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Preface

The thesis is structured in three parts.

Part Iis an introduction into the main topics of the thesis with a brief historical overview
and a summary of the main research results and possible future research. Furthermore,
we present a preliminary section which introduces the main mathematical definitions
which are required to understand the results in Part IT and III.

In Part II, we study the Lie algebra geometry of pseudo H-type algebras. A pseudo
H-type algebra n,, = v, @3, is a nilpotent Lie algebra of step two, where v, is a
Cl; s-module of minimal dimension satisfying an admissibility condition, and 3, is a
generating vector space of the Clifford algebra Cl, ;. In Chapter 4, we present a partial
classification of the pseudo H-type algebras with minimal admissible Clifford modules.
Furthermore, we prove that the subspace v, s of n, is strongly bracket generating if
and only if 7 = 0 or s = 0. Additionally, we discuss the classification of pseudo H-type
algebras related to non-equivalent irreducible Clifford modules. Chapter 5 generalizes
certain ideas of Eberlein [41, 42, 43]. In particular, we study standard metric Lie al-
gebras, which arise from indefinite metric spaces. We demonstrate the main results
on pseudo H-type algebras. In Chapter 6, we study the octonionic H type group and
present a characterization of the critical points of the natural sub-Riemannian length
functional via a differential equation, similar to the geodesic equation in Riemannian
geometry.

In Part III, we study the sub-Riemannian cut locus in several different manifolds with
different sub-Riemannian structures. In Chapter 7, we present a proof of the fact that
the sub-Riemannian cut locus of H-type groups, starting from the origin of the group
corresponds to the center of the group. In Chapter 8, we consider the Stiefel manifold
Vi s a principal U(k)-bundle over the Grassmann manifold and study the cut locus
from the unit element. We give the complete description of this cut locus on V,,; and
present a sufficient condition on the general case. At the end, we study the complement
to the cut locus of Vi, and give several examples in lower dimensional cases.
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0.1 Historical background and general ideas 11

The purpose of Part I of this PhD-thesis is to give a general overview of the tools
and questions needed to put the obtained results into context. We achieve this by first
presenting a brief historical background, with a view towards the recent developments
that have paved the way to the modern picture we have of sub-Riemannian geometry and
its generalizations. Afterward, we introduce the reader to some of the preliminaries in
algebra and differential geometry that are fundamental for a complete understanding of
the problems dealt with in this thesis. We conclude Part I by presenting, in abbreviated
form, the main results of this work, which are explained at length in the forthcoming
parts.

0.1 Historical background and general ideas

The Heisenberg group has played, and still plays, a fundamental role in the development
of differential geometry. Many analytic and geometric questions related to it are still
unsolved and are the subject of deep research. An important part of this PhD-thesis
deals with the Heisenberg type and pseudo Heisenberg-type groups, which are natural
generalizations of the classical Heisenberg group. In order to understand why are these
generalizations significant and useful, we first discuss the context in which they were
introduced, and then relate their construction to special kinds of Clifford modules.

The Heisenberg-type groups, which are nilpotent Lie groups of step two, were first
introduced by Kaplan [59], when studying the relation between compositions of positive
definite quadratic forms and the fundamental solutions of certain sub-elliptic operators.
In particular, he shows that this class of Lie groups have explicit fundamental solutions
in elementary form for their sub-Laplacians, analogous to the known results in the
case of the Heisenberg group due to Folland [45]. Kaplan continued his studies on the
Riemannian geometry of Heisenberg-type groups, particularly their curvature invariants,
geodesics and isometries, in the two interesting papers [60, 61].

The contribution by Kaplan which is most relevant for our work, is the fact that
he established a natural connection between the Lie algebras of Heisenberg-type groups
and some special actions of Clifford algebras induced by sums of squares. This was later
generalized by Ciatti [37] by allowing the quadratic forms to be indefinite. These new
objects are called pseudo (or generalized) H-type algebras. Some of the main references
dealing with geometric, algebraic and analytic aspects of Heisenberg and pseudo H-type
groups are [20, 28, 29, 46, 50, 51, 79, 80, 81].

The main source of interest in the geometry of Heisenberg-type groups comes from
their natural sub-Riemannian structure. Sub-Riemannian geometry is a generalization of
Riemannian geometry which has attracted much attention from the mathematical com-
munity in the last three decades. An intuitive explanation of the basic sub-Riemannian
problem is that we can only measure the length of curves whose velocity vectors belong
to a given set of directions, which changes from point to point. These curves are usually
referred to as horizontal or admissible, and the set of allowed motions is known as the
horizontal distribution. Classical examples outside of pure mathematics are related to
certain problems in control theory, for example parking a car or landing a plane, and
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thus give evidence that sub-Riemannian geometry is a research field of interest not only
in pure, but also in applied mathematics. The problem of finding shortest horizon-
tal curves is of great interest especially in robotics, classical mechanics (nonholonomy),
neurobiology, financial mathematics, quantum physics and diverse physical theories.

There exist different opinions regarding the initial moment of sub-Riemannian ge-
ometry. It is fair to say that the first theorem in sub-Riemannian geometry is due
to Carathéodory and is related to Carnot’s thermodynamics, but sources related to
nonholonomic mechanics can be traced as far back as Hertz in the late 19th century.
A generalization of Carathéodory’s theorem, developed independently Chow and Ra-
shevskil [34, 78] in 1939 and 1938, respectively, introduces what is nowadays known as a
bracket generating distribution. A horizontal distribution is bracket generating if at each
point the space of all Lie brackets of sections of the distribution span the whole tangent
space. The Chow-Rashevskii theorem assures that if a distribution is bracket generat-
ing, then any two points can be connected by a horizontal path. This is of importance
as it implies the existence of horizontal curves of smallest length connecting any two
points. On the other hand, Strichartz [84, 85] established sub-Riemannian geometry as
a mathematical area on its own right within differential geometry. He was the first who
introduced the concepts of sub-Riemannian geometry, the sub-Riemannian co-metric
and the sub-Riemannian Christoffel symbols. Nowadays, sub-Riemannian geometry is
a fully fledged, busy and constantly developing mathematical branch. It is not possible
to summarize all interesting research directions in this field. For a deeper understand-
ing of present day research we recommend reading Montgomery, Gromov, Bellaiche and
Risler: [19, 53, 70, 71]. We also would like to mention the great impact of Agrachev in
this field by referring to his works [2, 3, 4, 5, 6], and his book in progress together with
Barilari and Boscain [1], which gives particular attention to the Hamiltonian point of
view of sub-Riemannian geometry. Finally, we would like to call to the attention of the
reader the book [57] of Jurdjevic, in which control theory is presented from a geometric
point of view, having the sub-Riemannian problem as a fundamental example in optimal
control theory.



Chapter 1

Preliminaries

In this chapter we introduce the main mathematical objects and tools to set the context
for Part II and III.

1.1 Preliminaries of H-type algebras

1.1.1 2-step nilpotent Lie algebras

One of the main objects studied in this thesis are 2-step nilpotent Lie algebras. We
introduce them and state the most important properties. For more details see [62].

Definition 1.1.1. A Lie algebra n is nilpotent of step 2 if [n, [n,n]] = {0} and [n,n] #
{0}.

A connected Lie group is called nilpotent of step 2 if its corresponding Lie algebra is
nilpotent of step 2.

Remark 1.1.2. If n is a 2-step nilpotent Lie algebra, then its commutator ideal [n,n]
is a subset of the center 3(n) := {v € n|[v,n] = {0}} of n.

We remind that if the Lie group N of the Lie algebra n is simply connected and
nilpotent of step 2, then the Lie group exponential map exp: n — N is a diffeomorphism
and we let log: N — n denote its inverse.

Proposition 1.1.3 (Campbell-Baker-Hausdorff Formula). If n is a 2-step nilpotent Lie
algebra, then

exp(v) exp(w)
log(g9)

exp (v+w+%[v,w]) forall v,w€n,
log(g) +log(q) + 3[log(g) ,log(g)] ~ forall g,ge€ N.

1.1.2 Standard metric 2-step nilpotent Lie algebras

In this subsection we present shortly the ideas from [41, 42], showing that any 2-step
nilpotent Lie algebra can be endowed with a canonical positively definite scalar product.
The choice of such kind scalar product is unique up to the Lie algebra isomorphism.
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Through the present subsection we assume that a 2-step nilpotent Lie algebra g has
a commutator ideal [g, g] of dimension n and its complement is of dimension m. A basis
B ={vi,...,Um,21,...,2,} of the Lie algebra g is called adapted if {z1,...,z,} is the
basis of [g, g]. Define the skew-symmetric (m x m)-matrices C' := (Cls)ag, ..., C" =
(Cgﬁ)aﬂ by

[Vg , V8] = Z Ca[yk

Matrices C* are elements of the group so(m) and they are linearly independent in
so(m), see [42]. Then the n-dimensional subspace C" = span{C"',...,C"} C so(m) is
isomorphic to [g, g] = span{z1, ..., z,} and is called the structure space determined by
the adapted basis B. The vector space span{vy, ..., vy} ®span{zy,..., z,} of the 2-step
nilpotent Lie algebra g is isomorphic to the direct sum R™ @ C". The n-dimensional
subspace C" C so(m) depends on the choice of the adapted basis, nevertheless all possible
subspaces defined by an arbitrary choice of an adapted bases form the set {AC"A* | A €
GL(m)}, where A® is the transpose matrix of A.

The spaces R™ and C" C so(m) have a natural choice of inner products that will
determinate the Lie algebra product on G = R™ @ C". Denote by (-, -)so(m) the positive
definite product on so(m) defined by

<Z,Z’>50(m) = —tr(ZZ’),

and (-, ), the standard Euclidean inner product in R™. The notation (-, -)eo(m) is also
used for the restriction of this inner product on C* C so(m). Then the inner product
() = {,)m + (-, )so(m) makes the direct sum G = R™ @ C" orthogonal. Let [-,-] be
the unique Lie product on G such that C™ belongs to the center of G and

(Z(V), W) =(Z,[V ,W])somy for arbitrary V,W e R™, Z (",

where Z(V') simply denotes the action of Z € C™ C so(m) on a vector V € R™ defined
by matrix multiplication. It is easy to see that (G, [-,]) is a 2-step nilpotent Lie algebra,
such that [G,G] = C™ and it is called a standard metric 2-step nilpotent Lie algebra. It
was shown in [41] that any 2-step nilpotent Lie algebra g is isomorphic to a standard
metric 2-step nilpotent Lie algebra G = (]R’” ec[,],(, ))

1.1.3 Pseudo H-type algebras

Throughout this thesis we assume all scalar products to be non-degenerate unless oth-
erwise stated. We denote by n a nilpotent 2-step Lie algebra endowed with a scalar
product (-, -), of signature (p, q), p,q € N, p+ ¢ = dim(n): that means that there exists
a basis {U1, ... ,Upyq} of n which satisfies

1, fori=1,...,p,

UiaU' = G\p, 51“7 here i\ =
Ui Uie = &0 00, w (p.9) {—1, fori=p+1,....p+q.
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Let 3 be the center of the 2-step nilpotent Lie algebra n and (-, -); the restriction of the
scalar product (-, ), to 3. We assume that (-, -); is non-degenerate. Then the orthogonal
complement v := 31 is also a non-degenerate scalar product space, where we use the
symbol (-, ), to denote the restriction of {-,-), on v. Thus n = 3@ v is an orthogonal
decomposition with respect to the scalar product (-,-), = (-,-); + (-, )o. Since 3 is the
center of n, the commutator is a skew-symmetric bi-linear map [-,-]: b x v — 3.

Definition 1.1.4. Let n = (3@, 0,[,-],(-,*)a) be a Lie algebra described above. We
define the map J: 3 — End(v) by

(Jzv,w)y = (Z ,[v,w]);, forallv,wewv. (1.1)

Definition 1.1.5. [37] We call a 2-step nilpotent Lie algebra n = (3B v,[-,],{-,)n)
with J: 3 — End(v) from Definition 1.1.4 a pseudo H-type algebra if

(Jzv,Jz0) =(Z ,Z);(v,v)y forall Z€j andvew. (1.2)
In the following we write n,, to emphasize that <-,-)/5 has signature (r,s).

It follows directly from Definition 1.1.4 that Jz is skew-adjoint with respect to the
scalar product (-, -)y:

(Jzv,w)y = —(v, Jzw), forall Ze€j wvwew. (1.3)
Using polarization in (1.2) we obtain
(Jzv, g0y =(Z,Z");(v,0)y, and (Jzv,Jz0" ) =(Z,Z);(v 0 ). (1.4)
Applying the skew-adjoint property (1.3) one also obtains
Jzoldy=Jgzlz=Jy=—(Z,2),1dy, or Jpdz+JzJz=-2(Z,Z"),1dy, (1.5)

for all Z, 7' € 3. Equalities (1.5) imply that J: 3 — End(v) defines a representation of
the Clifford algebra CI(3, (-, -);)-

We note that there exists an equivalent concept of pseudo H-type algebras, the so
called general H-type algebras. Let n = (U@J_ I B O A A T O >3) be an
arbitrary 2-step nilpotent Lie algebra with center 3 and a non-degenerate scalar product
(-, )n. We write ad,: v — 3 for the linear map given by ad, w = [v,w]. We assume
that the restriction of the scalar product (-, -}, onto the subspace ker(ad,) C v is non-
degenerate and denote its orthogonal complement with respect to (-, ), by U, which
is also non-degenerate. Thus the restricted map ad,: ¥, — 3 is injective.

Definition 1.1.6. [51] A two-step nilpotent Lie algebra n = (U@Lﬁ? [ o =
(-, + (-,-);) is of general H-type if ad,: BV, — 3 is a surjective isometry for all
v € v with (v,v), = 1 and a surjective anti-isometry for all v € v with (v,v), = —1.

We are showing in Subsection 4.6.1, that pseudo H-type algebras and general H-type
algebras are equivalent.
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1.1.4 Clifford algebras and representations

Definition 1.1.7. A Clifford algebra Cl(3,(-,-);) generated by a scalar product space
(3,(-,+);) is the unital associative algebra generated by 3 subject to the relation:

Z®Z=—(Z,Z)lc, )
for all Z € 3 and the unit lcy .,y of the Clifford algebra.
Thus, 3 can be considered as a subset of Cl(3, (-, -);) and

ZQW+W®Z= —2<Z7W>5H01(5'<.7.)3) forall Z, W €3.

Proposition 1.1.8. [56, 64] Let J: 3 — A be a linear map into an associative algebra
A with an identity element Id4 and product” -7, such that

J(Z)a J(Z)=—(Z,2Z),1dus  foral Z€3j

Then J extends uniquely to an algebra homomorphism J: Cl(3, (-, 3;) = A. Moreover,
Cl(3, (-, -);) is the unique associative algebra with this property.

Definition 1.1.9. A representation of a Clifford algebra Cl(3,(-,-);) is an algebra ho-
momorphism J: Cl(3,(-,-);) — End(v) into the algebra of linear transformations of a
finite dimensional vector space v. The space v is called a Cl(3, (-, -);)-module.

Remark 1.1.10. We note that we can refer to J: 3 — End(v) as the Clifford represen-
tation J: CI(3, (-, -);) = End(v) by Proposition 1.1.8.

Since J is an algebra homomorphism we obtain that

J3=Jgz0dy = Jsez = J—(Z,Z>3Hcm<<.,.>é) =—(2,Z);1d,.

We assume without loss of generality that (3, (-, -);) is given by (R™® := R"** (- -}, /),
r+s = n, where the scalar product (-, -) s of signature (r, s) is defined for all Z, W € R"**
by (Z W),s = >0 ZiW; — Z;:jH Z;W;. The Clifford algebra CI(R"™*, (-, -),,) is
denoted by Cl, 5, where (Zy,...,Z,4s) is the standard orthonormal basis of R™* with

<Zi ) Zj)'r,s = Gi(ﬁ 5)52'1'4

1.1.5 Admissible Clifford modules and pseudo H-type algebras

In this subsection we explain when a representation space v of a Clifford algebra can be
endowed with a scalar product (-, -), such that the representation map J satisfies (1.3).
We call a positive definite scalar product an inner product, and in any case we work with
only non-degenerate scalar products.

Proposition 1.1.11. [56] Let J: Cl,, — End(v) be a representation of a Clifford
algebra Cl,.o. Then there exists an inner product (- ,-), on v, such that for all Z € R™®
with (Z , Z).o = 1 the following holds:

(Jzw, Jzv)y = (w,v)y for all w,v € v. (1.6)
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Corollary 1.1.12. Any representation J: Cl,o — End(v) satisfies property (1.3) with
respect to the inner product (- ,-), from Proposition 1.1.11.

Corollary 1.1.12 follows by replacing w by Jzw in (1.6) and applying JZ = — Id,.
Thus the Clifford algebras Cl, o always possess an inner product on v such that J is
skew-adjoint for all Z € R"?. A. Kaplan used inner products on 3 in [59, 61] and, as a
consequence, the H-type algebras correspond to Cl, p-modules. For Cl, ;-modules with
s > 1 equation (1.6) is only true for orthonormal bases and in general not true for an
arbitrary element of R™* see [56].

Definition 1.1.13. [37] A pair (v,{-,-)s), where v is a Cl.;-module is said to be an
admissible Cl, ;-module if the representation operators J;: v — v are skew-adjoint with
respect to (-, )y, i.e. satisfies (1.3) for all Z € R™*.

The following proposition guarantees the existence of admissible Cl, ;-modules.

Proposition 1.1.14. [37] For any given Cl, s-module v the vector space v itself (or
v B ) can be equipped with a scalar product (-, )y (07 (-, Yoan), sSuch that

(Jzw,v)y = —(w, Jzv)y, (07 (JZW,V)oze = —(W, J70)0an)

for all Z € R™® and all w,v € v (or w,v € v & v, where the operator J': Cl.; —
End(v @ v) should be redefined correspondingly ).

The relation between Lie algebras of Definition 1.1.5 and admissible Clifford modules
is summarized in the following proposition.

Proposition 1.1.15. [37] Let v be a Cl, s-module. Then n = v ®R"™® can be supplied
with the structure of the pseudo H-type (r, s)-algebra if and only if there exists a scalar
product (- ,-), making the Cl, s-module v into an admissible Clifford module (v, (-, -),).
The bracket [-,-]: b x 0 — R™ onn is given by Definition 1.1.4 and the scalar product
is (-, ="{ o+ (Vs The decomposition n = v ®R"* is orthogonal and R™ is the
center of n.

Proposition 1.1.16. [37] Let n be a pseudo H-type algebra. Then the corresponding
admissible Cl, s-module (v, (-,-)y) is a neutral scalar product space for s > 1, i.e. the
signature of (-, )y s (I,1), with | € N.

1.1.6 Existence of the integral structure on pseudo H-type al-
gebras

In this subsection we state some necessary facts about the latest research on pseudo
H-type algebras based on the work [46]. The principal result of [46] states that pseudo
H-type algebras admit a special choice of basis giving integer structure constants.

Theorem 1.1.17. [46] Let n = (0@13,[,], (-, -)a = (-, )0 + (-,7);) be a pseudo H-
type algebra. Then for any orthonormal basis {Z1, ... , Z,} for there is an orthonormal
basis {v1, ... ,um} for v such that [va,vg) =Y p_, C’(’jBZk,, where ijﬁ =0, +1.
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Corollary 1.1.18. [/6] There exists an orthonormal basis {vy,... ,Vm, Z1,... ,Zn} for
any pseudo H-type algebra such that [vy ,vg] = £Zy, , or [vs,vg] = 0. In particular, for
every Zy, and v, in B there exists exactly one 8 € {1,... ,m} such that [v, ,v5] = £Zj.

Definition 1.1.19. We call an orthonormal basis {vy,... ,Um, Z1,... , Zy} of a pseudo
H-type algebra with the form of Corollary 1.1.18 an integral basis. The corresponding
Clifford module v = span{vy, ... ,vm} from Corollary 1.1.18 is called an integral module,
and if it is of minimal possible dimension we call it a minimal integral module.

Let {v1,... ,0m, Z1,...,Z,} be an adapted orthonormal basis of n. Denote by €°,
and €, the indices corresponding to scalar product spaces (v, (-,),) and (3, (-,-);). The
structure constants and the coefficients of the representation operator J: 3 — End(v)
are

[Va ,v8] = Z CksZ and J7,a = Z B(’ftﬂvﬁ. (1.7)
Then we obtain the relation
eﬂBaﬁ = ekCaﬂ (1.8)

from (Jz,va,v8)e = (Zk, [Va,va]); by [46]. Equality (1.8) allows to relate the structure
constants Ckﬁ of pseudo H-type algebras and coefficients Baﬁ of the representation
operator. Recall that we denote the pseudo H-type algebra induced by Cl.s by n,, =
0,5 D3, 5, where v, ; is the minimal admissible integral module v, ; of Cl, s and 3, ; = R"*
the generator space of the Clifford algebra Cl, ; and the center of the Lie algebra n, ;.

1.1.7 Lattices on Lie groups

In Chapter 5 we discuss the question when certain two step nilpotent Lie algebras
admit bases with rational structural constants. This is equivalent to the fact that the
corresponding Lie groups admit lattices. We explain this relation.

Definition 1.1.20. A subgroup K of G is called a (co-compact) lattice if K is discrete
and the right quotient K\G is compact. The space K\G is called a compact nilmanifold
or compact 2-step nilmanifold if G is a 2-step nilpotent Lie group.

Theorem 1.1.21 (Mal'cev criterion [66]). The group G admits a lattice K if and only
if the Lie algebra g admits a basis B = {by,...,b,} with rational structural constants

[bi,bj] => 71, Ci’“jbk, Ci’“j € Q.

We denote the Lie exponent and logarithm by exp: g — G and log: G — g. Given a
lattice K, one can construct the corresponding basis B as follows. Set gg = spang log K,
which is a Lie algebra over the field Q. Denote by By a Q-basis in gg. Then it is also
an R-basis B in g.

Reciprocally, given a basis B defined as in Theorem 1.1.21, let A be a vector lattice
in g, such that A C spang B. Then the lattice K is generated by elements exp A and
spang(log K') = spang B.
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1.2 Preliminaries of sub-Riemannian geometry

Sub-Riemannian geometry is an abstract setting to study geometry with non-holonomic
constraints. A sub-Riemannian manifold is a triplet (@, H, g), where @ is a smooth
manifold, A is a smooth subbundle of the tangent bundle T'Q of the manifold @ (or a
smooth distribution) and g4 is a smoothly varying with respect to ¢ € @) inner product
gu(q): Hy x Hy — R. The topic is actively developed during the last decades and as,
now classical, sources we refer to [4, 29, 65, 71, 84]. We remind the necessary definitions
and propositions based on [71] if not otherwise stated.

Definition 1.2.1. A sub-Riemannian manifold is a triplet (Q,H,{-,-)), where Q is a
C*-manifold, H is a vector subbundle of the tangent bundle TQ, and (-,-) is a fibre
wmner-product. The subbundle H is called horizontal and H, is a horizontal space at a
point ¢ € Q. The metric (-,-)q: HeXHy = R, ¢ € Q is called a sub-Riemannian metric,
and the couple (M, (-,-)) is a sub-Riemannian structure on Q.

Definition 1.2.2. An absolutely continuous curve v: [0,T] — @ is called horizontal if
F(t) € Hqwy almost everywhere.

Definition 1.2.3. We define the length | :=1(v) of an absolutely continuous horizontal
curve v: [0,T] = Q as in Riemannian geometry:

() = / 4 ldt = / VB AD) d.

We introduce the function d(qo,q) for q,q € Q by d(qo,q) = inf,{l(y)}, where the
infimum is taken over all absolutely continuous horizontal curves that connect gy and q.
If there is no horizontal curve joining qo to q, then we declare d(qo,q) = 0.

Definition 1.2.4. A horizontal subbundle H is called bracket generating if for every
q € Q there exists r(q) € Z* such that H'Y = T,Q, where H' := H and H'*' =
(H" H]+H", r>1.

The following proposition, known as the Chow-Rashevskii theorem [34, 78], gives a
sufficient condition of the existence of horizontal curves.

Proposition 1.2.5. Let Q be a connected manifold. If the horizontal subbundle H C TQ
is bracket generating, then any two points in QQ can be joined by a horizontal curve.

It follows that if H is bracket generating on a connected manifold, then the function
d introduced in Definition 1.2.3 is finite and defines the distance between two points on
the manifold, called the Carnot-Carathéodory distance.

Definition 1.2.6. An absolutely continuous horizontal curve that realizes the distance
between two points is called a minimizing geodesic.

The existence of local and global minimizers is stated in the following sub-Riemannian
analogue of the Hopf-Rinow theorem.
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Proposition 1.2.7. [19, Theorem 2.7, p. 19 and Remark 2, p. 20] Suppose a horizontal
distribution on a manifold M is bracket generating. Then

1. Sufficiently near points can be joined by a minimizing geodesic;

2. If (M, d) is a complete metric space for a Carnot-Carathéodory metric d, then any
two points can be joined by a minimizing geodesic. In particular, this is true for
compact M.

For example the compactness of the Stiefel manifold guarantees the existence of
global minimizing geodesics, for details see Chapter 8.
In the end of this subsection we define one of the main objects of Part III.

Definition 1.2.8. The cut locus of a point qo € Q in a sub-Riemannian manifold
(QvHag’H) is the set

Ky = {q € Q| there exist T > 0,71,72: [0, T] = Q, 11 # Y2, minimizing horizontal

geodesics, such that v1(0) = %2(0) = qo and y(T) = v (T) = q}.

1.2.1 Ehresmann connection and horizontal lifts

In this subsection we want to introduce principal bundles, which allows us to relate
geodesics of Riemmanian geometry to sub-Riemannian geodesics. For that purpose we
first define submersions.

Definition 1.2.9. Let Q and M be two smooth manifolds. Then a smooth map 7m: QQ —
M is called a submersion if the differential d,m: T4Q — TryM is a surjective map at
any point q € Q.

Suppose two differentiable manifolds @), M, and the submersion 7: Q — M are given.
The fibre through ¢ € @ is the set Q,, := 7~ 1(m), m = 7(g), which is a submanifold
according to the implicit function theorem. The differential dym: T;QQ — TrgM of
defines the vertical space V, C T,Q which is the tangent space to the fibre Q) and it
is written as V, := ker(d,m) = T,(Q,,), where ker(d,m) denotes the kernel of the linear
map dym. It can be shown that V = quQ V, is a smooth subbundle of T'Q) which is
called vertical subbundle [71].

Definition 1.2.10. An Ehresmann connection (or connection) for a submersion m: Q —
M is a subbundle H C T'Q that is everywhere transverse and of complementary dimen-
sion to the vertical: Vy ® Hy = T,Q. The space Hq is called the horizontal subspace of

7,Q.

We describe now the model of a sub-Riemannian manifold that is used in forthcoming
sections. Let m: @ — M be a submersion of a Riemannian manifold (Q,g) onto a
manifold M and V, a vertical space at some point ¢ € . We define H, to be the
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orthogonal complement to V, with respect to the Riemannian metric g. Then, the
subbundle H is clearly the Ehresmann connection. If {-,-) denote the restriction of
the metric g on the subbundle #, then the triplet (Q,H,(-,-)) is a sub-Riemannian
manifold. In Chapter 8 the manifold @ will be the Stiefel manifold, M will be the
Grassmann manifold and the metric will be induced by the trace metric from the groups
U(n) or SO(n).

The induced sub-Riemannian structure has certain related properties to its underly-
ing Riemannian structure. To state these properties we require one more definition.

Definition 1.2.11. Let: Q — M be a submersion with connection H and let c: I — M
be a curve starting at m € M. A curve v: I — Q is called a horizontal lift of the curve
c if vy is tangent to H and projects to c, i.e. Y(t) € Hyu) and woy(t) = c(t) for allt € I.

If a horizontal lift of ¢ starting at a given point ¢ € @, exists, the horizontal lift is
unique.

Proposition 1.2.12. The induced sub-Riemannian structure fulfills the following prop-
erties:

e The sub-Riemannian length of a horizontal path in Q) equals the Riemannian length
of its projection to M.

o The horizontal lift of a Riemannian geodesic in M is a sub-Riemannian geodesic in
Q. If the Riemannian geodesic minimizes between its endpoints, then its horizontal
lift minimizes between the corresponding fibers.

e The projection 7 is distance decreasing, i.e. for any qi,q2 € Q

do(q1,q2) 2> du(m(q1) , 7(g2)).

1.2.2 Metrics on Principal bundles

We are now specializing to the case of principal G-bundles. To relate Riemannian to
sub-Riemannian geodesics we are interested in metrics for which the group G acts by
isometries.

Definition 1.2.13. A fibre bundle w: QQ — M is a principal G-bundle if its fibre F' C Q
is a Lie group G that acts freely and transitively on each fibre F, i. e.

o if g € G and there exists an x € F with gv = x, then g is the identity element,
o if for any x,y € F there exists a g € G such that gr = y.

We assume that the group G acts on F on the right ¢ — qg, g € F C Q, g € G. As
a consequence of free and transitive action we can identify M with the quotient Q/G of
@ by the group action of G. Furthermore, m corresponds to the canonical projection of
@ to the quotient set Q/G.
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Definition 1.2.14. A connection on w: QQ — M is a principal G-bundle connection if
the action of G preserves the connection.

Definition 1.2.15. Let m7: Q@ — M be a principal G-bundle with a connection H. A
sub-Riemannian metric on (Q,H), which is invariant under the action of G, is called a
metric of bundle type.

A sub-Riemannian metric which is induced from a G-invariant metric on @ is an
example of a metric of bundle type.

Definition 1.2.16. A bi-invariant Riemannian metric (- ,-) on a differentiable manifold
Q with the Lie group G acting on it is said to be of constant bi-invariant type if its inertia
tensor I;: g x g — R defined by 1,(€,n) = (0,&,04n) is independent of g € Q). Here

o9 — T,Q,
d
§ = —| qexp(&),

de|._,
and g is the Lie algebra of the Lie group G.

Definition 1.2.17. Let w: Q — M be a principal G-bundle with a Riemannian metric
of constant bi-invariant type and H be the induced connection. We define the g-valued
connection one-form A, uniquely as the linear operator A,: T,QQ — g which satisfies the
following properties:

ker(A4,) = Hg, Agoo,=1d,,

where 1dy is the identity map on g.
The map A: T'QQ — g defines a g-valued connection one-form on Q).

Theorem 1.2.18. [71] Let m: Q — M be a principal G-bundle with a Riemannian
metric of constant bi-invariant type. Let H be the induced connection, with g-valued
connection one-form A. Let expp be the Riemannian exponential map, so that yg(t) =
expg(tv) is the Riemannian geodesic through g with initial velocity v € T,Q. Then any
horizontal lift v of the projection w o g is a normal sub-Riemannian geodesic and is
given by

To(t) = expp(tv) expg(—tA(v)), (1.9)

where expg: g — G is the group G exponential map. Moreover, all normal sub-Riemannian
geodesics can be obtained in this way.

Remark 1.2.19. We emphasize that the constant vector v € T,Q is not the initial vector
of the sub-Riemannian geodesic y(t), this is the initial vector of the Riemannian geodesic
expg(tv), which is not necessarily horizontal. Note that v € T,Q can be decomposed into
the horizontal component and the vertical one. The horizontal component is the initial
vector of the sub-Riemannian geodesic vy. The image A(v) of the vertical component in
g gives rise to the one parametric subgroup expq(—tA(v)) C G that “corrects” the Rie-
mannian geodesic expg(tv) to the sub-Riemannian geodesic vy. More details concerning
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Theorem 1.2.18, exponential map for sub-Riemannian manifolds and normal geodesics
can be found in [71, Chapter 11]. We continue to call the vector v the “initial vector”,
since it is one of the initial data to create the normal sub-Riemannian geodesic v of the
form (1.9), even if it does not uniquely define the sub-Riemannian geodesic.

1.2.3 The sub-Riemannian Hamiltonian

Let @ be an n-dimensional smooth manifold and H be a smooth horizontal subbundle
such that dimH, = k < n for all ¢ € Q. Considering a neighborhood O, around
¢ € @ such that the subbundle H is trivialized in Oy, one can find a local orthonormal
basis Xi, ..., Xy with respect to the sub-Riemannian metric (-,-). The associated sub-
Riemannian metric Hamiltonian is given by

k
S AX ()

m=1

H(p,\) =

N

where (p,A) € T*O,, with T*O, being the dual space of TO,. A normal geodesic is
defined as the projection to O, C @ of the solution to the Hamiltonian system
. OH : OH
Pi = ) )‘1 = - )
N Opi

where (p;, A;) are the coordinates in 7%0,. We note that the word “normal” appears
due to the fact that in sub-Riemannian geometry exists another type of geodesics, called
“abnormal” arising from a different type of Hamiltonian functions. For a more detailed
study of abnormal geodesics we refer to [5, 21, 22, 23, 35, 36, 54, 65]. In this thesis
abnormal geodesics appear in the discussion of the cut locus of V,, , with £ > 1 and even
there just play a minor role.

1.2.4 Bracket generating vs. strongly bracket generating

In this subsection we want to introduce the reader to a stronger concept of a bracket
generating distribution. One of the main differences between these two concepts is
that strongly bracket generating distributions imply the absence of strictly abnormal
minimizers.

Definition 1.2.20. A horizontal subbundle H on a manifold is strongly bracket gener-
ating if for any non-zero section Z of H, the tangent bundle of the manifold is generated

by H and [Z ,H].

We note that strongly bracket generating implies bracket generating, nevertheless
the following statement is just true for strongly bracket generating distributions.

Proposition 1.2.21. On a strongly bracket generating horizontal subbundle H all
geodesics are normal.
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The present work is mostly concerned with normal geodesics. The absence of abnor-
mal ones in the most of the objects studied in this thesis follows from Proposition 1.2.21.
Furthermore, there exist certain necessary conditions for strongly bracket generating dis-
tributions.

Proposition 1.2.22. Let Q be an m-dimensional manifold and H an l-dimensional
strongly bracket generating distribution of co-dimension 2 or greater. Then the following
conditions

(1) 1 s a multiple of 4, (2) 1> (m—=10)+1.

have to be fulfilled.

The contact manifolds are one of the most important examples for manifolds with a
strongly bracket generating distribution.

Definition 1.2.23. A sub-Riemannian manifold (Q, H, gx) is a contact manifold if there
erists a single one-form 6 such that

o kern(0,) = H, for all ¢ € Q,
o forall X € H: If dO|(X ,v) =0 for allv € H, then X = 0.

The main reason we state contact manifolds is their appearance in Section 8.3 and
their following property.

Proposition 1.2.24. If (Q,H,gx) is a contact manifold, then is the horizontal distri-
bution H strongly bracket generating.



Chapter 2

Main results

In this chapter we summarize the main results of the research Chapters 4 - 8. Each of
them, except Chapter 5, represents one project, which is summarized in a submitted or
published paper. Details can be found in the chapters itself.

2.1 Classification of pseudo H-type algebras

We mainly focus on the classification of pseudo H-type algebras n, ; given as the direct
sum of a minimal admissible Clifford module v, ; and the generator space 3, , of the
Clifford algebra Cl, ;. For details about the construction of n,, see Subsection 1.1.5.
In the following we discover that even we are just interested in the classification of Lie
algebras, the metric structure of the center 3, ; plays a critical role. In detail, a pseudo
H-type algebra n,; can only be isomorphic to n,,, i.e. this condition is based on the
signature of the scalar product of the center.

As a consequence of the proof of the necessary condition we obtain that if two different
pseudo H-type algebras n, ; and n,, are isomorphic, then there exists an isomorphism
f: . — ng, such that the restriction f|; : 3., — 3,, is an anti-isometry, i.e.

(fls..(2) .

Based on this condition for the isomorphism we classify all pseudo H-type algebras
of the form n, and ng,.

35(2»3 =—(Z, Z)37 forall Z €3, .

Theorem. The pseudo H-type algebras n.o, and ng, are isomorphic if and only if r
mod (8) € {0,1,2,4}.

The proof for the non-isomorphisms follows directly from different dimensions of the
minimal admissible Clifford modules v, and vy, for r = 3,5,6,7 and the fact that
dim(v,¢) = 16* dim(v, ) for p = 8k + r for r = 3,5,6, 7.

To prove the isomorphisms we construct the isomorphisms for the cases n, ¢ and ng,
for r =1,2,4,8. Then we use a relation between the structural constants of n, g and
the structural constants of n, o and ng o based on the Bott-periodicity of Clifford algebras.
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This relation is a cornerstone of the classification. It is based on a construction of integral
bases for pseudo H-type algebras with higher dimensional centers (dim(3, ;) > 8) given
in [46].

The classification of the pseudo H-type algebras n,.; with 7, s # 0 is significantly more
complicated. Nevertheless, we present a partial classification of them. The status quo
is that there are isomorphic and non-isomorphic pseudo H type algebras n,, of equal
dimension. Both are presented in Chapter 4. A summary of the known isomorphic
pseudo H-type algebras is given in the following theorem.

Theorem. The H-type algebras Mo gs +ats 8ts+dto ONA Mgty paty rr8t 14t OT€ integral iso-
morphic for r € {0,1,2,4} and t1,t2,t3 € Ny.

The H-type algebras 0, s, 14ty r+8tatats ONA Wyygpotaty ri8t,+4t, aT€ 1ntegral isomorphic
forr € {0,1,2} and ty,ts,t3 € Ny.

The proof is based on a decomposition of the module space v, ;. We decompose v, ,
into two disjoint maximal abelian metrically neutral algebras. In particular, we choose
a basis of each of the two disjoint maximal abelian metrically neutral algebras and call
the union of them a block type basis of v, ;. If there exists an isomorphism between n,.
and ny,, then the decomposition of the block type basis is preserved.

The example of two pseudo H-type algebras with equal dimension, which are not
isomorphic, is given by the two pseudo H-type algebras nz, and ny3. These algebras
have the seldom property that the adjoint operator adx: v, — 3, is surjective if and
only if (X, X), ~# 0 for all (r,s) € {(3,2),(2,3)} .

Furthermore, we stress that the results of the previous paragraph represent a quite
exceptional case. We note that the definition of the general H-type algebras is often
misinterpreted and does not imply that adx is not surjective for any X € v, , with
(X,X)Um = 0. In Chapter 4, we state a couple of lemmas illustrating that in the
majority of the cases there exist X € v, with (X, X ), = 0 such that adx is not
surjective.

As a final remark to the classification we would like to mention that the status quo
is, that it is not clear how to use Bott-periodicity for non-isomorphic pseudo H-type
algebras of equal dimension.

In the end of the chapter we are studying the strongly bracket generating property
of the pseudo H-type algebras n, ;.

s

Definition. Let n, s = v, @3, be a pseudo H-type algebra. We call a vector space v, 5
strongly bracket generating if for any non-zero v € v, 5 the linear map ad, = [v,-]: v, 5 —
3,5 1S surjective, i.e. span{v, s, [v,0,5]} = n. for all v € v, ,\{0}. We say in this case
that the pseudo H-type algebra w, ; has the strongly bracket generating property.

Let N, be the Lie group, corresponding to the pseudo H-type algebra n,, and let
‘H be the left translation of the vector space v, ,. If v, is strongly bracket generating,
then the left invariant distribution H is strongly bracket generating in a sense that
span{H, [X ,H]} = T'N,, for any smooth non-zero section X of the distribution H, see
Definiton 1.2.20. We obtain the following theorem.
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Theorem. The pseudo H-type algebras n,, do not have the strongly bracket generating
property if and only if r,s # 0.

In the beginning of our classification we restricted ourselves to the pseudo H-type
algebras constructed by minimal admissible modules. If we release this constraint and
allow non-minimal admissible Clifford modules, then we have to deal with new challenges
and obtain more cases to consider in our classification. We note that any non-minimal
admissible module v is equivalent to the direct sum of minimal admissible modules.
If r — s # 3( mod (4)), then there exists only one minimal admissible module up
to equivalence, but if » — s = 3( mod (4)), then there exist two minimal admissible
modules, which are non-equivalent. This leads to the question: are pseudo H-type
algebras n, (1, o) constructed by non-equivalent modules, but with identical center
isomorphic to each other or not. This question is answered.

Theorem. Pseudo H-type algebras n, s(p1,0) and n, s(p2,0) for r —s # 3( mod 4) are
isomorphic if and only if p1 = po.

Two pseudo H-type algebras n, 4(p,11) and n, (12, v2) for r —s = 3( mod 4) are
isomorphic if and only if p1 = po and vy = vy or gy = Ve and vy = pg.

2.2 Pseudo-metric 2-step nilpotent Lie algebras

Although, as we have mentioned before in subsection 1.1.2, every 2-step nilpotent Lie
algebra is isomorphic to a standard metric Lie algebra in the sense of Eberlein [42],
it is of interest to generalize or specify these isomorphisms under certain conditions.
The identification of Eberlein is interesting on its own, but looses certain interesting
properties when it comes to pseudo H-type algebras. Therefore, we developed a theory
under which a 2-step nilpotent Lie algebra can be isomorphically represented by an
indefinite standard metric Lie algebra G = RP? @, D with D C so(p,q). The general
theorem is formulated as follows.

Theorem. Let g be a 2-step nilpotent Lie algebra such that dim([g,g]y) = n and the
complement V' to [g, g, has dimension m. Then there exists an n-dimensional subspace
D of so(p,q), p+q =m, n < m(”;_l), such that if D is a non-degenerate subspace
of so(p,q), then g is isomorphic as a Lie algebra to the standard pseudo-metric 2-step

nilpotent Lie algebra G = RPY @, D.

Further we turn our attention to the freely generated 2-step nilpotent Lie algebra
Fy(p,q) = RP @ so(p, q). Consider R”?, p+ ¢ = m with the indefinite metric (z,y),, =
x*n,4y. We construct the Lie algebra Fy(p,q) = RP4 @ so(p, q), where the commutator
on RPY is defined by

t

1
(W, v]Fypg = —i(wv — w1y 4.

For the standard basis {e;} of R we get [e;,¢;]p,pq = —3(Eij — Eji)npq, where Ej;
denote the (m xm) matrix with zero entries except of 1 at the position ij. Since Fy(p, q)
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is a 2-step nilpotent Lie algebra, we obtain that so(p,q) forms the center. Particularly,
if ¢ = 0 we get the free Lie algebra Fy(m) studied in [42]. We show that all 2-step
nilpotent free algebras I5(p, q) with p + ¢ = m are isomorphic.

This result together with the previously presented theorem allows to give a more
detailed understanding of isomorphic Lie algebras of step two represented by indefinite
standard metric Lie algebras.

Proposition. Let d be an integer with 1 < d < dim(so(p,q)). Let Wi, Wy C so(p, q)
be two d-dimensional non-degenerate subspaces with respect to (-,-) Then the
following statements are equivalent:

1) The Lie algebra Fy(p,q)/W1 is isomorphic to Fa(p,q)/Wa;

so(p,q)”

2) There exists an element A € GL(m), m = p+ q such that AW, A" = Wy;
3) The Lie algebra Fy(p,q)/ Wit is isomorphic to Fy(p, q)/Wst.
4) The Lie algebra g, = RP? @ W, is isomorphic to g, = RP? & Wy

In the following we focus on the relation between Lie triple systems in so(p, q) and
pseudo H-type algebras.

Definition. Let W be a subspace of so(p, q) such that [a,[b,c]] € W for all a,b,c € W.
The subspace W is called a Lie triple system in so(p,q).

The Lie triple systems associated with a representation of Clifford algebras form a
subalgebra of so(l,l) respectively so0(20), which are reductive. Let Cl,; be a Clifford
algebra generated by R"* and J: R™* — so0(l,1) C End(R") for s # 0 and J: R™* —
50(2]) C End(R?%) for s = 0 be its representation. Denote W = J(R™*) C so(,1)
respectively W = J(R™) C s0(2l) and £ = W + [W,W]. Then we obtain that the
Lie algebra L is simple, hence L is reductive. Now we can relate Lie triple systems of
s0(p, ¢) with rational subspaces, which are defined as follows.

Definition. Let g be a Lie algebra such that with respect to a basis By the Lie algebra g
has rational structure constants. Then the set spang{B,} is called the rational structure
of the Lie algebra g. A subspace U of g is called rational subspace with respect to the
rational structure spang{By} if there is a basis By such that By C spang{Bg}.

The final results of Chapter 5 are obtained by the use of the recent results of Kam-
meyer [58], who constructed an explicit basis C; with integer structure constants for
any real semisimple Lie algebra £. This basis C; is a real Chevalley basis. We obtain:

e If W is a Lie triple system of so(p,q), and L =W & [W , W] = [L, L] is semisim-
ple, then W is a rational subspace of £ with respect to the rational structure
spang{Cr}.

e The Lie triple system W of so(p, q) is a rational subspace of £L =W + [W , W] =
[£, L] with respect to the rational structure spang{Cr,} ® spang{Cr,}, where
Ly =WN[W,W|] # 0 and £, := L{ with respect to any ad-invariant inner
product (-,-)z on L.
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2.3 The sub-Riemannian geodesic equation in the
octonionic H-type group

The octonionic Lie algebra g is the algebra, which is spanned by the vector fields
Xi1,...,Xs,Zy,...,Z; with a given commutator of vector fields in R'®, see Table 6.1.
The octonionic H-type group G is the nilpotent Lie group structure on R of step 2
induced by the Lie algebra g via the Baker-Campbell-Hausdorff formula. An explicit
expression for the product rule can be found in [28, Equation (3.7)].

We define an inner product (-, -) on g such that the vector fields X,..., Xs, Z1,..., 27
form an orthonormal frame. The left-invariant distribution

H :=span{ Xy, ..., Xs},

and the restriction of (-,-) to #H give us the sub-Riemannian structure on G we study
further. We define the almost complex structures J,.: H — H, r € {1,...,7}, on H by

J(X):=2VxZ, re{l,....T}

for any section X of ‘H. The class of curves we are interested in are horizontal with re-
spect to ‘H and, most importantly, critical points of the natural sub-Riemannian length
functional. We present a characterization of these critical points via a differential equa-
tion, similar to the geodesic equation in Riemannian geometry, which states that for
critical points of the length functional the intrinsic acceleration V4% is a linear combi-
nation with constant coefficients of some special rotations of the velocity 4. This result
is summarized in the following main theorem.

Theorem. Let v: [a,b] — G be a horizontal curve of class C?, parametrized by arc
length. Then ~y is a critical point of the length functional (with respect to admissible
variations) if, and only if, there exist constants Ay,..., Ay € R such that y satisfies the
second order differential equation

7
Vid =2 AJ(4) =0.
r=1

This theorem can be seen as an extension of the techniques and results obtained by
many authors, among others [14, 50, 71, 81, 82].

2.4 The sub-Riemannian cut locus of H-type groups

The H-type group N, is the unique (up to isomorphism) connected and simply con-
nected Lie group with Lie algebra n.o = v,0®3, o, where the Lie algebra structure is
defined by the corresponding Clifford representation J: 3, , — End(v,o) and the relation

(Jzv,why, o = (Z,[v,w]); for all v,w € v,.

0’
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Observe that in this context we are not requiring that the admissible Clifford module v, o
is of minimal dimension, cf. Section 1.1.5. The subspace v, defines a strongly bracket
generating distribution of step 2 over N, by left-translation, and the translations of the
inner product (-,-), ~makes N, into a sub-Riemannian manifold.

Recall that for a simply connected nilpotent Lie group, the exponential map is a
diffeomorphism, see for example [40], allowing to identify N.o with v,0@®3,,. Under
this identification, we denote by V; o and Z,, the image of v,.¢ and 3, , respectively and
identify any element p € N, o uniquely with (z,, z,) with z, € V,o and z, € Z, .

It is possible to show that the normal sub-Riemannian geodesics starting from (0,0) €
N,.o can be written, in general, in the following form

o) = 2 50) Lmclgi ),
o ROR (, sintle)
0 = g (=)

which is based on results given in [51].
Furthermore, we can specify how many of these geodesics reach a given point (x, 2) €
N, in time ¢ = 1, by means of the following theorem.

Theorem. We distinguish the following three cases:
e Given a point (0,z) € N, with z # 0, there are infinitely many sub-Riemannian
geodesics joining the origin (0,0) with (0, z).
o Gwen a point (x,z) € N.o with x # 0, z # 0, there are finitely many sub-
Riemannian geodesics joining the origin (0,0) with (x, 2).
o Given a point (x,0) € N,o with x # 0, there is a unique sub-Riemannian geodesic
joining the origin (0,0) with (z,0).

By carefully sharpening the results of the previous theorem to the case of minimizing
geodesics, we can deduce the main result of Chapter 7.

Theorem. The cut locus K of the H-type group N, is given by the points of the
form (0, z).

2.5 The sub-Riemannian geometry of Stiefel mani-
folds

We consider the Stiefel manifold V, 5, which is the set of all k-tuples (¢i,...,qx) of
vectors ¢; € C", i € {1,...,k}, which are orthonormal with respect to the standard
Hermitian metric. This is a compact real analytic manifold which can be equivalently
defined as

Vor i={X e C”*| XTX =1I,,}.
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We can also realize the Stiefel manifold as a quotient space of U(n) by the closed sub-
group U(n — k), which is a more convenient representation for our purposes. For that
we define the equivalence class

lalv,., = {q ([Ok Uf,k) 7

for ¢ € U(n) and note that we can identify it with a point in the Stiefel manifold. So,
practically, an element of V,, ;, is thought of as an element in U(n) whose first k& columns
from the left are of interest and the last n — k columns are not.

The sub-Riemannian structure on V,, 5., which will be relevant in Chapter 8, is induced
by the Grassmann manifolds. The Grassmann manifold G, is defined as the collection
of all k-dimensional subspaces A of C". We are interested in the representation of G,
as a quotient of U(n) by some closed subgroup. As in the case of the Stiefel manifolds,
we factor U(n) by U(n — k), but moreover, we also factor U(n) by U(k). Therefore, we
can identify any point in the Grassmann manifold with a unique equivalence class of the
form

mlg,, = {m (%’“ U,?,k) | Ui eUm). U re U~ k)} CUm), meU(n).

Un—i € U(n—k)} eU(n)/U(n — k),

We define a sub-Riemannian structure on the Stiefel manifold V,, ; over the Grass-
mann manifold G, by means of the natural submersion. A precise formula for the
normal sub-Riemannian geodesics in that case are given by Theorem 1.2.18.

We have to be aware of the fact that we do not have any formula for abnormal
geodesics, so that we mainly consider cases in which the sub-Riemannian structure is
strongly bracket generating, which implies the absence of strictly abnormal minimizers.

We note that we write Id for the equivalence class [I,,]y, , € V,x. The main theorem
is stated as follows.

Theorem. The cut locus K14 on V, 1 is given by

Loy = { [(g g)]v ( CeU(l), DelU(n— 1)} \ {1d} .

In particular, there are infinitely many minimizing geodesics connecting 1d with any
point ¢ € Ly, ;.

In the general case V,,;, we cannot rule out the presence of abnormal minimizers.
Nevertheless, we are able to describe the cut locus partially.

Theorem. The set

Lo = { Kg g)]v |ceu, Devn- k)}\Id}

belongs to the cut locus Kiq on V,, . In particular, there are infinitely many minimizing
geodesics connecting 1d with any point ¢ € Ly, .
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The cardinality of minimizing geodesics is of particular interest in the study of small
time heat kernel asymptotics [12].

In the particular case Vo it is possible to specify the previous result by studying
the Riemannian geodesics in the Grassmann manifold.

Lemma. The points [(O D

c o ﬂ € Gy, are reached by Riemannian geodesics start-
G2,k

-BT 0
B € U(k). If we assume that tr(BBT) = 1 the condition B € U(k) is changed to
VEB e U(k).

. ) o . B
ing from [In)a,,, only if the initial velocity vector v has the form v = < 0 >,

The horizontal lift of a Riemannian geodesic which minimizes between its endpoints
minimizes between its corresponding fibers. This leads to the following sharpened result.

0 D
¢ 0

minimizing geodesic connecting Id with s.

Theorem. For any point s = [( ﬂ with C, D € U(k) there is a unique
Vark,k

All the mentioned results in this section can actually be stated analogously if we
consider real Stiefel and Grassmann manifolds. We would like to emphasize that we
do not input different sub-Riemannian structures on the same Stiefel manifold here.
We consider different Stiefel manifolds. One of them arise from U(n) factorized by a
subgroup of U(n) and others from SO(n), factorized by a subgroup of SO(n). For
example all manifolds V,, 1, related to U(n) possess the CR structure, but V,,; related
to SO(n) does not possess any sub-Riemannian structure.

2.6 Appendix

We present a list of works, where the most of the content of this thesis can be found.
e The main results of Chapter 4 are summarized in the submitted paper [8].
e The paper presenting the main results of Chapter 5 is in preparation.

e The main results of Chapter 6 is summarized in the accepted paper [10].

The main results of Chapter 7 are summarized in the submitted paper [11].

e The main results of Chapter 8 are summarized and published in the paper [9].



Chapter 3

Future research

The purpose of this thesis is not just to illuminate some of the dark spots in the study of
H-type algebras and related sub-Riemannian cut locus topics, but also to develop basic
principles and theorems for future research. We would like to note that there are many
interesting and challenging open problems in the area of H-type algebras and their sub-
Riemannian cut locus. In the following we would like to give some ideas for forthcoming
research in the areas discussed in this thesis. Some of the suggested topics should be
solvable by results and techniques obtained here, whereas others are of general curiosity
in the area.

e Answer to the question of whether Bott periodicity applied to non-isomorphic
pseudo H-type algebras leads to non-isomorphic algebras.

e Complete classification of pseudo H-type algebras including the cases constructed
by non-minimal admissible modules.

e A new (non-constructive) proof of the existence of lattices in pseudo H-type alge-
bras, following the ideas of Eberlein [42].

e Study of geodesic equations for normal geodesics in 3-step nilpotent Lie groups,
generalizing the ideas in the manuscript [14].

e Consider the sub-Riemannian cut locus in manifolds admitting strictly abnormal
minimizers. We propose to study the Engel groups and Goursat distributions as
model examples.

e Determine small-time heat kernel asymptotics of second order at the sub-Riemannian
cut locus of the H-type groups N,.
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Future research




Part 11

Pseudo H-type algebras






Chapter 4

Classification of pseudo H-type
algebras

4.1 Introduction

A. Kaplan introduced the Lie groups of Heisenberg type or shortly H-type groups in
1980 [59] and studied them in detail, for instance in [60, 61]. The H-type algebras of
the H-type groups, constructed in [59], used the presence of an inner product on the
Lie algebra. Later this approach was extended by exploiting an arbitrary indefinite
non-degenerate scalar product in [37, 51] and the introduced Lie algebras received the
name pseudo H-type algebras. This construction is closely related to the existence of
a special scalar product on the representation space of Clifford algebras. Namely the
Clifford algebras Cl, generated by a positive definite scalar product space (R™?, (-, -},.o),
which lead to the H-type algebras n,  introduced by A. Kaplan and the Clifford algebras
Cl, s generated by indefinite non-degenerate scalar product spaces (R™*, (-, ), ;) creating
pseudo H-type algebras n, ;.

In the present chapter we study the isomorphism properties of the Lie algebras
n,,, that were constructed as pseudo H-type algebras. Thus, we neglect the presence
of the scalar product (-,-),s on the Lie algebra n,; and study isomorphisms of Lie
algebras as themselves. The isomorphism of Lie algebras defines the isomorphism of
the corresponding Lie groups. We are mostly concentrated on the minimal admissible
modules. We showed that the Lie algebras n, s can not be isomorphic to n;, unless r = ¢
and s = w or r = u and s = t. The question of existence of isomorphisms between
n, s and ng, is much more complicated. We proved that if s = 0, then the Lie algebras
n,o and ng, are isomorphic if the dimensions of the centers coincide. If 7, s # 0, then
we present examples of both cases, isomorphic pairs and non isomorphic pairs, having
equal dimensions. Some of the Lie algebras, that we call of block type, allow to use the
Bott periodicity of underlying Clifford algebras and obtain more isomorphic pairs, see
Theorems 4.4.10 and 4.4.11.

We stress an interesting feature, that there are no direct relations between the iso-
morphisms of Clifford algebras and the isomorphisms of related Lie algebras. In some
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cases the isomorphic Clifford algebras lead to isomorphic Lie algebras, in other cases
not. For instance, in spite of the isomorphism of the Clifford algebras Clgg, Clgs, and
Cly,4, the corresponding Lie algebras ng g, no g are isomorphic, but not isomorphic to the
Lie algebra ny4.

The structure of the chapter is the following. After this Introduction in Section 4.2,
we discuss a necessary condition for isomorphisms of pseudo H-type algebras n, , which
shows that the only possible algebra which is isomorphic to n, s, besides itself, is the
pseudo H-type algebra ng,. Section 4.3 is devoted to the complete classification of
pseudo H-type algebras n, o and ng,. Sections 4.4 and 4.5 study two different situations
revealing that the Lie algebras n, ; and n,, with r, s # 0 can be both isomorphic and non-
isomorphic. In Section 4.6, we exhibit the strongly bracket generating property of the
pseudo H-type algebras n, ¢ and ng ; and the non-existence of this property for pseudo H-
type algebras n, ; with both r, s # 0. Furthermore, we introduce an equivalent definition
for pseudo H-type algebras, that was introduced in [51], and explain the equivalence
of these definitions in details in subsection 4.6.1. In Section 4.7, we briefly discuss the
isomorphism of pseudo H-type algebras related to non-equivalent irreducible Clifford
modules. Finally the Appendix in Section 4.8 gives the commutator tables of ng g, ngs,
ny4 and a table of permutations for a basis of ngy.

4.2 Necessary condition for isomorphisms of pseudo
H-type algebras

In the present section we identify the admissible module v, ,, s # 0 with R equipped
with the neutral scalar product (x,y),; = Zi;lxiyi — Z?l:lﬂ zjy; for z,y € RY. In
the case v, we use the identification of v, with R* endowed with the inner product
(x, Yy = 2121:1 z;y; for 7,y € R¥. Thus a pseudo H-type algebra n, is isometric to
R @ R™* respectively R¥ @ R™. Let A € GL(R*). We denote by A the adjoint map
with respect to the neutral scalar product (-, -);;

(Aw,v) = (w, ATv)y.

We use the same symbol to write the adjoint map (Aw ,v)e o = (w, A7v);; with respect
to scalar products (-, -)o0 and (-, ).

The adjoint map C™ for the map C': R%* — R™ with ¢t + u = r + s with respect to
corresponding scalar products is given by

<C(Z) s C>r,s = (Z s CT(C»t,u-

Assume that two pseudo H-type algebras n;,, and n, s are isomorphic and f: n;,, — n, 5
is an isomorphism. Then ¢ +u = r + s and since the center of n;, is mapped to the
center of n, s, the matrix of the map f takes the form

M; = <§ g) , AeGLRY), CeGL[R™) (4.1)
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and B being a ((r + 5) % 21)—matrix. Checking the commutation relations, we get
[Aw , Av] = C([w,v]) for all w,v € R%*. With this notation we prove our first classifica-
tion theorem.

Lemma 4.2.1. Under the above notation for the isomorphism f: v, — n, , the matrices
A and C in (4.1) satisfy

A" o JZ 0 A= JCT(Z)7 fOT‘ all 7 € R™*. (42)
Proof. Formula (4.2) follows for s # 0 from the calculations

(AT o Jz0 Aw,v)y, = (JzAw,Av), =(Z ,[Aw, Av]),
- <Zvc([wvv})>hs - <CT(Z) ) [wvv]>t-,u = <JC’(Z)w7/U>l,l

for all Z € R™* and for all w,v € R¥. If s = 0 we use the same arguments applied for
scalar products (-, -)a0 and (-, ). O

Theorem 4.2.2. A pseudo H-type algebra n,o can only be isomorphic to ng,.

Proof. Formula (4.2) implies that the action Jo- () is singular if and only if J7 is singular
for Z € R™* and this happens only if Z is a null vector in R™. Since the space R™°
has no null vectors, the isomorphic Lie algebra can only have the center isomorphic to
RO, O

Theorem 4.2.3. A pseudo H-type algebra n, ; can only be isomorphic tong, forr,s # 0.

Proof. Let Zy,Z_ € R with (Zy,Z, ), > 0 and (Z_,Z_);, < 0. We consider the
line segment y(¢) = (1—¢)Z++¢Z_ for ¢ € [0, 1]. Then there exists ¢, € (0, 1) such that
(7(¢o) ,7(€0))t.e = 0 by the continuity of the scalar product and as (y(0),7(0)):. > 0,
(1), 7 (1)) < 0.

Furthermore, if we assume that (Zy,..., Z;,,) € R4 is an orthonormal system such
that (Z; , Z;)+, = €;(t,u)0;; and we use the notation

@i () =((1=0)Zi+¢Z;,(1 = Q) Zi + CZ)ow = (1= OXZis Ziiw + CHZy, Zj) s
for i # j, then

() >0 if i j=1,...t and @ (C)<0if i,j=t+1, . . t+u  (43)

for all ¢ € [0,1].

Let f: n,. s — 0y, be the isomorphism represented by (4.1). Consider an orthonormal
basis {Z1,... , Ziiy} of R4 with (Z;, Z;)1 = €(t,u)d;; and the image

{C"(Z),...,C"(Zsu)} CR™

under the map C7. We note that (C7(Z;),C"(Z;))rs # 0 by Lemma 4.2.1.
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We claim that for basis vectors Z;, i = 1,...,t, one gets (C"(Z;),C7(Z;))rs > 0 or
(C™(Z;) ,C™(Z;))rs < 0 for all indices ¢ = 1,...,¢, simultaneously.

Indeed, assume that there are C™(Z;) and C7(Z;) for4,j = 1,...,t such that products
(C™(Z:) ,C™(Zs))r,s and (C7(Z;),C7(Z;))r,s have opposite sign. Then there exists (y €
(0,1) such that

(1= ¢)C™(Zi) + CC™(Z)), (1 = C)CT(Zi) + GC™(Z))rs = 0,

which implies that J1_¢y)z,4¢,z, is singular by Lemma 4.2.1, which contradicts (4.3). The
same arguments are valid for the basis vectors Z; with i = t+1,...,¢4+u. Thus we con-
clude that the scalar product (-,-), s restricted to subspaces span{C"(Z1),... ,C™(Z;)}
and span{C"(Zi41), ... , C™(Z1y)} is sign definite. As {C7(Z1),...,C"™(Z1y)} is a basis
of R™ it follows that

r=t and s=u, or r=u and s==1.
This implies, that the only possible isomorphic pseudo H-type algebra for n, ; is n,,. [

Theorem 4.2.4. If n,; and ny,, r # s, are isomorphic, then there exists a Lie alge-

bra isomorphism ¢, s: 0, — W, given by the matrix <g g) with CC™ = — Idgs.r.

Moreover C™C = — Idgrs and C, C™ are anti-isometries.

Proof. Theorem 4.2.3 implies that for any Z € R®": (Z,2);, = —NC(Z),C7(Z)),s
for some A > 0. To determine A we pick an arbitrary Z € R*" and calculate

(det(A™JA))* = (det(ATA))((Z, Z).,)".

On the other hand

(det(A7J,A))? = (det(Jor(2)) = ((CT(Z),CT(Z))ns)?,
which is equivalent to | det(ATA)|YYZ |, Z) s, = —(C(Z) ,C(Z))rs = —(Z ,CC(Z)) 5.
It follows that CC™ = —| det(A™A)|T Idgr...

If o, : 0.5 = n,, is a Lie algebra isomorphism, then ¢, s = (N lj; MS C) for p #0

is also a Lie algebra isomorphism as

‘ﬁr#‘S([w ) U]T,S) = (/‘20)([1” ) U}T,S) = /‘Z(C([w , U}T,S) = MQ ([Aw , A’U}Sﬂ")
= [/LA’LU ) /'I‘AU]S.,’I‘ = [@T,s(w) s @T,S (U)}s,r

for all w, v € v,,. Hence, without loss of generality, we can assume that | det(A™A)| = 1,
which implies that CC™ = — Idgs.r.

To show that C' and C'7 are anti-isometries we choose an arbitrary Z € R*" and
obtain

(C7(2),CT(2))rs =(CCT(2), Z)sy = =(Z, Z) s
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As C7 is an isomorphism for any Y € R"™ there exists a unique Zy € R*" such that
C™(Zy) = Y. It follows that for any ¥ € R"™® we have the equality (Y ,Y),; =
<CT(Zy) ,CT(Zy»TYS = —<Zy s Zy>s,7«. Thus

<CTC(Y) P Y>T,s = <C(Y) 7C(Y)>s,r = <CCT(ZY) 7CCT(ZY)>S,T = (ZY ) ZY>S7r
_<Y ’ Y>r,s~

Hence C"C = —Idgrs and C' is an anti-isometry. O

Theorem 4.2.5. For any n,,, v # s there exists a Lie algebra automorphism f:n, ; —

) with CC™ = Idgrs. Moreover C™C = Idgrs and C, CT

. (A0
", given by the matriz (B c

are isometries.

Proof. The proof follows analogously to the proof of Theorem 4.2.4 for r #s. Forr = s
one of the possible automorphisms is the identity map. O

Remark 4.2.6. Ifr = s, then there can be cases when there exist two automorphisms:
one with CC™ = Idgr+r and one with CC™ = — Idgrr, see for instance Theorem 4.4.7.
But there also exist cases where there are only automorphisms with CC™ = Idgrr, see
for instance Theorem 4.5.6.

4.3 Classification of n,( and ny,

Note that since the isomorphisms have to preserve the dimensions of Lie algebras and
their centers, we only need to check algebras n,., and n,,, with r +s =1t + w.

4.3.1 Classification of n,, and ny, with r =1,2,4,8

Definition 4.3.1. Let {vy,... ,0m, Z1,... , Zy} be an integral basis of a pseudo H-type
algebra v and {0y,... ,0p, A 7Zn} an integral basis of a pseudo H-type algebra n.
If a Lie algebra isomorphism f:n — @ satisfies f(v;)) = 0 and f(Z)) = Zy, then f is
called an integral isomorphism and we say that n is integral isomorphic to n.

Notation 4.3.2. For a given orthonormal basis {Zy,. .. , Z,ys} of the center 3, . of the
pseudo H-type algebra w, ; we simplify the notation of the operator Jz,: v, 5 — v, to
g, = Jd; forall Z; € {71, ..., Zis}.

Theorem 4.3.3. The Lie algebras n,o and ng, withr = 1,2,4, 8 are integral isomorphic.

Proof. For all cases we assume the orthonormal basis {Z1, ... , Z,,,} of the center 3, . of
the pseudo H-type algebra n, , with ( Z, Zy ) — er(r, s). Furthermore, all admissible
modules are assumed to be minimal and all structural constants are obtained by the use
of relation (1.8). For more details on how to obtain integral bases for general pseudo

H-type algebras see [46].
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Isomorphism on nig and ngy. Let (b1, (-, )v,,) be a minimal admissible module
and w € vy be such that (w,w)y, , = 1. Then the basis wy := w, we := Jyw is integral
and (w; , wi)u,, = 1,1 =1,2. '

Let (90,1, -, *)uy,, ) be a minimal admissible module and @ € vy,; such that (@, @)y, , =
1. Then the basis @, := W, s = J1, is integral and (Wi, Wi)oy, = €(1,1),1=1,2.

Calculating the commutators with respect to both integral bases, presented in Ta-
ble 4.1, we conclude that they coincide. It follows that n; o is integral isomorphic to ng
under the isomorphism ¢; ¢: 119 — ng; defined by wy — Wy, wy = Wq, Z; — 7.

Table 4.1: Commutation relations for ny o and ng

[row,col.] | wy | we
w1 0 Zl
wWo —Zl 0

Isomorphism of nyo and ngz. In the minimal admissible module (v, (-, )u,,) We
pick w € vy such that (w, w)nz0 = 1. Then the basis w, := w, wy := JoJyw, ws := Jyw,
and wy := Jyw is integral and (w;, wi)o,, = 1,7 =1,... 4.

In the minimal admissible module (bg 2, (-, -)v,.) We choose @ € vy z with (@, D), , =
1 and construct the integral basis w; := w, wy = J1Jow, ws := Jiw, and wy := Jow
with (@; ,0;)v,, = €(2,2).

The commutation relations with respect to both bases are equal, see Table 4.2, and
this leads to the integral isomorphism. s¢: 159 — 192 defined by

Wy — Wy, Wg > Wy, W3+ W3, W4+ Wy, 71— Z1, Lo v L.

Table 4.2: Commutation relations on nyy and ng

[row,col.] | wy Wo ws | wy
w1 0 0 Z1 22
Wo 0 0 —Zy | 2y
w3 —Zl Z2 0 0
Wy —Z2 —Zl 0 0

Isomorphism of ngg and ng4. Let (040, (-, )v,,) be a minimal admissible module
with w € vy such that Jy JoJ3Jyw = w and (w,w)y, , = 1. Then the basis

wy = w, wy = J1Jow, ws = J1J3w, wy = J1Jyw,
ws = Jiw, we := Jow, wy = Jaw, wg = Jyw,

with (w; , w;)e,, = €(8,0) = 1 is integral, with commutation relations in Table 4.3.
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Table 4.3: Commutation relations on ny

[row,col.] | wy Wo ws | ws |ws | wg wy | wg
wy 0 0 0 0 Zy | Zy Zs Zy
Wo 0 0 0 0 Z2 —Z1 —Z4 Zg
w3 0 0 0 0 Zg Z4 —Z1 _Z2
Wy 0 0 0 0 Zy | —Z3 | Zy | =21
ws —Z1 | —Zy | =Z3 | —Z4 | O 0 0 0
We —ZQ Zl —Z4 23 0 0 0 0
W “Zs|l Zi | Z [ =Za 0 0 | 0 | 0
Wy —Zy | —Z3 | Zo Z 0 0 0 0

Let (0o, (-, )v4) be a minimal admissible module and w € vg4 be such that
JiJoJsJyw = w and (w,w)y,, = 1. Then the basis

’LDl =w, 1[)2 = J1J2w, U~)3 = 1]1J3’LU7 1[}4 = J1J4w.,
ws = Jiw, We := Jow, Wy = Jaw, wg = Jyw,

with (i; ,0;)v,, = €i(4,4) is integral with commutation relations listed in Table 4.4.

Table 4.4: Commutation relations on ng 4

row , C()l.} ﬂ}l ”lf)g 71)3 1214 71}5 ’lz}g 7117 ’LDS
Wy 0 0 0 0 A Zs Zs Zy
Wo 0 0 0 0 | %2y | Zh Zy | =2
w3 0 0 0 0 | —Zs| 24| Z4y Zy
Wy 0 0 0 0 | —Zy| Zs | =2y | Z4
Ws —Zy | Zy Zs Zy 0 0 0 0
W —Zy | =2y | Zy | =Z5| O 0 0 0
Wy —Zs | =Zy | —Z1 | Zsy 0 0 0 0
wWg —Zy | Zs | =2y | =24 0 0 0 0

We see from Tables 4.3 and 4.4 that the linear map ¢4 0: na g — 1y 4 defined by

w; W if = ].75,6,7,87
w; — —w; if =234,
Iy = Zy if k= 172,374,

is an integral isomorphism.

Isomorphism of ngg andngg. Let {Z1, ..., Zg} be an orthonormal basis for R30. Take
a minimal admissible module (vg g, (-, -)vs,) and choose w € vg g with (w,w)y,, = 1 such
that

J1J2J3J4w = J1J2J5J6w = J2J3J5J7w = J1J2J7ng = w.
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A method presented in [46] shows that the basis

U ‘= w, Ug 1= J1J2U_), Uz ‘= Jngw, Uy 1= J1J4’LU7

us = JyJsw, ug := J1Jgw, uy = JyJyw, ug := JiJsw, (4.4)
Ug ‘= le, Uyp ‘= JQU}, U = ng, U2 ‘= J4UJ7 ’
u13 = Jsw, Uy = Jgw, us = Jrw, Uy 1= Jgw,

is orthonormal and satisfies (u;,u;)us, = €;(16,0) = 1. Thus the minimal admissible
module (bg, (-, )us,) Teceives the integral basis (4.4).

Let {Zi,...,Zs} be an orthonormal basis for R%®. Given a minimal admissible
module (095, (-, -)uys), We choose a vector w! € vy with (w', w')y,, = 1 such that

j1j2j3j4w1 = j1j2j5jgw1 = J2J3J5J71U1 = J1J2J7ng1 = 'LUl.

Then the orthonormal basis

vy 1= wh, vy = Jiw!,  wvyi= JiJswt, vy = JyJawt,

V5 1= z1j5w1, Vg 1= j1~j6w1, vy = j1~j7w1, vg = j{jgwl, (4.5)
Vg ‘= w17 V10 ‘= J2w17 V11 = ngl, Vg = J4w17 ’
V13 ‘= j{,’wl, V14 1= jgwl, V15 (= j7’LU17 Vig ‘= jgu}l7

with (v, Vi), = €(8, 8) is integral, see [46]. Tables 4.10 and 4.11 in the Appendix show
the non-vanishing commutation relations on the pseudo H-type algebras ngo and ngs.
It allows us to construct the Lie algebra integral isomorphism

U; > U; if i=1,9,10,...,16,
w80t QUi —v; if i=2,...,8, (4.6)
Zpy— Zy  if k=1,...,8.

4.3.2 Structure constants for n, g, N, 515 and N, 414

This subsection is purely technical and auxiliary for the upcoming classification. A result
of [46] gives an integral basis which satisfies Theorem 1.1.17 for all admissible Clifford
modules v, ;. Furthermore, we proved that it is possible to obtain any minimal admissible
integral module v;,, by taking the tensor product of minimal admissible integral v, -
modules 0 < 7,5 < 8 by the minimal admissible integral modules vg g, vgg or v44.

Proposition 4.3.4. [46] Consider two minimal admissible integral modules (0,5, (-, -)s,.,)
and (905, (-, *)ves), where the representations JZJ : bog — v g permute the integral basis
of vo g up to sign for all orthonormal generators Zj € RO, Then the scalar product vector
space given by the tensor product (0,5 ®0og, (-, Yo, - {+, )oes) 95 @ minimal admissible
integral module (0,518, (-, Yo, 1)
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Remark 4.3.5. In Proposition 4.3.4 one can change the minimal admissible integral
module (0o, (-, )oys) to the minimal admissible integral module (s, (-, )os,) 0r the
minimal admissible integral module (v44,(-,)o,,) and, taking the tensor product, to
obtain the modules

(UT+8,S7 < ) '>Ur+8,s) = (DT,S X 030, < ) .>n'l',.s‘ : < ) ')Us,o)
and
(UT+4,S+47 < ) '>vr+4,s+4) = (DT‘,S X044, < ) .>UT,S : < ) '>U4,4)
respectively, which are minimal admissible integral. Details can be found in [46].

We call a pseudo H-type algebra n,, eztended if its minimal admissible integral
module v, ; was constructed as in Proposition 4.3.4 or in Remark 4.3.5. The tensor
products can be taken several times and with different spaces. Before we show how
the structure constants for the Lie algebras n, g, N, 44514 and n, o5 depend on the
structure constants of n, 5, ngg, ng4 and nyg, we state the notation that will be used in
the forthcoming sections. We write 8y for an integral basis of the space V. Thus

%Zr,s - {ZI,S7 LN} Z:::s}7 <ZI:+S ’ Z:/z+s>3, s k(r ’5)5/67717
€(l,0)0;; for s #0,

By, . =A{wq,...,wyl, Wi, Wj)o, s =
s {wn ats J>U, {51,], for s =0,

and define B, , := B, U B;, .-
We fix the letters u, v, and y for the following bases given by (4.4), a modified version
of (4.6) and (4.12)

SBUg 0o = {Ul 7“16%-,0 %no,s = {Uldé .- 7”16}078 %044 = {Z/h s >Z/16}4>4
B, = {20 2% By, =205 2%, By, = {2 2
with
<u2870uj>nso - 52']'7 <U10 ;}J>U08 - ei(& 8)61'1" <yi4»}l/j>n4,4 - Ei(& 8)517'7
<Z Z,,8n0>58’0 = 6k‘m7 <Z ZO8>508 - _6167717 <Zk, 7Z;4n’4>34y4 = ek‘(47 4)616777,7

such that B, , and B, have the same structural constants by Theorem 4.3.3, i.e.

wsolu)) = v, foralli=1,...,16,
@870(Z270) = Zg’s, forall k=1,...,8.

If v, is obtained by taking the tensor product of v, ; by one of the vgg, vgg or vy 4,
we write for the basis

B, ={wi®a;, 25" |i=1,...,2l, j=1,...,16, m=1,...,r + s+ 8},

where w; € By, ,, the vectors a; are from the corresponding integral bases By, ,, B, 5 OF
By, ., and Zh" € B; . .. =B, . with (p, g) equal to one of the pairs (8,0), (0,8), (4,4).
For practical reasons we preserve the order of the elements in B;, ~and we write first
those which have positive squares of the scalar product and then those with negative
squares of the scalar product.
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Lemma 4.3.6. Let n,, = v,,D3,, be a pseudo H-type algebra and Af} the structure
constants with respect to the integral basis B, . Let ngp = v30@ 350 has the integral
basis B, , with the corresponding structure constants Aj}. Then the Lie algebran, g =

0, s QVgo)D as the following structure constants A™_ with respect to the integra
@ 030) @35, has the following struct tants A7} with respect to the integral
basis B

Nry8s”
If s =0, then
A if m=1,...r and j=q=1,...,8,
~ AT ] =1,... d j=q=9,...,16
dg, =, e e ITaT e
’ Al if m=r+1,...,r+8 and i=p=1,...,2]
0 otherwise.
If s > 0, then
—AL if m=1,...,r and j=q=1,...,8,
fAZTZ*s if m=r+8+1,...,7r+8+s andj=q=1,...,8,
Al if m=1,...,r and j=q=9,...,16,
N?J'L,pq: /}Zﬁ_g if m=r+8+1,...,r+8+s andj=q=09,...,16, (4.8)
AT if m=r+1,...,r+8 andi=p=1,...,1,
—A;’;_T if m=r+1,...,r+8 andi=p=1+1,...,2l,
0 otherwise.

Proof. We recall that the scalar product (-,)u, .,
(5 Yors - {5 )ugo- To shorten the notation we write

of v,45 is given by the product

Jgre = Jz,,0 0ps = 0, sznﬂ =Jz, : bgg — bgp, JZ;;&S = szi U185 = Urygs

and the operator E := Jz -+ Jz,:

1 g0 — bgo with the properties

E? = 1dy,,, EJZJ, = ij],E, J=1,...,8 (Bu,ue, = (U, Bu")py,, u,u" € vgg.

It leads to the following equalities:

<j2mwi,j ) wpvq>u'r+8,x = <Jmei ’ wp)‘lr,s <Euj ) uq>08,07 m =1, T (4'9)
<J2mwi,j 77j}p,q>vr+s,s = <wi ) wp>0r,s<j2m7ruj »uq>08,07 m=r+1, T+ 8,
(JZMUDZ-J v’Dp,q>uT+s,s = (Jz,_sWi, Wy, (Fu; ,uq>\,&0, m=r-+9, r+s+8,

with the integral basis {w; ; = w;Qu;, Znli=1,...,21,j=1,...,16,m =1,... r+s+8}
by [46]. Similar equations for the cases ngg and ny4 can be found in [46].

Let m = 1,...,r and note that the mapping E acts on the integral basis B, by
Eu; = —u;¢;(8,8), which follows from the permutation Table 4.13 in the Appendix.
That leads to (Eu; , tg)vs, = —€;(8,8)dj4. Then the first equation in (4.9) gives

B Priss — _pm €€;(8,8)dj,

J,pqPq “pp
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by (1.7). Making use of formula (1.8) we obtain the following equations for structure
constants ) )

i rise\2 driss o\ 2 s

AZ'L,pq (E;qw ) em't = —AZ}, (6;' ) em”€;(8,8)djq
that yields to the first two lines in formula (4.7) and corresponding lines in (4.8). Arguing
in a similar way for the rest of the formulas in (4.9) we obtain

€%+s,s%;?7pq = iA%Eirrisﬁj(& 8)djqs m=1....m
GEM&S‘L}ZL’M = Aj"?rﬁfifﬁf”@pv m=r+l,....,r+8,
€%+8)SA;?,pq = —A?Z_Sfiﬁ’is%(& 8)5jq7 m=r+9,...,r+s+8
This implies (4.7) and (4.8). &

Lemma 4.3.7. Let n, s = 0, ,D3,, be a pseudo H-type algebra with the structure con-
stants AZ‘ written with respect to By, and ngg = 005 D30 with the integral basis
By, and the corresponding structure constants Aj. Then the Lie algebra n, sy =

m

(0,5 ®008) D 3,515 has the following structure constants Izlzj,pq

gral basis B

with respect to the inte-

Nr s48°
If s =0, then
AR if m=1,...r and j=gq=1,...,16,
Alipg =A% if m=r+1,...,r+8 and i=p=1,...,2l, (4.10)
0 otherwise.
If s > 0, then
—;4;; if m=1,...,r+s and j =q=1,...,16,
A;}qu: Ajg N zf m=r+s+1,...,7r+5+8 anclz‘:pzl,...,l7 (4.11)
’ AT i m=r+s+1...,r+s+8 andi=p=1+1,..,2]
0 otherwise.

The proof of Lemma 4.3.7 is analogous to the proof of Lemma 4.3.6.
Before we present the structure constants for the Lie algebra n,y4 14 we write the
integral basis for the pseudo H-type algebra ny 4.

Y1 = w, Yo = Jiw, y3 = Jow, ya = Jaw,
ys = Jaw, ys = J1Jow, yr = J1Jsw, ys = JiJyw, (4.12)
Yo = Jsw, Y10 = Jsw, yn = Jrw, Y12 = Jgw, ’

Y13 = JiJsw, Y1a = J1Jw, Y15 = JiJrw, Y16 = J1Jsw,
for J1J2J3J4w = J1J2J5J6U) = JQJ3J5J7U} = J1J2J7J8w = w with

(wi,wi)w = 61(8,8), <Zk,Zk> = fk(4,4)

34,4
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Lemma 4.3.8. Let n, s = v, D3, , has the structure constants A;’; with respect to By,

and nyy = 044D 344 has the structure constants AZ—‘ with respect to the integral basis

By, Then the Lie algebra ny. 444 = (0,5 ®044) D 3,144,514 has the following structure

constants A™ with respect to the integral basis B

ij.0q et

If s =0, then
Ar if m=1,...,r and j=gq=2,...,513,...,16,

~ —Am ) =1,..., d j= :176a""12’
i ol = (4.13)
; Al if m=r+1,...,r+8 and i=p=1,...,2]

0 otherwise.

If s > 0, then
A;z ifm:l’,_.’r and j:q:2,--~757137“‘7167
AT ifm=1,... 7 and j=q=16,...,12,

Am—8 ifm=r+9,...,r+s+8andj=q=2,...,513,... 16,
—A"® ifm=r+5,... ,r+s+dandj=q=1,6,...,12

flﬁpq: A;’ZI_T ifm=r+1,...,r+4 andi=p=1,...,1, (4.14)
A;’f]_r ifm=r+5...,r+8 andi=p=1,...,1,
—A;’};T fm=r+1,... ,r+4 andi=p=1+1,...,2l,
AT ifm=r4+5... 7 +8 andi=p=1+1,...,2],
0 otherwise.

The proof of Lemma 4.3.8 is analogous to the proof of Lemma 4.3.6.

4.3.3 Classification of n,( and ng, for r > 8

We observe an interesting property of some of the H-type algebras n,.o and ng, that will
be used in the proof of Theorem 4.3.11.

Definition 4.3.9. We say that an orthonormal basis {wy,... ,we, Z1,... ,Zn} of a
pseudo H-type algebra is of block-type if [w; ,w;] =0 for both indices i,j =1,...,1 and
i,7=101+4+1,...,2l. We call a pseudo H-type algebra of block-type if it has a block-type
basis.

Lemma 4.3.10. The pseudo H-type algebras n,.o with r mod (8) € {0,1,2,4} and ng
with s € N are of block-type.

Proof. We prove by induction that n,o with » mod (8) € {0,1,2,4} is of block-type.
The base of induction follows from Tables 4.1, 4.2, 4.3, 4.10 of non-vanishing commu-
tators on ny g, ngg, Nyg and ngg. For the induction step we assume that n, o, with r
mod (8) € {0,1,2,4} has a block-type basis {wy, ... ,wy, Z7°, ..., ZI°} with [w; , w;] =
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0 for both indices i,7 = 1,...,l and ¢,j = [+ 1,...,2]. By extension we construct
the Lie algebra n,.,go of dimension 320 + r + 8 with the basis {w; ® uy,... ,wy ®
we, 2,70, ZI0Y. Equations (4.9) imply that [w; @ uj,w, ® u,] = 0 for the fol-
lowing cases:

e i =pand both j,¢=1,... ,8and j,¢=09,...,16,
e j=qgand bothi,p=1,... landi,p=1+1,...,2l,
ei#pandj#qori=pandj=q.

We define a decomposition of the basis vectors of v,,50 by

A;,o = {w®u; |i=1,...,1, j=1,...,8}

Ay = {w@u;|i=1+1,...,21, j=9,... 16},

B, = {w®u;|i=1,...,1 j=9,...,16}, (4.15)
B, = {wi®u;|i=1+1,...,2[, j=1,...,8},

Ao = A UA’, B, =B UB.

It follows that for any W, € A, and for any Z,§ € B, we obtain that [&,0] =0 =
[Z,7]. As the cardinality of the basis of v,.5, is 32[ and the cardinality of each of the
sets A, and B, is 16/ we proved that n,.o with » mod (8) € {0, 1,2, 4} is of block-type.

Now we consider the H-type algebras ng . The space vg, is neutral with an integral
basis {wi, ... ,wy} satistying (w;,w;)i; = €(l,1)d;;. Let By = {Z)%, ..., Z%}. The
map <]Zg,s is an anti-isometry and permutes the basis {wy,... ,wy} forall k =1,... s.
It follows that BZ =0fori,j=1,...,landi,j =1+1,...,2l. Then by e%BﬁB = e‘LAZB
we obtain that Afj = 0 when both indices i, =1,... ;land ¢,j =1+ 1,... ,2l. Hence
ng s is a block-type Lie algebra for all s € N. O

Theorem 4.3.11. The Lie algebras n,.o and ng, are integral isomorphic if and only if
r mod (8) € {0,1,2,4}.

Proof. First we claim that the pseudo H-type algebra n,s; ¢ is not isomorphic to ng ;g
for r = 3,5,6,7 and a non-negative integer ¢.

We prove the claim by counting the dimensions of the Lie algebras. The dimensions
of the minimal admissible modules are given by

dim(b3,g:0) = 4-16" # 8- 16" = dim(boz.81),
dim(v,,80) = 8-16" # 16 - 16" = dim(vg,s;), for r=5,6,7.

The H-type algebras n, o are integral isomorphic to ngy, for r = 1,2,4,8 by The-
orem 4.3.3. Thus it remains to show that the Lie algebras n,o and ny, are integral
isomorphic if » mod (8) € {0,1,2,4}.

By induction we assume that n,¢ and ng, are integral isomorphic for » mod (8) €
{0,1,2,4} with the integral block-type bases

_ 7,0 7,0 _ 0,r 0,r
%“T,O —{7_1_)1,.‘. ,’wgl,Zl goee 7Zr }, %ﬂo,r —{1‘1,... ,1}21,Z1 yooe 7Zr },
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with equal structure constants A}, i.e. oro(w;) =x; foralli =1,... 2l and @T,O(Z,:‘O) =
Z,S’T for all £ = 1,...,r. Furthermore, we recall that in the integral block-type bases
By, and By, the structure constants denoted by A7} are equal for both Lie algebras,

ie. wgo(u;)) =v; forali=1,...,16 and 4,08,0(Z;§’O) = Z,S’g forallk=1,...,8.
We exploit Proposition 4.3.4 and Remark 4.3.5 and obtain the integral bases

_ r+8,0 o 70,748
%“TJrS,U - {w’i ® Uy, Zm }7 %no.T+s - {xz ® Vs, A .

m

We define the bijective linear map ¢, ys50: N480 — Nor+s DY

w, @u; — ;v if ie{l,... 1}, jedl,... 16},
W; Quj T QU if ’iE{l‘l’L...,Ql}, j€{17...78}7
w; @uj > —x; QU if iE{l-ﬁ-l,...,Ql}, j6{9,...,16},
Zr80 vy Z0r8 it me{l,...,r+8}.

It remains to prove that ¢, is a Lie algebra isomorphism, i.e.

Orygo([ws ® uj, wp @ ug]) = [@ryso(wi @ u;), Priso(wy @ ug)].

We know that the structural constants A of [w;®u; , w,Ru,] are given by formula (4.7)

ij,pq
and that the structural constants C}7,, for [v; ® v; , 7, ®v,] are given by formula (4.11),

where we have to put the index r instead of r + s. It follows that if ¢ # p and j # g or
i =p and j = ¢, the commutators vanish:

Prrsol[wi ® uj, wp @ ugl) = pris0(0) = 0= £[1; ® v;, 7, @ V.

Let us consider the case i = p and j # q.
eifi=p=1,... [ then:

997'4»8,0([“)2' ® Uy, W; ® qu = A;-Zir@r+870(2:n+8’o) = AZLI?TZS,{T+8,

[rys0(w; @ ;) , ryso(w; ® ug)] = [, @ v;, 2; @ vg] = A%_TZ%HS

with m =r +1,...,r+ 8 by formulas (4.7) and (4.11).
eifi=p=10+1,...,2[ then we use Lemma 4.3.10.

Priso([wi © uj, w; @ ugl) = A" prigo(Z,0) = AR Z)THE,

[Prrs,0(wi @ u;) , Praso(w; @ ug)]
_ [; ® v;,2; @ v,] if j,q=1,...,8 or j,¢q=9,...,16,
—[z:i ® v, 2 @ vy otherwise,
Am—r r707+8 __ . . o . -
_ {—qu Z%+8 = () if j,¢q=1,...,8 or j,¢q=09,...,16,

Am—r 70,48 3
AL 2y otherwise,
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with m = r+1,...,r + 8 by formulas (4.7), (4.11), and the definition of ¢,41509. We
observe that A;.’(‘;T = 0 when for both indices j, ¢ simultaneously either j,g = 1,...,8
or j,q =9,...,16, since the Lie algebras ngo and ngg are of block type, see Table 4.10.
Thus the map ¢, ;g satisfies the Lie algebra isomorphism properties in this case.

We turn to consider the case ¢ # p and j = ¢

oif j=¢=1,...,8, then

SOH—&O([wi Quj,wp ® UJD = _A;Z(fgr+8,0(zrrvq+&o) = _A;ZZS;H—gv
[oriso(wi @ u), erisolwy, @ uy)] = [z ®@v;, 2, @v] = —ARZ)THS,

with m = 1,...,r by formulas (4.7) and (4.11).
oif j =¢=29,...,16 then we use the block form of Lie algebras n,, and ny,. We
calculate as above
erasol[wi ® uj,w, @ uy)) = Al priso(Z,150) = AR ZTe.

On the other side

[orts0(w; ® uj) , @riso(wp ® uj)]

B {[xi@)vj,mp@vq] if i,p=1,...,0 or 4,p=1+1,...,2l,
—[z; ®vj, 2, @ vy otherwise,

B {—A;;;Zﬁf%o it ip=1,...,0 or i,p=1+1,...,2l,
ApZrts otherwise,

with m = 1,...,r by formulas (4.7) and (4.11). This finishes the proof of the theorem.
0

4.4 Isomorphism of Lie algebras n,, with r,s # 0

In this section we show, making use of the ideas developed in the previous section, that
the Bott-periodicity is inherited in isomorphism properties of Lie algebras.

4.4.1 Decompositions of integral bases r, s # 0

We recall the notation of the bases B
the block type algebras.

and state the result that extends the notion of

Nr,s

Lemma 4.4.1. Let us assume that the integral basis B, , 7,5 # 0, for the pseudo
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H-type algebra n, ; with dim(v, s) = 2 satisfies the following decomposition

Bo,, = A, UB,,, card(A,,) = card(B, ;) =,
[Ar,s ) Am] = [Br,s ) Br,s] =0,
l
A=Al ,UA;, B,,=B/ UB,, cad(A},)=card(B;,)= 5 (4.16)
1 Zf w; € A;:s UB;F_’S,

where  (wi, wi), == {_1 if w; €A UB

Then the extended pseudo H-type algebras n,iss, W sis, and Ny o4 admit a decompo-
sition of type (4.16).

Remark 4.4.2. We would like to stress that for r,s # 0 the dimensions of the minimal
admissible modules v, ; are a multiple of 4, such that the fraction % of the previous lemma
s an integer.

Proof. Define the following sets

Ag’o = {ul., ey U8}7 B&o = {UQ, . ,ulﬁ}, fOI' Uy (S %Us.o

4.17
Agg = {v1,...,us}, Bog={vg,...,v16}, for wv; € By, ( )

A4+,4 ={y1, Y6 7, vs},  Aga = {V13, Y14, Y15, Y16},
Bl = {205,455}, Biy = {vo, v10, Y11, 412}

for y; € B, , given by (4.12).
Now, making use of A, ,, B, and (4.17), (4.18), we define the decompositions for
the bases of the extended algebras.

(4.18)

Aj+8,s = A:S®A870UB:3®B8,07 A;+8,s = A;S®A870UB;3®B8’0,
B = AL,@BgoUB/ ®Agg, By, =A @BggUB, ®Ag,

r+8,s

A:5+8 = A:—s ®AO,8 UB:@@BO,S’ :,5+8 = A;,s@AO,SUB::s ®B078a
B'j:s+8 = A:S ®B0¢8 UBj,s®A0,87 7:8+8 = Aj:,’@BO’gU]B;s ®A0,87
Aj+4,s+4 = BIS®BI4UB;S®B;4uAis®AZ4UA;S®A;4,
B, ,®Bj,UB @B ,UA  ® A , UAT ® A,
Al @B, UA  ®B,UB' @A}, UB [ ®A],,

TS

A'r+4,s+4

Bj+4,s+4
B g4 = AL®B,UA ®B,UB ®A,UB ®A],.

All the necessary properties follows directly from the definition of the basis for the
extended Lie algebras and Lemmas 4.3.6, 4.3.7, and 4.3.8. We only illustrate the proof



4.4 Isomorphism of Lie algebras n, , with r,s # 0 53

of the following property [A,iss,A,1ss] = 0, considering several cases. To show that
[Ais ® Asyp, A:S ® Ag] = 0 we choose w;, w; € AIS and u,, uy € Agp Then

0 it i#3 p#q ori=j, p=gq,
[w; @ Uy, w; @ Ug) = 4 [up,ug] =0 it i=4j, p#q, since [u,,uy) € [Agp,Ago] =0,
—[wi,w;] =0 if i#j, p=gq, since [w;,w;] € [A::,A:rs} =0.

Analogously we show
(AT, ®As0, AL, ®Asg] = [Bf,®Bso, B, ®Bso] =0

for any combinations of + and —. Any term of the type [A:fs ®Asp, B:fs ® Bgo] vanishes
since Afs ﬂst = () and AgpNBgy = 0 and as if both ¢ # j, p # ¢ we obtain that
[w; @ up , w; @ ug) = 0 for any w; € A, w; € By, u, € Agp, uy € Bsp. O

In the following lemma we present a list of pseudo H-type algebras n, , satisfy-
ing (4.16), which can be used as a base for the successive extensions.

Lemma 4.4.3. The pseudo H-type algebras n,.g, Wg,, Noyq4, Nar4qa for v mod (8) €
{0,1,2,4} and ny1, nga, nyg admit decomposition (4.16) of their bases.

Proof. DECOMPOSITIONS FOR n, g, ng,., r mod (8) € {0,1,2,4}.

Aty = {wi®u |i=1,... 1, j=1,...,8},
Ay = {wev|i=1+1,...,2l, j=9,...,16},
B = {wi®v;li=1,...,1, j=9,...,16},
By = {wi®uv;|i=1+1,...,2l, j=1,...,8},

for w; € %Unm A S %“0,8'

Al = {wiou; |i=1,... 1, j=1,...,8},
Ay, = {w;®u;|i=1+1,...,2l, j=9,...,16},
By, = {wi®u;|i=1,...1 j=9,...,16},
B, = {w®u;|i=1+1,...,2[, j=1,...,8},

for w; € By, u; € Byy,. For the proof we use Tables (4.1)-(4.4), Tables (4.10), (4.11)
and the block structure of the corresponding algebras.

DECOMPOSITIONS FOR W44, Wy,+4 FOR 7 mod (8) € {0,1,2,4}. Recall decom-
positions (4.15) and (4.18) and define

Al = Byw®Bl ,UA®A], Al = Bw®B,UA QA
B;L+4,4 = Br,O ® AIA U AT,O & BZ47 B;+4,4 = BT,O ® AZA U AT,O ® BZA»
AZT+4 = Bo,®B U Ay, ® AZAv Aﬂ:r+4 = By, ® BIA UAg, ® AZA,

Bir+4 = By, ® AZA UAg, ® BZ47 By = Boy® A4+,4 UAg, ® B,
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For the proof we use Tables (4.1)-(4.4), Tables (4.10), (4.11), (4.12), the block structure
of the corresponding algebras, and Lemma 4.3.8.

DECOMPOSITIONS FOR 1 1, g9, AND Nigy.
We define an orthonormal basis of ny ; by

By, , = {w1 = w, wy = Jyw, wy = Jow, wy = JJyw}, B, , = {71, 75}, (4.19)

with <wi ) wi>01.1 = 61(27 2)> <Zk- s Zlc >
Table 4.5.

5, = €(1,1). The commutators are given by

Table 4.5: Commutation relations on 1y ;

[row,col.] | w1 |wy| wy | ws
w1 0 0 Zl Z2
Wy 0 0|2y | -7
W3 - Zl Z2 0 0
w3 —ZQ Z1 0 0

The sets A;; and By, are given by
Al,l = AT,I UAl_,l = {wl} U {w4}, Bl,l = Btl UBl_l = {’LUQ} U {w;}

We define an orthonormal basis of B, = {Z1, Zs, Z3, Z4} and

32,2

wp ‘= w, Wy 1= le, w3 ‘= JQ’LU, Wy ‘= JlJQ’LU7
ws = Jyw, wg = Jyw, wy = J1J3w, wg = J1Jqw,

Bo., = { @20

fOI' J1J2J3J4w =w Wlth <w1 y ’LUZ'>‘,2.2 = G,L'(4, 4). <Zk s Zk>
B, are given by

= €,(2,2). The sets Ay 5 and

32,2

A2,2 = A;,ZUA;,Z = {wl,w4} @] {w7,w8}, BQ’Q = B;,QUBQjQ = {H&,U)g} @] {’LU5,U)6}

according to Table 4.6.
The integral basis B, of nyy is given in (4.12) and the decomposition is given
in (4.18) according to Table 4.12.
O

4.4.2 Inductive construction of isomorphisms of the Lie alge-
bras of block type

In this subsection we prove that if two pseudo H-type algebras possess decomposi-
tion (4.16) and they are isomorphic under a map satisfying some special conditions,
then the extensions of them are also isomorphic and the corresponding isomorphism
map satisfies the same properties. It allows us to perform an induction proof. Before we
state the base of induction we formulate the properties we require from the isomorphism.
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Table 4.6: Commutation relations on ng

[row,col.] | w; wy | wy | wg | we| ws | ws | we
w1 0 0 0 0 | Ly | Z3 | Zy
Wy 0 0 0 0 Zg —Zl Z4 —Zg
wr 0 0 0 0 Zg —Z4 Zl _22
Wg 0 0 0 0 Zy| 4y | Zo | 74
Wy —Z1 | —Zy | —=Z3s | —Z4y| O 0 0 0
w3 —Zy | 2 Zy | —=Z3| 0 0 0 0
ws 7y | —Za| —Zi | —Z2 0 0 0] 0
We —Zy | Zg Zy | =211 0 0 0 0

Remark 4.4.4. PROPERTIES OF THE ISOMORPHISM ¢, 4: N, s — W ,. Let the integral
bases By, ., By,, of the pseudo H-type algebras n.,, ny, admit decomposition (4.16).
Assume there exists a Lie algebra isomorphism ¢, s: n. s — 0, such that

()OT«,S(A;%S) = Asi,r cmd <pT’,u‘-‘(Bri,s) = Bj,r :

Furthermore, the restriction cpr75|3m is an anti-isometry and is a permutation of the
set {Zy,..., Zrws}, i 9rs(Zi) = Zn, k) with the permutation m.o: {1,...,r + s} —
{1,...,r+s} such that m, s({1,... ,7}) = {s+1,... ,s+r} and m.,({r+1,... ,r+s}) =

{1,...,s}.

Theorem 4.4.5. The Lie algebras n,s and ng, are integral isomorphic if and only
if ¥ mod (8) € {0,1,2,4} and the Lie algebra isomorphism ¢,g: n.g — ng, satisfies
Remark 4.4.4 with s = 8.

Proof. The H-type algebras n, o are integral isomorphic to ng . for r mod (8) € {0,1,2,4}
by Theorem 4.3.11. Recall that we used the following integral block-type bases

_ 7,0 7,0 _ 0,r 0,r
%nr.o - {w17"' 7w21721 P 7Zr } %“0,1‘ == {xla"‘ 7x217ZI PRI 7Z7> }7

with (w;, wi)y,, = 1 for i = 1,...,20, (2;,2i)y,, = &(l,1), <Z;’0,Z,:’O>3T_)O =1, and

<Z,S’T,Z,8’T)5T’O =—1forall k =1,...,r, where o, o(w;) = z; for all i = 1,...,2] and

cpnO(Z,Z’O) = Z,S’T for all k = 1,...,7. The equal structure constants are denoted by Aj?.

We write @so(u;) = v5, for u; € Bygy, vi € By, ¢ = 1,...,16 and cp&o(Z,f’O) = Z,S‘87

k=1,...,8. The equal structure constants are denoted by A7} for both Lie algebras.
We exploit Proposition 4.3.4 and Remark 4.3.5 to obtain the integral bases

7,8 7,8
{wir®vy,... ,wy @i, 27°,..., 25} for  n.g,

8,r 8,1
{I1®U1,... ,$2[®U16,Zl PN 7Zr+8} for ng,.
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We define the bijective linear map ¢, s: n, 5 — g, by

w; QUi X Quy if iE{l,...,l}, jE{l,...,lG},
w; Qv = z;Qu; if ie{l+1,...,2l} jed{t,... 8},
W; QUj > —x; Quy if iE{l-‘rl,...,Ql}, j€{97...,16},
Z:r’zg = Zg;:g; if me {17 77n}7

zrs o Zyt. it me{r+1,...,r+8}.
It remains to prove that ¢, s is a Lie algebra isomorphism, i.e.
ers([wi ® v, wp ® vg]) = [prs(wi ®v;) , prs(wy ® vg)).

The structural constants AZKW of the commutators [w; ® v; , w, ® vy| of n, g are given by

formula (4.10), and the structural constants C}},, for [z; @ u; , x, @] of the Lie algebra

ng, are given by formula (4.8). It follows that if i # p and j # ¢ or i = p and j = ¢ the
commutators vanish:

Prs([wi ® vj,wp, @ vg]) = r5(0) = 0 = £[z; @ uj, 7, @ ugl.

It is left to consider the following two remaining cases.

CASE ¢ = p AND j # ¢. If, additionally, both indices simultaneously satisfy either
j,q=1,...,80r j,¢q=9,...,16, then

rs((w; @ v, w; ®vy]) = 0r8(0) =0 = t[r; @ uy, z; @ uyl,

because of the block form of the Lie algebras ngg, ngs. Thus, we can assume without
loss of generality that j =1,... ,8 and ¢=09,...,16.
eifi=p=1,....01,j=1,...,8and ¢=9,...,16, then:

orslfw; @ vj ,w; @ vy)) = Al 5 (Z0F) = AT Z0T

[ors(w; @ v)) , ors(w; @ v,)] = [w; @ uj, 2 @ ug = AT Z3",

with m =r +1,... 7+ 8 by formulas (4.10) and (4.8).
eifi=p=1I1+1,...,2l,5=1,... ,8and ¢=29,...,16, then

rs(fwi ® v, w0 @ vg]) = Af " prg(Z°) = Af " Zpl

[ors(w; @ V), prs(w; @vy)] = [2; ®uj, —; @ uy| = —(—flj";’TZfr;T_r)
with m =r+1,... ,r+8 by formulas (4.10) and (4.8). We see that the map ¢, g satisfies

the Lie algebra isomorphism properties in this case.

CASE @ # p AND j = ¢. If in addition ¢,p =1,... ,lor ¢,p =1+ 1,...,2l, then the
block form of the Lie algebras n,, ng, implies

Pra([w ® vj,wp @v;]) = rg(0) = 0 = £[z; @ uj, 2, @ uy,
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such that we can assume that i =1,... ,land p=1+1,...,2L
eif j=¢=1,...,8,i=1,... landp=1+1,...,2l, then

orslfw; ® vj ,w, @ j]) = — AT s(Z07) = — AR Z7 s,
[ers(wi ® ;) , @rs(wp ®@v;)] = [7; @ uj, 7, @ uy] = —AZ;ZS{Q&
oif j=¢=9,...,16,i=1,... ., land p=1+1,...,2[ then
‘Pr,8([wi KV, wp @ vj]) = _AZ;SDT,B(Z;;S) = _A;ZZ:Z:&
[ors(w; @ v;), ra(w, ®v;)] = [3: @ Uy, —1p @ uj] = —ATZ," g,

with m = 1,...,r by formulas (4.10) and (4.8). This shows that ¢, is a Lie algebra
isomorphism. The map ¢, g satisfies Remark 4.4.4 by its definition. O

Theorem 4.4.6. Assume that the Lie algebras n,, and n,,, r,s # 0, satisfy Re-
mark 4.4.4. Then there exists a Lie algebra isomorphism ¢,4gs: Nojgs — Nspys and
two integral bases B, s s and B, ss satisfying Remark 4.4.4.

Proof. Let ¢, s: n,. s — ng, be the assumed Lie algebra isomorphism. By extension we
construct the Lie algebra n, g, of dimension 320417+ s+8 with the basis 8,15 = {1 ®

Uy, .. Ty @uig, 21T :Isgfs} The assumptions imply that [z; @ u; ,z, Qu,] =0
for the following cases:

e z; =z, and both u;,u, € Agg or uj, u, € Bsy,
e u; = u, and both z;,2, € A, or z;, 7, € B, ,
o 1; # 1z, and u; # u, or x; = x, and u; = Uy,

by formula (4.8), where Ag g, Bgp are defined in (4.17). We also recall Agg, Bog from
the same formula.
Then we define the bijective linear map @, 1gs: 0y485 — Ngrys by

TiQUy — —@rs(mi) @ pso(ua) if z; € Bys, and u, € Bgp,

TiQuUs — 0rs(Ti) @ pso(ta) if otherwise ,
48, 5,7 )
Zﬁgs- — ) ?f me{l,...,r},
Zrss Zm’;,)o(mfr)+r+s if me{r+1,...,r+8},
VA it me{r+9,...,r+s+8},

where pg: ngp — ngg is the Lie algebra isomorphism given by (4.6). We see that the
restriction of .15, t0 3,5 is an anti-isometry, so it remains to prove that ¢, g, is a
Lie algebra homomorphism.

Before we continue, we draw the readers attention to the following. By Lemma 4.3.6
we know that [z; ® u;,2; @ uy] = £[u;, uglrrss € span{Z, ™k = r+1,... ,r + 8}.
Since the index k belongs to the set {r +1,... ,r 4 8}, the structure constants [u; , ]
in n,4gs coincide with the structure constants [u;,u,] in ngo. Analogously we write
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[T, ® uj,x, @ uj] = £[r;, zplrtss € span{Zylk = 1,...,r,r +9,...,r + s+ 8} and
observe that [z;, zp),4s,s = [@i , Zp]rs. Thus

es0([ug uglrrss) = [0s0(u7) , 08.0(Ug))rrsss Prs([Tis Tplris,s) = [@rs(Ti) s Ors(@p)]rrs,
as g and ¢, ; are Lie algebra isomorphisms. Now, we consider the following cases by

using formulas (4.8) and (4.11).
olfr,=2,¢ B u; € Ago and u, € Bgy, then:

r,87

‘Pr+s,s([-70i Quj,x; @ “q]) = <Pr+s,s([uj 7uq}r+8,s) = @8,0([%‘ 7uq}r+s,s),

[ri8,s(Ts @ Uj) , Prygs(Ti @ ug)] = [0rs(@i) @ @s0(us) , —@rs(Ti) @ ws0(ug)]
= [@s,o(uj) ,wg,o(uq)]mu&s

as ¢rs(x;) € £ B;,.
olfz,=2,€B

r,57

u; € Ag and u, € Bgp, then:

ris,s([Ti @ uj, 7 @ ug]) = Prygs(—[uj, uglriss) = —wso[uj, Uglriss),

[Pri8,s(Ti @), Priss(Ti @ ug)l = [0rs(:) @ w30(ws) s —rs(T:) @ Ps.0(ug)]
—[‘Ps,o(uj) ) ‘P&O(uq)]r+8,s

as ¢,s(r;) € £B],.
o lfz; =z, € A}, u; € Agp and u, € By, then:

7,87

Origs([Ti @ Uy, 7 @ ug)) = Prys ([, uglrrss) = wso([Uy, Uglriss),

[ri8,s(Ti @ uj) , Prygs(Ti @ ug)] = [Prs(2:) ® @s0(1s) , rs(T:i) @ ws0(uy)]
= [ps0(u;), ©8.0(tq)]ris,s

as ¢rs(xi) € £ AIT.
olfz, =2, A

T,87

uj € Ag and u, € Bgp, then:

Lpr+8,s([xi ® Uj , Tg 029 uq]) = ¢T+8,s(_[uj 7uq}r+8,s) = —908,0([%' 7uq]r+8,s)7

[Pri8.s(Ti @), Priss(Ti @ug)l = [9rs(i) @ 0s.0(ws) s Prs(Ti) @ ps.0(ug)]
—[pso(u;) , ©s0(Ug)]rts.s

as @rs(x;) € £ Al
o If uj = uy € By, z; € A, and 7, € B, , then:

ﬂpr+8,s([zi & Uj, Ty ® u]]) = 997“+8,s([xi 7xp]r+8,s) = @T,s([-ri 5 xp]r+8,s)7
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[Pri8,s(Ti @), Ori8,s(Tp @) = [0rs(i) @ s0(15) s —rs(Tp) @ Ps.0(uy)]
= [@T,s(xi) s @T,S(xp)LH»S,S

as @8,0(“;’) € :l:Bo_’g.
o Ifu; =u, € Agp, x; € A, 5 and 2, € B, ;, then:

‘Pr+&s([xi ® uj y Tp & ujD = @7‘+8,S(_[Ii 7~Tp]T+8,s) = _(phs([‘ri ’ xP]TJrS,S)?

[ri8,s(Ti @ uj) , Pryss(Tp @uj)] = [0rs(@i) @ @s0(Us) , Prs(Tp) ® Ps0(uy)]
= _[‘PT,S(IZ') 799r,3(xp)}r+8,s

as g 0(u;) € £ Agg.
Hence ¢, s s is a Lie algebra isomorphism satisfying Remark 4.4.4. O

Now we turn to consider the extension obtained by making use of the tensor product
with U44.

Theorem 4.4.7. For any n,, with r = 1,2, 4 there exists an automorphism @, ,: 0., —
n,., and an integral basis B, , satisfying Remark 4.4.4.

Proof. In this proof we explicitly state the automorphisms.
The basis of ny 1 is given in (4.19) and the commutations in Table 4.5. The automor-
phism ¢q1: ny; — ny; with anti-isometry on the center is given by

1,1 1,1 1,1 1,1
407 = 2y, 4y 277,

4.21
wy — Wi, Wy — W3, w3 — Wa, Wy > Wy. ( )

We defined an orthonormal basis of ngs in (4.20) with commutators in Table 4.6.
The automorphism g 5: g2 — Ny with anti-isometry on the center is given by

2,2 2,2 2,2 2,2 2,2 2,2 2,2 2,2
277w 237, L35 = 27, 23— 277, e /N
w1 > Wi, Wy —> Ws, w3 — Wg, Wy > Wy, (4.22)
Ws — W2, We — W3, wy — wry, wg —r Ws.

Recalling the basis (4.12) and Table 4.12 we define the automorphism ¢, 4: g4 —
ny 4 with anti-isometry on the center by

44 4.4 4.4 4.4 4.4 4.4 4.4 4.4
U 2y, Iyt e Zgt, s e 2y Z," = 2,

Z3t ezt zit e 2yt 2 ezt 29t e 2,

Y1 = Y1, Y2 > Yo, Y3 = Y10, Ya > Y12, (4.23)
Ys > Y11, Yo > Yo, Y7 = Yz, Ys = —Ys,

Yo > Y2, Y10 > Y3, Y11 = Ys, Y12 = Y4,

Y13 > Y13, Y14 > Y14, Y15 —> — Y15, Y16 = Y16-
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Theorem 4.4.8. The Lie algebras 0,44 and 0y, 4 are integral isomorphic if and only
if r mod (8) € {0,1,2,4}. Furthermore, for r mod (8) € {0,1,2,4} there exists a Lie
algebra isomorphism Qrisa: Wyeyaqa — Na,qq and two integral bases B,iqa and By, g
satisfying Remark 4.4.4.

Proof. By extension we construct the Lie algebra n, 14 4 of dimension 32/ +r +8 with the

. . a4 /) _
integral basis {x1 @ y1,... , Ty @ Y6, 2] 5.+ > Zy4s }, Where {x1,... xy} = By, ,.

Lemma 4.3.8 implies that [z; ® y;, 2, ® y,] = 0 for the following cases:
o 1; = 1, and both y;,y, € Ays or yj,y, € Baa,
e y; =y, and both ;, 2, € A, or z;,z, € B,,
o 1; # xp and y; # y, or ¥; =z, and y; = yq,

where A, o, B, are defined in (4.15) and A, 4, By 4 are defined in (4.18). We define the
bijective linear map @,q44: Wypyaa — Nyppq Dy

T ®Ya = —0ro(®) ® aa(ya) if 7 € Brg, and y, € Byy,
Ti®Ya —  0ro(ri) @ 0aa(ya) if otherwise ,

44,4 dr+4 .
erj» = ZZ:O(T)+8 if m e {1, . ,T’}7
Zrd Z if  me{r+1,...,r+8}.

We see that the restriction of ;444 t0 3,44 is an anti-isometry, such that it remains to
prove that ¢,144 is a Lie algebra homomorphism.

As in Theorem 4.4.6 we make the following observation. By Lemma 4.3.8 we know
that [z; @ y;,2; ® yg] = £y, Yglrtaa € span{Zy|k = r+1,...,r + 8} and therefore
[ Yqlr+aa = [Yj,Yglaa. Analogously, because of [z; ® y;,x, ® y;| = £[x;, Tplrraa €
span{Zy|k = 1,...,r} we obtain [z;,%p)r1a4 = [Ti, Tplro- Thus waa([yj, Yglrraa) =
[P14(ys) , Paa(Yg)lrvaa and @ro([i, Tplriaa) = [ro(2i), ero(@p)]raa, respectively, as
w44 and @, o are Lie algebra isomorphisms. We turn to consider several cases, where we
use formulas (4.13) and (4.14).

olfz, =12, B, y; € Ays and y, € Byy, then:

Griaa([z: ® Yj T & Yql) = 99r+4,4([yj s Yglriaa) = @4,4([2/;‘ Yqlriaa),
[rraa(Ti ®Ys) s Preaa(®i @ yg)l = [@ro(Ti) ® @aa(y;), —oro(Ti) @ 1.4(yy)]

= [804,4(%') s Pa.a(Yg)l a4

as (pn()("ti) €+ BOJ--
olfz,=2,€ Arg, y; € Ayy and y, € Byy, then:

<Pr+4,4([96i QYj i ® qu = <Pr+4,4([yj 7y11]7‘+4,s+4) = 994,4([.%' 7?Jq}r+4,4)7

[Oriaa(zi @y5), Orpaa(Ti @)l = [@ro(i) @ 0aa(y;), oro(2i) ® ©a4(yy)]
= [@4,4(%‘) »@4,4(9«1)]%4,4
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as @ro(z;) € £ Ag,.
o If y; =y, € B, 2, € A, and z,, € By, then:

@r+4,4([$i QYj,Tp ® y]D = <Pr+4,4([fﬂi ) 96p}r+4,4) = QDT,O([:L'Z' ) xp}r+4,4)7

(Or4aa(2 @U5), Oreaa(2py @Y3)] = [0ro(T:) @ ©a4(y;) s —0ro(2p) © ©aa(y;)]
[%,o(l'i) ) LPr.,o(fﬂp)]rMA

as p1a(y;) € +B,,
o Ify; =y, € Byy, v € A,y and z, € B, , then:

Orraa([Ti @ Yj, Tp @ Ys]) = Priaa(=[Ti, Tplrraa) = —oro([Ti, Tplriaa),

(Prraa(z; @Y;) , @riaa(@p @Y;)] = [@ro(x:) ® @14(y;), —@ro(p) ® ©aa(y;)]
—[%,o(ﬂﬁi) ) @r,o(xp)]r+4,4

as pu4(y;) € iBZ4.
o If y; =y, € AT, z; € Ay and z, € B,p, then:

Orraa([Ti @ Yj, 2p @ Ys]) = Priaa(=[Ti, Tplriaa) = —0ro([Ti, Tplryaa),

[Praa(@i @ Y)) s Praaa(@p @ ys)] = [@ro(@i) @ 014(y;) , oro(Tp) @ ©14(y;)]
*[Sono (xz) ) SOT,O(xp)}r+4,4

as @474(y]‘) S :IZAIA
o lfy =y, € Ay, 2 € Arp and 7, € B, g, then:

Cryaa([2i @ Y;, 2p @ Ys]) = Craaa([Ti s Tplrras) = Ero([Ti, Tplrraa),

[Praa(Ti @ Y5) s Preaa(®p @)l = [@ro(Ti) @ paa(y;), oro(Tp) @ a4(ys)]
= [SOT,O({L'i) ) @T,O(l'p)]r+4,s+4

as pa4(y;) € £ Ay, Hence ¢, 44 is a Lie algebra isomorphism satisfying Remark 4.4.4.
|

Before we start with the generalization of these results we recall the technical Lemma 4.3.8,
which plays a key role in the upcoming classification.

Theorem 4.4.9. Assume that the pseudo H-type algebras n,, and n,,, r,s # 0 are
isomorphic and satisfy Remark 4.4.4. Then there exists a Lie algebra isomorphism
Oridstd’ Neidsrd — Noparra Satisfying Remark 4.4.4.
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Proof. By extension we construct the Lie algebra n, 4444 of dimension 320 +7 4 s+ 8

. . r44,5+4 r+4,s+4 _
with the basis {z1®y1, . .. , 22 ®y16, Z; o Zole ), where {xq, ... xg} = By, .

The assumptions imply that [2; ® y; , z, ® y,] = 0 for the following cases:
e 1; =z, and both y;,y, € Ayq or y;,yq € Bayg,
e y; =y, and both z;,z, € A, ; or z;, 7, € B, ,
o z; #x, and y; # yg or x; = x, and y; = Y,

by formula (4.14). We define the bijective linear map ;44,544 Wyta 544 — Nstparpa DY

Ti QYo _997”,5(151') ® 904,4(ya) if z; € BT’S’ and Yo € B4’4’
T QYo > Pr.s (xz) oY 904$4(ya) if otherwise ’

Zitet s 2o i med{lrh

ZrHhst Z;Ij{f:—r n if me{r+1,...,r+8},
Zprett ) ome{re9, ot s 48]

We see that the restriction of ;14414 t0 §,,4 4 is an anti-isometry. Let us show that
©rqa,s+4 is a Lie algebra homomorphism.

Observe that Lemma 4.3.8 implyis that [2;Qy; , 2:Qy,] = £[y; , Yglr+4,s44 € span{Zy|k =
r+1,...,r+ 8 and [z; ® yj,xp ® ;] = £[xi, Tplrtasia € span{Zylk = 1,...r, 7 +
9,...,r+s+8} Thus [y, Yglrrasta = [Uj, Yglaa and [z, Tplria 544 = [T, 2p)r,s. There-
fore,

@4,4([?!]‘ 7?Jq}r+4,s+4) = [804,4(%) 7804,4(yq)}r+4,s+47
@r,s([xi 7xp]’r+4,s+4) = [‘pns(xi) 3 Lpr,s(xp)}r+4,s+47

respectively, as @44 and ¢, , are Lie algebra isomorphisms. The remaining cases follow
from formula (4.14).
olfz,=2,¢ Bis, y; € Ayq and y, € Byy, then:

Grya,sra([2i @ s, 2 @ ygl) = Oraasral[U Yahrras+4) = Caal[¥ s Ya)rtasta),

[Prias4a(Ti @ Ys) s Proasta(@i @ Yg)] = [prs(T) @ 0a4(Ys) s —¢rs(Ti) @ 0a.4(yy)]
= [@4,4(%) ) ()04,4(yq)]’r+475+4

as ¢rs(x;) € £ B;,.
olfr,=1,¢ B;,S., Y; € Ayyq and y, € Byy, then:

(p7'+4,s+4([xi ® yj s Tg & yq]) = (}91'+473+4(7[yj 7yq}r+4,s+4) = 7@4,4([?-/]‘ >yq]'r+4,s+4)>

[Pria,5+4(Ti @ Ys) s Priasia(@i @Yl = [prs(Ti) ® 014(Ys) s —0rs(Ti) @ Pa.4(Yy)]
—[904,4(%') , <P4,4(yq)}r+4,s+4
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as ¢, s(z;) € £ B:J,.
olfz,=u1,c¢ Aj’s, y; € Ayq and y, € Byy, then:

Oriaoral[Ti QU T @ Yql) = Craastal[¥j, Yglrrasta) = @aa([Yj , Yglrsa,s44),
[Priast4(®i @ Y;) s Priasia(Ti @Y = [0rs(Ti) @ 0a4(Ys) s Prs(Ti) @ 0a4(yy)]

= [@4,4(%’) ) 804,4(yq)]7»+4,s+4

as (1) € £ AL
o If z; = Zp € A;,sv Yj € A4,4 and Yq € B4747 then:

tpr+4,s+4([~”ﬂz‘ RYj T ® ?/q]) = <,0r+4,s+4(—[yj 77Jq}r+4,s+4) = —804,4([.%' >yq]r+4,s+4)>

[Prra,s4a(Ti @ Ys) s Praasta(@Ti @ Yg)] = [0rs(Ti) @ ©a.4(Ys) s Prs(Ti) @ u.4(yy)]
*[@4,4(%‘) ) 994,4(yq)]r+4,s+4

as ¢, s(v;) € £ AL,
olfy, =y, € BI,47 z; € A, and z, € B, ,, then:

‘Pr+4,s+4([xi ® Yj > Tp ® yJD = SDT+4,S+4([Z'1? ) xp]r+4,s+4) = @T,S([xi ) xp}7'+4,8+4)’

[Prias+a(@i ®Y;) , Proasra(@p @ Y)] = [ors(2:) ® 01,4(y;) , —rs(p) ® paa(y;)]
= [prs(zi), SDT,S(‘T;D)]T+4,5+4

as w44(y;) € £ B,
o lfy; =y, € By, v € A, and x, € B, 4, then:

(fg'r+4,s+4([xi ® yj 7{.Ep ® y]]) = ¢r+4,s+4(_[xi ) xp]'r+4,s+4) = _(pr,s([xi 9 l'p]T+4,s+4)7

[Prias+a(@i ® Yj) , Proasta(@p @ Y)] = [0rs(2:) ® paa(y;) , —prs(p) ® paa(y;)]
= _[(pr,s(xi) 3 (pr,s(l'p)}r+4,s+4
as ps4(y;) € £B,.
olfy, =y, € AIA, z; € A, and z, € B, ;, then:

<Pr+4,s+4([$i QYj,Tp ® ?JJD = §0r+4,5+4([9€i s xp]r+4,s+4) = Wr,s([iﬂi ) xp}r+4,s+4)7

[Preasta(Ti ® Yj) , Preasta(Tpy @ Y)] = [0rs(20) ® 0aa(s) , rs(Tp) © paa(y))]
[@r,s(Ti)  Pr,s(Tp)|r+4,544
as pa4(y;) € j:A4+,4-
olfy; =y, € A, v € A, and z;, € B, , then:

@T+4,s+4([1’i ® yj 7-Tp & y]]) = @T+4,s+4(_[$i 9 zp]r+4,s+4) = _(pns([l‘i 7zp]r+4,5+4)7

[Prra,s4a(Ti @ Ys) s Praasta(Tp @ Yp)] = [0rs(T) @ 0a4(Ys) s Prs(Tp) @ a.4(yy)]
= 7[@%*(1'7?) s Prs (xp)]T+4,s+4

as pu4(y;) € +AL,
Hence ¢, 14544 is a Lie algebra isomorphism which satisfies Remark 4.4.4. ]
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4.4.3 Main results of Section 4.4

Theorem 4.4.10. The H-type algebras W, i g;, +at, st5tat, ANA Ngyytary 481,41, T€ integral
isomorphic for r € {0,1,2,4} and t1,t5,t3 € Ny.

Proof. We prove by induction. The beginning of the induction is stated in Theorem 4.4.5
and Theorem 4.4.8. Then the induction step is given by Theorem 4.4.6 and Theo-
rem 4.4.9. O

Theorem 4.4.11. The H-type algebras N,y si, yato ri8tst+ats ONA Npygestaty ri8ty+dt, GTE
integral isomorphic for r € {0,1,2} and ty,ts,t3 € No.

Proof. We prove by induction. The beginning of the induction is stated in Theorem 4.4.7.
Then the induction step is given by Theorem 4.4.6 and Theorem 4.4.9. |

4.5 Some non-isomorphic Lie algebras n,; and n,,

The behaviour of the Lie algebras of block type, or those that admit the decomposi-
tion (4.16) are very special, and as we saw in the previous section that it is preserved
under extension. The situation is much less predictable if the Lie algebra is not of block
type, then different situations can occur. In the present section we show one example
of non isomorphic algebras and show also that, in contrast to algebras n,.,, 7 = 1,2,4
mod 4, the pseudo H-type algebra nz; does not admit an automorphism which restric-
tion to the center is an anti-isometry. We also observe that our method does not allow
to give any outlook if for instance, n7 7, with v77 = 033 ® 044, admit or do not admit an
automorphism which restriction to the center is an anti-isometry.

4.5.1 Non-isomorphism of n3, and ny3

First we introduce the integral basis of n3, and ny 3 which is essential for the proof of
Theorem 4.5.4.
We define an orthonormal basis of ny o by B, , = {Zo, 21, Zs, Z3, Z4} and

B o { wy = w, Wy 1= le, w3 = JQ”LU, Wy = Jngw, }
3,2 ws = J3w, we = Jyw, wy = J1Jw, wg := JiJyw,
for JiJoJsJyw = w and JoJiow = w with (w;,w)e,, = €(4,4), (Zk, Zk >332 =
Ek+1(37 2) -
We define an orthonormal basis of ny3 by B,, . = {71, Zs, Z3, Z4, Z5} and
B o { U?] = ’lI), ’lI)Q = Jl?I}, 12)3 = ng, 1IJ4 = J]JQ’[I}7 }
23 Wy = J3w, We 1= Jyw, Wy = J1J3w, wg = J1Jyw,
for J1J2J3J4w = w and J1J4J57I) = w with (ﬂ)i,’lf)l)nzg = 61'(47 4), <Z}c 5 Zk> = Ek(z, 3)

32,3
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Table 4.7: Commutation relations on ng o

[row,col.] | w; wy | wr | ws | we | ws ws | We
wr 0 | ~Zo| 0 | 0 [ Zi| Z | 25 | 2
Wy ZO 0 0 0 Z2 —Zl Z4 —Z3
wr 0 0 0 —Zg Zg —Z4 Z1 —Z2
ws 01 0 | Z | 0 | Zl Zs | 2o | 2
wo —Zl _22 —Z3 —Z4 0 —Z(] 0 0
w3 —Zy | 2y Zy | —Z3 | Zy 0 0 0
Ws —Zs | =2y | —Z1 | —Zy| O 0 0 Zy
we i Zs | Zo | —Z [0 0 | —Z | 0

Table 4.8: Commutation relations on ny 3

row, COl.] w1y Wy Wy wWg W W3 Ws Wg
W1 0 0 0 Zs A Zy | Zs | Za
Wy 0 | 0 |—Zs| 0 | Zo | -2 | Z4 | — 24
wy 0 Zy 0 0 Zy | =2y | Zh | =2,
wWg —25 0 0 0 24 23 Zg Zl
Wo —Zy | —=Zy | —Z5 | —Zy| O 0 0| Zs
W3 —Zy | Z4y Zy | —=Zs| 0 0 |Zs| O
ws —Z3 | —Zs | —Z1 | —Zy| 0 | -Z;] 0] 0
e —Zi | Zs | Zo | =21 | —Zs 0] 0

Proposition 4.5.1. The following is true.

o The linear map adx: 032 — 33, is surjective if and only if (X, X ), ~# 0 for
X e D32. 7

o The linear map adx: va3 — 3o3 is surjective if and only if (X, X ), =~ # 0 for
X e Do 3. '

Proof. First we note that adx is surjective for all X € v, with (X, X ), 0 by Defi-
nition 1.1.6, so it suffices to prove that for (X, X)) ~=0,(X X >°2,3 =0, respectively,
the map adx is not surjective.

We write X = Z?:l Aiw; for X € vz, and define the representation matrix My of
adx with respect to the orthonormal basis B,,, by

03,2

A A R R A
1o

where VX is the vector representation | : | of [X,w;] = Yp_y 5 Zk. The matrix My

X
Hii

for ng o is given by
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M —A As —Ar A3 A =X XA
X A3 A A AL —A A A
A3 =X X —X A A As =g
AR PR C R A B Y1
A A A3 —A As —A A A

Note that My is surjective if and only if det(My M%) # 0 as rank(MxM%) = rank(Mx).
The determinant of My M7T is

+ o+ 4+ x

_|_

A = A2 = A A+ A2 = A2 = A2+ A+ A A A3+ A2+ A2+ 0D
[A%+—A3+—A§+—2A$A§+—A§+—2A$A§+—2A§A§+—A3+—2A$A§+—2A§A§+—2A§A§
A3 202AZ 4 20302 — 20302 — 203A2 4+ A3+ 2(A2 + A3 — A3 — A3 + ADA]

Ad = 8A (A7 A2ds 4 AsAsds + Ashads — Ardads) + 8Au(—AsAads + ArdsAs
MAads + AsAsds) + 202(=A2 — A2 + A2 4 A2 4 A2 4+ 02
mﬁﬁ-x%—ﬁ+A&+ﬁ+A§+ﬁﬂ.

It follows that for all X € v3, with

(X, X)) =N A2 N - -2 A2=0

03,2

the determinant det(MxMZE) vanishes. This finishes the proof for n .
For ny 3 the matrix Mx is given by

S IR B R VR V I VRNV SIS
—A3 =X A =X A A Ag =X
X A A =3 A s A =N
X —As A3~ Ay —Ar AN
e T . VIRD SR PR VR F R V)

and the determinant of Mx MY is given by

Thus if X € vy3 and (X, X)
det(MxMZ) = 0. This finishes the proof for ny 3.

+ o+ +

R VD LD V- IED VSN Y LD VS L O VI NP L SN ED LS VSN ED LD b S A FREP Y.
{ﬁ+ﬁ+£+%@%&ﬁﬂﬁﬁ+%%@d@ﬂ£ﬁ+%ﬂ%ﬂﬁﬁ+%
8Az A As A7 + 20302 — 20302 + 2022 4+ 20202 + AT+ 8z Mg s + 203AE — 20302
2AZNZ + 203A2 + 20202 4+ A5 — 8\ (As A7 + Ashg)

2ATAS + A3+ AT+ AT — A2 = AD) +205(A3 + A7 — A2 — A2+ A2+ 0))
8A1(A3(A6A74-A6A8)+—A2c—A5A7+-A6A8»}.

=M EN+HAFAT A2 A2 - A2~ A2 =0, then
O

2.3
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We stress that the results of Proposition 4.5.1 and Proposition 4.5.5 represent quite
exceptional cases. Definition 1.1.6 does not imply that adx is not surjective for any
X €, with (X, X), ~=0. In the following we state a couple of lemmas illustrating
this possibility. ’

Lemma 4.5.2. For any of the pseudo H-type algebras ni1 o, 076,067 and nyq1 there
exists X in the corresponding space 0,5 such that { X , X >u” = 0 but, nevertheless, the
map adx is surjective.

Proof. Recall that the pseudo H-type algebras 112, 076,16 7 and ny 11 are obtained from
n3o and ny 3 by extensions. We define X = w; ®u; +w7®@uz € ny13 where wy, w7 € By, ,

and uy, uy € By, and note that (X, X ), =0. Then
(X, w,@u] = [w @ui,w; ®ug]+ [wr @ uz, w; @ uy]
) o wily, for i=1,...,6,8,
_[wl 7wi]n11,2 - [UZ s ul]nn,z for =7,

= *[’U}l ,wi]nn,z, for i = 1, N ./8.

Hence span{Z, Zs, Z3, Z12, Z13} C Image(adx). Furthermore,

[X7U)1 ®LL]] = [U}l ®’LL177,U1 ®’LL]‘] + [w7®u2,w1 ®Uj]
_ [ul 7uj}n11,2 for .] = 17 37 R} 167
[ul 7uj}n11.2 - [Il)7 ) wl]nn,z for ] = 27
= [ug, U5l forj=1,...,16.
Hence span{Zy, ..., Z11} C Image(adx), i.e. the map ady is surjective.
The proof for n; s and ng 7 is obtained analogously by replacing u; and u; by y; and
ys. For the proof for ny 11 we replace u; and uy by v1 and v, respectively. O

Lemma 4.5.3. For any pseudo H-type algebra n, s with r,s # 0, satisfying (4.16), there
exists at least one X € v, with (X, X'), =0 such that the map adx is surjective.

Proof. We choose the basis vectors w; € A, and w; € B, and define X = w; +w; such
that (X, X >vm = 0. We note that the map ady,: B, — 3, , and ady, : Uy, — 3, are
surjective, where we denote by U, the orthogonal complement to the kernel of ad,,.
Therefore 0, C span{B, s} and U,,; C span{A,,} as [w;, A, ] =0 and [w;,B, ] = 0.
It follows that

span{[X , A,.]} = span{[w;, A, ]+ [wj AL = Span{[wj AL D [wj a‘nw]] = drss
span{[X ,B,,]} = span{[w;,B, ]+ [w;,B,]} = span{[w;, B, ]} D [w;, V] = 3, -

5

Hence the map ady is surjective. |

Theorem 4.5.4. The H-type algebras n3o and ny3 are not isomorphic.
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Proof. We assume that there exists an isomorphism 3 5: 132 — 13 where the restric-
tion @3al;,,: 332 — 323 is an anti-isometry. The adjoint operator ady, : B, — 335 is
an isometry or anti-isometry by Definition 1.1.6 for any w; € B,,,, i.e.

<adw1(X) 7adw1(X) >;,3)2 = <wi7wi >Ugy2 <X7X>0312

for all X € U,,,, where U, is the orthogonal complement to the kernel of ad,,. As the
map <,03’2|33_’2 is an anti-isometry, it follows that the composition 32 0 ady, : B, — 323

is an anti-isometry for (w;,w; ), , = 1 and is an isometry for (w;,w;), , = —1, hence
— (Wi, w; )y, (w5, w5 )y, , (tps.2 0 adu, (w;) , @32 © adu, (w;) ),
= ([psa(wi), 32(w))], [p32(wi) , 3.2(wy)] >32,3 .

As the map @3 0 ad,, is surjective and @39 0 ady, (w;) = [ps2(w;) , s2(w;)] it follows
by Proposition 4.5.1 that (@32(wi), 32(wi)),,, # 0 foralli=1,... 8.

We recall that from Definition 1.1.6 it follows that for all X € v, with (X, X) #
Oand Y € Uy: ’

(adx(Y),adx(Y)), = (X,X), (YV.Y)

Ors?

i,
hence

(Wi, wi )y, , (Wi W)y, (4.24)

= (wz2(wi), p32(w;) >u2,3 <%03,2(wj) , 903,2(wj) >u2,3 :

We obtain the following relations for w;, and wy:

sign({ sa(wi), p3p(wi) )y, ,) = —sign({es2(wi),@32(wi))y,,), for i = 2,3,4,
sign({@sa(wi), p3p(wi) )y, ) = sign({es2(wi),@32(wi))y,,): for i = 5,6,
sign({ @sa(wa) , psa(wa) )y, ,) = —sign({psa(wi),@s2(wi))y,,), fori=1,2,3,
sign({ 2aas) o) o) = sign({ gan(w) poa(w) )y, ) Tori=5.6

It implies that for i = 2,3

—sign({ wz2(wi) , 32(w;) >u2,3) = sign((ps2(w1), p32(w1) >n2,3)
—sign({p32(ws) , P32(wy) >n2,3)
sign({ @32(wi) , P32(wi) )y, ,)-

Hence (32(w;), p32(wi)),,, = 0 for i = 2,3. This contradicts

(ws2(wi), paa(wi) )y, # 0, fori=1,....8,

as the map ad,, ,(w,) is surjective.
Hence n3 5 is not isomorphic to ny 3. O
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4.5.2 Special features of the Lie algebra nj 3

We introduce an integral basis of ns 3 by B,, , = {Z1, Z2, Z3, Z4, Z5, Zs} and

33,3
B, — { wy = w, wy = Jiw, w3 = Jow, wy = Jsw, }
03,3 ws = JiJgw, wg = Jgw, wy = Jyw, wg = Jyw, J’

for J2J3J4J5w = J1J2J5J6’UJ = J1J2J3U) = w,
and  (w; , W;)o, 5 = €(4,4), (Zy,Zy). = ex(3,3).

33,3

Table 4.9: Commutation relations on ng 3

[row,col.] | w; we | Ws we | w3 | wa wy | wg
wy 0 A 0 Zg Zy Zy Zy Zs
Wa —Zl 0 —Zg 0 —Zg ZQ —Z5 Z4
ws 0 | Zs | 0 | Z1 | Z5 | Zs | Zs | Zs
We —Zg 0 -7 0 Zy | —Z5 | Zy | —Z3
w3 —Z2 23 —Z5 —Z4 0 —Zl Z6 0
Wy —Z3 —ZQ —Z4 Z5 Zl 0 0 —ZG
wy 70| Zs | —Zs| —Zs| —Zs| 0 | 0 | 4
wsg —Z5 —Z4 —Z2 Z3 0 Zg —Z1 0

Proposition 4.5.5. The linear map adx : b33 — 335 is surjective if and only if (X , X )\,33 +
0 fO?” X e 033.

Proof. We use similar arguments as in the proof of Proposition 4.5.1. The matrix My
that we calculate by using Table 4.9 is given by

X A =X A A A —As A
A3 M s =AM M A X X
M A3 =AM A8 A A A —X
A A —A A3 X A A A
—“Xs A=A M A =X —A o\
X A —A A A A A3 <N

The determinant of MxM7¥ has the form
PSP TEIDTEID Y R LD YD - i
X (()\1 — /\5)2 + ()\2 — )\6)2 + ()\4 — )\7)2 + ()\3 — )\8)2)
X (()\1 + )\5)2 =+ (/\2 + )\6)2 + (/\4 + /\7)2 + (/\3 + /\8)2).

Thus the map ady is surjective if and only if (X, X)  # 0. O

Theorem 4.5.6. There does not exist an automorphism @33 of ngs such that the re-
striction to the center <p|33‘3 s an anti-isometry.
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Proof. By repeating the arguments of the proof of Theorem 4.5.4, we obtain equa-
tion (4.24). This implies the relations

sign({@as(wi), p3s(wi) )y, ) = —sign((pss(wi), @sa(wi)),,,),  fori=2,3,4,
sign({ @aa(wi), p3s(wi) )y, ) = sign({esa(wi),@3s(wi))y,,) for i =6,7,8,
sign({ 3s(w2), p33(w2) )y, ) = —sign({wsa(wi), @33(wi))y,,), fori=1,3,4,
sign({ @s(w2) , P33(w2) )y, ) = sign({wsa(wi),@3s(wi) )y, ) for i =5,7,8.

Thus, for i = 3,4

— sign((ps3(wi) , p33(w;) >u3.3) = sign((ps3(w1), p33(w1) >n3,3)
= —sign({ss(ws), s s(ws) >n3,3)
= sign((ws3(wi), p33(wi) )y, ,)-

Hence (p33(wi),p3s(wi)),,, = 0 for i = 3,4, This contradicts to the fact that
(paa(wi), paa(wi)),,, # 0 fori=1,...,8, as the map ad,, ,(,) is surjective. Hence
there does not exist an automorphism s 3 of ng 3 such that ¢|;, . is an anti-isometry. [

Proposition 4.5.7. For the pseudo H-type algebras niy 3, n77 and ngq; there exists X
in respective v, ¢ such that ady is surjective.

Proof. We repeat the proof of Lemma 4.5.2 by replacing wy, w7 € vg3 by wy,ws €
0373‘ [l

4.6 Strongly bracket generating property

In this section we study the bracket generating property of the pseudo H-type algebras.
For that purpose we use the equivalent Definition 1.1.6 of the pseudo H-type algebras
n,. 5, which is related to the definition of the strongly bracket generating property.

Definition 4.6.1. Let n,., = 0,,®3, be a pseudo H-type algebra. We call a vector
space v, , strongly bracket generating if for any non-zero v € v, the linear map ad, =
[v,]: O, = 3., is surjective, i.e. span{o,;, [v,0,,]} = 0., for all v € v,,\{0}. We
say n this case that the pseudo H-type algebra n, s has the strongly bracket generating
property.

Let N, be the Lie group, corresponding to the pseudo H-type algebra n,, and let
‘H be the left translation of the vector space v,,. If v, is strongly bracket generating,
then the left invariant distribution H is strongly bracket generating in a sense that
span{H, [X ,H]} = TN, for any smooth non-zero section X of the distribution .

Even the strongly bracket generating property seems to be just of interest from a
geometrical point of view, it actually has a close relation to the equivalent Definition 1.1.6
of pseudo H-type algebras, which can be seen in the following subsection.
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4.6.1 An equivalent definition of pseudo H-type algebras

In this subsection we prove that the general H-type algebras [51] are equivalent to the
pseudo H-type algebras. But first we discuss the related topic of the composition of
scalar products.

Let (U, {-,)v), (V,{-,-)v) be two vector spaces with corresponding non-degenerate
quadratic forms, written as bi-linear symmetric forms, or scalar products.

Definition 4.6.2. A bilinear map p: U x V. — V is called a composition of the scalar
products (-, )y of U and (-, -}y of V if the equality

(p(u,v), plu,v))yv = (u,u)u{v,v)v (4.25)
holds for any u € U and v € V.

We assume that there is ug € U such that (ug,uq)y = 1 and p(ug,v) = v. This
can always be done by normalization procedure of quadratic forms, see [63]. Let us
denote by Z the orthogonal complement of the non-degenerate space span{ug} and by
J the restriction of p to Z, thus J: Z x V — V. The map J is skew-adjoint in the
sense that (J(Z,v),v")y = —(v, J(Z,v"))y for any Z € Z and v,v' € V. Therefore, the
map J can be used to define a Lie algebra structure on n = Z & V by (J(Z,v),v")y =
(Z,[v,v'])z. The obtained Lie algebra is a general H-type algebra, see [51, Theorem 1].
Now, rephrasing Definition 1.1.5 of a pseudo H-type algebra, we can say that a two-step
nilpotent Lie algebra is a pseudo H-type algebra if the map J defined by (1.1.4) is the
restriction to the center Z = 3 of a composition of corresponding quadratic forms for
vector spaces V = v, U = span{up} ®, Z.

Theorem 4.6.3. Definitions 1.1.5 and 1.1.6 are equivalent.

Proof. Let us prove that Definition 1.1.6 implies Definition 1.1.5. It was shown in [51,
Theorem 1] that any general H-type algebra n = (U @130, =00+, >3)
defines a composition of the quadratic form (-,-), and another quadratic form whose
restriction to 3 coincides with (-, -);. Particularly, it implies (1.2) and therefore a general
H-type algebra is a pseudo H-type algebra.

Now we assume that we are given a pseudo H-type algebra n = ( 0®1 5[] (e =
(-, )o + (-,-);) with center 3. Let us fix v € v with (v,v), = +1. We need to show that
ad,: b — 3 is a surjective (anti-)isometry. The following equation is true

(Zvadv(JZ’v»a = <Zv [/U ) JZ’UDQ = <JZU s Jz0)y = <Zle>3<(U7v>U = :l:<Z»ZI>37

for all Z, Z' € 3 by formula (1.4). We use both notation J(Z,v) and Jzv. This implies
ad,(Jzv) = £Z' for all Z' € 3 by the non-degenerate property of the scalar product
(+,4);. Since (Jzv,w), = (Z',[v,w]); = (Z',0); = 0, for all w € ker(ad,), it follows
that Jzv € B, = (ker(ad,))*. We showed that ad, is surjective.

To prove that ad, is an isometry for (v,v), = 1 and an anti-isometry for (v,v), =
—1, we exhibit that the maps ad,: ¥, — 3 and Joyv: 3 — U, are inverse and then
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equality (1.2) implies the isometry and anti-isometry properties. Let us assume that
(v,v)p, = 1. We proved that ad,: 9, — 3 is bijective, thus the image of Ji.yv belongs to
0, and ad,(J.yv) = Id;, where Id; is the identity map on 3.

We claim that the map Joyv: 3 — 2, is bijective. Indeed if we assume that Jyv is
not surjective, then there is w € 2, which is not in the image of Jiyv. Let ad,(w) =
Z € 3, then ad,(Jzv) = Z which implies w = Jzv by injectivity of ad, and leads to
contradiction.

If we now assume that Jiyv is not injective, then we find 2, 2" € 3, Z2' # 2",
such that J(Z',v) = J(Z",v). But in this case Z' = adx(Jzv) = ad,(Jzwv) = Z”
by bijectivity of ad, and we again get a contradiction. The proof for (v,v), = —1
is analogous and we conclude that ad, and Jyv are inverse maps to each other. The
equality (1.2) becomes

(Jzv, Jzv)y = (Z,Z); for (v,v), =1, and (Jzv,Jzv), = —(Z,Z), for (v,v), = —1,

which shows the (anti-)isometry property of the map Jyv: 3 — 2, and its inverse
ad,: B, — 3. O

4.6.2 Bracket generating property of pseudo H-type algebras

Theorem 4.6.4. The pseudo H-type algebras n, s withr =0 or s = 0 have the strongly
bracket generating property.

Proof. Let s = 0. This implies that (v,v),,, > 0 for all v € v, 5 with v # 0. Defini-
tion 1.1.6 yields that ad, is surjective, i.e. v, is strongly bracket generating.

Let 7 = 0. Recall that v is a neutral space, i.e. (-,-)y,, has index (I,1) and we
can identify vy with R%. This implies that there exists elements v € b, v # 0, with
(v,v);; = 0. According to Definition 1.1.6 we only need to show that ad,: v,; — s
is surjective for vectors with (v,v);; = 0, since for all other vectors the adjoint map is
surjective.

We define the orthonormal basis {wy, ... ,wy} of vy with (w; , w; >U[J.s =¢(l,1) and

fix an arbitrary v € vo with (v,v);; = 0 and v = E?lzl Asw;. We split v in the form
v=vt+v, withot = qu;:1 Aw;, v = Z?I:H»l Aw; and (v vt), = —(w 7Y, >0
and (vt ,v7);; = 0. We note that [w;,w;] =01if4,5=1,... lori,j=1+1,...,2 as

([w; ,wy], 7¢7w]-]>50,s >0, fordi,j=1,...,1, or 4,j5j=101+1,...,2L
Hence 3¢, = ady, (00,s) = ady, (span{wy, ... ,wi}) for i =1+ 1,... 2l Tt follows that
[v,span{wy, ... ,w}] = [v™,span{wi, ... ,wi}] = 30,
Hence ad, is surjective, i.e. the pseudo H-type algebras ng, = vg, ® 35, where s > 0,

have the strongly bracket generating property.
O
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Theorem 4.6.5. The pseudo H-type algebras n, ; with r,s # 0 do not have the strongly
bracket generating property.

Proof. We assume that n, ; = v, @3, ; with r, s # 0 has the strongly bracket generating
property, i.e. for all v € v,.,: [v,0,,] = 3,, and we show that it contradicts the presence
of nullvectors in the scalar product space (3750 (*+"),s)- The non-degenerate property
of the indefinite scalar-product (-,-), ; implies that for all v € 0, and for all Z € 3,
there exists vz € v, s such that ’

(fo,v),2),, #0 £ (Js(),vz),,, #0.

It follows that Jz(v) # 0 for all v € v, and for all Z € 3, , i.e. ker{Jz} = {0} for all
Z € 3,4 But there exist elements Zy € 3, , such that ( Zy, Zy >“ =0asr,s#0. This
implies that J7 = 0 which is equivalent to ker{.Jz} # {0}. This is a contradiction,
hence the pseudo H-type algebras n, s with r,s # 0 do not have the strongly bracket
generating property. |

We shortly want to degrade the widely misconception that 2-step nilpotent Lie al-
gebras are in general strongly bracket generating by giving one more counterexample
besides Theorem 4.6.5. The example is known in the community of sub-Riemannian
geometry.

Example 4.6.6. We consider the free Lie algebra F, o of step 2, i.e.
F.o=span{X;, [X;,X)] | 1<i<r, 1<k<i<r},

where X; and [ Xy, , X)) are linear independent for all1 < i <r, 1 <k <l <r. The
dimension of F.o is (g) +r.

We claim that the subbundle span{X;|1 < i < r} is not strongly bracket generating
forr >3.

We know that the rank of adx, is r — 1. It follows that if

r r(r—1) r
—-1< =—s 1< -
" (2) 2 2

then the subbundle span{X;|1 < i < r} cannot be strongly bracket generating. This
inequality is fulfilled for r > 3.

4.7 Non-isomorphism properties for pseudo H-type
groups in general position
In this section we discuss the possible extension of our results to pseudo H-type algebras,

constructed from non-minimal admissible Clifford modules. Here we need to distinguish
two essentially different situations. The first one when the irreducible module is unique
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(up to equivalence) and other one when there are two non-equivalent irreducible modules.
We introduce some new notation.

1. Let the Clifford algebras Cl, s admit only one (up to equivalence) irreducible
module and we write v, ; for the minimal admissible module, that could be a direct
sum of two irreducible modules. This situation occurs when r — s # 3 mod (4). Any
non-minimal admissible Cl, ;-module b is isomorphic (and isometric) to the direct sum
of minimal admissible modules v, 5, see [46, 64]:

0="0,() ZTB"0,5.

Here and further on we use the notation v, s(u) for the p-fold direct sum of minimal
admissible modules v, ,. Thus the argument p shows how many equivalent (in the sense
of representation theory) minimal admissible modules contains the sum. The lower
index, as previously, indicates the index of the metric of the generating space for the
Clifford algebra.

2. If r — s =3 mod (4), then the Clifford algebra Cl, s admits two non-equivalent
Clifford modules. We write v}, and v} for the minimal admissible modules. Recall,
that in this case each of the adm1551ble modules nrs? l = 1,2 is either irreducible, or
the direct sum of two equivalent irreducible modules, where the representation map is
changed appropriately [37]. We emphasize that a minimal admissible module Uf,s can not
be a direct sum of two non-equivalent irreducible modules. In this case a non-minimal
admissible Cl, ;-module v is isomorphic to

v =v,.(1,v) = (@0} ) P(@"v},)

for some positive integers p, v which show the number of equivalent and non-equivalent
minimal admissible modules contained in the admissible module v, ,(x, v). To unify the
notation we always write v, 4(u, ), where v = 0 if r — s # 3 mod (4) and v can be
different from zero in the case r — s = 3 mod (4). According to this new notation we
also write n, ,(u, v) for a pseudo H-type algebra in the case that it is isomorphic to the
direct sum v, (1, V) D 3,

Results of [46] imply that a non-minimal admissible module (v, (g, ), (-, -)o,.,(us)) Of
the Clifford algebra Cl,, is given as an orthogonal sum of n-dimensional minimal admis-
sible modules v, = (0,5, (-, -)v,.), Where each scalar product (-, )y, is the restriction
of (-, )v,..(uv) o0 the corresponding copy of the vector space v,,. To describe the Lie
bracket on n, s(u, ) we proceed as follows. Let {Zi, ..., Z,,} be an orthonormal basis of
3r5- We denote a basis of the j-term in the sum 69;-‘:1 Lo l=1,2by {v};,... v} with
structure constants (A%)%. For the sum n,. (1, v) = (&4, (0},);) B(@4_,(02,),)) 3,
we choose the basis

{vi v, Zelisp=1,... n, k=1,...;r+s, j=1,...,u q=1,... v}  (420)
The Lie bracket on n, s(p, ) with respect to this basis is given by
T+

[wh 5l1l26,qz (AL)eZy,, t=1,2. (4.27)

7/]7
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l

r,5

of Cl,.; over (vl.,); and are extended to J: 3rs X O, V) = 0, 5(, V) by

The bilinear maps J: 3, x (ol ); = (vl,);, | = 1,2 are defined by a representation

Jll 0O --- 0
="

: . 0

0 --- 0 J?

v

Then the operator J: 3,, — End(v, (s, v)) satisfies (Jzv,w Yoraua) = (Z [0, W] )5
for all Z € 3, ., v,w € v, ,(1t,v) and can be extended to the representation of Cl,, over
v, 5(1t, V). We can assume, by a change of coordinates, without loss of generality, that
Jl=...=J,and J{ = ... = J.. If a Clifford algebra Cl,, admits only one irreducible
representation, then the notation simplifies due to the absence of upper indices [;.

We start from general observations where the first one follows easily from the dimen-
sion argument.

Proposition 4.7.1. Two pseudo H-type algebras n, s(p1,0) and n, s(p2,0) forr—s #3
mod (4) are isomorphic if and only if py = po.

Theorem 4.7.2. Two pseudo H-type algebras n,. s(p1,v1) and n,.5(ps, 1) forr —s =3
mod (4) are isomorphic if and only if py = po and vy = vy or py = vy and vy = a.

Proof. In the first step we show that n,;(¢,0) and n, ;(0, i) are isomorphic for r —s = 3
mod (4). Let J': v} @3, — v, and J*: vl @3, — v}, be two non-equivalent
representations over two minimal admissible modules. Let n,5(1,0) = (0] @3, []")
and n,.,(0,1) = (07, ®3,,,[,]*) be the pseudo H-type algebras, where we used the
maps J! and J? to define the corresponding brackets by (1.1.4). We can assume that
the vector spaces v}, and v}, are isomorphic under an isomorphism A: v, — v2 . We
define a map C': 3, — 3,5 by

J'(v,C(Z)) = ATo J*(A(v), Z), forany wvev.,, ZE€j,.,, (4.28)

where (Av,u)e = (v, ATu)y1 . We claim that the map FF = A® C7: v} @3, —
v’ @3, is a Lie algebra isomorphism F': n,.(1,0) = n,,(0,1), where C" is the adjoint
map to C' with respect to the scalar product (-, ')st. Indeed, the chain of equalities

<Z ) CT([U ) w}l»ér,s = <C(Z) ) [1} ) w}1>5r75 = <‘](1}(Z)U ) w>n$,5 = <AT o J%(AU) 7w>b,1ﬂ,5
= (Ji(Av) JAwye: = (7, [Av, AwF)ér,

for any v,w € v}, Z € 3, shows that F([v,w]') = C™([v,w]') = [Av, Aw]* =
[Fv, Fw]?.

To show that the Lie algebras n, (1, v) and n, 4(v, i) are isomorphic, we choose the
map A: v}, — v2_ to be not only the isomorphism of vector spaces, but also an isom-
etry between the admissible modules. It, particularly, implies that A”™ = A~!. The
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corresponding map C': 3,, — 3, Will also be an isometry by Theorem 4.2.5. We fix
an orthonormal basis Zy,. .., Z,1 of 3, , then the set C(Zl) C(Zr+s) also forms an
orthonormal basis. We construct an integral basis v, ... v2, of o2, by using the map
J?: 3, , @0} — v and the orthonormal basis Z1, .. ., ZTJrg as it was done in [46]. Then,
by making use of the same method, we obtain the 1ntegra1 basis v, ..., v}, constructed

from the orthonormal basis C(Z),...,C(Z,1,) and the map J': 3, @vl — v, . By
the choice of the map A we get Hi:l J}?(sz) =A"1lo ( Hﬁczl J%ik) o A for any choice of or-
thonormal generators Z;,, ..., Z; in 3, .. It guarantees that there is a vector v € bi,s such
that (v,v)e = (Av, Av)yz and Hﬁc:l Jé(sz)v = v implies szl J§1k (Av) = Av. The
method of the construction of the integral basis in [46] implies that v}; = Avj;. Hence the
structural constants with respect to the basis {v},... ,v2, Zl, ...y Zrys} are identical

to the structural constants with respect to the basis {viy, ... ,vi,, C(Zl) yC(Zrys) }
More precise, if we write (A%)} = (AF)? = Al in the notation (4.27), then

r+s r+s

vl s 1) Z Ak C and [v, p1 Z Ak A

We can find the exact form of the map C: 3., — 3,,. Let Z = {Z,...,Z,,,} be an

orthonormal basis for 3, .. Then the volume elements have different actions on their
modules, namely wl(Z) =II51 74, =1d on v, and w*(Z) = [[;1] J2, = —1Id on v,

see [64]. Let A: v}, — 02, be an isometry and C': 3, , — 3,4 be the mapping induced
by (4.28). Then

r+s r+5s

) =]]Jomp=A"o]] /3 0dv=A"?(2)Av = A} (—Av) = —
k=1

for v € v} . Since for r —s =3 mod (4) we have r + s = 2(s + 2k + 1) + 1, k € Z, we
conclude that r + s is an odd number. Then from

r+s r+s r+s
H ']ZA =w! - Id"l = —wl(C(Z)) == H Jé(Zk) = H JEC(Zk)
k=1 k=1
we can assume that the map C': 3, — 3, maps the basis Z = {Z),...,Z,,,} to the
basis —Z ={—-21,...,—Z,.s}. We write
{v} Vs Vi 2 Zi=1,...n, j=1,...,u q=1,...,v, k=1,...,r+s}

for an mtegral basis of n,4(p, ) where U is the i-th coordinate in the j’s copy of the
module v, and v}, is the i-th coordinate i 1n the ¢’s copy of the n-dimensional admissible
module v . Analogously,

{w7 g Zeli=1,..n, q=1,...,n, j=1...,v, k=1,...,r+s}
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is an integral basis of n, 4(v, pt). Recall that in both Lie algeblas 1,5 (p, v) and n, 4(v, 1)
the following relations hold: [vi vl ] = [vt v ] = [ ,v2] = 0 for j # q and for any

7]’ rq 1) 7pr iy P(I
i,p, . Moreover

r+s T+s

[Ull] ’ U;] = 11 ’ pl - ZAlka’ [UZQJ 7vp]] 71 ’ pl] = Z Ak Zk (429)

for the above chosen C': 3, — 3,,. The bijective linear map f: n,(p,v) — n, (v, 1)
defined by

1 2 1 -

véj — vilj A(liw),2 for j=1,...,u,

A (v3,)5 for p=1,... v,

Z —Zk, for k:L , T+ s,
and i,p =1,...,n induces a Lie algebra homomorphism. Indeed, by (4.29)

r+s r+s
f([v}jvv;j]) = ([Ulv p1 ZAk Zi) = ZA
r+s

ZAk Zy = w ) w} = [A(vilj) 7A(v11;j)] = [f(vzlj) ) f(vgl)j)L

and, analogously,

r+s r+58

f([”?j v”;%jD = f([ Uit s pl] ZAk Zy) = Z AZ)f(Zk)

r4+s

= - ZAk Zk zg ’ p]] = [Ail(vgj) 7A71(U1?j)} = [f(rUl?])Mf(U]?])}

To show the reverse statement we assume that Lie algebras n, (1, v1) and n, 5 (po, v2)
are isomorphic for some j1; > o and g3 > . Then there are bijective maps A : n}”’s —
o}, and Ay : o), — v} of minimal dimensional modules where the map Ay, induces
C by (4.28) dnd C induces Ay; by (4.2). Then we obtain J§,, = Af, 0 J; 0 Ay =
AT, o Jy o Ay, that contradicts to the assumption that modules v}, and v?, are non

equivalent. O

4.7.1 Open problems on classification of H-type algebras n, ,(y, v).

The problem of the isomorphism of the pseudo H-type algebras n, 4(p, v) with different
signatures (r, ) turns out to be not so simple. Increasing the dimension of admissible
modules allows more freedom for action of the representation maps and some isomorphic
Lie algebras can appear. For instance, it is possible to show, in the above notation, that
the Lie algebras no; and ny 2(1, 1) are isomorphic, but the Lie algebras ny; and ny »(2, 0)
are not isomorphic. Thus we leave the full description of classification of pseudo H-type
algebras for forthcoming papers.
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4.7.2 Bracket generating properties

Theorem 4.7.3. The pseudo H-type algebras n, s(u,v) possesses the strongly bracket
generating property if only if r =0 or s = 0.

Proof. First we prove that n,o(u, ) is strongly bracket generating, i.e. [w,v,0(p, V)] =
3,0 forallw € n.o(p, v), w # 0. We recall that v, o(u, v) = S, (v} ();®4_, (07,);. Recall
that n, o has the strongly bracket generating property for any r € N by Theorem 4.6.4.
Thus, we obtain that [v, (vl,);] = 3,0 for all v € (vLg); \ {0}, 1=1,2,7=1,... . p+v.
Let w € v,0(p,v), w # 0. There is an index j € {1,...,u + v} such that the
orthogonal projection of w to (Ui,o)j =:0, [ =1 or [ = 2 is not vanishing. We obtain

57’,0 ) [w ’ UT,O(H” V)] ) [w ’ U] = 37“,0 .

Hence [w, 0,0(pt, V)] = 3,0, 1.e. npo(u, V) is strongly bracket generating.

The proof for ng, (1, v) follows analogously.

We consider the case r, s # 0 and recall that n, ; does not have the strongly bracket
generating property by Theorem 4.6.5, i.e. there is v € v, , \{0} such that [v, v,,] C 3,
Then tt t =0 ®0®--- D0 € v,0(y,v) satisfies [w, v, =[v, (0! )4] C

en the vector w :=v® 0@ \ © 0 € v,0(p,v) satisties [w,v,0(u, )] = [v, (0, )1] ©

p+vr—1 times
3.5 - Hence n,.o(pe, ) do not have the strongly bracket generating property. O

4.8 Appendix

In the tables we indicate by [r, ¢] that the commutators are calculated as [row , column).

Table 4.10: Commutation relations on ngg

[r,d] uy ug u3 g us g uy us wg | wio | w11 w1z [ w1z [ via u1s ule
ug 0 0 0 0 0 0 0 0 Z1 2 Zs Za Zs Zs Z7 Zs
uy 0 0 0 0 0 0 0 0 Zs | =21 | —Z4 | Z3 —Zs Zs —Zs | 21
u3 0 0 0 0 0 0 0 0 Zs Za —7Z, | —Z3 Zs Z7 | — %6 | —Z5
Uy 0 0 0 0 0 0 0 0 Z4 | —Z3 Zs —Z, Z7 “Zs | —Zs | Zs
us 0 0 0 0 0 0 0 0 Zs Zs “Zs | —Z7 | —Z1 | —Z» Za Zs
ug 0 0 0 0 0 0 0 0 Zs | —2 —Z7 | Zs Za —Z Zs —Za1
uy 0 0 0 0 0 0 0 0 Z7 Zs Zs Zs —Z4 | —Z3 | 21 | —2»
ug 0 0 0 0 0 0 0 0 Zs | %71 | Zs —Zs | —Z3 Za Zs —Z)
ug 71 | —Z3 | —Zs | —Za | %5 | —Zs | —%7 | —~Zs | O 0 0 0 0 0 0 0
w0 | —Zs Z1 —Z4 Zs “Zs | Zs —Zs Z7 0 0 0 0 0 0
w1 | —Zs | Za 7 —Z3 Zs Z7 —Zo | 2, 0 0 0 0 0 0 0 0
w2 | —Z4 | —Z3 Zs 71 Z7 | —2Zs | -2, Zs [ 0 0 0 0 [ 0 0
wiz | —Zs Zs —Zs | 21 | % —Z» Za Z3 0 0 0 0 0 0 0 0
wia | —Z6 | —Z5 | —Z7 | Zs Zs 7 Zs —Zs | © 0 0 0 0 0 0 0
wis | —Z7 | Zs Zs Zs —Z1 | —Z3 Z) —Zy | © 0 0 0 0 0 0 0
wie | —Zs | —Z7 Z “Zs | —Z3 | Za Z Z1 0 0 0 0 0 0 0 0
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Table 4.11: Commutation relations on ngg

[r,c] vy vo v3 vy vs g vy vg vg v10 v11 v12 v13 V14 v15 v16
V1 0 0 0 0 0 0 0 0 7 Zy Z3 Z4 Zs Zg Zr Zg
vg 0 0 0 0 0 0 0 0 —Z4 Z1 Zy —Z3 Zg —Z5 Zg —Z7
v3 0 0 0 0 0 0 0 0 —Z3 | —Za Z1 Za —Zs | —Z7 Ze Zs
vy 0 0 0 0 0 0 0 0 —Z4 Z3 —Zy 7 —Z7 7y 75 —Zg
U5 0 0 0 0 0 0 0 0 —Zs5 —Zg Zg Z7 Zy Zo —Z4 —Z3
ve 0 0 0 0 0 0 0 0 —Zs Zs Z7 —Zs | —Z> Z1 —Zs3 Za
v 0 0 0 0 0 0 0 0 —Z7 | —Zs | —Z¢ | —Zs Z4 Z3 71 7
vg 0 0 0 0 0 0 0 0 —Zg Z7 —Zs Zg Z3 —Zy —Z> Z1
vg — 7 Zg Z3 Z4 Zs Zs Z7 Zg 0 0 0 0 0 0 0 0
v10 —Zg — 7 Zy —Z3 Zg —Zs Zg —Z7 0 0 0 0 0 0 0 0
11 —Z3 | —Z4 | —21 Zo —Zs | -2+ Ze Zs 0 0 0 0 0 0 0 0
V1o —Z4 Z3 —Zy — 7 —Z7 Zg Zs —Zg 0 0 0 0 0 0 0 0
v13 —Zs —Zg Zg Z7 -7y Zo —Zy —Z3 0 0 0 0 0 0 0 0
14 —Zg Zs Z7 —7g | —Z2 | —21 —Z3 Z4 0 0 0 0 0 0 0 0
15 —Z7; | —Zs | —Zs | —Z5 Z4 Z3 —Z 7 0 0 0 0 0 0 0 0
vi6 —Zg Z7 —Zs Zs Z3 —Z4 —Zs —Z1 0 0 0 0 0 [ 0 0
Table 4.12: Commutation relations on ny 4
[Tac] Y1 Y6 Y7 ys Y13 Y14 Y15 Y16 Y2 Y3 Ya Ys Y9 Y10 Y11 Y12
Y1 0 0 0 0 0 0 0 0 A 7 73 Z4 Zs Zs Z7 Zs
V6 0 0 0 0 0 0 0 0 Zy | —Zy | —Z4 Z3 Zg —Zs Zg —Z7
Y7 0 0 0 0 0 0 0 0 Z3 Za —Z1 —Zo Zg Z7 —Zg —Zs5
ys 0 0 0 0 0 0 0 0 Zs | —Z3 Za —Z1 | — 27 Zs Zs —Zs
Y13 0 0 0 0 0 0 0 0 Zs | —Z¢ | —Zs Z7 71 —Zy Z4 —Z3
Y14 0 0 0 0 0 0 0 0 Z6 75 —Z7; | —Zs Zy 71 —Z3 | —Z4
Y15 0 0 0 0 0 0 0 0 Z7 —Zs Zg —Z5 —Z4 Z3 Zy —Z3
Y16 0 0 0 0 0 0 0 0 Zs Z7 Z5 Ze 73 74 2 71
Y2 —Z —Zs —Z3 —Za —Zs —Zs —Z7 —Zs 0 0 0 0 0 0 0 0
Y3 —Zs 71 —Z4 Z3 Zs —Zs5 Zg —Z7 0 0 0 0 0 0 0 0
Y4 —Z3 Zy Z1 —Zs Zg Z7 —Zs —Zs 0 0 0 0 0 0 0 0
Us —Z4 | —Z3 Zs 71 —Z7 Zs 75 —Zg 0 0 0 0 0 0 0 0
Y9 —Zs —Zg —Zg Z7 —Z —Zo Z4 —Z3 0 0 0 0 0 0 0 0
Y10 —Ze Zs —Z7 —Zs Za —Z —Z3 —Z4 0 0 0 0 0 0 0 0
Y11 —Z7 | —Zs Zg —Zs —Z4 Z3 —Z1 —Zs 0 0 0 0 0 0 0 0
Y12 —Zg Z7 Zs Zg Z3 Zy4 Zo —7Z 0 0 0 0 0 0 0 0
Table 4.13: Permutations of the basis of ngo by J;

JZ'U]' Jl JQ J3 J4 J5 Jﬁ J7 Jg

Uy Ug U10 U1 U12 U13 U4 U1s U6

Uz —U10 Ug U12 —U11 U14 —U1z | Ue —U1s

Uz —Uil | —U12 Ug U10 —Uie | —Uis U4 U13

Uy —Ui2 U1 —Uio Ug —Uis U6 U13 —Uiy4

Us —U13 | —Ui4 | Uie U1s Ug Uu10 —Ui2 | —Un1

Ug —Ui4 | U3 U1s —Uie | —U1i0 Ug —U1n U12

Uz —Uis | —Uie | —U14 | —UI3 U2 U1l Ug U10

ug —Uie U1s —U13 U4 U1 —Ui2 | —Uio Ug

Ug —U7 —Ug —Us —Uyq —Us —Ug —Uy —Uus

U10 Uz —U Uy —us Ug —Us Uug —ur

U1 Uus —Uy —Uy U2 —ug —ur Ug Us

U12 Uy Uug —U2 —Uy —ur Uug Us —Ug

U3 Us —Ug Uug u7 —Uy U2 —Uy | —U3

U4 Ug Us Uy —Uusg —U3 —Uy —Us Uy

Uis Uz —ug | —Us | —Us Uy Uug —Uy U2

Uie Uug ur —Us Ug Uus —Uy | —U2 —Uy
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Chapter 5

Pseudo-metric 2-step nilpotent Lie
algebras

5.1 Introduction

The 2-step nilpotent Lie algebras and its diffeomorphic equivalent the 2-step nilpotent
Lie group are of general interest in the area of sub-Riemannian geometry. Eberlein
introduced and studied an isomorphic standard metric form R™ & W with W C so(m)
for these particular interesting Lie groups [41, 42]. Furthermore, he showed the existence
of lattices in simply connected, 2-step nilpotent Lie groups N that arise from Lie triple
systems with compact center in so(n). These results are closely related to Clifford
algebras and modules. In particular, finite dimensional Clifford modules imply subspaces
of so(m,R) which are in the compact center of Lie triple systems. The center of the Lie
triple system is trivial for representations of Clifford algebras or semisimple Lie groups.

In the present chapter we concentrate in Section 5.2 on pseudo-metric 2-step nilpo-
tent Lie algebras, i.e. we prove that any 2-step nilpotent Lie algebra can be identified
with a standard pseudo-metric Lie algebra RP? @ W with W C so(p, ¢), which arises
from a non-positive definite metric on RP?. Furthermore, we study these results fur-
ther to accomplish a deeper understanding of the newly constructed algebras and the
problems in indefinite spaces. The main results are illustrated on the example of pseudo
H-type algebras, which are induced by Clifford algebras, representations and modules.
In Section 5.3, we prove that all indefinite free algebras Fy(p, q) with p + ¢ = m are iso-
morphic. Furthermore, we combine the theory of the in Section 5.2 introduced standard
pseudo-metric Lie algebras with indefinite free algebras. Additionally, we introduce Lie
triple systems and study them in detail closely related to pseudo H-type algebras in the
space s50(l, ). For further interest are the Lie algebras constructed by Lie triple systems,
which are a topic in the end of this chapter.

This chapter is the result of a productive cooperation between Prof. Furutani, Prof.
Vasiliev, Prof. Markina and me and is planned to be published as a paper.



82 Pseudo-metric 2-step nilpotent Lie algebras

5.2 Pseudo-metric on 2-step nilpotent Lie algebras

In this section we continue to develop the approach proposed in Subsection 1.1.2; i.e. any
two step nilpotent Lie algebra is isomorphic to a standard metric Lie algebra R™ & W,
with W C so(m). The choice of the Euclidean product in R™ is very natural, but it
is also possible to choose a metric of arbitrary index (p,q), p + g = m, as for example
(V Whpg =20 ViW, — EfigH V;W;. It leads to a change of the structural space C €
s0(m) to the space D C so(p, q) and the positive definite metrics to indefinite metrics.
The main motivation is that the pseudo H-type algebras, introduced in Subsection 1.1.3
are much more natural to consider as standard pseudo-metric Lie algebras with indefinite
metric than with positive definite metric. We also aim to show that any 2-step nilpotent
Lie algebra is isomorphic to some standard pseudo-metric Lie algebra with an indefinite
metric.

5.2.1 Pseudo-orthogonal groups

We start by recalling the structure of the pseudo-orthogonal group and its Lie algebra.
We use the notation 7, , = diag({,, —1,) for the diagonal (m x m)-matrix, m = p + g,
having the first p entries on the main diagonal 1 and the last ¢ equal to —1. Further
we continue to use I, to denote the (p X p) unit matrix. Let (-,-),, be a scalar product
in R™, defined by the matrix 1,4, i.e. (T,¥)pq = 2,4y for z,y € R™, where z* is the
transpose vector of z. We use the following notation established in Subsection 1.1.3

1, if 1<i<
a=alpg=4" " "='=P (5.1)
-1, if p+1<i<p+qg=m,

to indicate the sign in the scalar product of the vectors from an orthonormal basis for
RP4. A vector x € RPY is called

o spacelike if (z,z),, >0 or z =0,
o timelike if (z,x),, <0,
o nullif v # 0 and (z,z),, =0.
We denote by O(p, ¢) the pseudo-orthogonal group
O(p.q) = {X € GL(m)| X*npo X =4},

where Xt is the matrix transposed to X. The pseudo-orthogonal group preserves the
scalar product (-, -),, in the following sense

(X, Xy)pg = ftthp,qu = xtnpvqy = (T, Y)pg-

The inverse of X is given by X! =1, ,X*n,,. For any matrix A define the matrix A"
by Ama :=mn, Ay, ,. Thus, if X € O(p,q), then XX = X X" = [,
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If we replace n,, by any symmetric matrix 7 with p positive and ¢ negative eigen-
values, then we get a group isomorphic to O(p, ¢). Diagonalizing the matrix 7 gives a
conjugation of this group with the standard group O(p, q). It follows from the definition
that all matrices in O(p, ¢) have determinant equal to 1. A matrix X € O(p, ¢q) can be
written in block form as

¥ {XS B }

C | Xr

where Xg and X are invertible (p x p) and (¢ x ¢) matrices, respectively. An element
X € O(p,q) preserves (reverses) time orientation provided that det(Xr) > 0 (< 0),
and preserves (reverses) space orientation provided that det(Xg) > 0 (< 0). O(p,q)
can then be split into four disjoint sets O " (p,q), O~ (p,q), O~ (p,q), and O~ (p, q),
indexed by the signs of the determinants of Xg and Xp, in this order. The following
three disconnected subgroups of O(p, ¢) define the orientation on RP:

O™ (p,) VO™ (p,q), O (p.x) UO™ (p,q), O™ (p,x) UO"(p,q). (5.2)

According to [75, p. 237], we call the first group orientation preserving, the second one
space-orientation preserving and the last one time-orientation preserving. The connected
component O**(p, q) contains the identity, preserves time orientation, space orientation,
and the orientation of R??. The component O (p, ¢) is, in some sense, an analogue of
the special orthogonal subgroup SO(m) of the orthogonal group O(m) and therefore we
use the notation SO(p,q) = Ot (p,q). The group O(p, ¢) is not compact, but contains
the compact subgroups O(p) and O(g) acting on the subspaces on which the scalar
product (-, -),, is sign definite. In fact, O(p) x O(g) is a maximal compact subgroup of
O(p, q), while S(O(p) x O(q)) is a maximal compact subgroup of O™ (p, ) UO™ " (p, q).
Likewise, SO(p) x SO(q) is a maximal compact subgroup of the component SO(p, q).
Thus up to homotopy, the spaces S(O(p) x O(g)) and SO(p) x SO(q) are products of
(special) orthogonal groups, from which algebra-topological invariants can be computed.

The Lie algebra of O(p, q) and thus of SO(p, ¢), equipped with the Lie bracket defined
by the commutator [A,B] = AB — BA, is the set

s0(p, q) = {A € gl(m)] n, A, = —A}.

Thus, an element X € so(p, q) satisfies X™¢ = —X and one has XX = X X9 =
—X?. In general for an arbitrary A € gl(m) the following is true: (A"«<)%« = A and
(AB)WW = Br.a A,

The Lie algebra so(p, ¢) can be equipped with the scalar product (-, - )50(”’[1) defined
by (X, Y )so(pq = tr (X"2Y) = —tr(XY). The scalar product is positive definite only
for ¢ = 0. Analogously to the causal structure in R”?, we say that a non-zero element
X € so(p,q) is timelike if <X7X>50(p¢q) < 0, it is spacelike if <X,X)5O(p7q) > 0 and it
is null if (X, &), ., = 0. The zero element is declared to be spacelike. Matrices in
s0(p, q) can be written as

X:<Zf ;) a, € 50(p), a, €s0(q), be RV,
q
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So, for X € so(p, q) one has
(X, X ) opq) = tE(XP0X) = —tr(X?) = —tr(a) + aZ) — 2tr(bbY).

As we see, the first term involving the skew-symmetric matrices a, and a, is always
positive and represents the spacelike part. The matrix b is responsible for the timelike
character of elements of the Lie algebra. The metric defined by the trace has index
(w,pq) as one can see from the dimensions of so(p) and so(q).

Notice that if X € s0(p,q) and 2,y € R™, p+ ¢ = m, then

(X2, Y)pg = xtthp,qy = *xtnp,q‘)(y = (7, XY)pq-

Thus matrices from so(p,q) are skew-symmetric with respect to the scalar product
(- )pa-

At the end of the section we consider a generalization of the above constructions.
Let (V,{-,-)v) be a scalar product vector space. We denote by o(V,(-,-)y) or shortly
o(V) the subspace of the space End(V') of linear maps A: V' — V such that

(Av,w)yy = —(v, Aw)y. (5.3)

We call o(V) the space of skew-symmetric (with respect to {-,-)y) maps and note that it
coincides with so(p, ¢) when V- =RP? and (-,-)y = (-, )4 In general, it can be shown
that o(V) for any m-dimensional scalar product space (V, (-, -)y) with a scalar product
of index (p, q), p + ¢ = m, is isomorphic to the space so0(p,q). We can endow the space
o(V) by the following scalar product

(A, Bo(v) = — tr(AB).

(p(pfl);q(qfl) 7pq)

One can prove that the index of (-, )oqvy is by the isomorphism prop-

erty with so(p, q).

5.2.2 Lie product and compatible scalar product

In Subsection 1.1.5 the relation between skew-symmetric representations of Clifford al-
gebras and some class of 2-step nilpotent Lie algebras, namely, pseudo H-type algebras
was described. This relation is actually more general and can be given for arbitrary
skew-symmetric maps and 2-step nilpotent Lie algebras endowed with some scalar prod-
uct.

From Lie algebras to skew-symmetric maps. Let (g,[-,],{(-,-)g) be a 2-step Lie al-
gebra with center U and a scalar product (-,-), on g. We write g = V @&, U where
the decomposition is orthogonal with respect to (-,-); and assume that the restriction
(-,)v of (-,)g on V is non-degenerate. This leads to the non-degeneracy of the space
U with respect to the restriction (-, )y of (-, )y on U. As it was mentioned before, the
Lie product on g together with every z € U defines a map J,: V — V by

(Jov,w)yy = {z,[v,w))y foral v,welV. (5.4)
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It is clear that .J, satisfies (5.3) and is linear with respect to both variables: z € U and
v € V. Therefore, we conclude that a scalar product and a Lie product together define
a linear skew-symmetric map J: U — o(V).

From skew-symmetric maps to Lie algebras. Let (V,(-,-)y) and (U, (-,-)v) be two
scalar product spaces and J: U — o(V). Then the sum g = V @ U is orthogonal with
respect to the non-degenerate scalar product (-,-)y = (-,-)y + (-, )y and we are able
to define the Lie bracket for g by making use of (5.4). Then g = (V@ U, [-,], (-, ")q)
becomes a Lie algebra endowed with a non-degenerate scalar product, where U belongs
to the center.

The discussions above rise the following question. Given two finite dimensional vector
spaces U and V and a linear map J: U — End(V'). When can one find a scalar product
on (-, )y such that J, satisfies (5.3) for all z € U, i.e. J: U — o(V)? If such a scalar
product (-, )y exists, we call it W-invariant, where W = J(U) C o(V) C End(V). If
moreover, a non-degenerate scalar product (-, )y on U is given, then the decomposition
V @ U is orthogonal with respect to (-,-}g = (-, -)v + (-, -)v and we are able to define a
Lie algebra structure on V @ U by means of (5.4) as was described above.

5.2.3 Uniqueness properties

In this subsection we study the uniqueness of the choice of an invariant scalar product.
We start from a simple proposition.

Proposition 5.2.1. Let (V,{-,-)v) and (U, (-, -)v) be scalar product spaces and J: U —
o(V). The multiplication of both scalar products (-, -}y and (-, -)y by a non-zero number
¢ does not change the brackets defined by (Jv,w)y = (z,[v,w])y for allv,w € V and
allz e U.

Proof. We observe that the defining relation of the brackets is equivalent to original one
given by (5.4):

c{Lv,wy =clz, v, w))y < (Lo, wy={(z,v,u)u.
[

Lemma 5.2.2. Let V and U be finite dimensional vector spaces and (-,-)y a non-
degenerate scalar product on U. Let (-, )i, and (-, )%, be two W -invariant scalar products
for a map J: U — End(V), W = J(U). Suppose that the scalar products (-,-)i, and
(-,)% have equal index and that the sets of spacelike (timelike and correspondingly null)
vectors coincide. Assume that [-,-]' and [-,-]* are Lie products defined by (5.4) with
respect to scalar products (-,-}, and (-,-)3 on g = V &, U. Then the Lie algebras
(g,[,]") and (g,[,"]*) are isomorphic.

Proof. We define the linear map S: V — V by

(v, w)} = (Sv,w)i. (5.

t
t
=



86 Pseudo-metric 2-step nilpotent Lie algebras

We claim that S is injective. We prove by contradiction and assume that there exists
v €V, v =#0, such that Sv = 0. Then we get that (v,w)? =0 by (5.5) for any w € V,
which implies that v = 0 by the non-degeneracy of the scalar product, that contradicts
the assumption. Hence S is injective.

The map S is symmetric with respect to both scalar products. Indeed

<SU,UJ>%/ = <U>w>%/ = <wvv>%/ = (Swm)%,, (5'6)
(Sv,w)} = (w, Sv)} = (Sw, Sv)}, = (Sv, Sw)}, = (v, Sw)?.

We claim that S has only positive eigenvalues. First we note that since S is injective,
it has only non-zero eigenvalues. Assume Su = Au. We have to distinguish the two cases
(w,u)l, #0,i=1,2, and (u,u)i, =0,i=1,2.

First let (u,u)i # 0, i = 1,2, then

Mu,u)y = (Su,uhy = (u, u)i.

Since (u,u)i, and (u,u)? always have the same sign by the assumptions of the lemma,
we conclude A\ > 0.

If (w,u)l, =0, i = 1,2, then we change the arguments. Let {ei,...,e,,} be an
orthonormal basis with respect to (-,-)i,, that always exists since the scalar product is
non-degenerate. Choose one basis vector e, such that (e;,u)i, # 0. Such a vector ey,
exists, since otherwise u would be the zero vector which contradicts the requirement
that u is an eigenvector. Then (cex — u, cex, —u)i, = 0 for ¢ = 2(ey,, ex)i (ex , u),. Write
v = cey, then (v —u,v —u)i, = 0 for i=1,2. This implies

0=(v—u,v—u) = (v,0), —2(v,u),

and we conclude that non-vanishing values (v, u)i, have the same sign in both vector
spaces. Thus
/\<u ) U>\1/ = (Suvﬂf = <U7U>%/
leads to the conclusion that A > 0.
The map S commutes with J, for any z € U by

(L.Sv,w)y, = —(Sv, Lw)y, = —(v, Lw)i = (Lv,w)} = (SLv,w)j. (5.7)
Let V4,...,Vxn be eigenspaces of the map S corresponding to different eigenvalues,
which we denote by A2,...,A%. Then the vector spaces Vi, ..., Vy are mutually orthog-

onal with respect to both scalar products since the map S is symmetric with respect
to both scalar products. We write V 5 v = Zg:ﬂ’k and V 5w = fo:l wy, where
vk, Wg € Vi, k=1,... , N. We claim that

[vp,v;]' =0 for vy eV, v;€V;, k#j i=12

First we observe that the subspaces Vi, k = 1,..., N are invariant under J, for any
z € U since SJ, = J,S. We calculate

<Z’[vkvvj]i>U = <‘]kavvj>§/ = <U;€ 7Uj>l‘./ =0, =12, vl,c € Vi
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for any z € U. The scalar product (+,-)v is non-degenerate and we conclude that
[vg, 0] = 0.

We are ready to define the Lie algebra isomorphism (V & U, [-,-]?) — (V& U, [, ).
Set p: VoU—=VeoU:

Ny, k=1,...,N,
) dy.

It is left to prove that ¢ ([v,w]?) = [p(v), p(w)]'. We obtain from one side

<Z ) 90([/” ) w}2)>U = <Z ) [U,’LU]2>U = Z(Z, [Uk ) wk}2>U = Z<szk ) wk>%/

I
(1=
>~
ESl N
N

<

ol

S

=

T

since (-, )}, = AZ(-, )1, . From the other side

N N
(z, [p(v), Z)x o, wi]t Z)\ (T, Wit
k=1

k=1

that finishes the proof. O

2-step nilpotent Lie algebras with trivial abelian factor

The map J: U — o(V) is not necessarily injective. Nevertheless, if it is so, the cor-
responding 2-step nilpotent Lie algebra has convenient properties. Let g be a 2-step
nilpotent Lie algebra, then in general the commutative ideal [g, g] and the center 3 of
the Lie algebra g are related by [g,g] € 3. The case [g,g] = 3 corresponds to the
injective map J: 3 — o(V). We recall some results for arbitrary 2-step nilpotent Lie
algebras in this direction.

Proposition 5.2.3. [42] Let g be a 2-step nilpotent Lie algebra with center 3. Then
there is an ideal g* and an abelian ideal a of g with a C 3 such that

1. g=g'®aand3=I[g,g ®a;

2. g* is a 2-step nilpotent Lie algebra such that [g,g] = [g*, g%] = 3*, where 3* is the
center of g*;

3. The ideals g* and a are uniquely defined up to isomorphism by item 1.

4. If g has a basis B with rational structure constants, then g* has a basis B* with
integer structure constants.
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The factor a in Proposition 5.2.3 is called the abelian factor. The proposition has
the following useful corollary.

Corollary 5.2.4. Let g be a 2-step nilpotent Lie algebra with center 3. Then g has a
trivial abelian factor if and only if [g,g] = 3.

Lemma 5.2.5. Let (g, [, ], (-,)g) be a 2-step nilpotent Lie algebra with center 3 and
a scalar product (-, )y such that its restrictions to 3 and [g, g] are non degenerate. Let
V = 3+ and J: 3 — o(V) be the linear map defined by (5.4). Then the following
statements are equivalent:

1. The commutative ideal [g,g] has co-dimension d > 0 in 3;
2. The kernel of J has dimension d.

Proof. We write 3 = [g,g]® [g,9g)*. Then (J,v,w)y = (2, [v,w])3 and non-degeneracy
of scalar products imply that J, = 0 if and only if 2 € [g, g]*, that proves the equivalence
of items 1 and 2. O

Lemma 5.2.5 directly implies the following corollary.

Corollary 5.2.6. Let g be a 2-step nilpotent Lie algebra with center 3. Then the fol-
lowing statements are equivalent.

1. The Lie algebra g has a trivial abelian factor.

2. If there is a non-degenerate scalar product on g such that the restriction to 3 is
non-degenerate, then the linear map J: 3 — o(V) for V. = 3+ defined by (5.4) is
injective.

5.2.4 Examples

Now we give several examples of skew-symmetric maps and the Lie algebras related to
them.

Example 5.2.7. Consider R, p + ¢ = m with the metric (z,y)p, = x*n,qy. Let
W be a non-zero subspace of so(p,q). The inclusion map : W — so(p,q) defines a
skew-symmetric map in the following sense: if z € W and 1, = 1(z) = Z € s0(p,q) then

(L2,y),, = (Z2,y),, = — (2, 2y),, = —(T,0:9),,-

If the restriction of the metric, which is defined by the trace, from so(p,q) to W is non-
degenerate, then we can define a Lie algebra structure on RP? @ W. If W = so(p, q),
then the constructed Lie algebra on RP? @ so(p, q) is a free 2-step nilpotent Lie algebra,
which we denote by Fy(p,q). Thus Fy(p,q) = RP? @ so(p, q), where the commutator on
RP1 4s defined by

t

1
(W, V] Fypg) = —= (W0* — v, (5.8)
2
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For the standard basis {e;} of RP® we get [e;,e;]p,p.q) = —5(Eij — Eji)pq, where Ey;
denote the (m x m) matriz with zero entries except of 1 at the position ij. Since Fy(p,q)
is a 2-step nilpotent Lie algebra, s0(p,q) forms the center. Particularly, if ¢ = 0 we get

the free Lie algebra Fy(m) studied in [{2].
The next example is closely related to Subsection 1.1.5.

Example 5.2.8. Let g be a pseudo H-type algebra. Then the linear map defined by (5.4)
is skew-symmetric and defines the representation of a Clifford algebra. Conversely, given
a representation J: CUHU, (-, )y) — V that is also skew-symmetric with respect to a
scalar product on V, we can construct a 2-step nilpotent Lie algebra that is a general
H-type algebra. All details are described in Subsection 1.1.5.

5.2.5 Standard pseudo-metric 2-step nilpotent Lie algebras

We describe the construction of 2-step nilpotent Lie algebras with some standard choice
of metrics.

Let (V,{-,-)v) be an m-dimensional scalar product vector space and o(V) a space
of skew-symmetric maps with respect to (-,-)y. Equip the space o(V) with the metric
(z,2")ov) = —tr(22'), z € o(V). Observe that if the scalar product (-,-)y has index
(p.9), p + ¢ = m, then the scalar product (-, ), has index (%,pq). Since
the Lie algebra o(V') is simple, then any symmetric bi-linear form is a multiple of the
Killing form.

Let W be an n-dimensional subspace of o(V') such that the restriction of (-, ), to
W is non-degenerate. Let G =V @ W and (-,-)g = (-,-)v + (-, )ov). The direct sum
G =V @ W is orthogonal with respect to (-,-)g. Let [-,-]g be the Lie product on G
defined as follows. If v,w € V| then [v,w]g is the unique element of W such that

([v,wlg, 2)ovy = (2(v) , W)y (5.9)
for every z € W.

Definition 5.2.9. We call the Lie algebra G constructed above standard pseudo-metric
2-step nilpotent Lie algebra and write G = (V &, W, [-,-]g, (-, )g)-

IV =RP and (-, )y = (-, )p, is the scalar product defined by the matrix 7, , =
diag(I,, —I,), then we write so(p, ¢) for skew-symmetric maps and the standard pseudo-
metric 2-step nilpotent Lie algebrais G = (RP9&, W, [-, ], (-, )g) with (-, -)g = (-, )pq+
(s solp.a)-

We also say that the standard pseudo-metric 2-step nilpotent Lie algebra is involutive,
if W is a subalgebra in o(V, (-, )v). It is easy to see that [G,G] = W and W = 3 is the
center of G if and only if for any v # 0, v € V there is z € W such that z(v) # 0.

Example 5.2.10. Free standard pseudo-metric Lie algebra. Let us equip the 2-step free
Lie algebra Fy(p, q) = RP1@s0(p, q) with the scalar product (-, ) = (-, )y + ()
Then

j 2

([w, U}Fz(ntl) 4 >so(p,q) =(Zw,v >p,q
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for all w,v € RP? and all Z € so(p, q), where the Lie brackets are introduced in (5.8).

First we caleulate ( Zw ,v ), , and receive

(Zw,v), = wZn, 0= —w'n,,Zv = —tr(w'n,,Zv) = —tr(vw'n,,2),

pq

where tr(w*Zn, v) = wZn, v as wtZn, v € R and we used Z'n,, = —n,,7Z for all
Z € s0(p,q). Moreover, since Z € so(p,q) we also get

(Zw,v >p,q =—(w,2Zv >p_’q = tr(wvtnp,qZ).
With these relations we calculate ([w,v], Z )y, and obtain the desired equality
([w, ] 7Z>50(m> = —tr <f%(wvt — th)np,qZ> = % (tr(wvtnpﬁqZ) — tr(thnpﬁqZ))
= (Zw,v),,.

Example 5.2.11. Representation of Clifford algebras. Let (R™, (-,-),s) and let Cl,.
denote the Clifford algebra generated by R™*. Let J: Cl,., — End(V) be a Clifford algebra
representation on the finite dimensional vector space V.. We identify V. (or V @V if
it is necessary) with RPP, 2p = m, equipped with the scalar product (- ,-),,, such that
W = J(R"™) Cso(p,p) if s > 0. If s =0, then we identify V with the Fuclidean space
R™, and in this case W = J(R™®) C so(m). As it was observed in Proposition 1.1.16
the scalar product on V' should be neutral in the case s > 0, that defines the choice of
the scalar product (- ,-),, and the inclusion of W = J(R™) into the space so(p, p).

5.2.6 Reduction of a 2-step nilpotent Lie algebra to the stan-
dard pseudo-metric form
We start with the following observation relating elements in so(m) and so(p, g), where

p+q =m. Let n,, = diag(l,, —1;), p + ¢ = m and recall the definition of ¢; = €;(p, q)
given by (5.1). Then for any (m x m) matrix A = (a;;); j=1,.. » we have

(Anpg)is = aijej,  (Mp.qgA)ij = aijei-
Let C € so(m) and define D by D = Cn,, (or equivalently D;; = €;C;;) and claim
that D € so(p, q). Indeed,
Wp,thnpyq = np,q(cnp,q)tnp,q = np,qn;,qctnp,q =—Cnpg=—D.

Analogously we can show that D = p,C € s0(p, q) if C € so(m), p+ ¢ =m. We prove
the following technical lemma.

Lemma 5.2.12. Let g be a 2-step nilpotent Lie algebra such that dim([g,g]) = n and
the complement V' to [g,g] has dimension m. Denote by z1,...,z, a basis of [g,g] and
Vs ..., U @ basis of V. Let [v;,v;] = > 1, ijzk for 1 <i,j < m. Then the matrices
DF = C*n, , are linearly independent in any so(p,q), p+q =m.
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Proof. Tt was proved in [42] that C*,... C™ are linearly independent in so(m). Thus
for any real numbers «y, . .., a, we have

Zakazo < ak:O,k:L...,n.
k=1

Then

n n n
0= (Zakck) Np.q = Zozkcknp’q = Zaka — ;=0 k=1,...,n.
k=1 k=1 k=1

O

Any 2-step nilpotent Lie algebra g defines a subspace C C so(m) and moreover this
subspace is a non-degenerate vector space in so(m). This fact allowed the construction
of the isomorphism between g and the corresponding standard metric Lie algebra with
positive definite scalar product, see [42].

The space C also generates a space D in each so(p, q). Moreover, if D C so(p, q) is
non-degenerate with respect to the restriction of the indefinite trace metric in so(p, ¢),
then there exists a standard pseudo-metric Lie algebra, which is isomorphic to g, as it
is shown in the following theorem.

Theorem 5.2.13. Let g be a 2-step nilpotent Lie algebra such that dim([g,gl,) = n
and the complement V' to [g, g, has dimension m. Then there exists an n-dimensional
subspace D of s0(p,q), p+qg=m, n < w such that if D is a non-degenerate subspace
of so(p,q), then g is isomorphic as a Lie algebra to the standard pseudo-metric 2-step

nilpotent Lie algebra G = RP4 @, D.

Proof. Let g = V®[g,9g, v1,--.,Um, beabasisof V, and zy, ..., z, a basis of [g, g],. Let
e1, ..., €pq be the standard orthonormal basis in RP? and (-, ), the scalar product.
Let [v;,vj]y = > pey C’{;zk for 1 < i,j < m and D¥ = p,,C*. Choose a pair
p,q € N, p+ g = m, such that the space D = span{D',..., D"} C so(p,q) is non-
degenerate with respect to the metric (-, -)so(p.q). Let p1, ..., pn be a basis of D such that
Pk » DYso(pq) = O for 1 < k,1 < n.
Define the linear isomorphism 7': g — G by

T(v)=¢€;, i=1,...m, T(z) = —pr, k=1,...,n.
We claim that T is a Lie algebra isomorphism and for that it suffices to show that
T([vi,v5lg) = [T(vi) , T(v))]g-
Note that
([T(v), T(W)lg - D*)sotpay = (leireilgs DM)sotg) = (D" (1) s €)pg

(ei)t(Dk)th,qej = ((Dk)tnp,q)ij
((C)Y)y; = —Cf; = Cy;.
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From the other side

(T([vi,v10), DV)sotpa) = Z T(2) s D*)sotpg) = — Z {Pr s D aotpa)

= ZC O = =Ch

O

Theorem 5.2.14. If g admits a basis with rational structure constants, then we may
choose D to have a basis whose matrices only have entries in Z, relative to the standard
basis eq, ... e, of RPY,

Proof. We assume that there exists a basis B = {v1,... ,0m,21,..., 2, of g =V @&,

[g,9], with v1,...,v, being a basis of V and z,...,2, a basis of [g,g] such that
k

the structural constants Cf; with respect to B are in Q. We write C’fj = b,’j with

af; € Z and bf; € N\ {0}. We define the natural number d as the least common
multiple of the collection {bf;li,j = 1,....m, k = 1,... ,n} and define the basis

By = {Vdvy,... ,Vdvoy, 2, ... ,zn}. Tt follows that the structural constants C’Z with
respect of By are given by dij as

ZC’ 2 = \[vz,\[v]]—dvz,vj]—dZijzk:ZdC’szk.
k=1

Hence C’; are natural numbers such that the matrix C* = dC* only has entries in Z. As
we know from the first part of this Theorem there exists p,q € N, p+ ¢ = m such that
the n-dimensional subspace D = span{npq soo o, pgC™} is a non-degenerate subspace
of s0(p, q) such that g = RP4 @ D. As 1,,C* = dn, ,C* € D and the entries of 7, ,C* lie
obviously in Z, it follows that there exists a basis of D whose matrices only have entries

in Z, relative to the standard basis ey, ... ,e,, of RPY, O

5.2.7 Examples of standard pseudo-metric algebras

Let us consider three pseudo H-type algebras nq g, ny 1, and ng o and show that they can
be realized in a standard pseudo-metric algebra form for some choice of so(p, q).

LIE ALGEBRA ny The center of nyq is isomorphic to R? with standard Euclidean
metric and the complement to the center is isomorphic to R* with the standard Euclidean
metric. Let (21, 22) be the standard basis of R? and let J,,, J., € s0(4) be such that

ng :‘]222 :7IdR47 lejzz = 7J22J21.
We choose the following orthonormal basis in R*

U1 = €1, U2 = J22J21U17 Vg = Jz1vl7 Uy = ‘]zgvl'



5.2 Pseudo-metric on 2-step nilpotent Lie algebras 93

In the standard basis (ey, ez, e3,€4) the basis (vq,ve, v3,v4) and the matrices of maps
J., J2, take the following form:

U1 = €1, Uz=¢€2, Ug=E€3 Vg =E€y,

00 -1 0 0 0 0 —1
;o 00 0 -1 5 0 0 1 0
A l1r o0 0 0| 210 -1 0 0
01 0 0 1 0 0 0
Maps J,, permute the basis of R* by the following rule:
Joyvr =03, Jv2 =y, Jovg=—v1,  J 04 = —0s,
JopU1 = vy, JopU2 = —u3, Jop U3 = Vg, JopUs = —v1.

According to the rule ([v, , v5], zi)2.0 = (J2Va , V5)a,0 We calculate the structural constants
in [vg,v5] = Chyz1 + C2g2; as follows

0 0 10 0 0 0 1
1|0 0 01 o | 0 0 =10
= -1 0 00’ = 01 0 0 (5.10)
0 =100 -1 0 0 O
We see that C* = —.J,,. This also follows from the choice of the orthonormal basis by

Cip = ([, v5], 2i)20 = (Jova s vg)a0 = V5TE 05 = (JE)ag = —(J2)ap-

LIE ALGEBRA n;; ~ R @ R%2. We start with the standard basis (21, 29) of the
center isomorphic to R and two skew-symmetric maps J.,, J,, € 50(2,2), such that

J2 = —ldgea, J2, =Idges, J,J,, =—J,J.,.
We choose the following orthonormal basis in R22

vi=ey, v=Jyv, v3=Jyv, vy=J,J 0.

In the standard basis (ey, e, €3, e4) of R?? the basis (v, vo, v3,v4) and maps J,,, J,, take
the following form:

U = €1, V=€, U3=~€3, Uy =E€y,
0 -1 0 0 0010
1 0 0 0 0001
Ja = 0 0 0o 11’ e = 100 0]
0 0 —-10 0100
and
Jz1U1 = Vg, Jz1v2 = —q, Jz1v3 = —Uy4, Jz1v4 = Us,

Jov1 =03, J,va =y, J2,v3 = 1, J2,V4 = Vo
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According to the rule ([va,vs],2i)11 = (J5Va V)22 We calculate the structural con-

stants in [v,,v5] = Chgz1 + C22p as follows

01 0 0 0 0 10

L =10 0 0 ) 0 0 01

“=1lo 00 1" “=|=1 0 00 (5.11)
0 0 -1 0 0 -1 00

We see that C! = —my5J,, and C? = ny4J,,. This is also defined by the choice of an
orthonormal basis as follows

€1, 1)03;3 = ([va, 8], 2i)1,1 = (J;Va , U)o = *Uiﬁz,ﬂzzvﬁ = —(M22/z)ap-

We recall the notation (5.1).
LIE ALGEBRA ngy ~ R%? @ R*2. We start from the standard basis (z1, 22) of the
center isomorphic to R%? and two skew-symmetric maps .J,,, J., € s0(2,2):

T =T = Weee, Tty = =Ty
We choose the following orthonormal basis in R%?2
vi=ey, v =J,J v, wvs=J,v, vy=J,0.
In the standard basis (e, ez, €3, e4) of R®2 the basis (vy, vo, v3,v4) and maps J,,, J,, take

the following form:
Uy = €1, Uz2=¢€2, U3=~€3 Us=Cy

0010 0 0 0 1
0001 0 0 -10
Ja = 100 0]}’ o = 0 -1 0 0]’
0100 1 0 0 0
and
Jz1U1 = U3, JZ1U2 = Uy, J21v3 = Uy, JZ1U4 = V2,
J22U1 = Uy, J22U2 = —Us, Jzﬂ:ﬁ = U2, J22U4 = V1.

According to the rule ([va,v5],2zi)02 = (Js;va,vs)22 we calculate the structural con-
stants in [v, , vg] = Ciﬁzl + C’iﬂzg as follows

0 0 10 00 0 1
L o 0 01 , [0 0o -10
C=1Zi 000l 7o o1 o0 o0
0 -1 00 10 0 0

We see that C? = n2,2J,. This also follows from the choice of an orthonormal basis by

€(0,2)Cls = ([va, v5), 2i)02 = —(Va, JoUp)22 = —Vim22 o5 = — (222, )ap-
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Since €;(0,2) = —1 for i = 1,2, we get C* = 192.J,,. We recall the notation (5.1).

We see that algebras ny and ng coincide as Lie algebras. It can be interpreted
as the following illustration of Theorem 5.2.13. The Lie algebra nyq is isomorphic to
the standard metric Lie algebra m = R? @ C with C = span{C"',C?} C so(4) and
C*',C? given by (5.10). This standard metric Lie algebra is the H-type algebra since
the skew-symmetric maps J,, = —C* and J,, = —C? satisfies the additional conditions
Ji = —Idgs and J,, J,, = —J.,J.,. Let us see if the Lie algebra nyy can be isomorphic
to a standard Lie algebra generated by another choice of R”?, p 4 ¢ = 4.

Cases R*' AND R'3. We calculate D! and D? by using 73 1

0 0 1 0 00 0 -1
R 0 0 -1 s o _ |0 0 -1 0
Di=Cma=1_1 g g o P=Cm=o 1 0 o
0 ~10 0 10 0 0

Since (D', D7) go31) = tr(ns1(D")n31D7) = 0 the subspace D = span{D"', D*} C
50(3,1) is degenerate and, actually, the scalar product (-,-)s(s,1) vanishes on D and
therefore the Lie algebra ny ¢ can not be realized as a standard pseudo-metric Lie algebra
in R¥ @ D. Recall, that the index of the space s0(3,1) with respect to the trace metric
(-, )so(3,1) 18 (3,3). The same calculations are valid for the case of R** and we conclude
that the Lie algebra nyg can not be realized as a standard pseudo-metric Lie algebra
neither can R*' @ D, D C s0(3,1) nor R @ D, D C so0(1, 3).

Case R??. In this case we use the matrix 7y and get from the matrices in (5.10)
the following two matrices

0 0 -1 0 0 00 -1
1 1 _ 0 0 -1 2 2 10 01 0
Di=Cma=1_4 o o of P=@m=|g 10 9
0 -1 0 0 100 0

In this case (D', D')so2) = —4, (D?,D?)g22) = —4, (D', D?)5022) = 0. The sub-
space D = span = {D!, D?} C s0(2,2) is non-degenerate and has index (r,s) = (0,2).
Therefore, the Lie algebra nyg can be realized as a standard metric Lie algebra R*? @D,
D C s0(2,2), and it gives the pseudo H-type algebra ngs constructed above. The last
statement is valid due to the relations Jz2 = Idge2 and J,, J,, = —J,,J,,.

Now we turn to the Lie algebra ny ;. Analogue calculations show that this Lie algebra
can be realized in R? @ C with C = span{C", C?} C s0(4) where C', C? are from (5.11),
but this is not an H-type algebra (with positive definite scalar product). The Lie
algebra cannot be realized neither in s0(3,1) nor in s0(1, 3) due to the degeneracy of the
corresponding spaces D. In the case s0(2,2) the matrices

0 10 0 0 0 -1 0
0 |t o0 0 s e 0o 0 0o -1
Di=Cma=| o g 1| P=Cm=|_1 ¢ ¢ o
0 01 0 0 -1 0 0
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are satisfying (D', DY) go22) = 4, (D? , D?)o(22) = —4, and (D', D?)522) = 0 span a
two dimensional non-degenerate space of index (r,s) = (1,1) in s0(2,2). Recall, that
the index of the space 50(2,2) is (2,4). The standard metric Lie algebra R*? @ D,
D C s0(2,2), in this case is the pseudo H-type algebra ny .

Finally we observe that D* = Ckny o = —132€"(1,1)J,,m22. Thus, we also have that
(DYt = —D1 (D?)* = D? and D is closed under transposition.

5.3 Isomorphism properties

Isomorphism properties defined by skew-symmetric maps

Given a scalar product space (V,(-,-)v) and the space o(V) of skew-symmetric maps
with a scalar product given by the trace. Let J: U — o(V, (-, -)v) be an injective map
and the space J(U) be a non-degenerate subspace in o(V (-, -)y). Then we can pull back
the trace metric from o(V') to U. We write for any ¢ # 0

(z,2Ype=—ctr(J.J), forany z 2 €U. (5.12)

This scalar product has a signature, which we denote by (r,s), and it depends on the
choice of the map J: U — o(V). The scalar product space (U, (-,-)v,) is degenerate if
J(U) is degenerate with respect to the trace metric. Let us assume that (U, (-, '>U,c) is
a non-degenerate scalar product space and let [-,-]. be the 2-step nilpotent Lie algebra
structure on g = V@, U defined by the map J: U — o(V') by means of (5.4). The spaces
V and U are orthogonal with respect to the scalar product (-,-)g = (-, v + (-, v

Definition 5.3.1. The Lie algebrag = (VE.LU, [, )¢, (-, )g = (-, )v+{-, Yve) described
above is called the standard pseudo-metric 2-step nilpotent Lie algebra induced by the map

J:U = oV, ().

By diagonalizing the matrix of the scalar product (-,-)y, we get the matrix 7,, =
diag(I,, —1I,) defining the canonical scalar product (u,v),q = > 0 uv; — Zf;rgﬂ Uiv;
for u = (u1,...,Um), v = (V1,...,Un), m = p+ ¢g. The matrix of the skew-symmetric
map J, will satisfy n,,Jtn,, = —J.. Since the trace does not depend on the choice of
coordinates we get a symmetric bi-linear function defining a scalar product on U. This
can also be written as follows (2, 2"V = 2 tr(np g Jinpgda) = = tr(J.Jo).

Lemma 5.3.2. In the notation above if the scalar product (z,z')y. is non-degenerate,
then the standard pseudo-metric Lie algebra g induced by J has no abelian factor. If
two scalar products (-, Y%, and {-,-)% on V have equal signature and the sets of spacelike
(timelike and null) vectors are the same, then the commutator |- ,-]. does not depend on
the choice of scalar product {-,-)i, on V.

Proof. If the scalar product (z, z")y. is non-degenerate and the map J: U — o(V) is
injective, then the Lie algebra structure (g,[-,-].) is unique up to isomorphism and g
has trivial abelian factor by Lemma 5.2.2 and Corollary 5.2.6. |
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Lemma 5.3.3. Let (V,(-,-)v) be a scalar product space, Uy, Uy two finite dimensional
vector spaces, and Ji: Uy — o(V, (-, )v), Jo: Uy — o(V,{(-,-)v) two injective skew-
symmetric linear maps such that Ji(Uy) = Jo(Us) = W C oV, (-,-)v). Let g, =
(Ve U, ) and gy = (V & Us, [+, ]2) be two pseudo-metric Lie algebras induced by
the maps J; and Jy. Then g, and gy are isomorphic as Lie algebras.

Proof. Tt suffices to construct an isomorphism between Lie algebras g, and g, for the
case when J;(Uy) =W =Us and Jo = ¢: W < o(V, (-, -)y) is the inclusion map.
Define scalar products on U; and Uy by
(€, Ny = —tr(N(ON(C), ¢ el
(z,2Yv, = —tr (a(2) o(2)) = —tr(22), 2,2 €Up=W Co(V,(-,")v).
Denote by [, 1, [, ]2 the commutators constructed by means of these scalar products,

correspondingly. Define the map ¢: Vo U, -V U, =V @ W by

Idy on V,
Ji on U.

Then we need to show that o([v, w]') = [¢(v) , o(w)]?. Let v,w € V, z € W be arbitrary
and let {y € U; be the unique element such that Jy({y) = z = Ja2(z). Then
(v, wl'), 2)e, = (Lllv,w]'), Ji(Co))v, = — tr(Ji([v, w]') 1 (Go))
([v,w]', Go)oy = (Ni(Go)v, whv
= <J2(Z)U ) w>V = <[U ) IUP ) Z>U2 = <[§0(U) 790(1U)]2 ) Z>U27

because ¢ = Idy. This finishes the proof since the scalar product is non-degenerate. [

5.3.1 Action of GL(p+¢q) and gl(p+¢q) on the Lie algebra so(p, q)
Let n,,, = diag(l,, —I,) and A € GL(m). Define the action p of A on so(p,q) by
Z = p(A)Z = AZA™a  where Awe =, A'n,.. 7 €so(p,q).

Indeed, if Z" = —Z, then (AZAMwa)ras = AZMwaAa = — AZ Aa. Recall that the
operation A" gives us the transpose matrix to A with respect to the scalar product
(-, )pqg- The action p is the left action on so(p,q). The map p(A) is invertible and its
inverse is given by (p(A4))~! = p(A~') that shows that p(A) € Aut(so(p,q)). Thus the
map
p: GL(m) — Aut(so(p, q))
defines a group homomorphism with kernel =+ Idgm for m > 3.
The differential dp of the map p is the Lie algebra homomorphism

dp: gl(m) — End(so(p, q))

defined by A — dp(A)Z = AZ + ZA™a with A € gl(m), Z € s0(p,q). Tt is an injective
map for m > 3. We prove some properties of the maps p and dp.
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Lemma 5.3.4. Let A € GL(m) and A € gl(m) be any elements. Then

(P(A)Z, Z)sopa) = (2, P(A™)Z )50 (5.13)
(dp(A)Z , Z')so(pq) = (Z,dp(A™)Z")so(p.q)

forany Z,Z' € so(p,q). We can reformulate (5.13) by the following
(p(A)™" = p(A™),  (dp(A))™* = dp(A™").
Proof. We calculate
(P(A)Z, 2 )sopq) = —t1(AZAWZ') = —tx(ZA" Z'A) = (Z, p(A") Z')s0(p,q)

by the property of the trace of interchanging products. The other equality is obtained
similarly. O

Lemma 5.3.5. All 2-step nilpotent free algebras Fy(p, q) with p+q = m are isomorphic.

Proof. To prove Lemma 5.3.5 we show that any 2-step nilpotent Lie algebra Fy(p, q) =
R™ & so(p,q) with p + ¢ = m is isomorphic to Fy(m) = R™ & so(m). Let v; =
—3(Ei;j — Ej;), i < j = 1,...,m, be the standard basis of the group so(m). Here Ej;
is the (m x m)-matrix having 1 on the position (ij) and 0 everywhere else. Then the

matrices ¢y; = —3(Fyj — Fji) = —3(Eij — Eji)pg, @ < j = 1,...,m, form a basis of the
space s0(p,q). We define the isomorphism f: so(m) — so(p,q) by f(vj;) = ¢;;. Then

we extend this isomorphism to the isomorphism Fy(m) — Fy(p, q) by
e > €, Vij = @iy, for O0<k<m, 0<i<j<m=p+q.
It follows that
f(vjr, & +vlmem)) = 0=1[0jk,e + dulmepae = (Vi) f(ei + )] mmg-

1
fei,elmm) = fluyg) =iy = —i(Ei' — Eji)pg = [€i €i]m(p.g)

[fed), ()] mpa)-

Hence f is a Lie algebra isomorphism.
At the end of the proof we observe that the orthogonal basis of Fy(m) is mapped to
the orthogonal basis of Fx(p, q), p+ ¢ = m under the isomorphism f. The equalities

(Eij s Eag)soim) = — tr(EijEag) = 0iadjs,
show that the basis f%(Ez — Ej;) is orthonormal with respect to the trace metric. And
the basis ¢;; = —1(F;; — F};) of the space so(p, q) satisfies

p)
(0 » Pap)sop,q) = — tT <¢ji¢uﬂ) = €;;0ia0;3,

where

Eij

1, if i<j<pori>np,
-1 if j>pandi<np.
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Let us denote by Aut(Fx(p, q)) the group of automorphisms of F(p, q).

Lemma 5.3.6. For any ¢ € Aut(Fa(p,q)) there exists a unique element A € GL(m),
m=p+q and S € Hom(R"4 so(p,q)) such that

a) ¢(x) = Az + S(x) for all x € RPY,
b) &(Z) = AZ Awa for all Z € so(p, q).

Conversely, given (A,S) € GL(m) x Hom(RP, s0(p, q)), m = p + g, there is a unique
automorphism ¢ € Aut(Fy(p, q)) that satisfies a) and b).

Proof. Eberlein proved Lemma 5.3.6 in [43] if we replace Fy(p,q) with Fy(m). Let f be
an isomorphism of Fy(m) and Fy(p, ¢), m = p+¢ which exists by Lemma 5.3.5. Then for
any ¢ € Aut(Fy(m)) the superposition ¢ = f o po f~1 is an automorphism of Fy(p, q).
Thus for every automorphism ¢ € Aut(Fs(p,q)) there exists unique ¢ € Aut(Fy(m)),
m = p+q, with ¢ = foypo f~1 and moreover unique A € GL(m), S’ € Hom(R™, s0(m))
such that the properties a) and b) are satisfied with S := f o S” € Hom(R??, s0(p, q)).
The converse statement follows easily. O

Let g be a 2-step nilpotent Lie algebra with dim([g,g]) = n and m-dimensional
complement V', such that g = V @ [g,g]. A basis {wy,... ,wn, Z1,...,Z,}, where
V = spanf{w,... ,w}, [9,9] = span{Zi,...,Z,} is called adapted. If [w;,w;] =
Sorea ijZk, then we call the space C = span{C"',...,C"} C so(m), with C* := (CZ)
the structure space and the spaces D, , = span{C'n,,... ,C™",,} C s0(p, q) are called
structure 7, ,-spaces. We aim to show in the following propositions that structure 7, -
spaces of a 2-step nilpotent Lie algebra g are orbits in the Grassmann manifold.

Proposition 5.3.7. Let {wy,... ,Wp, Z1,... , Zn} and {1, ... , Wy, Zu,. .. 7Z,L} be two
adapted bases of a 2-step nilpotent Lie algebra g with corresponding structure m, 4-spaces
D,q = span{C'n,,... ,CPn,,} and ’Zﬁp,q = span{élnpyq, e ,C’pnpyq}. Let A € GL(m),
m = p+q be such that w; = 77", Ajjw;, then AD, A = Dy

Proof. The proposition follows from the definition of the action of GL(m) on so(p,q)
and the fact that under the given assumptions ACA"™ = C by [43]. O

Proposition 5.3.8. Let d be an integer with 1 < d < dim(so(p,q)). Let Wi, W, C
s50(p, q) be two d-dimensional non-degenerate with respect to (-, -) ) subspaces. Then
the following statements are equivalent:

so0(p,q

1) The Lie algebra Fy(p,q)/W; is isomorphic to Fy(p,q)/Ws.
2) There exists an element A € GL(m), m = p + q such that AW, Aa = W,.

3) The Lie algebra Fy(p,q)/Wit is isomorphic to Fy(p, q)/Wst.
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Proof. First we show that items 1) and 2) are equivalent. Recall that for any pair (p, q)
with p + ¢ = m and Wy, W, C so(p,q) we have Win, 4, Wan,, C so(m). It was shown
in [43] that the Lie algebras Fy(m)/(Win,,,) and Fy(m)/(Wan, ) are isomorphic if and
only if there exists A € GL(m) such that AWin, ,A* = Wan,,. The last equality can
be written as AW A = Wy, Let f be an isomorphism between Fy(m) and Fy(p, q).
Hence W; = f(Win,q) and Fa(p, q)/W; = f(Fa(m)/(Winpg)) for i = 1,2. This implies
that Fy(m)/(Win,,) and Fy(m)/(Wan,) are isomorphic if and only if Fy(p,q)/W; is
isomorphic to Fy(p, q)/Wa.

Now we show that items 1) and 3) are equivalent. The arguments above illustrates
that F5(p, q)/Wh is isomorphic to Fy(p, q) /W if and only if Fy(m)/(Win,,,) is isomorphic
to Fy(m)/(Wamp,,). This is equivalent to the statement that Fy(m)/(Win, )t is isomor-
phic to Fy(m)/(Wanp,)*= by [43]. Define the Lie algebra isomorphism f*: Fy(m) —

Fy(p,q) by

€; for 1 <i<p, 1 1
e < - , ——(E;; — Ey) — ——(E;; — Ey) ).
{_ei forp+1<i<p+gq,’ 2( ji) 77@!1( 2( J ]))

Then Fy(m)/(Wyin,q)* is isomorphic to the quotient Fy(m)/(Wam, )t if and only if
F5(p, @) /1o (Wit )= is isomorphic to Fa(p, q) /1p.q(Warlp.q) "
It only remains to prove that W;, i = 1,2 is orthogonal to 1, ,(Win, ,)* with respect
to the metric (-, ), - For any w € W and any v € (Winp,)* it follows that
<U} » Tlp,gV >sn(p,q) = tr(wnpqu) = <w77p,q U >sn(m) =0,

as wn,, € Winpg and v € (Win, o)t Since dim(n, ,(Win, ,)*) = dim(so(p, q)) — dim(W;)
and W; non-degenerate, it follows that 7, ,(W;n, )+ = Wi. O

Proposition 5.3.9. Let {wy,... ,Wm, Z1,... ,Z,} be an adapted basis for a 2-step nilpo-
tent Lie algebra g with structure space C = span{C*,... ,C"} C so(m). Letp: Fy(p,q) —
g, p+q = m, be the unique Lie algebra homomorphism defined by p(e;) = w; for
1=1,... ,m.

Then p is surjective and if Cnp, C 50(p, q) is non-degenerate, then ker(p) = (Cnp )t is

the orthogonal complement of Cny,, in s0(p,q) with respect to <'7'>sn(p,q)‘

Proof. 1t is known that the Lie algebra homomorphism py: Fy(m) — g with pi(e;) = w;
for i = 1,...,m is surjective and ker(p;) is the orthogonal complement to C in so(m)
with respect to (-, - )W(m)7 see for instance [43]. Then we define the surjective linear map
p=pio(f): Fy(p,q) — g with f* being the isomorphism between Fy(m) and Fy(p, q)
from the proof of Proposition 5.3.8. The same proof shows that if C7, , is non-degenerate
in so(p, q), then (Cnpq)*t = 1p4(CL). Since

(f)7HCpg) ) = (F) 7 (g (€F)) = 115 i€ = CF = kex(py),

it follows that ker(p) = (Cn,q)*. 0
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Corollary 5.3.10. Let Wi and Wy be two non-degenerate d-dimensional subspaces of
s0(p,q), and let g, = RPIOW, and g, = RPIW, be the corresponding standard pseudo-
metric 2-step nilpotent Lie algebras. Then the following statements are equivalent:

o The Lie algebra g, is isomorphic to g,.
e There exists A € GL(m) such that AW As =Wy, p+q=m.

Proof. The Lie algebras g; are isomorphic to Fy(p,q)/W; for i = 1,2 by Proposi-
tion 5.3.9. The statement of the corollary follows by using Proposition 5.3.8. O

Assume that g is a 2-step nilpotent Lie algebra with a 1-dimensional commutator
ideal [g, g] and there exist positive integers p, ¢ and a non-degenerate one dimensional
subspace W in so(p, ¢) such that g is isomorphic to R @ W with m =p+ ¢ > 2. We
define the set A, , = {Z € so(p, ¢)| rank Z is maximal}.

Corollary 5.3.11. The group O(m) acts transitively by n, ,-conjugation on A, 4, where
m=p-+q.

Proof. We define the set A,, = {Z € so(m)| rank Z is maximal} which is Zariski open
in so(m). The group O(m) acts transitively on it by conjugation, see [43]. Notice that
Aptlpg = Apg. Forevery Z)Y € A, there exists an A € O(m) such that Z = AY A~ =
AY A*. Then

ZMpg = AY??ﬁ,{,A’lﬁp,q = AYUZ,thﬁp,q = AY 1y g AP

with Znp, 4, Ynpe € Apq. This finishes the proof. O

5.4 Some useful facts about Lie triple systems

Definition 5.4.1. Let W be a subspace of so(p,q) such that [a,[b,c]] € W for all
a,b,c € W. The subspace W is called a Lie triple system in so(p, q).

Define the set
3W)={aeW| [a,}]=0 forall beW} (5.14)

and call it center of W and we say that 3(W) is compact if exp(3(W)) is a compact
subgroup of SO(p, ¢). Remind that SO(p) x SO(q) is a maximal compact subgroup of
SO(p, q)-

Theorem 5.4.2. The set exp(3(W)) is a connected abelian subgroup of SO(p,q) for
any Lie triple system W C so(p, q).
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Proof. First we prove that exp(3(W)) is a subgroup of SO(p,q). Obviously, Id is an
element of exp(3(W)) as 0 € 3(W). If a € 3(W), then —a € 3(W), such that for any
element exp(a) in 3(W), its inverse exp(—a) also lies in 3(WW). Now we want to prove
that exp(a)exp(b) € 3(W) and exp(a)exp(b) = exp(b) exp(a) for any a,b € F(W).
As the elements of 3(W) commute, i.e. [a,b] = 0, we conclude that exp(a + b) =
exp(a) exp(b) = exp(b) exp(a). We note that by linearity of the Lie bracket we receive
[tia + tab,c] = ti]a,c] + t2[b,¢] = 0 for any a,b,c € 3(W) and any ¢;,¢, € R. Thus
a+be 3(W) and so exp(a+0b) € exp(3(IW)).

We claim that the set exp(3(W)) is path connected. For any a,b € 3(W) we define
the path v,5: [0, 1] = exp(3(W)) from exp(a) to exp(b) by v.5(t) = exp(th+ (1 — t)a).
This is a path as v, ,(0) = exp(a), Ya(1) = exp(b) and as we proved before tb+(1—t)a €
3(W) for any t € [0,1]. O
Example 5.4.3. Recall Example 5.2.11, where the subspace W C so(l,1) was defined

by the Clifford algebra representations on RY. The case s = 0 was studied in [42]. We
state as an example of Lie triple systems the following proposition.

Proposition 5.4.4. The space W is a Lie triple system of so(l,1) with trivial center.

Proof. First we show that the vector space W is a Lie triple system. For any X, X, X3 €
W, with X; = Z;: XijJ(Z;) with A;; € R, where {Z1, ..., Z, 14} is an orthonormal basis
of R™ with (Z;, Z; )gr.. = €(r,5)d;5. It follows that

r+s

X0 X0, Xall = D0 Mpdadal () [T(Z) , T(Z)]). (5.15)

Jik,l=1

If we prove that [J(Z;), [J(Z) ., J(Z))]] € W for all j, k,l € {1,... ,r+s}, then it follows
that [X;, [X2, X35]] € W. We recall here that J(Z;)J(Zy) = —J(Zy)J(Z;) for all j # k
and j,k € {1,... ,r+ s}. If all indices j, k,[ are different, then we get

[7(25),[J(Zx), J(Z)]) = [J(Z)), J(Z) I (Z)] = [T(Z;) , T (Z0) T (Z)]

= J(Zy)J(Zy)J(Z1) — J(Zk) I (Z1) I (Z;)
= J(Z)J(Z)J(Zy) + J(Z1) I (Zk) T (Z;)
= J(Z;)J(Zr)J(Z1) — J(Z;) I (Zk) I (Z1)
+ J(Z;)J(Zk)I(Z1) — J(Z;) I (Zk) I (Z1) = 0 € W.

If j =k, then [J(Z;),[J(Z;), J(Z)]] = —4(Z; , Zj)u J(Z) e W. Itk =lor j =k =1,
then [J(Z;),[J(Zy), J(Zy)]] = 0 € W. We conclude that W = J(R"®) is a Lie triple
system.
Let us show that the center of W defined by 5.14 is trivial. For any Z, Z' € R™* we
obtain
[J(2), J(Z)] = J(2)J(Z)=J(2)I(Z)
) (Z/) if <sz/>r,s:07
=2(Z)J(Z)+(Z,Z ) 1dy) i (Z,Z),, #0.
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Let us assume that the center is non-trivial and there is Z € 3(W), Z # 0, i. e.
[J(Z),J(Z)] = 0 for all Z' € W. There are two possible cases: (Z,Z),, # 0 and
<Z s Z)r,s =0.

Case {(Z,Z).s # 0. Then J(Z)> = —(Z,Z),sIdy, which implies that J(Z) is
invertible. The orthogonal complement to span{Z} is a non-degenerate scalar product
space and there is Z' € W N (span{Z})* such that (7', Z'),, # 0 and (Z,Z'),, = 0.
Then J(Z') is also invertible and so is J(Z).J(Z'), that yields J(Z).J(Z') # 0. Tt follows
that [J(Z),J(Z)] = 2J(Z)J(Z") # 0, which is a contradiction to the assumption that
Z € 3(W) with Z # 0.

Case {Z ,Z),, = 0. First we note that J(Z)?> = 0 and therefore, J(Z) can not be
invertible. Let Z' be an element of W such that (7, Zl>m # 0, which exists because
(+,)rs is non-degenerate. Then, since Z € 3(IV), we obtain

J(2),0(Z)] = =2(J(Z)J(Z) +(Z,Z ), 1dy) =0,
which is equivalent to J(Z')J(Z) = —(Z,Z'),s1dy. But this implies that J(Z) is
invertible with the inverse —((Z, Z'),,)"'J(Z'). We obtain a contradiction. O

Proposition 5.4.5. Let (g, [, -]) be a Lie algebra and W be its Lie triple system. Then
(W, W] and W + [W , W] are subalgebras of g.

Proof. To show that [W, W] is a subalgebra, we need to check
(W, W], W, W] c [W,W].

Let wy, wq, w}, wh € W, then with the notation [w] , wh] = u we get by Jacobi identity
[fwr,wa], fwy, wy]] = [[wr,wo],u] = ~[fws,u] ,wi] = [[u, 1], ws] € (W, W]
since [wsy ,ul, [u,w;] € W by the definition of the Lie triple system: [W,[W ,W]] C W.
To prove the second statement we choose arbitrary a,b, ¢, z,y,z € W and obtain
[a+[b,d,z+[y,2l] =la,z]+[a, [y, 2]+ [[b,c], 2]+ [[b,c],[y,2]] € W+ [W,W]
by the first statement and the definition of the Lie triple system. O

Remark 5.4.6. Let us denote the Lie algebras in Proposition 5.4.5 by p = W, t =
(W, W], and £ = W + [W ,W]. Then Proposition 5.4.5 implies that the Lie algebra
£ admits the decomposition £ = t + p with Cartan pair t,p satisfying the following
properties:

[t ct [t,p]CSp, [p.p]Ct (5.16)
Note that if a Lie algebra § admits a decomposition § = t + p satisfying (5.16), then
there is an involution 0: b — b (6% = Id,) possessing the following properties:

tC b issuch that 0(t) =t, Vtet,

pCh s such that O(p)=—p, VpeEHp.
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Given a Lie algebra (g,[-,]), we denote by ad,: g — g the linear map defined by
ad,(u) = [v,u]. The map ad: g — End(g) is a Lie algebra homomorphism, named the
adjoint representation of the Lie algebra g. The kernel of the adjoint map ad is the
center of the Lie algebra.

Definition 5.4.7. Let g be a Lie algebra. A scalar product (-,-) on g is called ad-
imvariant if
(ady(u) ,w) = —(u,ad,(w)). (5.17)

Equivalently, it can be stated that the map ad,: g — g is skew-symmetric with
respect to the scalar product (-, ).

Proposition 5.4.8. Let (g,[-,-]) be a Lie algebra, W be its Lie triple system, and
L=W+[W ,W]. Let 3(W) be the center of W and (-,-)c be an ad-invariant inner
product on L. Then the following is true.

1. Denote by 3(L) the center of L. Then the Lie algebra L is decomposed into the
direct sum of two ideals £ = 3(L) @ [L, L], where the decomposition is orthogonal
with respect to (-, ) z.

3(W) C 3(L).

The center 3([C, L)) of [£, L] is trivial.
I 3(£) # 0, then 3(W) #0.

If3(W) =0, then £ = [, L].

v L e

Proof. PROOF OF 1. Let 3(L£) be the center of the algebra £. Let us show that
3(L) =, L]* (5.18)

with respect to the ad-invariant inner product (-,-)z. Let z € [£,£]* and u,v € L be
arbitrary. Then

([w,z],v)e=—(2,[u,v]) =0

since the inner product is ad-invariant. It shows that [u,z] = 0 and therefore z € 3(L),
that implies 3(£) D [£,L£]*. Reversing the arguments we show the inverse inclusion
and conclude that £ = 3(L) @, [£, L] by (5.18).

PROOF OF 2. Let z € 3(W) and u,v,w € W be arbitrary. Then [z,u+ [v,w]] =
[z,u] — [w,[z,v]] = [v,[w, 2]] = 0 by the Jacobi identity. Thus =z € 3(L).

PRrROOF OF 3. Let z € 3([£, £]). Then for any v € £ and a € [£, L] we have
0= (u,lz,a])c = (z,[u,a])c.

Therefore, z € [£, L] = 3(L) as [£,L] = [£,[L,L]] by item 1. Simultaneously
z € 3([L,L]) C [L,L]. We conclude that z = 0 by item 1.
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PROOF OF 4. Let z € 3(£) and z # 0. Then
(L. L) CL=W+ W, W] ([£,L] isaproper subset of L by item 1).
Since [L,L] = W , W]+ [W ,[W,W]], we conclude that
W, W, W]]cW ([W,[W,W]] isa proper subset of W).

Let [W,[W ,W]J* be the orthogonal complement to [W, [W ,W]] in £ with respect to
(-,)z. Then A=W N [W ,[W, W]+ # 0. We claim that A C 3(W). Let a,b,c € W
and y € A, y # 0 be arbitrary. Then [c,[a,b]] C [W,[W,W]] and therefore

0:(y’[cv[avb]])l::([yvc]v[a7b])£ = [va}c[wvw]L'
From the other side [y, W] C [W, W], which implies [y, W] = 0 and thus y € 3(W).
We conclude that 3(WW) # 0.

Proor ofF 5. If 3(W) = 0, then we conclude that 3(£) = 0 by item 4 and so
L=[L,L] by item 1. 0

Our next step is to study irreducible Lie triple systems in g. We recall some definitions
and properties.

Definition 5.4.9. The Killing form By on a Lie algebra g is the map By: g x g — R
defined by
By(u,v) = tr(ad, oad,).

The kernel of the Killing form By on a Lie algebra g is defined as
ker(By) = {z € g| By(z,u) =0 for all u € g}.

Notice that the kernel of a Killing form is always an ideal of g due to the adjoint
invariance of the Killing form, i.e. By([z,y],2) = By(z, [y, 2]) for any z,y, z € g. Indeed
if z € ker(By), then for any u,v € g

By([z,v],u) = By(z,[v,u]) =0 = [ker(By),g] C ker(By).

According to the Cartan criterion, a Lie algebra g is semisimple if and only if the Killing
form By is non-degenerate on g, or equivalently the kernel ker(By) is trivial. Particularly,
since the Lie algebra so(p, ¢) is simple the Killing form Bs,(p,q) is non-degenerate.

Definition 5.4.10. Let g be a Lie algebra. A Lie triple system W of g is called irre-
ducible if there are no Lie triple systems Wi and Wy of g such that

W =W, & W, (W, W] = {0}.

Proposition 5.4.11. Let W be a nonabelian Lie triple system of g, 3(W) its center,
L=W+[W,W] and (-,-)z an ad-invariant inner product on L. Then the following
properties hold:
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1. If 3(W) # 0 and Wy = 3(W)* is the orthogonal complement in W with respect to
(-, ")z, then Wy is a nonabelian Lie triple system and W = 3(W) &, W;.

2. There are nonabelian irreducible Lie triple systems W; with [W; , W;] =0, i # j
such that W = 3(W) & (&L, W;).

3 IfL=WH+W W] and WN[W , W] £ 0, then W is reducible and W = W1 & W,
(W, W] =0, where Wy = W N [W W], Wy is the orthogonal complement of W
in W with respect to (-,-)c.

If moreover W is an irreducible nonabelian Lie triple system of g, then

4o L=W=[W W] or WN[W , W] =0and L =W & [W,W]; furthermore, the
Lie algebra L has trivial center.

5. If L=W @ [W W], then B.(W,[W ,W]) = 0. Thus the decomposition into the
direct sum is orthogonal with respect to the Killing form Bg.

Proof. PROOF OF 1. Let a,b,c € W; and z € 3(W) be arbitrary. Then
([a,[b,c”7z)£:—([a,z],[b,c])gzo = [le[WhWIH CS(W)L:I/Vl
and we conclude that Wj is a Lie triple system.

PROOF OF 2. Since W is nonabelian it follows that 3(W) # W and we can write
W = 3(W) @&, Wi, where W is the orthogonal complement of 3(W) in W with respect
to (+,)z. The set 3(W) is obviously a Lie triple system. The set W is also a Lie triple
system by arguments used in the proof of item 1.

If W7 is irreducible, then we are done. If W7 is reducible, then there exists a decom-
position of W; by Definition 5.4.10 such that W; = @;VZQWJ-, where W is a irreducible
Lie triple system such that [W; ,W,] = 0, ¢ # j. To show that Wjforj=2,... N
is nonabelian, we prove by contradiction. Let W; C W; be abelian, i.e. [W;, W] = 0.
Then together with [W;,W,;] = 0, @ # j and [W;,3(W)] = 0, it follows that W} is a
subset of the center 3(W), which contradicts W; ¢ Wy = 3(W)L.

PRrROOF OF 3. We need to prove that W; and W5 are Lie triple systems of g such
that [Wl N Wz} =0.

Claim 1: W is an ideal of L. Let a,b,c € W and x € Wy = W N [W , W] be
arbitrary. Then [a + [b,c],z] = [a,z] + [[b,d], 2], and [a,z] € W N [W, W], since
x e WnN[W,W]. Thus [a, W;] C Wi. Analogously [[b,c],z] € [W,W], W] C W by
z e W and [[b,d,z] € [W,W],[W,W]] C [W,W] since z € [W,W] and therefore
[[b,c],W1] C Wy. This shows that [£,W;] C W;.

Claim 2: Wy and W are adpy w) invariant. In the first claim we particularly re-
ceived that [[W,W],W;] C W4, that is adjy w) invariance of Wi. We claim that
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adpy w1 (Wa) C W, and proof by contradiction. Assume that there exists z,y € W,
wy € Wy and wy € Wo such that ([[x,y],ws],w;)z # 0. Then

0 = (wo,[[x,yl,wi])e = ([[x,y], wo] ,wi)c #0
as [[W,W],Wy] € Wy. This is a contradiction and hence adjy w)(W2) L Wi, which
implies adpy w)(Wa) C Wa.
Claim 3: Wy and Wy are Lie triple systems. Note that [Wy,W;] C [W, W], since
Wy =Wn[W,W]and Wy, Ws] C [W,W] by Wo C W. Then

[Wa, WA, WA € [[W, W], Wh] € W,

because W1 is adjy w) invariant. The same argument works for W5.
Claim 4: [W;, W3] = 0. Notice that

([WaW]a[WhWQ])E:(HW7WLW1LW2)£=0 by W1=W2L'

Thus [Wy,Ws] € [W, W]+ and from the other side [W;,Ws] C [W, W], since both
Wy, Wy are subsets of W. We conclude that [W;, Ws] = 0.

PROOF OF 4. Let Wy = W N [W , W] and W, be the orthogonal complement to W;
in W with respect to the inner product (-, ). Then the consideration is reduced to two
cases

(@) Wi =0 or (b) Wiy #0.
In the case (a) we get L = W& [W , W]. In the second case (b) we obtain W = W@, Ws
and by the assumption of the irreducibility we conclude that Wy = {0}. Thus

Wi=W = W=W,=Wn[W,W]C[W,W].

By taking ady from both sides, we obtain [W , W] C [W ,[W ,W]] C W. We conclude
that W =[W ,W] = L.

We show that the center 3(£) is trivial. If 3(£) # 0, then 3(W) # 0 by item 4 of
Proposition 5.4.8. If 3(W) # 0, then W is reducible by the proofs of items 1 and 2 of
Proposition 5.4.11. Thus the center 3(£) is trivial.

PROOF OF 5. Let L=W @& [W ,W] and z € W, y € [W,W] be arbitrary. Then
ad, ad,([W,W]) C ad,((W,[W ,W]]) C ad, (W) C [W ,W], W] CW
and
ady ad, (W) C ad,((W ,W]) C [W,W],[W ,W]] =[W,W].

Thus the operator ad, ad, acts on £ =W @ [W , W] by interchanging the spaces W and
(W, W] in the direct sum W & [W, W], ie. adyad,(W & [W ,W]) = [W,W]& W and
therefore

0 =tr(ad,ad,) = Be(z,y) == Bg(W,[W,W])=0.
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Proposition 5.4.12. Let W be a Lie triple system of g, 3(W) be the center of W and
L=W+[W,W]. Then for any ad-invariant inner product (-,)z we have

2. Let Wy denote the orthogonal complement to 3(W) in W with respect to the inner
product (-,-)z. Then Wi is a Lie triple system of g and the ideal [C, L] of L can
be written as [L, L] = Wy + [Wq, W4].

Proof. PROOF OF 1. If W is abelian, then it is nothing to prove. Let W be a nonabelian
Lie triple system of g. Then we can write

w=3W)e (Pw).

where the W;’s are nonabelian irreducible Lie triple systems such that [W; , W] = 0, for
i # j, by item 2 of Proposition 5.4.11. We denote by £; = W; +[W; ,W;],j=1,...,N
Lie subalgebras of g. The algebras £; have trivial centers by item 4 of Proposition 5.4.11.
Moreover, [L;,L;] = 0 for i # j by the Jacobi identity and by [W;, W;] = 0, for i # j.
Thus L=W +[W , W] =3(W)a® (@jvzl L;). The Lie algebra £, = @7, L; has trivial
center 3(Ly) because each of the Lie algebras £; has trivial center and they mutually
commute. Since we have 3(W) C 3(L£) by item 2 of Proposition 5.4.8 we conclude
3(W) = 3(L). Indeed, if we assume that there is an z € 3(£) and = ¢ 3(W), then
x € Ly due to the decomposition £ = 3(W) @ Ly. But then [z,y] = 0 for any y € L
and particularly [x,y0] = 0 for any yo € Lo C L. It follows that x € 3(Lo) and since
3(Ly) = {0} we conclude that = = 0.

Now we show that the decomposition £ = 3(W) @ [L, L] is orthogonal with respect
to the inner product (-,-)z. From

L=3W)®Ly=3(L)D Lo

we deduce that [£, L] = [Lo, Lo] = Lo, since the Lie algebra Ly has trivial center. It is
also clear that £, = [£, £] is an ideal of £. Thus, the decomposition £ = 3(W)®[L, L] is
orthogonal with respect to any ad-invariant inner product by item 1 of Proposition 5.4.8.

Proor 2. If 3(W) = 0, then there is nothing to prove. If 3(W) # 0, then the
orthogonal complement W; to 3(W) in W with respect to the inner product is a Lie
triple system by item 1 of Proposition 5.4.11. We only need to show that Lo = [£, L] =
Wi + [Wh, Wi]. Denote £ = Wi + [Wy, W], Since W = 3(W) @, W, we have

L=W4+[W W]=3W)+ W, + W, W] =3(W)+ L;.
Claim 1: £ =3(W) &, L§. Because [3(W),W;] =0 we get
BWV), Wy, Wil)e = (Wh, (Wi, 3(W)]) = 0.

Together with (3(W), W)z = 0 the latter equalities imply Claim 1.
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Claim 2: [3(W), L§] = 0. This follows from [3(W), W;] = 0 and the Jacobi identity.
Now the chain of inclusions

Lo=[L, L] =[BW)+ L), BW) + Lol = [£5, L] € Ly = LoC L

follows from item 1 of Proposition 5.4.12, claim 2 and the fact that £j is a Lie algebra
constructed from a Lie triple system, see Proposition 5.4.5. Finally, we conclude

W)Yo, Ly=L=3W)®, Lo C3(W)a&, L
by making use of Claim 1. This implies £ = Ly, that finishes the proof. O

Corollary 5.4.13. Let W be a Lie triple system of o(V') defined by representations of
the Clifford algebras. Then

L=W+[W,W]=[L,L].

Proof. 1t was shown in Proposition 5.4.4 of Example 5.4.3 that the center of W is trivial.
Then by applying item 1 of Proposition 5.4.12 we finish the proof. O

Definition 5.4.14. We say that a Lie algebra g is reductive if to each ideal a in g
corresponds an ideal b in g with g = a & b.

Recall the following statement: A Lie algebra g is semisimple if and only if g =
a1 D...Da; with a; ideals that are each simple Lie algebras. In this case the decomposition
is unique, and the only ideals of g are the sum of various a;, see [62, Theorem 1.54].
Thus if a Lie algebra g is a direct sum of a semisimple Lie algebra and an abelian Lie
algebra, then g is reductive. The following proposition shows that there are no other
reductive Lie algebras.

Proposition 5.4.15. [62, Corollary 1.56] If g is reductive, then g = a(g) @ [g,g] with
[g,9] semisimple and a(g) abelian.

An important example of reductive Lie algebras is given in the following statement.

Proposition 5.4.16. [62, Proposition 1.59] Let g be a real Lie algebra of matrices over
R, C or H that is closed under the operation conjugate transpose, then g is reductive.

Corollary 5.4.17. If W is a Lie triple system of so(m), then the Lie algebra L =
W+ [W , W] is reductive.

Proof. Since C* = —C for any C € so(m), we conclude that C' € £ implies C* = —C € L
and therefore the Lie algebra L is reductive. O

Working with a subalgebra £ of so(p, ¢) we use the following definition of the trans-
pose: DY = —n, D1y, 4, Npq = diag(lp, —1I,). It is not true in general that if D € £, then
Dt € L. Any vector subspace C C s0(m) is closed under transposition, since if C' € C,
then C* = —C' € C. This is not generally true for vector subspaces of s0(p, q). In general
they are only closed under 7, ,~transposition: D" = 5, ,Dtn, , = —D.
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Proposition 5.4.18. Let C C o(m) and n,,, = diag(l,, —1,). Define
D, = C77p,q = {Cnp,q ‘ Ce C} C 50(])7 q)7

Dy =m,C = {7717,110 | CeC}Cso(p,q).

Then if the indefinite scalar product (-, -)so(p.q) 15 non-degenerates on Dy, then it is
non-degenerate on Dy and on Dy + Ds. Moreover the space Dy + Do is closed under
transposition and it is invariant under the involution

0: so(p,q) — so(p,q)
X = MpgXTpyg

Proof. We can show that the vectors D; = 1, ,C; € Ds, are linearly independent if the
vectors C; € C are linearly independent by the same arguments as in Lemma 5.2.12.
Note that

G(Dl) = pgD1Mpg = ﬂp,qcnﬁ,q = np,qc =D,
which implies Dt = —0(D;) = —D,. The space D; + D, is closed under transposition
and is invariant under the involution 6 since

(D1 + Dg)t = 7(D1 + DQ), G(Dl + Dg) = Dl + DQ.

If the metric (-, -)so(p,q) is non-degenerate on Dy, then for any X € Dy thereis Y € Dy
such that
<X7Y>5o(p7q) = —tl"(XY) #0.

Then
(1p,a Xlp.g np,qynp7q>50(pyq) = —tr(Mp e XY 1) = —tr(XY) #0

and (-, -)so(pq) is nON-degenerate on Dy. O

Corollary 5.4.19. Under the assumption of Proposition 5.4.18 the subspaces Dy and
Dy are isometric.

Proof. Since 6(D;) = Dy, then for D, D’ € D,
—tr(DD') = — tr(np,anp,qnp,qDlnp,q) = —tr(0(D)O(D")).
O

Nevertheless, the Lie triple systems associated with a representation of Clifford al-
gebras form a subalgebra of so(l,1) respectively so(2l), which are reductive. Let Cl,
be a Clifford algebra generated by R™ and J: R™* — so(l,]) C End(R) for s # 0 and
J: R — s0(2]) C End(R??) for s = 0. Denote W = J(R™) C so(l,l) respectively
W = JR") Cs0(2l) and L =W + [W,W].

Theorem 5.4.20. The Lie algebra L is simple.
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Proof. Recall that the representation maps of a Clifford algebra satisfy the relation
Jzdgp +Jpdz = =2(Z,2"), dgn, Z,7' €R™.

Let {Z1,...,Z,}, n = r + s, be an orthonormal basis of R™*. Then the following
commutation relations hold

Uz szl = 2020z, [Jz.,[Jz Iz )l = —4(Zi, Zi), Iz,

J

Thus

L=W+[W ,W]|=span{Jyz, Jz,Jz;, i,j,k=1,...,n}.
Let us assume that h C £ is an ideal: [h, L] C h. We aim to show that the only possible
ideals are the trivial and £ itself. We consider several cases.

Case 1. Suppose that Jz € b, with Z # 0 and (Z,7),, # 0. We assume with-
out loss of generality that Z is normalized. Then we can assume that there exists an
orthonormal basis {Z1,...,Z,} with Z = Z;. Thus

[JZl 7JZ]] = 2JZ1JZJ € b7 ]: 27"'7”7
[‘]Zl ) [le 7JZjH = _4<Z1>Z1 >r,s JZ] € h7 J = 27~ -, n,
[sz,JZl] = 2szjzléh ,7=1,...,n, 27&]

We see that all the generators of £ are contained in h, which implies h = £

CasE 2. We assume now that Jz € b, with Z # 0 and (Z,7), = 0. We choose an
orthonormal basis {Z1, ..., Z,} such that Z = A\, Z; +Y with \; # 0, where we also can
find Y such that (Z,,Y), . =0. Wewrite Y = >"7_, A\, Z; and note that (Y, Y") . #0.
Then we calculate 7 '

1 1 -
> Q[JZ AR §[JY ) = Z/\szszl = JyJz.

k=2
It follows that
h> < [JYJZ1 Iz =J_(z 1), Y

Thus J_(z z), v € b and we reduce the problem to the previous case, concluding that
h=L '

In the rest of the proof we assume that the ideal h contains the product JzJz with
different type of non-zero vectors Z and Z’, We calculate

%[JZ,JZJZ/] — (Tpdady = Jpd )

= (—(Z }JZ/f(fJZ/JZ72<Z,Z'>ZIdRzz)JZ)
(—(Z2.2),Jy =(2,2),Jp +2(Z,Z"),Jz)
(—(Z >Jz/+<ZZ>Jz):Jx1.,
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where X; = — <Z,Z>‘5 AR AVA >3 7 and, equivalently,

Ty dzdy — JzdyJp)

(2,2 ) Jz+ (=Jzdy —2(Z,Z )1d)J ;)
(Z,Z)), Iz +(Z .2 ), Jz—2(Z,Z ), Jy)
(Z,7'), 05 =(2,2),Jp) = Jx,

1
g[Jz’ 7JZ‘]Z'] -

(
= (
(
= (

where Xy =(Z',2'), Z—(Z,2), 7.
If one of the vectors X; or X, differs from zero, then we apply Case 1. or 2. and
conclude that h = £. We consider the remaining case: X; = Xy = 0 in which

(2.2),=(Z.2"),=(2,Z"),=0.

Let us make the following observation: if Z = aZ' for some a # 0, then JzJz = aJ% =
a{Z,Z), Idgz =0 and [JzJz , L] = [0, L] =0, which implies h = 0. Thus we asume
that Z and Z' are not proportional. Choose an orthonormal basis {Z,... , Z,} such that
Z = N7, + Yy with A # 0, Z' = puZ, + Y, with some p and Yy, Y] € span{Zs,...,Z,},
Le. (Z1,Y;), =0fori=0,1. We calculate

JZ‘]Z’ = ()\«]Z1 + Jyo)(/tjzl + Jyl)
= _/\M<Zl-/Z1 >3 Id_‘—AJZlJYI +/1‘JY0J21 + JYOJY17

such that

[‘]Z‘]Z/ 7JZl] = [—/\M < Zl s Z1 >3 Id +/\J21Jyl + NJYUJZ1 + JYOJYl ,le]
2021, 20 );(My, = wdyy) = 2(Z1, Z1 ) (Davi—uvo)-

We claim that A\Y; — Yy # 0. We prove by contradiction and assume that AY; —uYy = 0,
which can happen if and only if ¥; = £Yg. If u = 0, then ¥; = 0 and so Z' =0, which
contradicts our assumption. Hence p # 0. It follows that
Lz=L02+Y0) =nzi+ Yo = nzi+ Vi = 7,

such that Z € span{Z'}, which is again a contradiction. Hence \Y; — uY; # 0 and we
can apply Cases 1. or 2. to show that h = L.

In all these cases the ideal h coincides with £, or is trivial and we conclude that the
Lie algebra L is simple. O

Corollary 5.4.21. If W is a Lie triple system of a general H-type algebra g, then
L=Wa&[W,W] is reductive.

Proof. The proof follows directly by Theorem 5.4.20. O

As a corollary we also obtain a new proof of Corollary 5.4.13.
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Definition 5.4.22. Let g be a real semisimple Lie algebra and let By be its Killing form.
An involution 0 (0% = 1d,) is called a Cartan involution on g if the form Co(X,Y) :=
—By(X,0(Y)) is a positive definite bilinear form.

As it was observed before the bilinear form

(X.Y) =tr(X"7Y) = —tr(XY), X" =1, X, = —X,

i

50(p,q)

on so(p, ) is a (positive) scalar multiple of the Killing form By, q) since the Lie algebra
s50(p, q) is simple. Define the involution 6 on so(p, q) by

X = 0(X) = 1 Xpg- (5.19)

We claim that 6 is the Cartan involution on so(p, ¢). Indeed, if X € so(p, ¢) and X # 0,
then

Co(X, X) = Baopg (X, 0(X)) = ¢ (X,0(X))
= —ctr((Xmpe)?) >0

so(prg) = —C (X 1,g X Np.g)

because if X € so(p,q), then Xn,, € s0(m), p+ ¢ = m with tr ((Xn,,)?) <O0.
Previously we started with a Lie algebra g (for example g = so(p, q)), its Lie triple
system W and studied properties of the Lie subalgebra £ = W + [W, W]. Now we ask
the opposite question: given a subalgebra £ C so(p, q), can we find a Lie triple system
W of so(p, ¢) such that £ =W @ [W, W]. Unfortunately this is not always the case.

Proposition 5.4.23. Let L be a reductive Lie subalgebra of so(p,q). Then there is a
Lie triple system W of so(p, q) such that L DO W @ [W, W].

Proof. We write £ = 3(L) & [L,L] = 3(L) ® Ly, where L is semisimple. Thus the
Killing form By, is non-degenerate and there exists a Cartan involution 6: Ly — L.
We set

p C Ly such that 6O(p)=—p, VpeEp,

tC Ly suchthat 6(t)=t, Viet

The Killing form B, is negative definite on t and is positive definite on p. Now we
establish several properties.

p 1S A LIE TRIPLE SYSTEM OF s0(p,q). Let u,v,w € p be arbitrary, then for
y=[u,[v,w]] €[p,[p,p]] we obtain

0(y) = Olu, [v, wl] = [6(w) , [6(v) , 0(w)]] = —[u, [v,w]] = —y

which shows that y € p. Furthermore, we remind that t D [p,p].
IT 1S OBVIOUS THAT [L,L]=p®t.
THE SET W = 3(L£)@p 1S A LIE TRIPLE SYSTEM OF s0(p, q). We deduce [W, W] =
[p,p] C tand
(W, W, W]]=[p.ff=[p.[p,p]] SpCW.

Moreover, W@ W, W] =3(L)®p®[p,p] CI(L)B[L,L]=L. 0
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5.5 The Lie triple system W of so(p,q) is a rational
subspace of £ in the case of trivial center 3(IV)

Let us assume that £ =W + [W, W] is reductive. Thus if 3(W) = 0, then £ = [L, L]
is a semisimple Lie algebra. As we saw in the previous section it is the case when the
Lie triple system is defined by the Clifford algebra representations.

For any real semisimple Lie algebra g° it is possible to explicitly construct a basis with
integer structure constants by [58]. In the following we give an idea of the construction,
for more details see [58].

Let g° be a real semisimple real algebra with Cartan decomposition g® = t @ p
determined by a Cartan involution #. We choose a maximal abelian subalgebra a :=
h° N p, where b° is a maximal abelian #-stable subalgebra of g°. Recall that the choice
of h° is unique up to conjugation.

Let g be the complexification of g° and h = h2 a Cartan subalgebra. This determines
the set of roots ®(g,h) C h*. The following diagram gives an overview over all relevant
inclusions

br —=bh—>g.

We denote by o and 7 the complex conjugations of g with respect to g° respectively
the real compact form u C g. Apparently § = I*(o7) such that o7 is the unique complex
linear extension of 6 from g° to g which we want to denote by # as well. The set of
simple roots will be denoted by A(g, ) C ®*(g,h), where ®*(g, h) is the set of positive
roots such that *®%(g,h) = &+ (g% h) U {0}. For o € ®(g,h) let h, = %, where B
is the Killing form of g and ¢, a root vector. Furthermore, set h; := h,, for the simple
roots a; € A(g, h). We define the roots a”,a”, a’ by a”(h) = a(o(h)), a” (k) = a(r(h))
and o?(h) = a(0(h)) where o € ®(g, ), h € h. We establish the terminology and call a
root o € ®(g, b) real if it is fixed by o, imaginary if it is fixed by ¢ and complex in all
remaining cases. For intuition we note that a real root vanishes on h°Nt, thus takes only
real values on h°, an imaginary root vanishes on a, thus takes purely imaginary values
on hY and a complex root takes mixed complex values on h°.

Now we define a decomposition of the roots. Let 3 = {a € ®(g, h)|i* # 0} be the
set of all roots which do not vanish everywhere on a. This can be decomposed into the
set of complex roots ®¢ and the set of real roots Pg, i.e. ¥ = &¢ U g, which restricts
to the root system i*Y = ®(g° a). Furthermore, let Ay = A(g,h) N @z be the set of
simple imaginary roots and let A; = A(g,h) N X be the set of simple complex or real
roots.

Now there exists a Chevalley basis C = {4, hi|a € ®(g,h)} of (g, ) such that

(i) 7(za) = xar = 2_, for each a € O(g, b),

(ii) o(24) = £x40 for each a € (g, bh),
0(24) = oo for each a € Op UA,.
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Now we use this basis to construct our desired basis. Set X, 1= 2, + 0(z4), Yo 1=
i(zo — 0(24)), HL == ho + hoo, H :=i(hy — hoo) and Z, := X, + Y, for a € ®(g, h).
We note that X, and H} are twice the real part and Y, and H? are twice the negative
imaginary part of z, and h, in the complex vector space g with respect to the real
structure o. We define the set ®£* C & such that for all a« € ®F the following is true:

{a,a} ¢ &L and DL N {a,a”} # 0.
Analogously we define the set A} C A; such that for all @ € A, the following is true:
{aw(@} ¢ A7 and AN {a,w(a)} £ 0,

where w: Ay — A is a unique involutive permutation with unique nonnegative integers
Nag With a € Ay and 8 € Ay such that for each a:

(i) o’ = ~w(a) - Zﬁer ngal3,
(i) Ppw(a) = Npas
(i) w extends to a Dynkin diagram automorphism w: A(g, ) — A(g, h).

We defined these two sets to obtain the following basis 28, which is the union of:

By {Zs|la € Pr}, Bir = {X,, Yala € @;ﬁ@ , Be = { X, Yala € O},
W= (Hiloe A\AY), K= {Hlo € AgUAY).

Then the basis 2% has integer structure constants by [58]. Let us denote this special
basis by Cg.

Definition 5.5.1. Let g be a Lie algebra such that with respect to a basis By the Lie
algebra g has rational structure constants. Then the set spanQ{Bg} is called the rational
structure of the Lie algebra g. A subspace U of g is called rational subspace with respect
to the rational structure spang{By} if there is a basis By such that By C spang{By}.

Proposition 5.5.2. If W is a Lie triple system of so(p,q), and L = W @& [W W] =
[L, L] is semisimple, then W is a rational subspace of L with respect to the rational
structure spang{Cr}.

Proof. We choose the basis C;. Then it is obvious that there is a basis of W and [V, W]
contained in spany{C.} C spang{C.}. O

Now let us assume that £, = W N [W, W] # {0}. We need to show that W has a
basis in the rational structure spang{Cc}.

Note that £, is an ideal of £ = [W, W]+ W since £, is ady and adjy w) invariant,
see proof of item 3 of Proposition 5.4.11. Let L5 be the orthogonal complement of £
with respect to any ad-invariant inner product (-,-)z on £. Then £, is also an ideal of
L. Indeed

([X ) ['2] 7[’1)E = _(‘CQ ) [X ) £1])£ =0,
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as —(La, L1)z = 0. Thus we have two ideals L4, £ of £, such that £, N Ly = {0}. This
implies that they are also orthogonal with respect to the Killing form B, and therefore
By is non-degenerate on both £; and L. (If it would be degenerate on one of it, then it
would be degenerate on the other one too and then it would be degenerate on £, which
would be a contradiction.) Moreover, the restrictions of B on ideals £; and Lo define
the Killing forms B, and B, of them.

Proposition 5.5.3. The Lie triple system W of so(p,q) is a rational subspace of L =
W+ W, W] = [L, L] with respect to the rational structure spang{Cc, } ® spang{Cr,}.

Proof. First we observe that the semisimple Lie algebra £, admits a decomposition
Lo = Wy @ [Wy, Ws], where W3 is a Lie triple system of so(p, q), see proof of item 3 of
Proposition 5.4.11. Moreover there is the basis Cr, such that W, is a rational subspace
of £y with respect to spang{Cc,} by Proposition 5.5.2.

As a semisimple Lie algebra £; admits the basis Cr,. Then the basis C = C, UCp, is
the (Chevalley) basis of the Lie algebra £ = L1 @ L£2. We define the rational structure
of L by

spang{C} = spang{Cc, } ® spangy{Cc, }.

Now W = L, @ W), is a rational subspace of £ with respect to spang{C}. O



Chapter 6

The sub-Riemannian geodesic
equation in the octonionic H-type

group

In the present chapter we study sub-Riemannian geodesics in the octonionic H-type
group G}, which is a nilpotent group of step two and, as a manifold, diffeomorphic to
R15.

The Lie group structure of G%, obtained via the Cayley-Dickson construction of real
division algebras, induces a natural Riemannian metric and a bracket-generating distri-
bution H of rank eight and step two on G%. Restricting the metric to H we obtain a
sub-Riemannian structure on G2.

The class of curves we are interested in are horizontal with respect to H and, most im-
portantly, critical points of the natural sub-Riemannian length functional. We present a
characterization of these critical points via a differential equation, similar to the geodesic
equation in Riemannian geometry, which states that for critical points of the length func-
tional the intrinsic acceleration V7 is a linear combination with constant coefficients
of some special rotations of the velocity +.

This chapter is the result of a productive cooperation between Godoy Molina and
me. The main results are accepted and will be published in Springer Proceedings in
Mathematics & Statistics [10]. Finally, we would like to mention that Prof. Fabrice
Baudoin informed us that our main theorem is contained as a special case in the non-
published manuscript [14].

6.1 Introduction

The H (eisenberg)-type algebras were introduced by A. Kaplan in his foundational work [59].
Their Lie algebra structure is intimately related to the existence of a Clifford algebra
representation over a certain inner product space. To make this claim more precise,
recall that a composition of two positive definite real quadratic forms ¢ and A on two
vector spaces H and U, respectively, is a bilinear map p: H x U — H such that for any
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heH,uelU

p(MA(u) = @ (u(h, u)).
One can always assume there exists a vector ug € U such that p(h,ug) = hforallh € H.
Setting V' as the orthogonal complement of Rug in U, one can introduce a Lie bracket
[,-]: Hx H — V that induces a Lie algebra structure of step 2 on H @ V. The Clifford
algebra representation mentioned before refers to the fact that

M(/J(h, U)? U) = —)\(’U)h7

i.e., the existence of p induces an H-representation of the Clifford algebra CL(V, —\).

Among the plethora of H-type algebras, one can distinguish the class of those sat-
isfying the so-called J2-condition, which is Clifford-algebraic in its very nature. This
family of algebras was introduced in [39], and has been the subject of intense study by
analysts for the past twenty years. A major result, obtained in the previous reference,
is the fact that the nilpotent, connected and simply connected groups corresponding to
H-type algebras can be singled out as those appearing in Iwasawa decompositions of
real rank one simple Lie groups, and thus, there are but a few classes of H-type algebras
satisfying the J2-condition. These families of H-type algebras are the trivial Euclidean
spaces R", the Heisenberg Lie algebras g™, the quaternionic H-type algebras g§"+3
and the octonionic H-type algebra gi. Note that, although there are nontrivial H-type
algebras with centers of arbitrary dimension [59, Corollary 1], those that satisfy the
J%-condition are either abelian or have centers of dimension 1, 3 and 7.

There is a natural connection between H-type algebras and sub-Riemannian geom-
etry, which we proceed to explain. Recall that a sub-Riemannian manifold is a triplet
(M, H,(-,-)), where H < T'M is a distribution, i.e., a subbundle of the tangent bundle
of M, and (-,-) is a fiber inner product defined on H called the sub-Riemannian metric.
For most applications, it is assumed that the distribution H is bracket-generating, that
is,

LieH = Lie algebra generated by sections of H = T'(T' M),

where I'(T'M) denotes the space of vector fields on M. The step of H is, by convention,
the minimal length of brackets needed to generate all the vector fields on M plus one.
Associated to an H-type algebra g = H @ V there is a unique (up to isomorphism)
connected and simply connected Lie group G with Lie algebra g. By left-translating the
subspace H of g, we obtain a bracket-generating distribution H — T'G of step 2. The
quadratic form ¢ induces a sub-Riemannian metric on H.

From now on, we focus our attention on the sub-Riemannian octonionic H-type
group, that is, the sub-Riemannian structure defined on the connected and simply con-
nected Lie group G} with Lie algebra gi. The main purpose of this note is to give a
variational description of the critical points of the length functional

Liy) = / NECON

defined for horizontal curves in G3, that is, piecewise smooth curves v whose velocity
vector satisfies the constraint 4(t) € H. (), whenever ¥ is defined. We will refer to these



6.2 The Octonionic H-type group G 119

critical points as sub-Riemannian geodesics. An alternative description of these curves,
from a Hamiltonian point of view, has been obtained in [28]. Let us stress the fact
that we use their model of the group G, which is obtained from the Cayley-Dickson
construction of division algebras, instead of the Clifford algebraic model defined in [39].

This chapter is organized as follows. In Section 6.2, we recall briefly the definition
and main properties of the octonionic H-type group and its natural sub-Riemannian
structure, following [28]. In Section 6.3, we prove the main result of this chapter, follow-
ing the lines of [50, 81]. The two major difficulties to overcome when dealing with G+ are
the fact that as a manifold it is 15-dimensional and that underlying its structure we are
using the octonions, the only normed division algebra which is non-associative. Finally
we conclude with two appendices, where we collect all the formulas that are too large
to be displayed in an aesthetically pleasing way within the main line of argumentation.

6.2 The Octonionic H-type group G

In this section, we give a short introduction to the octonionic H-type algebra g} and the
sub-Riemannian geometry of its (unique connected and simply connected) Lie group G%,
both concretely realized in R'®. For a deeper study, and some interesting facts about its
horizontal curves, we recommend [28].

Let us start by giving a description of g} through vector fields defined on R =
R® @ R”, with coordinates zy,..., s, 21,..., 2. Consider the 8 x 8 matrices J,...,Jr
with real coefficients given in Appendix 1. The horizontal space H = span{X1,..., Xg}
corresponds to the distribution generated by the vector fields

7
1
Xi(x,2) = 0, + 5; (T i0-,, 1e{1,...,8},
where z = (21, ... ,25) and (zJ,,); denotes the I-th coordinate of the row vector x7,,,.

Explicitly, these vector fields are given by

Xi(z,2) = Ox1+ %(71’2({)Zl — 230,, — 405, — X50,, — 602, — T705, — 280s,),
Xo(z,2) = Oza+ %(.ﬁ@zl + 240,, — €305, + 1602, — X505, — x805, + 70s,),
Xo(r,2) = s+ g (s, + 10z, + 22y + 000, + 750y — 230y — T0-,),
Xy(z,2) = Ozg+ %(Ig&z1 — 220, + 210, + ©80,, — ¥70,, + 6025 — ¥50s,),
X5(z,2) = Oxs+ %(—T/sazl — 270z, — 805, + 2105, + 20, + 305, + 40-,),
Xe¢(x,2) = Oxg+ %(15821 — 2805, + 2705, — 220, + 110, — £405, + 30s,),
Xq(x,2) = Oxr+ %(xgazl + 250, — £60z, — X304, + 405, + 2105 — ©20.,),
Xs(z,2z) = Ozg+ 1(—m@zl + 260, + 0502, — 1405, — ¥30,, + 120,, + 10,,).

2
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Table 6.1: Nontrivial Lie bracket relations in g}.

[TO’LU7COZ.] X1 XQ X3 X4 X5 X@ X7 Xg
X, 0 | Z1 | Zo | Zs | Z4 | Z5s | Zs | Zs
Xo -Z1| 0 Zy | =Zy | Zs | —Zy | —Z7 | Zg
X3 —Zy | =23 | 0 A Zg Zy | =2y | —Zs
X, “Zs| Zo | —Zi| 0 | Zr | —Zs| Zs | —Z4
X5 —Zy | —Zs5 | —Zs | —Z7| O A Zy Zs
X —Zs | Zy | —Z7| Zg | —=Z1| 0 | —=Z3| Zy
X; —Zs| Zr | Zu | =25 | ~Zs| Z3 | O | -7,
X “Zi | —Zs | Zs | Zu | —Z3| —Z»| Z1 | O

The vertical distribution V| i.e., the center of the Lie algebra g}, is defined by
V =span{Zi,..., Z;},

where Z;(x,z) = 0,,. The Lie algebra gt is the algebra spanned by the vector fields
Xi1,...,Xs,Z1,. .., Zy with the usual commutator of vector fields in R'®, see Table 6.1.
The Lie group G} is the nilpotent Lie group structure on R' of step 2 induced by
the Lie algebra gl via the Baker-Campbell-Hausdorff formula. An explicit expression
for the product rule can be found in [28, Equation (3.7)].
We define an inner product (-,-) on g} such that the vector fields Xi,...,Xg,
Zy, ..., 27 form an orthonormal frame. The left-invariant distribution

H :=span{Xy,..., Xz},

and the restriction of (-, -) to H give us the sub-Riemannian structure on G} we want to
study further. The group G with the structure introduced before is called the octonionic
H-type group, since the map

ady: ker(audx)L CH-=YV,

is a surjective isometry for any X € H of norm one, see [59]. From this definition, it
follows immediately that the distribution H is strongly bracket generating and, thus, all
length-minimizing curves are normal, i.e., they all solve a natural Hamiltonian equation,
see [71, Chapter 1]. Explicit solutions to this equation in the case of the octonionic
H-type group can be found in [28]. The method employed to find these solutions in [28]
uses explicitly the coordinates of R®, instead our approach is entirely coordinate-free.
With all these ingredients at hand, we can compute explicitly the Levi-Civita con-
nection of the metric (-,-). To do this, we employ the well-known Koszul formula

(Z.VyX) = %(x<y,z> FY(ZX) — Z(X V)
—([X7Z}7Y> —([Y,Z},X>—<[X,Y],Z>)7
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and we immediately notice that the following equations
1
<Xb7vXaZT> = _§<[Xa7Xb]7Z’/‘>a <ZS7vXaZ7‘> = 07

hold, for all a,b € {1,...,8}, r,s € {1,...,7}. We conclude that Vx,Z, has trivial
vertical part, and thus

8
1
Vi Zr =5 (Xa, Xi], Z:) X,

b=1

From this and the information in Table 6.1, we can deduce the expressions found in
Appendix 2. From these, it is natural to define the operators J,.: H — H,r € {1,...,7},
by

J(X):=2VxZ,, re{l,... T}

These are almost complex structures on H, i.e., J> = —Id|, with the property that
<J7’(X)7Y> + <X>JT(Y)> =0, (6'1)
for every r € {1,...,7} and all X,Y € H. Furthermore, we note that this equation

implies that (X, J.(X)) =0, for all X € H.

6.3 Geodesic equation on G

In this section we follow the arguments in [50, 80, 81] to find an intrinsic differential equa-
tion for the sub-Riemannian geodesics of G+ with respect to the sub-Riemannian struc-
ture introduced in Section 6.2. An earlier attempt to this problem can be found in [82],
where the author obtained a differential equation for geodesics in CR sub-Riemannian
3-manifolds using the Tanaka-Webster connection. We conclude with some examples
and interpretations.

6.3.1 Main result

Recall that a piecewise smooth curve 7: [a,b] — G# is called horizontal if 4(s) € H. (),
whenever % is defined. A variation of a curve 7 : [a,b] — G} is a C*>map 7 : [a,b] x [ —
G3, where [ is an open interval containing 0 and 7(s,0) = v(s). As customary, we will
denote 4(s,e) = 7:(s). If v is horizontal, we say that 4 is an admissible variation if all
curves 7. : [a,b] — G} are horizontal, v.(a) = v(a) and ~.(b) = v(b). As an abuse of
notation, we call 7. an admissible variation of ~.

Given a vector v € gi, we write vy for its orthogonal projection to the horizontal
space H. We will use the same notation for the horizontal components of vector fields,
vector fields along curves, etc.
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Lemma 6.3.1. Let 7: [a,b] — G} be a horizontal curve parameterized by arc length,
and let W be any C' vector field along v such that W(y(a)) = W (v(b)) = 0 satisfying

=3W,Z) =2Wu, (%)), re{l,...,7}L (6.2)
Then there exists an admissible variation . of v such that %L:O%(s) =W.

Proof. Note that there exists a vector field W along v, orthogonal to 4, such that we
can write W = f4 4+ W for some smooth function f satisfying f(a) = f(b) = 0. From
the choice of W, the definition of the almost complex structures J,, the arc length
parameterization and horizontality of v we can immediately see that

W,4) = F3,4) + (7, 4) = )
W, L3 = J6, LG+ OV, (7)>~ = (W, 7,6,
W.Z) = F6.2)+ (. 2) = (W, 2),

forall r € {1,...,7}.

It is easy to see that if there exists a (not necessarily admissible) variation (s, ¢) for
which 2| _ y(s,e) = W, then there exists 7, (s, €) satisfying 2| _ym(s,e) = W. This
implies that, without loss of generality, we can and will assume that W L 7.

We have to distinguish the cases in which the vector field W is horizontal or not. Let
us first examine the case when W is horizontal on some non-empty interval Iy C [a, b].
By definition, we have that W = Wy for all s € Ij, and since we are assuming that W
satisfies condition (6.2), we have the equalities

(Wi J,(3)) = (o (3)) = 5 5(Wi . 2) =0,

for all € {1,...,7}. This implies that Wy € span{¥}, and since Wy is also orthogonal
to ¥, we can conclude that Wy = 0.

The non-horizontal case requires more care. If exp is the exponential map associated
to the (Riemannian) metric (-,-) on G}, we can define the mapping

F(s,e) = XDy (s) (eW (s))

for sufficiently small ¢ > 0 and s € [a,b]. Let us assume there exists sy € [a, b] such that

W(so) & Ho(s)- We note that F(s, ) defines locally a surface, which is transverse to the
horizontal space H(s,), as it contains curves in non-horizontal directions by definition.
Furthermore, it is foliated by horizontal curves. These two facts together imply that
there exists a function g(s, ) of class C? such that we can define a family of horizontal
curves

"=(5) = exp () (9(s5, €)W (s)).

If we choose g such that %L:Og(so, ) = 1, it follows that 7. is an admissible variation
of 7 with associated vector field W. O
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Simple computations show that the converse of Lemma 6.3.1 also holds. For com-
pleteness, we include it here. Given an admissible variation 7. of a horizontal curve
with variational vector field W, then

:;Y<WaZ7'>72<WH-,JT(;Y)>a re {17"'77}‘

Since (Y, Zy) =0, for all r € {1,...,7}, it follows trivially that % o e Zr) =0
From this equality, the fact that V4 Z,. =0 for all v, € {1,...,7}, and equation (6.1),
we deduce that

(’75 T) = <VW'Y 5 Zr> + <’Y 5 VWZ7>
Ze) + ¥, Vwy Zy)
(W, V5Z0) + (¥, J(Wh))
(

) —
> <WH7 ( )>_ T(;Y)7WH>
) = 2(Wh , J:(7))-

d
dele=
<77
= WW.Z,
= WW.Z,

AW Z,

Now we have all tools to prove the main theorem.

Theorem 6.3.2. Let v: [a,b] — G% be a horizontal curve of class C?, parametrized by
arc length. Then v is a critical point of the length functional (with respect to admissible
variations) if, and only if, there exist constants A1, ..., s € R such that v satisfies the
second order differential equation

7
Vid =2 Ai(4) =0. (6.3)
r=1
Proof. Let us first assume that v: [a,b] — G2 is a horizontal curve, parametrized by
arc length, satisfying equation (6.3) for some constants Ai,..., A7 € R. We consider a

C'-smooth vector field W, vanishing at the endpoints of v and satisfying
for all r € {1,...,7}. It is well-known, see [32], that the length functional L satisfies

d

b
2|t = [wrm,

e=0

therefore, to prove that « is a critical point of L with respect to admissible variations,
we need to show that f;(Vﬁ"y , W) = 0. Decompose W = Wy + Wy in its horizontal and
vertical parts, where Wy = Zzzl 9 Z, for some smooth functions ¢y, ..., g; satisfying
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gr(a) = g-(b) = 0. Then

b 7 b 7 b
. 6.3 . Jr(Y)EH .
JRGERE ) PN VAT RITRE ) Sy IR EACNI
a r=1 a r=1 a
64) b, eV b
= 3N AW Z)TE Y N [ 4, Z)
r=1 a r=1 a
7 b 7 7 b
Y 7<zglzl,zr>_za/ 00
r=1 a =1 r=1 a

7

b
B d gr(a)=gr(H)=0
= [ Gty "=

For the converse, let v be a critical point of the length functional, which is horizontal
and parametrized by arc length. This implies that

d

0=—

de

e=0

b
where W is the vector field of the variation ..
We know that the condition ||¥]|?> = (¥,%) = 1 implies

. 1d, . 1d
Vit 1) =5 717 =551=0.

Furthermore, since v is horizontal, then (¥, Z,.) =0 for all r € {1,... ,7}, and thus
(%,2r)=0 R . . . . .
0o T VY Ze) =AV4Y, Ze) + (V. Vi Zy) = (Vad, Ze) + (7, T (7))
(X, Jr(X))=0 .
= <V’ny ) Z’!‘>7

for all » € {1,...,7}. In summary, we have shown that Vs4 L 4 and V% L Z, for
all m € {1,...,7}. Therefore the vector field V¥ has to be contained in the seven
dimensional subspace span{Ji(%), ..., J7(¥)}, that is

7
vﬁ’ﬁ/ = Z ngr(;Y)'
r=1

It remains to show that the functions g, are in fact constant. We fix f,: [a,b] — R
for r € {1,...,7} such that f.(a) = f.(b) =0 and fab fr = 0. Furthermore, we consider
a vector field W such that its horizontal part satisfies Wy = Zzzl frdr(¥) and satisfies
(W, 2)(s) = 2 [ f(t)dt. )

The last condition for the vertical part of W yields

SO 2, = di‘i (2 / fT(t)dt> —2f(s),
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for all r € {1,...,7}. The horizontal condition and the orthonormality of the family
{N(F), ..., J2(¥)}, see Appendix 2, imply

W, Jo(3)) = <Z fle(W)7Jv>(7)> = fi(s),
=1

for all » € {1,...,7}. These two equations together imply the condition (6.2) of
Lemma 6.3.1, which reads

YW, Z,) = 2(Wa , Jo(4)),

for all » € {1,...,7}. Using Lemma 6.3.1 we conclude that W is a vector field for an
admissible variation of . We obtain

o= [ =3 [ hws i,

which is valid for any seven functions with mean zero, which implies that (V7 , J.(}))
is constant for all » € {1,...,7}. We obtain equation (6.3) for suitable constants
ALy, A7 ERL O

6.3.2 Interpretations and examples

Similar equations to the one in our main theorem can be found in the literature in
different guises, and with various geometric and physical interpretations.

As mentioned in [55], when studying the case of the natural CR sub-Riemannian
structure on the three dimensional sphere S3, the admissible C? critical points of the
length functional satisfy the equation

Vi + 20J(5) = 0, (6.5)

where J is the almost complex structure on the horizontal distribution of S? induced
by the CR structure. In that case, the constant A corresponds to a curvature in the
following sense: if v solves the equation (6.5) with parameter A, then the projection of v
to S? via the Hopf fibration produces a piece of a geodesic circle with constant geodesic
curvature A (see [55, Lemma 3.2]).

In the case of Theorem 6.3.2, after a rather tedious computation, we can show that
the curves in G} starting from the origin and satisfying equation (6.3) with A} = -+ - =

A7 = 0 are straight lines in R' contained in the 8-plane z; = --- = z; = 0. This fact
indicates that we can again interpret the constants as curvatures. In a sense, the values
of A1,..., A7 measure how far are the curves solving (6.3) from being a Riemannian

geodesic. We are currently working on making this claim precise and applying it to all
the similar cases known to us.

Finally, it is of worth mentioning this equation has a very similar structure to the
so-called Wong’s equation, see [71, Chapter 12], which corresponds to a nonabelian
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version of Lorentz equations for the dynamics of a particle. In that case, the parameter
A corresponds to the charge of the particle which satisfies an additional restriction in
the form of an evolution equation. It would be of interest to study the precise relation
between Wong’s equation and the general formulation of critical points of length in
sub-Riemannian manifolds with transverse symmetries, see [14].

6.4 Appendix

We present the matrices 7, . . ., J7 used in Section 6.2 to define the vector fields X7, ..., Xs.

H
_

-
-

-

-

~oococococoo
-

oclococococoo
colococoocoo
loocoocooo

cocorooOO
corooooo

coccoococowr
coocolococo
cococococol o

H
—
-
—
—
-

lcoococococo coloococoo
=

cococococor coococoroo
colocococoo
cocoroocoog
corocococoo cocorooo
crocoococo cocoococor
~ocoococoo
coococool o
cocococoloco
coocolocoo

-
-
—
-
-

-

olococococoo coolcoco coooecleoos

coolcocco coococol oo
roooo0O00CO coocoooRO

cocorocoo
coococo/l oo
&
I
lcoocoocoo
-
cooloocoo
COr00000 soooooon
cooccorco
coocolocoo
cococococoor
cococococoro

-

—
-

locoococococo colocococoo cooo )/ cooc coocooolo

-

-
CO0O0OHOO CO0OOOO+ OHOOOOOO OOOHOOOO

ocrococococco
colcococoo

cooloococo ollocoococoo
cocorococo cocoooro

cocoococol o
ocococococor
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Here we present the components of the Levi-Civita connection for the Riemannian
metric on G} defined in Section 6.2.

1
Vx,Z1= §X27
1
Vx;Z1 = — X,
: 2
1
Vx, 22 = —§X37
1
Vx,Z2 = *§X77
1
Vx, 23 = §X47
1
V23 = _§X87
Vx,Zy = —- X5,
1
Vx,Zy = §X1,
1
Vx,Zs = —§X6,
1
Vx5 25 = §X2~,
1
Vx,Zs = *§X77
1
Vx,Zs = §X3,
1
Vx, Z7 = —§X8,
1
Vx;Z7 = §X4~,

1
Vx, 21 = §X17
1
VxeZ1 = §X57
1
Vx,Z7 = 5)(47
1
VxeZ2 = *§X87
1
Vx,Z3 = *§X37
1
VxeZ3 = §X77
1
Vx,Zy = §X67
1
VxeZs = *§X27
1
Vx,Zs = —§X57
1
VxeZs = §X17
1
Vx,Zs = *iXsy
1
VxeZs = *§X47
1
Vx, 27 = §X77
1
VxeZr = 5 X3,

1
Vx, 21 = *§X47
1
Vx, 21 = §X87
1
Vix;22 = - X1,
2
1
Vx,Zy = §X5,
1
Vx,Z3 = §X27
1
Vx,Z3 = _§X67
1
Vx3Z4 = §X7,
1
Vx,Zy = *§X37
1
Vx,Zs5 = §X87
1
Vx; 25 = 5 X4,
2
1
Vx;Zs = *§X5>
1
Vx,Zs = §X17
1
Vx,Z7 = _5X67
1
Vx,Z7 = —§X2>

1
Vx,Z1= §X3,
1
ngZl = _§X7a
1
Vx,Zy = —§X27
VixsZo = 5 X6,
Vx,Zs = 3 X1,
1
VxsZ3 = §X57
1
Vx,Zs = §X87
1
VxsZy = *§X47
1
Vx,Z5 = —§X77
1
VxsZs = —§X37
1
Vx,Zs = §X67
1
VxsZs = §X2,
1
Vx,Z7 = —§X5,
1
VxuZr = 5X1.
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Sub-Riemannian Cut-locus






Chapter 7

The Sub-Riemannian cut locus of
H-type groups

In the present chapter we present a proof of the fact that the sub-Riemannian cut locus of
a wide class of nilpotent groups of step two, called H-type groups, starting from the origin
corresponds to the center of the group. We obtain this result by completely describing the
sub-Riemannian geodesics in the group, and using these to obtain three disjoint sets of points
in the group determined by the number of geodesics joining them to the origin.

7.1 Introduction

The H (eisenberg)-type algebras, which are one of the most important examples of nilpotent
Lie algebras of step 2, were introduced by A. Kaplan in his foundational work [59]. Their Lie
algebra structure is intimately related to the existence of certain Clifford algebra representa-
tions, which we will introduce carefully later on. These Lie algebras have a deep connection
to sub-Riemannian geometry, which we will proceed to explain.

It is well-known that for a nilpotent algebra n = v @3 there is a unique (up to isomorphism)
connected and simply connected Lie group N with Lie algebra n. Applying this idea to an
H-type algebra, and by left-translating the subspace v of n, we obtain a bracket-generating
distribution H < T'N of step 2. Any inner product defined on v induces a sub-Riemannian
metric on H. Explicit equations for the sub-Riemannian geodesics in H-type groups can be
found in [51].

A fundamental tool in the analysis of sub-Riemannian manifolds is the so-called cut locus.
Recall that the (sub-Riemannian) cut locus of (Q,H, (,-)), with respect to a point p € Q is
defined as the set of points ¢ € @ such that there is more than one minimizing sub-Riemannian
geodesic connecting p to ¢, for details see Definition 1.2.8. One of the most relevant applications
where knowledge of this set plays an important part, is to describe the short-time asymptotic
behavior of the heat kernel associated to a naturally defined sub-elliptic operator, see [12]. The
aim of this chapter is to give a complete characterization of the sub-Riemannian cut locus for
the H-type groups.

This chapter is organized as follows. In Section 7.2, we briefly recall some necessary def-
initions and give a precise form of the sub-Riemannian geodesics on an H-type group. In
Section 7.3, we prove the main result of this chapter, which follows from studying carefully
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three different sets of points in the group. In order to understand these sets completely, we
need to obtain results similar to those in [28], but valid in the full generality of H-type groups.

7.2 Sub-Riemannian geodesics on H-type groups

7.2.1 Sub-Riemannian H-type groups

Let us first recall the construction of the H-type algebras n,g. In what follows, all inner
products are positive definite and Cl, ¢ is the Clifford algebra generated by the vector space
3r0 = R™ with inner product (-,-); .
Consider a Cl,gp-module v,, where J: 3o End(v,0) is the corresponding Clifford

algebra representation. If (-,- >uTo is an inner product on v, o, we can define a Lie bracket by

(Jzv, W), , = (Z ,[v,w]) for all v,w € v,0.

3r,00
We set all brackets with elements in 3, 5 to be zero. This induces a Lie algebra structure of
step 2 on 1.9 = 0,0 ® 3, 9. We define the inner product (-,-) := (-,-), +(-,-), onn.p.
Then

3r,0

JZ’JZ —+ JZJZ’ = —2<Z7Z,> IdUrTO for all Z € 3T_’0 .

3r,0

As it is usual in the literature, we call v, ¢ the horizontal space and the center 3, the vertical
space.
Let {v1,...,vm} and {Z1, ..., Z,} be orthonormal bases of v, and 3, respectively. The

k

structure constants ij and the coefficients Bj; of the representation J are defined by

n m
[vi,v;] = EIC'ZZ;C and Jz, v = ZBZ’UJ'.
k=1 j=1

It is easy to see that ij = Cf]-,
forthcoming computations.
It follows that the structure matrices {C*,... ,C"} C so(m) defined by C* = (ij)m for

all k =1,...  n satisfy the relations

and we will use this fact freely throughout many of the

ckcr = —crc®, for k £ p,
and (C*)? = — Idy, ,. Furthermore, we note that C*CP € s0(m) for k # p, since
(CreP)T = (CP)T(CH)T = (—CP)(=CF) = CPC* = —C*CP,

where (C*)7 is the transposed matrix of C¥.

The H-type group N, is the unique (up to isomorphism) connected and simply connected
Lie group with Lie algebra n, . The subspace v, o defines a bracket generating distribution of
step 2 over N, by left-translation, and the translations of the inner product <'7'>vr,o makes
N, into a sub-Riemannian manifold.

Recall that for a simply connected nilpotent Lie group, the exponential map is a diffeo-
morphism, see for example [40]. Therefore we can identify N, with v,0®3,,. We will use
this identification through this chapter. Under this identification, we denote by V;.¢ and Z,
the image of v, ¢ and 3, respectively.
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7.2.2 Sub-Riemannian geodesics on N,

From now on, we write a horizontal sub-Riemannian geodesic c¢: [0,1] — N,o by c(t) =
(z(t), 2(t)), where z(t) is in V.0 and 2(t) = (2%(t),...,2"(t)) is in Z, . From [51, Theorem 2],
we have the following formulas:

a(t) = SAHOD 4 gy = ‘7052(”9'))521-(0), (7.1)
16l 16|
& 1. r|CF CkQ
25(t) = 51(0) |9‘ cos(t]0|) sin(t]0|) + |9|2 cos(t]0])(1 — cos(t]9])) (7.2)
T vk TokQ) ) )
+ == e sin?([6]) + ——— TE sin(¢]0])(1 — cos(t]0])) | £(0),

where 6 = (01,...,0,) # (0,...,0) is a vector of parameters coming from the Hamiltonian

formulation, 2 = 3>°_ C*6;,, 6 = (61,... ,0,) # (0,... ,0) and |6] = (X5, 62)"/>.
For § = (0,... ,0) the sub-Riemannian geodesics are straight lines, i.e., the geodesic starting

at the point (0,0) and reaching the point (x,0) at time ¢t = 1 is given by ¢(t) = (tx,0).

Proposition 7.2.1. The vertical part z(t) of a horizontal geodesic c(t) for the H-type group

Ny, corresponding to 0 = (01,... ,6,) # (0,...,0), is given by
|(0)[? sin(t]0])
t) = t— 0. 7.3
2(t) T ] (7.3)
Proof. First we note that given a skew-symmetric matrix A € so(m), i.e. AT = —A, then

vT Av = 0 for any vector v € R™ as
R 3 o7 Av = (0T Av)T = T ATy = —vT Av.

Now we calculate the matrices C*Q, QTC* and QT C*Q.

cka=Cky Clo, =) C*Clo = —6,1d,, + ) _ C*C'o,
=1 =1 I#k

Q'ck = —qch = - > " C'C*0, = 0,1d,, — Y C'CHo,
=1 I#k

=0 1dy, + > _ C*Co,
Ik
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Qf'ckq = <9k Ido, + > C’“Clel) Q=60+ > > ckclcro,
I#k I#k p=1

=0,Q+ i Zn: ckclerg,6, + i ckctcto,0,

I#k p#k I#k
= 0.0+ Y CkClcron, + > Clo,

£k pk 1k
=02+ > —C*7 +> o,

1#k 1k

where the last equation is obtained as C'C? = —CPC! for p # 1. As Q, CP, CPC' are skew-
symmetric for any p # [, we obtain that

#0)TC*&0) =0,

#(0)7C*Q(0) = —0,]@(0)* + f}a’c(m%’“c%(owz = —0k|2(0)[?,
I#k

HO)TQTCH5(0) = B () + 3 #(0)TCHCa(0)f) = Bili(0)
1%k

£(0)TQTC*Q2(0) = 0,:(0)TQ:(0) + zn: —2(0)7'C*2(0)0?

I#k
n
+)2(0)7C(0)0,6, = 0.
I#k
It follows that for any k =1,... ,n

(1) = By (0))2 22 UOD( = cos(tloD)) + sin?(¢]0])

2/6J?
o2 1 —cos(t])])
Okl (0)[? sin(t|0])
k _ Yk _
=g U ) .

This simplification will allow us to determine concretely the points in any H-type group
where minimizing sub-Riemannian geodesics starting from the origin stop being unique.

7.3 Sub-Riemannian cut locus of H-type groups

In this section, we give a precise description of the sub-Riemannian cut locus of curves starting
from the identity (0,0) in the H-type groups introduced previously. More precisely, we want
to prove the following
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Theorem 7.3.1. The cut locus Ky of the H-type group N, is given by the points of the
form (0, 2).

This result will be achieved in three steps: points of the form (0, 2) are in K y; points of
the form (z,2), with z # 0 and z # 0, are not in K| ); and neither are the points of the form
(x,0).

7.3.1 The vertical space is contained in the cut locus

As a first step, we show that the points (0,z) € Nyo are in the cut locus. The geodesics
connecting the origin (0,0) and (0,z) and their length are given by the following Theorem
which generalizes [28, Theorem 6.3] to arbitrary H-type groups.

Theorem 7.3.2. For each natural number k € N, there exists a sub-Riemannian geodesic
e (t) = (x(t), 21(t)) in Ny joining the origin with the point (0,z). These curves have lengths

l1,la, ..., where l}% = 4km|z|, k € N, and their equations are
sin?(krt) sin(2knt)
t)=4———2Z2(0) + ——22(0 keN
xk( ) ‘.1‘(0)‘2 ‘T( )+ 2k LE( )a )

where Z =31, 2"C" and
in(2
Zk(t)I t,w z, keN.
2rk

Proof. We follow a similar scheme as in [28]. Evaluating equation (7.1) at ¢t = 1, and after
some simple computations, we see that

()P . o (16l
0=|z(1))?= e sin? <?> .

Since we can assume that |(0)| # 0, it follows that |0] = 2k, for & € N. This, in turn, implies
that i )‘2
(0
z=2(1)= k22 0,

thus |#(0)|? = 4kn|z|. We immediately obtain the geodesic equations.
The length of the geodesics follows easily, since

1 2
=1 = [ Vi) =160 =tk o

Suppose ¢(t) is the minimizing geodesic between the origin and (0, z) with length 47|z| and
with initial vector ©:(0) # 0. We define the geodesic é(t) = (Z(t), 2(¢)) with initial vector —z(0)
by

sin?(7wmt)

i) = 74sz(0) -

(t - sing:rt)) .

This geodesic is minimizing between the origin and (0, z) as it has length 4x|z| and clearly
¢ # é. It follows that (0, z) is an element of the cut locus of the origin.

IS
—~

~~
=
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7.3.2 If2#0 and z # 0, then (z, z) is not in the cut locus

Theorem 7.3.1 will follow after proving that points not contained in the vertical space are not
elements in the cut locus. We start the analysis by proving the following extension of [28,
Theorem 6.5].

Theorem 7.3.3. Given a point (z,z) € Ny with x # 0, z # 0, there are finitely many sub-

Riemannian geodesics joining the origin (0,0) with (x, z). Let |0]1,... ,|0|n be solutions of the
equation

42|

— = u(|0]/2

o = ullel/2),
where p(a) = ﬁ—cot(a). Then the equation of the geodesic cx(t) = (xx(t), zk(t)), t € [0,1],

corresponding to |0|, is

T

2 |z[>(10]) — sin(|0]1))

(1) e ()

_ t|(9‘k — sin(t|¢9\k)
|01, — sin(|6])

21 (t) = sin (@) cos (%) 8 sin? (%) (tan (%) cot (‘9%) — 1) 2

2 (t)

with Z2=3"_2"C" andk = 1,2,... ,N. The lengths of these geodesics are [z = v(|0|x)(|z|*+

4|z|), where

o?

2(1 4 o — cos(a) — sin(a))”

v(e) =
Proof. Putting s = 1 into equations (7.1) and (7.3), we see that
_ 4sin?(]6]/2)

|z|* = |2(1)? P |£(0)[?, (7.4)
jz? ( Siﬂ(|9|)) |2 *1(161/2)
=2(1) = 1- 0= 0. 7.5
T T A 1) (79)
It follows that |z| = %|x\2,u(\0|/2). Let |0]1,...,|0|n be the solutions of this equation. We fix
a solution |6]; and obtain by the use of equation (7.4) in (7.5) that
210[3 2
0= — - , 7.6
R0l — sin(1011)) (0
and therefore we have that )
_ t|0x — sin(t]6]x)
2(t) .

= 160 — sin(Jolk)
To find the expression for z(t), let us first observe that

161 1015 QY (sin(|6]r) 1—cos(|0lr) ) _
(2 cot 5 ) 1dy, 3 e Idn,_+7‘€|% Q) =1Id,,,
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which follows from simple trigonometric identities and the fact that choosing the corresponding

covector 0, we have that Q02 = —|0]2 Id,,. Since equation (7.1) can be written as
sin(|0]x) (1 — cos(|6]x)) ) ,
x = Id,, Q) 2(0),
( I 1013

then #(0) = (‘gl’“ cot (‘9|k> Id,, 7%) x, and therefore

x(t) = (sin(t|9|k) dy, Jr(1 - cos(t|0\k))Q) #(0)

I o2
sint6l) (L= cos(tl0l) )\ (10 (16 0

= Id Q —~ cot, I R
( ST g o\ )My )

The equation for z(¢) in the statement follows from a simple computation, using the formula
above and equation (7.6).
We calculate the length of our obtained geodesics. For a fixed solution ||, we obtain

Tp(t) = %(( — cos(t|0|x) + cot (‘ Q‘k) sin(t|9|k))(2x
+ \Q\k(cos(t|9|k)c0t (‘ 2"“) +sm(t|9\k))x),

such that
. ) B 1 101 . 2
(@n(t) () = (o, Q)7 (= cos(tlole) +cot ( 5F ) sin(tloly))
1015 . 2
+o(z,2) \G\k(cos(t|9|k)cot : +sm(t|9\k)>
_ 10 10k . 2
= ) (- st + cor (15 ) sinceio))
101 . 2
n (COb(t‘ﬂk)COt ( : +sln(t|9\k)> )
_ , 1913
= N S s
Hence I} = v(|0]x)(|z[* + 4]z]), as 4|2| = [z[*u(|0]x/2)- 0
Given a point (z,z) with = # 0, z # 0. Then there exists N solutions |6]1,... ,|0|x of the
equation

41, (10
|=? 2 )

If N = 1, then there does not exist a second minimizing geodesic. Hence (z,z) is not in the
cut locus.

For N > 1, we have to examine the solutions |0 in detail. Without loss of generality, we
assume that |0|; < |0]k+1. We know that p is an increasing diffeomorphism on the interval
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(—2m,27) onto R such that |0|; < 27 and |A];, > 27 for all 1 < k < N, see Figure 7.1. In
Figure 7.2, we see that v(27) = 7 and that v(x) < v(y) for all € [0,7), y € (7, 00). Hence

v(10]1) <v(l0|), for 1 <k < N.

This implies that the geodesics ¢ (t) = (zx(t), 21 (t)) cannot be minimizing for 1 < k < N.
This implies that the only minimizing geodesic between the origin and (z, z) with z # 0, z # 0
is given by ¢1(t) = (z1(t), z1(t)), hence (x, z) is not in the cut locus.
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Figure 7.1: p (%) =
points 2nm, n € N.

— cot (%) on the interval [0, 167] with vertical lines at the

L L L
0 5 10 15 20 25 30

+— on the interval [0,30] with vertical line at the point 27
a—cos(a)—sin(a))

Figure 7.2:
and horizontal (Ilne at the point .

7.3.3 Points of the form (z,0) are not in the cut locus
To conclude the proof of Theorem 7.3.1, we prove the following result.

Theorem 7.3.4. A sub-Riemannian geodesic c(t) in Ny.q is horizontal with constant z-coordinate
20 € Zro if and only if c(t) = (at, o) for some vector a € V;o such that |a| # 0.
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Proof. Since z(t) = zp is constant, then 0 = 2(¢). If we assume |f]| # 0, then we can apply
Proposition 7.2.1, to see that

|£(0)[* (1 — cos(t]6]))

T 6.

0=3(t) =

Since |2(0)|2 # 0 and (1 — cos(t|0])) # 0 for all t € [0,1], we obtain a contradiction. It follows
that  must vanish, and thus

x(t) = t#(0),
from the characterization of geodesics in Subsection 7.2.2. Setting a = #(0), the result is
proved. O

It remains to show that there is no geodesic connecting the origin (0,0) with (z,0) with
non-constant vertical component z(¢). Let assume that there exist such a geodesic which
reaches (x,0) at time ¢y = 1, then the non-constant part z(t) is given by

_HOP (, _ sin6)
w0 =g (1= )

It follows that 1 = % if and only if |0| = 0, see Figure 7.3, which implies that z(¢) is

constant. This is a contradiction to our assumption, hence there does not exist a geodesic
connecting the origin (0,0) with (z,0) with non-constant vertical component z(t). Hence the
geodesic given in Theorem 7.3.4 is the unique geodesic connecting (0,0) with (z,0).

1.0

0.5F

—0.5

Figure 7.3: % on the interval [0, 10].
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Chapter 8

Sub-Riemannian geometry of Stiefel
manifolds

In this chapter we consider the Stiefel manifold V;, ;, in the real and complex case as a principal
U (k)-bundle over the Grassmann manifold and study the cut locus from the unit element. We
give the complete description of this cut locus on V;, 1 and present a sufficient condition on the
general case. At the end, we study the complement to the cut locus of Vo and extend our
results to the real case.

The main results of this chapter are summarized and published in the paper [9].

8.1 Introduction

One of the main objects of interest in sub-Riemannian geometry are normal and abnormal
geodesics which are two different but not mutually disjoint families. Contrary to the Rie-
mannian geometry, the exponential map is not a local diffeomorphism. Nevertheless, the
singularities of the exponential map, as in Riemannian geometry, are closely related to the cut
locus and failure of the optimality for geodesics. The cut locus in sub-Riemannian geometry
is an object which is of great interest, but rather poorly studied. There exist very few results
concerning the global and local structure of it and most of them are restricted to low dimen-
sional manifolds. The work [74] studies the one dimensional Heisenberg group, and the results
easily can be extended to higher dimensions. A full description of the global structure of the
cut locus for the groups SU(2), SO(3), SL(2), and lens spaces is given in [24]. For the groups
SO(3), SL(2), and lens spaces the cut locus is a stratified set, whereas in SU(2) it is a maximal
circle S without one point. The reader will find similar structures to those that have been
obtained in the present chapter. The global structure of the exponential map and the cut locus
of the identity on the group SFE(2) is completely presented in [83]. The nature of normal and
abnormal geodesics and complexity of the cut locus structure in sub-Riemannian geometry on
the example of the Martinet manifold is pointed out in the work [2]. More interesting results
can be found also in [13, 72, 73].

In the present chapter we consider the Stiefel manifold V;, ; as a principal U(k)-bundle
with the Grassmann manifold as a base space. We completely describe the cut locus from the
unit element for the case V;, 1. Technical difficulties do not allow to extend these results to the
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general case V;, ;. Nevertheless, we present a partial description of the cut locus, which is to
our knowledge an almost unique example for manifolds of higher dimensions.

The structure of the chapter is the following. In Section 8.2, we define the Stiefel and
Grassmann manifolds embedded in U(n), their metrics of constant bi-invariant type and their
normal geodesics based on the general Theorem 1.2.18 that can be found in [71]. In Section 8.3,
we describe the cut locus for the equivalence class of the unit element on the principal U(1)-
bundle structure on the Stiefel manifold V;, 1. Since the considered manifold is homogeneous it
gives the structure of the cut locus for any point. Section 8.4 is dedicated to the cut locus for
the general case of the Stiefel manifold V;, ;. In Section 8.5, we briefly review some particular
cases of the Stiefel manifold embedded in SO(n).

8.2 Stiefel and Grassmann manifolds embedded in

U(n)

We use the following notation in the present section. Let C™ denote the n-dimensional complex
vector space and C™*™ the set of (m x n)-matrices with complex entries. We want to apply
Theorem 1.2.18 to the submersion 7: V,, (C") — G,, 1 (C™), where V,, . (C") = V}, ;; is the Stiefel
manifold and Gy, ;(C") = G, is the Grassmann manifold for n € Nand k € {1,... ,n}.

We start from the description of a general construction. Given a group G with an invariant
inner product on its Lie algebra g and two subgroups H, K C G, we form the quotient spaces
G/H and G/(H x K). The submersion G/H — G/(H x K) is a principal K-bundle, with
Riemannian metrics on G/H and G/(H x K) induced from the bi-invariant Riemannian metric
on G generated by an invariant inner product. The Riemannian metrics are induced by the
projections G — G/H and G — G/(H x K). Both manifolds in the submersion G/H —
G/(H x K) are homogeneous manifolds, where the group G acts transitively. The induced
Riemannian metric on G/H is also bi-invariant under the action of the group G. The geodesics
on G/H are the projections from G of one-parameter subgroups exp(t§) with & orthogonal to
the Lie algebra h C g of H. We introduce the specific subgroups of U(n):

U (k) = {([{f IO%) X U(k)} CUm) and

UL (k) = {(I"O*’“ [?k) ‘Uk c U(k)} c U(n).

Note that we use the notation UjP (k) and UL (k) with the lower subscript n in the current
section to emphasize that the elements of these subgroups are written as (n X n)-matrices
and the upper-script indicates that the subgroups U(k) are given by matrices in upper left
or lower right angle in the (n x n) matrices. The subgroups UsP (k) and U (k) are different,
but isomorphic. Set G = U(n), H = Ul(n — k), K = Uy?(k). Then the quotient G/H =
U(n)/UL(n — k) is isomorphic to the Stiefel manifold V;,; and G/(H x K) = U(n)/(UL(n —
k) x Up?(k)) is isomorphic to the Grassmann manifold G, .
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8.2.1 Unitary group and bi-invariant metric

Before giving a detailed definition of the Stiefel and Grassmann manifolds, we remind that the
unitary group U(n) is a matrix Lie group, whose elements X satisfy the condition

Un)={XecC™ XTx=xXT=1,}.

Here I,, is the unit (n x n)-matrix and X7 is the complex conjugate and transposed of the
matrix X. The Lie algebra u(n) consists of all skew-Hermitian matrices:

u(n) ={x eCc™ x=-xT}

We remind that a matrix X € U(n) is of full rank, its columns and rows are orthonormal
with respect to the standard Hermitian product in C" and that the main diagonal of the skew-
Hermitian matrices are purely imaginary. Moreover, the Hermitian product in C" is invariant
under the action of U(n), that particularly means that the orthogonality is preserved under this
action. The Lie algebra u(n) can be endowed with the inner product (X, Y)y(n) := —La(xy),
X,Y € u(n). Considering U(n) as a real analytic manifold, we denote its points by ¢ and the
metric at this point by (-, -)ymy(g) or, if it is clear from the context, simply by g,. Then a
left-invariant metric on U(n) with respect to the group action of U(n) is given by

(om@: TgU(n) x TU(n) = qu(n) x qu(n) — R
(¢X , qY) — —%tr(Xy)

g€ U(n), X, € u(n). We claim, that this metric is actually bi-invariant, which follows from
the observation that can be found, for instance, in [47] and [68]. We present some details.

Definition 8.2.1. Let g be the Lie algebra of a Lie group G endowed with an inner prod-
uct (-,-)g. An inner product (-, -)q is called invariant if it is invariant under the adjoint action
of G, i. e (¢ 'na,q7€a)g = (1,€)g for alln,§ € g and q € G.

Then it is well known, see for instance [62], that an invariant inner product (-,-)q on a Lie
algebra g determines a bi-invariant metric (-,)c on the group G via

m.,8c(q) = (g"na " €)g= g " &),

for all n,¢& € T,G.
We only need to check that the inner product (X, Y), () = — = tr(XY) on u(n) is invariant.
Indeed,

(' X7 Vuny = —nttr(gT ' Xqqg V) = —n" (g XYq)
= —TL71 tr(yqqil‘)() = _n71 tr(.)(y) = (Xa y)u('n)

for all X, € u(n) and g € U(n).

Remark 8.2.2. The left and right action of any subgroup UyP(k), Ul(k), 1 < k < n on the
group U(n) and on the Lie algebra u(n) are defined as a matriz multiplication from the left
or from the right. The inner product (-,-)g = f%tr(~ ,+) on the Lie algebra u(n) is invariant
under the adjoint action of UpP (k) or UL (k) and therefore the metric (-, VU), defined by left
or right translations by the action of UnP (k) or UL(k), is bi-invariant under this action.
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8.2.2 Stiefel manifold and metric of constant bi-invariant type

The Stiefel manifold V;, i, is the set of all k-tuples (g1, . .. , gx) of vectors ¢; € C*, i € {1,... , k},
which are orthonormal with respect to the standard Hermitian metric. This is a compact real
analytic manifold which can be equivalently defined as

Vi = {X e C* XTX = I,}.

The condition XTX = I, is equivalent to the orthonormality of columns in X. These k
orthonormal columns can be considered as arbitrary k columns in a matrix X € U(n). This
allows us to realize the Stiefel manifold as a quotient set of U(n) by the subgroup Ul (n — k).
To do this we introduce the equivalence relation «~; on U(n) by

Iy, 0

0 Umk)’ gpeU(n), U,reU(n—k).

q-1p q:P<

This yields to the equivalence class for ¢ € U(n)

(o 0

The quotient U(n)/UL(n — k) is a real analytic manifold with the quotient topology and we
denote by 71 the natural projection from U(n) to the quotient U(n)/Ul(n — k). We identify
the equivalence class [¢]"* with a point in the Stiefel manifold and write [q]v,, , € Vj, 1 instead
of [¢]"! to emphasize that the point belongs to the Stiefel manifold. The real dimension of
Vo is 2nk — k2

The tangent space to the Stiefel manifold is the quotient of the tangent space to U(n) by the
tangent space of the equivalence classes. To obtain it we differentiate the curves c(t) € [q]v, ,
8 2) | Ce u(nfk)}. Intuitively,
movements in the direction R make no change in the quotient space. It follows that the tangent
space Tig, Vi i to the Stiefel manifold at [q]v,, , € Vi, 1 is given by the quotient of the tangent

Up_r €U(n— k)} e U(n)/UL(n—k), qeU(n).

at t = 0 for a fixed ¢ € U(n) and receive the space R = {q (

Vi, k

space TqU(h), which is isomorphic to qu(n), by R:

Tigy, Var = 1 lav, (3 ~BY| x e (k), Xy € Cn=h)xk
ldlv,, , Yok qiv,, Xy 0 1 € UR), A2 .

Similar results can be found in [44, 67].

Now we define a metric (-,-)v, , on V,, ; by

(i (B 72 v (3 —Jgf)>v (Iah..)

-l ) NG )6 )
X0 )0\ 0 )/ X0 )7 \wmo0 ))

where ¢ € [q]y, , is any representative of the equivalence class [g]y, ,. It is clear from this

definition that the metric (-,-)v, , is independent of the choice of a representative.
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Since Uglqlv,, . = [Urqlv,., and [qlv;, ,Ur = [qUilv,, ., Ur € Un(k), it follows directly from
the definition of the metric on Tjy,, ;\-V”*k and the bi-invariance of the metric (-, -)y(,) With

respect to Up” (k) that

X & N0
<[kaI]Vn,k <X2 0 ) [Ukalvi (y2 0 >>VM
( <X1 72\?211) (yl *3}271) )

Xo 0 ’ Vo 0 u(n)

= (v (72 s (3 _30)2T)>m

X _)E. T Y T
<[qu]Vn,k (X; 02 ) 7[qu:]ank (%; 352 )>V )
((Xl _X2T> (yl —)72T)>

Xo 0 "\ 0 u(n)

(e (3 8) o (32 3))

n,k

and

where Uy, is any element in Up”(k) C U(n). So the metric of (-,-)y, , is invariant under the
action of UnP (k).

Now we show that the metric (-, )y, , on Vp, 1 is of constant bi-invariant type with respect
to the right group action of UpP(k), i. e. satisfies Definition 1.2.16. To prove it we recall
that the infinitesimal generator oy, - unf (k) — Tig)y, |, Vo is given by a1y, (&) = [a]v,, &,

where up? (k) is the Lie algebra of Up? (k). Tt follows that
H[Q]vny)k_’ (&n) = <[Q]Vn,k€ ) [q]Vn,kn>Vn,k =—n' tr(én),  where [q]Vn,k € Vo

This implies that Irg,, . (&, m) is independent of [q]y, .

8.2.3 Grassmann manifold

The Grassmann manifold G, is defined as a collection of all k-dimensional subspaces A of
C". Equivalently, an element A of G, can be written as an (n x k)-matrix with columns
ei,... ek, such that span(ei,... ,e;) = A. We are interested in the representation of G,
as a quotient of U(n) by some subgroup. As in the previous case of the Stiefel manifold, we
quotient U(n) by U (n — k), but moreover, since the definition of G,, ;, does not depend on the
choice of an orthonormal basis ey, ..., e for A, but only on its span, we also quotient U(n) by
the group Un?(k) that leaves span{ey, ... ,ex} invariant. Therefore, we define the equivalence
relation vy in U(n) by

Uy 0

R my, mg € U(n),
0 Unfk') ! 2 ( )

mi v Mo < mip = mso (



146 Sub-Riemannian geometry of Stiefel manifolds

where Uy, € U(k), Up—i € U(n — k). This leads to the equivalence class

[m]™ = {m (%’“ Uik) \ Uy €U(K),Upr € U(n— k)} cU(n), meU(n),

which is isomorphic to U(k) x U(n — k) = UyP(k) x Ul(n — k). We identify G, with the
quotient space U(n)/(Un? (k) x Ul (n—Fk)) and use the notation [m]g, , for [m]~2 in the present
Section 8.2.

Furthermore, we obtain that the tangent space to the equivalence class [m]g, , is

{m (981 X04> | e uh), X eun - k)} , meU),

and it implies that the tangent space of Gy, x at the point [m]g, , is given by

0 X e
T[m]c;n’kG",k = {[m]Gn,k (72\?27“ 0 ) ) Xy € O k)} :

It has real dimension 2k(n — k) that defines the real dimension of G,, i, see also [44, 67].
We define a metric (-, -)q, , on Gnx by

(e (L ) mlens (Lgr %)), (i)
e e ),

= (Car 9) (o V)
—/?QT 0 ) _372T 0 ) ’
where m € U(n) is any representative of [m]g,

8.2.4 Submersion 7: V,,; — G, and sub-Riemannian geodesics.

Starting from now, we consider the matrices ¢ and m as elements in U(n) and define the
submersion

7T:Vn,k — Gn,lm

dy,, = [mlg,,-

The projection 7 sends the equivalence class [g]y, , to the equivalence class [m]g, ,, where

n.k
m € U(n) can be any matrix from the set

{q ([{)’“ Uf_k) ‘ Uy € U(k), Un_y, € Un — k)} .

Note that the latter set consists of all unitary matrices whose first & columns from the left
span the same space as the first left k columns of ¢q. This implies that a fibre over a point
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[mlG, ,, € Gn. is given by

(Mg, = { {m (({)k ]no_k)}wk ‘ Uy € U(k)}
= {[mlvn.k (%k Ino_k)

which is homeomorphic to Up? (k) =2 U (k).

The submersion 7 is also a principal Up? (k)-bundle, where the right group action is defined
by the multiplication from the right by an element from Up* (k). It remains to show that the
right action of Up,P (k) is continuous, preserves the fibre and acts freely and transitively on the
fibre.

The multiplication of [g]y;, , € V; 1 from the right by an element U € U(k) is given by

I, 0 udooo_ (U 0
q(o Un,,)(o )=\ 0 v, ) €U

where U, is an arbitrary element of U(n—#k) and U} is a fixed element of U (k). It follows that
the right multiplication is well defined and continuous. It can also be seen, that it preserves the
fibre 7 (7 ([q]v,, ,)). By definition of the fibre it is clear that [q]y, ,Un”(k) = 7~ (7 ([q]v,, ,))
and this implies the transitivity of the Up?(k) action.

Uy € U(k)}7 m € U(n),

To show that Up? (k) acts freely, we assume that U; = (%1 I 0 ) € U (k),
n—k

~ Uy O = 3. Qg2
Uy = (0 In—k> S U#p(k) and [q]vn,k:Ul = [q]vn,kUQ with [q}vmk = (q3 Q4)7 q € (Cka,

qg € CHX(=k) gy € C=R)*k and ¢4 € CP=F)*(=k) Then we get the equations

@Ur = qUz — o = qUUrt = U Uy Y,
UL = q3Us =  g3=qglhU ' =¢UilUy ",

which leads to Uy = U, and so U; = Us. Thus, we have shown that 7: V,;, — Gpx is a
principal U,? (k)-bundle.
The differential of m defines the vertical and horizontal spaces. The differential dj

ld X1 A s [m)] 0 Xy
q Vo k —.)EQT 0 m Gk —XQT 0 )

where m is defined as above for 7. So, the kernel of djy,, LT or the vertical space Vg, R is

q]ankﬂ' at

[q] V, ) acts as

given by
X 0
Y, = (3 o) @euw},  ocvim.

We choose the horizontal space of V,, j, by setting

0 X
Higy, , = {[Q}v,,,k (_/?2T 02> ’ Xy € C’”(""“)} . q€eU(n). (8.1)
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It is clear that dm: TV, — T'G, 1 is a linear isometry if we restrict it to the horizontal space,
Higly, s Tr(lalv, k_)GnJv for each [q]v;, , € Vi k, therefore 7 is a Riemannian submersion.

The uy” (k)-valued connection one-form Alglv, L e R Vo — un? (k) is given by

XA X0 u kx (n—k
A[‘I]Vn,k ([q]vmk <72\;2T 0 )) = <0 0) e urP(k), XyeC x(n—k)

Now we can write precisely the normal sub-Riemannian geodesic on V}, ;, starting from a
point [qly, , with initial velocity v € Tjg, kak by using Theorem 1.2.18. It is given by

T(t) = expg(tv) expy, i) (—tA(v))

X X X1 0
oo (5 ( 5 )

S ) . X
where ¢ € U(n), v = [qlv,, (7/‘?2T 0 ) € T[q]vn’k Vo, with (7/?2T 0 ) € u(n).

We simplify notation and write ¢ € V;, 5, m € G, U(k) for UpP(k), U(n—k) for UL (n—k),
and ¢ for a Riemannian metric of constant bi-invariant type.

8.2.5 The group SO(n), Stiefel and Grassmann manifolds
We recall that the special orthogonal group SO(n) is the set of matrices
SO(n) = {X e RV XTX = XXT =1, , det(X) = 1}.
This is a compact Lie group with the Lie algebra so(n) given by
so(n) = {X e R x = —xT}.

Every entry on the diagonal of X € so(n) is zero and the real dimension of the manifold is
in(n—1).
We define a bi-invariant Riemannian metric on SO(n) by

(-,-): gso(n) x gso(n) — R
(¢X,qY) = —tx(X))
with X, Y € so(n).
The Stiefel manifold V;,  for & < n is the set of all k-tuples (g1, .. ,qx) of vectors ¢; € R™,

i € {1,...,k}, which are orthonormal with respect to the standard Euclidean metric. This
compact manifold can be equivalently defined as

Vor = {X e R”* XTX = I, }.

Another way to define the Stiefel manifold V;, ;. is to introduce the equivalence relation v in
SO(n) by

I, 0
gr1p = q:p(g ka>, ¢,p € SO(n), Sp_r€S0(n—k),
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such that the equivalence class [g]"! of a point ¢ € SO(n) is given by

a={a(t 50

The Stiefel manifold V;, 5, can be identified with SO(n)/SOy,(n—k). We use the notation [¢]v, ,
for [¢]"! in the present subsection.
The tangent space at a point [q]y, , € Vp 1 is given by

Sp_i € SO(n — k)} € SO(n)/SO,(n — k).

T Vok =1 [d] X *XQT Xy € so(k), X c R(n—k)xk
[dlv,, ;, Yk aiv,, Xy 0 1€8 , X2 .

The induced metric (-, )y, , on Vyx is given by

(e (3 707 ) ol (0 0° )>V (...
- <q <§; 7‘8(271) 7q(ii ?;QT)>SO(7L) (q)
3T T
(6 )

where g € [g]y;, , is any representative of the equivalence class [g]v, , -

The Grassmann manifold Gy, 1, is defined as a collection of all k-dimensional subspaces A
of R™. Equivalently, an element A of Gy, ; can be written as an (n X k)-matrix with columns
wi, ... ,wi € R™, such that span{wi,... ,wi} = A, or, it can be defined as a quotient space in
SO(n) with respect to the following equivalence relation

S, 0

0 Sn—k) , my,mg € SO(n),

mi v M2 < mp = mg (

where Si € O(k), S,—r € O(n — k), such that det(Sk) = det(S,,—x) € {—1,1}. This leads to
the equivalence classes

(m]" = {m (Sok SL) | S1€O(k), 5,k € On k), det(S) = det(s",k)} :

m € SO(n), which is isomorphic to O(k) x SO(n — k) = Op(k) x SOp(n — k), as

m (SO’“ Sf_k) - (Sk,Sn_k (det((]s’“) Idil)) € O(k) x SO(n — k).

We identify G, with the quotient space SO(n)/(On(k) x SOn(n — k)) and use the notation
[m]g, ,, for [m]72 in the current subsection and again in Section 8.5.
The tangent space of Gy, ; at the point [m]g, , is given by

nk

0 X .
T‘[W]Gn,anvk = {[m‘]Gn,k (—X2T 02) ‘ XQ € ka< ) k)} N
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It has real dimension k(n — k) that gives the real dimension of Gy, .

The induced metric (-,-)q, , on Gp is given by

(io.s (L ) e (3 %)), (imian)
= ©) (S %))y,
== (e 5) (G %))

where m € SO(n) is any representative of [m]g, , .
A normal sub-Riemannian geodesic on V,, . starting from [g]y;, , is given by the formula
similar to (8.2) presented in Subsection 8.2.4.

V() = expy,, (tv) expo, k) (—tA(v))
_ XX X0
= T |qeXPsom) (f (_&T 0 ))] expo,, (k) (—t ( 0 0)) ; (8.3)
X X X X
where ¢ € SO(n), v = [q]v,, , (_)éT 02) € T[’I]Vn,kV"’k with (_/éT 02) € so(n), m: SO(n) —

S0(n)/SOy(n—k) is the natural projection from SO(n) to the quotient space, and A: T'V;, j, —
50, (k) is the so,(k)-valued connection one form.

8.3 The cut-locus of V,,;

In this section we study the cut locus of the complex Stiefel manifold V,, 1 considered as a
sub-Riemannian manifold by making use of the normal sub-Riemannian geodesics (8.2). We
recall that the definition of the cut locus is given by 1.2.8.

As a motivation for studying this problem we mention that V1 is also an example of a
contact manifold, which was studied, for instance, in [15, 31, 50, 71]. To present the contact
structure, we note that the submersion U(1) — Vi, 1 — Gy 1 can be written as U(1) — S~ —
CP™ L. In [50], it is shown that for submersion S2"~! — CP"~! the vertical vector space is
spanned by

V(q) = =400z + 00y — - .. — Yn—10,_, + Tn—10y,_,, q€ 52—l
The horizontal distribution D on $2"~! is defined as the orthogonal complement to span{V'} in
75?1 with respect to the Euclidean metric in R?® = C". At the point (1,0,...,0) € §27~1
i 0 .
0 0) of the Lie
algebra u, (1) and the horizontal distribution D = V= coincides with the horizontal distribution

H = { ( 0 B) ’ Be Clx(n*l)}, which is orthogonal to £ with respect to the trace metric.

the vertical vector V' = (4,0,...,0) coincides with the generator & = (

-BT 0o
Since trace metric and Euclidean metric, vertical and horizontal distributions are invariant
under the action of U(n) we conclude that the sub-Riemannian geometries are essentially the
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same. It is shown in [50], that the distribution D coincides with the holomorphic tangent
space HS?"~1 of the sphere S**~! considered as an embedded CR-manifold and that it also
coincides with the contact distribution given by ker(w) with respect to the contact form

w = —yodzo + 2odyo — - - . — Yn—1dTn—1 + Tn—1dYn—1.

Thus the contact and CR structures can be transferred to the Stiefel manifold V/, 1.

We note that we write Id for the equivalence class [In]v;, , € V. The main theorem is
stated as follows.

Theorem 8.3.1. The cut locus Kiq on V,1 is given by

Loy = {Kg g)}v |cevq), pevm- 1)} \ {1d}.

Proof. We only need to show the inclusion K1q C Ly 1 since the converse inclusion L, 1 C Kiq
will be proved in Theorem 8.4.4 for the more general case V;, .

First of all we claim that in the case of V, 1 there are no abnormal minimizing geodesics
because the distribution is strongly bracket generating. Remind that a smooth distribution H
on a manifold is strongly bracket generating if for any non-zero section Z of H, the tangent
bundle of the manifold is generated by H and [Z,H]. We actually mentioned at the beginning
of the section that V;,; can be considered as a contact manifold and therefore it is strongly
bracket generating, see for instance [71].

Thus all the possible minimizers are normal and they are given by Theorem 1.2.18. We
calculate the precise form of the geodesic 7,, paying special attention to the components
4% and 42, where v is the initial vector of the Riemannian geodesic in formula (1.9), see
also Remark 1.2.19. The forthcoming calculations are well defined since the sub-Riemannian

_%T §>’ where z € R and B € C*("=1)_ Recall

v". First we will calculate the two upper parts of the n-th power

Stiefel manifold is analytic. Let v = (

that exp(tv) = 2% ¢

n=0 n!

of v, v" := v(n) = (Zigg Zigz;), namely v1(n) and ve(n). From the recursion formula

v = v" "y it follows that
vi(n) = vi(n — 1)iz — va(n — 1)BT = vy (n — 1)iz — v (n — 2)BBT,

as va(n) = vy (n— 1)B. Furthermore, as v" = vv" ! we deduce v3(n) = —BTv(n—1). Having
the initial values v1(0) = 1, v1(1) = iz, and v3(0) = 0 we obtain that

27n71 ) ) - ) ) ) _
vi(n) = m(n((z 22+ 4BBT +iz)" — (iz —iva? + 4BBT)")

+ iV2? + 4BBT ((iz — iV/2? + 4BBT)" + (iv/2? + 4BBT + ix)")),
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which implies for exp(tv) := (exp(tv)1 exp(tv)2> that

exp(tv)s exp(tv)y

exp(tv)1

Zt” \(n) = 1 <efg<\/mfz)
= on 2iv a2 +4BBT

iv a2 + 4BBT(8zt\/xl+4BBT + 1) + ’LI( it\/22+4BBT _ 1))

_ T2+4BBT7T)

2 x2+4BBT
% ( x2+4BBT(elt\/m+1>_’_l,(eit\/gw_l))‘

X

SO
SHORRT0

1 it ) =
! t ex tv)1 ex —tix) = 7,877( 224+4BBT +x)
’Yv( ) PU(n)( )1 pU(l)( ) 5 5

(\/aﬂ + 4BBT (WV#HBBT 1) | g (Ve BT _ 1)) : (8.4)

The first component v} (¢) of the normal geodesic 7, (t) = ( ) is written as

X

The second important component of the geodesic 7, is
> s = Sea(n)
n=0 n=1

0 tn+1 o tn+1

- nzzomvg(m 1) = nz:om( — BTv!'(n))

_jBT 1 6—%(\/12+4BBT—1) <eti\/1:2+4BB’T - 1)
iva? + 4BBT ’

exp(tv)s

Vo(t) = expyn)(tv)s expy ) (—tiz)

_gT 1 _ e—%( z2+4BBT +x) (6ti\/zz+4BBT o 1) ) (8.5)
iva?+4BBT
It follows that 43(¢) = O first at the time tg = ——2=—. That implies that the geodesic ~,(t)

V/z24+4BBT "’

reaches the set L, first at the time ¢y. Since L, 1 C Kiq4, 7V (t) reaches the cut locus at the
time t, it follows that the geodesic 7,(t) loses its optimality at the latest tg.

Having exact formulas for the coordinates of the geodesics we proceed to the core of the
proof. Suppose ¢ € V1 \ Lp1 but ¢ € Kjq, and there exist two different minimizing normal

. . " " ix B
geodesics 7, and 5, with 7, (0) = 70,(0) = . 70 (T9) = 70T =g and w1 = (i ),

vy = (_Z“fE?T ,(5]7) and z; €R, j=1,2 and B, E € C1*(n=1),

Claim. Under the above assumptions, we claim that BBT = EET. Since both geodesics
are minimizing, they have equal length at time 7. Then Proposition 8.4.3 implies

T*\/2n~1tr(BBT) = I(yy,, T*) = Uy, T*) = T*\/2n~ L tr(EET).



8.4 The cut locus of V,,;, 153

It proves the claim since B and E are complex vectors and BBT = tr(BB”) = tr(EET) =
EET.

The consideration of the following two cases will finish the proof.

Case 1. Suppose 21 = x2 and BBT = FET. Since q ¢ Ly1, we know that 71?;1 (T*) =
28,(T7) £0. Then 43 (T") =3, (T%) =

_ BT L B (/aHBET ) (i1 +IBET _ )
ir/2? + 4BBT
- _ fT 1 _ e—iTz*( z§+4EET+mg)(eiT*\/m —1).
i/al + ABET
Hence BT = ET and so B = E, which leads to the equality v; = va. Thus 4y, (t) = Yo, (t)
for all ¢t according to formulas (8.4) and (8.5) of geodesics. This contradicts to the assumption
that the geodesics are different.
Case 2. Let now x1 # x2 and BBT = EET. Since ¢ ¢ L1, we know that 731 (T%)
73 (T*) # 0. The assumption ¢ € Kiq implies 73 (T*) = 3, (T*), which yields |73 (T™*)| =
I72,(T*)]| £ 0. Thus

1Bl _ ‘GT*\/1§+4BB’T _ 1‘ _ 1] _ ‘ET*\/I§+4EE‘T -1
/22 + 4BBT Va2 +4EET

sin(4-/z? + 4BBT) _ sin(4-\/z% + 4BBT) (8.6)

T2l +4BBT  L'\/a3 +4BBT

* < : 2 _ 2 _ } S :
Note that 0 < 7% < min { VBB BBt by assumption ¢ € K1q and therefore

)

and

sin(%1 /x]Z +4BBT) > 0 for j = 1,2. Since the function % is injective on the interval
(0, 7], we obtain x1 = 3 or 1 = —x2. In the first case we already get a contradiction. In the
case of the assumption 1 = —x5 we turn our attention to the first component of the geodesics.
Then the equality

Yor (T*) = 70, (T7), (8.7)

implies

tan(L- /27 + 4BBT) _ tan(T5m)
\/(I;% +4BBT T

Since 0 < T;“ < %*\/x% +4BBT < 7 equality (8.8) is not true, which is equivalent to say
that equality (8.7) is not true.

Figure 8.1 illustrates that A\; < Ay implies % #* % Similar arguments can be found
in [24, p. 1871]. O

(8.8)

8.4 The cut locus of V,,;,

In the present section we show that some of the properties of the cut locus of V;, 1 are pre-
served in the case V;, . In general, we are not able to describe the total cut locus, since the
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Figure 8.1: % on the interval [0, 7].

exact formulas of the geodesics are very complicated. Additionally, we have the problem that
the distribution is, in general, not strongly bracket generating, which follows from Proposi-
tion 1.2.22. The conditions of Proposition 1.2.22 are obviously not always fulfilled for V;, ,
where m = 2nk — k? and [ = 2nk — 2k? and therefore the distribution on an arbitrary Vi s
not necessarily strongly bracket generating. But it is always bracket generating of step 2, as
stated in the following proposition.

8.4.1 Partial description of the cut locus of V,,;,
Proposition 8.4.1. The distribution H on V,, 1 is bracket generating of step 2.

Proof. First we note that the commutator [H , H] is given by

0 B o ¢\l _ (-BCT+cB" 0
-BT 0)°\-CT 0 - 0 -CT"B+BTC )

Tt is sufficient to show that for every upper triangular (k x k)-matrix Dy, m > [ with an entry
dim # 0 on the intersection of I-th row and m-th column and all other entries vanish we can
find B,C € C**(=k) quch that Dy, = —BCT. For instance, if we choose

di  for a =1, 8 = min{m,n — k},

B= (ba[g) by bos = { and

0 otherwise,

1 for & = min{m,n —k},5 =m,

—cT = (¢ by cap =

(cag) By cas {0 otherwise,
then we deduce that Dy, = —BCT.

We also need to construct diagonal (k x k)-matrices D; with ¢ € C on the intersection of
j-th row and j-th column and all other entries vanish and show that there are B, C' € Ck*(n—k)
such that D; = —BCT. In this case we choose
i for a =3B =min{j,n — k},

and

B =(bag) by bas= {O otherwise
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1 for a = min{j,n —k},B =7,
0 otherwise.

et o]

Then we obtain that D; = —BCT. Tt implies that H is bracket generating of step 2. O

Before we proceed further we note recent results about the existence of normal and ab-
normal geodesics on sub-Riemannian manifolds with a bracket generating distribution of step
2.

Proposition 8.4.2. [69, Theorem 4] On a sub-Riemannian manifold (Q,H, gy) with bracket
generating distribution H of step 2, any length minimizing curve is C°°-smooth, or in other
words there are no strictly abnormal minimizing geodesics in this case.

Thus, if a minimizing geodesic is abnormal on the sub-Riemannian Stiefel manifold, then
its projection to the manifold coincides with the projection of some normal geodesic by Propo-
sition 8.4.2, and we can use the precise formula (1.9) for all minimizing geodesics.

Proposition 8.4.3. Suppose v,(t) is a sub-Riemannian geodesic, which connects the identity

Id with a point g € Vi, 1, ¢ # 1d, at the time T > 0, and v = (_gT g) The length of 7, is

given by I(v,,T) = T4/ 2 tr(BBT).
Proof. First we calculate the velocity vector 4, (t) at 4,(t). The velocity vector will have the
form 4y, (t) = vyo(t)wy(t), where wy(t) € u(n) for each t and wy/(t) has to be of the form
0 X(t)
—x®" o
we use from the context. By the chain rule we get that

. We omit the subscript U(n) or U(k) from exp.), since it is clear which one

= sl (o e 20)) Cor D)l )
(e DD G D)
st o (14 ) (1 (51 0)). W ot

(e Dol D)= (372

- exp{ ( )} ein(E‘q{ ;l{gxp(mt)A) exp((t)A)B)

<
- ol D) s ),

w0 = sl e Dol (i 9]
((ﬂ? Fopictd) 0 )*(_OA 3))}

0 exp(tA)B
= %) (—BT exp(—tA) Y 0 )

Thus

X
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and
_ 0 exp(tA)B
= —BT exp(—tA) 0 ’
It follows that
. . _ _ —exp(tA)BBT exp(—tA 0
S 30(0) = —n ) = -t ((TREDBT R D)

= —nl ( — tr (exp(tA) BB” exp(—tA)) — tr(BTB)) = on~ L te(BBY).

In the last equation we used tr(XY') = tr(Y X) and tr(—X) = — tr(X).
We conclude that the length of 7, does not depend on A, but depends on the final time T'
and the trace of the matrix BBT. O

Theorem 8.4.4. The set

Loy = {Kg g)}m | cevk), DeUm-k) \Id}

belongs to the cut locus Kiq on V.

Proof. Suppose the point [g]v, , = [(g g)} € Ly k. Then there exists a minimizing
v

n,k

-BT 0
at some time 7' by Propositions 1.2.7 and 8.4.2 . We write

A B -A 0 Yo (1) ﬂt))}
w(t = T ex t = ex t — v v
w0 = mer (e 0) e (0 0)}) =G0 20,
and see how ’yﬁ, j=1,2,3,4, depend on A and B. We calculate

n

exp (t (71%7« lg)) = <Zi§g Zigg) Using the notation (71%7« lg) = (Z;EZ; ngzg),
we receive that vi(n) = vi(n — 1)A — vi(n — 2)BBT, n > 2, for initial values v;(0) = Id and
v1(1) = A. This implies that v; as a function of ¢ depends on A and BB”. Furthermore, we
obtain the formulas ve(n) = v1(n — 1)B, v3(n) = —BTvi(n — 1) and v4(n) = —BTv1(n — 2)B.
A -B
BT 0

[9lv,, , With v«(T) = [g]v, ,. Indeed, since (—B)(—BT) = BBT and (—BT)(-B) = BTB the
length of both geodesics coincides. It remains to show that v,«(T) = [g]v,, . Observe, that the
value v1(¢) depends on A, BBT and t, and therefore v.. (T') = 4A(T). Finally v2(T) = v2(T) =
0 implies V2. (T) = —v2(T) = 0 = v2(T) and 2. (T) = —3(T) = 0 = ¥3(T). We conclude
that 4, (T) = 7,(T). Furthermore, it follows from 2. (t) = —3(t) # 0 for t € (0,7), that
~Yor (t) # Y (t) for t € (0,t), i.e. Y+ # Yo. We conclude that Ly, C Kiq. O

geodesic v, of the form (1.9) with v = ( A B) € u(n) connecting Id with [g]y, , = 7 (T)

Now we claim that the geodesic 7, with v* := is also minimizing from Id to

Corollary 8.4.5. There are infinitely many minimizing geodesics connecting Id with any point
qe Ln,k~



8.4 The cut locus of V,,;, 157

Proof. The geodesic 7, in the proof of Theorem 8.4.4 can be replaced by 7; with

i— A —-BU
BT o
for all U € U(n—k). This is also a minimizing geodesic from Id to [gly, ,, with v3(T) = [g]v, ..,
as the length just depends on the final time 7" and BBT. O

8.4.2 Uniqueness results for minimizing geodesics on Vy; ;.

Since the description of the cut locus for general Stiefel manifolds is very complicated we focus
on the Stiefel manifolds V;, ;, with n = 2k and present some additional information in this case.
The main result of this section is stated in Theorem 8.4.8.

Lemma 8.4.6. The points |:(0 D) € Gog are reached by Riemannian geodesics

Cc 0

Gak,k

starting from [In)ay,,, only if the initial velocity vector v has the form v = <7OBT g),
B € U(k). If we assume that tr(BBT) = 1, then the condition B € U(k) is changed to
VEB € U(k).

Proof. Geodesics of the Grassmann manifold Gy i, are given by
S SO ) NE R
-5 ) ), G i)

Y (t) = cos(tV BBT), y3(t) = =BT sin(tvV BBT)(vV BBT) ™.

where

We are looking for all geodesics for which there exists Ty > 0, such that v.(7p) = 0 and
¥3(Ty) = C. As C € U(k) and particularly is invertible it follows from the form of v3(7p) that
B is invertible. Therefore, the matrix BBT is positive definite and diagonalizable: BBT =
PDP7!, where D = diag(dy, ... ,dy) is a diagonal matrix with d; > 0 for 4 € {1,... ,k}. This
implies that

cos(tV BBT) = P cos(tvV'D)P~!

and so 72 (Tp) = cos(TovV BBT) = 0 if and only if cos(Tpy/d1) = ... = cos(Tp\/dy) = 0.

If B € U(k), then, using the normalization tr(BB”) = 1, we get VAB € U(k). Thus
BBT = L1d;, = diag(L, ... , 1), and Tj) := min{t > 0| cos(tvVBBT) = 0} = =Yk,

Now we claim that no other minimizing geodesics exist except for those with initial velocity
defined by matrices from U(k). Let B be an arbitrary invertible matrix, not necessarily
from U(k). If we again assume the normalization tr(BBT) = 1, then we obtain that there

exist at least two eigenvalues % and )\% of BBT with 0 < )\—11 < % < )\% It follows that if
cos(TyvVBBT) = 0, then cos(\/T—/\%) = 0. We conclude that T > ”Tm > ”T‘/E Thus the geodesic

with initial velocity defined by the matrix B and reaching the point {(2‘ ﬁ))} at time
Gak,k

To is not minimizing. O
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c 0 -BT 0
with VkB € U(k), tr(BBT) = 1. Then sub-Riemannian geodesics y,(t) in Vapx reaching the

points p at time Ty = LQk are minimizing. Furthermore, if By # Ba, then vgl(Tg) #* 732 (To)-

Corollary 8.4.7. Let p = {(0 D)} € Vo with C,D € U(k) and v = < 0 B)
Vak k

Proof. First we note that geodesics in Goy, . defined by v satisfying the assumption of Lemma 8.4.6

are minimizing geodesics from [Id]q,, , to [(g l()))

by Lemma 8.4.6. The time of reach-
Gk,

ing the points 0 D is Ty = vk Furthermore,
¢ 0 Gar,k ?

73(Tp) = — BT diag (sin(%)7 . 7sin(%)) Vk=—VEBT e U(k). (8.10)

The unique horizontal lift of (8.9) is a minimizing geodesic between fibers passing through
(Id]y,, , and p and moreover they are geodesics since they are horizontal lifts of geodesics. Fix
a point po at the fiber passing through [Id]vs, .- Then the unique horizontal lift ~,(t)
lexp(tv)]vy, . of (8.9) starting from py always reaches different points at the fiber

(1)

at the time Ty since v2(Ty) depends on BT but not on BB as shows (8.10). O

Voo =

Theorem 8.4.8. For any point s = {(0 D) with C,D € U(k) there is a unique

c 0

Vak
minimizing geodesic connecting 1d with s.

0 D
C

ol D), (o )

be a minimizing normal geodesic from [Id]y,, , to s such that v(Tp) = s. Here v* =

Proof. Let us assume that a point s = [( )] belongs to the cut locus from [Id]ys, , -
Vak,k

Let

A B
-BT 0
with A # 0. Then its projection 4 to Gopyx is a minimizing geodesic from [Id]a,, , to

@l

for some By satisfying vVkB; € U(k). Tt is also clear that v, (t) is a horizontal lift of 7 starting
at the point [Id] On the other hand the horizontal lift of a geodesic having form (8.9)

is equal to {exp (t ( %T %1>)] which is different from ~,+(¢). This is a contradiction
et Vak,k

. This implies that ¥ has to coincide with a geodesic in G, ; having form (8.9)

Vok i+

to the fact that horizontal lift starting from the same point is unique. We conclude that the

c 0

geodesic connecting [Id]y,, , with s. O

points s = {(0 )} can not belong to the cut locus and there is a unique minimizing
Vak,k
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8.5 Stiefel and Grassmann manifold as embedded

into SO(n)

In this section we assume that the Stiefel and Grassmann manifolds are embedded into SO(n).
We use similar notation for the Stiefel and the Grassmann manifolds as in the previous sections.
We would like to emphasize that we do not input different sub-Riemannian structures on
the same Stiefel manifold in this section. We consider different Stiefel manifolds. One of them
arise from U(n) factorized by a subgroup of U(n) and others from SO(n), factorized by a
subgroup of SO(n). For example all manifolds V}, 1, related to U(n) group possess the CR
structure, but V;,; related to SO(n) does not possess any sub-Riemannian structure.

8.5.1 The cut locus of V,,;, n € N

In this case dim(V},1) = dim(Gj,1) = n — 1 and all sub-Riemannian geodesics are Riemannian
ones. For the reason of completeness we present the cut locus in this case, because it is strongly
related to the cut locus of V;, 1 embedded in U(n).

1 2
Two parts v.(¢),73(t) of the geodesic 7, (t) = {(73(” v (t)>} for an initial velocity
v

) /]y,
= (_%T g) are given by
’y;(t) _ 1 ;BTeiitVBBTQ\/W(EZ#VBBT+1)
N Y e =
= 567“ BBT(eQ” BBTJrl):cos(t\/@),
1 ) )
3 _ _pT —itvBBT ; 2itvVBBT _
_BT \/77"
= sin(tV BBT).
vV BBT

These formulas are a particular case of formulas (8.4) and (8.5) for the choice of the initial

velocity v = (_%T ?) € {(_%T 5) ‘ EeCx1 g ¢ R}. Thus we can use arguments

of Theorem 8.3.1 and state that the cut locus of the Stiefel manifold V;,; embedded in SO(n)
consists of exactly one point:

{Kg g)}m\cw(n,DeO(n—U:(g E)ESOW)}\{W]M} -
(I3 9] locon: (3 3)esom fna} -
(I D), eonv (! 5)esom}
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8.5.2 Partial description of the cut locus of V5,
Inspired by the example of Vj 2 embedded in SO(4), which can be found in the Appendix, we

will exclude the points {(0 D

c 0)} y from the cut locus.
2k,k

Proposition 8.5.1. All the points of the form {(g ﬁ)):| with C, D € O(k) are not in
Vak,k
the normal cut locus of Vo, .

For reasons of simplicity for the proof of this proposition, we will prove the following lemma.

Lemma 8.5.2. The point {(0 D

C 0)} in Gropy, 1s reached only by geodesics starting
Gak,k

0 Idg -BT 0
tr(BBT) = 1, then this condition will change to VkB € O(k).

from {(Idk 0 )} with initial value v = ( 0 B) with B € O(k). If we assume
Gokk

Proof. Geodesics of Gy, are given by

m(t) = {QXP (t (—%T ﬁ)ﬂcm,k’

vw(t) = cos(tVBBT),
v3(t) = —BTsin(tVBBT)(VBBT)™\.

We are looking for all geodesics for which there exists a T > 0, s.t. 43(T) = C. As C € O(k)
and so invertible it follows that 73(7") have to be invertible, which directly implies that B
have to be invertible. This implies that the matrix BBT is positive definite. This together
with the fact that BBT is symmetric implies that BB” is diagonalizable with only positive
eigenvalues, i.e. BBT = PDP~" where D = diag(dy, ... ,dg) is a diagonal matrix with d; > 0
for ¢ € {1,...,k}. This implies that

where

cos(tV'BBT) = P cos(tvV D) P~

and so cos(ToV'BBT) = 0 if and only if cos(Tov/D) = diag(cos(Tov/d1), ... ,cos(Tovdg)) = 0
if and only if cos(Tpv/d1) = ... = cos(Tp\/dg) = 0.

Let assume without loss of generality tr(BB”) = 1 and vkB € O(k). This implies that
BBT is a diagonal matrix of the form diag,‘(%7 .. ,%) Which implies that cos(tv BBT) =
diag(cos(ﬁ),... ,cos(ﬁ)). This implies that min{¢ > 0| cos(tvVBBT) = 0} is Ty = “T\/E
Furthermore, for v defined by vEB € O(k) it follows that

. t t
3(¢) = —BT diay sin(—=),... ,sin(— \/Eld7
which leads to 73(Tp) = —VkB” € O(k). This implies that the unique horizontal lift

Yot Var s = [€xP(t0)]vy,., Of 70 (t) always reaches different points at Tp.
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Now we want to show that no other minimizing geodesic exist. Let’s have a look at all invert-
ible B with vVkB ¢ O(k) with tr(BBT) = 1. It follows that there exist at least two eigenvalues
)\—11 and % of BBT with A, A2 > 0 with )\—11 < % < % It follows that if cos(TVBBT) = 0,

then cos(—%-) = 0 which implies that T > LAVATIES "T\/E This implies that B can not define a

VAL 2
minimizing geodesic for the point [(g ﬁ) O
Gagk,k
) . 0 B T
Corollary 8.5.3. The geodesics 7, (t) with v = _BT o) VEB € O(k) and tr(BBT) = 1

in Voi . are reaching the points {(CO, g

time Ty = ”T‘/E Furthermore, if By # By, then v3 (To) # 73, (To)-
Now we know that all geodesics in Groy, ; defined by B with vVkB € O(k) and tr(BBT) = 1

starting from {(ng ]2 )] .
G2k,k k G2k.k

)] at Ty = ”T\/E We also know that the horizontal lifts
Gog,k

)} with C,D € O(k) at the length minimizing
Vak,k

are minimizing geodesics for the point {(g ﬁ)

0 D

They reach the point [(C 0
Id, 0
0 Idg

Idy, 0 and 0 D . As we can reach every point in the fiber 0 D
0 Idy Vak,k ¢ 0 Vak ¢ 0 Var ks

at time Tp by the horizontal lifts, we know that all the horizontal lifts are geodesics for dif-

ferent points in the fiber [(O D

of geodesics starting at the point K )} are minimizing between the fibers of
Vak,k

c o

minimizing between the points as they are minimizing between the fibers. Now we are able to
proof the proposition.

)] . Furthermore, we know that our horizontal lifts are
Vo ke

Proof. Let’s assume there exists a matrix with A # 0 which defines a minimiz-

exp (ft (61 8)) from
Vo, k

[(Idk 0 )} to KO D)} at time Ty. Then we know the length of it’s projection
Vak k Vark k

A B
-BT 0

ing normal horizontal geodesic v*(t) = {exp (t (:;T lg))

0 Idg c 0
. . L L RV . 0 D .
in Gray ;, is the same, s.t. it’s projection is a minimizing geodesic for c o . This im-
Gak,k
plies that it have to coincide with a geodesic in Gy x which is defined by B; with VEBy € O(k).

Tt is clear that v*(¢) is a horizontal lift for this geodesic at the point [(ng 12 )} . But
k Vark k

we already know a horizontal lift of this geodesic, which is [exp (t ( %T B;;))} which
e Vak,k

is clearly different of v*(¢). This is a contradiction to the fact that a horizontal lift is unique.

We conclude that the points of the form [(0 D

c O)] y can not be in the cut locus.
2k, k
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O

8.6 Appendix

In this Appendix we collect several particular examples of the cut locus in the complex and in
the real case.

8.6.1 The cut locus of 15; embedded in U(2) and its equivalence
to SU(2)

In this subsection we show that the results obtained in Section 8.3 recover the results obtained
in [24]. In particular, for the three dimensional manifold V51 we get the following simple
formulas. The tangent spaces at Id are given by

Tldvg,lz{ld(f% g)‘meR,be(C}, TIdGQ,I:{Id( )‘be(c}

We obtain the following corollary from Theorem 8.3.1.

Corollary 8.6.1. The circle given by

Loy = {[(60 eg)}v | c7deR} \ {1d}

is the cut locus Kiq of Va 1.

An element g of V4 is an equivalence class which can be written as

v ={ () 20 e 02m

. a  exp(M)B ) . . . 9 2 <a> .
Since _ ] is a unitary matrix, the norm |[|al|* + of the vector is equal
(5 e y o2 + 11 ©) s eq

one. Thus, points ¢ € V51 can be parametrized by the vector (g) Recall the definition of

a

the group SU(2) = { (‘B g) ’||Oz||2 + 1817 = 1}. So, it is clear that every element of SU(2)

can be represented by the vector a). It follows that the both manifolds are diffeomorphic

B
under the mapping f: Va1 — SU(2), [glvy, — (,QB g) The metric in both cases is left
invariant, arising from an inner product on the Lie algebras making the basis of the Lie algebras
orthogonal. The horizontal distribution is orthogonal to the vertical one.
The set Ly as a subset of V1 depends only on ¢ € (0, 27), since the part depending on d
is quotient out. This implies that the cut locus of SU(2), given by the circle {e“} without the
point 1 € SU(2) [24], has a bijective relation under the map f to the cut locus of V3, given

in Corollary 8.6.1.
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8.6.2 The cut locus of V55, embedded in SO(3)

Since V39 = SO(3)/SO(1) and SO(1) is a normal subgroup of SO(3), one can identify the
sub-Riemannian structure of V3 o with the sub-Riemannian structure on the group SO(3), that
was studied in [24]. In particular all equivalences classes contain exactly one matrix

ail a2 a3 ail a2 G13 L 0
a1 a2 a3 = a1 a2 a3 (O Sl) ‘Sl €5(1)
ast asz as/ |y asy aze a3

ail a2 ais
azz a23 )
aszr az2 ass

Il
S
)
-

such that we can identify V39 with SO(3). Furthermore, the induced horizontal and vertical
space coincide with the horizontal and vertical space of the k @ p problem on SO(3) stated in
[24].

8.6.3 Partial description of the cut locus of V,; embedded in
SO(4)

The normal geodesic v(t) = (7ij)i jef1,... 4} in this case is again given by the formula

V(1) = [exp(tv)]vy , expso(e) (—tA),

o A B (0 a (b ¢ 2%
where v := (—BT 0) c€s0(4), A= (—a O) €s0(2), B= (d e) € R“*% a,b,c,d,e € R.
We note that the dimension of Vjo is 5, the dimension of the horizontal distribution is 4
and of the vertical distribution is 1. We define z 1= a®> + B2+ + d? + €2 = %, ro=

x2 — 4(cd — be)? > 0, which is well defined as
2% — 4(cd — be)? = (a® + ¢ + b2 — (d* + €))% + 4(bd + ce)? + 4a*(d? + €2) > 0.

We further note that z > r > 0, s.t. it follows that z —r > 0. The definition of x and r will
be of interest for the calculations of the eigenvalues and eigenvectors of v. The characteristic
polynomial of v is given by

po(A) = A + 22 + det(B)>%.

It follows that the eigenvalues are given by

.zt x4 Lz —r L jx—r
A= —i 5 )\2:1, 5 /\3:—1 5 A =1 9

As v is a skew-symmetric matrix, hence normal, which implies that it is diagonizable by its
eigenvalues in the diagonal matrix, we can calculate the exponential by the help of decompo-
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sition:

cos(at) —sin(at) 0 0
sin(at) cos(at) 0 0
0 0 1 0}
0 0 01

where O is an orthogonal matrix.
Without loss of generality we assume that tr(BBT) = b? 4+ ¢ + d% + €2 = 1 and remind the
notation

b2+ ¢ bd+ce
T _
BB _(bd+ce 2 +e%)

Then the long calculations lead to the formulas for geodesics. For 22 — 4(cd — be)? =: r2 # 0
the geodesic is given by

yalt) = %[cos(at)[cos (t%) (@ +r—2A2+e2)
— cos (t f/; T) (x — 1 — 2(d® + €2))] + 2sin(at)[(bd + ce)(cos (t\/?)
—  cos (t\/?)) + a(‘/?sin (t\/?)

walt) = o-bn(anfeos (150 - r - + )
~ cos (t i”/g ’") (@ + 7 — 2(d® + €%))] + 2 cos(at)[(bd + ce)(cos (t\/?)
~ eos (t\/?)) + a(\/?sin (t\/f[?)
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Y1 (t) = %[sm(at)[— cos (t f/; T) (x—r—20%+ )
+ cos (t f/—%— T) (z 47 —2(b% + ¢2))] + 2 cos(at)[(bd + ce)(cos (t f/—%— r)
C eos T —r G YEET Vr+r
eos (1757 ) =Yg i (02T
vV —r n Vo —r
e
Yaa(t) = %[Cos(at)[— cos (t gj/; T) (x—7 =202+ )
+ cos (t gf/%_ T) (z+7 —2(0% + 2))] — 2sin(at)[(bd + ce)(cos (t x\/; T)
N vr+r in vr+r
— cos(t 7 ))+a(f 7 s (t 7 )
Ve—=r . (NVr—r
+ ) sin (t 7 ))H

We note that i1, y12, 721, 722 depend on ¢, BBT and a.

yai(t) = ﬁ{m(m[_ ‘i (t\/?) b(x + 1) \/J;%e(:d — be)
¢ (T M) () (I,

+ sin(at)[—sin (t\/?) d(z + T)\/—Z:QTC(:M — cd)

32(t) = \/15 [cos(at)[— sm(t Q\C[J”") d($+7")J;ichefcd)

i (VT ) 2l (T (5T
+ sin(at)[sin ( m) b(x + 1) + 2e(cd — be)
V2 VEtr

- sin(tq)“"f PPt V(- cos(m)ﬂos(t\/m)m.

We note that 31, v32 depend on t, BBT, b, d and a, as

[\

b(z +7) + 2e(cd — be) = b(a® + b + 2 — (d* + €2)) + 2d(ce + bd).
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) = \/1§r [cos(at)[— sm( :f/;rr C(x+7)\;:%d(7befcd)
(V=T elw =) + 2d(be — cd) Va—r\ ([ NaEr

+ sin (t 7 ) — +\/§ae(cos< - ) cos (t = ))]

+ sin(at)[— sin (t\/?) e(w +1) - ib(rcdf be)

s () S0 s (1500 ) — cos (YT
vaz(t) = TZ[COS(at)[*Sin< \/? e(x+r J;%i)rcdfbe)

i (VT e A (T (1T

+ Sm(at)[Sm< m> c(x + 1) + 2d(be — cd)

V2 Vi

vV 2d(be — cd v VI —
- sin(t )C(I r) & 2d(be —c )+\/§ae(cos<t I+T)—cos<t z r))ﬂ
% Vi V2
We note that 441, v42 depend on t, BBT, ¢, e and a.
Furthermore, we note that r just depends on BBT and a as
22 —4(cd —be)? = (a®+ P+ 0% — (d? + €))% + 4(bd + ce)? + 4a*(d® + €2).

Now to the case that 22 — 4(cd — be)? = r2 = 0. We first note that in this case a have to be
equal to 0. Furthermore, we get, together with the assumption that ? + ¢ 4+ d? + e = 1, just
the following four cases for —% <b< %:

(1) e=b c==+ 1_22b2:—d,
(I1) e=—b c=+ 1_2%2:
From this it follows the normal geodesic for e = b and ¢ = + 1*221’2 = —d:
cos (%) 0 V/2bsin (% ++v/1 — 2b2sin %)
0 cos (ﬁ) :Fmsin —) V2bsin (ﬁ
(t) =
—v/2bsin ( ) +v/1— 282sin (%) cos (ﬁ) 0
;mbm ( ) —v/2bsin (% 0 cos (ﬁ)
_ 2
- oS (%) Idy sin (%) <3F\/‘1/% iv\l/gb% )
- . —V2b V1 —2b2
sm( )( ) cos( )Idg

FV1-202 —/2b
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Furthermore, it follows the normal geodesic for e = —b and ¢ = + 1*2%2 =d:
cos (%) 0 V2bsin (% +v/1 — 2b2sin (%)
0 cos (%) +v/1 — 2b2sin %) —v/2bsin (%)
Wl(t) B —v/2bsin (%) :Fmsin ﬁ) cos (ﬁ) 0
/1 — 2b%sin (ﬁ) V2bsin (ﬁ 0 cos (42)

sin(i)( V2b +v/1— 202

2) \Fv1 - 2b2 —\/2b
. —V2b FvV1 — 202
_t_ _t_
s <\/§> (:F 1— 2b? V2 cos (ﬂ) Id,

It is clear, that these two geodesics just can reach the same points if

sin(%)( —V2b im>:qn(t)( —/2b ilim):

FVI-22 —/2b V2 ) \Fv1—22 V2b

It follows that we just have to check if points which are reached by this two geodesics can be
reached at the same time of geodesics with r # 0.

N————

cos (%) Ids

Proposition 8.6.2. The points of the form 0 Y where X, Y € O(2), s.t. oY €
X 0 Vs X 0

SO(4) are not in the normal cut locus.

Proof. First we are interested in the geodesics starting from the identity and reaching the points

of the form {()0( )(;)} where X, Y € O(2). We will call such kind of points matrices with
Va2

7upper zeros”. We already noticed that the geodesics with the restriction that r = 0 are equal
if and only if

() (% ) () (s )

FVI—202 -2 V2 ) \Fv1—202 V2b

It follows as v3(¢) # 0 that we just have to check if there exists a minimizing geodesic with
r # 0 and one with r =0 .

For geodesics with » = 0, we reach a point of the form 0 Y for Tp = Z=. If
X 0/, V2

we are now able to show that for r # 0, Ty, the minimal time where the geodesic reaches

0 Y . . . T
{(X 0)] " 2, is strictly bigger than Nt then we are done.
First we note that the geodesic v(t) = exp (t (:éT g)) exp (—t (13 8)) has "upper

A B
-BT 0
A is invertible, i.e. 711(To) = m2(To) = Y21(To) = Y22(Tp) = 0. This implies the following

zeros” if and only if the matrix exp | ¢ has "upper zeros”, as the exponential of
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system of equations:

T T s (ToYer
M(m+r_2(d2+62))_M(I_T—Z(dz-i-e?)):0, (8.11)
o 2r
%((bd + ce)(cos (Tg \/f[?) — cos (To \/f/ij)) + (8.12)

a(

¢;ﬁgm(%vﬁi?)_¢?f?s(nﬂgj7)D:Q

V2 V2 V2 V2

cos (To ‘/ﬂ) ( cos (TO%

) (x+r—20%+c*))=0, (813)

— 27‘\/5 x—r—20%+ )+ o
1 vr+r Vi —r
5((1}(1 + ce)(cos (To 7 ) — cos (To 7 )) + (8.14)

a(—

sin [ Tp + sin | Tp )]) = 0.
V2 V2 V2 V2
As equation (8.12) = (8.14) and (8.11) = (8.13) are equal, it follows that

(b2+02(d2+62))cos< w+7>cos( T))):O,

-+ o) eos (1220 ) —con (1220 ) o

V2 V2
If we assume that cos <T0—M\/J§”"> = cos (TO VZC;T) and put it into equation (8.11) we will get
that cos (To V\’g’”) = cos (To Vﬁ ) = 0 and as vz —r < 1 it follows that Ty > f’ which

tells us that it can not be a minimizing geodesic for our points (as the minimizing time for the
minimizing geodesics was %)
So we can assume that bd +ce =0 and > + 2 =d?> + e & > + 2 = %, which gives us
e=b c==+ 172bZ=fd,
2
1— 2b2
2

e=—b c=4+ =d.

1
for777b§ﬁ.

So now we just have to look at the two remaining cases with a = 0 or

=0.
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If a = 0, then also » = 0. This would be a contradiction, as we assumed r # 0, s.t. there is
just the case left with a # 0 and —¥%L" gin <t ¥ x;”) + ¥ gin (t Vz*r) = 0. It is enough to

V2 V2 V2 V2

check the conditions for one case as for our restrictions on b, ¢, d, e the matrix product BBT is
always equal, s.t. the first upper matrix is the same. So without limit of generality we observe
the case b = e and ¢ = —d and get the following conditions:

\/1+a2+b2+ a?(2 + a? +20%)
t

(a® 4+ /a2(2 + a® + 2b%)) cos

V2
) . . . \/1+a2+be a?(2+ a? + 2b?)
+ (—a*++a?(2+a?+2b%))cos | t =0,
( ( ) NG
\/1+a2+62+ a®(2+ a? +2b%)
- \/1+a2+b2+ a?(2+ a2 + 2b?)sin | t
V2
1+ a? 4+ 0 — \/a2(2 + a2 + 2b?)
+ 14 a2+ b2 —+/a2?(2 +a? + 2b2)sin | ¢ =0
V Vel ) ﬂ
This can be generally formulated as
. . . B .
agsin(z) — Brsin(y) =0 < sin(z) = o sin(y),
1

agcos(x) + Pacos(y) =0 < cos(z) = f% cos(y),
2

for fixed z,y € R and fixed 0 < 3; < i, 7 € {1,2}. But this is not possible as
_ 2 oo BE o Bt . o
1 = cos*(z)+sin“(z) = —5 cos*(y) + —5 sin“(y)
@3 a1
< sin?(y) + cos(y) = 1
for 0< 2t < 1,i€{1,2}.

This implies that all points of the form {( 0 Y

¥ 0)] . can not be in the cut locus. O
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