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� NSL�� L-TnOUK[d5XZO]emC���I"X����[L�� OURSL5I-emNPkme����iO]KMemN LFTnOUK[d5XZO]ecC���K[T L��iXcd�K[NiL��&f emC1O]RSL��SLFNiTUKMOpo
LFT\O]KMd�XZOUK[emN=ecf O]RSLVCUL-TUa emNSTUL-T	K[N�X`NiemN��[KMNSL"XZC�CnLFsmCnLFTnTUK[ecN�d�e��SL����WXcN���f emC,O]RSLVd�XZCUsmKMNbX��
�SL-NSTUKlOpo�eZf�NSemN��MK[NSLFXcC4O]KMd5L TUL-CUKMLFTFE � T\oWd5aiOUecO]KMI aiCUema LFC\O]K[L-TDXZCUL`LFTnO]X����MK[TURiL�� XcN �
KMOVKMT
f e��SN ��OURbXZO�O]RiL9I-emNPkme����iO]KMemN=LFTnOUK[d5XZO]ecChRbXcT�X!� L OUO]L-C,C]XZOULcE�GWK[d"���[XZO]KMemNSThKMN��SKMI"XZOULrO]RbX O
O]RiL�aiCUema emTUL��&LFTnOUK[d5XZO]ecC e��iOUa L-Cnf emCnd5TDOURSL#�rL��$�&%(' NSe)��N*'cLFCnNSL��+�SL-NSTUKlOpo LFT\O]KMd�XZOUemC KMN
d5XcNPo-,bNSKlO]L T]XZd5a��ML I"XZTULFT-E

q	XcTnL��&emN�O]RiL T]Xcd�L�I-emNPkme����iO]KMemN�K��SL"X � XcN LFT\O]KMd�XZOUemC�f emCDNSecNSabXcCUXcd5L O]CnK[I�CnLFsmCnLFT.%
TUKMemN�KMTraSCnema emTUL�� E,qrecOUR�XcTnoWd�aiO]eZO]K[I9XcNbX/�MoWTUKMTrXcN ��TUKMd"��� X O]K[ecN�CnLFT0���MOUTrTURie1� OURbXZO�O]RSKMT
LFT\O]KMd�XZOUemC�RbXcT XcN5e kcLFCUX��$�2� L-OnO]LFC XcT\oJd�aiOUecO]KMI3�iK XcT,aSCnema L-CnOpo OURbXcN�T\OYXcN �bXcC4�5NSemNSaSXcC]X5%
d�L-O]CnK[I CnLFsmCnLFTnTUK[ecN�L-TnO]KMd�X O]emCnTFE

� N5KMO]L-C]XZOUKMkcL�X��[smecCUKMOURSd f emC�LFT\O]K[d5XZOUK[emN ecf O]RSL6�SN 'WNie1��N5f7�SNSI-OUK[emNiT�KMN�XZN�X�� �SKMOUKMkmL
d�e��SL�� f emC$X aSXcNSL�� ecf�O]K[d�L TUL-CUKMLFT$e��STUL-CnkZXZOUK[emNST�KMT�aSCnema emTUL�� E GJemd�L XcTnoWd�aiO]eZO]K[I
aSCnema L-CnOUK[LFT XcCnLVscKMkmL-N��JXcN���TnK[d"� � XZOUK[emNST�K[N��SKMI"XZOUL4O]RbXZO�O]RiL9aSCnema emTUL���X��MsmemCUKlO]RSd8�recC4' T
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Q4RSKMT � emC4' RbXZT � LFL-N�f7�SN��SL��"�Po O]RSL��9emC �rL-smK XZN���LFTULFXcCUIYR��re��SNSI-K$� smC]XZN O������ t�� � �!� �Pt E
"�I-e����$� NSL kmLFC�RbX"kmL$IFecd5a��ML-OUL�� O]RSKMT O]RSL-TUK[T#��KlO]RSe��JO O]RSL�T4�iaSa ecCnO�f CUemd d�o T4� %

a LFCnkWKMTUemC��$#,Cnecf E B XZs�Q&%('mT\O]RSL-K[d$E)"9Xcd smCUXZO]L f7����f emCDRSK[T1s��iK$�bXcNiIFL�� L-NPO]R �STUK[XcTUd�XZN��
LFNiIFe��SCUXcsmL-d5L-N OFE

g$o I-e/%pT0�Sa LFCnkWKMTUemC�� � TUTneJI-K XZOUL*#�CUecf E,+DXcNiT � E.- XcC0�[TnLFN��mRSXcT � LFLFN=ecf smCnL"XZOhT4�SaSa emC\O
���SCnK[NSs d�o �recC4' E/" � e����$� X��MTUe �[K�'cL
OUe O]RbXcN ' O]RSL&ecOURSLFC$XcIFX��SL-d5KMI�TnO]X!0 K[N O]RiL
TnO]XZO]KMTnOUK[IFTDsmCUe��ia X O j9NSKlkmL-CUTUKlOpo�ecf qrL-CUsmL-N E=g
XZN o�O]RbXZN�' T OUe1#�CUecf E�2cKMO]K�3`XZe�XZO1O]RiL
j9NiKMkmL-CUTnKMOpo=ecf54 L-TnO]L-CUN � �ST\O]C]X/�[K X f emC,smKlkWK[NSs d�L�OURSL�emaSa emCnO4�SNSKlOpo f emC�X`CnLFTnL"XcCnIYR�TnO]X o
6 �ie1��N �SN��SL-C875XcN�� O]e9#�Cnecf E;:,NiNSe&g
Xcd�d�LFN XZO OURSL�jVNSKMkcLFCnTUKMOpo ecf�g
XcNSNSRiLFK[d f emC
d5X�' K[NSs=X smCnL"XZOVL�0 emC\O�K[N�e��SC&%nemKMNPO�aSCUe<%nL-I-OFE

"hXcd smC]XZOUL-f7���SOUe`OURSL=#�RbB/T\O ���SL-NPO]T	XZN���g�XcTnOULFC,TnO4���SLFNPOUTrK[N OURSL9T\OYXZOUK[T\O]K[I-T�smCUe��Sa
f emC4I-CUL"X O]K[Nis5X a��ML"XcTUXcNPOVLFNPkWK[CUecNSd5L-NPOVXZO�- Cnema L��[KMLFNST-E

>�K[NSX��$�lo�� O]RbXcN 'WT�O]e=d�o5f Xcd�K$�Mo5XcN �$f CnK[LFN �ST4f emC�X����rX"oWTVT0�SaSa emCnOUK[NSs d�LcE
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t E � #�CUema LFC\O]K[L-T4ecf0O]RSL!'cL-CUNSL�� �SLFNSTnKMOpo�L-TnO]KMd�O]ecC E`E`E E`E E`E`E`E`E`E E`E E �
t E t q	XcN�����K$�iOUR$TnL��MLFI-OUK[emN E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E v
t E � g�e �SK�,bIFXZO]KMemNST	eZf6OURSL!'cLFCnNSL�� �SL-NSTUKlOpo�LFT\O]K[d5XZOUemC&E E`E E`E`E`E`E`E E`E E ;
t E � >2�SNSI-OUK[emNSX��[T4XZN���CUeWecO�N�I-emNSTnK[TnOULFNPO3�SLFNiTUKMOpo�L-TnOUK[d5XZO]emCnT E`E`E`E`E E`E E �
t E v BDLFa LFN �SLFNPO �bXZOYX/E`E`E`E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E �
t E<; G��Sd�d�XZCno�= #�XZa L-C � XcN ��q E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E >

? ��������������� �"!#�%$'&@���2-A���2(#(#$6��� B
� E � �remd�d5emN�L-TnOUK[d5XZO]emCnT	E`E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E C
� E t � T\oJd�aiOUecO]KMI1aSCUema LFC\O]KMLFT E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E � u
� E � q	XcN�����K$�iOUR$TnL��MLFI-OUK[emN E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E �.�
� E � BDLFa LFN �SLFNPO �bXZOYX/E`E`E`E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E �.�
� E v g����lO]KMkZXcCnK XZOULDNSecNSabXcCUXcd5L O]CnK[I CnLFsmCnLFTUTnK[emN�E`E E`E`E E`E E`E`E`E`E`E E`E E � t
� E<; � ���SKlO]KMkcL1d5e �SL��[T4XcN ���bXZI ' ,iOUO]KMNSs E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E � t
� E � DDO]RSL-C4d5L O]RSe �ST E`E`E`E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E � �
� E<> G��Sd�d�XZCno�= #�XZa L-C � E`E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E ���

E F �����2143,�G!��)� �H3,�21'( � E
�SE � 3 L-NSLFCUX�� d�e��iL���E`E`E`E`E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E ���
�SE t >�K �JL��$L 0 L-I-OUT$E`E`E`E`E`E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E � v
�SE � �9XZN��Semd L�0 LFI-OUT�E`E`E`E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E � v
�SE � DDO]RSL-C4d5e �SL��MT E`E`E`E`E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E � v
�SE v �9emNiabXcC]XZd5L O]CUKMI abXcNiL����bXZO]X d5e �SL��MT E E E`E E`E`E E`E E`E`E`E`E`E E`E E ��;
�SE<; G��Sd�d�XZCno�= #�XZa L-C9B E`E E`E E`E`E E`E E E`E E`E`E E`E E`E`E`E`E`E E`E E ��;
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Q4RSL`f e��$�Me1��KMNSs TUL-I-OUK[emNST3��K$�����SCUKML��So�KMN OUCUe ���SI-L NSecNSabXcCUXcd5L O]CnK[I TUd�eJeZO]RSKMNSs=d5L O]RSe �ST��
XcN��$X TURiemCnOVTUL-I-OUK[emN ��K$��� KMN OUCUe ���SI-L1abXcNSL����bXZOYX d�e��iL��[T�����RSKMIYR�KMT	O]RSL ecOURSLFC	OUemaSKMI ecf
O]RiK[T�O]RSL-TUK[T-E >2�SC\O]RSL-C�� O]RSKMTVOURSLFTnK[T9IFemNSTnK[T\O ecfhf e��SC9aSXca L-CUT�� XcN���TURSecCnO T0�Sd�d�XcCnK[L-T6��K��$�
� L`scKMkmL-N ���SCUKMNSs O]RSL KMN OUCUe ���SI O]K[ecN��JOURSLFCnL"XZf OULFC��SOURSL abXca LFCnT9XZCUL aSCUL-TUL-N OUL�� E
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GWO]XZO]KMTnO]KMIFT KMT O]RSL�TUI-K[L-NSIFL�O]RbX O �SL"X��MT"��KMOUR OURSL�IFe����[LFI O]KMemN���T4�id5d5XcCUK��"XZOUK[emN �haSCUL-TUL-N�%
OYX O]K[ecN XcN�� K[NPOULFCUaiCUL-O]XZO]KMemN ecf3�bX OYXiE Q4RSL�L��JKMTnO]L-NSIFL�ecfVRSKMsmR TUa LFL�� IFemd�a��iOUK[NSs RbXZT
d5X��SL�KMO=LFXcTno O]e �[eWe�' X O �SXZOYX K[N �rX"oJT=O]RSXZO#�rL-CUL$emNSI-L�KMd5a emTUTnK$���MLcE D1NiL�XZCUL"X KMT
O]RSXZO ecfhNSemNSabXZC]Xcd�L-OUCUK[I �SL-NSTUKlOpo�XcN ��CUL-smCUL-TUTUKMemN
f7�SNiI-O]KMemN�L-TnO]KMd�X O]K[ecN��bemC X/�[TUe5I"X����[L��
TUd�eWecO]RSKMNSs d�L-O]Rie��ST-E

"pN NSecNSabXcCUXcd5L O]CnK[I�Tnd5eWecO]RiK[NSs�OURSL
XZK[d KMT O]e X"kmemK�� XcTnT4�Sd�aiOUK[emNST=emN OURSL�aSXcC]X5%
d�L-O]CnK[I f emCUd ecf�X �SLFNSTnKMOpo$f7�SNSI O]K[ecN�emCDCnLFsmCnLFTnTUK[ecN�f7�SNSI-OUK[emN � XcN � �[L-OVO]RiL"�bXZO]X�TUa L"X�'
f emC1O]RiLFd�TUL��lkmL-T XcN�� ,bN�� X�f7�SNSI O]K[ecN OURbXZO��SLFTnIFCUK�� L-T OURSL�X"kZXcK$�[X����ML"�bXZO]X � L��$� E�Q4RSKMT
K[T1KMN&IFemNPO]CUXcTnO`O]e�abXZC]Xcd�L-OUCUK[I�d5e �SL����[KMNSs�� ��RiLFCUL5X�TUa LFI-K�,bI�d5e �SL��
��KMOUR aSXcC]Xcd�L-OULFCnT
K[T`XcTnT4�Sd�L��&O]e$smL-NSLFCUXZO]L=O]RSL �bX OYX�K[N�� �SLFT\O]K[ecN E�"pN O]RSKMT1I"XcTnL��6KMO I"XZN � L=L"XcT\o O]e �Se
K[NJf LFCUL-NSIFL�XcN�� smCnL"XZO smXcK[NST K[N L���IFKMLFNSI o XcCUL5a ecTUTUK����[L/�hRSe)� L-kmL-C�� emN��Mo Klf	O]RSL�d�e �SL��
K[T�� X��[d�emT\O�� OUC4�SLZE " f9OURSL$XcTUT0�Sd5L�� d�e �SL�� K[T K[NiIFemCnCULFI O ��K[Nif L-CUL-NSIFL-T�IFXcN � L �STnL��[L-TUT��
�[LFX��SKMNSs O]e=d�K[T4�ML"X��iK[NSs KMNPO]LFCnaSCUL OYXZOUK[emNiT4ecf6OURSL!�bXZO]XiE

�9emNiabXcC]XZd5L O]CUKMI�TUd�eJeZO]RSKMNSs4aSCUe kWK$�iLFT6XVTnK[d�a��[L �rX"o1O]e6,bN���T\O]C0�SI-O4�SCUL-T�K[N!�bX OYX�TUL-OUT
��KMOURSe��iO�KMd5a emTUKMNSs X abXcC]XZd5L O]CUKMI4d5e �SL����mO]RiL9emN �Mo=XcTnT4�Sd�aiOUK[emN�K[T�O]RSXZO,O]RSL3�SLFNiTUKMOpo=ecC
CUL-smCUL-TUTnK[emN�f7�SNSI O]K[ecN$KMN � �iLFTnOUK[emN�KMT9X Tnd5eWecO]R�I��SCnkcLcE
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Q4RSL �MKMO]L-C]XZO4�SCUL�IFecNSIFL-CUNSKMNSs NSemNiabXcC]XZd5L O]CUKMIrTnd5eWecO]RiK[NSs��1��RSKMIYR K[NSI��$���SL 'cL-CUNSL����SLFNiTUKMOpo
LFT\O]KMd�XZOUK[emN �0KMT`kZXcT\O"E DDkmL-C�O]RiL �[XcTnO`O]RSCnLFL �SLFIFX��SLFT��hNSemNiabXcC]XZd5L O]CUKMI=TUd�eJecOURSK[Nis�RbXZT
� LFLFN�emNSL`ecfhOURSL d�emT\ODXZI-O]KlkmL XcCULFXcTVecfhT\OYXZOUK[TnOUK[IFX�� CULFXcTULFXcCUR E@:,T\O]KMd�XZOUK[NSs=aSCne��bX��iK$�[KlOpo
�SL-NSTUKlOpo f7�iNSI-OUK[emNST`I"XZN � L5I-emNSTUK��SLFCnL�� OURSL�TnK[d�a��[L-TnO �bXZO]X$Tnd5eWecOURSK[NSs�TnKMO �SXZO]KMemN XZN��
O]RiL f e��$�Me1��KMNSs�TnLFI O]K[ecN*��K��$� �SLFTnIFCUK�� L#'ZLFCnNSL��+�SL-NSTUKlOpo�LFT\O]KMd�XZOUK[emN �SCUKML��SocE D N��Mo�X�f L��
CUL f LFCnLFNSI-LFT9XcCUL1d�LFNPO]KMemNSL���RSLFCnL��2���iO�TnL-kcLFC]X/� ecf6OURSL � eJe�' T4CnL-f LFCnCUL���OUe=smKMkcL1L��JIFL��$�[L-NPO
e kmL-CnkWK[L���T9ecf0O]RiL �[XcCUscL Xcd5e��SNPO�ecf
�MKMOULFC]X O �SCnL K[N�O]RiK[T ,bL��$� E

Q4RSL
aiCUe����MLFd ecfDLFT\O]K[d5XZOUK[NSs O]RiL�aSCne��bX��iK$�[KlOpo �SL-NSTUKlOpo f7�SNSI O]K[ecN ecf X T]XZd5a��ML�ecf
�SNSKlkZXcCUK[XZO]L�XcN�� K[N �SLFa LFN��iLFNPO`e��STUL-CnkZXZOUK[emNST��

X1, ..., Xn

� RbX"kJKMNSs�IFecd5d�emN �SL-NSTUKlOpo
f
�

K[T�ecf O]L-N LFNSI-e��SNPO]L-CUL�� E � I�� XcTnTUK[IFX��Dd�L-OURSe � ��K$��� � L
O]e �iTUL&X RSKMTnO]ecsmC]Xcd � ���iO�XcN
K[d�aSCne kcLFd�LFNPO ecf	O]RiL�RSKMTnO]ecsmC]Xcd d�L-OURSe � K[T 'cL-CUNSL�� �SL-NSTUKlOpo LFTnOUK[d5XZO]KMemN�����RSKMIYR ,bCUT\O
XcaSa L"XZCUL��
K[N X�CULFa emC\O �Po9>6K �'&/+9e �SsmL-T(�8�#C v �)� EDqreWe�' TDecN �SLFNiTUKMOpo�LFT\O]KMd�XZOUK[emN�XcCnL
f emC4L �SXZd5a��ML ++*cC0���[L,� ��C C u ��� 4 XcN��'& 2cecNSLFT-�8��C C v �rXcN ��GJKMd5ecNSe�0.� ��C C ;/� E

�



−3 −2 −1 0 1 2 3

0.
0

0.
1

0.
2

0.
3

0.
4

x

D
en

si
ty

>�K[s��iCUL�� = -1LFCnNSL����iLFNSTnKMOpo�LFT\O]KMd�XZOUL

Q4RSL f emCUd"� � X f emC	OURSL!�SNSKlkcXZCUK X O]L 'ZLFCUNiL�� �SLFNiTUKMOpo�L-TnOUK[d5XZO]emCrK[T��

f̂(x) =
1

nh

n
∑

i=1

K(
x − Xi

h
),

�8� �

��RSL-CUL
K
K[T9X=f7�SNiI-O]KMemN�� I"X/�$�[L���'ZLFCnNSL���f7�SNSI O]K[ecN�� T]XZOUK[Tnf oWKMNSs ∫

K(x)
�
x = 1

� XcN��
h
K[T

X�a emTUKlO]KMkcL N �Sd"� LFC1IFX��$�ML��
OURSL#�bXcN�����K$�iOUR ecC TUd�eJeZO]RSKMNSs�abXcCUXcd�L-O]L-CFE j9T0�bX��$�lo
K
KMT

OYX/'cLFN�OUe � L X�NiemNSNSL-sPXZO]KlkmL9TnoWd5d�L-OUCUKMIDXcN � �SNSKMd5e �bX��baSCne��bX��iK$�[KlOpo#�SL-NSTUKlOpo�f7�iNSI-OUK[emN��
O]RiK[T4LFNiT4�SCnLFT9OURbXZO4OURSL LFTnOUK[d5XZO]L

f̂(x)
KMT�X��[Tne5X#�SL-NSTUKlOpomE

>�K[s��SCUL �4TnRSe)��T,RSe)� OURSL 'cL-CUNSL��2�SLFNSTnKMOpo�LFTnOUK[d5XZO]ecC
� LFRbX"kmL-T,K[N aSCUXcI-OUK[IFLZE�>bemChLFXcIYR
e��STnLFC\kcX O]K[ecN

Xi

O]RSL TnI"X��ML�� 'ZLFCnNSL�� f7�SNSI O]KMemN��bRSL-CUL)3`X��iTUTUK[XcN��bKMT4IFLFNPOULFCUL�� E4Q4RSL kZX��$�SL
ecf�OURSL#'cL-CUNSL��hLFT\O]K[d5XZOUL�K[TVO]RSL X kcLFCUXcsmL ecf�OURSL

n
'cL-CUNSL��hemC0�SK[NbX O]LFTDXZO OURbXZO a emKMN OFE "pN

CUL-smK[ecNST���RSL-CUL�OURSLFCnL�XcCUL5d�XZN o e��iTULFC\kZXZO]KMemNST��hOURSK[T ��K$����aiCUe ���SIFL�X
CUL�� XZOUKMkmL��Mo*�[XcCUsmL
kZX��$�iL��bXcT�L �ia LFI O]L���� XZN���O]RSL emaSa emTnKMO]L ��K��$� eWIFI��SC�K[N�CnLFsmKMemNST ��KMOUR�f L��Ae��iTULFC\kZXZO]KMemNSTFE
>bemC9OURSL TUX�'cL ecf,I�� XcCnKMOpo�� emN �Mo$f e��SCDe��STUL-CnkZXZO]KMemNSTDXcCUL"�iTUL��&RSL-CUL/�����iO OURSK[T9N �Sd"� LFC KMT
f XcC	OUe�Tnd�X/�$� OUe�XZI-O �SX��$�lo�L-TnO]KMd�X O]L1X �SLFNiTUKMOpo�CUL"XZTUemNbX/���Mo � L���� E

Q6e �STULVO]RSL 'cLFCnNSL�� �SLFNiTUKMOpo5LFT\O]KMd�XZOUemC��PecNSLDRbXZT O]e IYRSeWemTULDX 'cL-CUNSL�� XcN���O]RSL �bXcN�� %
��K$�JO]R E " OrK[T � L���� ' NSe)��N�O]RbX O �SK 0 L-CULFNPO4IYRiemK[I-LFT	ecf OURSL 'ZLFCUNiL�� f7�SNiI-O]KMemN-��K��$� NSecO4RSX kcL

t
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>�KMs��SCUL t = -1LFCnNSL�� �SLFNSTnKMOpo LFTnOUK[d5XZO]L-T���KlO]R �SK 0 L-CUL-N O �bXcN�����K$�SRPO]T�� TUe��MK$� �[K[NiL %DO]C4�iL
f7�SNSI O]KMemN����bXZTURSL�� �[KMNSL %,OURSL LFTnOUK[d5XZO]L�� �SLFNSTnKMOpo �

X��[XcCUscL9KMN �2�SL-NSIFL9ecf O]RSL9LFT\O]K[d5XZOUemC � T,a L-Cnf emCnd�XcNiIFLcE�Q4RSL �bXcN � ��K$�iOUR�IYRSemKMIFL9RSe)�rL kmLFC��
K[T I-C4�SI-K X�� E � T ,Ss��SCUL t TURSe)��T���X��[XcCUsmL#�SXcN�� ��K��iO]R*��K$���haSCUe ���SI-L�XZN e kmL-CUTnd5eWecO]RiL��
�SL-NSTUKlOpo �7�[e)�rL-CrsmCUXcaSR � � ���JO4X�Tnd�X���� �bXcN�� ��K��iO]R�aSCUe ���SI-LFT�X ��KMsms��lo=LFTnOUK[d5XZO]L � �Saia L-C
smCUXcaSR � E +9e)� OUe�ecaiO]KMd�X����Mo�IYRSeWemTUL1OURSL!�bXcN�� ��K��iO]R ��K$��� � L IFemNSTnK$�SL-CUL����[XZO]L-CFE

����� ���
	���
�������
���	�������
���
��
��
�� ��
��!���"�$#%
��&���('���	��
Q4RSL XcNbX��loWTUK[T�ecf0O]RiL a LFC\f emCUd5XcNSI-L`eZf�O]RiL 'ZLFCnNSL�� �SLFNiTUKMOpo�L-TnOUK[d5XZO]emC4KMT6�ST4�bX/�$�Mo-�bXcTnL��
emN�O]RiL`TnK �-L`eZf�KlO]T4d�L"XcN�T � �bXZCUL���LFCnCUemC � g
G : ���SO]RSXZO�K[T��

g�G :
(f̂(x)) =

:
[f̂(x) − f(x)]2 = ) XcC [f̂(x)] + [

:
(f̂(x) − f(x))]2.

� t �
Q4RSL�kZXcCnK XcNSI-L�XcN�� �iK XcT"�iLFIFecd5a emTnOUK[emN d�X�'ZLFT KlO L"XZTno OUe K[NPO]L-CUaSCnL-O OURSL�LFT\O]KMd�XZOUemCUT
a LFCnf ecCUd5XcNSIFLZE&Q4RSL$g�G : K[T X�a emKMN O(��KMTUL�d�L"XZT4�SCnL��,X�s��Me��bX���d5LFXcT4�iCUL�KMT�O]RSL�d5LFXcN
K[NPOULFsmCUXZO]L��$T � �bXcCUL��
L-CUCUecC-� g "\G : ���

g "\G :
(f̂(x)) =

:
[

∫

(f̂(x) − f(x))2 � x].
� � �

�



GJK[NiIFL�O]RSL�g�G : XcN�� g "\G : �SL-a L-N��ST�emN O]RSL �bXcN � ��K$�iOUR��
h
��K[N X&IFemd�a��MK[I"X O]L��

�rX o��	XcN XcaSaiCUe �JK[d5XZO]KMemN ecf9O]RSL �[LFX��SKMNSs�O]L-CUd�T�KMN O]RSL �SK[XcT=XcN�� kZXcCUK[XcNSIFL�d �STnO�� L
I"X/�[I�� � XZOUL�� E(Q4RSL-TUL XZaSaSCUe �JK[d5XZOUK[emNST�TURSe)� KMN/X TUKMd5a �[L �rX"o/Rie1� O]RSL �bXcN � ��K$�iOUR
XcI O �bX����Mo�KMN �2�SL-NSIFL�OURSL�a LFC\f emCUd5XcNSI-L�ecf�OURSL L-TnO]KMd�X O]emC�� OURSL-o�I"XZN � L �STUL���O]e�e��JOYXcKMN
C]X O]L`ecfhI-emNPkmLFCnsmLFNiIFL ecf6O]RSL 'cL-CUNSL��
�SL-NSTUKlOpo�LFT\O]K[d5XZOUemC�� XcN ��O]RiL�XcaiaSCUe �JK[d5XZO]KMemNST4IFXcN
X��MTUe � L �iTUL��$O]e �SL-CUKMkcL emaiO]KMd�X/� �bXcN � ��K$�iOUR�IYRiemK[I-LFTFE

Q6e��SL kmL��Mema�O]RSL`XcaSaiCUe �JK[d5XZO]KMemNST��WO]RSL1f e����[e)��K[Nis XcTUT0�Sd�aiO]KMemNST4K[T4d5X��SL%=
�mE�Q4RSL �SL-NSTUKlOpo

f
RbXcT`X�TUL-IFemN � �SL-CUKlkcX O]KMkcL

f ′′
��RSKMIYR KMT1IFemNPO]KMNSe��ST�� T � �bXcCnL5KMNPO]L�%

smCUX����ML1XcN��$d5ecNSecO]ecNSLcE
t E�Q4RSL!�bXZN�� ��K$�JO]R

h
T]XZOUK[T ,bLFT6�[KMd

n→∞h = 0
XcN�� �[KMd

n→∞nh = ∞
E

� E�Q4RSL�'cL-CUNSL��0f7�SNiI-O]KMemN
K
K[TVX � e��SN �SL����SLFNSTnKMOpo�f7�SNSI O]KMemN ��KlO]R ∫

xK(x)
�
x = 0XcN � ∫

x4K(x)
�
x < ∞

E
GJK[d�a��ML I"X��MI����[XZO]KMemNST��iTUL-L LcE sSE,IYRbXcaiOULFC t KMN1++*cC0���[L,� ��C C u ���ioWK[L��$�

:
(f̂(x)) = f(x) +

1

2
h2f ′′(x)

∫

z2K(z)
�
z + o(h2),

� � �

XcN��
) XcC (f̂(x)) = (nh)−1f(x)

∫

K2(z)
�
z + o((nh)−1).

� v �
Q4RSL-TUL O(�re5L��JaSCUL-TUTnK[emNSTVsmKlkmL O]RiL�g
G : ecf0O]RSL!'cL-CUNSL�� �SLFNSTnKMOpo�L-TnOUK[d5XZO]emC��

g
G :
(f̂(x)) = (nh)−1f(x)

∫

K2(z)
�
z +

1

4
h4f ′′(x)2[

∫

z2K(z)
�
z]2

+o((nh)−1) + o(h4).
� ;/�

>bCUemd(O]RiL`g�G : �SO]e CnL����SI-L1O]RSL �SK[XcT��JemNSL1TnRSe������ �[L-O
h
smL O�TUd5X��$�MLFC XcN���TUd5X��$�MLFC������JO

O]RiK[T6��K$�$��KMNSIFCnL"XcTnL O]RiL kZXcCUK[XcNSI-L�� TUK[NiIFL�KlODKMT9aiCUema emCnOUK[emNSX�� O]e
(nh)−1 E9Q4RSKMT9KMT ' NSe)��NXcTDOURSL"�SK[XcT % kZXcCUK[XcNSIFL O]CUX��SL %pe�06E "pNSIFCnL"XcTnK[NSs�OURSL N �Sd"� LFCDecf�e��STUL-CnkZXZOUK[emNST��

n
� I��ML"XcC0�Mo

CUL����SI-LFT O]RiL�kZXcCUK[XcNSIFLZE D �STnLFCnkcL�O]RbX O�O]RiL �SK XZT KMT�aSCnema ecCnO]KMemNbX���OUe
f ′′(x)

��O]R �ST OURSL
�SK[XcT4K[T �[XcCUsmL ��RSLFN$O]RSL I��iCnkZXZO �iCUL ecf

f(x)
KMT � XcCnsmLcE

�9ecOUL�O]RbX O O]RSL 'ZLFCUNiL��6�SLFNiTUKMOpo LFTnOUK[d5XZO]ecC�K[T I-emNSTnK[TnOULFNPO ��TUKMNSIFL$g
G :
(f̂(x))

IFecN�%
kmL-CUsmL-TVOUe �FLFCne��bKMf

h → 0
XcN��

nh → ∞
�iOURbXZOVK[T

f̂(x) �→ f(x).
� �/�

GJK[NiIFL1O]RSL g "\G : I"XcN � L!��CnKMOnO]LFN �

g "\G :
(f̂(x)) =

∫ g
G :
(f̂(x))

�
x,

�'> �

�



� L e��JOYXcKMN

g;"\G :
(f̂(x)) =

h4

4
[

∫

z2K(z)
�
z]2

∫

f ′′(x)2 � x + (nh)−1

∫

K(z)2 � z +

o((nh)−1) + o(h4).
� C/�

g�KMNSK[d�K �-K[NSs�O]RiL�XcTnoWd�aiO]ecOUK[I�g "\G : ��O]RiL�TUe/% I"X����[L�� � % g "\G : �he��iO]XcK[NiL�� �Po KMNSsmemCnK[NSs
O]RiLVRiK[smRSL-C,emC4�SL-C�O]LFCnd5T�KMN'� C � � ��KlO]R=CUL-TUa LFI O OUe`OURSL6�bXcN�� ��K��iO]R�abXcCUXcd�L-O]L-C

h,
CnLFT0���MOUT

K[N$X#�bXcN � ��K$�iOUR�IFX��$�ML���OURSL`XcTnoWd�aiO]ecOUK[I1emaJO]K[d5X�� �bXcN�����K$�iOUR E,Q4RSK[T�K[T4scKMkmL-N � o��

hopt = [
R(K)

µ2(K)2R(f ′′)n
]1/5,

�8� u �

��RSL-CUL
µ2(K) =

∫

z2K(z)
�
z
XcN��

R(f) =
∫

f(x)2 � x E +9e)� L-kcLFC���O]RSKMT"�bXcN � ��K$�iOUR
�SL-a L-N��STDecN
XcN ��' NSe)��N�abXZC]Xcd�L-OULFC ∫

f ′′(x)2 � x E "pN�O]RiL NSL �WODTnLFI-OUK[emN � L ��K��$� KMN OUCUe/%
���SI-L d�L-O]Rie��ST�O]RSXZO RbXZN����[L O]RiK[TDaiCUe����MLFd$E D �STUL-CnkmL OURbXZOVO]RSKMT �bXZN�� ��K$�JO]R
scKMkmL-TDO]RiL
C]X O]L1ecf�IFemNPkmL-CUsmL-NSIFL ecf

f̂(x)
�bT4� �STnOUKMO �JO]L

hopt

K[N�OURSL � %\g;"\G : smKlkmLFT��

� % g "\G :
(f̂(x)) =

5

4
[µ2(K)2R(K)4R(f ′′)]1/5n−4/5.

�8�.�)�

"pN
eZO]RSL-C3� emC4�iT�� O]RSL IFemNPkmL-CUsmL-NSIFL�TUa LFL��
ecf�OURSL � %\g "\G : eZf�O]RiL�'ZLFCUNiL��
�iLFNSTnKMOpo$LFT\O]K %
d5XZO]emC�KMT

(nh)−1/2 = n−2/5 � ��RSKMIYR�KMT T0�[e)�rL-C�OURSLFN5O]RSL�OpoWaSK[IFX�� C]XZOUL9ecf IFemNPkcLFCUscLFNSI-L ecf
n−1/2 � f emC abXcCUXcd�L-O]CnK[I`d5e �SL��[TFE1Q4RiL=XcTnoWd�aiO]ecOUK[I=g
G : XcN � g "\G : � LFCnL=TnO � �SK[L�� � o
��emTUL-N � � XZOnO �8��C v ; ��� #6XcC �-LFN �8��C ; t �	XcN��14 XZO]TnemN�&�� L"X���� L-OnO]L-C-� ��C ; � � E

���"� ��� �!������� ��� ��
���
�� ����	��
Q4RSL=IYRSemKMIFL=ecf�O]RSL �bXZN�� ��K$�JO]R

h
K[T X$d5XcK[N
aSCUe�� �[LFd K[N*'cL-CUNSL��+�SLFNSTnKMOpo L-TnOUK[d5XZO]KMemN E

) XcCnK[e��STVd�L-O]Rie��STVL��JKMTnO � XcN���RiLFCUL*%0�STnO1X�f L�� d�L-OURSe �ST ��K��$��� L�d�LFNPO]KMemNSL�� E GJL-L�O]RiL
XZf emCnLFd�LFNPO]KMemNSL�� � eWe�' T	f emC �SL-O]XcK$�MT�XcN���ecOURSLFC�d�L-O]Rie��ST-E
D NSL TUKMd5a �[L �SXcN�� ��K��iO]R�C0���[LDK[T �SXcTUL���emN�O]RSL XcTnoWd�aiO]ecOUK[I9emaiO]KMd�X/� �SXcN�� ��K��iO]R�KMN

L � �bX O]K[ecN � � u � Ehq o=XZTUT4�id5KMNSs1O]RbXZO
f
KMT,X 3`X��iTUTUK[XcN �SLFNiTUKMOpo ��KMO]R=T\OYXcN��SXcC4���SL-kWK[XZO]KMemN

σ
�SOURSLFN

R(f ′′) ≈ 0.212σ−5.
�8� t �

Q4R �ST�� L�IFXcN L-TnOUK[d5XZO]L
R(f ′′)

�Po*�STUKMNSs�XcN LFT\O]KMd�XZOUemC
σ̂
�0O]RSL�T]XZd5a��ML=TnOYXZN��bXcC0� LFT.%

O]KMd�X O]emC���f ecC
σ
E >2�SCnOURSLFC��hKMf

K
K[T X 3`X/�STUTnK XcN 'cLFCnNSL�� �hO]RSL-N � L�e��iO]XcK[N O]RSL5NSemCUd5X��

CUL f LFCnLFNSI-L �bXcN � ��K$�iOUR��	TnLFL�f ecC�L �iXcd5a �[L$qrK[I 'ZL�� & BDe�' T0�Sd �8��C ���/� XcN�� GJK$�lkmLFCnd�XZN
�8�#C > ; � E

ĥopt ≈ 1.06σ̂n−1/5.
�8� � �

Q4RSKMT
�SXcN�� ��K��iO]R�I"XcN�� L9X smeWe�� IYRiemK[I-LVKlf OURSL6�bXZO]X XcCnL�NSL"XcC0�Mo�3`X��iTUTUK[XcN �SK[T\O]CnK$���iOUL�� E
+9e)� L-kcLFC��rKMO d5X"o e kmL-CUTnd5eWecO]R OURSL�LFTnOUK[d5XZO]L�KMf4O]RiL �SXZOYX XcCnL�NSecO=NSLFXcC4�lo 3 X��STnTUK XZN
�SKMTnO]CnK$���JO]L�� E

v



DDO]RSL-C��bXZN�� ��K$�JO]R TUL��MLFI O]emCnT KMNSI������SL=d5L O]RSe �ST!�bXcTnL�� emN I-CUemTnT % kcX/�[K$�SXZO]KMemN K$�SLFXcT��
�[LFXcTnO6T � �bXZCULFT6IFCnemTUT.% kZX��[K��bXZOUK[emN�� KMNPO]CUe ���SI-L��"�Po��6���SLFd�e-�8��C > t � XcN�� q e1��d5XcN �8��C >!� ���
d5X5�JK[d"�Sd �[K�'cL��[K[RieJe ��IFCnemTUT.% kZX��MK$�bXZOUK[emN �iTUL-L)+9X�� LFd5X=L O9X�� E%� ��C �!� �rXcN���B �SKMN � ��C � ; �
XcN�� �SK[XcTUL��$I-CUemTnT % kcX/�[K$�SXZO]KMemN��WK[NPO]Cne����iIFL�� �Po$GJI-ecOUO & Q0LFCnCUL��$� �8�#C > �/� E

Q4RSL NSecCUd5X�� CUL f LFCUL-NSIFL �bXcN�� ��K��iO]R��	XcT9e��iO]XcK[NSL�� �Po
XcTUT0�Sd5KMNSs
f
OUe � L X�3 X��ST.%

TUK[XcN �SL-NSTUKlOpo���XcN�� OUR �ST"�rL�XZCUL�X�� �[L�OUe�LFT\O]K[d5XZOUL
R(f ′′)

E � NSecOURSLFC XZaSaSCUemXcIYR K[T OUe
LFT\O]KMd�XZOUL

R(f ′′)
�SK[CnLFI O �Mo�� XcN��$a��$�is/%pKMN�O]RSKMTVL-TnOUK[d5XZO]L1KMN$OURSL1f emCUd"� � X�f emC4O]RiL XZTnoWd5a %

O]eZO]K[IFX��$�loDecaiO]KMd�X����bXcN�� ��K��iO]R E�Q4R �ST6OURSLFTnL �bXZN�� ��K$�JO]RST6d5L O]RSe �ST0XcCUL
' NSe)��N XcT&# �$�Ss/%
"pN d�LFRPO]e �STFE � smeWe���KMd5a �[LFd�LFNPO]XZO]KMemN�ecf�O]RSKMTDd�L-OURSe��
K[TDaiCUema emTUL�� �Po&GJRSLFXZO]RiLFC &
2cemNSL-T � ��C C � � E=Q4RSK[T!�bXZN�� ��K$�JO]R TUL��MLFI O]emC K[T`X��MTUe �STnL�� KMN&TUL-kcLFCUX�� eZf OURSL5TnK[d"� � XZOUK[emN
L��Ja LFCnK[d�LFNPO]T�IFecN����SI O]L���K[N�O]RiK[T	O]RiLFTUKMTFE

����� � 	 �!��� � � ����	 �!��	 � �
�!
���
�� �!
�� ��
���� �"� # 
��&���('�� �
	 �
g
XcNPo X��iOURSemCnT6RbX"kcLraSCnema ecTUL�� X��<%0�ST\O]d�LFNPO]T6XcN�� KMd5aiCUe kmL-d5L-N OUT0OUeVOURSL
'cLFCnNSL����SLFNiTUKMOpo
LFT\O]KMd�XZOUemC�� XcN�� X�f L�� ��K��$� � L=d�LFNPO]KMemNSL��&RSL-CULZE�D1NiL��iK���I����lOpo ��KlO]R O]RSL=L-TnO]KMd�X O]emC
K[T�O]RbX O ����RiK$�[L9KMO smKMkcLFT	sceJe ��L-TnO]KMd�X O]LFT f emCrd5XcNPo��SK 0 LFCnLFNPO �SL-NSTUKlOpo�TnRbXca LFT��iKMO	IFXcN � L
K[NSX��SL � �bX O]Lrf emC�ecO]RSL-ChTURSXca L-TFE #6XcCnOUK[I���� XcC\o�TnK[NSI-L %0�ST\O,X TUKMNSs��[L TUd�eJeZO]RSKMNSsDabXZC]Xcd�L-OULFC��
O]RiL �bXcN � ��K$�iOUR�� K[T �iTUL��
e kcLFCDOURSL�L-NPO]K[CnL�CnL"X�� �[KMNSLcE4Q4R �STDOURSL�K��SL"X�ecf �STnK[NSs5kcXZCUK X/���[L
�bXcN � ��K$�iOURST �	XZT9aSCnema emTUL����Po ) K[I-OUemC �8�#C � ; �rXZN��
q CULFKMd�XZN�L-O9X�� E �8��C.�.�/� E" fiOURSL CUXcN��SecdAT]Xcd�a��ML�RbXcT6X3�SL-NSTUKlOpo��
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� O]RbX O6KMT �SK���I�� �MO O]eVLFT\O]KMd�XZOULhO]RSL-N XcNiecO]RSL-C

a emTUTnK$�SK��[KMOpo5K[T	OUe�XcaSa��lo�X O]C]XZNSTnf emCnd�X O]K[ecN�ecf6OURSL �bXZOYX OUe�e��iOYXcKMN$X�NSL��ATUXcd5a �[L ��KMOUR
X-�SL-NSTUKlOpo��

g
� d5emCnL�LFXcTUK��Mo�LFT\O]KMd�XZOUL�� �iTUK[Nis�O]RSL�TnOYXZN��bXcC0� 'cLFCnNSL�� �SLFNiTUKMOpo�LFT\O]KMd�XZOUemCFE

Q4RSL-N �bXcI 'POUC]XcNST\f emCUd O]RSKMT4LFTnOUK[d5XZO]L�� �SLFNSTnKMOpo��
ĝ
�iO]e=e��iO]XcK[N�OURSL �SLFNiTUKMOpo�KMN�� �SLFT\O]K[ecN��

f̂
E Q4RSK[T=L-TnO]KMd�X O]emC KMT=I"X����[L�� OUC]XcNiTnf emCnd�XZOUK[emN 'ZLFCnNSL��6�SL-NSTUKlOpo LFTnOUK[d5XZO]ecC�� XcN�� �rL-CUL
TnO4���SKML�� � o 4 XcN ��L ODX/� E#� ��C C � �	XcN��
	 XcNSs & g
XZCUCUecN � ��C C C/� E

+ %nemC\O & 3!�[X�� �8��C C v ����:�f CnemN & Q4K$�STnRSK[CUXcNSK �8��C C ; ��XcN�� 3 � X�� �8��C C > ��RSX kcL4TnO4���SK[L��
O]RiL a emTnTUK$�iK$�[KlOpo ecf�aSXcC]Xcd�L-OUCUKMI"X����Mo s��SK��SL�� NSemNiabXcC]XZd5L O]CUKMI �SLFNiTUKMOpo XcN�� CULFscCULFTnTUKMemN
LFT\O]KMd�XZOUK[emN E

"pN�d5XcNPo1TUKlO �bX O]K[ecNST O]RSL
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XcCnL �SKMTnO]CnK$���JO]L��5e��iOUTUK$�iLVOURSLDT0�SaSa emCnOrecf O]RSL �SLFNiTUKMOpocE � TrX CUL-T4���lO �WO]RSL 'cLFCnNSL�� �SLFNiTUKMOpo
LFT\O]KMd�XZOUemC��SN��iLFCUL-TnOUK[d5XZO]L-T6O]RiL �SL-NSTUKlOpo`K[N � e��iN��bXcC\o CULFscK[emNST-E6Q � e XcaSaiCUePXcIYRiLFT ��RiK[IYR
�SLFX��[T!��KMOUR OURSK[T`aSCUe����[L-d K[T�� �STnK[NSs � e��SN��bXcC\o 'cLFCnNSL��MT�� ��RSK[IYR XZCUL �rL-K[smRPO`f7�SNSI-OUK[emNiT
emN��lo*�STUL�� ��KMOURSK[N&O]RiL-� e��SN��bXZCno&CUL-smK[ecN��hTUL-L�3 XcTUTnLFC-& g����$�MLFC �8�#C � C �1XcN�� 3`XZTUTUL-C
L-ODX�� E%�8��C > v ��� XZN���OURSL CnL��bL-I-OUK[emN$d5L O]RSe ��� TUL-L GWIYR �iTnO]L-C �8�#C > v �	XcN �9+DX/�$�%& 4 LFRSC0�Mo
�8�#C C �)� E

GJL-kcLFCUX��rX/�iO]RSecCUT RbX"kmL�TnO4���SK[L�� OURSL �STUL5ecfrRiK[smRSL-C emC4�SL-C!'cLFCnNSL��MT`OUe�KMd5aiCUe kmL O]RiL
XcT\oJd�aiOUecO]KMI��SK[XcT��VTUL-L�LcE sSE g
XcCnCUemN & 4 XcN�� �8��C C t ����f emC�X � �SXcNPO]K�,SI"XZOUK[emN ecf1O]RiL
aSCUXcI-OUK[I"X/� sPXcKMN�K[N �SLFNiTUKMOpo�LFTnOUK[d5XZO]KMemN EhQ0e �SL�,SNSL�X RSKMsmRSL-C4emC4�SL-C6'cLFCnNSL�� �2�[L O

µj(K) =

∫

zjK(z)
�
z

;
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j
OUR�d5emd�LFNPO4eZf O]RSL 'ZLFCUNiL��

K
E�Q4RSL-N � L T]X"o�OURbXZO

K
KMT4X

kth− order
'cL-CUNSL��

KMf
µ0(K) = 1, µj(K) = 0

f ecC
j = 1, ..., k − 1,

XcN��
µk(K) 6= 0.

+9e)� L-kcLFC��POURSL	LFT\O]KMd�XZOUK[emN��Po�RSKMsmRSL-ChemC4�iLFC
'ZLFCnNSL��MT�K[d�a��[KMLFT O(�re �iK[T]X/�ikZXcNPOYXcsmL-TFE >6K[CUT\O �
� L1RbX"kmL O]e XcTUT0�Sd5L9O]RbXZO O]RSL �SN�' NSe)��N �SLFNSTnKMOpo�K[Trd�emCnL9O]RSXcN�O(��K[I-L �SK 0 LFCnLFNPO]K[X����ML9KMN
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��XcN � TUL-IFemN�� ��O]RSL 'cL-CUNSL��rd"�ST\O"� L�NSL-sPXZOUKMkmL5K[N TUemd�L�KMNPO]LFC\kZX��[T��0OUR �iT�O]RSL �SLFNiTUKMOpo
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(nh)−1/2 E +Ve)�rL kmLFC��9f7�SNiI-O]KMemNbX��MT5eZf!�SLFNSTnKMOUK[LFT5d�X"o RbX"kmL&X abXcC]XZd5L O]CUKMI�CUXZO]L�ecf
IFecN kcLFCnsmLFNSI-L

n−1/2 E�Q4RiK[T1K[NiI��$� �SLFT TUd�eWecO]R f7�SNSI O]KMemNbX��MT ecf �SLFNSTnKMOUK[LFT�����RSLFCnL�XcaiaSCUe/%aSCnK XZOUL5L-TnO]KMd�X O]emCnT`f emC`O]RSL �SLFNiTUKMOpo XcCnL�a��$�ismsmL�� K[NPO]e�O]RSL�f7�SNSI-OUK[emNSX����0TUL-L�LcE sSE � +9X��$�
& g
XcCnCUemN �8��C > �/���6qrKMCUs�� & g
XcTnT]XcC\O �8�#C C v �1XcN�� :hf CUemd�e kJKMIYR & GiXZd�XcCne k � tcumucu � E
>bemC�I-emNPO]KMNSe��ST.% O]KMd5L�aSCneJI-LFTUTnLFT�CneJecO�N IFemNiTUK[T\O]L-N O 'cLFCnNSL��&% OpoWa L �SLFNSTnKMOpo LFT\O]K[d5XZOUemCUT�X��[Tne
L��JKMTnO]T���TULFL f emCDL��iXcd�a��[L � �	XcTnOUL��$�[XcNbX�& ��LFX���� L-OnO]LFC,� ��C > ;/��� q �[XcN�'ZL & qremT � � ��C C �/�
XcN�� ) LFCnL-OULFNSNSK�'ce k �8�#C C C � E>bCULFL-T �8��C C!� �9K[NPOUCUe ���SIFL-T �SLFNiTUKMOpo�LFTnOUK[d5XZO]KMemN�f ecC f7�SNSI-OUK[emNiT1ecf�e��STUL-CnkZXZOUK[emNST XZN��
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O]KMd�X O]L�� XZO�OURSL aSXcC]Xcd�L-OUCUKMI C]XZOUL

n−1/2 E�Q4RSKMT$CnLFT0���MO$smL-NSLFCUX��[K��FLFT�O]e IFecN kce��$�JO]K[ecN
�SL-NSTUKlO]K[L-T

f ∗ l(y) =
∫

f(y − x)l(x)
�
x
E "pN O]RiL�abXca LFC�GiXmX"kmL��SC]X & �	Xce � ��C C C � �

O]RiL X��iOURSemCUT5K[NPO]Cne�� �SIFL
X IFemNPkce��$�iOUK[emN %('cL-CUNSL��9L-TnOUK[d5XZO]emC=f emC�O]RSL�d�XcCnsmK[NSX�� �SLFNiTUKMOpo
ecf�X$d5e kWK[Nis�X"kcLFC]XZsmL�aSCneJI-LFTnT��

Yi = Xi − θXi−1

��RSL-N
θ
KMT��iN�' NSe)��N���XcN�� aSCUe kcLFT

O]RSXZO�OURSK[T L-TnOUK[d5XZO]emC��6f emC�XcN XcaiaSCUemaiCUK X O]L�IYRiemK[I-L�ecf6�bXcN � ��K$�iOUR���K[T
n1/2 % IFemNSTnK[T\O]LFNPOFEGJIYRSKMI ' &
4 L f L��Md5L omLFC � tZumu ��� � K[NPOUCUe ���SIFL-T�X�T4�MK[smRPO`TUKMd5a �[K�,SL���kZXcCUK[XcNPO`ecfrOURSK[T`LFT\O]K %

d5XZO]emC�����RSKMIYR
X/�[TUe RSXcT4O]RSL1CneJecO
n
I-emNSTnK[TnOULFNPOVaSCUeca L-CnOpomE +Ve1� L-kcLFC�� OURSLFTnL`aSXca L-CUTVXcCnL

� �SKMOULVOULFIYRSNiK[I"X/���WXcN��5emN��Mo"�[K[d�KMOUL�� TnK[d"���[XZO]KMemN L �ia LFCnK[d�LFNPO]TrXcCUL�a LFC\f emCUd�L�� E�> �iCnO]RiLFC��
GJIYRSKMI ' & 4 L-f L��[d�L-ocLFC�� tZumu ��	 � TnRSe)��T�OURbXZO OURSL �SLFNiTUKMOpo ecf X�T0�Sd ecf9K[N �SLFa LFN��iLFNPO
C]XZN��Semd�kZXcCUK[X����[L-T IFXcN � L�LFT\O]KMd�XZOUL�� �Po O]RSL�I-emNPkme����iO]KMemN ecf6'ZLFCnNSL��	L-TnOUK[d5XZO]emCnT f emC
O]RiL`d5XcCnsmK[NbX/� �SL-NSTUKlO]KMLFT�� XZN��$OURbXZO4OURSK[T4L-TnO]KMd�X O]emC	KMT4CUeWecO

n
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"pN d5XcNPo�TnKMO4�bXZO]KMemNST�O]RSL�e��STUL-CnkcL��&T]Xcd�a��ML

X1, ..., Xn
K[TVNSecO1KMN��SLFa LFN �SLFNPO � LcE sSE K[N
X

O]KMd5L TUL-CUK[L-T1TUL OUO]KMNSsSE � TnT4�Sd�K[Nis�O]RbXZODO]RSL#�SL-a L-N��SL-NSIFL=K[N�OURSL"�bX OYX�K[T �rLFX�'
L-NSe��SsmR �
TUe5%pI"X/�$�[L�� TURiemCnO %pC]XZNSsmL �SL-a L-N��SLFNiIFL�� O]RiL �SLFa LFN��iLFNSI-L3��K��$�iNiecO,X!0 LFI O�O]RSL �ML"X��SKMNSs O]L-CUd
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cC0,&L-O`X/� E �8��C C u ��� XcN�� X��[Tne�O]RiL#� eWe�' � o
> XcN & 	 Xce � tcucu.� ��� ��RSK[IYR L��iXcd�K[NSL-T�NSemNiabXcC]XZd5L O]CUKMI O]K[d�L�TULFCnK[L-T�d�L-O]Rie��ST-E�Q4R �ST��
O]RiL"'cL-CUNSL�� �SLFNSTnKMOpo
LFTnOUK[d5XZO]ecC9KMT ecf O]L-N �STUL�� O]e�XcNSX��MoWTUL �SLFa LFN��iLFNPO �bXZOYXJE�+Ve)�rL kmLFC��
O]RiL�CULFT0���MOUT=e��iOYXZK[NSL�� NSLFL�� OUe � L�kWK[L��rL�� ��KlO]R TUemd�L�I"X/�iO]KMemN��,TUKMNSIFL �SL-a L-N��SL-NSIFKMLFT
K[N O]RSL �bX OYX XcCnL�IFL-CnO]XcK[N OUe RbX"kmL Tnemd5L
L�0 LFI-O�ecN O]RSL�a LFC\f emCUd5XcNSI-L�ecf1OURSL 'cL-CUNSL��
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aSXca L-C � � 6 � IFemNPkme��$�iOUK[emN�LFTnOUK[d5XZO]ecC	f emCVOURSL �SLFNSTnKMOpo$ecf�NiemN��[KMNSL"XZC4CULFscCULFTnTUKMemN�e���%
TUL-CnkZXZOUK[emNST 7 �+�rL$K[NPOUCUe ���SIFL�X*�SL-NSTUKlOpo LFTnOUK[d5XZO]ecC�f emC O]RiL�CnLFTUa emNSTnLFT�K[N X&CULFscCULFTnTUKMemN
d�e��SL��

Yi = m(Xi) + ei,
�8��� �

��RSL-CUL
{Xi}

XZN��
{ei}

I-emNSTUKMTnO$ecf K[N��ia L-N��SLFNPO
XcN�� K$�SL-NPO]K[IFX�� �SKMTnOUCUK$� �iO]L��/CUXcN��Semd
kZXcCUK[X����MLFT ��KlO]R

{ei}
K[N��iLFa LFN��SL-NPODecf

{Xi}
XcN���O]RSL1f7�SNiI-O]KMemN

m(·)
KMT �SN�' NSe)��N E�Q4RSL

�SL-NSTUKlOpo�eZf
Yi

KMTVeZfhK[NPOULFCUL-TnOFE*" ODIFXcN
ecf�IFe��iCUTUL�� L`LFT\O]KMd�XZOUL�� �Po$OURSL`TnOYXZN��bXcC0� 'cL-CUNSL��
�SL-NSTUKlOpo
L-TnO]KMd�X O]emC-E�q �iO � o��STnK[NSs�O]RSL K$�SLFX5ecf�I-emNPkme����iO]KMemN�� XcTDL �Ja�� XcKMNSL���K[N�TULFI O]KMemN
t E ����� L9KMN OUCUe ���SI-L�X NiL�� �SL-NSTUKlOpo LFT\O]KMd�XZOUemC��cI"X����[L�� OURSL�IFemNPkme��$�iOUK[emN=LFT\O]KMd�XZOUemCFE0Q4RSKMT
LFT\O]KMd�XZOUemC�RbXcT-� L-OnO]L-C�XcTnoWd�aiO]eZO]K[I$aSCnema L-CnOUK[LFT�O]RbXZN O]RSL�'cLFCnNSL�� �SLFNSTnKMOpo LFT\O]K[d5XZOUemC��
O]RSXZODKMT�� O]RSL`kZXcCUK[XcNSIFL ecf�O]RSL LFTnOUK[d5XZO]ecCVRSXcT �ML"X��SKMNSs=O]LFCnd5T

n−1 K[NST\O]L"X/�
ecfhOURSL�T\OYXcN %
�bXcC0�

(nh)−1 E "pN OURSK[T TnLFNSTnL�KMO#�ML"X��ST O]e&X�abXcCUXcd�L-O]CnK[I5C]XZOUL�ecfVIFemNPkmL-CUsmL-NSIFL$ecf�O]RiL
IFecN kce��$�JO]K[ecN�L-TnOUK[d5XZO]emC-EhGWL-kmL-C]X�� TnK[d"���[XZO]KMemN L �ia LFCnK[d�LFNPO]T,RbX"kcL � LFL-N5a LFC\f emCUd�L���� XZN��
O]RiL`I-emNPkme����iO]KMemN�LFT\O]K[d5XZOUemC � LFRbX"kmL-T � L-OnO]L-CVKMN�TUL-kcLFCUX���I"XcTnLFTFE

#�Xca LFC9q � 6 � I-emNPkme����iO]KMemN��iLFNSTnKMOpo�LFT\O]KMd�XZOUemC	f emC�NSemN �[K[NiL"XcC	OUK[d�L1TULFCnK[L-T5=4GWK[d"���[X5%
O]KMemNST XcN � Tnemd5L aiCUL��MK[d�K[NbXZCno�XcNbX��loWTUK[T 7 ���STnLFT O]RSL=TUXcd5L=K��SL"X�XcT1KMN aSXca L-C � �����iO`KMN
O]RiK[T4I"XZTUL O]RSL d�e��SL�� KMT9XZN�X/�iO]emCnLFsmCnLFTnTUKMkcL aiCUeWIFLFTnT��

Xt = m(Xt−1) + et,
�8� v �

O]R �ST OURSL e��iTULFC\kmL��
Xt

%pT XcCUL��SLFa LFN��iLFNPO"E)+9LFCnL�O]RiL d�XcCnsmK[NSX����SLFNiTUKMOpo
ecf
X
K[TDecf,K[N�%

O]L-CUL-TnO"E�GWL-kmL-C]X�� TUK[d ��� XZOUK[emN=L �ia LFCnK[d�LFNPO]TrXcCUL9a L-Cnf emCnd5L����JXcN���OURSL-o�K[N �SK[IFXZO]L�O]RbX OrO]RiL
IFecN kce��$�JO]K[ecN L-TnO]KMd�X O]emC RbXZT�X3� L OUO]L-C6a LFC\f emCUd5XcNSI-L�O]RbXcN`O]RSL
'cL-CUNSL�� �SL-NSTUKlOpo LFT\O]K[d5XZOUemCFE
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CnLFsmCnLFTnTUK[ecN
I��iCnkmL ,SOUOUK[NSs �SO]RSL XcK[d K[T4O]e�,bN���X=CUL�� XZOUK[emNiTURSKMa � L-O(� LFL-N�kZXcCUK[X����[L-T
XXcN��

Y
E � TnT4�Sd�L#�rL RbX"kcL

n
KMN��SLFa LFN �SLFNPO`e��STnLFCnkZXZOUK[emNiT1ecf

{Xi, Yi}
� OURSL=CUL-smCUL-TUTUKMemN

d�e��SL�� K[T
Yi = m(Xi) + ei,

�8��; �
��RSL-CUL

{ei}
IFemNiTUK[T\O�ecfbK E K E � E6CUXcN��Semd kZXcCnK X����MLFT ��KMOUR

{ei}
KMN��SLFa LFN �SLFNPO�ecf

{Xi}
E6Q4R �ST

:
(Y |X = x) = m(x)

XcN��*���SL=O]e�K[N �SLFa LFN��iLFNSI-L � L-O(� LFL-N
Xi

XcN �
ei

� ) XZC (Y |X =
x) = ) XcC (ei) = σ2

e

E
�9emNiabXcC]XZd5L O]CUKMI CUL-smCUL-TUTUKMemN IFXcN X��[Tne�� L=TnO � �SK[L�� K[N X , �JL�� �iLFTUKMsmN E5Q4RSK[T`K[T1O]RiL

I"XZTUL ��RSL-N=OURSL �SL-TUKMsmN IFemNiTUK[T\O]T�ecf ecC4�SL-CUL��=NSecN�%pCUXcN��Semd N �Sd"� LFCnT
x1, ..., xn

�PRSe)�rL kmLFC��
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x
� �rL � LFKMsmRPOrOURSL e��STnLFC\kcX1%

O]KMemNST
Yi

�SL-a L-N��SK[Nis�ecN�OURSL!�SK[T\OYXcNiIFL � L-O(� LFLFN
Xi

O]e
x
E�Q4R �ST��2� L �iTUL1O]RSL L-TnO]KMd�X O]emC

m̂(x) = n−1
n

∑

i=1

Wh(x; X1, ..., Xn)Yi,
�8� �/�

��RSL-CUL
Wh(·)

KMT �rL-K[smRPO�f7�SNSI O]K[ecN �iLFa LFN��SKMNSs�emN�O]RSL TUd�eWecO]RSKMNSs abXcCUXcd�L-O]L-C4emC �bXcN ��%
��K$�iR O

h
XcN�� OURSL�TUXcd�a��[L

X1, ...Xn

eZf4L��Ja��[XcNbXZOUemCno&kZXcCUK[X����MLFTFE�Q4RiL � LFK[scR OUT
Wh(·)�SL-a L-N��
emN�OURSL1O]LFIYRiNSK � �SL �STUL�� E

Q4RSL�OURSCUL-L�d�emTnO`IFecd5d�emN LFTnOUK[d5XZO]ecCUT XcCUL=O]RSL �[eWI"X���a e��loJNiemd5K[X��hL-TnO]KMd�X O]emC ��TUL-L
GWOUemNSL �8��C.�.�/����� �ML-kmL�� XcN � � ��C � C/��� g������[LFC��8��C >.�/��XcN�� > XcN �8��C C t ���hOURSL;�DX��SXcC]X"oPX1%
4 XZO]TnemN L-TnOUK[d5XZO]emC �ZTnLFL��DX��SXcC]X"oPX �8�#C ;�� � XcN � 4 XZO]TnemN�� ��C ;�� � XcN��`O]RSL�3 XcTUTnLFC % g������[LFC
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Q4RSL �MeJIFX��4a e��MoWNSemd�K X/�rLFT\O]KMd�XZOUemC��
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�rXZO�X a emK[NPO
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β0 + β1(x − ·) + ... + βp(x − ·)

O]e O]RSL
(Xi, Yi)

�STUKMNSs � LFKMsmRPO]L�� �ML"XcT\O	T � �SXcCUL-T ��KMO]R-'cLFCnNSL�� �rL-K[smRPO]T
Kh(x−Xi)

E�Q4RSL
kZX��$�iL1ecf

m̂(x; p, h)
KMT	O]RSL RSL-K[smRPO�ecf0O]RiL!,iO

β̂0

��RSLFCnL
β̂ = (β̂0, ..., β̂p)

T d�K[NSKMd5KMTULFT
n

∑

i=1

[Yi − β0 − ... − βp(x − Xi)
p]2Kh(x − Xi).

� TnT4�Sd�K[Nis1K[NPkmL-CnO]K��SK$�MKMOpo ecf
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x WxXx

�PTnOYXZN��bXcC0�"�rL-K[smRPO]L�� �ML"XcT\O�T � �bXZCULFT�OURSLFemC\o smKlkmL-T
O]RiL`Tne��$�JO]K[ecN

β̂ = (XT
x WxXx)

−1XT
x WxY,

�8��> �
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Y = (Y1, ..., Yn)T K[T	O]RiL kcLFI O]emCVecf6CULFTna ecNSTUL-T��

Xx =







1 x − X1 . . . (x − X1)
pEEE EEE E E E EEE

1 x − Xn . . . (x − Xn)p







K[T�XZN
n × (p + 1)

d�XZOUCUK&��XcN �

Wx =
�SK[Xcs

[Kh(x − X1), ..., Kh(x − Xn)]
�8��C �

K[T6XcN
n×n

�iK XcsmecNbX��Pd5XZO]CnK � ecf��rL-K[smRPOUTFE,GJKMNSIFL,O]RiL L-TnO]KMd�X O]emC�ecf
m(x)

KMT0OURSL�K[NPO]L-CUIFL-aiO
β0

�rL`e��iO]XcK[N
m̂(x; p, h) = eT

1 (XT
x WxXx)

−1XT
x WxY,
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(p + 1)× 1
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�rRSeWemTUKMNSs

p = 1
� L e��iO]XcK[N=O]RSLDTUe/% I"X����[L����[eWI"X/� �MK[NSLFXcC,LFT\O]K[d5XZOUemCFE&" f��rL9IYRSeJecTUL
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∑n
i=1 Kh(x − Xi)Yi

∑n
i=1 Kh(x − Xi)
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n
∑

i=1

Y[i]

∫ si

si−1

Kh(x − u)
�
u,

� tmt �

��RSL-CUL
si = 1

2
(X[i] + X[i+1])

�
s0 = 0

�
sn = 1

E)+9LFCnL
(X[i], Y[i])
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i = 1, ..., n

���SLFNiecO]L
O]RiL

(Xi, Yi)
emC0�SLFCnL�� ��KlO]R�CnLFTUa LFI O	O]e O]RSL

Xi
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g�G :4E 4 L NSLFL���O]RiL f e��$�[e)��KMNSs IFecN��SKMOUK[emNiT��

�mE�Q4RSL`CUL-smCUL-TUTnK[emN$f7�SNSI-OUK[emN
m(x)

RbXZTDX � e��SN��SL���XcN���IFemNPOUK[NSe��iTVTnLFI-emN�� �SL-CUKlkcX1%
OUKMkmLZE

t E�Q4RSL�'cL-CUNSL��0f7�SNiI-O]KMemN
K
K[TVX � e��SN �SL����SLFNSTnKMOpo�f7�SNSI O]KMemN ��KlO]R ∫

xK(x)
�
x = 0XcN � ∫

x4K(x)
�
x < ∞

E
� E�Q4RSL d5XcCUscK[NbX�� �SLFNiTUKMOpo

fX

ecf0O]RSL L �ia � XcNbX O]emC\o�kZXcCUK[X����[L
X
KMT4IFemNPOUK[NSe��iTFE

" f
h → 0

� XcN �
nh → ∞

� IFX��[I���� X O]K[ecNST4smKMkcL OURSL f e����[e)��K[Nis��iK XcT9XcN��$kcXZCUK XZNSIFL`f emC
O]RiL#�SK 0 LFCnLFNPO LFT\O]K[d5XZOUemCUT�� TUL-L�LZE siE)4 XZN�� & 2cemNiLFT �8��C C v �9XZN�� ++*cC0���[L�� ��C C u � E)>bemC
O]RiL �MeJIFX�� �MK[NSLFXcC	L-TnO]KMd�X O]emC��

q K XcT
(m̂(x; 1, h)) =

1

2
h2m′′(x)

∫

z2K(z)
�
z + o(h2),

� t�� �

) XcC (m̂(x; 1, h)) =
σ2

e

nhfX(x)

∫

K2(z)
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z + o((nh)−1).
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qrK XcT
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2
m′′(x) +

m′(x)f ′
X(x)

fX(x)
)h2
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z2K(z)
�
z + o(h2),
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nhfX(x)
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K2(z)
�
z + o((nh)−1).
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qrK XcT
(m̂GM(x; h)) =

1
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h2m′′(x)

∫

z2K(z)
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z + o(h2),
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) XcC (m̂GM(x; h)) =
3σ2
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2nhfX(x)

∫

K2(z)
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z + o((nh)−1).
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m′′(x)
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O]R �ST ��RiLFN�O]RSLDI��SC\kcX O �SCnL ecf O]RiLDf7�SNSI O]K[ecN
m(x)
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O(h2)
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XZN��$OURSL1kmL-I-O]ecC9ecf6IFe kZXcCnK XZOULFT

X = (X1, ..., Xd)
T kWK X

m( � ) =
:
(Y |X = x),

� t C �
��RSL-CUL

x = (x1, ..., xd)
T XcN�� m(x) = m(x1, ..., xd)
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XcaSa �[K[L�����KlO]R

d
� XcCnsmLFC�O]RSXcN5OURSCUL-LcE GJL-kcLFCUX�� XZaSaSCUemXcIYRSLFTrRbX"kmL � LFL-N�aSCUeca emTnL���OUe�RbXZN�%

���ML O]RSL I��SCUTnL�eZf �SKMd5L-NSTUKMemNbX��MKMOpo�aSCne����MLFd � XcN��&emNiL5XZaSaSCUemXcIYR���X����iKMO]KlkmL d�e �SL����[K[Nis��
��K$��� � L K[NPO]Cne����iIFL��$K[N�OURSL NSL��WO9TUL-I-O]KMemN E

� ��� � �!���"������
 ' 	 ��
���� ������� � ��� �!�&�������
� ���SKlO]KlkmL d�e��iL��[TDXcCUL���K$�SL��Mo��STUL�� KMN&XcaSa��MK[L���TnO]XZO]KMTnO]KMIFTDXcN��&LFI-emNSemd�L-OUCUK[I-T�� TULFL=LZE sSE
O]RiL�d5emNiemsmC]XZaSR �Po +9XcTnOUK[L�& Q4K$�STnRSK[CUXcNSK+�8��C C u � E&Q4RSL�TnL-O4�Sa K[T XcT KMN O]RiL�TULFI O]KMemN
X�� e kmL��2� �iOVNSe)� O]RiL`CnLFsmCnLFTnTUK[ecN$f7�SNiI-O]KMemN

m(x)
KMT4d5e �SL��$�[L���X����SKlO]KlkmL��lo��WO]RbXZO�KMT��

m(x) =

d
∑

j=1

mj(xj).
� �mu �

Q0e5L-NST4�SCnL K��SLFNPOUK�, X��iK$�[KlOpo��
m1, ..., md

XcCUL CUL�� �SK[CnL���O]e�T]XZOUK[T\f o
:
[mj(Xj)] = 0, j = 1, ..., d.

� � �)�
j9T0�bX����Mo�XZN$KMNPO]LFCnIFL-aiO�O]LFCnd�K[T�X/���SL�� �5:

(Y ) = α
�SO]R �ST4O]RiL`d�e �SL���� LFI-emd�LFT

Y = α +
d

∑

j=1

mj(xj) + e,
� �Pt �

��RSL-CUL�:
(e) = 0

� ) XcC (e) = σ2 XcN � e
K[T4KMN��SLFa LFN �SLFNPO9ecf6OURSL1kmL-I-O]ecCVeZf�I-e kZXcCnK XZOULFT

X
E

:�TnO]KMd�X O]K[ecN eZf O]RSL �SN�' NSe)��N f7�SNiI-O]KMemNST
m1, ..., md

KMT �SecNSL��Po O]RiL �bXcI ' ,SOnO]KMNSs
X��MsmemCUKlO]RSd �hKMN OUCUe ���SI-L�� � o qrCUL-K[d5XcN & >bCUKML��Sd5XcN �8�#C > v ��XZN�� q �<%UX L O�X�� E �8��C > C � E
�9eZO]L ,bCUT\O �SOURbXZO�KMf�OURSL`X����SKlO]KMkcL1d5e �SL����#� �Pt � �SK[T4I-emCUCnLFI-O�OURSLFN

:
[Y − α −

∑

j 6=k

mj(Xj)|Xk] = mk(Xk), k = 1, ..., d.
� ��� �

� t



Q4RSKMT0CnL��[XZO]KMemNSTURiK[a1T4�ismsmLFT\O6XcN KlO]L-C]XZOUKMkmL�aiCUeWIFL�� �SCUL,f emC O]RiL�L-TnOUK[d5XZO]KMemN1ecfWO]RSL+�SN�' NSe)��N
f7�SNSI O]KMemNSTFE�Q4R �iT	f emCrX�'WNie1��N�I-emNST\OYXcNPO

α
XcN���scKMkmL-N�f7�SNSI O]KMemNST

mj

�
j 6= k

�JO]RiL9f7�SNSI %
O]KMemN

mk
IFXcN-� L9L-TnOUK[d5XZO]L��-�Po5X �SNiKMkZXcCUK[XZO]L�CnLFsmCnLFTUTnK[emN�,SO �bXcTUL���emN�O]RSLVe��STnLFCnkZXZOUK[emNiT

(X i
k, Yi)

�
i = 1, ..., n

� ��RSL-CUL
X i

k

KMT�OURSL
i
O]R�e��STUL-CnkZXZOUK[emN5ecf OURSL

k
O]R�X/���SKMOUKMkcLVkZXcCnK X����MLcE

BDL-NSecO]L O]RiL �iNSKMkZXcCnK XZOULDTUd�eWecO]RSL-C4ecf
mk

�Po
Sk
E�Q4RSL X��[smecCUKMOURSd �recC4' TDXZT�f e��$�[e)��T�=

L !#�2� �bE "pNSKlO]K[X��[K��"XZOUK[emN*=
α̂ = n−1

∑n
i=1 Yi, m̂k = m0

k

f emC
k = 1, ..., d

E
L !#�2� . E >�KMN���NSL��/O]CUXcNSTnf ecCUd5XZO]KMemNST5=�> ecC

k = 1, ..., d
=

m̂k = Sk[Y − α̂ −
∑

j 6=k

m̂j(Xj)|Xk];

IFL-NPO]CUL O]RiL`L-TnOUK[d5XZO]emC O]e=e��iO]XcK[N
m̂∗

k = m̂k − n−1

n
∑

i=1

m̂k(X
i
k),

XcN �
α̂∗ = α̂ + n−1

n
∑

i=1

m̂k(X
i
k).

L !#�2� ? E ��LFa L"XZOVT\O]LFa t �SNPO]K$� IFemNPkmL-CUsmL-NSIFLZE

Q4RSL K��SL"X � L-RSK[N�� OURSK[T�X��[scemCUKlO]RSd KMT�O]e I"XcCnCno e��iO�X ,iO ��I"X��MI����[XZO]L$abXcC\O]K[X���CULFTnK$��� %
X��MT�f Cnemd O]RbXZO�,SO���XcN�� CnL�,SO�XcsPXcKMN E Q4RbXZO�KMT ��RPo O]RSL�KMO]L-C]XZOUK[emN TUIYRiLFd�L�K[T�I"X����[L��
�bXcI ' ,SOnO]KMNSsSE�Q4RSL5T\OYXcC\O]KMNSs$f7�iNSI-OUK[emNST

m0
1, ..., m

0
d

I"XcN � L=e��JOYXcKMNSL��&K[N&kZXcCUKMe��ST �rX"oJT��
f emC4L �SXZd5a��ML��if Cnemd�X �[KMNSL"XZC	CUL-smCUL-TUTUKMemN ,SOVecf

Y
ecN�OURSL IFe kZXcCUK[XZO]L-T

Xk

E
+9e)� L-kmL-C��mOURSK[T �bXcI ' ,SOnO]K[Nis X��MsmemCUKlO]RSd �SeWLFT0NSecO6CUL"XZIYR�O]RSL�emCUXcI��ML�L ��IFK[L-NSI-o�� e��SN����

K E LcE�O]RiLrX�� �SKMOUKMkmL,I-emd5a emNSL-NPO]T6XcCUL,NSecO6LFT\O]KMd�XZOUL��!��KMOUR`OURSL TUXcd�L XZTnoWd5aJO]ecOUK[I+�SK XZT6XZN��
kZXcCUK[XcNSI-L XZTVKlf6OURSL`ecO]RSL-C9I-emd�a emNiLFNPO]T � LFCUL�' NSe)��N E�g
Xcd�d�LFN$L-O9X�� E#�8��C C C � �SL�,bNiL��
X�NSL�� �bXcI ' ,SOnO]KMNSs/% OpoWa L LFT\O]K[d5XZOUemC�� IFX��$�ML���Tnd5eWecOUR �bXcI ' ,SOUOUK[NSs � O]RbXZO e kcLFCUI-emd�L O]RSKMT
TURiemCnOUIFemd�K[NSs � XcN��/X��MTUe RbXcT$X N �id"� L-C�ecf ecOURSLFC�OUC]XcI OYX����ML aSCUeca L-CnO]KMLFT-E +VLFCUL&O]RiL
LFT\O]KMd�XZOUemC	KMT4TUK[d�a��lo5OURSL aSCUe<%nL-I-OUK[emN�ecf0O]RSL!�bX OYX=emN�O]RSL`X����iKMO]KlkmL1TnabXcIFL ecf�K[NPO]L-CUL-TnO"E

� ��� � ���!
�� ' 
 ����	 �!�
qrL-TUK$�iLFT�O]RSL X��MCULFX��io d�LFNPOUK[emNSL�� LFT\O]K[d5XZOUemCUT�f ecC�NSemNSabXZC]Xcd�L-OUCUK[I
CULFscCULFTnTUKMemN��9OURSLFCnL
L��JKMTnO4TnL-kmL-C]X�� ecO]RSL-C	d�L-O]Rie��ST O]e L-TnO]KMd�X O]L X CnL��[XZO]KMemNSTURiK[a�� L O(�rL-LFN�X CULFTna ecNSTUL

Y
XZN��

X IFe kZXcCUK[XZO]L
X
�iO]RSL o�K[NSI��$���iL �	X"kmL��[L O XcN �$Tna��[KMNSL1TUd�eWecO]RSKMNSsSE

"pN �MeJIFX�� a e��MoWNSemd�K X�� d5e �SL��$�[KMNSs�� O]RSL`LFT\O]KMd�XZOUemC4d�e��SL��[T	OURSL��iN�' NSe)��N CULFscCULFTnTUKMemN
f7�SNSI O]KMemN

m
�[eWI"X����Mo�� o X�f L�� aSXcC]Xcd�L-OULFCnT�XcN � �STnLFT�OURSL��bXcN�� ��K��iO]R&O]e�IFemNPOUCUe���O]RiL

IFecd5a��ML��JKMOpo`ecfbOURSL	d�e��iL��$�MK[NSsiE�q �iO�KlOhK[T�X��[Tne a emTUTnK$���ML O]eDd5e �SL�� O]RiL	f7�SNSI-OUK[emN�s��[e��SX��$�lo
��KMOUR`X6�[XcCUscL�Xcd�e��SNPO ecf��SN�' NSe)��N�aSXcC]Xcd�L-OULFCnTFE$4 X"kmL��[L O�XZN�� TUa��MK[NSL�L �iaSXcNSTUKMemN I"XcN � L
�STnL�� f emChT0�SIYR=d5e �SL����[KMNSsSE 4 X kcL��ML-O�O]CUXcNST\f emCUd�ThRbX"kmL4CnLFI-LFKMkcL���smCULFXZO �iL"X��SeZf X OUO]L-NPO]K[ecN
K[N=LZE sSEhXcaSa��MK[L�� d5XZOURSLFd5XZO]KMIFT�XcN���TUK[scNbX��bXcNSX��MoWTUKMTFE,> ecChCUL f LFCUL-NSIFL-T�OUe1O]RSL-TULVd5L O]RSe �ST��
TUL-L IYRSXcaiO]L-C t KMN;> XZN'& 3 K %0� L��[T � ��C C ;/� E

� �
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"pN O]RSKMT�abXZa L-C�� 6 � NiL�� IFemNPkme��$�iOUK[emN L-TnOUK[d5XZO]emC`f emC NSecNSabXcCUXcd5L O]CnK[I�CnLFsmCnLFTnTUK[ecN 7 � � L
aSCnLFTUL-NPO
X NSL�� OpoWa L eZf L-TnOUK[d5XZO]emC�f emC�TnO]XcN��bXZC4� NSemNSaSXcC]Xcd�L-OUCUKMI
CUL-smCUL-TUTnK[emN E Q4RSL
LFT\O]KMd�XZOUemC KMT�KMNPO]CUe ���SI-L�� �Po CUL-IFemsmNiK �FKMNSs O]RbX O�OURSL�TnO]XcN��bXcC0� L-TnOUK[d5XZO]emCnT aSCUL-TUL-N OUL��
RSL-CUL�� �Se�NSecOVOYX�'ZL KMNPO]e5XcIFI-e��SNPODOURSL L �WO]C]X�K[Nif ecCUd5XZO]KMemN�IFecN O]XcK[NiL��
KMN$OURSL`CULFscCULFTnTUKMemN
CUL�� XZOUK[emNiTURSKMa

Yi = m(Xi) + ei.
� � � �

� smXcK[N"� L6�STUL4O]RiLVK��SL"X1ecf I-emNPkme����iO]KMemN�� XcN�� �Po=XcNSX��MoWTUKMNSs O]RiL9XZTnoWd5aJO]ecOUK[I	aSCnema LFCnOUK[L-T
ecf O]RSKMT NSL�� LFT\O]KMd�XZOUemC�� OURbXZO �rL5RbX"kmL�IFX��$�ML�� 6 OURSL�IFemNPkme��$�iOUK[emN LFT\O]K[d5XZOUemC87 � � L ,bN��
O]RSXZO KMOUT XcT\oJd�aiOUecO]KMI �SK XZT K[T Tnd�X/�$�[L-C OURbXcN f emC T\OYXcN��SXcC4� d�L-O]Rie��ST-E 4 L�X��MTUe aSCne kcL
XcT\oJd�aiOUecO]KMI NSemCUd5X��MKMOpomE5GJecd5L=TUKMd"���[XZO]KMemN�L��Ja LFCnK[d�LFNPO]T`RbX"kmL � L-LFN a LFC\f emCUd�L�� �6XZN��
K[N�TnL-kmL-C]X���IFXcTUL-T��bO]RSL I-emNPkme����iO]KMemN�LFTnOUK[d5XZO]ecC	e��iOUa L-Cnf emCnd5T	OURSL TnOYXZN��bXcC0�$d�L-OURSe �STFE

� N X��<%0�iTnO]L�� 'cL-CUNSL��	f7�SNSI-OUK[emN KMT X��MTUe�KMNPO]CUe ���SI-L�����XcN � � o �STUKMNSs
OURSK[T"'ZLFCnNSL��4KMN
e��SCVIFecN kce��$�JO]K[ecN
LFT\O]KMd�XZOUemC��bKlOVTULFL-d5TVO]RbX O9OURSL�L-TnO]KMd�X O]emC4smKlkmL-TDL-kcLFN � L-OnO]LFCVCUL-T4���lO]T-E
+9e)� L-kcLFC�� d�emCUL OURSLFemCnL-OUK[I"X/� �recC4'�RbXZT�OUe � L!�SemNiL`RiLFCULZE

� � 	 ���*	 
 	 � 	 � � 
��*	��

B XZO]X9TnL-O]T0O]RbX O6I-emd"�SKMNSL�O]KMd5L,TUL-CUKMLFT6XcN���I-CUemTnT�TnLFI-OUK[emNiT�XcCnL I-emd�d5emN KMN TnL-kmL-C]X�� ,bL����ST��
LFTna L-IFK[X��$�lo�KMN�LFIFecNSemd�K[IFT-E � N�L �SXZd5a��ML ecf6T4�SIYR�X"�bXZO]X TUL-O�IFXcN � L OUK[d�LDTnLFCUKMLFT�e��STnLFC.%
kZXZO]KMemNSTVecf,K[NiIFemd�L�� L��Ja LFN��SKlO �SCnL L-OUIcEVf emCDTnL-kmL-C]X�� ,bCUd�TDTnK[d"� �MOYXZNSe��ST0�MomEVjVT4�bX����Mo�O]RiL
N �Sd"� LFC ecf�K[N��iKMkWK$���SX��[T��PRSLFCnL ,bCnd5T��SXcCnL9kmL-Cno � XcCnsmL�� ���JOrO]RiL N �Sd"� LFCreZf e��STnLFCnkZXZOUK[emNiT
f emC L"XZIYR K[N��iKMkWK$���SX���XcCnL5d�e��iLFC]X O]L=emC TUd5X��$� E #6XcNSL�� �bX OYX�TUL-OUT�I-emNPOYXcKMN d�emCUL=K[NJf emC %
d5XZO]KMemN�O]RSXcN�%0�STnO4OUK[d�L TUL-CUKMLFT4emC4I-CUemTnT4TULFI O]KMemNbX����SXZOYX X��MemNSL/�iTUKMNSIFL1KlO4K[T f emC4L��iXcd�a��[L
a emTUTnK$���ML`OUe�d5e �SL��0I-CUemTnT % TULFI O]KMemNbX��6RSL-OULFCUecsmLFNSL-KMOpocEDQ4R �ST O]RiL XcNbX/�MoWTUKMT9ecf,aSXcNSL�� �bXZO]X
K[T�OURSLDT0��� %nLFI O	ecf emNSLVecf OURSLDd�emTnO XcI O]KlkmL9XcCULFXcT eZf CUL-TUL"XZCUIYR�KMN�LFI-emNSemd�L-OUCUKMIFTFE�GJL-kcLFC]X/�
� eJe�' T RbX"kcL � L-LFN ��CUKMOnO]L-N emN O]RSL�XZNbX��MoWTnK[T ecfVabXZNSL�� �SXZOYX � TUL-L$LZE siE +VTUK XZe �8��C > ; ���
q	X��lOYXcscK � tcumu �)�Vems � CUCnL���� XcNSe � tcumu�� � E`Q4RSL f e��$�Me)��K[NSs5aSCUL-TULFNPO]XZO]KMemN KMT d5XcK[N��lo�OYX�'ZLFN
f CUecd 31CULFL-NSL � tcucu.� �rIYRbXcaJO]LFC � � �bXcN��;"rCnL-f LFC4OUe=OURSK[T � eWe�'5f emC	f7�iCnO]RiLFC6�SL-O]XcK$�MTFE

� ��� � 
���
�� ��� ' 	 ��
��
Q4RSL!�bXcTnK[I1f C]XZd5L��remC0'5f emC4aSXcNSL����SXZOYX�XcNbX��loWTUK[TrK[T�X=CULFscCULFTnTUKMemN�d5e �SL�� ecf6OURSL1f emCUd

yit = αi + γt + β′xit + εit, i = 1, ..., n
XZN��

t = 1, ..., T,
� �Pv �

��RSL-CUL
xit

I-emNPOYXcKMNST
K
CUL-smCUL-TUTUecCUT��

αi

K[T�I-emNSTnO]XcNPOhe kmL-C0OUK[d�L��
t
�mXZN�� KlO0K[T O]RSL�K[N �SKMkWK$� �bX��

L�0 LFI O9f ecC�OURSL`IFCUecTUT % TUL-I-O]KMemNbX�� �SNiKMO
i
XZN��

γt

K[T4O]RSL O]KMd5L1L 0 L-I-OFE
εit

K[T4O]RSL`LFCnCUemC�O]L-CUd
IFecCUCUL-TUa emN��SKMNSs O]e�K[N��iKMkWK$�

i
XZO4OUK[d�L

t
E

Q4RSL O]KMd5L L�0 LFI O K[T Tnemd5L O]KMd5L-TDNSecO K[NSI��$���SL���� XcN � KMf � L OYX�'ZL O]RSL
αi

� TDO]e � L O]RiL
T]XZd5L4XZIFCUecTUT�X��$� �SNSKlO]T��mO]RSL-N�ecC4�SKMNbXcCno��[LFXcTnOhT � �bXcCnLFT�aSCUe kWK$�SL-T�IFemNiTUK[T\O]L-N O�XZN��=L���IFKMLFNPO
LFT\O]KMd�XZOULFT`ecf

α
XcN��

β
E DDO]RSL-C0��KMTUL��0O]RSL-CUL�XcCUL=O(�re�f C]Xcd�L�� emC4' T��STUL�� O]e�smLFNSL-C]X��MK �-L

���



O]RiL�d5e �SL�� = O]RSL , �JL�� L 0 L-I-OUT5XZaSaSCUemXcIYR OYX�'ZLFT
αi

O]e � L�X�smCUe��Sa TUa LFI-K�,bI�I-emNSTnO]XcNPO
O]RSXZO�NSLFL��ST�OUe�� L�LFT\O]K[d5XZOUL��=emC�O]RSL�CUXcN��Semd L�0 LFI-OUT�� O]RbX O Tna L-IFK ,bLFT,O]RbX O

αi

K[T,X smCUe��Sa
TUa LFI-K�,bI!�SKMTnO4�SC4�bXZNSIFLZE

� �"� ����� 
�� 
���
�� ���
� I-emd5d�emN f emCUd"� � XZOUK[emN ecf4O]RiL�d5e �SL��rXcTnT4�Sd�LFT OURbXZO �SK 0 LFCnLFNSI-LFT=XcI-CUemTnT"�SNSKlO]T IFXcN
� L�I"XcaiO4�SCUL�� KMN �SK 0 LFCnLFNSI-LFT=K[N OURSL�IFecNSTnO]XcNPO O]LFCnd�E Q4R �ST5LFXcIYR

αi

KMT=XcN �SN�' NSe)��N
abXcCUXcd�L-O]L-C�OUe � L9L-TnOUK[d5XZO]L�� E � L-O

yi

XZN��
Xi

� L�O]RSL
T
e��STnLFCnkZXZOUK[emNiT�f emC,O]RiL

i
OUR �SNSKlO �

εi

KMT	O]RSL
T × 1

kcLFI O]emC�ecf �SK[T\O �SC0�bXcNSI-LFT�� XZN��
i
K[T�X

T × 1
I-e��$�id5N�ecf6emNSL-T��SO]RiLFN

yi = iαi + Xiβ + εi.
� � ; �

�re����[LFI O]KMNSs=X��$� O]L-CUd�T �rL`I"XcN ��CUKlO]L/�

y = Dα + Xβ + ε,
� � �/�

��RSL-CUL
y
K[T4X

nT × 1
kmLFI O]emC��

D
K[T4X

nT × n
d�XZOUCUK&��ecf ���Sd�d�o5kZXcCnK X�� �[LFT�K[N �SK[IFXZO]KMNSs

�SNSKlO]T��
α
KMT4X

n × 1
kcLFI O]emC��

X
KMT4X

nT × K
d�XZOUCUK&� �

β
K[T�X

K × 1
kcLFI-OUemCVXcN��

ε
K[T	X

nT × 1
kmL-I-O]ecCFE

Q4RSK[T�d�e �SL��SKMT ' NSe)��N�XZT,OURSL �[LFXcTnOhT � �bXcCnLFT
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�	��¢&���	�p�k�	�����r�	�8�p¡������p�p�����	�����#§*ë¤���p¡[���.�����Y�p�����6®��r¢l���W�Y�������p¡����W������£a���[�����p��� �[�����c�Y�p�p�������	�
�p¡��.���p�p�����	����� ÜªÞ>àn§2©.¡�������������®����[¦]�����p�[���[�p���������	��������¢[��ÁU�	��¢(�¥�ª�Y®î���p¡��Y�����	�������v�p���U¢l������¢
�k�	���Y�
®�¡��Y�x������¢[��¢FÁ
Ý�§�©.¡���°>�Y�p���Y�F���[���Y�p�����

K
���
�"­i���[��¢[��¢3�����lì¨���Y¦v�	�p���>��Á��¤®1���p�������¥¢l� çi�Y���Y�a�p�k�	­[����Á³�p£U�(ì

���Y�p�p�������[���Y�p�����x�p¡³�	�
���v���Y¦��W�	����� ���3Ý�Á³�	��¢3¡��Y�������p¡���¢[�Y�p�����	�p���>�
K ′ �W�	�p���²±³���

∫

K ′(z)
¢
z = 0

�	��¢ ∫

z2K ′(z)
¢
z = 0.

íl§�©.¡������[���Y�p�����
g
����¢l� çF�Y���Y�v�p�k�	­[���(�	��¢3���������v�>�Y���W���n«U�������#§

�l§�©.¡���¢[�Y���p���¤£
fX

¡³���
�������³���Y� ���[�[�c���p�
S(X)

Á[���¥�����a�p��������� �	��¢3�¤®1���p������� ¢l� çi�Y���Y�lì
�p�k�	­[�������x�p¡����p�[�[�i���p�#§

��§r�����
n→∞hD = 0

�	��¢6�����
n→∞nhD = ∞

§

�



À ����¢l���p�����DÝ
�����p�W�	��¢��	��¢&���������[�³�	�W�	���Y�p�p���������p�����	�p�����´Ál�	��¢&��­����Y�p�>� �p¡³�	��� �´�p¡�� °>�Y�p���Y�
���[���Y�p�����!���Q�p¡����p�W�	��¢��	��¢!�����p���	��¢l���p�p�p��­[�[�p�����´ÁÓ�p¡[���Q������¢l���p���������(�	�[�������	�p���#�	����£D���[� ±�������¢F§
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�p�����[�����Y���¤£>§-ëN���#�	�6�[����­³�	­[��£�­i�r���Y���#�>��¢x�	�.�p¡��������p���	�8���Y�[¦��p¡[���Y�¥�	�p¦��[���Y�v����§ À ����¢l���p����� �
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f̂Y (x) − fY (x) = f̂Y (x) − f̃Y (x) + f̃Y (x) − fY (x),
Ü²Ý#ß>à

®�¡��Y���

f̃Y (x) =
1

n

n
∑

i=1

[ 1

(n − 1)hD

n
∑

j=2

K
(x − g(Xi) − ej

hD

)]

,
Ü²Ý�Ý�à

�p¡³�	�2���#Á	�p¡��1�[�����i������¢"���p�p�����	�����Ó®����p¡
g(·)

�	��¢
ej
�ª���

j = 1, ..., n
Á�°U���#®��´§2����±����p�Ó�������p��¢[�Y�

�p¡[�����¤���p�p�����	�������W§1È¥���#�	���F�p¡³�	�
�p¡��]Ã æ % �#�	�3­c��¢[���������i������¢,��������������®
�#Á

Ã æ % (f̃Y (x)) = % [(f̃Y (x) − fY (x))2] =
���	�

(f̃Y (x)) + [ % (f̃Y (x)) − fY (x)]2.
Ü²Ý#í>à

©8�"�#����� �����W�	�p�����´ÁU®1�r���#® ���Y�
hD = h

§ À �����p��¢[�Y���p¡�� ­[�k���1���Y�p�;±����p�#§ æ �������
Xi

�	��¢
ej
�	���

����¢[�Y�i�Y��¢[�Y�v�
�ª���¥�	���
i
�	��¢

j
Á

% (

f̃Y (x)
)

=
1

n(n − 1)h
%
[

n
∑

i=1

n
∑

j=2

K
(x − g(Xi) − ej

h

)

]

=
1

h
%
[

K
(x − g(X) − e

h

)

]

.
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�[�[�p�p¡��Y�#ÁÓ­a£!�x��¡³�	�[¦>�&�	�
���	�p�k�	­[����Á%�p¡��������v�>�����[�p�����î�[�����i�Y�p�N£!�	��¢`©%�#£a�����(�n«U�³�	���������´Á%®��
¦>�Y�

1

h
%
[

K
(x − g(X) − e

h

)]

=
1

h

∫∫

K
(x − g(v) − u

h

)

fX(v)fe(u)
¢
v
¢
u

=

∫∫

K(w)fX(v)fe(x − g(v) − hw)
¢
v
¢
w

=

∫

K(w)fY (x − hw)
¢
w = fY (x) +

h2

2
f ′′

Y (x)

∫

w2K(w)
¢
w + O(h4).

©.¡v���¥�p¡���­[�k���
�#�	�x­i��®��p���p���Y�´Á

% (

f̃Y (x)
)

− fY (x) =
h2

2
f ′′

Y (x)

∫

w2K(w)
¢
w + O(h4).
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���	� (
f̃Y (x)

)

=
1

n2(n − 1)2h2

���	� [ n
∑

i=1

n
∑

j=2

K
(x − g(Xi) − ej

h

)]

=
1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2

n
∑

k=1

n
∑

l=2

����� (
K

(x − g(Xi) − ej

h

)

,K
(x − g(Xk) − el

h

)

)

=
1

n2(n − 1)2h2

[

(n − 1)
���	� (

K
(x − g(X1) − e1

h

)

) Ü²Ý#å>à

+(n − 1)(n − 2)
���	� (

K
(x − g(X1) − e2

h

)

) Ü²Ý#è>à

+(n − 1)(n − 2)(n − 3)
����� (

K
(x − g(X1) − e2

h

)

,K
(x − g(X1) − e3

h

)

) Ü²Ý ��à

+2(n − 1)(n − 2)(n − 3)
����� (

K
(x − g(X1) − e2

h

)

,K
(x − g(X3) − e1

h

)

) Ü²Ý �>à

+(n − 1)(n − 2)(n − 3)
����� (

K
(x − g(X1) − e2

h

)

,K
(x − g(X3) − e2

h

)

) Ü²Ý#Þ>à

+(n − 1)(n − 2)
���#� (

K
(x − g(X1) − e2

h

)

,K
(x − g(X2) − e1

h

)

) Üªí�ß>à

+2(n − 1)(n − 2)
���#� (

K
(x − g(X1) − e1

h

)

,K
(x − g(X1) − e2

h

)

) ÜªílÝ�à

+2(n − 1)(n − 2)
���#� (

K
(x − g(X1) − e1

h

)

,K
(x − g(X2) − e1

h

)

) Üªí�í>à

+(n − 1)(n − 2)(n − 3)(n − 4)
���#� (

K
(x − g(X1) − e2

h

)

,K
(x − g(X3) − e4

h

)

) Üªí �>à

+(n − 1)(n − 2)
���#� (

K
(x − g(X1) − e1

h

)

,K
(x − g(X2) − e2

h

)

) Üªí
�aà

+(n − 1)(n − 2)(n − 3)
����� (

K
(x − g(X1) − e1

h

)

,K
(x − g(X2) − e3

h

)

) Üªí�å>à

+(n − 1)(n − 2)(n − 3)
���#� (

K
(x − g(X2) − e1

h

)

,K
(x − g(X1) − e3

h

)

)]

.
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% ���W¡����	�p�k�	�����]�	��¢x���#���	�p�k�	���������Y�p� �#�	��­c���p�p��¢l����¢x���p���[¦

���	�
(X) = % (X2) −

( % (X)
)2

,
Üªí ��à

���#�
(X,Y ) = % (XY ) − % (X) % (Y ).
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��£3����¢[�Y�c�Y��¢[�Y�����Q�p¡��Q���Y�p���"Ü²Ý �>àYÁ2Üªí�ß>àYÁ%Üªí �>à�Á%Üªí
�aàYÁÓÜªí�å>à
�	��¢'Üªí�è>à
�	���"��Æv�³�	�%��� �#�Y���[Ái�	��¢
®1� � ���p��¡³�#�>�������n«��	���������p¡������Y���	���[���[¦����Y�p����§

% Æa�³�	�p�����`Ü²Ý#å>à.���

���	� (
K

(x − g(X1) − e1

h

)

)

= %
(

K2
(x − g(X1) − e1

h

)

)

−
[

%
(

K
(x − g(X1) − e1

h

)

)]2
.

z
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%
(

K2
(x − g(X1) − e1

h

)

)

=

∫∫

K2
(x − g(v) − u

h

)

fX(v)fe(u)
¢
v
¢
u

= h

∫∫

K2(z)fX(v)fe(x − g(v) − hz)
¢
v
¢
z = h

∫

K2(z)fY (x − zh)
¢
z

= h

∫

K2(z)
[

fY (x) − hzf ′
Y (x) +

h2z2

2
f ′′

Y (x)
] ¢

z + O(h4)

= hfY (x)

∫

K2(z)
¢
z +

h3

2
f ′′

Y (x)

∫

z2K2(z)
¢
z + O(h4).

©.¡�������������¢x���Y�p� ���3�p¡������	�p�k�	�������n«U�[�����W�p�����3���#Ál���p���[¦��n«����Y�p��£&�p¡����W�	����������¡[�[��Æa�����#Á
[

%
(

K
(x − g(X1) − e1

h

)

)]2
=

[

h
[

fY (x) +
h2

2
f ′′

Y (x)

∫

z2K(z)
¢
z + o(h2)

]

]2
.

ë¤�3�����W�	�¨Á

(n − 1)
���	� (

K
(x − g(X1) − e1

h

)

)

= (n − 1)
[

hfY (x)

∫

K2(z)
¢
z − h2f2

Y (x) + O(h2)
]

.
Üªí�Þ>à

©.¡�������������¢x���Y�p�xÁ8Ü²Ý#è>ànÁ[���#Á
���	� (

K
(x − g(X1) − e2

h

)

)

= %
(

K2
(x − g(X1) − e2

h

)

)

−
[

%
(

K
(x − g(X1) − e2

h

)

)]2
.

©.¡[�������
��Æa�³�	�´���(���Y�p�äÜ²Ý#å>à�Ál�p¡v���#Á

(n − 1)(n − 2)
���	� (

K
(x − g(X1) − e2

h

)

)

= (n − 1)(n − 2)
[

hfY (x)

∫

K2(z)
¢
z − h2f2

Y (x) + O(h2)
]

.
Ü$��ß>à

©.¡����p¡[����¢3���Y�p�xÁ³��Æv�³�	�p������Ü²Ý ��à�Ál���
���#� (

K
(x − g(X1) − e2

h

)

,K
(x − g(X1) − e3

h

)

)

= %
(

K
(x − g(X1) − e2

h

)

K
(x − g(X1) − e3

h

)

)

− %
(

K
(x − g(X1) − e2

h

)

)

%
(

K
(x − g(X1) − e3

h

)

)

.
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%
(

K
(x − g(X1) − e2

h

)

K
(x − g(X1) − e3

h

)

)

=

∫∫∫

K
(x − g(v) − u1

h

)

K
(x − g(v) − u2

h

)

fX(v)fe(u1)fe(u2)
¢
v
¢
u1
¢
u2

= h2

∫∫∫

K(z1)K(z2)fX(v)fe(x − g(v) − z1h)fe(x − g(v) − z2h)
¢
v
¢
z1
¢
z2

= h2
[

∫

fX(v)f2
e

(

x − g(v)
) ¢

v + O(h2)
]

.
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%
(

K
(x − g(X1) − e2

h

)

)

%
(

K
(x − g(X1) − e3

h

)

)

=
[

h
[

fY (x) +
h2

2
f ′′

Y (x)

∫

z2K(z)
¢
z + o(h2)

]

]2
= h2f2

Y (x) + O(h4).
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(n − 1)(n − 2)(n − 3)
����� (

K
(x − g(X1) − e2

h

)

,K
(x − g(X1) − e3

h

)

)

= (n − 1)(n − 2)(n − 3)
[

h2

∫

fX(v)f2
e

(

x − g(v)
) ¢

v − h2f2
Y (x) + O(h4)

]

.
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���#� (
K

(x − g(X1) − e2

h

)

,K
(x − g(X3) − e2

h

)

)

.
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�p¡������v�>�Y�����Q�	�
g(·)
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%
(

K
(x − g(X1) − e2

h

)

K
(x − g(X3) − e2

h

)

)

=

∫∫∫

K
(x − g(v) − u

h

)

K
(x − g(w) − u

h

)

fe(u)fX(v)fX(w)
¢
u
¢
v
¢
w

= h2

∫∫∫

K(z1)K(z2)fX(v)lX(g(v) + h(z1 − z2))fe(x − g(v) − hz1)

×r
(

g(v) + h(z1 − z2)
) ¢

v
¢
z1
¢
z2 = h2

∫

r
(

g(v)
)

fX(v)fe

(

x − g(v)
)

lX
(

g(v)
) ¢

v + O(h4),

®�¡��Y���
(g−1)′ = r

�	��¢
fX(g−1) = lX

§*Çr�������p¡³�	�

r(v) =

¢
¢
v

(

g−1(v)
)

=
1

g′
(

g−1(v)
) ,

�	��¢
g−1

(

g(v)
)

= v
Á��p¡v���

r
(

g(v)
)

=
1

g′(v)�	��¢
lX

(

g(v)
)

= fX

(

g−1(g(v))
)

= fX(v).
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%
(

K
(x − g(X1) − e2

h

)

)

%
(

K
(x − g(X3) − e1

h

)

)

= h2f2
Y (x) + O(h4).

ë¤�3�����W�	�¨Á

(n − 1)(n − 2)(n − 3)
���#� (

K
(x − g(X1) − e2

h

)

,K
(x − g(X3) − e2

h

)

)

= (n − 1)(n − 2)(n − 3)
[

h2

∫

f2
X(v)fe

(

x − g(v)
)

g′(v)

¢
v − h2f2

Y (x) + O(h4)
]

.
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���#� (

K
(x − g(X1) − e1

h

)

,K
(x − g(X1) − e2

h

)

)

.
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%
(

K
(x − g(X1) − e1

h

)

K
(x − g(X1) − e2

h

)

)

=

∫∫∫

K
(x − g(v) − u

h

)

K
(x − g(v) − w

h

)

fX(v)fe(u)fe(w)
¢
v
¢
u
¢
w

= h2

∫∫∫

K(z1)K(z2)fX(v)fe(x − g(v) − hz1)fe(x − g(v) − hz2)
¢
v
¢
z1
¢
z2

= h2

∫

fX(v)fe

(

x − g(v)
)

fe

(

x − g(v)
) ¢

v + O(h4).
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%
(

K
(x − g(X1) − e1

h

)

)

%
(

K
(x − g(X1) − e2

h

)

)

= h2f2
Y (x) + O(h4).

ë¤�3�����W�	�¨Á

2(n − 1)(n − 2)
���#� (

K
(x − g(X1) − e1

h

)

,K
(x − g(X1) − e2

h

)

)

= 2(n − 1)(n − 2)
[

h2

∫

fX(v)f2
e

(

x − g(v)
) ¢

v

−h2f2
Y (x) + O(h4)

]

.
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©.¡����Y��¦��p¡����Y�p�xÁ���Æv�³�	�p�����`Üªí�í>àYÁl���

���#� (
K

(x − g(X1) − e1

h

)

,K
(x − g(X2) − e1

h

)

)

.
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2(n − 1)(n − 2)
���#� (

K
(x − g(X1) − e1

h

)

,K
(x − g(X2) − e1

h

)

)

= 2(n − 1)(n − 2)
[

h2

∫

f2
X(v)fe

(

x − g(v)
)

g′(v)

¢
v

−h2f2
Y (x) + O(h4)

]

.
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� ¢[¢l���[¦6�	���F�p¡����n«U�[�����W�p�������
�p���Y�������[¦��������äÜ²Ý#å>àNìmÜªí�è>àYÁ�®1��¦>�Y���p¡��������W�	�8���	�p�k�	������Á

���	� (
f̃Y (x)

)

=
1

n − 1

∫

fX(v)f2
e

(

x − g(v)
) ¢

v

+
1

n − 1

∫

f2
X(v)fe

(

x − g(v)
)

g′(v)

¢
v −

2

n − 1
f2

Y (x)

+
1

n(n − 1)h
fY (x)

∫

K2(z)
¢
z + O

(

(n − 1)−1h2
)

.
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 ­����Y�p�>�¥�p¡³�	�-������� �p¡[���1�n«l�[�������p�������p¡��
���	�p�k�	�����¥�	�
f̃Y (x)

¡³�������#��¢l���[¦]���Y�p�����	�F����¢[�Y�
n−1 Á�p¡[���1���������v�p�W�����1�����p¡��¥°>�Y�p���Y�c¢[�Y�������N£����p�p�����	������®�¡[����¡&¡³�������#��¢l���[¦Q���Y�p���

(nh)−1 Áa�W���
��§ ¦�§�!�	��¢�á ãv�������]Ü²Ý#Þ�Þ�å>à.�³�	¦>�]ílÝ�§
©.¡a���
�p¡���Ã æ % �ª��� f̃Y (x)

­i�����������#Á

Ã æ % (

f̃Y (x)
)

= %
[

(

f̃Y (x) − fY (x)
)2

]

=
1

4
h4f ′′

Y (x)2
[

∫

w2K(w)
¢
w

]2

+
1

n − 1

∫

fX(v)f2
e

(

x − g(v)
) ¢

v

+
1

n − 1

∫

f2
X(v)fe

(

x − g(v)
)

g′(v)

¢
v −

2

n − 1
f2

Y (x)

+
1

n(n − 1)h
fY (x)

∫

K2(z)
¢
z + O

(

(n − 1)−1h2
)

+ O(h6).
Ü$��Þ>à

ëN�
h
���¥�	�Ó����¢[�Y�

n−1/4 ���
����������®
�
�p�p���U�k�	����£��p¡³�	�
�p¡��]Ã æ % �����	�Ó����¢[�Y� O(n−1)
§

Çr�����"�p¡³�	�r�p¡��Y�����	���"­[�k��������¢l���Y���[¦3������¡[�[��Æa�����#Ái���p���[¦3��§ ¦�§���¡[��¦�¡��Y������¢[�Y��°>�Y�p���Y�¨ÁF�����
�!�	��¢xá ã>�������]Ü²Ý#Þ�Þ�å>à1�³�	¦>� ��ílÁ[���"�p¡³�	���p¡��r­[�k�����#�	�3­c�r����¢l������¢6���

O(h6)
���

O(h8)
Ál�W�#£>Á

®�¡[�����&�p�p�����1°>���Y�[���[¦¬�p¡������	�p�k�	�����6�	�
O(n−1)

§�©.¡[���"���#�	���"�p¡³�	�Q�p¡��Y����®1���[��¢`­i����®���¢[�Y�
��¡��������Q�	�2­³�	��¢l®���¢l�p¡��
������®�¡[���W¡��p¡���Ã æ % ���
�	�*����¢[�Y� n−1 §

���"���n«l�����p��¢l£��p¡��"�[�����c�Y�p�p�����]�	���p¡��(���p¡��Y�����Y�p� ���D��Æa�³�	�p�����éÜ²Ý#ß>ànÁi�p¡³�	�����#Á
f̂Y (x) −

f̃Y (x)
§ Ú �Y���,�������Ä��¢[¢l���p�����³�	���������[���[�p�������6�	���,���v�p���U¢l������¢F§ ���n�ª�����,®1�,�����p���p¡��Y�xÁ¥���Y�

fX,Y (x, y)
¢[�Y���������p¡�� �²�����a�¥¢l���p�p�p��­[�[�p�����Ä�	�

(X,Y )
�	��¢x¢[�n±����

m(x) =
∫

yf(x, y)
¢
y �

ål§ % |Y |s < ∞
�	��¢x�p�[�

x

∫

|y|sf(x, y)
¢
y < ∞

Á
s ≥ 2

§

èl§
m
���
�����a�p��������� ���

S(X)
§

À �����p��¢[�Y���p¡��r���p�p�����	�����
f̂Y (x)

����ÜªÞ>àn§ ��£��p�[­��p�p���p�[�p���[¦"�ª���
ẽj
Ál©2��£U�����
�n«U�³�	��¢l���[¦

K(·)�	�����[��¢
(x − g(Xi) − ej)/h

�	��¢x���p���[¦��p¡������#�	�x���	�������p¡��������Y�xÁ�®�����­[�W�	���´Á

f̂Y (x) =
1

n

n
∑

i=1

[ 1

(n − 1)h

n
∑

j=2

K
(x − g̃(Xi) − ẽj

h

)

]

=
1

n

n
∑

i=1

[ 1

(n − 1)h

n
∑

j=2

K
(x − g(Xi) − ej + g̃(Xj) − g(Xj) − (g̃(Xi) − g(Xi))

h

)

]

=
1

n

n
∑

i=1

[ 1

(n − 1)h

n
∑

j=2

[

K
(x − g(Xi) − ej

h

)

+ K ′
(x − g(Xi) − ej

h

)

×
( g̃(Xj) − g(Xj) − (g̃(Xi) − g(Xi))

h

)

+ OP

(

(
g̃(Xj) − g(Xj) − (g̃(Xi) − g(Xi))

h
)2

)]

]

.
Ü&�vß>à
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f̂Y (x) − f̃Y (x) =

1

n

n
∑

i=1

[ 1

(n − 1)h

n
∑

j=2

[

K ′
(x − g(Xi) − ej

h

)

·
g̃(Xj) − g(Xj)

h

+K ′
(x − g(Xi) − ej

h

)

·
g(Xi) − g̃(Xi)

h

]

]

+
1

n

n
∑

i=1

[ 1

(n − 1)h

n
∑

j=2

OP

(

(
g̃(Xj) − g(Xj) − (g̃(Xi) − g(Xi))

h
)2

)

]

.
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�´�Y�r��� ±����p�r�n«��	�������Q�p¡��Q����������¢,���Y�p� ���,�p¡��"©%�#£a�������n«l�³�	���p�����D�	­c���>��§ ���"��­����Y�p�>�Q�p¡³�	�
�ª���

i = j
������� �#�Y���[§ �����

i 6= j
Á%� �.®���¢[�Y��������­a£

Fn
�p¡����������������Y���[���p���#�	�.¢l���p�p��­[�[�p�����

���[���Y�p�������	�
Xi

�	��¢
Xj
Á

1

h3

∣

∣

∣

1

n

n
∑

i=1

[ 1

(n − 1)

n
∑

j=2

(

g̃(Xj) − g(Xj) − (g̃(Xi) − g(Xi))
)]2

∣

∣

∣

≤
1

h3

∫∫ ���[�
x1∈S(X),x2∈S(X)

(

g̃(x2) − g(x2) − (g̃(x1) − g(x1))
)2 ¢

Fn(x1)
¢
Fn(x2)

≤
1

h3

�p�[�
x1∈S(X),x2∈S(X)

(

g̃(x2) − g(x2) − (g̃(x1) − g(x1))
)2

∫∫ ¢
Fn(x1)

¢
Fn(x2)

≤
1

h3

�p�[�
x1∈S(X)

(

g(x1) − g̃(x1)
)2

+
�p�[�

x1∈S(X),x2∈S(X)

∣

∣

∣2
(

g(x1) − g̃(x1)
)

×
(

g̃(x2) − g(x2)
)

∣

∣

∣ +
���[�

x2∈S(X)

(

g̃(x2) − g(x2)
)2

.
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�r�p���[¦��"�[�[� �����p� �����a�>�Y�p¦>�Y�����������p�[���.�ª�����p¡���Çr��¢��	�p£v�/ì¨�!�	���W�������p�p�����	����� �	��¢6���	°U���[¦������
�	�-�����p�[���[�p������� å��	��¢,èlÁ[������ÃÄ���W°xá æ �����>�Y�p���	�`Ü²Ý#Þ ��í>ànÁ

�p�[�
x∈S(X)|g̃(x) − g(x)| = OP

(

[ 1

nhR

����¦ ( 1

hR

)]1/2
)

,
Ü&� �>à

�	��¢3��®��Y��� ì¨°a����®��3�����p�[���1�ê����� ����¢[�Y�.�����[����­³�	­[�������¤£>Á[®1����­[�W�	���6�p¡³�	�.�p¡�� ����¢[�Y���	�8�p¡�� ���Y�p�
���xÆa�����p�p�����x���

OP

( 1

nhR · h3

����¦ ( 1

hR

)

)

,
Ü&� �aà

®�¡��Y���
hR

����¢[�n±�����¢!���éÜªè>àY§ �r�p���[¦3�p¡����W�	�����	�p¦��[���Y�a�"����®�¡��Y�!�Y���	���³�	�p���[¦îÜ&�ví>àr����®������
�	������­i�.�����Y���p¡³�	�*�p¡��.���#�	���	�c�p¡��
�	­��W�����[���.���	�����
�	��¢(�p¡����p�W�	��¢��	��¢�¢[�Y�a�k�	�p�������	�i�p¡[���Ó���Y�p�
���
�	�Ó�p¡�������¢[�Y�
¦����>�Y�x���`Ü&� �aàY§¥Ü æ ����­i�Y���#®H�ª�����p¡����n«l���p���Y�������	�Ó�p¡�������Æa�³�	�v�p���p�����¥�[��¢[�Y�
�p¡��
�����p�[���[�p�����

infx∈S(X) fX(x) > 0
§ à

©.¡��Y���,�������c�����Y�a�p�k�	� ���D�����[�����>�¬��� Ü&� �aànÁ��p�������3�p¡��,�Y���	���[�p�����â����Æa�[�������Y�p��¢[��§ � �
�	�����Y�p�³�	�p���>�"®1���[��¢Ä­i�]�����p�p£3�����Y���	���³�	���"�p¡��Q����¢[�Y���	���p¡��"����������¢Ä����¢[�Y� ���Y�p��¢l�������Y�p��£>ÁF���
®������i­c�r¢[�����r�[�������Y�v�p��£��ª���1�p¡�� ±����p������¢[�Y�.���Y�p� ���p���[¦(�p¡��r�����a�>�����[�p�����x�[�����i�Y�p�N£>Á��	��¢&�p¡��Y�
�����Y����¢[�6�x�p¡[����¢`����¢[�Y�Q���Y�p�)®�¡[����¡'�#�	�`­c���Y���	���³�	����¢ Ü��Y�p��¢[�Y��£[àQ���(�	­c���>��ÁÓ�����p�[���p���[¦,���î�
���Y�p�

Op

(

[

1
nhRh3

����¦ 1
hR

]3/2
) § �����-�p¡��
�Y�p��¢[� ���p�p�����	���]Ü&� �aà*����­c���	�F����¢[�Y�

O( 1√
n
)
Á>®����]�����

¡³���>�
hRh3 = O(n−1/2−ε)

�����
�W�����
ε > 0.
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�[�[�p�p¡��Y�#Á����Y�Q�[�(�n«��	���������p¡���±����p�"���Y�p� �	�
�p¡��6©%��£U�������n«U�³�	���������'�	�
f̂Y (x) − f̃Y (x)

§
ëN� �p¡[���������	���k�	�p¦>�Y������¢[�Y���p¡³�	� Ü&� �aàYÁ��p¡[����®�������­c�6�p¡��x�����a�p�p��­[�[�p���[¦����Y�p�x§Å���3�p�W�	�p��­v£
�n«��	�����[���[¦��p¡����n«l�c���Y�W�	�p�������	���p¡[���]���Y�p�x§ �������p¡����n«U�i���Y�W�	�p�������	�.�p¡[�������Y�p�������n«U���p��®��
������¢"�p¡����n«U�������Y�������	� % (g̃(Xi)−g(Xi))

Á�­[�[�Ó���p���[¦��p¡���¢[�n±��[���p�������	�³�p¡���Ç���¢��	�W��£v�/ì¨�!�	�������
���p�p�����	�����#Á³�p¡[���
�n«U��������� �2�p¡��]¢[�Y���p���N£6���[���Y�p�����

fX
��� �p����¡��p¡³�	�

infx∈S(X) fX(x) > 0
§�©.¡[���

���������p�[����¢,���,�p¡��]�ª�������#®����[¦�§����(�	¦v�	���Ä�������Q�p¡³�	���p¡��Q�n«l�i���Y�W�	�p�����¬¢l���m�	�[�c�#�	��� �ª���
i = j

Á
�	��¢6�ª���

i 6= j
®���¡³���>��Á³���p���[¦�����¢[�Y�i�Y��¢[�Y������Á[�ª���
�p¡��r±����p�
�³�	�p�¥�	�Ó�p¡��r±����p�¥����¢[�Y�¥���Y�p�

%
( 1

n(n − 1)h

n
∑

i=1

n
∑

j=2

K ′
(x − g(Xi) − ej

h

)

·
( g̃(Xj) − g(Xj)

h

)

)

∼
1

h2

∫∫∫

K ′
(x − g(x1) − u

h

)( % (g̃(x2)) − g(x2)
)

fe(u)fX(x1)fX(x2)
¢
u
¢
x1
¢
x2.

Ü&�vè>à
Çr�#®Ö©2��£U����� �n«l�³�	��¢l���[¦��	��¢3���p���[¦��������a�>�����[�p�����Ä�	�p¦��[���Y�a�#Á³®�����­[�W�	���

1

h

∫∫∫

K ′(z1)
( % (g̃(x2)) − g(x2)

)

fe(x − g(x1) − z1h)fX(x1)fX(x2)
¢
z1
¢
x1
¢
x2

=
1

h

∫∫

K ′(z1)
( % (g̃(x2)) − g(x2)

)

fY (x − z1h)fX(x2)
¢
z1
¢
x2 =

−f ′
Y (x)

∫

z1K
′(z1)

¢
z1

∫

( % (g̃(x2)) − g(x2)
)

fX(x2)
¢
x2

+
h

2
f ′′

Y (x)

∫

z2
1K ′(z1)

¢
z1

∫

( % (g̃(x2)) − g(x2)
)

fX(x2)
¢
x2 + O(h4).
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 ­����Y�p�>�"�p¡³�	���p�������Q�p¡��"°>�Y�p���Y�*���r��£a�����Y�p�p����Á ∫

z2
1K ′(z1)

¢
z1 = 0

ÁF�����p¡��Y���(���r�������Y�p���	�
����¢[�Y�

O(h3)
§�©.¡���®�¡������Q���Y�p�ï���r�	�-����¢[�Y�

O(h2)
�p¡[�����[¦�¡Ä�p¡��]¢[�Y�i�Y��¢[�Y�����"��� % (

g̃(x2) −
g(x2)

) §
% «��	�����[���[¦��p¡��]����������¢3�³�	�p�
�	�Ó�p¡���±����p�
����¢[�Y�
���Y�p� ���`Ü&��Ý�àYÁl­v£6�p�������k�	� �	�p¦��[���Y�a���

− %
( 1

n(n − 1)h

n
∑

i=1

n
∑

j=2

K ′
(x − g(Xi) − ej

h

)

·
( g̃(Xi) − g(Xi)

h

)

)

∼

∫

z2K
′(z2)

¢
z2

∫

( % (g̃(x1)) − g(x1)
)

f ′
e

(

x − g(x1)
)

fX(x1)
¢
x1 + O(h4).
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ë¤�Ä�����W�	�¨Á´�p¡��Q���Y�p����Ü&� ��à��	��¢îÜ&� �>à��	�����	�1����¢[�Y�
h2 Ái­[�[���#�	�D­c�"����¢l������¢¬­v£,¡[��¦�¡��Y������¢[�Y�°>�Y�p���Y���#§

�[�[�p�p¡��Y�#Á�®��3�n«[�	�������3�p¡��6���	�p�k�	�����3�	���p¡��&±����p������¢[�Y�����Y�p� ���ÖÜ&��Ý�àY§`©.¡��3������¢l���p�����
infx∈S(X) fX(x) > 0

�	¦v�	���D¦��³�	�W�	�v���������p¡����n«l���p���Y�������	���p¡[�������	�p�k�	������§(©.¡��(�#�	���Y�[�k�	�p�������
�	���"�p�������k�	�������p¡��(�#�	���Y�[�k�	�p��������®�¡��Y���"®1�Q�ª���[��¢,�p¡��Q���	�p�k�	�����"�	�

f̃Y (x)
§r©.¡��"���	�p�k�	�����"���

Æa�����p�p�����x���#Á

���	� ( 1

n(n − 1)h2

n
∑

i=1

n
∑

j=2

[

K ′
(x − g(Xi) − ej

h

)(

g(Xi) − g̃(Xi) + g̃(Xj) − g(Xj)
)

])

=
1

n2(n − 1)2h4

n
∑

i=1

n
∑

j=2

n
∑

k=1

n
∑

l=2

���#� [
K ′

(x − g(Xi) − ej

h

)(

g(Xi) − g̃(Xi) + g̃(Xj) − g(Xj)
)

,

K ′
(x − g(Xk) − el

h

)(

g(Xk) − g̃(Xk) + g̃(Xl) − g(Xl)
)

]
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g(x) = x, X ∼ χ2(3), e ∼ (χ2(3) − 3)
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g(X2) − g̃(X2) + g̃(X1) − g(X1)
)

) Üªè ��à

+2(n − 1)(n − 2)
���#� (

K ′
(x − g(X1) − e1

h

)(

g(X1) − g̃(X1) + g̃(X1) − g(X1)
)

,

K ′
(x − g(X1) − e2

h

)(

g(X1) − g̃(X1) + g̃(X2) − g(X2)
)

) Üªè �>à

+2(n − 1)(n − 2)
���#� (

K ′
(x − g(X1) − e1

h

)(

g(X1) − g̃(X1) + g̃(X1) − g(X1)
)

,

K ′
(x − g(X2) − e1

h

)(

g(X2) − g̃(X2) + g̃(X1) − g(X1)
)

) Üªè�Þ>à

+(n − 1)(n − 2)(n − 3)(n − 4)
����� (

K ′
(x − g(X1) − e2

h

)(

g(X1) − g̃(X1) + g̃(X2) − g(X2)
)

,

K ′
(x − g(X3) − e4

h

)(

g(X3) − g̃(X3) + g̃(X4) − g(X4)
)

) Ü���ß>à

+(n − 1)(n − 2)
����� (

K ′
(x − g(X1) − e1

h

)(

g(X1) − g̃(X1) + g̃(X1) − g(X1)
)

,

K ′
(x − g(X2) − e2

h

)(

g(X2) − g̃(X2) + g̃(X2) − g(X2)
)

) Ü��UÝ�à

+(n − 1)(n − 2)(n − 3)
���#� (

K ′
(x − g(X1) − e1

h

)(

g(X1) − g̃(X1) + g̃(X1) − g(X1)
)

,

K ′
(x − g(X2) − e3

h

)(

g(X2) − g̃(X2) + g̃(X3) − g(X3)
)

) Ü���í>à

+(n − 1)(n − 2)(n − 3)
���#� (

K ′
(x − g(X2) − e1

h

)(

g(X2) − g̃(X2) + g̃(X1) − g(X1)
)

,

K ′
(x − g(X1) − e3

h

)(

g(X1) − g̃(X1) + g̃(X3) − g(X3)
)

)]

.
Ü�� �>à

yly



©.¡��&���Y�p���3Ü���ß>ànÁ
Ü��UÝ�à]�	��¢HÜ���í>àQ�	�������Y¦�����­[���&­a£�����¢[�Y�c�Y��¢[�Y������Á��	��¢!�p¡������Y�p���3Üªè�í>àYÁ
Üªè �>à��	��¢ÅÜªè�Þ>à��	�����	�[�������	�p���#�	����£��#�Y���[§(Ú �Y�����(®����p�p��¢l£��p¡��(���Y���	���[���[¦Ä�p� «����Y�p���#Á8���p���[¦
���	�

(X) = % (X2) −
( % (X)

)2 �	��¢x�����
(X,Y ) = % (XY ) − % (X) % (Y )

§
�´�U��°U���[¦��	�
�p¡������Y�p�äÜªè �>àYÁ

(n − 1)(n − 2)
���	� (

K ′
(x − g(X1) − e2

h

)(

g(X1) − g̃(X1) + g̃(X2) − g(X2)
)

)

.
= (n − 1)(n − 2)

���	�
(U).

Ü��"�aà

æ �W�	�p�p���[¦�­a£`�n«��	�����[���[¦ % (U2)
Á����p���[¦D�p¡��3�W�	���6�����W¡[�[��Æv�����&���(®�¡��Y�Å¢[�Y�p���a���[¦ Ü&� ��à(�	��¢

Ü&� �>àYÁ��	��¢x��������� ∫

z
(

K ′(z)
)2 ¢

z = 0
Ál®1�]��­[�W�	���´Á

% (U2) ∼

∫∫∫

K
′(x − g(v) − u

h

)2 % [(

g(v) − g̃(v) + g̃(w) − g(w)
)2]

×fe(u)fX(v)fX(w)
¢
u
¢
v
¢
w = h

∫∫∫

K ′(z)2 % [(

g(v) − g̃(v) + g̃(w) − g(w)
)2]

×fX(v)fX(w)fe(x − g(v) − zh)
¢
v
¢
w
¢
z = h

∫∫∫

K ′(z)2

× % [(

g(v) − g̃(v) + g̃(w) − g(w)
)2]

fX(v)fX(w)fe(x − g(v))
¢
v
¢
w
¢
z + O(h5).

Ü���å>à

Çr�n«U�#Ál���p���[¦��p¡����W�	����������¡[�[��Æa����Á

( % (U)
)2

∼ h2
[

∫∫∫

K ′(z) % [

g(v) − g̃(v) + g̃(w) − g(w)
]

×fX(v)fX(w)fe(x − g(v))
¢
v
¢
w
¢
z
]2

+ O(h5).
Ü���è>à

©.¡v���.�p¡��r���#��¢l���[¦����Y�p� �	��Üªè �>à-®������i­i�
O((n− 1)(n− 2)h4)

Ál�p�������r�p¡����n«U�i���Y�W�	�p�����3���&�p¡��
���Y�p��Ü���è>à����.�p¡�� ­[�k���.�	�2�p¡��rÇ���¢��	�p£v�/ì¨�!�	�������x���p�p�����	�����#Ál®�¡[���W¡3���

O(h2)
Á[�����r��§ ¦�§*Ú�Û	��¢l���

Ü²Ý#Þ�Þ�ß>à��³�	¦>��Ý ��ål§
% «��	�����[���[¦��p¡������Y�p�äÜªè
�aà

(n − 1)(n − 2)(n − 3)
����� [

K ′
(x − g(X1) − e2

h

)(

g(X1) − g̃(X1) + g̃(X2) − g(X2)
)

,

K ′
(x − g(X1) − e3

h

)(

g(X1) − g̃(X1) + g̃(X3) − g(X3)
)

]

.
= (n − 1)(n − 2)(n − 3)

�����
(U, V ).

Ü�� ��à

À �	���Y�[�k�	�p���[¦ % (UV )
Á/­v£�������¢l���p�����[���[¦�Á��p�[­��p�p���p�[�p���[¦�Á	©%�#£a�����2�n«U�³�	��¢l���[¦�Á��	��¢��p������� ∫

K ′(z)
¢
z =

y �



0
Á[®1�]��­[�W�	���´Á

% (UV ) ∼

∫∫∫∫ ∫

K ′
(x − g(v) − u

h

)

(

g(v) − % (

g̃(v)
)

+ % (

g̃(w)
)

− g(w)
)

×K ′
(x − g(v) − y

h

)

(

g(v) − % (

g̃(v)
)

+ % (

g̃(a)
)

− g(a)
)

×fe(u)fe(y)fX(v)fX(w)fX(a)
¢
u
¢
y
¢
v
¢
w
¢
a

= h2

∫∫∫∫ ∫

K ′(z1)K
′(z2)

(

g(v) − % (

g̃(v)
)

+ % (

g̃(w)
)

− g(w)
)

×
(

g(v) − % (

g̃(v)
)

+ % (

g̃(a)
)

− g(a)
)

fX(v)fX(w)fX(a)

×fe(x − g(v) − z1h)fe(x − g(v) − z2h)
¢
v
¢
w
¢
a
¢
z1
¢
z2

= h2

∫∫∫∫ ∫

K ′(z1)K
′(z2)

(

g(v) − % (g̃(v)) + % (

g̃(w)
)

− g(w)
)

×
(

g(v) − % (

g̃(v)
)

+ % (

g̃(a)
)

− g(a)
)

fX(v)fX(w)fX(a)

×
(

fe(x − g(v)) − z1hf ′
e(x − g(v)) +

z2
1h2

2
f ′′

e (x − g(v)) + O(h2)
)

×
(

fe(x − g(v)) − z2hf ′
e(x − g(v)) +

z2
2h

2

2
f ′′

e (x − g(v)) + O(h2)
) ¢

v
¢
w
¢
a
¢
z1
¢
z2

= h4

∫∫∫∫ ∫

z1K
′(z1)z2K

′(z2)
(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

×
(

g(v) − % (

g̃(v)
)

+ % (

g̃(a)
)

− g(a)
)

fX(v)fX(w)fX(a)

×f ′
e

(

x − g(v)
)

f ′
e

(

x − g(v)
) ¢

v
¢
w
¢
a
¢
z1
¢
z2 + O(h9).

Ü�� �>à
�[�[�p�p¡��Y�#Á

% (U) ∼ −h2

∫∫∫

z1K
′(z1)

(

g(v) − % (

g̃(v)
)

+ % (

g̃(w)
)

− g(w)
)

×fX(v)fX(w)f ′
e

(

x − g(v)
) ¢

v
¢
w
¢
z1 + O(h5),

Ü���Þ>à
�	��¢

% (V ) ∼ −h2

∫∫∫

z2K
′(z2)

(

g(v) − % (

g̃(v)
)

+ % (

g̃(a)
)

− g(a)
)

×fX(v)fX(a)f ′
e

(

x − g(v)
) ¢

v
¢
a
¢
z2 + O(h5).

Ü���ß>à
ë¤�x�����W�	�¨Á��p¡��]���#��¢l���[¦����Y�p� �	�QÜªè
�aà.���

O((n − 1)(n − 2)(n − 3)h8)
Á@�	¦v�	���,���p���[¦��p¡��Q����¢[�Y�

�	�Ó�p¡���­[�k���
�	�Ó�p¡���Çr��¢��	�W�#£v�/ì¨�!�	�������,�����p�����	�����#§
% «��	�����[���[¦��p¡������Y�p�äÜªè�å>ànÁ

2(n − 1)(n − 2)(n − 3)
���#� [

K ′
(x − g(X1) − e2

h

)(

g(X1) − g̃(X1) + g̃(X2) − g(X2)
)

,

K ′
(x − g(X3) − e1

h

)(

g(X3) − g̃(X3) + g̃(X1) − g(X1)
)

]

.
= 2(n − 1)(n − 2)(n − 3)

���#�
(U, V ).

Ü��lÝ�à

y �



����¡³�#�>�

% (UV ) ∼

∫∫∫∫ ∫

K ′
(x − g(v) − u

h

)(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

×K ′
(x − g(a) − y

h

)(

g(a) − % (g̃(a)) + % (g̃(v)) − g(v)
)

×fe(u)fe(y)fX(v)fX(w)fX(a)
¢
u
¢
y
¢
v
¢
w
¢
a

= h4

∫∫∫∫ ∫

z1K
′(z1)z2K

′(z2)
(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

×
(

g(a) − % (g̃(a)) + % (g̃(v)) − g(v)
)

fX(v)fX(w)fX(a)

×f ′
e

(

x − g(v)
)

f ′
e

(

x − g(v)
) ¢

v
¢
w
¢
a
¢
z1
¢
z2 + O(h9),

Ü���í>à

% (U) ∼ −h2

∫∫∫

z1K
′(z1)

(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

×fX(v)fX(w)f ′
e

(

x − g(v)
) ¢

v
¢
w
¢
z1 + O(h5),

Ü�� �>à
�	��¢

% (V ) ∼ −h2

∫∫∫

z2K
′(z2)

(

g(a) − % (g̃(a)) + % (g̃(b)) − g(b)
)

×fX(a)fX(b)f ′
e

(

x − g(a)
) ¢

a
¢
b
¢
z2 + O(h5).

Ü��
�aà
©.¡��
�	­i�#�>���#�	���Y�[�k�	�p�������*¦����>�.�p¡³�	�Ó�p¡�������¢[�Y�-�	�³�p¡��.���Y�p�ïÜªè�å>à8���

O((n−1)(n−2)(n−3)h8)
§

% «��	�����[���[¦��p¡������Y�p�äÜ�� �>ànÁ

2(n − 1)(n − 2)(n − 3)
���#� [

K ′
(x − g(X2) − e1

h

)(

g(X2) − g̃(X2) + g̃(X1) − g(X1)
)

,

K ′
(x − g(X1) − e3

h

)(

g(X1) − g̃(X1) + g̃(X3) − g(X3)
)

]

.
= 2(n − 1)(n − 2)(n − 3)

���#�
(U, V ).

Ü���å>à
� ��­c�n�ª������Á

% (UV ) ∼ h4

∫∫∫∫ ∫

z1K
′(z1)z2K

′(z2)
(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

×
(

g(w) − % (g̃(w)) + % (g̃(b)) − g(b)
)

fX(v)fX(w)fX(b)

×f ′
e

(

x − g(w)
)

f ′
e

(

x − g(v)
) ¢

v
¢
w
¢
z1
¢
z2
¢
b + O(h9).

Ü���è>à
�[�[�p�p¡��Y�#Á

% (U) ∼ −h2

∫∫∫

z1K
′(z1)

(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

×fX(v)fX(w)f ′
e

(

x − g(v)
) ¢

v
¢
w
¢
z1 + O(h5).

Ü�� ��à
�	��¢

% (V ) ∼ −h2

∫∫∫

z2K
′(z2)

(

g(a) − % (g̃(a)) + % (g̃(b)) − g(b)
)

×fX(a)fX(b)f ′
e

(

x − g(a)
) ¢

a
¢
b
¢
z2 + O(h5).

Ü�� �>à

y z



©.¡v���¥�p¡������Y�p�äÜ�� �>à1���
�	�*����¢[�Y�
O((n − 1)(n − 2)(n − 3)h8)

§
% «��	�����[���[¦��p¡������Y�p�äÜªè�è>ànÁ

2(n − 1)(n − 2)(n − 3)
���#� [

K ′
(x − g(X1) − e2

h

)(

g(X1) − g̃(X1) + g̃(X2) − g(X2)
)

,

K ′
(x − g(X3) − e2

h

)(

g(X3) − g̃(X3) + g̃(X2) − g(X2)
)

]

.
= 2(n − 1)(n − 2)(n − 3)

���#�
(U, V ).

Ü���Þ>à
����¡³�#�>�

% (UV ) ∼

∫∫∫∫

K ′
(x − g(v) − u

h

)(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

×K ′
(x − g(a) − u

h

)(

g(a) − % (g̃(a)) + % (g̃(w)) − g(w)
)

×fe(u)fX(v)fX(w)fX(a)
¢
u
¢
v
¢
w
¢
a.

ÜªÞ�ß>à
ë¤�v�p���U¢l���Y���[¦

(g−1)′ = r
�	��¢

fX(g−1) = lX
�������3�p¡���¢[�Y�p�����	�p�������	�QÜ$� �>ànÁ³�	��¢6�����p���[¦��p¡³�	�

r′
(

g(v)
)

= −
g′′(v)

g′(v)2
ÜªÞlÝ�à

�	��¢
l′X

(

g(v)
)

= f ′
X(v),

ÜªÞ�í>à
®1�]��­[�W�	���x­v£6���p���[¦ ∫

K ′(z)
¢
z = 0

Á

% (UV ) ∼ h2

∫∫∫∫

K ′(z1)
(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

K ′(z2)

×
[

g
(

g−1
(

g(v) + h(z1 − z2)
)

)

− %
(

g̃
(

g−1(g(v) + h(z1 − z2))
)

)

+ % (g̃(w)) − g(w)
]

fe(x − g(v) − z1h)fX(v)fX(w)lX
(

g(v) + h(z1 − z2)
)

×r
(

g(v) + h(z1 − z2)
) ¢

z1
¢
v
¢
w
¢
z2 = h4

∫∫∫∫

K ′(z1)

×
(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

K ′(z2)

×
[

g
(

g−1(g(v) + h(z1 − z2))
)

− %
(

g̃
(

g−1(g(v) + h(z1 − z2))
)

)

+ % (g̃(w)) − g(w)
]

fX(v)fX(w)
{

z1z2r
′
(

g(v)
)

lX
(

g(v)
)

f ′
e

(

x − g(v)
)

−2z1z2r
′
(

g(v)
)

fe

(

x − g(v)
)

l′X
(

g(v)
)

+z1z2f
′
e

(

x − g(v)
)

r
(

g(v)
)

l′X
(

g(v)
)

} ¢
v
¢
w
¢
z1
¢
z2 + O(h9) =

h4

∫∫∫∫

K ′(z1)
(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

K ′(z2)

×
[

g
(

g−1(g(v) + h(z1 − z2))
)

− %
(

g̃
(

g−1(g(v) + h(z1 − z2))
)

)

+ % (g̃(w)) − g(w)
]

×fX(v)fX(w)
{

− z1z2
g′′(v)

g′(v)2
fX(v)f ′

e

(

x − g(v)
)

+ 2z1z2
g′′(v)

g′(v)2
f ′

X(v)fe

(

x − g(v)
)

+z1z2f
′
e

(

x − g(v)
)f ′

X(v)

g′(v)

} ¢
v
¢
w
¢
z1
¢
z2 + O(h9).

ÜªÞ �>à

y �



ÃÄ�������#�>�Y�#Á

% (U) ∼ −h2

∫∫∫

z1K
′(z1)

(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

×fX(v)fX(w)f ′
e

(

x − g(v)
) ¢

v
¢
w
¢
z1 + O(h5).

ÜªÞ
�aà
�	��¢

% (V ) ∼ −h2

∫∫∫

z2K
′(z2)

(

g(a) − % (g̃(a)) + % (g̃(b)) − g(b)
)

×fX(a)fX(b)f ′
e

(

x − g(a)
) ¢

a
¢
b
¢
z2 + O(h5).

ÜªÞ�å>à
©.¡v���¥�p¡������Y�p�äÜªè�è>à1���
�	�*����¢[�Y�

O((n − 1)(n − 2)(n − 3)h8)
§

�2���³�	����£>Á³�n«��	�����[���[¦��p¡������Y�p�)Üªè ��ànÁ

(n − 1)(n − 2)
���#� (

K ′
(x − g(X1) − e2

h

)(

g(X1) − g̃(X1) + g̃(X2) − g(X2)
)

,

K ′
(x − g(X2) − e1

h

)(

g(X2) − g̃(X2) + g̃(X1) − g(X1)
)

)

.
= (n − 1)(n − 2)

���#�
(U, V ).

ÜªÞ�è>à
æ �W�	�p�p���[¦�®����p¡ % (UV )

Á

% (UV ) ∼ h4

∫∫∫∫

z1K
′(z1)z2K

′(z2)
(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

×
(

g(w) − % (g̃(w)) + % (g̃(v)) − g(v)
)

fX(v)fX(w)

×f ′
e

(

x − g(v)
)

f ′
e

(

x − g(v)
) ¢

v
¢
w
¢
z1
¢
z2 + O(h9).
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% (U) ∼ −h2

∫∫∫

z1K
′(z1)

(

g(v) − % (g̃(v)) + % (g̃(w)) − g(w)
)

×fX(v)fX(w)f ′
e

(

x − g(v)
) ¢

v
¢
w
¢
z1 + O(h5).
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% (V ) ∼ −h2

∫∫∫

z2K
′(z2)

(

g(w) − % (g̃(w)) + % (g̃(v)) − g(v)
)

×fX(w)fX(v)f ′
e

(

x − g(v)
) ¢

v
¢
w
¢
z2 + O(h5).
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f(x)
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X1, X2, ..., Xn
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f∗(x) =
1

nh

n
∑

i=1

K
(x − Xi

h

)

,
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Ó
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K
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Xt = g(Xt−1) + et,
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fX(x) =

∫

fe

(

x − g(u)
)

fX(u)
 
u = # [

fe

(

x − g(X)
)]

,
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X1, ..., Xn
�	©����X�n���$�n���	���

�$�¡�n�����!���^�������
{Xt}
¦Ð���°���$�v���n�n�����$���

g
���,Ú£ð-Þl«j©^¢±��¦ ���n���°Äp�	 ��$�V��¢t��¤í�,�$�����	�®�����n�����$���	��«

�����ã×�Ù$�� j���#ÚªÛ�Ü�Ü�Ý-Þ����$�-�ØÛ�ð-èT«¥Ó
���n� ©��$�� jÓ
�� j�n�
hR
«­�$��  ¯-�X�n���X�p� �!���X�n���	�

KNW
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(x − Xi)/hR
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g̃(x) =

∑
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.
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∑
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(
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n

n
∑
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n
∑
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K
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)

]

.
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²A���n�n�� j¢/�n���6���	���X�t���&�$�p�n���±���n�n�����$���	��«��������%�����l�Á�!�
���� !�����	���g�����6�n���v j� âF�X���X�����

©g�X�NÓæ���X�a�n�������n�n�����$���	�­�$�� v�n�����n�n���� !�X���n���N¢6���v�n���p�£�	������Ó
���!�����$�!���X��«

f̂X(x) − fX(x) = f̂X(x) − f̃X(x) + f̃X(x) − fX(x),
Ú
	-Þ

Ó
���X���

f̃X(x) =
1

n

n
∑

i=1

[ 1

(n − 1)hD

n
∑

j=2

K
(x − g(Xi) − ej

hD

)]

,
Ú£Ü-Þ
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�����n��� �Å���n�n�����$���	����Ó
���n�
g(·)
�$�� 

ej
�Á�	�

j = 2, ..., n
«-¯T����Ó
�¿¦������n�V�$�n�¡©t¢)�lÒ!�$�����!���!�

f̃X(x)
¦

Äp�	�����n���$�¨�������	�������	�V�$�n���	�¿«�Óæ�����X�
hD = h

���v�n���p�£�	������Ó
���!��¦
¾ �	���n�� !�X�¥�n���°©!�i�	�¨���X�n� ì����n��«��í¦ ��¦2Óæ�����	������ !�X�

# (

f̃X(x)
)

=
1

n(n − 1)h
#
[

n
∑

i=1

n
∑

j=2

K
(x − g(Xi) − ej

h

)

]

.
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�p�n���!�a�n���$�)�n�����n�����&�V�X�n�����
{Xt}

���%�n�n�n���X�)���V�$�n���	���$�n¢��$�� /��� ÒT���!�®Óæ�6���$�/���������V�$�� ��$�� 
�������!�!��Ã^�����p�����!���Ñ�-�[�n���$�­�n�������X�n���­�����n����©!�i�	�­Ó
���X�

i
�$�� 

j
�$���°�í�$�p�$���$�n���$�� 

n
���X�� !�

���%���jì��!���N¢-«?Ó
�����F©g�����X������©!����¦ �
�X�n���$����¢6Óæ�����$��Ó
�n������ÚªÛ�Ý-Þ
�	��«

1

n(n − 1)h
#
[

n
∑

i=1

n
∑

j=2

K
(x − g(Xi) − ej

h

)

]

=
1

n(n − 1)h

n
∑

i=1

n
∑

j=2

∫∫

K
(x − g(v) − u

h

)

×[f i,j
X,e(v, u) − fX(v)fe(u) + fX(v)fe(u)]

 
v
 
u.

ÚªÛ�ÛÑÞ
���)�[���n�°�lÒ��$�������%��Ãt���$�n���	�3ÚªÛ�ÛÑÞ¥���a�ÅÓæ�±�n���X���Ñ¦��p�n���!�±�n�V�$�n���	���$�n���Å¢®�$�� ®�n���)��� ÒT���!�	¤í�Å¢^�g�
���	�� j���n���	�

|f i,j
X,e(v, u)−fX(v)fe(u)| ≤ C|α||i−j| Ó
���X��� |α| < 1

«�Ó��¨�	©!�V�$���������n����ì����n�Ð�n���X�¿«
∣

∣

∣

1

n(n − 1)h

n
∑

i=1

n
∑

j=2

∫∫

K
(x − g(v) − u

h

)

[f i,j
X,e(v, u) − fX(v)fe(u)]

 
v
 
u
∣

∣

∣

≤ C
1

n(n − 1)h

n
∑

k=1

∫∫

K
(x − g(v) − u

h

)

2(n − k)|α|k−1   v   u.
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Â®�	�������-�X��«

1

n(n − 1)h

n
∑

k=1

(n − k)|α|k−1 =
1

(n − 1)h

n
∑

k=1

(1 −
k

n
)|α|k−1

=
1

(n − 1)h

[

n
∑

k=1

|α|k−1 +
1

n

n
∑

k=1

k|α|k−1
]

= O
( 1

(n − 1)h

)

,
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�n�������p�n���p�NÓ������X�n����������ÚªÛ�ñ-Þæ©`�	�n�±���	�t�-�X�n�-��¦­ÚÁé��	�
i < j

�n���p���X�n� ���	�n�����n�g�	�� j���!�����±ÚªÛ�ð-ÞÐ���
���6�í�	�X� ���X���� j������������ !�X�g�X�� !�X������¦ Þ
²������V�����	�� ±���$�n�¨���,ÚªÛ�ÛÑÞ������-����«

1

n(n − 1)h

n
∑

i=1

n
∑

j=2

∫∫

K
(x − g(v) − u

h

)

fX(v)fe(u)
 
v
 
u

∼
1

h

∫∫

K
(x − g(v) − u

h

)

fX(v)fe(u)
 
v
 
u

=

∫∫

K(w)fX(v)fe(x − g(v) − hw)
 
v
 
w

=

∫

K(w)fX(x − hw)
 
w

= fX(x) +
h2

2
f ′′

X(x)

∫

w2K(w)
 
w + O(h4).
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²����°���	�V�$�¿©!�i�	�¥���$�v©`��Ó
�n���n���X�¿«��!�!�n�n���!�
(n − 1) = n

«

# (

f̃X(x)
)

− fX(x) =
h2

2
f ′′

X(x)

∫

w2K(w)
 
w + O(h4) + O

( 1

nh

)

,
ÚªÛ�á-Þ

�n�����V�$�����	�¨�n���°©!�i�	�
���®§^��
	�-�[ß ²�� 
��n�n���X���ÔÚ£ð�Ý�Ý�á-Þl«��lÒj���X�!�
�£�	�
�n���°�i�	�n�
���X�n�v¦
²����°���$�n�i�$�����°���X�n�¬���$��©`�° !�����	���g������ ±���^�������X�-�X�V�$�8���Ñ�	�$�n�i�$�����[���X�n����«

���$� (
f̃X(x)

)

=
1

n2(n − 1)2h2

�	�$� [ n
∑

i=1

n
∑

j=2

K
(x − g(Xi) − ej

h

)

]

=
1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2

n
∑

k=1

n
∑

l=2

���Ñ� (
K

(x − g(Xi) − ej

h

)

,K
(x − g(Xk) − el

h

)

)

.
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���v�����n�����	������ !�X�&�$���¥���	��©!�����$�n���	���&�$�
i
«

j
«

k
�$�� 

l
¦���¢#���n���!�,��� Òj���!���!���	�g�X�n�n�����&�	�

�$©g���-��«`���­Ó
������©g�[�����X�a�n���$���	�!��¢±���� !�X�g�X�� !�X�t�°���X�n���­Ó
�����¡���	�t�n�n��©!�!���%�����n���[�����	 j���!�&���X�n�
�$�2�n�!���
���$�n�i�$�����[�lÒj�!�������n���	�¿¦�×p�X�����	�!��¢±���	�����$���$���8���	��©!�����$�n���	���pÓ
�����8©g�°�lÒ!�$�������� F¦�²����
���X���$���!���!�����X�n���¥���$�v©`���n�����$���� a�n�������i�$�n��¢-¦
é������n��«��lÒ!�$�������

i = j = k = l
¦ �p��Óæ�vÓ
�����¥������«æ�n�!�������X�n� Ó
�����¨���	�����	�^�n�n��©!�!�������

�n�������-�X�V�$���F���$�n�i�$������«T©!�!�����������X���� !�� 6���) !�X���	���n�n�V�$�����n���p�������!�!��Ã^������¦Ð²��������	�n�����n�g�	�� j���!�
���X�n� ���,ÚªÛ�ä-Þ�©g�����	������«

1

n2(n − 1)2h2

n−1
∑

i=1

���$� (
K

(

(
x − g(Xi) − ei

h

)

)

=
n − 1

n2(n − 1)2h2

[

# (

K2(
x − g(X1) − e1

h
)
)

−
[ # (

K(
x − g(X1) − e1

h
)
)]2

]

.
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¾ �	���n�� !�X�¨�n���°ì����n�
���X�n�v¦���¢&�V���$�!�-�[�$�¡�	�$�n�i�$©!�����p�$�� ±²A��¢^���	�p�lÒT���$���n���	�¿«

# (

K2(
x − g(X1) − e1

h
)
)

=

∫∫

K2(
x − g(v) − u

h
)fX,e(v, u)

 
v
 
u

= h

∫∫

K2(z)fX,e(v, x − g(v) − hz)
 
v
 
z =

h
[

∫∫

K2(z)fX,e

(

v, x − g(v)
)  

v
 
z − h

∫∫

zK2(z)
∂(fX,e(v, x − g(v)))

∂(x − g(v))

 
v
 
z

+
h2

2

∫∫

z2K2(z)
∂2(fX,e(v, x − g(v)))

∂(x − g(v))2
 
v
 
z + o(h2)

]

.

²������������	�� v���X�n� ���±�n���°���$�n�i�$�������lÒT�!�����V�n���	�±����«j���n���!���lÒ��	�X�n��¢&�n�����V�$�����������!�!��Ã^������«

[ # (

K(
x − g(X1) − e1

h
)
)]2

=
[

h
[

∫

fX,e

(

v, x − g(v)
)  

v

+
h2

2

∫∫

z2K(z)
∂2(fX,e(v, x − g(v)))

∂(x − g(v))2
 
v
 
z + o(h2)

]

]2

= h2
[(

∫

fX,e(v, x − g(v))
 
v
)2

+ O(h2)
]

.

x



�Å�±���	�V�$�í«

1

n2(n − 1)2h2

n−1
∑

i=1

���$� (
K

(

(
x − g(Xi) − ei

h

)

)

=
1

n2(n − 1)h2

[

h

∫∫

K2(z)fX,e

(

v, x − g(v)
)  

v
 
z + O(h2)

]

.
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²��������lÒj�����	�[©!�����$�n���	��Óæ���n�n�� j¢®���
k = i 6= j = l

�$�� ã�n�����������$�n�i�$���������X�n� ��� ÚªÛ�ä-Þ
Ó
�����¿©g�

1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
j 6=i

���$� (
K

(

(
x − g(Xi) − ej

h

)

)

=
1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
j 6=i

[

# (

K2(
x − g(Xi) − ej

h
)
)

−
[ # (

K(
x − g(Xi) − ej

h
)
)]2

]

.
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×p�X���
Xi
�$�� 

ej
�$���­ !�X�g�X�� !�X�t�
Ó
���X�

i ≥ j
�$�� ����� !�X�g�X�� !�X�t�¨Ó
���X�

i < j
¦��­�æ�£�	�æ�n���p©!�i�	�

�$���$��¢j�n����«jÓæ����������� ÒT���!�&�$�� ±���±���	�V�$�¿Óæ�[�-�X�

(n − 1)(n − 2)

n2(n − 1)2h2

[

hfX(x)

∫

K2(z)
 
z − h2f2

X(x) + O(h2)
]

,
Ú£ð�Ý-Þ

�	���£�	�
�n���°���� j�g�X�� !�X�t�­���	�V�����®§^��
	�-�[ß ²�� 
��n�n���X���ÔÚ£ð�Ý�Ý�á-Þl¦
�Å���n���¥�£�	������Ó
���!�%���	�[©!�����$�n���	�¿«

i = l 6= j 6= k
«t�n���X���­Ó
�����`©`�­�n�!�����­���!�����$�n���	�&���� !�lÒ!����¦

�������$�±Ó
�n�����

1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
i6=j 6=k

n
∑

k=2

����� (
K

(

(
x − g(Xi) − ej

h

)

,K
(

(
x − g(Xk) − ei

h

)

)

=
1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
i6=j 6=k

n
∑

k=2

[

# (

K(
x − g(Xi) − ej

h
)K(

x − g(Xk) − ei

h
)
)

− # (

K(
x − g(Xi) − ej

h
)
) # (

K(
x − g(Xk) − ei

h
)
)

]

.
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	��lì����
Q(Xi, ej) = K

(x − g(Xi) − ej

h

)

.
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��¢vÓ
�n���n���!�±�	�!���n���)���!�����$�n���	�����-�X�
k
�$©g���-�)Ó��)���$�ãÓ
�n�����)�n���%�������$�n�i�$�������	��«`���	���%�n�n�����

�n���$�
i 6= j
«

1

n2(n − 1)2h2

[

n
∑

i=1

n
∑

j=2
i6=j

����� (
Q(Xi, ej), Q(X2, ei)

)

+

n
∑

i=1

n
∑

j=2
i6=j

����� (
Q(Xi, ej), Q(X3, ei)

)

+ ... +

n
∑

i=1

n
∑

j=2
i6=j

����� (
Q(Xi, ej), Q(Xn, ei)

)

]

.
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�����¿�����-���n�����V�$���
�	�� !�X��«!�n�^���¨Óæ�[�n�n�� j¢&�	�������X�n� �Á�	�¥��ì!Ò!�� 

k
«

1

n2(n − 1)2h2

[

n
∑

i=1

n
∑

j=2
i6=j

����� (
Q(Xi, ej), Q(Xk, ei)

)

]

=
1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
i6=j

[

# (

Q(Xi, ej)Q(Xk, ei)
)

− # (

Q(Xi, ej)
) # (

Q(Xk, ei)
)

]

.
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�­�t�$���¿«^Ó������$�&���V�¥��� Òj���!�%�������!�!��Ã^������¦ÐÄp�	���­�n���$�
 !�X�g�X�� !�X�����pÓ
�����F�$��Ó���¢j�
�^���X�!��©g�X�NÓ����X�
Xi
�$�� 

ei
«j�n�t���¥Óæ�[�[���n�¨���V��� �ª�	���^�¥ j���n�n�n��©!�!�n���	�����X����¦�§^�������

k
����ì!Ò!�� F«!�n���� !�X�g�X�� !�X�����

©g�X�NÓæ���X�
Xk
�$�� ��n�����	�n���X�����$�n�i�$©!�����°Ó
�����Ð���$�!���n�� j�������±��� Òj���!�vÓ
���X�

i
�$�� 

j
©g�����	�����

�i�$�n�-��¦Ð²��^���¨�n����ì����n�
���$�n�­�$��Ú£ð$î^Þ����$�v©`��Ó
�n���n���X�¿«�ÚÁ�n�!�!�!�������n���!���n���
k
¤N !�X�g�X�� !�X�����ÑÞ

1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
i6=j

# (

Q(Xi, ej)Q(Xk, ei)
)

=
1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
i6=j

∫∫∫∫

K
(x − g(v1) − u1

h

)

K
(x − g(w) − u2

h

)

×
(

f i,j
X,e,X,e(v1, u1, w, u2) − fX,e(v1, u2)fX(w)fe(u1)

+fX,e(v1, u2)fX(w)fe(u1)
)  

v
 
u1
 
u2
 
w.
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���2���lÒj�F���t�n���T j�����æ����� Òj���!�	¤í�N¢T�`�����	�� j���n���	���	�
f i,j

X,e,X,e(v1, u1, w, u2)−fX,e(v1, u2)fX(w)fe(u1)
«

∣

∣

∣

1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
i6=j

∫∫∫∫

K
(x − g(v1) − u1

h

)

K
(x − g(w) − u2

h

)

×
(

f i,j
X,e,X,e(v1, u1, w, u2) − fX,e(v1, u2)fX(w)fe(u1)

)  
v
 
u1
 
u2
 
w

∣

∣

∣

∼
1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
i6=j

∫∫∫∫

K
(x − g(v1) − u1

h

)

K
(x − g(w) − u2

h

)

×|α2|
|i−j|   v   u1

 
u2
 
w ∼

1

n(n − 1)2

n
∑

l=1

2
(

1 −
l

n

)

|α2|
l = O

( 1

n(n − 1)2

)

,
Ú£ð�ä-Þ
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|α2| < 1
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(n − 1)(n − 2)

n2(n − 1)2h2

∫∫∫∫

K
(x − g(v1) − u1

h

)

K
(x − g(w) − u2

h

)

×fe(u1)fX(w)fX,e(v1, u2)
 
v1
 
w
 
u1
 
u2

=
(n − 1)(n − 2)h2

n2(n − 1)2h2

∫∫∫∫

K(z1)K(z2)fe(x − g(v1) − z1h)

×fX(w)fX,e(v1, x − g(w) − z2h)
 
v1
 
w
 
z1
 
z2

=
1

n2

[

∫∫

fX(w)fe

(

x − g(v1)
)

fX,e

(

v1, x − g(w)
)  

v1
 
w + O(h2)

]

.
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���¥�$�2����Ó��X�p�	�� !�X�­�n���$���n�������X�n�"Ú£ð�ä-ÞX¦�²��t���­�n���°���X�n� Ú£ð�ä-Þ
Ó
�����
���	�¥���	�^�n�n��©!�!���������n���°���Ñ�	�$�n�i�$������¦
²����)�i�	�n�p���$�n�°�$�%Ú£ð$î^Þ¥���$�D�$���V��©g�����n�� j���� ����n���!�6��� Òj���!�������V�!�!��Ãt�����Ñ«¿�$�� ã�$�t�$���¿« �ª���n�

�n���)���� j�`�X�� !�X�^�����$�n��Ó
�����Ð���	�t�n�n��©!�!����¦ �­�����!�&�������!���­�Á���	� §^��
	�-��ß ²���
��n�n���X��� Ú£ð�Ý�Ý�á-Þl«FÓ��
���$�vÓ
�n�����

# (

Q(X1, e2)
) # (

Q(X3, e1)
)

= h2f2
X(x) + O(h4).

Ú£ð�	-Þ
�p�n���!���n�����£�	�X�­�n���$�

k = 2, ..., n
«F�$�� ®�n���������n�����	�� !�X�p�$�Ð�n���[���X�n���)Ú£ð-è�Þ­�$�� �Ú£ð�	-Þ¨Ó
�����8©g�

�n�����V�$���p�£�	�¥�$�t¢
k
«!�n�������	�V�$�8���Ñ�	�$�n�i�$������� ���	� Ú£ðjÛÑÞæÓ
�����¿©`��«

1

n − 1

[

∫∫

fX(w)fe

(

x − g(v1)
)

fX,e

(

v1, x − g(w)
)  

v1
 
w

−f2
X(x) + O(h2)

]

.
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²����°���X�n�v«
j = k 6= i 6= l

«!���$�v©g���$���$��¢j���� ��	�¥�$©g���-��¦Ð²��^����«!���¨���$�v©g�°�n���ÑÓ
�v�n���$�

1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
i6=j 6=l

n
∑

l=2

���Ñ� (
K

(

(
x − g(Xi) − ej

h

)

,K
(

(
x − g(Xj) − el

h

)

)

=
1

(n − 1)h2

[

h2

∫∫

fX(v2)fe

(

x − g(v1)
)

fX,e

(

v1, x − g(v2)
)  

v1
 
v2

−h2f2
X (x) + O(h4)

]

.
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§^�������i�$�n��¢-«��Á�	�
�n���°���X�n�v«
i 6= k 6= j = l

«

1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
i6=j 6=k

n
∑

k=2

���Ñ� (
K

(

(
x − g(Xi) − ej

h

)

,K
(

(
x − g(Xk) − ej

h

)

)

=
1

(n − 1)h2

[

h2

∫

f2
X(v)fe

(

x − g(v)
)

g′(v)

 
v − h2f2

X(x) + O(h4)
]

,
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�$�� 6�£�	�
�n���°���X�n�
i = k 6= j 6= l

«

z



1

n2(n − 1)2h2

n
∑

i=1

n
∑

j=2
i6=j 6=l

n
∑

l=2

���Ñ� (
K

(x − g(Xi) − ej

h

)

,K
(x − g(Xi) − el

h

)

)

=
1

(n − 1)h2

[

h2

∫

fX(v)f2
e (x − g(v))

 
v − h2f2

X(x) + O(h4)
]

.
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²����[���X�n���
�Á���	� �n���°���X���$���!���!�����	��©!�����$�n���	�����$�
i
«
j
«
k
�$�� 

l
«����v�n�����������$�n�i�$������ÚªÛ�ä-Þ

Ó
���������	�Ð���	�^�n�n��©!�!���¥�����n���
�Ñ�-�X�V�$�������$�n�i�$�����¨�$�
f̃X(x)

«t�n���������n���X¢��$���¨�$�g�!�������X���	�� !�X��¦¡²��t���
�n���°���$�n�i�$�������Á���	� ÚªÛ�ä-Þ����$�v©g��Ó
�n���n���X�¿«��	 ! j���!�&�$���¿���	��©!�����$�n���	���­�n���$�­���	�t�n�n��©!�!����«

���$� (
f̃X(x)

)

=
1

n − 1

∫

fX(v)f2
e

(

x − g(v)
)  

v

+
2

n − 1

∫∫

fX(v2)fe(x − g(v1))fX,e(v1, x − g(v2))
 
v1
 
v2

+
1

n − 1

∫

f2
X(v)fe

(

x − g(v)
)

g′(v)

 
v −

4

n − 1
f2

X(x)

+
1

n(n − 1)h
fX(x)

∫

K2(z)
 
z + O

(

(n − 1)−1h2
)

,
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Ó
�!���������	�n�����n�`�	�� !�����6�n�������$�n�i�$�����%�£�	�!�� ã���,§^��
	�-��ß ²���
��n�n���X���.Ú£ð�Ý�Ý�á-Þl«A�lÒj���X�!���£�	���n���
���X�n� Ó
���n��� �ª�	���^�¨ j���n�n�n��©!�!�n���	�6�£�	�

e
�$�� 

X
¦2×­�ÑÓæ�X�-�X��«��n���­���$�n�i�$������Ó
�����F���� j�����°���	�n�����X�n��¢

���ã�n���±���� !�X�g�X�� !�X�t�&���	���±�n�������
X
�$�� 

e
�$���6���� !�X�g�X�� !�X�t�&�$�� 3©t¢/���n���!�,�ã���	�t�-�	���!�n���	�

�$�n���!���X�t� �

2

n − 1

∫∫

fX(v2)fe(x − g(v1))fX(v1)fe(x − g(v2))
 
v1
 
v2 =

2

n − 1
f2

X .
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²��t���¥�n���°���$�n�i�$�����°���±�n���°���� !�X�g�X�� !�X�t�­���	�V�°����«

1

n − 1

∫

fX(v)f2
e

(

x − g(v)
)  

v

+
1

n − 1

∫

f2
X(v)fe

(

x − g(v)
)

g′(v)

 
v −

2

n − 1
f2

X(x)

+
1

n(n − 1)h
fX(x)

∫

K2(z)
 
z + O

(

(n − 1)−1h2
)

,
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å ©����X�n�-���n���$���Á���	� �lÒT�!�����������	�DÚ£ñ�ñ-Þ��n�������$�n�i�$�������$�
f̃X(x)

���	�������	 j���!�����X�n���
�$�A�	�� !�X�
n−1 «F�n�!�����������	�t�n�V�	�������6�n���%¯-�X�n���X�� !�X���n���Å¢®���n�n�����$���	�[Ó
�!���������	�������	 j���!�v���X�n��� (nh)−1 «�����°��¦ ��¦2�,�$�� aß à-�	������ÚªÛ�Ü�Ü�á-Þ
���$�-��ðjÛ�¦

�p�[���3§^��
	�-�±ß ²�� 
��n�n���X��� Ú£ð�Ý�Ý�á-Þl«¡Óæ�&���lÒj�)�n�n�� j¢D�n�����!���	�g�X�n�n�����)�$�­�n�����	�n���X�)���X�n�
��� ��Ãt���$�n���	� Ú
	-ÞX«��n���$�6����«

f̂X(x) − f̃X(x)
¦ ¾ �	������ !�X���n���®���n�n�����$���	�

f̂X(x)
��� Úíè�Þl¦ ��¢

�n�!©��n�n���n�!�n���!���Á�	�
ẽj
«!²A��¢^���	�p�lÒT���$�� j���!���$�

K(·)
�$���	�!�� 

(x − g(Xi) − ej)/h
�$�� ±���n���!���n���

�����$�v���$�����°�n�����	���X�v«!Ó����	©!�V�$���¿«

�



f̂X(x) =
1

n

n
∑

i=1

[ 1

(n − 1)hD

n
∑

j=2

K(
x − g̃(Xi) − ẽj

hD
)
]

=
1

n

n
∑

i=1

[ 1

(n − 1)h

n
∑

j=2

K
(x − g̃(Xi) − Xj + g̃(Xj−1)

h

)

]

=
1

n

n
∑

i=1

[ 1

(n − 1)h

×

n
∑

j=2

K
(x − g(Xi) − ej + g(Xi) − g̃(Xi) − g(Xj−1) + g̃(Xj−1)

h

)

]

=
1

n

n
∑

i=1

[ 1

(n − 1)h

n
∑

j=2

[

K
(x − g(Xi) − ej

h

)

+ K ′
(x − g(Xi) − ej

h

)

×
(g(Xi) − g(Xj−1) + g̃(Xj−1) − g̃(Xi)

h

)

+OP

(

(
g(Xi) − g(Xj−1) + g̃(Xj−1) − g̃(Xi)

h
)2

)]

]

.
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²��t���Ñ«

f̂(x) − f̃(x) =
1

n

n
∑

i=1

[ 1

(n − 1)h

n
∑

j=2

[

K ′(
x − g(Xi) − ej

h
)

×
g̃(Xj−1) − g(Xj−1)

h
+ K ′(

x − g(Xi) − ej

h
) ·

g(Xi) − g̃(Xi)

h

]

]

+

n
∑

i=1

[ 1

(n − 1)h

n
∑

j=2

OP

(

(
g(Xi) − g(Xj−1) + g̃(Xj−1) − g̃(Xi)

h
)2

)

]

.
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�p�)���3§^��
	�-�vß+²�� 
��n�n���X��� Ú£ð�Ý�Ý�á-Þ��!�� !�X���$�!�!���	�!�n�i�$���6���X���!�i�$�n���N¢Ø���	�� j���n���	����«�Óæ�6���$�
�n���ÑÓ �n���$���n���¥�������	�� ��	�� !�X�æ���X�n�;�����n���p²A��¢T���	���lÒT���$���n���	�6�$©`�Ñ�-�¥���æ�$�¿�!�������X�æ�	�� !�X���!�� !�X�
�n���°���	�� j���n���	���¨�n�V�$���� 6�n���X����¦�²��t���
Ó��p�Á�T�X���
�	�6�n���°�lÒT�g���X�V�$�n���	���$�� 6�	�$�n�i�$�����°�$���n���pì����n�
�	�� !�X�¨���X�n�v¦Ð²����°�Á�	�����ÑÓ
���!�����	�� j���n���	�v�����$�V�$�^�������¥�n�����lÒj���n���X�������$�¡�n�����������	���X�^��� �

äj¦2���j�
x∈S(X)fX(x) > 0

«!Ó
���X���
S(X)

���¨�n�������	�����	�X�­�n�!�!�g�	�n�¨�$�¡�n���� !�X���n���N¢
fX
¦

²������lÒj�g���X�V�$�n���	�����$�v©g��Ó
�n���n���X�

# (
1

n(n − 1)h

n
∑

i=1

n
∑

j=2

K ′(
x − g(Xi) − ej

h
)

×(
g̃(Xj−1) − g(Xj−1)

h
−

g̃(Xi) − g(Xi)

h
)).
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Äp�	���¡�n���$�¿�n�!���8 j���V�$�!�g���$���g�£�	�
i = j−1

¦ �p�n���!�¥�
���	�� j���n���	�!���!�p�$�� ������	�t�-�	���!�n���	���$�n���!���X�t��«
�	�Ð���±§^��
	�-�­ß ²���
��n�n���X��� Ú£ð�Ý�Ý�á-ÞÐ�$�� ���� ÒT���!�%�$�n���!���X�t���
�	�Ð�£�	�Ð�n���­�lÒT�g���X�V�$�n���	���$�

f̃X
«t�n���

u y



ì����n�
���$�n�¥�$��Ú£ñ�	-Þ����

# ( 1

n(n − 1)h

n
∑

i=1

n
∑

j=2

K ′(
x − g(Xi) − ej

h
) ·

g̃(Xj−1) − g(Xj−1)

h

)

∼

−f ′
X(x)

∫

z1K
′(z1)
 
z1

∫

( # (

g̃(x2)
)

− g(x2)
)

fX(x2)
 
x2
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+
h

2
f ′′

X(x)

∫

z2
1K

′(z1)
 
z1

∫

( # (

g̃(x2)
)

− g(x2)
)

fX(x2)
 
x2 + O(h2).
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# Ò��$�����!���!���n���°�������	�� v���$�n�¨©t¢±�n�������i�$�¥�$�n���!���X�^����«

− # ( 1

n(n − 1)h

n
∑

i=1

n
∑

j=2

K ′(
x − g(Xi) − ej

h
) ·

g̃(Xi) − g(Xi)

h
) ∼

∫

z2K
′(z2)
 
z2

∫

( # (g̃(x1)) − g(x1)
)

f ′
e

(

x − g(x1)
)

fX(x1)
 
x1
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−
h

2

∫

z2
2K ′(z2)

 
z2

∫

( # (g̃(x1)) − g(x1)
)

f ′′
e

(

x − g(x1)
)

fX(x1)
 
x1 + O(h2).
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Äp�	�����n���$�°�n���������n���)¯-�X�n���X�¡���p��¢^�����X�n�n����« ∫
z2K ′(z)

 
z = 0

¦��Å�®���	�V�$�í«g�n����©!�i�	���$�
f̂X(x)Ó
�����¿©g���n�����n�!� �$�[ÚªÛ�á-ÞX«¿Ú£ñ�Ü-Þ
�$�� �Ú î�ÛÑÞ
�$�� ±���
�����-�X�v©^¢

h2

2
f ′′

X(x)

∫

w2K(w)
 
w
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−f ′
X(x)

∫

z1K
′(z1)
 
z1

∫

( # (

g̃(x2)
)

− g(x2)
)

fX(x2)
 
x2
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+

∫

z2K
′(z2)
 
z2

∫

( # (g̃(x1)) − g(x1)
)

f ′
e

(

x − g(x1)
)

fX(x1)
 
x1.
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²�����Ó
���	�������X�n� Ó
�����æ©`���$�¨�	�� !�X�
O(h2)

�n�!���	�!�����n���� !�X�g�X�� !�X�����&�	� # (

g̃(xi)
)

− g(xi)
«

i = 1, 2
«¥Ó
�!���V�H���&�$���n���®�k�$���a�	�� !�X���	�&�n���®Äp�	 ��$�V��¢t��¤í�,�$�����	� ���n�n�����$���	��¦ ²����®©!�i�	�

�lÒj�!�������n���	�ÖÚ îtñ-ÞÅ¤kÚ îtá-Þ������� !�X�t�n�����$�����±�n����©!�i�	���	©!�V�$������ D�£�	���n�������	�^�-�	���!�n���	�#�����n�����$���	�[���
§^��
	�-�[ß ²�� 
��n�n���X���ÔÚ£ð�Ý�Ý�á-Þl«��lÒj�`���X���n���$�¨�n���X�����n���° !�X�������N¢±�$�A���^���X�����n�¨���

fY
«!�	�¨�lÒj�!�i�$������ 

���±�n���°���^�n���^ j���X�n���	�¿¦
é!�!�n�n���X��«��lÒ��$�����!���!�,�n���6���$�n�i�$�����v�$���n���&ì����n���	�� !�X�����X�n� ���Ø�n���v²���¢T���	���lÒj���$���n���	�¿«

�n�������)���$���X�!�i�$�n���	���°�$�����n�������i�$�p�����n���[���$���X�!�i�$�n���	����Ó
���X����Óæ�[�Á�	�!�� a�n���[���$�n�i�$�����)�$�
f̃(x)
¦

²����°���$�n�i�$�����°���vÃ^�����n�n���	�v����«

�	�$� ( 1

n(n − 1)h2

n
∑

i=1

n
∑

j=2

[

K ′(
x − g(Xi) − ej

h
)

×
(

g(Xi) − ĝ(Xi) + ĝ(Xj−1) − g(Xj−1)
)]

)

=
1

n2(n − 1)2h4

n
∑

i=1

n
∑

j=2

n
∑

k=1

n
∑

l=2

×
����� [

K ′(
x − g(Xi) − ej

h
)
(

g(Xi) − ĝ(Xi) + ĝ(Xj−1) − g(Xj−1)
)

,

K ′(
x − g(Xk) − el

h
)
(

g(Xk) − ĝ(Xk) + ĝ(Xl−1) − g(Xl−1)
)

]

.
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�p�F©`�l�£�	����«��n�!���8�������$�n�i�$���������$��©`�� !�����	���`������ ����t���¥�V�X�-�X�V�$�t���$�n�i�$�������$�� [���Ñ�	�$�n�i�$���������X�n����¦
�
�	���� ã�	�ã�n�����������!����������§^��
	�-��ß ²�� 
��n�n���X��� Ú£ð�Ý�Ý�á-Þ��$�� ã���n���!�6��� ÒT���!�v�	�����!���!�n���	����«g�n���
���X�n�����$�n���n���!�[�Á���	�Õ�n�!�������Ñ�	�$�n�i�$�����­Ó
�����?©g�

O(h4/n)
¦2²��t����«^����Ó
�����?�	�!��¢����	�^�n�n��©!�!���­�!�������X�

�	�� !�X���lâg���X���¥�����n�������$�n�i�$�����)�$�
f̂X(x)

¦ �Å�v���	�V�$�A�n���[�	�$�n�i�$�����[Ó
�����A©g�
O(n−1)

«`�$�� ������-�X�
©t¢±�lÒj�!�������n���	�,Ú£ñ�ñ-ÞX¦

� �aÏ! Í�� "�ÉÐÏ�Ë�È �¡É�Í�Ì �

²8�a�X�	�$�����$�����n�����!���	�g������ ,�����n�����$���	��«�Úíè�Þl«A����ì��!�������V�$���!������«AÓæ�����	�����$�����n���������n�����$�����
�	©!�V�$������ vÓ
���n���n���°���n�n�����$�����
�Á���	� �n�����X�i�	���n�����$�8¯-�X�n���X�8���n�n�����$���	�¨����ÚªÛÑÞl¦
²����¨���	�����$�n���V�	�����$���
©��	�V�� ��	���n���
�����$�����^���X���V�$���� ���Ã^���$���� ��X�n���	�­ÚÁÂ �n§ # Þ¡�$�g�n���
�NÓ�����n�n�����$���	����¦�²����$�¨����«

Â �n§ # (f̂) = # [

∫ ∞

−∞

(f̂ − f)2(x)
 
x
]

,
Ú î^è�Þ

�$�� Ø����¯-�XÓ
�����v�Á�	���n���v¯-�X�n���X�­ !�X���n���Å¢#�����n�����$���	��¦ ���±�����-�v�-�X���X�V�$����  á�Ý�ÝD�n���[�!�i�$���� Ö���l¤
�$��� �Ñ�$�n���	���%Ó
���n�#�V�$���!���6�n� ����á�Ý�Ý®�$�¨�n�����!���^�������

{Xt}
¦®²����&�����n�����$���� /Â �n§ # « ˆÂ �n§ # «�����$�!�!����Òj�����$���� ��	�¡�$�%���-�X�V�$�-�
�$���n�������^���X���V�$���� ���Ãt���$���� )�X�n���	�
Ú �ª§ # ÞA�$���n����á�Ý�Ý¨�����$��� �Ñ�$�n���	���Ñ«�$�� a�n��� �n§ # ���p���n�n�����$���� a©t¢v�^�!���X�n�����$�����^���X���V�$�n���	�¿¦ �N�2�n���[�n�n���[���$�n�������$�2 !�X���n���N¢v���¥���	�¯T����Ó
�¿«`Óæ�������-��©��	���� ®�	�!�­���	�����$�n�����	�����	�D�$�a���n�n�����$���� ® !�X���n���N¢a���	���!�!���� ��Á���	�ÔÛ)Ý�Ý�Ý

Ý�Ý�Ý±�-�X���X�V�$���� ��	©����X�n���$�n���	����¦6²����������n�!�����)�$���������-�X�/�	�[�n�����g�X�����X�t�V�$�-���V���$�!�-��©^¢D���n���!�
�n���[���	�^�-�	���!�n���	�D���n�n�����$���	�p���	�����$���� aÓ
���n���n����¯-�X�n���X�A !�X�������N¢����n�n�����$���	��¦
é��	�­�n����Â��n§ # «�n�!���¨�V���$�!�-�����¨���$���X�!�i�$���� �©t¢

ˆÂ �ª§ # (f∗
X) − ˆÂ �n§ # (f̂X)

ˆÂ �ª§ # (f∗
X)

· 100.
Ú î 	-Þ

Äp�	�����n���$�°�����������	 ®�$�����n���!�6�n���%Â��n§ # �X�n���	�°�����	�n�!���%Óæ�����	�!�� ®�����-�������T�����X�,�������	�n�!���Ó
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©^¢)���^�n���^ j���X���!���
���	�!���X�t�$�n���-�ÐÓ��X�����t�A� �!���X�n���	�¿¦�²��!���¿���	�!�� °�����-�Ð©g���X�°������ ��£�	�FÓæ�X�����^�n���!�p !�ÑÓ
�[�	©����X�n���$�n���	���
�$�
�n���°©g�	�!�� ��$�n������¦
²����°�V���	�������$�A©��$�� jÓ
�� j�n�v���±���	�!���$�V�$���X�n�n�������n�n�����$�n���	�±���	�¨�%���	���n�� !�X�V�$©!���°�������	�X�¨�$�

�n�����	���X�!�V�	�X¢±�$�A�n���°���n�n�����$���	��¦�²����°©��$�� jÓ
�� j�n�v������ 6���±�n����¯-�X�n���X�¿ !�X���n���Å¢±���n�n�����$�n���	�v���
�	�!�A�����[�!�i�$�n���	���n�n�� j¢-«$���¿�n���
§T�	���-�l¤í�n���l¤ # Ã^���$�n���	���Ð���!�	¤í���)©��$�� jÓ
�� j�n�)�!���	�g������ �����§^�����$�n���X�ßØà-�	������ÚªÛ�Ü�ÜjÛÑÞl¦A²��!���¿©��$�� jÓ
�� j�n�[���	�A�$���V��©`���X�����V�� °���°�n���Ð���n�n�����$�n���	�)�$�T�n���Ð !�X�������N¢-«

fe
«�� �

���	�n�!���!���X�����Ð�����n�V�$���� F¦�²�����©��$�� jÓ
�� j�n���Á�	�A�n����¯-�X�n���X�j�n���T�	�n�!���!�p�$�
g
���8�n�����n�!���l¤N�$�d¤í�n�^�!�[©¿«

��������¦ ��¦�×�Ù$�� j���aÚªÛ�Ü�Ü�Ý-Þl«
1.06
�����

(σ̂, R/1.34)n−1/5 «�Ó
���X��� R
���[�n�������t���X��Ã^���$�n�n�����&�V�$�!�-��«

σ̂
�����n���a�X���!���n�����$�­���$�n�i�$�������$�[�$���p�	©����X�n�	�$�n���	���

X1, ..., Xn
¦ ²��!����©��$�� jÓ
�� j�n� ���X�����X�n���	�

���)���n���$����¢,���V�� #�	���a�n�!���l¤N�$� ¤í�n�t�!�[© ���# !�X�������N¢������n�����$�n���	�¿«Ð©!�!��Óæ�&�����-�±���������X�#���%���X���
�£�	�­���	���!�!�V�$�n���	���$�2�!�!�n�g��������¦¨²��^���­Ó��[����¢��	�X�n���$����¢��	©!�V�$���ã©`�X�n���X�­�����n�!�����­���n���!�6�����	���
���lì����� ±©��$�� jÓ
�� j�n���Á�	�
�n���°���	�!���$�V�$���X�n�n�����n���������X�n�����¨���X���������n���	�¿¦
����ì������¨�lÒ!�$�������°�n�����$�!���	���X���������n���-�����T !�X�í«

Xt = φXt−1 + et,
Ú îtÜ-Þ

Ó
���X���
et ∼ N(0, σ2)

¦2×­�X���¥�n���¥�n�n���­���$�n�������$�F !�X���n���N¢��$�
X
���

N(0, σ2

1−φ2 )
¦¡²��$©!���)Û­�n����Ó¨�

�n���
���n�n�����$���� �Â �n§ # �Á�	�2�n���
�	�� j�����$�n¢)¯-�X�n���X�� !�X���n���Å¢����n�n�����$���	���$�� ��n�������XÓ3���n�n�����$���	�2�£�	�

u-w



���$�n���	���A�V���	�������A�$�
φ
�$�� 

σ
¦�²��������	�^�-�	���!�n���	�����n�n�����$���	�8���	�A�n�����n���$���������AÂ �ª§ # ���)�$���^���	�V����«�n�t���p���������X���­�n���$�­Ó��[�����!���Ñ�-�%�n���� !�X���n���Å¢����n�n�����$����¦ å ©����X�n�-���n���$�­�n���������n�!�������$���[©g���n�

�£�	�p���X�t�$�n���-���$�!���T���	�n���X�i�$�n���	����¦%²��!����Ó��	���$�����6�	©����X�n�-�� ã���,§j�����-�� j�V�vß ¾ �	��ÚªÛ�Ü�Ü�Ü��ÑÞl«g�£�	�
�n�������n�n�����$�n���	�±�$�8�n���p���$�n�������$�¿ !�X���n���N¢&�$����Â��%ÚªÛÑÞ2�!���T��������«!�$�� &×p�$�n��ÚªÛ�Ü�	$î^Þ����	���� &�n���$�
�%���X�t�$�n���-�����	�n���X�i�$�n���	�����a�$�ã�$�!���	���X���������n���-���!���T�������
���$¯-���p� �N©��$�i�$������  �[�V�$���!����«��n���$�¨����«
�n���°�	©����X�n���$�n���	���¨�$�������	��������¯-�X��¢����%©g���n¢^�����X�n�n���°�$©g�	�!�
�n���������$�±�n���$�v�$�±���� !�X�`�X�� !�X�^�
�V�$���!����¦

�æRTSXR^WaPÑUXP$Ske �pZjY!hTZ�� s`Ulb ZjY ��P�SlYgP�� �nWaQgSkZ�hjP$W�P$Y!U�b Y
%

φ = 0.8 	 σ = 2 1.88 · 10−3 2.76 · 10−3 � u�
 �

φ = 0.8 	 σ = 1 3.48 · 10−3 5.14 · 10−3 � w�
 �
φ = 0.5 	 σ = 2 8.36 · 10−4 1.59 · 10−3 � � 
 �
φ = 0.5 	 σ = 1 1.79 · 10−3 3.28 · 10−3 � x 
 �
φ = 0.2 	 σ = 2 9.82 · 10−4 1.47 · 10−3 � � 
 w
φ = 0.2 	 σ = 1 2.04 · 10−3 3.01 · 10−3 � w�
 w

φ = −0.5 	 σ = 2 4.25 · 10−4 1.18 · 10−3 � � 
 y
φ = −0.5 	 σ = 1 7.98 · 10−4 2.75 · 10−3 � u�
 y

�æR�
��dP±u����°_gP�P$eVUXb WaR^UlP���]������ \íZTS�RTY�������u��pQgSkZ?c�P$ele

é��	�±��� �!�n�n���X�&�lÒ!�$�������$�n���	�H�$���n���®���n�n�����$���	��«¨���X�-�X�V�$���	�n���X�& !�X�������n�������£�	���n���®�X�n���	�
���X�n�

et
���	�­©`���X�v���V�� F«������[�V�$©!����ðj¦�é����-�[�$�2�n���[ !�X���n���n�����­�!���	�g������ v©^¢6Âã�$�n���	�®ß �,�$�� 

ÚªÛ�Ü�Ü�ð-Þ[�����-�6©g���X�/�V�X�����X���� F¦�²��������6 !�X���n���n�����)�N¢T�!� � ¢����$�t¢/ j� âg�X���X�^�%�V���$�����X�!�-�������ã�X�!�n�-�
���n�n�����$�n���	�¿¦6²�����ì��������n�!������ !�X���n���n���������X�!�������X�^�������$�����X�!�-���)�n���$�)���$�/�$�n�����%�£�	���!�!�����T ��$�
 !�X���n���n������¦¡²����­���X���$�V�$���� �©!�����T ��$�? !�X���n���Å¢)���������� j��¢%�[�!���n�����T ��$�í«tÓ
�!�����¥�n���¨ j�����X���X���¥���	��©
���¨�n�n���	�!����¢&�[�!���n�����T ��$�í¦

O�P$YgekbdUnm
(1)

�� ^P�|­P��#s`Ygb W�Z��gR�� 1
5
N(0, 1) + 1

5
N(1

2
, 2

3
) + 3

5
N(12

15
, 5

9
)

(2)
��UlSlZjY`q��dm®e! TPÑ|pP�� ∑7

l=0
1
8
N(3[(2

3
)l − 1], (2

3
)l)

(3)
��sgSVUXZTUlb c%sgY`b W�Z��FR"� 2

3
N(0, 1) + 1

3
N(0, 1

10
)� � �#�?P�QFRTSXRtUXP��$
gbdWaZ%�FR�� 1

2
N(−3

2
, 1

2
) + 1

2
N(3

2
, 1

2
)� x ��O)bdelc$SkP�UlP�c�ZjW&
 ∑2

l=0
2
7
N(12l−15

7
, 2

7
) +

∑10
l=8

1
21

N(2l
7
, 1

21
)

�æR�
��dP�w��¨{�ZTSlWaR��¡W�b('�UXsgSkP)�gP�YgelbiUXb P�e�sgelP��/b YãUl_gP�elbdW6s��ÁRtUXb ZTYãekUls��`m
§^���������n�����n�n�������$�n�������$�� !�X�������N¢[���¡���	�2¯T����Ó
���$���$��¢T�n�����$����¢%���%�n�������
���	������«	Ó��
���n�n�����$���

���
©g�	�n�±©t¢&¯-�X�n���X�8 !�X���n���N¢±���n�n�����$�n���	�¿«�Ó
���n�v©��$�� jÓ
�� j�n�������T�����X�v���%©g���n�����n�!���l¤N�$� ¤í�n�t�!�[©¿«
�$�� ®�n���[�!���	�g������ ã���	�t�-�	���!�n���	�������n�����$���	��¦°²����[�n�!���l¤N�$� ¤í�n�t�!��©�©��$�� jÓ
�� j�n�D���	�p���X����©g���X�
������ ��Á�	�����n�n�����$�n���!�6�n���%�X�n���	�° j���n�n�n��©!�!�n���	�����	�pÓæ�X���í¦�²����%���	�t�-�	���!�n���	�����n�n�����$���	�����p���	���
���	���!�!���X�����t���X���n���-��«`�n�^��� �ª���n�)Û�Ý�Ý�Ý�Ý�Ý��-�X���X�V�$���� ã�	©����X�n�	�$�n���	���°�$���������� a�������n�n�����$�����n���
�n�n���� j���n�n�n��©!�!�n���	�����X����¦ å �!��¢6�n���������n�!�����
���n���!���n����¯-�X�n���X�A !�X���n���N¢±���n�n�����$���	�¨���¨�����-�X�¿«������
�V�$©!���[ñj¦Ð×p��Ó��X�-�X��«�Ó��°�-�X�
�n�����V�$�������	���X���������	���¨���±©g�	�n�����	������¦

u �



O)P�YgelbiUnm,RTY��,QFRTSlRTWaPÑUXP�S �pZjY!hTZ�� s`Ulb ZjY ��P�SlYgP�� �nW�QgSkZ-hTP$W�P$Y!U[b Y
%

(1) 	 φ = 0.8 3.12 · 10−3 3.50 · 10−3 u y 
 �

(1) 	 φ = 0.2 2.12 · 10−3 2.80 · 10−3 � w�
iu
(2) 	 φ = 0.8 4.19 · 10−3 3.22 · 10−3 � �jy 
iu
(2) 	 φ = 0.2 1.03 · 10−2 6.19 · 10−3 � � � 
 �
(3) 	 φ = 0.8 5.32 · 10−3 4.57 · 10−3 � u � 
 �
(3) 	 φ = 0.2 1.46 · 10−2 8.06 · 10−3 � z u�
iu
(4) 	 φ = 0.8 2.02 · 10−3 1.61 · 10−3 � w x 
 x
(4) 	 φ = 0.2 4.21 · 10−3 2.58 · 10−3 � � � 
 w
(5) 	 φ = 0.8 1.52 · 10−3 1.66 · 10−3 z 
 �
(5) 	 φ = 0.2 5.23 · 10−3 2.93 · 10−3 � � z 
 x

�æR�
�� P � � �°_gP,P$eVUXbdW®R^UlP�� ]������+\íZjSvR^Y �)� �Vu �&QgSlZ�c$P�elev|�bdUX_ �gb���P�SlP$Y!UaP$SkSlZjS±UXP�SlW
�gP�YgelbiUXb P�e 	 |�biUX_DUXSksgP �gP$YgekbdUnmDP�ekUlb WaR^UXP��$
!mãUl_gP  TP�SlYgP��æW�P�Ul_gZ��

²����°�V�$©!����ñ%������Ó¨�
�n���$���£�	�
�n���°�n¯-�XÓæ�� v�!�!�����^ ��$�8 !�X�������N¢-«!�n���°���	�^�-�	���!�n���	�j¤í�N¢T�`�)���n�n� ¤
���$���	�¥���¨©`�X�n���X��¦ ���!�
�Á�	�¥�n�����n�n���	�!����¢±�n¯-�XÓæ�� ®�$�� v¯T�!�n���	�n���°�!�!�����T ��$�8�n���°¯-�X�n���X�� !�X���n���N¢
�����X�������)©g�¥���	�����	���X�!�V�$���p�£�	���)�V�$���!�����n� �����$��á�Ý�Ýj¦�é��	���n���p�V�X���$�V�$���� 6©!�����^ ��$�¿ !�X���n���Å¢-«
�n����¯-�X�n���X�¡�����n�����$���	�°���¥©g�X�n���X��¦[§^�������[Ó��)�����-����©!�����^ ��$�¡�X�n���	�° !�X���n���N¢-«g�n���%�����$�n���X�� j�i��¤
���V�$� Ó
�����!���	���n���n�2�$�?�ÅÓæ�°�X�����n���X���2�$�`�`�	���^����«��n�^���¡�n���æ¯-�X�n���X�!���X�������V�n���	�%� �!���X�n���	�

g
�����g�^�	�n��¢

���n�n�����$���� /�$�� ,�X�����$�������i�$�n�-���X�n���	�[���X�n����«��$�� ��6©��	 , !�X���n���N¢����n�n�����$����¦&Äp�	�����n���$�[�n���V�
�n�������V�X�n�������$�������	���$� ���X�����X�[�����!�V�	�X�n������¦6���&�$�������t�n���T j���X���!�ã�������X�������v !�X���	�����n�V�$���
�n�������������V�$�n���	���°�$�æ�	�!�­���X�n���T F¦ å ©����X�n�-��� �!�n�n���X�p�n���)�`�X�n���$�����n�!�n�!�n���n���!�6�	�!�����	���)�!�� !�X�
 j�����X���X���p���	�[©6Ó
���n�

φ = 0.8
«T�n���$���n���­���	�^�-�	���!�n���	�v���n�n�����$���	�æ���æ©g�X�n���X��¦ å ©����X�n�-�°�$�������n���$�

�£�	�[����Ó ���$���������$�
φ
�n�������	�t�-�	���!�n���	�Ø���n�n�����$���	�)���X�� !������©`�����������	���X�!�V�$���&�n���X�,�Á�	���!�����

���$���������$�
φ
¦%²��!���°�����X���°���6©g��©g�����$�����%�n�����X�n���	�°���X�n����«

et
«g�����X�����	�V���$�� ã�����-���&�`�T�	���X�

���	�t�-�	���!�n���	�ã�lâF���X��¦
���°���lÒj�¨�n�n�� j¢&�n�����lÒj�`�	���X�^�n�i�$� �pçH���^ !�X�í«�Ó
�!���������

Xt = (a + b e−γX2

t−1)Xt−1 + et,
Ú£á�Ý-Þ

Ó
���X���
a
«

b
�$�� 

γ
�$���a���	�����V�$�t����«
Ó
���n�

|a| < 1
«

γ > 0
�$�� 

et ∼ N(0, σ2)
¦ ²A�$©!���®î
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Xt = θ1Xt−1 + θ2Xt−1

[(

1 + e−θ3(Xt−1−θ4)
)−1

− 0.5
]

+ et, θ3 > 0.
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iu
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1.20 · 10−6 1.33 · 10−4 2.67 · 10−3
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5.86 · 10−6 1.53 · 10−4 3.15 · 10−3
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Abstract: We present a convolution smoother for nonparametric regression.
Its asymptotic behaviour is examined, and its asymptotic bias is found to be
smaller than standard kernel estimators, such as Nadaraya-Watson and local
linear regression. Some simulation studies have been performed. Asymptotic
normality for the proposed estimator is proved.

1. Introduction.

There are many nonparametric estimators of the conditional mean E(Y |X = x)
for independent identically distributed observations (Xi, Yi), i = 1, ..., n, with a
joint density f(·, ·), and a marginal density f(·) of Xi. The three most common
are the local polynomial estimator; see [26], [2], [19] and [4], the Nadaraya-Watson
estimator; see [20] and [28] and the Gasser-Müller estimator; see [9]. In the case

Yi = m(Xi) + εi, (1.1)

where {Xi} and {εi} consist of i.i.d. random variables with {εi} independent of
{Xi}, E(Y |X = x) = m(x). Neither of the three above mentioned estimators require
a regression relationship like (1.1) to work, and one might think that if one was
able to construct an estimator of m(x) making explicit use of the extra information
contained in (1.1), then possibly one could improve on the standard nonparametric
regression estimators. This is the basic idea of this paper, and it leads to what
we have called “the convolution estimator”. We will show that this new estimator
generally has a smaller asymptotic bias than the standard estimators, and also that
in a number of finite sample experiments it gives better results, although in many
cases these improvements are not dramatic.

Before we define the new estimator, let us briefly mention that several authors
have proposed adjustments and improvements of the kernel estimators. Both the
Gasser-Müller and Nadaraya-Watson estimator have a large order bias when esti-
mating a curve in its boundary region. Thus the idea of boundary kernels, which are
weight functions that are used only within the boundary region, were introduced
and studied by [9] and [10]. Another approach has been the reflection method;
see [23] and [12]. In the papers [16], [3] and [11] the possibility of parametrically
guided nonparametric density and regression estimation are examined. Several au-
thors have studied the use of higher order kernels to improve the asymptotic bias;
see e.g. [18] for a quantification of the practical gain, in density estimation.

A brief summary of the paper is as follows: In section 2 the estimator is intro-
duced, and its asymptotic behaviour is examined and discussed in sections 3, 4 and
5. In section 6 some simulation results are given. Section 7 introduces a variant of
the new estimator, and finally, section 8 gives some concluding remarks.

AMS 2000 subject classifications: Primary 62G08; secondary 62G20
Keywords and phrases: convolution, kernel function, mean squared error, nonparametric esti-

mation
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2. The estimator.

The regression function of interest is

m(x) = E(Y |X = x) =

∫

yf(y, x)dy

f(x)
=

∫

yf(y|x)dy. (2.1)

Under the assumption that the equation (1.1) holds, f(y|x) can be written

f(y|x) = fε

(

y − m(x)
)

, (2.2)

where fε is the density of ε. Inserting this into (2.1) gives the convolution integral
equation

m(x) =

∫

yfε

(

y − m(x)
)

dy, (2.3)

where both m(x) and fε are unknown. However, m(x) may be replaced by a stan-
dard estimator m̃(x), e.g. the local linear estimator, and fε can be estimated using
a kernel estimate of fε̂ with ε̂i = Yi − m̃(Xi). Based on the relation (2.3), the
proposed estimator is

m̂(x) =

∫

yf̂ε̂

(

y − m̃(x)
)

dy

= n−1

n
∑

i=1

∫

yKhD

(

y − m̃(x) − Yi + m̃(Xi)
)

dy, (2.4)

where m̃(x) is, as mentioned, a nonparametric regression estimator and KhD
(·) =

K(·/hD)/hD, where K is a kernel function. We have choosen the local linear esti-
mator, that is, the local polynomial estimator of degree 1, with bandwidth hR and
kernel function KL(·),

m̃(x) = n−1

n
∑

i=1

{ŝ2(x) − ŝ1(x)(x − Xi)}K
L
hR

(x − Xi)Yi

ŝ2(x)ŝ0(x) − ŝ1(x)2
, (2.5)

where

ŝr(x) = n−1

n
∑

i=1

(x − Xi)
rKL

hR
(x − Xi), r = 0, 1, 2, (2.6)

and KL
hR

(·) = KL(·/hR)/hR, see e.g. [7]. The expression f̂ε̂

(

y − m̃(x)
)

in (2.4) is
the kernel density estimator with bandwidth equal to hD,

f̂ε̂

(

y − m̃(x)
)

=
1

nhD

n
∑

i=1

K
(y − m̃(x) − ε̂i

hD

)

(2.7)

with ε̂i = Yi − m̃(Xi), see e.g. [27] page 11. Observe that the new estimator is
computationally more demanding than standard methods.

It is also possible to iterate the estimator (2.4) using a previous estimate of m(x)
as input for the next iteration. Set m̃0 equal to the local linear estimator for the
regression curve. Then the convolution estimator is,

m̂1(x) =

∫

yf̂ε̂0

(

y − m̃0(x)
)

dy, (2.8)
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where ε̂0i = Yi − m̃0(Xi). Iterating further gives, for j = 1, 2, ...

m̂j+1(x) =

∫

yf̂ε̂j

(

y − m̂j(x)
)

dy, (2.9)

where again ε̂j
i = Yi − m̂j(Xi). Note that in this estimator x can only be equal

to the observed xi for i = 1, ..., n, because we update ε̂j
i at each iteration. One

would perhaps believe that this “iterated convolution estimator” will give better
results than the convolution estimator. However, this is not the case, unless one
uses a special type of kernel function in the estimation of f̂ε̂j . This special kernel is
introduced, and some simulation results are given in section 7.

3. Intuitive discussion of bias reduction.

Asymptotic analysis of nonparametric estimators is usually based on the asymptotic
bias and variance of the estimator. It is well known that the Gasser-Müller estimator
has an asymptotic variance 1.5 times that of the Nadaraya-Watson estimator, but
its asymptotic bias is superior; see [17] and [1]. The local polynomial estimator of
order one and higher has been examined by several authors, and has been found
to have better properties than the above mentioned estimators. In particular, it
provides automatic boundary bias correction; see [4], [6], [5] and [15]. For a more
complete discussion of the different estimators and comparisons, see the books [27],
[25], [7], [8] and references therein.

We now discuss the asymptotic properties of the estimator (2.4). In the sequel,
the bandwidth h refers to both hD and hR, since most of the time we assume that
these two bandwidths are equal. Standard conditions on the kernels, the random
variables and the regression function are assumed to be fulfilled, see e.g. [27] page
120.

The relation (2.4) can be written as

m̂(x) =

n
∑

i=1

∫

y
1

nhD

K
(y − m̃(x) − ε̂i

hD

)

dy. (3.1)

By a simple substitution and using assumptions on K(·), (3.1) gives

m̂(x) = m̃(x) +
1

n

n
∑

i=1

ε̂i. (3.2)

Further,

ε̂i = Yi − m̃(Xi) = Yi − m(Xi) + m(Xi) − m̃(Xi)

= εi + m(Xi) − m̃(Xi). (3.3)

Substituting (3.3) in (3.2), we obtain

m̂(x) − m(x) = m̃(x) − m(x) −
1

n

n
∑

i=1

[m̃(Xi) − m(Xi)] +
1

n

n
∑

i=1

εi. (3.4)

From this relation it is possible to find the asymptotic bias of m̂(x).



B. Støve et al./A Convolution Estimator 4

Let us recall the asymptotic bias formula for the local linear estimator (e.g. [27]
page 124). With a slight abuse of notation,

As.Bias
(

m̃(x)
)

= E
(

m̃(x) − m(x)
)

∼
h2

2
m′′(x)

∫

z2K(z)dz. (3.5)

Since

E
(

m̃(Xi) − m(Xi)
)

= E[E
(

m̃(Xi)
)

− m(Xi)|Xi]

∼ E
(h2

2
m′′(Xi)

∫

z2K(z)dz
)

, (3.6)

we obtain

E
( 1

n

n
∑

i=1

[m̃(Xi) − m(Xi)]
)

∼
h2

2

∫

z2K(z)dz

∫

m′′(y)f(y)dy. (3.7)

Further,

E
( 1

n

n
∑

i=1

εi

)

= 0. (3.8)

Hence the asymptotic bias of m̂(x) is

As.Bias
(

m̂(x)
)

∼ As.Bias
(

m̃(x)
)

−
h2

2

∫

z2K(z)dz

∫

m′′(y)f(y)dy

=
h2

2

∫

z2K(z)dz[

∫

(

m′′(x) − m′′(y)f(y)
)

dy]. (3.9)

Let us consider the following special cases:

1. m′′(x) = constant (i.e. m(x) = a + bx + cx2). The bias of m̂(x) is of higher
order and improvement of the bias can be expected.

2. m′′(x) = 0 (linear case). The bias is of higher order, both for m̂(x) and m̃(x),
and it is uncertain whether improvement is obtained.

3. x close to maximum and minimum values (peaks and valleys). If m̂(x)−m(x)
has maxima at these points even though the bias correction in (3.9) is x-
independent, visually the reduction will be large in these points (cf. figure 2,
which is explained in more detail in section 6).

Observe, however, that if one has a curve with several peaks and valleys it may
be difficult to gain any bias reduction. This is because the integral

∫

m′′(y)f(y)dy
can be equal to zero in this case. Thus the bias reduction gained in some places
(e.g. in a peak) will be balanced by an increased bias other places (e.g. in a valley).

As mentioned before, performing iterations of the estimator in equation (2.9)
will not give any improved bias effect. In this case, the equation (3.2) will be

m̂j+1(x) = m̂j(x) +
1

n

n
∑

i=1

ε̂j
i . (3.10)

For j = 1, the same argument as above gives

As.Bias
(

m̂2(x)
)

= As.Bias
(

m̂1(x)
)

, (3.11)

and further
As.Bias

(

m̂j+1(x)
)

= As.Bias
(

m̂j(x)
)

. (3.12)
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However, we introduce a special kernel in section 7, such that a bias reduction may
occur at each iteration.

Another possible improvement suggested by a referee, is that instead of (3.2)
one could think about localized corrections where the average over all residuals is
replaced by a locally weighted average of residuals in the neighborhood of x only.
This could alleviate some of the disadvantages that are associated with the current
global adjustment, and should be a part of further research.

4. Distributional properties.

By (3.4)

m̂(x) − E
(

m̂(x)
)

= m̃(x) − E
(

m̃(x)
)

−
[ 1

n

n
∑

i=1

(

m̃(Xi) − m(Xi)
)

−E
[

n
∑

i=1

(

m̃(Xi) − m(Xi)
)]

]

+
1

n

n
∑

i=1

εi. (4.1)

We have

m̃(x) − E
(

m̃(x)
)

= Op(
1

√
nh

) (4.2)

and
1

n

n
∑

i=1

εi = Op(
1
√

n
). (4.3)

If we can show that the convergence in probability of the remaining terms in (4.1)
is of higher order, then the asymptotic distribution of m̂(x) −E(m̂(x)) is the same
as m̃(x) − E(m̃(x)), but with a different asymptotic bias.

Although this is not necessary, we do our formal calculations as if all expectations
exist. Let us consider again

E
[ 1

n

n
∑

i=1

(

m̃(Xi) − m(Xi)
)]2

= E
[ 1

n2

n
∑

i=1

(

m̃(Xi) − m(Xi)
)2]

+E
[ 1

n2

n
∑

i,j=1

i6=j

(

m̃(Xi) − m(Xi)
)(

m̃(Xj) − m(Xj)
)]

. (4.4)

Further

E
(

m̃(Xi) − m(Xi)
)2

= E
[

E
(

m̃(Xi) − m(Xi)|Xi

)2]

= o(1). (4.5)

Thus

E
[ 1

n2

n
∑

i=1

(

m̃(Xi) − m(Xi)
)2]

= o(n−1). (4.6)

Let us examine the second term in (4.4). By independence,

E
[(

m̃(Xi) − m(Xi)
)(

m̃(Xj) − m(Xj)
)]

= E
[

E
[(

m̃(Xi) − m(Xi)
)(

m̃(Xj) − m(Xj)
)

|Xi, Xj

]

]

∼

∫

E
[(

m̃(x) − m(x)
)(

m̃(y) − m(y)
)]

f(x)f(y)dxdy. (4.7)
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The expectation in the above integral satisifies

E
[(

m̃(x) − m(x)
)(

m̃(y) − m(y)
)]

= E
[

m̃(x)m̃(y)
]

−m(x)E
[

m̃(y) − m(y)
]

− m(y)E
[

m̃(x) − m(x)
]

− m(x)m(y). (4.8)

Let us examine the term E[m̃(x)m̃(y)]. By a conditioning argument and by inde-
pendence, we obtain

E[m̃(x)m̃(y)] = E
[

n−2

n
∑

i=1

{ŝ2(x) − ŝ1(x)(x − Xi)}K
L
hR

(x − Xi)Yi

ŝ2(x)ŝ0(x) − ŝ1(x)2

·

n
∑

j=1

{ŝ2(y) − ŝ1(y)(y − Xj)}K
L
hR

(y − Xj)Yj

ŝ2(y)ŝ0(y) − ŝ1(y)2

]

∼
n − 1

n2
E

(

m̃(x)
)

E
(

m̃(y)
)

+E
[

n−2

n
∑

i=1

Y 2
i {ŝ2(x) − ŝ1(x)(x − Xi)}K

L
hR

(x − Xi)

[ŝ2(x)ŝ0(x) − ŝ1(x)2][ŝ2(y)ŝ0(y) − ŝ1(y)2]

·KL
hR

(y − Xi){ŝ2(y) − ŝ1(y)(y − Xi)}
]

. (4.9)

From [27] p. 123, asymptotically

ŝl(x) ∼

{

hl
∫

zlKL(z)dzf(x) + oP (hl) l even,
hl+1

∫

zl+1KL(z)dzf ′(x) + oP (hl+1) l odd.

Therefore the order of the denominator in (4.9) is

h4
[

∫

z2KL(z)dz
]2

f2(x)f2(y) + oP (h4). (4.10)

The only term contributing to the last term of the numerator in (4.9) is

1

n2h2
ŝ2(x)ŝ2(y)E

[

n
∑

i=1

KL(
x − Xi

h
)KL(

y − Xi

h
)Y 2

i

]

, (4.11)

since all the other terms are of higher order.
Further, by a simple substitution, Taylor expansion, using the equation (4.10)

and since

ŝ2(x)ŝ2(y) = h4
[

∫

z2KL(z)dz
]2

f(x)f(y) + oP (h4), (4.12)

we obtain that the last term in (4.9) becomes asymptotically,

1

n2h2f(x)f(y)
E

[

n
∑

i=1

KL
(x − Xi

h

)

KL
(y − Xi

h

)

Y 2
i

]

=
1

nhf(x)f(y)

∫

v2KL(z)KL
(zh + y − x

h

)

fX,Y (x − zh, v)dzdv

=
1

nhf(y)
KL

2

(y − x

h

)

E(Y 2|X = x), (4.13)

where KL
2 (w) =

∫

K(z)K(z + w)dz.
Writing

E
(

m̃(x)
)

E
(

m̃(y)
)

= m(x)m(y) + m(x)E[m̃(y) − m(y)]

+m(y)E[m̃(x) − m(x)] + E[m̃(y) − m(y)]E[m̃(x) − m(x)], (4.14)
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the equation (4.8) becomes

E
[(

m̃(x) − m(x)
)(

m̃(y) − m(y)
)]

∼

(1 −
1

n
)E

[

m̃(y) − m(y)
]

E
[

m̃(x) − m(x)
]

+
1

nhf(y)
KL

2

(y − x

h

)

E(Y 2|X = x). (4.15)

Inserting this in (4.7), gives by substitution

E
[(

m̃(Xi) − m(Xi)
)(

m̃(Xj) − m(Xj)
)]

∼

(1 −
1

n
)

∫

E[m̃(y) − m(y)]E[m̃(x) − m(x)]f(x)f(y)dxdy

+
1

nh

∫

KL
2

(y − x

h

)

E(Y 2|X = x)f(x)dxdy

= (1 −
1

n
)(

h2

2
)2[

∫

z2KL
2 (z)dz]2[

∫

m′′(x)f(x)dx]2

+
1

n

∫

KL
2 (z)dz

∫

E(Y 2|X = x)f(x)dx. (4.16)

Clearly the first term in (4.16) can be identified with the squared expectation in
the decomposition

E
[ 1

n

n
∑

i=1

(

m̃(Xi) − m(Xi)
)]2

= Var
[ 1

n

n
∑

i=1

(

m̃(Xi) − m(Xi)
)]

+
[

E
( 1

n

n
∑

i=1

[m̃(Xi) − m(Xi)]
)]2

. (4.17)

The term

1

n

∫

KL
2 (z)dz

∫

E(Y 2|X = x)f(x)dx =

1

n

∫

KL
2 (z)dz[σ2

ε +

∫

m2(x)f(x)dx] (4.18)

can be identified with the variance. We have

1

n

n
∑

i=1

[m̃(Xi) − m(Xi)] − E
( 1

n

n
∑

i=1

m̃(Xi) − m(Xi)
)

∼ oP (
1
√

n
). (4.19)

From the equation (4.1), it follows that m̂(x) − E(m̂(x)) has the same asymptotic
normal distribution as m̃(x)−E(m̃(x)), i.e. the asymptotic variance is the same for
the estimators m̂(x) and m̃(x), but

As.Bias
(

m̂(x)
)

= As.Bias
(

m̃(x)
)

−
h2

2

∫

z2K(z)dz

∫

m′′(y)f(y)dy. (4.20)

5. Total squared error.

We would like to compare the asymptotic total squared error, i.e.

E
[

n
∑

i=1

(

m̂(Xi) − m(Xi)
)2]

against E
[

n
∑

i=1

(

m̃(Xi) − m(Xi)
)2]

. (5.1)
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From the equation (3.4)

m̂(Xi) − m(Xi) = m̃(Xi) − m(Xi) −
1

n

n
∑

j=1

[m̃(Xj) − m(Xj)]

+
1

n

n
∑

j=1

εj . (5.2)

Further,

[m̂(Xi) − m(Xi)]
2 = [m̃(Xi) − m(Xi)]

2

−
2

n
[m̃(Xi) − m(Xi)]

n
∑

j=1

[m̃(Xj) − m(Xj)]

+
1

n2

[

n
∑

j=1

(

m̃(Xj) − m(Xj)
)]2

+
2

n
[m̃(Xi) − m(Xi)]

n
∑

j=1

εj

−
2

n2

n
∑

j=1

[m̃(Xj) − m(Xj)]
n

∑

k=1

εk +
1

n2

n
∑

j=1

n
∑

k=1

εjεk. (5.3)

This implies

1

n

n
∑

i=1

[m̂(Xi) − m(Xi)]
2 =

1

n

n
∑

i=1

[m̃(Xi) − m(Xi)]
2

−
1

n2

[

n
∑

i=1

(

m̃(Xi) − m(Xi)
)]2

+
1

n2

n
∑

j=1

n
∑

k=1

εjεk. (5.4)

Taking expectation in (5.4) gives us the total squared error of m̂(x). Thus the
order of the different terms is

E
[ 1

n

n
∑

i=1

[m̃(Xi) − m(Xi)]
2
]

∼

∫

[

Var
(

m̃(x)
)

+ Bias2
(

m̃(x)
)

]

f(x)dx

= O(
1

nh
+ h4), (5.5)

from the decomposition, (4.17), and the calculated bias and variance

E
[ 1

n2

[

n
∑

i=1

(

m̃(Xi) − m(Xi)
)]2

]

= O(h4) (5.6)

and at last

E
[ 1

n2

n
∑

j=1

n
∑

k=1

εjεk

]

=
σ2

ε

n
. (5.7)

This means that if E
[

1

n

∑n

i=1

(

m̃(Xi) − m(Xi)
)]

6= 0 asymptotically, then

E
[

n
∑

i=1

(

m̂(Xi) − m(Xi)
)2]

< E
[

n
∑

i=1

(

m̃(Xi) − m(Xi)
)2]

(5.8)

i.e. the total asymptotic squared error of m̂(x) is smaller than m̃(x).
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6. Simulation study.

We compare the estimator (2.4) with the local linear estimator in several situations.
The comparisons are based on the mean squared error (MSE) of the estimators.
For m̂(x) the MSE is, if it exists,

MSE
(

m̂(x)
)

= E
[

{m̂(x) − m(x)}2
]

. (6.1)

In the simulations we use the empirical mean squared error

ˆMSE(m̂) =
1

n

n
∑

i=1

{m̂(Xi) − m(Xi)}
2, (6.2)

and likewise for the local linear estimator.
We have simulated between 100 and 500 realizations of sample size 100 to 10

000 of (Xi, Yi), and calculated the empirical MSE (6.2). The bandwidth choice
in the kernel density estimation for fε is the Solve-the-Equation Plug-in approach
proposed in [24], while the bandwidth used in the local linear estimator is the Direct
Plug-In methodology described in [22], if nothing else is stated. Gaussian kernels are
always used, both in the regression estimation of m(x) and the density estimation
of fε. The integration in the estimator (2.4) is calculated using the trapezoidal rule
between [2 min(Yi), 2 max(Yi)], when min(Yi) < 0 and max(Yi) > 0. We consider
the case where observations of (Xi, Yi) are independent.

Our first simulation experiment is based on the model Yi = X2
i + εi, where εi are

i.i.d normal with expectation 0 and variance 0.1 and Xi is uniformly distributed
on [−2, 2]. A hundred realizations each with sample size 500 have been simulated,
and the convolution and local linear estimators have been used to estimate the
regression curves. In this case, the estimated MSE for the local linear estimator
is: 2.301 · 10−3 and for the convolution estimator: 1.986 · 10−3. Thus we obtain
an improvement of 13.690%. Figure 1 shows the estimated variance and bias of
the two estimators. The upper figure displays the estimated variance; here there
is no difference between the two estimators. The lower figure shows the estimated
bias. The dashed line is the estimated bias for the convolution estimator. This is
clearly smaller than for the local linear estimator; thus our predictions that the
improvement occurs in the bias is supported. The results are similar for the other
simulation experiments. See table 1 with sample size equal to 100, 1000 and 5000.
In these cases the improvement is also considerable.

Table 1: The estimated MSE for a parabola using the convolution estimator

Sample size Local linear Convolution type Improvement in %
100 9.086 · 10−3 7.997 · 10−3 11.985
500 2.301 · 10−3 1.986 · 10−3 13.690
1000 1.321 · 10−3 1.120 · 10−3 15.216
5000 3.489 · 10−4 2.957 · 10−4 15.248

The next simulation is based on the same model, except that the interval is now
[−0.5, 0.5]. Only one realization with 500 sample points has been simulated, and
the estimated lines are given in figure 2. The solid line is the true function, the
non-filled points are the local linear estimates and the black points are the convo-
lution estimates. These results clearly indicate that the asymptotic bias formula in
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Table 2: The estimated MSE for a parabola using the convolution estimator and
the Nadaraya-Watson estimator with a fourth order kernel

Sample size Nadaraya-Watson Convolution type Improvement in %
100 2.448 · 10−2 1.002 · 10−2 59.069
500 5.839 · 10−3 2.175 · 10−3 62.750
1000 3.396 · 10−3 1.243 · 10−3 63.398
5000 1.020 · 10−3 2.978 · 10−4 70.804

Table 3: The estimated MSE for a straight line using the convolution estimator

Sample size Local linear Convolution type Improvement in %
100 5.675 · 10−3 5.653 · 10−3 0.388
500 1.240 · 10−3 1.246 · 10−3 -0.484
1000 5.627 · 10−4 5.630 · 10−4 -0.053
5000 1.009 · 10−4 1.098 · 10−4 -8.821

equation (3.9) is reasonable. For each estimated local linear point, the estimated
convolution point is below by a fixed amount, but the visual impression is that the
convolution estimator does much better at the bottom points of the parabola.

As mentioned in the introduction, a common bias reduction technique in non-
parametric estimation is the use of higher order kernels, see e.g. [27] page 32. Thus
we have included a comparison between the Nadaraya-Watson estimator with a
fourth order kernel and the proposed convolution estimator. The fourth order ker-
nel used is K4(x) = 0.5(3−x2)φ(x), where φ(x) is the standard normal distribution.
The bandwidth used in the Nadaraya-Watson estimator is the same as for the above
local linear estimator. It is thus not optimal in this situation, but other choices of
the bandwidth has been examined without a large impact on the results. Again
we perform simulations for the parabola model on the interval [−2, 2]. The results
from the simulations are given in table 2. The convolution estimator clearly out-
performs the fourth order kernel method when comparing the MSE. Figure 3 may
explain these results. Here the bias and variance of both estimator are plotted for
the simulations with sample size 500. The bias of both estimators, the lower plot,
seems to be reasonably equal. But the variance, the upper plot, for the fourth order
kernel method is much larger, the solid line, than the variance for the convolution
estimator, the dashed line. This behaviour of the fourth order kernel method is not
unexpected, see e.g. [25] page 60.

The last simulation experiment in this section is based on a straight line re-
gression, Yi = a + bXi + εi, with a = 1, b = 1, ε as before, and Xi uniformly
distributed on [0, 2]. From this model, 100 realizations of sample size 100 to 5000
have been simulated. The integration in the estimator is now performed on the
interval [−2 max(Yi), 2 max(Yi)]. The results given in table 3 for the convolution
estimator, indicate that the convolution estimator is almost as good as the local
linear estimator. We cannot expect the convolution estimator to do better here,
since m′′(x) is zero if m(x) is a straight line, thus no bias improvement occurs in
the formula (3.9).
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Figure 1: The estimated variance (top) and bias for the parabola experiment
(dashed line - convolution estimator, solid line - local linear estimator)
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Figure 2: The solid true line, the estimated local linear points (non-filled) and the
estimated convolution points (black) from one realization for the parabola model
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Figure 3: The estimated variance (top) and bias for the parabola experiment
(dashed line - convolution estimator, solid line - Nadaraya-Watson estimator with
fourth order kernel)
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7. A special kernel variant.

Let us consider equation (2.4) again. With a substitution we obtain,

m̂(x) =

∫

yf̂ε̂

(

y − m̃(x)
)

dy =

∫

zf̂ε̂(z)dz + m̃(x)

∫

f̂ε̂(z)dz. (7.1)

If
∫

f̂ε̂(z)dz > 1, the estimator m̂(x) will clearly be closer to the true function
than m̃(x) in locations where the function has a large curvature due to the bias
formula (3.5). Of course one could adjust with an estimate m̃′′(x) of m′′(x), but
this increases the variance. Instead we have chosen to introduce a kernel function
with the property

∫

K(z)dz > 1. (7.2)

This could be considered as an alternative to allowing the kernel to be negative,
which is a known device for reducing bias, as seen in section 6 for the higher order
kernel used there.

In this case, it may pay to perform iterations, as equation 2.9 suggests. However,
m̂(x) will also be larger than m̃(x) in absolute value in locations where m′′(x) ≈ 0,
and this is not desirable. The following simulation experiments should therefore
just be considered as a part of a preliminary investigation where at least some
promising results are obtained, but where more work is needed to find a more
optimal procedure. In these experiments we have chosen the kernel K such that
∫

f̂ε̂(z)dz = 1.001, a very modest overestimation indeed, and clearly other choices
can be examined.

Two regression functions have been studied: from [14] chapter 5,

m1(x) = sin3(2πx3) (7.3)

and from [21]
m2(x) = sin(2x) + 2 exp(−16x2). (7.4)

See figure 4 for these curves. The observations have been generated by simulating
Xi as uniformly distributed on an interval [0, 1] for m1(x) and [−2, 2] for m2(x).
The response observations have been generated through

Yi = m(Xi) + εi, (7.5)

where εi are i.i.d normal with expectation 0 and variance 0.1. Here 100 realizations
of sample size 100 to 10 000 of (Xi, Yi) have been simulated. Since both functions
have at least one peak and one valley, we may not expect to get much bias reduction.
The estimated MSE, using the convolution estimator with the adusted kernel (7.2),
is shown in table 4 for m1. As expected, the results show only a very modest
improvement. The results for m2 were similar.

In table 5 and 6, the iterated convolution estimator (2.9) with the adjustment
(7.2) has been used with i = 10 iterations, for the regression of m1(x) and m2(x).
Again 100 realizations have been simulated with different sample size, and the MSE
has been estimated. Here the normal reference bandwidth selector, see e.g. [14] page
91, has been used for the selection of the bandwidth in the density estimation.

Both tables show that the iterated convolution type estimator performes better
than the local linear estimator. The results also indicate that performing iterations
improves the first order convolution estimator m̂1(x). Clearly, one cannot improve
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Figure 4: The curve m1(x) at the top, m2(x) at the bottom

Table 4: The estimated MSE for m1(x)

Sample size Local linear Convolution type Improvement in %
100 1.442 · 10−2 1.445 · 10−2 -0.208
500 4.071 · 10−3 4.049 · 10−3 0.540
1000 2.382 · 10−3 2.374 · 10−3 0.336
5000 6.766 · 10−4 6.723 · 10−4 0.636

10 000 4.028 · 10−4 3.988 · 10−4 0.993

Table 5: The estimated MSE for m1(x), using the iteration estimator m̂i(x) with
i = 10

Sample size Local linear Iterated convolution type Improvement in %
100 1.438 · 10−2 1.434 · 10−2 0.278
500 4.292 · 10−3 4.235 · 10−3 1.328
1000 2.464 · 10−3 2.387 · 10−3 3.125
5000 6.648 · 10−4 6.319 · 10−4 4.949

Table 6: The estimated MSE for m2(x), using the iteration estimator m̂i(x) with
i = 10

Sample size Local linear Iterated convolution type Improvement in %
100 1.773 · 10−2 1.741 · 10−2 1.801
500 4.669 · 10−3 4.531 · 10−3 2.956
1000 2.696 · 10−3 2.576 · 10−3 4.451
5000 7.245 · 10−4 6.887 · 10−4 4.941
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Table 7: The estimated MSE for m1(x) on the interval [0.55, 0.7] using the iterated
convolution estimator with i = 10

Sample size Local linear Iterated convolution type Improvement in %
100 1.373 · 10−2 1.373 · 10−2 0
500 3.273 · 10−3 3.127 · 10−3 4.461
1000 2.241 · 10−3 2.058 · 10−3 8.166
5000 4.766 · 10−4 4.205 · 10−4 11.771

Table 8: The estimated MSE for m1(x) on the interval [0.85, 0.95] using the iterated
convolution estimator with i = 10

Sample size Local linear Iterated convolution type Improvement in %
100 3.621 · 10−2 3.414 · 10−2 5.717
500 1.005 · 10−2 8.802 · 10−3 12.418
1000 5.740 · 10−3 4.849 · 10−3 15.523
5000 1.653 · 10−3 1.229 · 10−3 25.650

the estimates indefinitely. The improvement will be smaller and smaller, and at
the same time there will be more and more higher order terms which may lead
to trouble unless n is increased. It remains an important task to carry out more
detailed calculations and to find a good stopping criterion. Possibly some cross-
validation type criterion can be used, but this is left for future research.

The point of the adjustment (7.2) is to improve results in peaks and valleys. To
check this, simulations with 100 realizations with sample sizes from 100 to 5000
have been performed for m1(x) and m2(x). However, the MSE has been calculated
only for specific intervals, which contain the peaks and valleys of the curves.

In table 7 and 8, the results from simulations of m1(x) are given, using the
iterated convolution estimator, with i = 10 and adjusted with (7.2). The intervals
considered are [0.55, 0.7], where the curve has a peak, and [0.85, 0.95], which is a
valley. The curve has not a very large curvature on the interval [0.55, 0.7], thus the
results in the table 7 show a modest improvement. However, the table 8 shows that
the new estimator is much better when estimating on the parts of the function with
high curvature. Similar results were obtained for m2(x).

The above results show that the proposed estimator is better in estimating parts
of functions with high curvature, and in some cases this improvement is substantial.
This is in contrast to the modest improvement we obtained when we compared the
MSE of the whole curve.

A real data set with peaks and valleys has been examined for completeness.
We use the motorcycle data set from [13], page 70, where the X-values represent
time after a simulated impact with motorcycles and the response variable Y is
the head acceleration of a post mortem human test object. Figure 5 shows the
results, together with the data points. The upper graphs show the result from the
local linear estimator (solid line) and the estimator in equation (2.4) (dashed line)
with the adjusted kernel (7.2). These two estimators give approximately the same
result. However, the lower graphs are different. Here the dashed line is the iteration
estimator from (2.9), using 50 iterations and adjusted kernel, the solid line is as
above. Again the convolution estimator is lower in valleys and higher in peaks
compared to the local linear estimator.
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Figure 5: Nonparametric regression of the motorcycle data set: The data is given as
points in both plots. Upper plot: solid line - local linear estimate, dashed line - con-
volution estimator with special kernel. Lower plot: solid line - local linear estimate,
dashed line - iterated convolution estimator with special kernel (50 iterations).
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8. Concluding remarks.

In this paper we have introduced a convolution estimator for nonparametric regres-
sion. Its asymptotic bias is proved to be smaller than standard kernel methods.
The bias reduction will be large in cases where the function of interest has only one
maximum (i.e. a peak) or one minimum (i.e. a valley).

Since the convolution estimator has two bandwidths, their choice is important.
This has not been studied in this paper, and one might believe that the bias reduc-
tion can be larger if one is able to choose more optimal bandwidths.

An adjusted kernel has also been introduced and simulation results indicate that
by using this kernel, even more bias reduction can be achieved. However, more
theoretical analysis is needed here.
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1 Introduction.

There is already a substantial literature on nonlinear models and nonparametric meth-

ods in a regression and time series setting. But almost without exception these devel-

opments have been limited to univariate or multivariate models of moderate dimen-

sions. Very little has been done for panels, where the dimension, often corresponding

to a number of individuals, typically is very large, but where the number of obser-

vations for each individual may be small or moderate. One would expect that the

practical need for nonlinear models will be no less in a panel situation, but a sys-

tematic theoretical foundation has been lacking. It is the aim of this paper to start

establishing such a theory. The emphasis will be on a nonparametric approach, in

particular on additive models. Extending existing methodology to the panel situation

is by no means trivial (actually also in the linear case of interrelated time series in a

panel there are many unsolved problems; see e.g. Hjellvik and Tjøstheim (1999), Fu

et al. (2002), Wooldridge (2005a) and Chang (2004)).

To be more specific, let {Y it}, i = 1, . . . , n; t = 1, . . . , T , be stochastic variables

representing observations on a set of n individuals over T time periods. A rather

general additive model for the panel {Y it} will be given by

(1.1) Y it =

p
∑

j=1

mj(X
it
j ) + ηt + λi + εit.

Here {X it
j }, j = 1, . . . , p, is a set of explanatory variables (time lagged values of Y it

may be included among them), {ηt} and {λi} are temporary and individual effects,

respectively, not captured by the explanatory variables, and {εit} are error terms. The

functions {mj, j = 1, . . . , p} are unknown, and it is our task to estimate them. In

the linear case mj(x) = αjx for some unknown parameters αj, and our model reduces

to the more familiar time series panel regression model treated in many papers and

in the books by Hsiao (1986), Mátyás and Sevestre (1992), Baltagi (1995), Arellano

(2003) and Arellano and Honoré (2001).

One of the difficulties arising in trying to establish an estimation theory for (1.1)

is that the asymptotics can be imagined in several ways. We may let n→ ∞, T → ∞
or both. Another problem is the presence of the individual effects λi and/or temporal

effects ηt.

There are several ways of approaching the problem of estimating mj. We have

chosen to use backfitting (Hastie and Tibshirani 1990) to take advantage of the recent

developments in this area in Opsomer and Ruppert (1997) and Mammen et al. (1999).

In particular, we will rely heavily on the smoothed backfitting approach, the theory

of which is introduced in Mammen et al. (1999), and where a simplified version with

several applications is given in Nielsen and Sperlich (2005). An alternative would have
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been to use marginal integration (Newey 1994, Tjøstheim and Auestad 1994, Linton

and Nielsen 1995). The latter method only works for low dimensional covariates and

for well behaved designs. But in case of deviations from the additive model (1.1)

it is fairly robust and can be extended to include interaction terms (Sperlich et al.

2002). Other recent contributions to nonlinear and non/semiparametric modeling of

panels are given in Hjellvik et al. (2004), Fan and Li (2004), Racine and Li (2004),

Wooldridge (2005b), Baltagi and Li (2002) and Honoré and Lewbel (2002).

It will be seen that we do not at all manage to obtain a complete theory, and open

problems will be pointed out as we proceed. An overview of the paper is as follows. In

Section 2 we discuss Nadaraya-Watson smoothing in model (1.1). This will be done

for models with and without individual effects (λi 6= 0 or λi = 0, respectively) and for

two asymptotic settings. In the first asymptotic approach we fix T and let n→ ∞. In

the second setting we let T → ∞ and n → ∞. Nadaraya-Watson smoothing in this

model can be easily introduced and leads to an intuitive clear asymptotic theory. The

more complicated theory for local linear smoothing will be developed in Section 3.

Simulations and a real data example are presented in Section 4. The paper concludes

in Section 5. Proofs are deferred to Section 6.

2 Local constant smoothing of panels of time

series.

We will start by looking at model (1.1) when there are no individual effects {λi}
present. The presence of the temporary effects {ηt} means that the time series of the

panels will be interrelated (but not necessarily intercorrelated), even conditionally

on the explanatory variables. A linear version similar to this case was considered in

Hjellvik and Tjøstheim (1999) and Fu et al. (2002), and as in those publications we

first put the emphasis on asymptotics for the case n→ ∞ with T fixed. As mentioned,

this is a situation which frequently occurs for panels

2.1 Definition of local constant smoothers and asymptotics

for n→ ∞ and T fixed.

We consider the following model

(2.1) Y it =

p
∑

j=1

mj(X
it
j ) + ηt + εit (i = 1, . . . , n; t = 1, . . . , T ),
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where one observes Y it and covariables X it
j with j = 1, . . . , p. In particular, we

think of the case where partially the covariables X it
j are lagged observations Y it−j (for

j ≤ p′, say) and where the other covariable X it
j (p′ < j ≤ p) are external covariables.

The variables η1, . . . , ηT are constants that are unknown. They model the influence

of some additional external variables onto the development of the time series Y it.

Typically they could be considered as nuissance parameters. For the error variables

εit we assume that

(A1) We assume that (Y1,X1, ε1), ..., (Yn,Xn, εn) are i.i.d., where Yi = (Y it : 1 ≤
t ≤ T ), Xi = (X it

j : 1 ≤ j ≤ p, 1 ≤ t ≤ T ) and εi = (εit : 1 ≤ t ≤ T )

Given (X is
j : 1 ≤ j ≤ p, 1 ≤ s ≤ t; εis : 1 ≤ s ≤ t − 1), the variable εit has

conditional mean 0, and conditional variance σ2 and they have a conditional

absolute moment of order 5/2 that is uniformly (in i and t) bounded by a

constant.

We could treat more complicated data generating processes. In particular, one

could allow for conditional heteroscedasticity and one could allow for weak conditional

dependence of ε1t, . . . , εnt. We do not treat such general cases mostly for simplicity of

notation. Essentially, for the proof of our results we only need asymptotic normality of√
nTh

∑n
i=1

∑T
t=1Kh(xj−X it

j )εit for a kernel Kh(u) = h−1K(uh−1) with bandwidth h

and rates of convergence for terms (Tn)−1
∑n

i=1

∑T
t=1 gn(X it

j )εit for certain sequences

of functions gn. Clearly, this could be studied in a much more general set up. Fur-

thermore, one could treat non i.i.d. Xi. In fact, we only make use of some ergodicity

properties of the covariable vectors that are needed to get asymptotic formulas for

bias and variance expressions.

We will discuss asymptotics of a backfitting estimator in an asymptotic framework

where

(A2) T is fixed and n→ ∞.

This covers a large class of applications where one observes a large number of individ-

ual time series for a moderate number of time points. We will comment on the case

T → ∞, n→ ∞ in the next subsection.

For identifiability of mj we use the following norming conditions

(A3) It holds that

T
∑

t=1

Emj(X
it
j ) = 0.
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We make the following smoothness assumptions on the density of the covariables

and the regression functions m1, . . . , mp:

(A4) We assume that X it has a density on [0, 1]p. The conditional density of X it

given that X it lies in [0, 1]p is denoted by f t. We assume that f t has continuous

partial derivatives of order one and that it is bounded from below (on [0, 1]p).

The regression functions mj have continuous second derivatives on [0, 1].

We restrict the smoothness conditions here on the interval [0, 1]p because we will

consider estimation of m1, ...,mp only on compact intervals [a1, b1], . . . , [ap, bp], respec-

tively. For simplicity of notation we put a1 = . . . = ap = 0 and b1 = . . . = bp = 1.

We use the following additional notation. The one and two dimensional marginals

of f t are denoted by f t
j(xj) or f t

j,k(xj, xk), respectively. Furthermore, we put f(x) =
∑T

t=1 f
t(x), fj(xj) =

∑T
t=1 f

t
j(xj) and fj,k(xj, xk) =

∑T
t=1 f

t
j,k(xj, xk). We denote by

N the number of covariables X it in [0, 1]p for 1 ≤ i ≤ n, 1 ≤ t ≤ T . The number Nt

is the number for fixed t. By the law of large numbers we have that in probability

N/n→ d,Nt/n→ dt where dt = P (X it ∈ [0, 1]p) and d =
∑T

t=1 dt.

In our smoothing estimates we use bandwidths h(1), . . . , h(p) that are of order

n−1/5. This is motivated by our smoothness conditions. Furthermore, we assume the

following conditions for the smoothing kernel K.

(A5) The bandwidths h(1), . . . , h(p) fulfill n1/5h(j) → cj for some constants c1, . . . , cp.

The kernel K is non-negative, Lipschitz continuous, symmetric around 0 and

has compact support ([−1, 1], say).

We now define our estimates m̂1, . . . , m̂p of m1, . . . , mp. For the performance of our

estimates we need that the kernel K integrates to one over the interval [0, 1]. This is

achieved by the following modification of a convolution kernel

Kh(u, v) =

{

Kh(u−v)
R

1

0
Kh(w−v) dw

if u, v ∈ [0, 1],

0 else
.

Our estimators m̂1, . . . , m̂p, η̂1, . . . , η̂T are defined as minimizer of a smoothed least

squares criterion. They minimize the following criterion function

n
∑

i=1

T
∑

t=1

∫

[Y it −
p
∑

j=1

m̂j(uj) − η̂t]
2(2.2)

Kh(1)(u1, X
it
1 ) · . . . ·Kh(p)(up, X

it
p )du1 . . . dup

under the constraints
T
∑

t=1

n
∑

i=1

m̂j(X
it
j ) = 0
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for j = 1, ..., p. The criterion function (2.2) is a smoothed version of a sum of squared

residuals. Smoothing is done with respect to the covariables X11
1 , ..., XnT

p , but not

with respect to t. Smoothing with respect to t could be easily included by minimizing

n
∑

i=1

T
∑

t=1

∫ T
∑

s=1

[Y it −
p
∑

j=1

m̂j(uj) − η̂s]
2

π
g
stKh(1)(u1, X

it
1 ) · . . . ·Kh(p)(up, X

it
p )du1 . . . dup,

where πg
st are smoothing weights depending on a ”bandwidth” g and fulfilling

∑T
s=1 π

g
st =

1 for t = 1, ..., T . In particular, such an approach could be used in an asymptotic

setting with T → ∞. We do not follow this approach and in the following we only

will discuss the partially smoothed version (2.2).

Definition (2.2) is very similar to the definition of a backfitting estimate in an

additive model in Mammen et al. (1999). As there, one gets by simple arguments

using derivatives of the criterion function (2.2) that the estimates fulfill for 0 ≤ xj ≤ 1

m̂j(xj) = m̃j(xj) −
T
∑

t=1

Nt

N
η̂t

̂f t
j(xj)

̂fj(xj)
(2.3)

−
∑

l 6=j

∫

m̂l(xl)
̂fjl(xj, xl)

̂fj(xj)
dxl (j = 1, . . . , p),

η̂t = η̃t −
p
∑

j=1

∫

m̂j(xj) ̂f
t
j (xj) dxj (t = 1, . . . , T ),(2.4)

where m̃j, η̃t are the following ”marginal” estimates

m̃j(xj) = N−1
n
∑

i=1

T
∑

t=1

1(X it ∈ [0, 1]p)(2.5)

Kh(xj, X
it
j )Y it/ ̂fj(xj),

η̃t = N−1
t

n
∑

i=1

1(X it ∈ [0, 1]p)Y it.

The functions ̂fj, ̂fjk, ̂f
t
j are kernel density estimates based on the covariables:

̂fj(xj) = N−1

n
∑

i=1

T
∑

t=1

1(X it ∈ [0, 1]p)Kh(j)(xj, X
it
j ),

̂fjk(xj, xk) = N−1
n
∑

i=1

T
∑

t=1

1(X it ∈ [0, 1]p)

Kh(j)(xj, X
it
j ) Kh(k)(xk, X

it
k ),

̂f t
j(xj) = N−1

t

n
∑

i=1

1(X it ∈ [0, 1]p)Kh(j)(xj, X
it
j ).
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The following theorem describes the asymptotic behavior of m̂1, . . . , m̂p. A uni-

form approximation of the estimates is stated. This immediately implies asymptotic

normality of the estimates (see Corollary 1). Furthermore, it can be used to construct

uniform confidence bands. We will not state such a result here. It could be done along

the lines of the treatment of standard classical nonparametric regression models.

Theorem 1 Assume (A1) - (A5). Put γn,j = −c2j 1
2

∫

m′′
j (xj)fj(xj)dxj

∫

u2K(u)du

and define βt, β1, . . . , βp as the minimizers of

∫

[0,1]p

T
∑

t=1

[β(x, t) − βt − β1(x1) − . . .− βp(xp)]
2 f(x, t) dx

where the minimization runs over constants β1, ..., βT and functions β1, . . . , βp : [0, 1] →
R with

∫

βj(xj)fj(xj) dxj = 0 and where β(x, t) is defined as

β(x, t) =

p
∑

j=1

c2j [
∂f t

∂xj

(x) m′
j(xj)f

t(x)−1

+
1

2
m′′

j (xj) ]

∫

u2K(u) du .

Then the following uniform expansion holds

sup
xj∈[hj ,1−hj ]

∣

∣m̂j(xj) −
[

m̃A
j (xj) − γn,j + n−2/5βj(xj)

]∣

∣ = op(n
−2/5) ,

η̂t = ηt −
T
∑

s=1

ds

d
ηs + n−2/5(βt −

T
∑

s=1

ds

d
βs) + op(n

−2/5).

Here

(2.6) m̃A
j (xj) = N−1

n
∑

i=1

T
∑

t=1

1(X it ∈ [0, 1]p)Kh(xj, X
it
j )εit/ ̂fj(xj) .

Note that m̃A
j is defined as m̃j, but with Y it replaced by εit. It is easy to check under

our conditions that n2/5m̃A
j has an asymptotic zero mean normal limit. Furthermore,

βj(xj) is a deterministic function. This shows that m̂j has the following asymptotic

limit.

Corollary 1 Under conditions (A1) - (A5) for x1, ..., xp ∈ (0, 1) the following con-

vergence in distribution holds

n2/5







m̂1(x1) −m1(x1)
...

m̂p(xp) −mp(xp)






→ N













β1(x1) − γn,1

...

βp(xp) − γn,p






,







v1(x1) . . . 0
...

. . .
...

0 . . . vp(xp)













where vj(xj) =
∫

K(u)2 du σ2[fj(xj)cj]
−1.
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According to Theorem 1 in general the parameter ηt is only estimated with an

order of n−2/5. This is caused by a bias of the estimate that is of this order. We

conjecture that the stochastic part of η̂t is of parametric order n−1/2. As in other

semiparametric problems use of smoothed likelihood functions leads to an estimate

of the parametric component that does not achieve an n−1/2 rate. Estimates of the

parametric component with n−1/2 rate can be achieved by application of a two step

procedure where an unsmoothed likelihood is used for the parametric component and

a smoothed likelihood for the nonparametric part.

We now shortly comment on the numerical calculation of our estimate. Equations

(2.3) and (2.4) suggest an iterative calculation of the estimates. Application of (2.3)

for j = 1, . . . , p can be used for an update of m̂j. In each application one plugs the

current values of m̂l (l 6= j) and of η̂t (t = 1, . . . , T ) into the right hand side of (2.3).

Afterwards one applies (2.4) for updates of η̂t for t = 1, . . . , T . Again this is done by

using the actual values of m̂j (j = 1, . . . , p) on the right hand side of the equation.

Let us call these iterative values m̂
[a]
j and η̂

[a]
t where a is the number of cycles of the

algorithm that have been applied. The starting values are denoted by m̂
[0]
j and η̂

[0]
t .

Convergence of this algorithm is stated in the next theorem.

Theorem 2 Suppose that (A1) - (A5) hold. Then there exists constants c > 0 and

0 < γ < 1 such that with probability tending to one
∫

[m̂
[a]
j (xj) − m̂j(xj)]

2pj(xj) dxj ≤ cγ2aR for j = 1, . . . , p.

and
∣

∣

∣
η̂

[a]
t − η̂t

∣

∣

∣

2

≤ cγaR for t = 1, . . . , T,

where

R = 1 +

p
∑

j=1

∫

m̂
[0]
j (xj)

2pj(xj) dxj +

T
∑

t=1

(η̂
[0]
t )2 .

Our estimates only use response variables in the smoothing if the corresponding

covariables lie in [0, 1]p. All other responses are thrown away and are not used in the

construction of the estimate. In particular if p is large a relatively large portion of the

observations may be lost. Clearly, one can use an arbitrarily large but fixed compact

set to weaken this effect. Asymptotically, this could be more carefully analyzed by

using sets that, depending on the sample size, converge to the whole space. Such an

analysis would be technically very involved because one has to take care on the tail

behavior of the covariables and of the regression functions. Another way out could be

based on semiparametric modifications of the estimate. This could be done by fitting

a constant value for m̂j(xj) with xj outside [0, 1] (or more generally to fit a parametric

shape outside [0, 1]). Then no observations are lost in the calculation of the estimate.

We do not pursue the discussion of this estimate here.
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2.2 Asymptotics with T → ∞, n→ ∞.

The mathematical arguments of the last section make essential use of the assumption

that T is fixed. In some applications of panels of time series this assumption may

not be justified. We now discuss asymptotics for the estimates m̂j of the last section

for the case that T → ∞. Again, the estimates are defined as minimizers of (2.2)

and they fulfill equations (2.3), (2.4) by the same arguments as in Section 2.1. By

plugging (2.4) into (2.3) we get

m̂j(xj) = m̄j(xj) −
∑

l 6=j

∫

m̂l(xl)
̂fjl(xj, xl)

̂fj(xj)
dxl(2.7)

+

p
∑

l=1

T
∑

t=1

Nt

N

∫

m̂l(ul)
̂f t
l (ul) ̂f

t
j(xj)

̂fj(xj)
dul

where

m̄j(xj) = N−1

n
∑

i=1

T
∑

t=1

1(X it ∈ [0, 1]p)Kh(xj, X
it
j )[Y it − Ȳ ·t]/ ̂fj(xj),

̂Y ·t = N−1
t

n
∑

i=1

1(X it ∈ [0, 1]p)Y it.

With m̂(x) = (m̂1, (x1), . . . , m̂p(xp))
T , m̄(x) = (m̄1(x1), . . . , m̄p(xp))

T this can be

rewritten as

(2.8) m̂(x) = m̄(x) +

∫

̂H(x, y) m̂(y) dy

where ̂H(x, y) is a p× p matrix with off diagonal entries

̂Hjl(x, y) =
̂fjl(xj, yl)

̂fj(xj)
+

T
∑

t=1

Nt
̂f t
l (yl) ̂f

t
j(xj)

N ̂fj(xj)

and diagonal elements

̂Hjj(x, y) =

T
∑

t=1

Nt
̂f t
j (yj) ̂f

t
j(xj)

N ̂fj(xj)
.

For (2.8) we use the following short hand notation

(2.9) m̂ = m̄+ ̂Hm̂ .

The operator ̂H is related to the operator ̂S that has appeared in the proof of Theorems

1 and 2. The operator ̂S consists in an iterative application of orthogonal projections

(or more precisely of orthogonal projections that depend on n but converge to fixed
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orthogonal projections). This was the central argument to show that the operator

norm of ̂S is strictly smaller than 1. If the operator norm of ̂H would be strictly

smaller than 1 then iterative application of (2.9) would give

m̂ =
∞
∑

r=0

̂Hrm̄

and we could treat asymptotics for m̂ as in the last section. Unfortunately we are not

aware of an argument that implies that the norm of ̂H is bounded away from 1 (with

probability tending to one for n large enough). However, there exists a simple idea in

the theory of integral equations how the integral equation can be modified to achieve

an integral operator norm smaller than one, see Luchka (1965). This idea has also

been used in Linton and Mammen (2005). It will be our main tool to carry over the

results of the last section to the case where T → ∞. For a detailed discussion see the

proof of Theorem 3. We will assume that the operator ̂H converges to a deterministic

operator H, see (A4′). Let us denote the eigenvalues of H by |λ1| ≥ |λ2| ≥ |λ3| ≥ . . . .

Put r = max{j : |λj| < 1} and denote by π the projection onto the space L of

eigenfunctions of λ1, . . . , λr−1 (in the space L2([0, 1]p)). Then we can write

m̂ = m̄ + ̂H(I − π)m̂+ ̂Hπm̂ .

This gives

(2.10) m̂ = (I − ̂Hπ)−1m̄ + ̂Rm̂ ,

where ̂R = (I − ̂Hπ)−1
̂H(I − π).

In the proof of the following theorem we will argue that ̂H ≈ H implies that

̂R ≈ R = (I −Hπ)−1H(I − π).

We will then use that R has operator norm (largest absolute eigenvalue) strictly less

than 1. To see this statement note that (I − Hπ)−1 coincides on L with I, that

H(I − π) maps all functions into L and that H(I − π) has operator norm strictly less

than 1 by construction of the space L. Iterative application of (2.10) now gives

(2.11) m̂ =

∞
∑

r=0

̂Rr(I − ̂Hπ)−1m̄

with probability tending to one. This expansion is the main tool in the proof of the

following theorem.

We now state the assumptions of the following theorem. Instead of (A2) we use

(A2’) It holds that n, T → ∞ .

Instead of (A4) we will assume:
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(A4’) There exist p× p matrices H(x, y) for x, y ∈ [0, 1]p with

sup
x,y

| ̂H(x, y) −H(x, y)| = op((log n)−1/2).

The matrices H(x, y) are Lipschitz continuous for

x, y ∈ [0, 1]p.

We are now in the position to state an expansion for m̂.

Theorem 3 Assume (A1), (A2’), (A3), (A4’) and (A5). Suppose additionally that

there exist bounded functions µr
n,1, . . . , µ

r
n,p (r = 1, 2) such that for 1 ≤ j ≤ p

(2.12) sup
xj∈[0,1]

∣

∣m̄B
j (xj) − µ1

n,j(xj) − n−2/5µ2
n,j(xj)

∣

∣ = op(n
−2/5) ,

where

m̄B
j (xj) = N−1

n
∑

i=1

T
∑

t=1

1(X it ∈ [0, 1]p)Kh(xj, X
it
j )

p
∑

l=1

{

ml(X
it
l )

− 1

Nt

n
∑

r=1

1(Xrt ∈ [0, 1]p)ml(X
rt
l )
}

/ ̂fj(xj).

Then the following uniform expansion holds:

sup
xj∈[0,1]

| m̂j(xj) − { m̄A
j (xj) +

∞
∑

r=0

[

̂Rr(I − ̂Hπ)−1µ1
n

]

j
(xj)

+n−2/5
[

Rr(I −Hπ)−1µ2
n

]

j
(xj) } | = op(n

−2/5),

where

m̄A
j (xj) = N−1

n
∑

i=1

T
∑

t=1

1(X it ∈ [0, 1]p)Kh(xj, X
it
j )[εit − ε̄·t]/ ̂fj(xj)

and µk
n = (µk

n,1, . . . , µ
k
n,p)

T , k = 1, 2 . . . . Furthermore [ ]j denotes the j-element.

Note that m̄ = m̄A + m̄B, by definition with (2.11) we get

m̂ = m̂A + m̂B

with

m̂A =

∞
∑

r=0

̂Rr(I − ̂Hπ)−1m̄A

and

m̂B =
∞
∑

r=0

̂Rr(I − ̂Hπ)−1m̄B.
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Under the assumptions of the theorem m̂B −m is asymptotically equivalent to the

bias of m̂, and m̂A represents the stochastic part up to terms that are asymptotically

negligible. The proof of the theorem is based on two facts. Firstly, m̂A is asymptoti-

cally equivalent to the first term of its asymptotic expansion, i.e. to m̄A. Secondly, in

the expansion of m̂B the random operator ̂Rr(I− ̂Hπ)−1 can be (partially) replaced by

the deterministic operator Rr(I−Hπ)−1 and the random function m̄B can be replaced

by the deterministic functions µ1
n and µ2

n . The bias cannot be so nicely interpreted

as in Theorem 1. An interpretation of m̂B as least square additive fit to a function

that is nonadditive is in general not available. This requires additional assumptions

on the distribution of the covariables. In particular, we cannot assume that the X it

are stationary. This would exclude the case that X it is a lagged observation (Lagged

observations cannot be stationary in our model, unless the parameters ηt are con-

stant). Also a check of the assumption (2.12) would require additional assumptions

on the distribution of the covariables. We do not want to specify such assumptions

here. Asymptotic normality of m̂j can be easily followed from Theorem 3.

2.3 Inclusion of individual effects into the model

In a more general model individual effects are included. The model then becomes

Y it =

p
∑

j=1

mj(X
it
j ) + ηt + λi + εit(2.13)

(i = 1, . . . , n; t = 1, . . . , T ).

Here λ1, . . . , λn are constants that are unknown. For identifiability, we assume
∑n

i=1N
iλi =

0, where N i is the number of covariables X it that lie in [0, 1]p for fixed i and for

t = 1, . . . , T . . In a first attempt one can again fit a model (2.13) by minimizing

a smoothed least squares criterion. The estimates m̂1, . . . , m̂p, η̂1, . . . , η̂T , ̂λ1, . . . , ̂λn

now are defined as minimizers of

n
∑

i=1

T
∑

t=1

∫

[Y it −
p
∑

j=1

m̂j(uj) − η̂t − ̂λi]
2Kh(1)(u1, X

it
1 ) · . . .(2.14)

·Kh(p)(up, X
it
p ) du1 · . . . · dup

under the constraints

n
∑

i=1

N i

N
̂λi = 0,

T
∑

i=1

n
∑

i=1

m̂j(X
it
j ) = 0.

By taking derivatives one gets that the estimates fulfill linear equations that are similar

to (2.3), (2.4). By plugging the formulas of η̂t and ̂λi into the expression for m̂j one

12



can show that m̂ = (m̂1, . . . , m̂p)
T fulfills the following integral equation (compare

(2.8))

m̂(x) = m∗(x) +

∫

̂H(x, y)m̂(y) dy

where

m∗
j(xj) = N−1

n
∑

i=1

T
∑

t=1

1(X it ∈ [0, 1]p)Kh(xj, X
it
j )
[

Y it − Ȳ ·t − Ȳ i· + Ȳ
]

,

Ȳ i· = (N i)−1

T
∑

t=1

1(X it ∈ [0, 1]p)Y it,

̂Hjl(x, y) =
̂fjl(xj, yl)

̂fj(xj)
+

T
∑

t=1

N t
̂f t
l (yl) ̂f

t
j (xj)

N ̂fj(xj)
+

n
∑

i=1

N i
˜f i
l (yl) ˜f

i
j(xj)

N ̂fj(xj)
for j 6= l,

̂Hjj(x, y) =

T
∑

t=1

N t
̂f t
l (yl) ̂f

t
j(xj)

N ̂fj(xj)
+

n
∑

i=1

N i
˜f i
l (yl) ˜f

i
j(xj)

N ̂fj(xj)
,

˜f i
j(xj) =

1

N i

T
∑

t=1

1(X it ∈ [0, 1]p) Kh(j)(X
it
j − xj).

Under appropriate conditions one can proceed for the discussion of m̂j(xj) as in

the last section. For the ”stochastic”term of m̂j(xj) one now gets

N−1

n
∑

i=1

T
∑

t=1

1(X it ∈ [0, 1]p)Kh(xj, X
it
j )[εit − ε̄·t − ε̄i· + ε̄]

with an obvious definition of ε̄i.

Compared with m̄A
j (see Theorem 3) this now contains the additional term ε̄i·.

Clearly, ε̄i· is not independent of X it
j in case that the covariables contain lagged

observations and for T small it is not asymptotically negligible (as is always the case

for ε̄). A more careful analysis shows that m̄A
j only has asymptotic mean 0 if T grows

fast enough and appropriate mixing conditions apply (or if all covariables are external

variables).

3 Local linear estimates.

The local constant estimates m̂j have a complicated bias, see Theorem 1 and Corollary.

The bias of m̂j depends on the shape of the other regression functions ml (l 6= j).

This complicates the statistical inference based on m̂j. This disadvantage is known

from backfitting estimates of additive models. There it can be avoided by using local

linear instead of local constant smoothing. The same holds true for panels of time

13



series. We will discuss this in this section. We will only do it for the setting of section

2.1 (i.e. T constant, no individual effects). Local linear estimates

m̂1, . . . , m̂p, m̂
1, . . . , m̂p, η̂1, . . . , η̂T

are defined as minimizers of

n
∑

i=1

n
∑

t=1

∫

[Y it −
p
∑

j=1

m̂j(uj) −
X it

j − uj

h(j)
m̂j(uj) − η̂t]

2(3.1)

Kh(1)(u1, X
it
1 ) · . . . ·Kh(p)(up, X

it
p ) du1 · . . . · dup.

Again, m̂1, . . . , m̂p are estimates of m1, . . . , mp. The estimates m̂1, . . . , m̂p fit the

local slope and can be used as estimates of the derivatives m′
1, . . . , m

′
p. By differentia-

tion of the left hand side of (3.1) (w.r.t. m̂j(uj), m̂
j(uj) and η̂t) one gets the following

linear equations for the estimates

̂Mj(xj)

(

m̂j(xj)

m̂j(xj)

)

= ̂Mj(xj)

(

m̃j(xj)

m̃j(xj)

)

− m̂0,j

(

̂V
j
0,0(xj)

̂V
j
j,0(xj)

)

−
∑

l 6=j

∫

̂Sl,j(xl,j(xl, xj)

(

m̃l(xl)

m̃l(xl)

)

dxl −
T
∑

t=1

η̂t

(

̂V
j,t
0,0(xj)

̂V
j,t
j,0 (xj)

)

,

η̂t = η̃t −
N

Nt

p
∑

j=1

̂V
j,t
0,0(uj)m̂j(uj) duj −

N

Nt

p
∑

j=1

∫

̂V
j,t
0,1(uj)m̂

j(uj) duj,

where

̂Mj(xj) =

(

̂V
j
0,0(xj) ̂V

j
j,0(xj)

̂V
j
j,0(xj) ̂V

j
j,j(xj)

)

=
1

N

n
∑

i=1

T
∑

t=1

1(X it ∈ [0, 1]p)Kh(j)(xj, X
it
j )

(

1 h(j)−1[X it
j − xj]

h(j)−1[X it
j − xj] h(j)−2[X it

j − xj]
2

)

,

̂Sl,j(xl, xj) =
1

N

n
∑

i=1

T
∑

t=1

1(X i ∈ [0, 1]p)Kh(j)(xj, X
it
j )

Kh(l)(xl, X
it
l )

(

1 h(l)−1[X it
l − xl]

h(j)−1[X it
j − xj] h(j)−1h(l)−1[X it

l − xl][X
it
j − x]

)

̂V
j,t
0,0(xj) =

1

N

n
∑

i=1

1(X it ∈ [0, 1]p)Kh(j)(xj, X
it
j ),

̂V
j,t
j,0 (xj) =

1

N

n
∑

i=1

1(X it ∈ [0, 1]p)Kh(j)(xj, X
it
j )h(j)−1(X it

j − xj).

We now state asymptotic normality of the local linear estimate.
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Theorem 4 Under conditions (A1) - (A5) the following convergence in distribution

holds

n2/5







m̂1(x1) −m1(x1) + νn,1

...

m̂p(xp) −mp(xp) + νn,p






→ N













δ1(x1)
...

δp(x)






,







v1(x1) . . . 0
...

. . .
...

0 . . . vp(xp)












,

where vj(xj) is defined as in Corollary 1 and where

δj(xj) = c2j
1

2

∫

u2K(u) du[m′′
j (xj) −

∫

m′′
j (xj)pj(xj) dxj],

and νn,j =
∫

mj(xj)Kh(xj, uj)fj(uj) dujdxj. Furthermore it holds that

η̂t = ηt −
T
∑

s=1

ds

d
ηs + op(n

−2/5).

Note that the nonparametric bias term in the estimation of ηt does not depend

on t. This can be explained by the following heuristics. For a full dimensional local

linear fit of the regression function m(x, t) = ηt + m1(x1) + ... + mp(xp) one gets a

bias term for the estimation of an additive component mj that only depends on the

second derivative of mj but that does not depend on the density ft. In particular,

it does not depend on t. Therefore η̂t has only a nonparametric bias that does not

depend on t and that could be removed by norming.

4 Simulations and a real data application.

In this section we carry out a simulation study and use a real data set to see how one of

the proposed estimation procedures behaves. The estimation algorithm in equations

(2.3)-(2.5) has been implemented. In the implementation however, we do not use the

interval [0, 1], but take N = nT and Nt = T . The convergence criterion we use in the

simulations is: if for all j = 1, ..., p

(4.1)

∑

[m̂
(k+1)
j (xj) − m̂

(k)
j (xj)]

2

∑

[m̂
(k)
j (xj)]2 + 0.0001

< 0.0001

then stop. Here k indicates the number of iterations performed. This convergence

criterion is taken from Nielsen and Sperlich (2005). The Gaussian kernel has been

used in the nonparametric estimate of m̃(xj) and in the density estimates. Using

a compact kernel (cf.A5) produces similar results. The bandwidths used in these

estimations are the “rule-of-thumb” bandwidth selector, see e.g. Härdle (1990) page

91. This bandwidth choice may not be optimal, especially for dependent data, thus

another choice of bandwidth may improve the final estimates, as will be seen in our

last simulation example.
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4.1 Simulation study.

The first simulations are similar to the set-up in Nielsen and Sperlich (2005), although

there the authors only used cross-section data. We consider the model

(4.2) Y it =

p
∑

j=1

mj(X
it
j ) + ηt + εit,

with mj(x
it
j ) = sin(πxit

j ) and ε ∼ N(0, 1). In the simulation, we first draw variables

zit
j , j = 1, ..., p, t = 1, ..., T , for i fixed, from N(0, 1) with given correlation ρjk,

j 6= k for each combination of covariables. That is, for each i, the variables zit
j are

correlated with zit
k . This drawing of variables is repeated for all i = 1, ..., n. Then a

transformation is made, xit
j = 2.5 arctan(zit

j )/π. Thus the variables are projected into

the interval [−1.25, 1.25].

In the first simulation, 100 realizations with n = 100, T = 10, p = 4, ηt = 0 for all

t and ρjk = 0.1 for all j 6= k is carried out. One example of the estimated functions

m̂j(xj) and m̃j(xj) are given as dashed and thin solid lines, respectively, in figure 1.

The thick solid lines are the true functions. The estimated functions are quite close

to the true lines, observe also that the iterated functions, m̂j(xj) is more accurate

than the first estimate m̃j(xj), as expected. The standard deviations of m̂j(xj) are

estimated based on the 100 realizations in eleven different points, and ± one standard

deviation are plotted in the figures as vertical dashed lines at each point. As expected,

the standard deviations are quite large at both boundaries for all components, but

are reasonably small at interior points. The average and the standard deviation of

the estimated η̂t are given in table 1 upper part.

Using Corollary 1, we can construct confidence intervals of m̂(xj). Assuming that

the bias of m̂(xj) is of negligible size compared with the variance, we set β1(x1) −
γn,1, ..., β4(x4)− γn,4 in Corallary 1 equal to zero. Further we assume ch

j = 1 for all j,

this correspons to the coefficent in the “rule-of-thumb” bandwidth used (cf. Härdle

(1990) page 91). Then the confidence intervals for all j components are equal to

(4.3) [m̂j(xj) −
zα/2vj(xj)

1/2

n2/5
, m̂j(xj) +

zα/2vj(xj)
1/2

n2/5
],

where zα/2 is a quantile in the standard normal distribution and

(4.4) vj(xj) =

∫

K(u)2du σ2fj(xj)
−1.

Observe that we also have to estimate σ. This is done by calculating the empirical

standard deviation of the estimated εit, given by

(4.5) ε̂it = Y it −
p
∑

j=1

m̂j(X
it
j ) − η̂t.
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t 1 2 3 4 5 6 7 8 9 10

ηt 0 0 0 0 0 0 0 0 0 0

Ê(η̂t) -0.005 0.010 -0.023 -0.001 0.013 -0.006 0.028 -0.002 0.003 -0.017

ŜD(η̂t) 0.099 0.102 0.100 0.102 0.094 0.105 0.111 0.119 0.097 0.095

ηt -5 -4 -3 -2 -1 0 2 3 4 6

Ê(η̂t) -5.001 -4.013 -3.029 -1.989 -1.006 -0.017 2.004 3.003 3.985 5.983

ŜD(η̂t) 0.122 0.130 0.109 0.133 0.116 0.095 0.107 0.117 0.124 0.119

Table 1: The estimated η̂t-s for the first model
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Figure 1: The estimated functions in the first simulation (m1 and m2 - upper plots,

m3 and m4 - lower plots)

One realization of the 100 simulated realizations above, has been choosen, and the

confidence intervals for α = 0.05 have been plotted for all four components in figure 2.

The confidence intervals in this figure are a bit wider than ± two standard deviations

in figure 1.

The second simulation is identical to the first, except that the correlation, ρjk = 0.7

for all j 6= k. One example of the estimated functions m̂j(xj) and m̃j(xj) are again

given as dashed and thin solid lines, respectively, in figure 3. In this case the initial

estimates m̃j(xj) do not work at all, whereas the iterated estimates work well. This is
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Figure 2: The estimated functions and confidence intervals (m1 and m2 - upper plots,

m3 and m4 - lower plots)

expected because of the increased correlation ρjk. Again, ± one standard deviation of

m̂j(xj) is given in the figure as the dashed vertical lines in eleven points. The average

and standard deviations of the estimated ηt were similar to those in table 1.

In the last simulation for this model non-zero values of ηt were allowed, as given

in the lower part of table 1. Now ρjk is 0.1. One example of the estimated functions

with standard errors are given in figure 4, and the average and standard deviations

for the estimated ηt-s in the lower part of table 1.

Next, we look at a panel of time series. The time series lag dependence is taken

from Fan and Yao (2003) page 356. Now,

(4.6) X it =

2
∑

j=1

mj(X
it−j
j ) + ηt + εit,

with

m1(X
it−1
1 ) = 4Xt−1/(1 + 0.8X2

t−1),(4.7)

m2(X
it−2
2 ) = exp{3(Xt−2 − 2)}/[1 + exp{3(Xt−2 − 2)}].(4.8)

In the first simulation, we ran 100 realizations with n = 200, T = 10, ηt = 0 for

all t and ε uniform on [−1, 1]. An example of the estimated m̂j(xj) functions are
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Figure 3: The estimated functions in the second simulation (m1 and m2 - upper plots,

m3 and m4 - lower plots)

t 1 2 3 4 5 6 7 8 9 10

ηt 0 0 0 0 0 0 0 0 0 0

Ê(η̂t) 0.017 0.018 0.024 0.024 0.018 0.026 0.022 0.024 0.020 0.019

ŜD(η̂t) 0.047 0.040 0.045 0.046 0.041 0.043 0.047 0.044 0.038 0.040

ηt -5 -4 -3 -2 -1 0 2 3 4 6

Ê(η̂t) -4.989 -3.994 -2.994 -1.996 -0.998 0.007 2.005 2.994 4.002 6.007

ŜD(η̂t) 0.323 0.337 0.329 0.325 0.333 0.332 0.307 0.349 0.317 0.322

Table 2: The estimated η̂t-s for the second model

given in figure 5 as the dashed lines, and they give a good approximation to the true

functions, thick solid lines. Again, m̃j(xj) are given as thin solid lines. Note that the

additive components can only be identified up to a constant, thus the true lines in

this figure and figure 6 are the re-centered versions of the functions mj, i.e. mj − m̄j,

plotted against X it−j
j , where m̄j indicates averaging. The standard deviations of the

estimated components are plotted in the figure. The average of the estimated ηt and

their standard deviations are given in the upper part of table 2.

The last simulation is identical to the above, except that ηt is now non-zero, as
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Figure 4: The estimated functions in the third simulation(m1 and m2 - upper plots,

m3 and m4 - lower plots)

given in the lower part of table 2. This introduces a quite strong relationship between

the time series, especially at the ends. In figure 6 an example of the estimates of the

components is given. Now the estimated functions, the dashed lines, deteriorates in

quality. Standard deviations of the estimated components are much larger and not

included. The estimated ηt however, are quite good, with relatively small standard

deviations, see the lower part of table 2. Since the estimates in figure 6 are quite wiggly,

one might believe that a larger bandwidth in the estimates of m̃j(xj) may improve

the estimates. And indeed that is the case. In figure 7 the estimated components are

given, based on one realization as above, but now using a bandwidth 1.5 times larger.

4.2 Application to a real data set.

The estimation procedure is also used on a real data set. When using the algorithm

on real data, one has to consider the assumptions on which it is based. Thus the

following questions must be adressed:

1. Is Y explained by an additive model?
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Figure 5: The estimated functions in the second model, first simulation

2. If the norming condition on the expectation of mj(xj) is not fulfilled, what

happens to the estimates?

3. What about the ergodicity type conditions for our covariates? Are the covariates

stationary?

Since convergence of the algorithm rests on these assumptions, one may expect some

problems when using the algorithm in practice. Also the number of observations may

be an issue.

The real data set is from Baltagi et al. (2000). They estimate a dynamic demand

model for cigarettes based on panel data from 46 American states over the period

1963-1992. The estimated equation is

(4.9) lnY it = α + β1lnY
it−1
1 + β2lnX

it
2 + β3lnX

it
3 + β4lnX

it
4 + uit,

where i = 1, ..., 46 denotes the ith state and t = 1, ..., 29 denotes the tth year. Y it is

real per capita sales of cigarettes, X it
2 is the average retail price of a pack of cigarettes

measured in real terms, X it
3 is real per capita disposable income and X it

4 denotes the

minimum real price of cigarettes in any neighboring state. The disturbance term is

specified as

(4.10) uit = λi + ηt + εit,
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Figure 6: The estimated functions in the second model, last simulation

as before. Baltagi et al. (2000) use different techniques to estimate the unknown β-s

and also in some cases λi and ηt. We assume that the model is

(4.11) lnY it = m1(lnY
it−1
1 ) +m2(lnX

it
2 ) +m3(lnX

it
3 ) +m4(lnX

it
4 ) + ηt + εit,

and we would like to estimate the unknown mj and ηt for all j and t. The presence

of a λi-term would require a large T as indicated in section 2.3.

Since both the response lnY it and all the log-transformed covariates exhibit a trend

in t, they are not stationary. We therefore de-trend our observations as follows,

(4.12) Y it
d = lnY it − gY (t)

where gY (t) is a nonparamtric estimator based on all observations of lnY it. Likewise

the different log-transformed covariates were de-trended using

(4.13) X it
jd = lnX it

j − gXj
(t).

The detrended Y it
d observations are plotted against the different covariates, X it

jd in

figure 8. Clearly the first covariate (the lagged variable), in the upper plot, is linear.

The other covariates do not display strong nonlinearities. But, nevertheless, these

detrended observations are then used as input to the implemented algorithm.
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Figure 7: The estimated functions in the second model, last simulation, with a larger

bandwidth

Since we have rather few observations and some nonstationarity present, we relax

our convergence criteria.

The estimated functions m̂j are given in figure 9. Here the thick solid lines cor-

responds to the estimated linear model, ordinary least squares with time-effects, in

Baltagi et al. (2000). The estimated m̂j(xj) and m̃j(xj) are again given as dashed

and thin solid lines, respectively. As could be expected from figure 8, the estimated

components using our algorithm only displays weak nonlinearities and the m̂j(xj) esti-

mates are also quite close to the estimated linear model. The initial m̃j(xj) estimates

seem rather unstable in this situation and it is encouraging that the m̂j(xj) estimates

do better in this respect.

The confidence intervals from equation (4.3), for α = 0.05, have been plotted in

eleven points in figure 9 for all components. As before, the intervals are quite small

at interior points, but fairly wide at the boundaries.

The detrending of the responses, lnY it, implies that the estimated ηt should be

close to zero, since gY (t) can be thought of as an adjusted ηt for all t. And the

estimation gives that the interval [min(η̂t),max(η̂t)] is equal to [−0.033, 0.025].
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Figure 8: The detrended observations

5 Summary.

The greatest part of the literature examining panels of time series considers parametric

models. In this paper we have introduced iterative nonparametric estimators for

additive nonlinear panel data models. The estimators presented are based on the

smoothed backfitting approach of Mammen et al. (1999) for estimating in additive

regression models.

The asymptotic behaviour of the proposed estimators has been studied, mainly

in the case where the number of individuals goes to infinity and the time periods

are fixed. The presence of individual effects and/or temporal effects complicates the

analysis.

Several simulation experiments are done, and they indicate that the proposed es-

timators perform well. A real data set is also studied, with a reasonable result.
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Figure 9: The estimated components in the real data set

6 Proofs.

Proof of Theorems 1 and 2. We proceed similarly as in the proofs of Theorems 1

- 4 in Mammen et al. (1999). We now define the space of additive functions

H = {m : m(x, t) = m1(x1) + . . .+mp(xp) +m0(t)

with mj ∈ L2(fj) (1 ≤ j ≤ p)}.

For j = 1, . . . , p we consider the following operator ̂ψj : H → H. For a function

m(x, t) = m1(x1) + . . . + mp(xp) + m0(t) the operator does not change mr for r 6= j

and it replaces mj by

−
T
∑

t=1

Nt

N
m0(t)

̂f t
j(xj)

̂fj(xj)
−
∑

l 6=j

∫

ml(xl)
̂fjl(xj, xl)

̂fj(xj)
dxl.

Note that for the index j equation (2.3) can be rewritten as

(6.1) m̂(x, t) = m̃(x, t) + ̂ψjm̂(x, t),

where m̂(x, t) = m̂1(x1) + . . .+ m̂p(xp) + η̂t and m̃(x, t) = m̃1(x1) + . . .+ m̃p(xp) + η̃t.
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Furthermore (2.4) can be rewritten as

(6.2) m̂(x, t) = m̃(x, t) + ̂ψ0m̃(x, t)

where for a function m(x, t) = m1(x1) + . . . + mp(xp) + m0(t) the function r(x, t) =
̂ψ0m(x, t) is defined as r1(x1) + . . .+ rp(xp) + r0(t) with rj(xj) = mj(xj) and

r0(t) = −
p
∑

j=1

∫

mj(xj) ̂f
t
j (xj).

The algorithm studied in Theorem 2 is based on iterative application of the operator
̂S = ̂ψ0

̂ψp, . . . , ̂ψ1. We compare this operator with S = ψ0ψp . . . ψ1 where ψj is defined

as ̂ψj but with ̂fjk, ̂fj, ̂f
t
j and N/Nt replaced by fjk, fj, f

t
j or d/dt, respectively. This

operator does not depend on n and it can be easily checked that ψj is the orthogonal

projection in H ⊂ L2(f) onto the orthogonal complement of Hj = {m ∈ H : m(x, t) =

mj(xj) for a function mj with
∫

mj(xj)fj(xj) dxj = 0 (if j 6= 0) or m(x, t) = m0(t)

for a function mt with
∑T

t=1 dtm0(t) = 0 (if j = 0)}. The operator S consists in an

iterative application of orthogonal projections. As in Mammen et al. (1999) this can

be used to show that the operator norm

ρ := sup{‖S(f0 + . . .+ fp)‖2 : fj ∈ Hj, ‖f0 + . . .+ fp‖2 ≤ 1}

is strictly less than 1. Here ‖ ‖2 is the norm of the space L2(f). Furthermore using

uniform consistency or ̂fjk and ̂fj we get that

ρ̂ := sup{‖̂S(f0 + . . .+ fp)‖2 : fj ∈ Hn
j ,

‖f0 + . . .+ fp‖2 ≤ 1} = ρ + op(1),

where Hn
j is defined as Hj but with the restriction

∫

mj(xj) fj(xj) dxj = 0 replaced

by
∫

mj(xj) ̂fj(xj) dxj = 0 for 1 ≤ j ≤ p and with
∑T

j=1 dtm0(t) = 0 replaced by
∑T

j=1Ntm0(t) = 0 for j = 0. (Compare Lemma 2 in Mammen et al. (1999)). In

particular, for a ρ′ with ρ′ < 1 we get that

(6.3) ρ̂ < ρ′

with probability tending to one. By iterative application of (6.1) and (6.2) (or equiv-

alently (2.3) and (2.4) we get that (with probability tending to one)

m̂ =

∞
∑

a=0

̂Saτ̂

with τ̂ = ̂ψ0
̂ψp . . . ̂ψ2m̃1 + . . . + ̂ψ0m̃d + m̃0, where (in abuse of notation) m̃j(x, t) =

m̃j(xj) and m̃0(x, t) = η̃t, see also Lemma 3 in Mammen et al. (1999).

For the proof of Theorem 2 one now uses that m̂[a+1] = ̂Sm̂[a] + τ̂ and therefore

m̂[a+1] =
∑a

s=0
̂Ssτ̂ + ̂Sa+1m̃[0]. Because of (6.3) this shows Theorem 2. For the proof
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of Theorem 1 one decomposes m̃ into m̃ = m̃A + m̃B, where m̃A was defined in (2.6).

Put now τ̂ j = ̂ψ0
̂ψd . . . ̂ψ2m̃

j
1 + . . .+ m̃

j
0 (for j = A,B). Then we have m̂ = m̂A + m̂B

with m̂j =
∑∞

a=0
̂Saτ̂ j (for j = A,B). The term m̂A is now analyzed as in Lemma

4 in Mammen et al. (1999). The basic fact that was used there was that an integral

operator that is applied to a local average of εi (as is m̃A) leads to a global average

of εi. A global average is of order n−1/2 and therefore of lower order than n−2/5. We

now give a more detailed discussion of this argument. The basic step is to show that

for 1 ≤ j, k ≤ d

(6.4) sup
0≤xk≤1

∣

∣

∣

∣

∣

∫ 1

0

̂fj,k(xj, xk)

̂fk(xk)
m̃A

j (xj)dxj

∣

∣

∣

∣

∣

= oP (n−2/5).

Similarly as in Lemma 4 in Mammen et al. (1999) equation (6.4) implies that also

iterative applications of the integral operator are of order oP (n−2/5). This gives that

(6.5) m̂A
j (xj) − m̃A

j (xj) = oP (n−2/5).

For (6.5) it remains to check (6.4). For the proof we use that

m̃A
j (xj) =

T
∑

t=1

r̃A
j,t(xj)/ ̂fj(xj),

where

(6.6) r̃A
j,t(xj) = N−1

n
∑

i=1

1(X it ∈ [0, 1]p)Kh(xj, X
it
j )εit.

Using assumption (A1) we get that

sup
0≤xj≤1

∣

∣r̃A
j,t(xj)

∣

∣ = OP (log(n)1/2n−2/5).

By application of (A1) and standard smoothing theory we get that

sup
0≤xk≤1

∣

∣

∣

∣

∣

∫ 1

0

̂fj,k(xj, xk)

̂fk(xk)
m̃A

j (xj)dxj −
T
∑

t=1

∫ 1

0

E[ ̂fj,k(xj, xk)]

E[ ̂fj(xj)]E[ ̂fk(xk)]
r̃A
j,t(xj)dxj

∣

∣

∣

∣

∣

= oP (n−2/5).

Claim (6.4) now follows from

∫ 1

0

E[ ̂fj,k(xj, xk)]

E[ ̂fj(xj)]E[ ̂fk(xk)]
r̃A
j,t(xj)dxj = N−1

n
∑

i=1

1(X it ∈ [0, 1]p)gh(X
it
j )εit = oP (n−2/5),

where

gh(uj) =

∫ 1

0

E[ ̂fj,k(xj, xk)]

E[ ̂fj(xj)]E[ ̂fk(xk)]
Kh(xj, uj)dxj.

For the statement of Theorem 2 it remains to prove that

(6.7) sup
xj∈[hj ,1−hj ]

∣

∣m̂B
j (xj) −

[

− γn,j + n−2/5βj(xj)
]∣

∣ = op(n
−2/5).
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For a proof of (6.7) one can apply Theorem 3 in Mammen et al. (1999) with αn,j(xj) =

mj(xj) + m′
j(xj)

∫

Kh(j)(xj, u)(u − xj) du [
∫

Kh(j)(xj, v) dv]
−1. The conditions of

Theorem 3 can be verified as in the proof of Theorem 4 in Mammen et al. (1999).

Proof of Corollary 1. It can be easily checked that the conditional distribution of

r̃A
j,t(xj)/ ̂fj(xj) (see (6.6)), given (X is

j : 1 ≤ j ≤ p, 1 ≤ s ≤ t, 1 ≤ i ≤ n, εis : 1 ≤ s ≤
t−1, 1 ≤ i ≤ n), has a limiting distribution that is nonrandom and that therefore does

not depend on the conditioning set. This implies that m̃A
j (xj) =

∑T
t=1 r̃

A
j,t(xj)/ ̂fj(xj)

converges in distribution to the convolution of these limiting distributions. The corol-

lary then follows by application of (6.7).

Proof of Theorem 3. Theorem 3 can be proved by similar arguments as Theorem

1. As noted in the discussion of Section 2.2 we have that

ρ := ‖R‖ = sup{‖Rf‖2 :

∫

‖f(x)‖2 dx ≤ 1} < 1.

We will show that

(6.8) ∆ρ := ‖R− ˜R‖ = op(1).

This immediately implies that ρ̂ = ‖ ̂R‖ < ρ
′

with probability tending to one for

ρ < ρ
′

< 1.

Furthermore we will prove that

ŝ := max{‖ ̂Rf‖∞ :

∫

‖f(u)‖2 du ≤ 1, } = Op(1),(6.9)

∆s := max{‖( ̂R− R)f(x)‖ :

∫

‖f(u)‖2 du ≤ 1,(6.10)

x ∈ [0, 1]} = op(1).

where ‖g‖∞ = maxx∈[0,1]p ‖g(x)‖ and where ‖g(x)‖ is the Euclidean norm of Rp.

We will use these properties of ̂R to show that uniformly in x

(6.11)
∞
∑

r=0

̂Rrm̄B(x) =
∞
∑

r=0

̂Rrµn(x) + op(n
−2/5),

where µn(x) = µ1
n + n−2/5µ2

n(x)

(6.12)

∞
∑

r=0

̂Rrµ2
n(x) =

∞
∑

r=0

Rrµ2
n(x) + op(1),

(6.13) m̂A(x) = m̄A(x) + op(n
−2/5).
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These claims imply the theorem, see also the discussion after the statement of the

theorem.

We start with a proof of (6.11). Note first that

‖
∞
∑

r=0

̂Rr(m̄B − µn)‖2

≤
∞
∑

r=0

ρ̂r‖m̄B − µn‖∞ = op(n
−2/5)

and, by assumption,

‖(m̄β − µn)‖∞ = op(n
−2/5).

By application of (6.9) we get

‖
∞
∑

r=0

̂Rr(m̄B − µn)‖∞

≤ ‖m̄B − µn‖∞ + ‖ ̂R(
∞
∑

r=0

̂Rr(m̄B − µn))‖∞

≤ op(n
−2/5) + ŝ‖

∞
∑

r=0

̂Rr(m̄B − µn)‖2

= op(n
−2/5).

This shows (6.11). For the proof of (6.12) we apply a telescope argument. We get

that with probability tending to one

‖
∞
∑

r=0

( ̂Rr − Rr)µ2
n‖∞

≤
∞
∑

r=0

r−1
∑

k=0

‖ ̂Rk( ̂R−R)Rr−1−kµ2
n‖∞

≤
∞
∑

r=0

r(ρ
′

)r−1∆s‖µn‖2 = op(1).

We now come to the proof of (6.13). Note that

m̂A =

∞
∑

r=0

̂Rr(I − ̂Hπ)−1m̄A.

We will show

‖(I − ̂Hπ)−1m̄A − m̄A‖∞ = op(n
−2/5),(6.14)

‖ ̂R(I − ̂Hπ)−1m̄A‖∞ = op(n
−2/5),(6.15)

‖
∞
∑

r=1

̂Rr(I − ̂Hπ)−1m̄A‖∞ = op(n
−2/5).(6.16)
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Clearly, these claims imply (6.13). Claim (6.16) immediately follows from (6.15)

with help of (6.8) and (6.9). Because of (6.14) for claim (6.15) it suffices to show

(6.17) ‖ ̂Rm̄A‖∞ = op(n
−2/5).

We start by showing

(6.18) ‖ ̂H(I − π)m̄A‖∞ = op(n
−2/5).

Because of ‖m̄A‖∞ = Op(
√

logn n−2/5 and (A4’) this would follow from

‖H(I − π)m̄A‖∞ = op(n
−2/5) .

It can be easily checked that the left hand side is of order Op(n
−1/2

√
log n). Note

that global average of εi are taken in H(I − π)m̄A. This shows (6.18). So for (6.15)

it remains to check (6.17). For this consider the following expansion

(I − ̂Hπ)−1 = [(I −Hπ)(I − ∆)]−1

=
∞
∑

r=0

∆r(I −Hπ)−1,

∆ = (I −Hπ)−1( ̂H −H)π,

where claim (6.17) follows from (A4’) and

(6.19) max{‖(I −Hπ)−1f‖∞ : ‖f‖∞ ≤ 1} = O(1).

We now give a proof of (6.19). Denote the eigenfunction of H with eigenvalue λj

by ej. For a function f =
∑∞

j=1 γjej we have

(I −Hπ)−1f =

∞
∑

j=r

γjej +

r−1
∑

j=1

γj(1 − λj)
−1ej(6.20)

= f +
r−1
∑

j=1

γj[1 − (1 − λj)
−1]ej.

Suppose that ‖f‖∞ ≤ 1. Then ‖f‖2 ≤ 1 and we get

‖(I −Hπ)−1f‖∞ ≤ ‖f‖∞ + ‖
r−1
∑

j=1

γj[1 − (1 − λj)
−1]ej‖∞

≤ 1 + (

r−1
∑

j=1

γ2
j )

1/2(

r−1
∑

j=1

[1 − (1 − λj)−1]2)1/2

max
1≤j≤r−1,x∈[0,1]p

‖ej(x)‖.
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Claim (6.17) now follows from

r−1
∑

j=1

γ2
j ≤ ‖f0‖2

2 ≤ 1

and

(6.21) max
1≤j≤r−1,x∈[0,1]p

‖ej(x)‖ = O(1).

For the proof of (6.21) note that ej(x) is a continuous function. This follows from

continuity of H and the inequality

‖ej(x) − ej(y)‖ ≤ |λj|‖
∫

[H(x, z) −H(y, z)]ej(z) dz‖

≤ |λj|
∫

‖H(x, z) −H(y, z)‖ dz.

We now come to the proof of (6.14). With similar arguments as above it can easily

be checked that

‖(I − ̂Hπ)−1m̄A − (I −Hπ)−1m̄A‖∞ = op(n
−2/5).

So it suffices to show

(6.22) ‖(I −Hπ)−1m̄A − m̄A‖∞ = op(n
−2/5).

It holds that (see (6.20))

[(I −Hπ)−1 − I] f(x) =

∫ r−1
∑

j=1

[(1 − λj)
−1 − 1]

ej(y)ej(x)f(y) dy.

So (6.22) follows by standard smoothing arguments because [(I − Hπ)−1 − I]m̄A

is a global (weighted) average of εi.

We now come to the proofs of (6.8) - (6.10). Claim (6.8) immediately follows from

(6.10). For claim (6.10) it suffices to show

(6.23) max{‖( ̂H −H)(I − π)f‖∞ : ‖f‖2 ≤ 1} = op(1).

This can be seen by a similar treatment of the matrices (I − ̂Hπ)−1 and (I −Hπ)

as above. Claim (6.23) follows immediately from (A4’).
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It remains to show (6.9). This claim follows from (6.10) and

max{‖Rf‖∞ : ‖f‖2 ≤ 1}

≤ max{ max
x∈[0,1]p

[

∫

‖R2(y, x)‖2 dx]1/2 ‖f‖ : ‖f‖2 ≤ 1}

≤ { max
x∈[0,1]p

[

∫

‖R2(y, x)‖2 dx]1/2

≤ max
x,y∈[0,1]p

‖R(y, x)‖
< +∞

Proof of Theorem 4. The proofs follows along the same lines of the proofs of

Theorems 1 and 2. Compare also the proofs of Theorems 1’ - 4’ in Mammen et al.

(1999).
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