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D
Ĉ = C ∪ {∞} Ĉ \ D

D D = {z :
|z|< 1} f : D → D

D
D̄ = D ∪ ∂D, D̄ = D ∪ ∂D

f
f : D̄ → D̄ ∂D

f

P (D) D D̂ =
D∪P (D) D̂ f : D → D

f̂ : D̄ → D̂ D̂
D D̄

D̂

D ⊂ Ĉ

a ∈ D, b1, b2,
b3 ∈ P (D)



f : D → D,

f̂ : D̂ → D̂.

f

f̂(0) = a f̂ ′(0) > 0,

f̂(0) = a f̂(1) = b1,

f̂(−i) = b1, f̂(1) = b2, f̂(i) = b3

Hol(D,D) D

Aut(D) ⊂ Hol(D,D) D

{gt}t≥0 ⊂ Hol(D,D)
D

D

g0 = idD,

gt+s = gt ◦ gs, s, t ≥ 0

limt→0+ gt(z) = z z ∈ D

gt

D z ∈ D t 	→ gt(z)
t ∈ [0,+∞)

gt ∈ Aut(D) t ≥ 0, {gt}t≥0
{gt}t∈R g−t := g−1

t

{gt}t≥0
V : D → C,⎧⎨⎩

∂
∂tgt(z) = V (gt(z)),
g0(z) = z,

t ≥ 0, z ∈ D.

V {gt}t≥0



V (z)

V (z) = V (0) − z q(z) − V (0) z2,

q(z) Re q(z) ≥ 0 V (z)
q(z) = ib, b ∈ R

φ ∈ Hol(D,D) φ 
= idD

τ D φ

τ ∈ ∂D � limz→τ φ(z) = τ

α = � limz→τ
φ(z)−τ

z−τ 0 < α ≤ 1 0 < α < 1
φ α = 1 φ

τ φ
{gt}t≥0 g0 = idD

τ
τ {gt}t≥0

V (z)
τ ∈ D

p : D → C Re p ≥ 0

V (z) = (z − τ)(τ̄ z − 1) p(z), z ∈ D.

V (z) 
≡ 0 τ
{gt}t≥0

p(z) τ
V (z)

gt(z) → τ D t → +∞
{gt}t≥0

D D

D
f : D1 → D2

{g1
t }t≥0 D1 {g2

t }t≥0 = {φ◦g1
t ◦

φ−1}t≥0 D2 V1 V2
{g1

t }t≥0 {g2
t }t≥0 V1

V2 φ V2 V1
φ V2 = φ∗V1

φ∗V1(z) = 1
φ−1′(z)

V1(φ−1(z)).



f C1 D
z = x+ iy

∂f = ∂f

∂z
= 1

2

(
∂

∂x
− i

∂

∂y

)
f,

∂f = ∂f

∂z̄
= 1

2

(
∂

∂x
+ i

∂

∂y

)
f.

V D V
f ∈ C1(D,C)

f 	→
(
V ∂ + V̄ ∂̄

)
f.

LV

LV = V ∂ + V̄ ∂̄.

LV

f V

LV f f V ;

LV f̄ = LV f, LV Re f = ReLV f LV Im f =
ImLV f

LV (∂f) = ∂LV f, LV (∂̄f) = ∂̄LV f

V
D ⊂ Cn f : Cn → C z = (z1, . . . , zn) ∂ =

(
∂

∂z1
, . . . , ∂

∂zn

)
∂̄ =

(
∂

∂z̄1
, . . . , ∂

∂z̄n

)
V (z) = (V1(z), . . . , Vn(z))

f V

LV f(z) =
(
V (z) · ∂ + V (z) · ∂̄

)
f(z).

Xt {Ft}t≥0
Bt T > 0 Xt



Bt [0, T ]

∫ T

0
Xt dBt := lim

Δt→0

n∑
j=1

Xtj−1

(
Btj −Btj−1

)
,

0 = t0 < t1 < . . . < tn = T Δt := maxj=1,..., n(tj − tj−1)

∫ T

0
Xt ◦ dBt := lim

Δt→0

n∑
j=1

X tj−1+tj
2

(
Btj −Btj−1

)
.

T > 0 ∫ T
0 Xs dBs

∫ t
0 Xs dBs

Yt

{Ft}t≥0

P

(
Yt =

∫ t

0
Xs dBs

)
= 1 t ≥ 0.

∫ t
0 Xs ◦dBs

E
(∫ T

0 X2
s ds

)
< ∞ T > 0 ∫ t

0 Xs dBs

P
(∫ T

0 X2
s ds < ∞

)
= 1

Yt

{F}t≥0 Mt

Mt = M0 + ∫ t
0 Xs dBs Ft Xt

Xt Yt

〈XT , YT 〉 = 〈X,Y 〉T := lim
Δt→0

n∑
j=1

(Xtj −Xtj−1) (Ytj − Ytj−1)

0 = t0 < t1 < . . . < tn = T Δt :=
maxj=1,..., n(tj − tj−1)

Xt Yt

Xt(ω) =
∫ t

0
b1(ω, s) ds+

∫ t

0
σ1(ω, s) dBs(ω),

Yt(ω) =
∫ t

0
b2(ω, s) ds+

∫ t

0
σ2(ω, s) dBs(ω),



bj(ω, t) σj(ω, t) j = 1, 2 Ft

P

(∫ T

0
|bj(ω, s)| ds < ∞

)
= 1, P

(∫ T

0
|σj(ω, s)|2 ds

)
= 1,

T > 0 j = 1, 2

〈X, Y 〉t(ω) =
∫ t

0
σ1(ω, s)σ2(ω, s) ds.

∫ T

0
Xt ◦ dBt =

∫ T

0
Xt dBt + 1

2〈X,B〉T .

wt = X1
t + iX2

t

X1
t X2

t f : C → C

wt

f(wt) = f(w0) +
∫ t

0
∂f(ws) dws +

∫ t

0
∂̄f(ws) dw̄s

+ 1
2

∫ t

0
∂2f(ws) d〈w〉s + 1

2

∫ t

0
∂̄2f(ws) d〈w̄〉s

+
∫ t

0
∂∂̄f(ws) d〈w, w̄〉s,

df(wt) = ∂f(wt) dwt + ∂̄f(wt) dw̄t

+ 1
2 ∂

2f(wt) d〈w〉t + 1
2 ∂̄

2f(wt) d〈w̄〉t + ∂∂̄f(wt) d〈w, w̄〉t.

wt

wt = w0 +
∫ t

0
b(ws) ds+

n∑
k=1

∫ t

0
σk(ws) ◦ dBk

s ,

b σ n
B1

t , . . . , B
n
t

dwt = b(wt) dt+
n∑

k=1
σk(wt) ◦ dBk

t .



dwt =
⎛⎝b(wt) + 1

2
n∑

k=1
σk(wt)σ′

k(wt)
⎞⎠ dt+

n∑
k=1

σk(wt) dBk
t ,

wt = w0 +
∫ t

0

⎛⎝b(ws) + 1
2

n∑
k=1

σk(ws)σ′
k(ws)

⎞⎠ ds+
n∑

k=1

∫ t

0
σk(ws) dBk

s .

f : C → C f(wt)

df(wt) = Lbf(wt) dt+
n∑

k=1
Lσk

f(wt) ◦ dBk
t

=
⎛⎝Lb + 1

2
n∑

k=1
L2

σk

⎞⎠ f(wt) dt+
n∑

k=1
Lσk

f(wt) dBk
t .

wt Cn f C2

n b : Cn → C

σk : Cn → C

{gt}t≥0

∂

∂t
gt(z) = V (gt(z)), g0(z) = z,

t gt(·)

D V
D gt ∈ Hol(D,D) t ≥ 0

z ∈ D wt(z)
w0 = z {wt}t≥0⎧⎨⎩dwt(z) = b(wt(z), t) dt+ ∑n

k=1 σk(wt(z), t) ◦ dBk
t ,

w0(z) = z, z ∈ D.

σ′
k(w) ∂

∂w σk(w) f ′
t(z)

∂
∂z ft(z)



b(z, t), σ1(z, t), . . . σn(z, t) C2 z C1 t

T (z) wt(z)
wt(z) = z T (z)

Dt

t > 0 Dt = {z ∈ D : T (z) > t}
Ds ⊇ Dt s ≤ t

Rt Dt wt Rt := wt(Dt)
wt : Dt → Rt t ≥ 0 1

b(z, t) C1 t > 0 Cd z ∈ D
σ1(z, t), . . . , σn(z, t) C1 t Cd+1 z

wt : Dt → Rt Cd t ≥ 0 1

b(z, t), σ1(z, t), . . . σn(z, t) C1 t > 0
C∞ z ∈ D wt(z) : Dt → Rt C∞
t ≥ 0 1

b(z, t), σ1(z, t), . . . σn(z, t) C1 t > 0
z ∈ D wt(z) : Dt → Rt

t ≥ 0 1
wt(z)⎧⎨⎩dwt(z) = b(wt(z)) dt+ ∑n

k=1 σk(wt(z)) ◦ dBk
t ,

w0(z) = z, z ∈ D,

b(z) σ1(z), . . . , σn(z) C∞
wt(z) D t ≥ 0

g
wt(z)

⎧⎨⎩dwt(z) = b(wt(z), t) dt+ ∑n
k=1 σk(wt(z), t) ◦ dBk

t ,

w0(z) = z, z ∈ D,



⎧⎨⎩dw̃t(z) = b̃(w̃t(z), t) dt+ ∑n
k=1 σ̃k(w̃t(z), t) ◦ dBk

t ,

w̃0(z) = z, z ∈ D,

T (z), T̃ (z)
{ζt}t≥0 ζt := w̃t ◦wt

U(z) := min[inf{t > 0 : wt(z) 
∈
D̃t}, T (z)] D̃t = {z ∈ D : T̃ (z) > t}

dζt(z) =
[
b̃(ζt(z), t) + w̃t ∗ b(ζt(z), t)

]
dt

+
n∑

k=1
[σ̃k(ζt(z), t) + w̃t ∗ σk(ζt(z), t)] ◦ dBk

t ,

{ηt}t≥0, ηt = w−1
t

dηt(z) = − (ηt ∗ b) (ηt(z), t) dt−
n∑

k=1
(ηt ∗ σk) (ηt(z), t) ◦ dBk

t

= −ηt
′(z) b(z, t) dt−

n∑
k=0

ηt
′(z)σk(z, t) ◦ dBk

t ,

SLEκ SLE(κ, ρ)



t −t

H = {z : Im z > 0} S = {z : 0 < Im z < 1}

d ∈ [1,+∞]
{φs,t}0≤s≤t<+∞

φs,s = idD

φs,t = φu,t ◦ φs,u 0 ≤ s ≤ u ≤ t < +∞

z ∈ D T > 0 kz,T ∈
Ld([0, T ],R),

|φs,u(z) − φs,t(z)|≤
∫ t

u
kz,T (ξ)dξ

0 ≤ s ≤ u ≤ t ≤ T.



z ∈ D

φs,t(z) t [s,+∞)

d ∈ [1,+∞]
V : D × [0,+∞) → C

[0,+∞) � t 	→ V (z, t) z ∈ D

z 	→ V (z, t) t ∈
[0,+∞)

K ⊂ D T > 0
kK,T ∈ Ld([0, T ],R),

|V (z, t)|≤ kK,T (z)

z ∈ K t ∈ [0, T ]

t ∈ [0,+∞) V (·, t)
{φs,t}

d ≥ 1
V (z, t) d, z ∈ D

t ∈ [0,+∞)
∂

∂t
φs,t(z) = V (φs,t(z), t).

V (z, t) d ≥ 1
{φs,t}0≤s≤t<+∞ d

H(z, t) H(z, t) = V (z, t)
z ∈ D t ∈ [0,+∞)

{ft}0≤t<∞ ft : D → C

d ∈ [1,+∞]
ft

fs(D) ⊂ ft(D) 0 ≤ s < t < +∞,

K ⊂ D T > 0
kK,T ∈ Ld([0, T ],R)

|fs(z) − ft(z)|≤
∫ t

s
kK,T (ξ)dξ

z ∈ K 0 ≤ s ≤ t ≤ T.



ft(D) t
{ft}t≥0 d

{φs,t} d

φs,t = f−1
t ◦ fs.

{φs,t}0≤s≤t<+∞ d {ft}t≥0
d,

φs,t = f−1
t ◦ fs 0 ≤ s ≤ t

f(0) = 0 f ′(0) = 1

Ω := ∪t≥0ft(D) {z : |z|< R}
R ∈ (0,+∞].

{gt}t≥0 =
{F ◦ ft}t≥0, F : Ω → C

R 1/β0,

β0 = lim
t→+∞

|φ′
0,t(0)|

1 − |φ0,t(z)|2
.

{ft}t≥0 d

∂

∂s
fs(z) = −V (z, s)f ′

s(z) ( s ≥ 0),

V (z, s)
{φs,t}0≤s≤t<+∞.

V (·, t)
t ≥ 0

p t

d ∈ [1,+∞)
p : D × [0,+∞) → C,

t 	→ p(z, t) Ld
loc([0,+∞),C) z ∈ D

z 	→ p(z, t) D t ∈
[0,+∞)



Re p(z, t) ≥ 0 z ∈ D t ∈ [0,+∞)

V (z, t) d ≥ 1
t V (·, t) 
= 0

τ : [0,+∞) → D p(z, t) d,
z ∈ D t ∈ [0,+∞)

V (z, t) = (z − τ(t)) (τ(t) z − 1) p(z, t).

τ : [0,+∞) → D

p(z, t) d ≥ 1,
d

{φs,t}
V (z, t)

(p, τ) V (z, t)
{φs,t}0≤s≤t<+∞

τ(t)
V (z, t)

{φs,t}0≤s≤t<+∞

d ∈ [1,+∞]
{φs,t}0≤s≤t<+∞ ⊂ Hol(D,D)

d

φs,s = idD

φs,t = φs,u ◦ φu,t 0 ≤ s ≤ u ≤ t < ∞

z ∈ D T > 0
kz,T ∈ L2([0, T ],R)

|φs,u(z) − φs,t(z)|≤
∫ t

u
kz,T (ξ) dξ,

s, t, u ∈ [0, T ] s ≤ u ≤ t

d ∈ [1,+∞]
{ft}t≥0 ⊂ Hol(D,D)

d



ft : D → D

f0 = idD, fs(D) ⊃ ft(D) 0 ≤ s < t < +∞

K ⊂ D T > 0
kK,T ∈ Ld([0, T ],R)

|fs(z) − ft(z)|≤
∫ t

s
kK,T (ξ)dξ

z ∈ K 0 ≤ s ≤ t ≤ T

{ft}t≥0

φs,t(z) = f−1
s ◦ ft, 0 ≤ s ≤ t < ∞.

{φs,t}0≤s≤t<+∞
ft(z) := φ0,t

V
d ∈ [1,+∞]

z ∈ D, gt(z) ∈ D

⎧⎨⎩
∂
∂tgt(z) = −V (gt(z), t),
g0(z) = z.

t ≥ 0, Dt z ∈ D, gt(z)
t, gt(z)
z ∈ Dt Dt D

ft := g−1
t d

⎧⎨⎩
∂
∂tft(z) = f ′

t(z)V (z, t),
f0 = idD.

Dt = g−1
t (D) = ft(D)

t Kt = D \ Dt t
{Dt}t≥0 {Kt}t≥0

0 ≤ s ≤ t < ∞ Ds ⊇ Dt Ks ⊆ Kt



τ(t) ≡ τ0
τ0 ∈ D

τ0 = 0
p(0, t) ≡ 1

p(z, t)

V (z, t) = −z p(z, t), p(z, t) p(0, t) ≡ 1.

p(0, t) ≡ 1

φs,t(z) = es−t z + . . . , z ∈ D,

ft(z) = et z + . . . , z ∈ D.

ft(z) = e−t z + . . . , z ∈ D.

{φs,t}0≤s≤t<+∞ {ft}t≥0

lim
t→∞ et φ0,t(z) = f0(z)

V (z, t) = −z e
iu(t) + z

eiu(t) − z
, u(t) .



D C D
C̄ \ C ∂D

{ft}t≥0

∂

∂t
ft(z) = z

eiu(t) + z

eiu(t) − z
f ′

t(z)

u(t) f ′
t(0) = et

ε > 0 δ > 0 s, t ≥ 0 0 ≤ t− s ≤ δ
ft(D) ε 0

ft(D)\fs(D)

{ft}t≥0 f ′
t(0) = et

Γ : [0,+∞) → C t ≥ 0 ft(D)
C \ Γ[t,+∞) 0 Γ

{ft}t≥0

u(t)

u(t)

f(0) = 0 f ′(0) = 1
S S

f ∈ S

f(z) = z + a2 z
2 + a3 z

3 + . . . , z ∈ D.

|an|≤ n S
n = 2 |a2|= 2
f(z) = e−iθ k(eiθ z) θ ∈ [0, 2π) k(z)

k(z) = z

(1 − z)2 = z + 2 z2 + 3 z3 + . . . , z ∈ D.

n = 3



n = 4, 5 6
n

|an|= n f ∈ S n ∈ N

f(z) = e−iθ k(eiθz) θ ∈ [0, 2π)
f ∈ S f(D) = C \ Γ

Γ
Γ = (−∞,−1/4]

S

f
{ft}t≥0 f(z) = f0(z)

{ft}t≥0 {φs,t}0≤s≤t<+∞

lim
t→∞ et φ0,t(z) = f0(z) .

F : S → C S
S
S

n
S

n

S

u(t) S

S

τ(t) ≡ τ0 τ0 ∈ D



D

τ0 = −1

V (z, t) = −(z + 1)2 p(z, t).

H ∞
τ0

D H

z 	→ 2 i 1 − z

1 + z
,

V H(z, t) = 4 i p
(2i− z

2i+ z
, t

)
= i p̃(z, t),

p̃(z, t) := 4 p
(

2i−z
2i+z , t

)
z ∈ H t ≥ 0

Re p̃(z, t) ≥ 0 z ∈ H

∞

V H(z, t) = 1
u(t) − z

,

u(t) t

p̃(z, t) = i

z − u(t) ,

2

V H(z, t) = 2
u(t) − z

.

⎧⎨⎩
∂
∂tft(z) = 2

ft(z)−u(t) ,

f0(z) = z, z ∈ H,

⎧⎨⎩
∂
∂tft(z) = 1

tanh[(ft(z)−u(t))/2] ,

f0(z) = z,
z ∈ S,



u(t) : [0,+∞) → R

S {z : 0 <
Im z < π}

{f̃t}t≥0 f̃t = φ◦ft ◦
φ−1 φ : S → D

φ(z) := i
ez − i

ez + i
.

φ 0 1 −∞ i +∞
i

{f̃t}t≥0⎧⎨⎩
∂
∂t f̃t(z) = −V (f̃t(z), t),
f̃0(z) = z, z ∈ D

V (z, t) = 1
2 (1 + z2) 1 − i z + eu(t) (z − i)

i+ z − eu(t) (1 + i z) <

V (z, t) = − 1
tanh[(z − u(t))/2]

φ
V (i, t) = V (−i, t) = 0 t ≥ 0 ±i

{f̃t}t≥0

τ(t) = − sech u(t) + i tanh u(t).

u(t)

u(t) {φs,t}0≤s≤t<+∞
φs,t(D) 0 ≤ s ≤ t < +∞

[0,∞)
C

u(t) Lip(1/2) 1/2



‖u‖1/2loc
< 4

‖u‖1/2loc
:= inf

ε>0
sup

|t−s|<ε

|u(t) − u(s)|√
|t− s|

.

lim
t→s

|u(t) − u(s)|√
|t− s|

SLEκ

u(t) =
√
κBt Bt

κ > 0
SLEκ

∂

∂t
ft(z) = ft(z)

ei
√

κ Bt + ft(z)
ei

√
κ Bt − ft(z)

, f0(z) = z, z ∈ D,

SLEκ

∂

∂t
ft(z) = 2

ft(z) − √
κBt

, f0(z) = z, z ∈ H,

SLEκ

∂

∂t
ft(z) = 2

tanh[(ft(z) − √
κBt)/2] , f0(z) = z, z ∈ S.

γ γ SLEκ SLEκ

SLEκ

SLE

κ > 0 SLEκ

γ κ ∈ [0, 4]
κ ∈ (4, 8) κ ∈ [8,∞)

SLEκ min (2, 1 + κ/8)



SLE

SLE

SLEκ 1 0

1 0 SLEκ(D, 1, 0)
D a D

b ∈ D φ : D → D
φ(0) = b φ̂(1) = a

SLEκ(D, a, b) = SLEκ(φ(D), φ̂(1), φ(0))
D a b
γ SLEκ(D, 1, 0)

φ ◦ γ SLEκ(φ(D), φ̂(1), φ(0))

γ[0, t] SLEκ(Dt, γ(t), b)
Dt D \ γ[0, t] b

SLEκ(Dt, γ(t), b) γ

SLE
SLEκ

wt(z) = ft(z)/ei
√

κ Bt

dwt(z) = wt(z)
1 + wt(z)
1 − wt(z)

dt− i
√
κwt ◦ dBt, w0(z) = z, z ∈ D.

D C∞
0 (D)

D {pn}∞
n=1 ⊂ C∞

0 (D)
p ∈ C∞

0 (D)

K supp(pn − p) ⊆ K
n = 1, 2, . . .



∂m+p

∂mx ∂pypn → ∂m+p

∂mx ∂pyp n → ∞ K m, p =
1, 2, . . .

C∞
0 (D) T

C∞
0 (D) T (pn) → T (p) pn → p

C∞
0 (D)
D D(D)

D ′(D)
A D ( · , · ) L2(D,A)

(p, q) :=
∫

D
p(z) q(z) dA(z),

p q
L1

loc(D,A)
D h L1

loc(D,A) h ∈ L1(U)
U U D L1

loc(D)
Lp(D,A) ⊂ L1

loc(D,A) p ≥ 1
h ∈ L1

loc(D,A) h ∈
L2(D,A) (h, p)
p ∈ D(D) h D

p 	→ (h, p), p ∈ D(D),
L1

loc(D) ⊂ D ′(D)
D

(h, p) h
p

D
w ∈ D fw : D → D

fw(w) = 0, f ′
w(w) > 0 D

GD(z, w) = − log|fw(z)|.

GD(z, w) = log
∣∣∣1−w̄ z

z−w

∣∣∣
GH(z, w) = log

∣∣∣z−w̄
z−w

∣∣∣
p ∈ D(D)

− 1
2π

∫
D
GD(z, w) Δp(w) dA(w) = p(z).

⎧⎨⎩−ΔwGD(z, w) = 2πδ(z − w), z ∈ D,

GD(z, w) = 0, z ∈ ∂D.



Δ D(D)
ker Δ = {0} D(D)

Δ

Δ−1p(z) = − 1
2π

∫
D
GD(z, w) p(w) dA(w).

D(D)
L2(D,A)

( · , · ) ( · , · )L2(D,A)
p, q ∈ D(D)

(p, q) :=
∫

D
p(z) q(z) dA(z).

p, q ∈ D(D)

(p, q)∇ :=
∫

D
∇p(z) · ∇q(z) dA(z).

D(D)

(p, q)E(D) :=
∫

D×D
2GD(z1, z2) p(z1) q(z2) dA(z1) dA(z2).

p, q ∈ D(D)

(p, q) = 1
4π (−Δp, q)E(D),

(p, q)∇ = (−Δp, q),

(p, q)∇ = 1
4π (Δp,Δq)E(D).

D(D)

‖p‖:=
√

(p, p), ‖p‖∇:=
√

(p, p)∇, ‖p‖E(D):=
√

(p, p)E(D).

‖p‖∇ p ‖p‖E(D)
p

(Ω,F,P)
D

Φ : Ω → D ′(D)
Φ GFF D

p ∈ D(D) (Φ, p)
‖p‖2

E(D)



Cov ((Φ, p), (Φ, q)) = (p, q)E(D).

H(D) D(D)
( · , · )∇ H(D) H(D) ⊂ L2(D,A) ⊂
L1

loc(D) ⊂ D ′(D)
{en}∞

n=1 H(D) {αn}∞
n=1

2
√
π

∞∑
n=1

αn en.

p ∈ D(D)

2
√
π

∞∑
n=1

αn(p, en)

L2(Ω,P)

‖2
√
π

∞∑
n=1

αn (p, en)‖2
L2(Ω,P)= 4π

∞∑
n=1

(p, en)2,

4π
∞∑

n=1
(p, en)2 = 4π

∞∑
n=1

(−Δ−1p, en)2
∇ = 4π‖Δ−1p‖2

∇= ‖p‖2
E(D)< ∞,

p ∈ D(D)

Φ D Φ = 2π∑∞
n=1 αn en {en}∞

n=1
H(D) {αn}∞

n=1

B ⊂ D D H(B)
H(D)

Harm(B) H(D)

H(D) = H(B) ⊕ Harm(B).

PH(B) PHarm(B)



f ∈ Harm(B) ⇔ (f, g)∇ = 0 g ∈ H(B)
⇔ (f,Δg)L2(B,A) = 0 g ∈ H(B).

B

Harm(B)
H(D) B

ΦB B

ΦB := 2
√
π

∞∑
n=1

αn fn

{fn}∞
n=1 H(B) {αn}∞

n=1
ΦB

D
p ∈ D(D) (ΦB, p) ‖p‖2

E(B)
p ∈ D(D)

(ΦB, p) = 2
√
π

∞∑
n=1

αn (fn, p)

= 2
√
π

∞∑
n=1

αn (fn,−Δ−1p)∇

= 2
√
π

∞∑
n=1

αn (fn, PH(B)(−Δ−1p))∇,

(ΦB, p)

4π‖PH(B)(−Δ−1p)‖2
∇= ‖ΔPH(B)(−Δ−1p)‖2

E(B)

= ‖ΔPH(B)(−Δ−1p) + ΔPHarm(B)(−Δ−1p)‖2
E(B)= ‖p‖2

E(B).

GFF

h D h ∈
D ′(D) GFF h

Φ̂D = ΦD +h GFF

h∂ ∂D Φ̂D

h∂ h

μh ∂D
B ⊂ D A(D\B)

Φ̂B = ΦB +h GFF B p ∈ D(D)
ΦB D

h B

(h, p)L2(D,A) =
∫

D
h(z) p(z) dA(z)



Φ̂B

D

GFF

φ : D1 → D2 Ψ ∈ D ′(D2)
Ψ ◦ φ Ψ φ D1

(Ψ ◦ φ, p) = (Ψ, |(φ−1)′|2 p(φ−1)), p ∈ C∞
0 (D1).

Ψ L1
loc(D2)

∫
D1

Ψ(φ(z)) p(z) dA(z) =
∫

D2
Ψ(w) |(φ−1(w))′|2 p(φ−1(w)) dA(w).

ΦD2 ◦ φ D2 GFF D1

SLE GFF

SLE4

GFF SLEκ

κ
SLE

GFF SLE4
ΦH

ΦH

Φ̂H = ΦH −
√

2 arg z.

Φ̂H Φ̂H = 0
Φ̂H = π

Bt Φ̂H {wt}t≥0
SLE4

dwt(z) = 2
wt(z)

dt− 2 dBt, w0(z) = z, z ∈ H.

Φ̂H

SLE4 T > 0
Φ̂H Φ̂H ◦ wT



{φs,t}0≤s≤t<+∞⎧⎪⎨⎪⎩
∂
∂tφs,t(z) = −φs,t(z) eiu(t)+φs,t(z)

eiu(t)−φs,t(z) ,

φs,s(z) = z, z ∈ D,

{ft}t≥0

∂

∂t
ft(z) = zf ′

t(z)
ei u(t) + z

ei u(t) − z
, f0(z) = lim

t→∞ etφ0,t(z).

{ft}t≥0
φs,t = f−1

t ◦ fs

{ft}t≥0
[0,+∞)

φs,t(D) D \ φs,t(D)
γ

D\γ 0
u(t) D\γ

u(t)
φ0,t0(D) = D \ γ t0 > 0

u(t)
Ĉ

φs,t(D)



u(t) Lip(1/2)
‖u(t)‖1/2loc

(4,∞)

Lip(1/2)
‖u(t)‖1/2loc

= 0

V (t, z) = (z − τ(t))(τ(t) z − 1) p(z, t),

τ(t) = ei k Bt, k ≥ 0

τ(t) = ei k Bt k ∈ R

⎧⎨⎩
∂
∂tφt(z) = (τ(t)−φt(z))2

τ(t) p(φt(z), t),
φ0(z) = z,

z ∈ D.

p(z, t) = p̃(z/τ(t)) p̃(z) : D → C

ψt(z) = φt(z)
τ(t)

⎧⎨⎩
∂
∂tψt(z) = (ψt(z) − 1)2

p̃(ψt(z)) − i k ψt(z),
ψ0(z) = z.

{ψt}t≥0
{ψt}t≥0

{φt}t≥0
{φt}t≥0 ⊂ Aut(D) p(z, t) = p̃(z/τ(t))

p̃(z) = A
1 + z

1 − z
+B i, A, B ∈ R.

ψt

k τ(t)



2 (− Im p̃(0) − |p̃(0)|) < k < 2 (− Im p̃(0) + |p̃(0)|)

2 (− Im p̃(0) − |p̃(0)|) < k < 2 (− Im p̃(0) + |p̃(0)|)

k < 2 (− Im p̃(0) − |p̃(0)|) k > 2 (− Im p̃(0) + |p̃(0)|)

φt(z)

k√−4 A2+4 B k+k2

{ψt}t≥0

p̃(z)
p(z, t) = p̃(z/τ(t))

wt =
φt/e

i k Bt

⎧⎨⎩dwt =
(
−k2

2 wt + (wt − 1)2p̃(wt)
)
dt− i k wt dBt,

w0(z) = z.

{wt}t≥0
{φt(D)}t≥0

SLE SLE

⎧⎨⎩dwt(z) = b(wt(z)) dt+ σ(wt(z)) ◦ dBt,

w0(z) = z,
z ∈ D,

D
b σ wt ∈ Hol(D,D)

t ≥ 0

b σ wt ∈
Aut(D) t ≥ 0



b(z)

⎧⎨⎩dHt(z) = σ(Ht(z)) ◦ dBt,

H0(z) = z,
z ∈ D,

D {Ht}t≥0⎧⎨⎩
∂
∂tht(z) = σ(ht(z)),
h0(z) = z, z ∈ D

Ht = hBt

{gt}t≥0 gt := H−1
t ◦wt =

h−1
Bt

◦ wt

dgt(z) =
(
h−1

Bt ∗ b
)

(gt(z)) dt, g0(z) = z, z ∈ D.

(
h−1

Bt ∗ b
)

∞
{gt}t≥0 ⊂ Hol(D,D) {wt}t≥0 ⊂

Hol(D,D)
b σ

D

SLE

⎧⎨⎩dwt(z) = −b(wt(z)) dt+ σ(wt(z)) ◦ dBk
t ,

w0(z) = z,
z ∈ D,

b σ

Dt = {z ∈ D : wt(z) t},

wt : Dt → D
t ≥ 0

gt = H−1
t ◦ wt

dgt(z) = −
(
h−1

Bt ∗ b
)

(gt(z)) dt, g0(z) = z, z ∈ D,

{gt}t≥0 ∞



b
SLEs

b

D

lim
r→1

Re b(reiθ) re−iθ = 0

eiθ ∈ ∂D eiθ0

eiθ0 = 1
D

b D

b(z) = α− z

(
i β + γ

1 + z

1 − z

)
− α z2, z ∈ D,

α ∈ C, β ∈ R γ ≥ 0

�Hn (z) := −zn+1, n ∈ Z, z ∈ H,

D �D
n := φ∗�Hn φ : H → D
�D

n

φ
φ(z) = −z−2i

z+2i

�Dn(z) = −2n−1 (−i)n (z − 1)n+1 (z + 1)−n+1.

S = {z : 0 < Im z < π} ψ(z) = Log 2+z
2−z

�Sn(z) = ψ∗ �Hn (z) = −2n sinh(z) tanhn
(z

2

)
.

D spanR{�D
−1, �

D
0 , �

D
1 }

�Dn , n = −2, . . . , 1
D b D

b(z) = b−2 �
D
−2(z) + b−1 �

D
−1(z) + b0 �

D
0 (z) + b1 �

D
1 (z),

b−2 ≥ 0 b−1, b0, b1 ∈ R

D �Dn 	→ �D
n



D D σ
D b D

b(z) = b−2 �
D
−2(z)+b−1 �

D
−1(z)+b0 �

D
0 (z)+b1 �

D
1 (z), b−2 ≥ 0, b−1, b0, b1 ∈ R,

σ(z) = σ−1 �
D
−1(z) + σ0 �

D
0 (z) + σ1 �1, σ−1, σ0, σ1 ∈ R, σ−1 
= 0.

ut : [0,+∞) → R

b, σ ut {ft}t≥0

V (t, z) =
(
h−1

ut ∗ b
)

(z),
{ht}t≥0 D σ

b−2 = 2, σ−1 = 1,

b σ
2�−2 �−1

2�−2 + 1
2�0 �−1 + 1

4�1
2�−2 − 1

2�0 �−1 − 1
4 �1

ut =
√
κBt κ ≥ 0

wt = h√
κBt

◦ gt

dwt(z) = −b(wt(z)) dt+
√
κσ(wt(z)) ◦ dBt, w0(z) = z, z ∈ D.

{wt}t≥0 b σ

SLE κ

κ ∈ [0, 4]
κ ∈ (4, 8) κ ∈ [8,∞)



ABP SLE

b = 2�−2
σ = �−1 + 1

4�1

∂

∂t
ft(z) = 1

4 eiu(t)
(eiu(t) + ft(z))3

eiu(t) − ft(z)
.

τ(t) = −eiu(t) p(z) = 1
4

1+z
1−z

u(t) =
√
κBt κ ≥ 0

ABP SLE ABP

{ft}t≥0

SLE ABP

{wt}t≥0
b σ κ = 4

{wt}t≥0

dwt(z) = −b(wt(z)) dt+ 2σ(wt(z)) ◦ dBt, w0(z) = z, z ∈ H.

ΦH H Bt

b σ
h H Φ̂H :=

ΦH + h(z),

Φ̂H ◦ wT Φ̂H T > 0

GFF SLEs

dGH(wt(z1), wt(z2)) = −1
2〈h(wt(z1)), h(wt(z2))〉,

GH H, z1, z2 ∈ H z1 
= z2

h



h(wt(z))
t

h

SLE4 2Bt − αt, α ∈ R

−α t

b(z) = −2
z

− α, σ = −1, h(z) = α√
2

Im z −
√

2 arg z.

b(z) = −2
z

− β z, β ∈ R, σ = −1, h(z) = −
√

2 arg z.

SLE4 2Bt − αt, α ∈ R

b(z) = −2
z

− α+ z

2 + α

4 z
2,

h(z) = 1 − α√
2

arg(2 − z) −
√

2 arg z + 1 + α√
2

arg(2 + z).

b(z) = −2
z

+ 1 −
(
β − 1

2

)
z −

(1
4 − β

2

)
z2, β ∈ R,

h(z) =
√

2 arg(2 − z) −
√

2 arg z,

b(z) = −2
z

− 1 −
(
β − 1

2

)
z −

(
β

2 − 1
4

)
z2, β ∈ R,

h(z) =
√

2 arg(2 + z) −
√

2 arg z,

SLE4 2Bt − α t α ∈ R

b(z) = −2
z

− α− z

2 − α
z2

4 , α ∈ R,

h(z) = −
√

2α Im arctan 2
z

−
√

2 arg z + 1√
2

arg(4 + z2).

GFF α = 0
SLE4
h

GFF



b σ

SLEs

ABP SLE

ABP SLE

SLEs

SLE
SLE(κ; ρ)
SLEs

SLE(κ; ρ)
SLE(κ; ρ)







SLE(4)







SLE4




