Appendix A

Derivation of linear stability
equations

This appendix provides a detailed derivation of the linear stability equations for
miscible displacement with a transient base state. The non-dimensional model
problem is:

u = —(VP —ce,), (A.1)
de = —u-Ve+ Vi, (A2)
V-u = 0, (A.3)

where u = (u, w). The derivation does not depend on the initial condition or the
boundary conditions which are therefore omitted here.

Linearization and base state

Darcy’s law may be rewritten as:
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From equation (A.3) we have:
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Inserting this above leads to:
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Now, the concentration and the vertical velocity component are written as:
clw, 2, t, k) = colz,t) +é(z,t, k) e, (A.10)
w(x,z,t, k) = wy(zt)+w(z,t,k)e ”“” (A.11)

where ¢(z,t,0) = w(z,t,0) = 0 (base state; no introduced perturbations). For the
base state we further have that:

co(zt) = 1—erf (z/(Qﬁ)), (2> 0) (A.12)

wo(z,t) = 0, (A.13)
where the first condition follows from mass balance and the latter is chosen. This
gives us the first perturbation equation:
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Equation (A.3) with the base state and perturbation component is:
Ju ow o
— = —— = etk A.16
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Integrating with respect to x gives:

ow 1 ik
wo= ol K (2 0). (A.17)

Here K' = 0 because there is no base velocity. Now we start from the mass
balance equation (A.2) and rewrite it in terms of the base state and perturbation
components:

de = —u-Ve+ Ve

The spatial derivatives are:
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% = ke, % —k?ee™, (A.18)
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oc _ 800+aceiz %:%_’_@eikz (A.19)
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and therefore:

2 2
Vi = (a - k2) etk 4 0% (A.20)

The term u - V¢ is rewritten using (A.17):

Jdc Jdc

u-Ve = ua— +w 82 (A.21)
= udike®® 4w (gczo gz ik ) (A.22)
— ?;j - R eike™ 4 apet (%CO + ggei x) (A.23)
= D0y it (%CZO s ) | (A24)

Now, dropping nonlinear terms, we get the approximate:

0 Ve = et (A.25)
0z

Applying the mass balance equation for the base state (no perturbations) leads to:

¢ ¢
a—: = W;‘ (A.26)
The assembled linearized mass balance equation is:
C()CO ¢ ik ~ ik 800 82 2 a ik 8 Co
e kz ikx U —k etk A27
o T v T a2 T (A2D
oe 0? 9\ - dcy
5 (g x)e = oo (A28

In summary, the model problem in terms of perturbation and base state compo-
nents is:

82
(asz) = —k’, (A.29)
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Self similar coordinates

Now the linearized model problem is written in terms of the similarity variable of
the base state, £ = z/(2+/t). First note that:

o = 1—erf(¢), (A.31)
aacgo _ _\/2%662, (A32)
% _ 2\1/15 (A.33)
% _ _f\/i’ (A34)
% _ %C;gf, (A35)

80(8£t,t) _ 82(5)(2?4_8;(;), (A36)
% _ gggi_%l/%gg, (A37)
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Then, the first perturbation equation is:
(L;;_H)w TS (A.39)

The second perturbation equation is obtained as:
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de(€) € De(t) 162, B \/T e
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de(t) _ 1 (1 i >c = \/Te_fzul (A.43)
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