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We present a theoretical study of the electron angular distribution produced in resonance enhanced
two-photon ionization of the H+

2 molecular ion using ultrashort laser pulses. The method consists in
solving the time dependent Schrödinger equation and includes all electronic and vibrational degrees
of freedom. Differential (in proton energy and electron emission solid angle) ionization probabilities
have been evaluated for various photon energies, laser intensities and pulse durations. We show that
(1+1)-REMPI leads to angular distributions significantly different from those produced in direct
two-photon ionization. The REMPI process is observed even at photon energies not matching the
energy difference between two electronic states in a perfect vertical transition. Interestingly, there is
no trace of REMPI effects when the fully differential probabilities are integrated over proton energy.

PACS numbers: 33.80.Rv, 33.80.-b,

I. INTRODUCTION

Experimental approaches that make use of high-order
harmonic generation [1, 2] or free electron lasers [3–5]
are currently able to provide fs laser pulses with wave
lengths in the VUV/XUV region of the electromagnetic
spectrum. The use of such pulses has opened up the
way to study elementary two- and three-photon ioniza-
tion processes in simple atoms (He, Ne, ...) [6, 7] and
molecules (H+

2 , H2, ...) [8]. These systems are accessible
to accurate theoretical descriptions, which is crucial to
guide theoretical developments in strong field multipho-
ton ionization and to reach a deeper insight on the basic
mechanisms involved in the latter process.

The study of multiphoton ionization in molecules
is interesting because vibration and rotation may sig-
nificantly affect the ionization process. This is the
case of, e.g., resonance enhanced multiphoton ionization
(REMPI), in which the molecule may have enough time
to vibrate in the intermediate electronic state before it
absorbs the additional photons that ultimately lead to
ionization [9, 10]. Theoretical investigations of multi-
photon ionization in molecules are scarce due to the diffi-
culty to account for both electronic and nuclear degrees of
freedom. Detailed investigations on H+

2 ionization have
been carried out in the infra-red (IR) regime (see [11]
and references therein), mainly using low dimensional
approaches. In the XUV domain, multiphoton ionization
of H+

2 has been recently studied by solving the time de-
pendent Schrödinger equation (TDSE) within the frozen
nuclei approximation (FNA) [12–15] or by including the
effect of nuclear vibrations through perturbative [16] as
well as non-perturbative [17, 18] approaches. The im-
portance of the nuclear motion in the study of REMPI
effects in H+

2 by using XUV/fs pulses has been recently
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investigated by Palacios et al [9, 19] (these authors have
recently extended these studies to the H2 molecule [10]).
The results of the latter investigations have shown that,
at variance with atoms, electronic resonance effects do
not lead to narrow peaks in the photoelectron energy
spectra. This is because the electronic resonances are di-
luted among the different dissociative states. In contrast,
resonance effects are perfectly visible when one analyzes
the kinetic energy distribution (KED) of the nuclear frag-
ments. None of these full dimensional theoretical studies
have analyzed the electron angular distribution arising
with such XUV pulses.

The aim of the present work is to theoretically inves-
tigate the electron angular distributions arising in two-
photon ionization of H+

2 by XUV/fs laser pulses includ-
ing all electronic and vibrational degrees of freedom. We
will pay special attention to the (1+1) REMPI region.
Production of H+

2 molecules in a well defined vibrational
state (e.g. v = 0) is now possible and has in fact recently
been used to study non ionizing dissociation dynamics
[20] and tunnelling ionization [21]. Therefore, the present
theoretical predictions should be amenable for compari-
son with experiment in the near future.

The paper is organized as follows. In section II we de-
scribe the theoretical methods used in the present work,
in particular how the effect of the nuclear motion is intro-
duced in our solution of the time dependent Schrödinger
equation and how the electron angular distributions is
extracted from this solution. The results for the angular
distribution of photoelectrons, both differential in and in-
tegrated over the proton kinetic energy, are presented and
discussed in section III. Conclusions are drawn in section
IV. Atomic units are used throughout unless otherwise
stated.

II. THEORY

We restrict our study to two-photon ionization of H+
2

from the X2Σ+
g (1sσg) ground state using linearly polar-
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ized light within the dipole approximation. We only con-
sider the case of H+

2 molecules oriented along the polar-
ization direction of the incident light. In this particular
case, the dipole selection rule implies that ∆m = 0 and,
therefore, that the first photon couples the initial molec-
ular state to intermediate states of σu symmetry and the
second photon couples the latter to final states of σg sym-
metry according to the sequence: σg → σu → σg. We
solve the time-dependent Schrödinger equation (TDSE)

i
∂

∂t
Φ(r, R, t) = [H + V (t)]Φ(r, R, t) (1)

where H is the Hamiltonian of H+
2 in the body-fixed

frame and V (t) = p · A(t) is the laser-molecule inter-
action potential in the velocity gauge. The vector r indi-
cates all electronic coordinates and R is the internuclear
distance. For a photon energy ω and a pulse duration T ,
the vector potential A(t), polarized along the vector ez

(the direction of the internuclear axis), is defined as

A(t) =
{
A0 cos2

(
π
T t
)
cos(ωt)ez ; t ∈ [−T/2,+T/2]

0 ; elsewhere .
(2)

The time-dependent molecular wave function Φ(r, R, t)
is expanded in the basis of stationary states Ψnvn(r, R):

Φ(r, R, t) =
∑

n

∫∑
vn

cnvn(t)Ψnvn(r, R) exp[−iWnvnt]

+
∑

l

∫
dε

∫∑
vε

clεvε
(t)Ψl

εvε
(r, R) exp[−iWεvεt] (3)

where the first term is a summation over bound electronic
states (and their corresponding vibrational states, includ-
ing the dissociation continuum) and the second one is an
integral over electronic continuum states for all l (includ-
ing again the corresponding vibrational states). Substi-
tuting this expansion in the TDSE and neglecting non
adiabatic couplings leads to a system of coupled differ-
ential equations that must be integrated over the whole
pulse duration T to obtain the unknown coefficients cnvn

and clεvε
.

The methods we have used to solve the TDSE and ob-
tain the stationary states used in the above expansion
of the time dependent wave function are the same as
those described in detail in Ref. [19]. Here we only sum-
marize the main ingredients, paying special attention to
the extraction of angular differential ionization probabil-
ities. Neglecting rotational effects, the stationary states
are written in the Born-Oppenheimer (BO) approxima-
tion:

Ψnvn(r, R) = R−1χvn(R)ψn(r, R) (4)

where ψn and χvn are the usual electronic and nuclear
BO wave functions. For a given value of R, the elec-
tronic continuum states of energy εn(R) satisfy the usual
boundary conditions corresponding to a single incoming
(outgoing) spherical wave with a well defined value of

the angular momentum l and a combination of outgoing
(incoming) spherical waves for all possible values of the
angular momentum that are compatible with the molec-
ular symmetry (see [22] for details).

In the ionization channel, the density of probability
differential in both the proton kinetic energy and the solid
angle of the emitted electron is given by

d2P

dEH+dΩ
=
∫
dε

∣∣∣∣∣∑
l

i−le−iσlYl0(k̂e)clεvε
(t = T/2)

∣∣∣∣∣
2

(5)
where EH+ is the center-of-mass energy of the outgoing
protons, Ω is the solid angle of the ionized electron, k̂e

is the corresponding wave vector direction, and σl is the
Coulomb phase shift

σl = arg Γ (l + 1 + iZ/ke) . (6)

with Z = 2. Integrating equation (5) over the solid angle
gives the density of probability differential in the proton
kinetic energy,

dP

dEH+
=
∑

l

∫
dε|clεvε

(t = T/2)|2 (7)

and integrating further over vibrational energy gives the
total ionization probability P , which is related to the
cross section σ(cm4s) = (ω/I)2(C/T )P , where I is the
laser intensity in Wcm−2, T is the pulse duration in sec-
onds, ω is the photon energy in joules and C = 128

35 is a
dimensionless coefficient. T/C is an effective pulse dura-
tion [23] that takes into account the time dependence of
the intensity.

All wave functions have been evaluated using B-spline
basis sets following the procedures described in [24].
Briefly, vibrational wave functions have been expanded
in a basis of 300 B-splines of order k = 8, contained in
a box of 14 a.u.. Bound electronic states have been rep-
resented through a one-center expansion that includes
spherical harmonics from l = 0 to l = 12. The corre-
sponding radial parts have been expanded in a basis of
140 B-splines of order k = 8 in a box of radial length
of 60 a.u.. By changing the box size and/or the num-
ber of basis functions, we have checked that this basis
set leads to practically converged energies in the Franck-
Condon (FC) region. For the final continuum states, we
have used the L2 close-coupling method (see [22] and ref-
erences therein) in which each channel is represented in
the same B-spline basis as that used for bound states.
The resulting continuum states have the correct asymp-
totic behavior and exactly include inter-channel coupling
within the box [22].

III. RESULTS AND DISCUSSION

We have solved the TDSE for various photon energies,
laser intensities and pulse durations. We will concen-
trate on (1+1) REMPI processes similar to that shown
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FIG. 1: Color online: Potential energy curves of H+
2 as func-

tions of internuclear distance. The figure shows the ground
state, the ten lowest states of σu symmetry, and the ioniza-
tion threshold 1/R. A typical two-photon transition leading
to (1+1)-REMPI is illustrated by arrows. The two shadowed
areas in the right hand side column indicate dissociation and
ionization+dissociation energy regions.

in Fig. 1 and, in particular, on the resonance features
induced by the two lowest 2Σ+

u states of H+
2 . Figure 2

shows the electron angular distributions corresponding
to different energies of the outgoing protons and three
different photon energies, ω = 0.7, 0.8 and 0.88 a.u..
In all cases, the laser intensity is 1012 Wcm−2 and the
pulse duration 10 fs. To better understand the origin of
the different structures observed in the angular distribu-
tions, the latter have been superimposed to the angle-
integrated ionization probabilities differential in the pro-
ton kinetic energy. As explained in [9], the different
peaks observed in the angle-integrated probability repre-
sent different physical processes: (i) direct non resonant
two photon ionization (denoted by V), (ii) (1+1)-REMPI
through the 2Σ+

u (2pσu) state (denoted by R1), and (iii)
(1+1)-REMPI through the 2Σ+

u (3pσu) state (denoted by
R2). It can be seen that, for proton energies lying in the
non resonant region V, the photoelectron angular distri-
bution follows the polarization direction and exhibits an
almost pure d shape. This distribution is not very dif-
ferent to that observed in non resonant two-photon ion-
ization of two-electron atomic systems like, e.g., H− [25].
In contrast, for proton energies lying in the R1 and R2

resonance regions, the angular distribution is completely
different: electrons are not only ejected along the polar-
ization direction but also in a plane perpendicular to it.
This behavior results from the important mixing between
the l = 0 and l = 2 partial waves. Similar conclusions
are obtained for the three photon energies considered in
Fig. 2. It is important to stress here that the signature
of the (1+1)-REMPI process is observed even though the
photon energy does not match a vertical transition from
the X2Σ+

g ground state to any of the 2Σ+
u intermediate

FIG. 2: Color online: Electron angular distributions corre-
sponding to different energies of the outgoing protons for a
laser intensity of 1012 Wcm−2 and pulse duration 10 fs. Three
different photon energies have been considered: (a) ω = 0.7,
(b) 0.8 and (c) 0.88 a.u.. The angular distributions are super-
imposed to the angle-integrated ionization probabilities dif-
ferential in the proton kinetic energy. C.M. means center of
mass.
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FIG. 3: Color online: Electron angular distributions corre-
sponding to different energies of the outgoing protons for a
laser intensity and pulse duration of (a) 1012 Wcm−2 and 2.5
fs, respectively, and (b) 1014 Wcm−2 and 10 fs. In both cases,
the photon energy is ω = 0.8 a.u.. The angular distributions
are superimposed to the angle-integrated ionization probabil-
ities differential in the proton kinetic energy. C.M. means
center of mass.

states. The reason why the REMPI process is still visible
under these circumstances is that the absorbed energy is
shared by the electron and the nuclei. In practice, the
energy sharing is only effective in the Franck-Condon re-
gion, but provided we are in that region, there is always a
particular energy sharing for which a perfectly resonant
electronic transition is possible at that photon energy.

For a pulse duration of 10 fs, the molecule has enough
time to vibrate in the 2Σ+

u state resonantly populated by
absorption of the first photon. This leads to the complex
angular behavior shown in Fig. 2 near the R1 and R2

peaks. By reducing the pulse duration, there is less and
less time to vibrate in the intermediate state and, there-

FIG. 4: Electron angular distributions integrated over proton
kinetic energy. The photon energy is ω = 0.8 a.u.. Top: I =
1012 Wcm−2 and T = 10 fs. Bottom: I = 1014 Wcm−2 and
T = 2.5 fs. The left two panels show results obtained within
the fixed-nuclei approximation.

fore, one would expect, for all proton energies, an angular
distribution similar to that of the non resonant process.
This is illustrated in Fig. 3a where we show our results
for a pulse of 2.5 fs and the same intensity. Not only
are the R1 and R2 peaks diluted in the broad structure
observed in the angle-integrated probability, but also the
angular distribution is practically the same for all pro-
ton energies. A similar behavior is obtained when one
increases the laser intensity keeping the pulse duration
at 10 fs (see Fig. 3b). In this case, the higher inten-
sity makes ionization more efficient and, therefore, there
are less molecules that remain long enough in the inter-
mediate state. As a consequence, the d-like distribution
associated with the direct two-photon ionization process
dominates.

It is also interesting to use the present results to check
the validity of the fixed nuclei approximation (FNA),
which is widely used to interpret ionization processes in
molecular systems. In general, total ionization probabil-
ities resulting from the FNA do not differ significantly
from those obtained by including the nuclear motion, ex-
cept in the resonance regions where the FNA leads to
sharp peaks that are not physical [19]. Obviously, the
FNA cannot be used to obtain probabilities that are dif-
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ferential in the kinetic energy of the ionic fragments. But
what about the electron angular distributions integrated
over kinetic energy of these fragments? To answer this
question, we show in Fig. 4 a comparison between the
electron angular distributions obtained in the FNA and
those resulting from the integration of the probabilities
shown in Figs. 2 and 3 over proton energy. It can be
seen that, apart from the absolute value of the calculated
probabilities, the shapes of the angular distribution are
very similar in both types of calculations and for both the
longer and the shorter pulse. It is also apparent that, by
integrating the angular distributions over proton energy,
the signature of the REMPI effect disappears completely.
We have checked that this is the case for all photon ener-
gies investigated in this work. Therefore, the only way to
observe REMPI effects in the electron angular distribu-
tion is to analyze in addition the energy of the outgoing
protons.

IV. CONCLUSION

We have theoretically studied the electron angular dis-
tribution that arises in resonance enhanced two-photon
ionization of H+

2 molecules oriented along the polariza-
tion vector by using ultrashort laser pulses in the XUV
frequency domain. The theoretical method includes all
electronic and vibrational degrees of freedom. We have

found that the signature of the (1+1)-REMPI effect is
to produce complex angular distributions that differ sig-
nificantly from those observed in the direct two-photon
ionization process (which have in term a marked atom-
like character). The peculiar angular distributions as-
sociated with the REMPI process can only be observed
by analyzing at the same time the proton kinetic energy
distribution of the outgoing protons. Indeed, integration
of the calculated fully differential probability over proton
kinetic energy washes out the signature of the REMPI ef-
fect, thus suggesting that electron angular distributions
obtained within the fixed-nuclei approximation are not
appropriate to investigate this process. Interestingly, by
analyzing the electron angular distributions as functions
of proton energy, it is possible to observe REMPI even
at photon energies that do not correspond necessarily to
vertical transitions between two electronic states of the
molecule. More theoretical work is needed to see if these
predictions are of general validity.
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