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1 Introduction

In this work, we extend the space decomposition and subspace correction algorithms
of [61, 57] to solve convex optimization problems over a convex constraint subset.
One of the main concerns of this work is the rate of convergence when multilevel
domain decomposition and multigrid methods are used to solve some obstacle prob-
lems.

From the time that multigrid and domain decomposition methods have gotten
the attention of numerical mathematicians and engineers, efforts have been contin-
uously devoted to the study of using domain decomposition and multigrid methods
for obstacle problems, see (2, 4, 3, 11, 19, 25, 30, 28, 29, 31, 32, 26, 27, 36, 34, 35, 37,
38, 39, 43, 42, 22, 44, 47, 49, 59, 52, 53, 51, 50, 54, 56, 62]. In the book of McCormick
[44, p.100], treatment of constraints for multilevel methods was listed as one of the
open and challenging problems. For linear elliptic partial differential equations, it
is known that the solution will be influenced globally if the boundary value or the
right hand is perturbed around a point. This justifies the need for coarser meshes
when using iterative solvers to solve the problems. However, this is not the case for
obstacle type problems. A small perturbation of the input data may only influence
a small part of the solution domain due to the appearance of the obstacles. Re-
lated to this difficulty, the algorithms in [25, 30, 32] are trying to use the active set
strategy to separate the obstacle from the solving of the partial differential equa-
tions, i.e. during the iterative procedure, the algorithms are trying to identify the
active regions of the obstacles and then solve a partial differential equation where
the obstacle is not active. The algorithms proposed in [2, 3, 26, 37, 39, 54, 59, 62]
are specified for domain decomposition methods. Due to the absence of the coarse
mesh in the algorithms, the convergence of the algorithms depends on the number
of subdomains. One of the contributions of this work is the convergence rate esti-
mates. For the obstacle problem, it is shown that the algorithms have a convergence
rate which is of the same order as the linear unconstrained elliptic problems.

To be more precise, we classify the main contributions of this work into the
following few points:

e Convergence for obstacle problems for overlapping domain decomposition
methods without a coarse mesh has been studied in many papers. Rate of
convergence has been studied in [4, 62, 54]. However, all of these convergence
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proofs require that the computed solutions increase or decrease monotonically
to the true solution. Numerical evidence has shown that linear convergence is
correct even if the computed solution is not monotonically increasing or de-
creasing. In this work, we show that the overlapping domain decomposition
method has a linear convergence rate which is of the same order as the un-
constrained case if the obstacle and the computed functions are decomposed
correctly.

e Numerical experiments and convergence analysis for the two-level domain de-
composition method, i.e. an overlapping domain decomposition with a coarse
mesh, seem still missing in the literature. The real difficulty is the determi-
nation of the coarse mesh obstacle. It shall be shown that the algorithm may
not converge or converges as slow as the one-level method if the obstacle and
the computed solutions are not decomposed properly. In this work, a linear
convergence with a convergence rate independent of the mesh parameters and
the number of subdomains is obtained by using a proper decomposition of
the obstacle and iterative solutions. The nonlinear interpolation operator I,e,
defined in §4 play an important role in the decomposition. Moreover, our
algorithms are different from the literature ones.

e Multigrid method has been intensively studied for obstacle problems. Con-
vergence has been studied in [11, 25, 30, 28, 32, 22, 36, 42, 43, 44] without
analyzing the rate of convergence. Asymptotic linear convergence rate esti-
mates for multigrid methods can be found in Kornhuber [34, 35] which can
be regarded as the pioneering works for multigrid convergence rate analysis.
We propose some different algorithms for multigrid method. A linear conver-
gence rate is proved for the proposed algorithms. Moreover, the convergence
estimates are valid right from the first iteration. We do not need to assume
that the obstacle problem is nondegenerate ( c.f. [43, p.84], [34, p.173]) and
also do not need to assume that the contact region between the obstacle and
the true solution has been identified, see [34, p.173, Lemma 2.2], [35]. The
convergence rate is valid for all kind of obstacles from H!(Q).

¢ In applications to domain decomposition and multigrid methods, the method
we use to get the obstacle functions for the subproblems is really different
from the methods given in the afore mentioned references. We propose to
decompose the global obstacle function. In order to get a mesh independent
linear convergence, the initial function must be decomposed properly. In the
literature, the global obstacle is often used for the subproblems.

Even though our main concern is the obstacle problem, our algorithms are pre-
sented in a general setting for general space decompositions. The general algorithms
as well as the assumptions are given in §2. The convergence analysis for the general
algorithms under the given assumptions are stated in §3. The convergence rate
depends essentially on two constants, i.e. C; and Cs, see (7) and (8). In section §5,
we show that domain decomposition and multigrid methods can be interpreted as
space decomposition techniques and can be used for solving the obstacle problems.

2 The optimization problem and the algorithms

2.1 The optimization problem

Given a reflexive Banach space V' and a convex functional F : V — R, we shall
consider the following nonlinear optimization problem

minF(v), KcV. (1)
veK



The nonempty convex subset K is assumed to be closed in the strong topology of
V. We are interested in the case that the space V and the convex set K can be

decomposed as:
m

m
V=ZV1, K:ZKiv Vi o (2)
a=1 =i
We assume that the functional F is Gateaux differentiable (see [12]) and that
there exists a constant x > 0 such that

(F'(w) — F'(v),w —v) > kllw—v|%, VYwveV. (3)

Here (-, -) is the duality pairing between V and its dual space V”, i.e. the value of
a linear function at an element of V. Under the assumption (3), problem (1) has a
unique solution, see [17, p. 35]. For some nonlinear problems, the constant £ may
depend on v and w.

The general theory developed for (1) will be applied to the following obstacle
problem in connection with finite element approximations:

Find u € K, such that a(u,v—u)> f(v—u), Yve€E K, (4)
with

a(v,w) = /vi -Vwdz, K={ve H}Q)| v(z)>y(z)ae inQ}. (5)

It is well known that the above problem is equivalent to the following minimization
problem .

min F(o), F() = so(v,2) - f(v), (6)
assuming that f(v) is a linear functional on H}(€). For simplicity, the domain
Q C R? is assumed to be bounded and is a polygonal (d=2) or polyhedral (d=3)
domain.

For the obstacle problem (4), the minimization space V = H}(Q2). Correspond-
ingly, we have k = 1 for assumption (3).

For simplicity, || - || shall be used for the norm of V. Standard notations for
Sobolev spaces H*(2) and W*?() will be used, i.e. || - ||k,p,p denotes the W*:P-
norm on a domain D, and || - ||x,p denotes the H*-norm on a domain D. The
semi-norms are denoted by |- |x,p and | - |,p,p. In the case D = Q, we will omit
D. The generic positive constant C, which may differ from context to context, will
be used to denote a constant that is independent of the variables appearing in the
inequalities or equalities and the size of the finite element meshes.

Obstacle problems arise from many important applications. For some concrete
examples, we refer to Baiocchi and Capelocite [5], Cottle et al. [14], Duvaut and
Lions [16], Elliot and Ockendon [18], Glowinski [23], Glowinski et al. [24], Kinder-
lehrer and Stampaccia [33], Kornhuber [36], and Rodrigues [46]. See also [1, 21, 48]
for some recent researches on general iterative methods for linear complementary
problems.

2.2 Conditions for the convergence of the algorithms

We need to impose some conditions on the decomposed subspaces to guarantee
that the proposed algorithms have a uniform linear convergence rate. First, we
assume that there exits a constant C; > 0 and this constant is fixed once the



decomposition (2) is fixed. With such an C; > 0, it is assumed that any u,v € K
can be decomposed into a sum of u;, v; € K; and the decompositions satisfy

1
m m m 2
w=>_ng, A= wiiand <Z|lui—v,~||2> <Cilu—vf. (7)
1 = i=1

For given u,v € K, the decompositions u;, v; satisfying (7) may not be unique. In
addition to the assumption of the existence of such a constant C;, we also need to
assume that there is a Cp > 0 such that

DO T UF (wij + 9) — F(wig), 35)]

=1 3=1

< Cz(éllﬂfllzf(élﬁjlf)% , ®)

Vw,-jeV,Vﬁ‘veV,»and‘v’f)jEW.

2.3 The algorithms

The following algorithms for general space decompositions can be regarded as a
generalization of the Jacobi and Gauss-Seidel methods, see [9, 57, 61]. For algo-
rithm 2, all the subproblems shall be computed sequentially. For algorithm 1, all
the subproblems are computed in parallel. In applications to domain decomposition
methods for linear elliptic partial differential equations without constraints, Algo-
rithm 1 is in fact the additive Schwarz method and Algorithm 2 is the multiplicative
Schwarz method. In applications to multigrid methods for linear elliptic partial dif-
ferential equations without constraints, Algorithm 1 is essentially similar to the
ideas used in the BPX preconditioner [10] and Algorithm 2 reduces to sequential
multigrid methods. Algorithm 1 is sometimes called the additive or parallel space
decomposition method and Algorithm 2 is sometimes called the multiplicative or
successive space decomposition method (c.f. [55]).

For a given approximate solution u € K, we shall find a better solution w using
the following two algorithms.

Algorithm 1

1. Choose a relazation parameter a € (0,1/m] and decompose u into a sum of
u; € K; satisfying (7).

2. Find W; € K; in parallel fori =1,2,---,m such that

m m
F Z uj+w; | <F Z aschls o Ve K6 9)
j=1,j#i j=1,j#i
3. Set -
wi=(1—-a)u; +aw; and w= (1—a)u+azﬁ)i : (10)

i=1
Algorithm 2

1. Choose a relazation parameter a € (0,1] and decompose u into a sum of
u; € K; satisfying (7).



2. Find w; € K; sequentially fori=1,2,---, m such that

F(ij+w,-+2uj) gF(ijJrviJrzuj e E K )

j<i j>i j<i i>i
and set
w; = (1 — @)u; + aw;.
8. Define .
w=(1-auta) ;. (12)
i=1

In implementations, it may not be necessary to compute and store the values
of W;,w; and w;. It is possible to define other auxiliary functions and to compute
and store these auxiliary functions could make the implementation simpler. For
Algorithm 1, under-relaxation (i.e. & < 1) must be introduced in order to guarantee
the convergence. Even for the unconstrained case (i.e. K = V), the algorithm can
diverge when a > 1, see Remark 4.1. of [53, p.146]. For Algorithm 2, over-relaxation
(i.e. @ > 1) may accelerate the convergence, but it is hard to do the analysis. In
this work, the convergence of Algorithm 2 is only analyzed for the case that o < 1.
An analysis for some problems with K = V and a > 1 can be found in Frommer
and Renaut [20].

3 Convergence Analysis for the Algorithms

Using similar definitions as in [57], we shall use the following notations in the proofs.
u* will always be used to denote the unique solution of (1), which satisfies [17]

(F'(u*),v—u*) >0, YveK. (13)
In addition, we define
€; =‘lf),‘—ui, W= Zlf), (14)
=il

The convergence of Algorithms 1 and 2 is given in the following theorem.

Theorem 1 Assuming that the space decomposition satisfies (7), (8) and that the
functional F satisfies (3). Then for Algorithms 1 and 2, we have

F(w) — F(u*) th a
F(u)— F(u) = (1 WiTC+ \/(7)2) : o
with A
o = <02+%)% (16)

Proof. Using the notations of (14) and the fact that F is differentiable and
convex, it is known (see Ekeland and Temam [17]) that (9) is equivalent to

(F'(u+¢€),v; —s) >0, Vu; € K. (17)

Under the assumption of (3), it is known that (See Tai and Epsedal [55, Lemma
321}

F(v1) = F(v2) 2 (F'(v2),v1 —v2) + g“vl —vwl?, Ve,veV. (18)



Define

From (10), we see that ww =u+ e; and

m m
w=u+a2(u‘1i~u,-) =(1—am)u+aZw;‘F.

=1 i=1

(19)

(20)

Using (17), (20), the convexity of F' and (3), and applying similar techniques as in

(55, p.1563], it can be proved that
F(u) — F(w)

> F(u)- Y oF (u+e)—(1—am)F(u)

i=1

= f: a (F(u ), ei))

=1

i (F'(u+e), &) + -gf:a|[e¢||2
i=1 =1
2

vV

2 alle? .

l\Dl?i

For notational simplicity, we introduce for a given 7

j+i-1
U+ Z er, Vjie[l,m—i+1];
¢,= k—-l
J j—m+i—1

u+Zek+ Z , Vjem—i+2,m].

It is clear that ¢; depends on i. Moreover, we see that

o1 =u+ e,
¢ =u-+e;+eit,

m
dm =U+Zek-
Je=il

It is easy to see that

3

F'(u+iej) —Flute) =S (F(¢;)— F'(¢5-1)) -
j=1

=2

From assumption (7), there exists u; € K; such that

=3, (Znu,—u,n?) < Cillu— vl

(21)

(22)

(23)

(24)



NE

<F’(1I)) — F'(u+e),di — u;> (using (17))

-
Il
—

I
Ms

Z<F (¢5) — F'(¢j-1), I> (using (23))
i=2

1

-
Il

< e Slel?) (Sho—wl?)’  (using 3 (25)
() (2 ) :
< (Z ||e,||2> ¥ |e1u2) +Cullu—u u) (using (14) and (24))
=1l =il
= 022||e1-n2+clcz(zle1n2) P
Gl A=

From (3) and (18), it is easy to see that
Sl w2 < Fw) = P(u),  F(@) = F@?) < (F/(@), 0 - w").

Let p € (0,1) be a constant to be determmed later. We get from the above inequal-
ities, (21), (25) and the inequality ab < “— + ub? that

F(0) - F(u)

< 202[F (w) — F(w)] +clca\/‘ [F(w) - )1%\/§[F(u)—F<u*)Jf
[C1C2)? 5

< (o2 + G2h) Zir) - P+ uiP) - o) (26)

IA

2
(02 + [C_ﬁi) a_w[F (u) = F(w)] + p[F(u) — F(u®)).

From the definition of C* in (16), we get from the convexity of F, (10), (21) and
(26) that

F(w)— F(u*) < (1 - a)F(u) + oF () — F(u")
= (1-a)(F(u) - F(u")) + o(F(0) — F(u"))
< (1-a)(F(u) = F(u*)) + C*u~ 1 (F(v) - F(w)) + ap(F(u) — F(u®))
= (1-a+Cu +ap)(F(u) - F(u") — C*u~} (Fw) — F(u")),
and thus

Fw)—Fu) 14Cw —atap .  pll—p)
Fw) <= Flpt)er N T o p+C*

Vu € (0,1).

For a given C*, the function g(u) = E‘fﬁﬂ has a unique maximizer in [0, 1] and the

maximizer is u* = \/(C*)? + C* — C* € (0,1). Moreover,

5 1
W LT

This proves the theorem for Algorithm 1. We are only interested in the case that
C1C3 = O(1) or C1C2 > 1. In case that C;C; = o(1), the proof can be refined to
show that the convergence rate is also of order o(1), i.e. the convergence rate goes
to zero when C;C3 goes to zero.

-3



To prove the convergence rate for Algorithm 2, define

w*:ij+Zuj, tﬁ#=2wj+1b,-+2uj. (27)

i<i i>i j<i 3>i
We see that
w® = u, wm =, wm =(1—a)wi":-—1 +azb*., (28)
Fu)- Fw)=Y_ [F(w“-l)/'") = F(w"/m)} : (29)

—

Since @ is the minimizer of (11), it satisfies
(F'(b=),v; — ;) >0, Yu; € K. (30)
Using (18), (28), (30) and the convexity of F' to get
F(w=D/m) — F@'™) 2 @ (F®/m) - F@/™) > Slel®. (1)

Thus, estimates (29) and (31) together lead to
K e 9
F(u) - F(w) 2 5 > allesf|* andso F(u)> F(w).

i=1
Similar as in (22), we can introduce functions ¢; to satisfy

¢pi—dji1=wi—wi=(1-a)e, j<i
b — i1 =w;—u;=e;, j>i; ¢i—0¢i-1=0;

m

F(@) = F'(@7) = 3 (F'(¢;) = F'(9i-1))-

j=2

We use (7), (8), (24), (30), the above equalities and the fact that 0 <1 —a <1 to
get

(F'(), % — u”)

= i <F’(uv> — F'(@"/™), ; — u:>
=1

= D S (F'(¢5) — F'(¢j-1), i — ) (32)
i=1 j=

m 3 ,m )

= O lle;]I? [[b; — uf|?

((Llel) (e -wir)

The rest of the proof is the same as for Algorithm 1. ]

4 Finite element spaces and some constrained in-
terpolation operators

In this section, we shall propose some interpolation operators subject to some con-
straints. These operators are not only needed in our analysis for the algorithms,
but also needed in the implementation of the algorithms. We use essentially these
operators to decompose the constraint sets and functions satisfying assumption (7).



Let 7}, be a quasi-uniform triangulation of the domain Q with a mesh size h and
S, C H(Q) be the corresponding piecewise linear finite element space on 7}, [13].
In the analysis, we need to use finite element spaces with different mesh sizes. It
will be assumed that h is always the smallest mesh size. For an H > h, we consider
the case that 7}, is a refinement of 7y. Operator Iy : C(2) — Sy will always be
used to denote the nodal Lagrangian interpolation into Sy for any H > h.

In the following, the definition of a nonlinear interpolation operator I,?, :Sp—
Sy will be given. Denote by Ny = {m(')}:;ol all the interior nodes for 7y. For a
given xf, let w; be the union of the mesh elements of 7y having = as one of its
vertices, i.e.

w; = U{r € Ty, z}, € 7}.
Let {¢}}.-, be the associated nodal basis functions satisfying ¢(z§) = dix, ¢ >
0, Vi and Y, #é(z) = 1. It is clear that w; is the support of ¢§. Given a nodal
point =y, € Ny and a v € S, let

o=—min (@) (33)

The interpolated function is then defined as
Igvi= 3 (Iw)dh(a).
z{€ENH

This nonlinear operator is essentially an extension of the intergrid operator used in
[34], [42]. From the definition, it is easy to see that

I,eiv <v, YuES;, (34)
ISv >0, Yv2>0,v€ S (35)

Moreover, the interpolation for a given v € S, on a finer mesh is always bigger than
the corresponding interpolation on a coarser mesh due to the fact that each coarser
mesh element contains several finer mesh elements, i.e.

I,?lvgl,?zv, Vhi > ha>h, VYveSy. (36)

In addition, the interpolation operator also has the following approximation prop-
erties.

Theorem 2 For any u,v € S, it is true that

I§u — Igv — (u—v)llo < CHJu— v, (37)
IIgv — vlo < CHlpl,  [Igolli < Cllvl:. (38)

Proof. As the interpolation operator is nonlinear with respect to v, the well-
known Bramble-Hilbert lemma can not be used in this context. It is necessary to
use the older Taylor expansion techniques (8, 7]. To prove (37), define on each w;

ﬂZU—IiU, ’l~)=’U~—Ii’U.
From the definition of I; of (33), it is true that

©>0,?>0inw;, and mina =0, mind = 0. (39)
wy Wy

Thus, there must exist a & € @; such that

(&) = 9(&)- (40)



Otherwise, &2 > ¥ or © < ¥ and it is impossible to have the last two equalities of

(39) to hold simultaneously. As @ and © are piecewise linear, we get from (40) that
l& — 9]low; £ CH|t — 9|10, = CH|u — v|1,0,.

For a 7 € Ty and 7 C w;, let |7| be the measure of 7 and

7
ar = — [ (v —v)dz.
EFAS

The Poincare-Friedrichs inequality gives
lu—v—a-lor < CHlu—v|1 .

From the definition of I§, it is true that
IQu—I§v= Z (Iiu — Lv)dh ().
T ENH

On 7, there are only three nonzero terms in the above summation. As Y. ¢f(z) =1,
the following estimate is correct.

II§u — I§v —arllor < Y |l fiu— Liv — ar[fo,r (41)
<Y M —Lv— (u—)]o,r +3llu—v—arlor (42)
< CHlu— v|1 ;- (43)

As a consequence

[ Igu—Igv—(u=v)o,r < [IPu—Ifv—arllo,r+|lar— (u—v)|o,r < CHlu—1v|1,,
and estimate (37) follows. To prove (38), we just need to set u = 0 in (37) and use
the inverse inequality for functions from Sg. a

Based on the operator IS, it can be seen that the operator I}Q,e : Sy, — Sy
defined by
IP =Iqv+I§(v—Igv), Yv€ S,

also satisfies the properties (34), (35), (37) and (38). Moreover, it is true that
I§v < If{ev <wv, and thus ||I?19v —vllo < | I5v—vllo, Vv €E Sh,
ie. 112_161' approximates v better than I}a{v. Inductively, we can define
I3 = 2Py + I§(v — IPv), IPv=--- YveES,

and each operator I5° satisfies the properties (34), (35), (37) and (38).
From theorem 2, it is easy to see that the following is correct.

Theorem 3 There erists an interpolation operator I : S — Sy such that

Igv >v, VveS,

Ifv <0,Vv < 0,v € Sh,

[ I5u—I§v — (u—v)|jo < CHlu—1li,

[I§v — vlo < CHlvlr,  [[IFvllx < Cllvll1,Yv € Sh.

Proof. Replace the definition of I;v given in (33) by the following

Liv = maxv(z).

The rest of the proof uses the same argument as in Theorem 2. B

10



5 Space decompositions for H}(2) and K

In this subsection, we show that the overlapping domain decomposition methods
and the multigrid methods can be used to decompose a finite element space and
the constraint set K for the obstacle problem (4).

5.1 Overlapping domain decomposition methods

Let 7y = {Q0}M, be a quasi-uniform finite element division, or a coarse mesh, of Q
where (); has diameter of order H. We further divide each ; into smaller simplices
with diameter of order h. We assume that the resulting finite element partition
Th form a shape regular finite element subdivision of 2, see Ciarlet [13]. We call
this the fine mesh or the h-level subdivision of 2 with the mesh parameter h. We
denote Sy C Wy'™°(2) and S, € W;"°(R) be the continuous, piecewise linear finite
element spaces over the H-level and h-level subdivisions of €2 respectively. More
specifically,

sH:@ew@ﬂm|mmeﬂm¢w}
= {v e Wh=(@)| vl € Py(r),¥r € Th} .

For each ©;, we consider an enlarged subdomain Q¢ consisting of elements 7 € 7y,
with distance(t,€;) < 6. The union of Qf covers Q) with overlaps of size §. Let us
denote the piecewise linear finite element spaces with zero traces on the boundaries
00 as S,(Q2). Then one can show that

M M
Sh=>_ Sn(Qf) and Sp=Su+)_ Su(€f). (44)

i=1 i=1

For the overlapping subdomains, assume that there exist m colors such that each
subdomain ¢ can be marked with one color, and the subdomains with the same
color will not intersect with each other. For suitable overlaps, one can always
choose m =2ifd =1;m < 4ifd =2;m < 8if d = 3. Let 2, be the union of the
subdomains with the it? color, and

Vo= loe, Sl vix) =0, "o @XEL. s =172+ - .
By denoting subspaces Vo = Sy, V = Sj, we find that decomposition (44) means
g. V=3V ad b). V=Vo+) V. (45)
i=1 i=1

Note that the summation index is now from 0 to m instead of from 1 to m when
the coarse mesh is added.
For the constraint set K, we shall first decompose v as

p=> i, or Yp=vo+» % vo€ Vo, Pi € Vi (46)
s—1 =
and then define
Kol={v eVal v = o).t land "Ha=—Hole Wz [lw > ki — 10120 iy SR (A7)

Under condition (46), it is easy to see that (2) is correct. When the coarse mesh is
added, the summation index is from 0 to m.

11



Following [15, 60], let {6;}72, be a partition of unity with respect to {Q;}~,,
i 6;€V;, 0;>0and Y -, 6; =1. It can be chosen so that

1 ifr e, distance (7,09;) > 6 and 7 C Q,

0 on O\Q. o

|V6;| < C/s, 6i(z) = {
The partitions #; are needed in our implementations to decompose the constraint
set K and the value of u.

5.2 Decompositions without the coarse mesh

If we use the overlapping domain decomposition without the coarse mesh, i.e. we
use decomposition (45.a), then we will get some domain decomposition algorithms
which is essentially the block-relaxation method. Even in the case that V = R",
the analysis for the convergence rate for general convex functional F : R® — R and
general convex set K C R™ is not an trivial matter, see [40, 41] for a survey. In
case that the convex constraint set K has more structure, there are more available
convergence rate estimate. For the domain decomposition method without the
coarse mesh, convergence proof can be found in [49, 51, 53, 37, 59], etc. Linear
convergence rate has been proved in [62, 4, 3, 54]. However, all the proofs require
that the computed solutions converge to the true solution monotonically. Numerical
evidence shows that linear convergence is true even if the computed solutions are
not monotonically increasing or decreasing. In the following, we shall use our theory
to prove this fact, i.e. we will get a linear convergence rate without requiring the
monotonicity of the computed solutions.
For any given u,v € Sk, we decompose u,v and 7 as

u=zuia vzzvia d)zz'd)iv
t=1 i=1 s=il
u; = In(6iu), vi = In(6:v), i = In(6:¥).

In case that u,v > 9, it is true that u;, v; > ¥;. In addition,

= 1
S s =l < 01+ g5 ) I vl

=1
which shows that
Ci<C(1+ 5'1).

The decomposition for u and ¥ are needed in the implementation. The decomposi-
tion for v is only needed for the analysis. It is known that Co < m with m being the
number of colors. From Theorem 1, the following rate is obtained without requiring
that the computed solutions increase or decrease monotonically:

F(w)—F(u‘)<1_ e!
F(u) — F(u*) — 1+4C(1+672)

For algorithm 2, we can take a =1 .

5.3 Decompositions with the two-level method

Numerical experiments and convergence analysis for the two-level domain decom-
position method, i.e. an overlapping domain decomposition with a coarse mesh,
seem still missing in the literature. The work of [59] is in fact a two-level algebraic
approach and the coarse mesh space Vj is in fact not used. In §6.2, it will be shown
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that the algorithms may not converge or converges as slow as the one-level method
if the coarse mesh obstacle is not given properly. Decomposing the obstacle and
the function u properly, a linear convergence rate which is independent of the mesh
sizes and the number of subdomain is obtained for the proposed algorithms.

For the obstacle function 1), there exist 9o € Vp and ¢; € V;, i = 1,2,---,m
such that ¥ = 4o + 3.7, ;. The decomposition may not be unique. We just pick
any of the decompositions. The analysis and the numerical tests show that this
does not affect the convergence rate.

For any given u € K, the decomposition for u shall be obtained from the de-
composition of 1 and a decomposition of u — 1) as in the following

u—Y=00+)» 0, oo=IRu—1), oi=L(B:i(u—y—0o).  (49)

=1
From (34) , (35) and the fact that u > ¢, it is true that
0<o0p<u—v% andso 0;>0,i=1,2,---,m. (50)

Combining (49) and the decomposition for 1, one gets the following decomposition
for u o
u=u0+2ui up = o + 00, u; =vY; +0;. (51)
i=1
As a consequence of (50), it is correct that up € Ko and u; € K;, 1 =1,2,---,m.

The decompositions for u and 1 are needed for the implementation of the algo-
rithms. For the analysis, we also decompose any v € K as

U=U0+Zvi vo=2vo+Ig(v—v), vi=vi+In(b:i(v—yv—I5wv—1)). (52)

i=1
It is clear that vg € Ky and v; € K; for any v € K. It follows from Theorem 2 that
lluo — woll1 < Cllu — 1. (53)
Note that
ui —v; = Ih(0i(u—v— Ig(u—9¢) + I (v - ¥))).

Using estimate (37) and similar to the proofs for the unconstrained cases, c.f. [60],
and [57], it can be proven that

H
=l <0 (145 ju ol (54)

Thus

(nuo ol + Y i = v.-lﬁ) < C(m) (1 +(%) ) u—ols.
o=l

The estimate for Cy is known, c.f. [57]. Thus, for the two-level domain decomposi-
tion method, we have
vH

Cy = C(m) (1 it %> , Cy=C(m),

where C(m) is a constant only depending on m, but not on the mesh parameters
and the number of subdomains. An application of Theorem 1 will show that the
following convergence rate estimate is correct:

F(w)—F(u')< i a

Fu)-F(*) - 1+Cc@1+His?)

13



For algorithm 2, we can choose o = 1. When H — 0 and h — 0, we will get a mesh
independent linear convergence if the overlapping size ¢ is chosen to satisfy H/é =
constant.

5.4 Multigrid decomposition

In this subsection, we discuss the application of our theory to multigrid methods.
From the space decomposition point of view, a multigrid algorithm is built upon
the subspaces that are defined on a nested sequence of finite element partitions.

We assume that the finite element partition 73 is constructed by a successive
refinement process. More precisely, 7p = T, for some J > 1, and 7, for j < Jis a
nested sequence of quasi-uniform finite element partitions, i.e. 75, consist of finite
elements 74, = {7}} of size h; such that Q = U;7; for which the quasi-uniformity
constants are independent of j (cf. [13]) and T]l-_ , is a union of elements of {7}}.
We further assume that there is a constant v < 1, independent of j, such that h; is
proportional to y%7.

As an example, in the two dimensional case, a finer grid is obtained by connecting
the midpoints of the edges of the triangles of the coarser grid, with 7, being
the given coarsest initial triangulation, which is quasi-uniform. In this example,
4 = 1/4/2. We can use much smaller + in constructing the meshes, but the constant
C, is getting larger when 7 is becoming smaller, see (57).

Corresponding to each finite element partition 7y;, a finite element space M;
can be defined by

M; ={v e W3=(Q) : v}, € Pu(7), VT7€T}

Each finite element space M, is associated with a nodal basis, denoted by {¢;}?;1
satisfying :

oh(zF) = bix,
where {:1:;c }22, is the set of all the interior nodes of 7;. Associated with each nodal
basis function, we define a one dimensional subspace as follows

V;} = span (¢}).
Letting V = M, we have the following trivial space decomposition:
J n;
v S (55)
j=1i=1

Each subspace Vj‘ is a one dimensional subspace.

For the obstacle function ¥, assume that ¥} € V' satisfies ¢ = Z_;":l > v
The choice of the decomposition is not unique. For simplicity for the presentation
of the decompositions of u and v, it shall be assumed that

p=0, ¥;=0,Vij (56)

In case that the obstacle functions are not zero, one just need to add 1/)} to the
decompositions of u — ¢ and v — ¥ to get the decompositions for u and v, see (58)
and (59).

For any v > 0 and 7 < J — 1, define v; = I,?Jv —Ihej_lv e M;. Let vy =

v — I,?J_lv € M. A further decomposition of v; is given by
n;
by = zv; with v} = v;(z})85
i=1

14



It is easy to see that

vzgvj ZZ’UJ-.

ij=1i=1
For any u > 0, it shall be decomposed in the same wayj, i.e.
u—ZZuJ, uj = ui(5)dy, uwi=IPu—IS wu, j<J; wy=u—I |wu
g=il a=il
It follows from (34), (35) and (36) that u}, v} > 0 for all u,v > 0, i.e.

uj,v; € K ={veV/:v>v:i} under condition (56).

We estimate
D lug =l =D uia) —vi@h)|” |65
=1 =1
= Ch Z |uj (25) — vi(})|” < Ch; 2 [u; — vj[3 .

Here, we have used the fact that, in the finite element space, an L? norm is equivalent
; , N2 '

to some discrete L? norm, namely ||v;||Z & hd e |vj (:1:;)| . From the definitions

of u; and v; and estimate (37), it is easy to see that

lu; = villo < C(hj + hj—1)|u — ;.

As a consequence,

J n;
bR —vJ||1<CZh *llus — w3113
g=1%¢=1
< czhgzh;‘?_l lu—vl} <Cy 2T ju—of?, (57)

which proves that 3 {
C1 2y 1J7 247 Y loghz.

The estimation for C; is known, i.e. C2 = C(1 — v*)~!, see Tai and Xu [57]. Thus
for the multigrid method, the error reduction factor for the algorithms is

F(w)—F(u")< » e!

F(u)— F(u*) — 1+Cy=2J
For unconstrained linear problems, the dependence on J can be removed with much
more complicated analysis [45, 6].

In case that the obstacle functions are not zero, one needs to first decompose
u— 1Y as

s Z D) et o b (58)

p=1%=i
o=l u—9) =10 (u—%), i<J; os=@u—-9)-I (u—1).

The decomposition for u, which is needed in the implementation, is then given by

J n;
u=ZZu;, u§=¢}+a§-. (59)

j=1i=1
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The decomposition (55) only represents a ”half-V-cycle” (or called ”\-cycle”)
multigrid method. In order to produce the full ”V-cycle” or "W-cycle” multigrid
iteration, we just need to repeat some of the one dimensional subspaces once more
or several times more in the decomposition (55). The estimates for C; and C> can
be done in a very similar way.

In decomposition (55), the total number m of subspaces is m = Z;.]:l Tz On
each level, the nodes can be colored so that the neighboring nodes are always of
different colors. The number of colors needed for a regular mesh is always a bounded
constant; call it m.. Let Vj", k = 1,2,---m. be the sum of the subspaces Vj‘
associated with nodes of the kt* color on level j. We have the following trivial
space decomposition: V = Zjﬂ ¥ Vj". The total number of subspaces for such
a decomposition is m.J. Such a decomposition is only needed theoretically. The
algorithm produced by this decomposition with Algorithm 1 is the same as the one
produced by decomposition (55). For algorithm 2, the resulting schemes for the two-
decompositions are different. However, both have a convergence rate independent
of the number of subspaces.

6 Implementation issues and some numerical ex-
periments

We shall test our algorithms for the obstacle problem (4) with Q@ = [-2,2] x
[-2,2], f=0and

¥(z,y) = V2 + 92 2 +y? <1, Y(z,y) = —1 elsewhere.

With consistent Dirichlet boundary condition, the problem has an analytical solu-

tion - )_{ ’_—1—1:2—1/2 r<r*
Y ) e Ry AR 5

where r = /22 + 32, R = 2 and r* = 0.6979651482..., which satisfies
(r*)2 (1 —In(r*/R)) = 1.

The subdomain problems are solved by the augmented Lagrangian approach of Tai
[58, p.235] with or without the dimensional splitting. Let matrix A be the matrix
associated with the bilinear form a(-,-) for the finite element space and b the load
vector associated with the linear functional [(-), then u* and ¥, which now represent
the vectors that contain the nodal values of the finite element functions, satisfy (4)
if and only if they satisfy (see [14])

Aut>b, w29, (AuT—b)(u —¢) =0.
The stopping criteria for the subproblems is
| min(0, Au — b)||¢z + || min(0, u — ¥)||ez + [|(Au — b)(u — Y)|lee <TOL. (60)

The same stooping criteria is used for Algorithms 1 and 2 for the global problem.

Algorithms 1 and 2 are used as iterative solvers, i.e. we take an initial guess and
use Algorithms 1 and 2 to get a better approximation and use this newly computed
function as the initial guess to compute another better solution and continue in this
way. In the plots, en is the H!-error between the computed solution at the nth
iteration and the true finite element solution, see Figure 1. €0 is the initial error. In
the implementation for the decompositions of §5.2 and §5.3, we need to construct
the functions 6; which are not unique. We have used several choices that satisfy
(48) and it seems that they do not alter the convergence rate much.
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Figure 1: The obstacle and the true finite element solution with h = 4/128. u,, is
the computed solution by algorithms 1 or 2, uj is the true finite element solution
and u* is the analytical solution.

6.1 Experiments without the coarse mesh

Without the coarse mesh, the computed solutions will increase monotonically to
the true solution if we start with a function which is less than the true solution
[54]. We shall start with a function that is less than the true solution in part of
the domain and bigger than the true solution in the rest of the domain. Thus, the
convergence will not be monotonically. Linear convergence is observed, see Figures
2 and 3. In Figure 2, convergence rate is compared for different choices of the
starting function. It can be seen that the convergence is much better if the staring
function is below the true solution. However, all three choices have a uniform linear
convergence. In Figure 3, the starting function is partly below and partly above
the true solution. Convergence for different overlapping sizes is shown. In order to
reach a given accuracy, it was observed that the iteration number is reduced by a
factor of 2 if we increase the overlapping size by a factor of 2.

6.2 Experiments with the two-level method

Due to the coarse mesh correction, the computed solutions will not increase or
decrease monotonically. The first thing we want to show is that the algorithms will
not converge if u and 1 are not decomposed properly. We decompose u and 1 as

= ug YL iy, ug = Tgu, =5 (0(u o)),

Y =10+ >0, ¥i, o= I, ¥i=In(0:(¥ — o)),

i.e. the coarse mesh functions ug and g are the coarse mesh interpolations for u
and 1 respectively. With such an decomposition, the algorithms are not convergent.
The second decomposition we have tried is:

(61)

U — gt Z::l =0y = Ih(é),'u),
Y=1v0+ Y in; ¥i, Yo=0, ¥; = L(6:v),

i.e. the coarse mesh functions ug and v are taken to be zero functions. With
such a decomposition, it can be proven that the estimate for C; is the same as

(62)
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Figure 2: Convergence for the domain decomposition method without the coarse
mesh when the starting function is below, above or partly below and partly above
the true solution. h = 4/128, H =4/8, § = 2h.

without using the coarse mesh in the decomposition. In the numerical tests, the
convergence rate for this decomposition is the same as the domain decomposition
method without the coarse mesh, see Figure 4.

Let 1)o to be an arbitrary coarse mesh function from V. We then decompose 9
as ¥ = Yo + 27;1 ; with 9; = I5(0;(3 —¥0)). The decomposition for u should be
taken as in (49) and (51). The analysis indicates that linear convergence shall be
obtained for any 1o € V;. This is in fact observed in the experiments.

In Figure 4, the convergence for different decompositions is compared. The first
curve, counting from the top to the bottom, shows the convergence for decom-
position (61). It is not convergent. The second curve shows the convergence for
the domain decomposition method without the coarse mesh with overlapping size
§ = 2h. The third curve shows the convergence with the coarse mesh and with the
decomposition given by (62) when the overlapping size is § = 2h. The convergence
is the same as without using the coarse mesh. The last curve shows the convergence
with the correct decomposition given by (49) and (51).

In Figure 5, the fine and the coarse meshes are fixed. The convergence for differ-
ent overlapping sizes is shown. The convergence is better with bigger overlapping
sizes.

6.3 Experiments with the multigrid method

For the multigrid method, there are infinitely many choices to decompose ¢ =
Z}I=1 >_i2, ¥h. For any of these decompositions, the convergence rate is the same
just if we decompose u as given in (59). One of the decompositions for ¥ is to take
¥t =0 for any j < J and % = ¥(z%)¢}(z) for i =1,2,---,ny, i.e. all the coarser
mesh obstacle functions are taken to be zero and only the obstacle on the finest
mesh is nonzero. We always start with u being the global obstacle. Convergence for
different J is shown in Figure 6. It can be seen that the convergence rate increase
slightly with bigger J. For J = 5, the rate is 0.78. For J = 6, the rate is 0.8. For
J =17, the rate is 0.81. For J = 8, the rate is 0.85.
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Figure 3: Convergence for the domain decomposition without the coarse mesh when
the starting function is partly below and partly above the true solution. h =
4/128, H = 4/8.

There are some tricks that enable us to compute the decomposition of u given
in (58) and (59) very efficiently. For any v € Sj, and v > 0, we use a vector z; to
store the values mln.,.- v for all the elements 7; C 74;. As the meshes are nested, the
vectors z; can be computed recursively startmg from the finest mesh and ending
with the coarsest mesh. From the vectors z;, it is easy to compute I} - v on each

level. The value of I ev at a given node is just the smallest value of zj in the
neighboring elements.

7 Conclusion

The decomposition of the obstacle and u can be done very efficiently with the
nonlinear operator [ }91 for the two-level and the multigrid methods. The complexity
of the code is nearly the same as the unconstrained linear case. However, the
convergence rate can be improved if we use other interpolation operators. There
are many other nonlinear interpolation operators satisfying the properties (34),
(35), (36), (37) and (38). Some of these operators satisfy (37) and (38) with a much
smaller constant C. The corresponding C; for these operators will be much smaller
for the two-level and multigrid method. From Theorem 1, the convergence rate with
these interpolation operators can be better. This is confirmed in our numerical tests.
Extra costs are involved with these operators and there are several alternatives.
Intensive numerical tests with these operators will be reported elsewhere.

In condition (3), the nonlinear operator F” is required to be coercive. Condition
(8) implies that F’ is Lipschitz continuous. The convergence of Theorem 1 can be
extended to nonlinear problems under weaker conditions as in [57]. Just assuming

(F'(w) — F'(v),w —v) >k|w—2|},, VwveV,
IF'(w) = F'@)llv: <lw—v|§", YwveV,
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Figure 4: Convergence for different decompositions. h = 4/128, H =4/8, § = 2h.

with some k > 0,£ >,p > 1 and ¢ > 1, it can be proved that
Fw) - Fu) < (1- ) (F) - F@) i p=g
and

F(u) — F(u") pkiaeplp 1)

Fw) - F") < B ,
[1+alP@-Faor]™ 7Y

if p>gq.

In order to get the above estimates, conditions (7) and (8) also need to be modified
correspondingly and can be shown to be valid for all the decompositions given in
sections 5.2, 5.3 and 5.4. The constant co > 1 is given explicitly as a function of
a, Kk, ¢, p,q,Cq and Cs.
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