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1 Introduction

Chen series are formal power series over a non-commutative alphabet of
indeterminates whose coefficients are a type of iterated integrals. They are
named after Kuo-Tsai Chen who in the papers [4] and [3] studied some of
their algebraic properties. The first to realize that they had a connection with
nonlinear system theory was Michel Fliess with his example in [8; (I.3) and
(I1.4)], where he considered a control problem whose output map could be
represented by a type of functional series corresponding to the series studied
by Chen. In the years following this work it has been shown that for certain
control systems the input-output map F.: u — F.[u] can be described in
terms of these functional series, as first described by Fliess. They are now
known as Chen-Fliess series and are parameterized by a non-commutative
formal power series over an alphabet of indeterminates.

Specifically let X* denote the monoid under concatenation of mono-
mials over an alphabet of indeterminates X = {zq,...x,} and let ¢ :=
> nex-(¢;m)n be a formal power series in this alphabet, where (c,7) are real
or complex coefficients. We denote by L;*([0,77]) the p’th Lebesgue space of
m component mappings, all of whose components are elements of L?([0,77),
where p € [1,00]. Let (u;)™; be a sequence of L'([0,7T]) functions form-
ing the input of the control system. Then the Chen-Fliess series (or Fliess

operator) corresponding to the formal power series ¢ is

Flul(t) = ) (e;n) Bylul(t), (1)

nex*

where the real number E,[u](t) is for each ¢ € [0, 7] a type of iterated integral
as studied by Chen. It was shown in [16] that with the assumptions

[(e,m)] < KMt (2)

for all n € X* and maxj<j<pm, ||wil|z. < R, for some R > 0 depending on c,
then the functional series (1) converges absolutely and uniformly for some
T > 0. More generally, it was shown there that if each u; € LP([0,7T]) C
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L'([0,T7) then F.[u] € B}*(R), where B;*(R) denotes the norm ball of radius
R > 0in L7([0,T]). Here p and ¢ are conjugate exponents. Recently in [6]
it was proven that the Fliess operators are jointly continuous with respect to
their generating series as well as mappings from a norm ball in L7'([0,77) to
a norm ball in LZ”([O, T]) again with p and ¢ conjugate. The topology on the
set of generating series for the Fliess operators was taken to be a so called
Silva topology.

This thesis grew out of a research paper in preparation which in some
respects continues the work in [6]. The papers main results are the continu-
ity of certain products on the space of generating series. These products are
induced ones in the sense that they originate from various ways of intercon-
necting Fliess operators. The interconnections arise in application, for exam-
ple when a control system consists of several components whose input-output
operators are interdependent in some fashion. Specifically, the interconnec-
tions relevant to this thesis are F.[u]Fylu] = Fuualu], Fe[Filu]] = Feoq[u] and
F.[u + Fyu]] = F.sq[u] [17, Theorems 3.1 and 4.1], where LI, o and & are
products on the space of generating series known respectively as the shuffle,
composition and modified composition products. It is desirable that under
the same Silva topology as constructed in [6], these induced products are con-
tinuous. Because this ensures for instance the continuity of the corresponding

product of interconnecting Fliess operators.

This text will not consider Chen-Fliess series but instead focuses on Chen
series and especially the aforementioned induced products. It is structured
as follows:

In Chapter 2 we introduce the basic theory needed to understand the
subsequent chapters. In particular we introduce the relevant theory of locally
convex spaces, a calculus on these spaces as well as the basics of locally convex
Lie groups and Lie algebras.

In Chapter 3 we shall introduce some notation, which will be used through-

out the rest of the text, and consider the differentiability properties of Chen



series.

In Chapter 4 we follow [6] in the construction of the Silva space of gener-
ating series corresponding to these Fliess operators. In addition, we prove a
useful result regarding the complexification of the space of generating series
with real coefficients.

In Chapter 5 we will discuss the induced products as well as a certain
pre-Lie product. We will mainly be interested in showing that these are
smooth (holomorphic) in the sense of the calculus introduced in Chapter 2.
Some of these products, directly or indirectly, define inverses and hence unit
groups which we will turn into locally convex Lie groups. Their associated
Lie algebras and regularity properties are also then investigated.

In Chapter 6 we outline some possibilities for future work and include

some results that are needed from the paper of which this thesis is affiliated.



2 Preliminaries

The purpose of this preliminary chapter is mainly to give a quick introduction
to the relevant theory of locally convex vector spaces, which will be the
underlying spaces we will work with, as well as a certain calculus on these
spaces, which will allow us to talk about differentiability of maps between
them. It has already been mentioned that some of the maps (products) we
will consider defines groups which can be turned into so called locally convex
Lie groups. Thus it is also necessary to introduce some infinite dimensional
geometry. The prerequisite knowledge we assume of the reader is to be
familiar with the basic theory of functional analysis and topology as can
be found in for example the first three chapters of [22]. Some knowledge
of finite dimensional differential geometry is useful for understanding the
infinite dimensional one but is not needed.

The theory of locally convex spaces is vast and there are many good
references on the subject. A relatively brief but thorough presentation is
provided in [18, Chapters 22-25] and the more standard material in Chapter
2.1 will mostly follow this. The topic of infinite dimensional geometry is
on the other hand fairly new. One reference is Hideki Omori’s book [21]
on infinite dimensional Lie groups in the setting of Banach spaces. For the
more general setting of locally convex vector spaces, a good reference is Karl
Herman Neebs lecture notes [19] which is what we will mainly follow in
Chapter 2.3 and partly for Chapter 2.2. Throughout this text K € {R,C}.
We will use the convention that N = {1,2,...} and put Ny := {0} UN.

2.1 Locally Convex Spaces

Definition 3. A topological vector space is a K-vector space equipped with a
Hausdorff topology turning addition and scalar multiplication into continuous

operations.

In particular the translations \,: ¥ — E,y — x + y on a topological

vector space E are continuous bijections with continuous inverses \;'(y) =
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y — x, in other words homeomorphisms. This means that given any zero-
neighbourhood U C E and any point x € E, z + U is an x-neighbourhood
in E. An z-neighbourhood basis in F is a collection of z-neighbourhoods
{Uq}aea with the property that if V' C E is any z-neighbourhood then there
is o € A for which U, C V.

Definition 4. A topological vector space is said to be a locally convexr space

iof every zero-neighbourhood contains a convex zero-neighbourhood.

By the remarks above any element of a locally convex space E has a
basis consisting of convex neighbourhoods. Moreover any point in E has a
neighbourhood basis consisting of absolutely convex neighbourhoods, where
a subset U C F is absolutely convex if z,y € U and |A| + |u| < 1 with
A, i € Kimplies Az + py € U. This is in fact an if and only if [18, Lemma
22.2]. In the case that F is a normed linear space then any zero neighbour-
hood contains an e-ball B = {x € F : ||z|| < €} which is an absolutely
convex zero-neighbourhood. Thus locally convex spaces generalize normed

linear spaces.
One can equivalently define locally convex spaces in terms of certain fam-
ilies of real-valued mappings known as seminorms.

Definition 5. Let E' be a K-vector space. A mapping p: E — Rxq is called

a seminorm if p satisfies the two relations
p(Az) = |Alp(x)
2. plz+y) < plz) +py)
forall N e K and x,y € E.

In a locally convex space any absolutely convex zero-neighbourhood U
has a continuous seminorm associated to it called the Minkowski functional.
It is defined as || - ||y : @ — |||y := infyso{t : = € tU} [18, Lemma 22.3]. Let

{Pa}aca denote the collection of all Minkowski functionals corresponding to
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a basis of absolutely convex zero-neighbourhoods U, and let V,, := {x € E :
Pa(x) < 1}. Then {V,}4ea forms what is known as a fundamental system of

zero-neighbourhoods.

Definition 6. A fundamental system of zero-neighbourhoods in a locally con-
vex space E is a family of zero-neighbourhoods {V,}aca such that given any
zero-neighbourhood V- C E there is an € > 0 and o € A such that eV, CV

Thus any locally convex space has such a system. Moreover one can show
that it satisfies the following two properties [18, Lemma 22.4]

1. For any non-zero x € E, po(x) > 0 for some o € A.

2. Given p,, pg there is C' > 0 and p, such that max{p,,ps} < Cp,.

Conversely any K-vector space E which has a family of seminorms {p, }aca
that satisfies 1. and 2. above induces a unique locally convex topology on
E, turning the family {p,}aca into a fundamental system of seminorms [18,
Lemma 22.5].

It is important to remark that as in the case for normed linear spaces,
a linear map between locally convex spaces is continuous if and only if it
is continuous at zero [18, Proposition 22.6]. Thus if A: E — F is a linear
map, A is continuous if and only if for each zero neighbourhood U C F the
preimage A71(U) is a zero neighbourhood in E. This will be useful when

showing that certain topologies are identical.

Definition 7. A subset B C E of a locally convex space E is said to be
bounded if for any zero-neighbourhood V- C E there is an € > 0 for which
eBCV.

Lemma 8. Let {x,}nen be a convergent sequence in a locally convez space
E. Then {x,}nen forms a bounded set in E.

Proof. Let U be any zero-neighbourhood in F and suppose the sequence

converges to x € E. The fact that E is a locally convex space allows us
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to find an absolutely convex zero-neighbourhood V' C U. Since %.’17 — 0 as
m — 00, there is £ € N such that %x € V or equivalently x € kV. Moreover
since kV is a neighbourhood of x, there is N € N such that z,, € kV for all
n > N and consequently there is € > 0 such that ex,, € kV for all n € N.
Then {zp}nen CV CU. O

Lemma 9. Let E be a locally convexr space with a fundamental system of
seminorms {pataca. Then B C E is bounded if and only if sup,cp pa(x) <

oo for every a € A.

Proof. Suppose B is a bounded set in E. The continuity of each of the
seminorms in question implies that U, := p,'(]0,d)) is a zero-neighbourhood
in E. Whence there is € > 0 such that eB C U, and 50 sup,cp pa(z) < ¢ <
oo. Conversely if B is any subset of E such that sup,.ppa(z) < oo for all
P then B is bounded. For if V' is any zero-neighbourhood in E, there is p,
such that U, C V for some § > 0. Since sup,ppo(z) < K for some real
K >0 we get that 2B C U, C V. O

In the case that E is a normed linear space, a fundamental family of
seminorms consist simply of the norm on E. Consequently the fundamental
family of bounded sets has as sole element the closed norm ball B; = {z :
|lz|| < 1} and as per usual aset A C E'is bounded if and only if sup,. 4 ||z] <

Q.

Lemma 10. Let (E;);e; be a family of locally convexr spaces. Then their
direct product E =[], ; E;, with componentwise vector space structure and

the product topology, is again a locally convex space.

Proof. 1t is a topological vector space because its topology is initial with
respect to the projections m;: E — E;, (€;)ier +— e€;. Indeed it is then
Hausdorff and moreover any mapping f: FF — FE, from a locally convex
space F', is continuous if and only if 7; o f: F' — E; is continuous for each
J € 1. Let j € I be arbitrary and let Ag and Ag, denote the addition on £
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and E; respectively. Then
mj 0 Ap((ci)i, (di)i) = ¢; + dj = Ap, o (mj, ;) ((¢)i, (di)s)

Using that Ap; and (m;,7;) are continuous we see that 7; o Ap is continu-
ous. As j is arbitrary we may conclude that Ag is continuous. The scalar

multiplication Sg: K x £ — FE is also continuous because
mj o SEO‘? (CZ)Z) = )‘Cj = SEj © (idK7 7T]')()‘7 (Ci)i)7

and both Sp, and (idk, ;) are continuous. To see that it is a locally con-
vex space we let U be an arbitrary open zero-neighbourhood in F. Again
since the topology of F is initial to (m;);c; there is a neighbourhood of zero
Micj<ny 75 '(U;) contained in U. Since each Ej is a locally convex space we
can find convex zero-neighbourhoods B; C U; and since each 7rj’1(Bj) is also
convex and an intersection of convex sets is convex, ()<<, 7rj_1(Bj) is a

convex zero-neighbourhood contained in U. O

Henceforth we always endow products of locally convex spaces with the
structure of a locally convex space as described above. Now dually to the
definition of a fundamental system of neighbourhoods we define fundamental

systems of bounded sets as follows.

Definition 11. A family {B;}icr of bounded sets in a locally convex space is
said to be a fundamental system of bounded sets if for any bounded B C E
there is v € I and € > 0 for which B C €B;.

Lemma 12. Consider a finite product E = H,]L E; of locally convex spaces.
If the family B; denotes a fundamental system of bounded sets in FE; then

Hfil B; is a fundamental system bounded sets in E.

Proof. If B C E is bounded then also each m;(B) C E; is bounded. This
follows readily from the fact that the m; are linear and continuous. Hence
there is B; € B; and r > 0 such that m;(B) C v B; for i = 1,2,..., N and
consequently B C r Hf\il B;. H
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Definition 13. Let X be a topological space and U C X any subset. We say
that U is sequentially open if whenever (T, )nen s a sSequence in X converging
to an element x € U then the sequence x, is eventually in U. That is, there
1s N € N such that n > N implies x,, € U. We say U is sequentially closed if

whenever (x,)nen 1S a sequence in U converging to some x € X, then x € U.

Definition 14. A topological space X is said to be sequential if for every
subset U C X we have that U is open if and only if U is sequentially open.

One could equivalently give the definition of a sequential space as a space
where being sequentially closed is equivalent to being closed. Clearly every
open (closed) subset of a topological space is sequentially open (closed). The

converse however is in general not true.

Definition 15. A locally convex space E is said to be sequentially complete

if every Cauchy sequence in E converges in E.

For the stronger notion of completeness one has to introduce so called
nets and Cauchy nets. As these will never be of any use in the text it suffices

for us to only introduce sequential completeness.

Lemma 16. Let X be a sequential topological space and let Y C X be an

open subset. Then as a topological subspace, Y 1is sequential.

Proof. Let A C'Y be a sequentially open subset of Y and suppose {x, }nen
is any sequence in X converging to x € A. Since Y is open in X, it is in
particular sequentially open. Hence there is N € N such that the sequence
{zn}n>n is in Y and of course still converging to = € A. Since A is sequen-
tially open in Y there is an M € N such that z,, € Aforallm > M > N, i.e.
the sequence {z,,} C X is eventually in A. This means that A is sequentially
open in X and hence open in X. As Y is open in X, A is open in Y. O

Recall that a mapping of topological spaces f: X — Y is sequentially
continuous if z,, — « implies f(x,) — f(z).

12



Lemma 17. Let X be a sequential topological space and consider f: X —Y
where Y is a topological space. Then f is continuous if and only if [ is

sequentially continuous.

Proof. Suppose f is continuous, let x,, — x in X and let U C Y be any open
set containing f(z). Then f~1(U) is open in X and so there is N € N such
that =, € f~1(U) for all n > N. In particular f(z,) € U for alln > N
and hence f is sequentially continuous. Conversely suppose f is sequentially
continuous and let U C Y be any open subset. Since X is sequential, f~1(U)
is open if and only if it is sequentially open. So let x,, — x where z € f~1(U).
Since f is sequentially continuous, also f(z,) — f(x) so that {f(x,)}nen is
eventually in U which in turn means that z, is eventually in f~1(U). In

other words f~!(U) is open in X and so f is continuous. O

We will mainly be working with a special type of locally convex space
called a Silva space (also known as DFS-spaces). Before stating its definition

we need to first introduce inductive limits and imbedding spectres.

Definition 18. A K-vector space E together with a family of locally convex
spaces (F;)ier and linear maps (j; : E; — E)ier is called an inductive system
of

Uii(E)=E

iel
If there is a finest locally convex topology on E for which the maps (j;)icr are
all continuous, we call it the inductive topology of the system (j; : E; — E)ie;.

We should remark that there always exist a finest topology on E for which
all the maps j;: F; — E are continuous, namely the final topology with
respect to this family. However, this topology may fail to be a Hausdorff and
hence is not a locally convex topology.

The next lemma characterizes when the inductive topology of an inductive
system exists. By F’ and E* we mean respectively the set of continuous linear
functionals and the set of linear functionals on E. E’ will be referred to as
the dual of F and E* its algebraic dual.

13



Lemma 19. [18, Lemma 24.6] Let (j;: E; — E);cr be an inductive system.

Then the following are equivalent.
1. The inductive topology of the system exists

2. There is a locally convex topology on E for which j; - E; — E is continuous
foralli el

3. For each non-zero x € E there is y € E* such that y(x) # 0 and for all
i €I we have yo j; € E!

Lemma 20. Suppose that the inductive topology of the system (j;: E; —
E)ier exists and denote it by 7. Then an absolutely convex set V C E is a
7-zero neighbourhood if and only if j; (V') is a zero-neighbourhood in E; for
alli € 1.

Proof. By definition of 7, each j; is continuous and thus j;'(V) is a zero-
neighbourhood in E; for each i € I. Conversely suppose that j; (V) is a zero-
neighbourhood in F; for each ¢ € I. A-priori the map || - ||yv: £ — R is not
necessarily continuous but at least it is a seminorm because V' is absolutely
convex and contains zero. However || - ||y o j; is continuous for each i € I as
follows from the easily verified fact that || - ||y, o j; = || - || i) which is the

Minkowski functional of the absolutely convex zero-neighbourhood j; (V).
Claim. || - ||y is continuous :

If this is true then V = || - ||,/ ([0, 1]), implying that V is a 7-zero neigh-

bourhood. Consider the collection
P = {p seminorm on E : po j; is continuous for each ¢ € I}

This is in fact a fundamental system of seminorms because firstly, z # 0
in F implies that there is an absolutely convex zero-neighbourhood in F,
say U, which does not contain z. Then ||z|[y > 0 and since || - ||y and
each j; are continuous, || - ||y € P. Secondly the linearity of each j; ensures
that p; + py is also in P and dominates the maximum of the two. Thus P

induces a locally convex topology on E which we denote by t. By Lemma

14



19 the mappings j;: E; — (E,7) are continuous and thus the collection of
all 7-continuous seminorms are elements of P, so that ¢t > 7. Conversely
using that the family P is a fundamental system of seminorms for (F,t) one
can easily show that the linear maps j; are continuous in (F,t). Then the
definition of 7 ensures that 7 > ¢t. Whence ¢t = 7 and so || - || is continuous

in (E,7) (as it is an element of P), proving the claim. O

Definition 21. A countable inductive system (ji : Ex — E)gen 15 called an

imbedding spectre if the following two conditions hold for all integers k:
1. E} is a linear subspace of E and jy, is the inclusion map

2. Ey C Eyxy1 and the inclusions iy : By, — Fryq1 are continuous

If the inductive topology exists for an imbedding spectre then we call
E the inductive limit of the system and we write ind,_,o Er, = E. In the
case when the Ej are normed linear spaces and i : Ey — Ej.1 are compact
operators, the inductive topology of the imbedding spectre (ji: Fr — F)en
will always exist, as is shown in [18, Lemma 25.18]. Consequently the next

definition makes sense.

Definition 22. A Silva space is the inductive limit of an imbedding spectre of
Banach spaces in which the inclusion mappings iy : Ey — Fyy1 are compact

operators.

Silva spaces have many useful properties. For our purposes the most

important ones are the following.

Proposition 23. For a Silva space E = ind,, o F,, the following holds

1. E is complete [18, Proposition 25.19 1.] and in particular sequentially

complete

2. The unit balls { B, }nen form a fundamental system of bounded sets in
E [18, Proposition 25.19 2.]
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3. Finitely many direct products of Silva spaces are again Silva spaces [27,

Proposition 3]

4. A subset A C E is closed if and only if it is sequentially closed [27,

Proposition 6]. In other words E is sequential.

From this we may deduce

Proposition 24. Let E = ind,_,FE) be a Silva space, F a locally convex
space and consider a mapping f: E — F. Then f is continuous if and only
if f’Ek E, — F is continuous for each k € N.

Proof. Suppose f is continuous. Then f is sequentially continuous by Lemma,
17. Since Ej is a Banach space it is in particular sequential. Thus since
T, — x in Ej implies f’Ek (xn) = fz,) — fx) = f}Ek () we see that f|Ek
is sequentially continuous, and hence continuous. Conversely let x,, — = in
E. As every convergent sequence is bounded by Lemma 8 and the unit balls
{Bm}men form a fundamental sequence of bounded sets in E by Proposition
23, (Tp)neny C r By C Epy for some M € N and » > 0. Then f(z,) =
/| g, (@n) = f | Eur (x) = f(x). Hence f is sequentially continuous and thus

continuous by Proposition 23.4 and Lemma 17. O

Corollary 25. Let E = indg_, E) be a Silva space and F' any locally convex
space. Then f: Ex E — F is continuous if and only fo‘E i En X Epy —

F is continuous for all n,m € N.
Proof. Follows by applying Lemma 12 with the preceding proof. O]

It will be important to remark the following: Suppose f: E X F — E is
a mapping of Silva spaces and that for each pair n,m € N there is k(n,m) €
N for which h = f |§:X B E, x E,, — E, is well defined. Then since
Jit By — FE is continuous for all ¢ € N, continuity of A implies continuity
of f | BoxBy = Jr © h and by the preceding corollary this implies in turn
the continuity of f. In conclusion, f is continuous if it induces continuous

mappings of Banach spaces E,, X FE,, — F.
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Next we define and discuss the process of complexification of a locally

convex space. In particular the complexification of inductive limits.

Definition 26. Let E be an arbitrary real locally convex space. Consider the
product B2 x E. We define for x,y € R and u,v € E the scalar multiplication
(x + iy)(u,v) = (2u — yv,zv + yv) where i is the imaginary unit. The
multiplication is continuous and hence the product E x E becomes a complex
locally convex space which we denote by Ec. E will be identified with the
closed real subspace E x {0}.

In the case that E is a real normed linear space, Ec = E' X E is a complex
normed linear space with norm ||(z,y)|| := max{||z|, |y| }

A natural and important question to consider for our purposes is whether
the operation of complexification commutes with the operation of taking in-
ductive limit. The next lemma shows that this is indeed the case for imbed-

ding spectres of normed linear spaces.

Lemma 27. Suppose (i,: X, — X)nen is an imbedding spectre of real
normed linear spaces for which the locally convex inductive topology on X
exists. Then Xc¢ = (ind, 00 Xy)c = indy, 00 (X))

Proof. In any case as sets, without any topological consideration

Xe=XxX=|JX,x|JX\={JXux X, =X
neN neN neN neN
Thus it only remains to show that the topologies are identical. Let ¢ denote
the inductive limit topology of X¢ and 7 its product topology. The continuity
of the inclusion maps i,y : (Xn)c = (X, 7) 5 (w,v) = (in(u),i,(v)) together
with the definition of the inductive topology ensures that ¢ > 7. Conversely
let U = U; x Uy be an absolutely convex zero-neighbourhood in (Xc¢,1).
Then U; and U, are zero neighbourhoods in X. Indeed by Lemma 20, U
is a t-zero neighbourhood if and only if 4L, (U x Uy) = (i (Uy), i, (Uy))

is a zero-neighbourhood in (X, )c for each n € N, and this is if and only

17



if i, }(U;) and i, '(Us) are both zero-neighbourhoods in X, for each n € N.
Hence both U; and U, are zero neighbourhoods in X so that U is indeed a 7
zero-neighbourhood. Then also 7 > ¢. O

Lemma 28. Suppose (i,: X, — X)nen and (jn: Yy = Y )pen are imbedding
spectres of locally convex spaces such that for each n € N there is an isomor-
phism ¢, : X, — Y, with the property that ¢"+1‘Xn = ¢n. If the inductive
topology of both systems exists, then X =Y

Proof. Let ¢: X — Y be defined by = — ¢(z) := ¢,(z) if z € X,,. By our
hypothesis about the collection (¢, )nen, ¢ is well defined. Linearity and the
fact that it is bijective follows directly from the ¢,,’s. To show continuity we
use Lemma 20. Let V' be an absolutely convex zero neighbourhood in Y. By
the linearity of ¢, »~ (V') is absolutely convex in X and by Lemma 20 it is a
zero neighbourhood in X if and only if i,,'(¢~'(V)) is a zero neighbourhood
for each n € N. But note that ¢, = ¢ o4, and since ¢,, is an isomorphism,
6, (V) =1, (¢ (V)) is a zero neighbourhood in X, for each n € N. Thus
¢~ (V) is a zero neighbourhood in X which shows that ¢ is continuous. In
a similar way we can show that its inverse is bijective, linear and continuous

so that ¢ is indeed an isomorphism of locally convex spaces. O]

2.2 Calculus in Locally Convex Spaces

In this chapter we introduce a calculus on locally convex spaces called Bas-
tiani Calculus, named after Andrée Bastiani who first introduced it in [1].
We begin by defining derivatives of curves taking values in a locally convex
space and then move on to consider differentiability of mappings between
locally convex spaces. After this some useful examples of smooth (holomor-
phic) mappings will be considered as well as some properties of this calculus

that will be useful in subsequent chapters.

Definition 29. Let E be a locally convex space and consider a curve v: I —
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E defined on an open subset I C R. ~ is said to be differentiable att € I if

(1) = lim Yt +2) — (1)

exists and differentiable in I if it exist for allt € I. In this case if the induced
mapping ' is continuous then 7y is called a continuously differentiable curve.
We say v is of class C* with k € Ny if Y™ defines a continuous mapping
for all integers n < k, where we set YO := ~. We say that v is smooth
if v is of class C* for all k € Ng. Whenever I C R is a closed interval
then v: I — E is differentiable or C* if it extends to a differentiable or C*
mapping : [ — E on an open set I containing 1.

Definition 30. Let E and F' be locally convexr K-vector spaces and U C E
an open subset. Given a mapping f: U — F and x € U, we say that f is
Bastiani differentiable at x if the following limit exists for ally € E

df (z;y) == D, f(x) := lim flz+ty) — f(z)

t—0 t

where t € K\ {0}. We will leave out the name Bastiani and simply say
that f is differentiable at x. The function f is called differentiable in U
if the induced mapping df : U x E — F is well defined and continuously
differentiable iof df is continuous. The map [ is k times differentiable in U if

the iterated directional derivatives

d(k)f(x;yl, s Ye-1,Yk) = Dy (Dy, - Dy, f)(2)
exist for all (Yu, Yr—1,---v1) € E¥ and x € U. As before f is called a C*
mapping if the induced map d"™ f: U x E™ — F is continuous for all integers
n < k, where again we set dO f := f. We say f is smooth if f is C* for all
k € Ny in the case K =R and holomorphic in the case that K = C.

We immediately see that

d(2)f(x; y,2) = D.(D,f)(x)
i Dof @ t2) = Dyf(@) - df (@t tiy) — df(@y)

t—0 t t—0 t
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iterating this we obtain

d
dP f(yn, e = | AVt v, yeer) (31)

dt,_y
It follows that f is C* if and only if f is C*~' and d*~V f is C''. Moreover
in the case that f: R — FE is a mapping between the Banach space R and
any locally convex space E then the relationship between the derivatives in
the sense of Definition 29 and 30 is f'(t) = df (¢; 1).

Definition 32. Let E and F' be complex locally convexr spaces and U C E
an open subset. A continuous mapping f: U — F is said to be complex
analytic (or just analytic) if there is a sequence of continuous homogeneous
polynomials B, of degree n € Ny (B, is said to be a homogeneous polynomial
of degree n if Bp(x) = fu(x,...,x) for some n-linear map f: E™ — F), for
which at any x € U there is a zero neighbourhood V' such that x +V C U
and for all h € V we have

fe+1h) =3 Bah)

In the case of mappings between complex locally convex spaces, the prop-
erty of being analytic and holomorphic are equivalent by [5, Proposition
1.1.16 (a)]. The two notions will be used interchangeably.

Next we provide some examples of smooth (holomorphic) mappings which
will be extensively used in later chapters.

Proposition 33. The following maps are smooth (holomorphic)

1. Continuous linear maps of locally convex spaces. In particular addition on

any locally convex space.

2. Continuous bilinear maps of locally convex spaces

Proof.

20



1 . Let f: E — F be a continuous linear map of locally convex spaces,

both real or both complex. For any x,y € E we have

) =t (OIS0 _ 1) +100) ~ 1)

t—0 t t—0

= f(y)

which shows that df is continuous and that it only depends on its

second argument. For any z,y, 2 € F we have

49 f(z:y, 2) = lim L@ 1Y) = df(@iy)

t—0 t t—0 t

so that d® f is the zero map and hence continuous. Higher derivatives
of the zero maps are also zero, whence d® f = 0 is continuous for all

k > 2 and so f is smooth (holomorphic).

2 . Let u: EXE — E, (21,22) — (21, 22) be a continuous bilinear map
on E. To simplify notation write p(z1,29) = z122. We compute for
21,20 € K

du((21,22) 5 (Y1,92)) = %i_l}(l)t_l (((z1 + yit, 20 + yat)) — p((21, 22)))
= %1_{% t7! (2122 + 21yt + 2001t + Y1yl — 2120)

= ll_{% Y221 + 221 + Y1Yel = 21Y2 + 2241
which shows that du: E* — E is continuous. Moreover for z,, 2, € E

d? (21, 22); (1, y2); (w1, 32))
=lim ¢ (du((21 + 21t, 22 + 29t); (Y1, v2)) — dp(21, 22); (y1, ¥2)))

t—0

= %g% t™1 (2192 + 21yt + Y122 + Taynt — 212 — 2oY1)

= lim¢ ™" (212t + y122t) = T1Y2 + Y129

t—0

so d® i is continuous and moreover that it does not depend on its first

entry. Then we may argue as in 1. that p is C* for all k € Ny.
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There is the following version of the chain rule.

Proposition 34. [26, Proposition A.1.11] Let U C E and V C F be open
subsets of locally convex spaces and consider the mappings f: U — V and
g: V. — L where L is another locally convex space. If f and g are C" then
go [ is C". In particular a composition of smooth (holomorphic) maps are

again smooth (holomorphic). Moreover for any x € U and y € E we have

d(go f)(z;y) = dg(f(x);df (z;y))

Proposition 35. Suppose F' is a locally convex space and let E = [[..; E;
be a product of locally convex spaces E;. Consider a map f: F — E, x —
(fi(x))ier. Then f is C" if and only if fi: F — E; is C" for all i € I.
Moreover df (x;y) = (dfi(z;y))ier for any z,y € F.

Proof. Suppose first that f is C". As continuous linear maps, the projections
m; are smooth (holomorphic) and in particular C". Whence f; = m; o f is
C" by Proposition 34. Conversely suppose f; is C" for all ¢« € I. Since the
product topology on F is initial with respect to the projections m;, x, — =
in F if and only if m;(z,) — m;(z) in E; for all i € E;. Thus

flz+ty) — f(x) fi(x+ty)—f¢(fr))

o) =y (I <y A
= (i MDD, 0

Computing higher derivatives using Equation 31 we see that

d(k)f(-T; Yiy .- ,yk) = (d(k)fi<37§ Y1y .- ayk))iel

Again since the topology on F is initial and the d® f; are continuous for all
integers k < r, the same holds for d®) f. Thus f is C7 if every f; is C". [

Definition 36. Let E and F be real locally conver spaces and consider
f:U — F where U C E is an open set. We say that f is real analytic
iof it has an extension to an analytic map of the complexified locally convex

spaces fc: U — Fc on an open subset U C E¢ containing U.
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Whenever we write that a mapping is R-analytic (resp. C-analytic) we
mean that it is real analytic (resp. analytic). At later stages we will prove
smoothness of various products on a real Silva space. It will then turn out
that this reduces to proving analyticity for the corresponding products on the
complex Silva space. This is because these products will be of such a form
that the complexified versions are analytic extensions of the real versions.
Then if we are able to show that the complexified versions are analytic, the

real ones will be real analytic and we can apply the following proposition.

Proposition 37. [10, Proposition 2.4] Let E and F be real locally convex
spaces and U C E an open subset. If f: U — F 1is real analytic, then f is
smooth.

The next lemma will make for a powerful tool in establishing analyticity
of mappings. Whenever we say a family of continuous linear functionals
{Aa}aca on a locally convex space F seperates points we mean that if 0 #
x € E then there is an a € A for which A, (z) # 0.

Lemma 38. [2, Lemma A.3] Let E and F be complez locally conver spaces
and let U C E be open. Suppose there is a family of continuous linear
functionals {Aa}aca, separating points on F. Then a continuous mapping
f:U — F s holomorphic if and only if Ao o f: U — C is holomorphic for
each a € A.

For normed linear spaces there is of course the classical calculus built
from the notion of a Fréchet derivative. Before ending this chapter, we will
briefly compare the two calculi: If the domain of a mapping of normed linear
spaces is a subset of a finite dimensional normed linear space, then the two
calculi are actually equivalent [26, Proposition A.3.5]. That is, a mapping is
C* in the Bastiani sense if and only if it is C* in the Fréchet sense. However
in the infinite dimensional case Bastiani differentiability is weaker than the
Fréchet differentiability. Specifically let X,Y be two normed linear spaces
and let f: U — Y be a map on an open subset U C X. Then [26, Lemma
A.3.1] tells us that if f is C* in the sense of Fréchet then f is also C* in
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the sense of Bastiani and moreover D*f(z) = d*f(z; ), where D* denotes
the k’th derivative operator in the Fréchet calculus [26, Definition A.2.13].
However if we only know that f is Bastiani C*, with k > 1, then f is Fréchet
C*1 [26, Lemma A.3.3].

2.3 Locally Convex Lie Groups

Similarly to finite dimensional Lie groups, locally convex Lie groups are man-
ifolds as well as groups with smooth (holomorphic) group operations. How-
ever, whereas finite dimensional Lie groups are modelled on finite dimensional
FEuclidean space, locally convex Lie groups are, as the name suggests, mod-
elled on locally convex spaces. Thus the notion of differentiability is different
because in the locally convex case whenever we talk about a map being C”
or smooth (holomorphic) we mean always in the sense of the calculus intro-
duced in Chapter 2.2. In what follows we will very briefly discuss infinite
dimensional manifolds, locally convex Lie groups and their associated Lie

algebras. We start with the definition of infinite dimensional manifolds.

Definition 39. A manifold M modelled on a locally convex space E is a
topological Hausdorff space for which at each point x € M there is a homeo-
morphism ¢: Uy, — E of an open subset Uy, containing x onto an open subset
Vi = ¢(Uy) of the locally convex space E. Such a homeomorphism is called
a chart. Moreover given r € N U {oo} a collection of charts A is called a
C"-atlas if the following holds

1. Whenever ¢, € A are such that U,NU, # 0, then the transition maps
po¢™: p(Us NUy) = $(Us NUy)

and
¢po™t p(Uy NUs) — ¢(Uy NU,)

are of class C" as maps between open subsets of the locally convex space

E
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2. U¢6AU¢:M

Given a manifold M modelled on a locally convex space, we say that two
CT-atlases A, A, are equivalent if A;UAs5 is a C"-atlas for M. This is clearly
an equivalence relation on the set of C" atlases for M, allowing for the next
definition.

Definition 40. A C"-manifold modelled on a locally convex space E is a pair
(M, .A), with M a topological Hausdorff space and A an equivalence class of

C"-atlases, for which the charts of M are homeomorphisms onto open subsets

of E.

Definition 41. A continuous function f: M — N of C" manifolds M and
N modelled on locally convex spaces E and F is said to be C", r € NU{oo},
if for any charts ¢ of M and v of N the map

Yo fog Uy f1(Uy)) = p(Uy)
is C".

In order to even talk about smooth (holomorphic) group operations we

need the following standard result.

Proposition 42. Suppose M and N are C" manifolds modelled on locally
convex spaces. Then M x N, with the product topology, is a C" manifold

modelled on the locally convexr space & x F.

Proof. The direct product of Hausdorff spaces is again Hausdorff. Let A and
B be C™ atlases for M and N respectively.

Claim. A x B is a C" atlas for M x N

Indeed we clearly have that

U UsxUy=MxN
() AXB
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Since any charts ¢ € A and ¢ € B are homeomorphisms between open
subsets M and E, and N and F respectively, the mapping ¢ x 1 also becomes
a homeomorphism of open subsets of M x N and E x F. Thus it only
remains to check that the transition charts, when defined, are C". Indeed
(¢2,12) © (¢1,91) " = (¢2,902) © (¢71,901") = (da 0 ¢y a0 1) is O by
Proposition 35 because both ¢ 0 ¢7* and 1), 0 ;! are C”. O]

There is also the notion of a real analytic manifold. This is a manifold
modelled on a real locally convex space with real analytic transition maps.
The preceding proposition is still valid when exchanging C" with real ana-
lytic. With the notions of infinite-dimensional manifolds, differentiable maps
between them and the preceding proposition, we can give the definition of

Lie groups modelled on locally convex spaces.

Definition 43. A (analytic, real analytic, smooth) locally convex Lie group
G is a group as well as a manifold modelled on a locally convex space E, for
which the group operations multiplication G x G — G and inversion G — G

are (analytic, real analytic, smooth) with respect to the manifold structure.

The easiest example of a smooth (analytic) locally convex Lie group is
the additive group (F, +), where E is any locally convex space. The identity
mapping serves as a global chart and Proposition 33 shows that addition
is smooth (holomorphic). Moreover it is easily verified that the inversion
x + —z is smooth (holomorphic). Thus (£, +) is a smooth (analytic) locally
convex Lie group. In contrast a nontrivial and important example of a locally
convex Lie group is a so called continuous inverse algebra. Its definition is

as follows.

Definition 44. Let A be a locally convex space equipped with a continuous
bilinear product that is associative and which has a multiplicative identity.
Let A* denote the unit group of A under the bilinear product. If A* is open

1

and the inversion mapping a — a~ " is continuous, then A is said to be a

continuous inverse algebra (or CIA for short).
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Proposition 45. The unit group of a CIA forms a smooth (analytic) locally

conver Lie group.

Proof. As an open subset of A, the unit group A* is a manifold modelled
on A with the identity map as a global chart. Proposition 33 ensures the
smoothness (analyticity) of the continuous bilinear product on A* and thus it
only remains to show that the inverse is also smooth (holomorphic). Denote
by I the inverse mapping on A. To simplify notation write Sa(x,y) = xy,
where (34 is the bilinear product on A. We begin by showing that dI(x;y) =

—2 7 lyz~t. Indeed, using the relation
bl—at=bYa—ba"
and recalling that inversion and multiplication are continuous, we compute

o — Lo 1 _ — i 1 -1 -1
dl(ezy) = lm (I + y1) — 1(2) = it~ (x4 1) — )

i =1 —1(,. 1y _ 1 1, -1 _ 1. -1
=l ((z +yt)"" (z = (z +yt))27) = lim(z +yt)"yx x Yy

Thus dI is also continuous so that I is C'. We continue by induction to
prove that I is smooth (holomorphic) by showing it is C* for any integer k.
The case k = 1 has just been handled. Let k£ > 1 and assume that I is C*~1.
Then since the algebra product is smooth (holomorphic), inversion is C*~1
and dI(z;y) = —z tyz~!, dI is C*¥~1 by Proposition 34 as a composition of
C*1 maps. Whence d*~VT] is C' and so the inversion mapping I is C*. O

We next consider Lie algebras and in particular Lie algebras associated to
locally convex Lie groups. In addition we also define the notion of regularity
of Lie groups. The results in the thesis relying on what comes next are of
a secondary nature. In any case a rigorous treatment of the topic would
be very lengthy. For these reasons we omit proofs and refer instead to [19,
Chapters I1.3 and III.1] for a detailed exposition.
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In order to introduce the Lie algebra associated to a Lie group we need
to first define tangent bundles of manifolds and vector fields. Since we are
only interested in these related to Lie groups, we state the definitions and

result in the case that the manifolds are smooth (holomorphic).

Definition 46. Let M be a smooth (holomorphic) manifold and let p € M.
Two smooth curves 7, & passing through p (i.e. £(0) = v(0) = p) are said to
be equivalent if (¢ o) (0) = (¢ 0 &) (0) for some (in particular any) chart ¢
with chart domain containing p. A tangent vector v at p is then defined to
be an equivalence class of smooth curves passing through p and the tangent
space at p is defined to be the set of all tangent vectors at p. The tangent
space will be denoted T, M .

As for finite dimensional smooth manifolds also locally convex manifolds
have tangent spaces isomorphic to the modelling space. For locally convex

manifolds the locally convex structure is inherited via the bijection
he: E = T,M,y — [t ¢~ (6(p) + ty)]
whose inverse is the map
hy': T,M — B, [y] = (¢07)'(0)

Here ¢ is any chart whose chart-domain contains p and E is the modelling
space for M. One then defines the topology and linear structure on 7,M
such that h, becomes an isomorphism of locally convex spaces. Moreover
the locally convex structure can be shown to be independent of choice of
chart in the above construction. With the tangent spaces introduced we can
define the tangent bundle.

Definition 47. Let M be a smooth (holomorphic) manifold modelled on a
locally convex space with tangent spaces T,M. The tangent bundle of M s
the disjoint union TM := J,cp T,M.

Again similarly to the finite dimensional case the tangent bundle of a

smooth manifold M is again a smooth manifold. If M is modelled on E
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via the homeomorphisms (Uy, ¢) then T'M is modelled on E x E via the

homeomorphisms
To " :Vyx E—TM, (z,y)— [t — ¢~ (z +ty)))
For any p € M its tangent map at p is defined as
Lf: T,M = Ty N, [y] = [f o]
and is a linear map. The tangent map T'f is defined as
Tf:TM = TN, (p,v) = (f(p), Tpf(v))

The tangent map 7'f can be shown to be smooth (holomorphic) if the map f
is smooth. One can moreover show for smooth (holomorphic) maps f: M —
N and g: N — P that T(go f) =TgoTf.

Definition 48. A vector field X on a smooth (holomorphic) manifold M is a
smooth (holomorphic) map X : M — TM for which mpo X =idy. Here my
is the projection my(x,v) = x. In other words a tangent vector associates to
each point p € M a tangent vector in T,M. By abuse of notation one often

denotes this tangent vector as X (p).

We define the sum and scalar multiplication of vector fields as

X+Y:M—=TM,pw— (p,X(p)+Y(p)
rX:M—TM,p— (p,rX(p))

Using that each tangent space is a locally convex space and that by Propo-
sition 33, addition and scalar multiplication (which is a continuous bilinear
map) is smooth (holomorphic), the sum and scalar multiples of smooth (holo-
morphic) vector fields is again a smooth (holomorphic) vector field. Hence
the set of smooth (holomorphic) vector fields form a vector space, which is
denoted by V(M). For a smooth (holomorphic) map f: M — N we say that
X € V(M) is f-related to Y € V(N) if

TfoX=Yof
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For M = G a locally convex Lie group the left multiplication
Ag: G—= G, h— gh

is a diffeomorphism. Indeed it is smooth (holomorphic) as a composition
of the smooth (holomorphic) maps A\, = mgop: G = G x G — G where
p(h) := (g,h) is smooth (holomorphic) and m¢ denotes the multiplication
in G. A smooth (holomorphic) inverse is then A;* = Ag-1. In particular the

tangent map 7'\, is a diffeomorphism with inverse T'\,-1 since
idTM = T(ldM) = T(/\g o )\gfl) = T)\g o T)\gfl = T)\gfl o) T)\g

A vector field X: G — T'G is said to be left invariant if X is A\, related to
itself for all ¢ € G. The set of all left invariant vector fields form a vector
subspace of V(M) and is denoted V!(M). In fact one can show that V(M)

has the structure of a locally convex space.

Definition 49. A Lie algebra g is a vector space equipped with a bilinear
mapping called the Lie bracket [, ]: g x g — @, satisfying the following two

properties
1. [z,2] =0, for all x € g.
2. [, [y, 2l + [y, [z 2]l + [z, [2,9]] = 0, forall 2,y,z € g

A Lie algebra that is also a locally convex space with a continuous Lie
bracket is called a locally convex Lie algebra.

The Lie algebra associated to a Lie group G will be the tangent space
at the identity and is denoted L(G) := T.G, where e € G is the identity
element. For now we only know that it is a locally convex space so we need
to define a bracket on L(G) satisfying the conditions 1. and 2. above. To

introduce this bracket consider the following isomorphism of vector spaces

0: L(G) = V(G), v (g T2y (v))
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Its inverse is given by
0~ VI(G) = L(G), X — X(e)

One can show that 6 is in fact an isomorphism of locally convex spaces.
Assuming for the moment that the space V!(G) carries a Lie bracket, we can
define the bracket on L(G) as

[0, w] =071 ([0(v), O(w)]) = [0(v), O(w)](e) (50)

Since 6 is an isomorphism it is easily shown that this bracket satisfies the
conditions in the definition of a Lie algebra. The bracket can also be shown to
be continuous so that the Lie algebra associated to a locally convex Lie group
will always be a locally convex Lie algebra. In what comes next we will discuss
how, for M a smooth manifold, the space V(M) is a Lie algebra of which
V(M) is a Lie sub-algebra. For holomorphic manifolds the construction and

result is exactly the same.

The Lie Bracket of Smooth Vector Fields

The local case is handled first. Consider an open subset U C E. Then
TU = U x E and any vector field on U is given by X = (idy, Xg) where
Xg: U — FE is smooth. For any smooth map f: U — FE and vector field
X € V(U), we define X.f := df o X where df = pryoTf. In particular
df o (X(u)) = df(u; Xg(u)). Then X.f defines a smooth function U —
E. We define the bracket of two vector fields X,Y € V(U) as the vector
field determined by [X,Y]g := X.Yr — Y. Xg. One can show that with this
bracket, V(U) satisfies the Lie algebra axioms. Moreover one can show that
relatedness is inherited by the bracket. That is if X, X5 are correspondingly
f-related to Y7, Y5, then [X;, X5] is f-related to [Y7, Ya).

Now consider the general case of a smooth manifold M with atlas A.
Given any vector field X € V(M) its local representative in any chart is the
smooth vector field on ¢(Uy) = Vy C E given by X, = Tpo X o ¢!, For
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two overlapping chart domains Uy and Uy, the local representatives X, and
X, are ¢ o ¢~ '-related. Conversely if given a collection (Xy)gsea of vector
fields on (Vj)gsea that are all 1) o ¢~ '-related to each other whenever we have
overlapping domains, then it is easily shown that the collection glues together
to form a vector field Y € V(M), with local representative Y, = X, for each
¢ € A. Thus the local representatives uniquely determine any vector field on
M. Now given X,Y € V(M) we define their bracket [X, Y] to be the vector
field on M with local representatives [X, Y], = [X,, Ys]. Since relatedness
is inherited by the bracket, [Xy,Yy] is ¢ o ¢~ '-related to [X,, Yy], whence
the vector field [X,Y] is well defined. Since [X,Y] is uniquely determined
by its local representatives and the bracket on V(V,) satisfies the Lie algebra
axioms, so too does V(M). In the case that M = G is a Lie group, V(G)
becomes a Lie sub-algebra of V(&) since the property of being left-invariant is
inherited by the bracket. In particular this means that L(G) = T.G becomes

a Lie algebra, in fact a locally convex Lie algebra, with bracket (50).

The preliminary chapter is concluded with the definition of regularity of

Lie groups.

Definition 51. Let G a be Lie group modelled on a locally convex space with
identity element e, L(G) its Lie algebra and let k € {oo} UNy. Denote by
Ag: G — G the diffeomorphism given by left multiplication with g € G and
by T Ay L(G) — T,G its corresponding tangent map. We say that G is
C*regular if for each C* curve f:[0,1] — L(G) the initial value problem

V(1) = TeAy (f(1))
7(0)=e

has a unique C**1 solution Evol(f) :=~: [0,1] — G and the map
evol: C*([0,1], L(G)) — G, f + Evol(f)(1)

18 smooth.
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Lie groups modelled on finite dimensional Euclidean (hence Banach)
spaces are automatically C%-regular [20]. However this is not necessarily the
case when the Lie group under question is modelled on an infinite-dimensional

locally convex space.
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3 Differentiability of Chen Series

This chapter considers the differentiability of the formal power series known
as Chen series. Before actually defining Chen series we introduce some no-
tation which will be used throughout the rest of this text.

A collection of indeterminates X = {z¢, z1,..., T} is said to be an
alphabet, the indeterminates called letters. Any finite sequence of letters
n = x;, T, ... x;, is a word with associated length |n| := n. By |n|,, we mean
the number of letters in 7 which are equal to z; € X. The empty word is
written () and is the only word of length zero. For any x € X we put 2° := 0.
By X" we mean the set of all words of length n and by X* = (J, oy, X"
the set of all words over the alphabet X. With the associative catenation

product of words defined for n = x;, ... x;, and { =z, ... x;, as

n-§ =0 =T ... 0,Tj ... Tj,
X* becomes a monoid with identity element (). Any function c¢: X* — K™ is
called a formal power series and its value at a word 7 is denoted (¢, n) € K™.
The i'th component function c[i]: X* — K is the formal power series such
that (c[i],n) = (¢,n)[i] for all n € X*. Tt is customary to write the mapping
c as a sum Zne ++(¢;m)n. Equipped with the componentwise vector space
structure, the collection of all such formal power series becomes a K-vector
space and will be denoted by K™((X)). We extend the catenation product
of words first to K((X)) and then coordinate-wise to K™((X)) by
c-d= Z (c,u)(d,v)u-v
upEX*

for ¢,d € K{((X)). In this way K™((X)) becomes a non-commutative, asso-
ciative and unital K-algebra. The concatenation product K™ ((X)) will not
be explored any further but will frequently used later on in the following
way: If z; € X and d € K({(X)) then x;d = 3 _.(d,n) z;n and we notice
immediately that (z;d,z;€) equals zero if j # i and equals (d,§) if j = 1.

For ¢ € K((X)) nonzero we define

ord(c) == min{Jn| : (c,n) # 0}

34



and ord(0) := co. When ¢ € K™ ((X)) with m > 1 we put

ord(c) := 1I§I%ignm ord(c[i])

The definition of Chen series is as follows.

Definition 52. Suppose T > 0 and that u: [0,T] — R™ is an element of
LT[0, T)) (i.e. all its components {u;}™, are of class L'([0,T]) ). Given
such a function u and a word n we define the map E,[u](t) inductively by
setting Eglu](t) = 1 and

By lu](t) = / Eylu)(s) ui(s) ds

where z; € X, n € X* and ug := 1. The Chen series associated to u is then

for every 0 <t < T a formal power series of the form

Pluj(t) = Y Eylul(t)n
neX*
Thus a Chen series is a map Plu] : [0,7] — R((X)). In [12, Page 4] such
a series was formally differentiated in a way that the derivative of the Chen
series was equal to the derivative of the components in its series. Applying
the calculus introduced in Chapter 2.2 we will show that in this sense the

derivative of a Chen series has indeed such a form.

The first step is to turn K™((X)) into a locally convex space. To this
K™. This is a locally convex space as
sex K™ to define a

locally convex topology on K™((X)). Specifically the mapping

end consider the vector space [, -

a direct product of the Banach spaces K™. We use []

FrRMXD) = [ K™ e ((em)pex



is a linear bijection of K-vector spaces. Equip K" ((X)) with the topology for
which f becomes a homeomorphism. Thus U C K™((X)) is open if and only
if f(U) C [I,ex-K™ is open. In this way, f becomes a linear topological
isomorphism of locally convex spaces.

As K™((X)), and in particular R((X)), is a locally convex space, we may
apply Chapter 2.2 to the context of Chen series. Indeed now Plul(t): [0,7] —
R((X})) is a curve into a locally convex space and f: R((X)) = [[,cx-R is

an isomorphism of locally convex spaces.

Proposition 53. Suppose that a Chen Series

Plu](t): [0,T] = R{(X)), t = > Eylul(t)

nex=
is differentiable at t € [0, T]. Then its derivative is of the form

d d d
SPE) =5 S Blt)n= Y SB[
nex* nex*
Proof. Since the topology on Hne R is initial with respect to the projec-

tions and f is a linear continuous map, we have

d

f(=Plu](t)) = f(dP[u](t;1)) = d(f o Plu])(£;1)

dt
g P ) = FPL@) Bl - B0,
= (g DA Z B (B (1)
Thus f(£P[u](t)) = (LE,(t)),ex- and consequently
d d
i P = 32 B0
[

The above shows that whenever the derivative of a Chen series exists

it necessarily has to equal the series corresponding to the derivative of the
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components E,[u](t). In fact iterating the computations in Proposition 53
we see that

d* d*
ﬁP[u](t) =) %En[u](t)ﬁ

nex*
Consequently the question of differentiability is completely determined by
the differentiability of the component functions E,[u](t). Moreover from the
locally convex topology on R((X)) inherited by the product ] .. R, we
have that that any curve with values in R((X')) is continuous if and only if

it is continuous in each of its components. From this we deduce that P[u](t)
is C* if and only if each E,[u](t) is C*. Since

B, plul(t) = / wi(s) By lul(s) ds

it is clear that the differentiability of E,[u](t) is in turn determined by the
functions u;. In particular if the u; are all C* then E,[u](t) is C**! for all
words 1 and hence P[u](t) is C**. In the case that the u; are nothing more
than L' functions then each E,[u](t) is an absolutely continuous function and
hence differentiable almost everywhere ([25] Corollary 11 page 105). This
means that the derivative of E,[u](t) will exist outside a set of Lebesgue
measure zero. As the countable union of sets of measure zero is also a set
of measure zero, there is a common set outside of which %En [u](t) exists for
each n € X*. Hence outside of this set the derivative 4 P[u](t) will exist.

Summarizing the above we obtain the following corollary

Corollary 54. Given a Chen series Plul(t) = >_, . Ey[ul(t) n correspond-

ing to an L7*([0,T]) mapping u: [0,T] — R™. Then
1. Plul(t) is differentiable almost everywhere.

2. If each component function u;: [0,T] — R is of class C* then Plu](t)

is of class C**1.
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4 The Silva Space of Locally Convergent Se-
ries

We now follow the construction in [6] of the so called Silva space of locally
convergent series, on which we will later consider various products. Its el-
ements turn out to be formal power series (as introduced in the preceding
chapter) which satisfies a growth condition on its coefficients. Specifically for
any formal power series ¢ € K™((X)) we define |(¢,n)| := maxi<;<m |(c[i], n)],

where in the case that K = C we set
|(c[i], )] := max{|re(c[i], )], [im(c[i], n)[}
If ¢ is such that there are K, M > 0 for which
[(e,m)] < KM |t vy € X* (55)
then c is said to be locally convergent. The vector subspace
K7~ (X)) :={c € K™((X)) : (55) holds for some K, M > 0}

will be referred to as the space of locally convergent series. It is a locally
convex space with subspace topology inherited from K™ ((X)). However we
will show that one can turn K7’ ((X)) into a Silva space. For this we need
to produce an imbedding spectre of Banach spaces whose union is K%+ ((X))
such that the inclusion mappings are compact operators. To this end consider
for M € Ny the set

+ Temy _ m . (e, n)]
loo (X K™) = {c €e K™((X)) : nseu)g My < 0o}

This is a vector subspace of K7'-((X)) and the assignment

N (CY))]
Iellar = sup
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is easily seen to be a norm on (y p(X*, K™). Moreover the mapping

loo i (X7, K™) = £oo (X7, K™)

(¢;m)

X" =K ’HHM\”||7]|!

C
cr YT

is an isometry of normed linear spaces and hence as ¢ (X*, K™) is a Banach
space 0 t00 is loo (X, K™). Clearly if M < N are integers then for any
ce K™((X)) and all n € X*

[(e;ml _ I(e,n)]
N |t = MPl[n|!

so that || - ||§ < - |[s and consequently we have continuous inclusions
£m7M<X*, Km) C 6007N(X*, Km)

In fact these inclusion operators are not only continuous but compact [7,
Lemma B.6]. Thus the inclusion mappings are compact operators between

Banach spaces.

Lemma 56. As sets

U oo (X7, K™) = K7 (X))

keN
Proof. Suppose ¢ € U 1 (X*,K™) for some k € N. Then ||c[|x = R for some
R > 0 implies that Ill(,f"m! < R for all n € X* or equivalently |(¢,n)] <
Rk |n|! for all n € X*. Thus by definition ¢ € K- ({X)). Conversely if c is
such that for some R, M > 0 we have |(c,n)| < RM!"|n|! < RM™M|n|! for all
n € X*, where M is any fixed integer larger than M. Then ||c|; < R and

so ¢ € Ly (X*, K™). O

From the above lemma we may conclude that the system

Uk + Loo e (X7, K™) = K7 (X)) ken
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is a countable imbedding spectre of Banach Spaces for which the inclusions
maps
ik : goo,k(X*7 Km) — £m7k+1(X*, Km)

are compact operators. It follows that K7’ ((X)) is a Silva space.

Proposition 57. The Silva topology on K7 ((X)) is finer than the subspace
topology inherited from K™ {((X)).

Proof. Suppose K7'-((X)) carries the subspace topology. It suffices to prove
that each inclusion ji: loo k(X ™, K™) — K7 ((X)) is continuous by the defi-

nition of the inductive limit topology of the inductive system
(Ut Loo (X7, K™) = K70 ((X)) Jren
Since the topology of K™ ((X)) is initial with respect to the linear projections
T K™((X)) = K™, ¢ — (¢,n),
the linear map jr will be continuous if and only if the composition
T 0 Jit loo iy (X*, K™) — K™

is a bounded linear operator of Banach spaces for each n € X*. But this is

indeed the case because

|70y 0 Gi(c)] = |(c,m)| < |lellik™|n],
and so

7y 0 il = sup |my 0 ji(c)] < K[!
lefle<1

Proposition 58. As locally convex spaces

(RE((X)))c = Cie((X))
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Proof. There is a canonical isometric isomorphism
(loon(X*, R™))c 2 loo,n (X, C™)
via the map
On: Loon(X*,C™) = (boon(X*,R™))c, ¢ — (re(c),im(c))

where we are viewing ({oo,(X*,R™))c as a Banach space with the norm
|(w,v)|| = max{ ||u||n, [|[v]|.}. We are justified in doing this since the topology
induced by this norm is identical to the product topology on the space.
Now linearity of ¢, is clear. Moreover if we are given an element (u,v) €
(loonn(X*,R™))c then u+iv € lo ,(X*,C™). This follows from the fact that

[ulm) + i)l _ o mad fu(n], Jo(m)l}

su

s ST pex- ]!
PR 1) IS ) [ R
= e Pl pex byl

so that ¢, is onto. It is moreover an isometry. Indeed given ¢ € lo ,,(X*, C™)

[en () = ll(re(c), im(e))[| = max{ [lre(c)|n, [[im(e)[ln }

[re(c) ()] [im(c) ()| [re(c)(m)] Jim(c)(n)]
= max{sup T '!777\7' SUD ol 4 T S maxt e n|n||77|7; '
_ gup 2exdlre(9)n )I,!‘Hn( Al _ o, 1et )!| el

neX* nlnl|n|! exs niln|!

This establishes the isometric isomorphism of Banach spaces
(éoo,n(X*v Rm))c = oo,n(X*a (Cm)
From the definition of the collection (¢, ),en it is clear that also

¢n+1 ‘foo,n(X*,(Cm) = ¢n

Thus we may apply the Lemma 27 and 28 to conclude that

(R?C<< >>) ( n—o0 oon(X* Rm))c = indy, 00 (EOO,H(X*aRm))C
= indy 00 loo,n (X7, C™) = CLe((X))
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5 Products on the Silva Space of Locally Con-

vergent Series

Having shown that K7' ((X)) carries the structure of a Silva space we now
proceed to consider some products on K7 ((X)). The main goal is to prove
that these are smooth (holomorphic). However we will also consider the
locally convex Lie groups some of them define, to which regularity class they
belong to and the form of their associated locally convex Lie algebra. The
first product considered is the most fundamental one of them all in the sense

that every other product is defined in terms of this one.

5.1 Shuffle Product

The shuffle product between words is defined recursively as

(zn) W (yy) = x(nw (y¥)) + y(znw )

for x;y € X and 9,9 € X* and nwi ) = 0 un = n for all n € X*. The
resulting shuffle product of two words, n and & of length n and m respectively,
is a finite sum of words of length n + m in which the summands are words
obtained from interlacing n with £ in such a way that the original ordering

of the letters in the two are preserved.
Example 59. If n = zox; and £ = z1 then
NWE = xox; W T = 20101 + X101 + 10T, = 2:1:0@% + 212021
From the shuffle product of words we define the shuffle product on K™ ((X'))

Definition 60. Let ¢,d € K™ ((X)). Their shuffle product is denoted ¢\ d

and is the series whose components are given by

(cwd)i] := (cfi] wdli]) = Z (cli],v1) (d[i],v2) vy Wvy (i=1,...,m)

v1,v2€X*
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Given any n,u,v € X*, (uWwv,n) # 0 only if |u| + |v| = |n|. This means
that we can write the value at n of the i’th component series in the shuffle
product as

n]

((cwd)dn) =Y > (ilu)dli,v) (uwv,n) (61)

= uexk
vexlnl—k

and consequently ((cwd)[i],n) < oo for all n € X*. Thus the shuffle product

of formal power series is well defined.

Example 62. Suppose ¢,d € R*((X)) are such that c[1] = ¢[2] = 40 + 2,
d[1] = 121 + 29 and d[2] = 10 then
(cwd)[1] = (40 + 2z¢) W (z121 + x2)
=40 1 (2121 + x2) + 2m9 W (7121 + T2)
=4(0 W zy21) + 4(0 W x9) + 2(xo W x121) + 2(x0 LU 22)
= 41y + 4o + 2(x0T121 + T1T0T1 + T17120) + 2(T0T2 + T2T0)
=4x, + 4x% + 22070 + 22970 + 2207171 + 2217071 + 2217120
(cwd)[2] = (40 + 2x0) W 10 = 40 + 22 = c|2]

The shuffles product turns the vector space K((X)) into a commutative
and associative K-algebra [23, Page 24]. By our definition of the shuffle
product in the case when m > 1, this is also true for K" ((X)). In fact it is

even an integral domain [8, Page 8]. From its definition we immediately see
that the product is bilinear on K™ ((X)).

Lemma 63. For any ¢,d € K({(X)), ord(cw d) = ord(c) + ord(d). If c¢,d €
K™ (X)) with m > 1, then ord(c W d) > ord(c) + ord(d).

Proof. The first statement holds in the case that ¢ = 0 or d = 0 since then
cwd = 0 and ord(0) = oco. Suppose that neither are the zero element.
Clearly ord(c i d) > ord(c) + ord(d). To see the converse inequality we put
ord(c) =: n and ord(d) =: k and define

b= Z(Cﬂ?)ﬁ

nexn
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and

q = Z(d>£)£

geXk
The fact that K((X)) is an integral domain and p # 0 and ¢ # 0 implies
together that p g # 0. So there is v € X" for which (p w ¢,y # 0).

Using equation 61 we see that

(cwd,y) = > (e,u)(d,v)(utv,y) = (pg,y) #0.

ueXn
vexk

Thus ord(clud) < n+m = ord(c) +ord(d), which proves the first statement.

The second statement now follows from the first since

ord(cw d) = 12%% ord(c[i] w d[i]) = 1I_r%_m(ord(d[']) + ord(c[i]))
> min (ord(d}) + min (ord(cf)) = ord(d) + ord(o)

]

In Lemma 99 and 100 it is shown that the shuffle product on K7'-((X))

induces a continuous mapping of Banach spaces
Lt oo (X7 K™) X Lo (X7 K™) = Log y(n,m) (X, K™)

By the remarks following Corollary 25, L is a continuous product on the
Silva space K7 ((X)).

Theorem 64. The shuffle product on K7 ((X)) is smooth and K-analytic.

Proof. 1t is analytic and smooth by Proposition 33 because the shuffie prod-
uct is a continuous bilinear map on the Silva space K7 ((X)). To see that it
is R-analytic, note first that since any isomorphism of locally convex spaces

is a diffeomorphism and by Proposition 58

(REG((X))e = CLe{(X))
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we see that the composition

(RE((X)) x REc((X)))e = CLo((X)) x Cro((X))
= Cro((X)) = (RE((X))c

is holomorphic. Here the middle map is the shuffle product on C7',((X)).
Since the shuffle product of locally convergent series whose coefficients are
all real has again only real coefficients, this mapping is an analytic extension
of the shuffle product on R7%-((X)). O

Next we show that the set of invertible elements under the shuffle product
on K7 ((X)) forms a locally convex Lie group. These invertible elements
turn out to be the so called non-proper series. A series in ¢ € Ky ((X)) is
said to be proper if (¢,()) = 0 and is otherwise said to be non-proper. For the
case m > 1 we extend the definition by saying that a series ¢ € K7'-((X)) is
non-proper if

(c[i],0) # 0 for every i = 1,...,m

and is proper if

(cli],0) =0 for every i = 1,...,m

Note however that it is possible for series in K7 ((X)) with m > 1 to be
neither proper nor non-proper.

k we mean the series obtained from

In what follows, whenever we write -
taking the shuffle product of ¢ with itself k& — 1 times. We define ¢! := ¢
and
0eK™ ifn#£(

=1 X" K", n— <
1 e K™ else
G will denote the set of non-proper series in K7%-((X)).

Proposition 65. (G, W) forms an abelian group. The inverse of any element

c€ G isc ! e KT ((X)) whose component series are given by



where c[i] = 1 — (c[i],0) " c[i] and

n>0
Proof. The identity element is the series 1 because for each i =1,...,m we
have
clilw ] = D (efil, w)(1fil,v) uw v = > (cld], w) (1[i], §) u 1§
u,vEX* ueX*
= > (clilu)u = cli] = 1[i] w cfi

ueX*

We have already remarked that the shuffie product is both associative and
commutative. It has also been remarked that for c¢,d locally convergent,
their shuffle product is a locally convergent series. Moreover since K is a
field, (c[¢] wd[i], ) = (c[i], 0)(d[i],D) # 0 for each i = 1,...,m, so that ¢ d
is also non-proper. To show that the inverse is as stated we compute for each

ie{l,...,m}

= (c[i], 0) " (c[i] Wi 1[3] + c[d] wi efi) + cfi] wefi) wefi] +...)
Using the relation c[i] = (c[i], 0)(1[i] — c[i]") we obtain that

cli] weld] ™ = (cld], 0) 7 ((clil, 0)(1[i] — ¢[d]") w 1[3]
+((ca], 0)(L[3] = efi])) w efi]" + ((ef], 0)(L]i] — c[i]')) w i) weli] +...)
= (1[i] — c[i] + ¢[i]" — e[i] wefi]” + ¢[i) wefi) +...) = 1[4]

In the above we have used that
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This is valid because ¢ proper implies ord(¢’) > 1 and by Lemma 63,
ord((¢)*"™) > n. Thus

(D (el m) = (el m)
Using this when looking at (c[i] L ((c[i], 0) ™! ano(c[i]’)m”),n) for any n €
X*, one can show that

(cfi] w ((eli], 0)* Y (eld)"),m) = ((clil, 0)™" Y e (el )", m)

n>0 n>0

Finally the inverse is an element of GG. Indeed it is clearly non-proper and
moreover in [14, Theorem 5] it is shown that each component series c[i| ™! €
Krc{(X)) and hence ¢! € K7, ((X)). O

An important remark for our purposes of turning G into a locally convex

Lie group is that it forms an open subset of the Silva space K7 ((X)).
Lemma 66. G is open in K7~ ((X))

Proof. The evaluation maps m,(c) = (¢,n) are bounded linear operators of
Banach spaces when restricted to each Banach step. Indeed linearity is clear
and given ¢ € £y p(X*,K™) we have that

[my(e) = I(e,m)] < lleflar M™n]!

and so
7yl = sup [m,(c)] < MM |l

llell<1
In particular Proposition 24 shows that they are continuous on K7 ((X)).

Since
G =" ([[%\ o)),

the group G is open, as the preimage of an open set under a continuous

map. 0
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Next the shuffie inverse is shown to be a continuous map on G. The
argument will rely on uniformly bounding the Neumann type series which
defines the inverse. To do this we will bound the infinite sum by a geometric
one using the worst case estimates for the element defining the series. The

subsequent four lemmas will provide the necessary tools for this.

Lemma 67. For K positive and M a natural number, let d be the proper se-
ries in loo ar(X*, K™) whose components are defined as (d[i],n) := K M"l|n|!
forn # 0. Then for alln € X* and each 1,

n—1
Proof. The proof is by induction on n € N. The case n = 1 is valid by
definition. Let n > 1 and ¢ € {1,...,m}. We have then for any n € X*

(dli]*", ) = (d[i] w [~ Y, )

(" ) = (@, )] < K" M ((” —DF '”') "

[l
=> > (dil,v) ([ "V, u) (ww v, n)
k=0 ueXk
vex|nl—Fk
In]
_ e n—2)+k
<> KMMF (| — k) ME R R (( n—)2 ) (u v, n)
k=0 veu;‘);‘lik
[l
" n—2)+k
= K" M ki(|n] — k) <( n_>2 ) S (ww,g)
k=0 uexk
vexlnl=k

— g 277': B (|n| — k)! (|Z|> ((n ;3); k)
k=0

n]
—-2)+k (n—1)+|n|
= K" M p) (n — K™ M ph
iy ("7 L
k=0
where the identities

i ((n ~2)+ k) _ ((n “+ Inl)
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and

> wwen= (1) 0<k<m

ueXxk
vexInl—k

were used. The first is well known and can be shown using a standard
induction argument. To justify the second recall that the shuffle product of
two words u,v € X* is the linear combination of all the words with length
|u| + |v| one can obtain by interlacing v and v in such a way that the order
in which the letters originally appeared in the two are preserved. In our case
where u € X* and v € X"=* (uww,n) = 0 if u or v cannot be obtained
by choosing respectively k or |n| — k letters from the word 1. So if u is
obtained from 7 by choosing k of its letters then necessarily v must consist
of the remaining letters. Moreover whenever (u L v,n) > 1 it must equal
the number of ways in which £ letters can be chosen from 7 to equal u and
thus the remaining to equal v. Summing over all k-letter words u, the second

identity follows. []

Lemma 68. For eachn € N let f, be the positive function defined on integers

m>1 as

m>n

fu(m) = ((n—l)—irm) 1

n—1 gm”’

and f,(m) = 0 for m < n. Then there is a positive constant K for which
fu(m) < K for alln,m € N.

Proof. Firstly the sequence of positive numbers { f,,(n) },en converges to zero.
Indeed

2n—1)...(1+n)n! (2n)! _ (2n)!
n!(n—1)l4n 2 (n—1!nl4n  2nlnl4n’

fa(n) =
Using the following estimate for n! in [24, Page 28]

1 1 1 1
V2rn"tz e ettt < nl < V2rn"t2e et
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valid for positive integers n, we obtain

<1—27Tn

-2 27

1 1 2 1
—(2n+1) (2n)2n+§ 62n 67211 e3in o T2nFT —

4n
1 4 1 1 2

—— @24n 12n+1

PN (7 Jn
The latter sequence tends to zero as n tends to infinity, implying the same

for f,(n). Thus there is K > 0 for which f,(n) < K for all n > 1.
Secondly f,,(n) is the maximum of f, for any n € N. To see this fix n > 1

fn(n)

and suppose m = n + ¢ with ¢ > 0 an integer. Then

fa(m) = fa(m +1)
m—1+m)(n—2+m)...(1+m)

(n—1)l4m
- m—14+m+1)n—2+1+m)...(m+1+1)
- (n — 1)14m+1

— 41+m)>n—14m+1) < 41 +n+i)> (2n+1),

and the last statement is certainly true for any integer ¢ > 0. Then f,,(m) <
K for all n,m > 1. O]

Lemma 69. Let ¢ and c; be proper series such that ||c — cj||a — O for some
M € N. Then there is N > M for which

1

sup eyl < & sup sl
jeN jeN

In other words, we may make sup,ecy |lc;||n as small as we like by choosing a

large enough N € N.

Proof. If ||c; — ¢|lp — 0 then sup; ||¢;[l; = K < oo. We have that for any
N =M, |gln < llellv + lle = ¢jllv < llellw + lle = ¢lln. Choose J € N

so that j > J implies ||c — ¢j|ls < &. Whenever N > M we have for

nonzero proper elements d € o (X K™) that ||d||y < ||d|[ar. Thus for

any 1 < j < J there is N; so that [lc — ¢j|ly, < §. As J < 0o we may
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choose N > M, for which [c — ¢;l|y < & forall 1 <j < J and |c||y < £.
Then [l < flely + fle = ¢jlv < & + % = & for each j € N. That is

sup; [l;llv < 3 sup; llejar- O
Lemma 70. If [[c — ¢j|lps — O for some M € N then

Lin

[c™™ =i la, — 0 foralln > 1

where 2M > M,y > My, > My = M, and M, = M(1+ (1 — 1))

Proof. The proof is by induction on n > 1. When n = 1 the statement
is valid by definition. Let n > 1. Then using the bilinearity of the shuffie
product we get

™ — g, = [l(e = ¢j) e D ey (@D — )y,

_ _ —1
< Ko lle = ¢illat e O ag oy + Ko llellag, o e = OV

where K,, > 01s the constant K,, = SUPpex - (ll—:-]‘e—i_)l\ﬁl

the positive constant such that M, = (14¢,)M,_;. The term [|c" "=V,

is also a positive constant since it is bounded by ||¢||y Ko ... K,—1. All of

from Lemma 99 and ¢, is

this implies as desired that for any n > 1
lim [/ — ¢4, = 0
— 00
O

Proposition 71. If for proper series c;,c we have ||c; — c||sr — 0 for some
M € N then

I e =y — 0

n>0

for a sufficiently large Ny € N.

Proof. We will show that the sum

Dol = g

n>0
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is uniformly bounded for some Ny > 2M. With this and Lemma 70 we see
that

lim || e =, < Jim n Y flet = g
Jj—00

n>0 n>0

LWn L|_|TL LLin LLin _
_Zlggo |t — \|N0<Zl1m e =" lm, =0
n>0 n>0
We start by letting Ky := sup,, f.(n) where f, is as defined in Lemma 68.
Using Lemma 69 we can find an N € N so that |||y + sup; [l¢;][lxv < 3.
Define d € I n(X*, K™) as the proper series all of whose components d|[i]

satisfy
(dl],n) == (llellw + Sup leslla) Nt
j

for n # (. Then from its definition we have for every i that |(d,n)| =
(d[i],m) = |(c,n)| + |(¢;,m)| for all 7 € N and all n € X*. Moreover for any
fixedr=1,...,m

7]

(dls] => > »v)(u v, 1)

k=0 uexk

vexlnl—k
|n]
2 Z > w)| + |(ci[r], W) ([ (elr], v)] + [(eslr], v) ) (w W v, )
O e

[n]

IDN (clr, )l(w v, )

= uexk
vGX‘nl k

[n]

£33 el w)l el o)l we,n)

k=0 uexk
vexlInl—k

> [(clrfwelr], m) + [(e;lr] W ¢[r], n)l
for any n € X* and so in particular we have that
[(dwid,n)| = (dli] wdli},n) = [(cwe,n)| + [(¢; Wej,n)|

52



In fact [(@*",n)] > [(c¢*", n)| + (¢, n)| for all n € X*, j € Nand n > 1 by
a standard induction argument. Thus for all N/ > N, n > 1 and j € N we
have

1= e = [l = " I ne

Using Lemma 67 and 68 we see that for any n > 1, i € {1,...,m} and all
n € X* we have

)] = =) < e+ sup el 3 (77 D1

< %Nm (( >+ ‘77|) ! = (4N)'”'| ! <( n_)ir W) 2l

=5 = 4N ! £, (Inl) < o - (AN) o]t Ko

So that for any n > 1, |[d*"||sv < 5 L K. This implies that

D ol = ay =Dl = ¢ law

n>0 n>1
Ky
< Z [d™ " [[an < 227 = Ko <0
n>1 n>1

Theorem 72. The shuffle inverse
G =G, e wi(e)

with component series

1S continuous.

Proof. Lemma 66 shows that GG is an open subset of the sequential space
K7, ((X)), whence Lemma 16 shows that G is also sequential. Thus LI~! is

continuous if it is sequentially continuous by Lemma 17. Let {c¢;};en be a
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sequence in G converging to ¢ € . Using Lemma 8 together with Proposition
23 2. we see that any convergent sequence {c¢;}jen C G C K7\ ((X)) is
contained entirely in ly p(X*, K™) for some M € N. In particular ||c —

¢jllar — 0. Then also [|c} — ¢'[[ar — 0, where as before

cfd]
(cli], 0)

Since ¢/, ¢; are proper series with ||c; — c[[a;r — 0 we can use Proposition 71

li] = 1[i] —

and cj[i] = 1[i] —

to conclude that

1D () = ()" Iy =0

n>0

for some fixed N large enough. Hence also

Tw™ (@) =W (e)lln = e 0) 7 D (@)™ = (e, ®) 7 D ()"l — 0

n>0 n>0
or in other words, LW (¢;) = W™ (c) in G. O
Lemma 73. G = (K7 ((X)),w)*

Proof. Suppose that ¢ ¢ G say (c[i],)) = 0 for some i € {1,...,m}. Let
d[i] € Kpe{((X)). Then (c[¢]ud[i], D) = (c[z], D)(d[i], D) = 0 and so c[i]Lud[i] #
1[¢]. In particular there is no d € K7 ((X)) for which ¢ d = 1 so that
¢ ¢ (Kie (X)), w)*. O

Summarizing this chapter up till now we know that (K7 ((X)),w) is
a commutative K-algebra with smooth (holomorphic) bilinear product and
continuous inverse. Moreover by Lemma 66 and 73 we know that its unit
group G is an open subset. Thus (K7~ ((X)),L) is a continuous inverse

algebra and we may apply Proposition 45 to obtain the following result.

Theorem 74. GG is a smooth and K-analytic Lie group.
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Proof. From Proposition 45 we know that G is an analytic Lie group in the
case K = C and a smooth Lie group when K = R. Theorem 64 shows that
the shuffle product is real analytic and in a similar way to the proof there,
we can find an analytic extension of the shuffle inverse. Consequently G is a

real analytic Lie group. O

Proposition 75. The Lie algebra of G is K7 ((X)) with constant zero
bracket.

Proof. As G is an open subset of K7 ((X)) we see that
L(G) = TG = TaKEo (X)) = Kie (X))

Let A. denote the left multiplication by ¢, i.e. A.(d) = ¢ d. Its tangent
map at the identity is given by

d
TﬂAc(d>:E cw (l+td)=cwd
=0

The left invariant vector field corresponding to d € L(G) has the form
Xd(c) = TyA(d) = cw d. Consequently the bracket of L(G) is

[c,d] = X¢.X41) — X4 X(1) = dX %o X°(1) — dX° o X1)
=dX%1;¢) —dX(1;d) =dwec—cuid=0
since the shuffle product is commutative. O
Proposition 76. The Lie group G is C°-reqular

Proof. G is the unit group of a sequentially complete (in particular Mackey-
complete) commutative CIA. Then the proof in [11, Corollary page 3| to-
gether with [11, Proposition 3.4 (a)] shows that G is C%-regular. O
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5.2 Composition Products

Using the shuffle product from the preceding chapter we define various new
products on K7 ((X)) whose smoothness (analyticity) we prove. Before
defining the so called composition product of formal power series we first

define it as a product between words and series.

Definition 77. For any n € X* and d € K™((X))

n ifn=ag, n=0,
wpH(diw (' o d)) ifn=afzm, i#£0, n>0
Note in particular that zon o d = zo(n o d). Also since we may write any
ne X" as
n=xp x,wy g, . xy g
with k = [1]| — [9]s, ¢; # 0 and n; > 0, we see that
nod= M (dlig) W (apt T (dlip_a] W 2]y walo) L)

Definition 78. Given c¢,d € K™((X)) their composition product is defined

as

cod:= Z(c,n)nod

nex*
Its components are of the form
(cod)[i) = Y (clil,m)nod
nex*
Example 79. Let ¢,d € K({(X)) with d = 0. Then xjod =z andnod =10
for all n € X* that is not a power of xy. Consequently
cod=Y (cmmod="> (caf)xg
nex* n>0
If we instead set d = 10 then for n = xjzm' with i # 0 we have nod =
a0 (O wn o @) = 2l (y o 0). Iterating we see that for any n € X*,
no® =zl and so
cod=">(c,n)zy

nex*
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For a more typical example put d = x1. Then the first few terms of the series

defining c o d is given by

(¢, 0)0 0 zy + (c,20) xo 0 71 + (¢, 1) w1 0 Ty + (€, 23) 5 © a1
(e, 23) 22 o xy + (¢, mow1) 2oy © 21 + (€, T120) T1To O Ty + . ..
= (c,0)0 + (¢, x0) w0 + (c,71) woxy + (¢, 23) 2§ + (¢, ¥3) Tow 1707,

+2(c, 2%) 2523 + (¢, o) waw1 + (€, 1170) 22120 + (€, T120) TETT + ..
Proposition 80. The composition product is well defined on K™ ((X)).

Proof. Consider the value of the composition product of two series at an

arbitrary word n € X* (cod,n). We claim that

|n]

(codm) =) > (cu)(uodmn) (81)

=0 ye X1

If the above holds then |(c o d,n)| < oo, as a finite sum of real (complex)
numbers and well definedness is proven. To prove the claim let £ € X* be
any word with || > |n|. We want show that ( o d,n) = 0. Write

E=agtw,xg ey g g,
with k = [£| — |€|4,- Then since
Eod=aM N (dig) W (T (dligey) w2l (d]i] wa)) L),

and by Lemma 63, ord(cLu d) = ord(c) + ord(d) whenever ¢, d € K{(X)), we
get

ord(§od) =k +mno+ Z(nz + ord(d[i]))

=1

> [€] = [€lao + [€lzg + kord(d) = [€] + kord(d) > [n],

and thus ({ od,n) = 0. O

o7



The composition product of series is linear in its first argument since for
any r € K and ¢, c2 € K™ ((X)),

(1 +rey)od= Z(C1+7’C2;77)(770d)

nex*

= (e,m)(mod)+ Y r(c,n) (nod)=crod+r(cyod)
nex* nex+
It is in general non-linear in its second argument, because taking for instance
¢ = x¢ and d = 1) we have that ¢ o 3d = xy while 3(c o d) = 3. Moreover
it is not commutative as is seen by taking ¢ and d as above since cod =
xo # 10 = d o c. However it is associative and distributes to the left over the
shuffle product [14, Page 2]. In Lemma 101 and Theorem 102 it is shown that
the composition product induces a well defined and continuous product on
the Silva space K7 ((X)). We will next show that the composition product
is both holomorphic and smooth which, contrary to the case for the shuffle
product, we cannot immediately conclude from Proposition 33 since it is not

bilinear. The argument will instead rely on Lemma 38 and the next two

lemmas.
Lemma 82. Fix vy,... ,uy € X* and define the composition of maps
N
m: CEo{(X)) x Cre{(X)) = [[C = C
j=1
N
(e, d) = (wi (e))oy = [ [ 72 (es)
j=1
where ej = ¢ ore; = d, i; € {1,...,m} and the mzfj are the evaluation
mappings

Ty Cre((X)) = C, e (clij], vy)
Then m 1s holomorphic.

Proof. The map (¢, d) — (7‘(‘%(6]’));»\[:1, where e; = ¢ or e; = d, is continuous

and complex linear implying that it is holomorphic by Proposition 33. Indeed

58



it can be shown in an analogous way as in Lemma 66 that for any fixed
veE X*andi € {1,...,m}, the evaluation map 7’ is continuous and complex
linear on C7'~((X)). Thus the map (c¢,d) — (Wiﬂ(ej))le is a product of
continuous complex linear mappings, whence continuous and complex linear
itself. Now complex multiplication is also holomorphic by another application
of Proposition 33. Then by Proposition 34, as a composition of holomorphic

maps, 7 is holomorphic. O]

Lemma 83. Fizv € X* andd € CJ((X)). Then for any u € X*, (uod,v)

15 a polynomial in evaluation mappings
mh: Col(X)) = €, e (cliln)
wheren € X* and i € {1,...,m}

Proof. The proof is by induction on the word length of u. If v = 0, u =
xo or u = x; with i # 0 then uod =0, xg or zod[i]. In the first two cases
(uod,v) =0 or 1, depending on v. In the last case (uod,v) = (zod[i],v) =0
if v # zgv with v € X* and (uod,v) = (d[i],v") = 7', (d) else. Now let
u € X* with |u| > 1. Write u = z; v’ with v’ € X*.

If i # 0 then uwod =z (dfi] W (v od)). Again if v # zov" with v € X*
then (uod,v) =0. If v = 2o v’ then

(wod,v) = (xq (dfi] W (v od)),zev") = ((d[i] W (v o d),v")

V]
= Y @il ody Ewnt)

cexk
’qEle,lik

By induction hypothesis, since «’ is of length |u|—1, (v od, n) is a polynomial

in evaluation maps, implying that (u o d,v) is also of this form.
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If i = 0 then (zou' o d,v) = (xo(u' o d),v) and this is again zero if
v # x9v" and (u' od,v') else. Thus again by induction hypothesis, (u o d, v)

is a polynomial in the evaluation maps. O]
Theorem 84. The composition product is holomorphic on C7'n((X)).

Proof. Denote by P the composition product on C}((X)). We will apply
Lemma 38 which we recall states that the composition product is holomorphic
if there is a family of complex valued continuous linear functionals separating
points such that each of their compositions with P is holomorphic. For each
i1=1,....,mand v € X* let

7 Cr (X)) = C, ¢ (ci],v)

The collection of all such maps {r'} seperates points on C7((X)) because
7 (c) = (c[i],v) = 0 for each v € X* and ¢ = 1,...,m implies of course that

¢ = 0. Moreover 7’ o P is holomorphic for any v € X*. Indeed in Proposition

80 it was shown that for any word v € X* we could write

[v]
(P(e,d),v) = (cod,v) = Z Z (c,u) (uod,v)

1=0 ve X*

and in particular

(P(c, d)[i],v) = (c[i] o d,v) = Z > " (cli], u) (wod,v)

That is o
mi(Pled) = Y 3 wh(e) (wod,v)
i=0 veX*
In Lemma 83 we showed that (u o d,v) is a polynomial in evaluation maps
Wgz T-((X)) — C, which in itself is just a finite linear combination of the
holomorphic maps introduced in Lemma 82. Thus 7 (P(c,d)) is also of this

form and hence holomorphic. O
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Theorem 85. The composition product is real analytic on R~ ((X)). In

particular it is smooth.

Proof. The proof of real analyticity in Theorem 64 carries over after ex-
changing the shuffle product with the composition product. This is because
the composition product of locally convergent series with only real coeffi-
cients has again only real coefficients and because the composition product
on C7'-((X)) is holomorphic by Theorem 84. O

It is easy to see that the composition product does not have a unit ele-
ment. Because in the case m = 1, if we assume that e € K((X)) is a unit, we
would need to have that 1 = 21 o e = xge which is impossible. However we
shall later see that we can embed K7'-((X)) as a closed subspace of an asso-
ciative and unital locally convex algebra. The product this algebra carries is

defined in terms of the modified composition product.

Definition 86. For any n € X* and d € K™((X))

. U ifn=uag, n=0,
nod=
wpai(n' 8 d) +ag " (dlil w (n'8d)) if n=agzar, i#0n >0
From its definition it is clear that ord(ndd) > |n|. Whence we may
define the modified composition product of series in an analogous way to the

composition product case and argue similarly as in Proposition 80 for the

proof of well definedness.

Definition 87. For any c¢,d € K™{((X))

cod:= Z c(m)ynod

nex*

Its component series is given by



One immediately sees that the product is linear in its left argument. From
[13, Page 4, Equation (7)] we know that the product is not associative and

instead satisfies the below relation
(cdd)de=co(doe+e) (88)

Notice also that 0o6d = 0, while do0 = d.

From [17, Page 662] the modified composition product of locally con-
vergent series is also locally convergent and hence induces a well defined
mapping

6 : Ko (X)) x Ko (X)) = Ko (X))
The proof of continuity in Theorem 102 can be slightly altered to show con-
tinuity of the modified composition product. Specifically, the only change is
in the definitions of d and d;, namely d = M >_" (z; + xod[i]) and similarly
d; = M > (v + mod;[i]), and these are still proper series. Moreover the
proofs of analyticity, real analyticity and smoothness for the composition
product can be easily modified to show that the mixed composition product

is analytic, real analytic and smooth.

Proposition 89. K7\ ((X)) may be identified as a closed subspace of a locally
convex algebra which is both associative and unital. The algebra multiplica-

tion is moreover holomorphic (smooth)

Proof. The candidate locally convex space is K x K7'-((X)) endowed with
componentwise vector space operations and the product topology. Then

clearly

K7o((X)) = {0} x Ko {((X))
which is a closed subspace of K x K7 ((X)). Define the product of two
elements in K x K7% ((X)) as

(r,c) @ (s,d) := (rs,d+cod)

Since the modified composition product on K7 ((X)) is well defined, so is

the product e. It is moreover continuous because each of its components is
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continuous. The unit is ¢ := (1,0) because
(1,0) o (s,d) = (s,d +05d) = (s,d) = (5,0 + d50) = (s,d) ® (1,0)

To see that it is associative, we remember equation (88) in addition to the

fact that the mixed composition product is linear in its left argument.

((r,c) e (s,d)) e (t,e) = (rs,d+cod)e(t,e) = (rst,e+ (d+cdd)de)
= (rst,e+dde+ (cdd)de) = (rst,e+dde+co(dde+e))
= (r,c) e (st,e+dde)=(r,c)e((s,d)e(t,e))

To see that e is holomorphic (smooth) we use Proposition 35 together with
the fact that addition on K7 ((X)), scalar multiplication on K and the mod-
ified composition product on K7 ((X)) are all holomorphic (smooth) oper-

ations. O

5.3 A pre-Lie Product

The final product considered on K7'-((X)) is a type of pre-Lie product which
will turn K7 ((X)) into a so called pre-Lie algebra.

Definition 90. A pre-Lie algebra is a pair (V, <) consisting of vector space

V' and a bilinear mapping <: V x V. — V| which satisfies the relation

(r<y)<z—z<(y<2)=(r<2)dy—z<(z2<y)

One can show that the commutator bracket [v,u] = v < u —u < v is
a Lie bracket, whence a pre-Lie algebra is always also a Lie algebra. The
following pre-Lie algebra was first introduced in [9] where it was shown that
the vector space of polynomials in two indeterminates, K(xq,z), carries a
pre-Lie structure. In [15, Theorem 2] this was shown to extend to a pre-
Lie structure on the space of formal power series R{{(x¢,x1)) and the proof

generalizes immediately to a pre-Lie structure on C({zg,x1)).
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Definition 91. /9] [15] Given d € K((xo, 1)), define a bilinear product <
inductively by

(xon) < d = z(n < d)
(x1m) < d:=z1(n < d) + xo(n L0 d)

withn € X* and ) <d = 0. For ¢,d € K{{(zg, 1)) let

c<d:= Z(c,n)n<ld

nex*

Then the pair (K{{xg,x1)), <) forms a pre-Lie algebra.

The proof of the pre-Lie structure on K(zg,z;) in [9] generalizes to the
case K"(X) where X = {zg,z1,...2,}. The main changes are as follows:
The coordinate maps forming the generators for V' now take the form

7Tj; Kn<x07$1,...xn> — K, p = (p[j}7u>

u

where u € X* and j € {1,...,n}. The statement in [9, Lemma 2.3] becomes
(xic)od = x;i(cod) + xo(d[i] W cSd), [9, Proposition 3.2 and 3.3] becomes

respectively

Aoly=(fh®id)o A+ (li@m)o(A®Id)oA,

i=1

and
Aoh; = (0 ®Id) oA

with the obvious additional definitions of the endomorphisms #;. The maps
A and A are defined as in [9]. The definition of the degree is the same so
that [9, Definition 5 and Lemma 6] are still valid. [9, Proposition 9.1 and 9.2]
undergoes analogous changes as the ones for [9, Proposition 3.2 3.3] and the
proofs for all of these carry over with the added internal sums. [9, Proposition
11.3] becomes

(xic) <d=zi(c < d)+ xo(cLd)
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for words ¢, d identified as ¢ = 1c and d = Id. An analogous procedure as in
9, Proposition 11] applies to show that the product is indeed of this form.
With the pre-Lie structure on K™(X) the proofs in [15, Lemma 1 and
Theorem 2] applies componentwise with some minor changes to extend the
pre-Lie structure to K™((X)). Thus we obtain the following definition.

Definition 92. For d € K™((X)) let

(xon) < d := zo(n < d)
(i) <d:=xz;(n<Qd)+xo(nd), i#0

withn € X* and ) <d = 0. For ¢,d € K™((X)) let

c<d:= 2(0777)77<1d

nex*
where the k’th component series is given by
(c < d)[k]:= > (c[k],n)n < d[k]
neXx*
Then the pair (K™((X)), <) is a pre-Lie algebra.

Lemma 93. The pre-Lie product on K™((X)) induces a well defined mapping
on K7 ((X)) turning (K7~ ((X)), <) into a pre-Lie algebra.

Proof. We need to show that for any ¢,d € K7 ((X)), ¢ < d € K- ((X)).

This amounts to finding an integer N for which

d
e < dlly = sup K21

—_— <
neX* N |77|! >

To this end let ¢,d € K7 ((X)). Assume ¢,d € o p(X*, K™) for M > 0

and consider
c<dd= Z(C,T})T}Qd

nex*
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[15, Lemma 1] shows in particular, with our definition of ord(d) when d €
K™((X)), that ord(n < d) > |n|. Moreover since () < d = 0 we obtain

(cadn)= > (OE<dn

1<[¢1<]n]
A case analysis shows that for { = x;¢" and n = z;n’ with ¢, j € {0,1,...,m},
& n € X* we have

(& <d,n) or
<d,n) =9 wdn) or
0

depending on the values of 7 and 7. In any case we see that

(€ <d,n)=(Ewd,n)

for some € and 7 with ¢ = ¢'¢€ and n = 7'7j or

(E<d,n)=0

Thus for any component series (¢ < d)][i], we have

(((cad)lil,ml < Y (i, )11 < dli]n)

1<[EI<Inl

< > MR elal€ < dlilom)l = lellar Y M€ wdli], )]

1<|¢]<]n] 1<|€]<]n]
where ¢ and 7 are such that £ = ¢’¢ and n = /5. Continuing

(e ad)lilml < llellar ) MEIE[IE w dfi]||as, M |77

1<[¢I<]n]

< Kcllellldlae )

1< n]

M (g1 ]!
ME ]!
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where K, and M, are the positive number coming from Lemma 99 and ¢ > 0
is fixed. Note that |¢'| = || =: n, hence [¢] = |£| +n and |n| = || + n.

Using this one can show the inequality % < |n|!. We then obtain that

(e <)l ml < llellar ldllar K Y- (M2 |

1<EI<n]

= llellac lldllar e (ME gt > 1

1<|€1<n|
= llellar lldllar Ke (M2 [plt >~ (m+ 1)
1<k<n)
< lellar ldllar K (M2 4| (m + 1)

= lle|la ||| ar K- (Mf (m+1)(1+ a))\nl In|! %

where « is any fixed positive number. Put K := sup,c - % K.. Then
defining N to be the smallest integer larger than (M2 (m + 1) (1 + «)) and

noting that ¢ was arbitrary, we see that
(e 2 d.n)| = max |((c 9 d)[i],n)| < K |lellar [[d]ar N ]

and so

c<d,
le < dlly = sup ( n)|

cx- NWljp[t < [leffar ld]lar K < o0 (94)
nex- !

Using the above estimates the following is readily proven.
Theorem 95. The pre-Lie product on K7 ((X)) is continuous

Proof. Recall that K7 ((X)) x K7\ ((X)) is a Silva space, as a direct prod-
uct of Silva spaces, and is hence a sequential space. Thus it suffices to show
continuity of the pre-Lie product < via sequences. Also recall that any con-
vergent sequence in K7 ((X)) converges as a sequence in one of the Banach

steps oo v (X*, K™) from which the Silva space is constructed.
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With this in mind let ¢; — ¢ and d; — d in say l p(X*, K™) where
M € N. By the preceding lemma we know there is an N € N, N > M,
such that ||c; < d;||ny < 0o and ||c < d||xy < co. Using the bilinearity of the

pre-Lie product we compute

e < dj —c<d|n < |(¢j —¢) <djlln + |le < (dj — d)||n
< lej = cllar K ||djllar + l|dj — dl|ar K ||c]|ar,

where K > 0 is the constant coming from inequality (94). Then
||Cj de—CQdHN—)O

as j — oo implying that ¢; < d; = ¢ < d in lo y(X*, K™). In other words,

<] 1s continuous. O

Corollary 96. Given the bracket [c,d] = ¢ < d —d < ¢, KJ((X)) becomes

a locally convex Lie algebra.
Theorem 97. The pre-Lie product s smooth and K-analytic.

Proof. We already know that the pre-Lie product is bilinear and by Theorem
95 it is continuous, whence we may apply Proposition 33 to conclude that
it is smooth and analytic. Since the pre-Lie product of locally convergent
series with real coefficients has again only real coefficients, the proof of real

analyticity from Theorem 64 carries over. O
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6 Appendix

Future work

There was not enough time to finalize the details of the next conjecture. This
is unfortunate as it nicely relates the pre-Lie structure on K7 ((X)) with the

unit group of the locally convex algebra (K x K7'((X)),e).

Conjecture 98. The unit group of (Kx K7~ ((X)),®) is a smooth (analytic)
locally convex Lie group. Its Lie algebra is K7’ ((X)) with the bracket

e,d=c<d—d<c

The unit group of (K x K7 ((X)), ®) turns out to be ({1} x K7~ ((X)), )
and the manifold structure of the group is given by the global chart

¥ {1} x Ko ((X)) = {0} x K7 (X)), (1,¢) = (0,¢)

1

The inverse of any element (1,c¢) is (1,¢7!), where the value of ¢! at any

word 7 € X* and component i € {1...,m} is
(e [i],n) = my(c™") = S(m)(c)

where S is the antipode of a certain Hopf algebra described in [13]. Moreover
with [13, Theorem 6] we can compute the value of the inverse at any word. To
prove continuity of the inverse one must first assume that ¢; — ¢ for ¢, ¢ €
loo s (X, K™). Then one must look at the difference of the inverses at any
word, which is given recursively by the antipode formula in [13, Theorem 6],
and somehow show that this satisfies the growth bound from (55) multiplied
with some norm difference of ¢ and ¢;. If continuity of the inverse is proven,
smoothness and analyticity can be proved in a similar manner as for the
composition product. The Lie algebra of this group will then be K7'-((X))
and moreover the bracket can be shown to be given by the commutator
bracket of the pre-Lie product on K7'((X)) as described in Lemma 93.
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External results

Some results used in the text along with their proofs are presented next.
These are from a paper in preparation called ”Continuity of formal power
series products”, authored by Rafael Dahmen, Steven Gray, Mathias Palm-

strgm and Alexander Schmeding.

Lemma 99. Fiz M > 0. If c,d € loo p(X*, KY), then clid € loo pr, (X*, K)
for any M. = M(1+¢€), e >0 and

et dllew,nre < Kellellesenrlldll e ar,

nl+1)/(1+ ).

where K¢ = sup, ¢ x«(

Proof. For any n € X*

[nl

(cwdp)=1) > (en)drwen)

k=0 vexk
cexInl—k

|n]

<D0 D llelaMERdl M (] = k)Y (v L€, )

k=0 vexk
cexlInl—k

i
= llellarlldlard™ >~ K (In] — k)! (|Z|)

k=0

n
= llellarlidllarM ™Y Inl! = llelladlla M (9] + 1)
k=0

Note that this bound is achievable when ¢ = >~ _ . K M"n'n and d =
D mex K M|ty for any K., Kq > 0. Now define M, = M(1 + €) with
e > 0 and rewrite the final inequality above as

(e d, )|
M ]!

| +1
(1 + ¢€)hl

< [lelarlll]az Ve X*.
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Taking the supremum over X* gives

||c i d|

e < Kellellalldlia v € X7,

where K, = supex- (1] + 1)/(1+ ). .

Lemma 100. The shuffle product is continuous as a mapping
loo i (X7, K™) X Lo N(X*K™) = Lo (X7, K™)
where K > max{M, N} is arbitrarily fized.

Proof. We know that this induced map is well defined by Lemma 99. Suppose
without loss of generality that M > N and that ¢; — ¢ and d; — d in
respectively loo pr (X*, K™) and lo n(X*,K™). Then in particular d; — d in
loo s (X*, K™) and

[(cwrd) — (c; wdy)||lx = [[(c—¢;) Wwd+c;wi(d—dj)|x
< |l(c = ¢j) wd||x + |le; Wi (d — dj)||x

< Kel[(e = ¢j)llmlldllar + Kellesllarll(d = di)la,

where K. = sup, ¢ y-(|n| +1)/(1+¢)l" and € > 0 is such that K = M (1 +¢).
Thus lim;_,« [[(c W d) — (¢; W d;)||x = 0. O

Lemma 101. Fix M > 0. If ¢ € ooy (X*,K™) and d € o (X*, K,
then cod € Lo, (X*, Kb for any M, = M(1 + ¢€), € > ¢(m||d||rr) with

o(x) =2/24 /x2/4+x and

le o dllar, < llellar(Ke 0 @)(ml|d][ar),

where K(a) = sup,cx-(|n] +1)(1 + a)m/(1 4 el

Proof. It was shown in [17] that under the stated conditions
[(cod,n)] < llellar((1 + p(mlldllar)) M) (] + 1)1, Vi € X*.
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Therefore,

[(cod,n)] (Inl+1)

1< 1 m||d W20 T 2y e Xt

T < el (Lt almldlan) " v e

Taking the supremum over X* proves the lemma. O

Theorem 102. The composition product is continuous on K7 ((X)).

Proof. Left and right continuity of the composition product is first proved,
beginning with left continuity. Let M > 0 be fixed. Let ¢, d € loo pr (X*, K™),
and assume ¢;, j > 1 is a sequence in (o 37 (X*, K™) converging to c. Apply-

ing Lemma 101 gives
[(cod) = (¢jod)|u = ll(c=¢;)odl
< [le = ¢jllar (Ke 0 @) (ml|d]|ar)-

Thus, lim;_, ||(cod) — (¢j o d)|

It is more complicated given the non-linearity in the right argument of the

M.

m. = 0. Right continuity is addressed next.

product. Let ¢,d € logp(X*, K™) and assume d;, j > 1 is a sequence in
loonr (X*, K™) converging to d. For a fixed £ € X*, observe that

[((cod) = (cod;), )| =

Z(c,n)(nod—nodj7£)|

nex*
< el nl | (nod—nodj,@‘
n=0 nexn

= el > Mrnt| Y (2w waly)od
n=0
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Applying the identities 2" = nla?, n > 0 and (cwd)oe = (coe) L (doe)

gives

<llu>oor| ¥ (" ) w e wan od
n=0 r020rm>0 N0 Tm

—lellas 3 27 ((Zd) - (kaod]) s)‘
n=0 k=0 k=0
= el Y |(d = d;™,€)]
n=0

where d := Mzy Y ;" d[k] and d; := Mz, d;[k] are proper series in
Krc((X)). Here d[k] denotes the k-th component series of d. It is clear that
d € oo (X*,K), and d; is a sequence in £, pr(X*,K). Furthermore, d; — d
as j — 0o since

= T [(d—dj,n)|
I = dillar = sup =g
- M |(zo(d[k] — d;[k]). n)| < |(d[k] — d;[k],n)|
< su = su
= Z£ Mlnum! Z‘i MI(Jn] +1)!
— d;[k],n)]

— < mlld—=d:l|lr.
Zn@« M'”‘In\' (1) = ld =il

It follows that for any N > M,

leod) = (cody)n < llellar Y ld" = di™ |- (103)

The right continuity follows now by Proposition 71 with some large enough
N e N.
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Note that the estimates for left and right continuity imply joint continuity

of the composition product due to the following simple observation that
[(cod) —(c;od))ln < |[(cod) = (cjod)|n+[(¢;od) = (¢jodj)ln

<|le=cj)od|n+ llejlln Y ld"™ = d5™ |,

n=0

where the last inequality is a direct consequence of (103). Again we may
apply Proposition 71 to conclude that this tends to zero for some large enough
N e N. O
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