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Abstract.

The propagation of an electrostativ wavepacket in a
collissionless plasma is studied. We get a change in amplitude
caused by interaction between the packet and particles propa-
gating with velocities near to the group velocity. Also, we
get modulation of the plasma in the front of the plasma caused

by trapping effects.






Inbreduetion.

In this paper we shall study the interaction between
particles and an electrostatic wave packet. The evolution
of a large amplitude wave packet, has been studied earlier by
numerical simulation (J. Denavit and R.N. Sudan 1972), bet &
more complete theory has not been given. As in nonlinear optics
and water-wave theory, we shall try to find a waveequation.
In collisionless plasmas, the nonlinearity often comes from the
trapping of particles in the potential troughs of the waves.
Therefore we have to find a procedure which takes care of this

effect.

I. The wave equation.

The equations to govern the onedimensional motion of

collisionless plasmas are the Vlasov - Poisson equations:

2 2 : SR 7
(fat*"Vrax))‘pJ'(X.V,i) + %Eu,i)g\,%(xmt) =0 A PRd

éax E'(X,z‘,) = 4 Z JQJ‘//iDJf(X, v, L) dv (1.2)
d

The suffix sj denotes the species of plasma particles,
representing £; =-£, pm; = m for electrons, and £, = & ,

mj = M for the ions.
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We shall solve egs. (1.1 - 2) as an initialvalue problem,

where:

7%~(x‘v,o)

L X (x,0)

}p,w) - %(X,v, Uy g

. L A (X, 0)
E (x,0) = Etxe) &
are given consistently.
In order to solve eqgs. (1.1 - 4), we assume that:

| \ L Cn{)
%(x.v,t) = f‘)(v} + ,fi(x.v,f) £ iy

poae 2 e Ltk

i £ 08 5 UCIRE TN 30N TS
Further we define:

?

B A lxa) 5w u (% d)

i

Gx K ln,t) T data )

Now, egs. (1.1 - 8) gives:

? 3% Pt LX)
(@; 4 V?)'K)%Lx,v,i) a 7‘-:7.) E(xt)y 5% A‘(x‘v,‘t_) -

Llw= kV) %u,v,i) * ,,f;’j Eu,q%
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(2% +Lk) E(x.e) BE Wk JZ_ LJ-fﬂ.(x,v,;_) be N% (1.10)

Integrating eq. (1.9) along the characteristics we get:

dt

by * /

A C1a1)
X\

Ziﬁf e V&

[
S
i

; L /é )
s oy - el 530;7 (1.12)

We shall solve eq. (1.11) with the following conditions:

XL Ted ) =0 X
{1213
Vi(T=¢) = V¥V
which gives: T
o flwowyar
fi(T) » %%(x.v,t) o +
g (1.1%)

) g
c [ tw-ky) AT _ ¢ ltw-wyv)d s
_“L‘zf EL‘J(EM),@, LZ{ l g‘%)aﬁ
£

gt 0



LE

Bafla (0 O et




Now, egs. (1.10) and (1.14) combine to.

D

£
L (w-wig ) dT
£ waik iz 1S er'(fy%w%ou‘J ; dv)-/—

|

D

£1415)

Py T(W—KV)L'LS
2 (fdvam et b

We assume that j&{X,V,i:) exists in the sense that the

right hand side of eq. (1.15) is finite.

Integrating the last integral in eq
we get:

: +
o . r (w- k. )dr
%;{ +Ck E = 4rm %__QJ-f J(T‘D)L f 3

o {1,18) by parts,

o

dv

-

3
» SV, -;f<w~v<%~>d3
-?%fdv[ oKy 3%.,0, t ) +

(o)

(1:16)
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Eq. (1.16) is rather complicated, so we want to write it in a

more attractive form.

We define:

BE k) = 0 + .2 Li’-;,—f:‘; 2 dv (1.17)
QEVS DS
VZ&LX'U el D w el
Qe \ -~/
V, (x,2) = (—&)) 19
Twk) = Etwu) - K (1.20)

(1.21)







where j—:b = ’a% -H/,ag-)( s and
A (r=2) = gﬂ()(,ﬁ) 45, 1 (1.22)

- Using egs. (1.17 - 22), eq. (1.16) reduces to:

O B - v E -y 0 E 4
@i P o G OO L )’_
-bVDl(gt (ﬁ_:‘l’j“btg -:r)aw’c)k :D%( E)""ﬁ'x("aw@wff_f"‘ 75;_‘9,(5 n (e e
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Z.L AT BRI e 0 - R
Where:
¢
X ( —KVJP d,
Iiz'gﬁifﬂ(’ho)l,cifw ) saLV (1.24)
J

T ZHN[Z'U:) :%_j_‘%__}/r Léz((w—uvy)dsdv (1.25)

f( kip)dg
Z%ﬁmmpf%” g dv (1.26)
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The left hand side of eq. (1.23) is a nonlinear Schroedinger
type of wave equation. But the .15- term on the right hand
side contains E;(X,i ), so we still have a integrodifferential

equation to solve,.

BISG The lowesitorder solution.

In order to solve eq. (1.23), we shall introduce the
characteristic time and space scales connected to the problem.

The frequency and wavenumber of the waves making up the packet
are given by W(X,¢) and ﬁ((X,i), and define the fast time-
and space-scales.

1f L is the characteristic length for the variation of

the amplitude of the wave packet, we may define:

!
= WL

and we shall assume that

¢ wdy (2.1)

Therefore we may define the slow space- and timescales by:

X, = €X
(8.2)
&, €t
Now, our basic assumtions are that the amplitude of the

wave packet, the frequency and the wavenumber vary only on the

slow time- and space-scales.



\“l,

‘._ﬁm m&ﬂd&wwww’ﬁ %ﬂm sm mﬁwtm m Gf 32. o
| ovaw a3 h

torid oMUans

Ann 3




I
(00
|

E(x,t) = E(x,,t,)
Wix,t) =W (x,,t,) (i3]
k(X,t) = k(x»]:t/l)

. There are two other characteristic timeseales which enter

into the problem:

7; is the typical time which a particle with the velocity

xIg

uses to get through the wave packet. We may note that if

we have a very long wave packet, or a finite amplitude wave,

S

should be taken as the damping or growth scale of the amplitude.

7;1 is the oscillation time for the trapped particles, and

it depends on the particle mass et

N g i [
PRST Ehe l A (2.5)
This means that we have to distinguish between electron-
waves and ion-waves.
We assume that
e
Ter 2 Tp (2.6)

for electron-waves, and
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’r;‘ > N (2.7)

s

for ion-waves.

Eq. (2,5-6) means that the trapped electrons make less
than.one oscillation in the potential well, while the ions feel
no trapping effects.

Egs. (2.5) and (2.7) means that the ions make less than
one oscillation in the potential well, in which the electrons
may oscillate several times. However, in many cases the electrons
behave as an ideal fluid and the electron trapping effects may be

’neglected.

W
The phase velocities, K » of the waves making up the
wave packet, are given by:
w
e N (2.8)

and trapping effects will be important in the same range of the
velocity-space.

Using eq. (2.3), we notice thatj{l(xij &Ji,) is the only
term on the left hand side of eq. (1.23) which depends on the
fast time and space scales.

In order to eliminate this dependence, we integrate over the

fast variables in the following way:

297
F—”’(n*n) - '.E"vr—r JH(‘P(’(J*J % g h X Ky t,) 0L§0 (2.9)

where %} is defined by eq. (1.22).

Egs. (1.7-8), (1.11) and (1.22) gives
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fr-

79(7,4)=1'T+ ;0<X.£)—/(w~k5)ds (2.10)

z

Writing eqs. (1.26-28) in a more explicit form, we have:

t
7 E LJCW'”VJ)J.S
lJt/J?)“Z .L/_/_%[/A'V i k!/ :éf,[w~wvj)}?_ﬂ» o +

=0

o ol (35005 1]

* 5

(2.11)

fi
[ flw-ky ) ds
s

e = W) fewy)d
o ura 2 XA _QL__ { / é = L 1/ &S
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Assuming that

u
Wy,

el 4 (2.1%)
L/V'(P

all the coefficients of £ y MW= 9, 2%, eare slowly

L
varying functions compared to £ %. One should note that the
coefficients depend on (P through V;(7) which is periodic

in P . Therefore, taking the mean value of eq. (1.23) and
eqs. (2.11-13), we get to C?(EB):

E g , Al
&(5z, * «/?@-f;)—avoﬁ(w)z: Bl
(2.15)
8 oAl Qi g o 2l e 310
‘éLVDEZ gb'(TLat't‘gwagx'E)‘f’ax( fx)w’BK'BiE'fTaxE)
TG,
-
=)
where
o -0 93 Y,
Qt 8&(% 2w 2 T>+2 2 ”A[/w de"'l L\)"VAL, Lo - Hv) dV
(2.16)
e, +e'n,
:f, . I(§O’°) L

l: = ll(ﬁP:o> (R
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o Jlew- k) d
:“EZWIP[}'{W kv [); g,;ug_,> L f V]f‘o (2.19)

j(w wu) s
I “LE 2 2 ﬂ:{w Ky, 5115 ,é: (,byff,l))}m )@LD 5)\/]99:‘) (2.20)

In egs.(2.16) and (2.20), we have neglected the self action term
(Dysthe 1974), which gives anamplitude dependent frequency shift.

In order to solve eq.(2.8), we shall make the following

assumptions:
=5 2 =
Riw,x) = (;wx_} A o A (2.81)
e arpom
9 zw e V_? ¢ % P i‘*:iﬁ it A (2.21a)
D )wl») " /ww TWW

With the condition (2.21), eq. (2.15) is a hyperbolic type

of equation.

Eq. (2.21a) means that the subcharacteristics (J.D. Cole 1968)
given by:
i,
43 2
(2.22)
ox
Ae T V?)(S)

are timelike, and the initial value problem may be solved.

Furthermore, we divide the (x',tl) space into two parts

according to:
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p) 2 w
o bk A s (2.23)
g 3 w

The solution in the region (2.12), we shall call the outer

solution, and the other one the inner solution.

FILL.™ The oluter selutien.

In this region it is natural to search for a solution in

the form
Edu 1) Za 38 (X,,i (1)
™M= Q
S i
where Z:o (X,,o) % Eo (X,)
(3.2)
el i
ey id G g Sieal R % Do

Egs. (2.15) and (3.1-2) give:






o I8

(3.5)
{8 R SR ) + B T B+ T B ES
2 2 ¢ y, out
L ( = l" £V (5 (P‘“‘*‘ Ett-rwﬂ’z-"o>+5’"(-n‘m%l+/_:"k %’V»>)E‘:" 4
(8.8
sk == sk
* £2VD .)’21 E;-: + VY 2‘5( E,,'—-z p X/j ﬁ/)
gL R Y e,
The solution of eq. (3.3) is given by:
ou ) t,
Es k) mmsepilis ;ﬂfva(f(w.w) + sn,)ots)EL-M(X,(ho), o) +
i, <
2 ‘ (3.7)
+£ /‘/OLS(OL‘o(-L'éfVD(Z(w.K)-fE_fz,)d.\k)z__,':<X,/$),S))
0 10"
Gl e ) 5
di
P X |
dx,
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Because EL (Xu -[;,) is a slowly varying quantity,
Voé(w,K) must be zero to lowest order:

Bl oy Kelde O (3.9)

Expanding l/D E(W,K ) in a Taylor-series around ¥ = UK,

2

W =w, , we get:

LEwx) = Aw - ol BK+1 i o)’ ()((Ak)f(Awf) (3.10)

W=, =w,

where Aw =w-w, , AK = K-K,

X 2)
We may note that DHw - V‘d AK = O((AK) ) '5’-3“") /

Because VD f(w,u) =0(£w), Vo, =O(gw), which means that
we may meglect this term to lowest order.

This gives:

%
E:‘?xui,): &[M(iéf((Aw— Vy (e, 0,) 8K) + %&}Kﬂu@w)‘)ds Bl ts=a),0) 4
0 Wwsw,

s

<,
+‘(J-S(%—ééj((ﬂw»vb(thu)Ax) + g{sz,:ﬁ (Ak)I)dS)LO(X,“),S) (P24
© )

%

To get the explicit expressions of eqs. (3.7) and (3.11)

we have to solve egs. (1.11) and (3.8), which will be done in

section V.
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Ve ©— Ther inner golutien:

In the inner region, we define:

2 2 5 @
9t,=~%§x,+59%1*52)13*
(4.1)
2 2 2 3Ch
ff)xlg f)yl + £ 2X’~+ 23’(3#(
where t; ==£L£ s Xy = ELX 5 [ L b N SRS

Eq. (%.1) 1is consistent with the assumption (2.24),

Furthermore, we have from Egs. (1.7-8):

ow oK

ax, *t 91 =0 Lfep (4.2)
‘ow UK ic ) X P) i

2 X, "V% 2X, :'(ﬁaxl'f‘g 5-1(5—". /(A) -(53¢1+£2t3*‘ )

We define:

E‘M(XUXLJHJ t/.)tl_)“) =/§<; £ Em (43)

o

P ' :
EC(XIJXQJ" 8 Bo~r)2 .0 . R i

Now, egs. (2.15), (4.1-3) give to C>(£3):
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Using egs. (1.18), (4.1-2), we have:

2 ? ftw )/ (9K ? 2 P
éwefzmw JE k)= -2 (5(atz*“’3af/+£(% 31()%-)”'6)

") %
which gives: 9—%%:'—'(1 = 0 (%.7)
/
” (4.8)
ngvﬁa(xzjxaj‘ /-}’Hi“')

As in the outer region, E(w,x) =0 (¢w). Otherwise
E(X,ﬁ) should have a variation on the fast time scale.

Now, eq. (4.5) reduces to:

%
-@cﬂv E(uov()-rv _QQE - dig QI‘E‘”‘ i Z _ (%.9)

dt,
F i

(4.10)
aLx

y 3“*) X, (w='¢,)

J.
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We define:

0

w
Bl e BN a - e[ n e sivny) ) el
£

noting that EOW(LL=£,) = E:"(X,f). Egs. (4.9), (4.11) give:

L ' i e ; w ' 1 > TR
ful. - ticGee . tl v;w(-fj(‘v°g‘“‘“)*f bR)dg & I
i (4.12)
? F7(:%J'£lj Wl )
Using egs. (4.7-8), we may fouriertransform eq. (4.12)
ET = (éﬂ“)-é/gijx’ ./_?,)“;‘(x,)o{x, (%.13]
Al oq S8 Ak ek (4.13)
55« }"‘ 2t dl‘(} R §
- t,_AV
i Al F » SR gt -5,
E:ﬂ(x;'ﬁ)=(2n)a<&g(u—=o>ﬁ— ok AdeM)L 7Xd?+
P uhv
- i . S k.18
@) (| 9" iarégm M’(w)clu.),e. 1 3 ( )
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T

L
Noting that = fz is the fouriertransform of

) . - -
f(x) = ()4t ) k Sauil » 80, using the convolution theorem

for fouriertransforms, we have that:

Ej‘”-(x,é) i f/-fb (~— f&fz (t (7 w=o) -

_L;(X‘f?) ( f dV?dA&)
. —Q ) +
(4,163

+/acs(( 4 ”'f”“ (3 )M(’Z s)dy))]

Eq. (4.16) describes a diffusion in X,—space, during the

evolution.

Introducing an intermediate scale {

i 1.
i et snkbes bl ot

o O o2 0

f?-@ 0 ,7-9 o

‘trzz WL

(J.D. Cole 1968).
Choosing 7 55 » it is easy to show that:
wm ok
VR
’7-4»0

'é/z-‘ Lok
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As in the outer solution we have to solve egs. &P

(4.10) to get an explicit expression in eq. (4.16).

Vi.  "Fhe unifernm. selubien,

- To solve egs. (1.11), (1.13), there are two different
effects which have to be taken into account.

Particles with velocities:

e - (5.1)

o4 2« Vi, (2.8)
. 1
SK=(,§T:~E p") " (5.2)

are trapped by the waves making up the wave packet, while
particles with velocities outside this region, are untrapped.
Furthermore, the wave packet will behave similar to an

electrostatic pulse. This means that particles with velocities:

Vﬁ o §3 / Vi ¢ V% (5+3)
: Ve ;
where 5‘3 § (é"\iE "ic»..»(\/e&) ’ (5.4)

are accellerated by the packet, while particles with velocities

Vs < o V°3 + 3q (5.5)
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are retarded (M.S. Espedal 1971).

Particles outside the regions (5.1), (5.3) and (5.5)
are passing the wave packet, and get no final change in
velocity. They may get a change in phase if the packet is
unsymmetrical.

Because of egs. (2.6-7), the regions (5.1) and (5.3)
(5.5) are seperated.

Using egs. (1.11), (1.13) and (2.10), we get:

) \ 2
A\
£l

ﬁ R s
A = ;ﬁ:&(s?) shuinn, (R0) 73 gﬂx,i))

T
Ankr) = -~ J/(C¢JCET) = keem) V() dr
:

Egs. (5.6-7), we shall solve approximately, dividing

the velocity space into the following regions:

Vo + Sq < V< Mo~ S,
Vm ~EK-<:V§ VM+SK

U L e

3

(5.10)

(5.11)

(5.12)
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Further, we shall approximate E(¢T) to lowest order

by:

Colen) < e o) o (5.13)

In the regions (5.8), (5.10) and (5.12), the particles

are passing the packet. Therefore we take U&CT)Q W' te

d
lowest order, which gives:
T
AT RN ﬁ‘f;\fé—'b(a(xwm»e)),())s&:m(?li{’f}f'g?(x,a%)cf? 2
+
l’f‘
where 7("(7) = = f{w (1) _wm)v)i"r
4 ¢
Now, in the region (5.9), we define:
g l/,3 eT) + 5.(7) (5. 13)
XI(T)
R [
)(b(.'r) = = f(w~ Mtfﬁ)'pfg‘" d xr) (5.14)
X

T it :
Y '(7) = J( SN AT = xX1) = x—/V3 dr (5. 153
¥ 1
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Eqs. (5.6-7) and (5.13-14) give:

s \
075 = EL(£20),0) gin (R} (x0) +ues)) - ¢ 4 (5.16)
' The lowest order solution of eq. (5.16) is:
xX't1) L
L e, \ AN 2 1/

SJD(’T)=ZL((V~V¢3) & ;.z‘on(ix”uv) e (K, + ﬁ)i%'f})

(2]
VJJ;(’)) - V%(QT) i S\jb(T) TS

We should note that particles which have velocities
Vo= V% t o , |«| s %9 , before the interaction with the packet,

K  after the interaction.

£

get a velocity V = V%

Similarly, in the region of trapped particles, (5.10),

we define:

AL %’)(f‘}") -+ Ww(T) {5,389
o )

XJ"(w) e XUT) - X —/%)d’r =/am) A7 (5.19)
<t o

AT) = Keer) X 't1) (5.20)

S0, eq. (5.6) reduces to:

: . 3
;1) = f%,fi(g/rngo) B (%] 2+9) - ¢ e (5.21)
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which gives to lowest order:

»”
X (1) !

2
DR A : : o
aln) = 2 ((V~ S g fﬁ:nswm,o)m(%f+¢)de'(v))
p .
3 W, e
ey = et e T) (5.22)
It 7 = P is the time when the interaction between the

particle and the packet start, and 7it the interaction time,

we.may write eqs. (5.1%), (5.17). and (5.23):

v i
Wrh = 4 o) Weadorn, (588
|Viirepems)  pemycr
L2 058y o)

To solve egs. (3.8) and (4.10) to lowest order, we have

to approximate V% . This may be done, using the fact that

Etwm) = .0Cak) (5.24)

Therefore eqs. (3.11), (4.16) and (5.23) may be used

as a first step in a successive approximation procedure.

VI. The electron plasma wave packet.

In this section, we shall study the podulation of a electron
plasma wace packet propagating through a collisionless electron
plasma in a background of fixed ions.

We assume Bhst s

f,,kvﬁ = (T Ve")‘é %<_é(-§€)z> (6.1)
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E,txo) < B, aep (-4 (%)) (6.2)
4‘4.(’,‘:0) = (&)
R Tey 4 uﬁ‘nvaz 7 >
VL1= (WM_#\Z J ng3<—_;;"_—) J KD‘ Va: 2
Further, we assume that:
& AT i 6.4
\KD) = 0(e) (6.4)
Using eq. (5.24%), we get:
2 2 2
wik) = wi 1+ 3 (i) +6(6) ) + 07w (6.5)
Eq. (6.5) gives:
3 K K\ L Ve'n
i m (I H(R)) + o(er vF) S
Also, we assume that:
(6.7)

K = k(xéz./’.})

i

To-ealoulate L, , 1= 1,
interaction time, 71%4 .

Ter is the passing time:

2, 3, 4, we have to estimate the

In the regions

(5.8), (5.10), (5.12),
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2L
Toa = [V - Veé] (6.8)

In the regions (5.9), Tou 1is twice the time needed
to accelerate a particle from V = L@ to' V = L% L odEI 5 S 53.

Thié is approximately:

£y(184)
Tw = 2(3%) /E@) (6.9)
The interaction time in the region (5.10), is also the

passing time, which is approximately:

( N . el 8 KV )
Tt 2 /1/ v?]) B A
(6.10)
!
| wehiloh W 1o
So = (7;; iy 72)
A rough figure of the phase-plane is:
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With these assumptions, the main contribution from the

integrals (2.18-20), is:

3 0 '
SR ICERARRE FCL)
2 °

D 53,._:_.:)(/ ’e vu w W%J/(c, &
“.5 UL/?[WV%(X ~Vﬁ£)

+L€<w;.<v) (/ L_Vw))+0(£;)

=) \ e £
Im<ng/ﬂ—a) = @I 3 EQ[L

(6.11)

where the plus-sign should be used for X‘ - Z/j A5 >0 snd

/
the minus-sign for X, - ﬁil g )

'/T 4 T e (:ui;: ol [ s (K3x sun ( QW\};&} ))]( )

H~

J& (6.18)

-l(x_‘ﬁ){_{(%)& 2( 285 m(;v >))

ISk ton (gﬁ..‘i’.') sk)

/V-V j
9
X]‘V'L - LL" ?
+£ V 4\ I(K*S)L (v_‘\( "'*‘S))d‘ }
.4
+$K
The plus-sign should be used for V - —;—" S, and the minus-

sign for V — —‘:(—) < O
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Lise ks

Egs. (3.11), (4.16), (6.12-13) give:

i’....
Eo(‘x’/iuta> sigedoh 4yf}"{'u s )il iRy ‘/‘Z—md (Xl"'v'?s' $)ds +
s

"ILZ i - tifjél’:j))‘\i-) (6,13)
oL X _L(x-y) { K'LZ
t R (";/i“é"J({S(J axd) |4 Y Tty eyt s)dy)
0 2 e

Eq. (6.13) give that the effect of trapped particles,
jfmJ’ propagates as a free streaming effect. Because
% —L% >0 , it propagates faster than the packet, and should
be observed as a modulation in the front of the packet.
(J.N. Denavit and R.N. Sudan, 1972).
The.f;m term in eq. (6.13) takes care of the "pulse
effect” (M.S. Espedal, 1971). This interaction effect propagates

with the velocity V% > and modulates the packet itself.

VIl Cenclusien,

The interaction between particles and an electrostatic
wave packet results mainly in two different effects, We get a
modulation of the packet caused by particles propagating with
velocities near to fﬂw . The evolution of these effects is
represented by eq. (4.16).

Particles with velocities near to %? get a net change in
velocity during the interaction. The evolution of these effects

is given by eq. (3.11),



.'.. .}}‘u «l i

i
i

ﬁxmﬂe m .Mﬁm odd mmw w&m

.zrmlmq sl 1o Irovd edd nb mwﬂm s u@ bevyeedo. ed
U 1 et .mm . bive :r.rmem N mf

A

8




b Bl

We may note that, taking into account wave-wave inter-
action effects, the average equation is no longer linear. In
models where these effects appear, we may get similar equation

as those obtained by Y.H.,Ichikawa and T.Taniuti.
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