a convex entropy locally.

1f [x] denotes a change 1in the quantity x through a

. ; \ L R .
discontinuity, [x] = x - x, then the entropy production caused by a

discantinuity is given hy

R R
R 2 1 o
9 -9 P
PR e = (ohy + d
R E R =R S s R L | 2 ['e dg (6.8)
T L i I
r g

It follows easily that for a cantact discontinuity - and also for a

"Buckley-lLeverett” shock having gL = gR - the entropy change acrass

the discoptinuity is zero. Expanding the vight hand side of Eq.(6.8)

in a Taylor series in the "shock strenght” (rR - rL), we have

m gr 1 R L
olE] - [F] = {m(rzrgr)}'(r St B (6.9)

.
r

Now assume that a given wave is fully contained in one of the regions

A, B or C and satisfies the shock-admissihility criterion given in
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Chapter 5. As (rzgr)r R B)fss, Eq.(6.8) shows that for a
sufficiently weak shock where fSS ¢ 0, the shock-admissibility
criterion is equivalent ta an increase oar decrease in entrapy,
according to whether the wave is contained in A UC ar in B. Howsver,
waves crossing a transition curve may cause an increase, a decrease or

no effect in the entropy.

When deriving the property Eq.(6.,1) for a strictly hyperbolic
system, the choice of a canvex or concave entraopy 1s just a matter of
convenience, - the inequality sign in Eqg.(6.1) must however be
reversed 1if a concave entropy is chosen [6], Hence, for a weak shock
the given entropy could be used to resolve the entropy solution if and
only if it could be guaranteed that the solution does not cross a

transition curve,

It will be shown in the next section that in some cases where no
entropy-change is produced, the solution of the Riemann prablem is not

unique in the phase space.
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7. CONSTRUCTION OF THE RIEMANN SOLUTION

In the following, let R[UL,UR] denote the solutien of the

Riemann problem Eqs.(1.1) and (1.3). As already shown, the solution
1s composed of a sequence of fundamental waves J = S1T152""Tn' where
S, 1s a wave with left state UL. The goal of this chapter is to show

1
the follawing theorem

The Riemann problem for Eqs.(1.1) has an entropy solution of the form
Sstz' The solution is unigue in (x,t)-space, but nat in the phase
space.

The proaf is hased on a study of cases, where the solution is shown to

helong to one of the following classes of J-curves:

@lidiels ) & Jig =0 RS where T : UL == UM

R UM - UR
Each fundamental wave satisfies the shock-admissibility

C LR ani I LIL 3 S1LJSZ, then UM £ B.

Clasls 2 ! S where S: UL == UM

it UM -=> UR
Fach fundamental wave satisfies the shock-admissibility

griteyian, 1f UR E S1LJSZ, then UM g A L)JC,

(Sifgisis i S1T82 where 31: UL --> uM uL g AIIEE
T ueto--> U
N R
sz. u ol

Each fundamental wave satisfies the shock-admissibility
criterion. One of the states uM or UN is lying an the

transition curve near UL, accarding to the following rule;
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UL & € and TL < TR =) UN 5SS

L e R N
WnEaAtRaind. | T a1 g =2 8 e 81 U S2
Else UM € S1 U S2

It is easily seen from Fig 4.1 that bpetween twa arbitrary states,
infinitely many J-curves not helonging to one of the classes {Fadiel fopal |
exist. However, at least one curve belanging to ane of the classes

does exist, - and in each class, if it exists, the J-curve is unique.

In three following lemmas, criterions far when the Riemann

solutian helongs to one of the three classes will bhe given. Fipally,
it will be shown that the given criterions covers all pessible
cambinations of UL and UR. To facilitate the statement of the

criterions, defipe the guantities g_I and 92 by

R R
91 = gl S1lf ol e
(i)
R R
9, gl Sa(f iRy
Also, let 11 and T2 be defined implicitly as solutions of the
equations
e SO T
g = gl -_l(f1 Ly )
(&7 202
i @S )R
B R R S tal
I nassin 3 it on  fiomx T1 exists, define 'l’1 S0 LG (el sl Lpaaben e T2

exists, define T2 H 16

If a solution of Class 1-3 exists, it remains to show that also
the compatibility criterion CC is satisfied, as each of the
fundamental waves satisfies the shock-admissibility criterion. To
show that a given J-curve consists of compatible waves, the following

corollaries of the CC will he used:

COROLLARY 1

The fundamental waves in a Class-1 wave are campatible if hoth UL and
UR are contained in B. The fundamental waves in a Class-2 wave are
compatible if both UL and UR are contaiped in A or if both are

contaiped in C,
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COROLLARY 2

The fundamental waves in a J-curve of C(Class | ar Class 2 are

compatible 1if UM € S1 U Sa.

Proof of Corollary 1:
When a given wave J is of Class 1 and UL, UR € B, the whole J-
curve is contained in B. As g 2 0 in B, the CC is satisfied.

Analogous for a Class-3 wave.

Ryapf of Corollapy 2:

The proof is shown for UM £ 51. If the S-wave has a rarefaction
part close to UM, the result follows immediately from the CC. As

f(T=const.) is convex in the vicinety of 51, the S-wave contains a
shock close to UM only if UR € A. This gives two possibilities for a
shack, according to whether the S-wave or the T-wave is contained in A
Taking each case separately, it is easily checked that the CC is

satisfied.

LLMHA_;
R[UL,UR] QNS ARy AR (6] e T UL € B, and ip addition, one of the
following cenditions is satisfied:

1) UR € A and gR § gL & 92
2) UR € B and 91 4 gL £ g2

3) U e C anpd g, S QL § QR

From Fig 4.1 showing the level curves far g,s i Hisehyaial st nat

when UL (T g1 € gL £ 92 guarantees the existence of a J-curve of
Class 1 connecting U~ and UR. It remains to shaw that the fundamental

waves are compatible.

[f the S-wave has a rarefaction wave close to UM. Ehia I

immediately satisfied, as UM € B when UL gAY Hence, in the
following, 1t 1s sufficient to study the situations where the S-wave

contains a shock close to UH:
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When LIR € A, the S-wave contains a shock craossing the transition
%
curve 51, as f(T=const) is «convex in the vicinety of § ., Iif e gl

R

b 4 *
denotes the right shock wvalue, then S 3 S =>g ¢ g ., and the

condition 1) in the lemma guarantees that the CC is satisfied. The
argument 1is identical when UR € C. When UR € B, the lemma follows

immediately from Corollary 1.

Lemma ¢

R[UL,UR] is of Class 2 if one of the following conditions are
satisfied;

1) UR € A, UL € A and TL 2 T1

2\ UR B Ay UL e B and gL £ gR

B wife¥e ® (hep cln, Aniatvpes

)RS | [ S N o gL 2 g

EpEnindan
The lemma is shown for LlR € A, as the proof for UR e C: 18
analogous. When UR € A, the conditian TL 3 T1 guarantees the

existence of a J-curve aof Class 2 connecting U~ and UR.

When UL € A, the CC 1s satisfied by Corollary 1. If UL e B, the
S-wave must cross 51 hy a shock, as f(T=const) is canvex in the
vicinety of Sj. The S-wave may still contain a rarefaction part close
to UM, and the CC 1s then straightforward satisfied. If the S-wave
cantains a shock close to UH, the S-wave must he a pure shock wave.

L . . ;
As SM 4 SL and as gR = gM 2 g , the CC 1s satisfied.
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Lemma 3

BIDE ™) 5 o€ Class G0 00 WoE of 1 IHE W I ¢ e e
satisfied:

ol sanbadiBiandeicsiet

o5e iBretangietgnamuk Bva

3) UR £ A, UL € A and TL < T1

S RRT S ULL'CandTL)TZ

4) UR £ ATISNER UL e B and g, g gL

g0 U & BAIE, U e Boand g % 9,

Proof .

The lemma 1s proven by in each case combining Lemma | or Lemma 2
together with Corollary 2, Only one case will he shown, the case
UR € A, UL (H G In this case, it is obviously possible to construct

N

a Class-3 J-curve with U € 52. Lemma 2 then gives that the
fundamental waves in the S1T~wave are compatible. Corollary 2 gives

that the cambinatian TSz is compatible.

Fig 7.1-7, pp 21-22 shaw all the combinations af UL and UR

covered by the Lemmas 1-3. In each figure, uR is specified, and the
phase space 1s divided into different regions showing the salution
type if UL is contained in the region. It is easily seen that all

possible combinations have heen covered by the lemmas.

At UL is sityated on the boundary between two regians, the
lemmas may state that solutions of two different classes exist. The
reason for this may be that the J-curve helongs tn two of the classes
simultaneously, as when a S-wave in a Class-3 curve is "“degenerate"”,
1.8 has equal left and right states. However, in certain cases twa

different solutions exist in phase space,- this is when

R
U e B IR e AR S 6
(RTINE1E)
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It is weasily checked that in (x,t)-space, the solution is unique,
heing a single discontinuity with speed gL. The solution could be
regarded as a pure T-wave, but this would however nat satisfy the
shock-admissibility criterien. The non-unigueness in the phase-space
was first poipted out by lsaacson [12] in the case when the system has
a sipgle transition curve. It follows from Eq.(7.1) and Eq.(6.8) that

the change in entrapy caused by the non-unique waves is zera.

Note that 1n some «cases, a small perturbation of the initial
states may change the solution drasticly. This 1is the case for
instance 1f the initial states are close to a situation as described
by Eq.(7.1); a perturbation may cause the solution to change bhetween a

Class-1 wave and a Class-2 wave.
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8. EXISTENCE OF A SOLUTION OF THE GENERAL CAUCHY PROBLEM

T R 0 R (5 (5 6% 0 7 .5 0 5 . 7 O (P 0 G0 0 5 Y O e v 75 S 99 0 909 € S0 ) 0 O Y B9 e e e B v B B O 9 e e o9 e o o B

This chapter proves an existence thearem for the genaral Cauchy
problem associated with the system in Eq.(1.1), involving two
transisiton curves. For the case where the system involves a single
transition curve, Temple [27] generalized the Glimm [8] existence
theorem for a strictly hyperholic system. The proaf here follows the
steps outlined by Temple, defining a transformation ¥: (S,T) -> {iZ
regular everywhere axcept along the transisition curves, and using
this transformation to construct the Glimm functional. As anly the
canstyuction of the G6limm functional deviates from the proaf aof
Temple, it is sufficient to prove that the Glimm functional is

minimized by the waves of the Riemann solution R[UL,UR]. Given a
certain property of the function g, the proof may bhe extended to a

general number of distinct transition curves.,

THEQREM 2
The Cauchy prablem for the system Fq.(1.1), involving two transisition
curves, has a global weak solution for arbitrary initial data of

bounded variation in Z and T.

Definition of the Glimm functional

The variable 2 is defined by first extending the definitian of g
inta the domain (S,T) € [0,1]x[-1,21. This is done by extending the
level curves for g in a non-intersecting differentiable manner, as
shown on Fig 8.1. The level curves are monotone everywhere except at
the transisiton curves, and the extension of the level curves also

involves an extension of the transition curves in a smooth way.

Note that to each point U in the oviginal phase spaEe i g
possible to associate one point on each of the extended transition

curves lying on the same g-level curve as U. These two point will be
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termed the associated points for U and denoted U1 and lJ2 respectively,

D SRS e
1 Lk !

Extensiaon of the functionp g

The extension of the level curves is not unique, and to facilitate the
analysis, an extension will be chosen such that if A and B are two
arbitrary states,

A
§ e e (REPSR]

S
LR

This is always possible if the following condition is satisfied:
9[51(0),0] g 9[52(1).1] (8.2)

If 1t 1s pot possible to define a extension SAtis TG REQRE(IHER RISt e
significance played hy the to transition curves in the following must
be interchanged. Ip the case of n transitian curves, ane must assume

the fallowing condtion can be satisfied:

A B A B A B
T =T | < 2|1 - T I o T R (8.3)
n n n- n-1 1 1
Now define the variable 7 in the following manner:
T2 Eal Uuec
LS Tl = R T2 LIS ERsH (8.4)
R T f’ JR T2 = T1 ) Ue A

The Jacabian of the transformation ¥ equals ZS‘ and from the relation
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ir! g
RS dss i=1,2 (8,5)
9S [ 9¢ bl 9, 1

ar (5,.7,)

it follows that the transformation is regular everywhere, except alang

the transition curves.
lLet T+ and T denote T-waves where Sy il alEEe e e G
increasing or decreasing respectively. Then define the wave strepgth

in the following way:

B R

Ty
[T T )
T |
+
dl T i TeA and7 =T (6.6)
Bl el A T
: | " p | B nd T
P e )
Al T ol e ana. T = . F
IR Ll
Rl ek "and T5 T
,R L'
Gl o TRERN dTT+
- e an =
i R i

Note that for a S-wave in A B, the definition of wave strenght may

create two different situations, demonstrated in Fig 8.2:

o
b

Y
/ i
L
/ J

~

Fig 8.2A : Wave strength for waves crossing 51.
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Fig 8.28 : Wave strength for waves crossing 51.

The significance of the extension condition Eq.(8.1) is demonstrated
in the latter possibility, as Eq(8.1) ensures that the expression

given for |S| is paositive.

Finally, if J denotes a general J-curve as defined in Chapter &,

the Glimm functiopal is defined by

FIRYT, e (ol Sny TRy (8.7)
J

To prove that F is minimized by J = R[UL,UR], the concepts of additiap
and interchange of waves will be wused, as introduced by Temple.
Additionally, a concept of reduction of waves will be defined. The
purpose 1s to wuse these operatians successively to transform an
arhitrary J-curve intn the Riemann solution, and and the same time
ensure that the Glimm functional decreases through each step of

transformation.
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ADDITION OF WAVES

This section gives three lemmas stating the hehaviour of F when adding
fundamental waves. The first is a straight-forward consequence of the

definition of the Glimm functional, Eq.(8,7):

LEMMA 1
FUESTTR) =R (RS Sy M B ()

The next lemma concerns addition of S-waves. I[f J = 5182 takes UL to
UR, define the sum § = S1 + S2 as the unique wave S = R[UL,UR].
LEMMA 2

F (S1 + 82 ) £ F (S1 R (52 ).

15 81 and 52 have only one state in cammon, then F(S) = F(SI) + F(Sz).

Proof

A complete proaf involves a study of all passible combinations of UL

and UR, and only a few will be shown here to verify the lemma. Let
A,B and C be three states such that T = TA = TB = TC. lLet S1 he a §-
wave from A to B, S2 a S-wave from B to C, and let § = S1 + Sz. The
next page shows some typical cases. Note that the extension condition

Eq.(8.1) is used several times.
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F(S1)
F(SZ)

F{'S)

F(S1)fF(SZ)-

F(S1)
F(SZ)

F(S)

F(S1)fF(52)-

F (38}

"

2
2

2

F(S)

F(S1)+F(SZ)—F(S)

B A B
T' 11 ) ( T2
B C
T 8 o) - (7
A C
(L 1] i T2
= 0
A B
1 11 ) ( T2
B G )
) + T2 =2l
A (i A
5 + TZ o 211
= 0
]
+ TZ 2T
B (5
T2 T2 i (e TR
(¢
+ Tz ]
% HER(C
= 2(T2 T2
A
T2 T2 JEES e A (T
B
_]2
A c
T T‘ ) ( T2
~ (B e
= 21 TZ T2 ) 3
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The addition of T-waves is a hit more complicated. 1If J = T1TZ takes

UL to UR, define the sum as following:

L R
RIU ,U ] when T1 and T2 both are contained in

the same domain A, B or C.
: o ; L R
The unique TS-wave taking U to U when the

two states are separated by S1 Al e T T

h } j R
Ty = E The unique TS-wave taking U to U when the
two states are separated hy S2 e 1T

L R
The unigque ST-wave taking U to U when the
two states are separated by S1 el IE

. . L R
The unique ST-wave taking U to U wEen tBe
two states are separated by S2 Eiel e

LEMMA 3

F(T1 T e F(T1) + F(Tz)'

2

1f T1 + T2 is a T-wave, anpd T1 and T2 have one point in common only,

then F( T1 i T2 JRE=EE( T‘ | RRETRRE (T2 Ji

oof

Once again the proof invalves a study of all possible combinations of
UL and UR, and only a few will he shown. Let T1 be a wave from state
A to state B8, T2 a wave from B to C, and let ] = 71 + Tz. The next

page shows four typical cases.

The three lemmas stating the behaviaur of F when adding waves

will bhe treated together and termed the addition lemma .



;hn Iammuvﬂam g 1

W‘sn W GRiAAS Busw-TE supiny oAl
wne 2 ﬁmﬁmaﬂuum ]

: - S ANNA)
i ) = | .(:Hj,' (113 % I‘Y ' rYH
ino pommos ni fndow wre even EI s 'T bng ,evew-T 8 ai s’ B fr Y1
gne ’ FTFL R 108 < .7 ¢ FI aeid

() g 1S ! $
toe1d
Yoo mﬁmﬁm manmlu Yo ﬂwh s waviowni Yoo1g end nisgw  eand
W i

cmu bﬂ’t eusw & o T Bed - Awore sd [itw wed & wimo bpe .U bns U

Iusn ﬂl] ._,‘I . ! L Mm (3 o 8 most evewm & s' B wilgiz 03 A

LI R il B P ] ‘ sasesn [saiqyd Tuat swode egeq

L 1,”

Gﬂl‘l mbm nefw it ;ﬂlﬂum Sit purtetes ammmel wa1dd  adl

UL sl nedddnbie a8 Basvel bas 1stiegel beiestd ed Liiw




CREE ]
i ‘ / !
|
A! | : ‘
| s |
| y | |
B I Ve |
Iy I
ev |/ /
(e
L4
/
i {
1
Vo
e |
i - 7 |
A S END 4
/ |
/ i
[ T e 7 17 ]
bty v e
“ | / | :
| ey %
; " e ¥
% i
S e
I i
/ |
n/ |
| ol
1
e
e |
// ’
CASE 3 / !
T / +
| / !
\C / |
i
/
7
V..A.-.,‘
aY/
|
//T
Vi |
|
CASE & / |
et —
‘; /
‘ /
e
I\
P
| |
& i

F(T1)
F(TZ)
F(J)

FIT 14RLT, 1-

FlT1)
F(Tz)
i (L]

F(T_‘ )+HT2)-

F(T1)
HTZ)
FEIT

F(T1 )+F(T2)~

F(T1)
F(Tz)
N

F(T1)fF(T2)~F(J) = 6( T

8
8 {
8

F

2
6 (
2

"

P,

"

4
8 (
8

"

(5]

" " "
~n o ™~
— — -—

ke fay
e Foky
Lk
= 0

v
il
g
.
N
Bl
L
- 00T
g
s
i

A

30



s -:~-;~.-.- rﬁ M"v Pi-' A i o
. X “tﬁ ﬂ’ﬁ.:t“ﬂ! | oy

g * ’tu(‘ Ay "'1 ¥ e tm | o \(
\ AL I ' ,

10NN LTEE I TR L R
. o \ |
[ N
BT R ) ' v+ € 3243
e ) T
P L J X i
' \ 3 ]
, | | t‘cﬁ-;*vn-:na | o
a2 A T R Ty o g
ok 1-‘.1 uuﬁ' PR _ Sl
e
at ;‘1 %m (LT EETEN FETTTN T R

N .
uil o R

oo Y St SE L e AT ( % ¥ “v 15 e
(R LR B B ke BT PN L
t*x- T w"‘fn- LTS

_‘l

X hos MM AR et 1Y

“ar




31

INTERCHANGE OF WAVES

Let J be of the form ST (TS). 1In many cases it is passible to
connect UL and UR also through a wave of the farm J' = TS (ST), thus
constructing a parallelogram of segments related to the two states.

Introduce the following definition:

Given two states UL and UR and assume that 1t 1is possible to

construct a parallelogram as described abave, The waves J and J' will

be termed jinterchangeable if

1) UL and UR are contained in the same domain A, B or C.
L R , . i

2) U and U are separated by S1 only, and U € A.
I

) U and UR are separated hy S2 only, and UR SR

The expression "separated by Si only” means that oanly apne af the
transition curves separates the two states. Naote that no waves
crassing two transitinn curves are interchangeahle, even though it may
be possibhle to construct a parallelogram of waves around the twa
states. The significance of the concept ‘"interchange" follows from

the following lemma:

LEMMA 4
If the waves J and J1' are interchangeable, then F(J) = F(J'), and the
Riemann salution RLUL,UR] is given by J ar by J1'.

Proof
Once again the proof includes a study of all possible cases, and only
a few typical examples are shown oan the next page. In all the
examples, J = ST and J' = TS. Also, the shorthand natation R = UR,

L UL 15 used,.
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REDUCTION OF WAVES

In the work of Temple [27], the following lemma is included as a
special case of Propasition 5.1

MMA 6
Let UL and UR be two states that may be joined by a single T- or §&-
wave, J. Let J° he apother J-curve of the form S1TS2 or T1ST2
connecting the two states. Then F(J) € F{J').

Proof

If some of the fundamental waves in J' are interchangeable, then the
lemma follows directly from the lemmas of addition and interchange.
From the definitions of wave strenghts, it alsao follows readily that
2 1 R I RS e v 1 ) = DR 4ITR - TLI. Some typical examples when
J = T and none of the fundamental waves in J' are interchangeable are

shown below:
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[t is not possible to transform an arbitrary J-curve J into the
Riemann solution through the operations addition, interchange and
reduction only. However, hy a successive application of the three
lemmas, J may be transformed into a new curve J', F(J1') F(J), where
J' is contained on ar inside a certain “trapezoid" aroaund UL and UR.
J' can also he restricted to follow certain "main routes" inside the

trapezoid, confer Fig 8.3:

Fig 8.3 : "Main routes” after a transformation of J

To prove that R[UL.UR] gives the minimum value of F inside the
trapezoid, in addition to the lemmas of addition, interchange and

reduction, we will need the following lemma:

LEMMA 8§

Let J' take uL to UR by crossing maximum one transition curve, and
also assume that 1° = ST or 1' = TS. Then F(J) € F(J') where J =
riut,ufy,

Proof:

The proof can be divided into three parts, according ta whether the
Riemann solution crosses 51, S2 or no transition curve. The proof
when J crosses 51 or S2 follows the same lines as the proofs on the
previous pages, also confer the proof of Propositian 5.0 by Temple
[271. Hence, we will only study the situation when na transiton curve

is crossed. Then three possibilities exist: Either J = 3] T oy o
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are 1interchangeable, or UL and UR are both contained on Sl SZ. In

the two first cases, obviously F(J) = F(J'). An example of the last

case 1s shown by the following:

riut Py - g
wial | PR L L L
| )«" | TR Ll TS L L
} ’ SRR T LT LT

Finally, the next page show some examples an how the lsmmas 1-6
can he combinped to successively transforming a J-curve following ane
of the "majn routes” of tig 8.3 into the Riemann salution. In the
examples shown, the following abbreviation indicate the lemma used

during an operation:

(A) Lemma of addition
(I) Lemma of interchange
(X) Lemma 6
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8. USE OF THE RIEMANN SOLVER IN NUMERICAL APPLICATIONS

Several numerical methads for solving hyperbolic canservatiaon
laws have been based on solution of local Riemann problems, examples
are the Random Choice Method [2,3], Godunov-type methods [10], and the
front-tracking method of Glimm et al [9), As noted in Chapter 7, the
Riemann problem of the Eqgs.(1.1) is "unstable” in the sense that small
perturbations in the initial states may change the solution drasticly,
and  this indicates that wuse of the Riemann solver in numerical
solution of the Eqs.(1.1) is not advantageaus, This chapter shows
examples of the use of the solver in the Random Choice Method (RCM) ,

also named the lUniform Sampling Method.

A common feature of methods based on exact Riemann solvers is
that only a small part of the information contained in the Riemann
solution is wused. A Riemann problem for Eqs.(1.1) may involve
solution of as much as four non-linear equatiaons, and as great care
has to he taken to pick the vright solution, much time 1s wused to
produce information which is later disregarded in the solution. As
the number of grid hleck increases, the RCM AR PSR o SESE RN SRR
becomes rather time-consuming. For strictly hyperbolic systems, this
drawhack can in some cases he compensated hy using approximate Riemann
solvers 110), and it is an interesting question whether for instance
Godunov-type methods could he canstructed with approximate Riemann
solvers ip the case of non-strictly hyperbolic systems. Godunov-type
methods are obvionusly less sensitive to the instability in the Riemann
solution than the RCM, as the first tend to average the Riemann

snolution,

In practical applications, the function f may bhe represented by
a table only, and as the problem is not structural stable 1n the same
way as for a single hyperbolic equation L5,268], the methad chosen far
interpolating f could highly influence the solution. In all examples
shown in this chapter, the function f is represented analytically,

using Eq.(3.4) together with the definition
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All non-linear equations are solved hy the Newton-Raphsaon method.
Also, ip all the examples shaown, a = 0,5, B = 3.5 apd a Courant number
of 0.8 is used. [If nothing else is specified, the number of grid

blaocks is 200. The solutions are shown for t = 1,

As g is a slowly varying function of T, the initial T-profile is
convected with a minor deformation only, and in most of the examples,
only the S-profile 1is shown. With the given function f, bhoth the
eigenvalues of the system matrix are positive, and Godunov's method is
equivalent to standard upstream differencing; use of the Riemann
solver 1s not necesarry. For comparison, results using this method is

shown together with the vesults from the RCM.

In cases where the solution of the Eqgs.(1,1) does not posess a
transition state in contineous parts of the solution, the RCM behaves
as for strictly hyperbolic systems. It is well-known that the method
then resolves discontinuities without dispersion, but has rather low
accuracy in smooth parts of the solution. Fig 9.1 shows the salution
nf a Riemann prohlem modelling injection of cold water into a hot o0il
reservoir: UL = (L) )y UR = (0,1). Godunov's method needs a very high
numher of grid blocks to resolve the plateauy with constant §

sufficiently.

Also, Fig 9.2-4 all show solutions of Riemann problems, these
satisfying or close to satisfying the conditions of Eq.(7.1) producing
nan-uniqueness in phase space., The intital states are given in Table
9.1. Obviously, the upstream differencing method are not capable of
resolving the abrubt changes in the solution and also reflects the
noan-uniqueness of the solution in the case where Eq.(7.1) is exactly
satisfied. Also note that the numerical solution in this case is non-
monotane, even though Godunov's method is monotone for strictly

hyperbolic equations.
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e S I 5 i g g

R 0.74 1 T 0.3369940
s 0.7938178 0.7 o BEFURIETAL (s 0.3378500 0,3378600

9.4 0n.81 (6] {f : 0.3386065

Tahle 9.1 : Icitial states for the solution shown in Fig 9.2-4.
U is identical in all three cases.

In cases where the solution has a trapsition state in smooth
parts of the solution, large instabilities may occur in the RCM, and
the method converges slawly as the block lenght of the grid goes to
zero. This is demonstrated in Fig 9.7-10, using the initial condition
shawn 1in Fig 89.5-6. Note the difference in the saolution produced by
merely changing the random-number generator involved. Except from the
results of Fig 9.9, the random-npumber generator described in [24] is

used.

Finally, two examples when all the ipitial states are situated
on the transitiop curve S2 16 shown in Fig 9.11-12. T is chasen to
vary lipearly with x ipitially, Both when T increases and decreases
with x, the solution seem to "avoid" the transition curve, and the

snlution does pot invalve any specific problems.
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S-profile in the solution of
the Riemann Problem
(TSR (18 0) S R Ll = ([0 R B)

S-profile in the solution of
the Riemann problem
specified in Table 9.1

S-praofile in the solution of
the Riemann problem
specified in Table 9.1

S-profile in the solution of
the Riemann problem
specified in Table 9.1
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Solution of a Cauchy problem
with all initial states an Sa.
T increases initially

Solution of a Cauchy problem
with all initial states on Sz'
T decreases initially
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APPENDIX: DERIVATION OF THE MODEL EQUATIONS

Te correct a small flaw and to supplement a derivation first
given by Fayers [7], this Appendix shows the derivation of the model

equatians descrihing non-isothermal two-phase flow in a parous medium.

In the following, the subscribts w,o and r will be used to
denote parameters characterizing water, oil and rock respectively. Let
Aq (g=w,0) be the mobility of fluid q, i.e. the relative permeahility
divided by the viscosity, and let xq (g=w,o0,r) denate the thermal
capacity per unit mass. P, is the capillary pressure, and A is the

total thermal conductivity,- both are functions of water saturation §

and temperature T @ is wused for porasity, k for absalute
permeability and u for the total volume flux. Alsa introduce the
notation
)\W
(AN R g
w 0
s ik Aon apc
L TR W
w )
(A1)
W
u A+ A ar
W 0
= A s R ol
X

Both the functians a and b are normally positive [1], and f 18

:
narmally negative [17]. Assuming incompressibility and neglecting
gravity, conservation of mass is expressed through the equatian
as af ] as at
e - uy — = u — a~— + b— (Azj
4 at Ax ﬂx[ Ax ax !

Gravity 1s easily included by a redefinition of the function f k.
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Conservation of energy is expressed as

a
—{ [pk S + oK (1-8) + (1-@)k 1T }
at w Q r

(A3)
0 9 aT
g K E vk L1=-F)IT &, e —_
+ ax{ : w 0(1 ! 6x{ a !
Introduce the thermadynamic functions
A e
w 0
],
SR K
0 P s
L = K (A4)
0
C+C'T
IR e A?A'[#O
A+ AT
PR
i

In general, the thermal capacities per unit mass are functions of
temperature, and the sign "'" 1is wused to denate derivation with
respect to T. After a scaling of the wequations, and after a
substitution of Eq.(A2) into Eq.(A3), the system of conservation laws

simplifies to:

sl

i
T t e
S

1
T = — [ AT 1 + (&S + bT T
B %o X

+ B X ATEL AR X X X

The functions a,b,A etc are now redefined as dimensionless. In his
derivatiaon, favers [7] seem to neglect A' B' and C' even when A, B

and € are allowed to vary as function of temperature. Following

Fayers, the function (f+a/S+B) 1s termed the thermal advance fupction.

As a model for high-rate conditions, the terms representing
capiilary pressure and thermal conduction will now be neglected and
the system reduced to a first order system. If a and B are assumed

constant, the equations may he written in the form given in Eq.(2.1).
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This 1s achieved if A,B and C have the following functional farm:

AT AT + A1 AU‘ A1. 80, e GRS TS,
hifseic BaT t B1 (AB)
(] LOT + (_1 Cn ¢ 0

This 1is obviously satisfied if the thermal capacities are independent

of temperature, and from the definition of A, B and C, it then follows

that a < B. Note that if CT = const., the system reduces to the farm

studied by Johansen and Winther [13].



i ,M -rn i




On acoustic streaming in magneto-
hydrodynamics, February 1964.

Ne., 2. G, Berge. i

On the atability of a magnetized
plasma with a continuous density
force field, June 1964.

Coaxial waveguide consisting of a
circular metal tube syrrounding a
coaxial unidirectianally
conducting sheet, Auqust 1965.

No. 4, K.B. Dvathe.

On nonlinear interaction between
two beams of plane electromagnetic
waves in an anisotropic medium,
December 1964.

Ho. 3. E.J. Qverholt.
Extended Aitken acceleration,
March 196S.

No. 6. G. Berge,

On the stability of a rotating
plassa from the two fluid equations
inclyding finite radius of gyration
effects, May 1965.

On acoustical streaming between two
coaxial cylinders, May 1965.

On convective and absolute
ipstability, November 1965.

No. 3, L. Engevik,

On linear and non-linear hydro-
Bagnetic vortex motion generated

by the interaction of a gravity

wave with a solid boundary, April 1966.

Some non-lipear oftecta in sound
fields, July 1966,

No. 11. L. Engevik,

On a stability problem in
hydrodynamics. Part [,
November 1966.

On the stability of plape
inviscid Couette flow,
November 1966,

No. 13, L, Engevik.

On a stability problem in
hydrodynamics. Part 17,
Japuary 1967,

On non-linear magneto-hydro-
dynamic wave motion in dissipative media,
September 1967.

No. 14, K.B. Dysthe.

Self-trapping and self-focusing of
electrosagnetic waves in a

plasma, May 1968.

Report no. 15 not written.

Force on & small inclusion in a
standing acoustic wave, July 1968.

1
Qscillatory viscous flows in the
vicinity of a cylinder, June 1969

REPORTS PUBLISHED BY
THE DEPARTMENT OF APPLIED MATHEMATICS
UNIVERSITY OF BERGEN

BERGEN. NORWAY

Kinetic theory of a weakly coupled
and weakly inhomogeneous gas,
June 1969.

Hydrodynamic equations for a
F.L.R. plasma, August 1969.

Kinetic theory of a weakly
coupled and weakly inhomogeneous
plassa ip a magnetic field,
Auguat 1969.

On stability.
Part I: Geperal theory,
November 1969.

On stahility.
Part II: Linear probleas,
December 1969.

On stability.
Part IIT: The energy principle
in MHD, December 1969.

On the stability of a
cylindrical surface-film,
Pecember 1969.

The effects of Lon-ion collision an
a4 lon-acoustic plasma pulse,
April 1970.

Perivation of kinetic equations of
a plasma using a multiple time and
space scale method, September 1970.

1
On stability.
Part IV: Nonlipear partial
differential equations,
Octaber 1970.

Interaction between sound waves
Propagating in the same directiop,
April 1971,

Solution of a stationary Fokker-
Plank equation, June 1971.

No. JO. E. meland.

Application of the Galerkin's
method on the problem of celluylar
copvection induced by surface
tension gradients, November 1971.

A note on the problem of reversj-
bility of mathematical models.
(Preliminary 1ssue.),

Pecember 1971.

On the foundations of the methad
of matched asymptotic approxi-
mations to two meeting orthogonal
boundary-layers, December 1971.

No. JJ. A. Bertelsen, A. Svardal

Non-linear streaming effects
assoclated with oscillating
cylipders, December 1971.

k] -

Some theorems on the problem of
reversibilty of mathematical
models.

(This report is a revised issue
of report no. 31.), April 1972.

A minimue resource sorting method,
June 1972.

On the behaviour of the secant
method near a multiple roct,
September 1971.

The linearized Boltzmann collision
operator for cut-off potentials,
December 1972

Sur le transport de masse produit
par des oscillations en milieu
compressible, dissipatif et
inhomogene, December 1972.

On the twodimentional birth and
death process with mutation,
January 1973

Kinetic theary for evoluytion of
a plasma in external electro-
magnetic fields toward a state
characterized by balance of
forces transverse to the
magnetic field, April 1973.

On the Boltzmann equation with
external forces. April 1973

No. 42. J. Naze Tigtta and

g, Tigtta

On the mass transport induced
by time-dependent oscillations
of fipite amplituyde ipn a
nonhomogeneous fluid.

I General results for a
perfect gas, May 1973.

No. 43, L. Engevik
Pertubation about neutral
solutions occuring in shear
flows in stratified, ipcom-
pressible and viscid fluids,
Jupne 1973.

No. 44. J. Naze Tigtta and

S. Tidtta

On the mass transport induced by
time-dependent oscillations of
finite amplitude in a
nonhomogeneous fluid,

IT General results for a liquid.
August 1973,

Enumeration of vertices 1in the
linear programming problem,
Qctober 1973,

The effects of trapped and
untrapped particles ap an
electrostatic wave packet.
December 1973,

7 .
A procedure ta solve the Fokker-
Planck - Poisson equations
consistently, April 1974



Ty o Cih
!mq r"‘“ o8 m‘u

o——

tsninﬂﬂ&mdwmﬂ'

007 sigidles. um prdron

Nl udu«u
wodulide 106 3
‘.x.u;wmrm o} mn::: ‘
AT ymdesosd

20«8 Sea st T ol L 80 0k
“Tasubuug wesss & Jioquness al wip
weilis o waoidailione esh Y8q
s Loasqiehid  eldienaioscs

ATH sadasoedl ensposofnl

TSP THSCI Ty

bos 63ns6 lasGirmeibovs ofd W
(apldntum A319 easnoyy sseb
LALIRE BT E AN

i
Yo akiapiovs gl !M ouuo.tg

sxtotle jaaseams fi sgesiq @
sondt & Ppaswed aBdwlY sideagss
3o soasied v Be3lyedopnats
edd Gd ewasTIIRYT eeodol

(vt bivad Bleid viteapes

-M..W
Wiiw guirsupy seeexticd 913 /0

LTEY ivgh . eanunld {sntasss

m.mazqm_.kw
Easebos T10qaatTd waee wd2 ;ﬁ
snossnllisse Srahavgab-wnis i

S0 shwaiicae adigil Yo .

Cbtuil svesaspogotged
» 0% Buicess Jepmaed |
RACIRRT S TR AT L

PETTT - N S

Iprgunn Sutds S0(3aduTyeN

veans Wi patwone eacitvios
~maonl JLlitssse o3 ewsld
Jabiull hioeiv Bas eldzereyy
AS S T

YW EE e 0 5 5 Wl e 13 |
T

%4 Becthng JISGRBETE ESUR AT A0
10 ABosies linae sostoeteb- I
5 6l sbesilyes adlndd

BlelT wineguposatacs

M.uu A 30 wilekay laseaed LI
LT¥) Iwupus

ol B BRULIIBN 1o AL devemusl
Lullma wa-mpo‘n seonil
JENE :m:ao

W—-‘L—i
hom: o gasedie c%

b g0 eeloirise begqering

m puae Gitsrenydaels
!"‘h wiesnied

» Rt hees 0

uiqunn j iR I
1 e .m i

.ermm

alii-snetion. lpngubas vy
U1 Tedmred

PETITES S . ‘-#ﬂ ‘
no sainilder roi-0di Ju 4tueY¥e 8

.nluq ASwsy 21A00USR-NnE B
ot lpvgh

LW S
Yo eanitoppe Sitenid 0 HOsiENied
Dite wmid algitive w piiay pekeiq &
G301 sedmerge Dordmm plant Biaqe

Maotish AR .S58
fAsisdere ad

foirvay ssanilool V1 2389
Sdaiiseps Lalrmeyeidp

o OFEr vedesad

[SEP LTI W

PAVER R mAWMEAd 01 TIENeIN]
MolFewrih uﬂ wid @1 pLLTERMRtT)
TR Jyvah

‘WM”
~A80% [IANCLIENE & YO WokIaget

FTOT mavh mossapps dnnid

sl 3Gl

& ndneeiad pdd 3o nodaess Ge
wluiies Yo sslgonq enr at Dedien
sasbsoe yd Deowbyi S3j3oewe0y
JHERL yedavved ersaecbhaty neiessi

» “insest lo num 33 ne e208 A

eiaboa  isvisepsddsw Yo yiilid
JA.opsss  yusndiBedeedl
4 RATIREE L

bedsen ody shnust on
~1N03G4e  it0eyas betaes ic
Lanepod?ic BRLIGEN OWS 0F BRBLTES
AT tadiesed meyel-ysebhavnd

pniastes ¥ o 32
enoitsupe Biufy oy ads

owd mmevded ﬂtuw‘ e f
LR ol cesedailye Ny

~osbyd :nulm:

badsTenad puiton 3edI0W DileRDos
! yiivene 8 Yo svisssraing o4 WO
POl Livgd wisbaved blloe » S3iw evew

bawor i Biantle Yesail-fon ECE

mm%
“oabyd - GIeRFAE 185Al1-00R

Aibog wyissgineid oi unu P68 JimANYE

Yo paiapval - N.W i

¥ ai svomy oitenpasosasie
.aseatav doa W '-Ol *yoqef

o 6l anbsalaal Lisem & 09
e T -mm

LR 2 1

i

saulonds & o o o

ol ool Y3

N0 yhit Jablegl

JAavengd i Ll ‘

a1 woldciq ydilidean & a0 - -

boasal agassaybaginl - :
phbs sm

asnsly 39 yaulideas edy

MolY asdausd BISHIVGL
BRE yedgavolt

ad nlww nuu‘;i =

51 1948 nuonhihl
TR0 yaguast

L0t aedevagel

e . snosly




Application of the reductive per-
turbation method to long hydromag-
netic waves parallel to the
magnetic field in a cold plasma,
May 1974.

No. 49. K. §. Eckhoff.
The propaqatiop of discontinuities
for linear hyperbolic partial

differential equations, August 1974.

No. 5Q. T, Q. Espelid.
An algorithm for internal merging
of twa subsets with small extra

storage requirements, September 1974.

Mass transpart induced by wave
motion ip a rotating fluid,
October 1974.

A random exchange model with
copstant decrements,
December 1974.

Oon the evolution of a two
coppanent, two temperature, fully
1onized plasma in electromag-
netic fields, Japuary 1975.

No. 94, K.§. Eckhoff.
Stability problems for linear
hyperbolic systems, May 1975.

On stability in ideal compres-
sible hydrodynamics, May 1975.

A note ap the stability of
horizontal shear flow of an
inviscid compressible fluid,
July 1975

No. 57. K. 3. Eckhoff and

On the stability of shear flow in
3 rotating compressible and
inviscid fluyid, July 1975,

Dynamic stabilizatiop of the
®m = 1 1nstapility 1p a diffuse
Linear pinch, July 1975.

Mass transport induced by wave
motion in a stratified and
rotating fluid, Auqust 1975

No. 60, T, 0. Espelid.
On replacement-selection and

Dinsmore's improvement, August 1975

A note on the stahility of
steady 1nviscid helical gas
flows, January 1976.

A time-dependent madel of
coastal currepts and upwelling,
June 1976.

Carrections to clagsical kinetic
and transport theory for a two-
temperature, fully ionized plasma
in electromagnetic fields,

June 1977

Copvergence in law of a series of
p-mixing random variables implies
copvergence in prohability,
August 1977.

Kinetic equation for an electron
gas (non-neytral) plasma 1in
strong fields and inhomogenities,
June 1978.

Theory of parasetric acoustic
arrays, July 1978.

On floating-polpt summation,
December 1978.

Stability of an inverted pendulum
with hard spring and oscillating
support, December 1978.

No. 69. 3, Storgy.

An efficient least distance algo-

rithm based on a general quadratic
programming method, November 1979.

Amplitude evoluytion equation for
linearly unstable modes in

stratified shear flows, November 1979.

Argument reduction for elementary
mathematical functions : An
overview, July 1980.

A quasi moment description of the
evolution of an electron gas
towards a state domipated by a
reduced transport equation,
September 1980.

J. Perntgen.

User-documentation. Program HALF.
A subroutine for numerical
evaluation of three-dimensional
complex inteqrals, spring 1983.

oL :
Numerical computation of the
nearfield of a finite amplitude
sound beam, September 1983

No. 74, [.K. gandal.

Influence of equllibrium flows
on viscous tearing modes,
December 1981

1 3
The nearfield of i high frequency
amplitude shaded baffled piston.
An analytical/numerical investy-
gation, July 1981.

7 3 .
Numerical solutian of the
Buckley-Leverett equation with a
general fractional flow function,
November 1984.

2R
Sound propagation in the Pekeris
wavequide with application to
directjonal sources.
November 1984

E
A study of the Verigin problem
with application %o inalysis of
water jnjection tests.

March 1985
e T J

Nonlinear Effects During Transient

Fluid Flow in Reservois as Encoun-

tered in Well-Test Analysis.
March 198§.

Sound propagation 1n the Pekeris
model of acoustic shallow water:
Validity of the Ray, and discrete
normal mode solutions in the
vicinity of mode Cutoff's.
January 1986.

Numerical computation of a finite
amplitude sound beam.
November 1986.

No 82. J. Berntaen,

on the use of the Richtmyer proce-
dqure to compute 3 finite amplitude
3ound beam from a pistop source.
April 1987



Bl l;v hﬂwnx

& v Devmnimad aonde & shaswod
(BoLINDRY Avaganu? Besubay
SR mﬁ

Eaeiogad L

AR BAYR0TY Boldesasguooh- 1ael
g ladademmn 3o entovoTdn A
laneisoaeid- #0583 30 Aot dei lave
R g .nmnm i gmo

AT ol

st Ao dogte L
byt igel. 8340l & §6 Bidiireea
CORL Jedgorgei apsd bevos

Jabond o2 b 08

ewCil puLiddfiape ¥B eomnai i)
yiAboy ta3set daasy - ns

[f'*‘ i

FETRUERTL I A" |

yoneypatl fgid & 30 Bisdirens saT
R0 bellYEd balEat wiyi) Inse

s chomavi: daad vemwo\Llediayihas a8
J A8 wlutl cmdiasy

SARANAZAT. B L0 o

o Y Baiteion , LaDL e

$ B4 Aol daaps 19930we) ~yalsnud
Jookrangt wold leaciess 1) - iewsneg
y R sedewvol

Sdaacalt. 2. 1508

g N‘ls‘!’ﬁ FES P AR AP Bieh
CERE T EERE T TR STy * e T
ORI JpaGiatLh
PER ok

#aigosy pigiast a2 ¥ abene 2

B aARNIanr &F MUt Inge ke -

AleAd RULIIag AL VR s
o BERT @ause

' OARARRRE. 4o dhind . . G
Ane10nEYY Boltel Bao338 asanpliack
AAMSES o8 T IoNeseel A wolY Pul®

uuum 09T~ {10¥ nt Dmaes
?th RET )

tivpdad $A2 A1 AQILHRINDIY Bt

gaes vollsde sidnvess ¥o leboe
{ S¥aruesl b yel w3y Yo yarRaieV

ofls Nianscdilos ebde Saace

o 1% Aoy i gEiBEag Y
&t Qlﬂ—‘vmui

‘m‘l L CPETY ™ h‘J Im
i g

ANy woTsaais, 06 86 Sektpiove

10 §iiledany pds ap
n Yo wndl waefe ua:la'

Bt} nummpw D‘ﬁ'ﬂm-

S _,‘l!

ot wsl ) gemde 36 yaslidads
bns wldivosn 4803 Duideios
101 yiat Bl RdSiyn

=

L. S ,
edd Yo sugdeniiidans wsmeayd
soudith o 8§ YJHIINM& LR |
e ylul lopig pawndd "y

—_—— 1y
5 B d
syew v beoube o JTDGessTd SEAN

fie basYizsyte & 0f BoLNE Lhen
PTRL Snusik o BiulY PRISIEY T RE

bas podrss v Jasnssslges 90! -1
PRI pougus , FeMETVCIGEL A BTeERnG, -

W yriliGeds sR1-80 BRI A

uap tasiiod bungiday ghaede
PRI PRI DS

Yo labom snedandsl-a845 :

VLl ewai Bap dlaNTRLS lasepss
< Quﬂu - 4

b Lt
widenid 1gaietain 03 AADIIIREN

w¥2 & 90Y Yeewdy 2Voqersd bas

b

saaaly bodisoi ghluY (eapoaneqesy .

,sbbaad mﬁgl;}‘ 4 .

16 seiiee






Depotbiblioteket

I

78sd 20 229







