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ABSTRACT: Based on the procedure of (Gray & Hassanizadeh 1998) we state macroscale conservation e
tions for multi phase flow in porous media including interfacial area as a variable. The phases we consider a
solid phase, a wetting phase and a non-wetting phase. Some modeling work is done to decide the function
of the coefficients in the equations. In particular we construct constitutive relationships for the interfacial ares
a function of saturation and capillary pressure, and the resistance terms. The final set of equations is reduc
a 2x 2 system with the saturation and the interfacial area as independent variables. Some preliminary nume
experiments are reported.

1 INTRODUCTION sult of taking one phase flow models and generalising

Multi phase flow has been intensively studied in fieldsthem directly to multi phase flow. On the other hand,
like reservoir mechanics, ground water research anthese effects can be explained and eliminated through
so on. Models in these fields are normally based o Mmore general approach.

generalisations from one phase flow, e.g. Darcy’s law In Section 2 the model and the conservation equa-
is generalised through the introduction of relative pertions are stated. The basic assumptions are listed and
meability. In this work we take another approach_simplifications made. The model is rewritten into a
Conservation equations for a complete two phasdractional flow formulation in Section 3. This is done
model including all physical effects are used. Thesdor computational and analytical purposes. The re-
equations are derived through a general and systensistances introduced in Section 2 is parameterised in
atic procedure that employs conservations equationSection 4, and capillary pressure is parameterised in
at the microscale and thermodynamics analysis, seBection 5. A numerical experiment is given in Section
(Gray & Hassanizadeh 1998; Gray 1999; Gray 2000)6, and some conclusions and final remarks are given
This model is very complex and contains a large numin Section 7.

ber of coefficients that must be specified for numerical

computation. In this preliminary study, assumptions2 CONCEPTUAL MODEL

are made to reduce the number of variables and facilrpe following terminology will be used:

itate the study of the behaviour of the system of equa- ;s specific area of the solid phase surface.
tions. In fact, the general set of equations is reduced jwn specific interfacial area (fluid-fluid).
to a 2 x 2 system that has saturation and interfacial s specific area of the
area as the primary dependent variables. as-interface (fluid-solid).
There are three major reasons for this approach:g»» geometric tensor.
First, when the complete system is simplified, there j» average curvature.
are no hidden assumptions, and hence it is easier taK permeability for the medium.
see what the limitations of the model are. Secondly, Ly, Ly coefficients in linearised equations.
there may be practical reasons for calculating amount 2 pressure of-phase.
of interfacial area. Third, the inclusion of interfacial Ra resistance for the-phase due
area may help in reducing apparent hysteresis in the to thewn-interface (fluid-fluid).
model. Thus, the development of models determin- Ra resistance for the-phase due
ing the amount of interfacial are important. Both rely to theas-interface (fluid-solid).
on the reasoning that it is better to simplify a gen- s« saturation of ther-phase.
eral model than to generalise a simple model. In fact, y total Darcy velocity.
hysteresis effects, e.g. iR —s” curves, may be are- (o Darcy velocity for thex-phase.
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ve velocity of a-phase. Momentum conservation for thephase:
VA velocity of thewn-interface.

x¥s fraction of the solid surface —"Vp'+e"p'g =

covered by the wetting phase. (4)
yh surfac_e tension of theﬂ—interface. (R, +RL)-V' =Rl v,
£ porosity of the medium.
e¥ =es” volume fraction of thex-phase. The momentum conservation equation for a mass-
u” viscosity for thea-phase. less interface indicates that the interfacial velocity
- density ofa-phase. is a weighted sum of the velocities of the adjacent
oV average contact angle. phases. Here, for a masslessinterface, the follow-

ing equality is assumed:
2.1 Conservation equations
Based on the general theory in (Gray & Hassanizadeh
1998; Gray 2000) and the assumptions below we stat&
a simplified set of equations modeling two phase flow

(vavn + Rnwn) V= Rthjn A Ran Vi (5)

eometry equation for interfacial area:

in porous media that include interfacial area as a vari- da"" ds¥ xS
able. The basic assumptions are: —eJ) ——a’cosd” —— =
e No phase change occurs, ot ot ot (6)

e isothermal system,
e immobile, non-deforming solid,
e common lines are neglected,
¢ the solid-fluid interface dynamics are negligible
(i.e no film flow), ds¥
e massless fluid-fluid interface, 60—
o Al t
e inertial terms are negligible in the momentum
equations and Linearised constitutive equation for surface area frac-
e interfacial tensions are all constant and specifiedtion:
Because the solid phase is immobile and non-

-V. [Gwnawn . an].

Dynamic capillary pressure equation:

=—Ly[p"-p" +r""JIy,] (7)

. . . . a ws
deforming we have a two phase_ immiscible flow sys- e s _ L[y =y 9" cosd"].  (8)
tem where the wetting phase is denotecand the ot

non-wetting phase.
In addition the solid is non-deforming so thét= 0
and we get

The Darcy velocity for phase is given byu® =
e*v* = gs*v¥, We substitute these relationships into
Equation (1)-(6). The velocity for the interface be-

WS _ S _ tween the fluidsy™”, will be kept as it is.
VImEVISVIEVL aswanwn, To further simplify the set of equations we ad-
ditionally assume incompressible flow. Equation (1)

and DS 0 0 and (3) then reduces to
— =4V V=—.
Dt ot ot 95" ,
Note that bold capital and lowercase letters denote EW‘FV'“ =0, ©)
matrices and vectors, respectively.
From these assumptions, the following equations os" ,
can be stated: g5 TV-ui=0. (10)
Mass conservation for the-phase: In some simple models, e.g. bundle of capillary tubes,
it is reasonable to assume that there will be no pro-
D¥(e"p") ., w duction ofwn-interfacial area as saturation changes.
o te P vvi=0 (1) Therefore, the second and third terms of Equation
(6) will cancel. Application of this condition, in gen-
Momentum conservation for the-phase: eral, is a significant assumption that limits the general
T, applicability of the system of equations. However, it
—€ Vp+ep'g= will be applied here consistent with the objective of
(2)  performing a preliminary analysis of a simplified set
(Ry,+Rys) -V =Ry, - V™. of equations. This assumption eliminates the need to
model the dynamics of thes-interfacial area, Equa-
Mass conservation for thephase: tion (8), and reduces Equation (6) to:
n n n wn
# +£e"p"V-v'=0. (3) a‘;t +V-[G"a""-v*"] = 0. (11)



The transfer coefficient, , in Equation (7) is also M is the total mobility for thex-phase and Equation
considered large so that Equation (7) reduces to:  (17) and (18) are generalised Darcy’s laws. Note that

wnw  w on the superficial velocity of each phase now depends on

r dyn=p —p =-Fe. (12)  the potential of the other phase, and that resistances
Adding Equation (9) and (10) and observing that@/SO depends on the amount of interfacial area.
s¥ 45" = 1 gives Equation (12) gives the following relationship be-

tweeny" andy "
V- [u"+u"]=V-u=0
p " = p"y" = p" = p"+(p" —p")gz

where
w n _
| hut=u 13) = (" )+ (0" = Pz
is the total Darcy velocity. In 1 is a constant.
We are now in the position to rewrite Equation (2), =—P.+(p"-p")ez (19)

(4), (5), (9)-(12) to a 2x 2 system of equations in-
cluding fractional flow and capillary diffusion terms. ~ We then have 6 unknowns
This will be done in the following sections.
u”,u,u, ", w” andP..
3 FRACTIONAL FLOW FORMULATION

From Equation (5) we get Using Equation (13), (17)-(19) we are able to express

u” andu” as a function of the total Darcy velocity

v =AY U+ A" U" (14)  and the capillary pressur.
where u=F,-u+D,-p"g-D, VP, (20)
A (Ef(Rxn+Rfvn)_l-Rfvnlsa, a=w,n. U =F,-Uu+D,-p"*g—D, VP, (1)
\llJvzirgll%tthis expression for*” in Equation (2) and (4) Where
—"p"Vy¥ =BY-u" —RY -A"-U", (15) P9 =(p"-p")9,
—£"p"Vy" =B".u"—R" -A”.u", (16) Fy=(¢"+€"C"-M"-N71,

wherey?* = p*/p* — gz and
U4 pip 83 Fn=(£wcw+£n)-Mw'N_l,

B* E'(RZ, - (1 A9 +R%)/e%,  a=w.n.

D, =€"¢"(1-C".C")-N"1=-D,,
Define w=ete( ) "

def _ and
cr'E xn‘An_(Bn) 1,
N=e"M"Y+£"C"-M"+£"C"-M" +"M".
cv d=ef nooaw, (BW)—l . . .
wn ' From Equation (14) we get the following expression
Add C" times Equation (16) to (15), an@” times for the speed of the interface between the fluid phases
Equation (15) to (16) to gat* expressed as a sum of

the phase pressures: V= (A" Fy +A"-F) Ut
u” =— (M) ["p" V" + (A" .D, +A"-D,)- (s""g—VP.)
e"p"C" - Vy'], (17) =Fyn-U+Dyn- (p""g—VPF,)
U = — (M)~ [ )" Vi + whereF,,, andD,,, is defined implicitly.
e"pmCh -V, (18) g.ulbs?iti?i?wlgtjlr’[]r?ezzbzmslgsetigqression tot andv”” into
where Equation (9) and (11) we get the following equations:
M E'gr _crnre LAY, ds¥

e%+u~V~FW+g-V-Dw

n def n_cw_ pw AR
M*EB"—C¥.RY A" _V.(D,-VP)



aawn 1 whn n,w whn
513 (u-V-(Fy,a")+p""g- V- (Dyna""))

Consider Equation (4). Since there is no (fluid-fluid)
1 interfacial area, the resistance due to this interface,

=3V (@""Dyyy - V) R”,, should be zero and Equation (4) reduces to

This constitutes a Z 2 coupled system for the satu-
ration and the interfacial area.

—"Vp"+e"p"g=R) V"
Hence

R" — nK—lgn2
4 PARAMETERISATION OF RESISTANCES ns = M '

To close the above system we need to specify the reand we get
sistances. We assume the functional formRdf, to

be gwn(O)hy, (1) =0andg (), (1) =1.  (23)
; P One set of functions that satisfies the constraints
Rion = 1" gun(@"")hyg, (s )K", imposed by Equation (22) and (23) are:
RW= w_w WSh WK—1W2 w wn_a_w” hW W_l_W
ws = H gws(a ) W(S ) € gwn(a )_ as ’ wn(s )_ S
2
R" = ,"e" (a"™Vh" (5" K_lgn , avn
wn = H' (@™ ") (") g (a"") = — e (s") = 1—s"
2
RZS = /’lnng(ans)hn(sn)K_lgn . avs 1 2,1
o _ gn@) =0, hy(s") = kpi(s") = (")
The motivation for these forms is as follows: a
Equation (2) and (4) are generalised forms of Darcy’s o )
law. We therefore expegt® andK to be termsinthe g7 (a™) = —, ha(s™) = kH(s") = (s"7) 7L
resistances. In addition, to make the dimensiogs on a
the left and right side of the equations to mateh, Other constraints arise if we consider the case when
must be a factor too. Thg's and #’s must be non- the wetting fluid covers the mediuna'(*/a* — 1),
dimensional (and positive). and the case when the interfacial area is negligible

To get expressions for thes andh’s we look atthe  (a""/a* — 0). One possible set of functiog$§; is:
limit cases where we have only one phase. Equation

(2) and (4) should then reduce to the usual Darcy’s w _q,9 @
law. Ews = "'F P
Case 1: No non-wetting phase
n aWS aWI’l
s =1, kn,—1, a"la’® -0, Ens = 1+? as

However, this choice appears to be unphysical since
the resistance due to the solid-fluid interface depend
on the area of the fluid-fluid interface. We will not use
this choice in our numerical experiments.

a’la®* -1 and d&¥ld® - 0.

Consider Equation (2). Since the interfacial an®é
is zero, the resistance due to this interfag¥,,,

should also be zero and Equation (2) reduces to 4.1 Resulting fractional flow and diffusion functions

In 1D we can write the fractional flow functiorts,,
F, andF,,, and the diffusion function®,,, andD,,,
as rational polynomials in saturation and interfacial

—e"Vp*¥ +e"p"g=Ry, - V",

Hence . .
w Wi -1 w2 area. The expression are generated using Maple, but
Ris =u"K™7e" omitted because of their length. Using the parameters
and we get given in Section 6 we get the surfaces in Figure 1 and

2. Notice that these functions are only weakly depen-
g" ()" (1) = 0 andg” (0)h, (1) = 1. (22) dent on interfacial area.

5 CAPILLARY PRESSURE

In this section a capillary pressure function depend-
">1, ky,—1, a"a® =0, ing on the (wetting) saturatianand on the interfacial
areaa"” is constructed. To our knowledge there are
almost no available data faP. — s* — a"" relation-
ships. We therefore use results from network models,

Case 2: No wetting phase

" 51 and a"le® -0
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Figure 1: Fractional flow function for the&-phase
(upper), then-phase (middle) and then-interface
(lower).
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Figure 2: Diffusion function for thev-phase (upper)
and thewn-interface (lower).

see e.g. (Reeves & Celia 1996), and try to capture the
gualitative behaviour of surfaces obtained therein.

In (van Genuchten 1980) the following relationship
between capillary pressurB. and saturatiors was
proposed:

Sl

(M) -1
aG
Starting out with this relationship we fix and vary

ag to get three curves satisfying

P. = (24)

Pl<P2< P2

Here P! and P2 are approximations to the inner and
outer envelopes for th&, — s curves.P? is chosen
midway between the two boundary curves for interpo-
lation purposes. Along these three curves we specify
the interfacial area as

a(s")=a;s"(1-s")+ps”, i=1,2,3, (25
i(s") ( )+B (25)

whereq; is chosen such thal” < a3" < a‘g”. In Fig-
ure 3 and 4 plots of capillary pressure and interfacial
area are shown for a set of parameters.
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Figure 3: Capillary pressur@! (as a function of satu-
ration) forn = 7 anda = 0.10,0.07,0.05.

4001

100r

/
Y

00 0.2 0.4 0.6 0.8 1
SW

Figure 4: Interfacial area’” on P!, i=1,2,3.

saturation:
a""(P,s") =

(s =55 (P))(s” — s3(Pe))
(S;_v(Pc) - SVZV(PC))(S;_‘)(PC) - Sév(Pc))

ay"(P)

(s = 5T (P))(s” — s3(Pe))
(Sg(Pc) - SY(Pc))(Sg(Pc) - SEJ,V(PC))

(s = 5T (P))(s” = 55 (Pe))
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Figure 5: Interfacial area as a function of wetting satu-
ration and capillary pressure given by the three curves
above.

Since the interfacial area is non-monotone in cap-
illary pressure, see Figure 5, it is generally impos-
sible to find a unique expression fd&. as a func-

Interpolating (quadratically) from these three tion of saturation and interfacial area. In the equa-

curves defines the function. For a givBnwe specify
a“"(s,P,) as

2
a""(s,P.) = c18" +cos” +ca. (26)

Let s (P.) = (P)~Y(P.), where(P/)~1 is given by
Equation (24) withug = af;. It follows thata!"(s)") =

tions we will need the derivative of capillary pres-
sure with respect to saturation and interfacial area. If
we assume uniqueness Bf locally around a point
(s",a"™) we can employ implicit differentiation of
function to evaluate
and < ) .
SW

)awn
6 EXAMPLES

We have done a simple test case in 1D. Data for pa-
rameters are taken from (Dahle & Celia 1999) and
from a table over typical values of permeability and

0P,
aawn

( 0P,
asv

a" (s’ (P.))=a'"(P.),i=1,2,3. Using Lagragian in- porosity for sand stones. The specific area of the solid
terpolating we get the following expression for the in- phase surface is calculated using the Carman-Kozeny
terfacial area as a function of capillary pressure anequation. The following values are used:
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1073 [N s/m?] 220

U = T T
W' = 1072 [Nsim?] L Tetesos
€ = 0.27 — T=2500s
K = 1.3x 10—9 [mZ] 200 N - - T=5000s
u = 1.3x10°3 [mls] '

@ = 7.6x10%[Um] _
a® = 0.7x10%[Um] = 180
a* = 6.9x10% [Um] =
n = 7
a, = 1073 0.7x1073 0.5%x10°3 160
a; = 400,800, 1200
p =0

Since we are working in 1D, gravity terms are ne-

glected. To avoid difficulties with boundaries and dis- 40—, 20 50 60 70 30

continuities, a smooth ramp is initially specified for x 4m]

the saturation. An increased amount of interfacial area
is evenly distributed around this ramp.The equations
are solved by sequential time stepping using a straigl
forward upstream/central difference scheme.

The initial data and solutions for interfacial area
and saturation are shown in Figure 6. This problerr
appears to be advection dominated. It follows thai
since the advective flux is nearly insensitive to inter-
facial area, the dynamics of the saturation is nearly
independent of the changes in interfacial area. o

0.4

7 CONCLUSIONS

In this work, we have presented initial numerical solu- ol T Initial |
tions for an enhanced model of two phase flow which T=1250s
includes fluid-fluid interfacial area as a primary vari- T eo0s
able. The solutions are for a simplified test problem ‘ ‘ ‘ ‘ ‘ ‘
under a specific set of assumptions, and with a partic 30 40 50 ] 60 70 80

ular choice of functional forms for the nonlinear coef-
ficients. For this particular case, the saturation profileg-igure 6: Profiles for interfacial area (upper) and wet-
show little dependence on interfacial area. This reling saturation (lower) at=0,1300, 2600 and 5200s
sult is consistent with the forms of the fractional flow .
functions, which show minimal sensitivity to interfa-
cial area. This in turn is a reflection of the functional
forms chosen to parameterise the various nonlinelso incorporate effects of the interfaces through func-
resistance terms that arise in the governing equation§onal dependences in the appropriate nonlinear coef-
Because the correct functional forms for these resisficients. In addition, inclusion of a unique functional
tance terms are not known, more general sensitivityelationship betweer., s*, anda", and the associ-
studies are required to assess the practical importan@éed transport equation for interfacial area, allow hys-
of the interfacial area equations to flow modeling. Interesis within theP. —s* plane to be incorporated into
addition, numerical solutions need to be obtained fothe algorithm with no additional effort. This means
cases where the simplifying assumptions applied téhat arbitrary drainage and imbibition cycles can be
the governing equations are systematically examinecgimulated without regard for redefinition of the con-
so that the sensitivity of the solutions to these assumpstitutive curves. This appears to be a major advan-
tions can be assessed. The results presented heréa@e of this approach to multi phase flow modeling.
represent a starting point for this more general analylhe cost of this additional generality and flexibility
sis. is the requirement to identify and quantify additional
While we cannot reach any general conclusiondarameters, as well as their functional dependences
based on our initial calculations, we can make a fewPn interfacial area. Additional equations also need to
general observations about the overall system of equ&e solved, as compared to the traditional equations
tions. First, inclusion of the interfacial area equa-for multi phase flow; and these additional equations
tions allows for direct calculation of the amount of remain to be analysed mathematically, as do the as-
interfacial area in the system, as a function of spacéociated numerical algorithms implemented for their
and time. Equations written for the individual phasessolution.
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