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ABSTRACT: Detailed insight into the interplay between parton energy loss and the way
deconfined medium created in heavy-ion collisions expands is of great importance for im-
proving the understanding of the jet quenching phenomenon. In this paper we study the
impact of the expansion of deconfined medium on the single-gluon emission spectrum, its
resummation and the jet suppression factor (Qaa) within the BDMPS-Z formalism. We
calculate these quantities for three types of expansion scenarios, namely static, exponen-
tially decaying and Bjorken expanding media. The distribution of medium-induced gluons
is calculated using an evolution equation with splitting kernels derived from the gluon emis-
sion spectra. A universal behavior of splitting kernels is derived in the regime of soft gluon
emissions when evaluated at a common effective evolution time 7.g. Novel scaling features
of the resulting gluon distribution and jet Qaa are discussed. For realistic spectra valid
beyond the soft-gluon emission limit, where the results are obtained by a numerical solu-
tion of the evolution equation, these features are partially replaced by a scaling expected
from considering an averaged jet quenching parameter along the trajectory of propagation.
Further we show that differences arising from different types of the medium expansion can
be to a large extent scaled out by appropriate choice of the quenching parameter. Sizable
differences among the values of the quenching parameter for different types of medium
expansion point to the importance of the medium expansion for precise modeling of the jet
quenching phenomenon.
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1 Introduction

Measurements of jets in heavy-ion collisions at RHIC and the LHC revealed many interest-
ing results. The production of inclusive jets was found to be strongly suppressed in central
heavy-ion collisions with respect to proton-proton collisions [1-4] as a direct consequence
of parton energy loss. It was shown that the fragmentation pattern of jets is significantly
modified in heavy-ion collisions and that the lost energy is transferred to soft particles, pre-
dominantly emitted away from the jet axis [5-10]. These are only few of important results
(for a review of experimental results, see e.g. ref. [11]) which however clearly demonstrate
that the rich phenomenon of jet quenching calls for an accurate theoretical description.

In this paper we study one particular aspect of the jet quenching, namely the impact
of the medium expansion on the rate of stimulated radiation and the related medium-
induced branching. The starting point of the calculations presented here is the formalism
for propagation and radiation in a dense medium within the BDMPS-Z framework [12-15].
This allows to resum multiple interactions with the medium through a Schrédinger equation
for the relevant in-medium correlator, see [16, 17]. The solution can be obtained via direct
numerical evaluation [18-21] or as an expansion in terms of the medium opacity [22-24].
Currently, we work within the approximation of multiple-soft scattering, also referred to
as the “dipole” or “harmonic oscillator” approximation [25, 26], when the resummation for
dense media can be performed analytically and that describes well the regime of typical
gluon emissions [27].1

mprovements to account for rare emissions can also be systematically included [28-30].



Multiple scattering in expanding media was analyzed in [31] and later in [25, 32, 33]
(see also [34] for a numerical solution in this case). These calculations indicate an important
impact of the finite expanding medium on the observable quantities such as the nuclear
modification factor of hadrons. Interesting features, such as the scaling of gluon energy
spectra in expanding media with average transport coefficient, were early identified [25, 32].
This scaling indicates that some of the main features of the medium-induced spectra remain
unchanged no matter the underlying density profile of the background medium.

These approaches have been successfully confronted with experimental data on jet
and single-inclusive hadron suppression, see for example [34—-39], with the aim to reliably
extract properties of the dense medium created in heavy-ion collisions. Phenomenological
studies aim ultimately at establishing the relation between the jet quenching parameter
and the energy density of the quark gluon plasma [40] which, according to perturbative
estimates, should scale like /T3 ~ 2(e/T*)3/* [41].2 Since the energy density is expected to
change dramatically during the life-time of the system, jet modifications carry an imprint
of this evolution. This prompts us to improve the theoretical description of jet quenching
in expanding media.

In this work, rather than attempting a full phenomenological description of experimen-
tal data, we focus on shedding light on the universal features of radiative energy loss, and
deviations from them. We extend previous studies to obtain single-inclusive gluon spectra
and related in-medium emission rates, and use these to obtain the jet suppression factor
for three different types of expanding medium. However, we do not attempt to model the
fluctuations related to the production point of the jet or its substructure. The in-medium
distributions are found using numerical solution of the evolution equation for gluon emis-
sion spectra introduced in [43, 44] with the important input from a unified treatment of
expanding media derived in [45]. This allows us to study specific properties and scaling of
single-inclusive gluon emission spectra and jet suppression factor which can be compared
to recent measurements done at the LHC. While many analyses of in-medium evolution
so far have focused on static media [43, 46, 47], it is also important to establish whether
the qualitative features observed there, such as the rapid transfer of energy to low-energy
modes [48, 49], can be carried over to expanding cases.

Based on the limit of soft gluon emission, or z < 1 where z is the energy fraction of the
emitted gluon, we are able to closely match all the medium expansion scenarios in terms
of a rate that turns out to be constant in a rescaled time variable 7.¢ which is distinct
function of the dimensionless combination J(%L, where p is the jet energy and L is the
in-medium path length, for each case. This leads to a scaling of the resulting distribution
of medium-induced gluons when evaluated at the same effective time 7.¢. However, this
scaling behavior is partly washed away when the medium-induced cascade is evaluated with
the full BDMPS spectrum, valid beyond the soft gluon limit. It turns out that the scaling
properties in this case correspond more closely to the one expected from considering an
average jet quenching coefficient (§), which was first numerically discovered in [25, 32].3

2See also [42] for other ideas.
3Tt turns out that the difference between the two forms of scaling, when quantified in terms of an
“effective” ¢, amounts to an overall factor of 2.



These features affect in turn the resulting jet suppression factor, indicating that the precise
shape of the jet spectrum is sensitive to the details of the expansion and dilution of the hot
and dense medium created in heavy-ion collisions. Furthermore, the differences of scaling
properties in the small and large-x sectors shed new light on the relation between jet
suppression and the amount of energy deposited at the temperature scale in the medium.

The paper is organized as follows. Section 2 introduces emission spectra and rate
of emissions in an expanding medium for three different types of media and discusses
their properties. Section 3 provides calculations of medium evolved gluon emission spectra
obtained using the evolution equation with input rates from section 2. In section 4, the
moments of gluon spectra are calculated allowing to obtain the jet suppression factor, Qaa,
for different types of expanding media. The scaling properties of the jet Qaa with respect
to the transport properties of the expanding media are discussed. Section 5 provides a
summary and outlook.

2 Emission spectrum and rate in an expanding medium

Calculations of medium-induced gluon radiation in the evolving media presented in this
paper are done in the limit of multiple soft scatterings and follow the BDMPS-Z formal-
ism [12-15]. For the purposes of this paper, we only consider gluon branching. The starting
point is the gluon emission spectrum radiated from an initial massless parton with energy
p (we only consider gluon splitting at the moment). The final expression can be cast in a
general form as [45]
4 % by |e(0)], (2.1)
dz m
where P(2) = Pyy(z) = 2N [1 — 2(1 — 2)]%/2(1 — 2) is the Altarelli-Parisi splitting function.
The strong coupling constant ag runs with the typical transverse momentum accumulated

1/4 but in the remainder of the paper we will treat

during the emission, k; ~ (z(1 — 2)pq)
it as a constant, oy = 0.14.
In eq. (2.1), ¢(t) is a function that encodes information about the medium and its
expansion [45]. It is the solution of a differential equation
d2c(t)
dt?
where §(t) is a time-dependent, complex frequency. For our purposes (gluon splitting),

+ Q% (t)e(t) =0, (2.2)

this frequency is simply given by

i quf‘f(t)
22(1—2)p’

where the effective jet quenching parameter is given by Geg(t) = [1 — 2(1 — 2)]¢(t). The

Q%(t) = (2.3)

boundary conditions are such that c¢(t) approaches 1 at t — oo; this realizes the fact that
the particle ends up in a vacuum state, i.e. ¢ — 0 and therefore Q(¢) — 0 as t — co. On
the other hand, ¢ = 0 corresponds to the position of the hard scattering that produces
the hard particle sourcing the splitting. The solutions to the differential equation (2.2) are
subject to boundary conditions that, in the case of the spectrum in eq. (2.1) are given by
c(00) = 1 and 9sc(t)|t=00 = 0.
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Figure 1. The time dependence of the ¢ coefficient for the different expanding scenarios considered
in this paper: a static medium (blue, solid), exponentially decaying medium (orange, dashed) and
the Bjorken expanding medium (red, dot-dashed) with ¢y = 0.1fm.

We can also derive an emission rate, defined as

df

Kz,7) = dzdr’

(2.4)

per unit “time” 7. This is a dimensionless number defined as

_ |
T—\/;L, (2.5)

where L is the distance the initial parton travels trough the medium. The parameter
do = G(to) is the initial value of the jet quenching parameter. The rate K(z,7) is an input
to calculations of medium evolved gluon spectra, which will be discussed in section 3.

For expanding media, the quenching parameter is time dependent, ¢ = ¢(t). It was
early realized that the single-gluon emission spectrum for different medium expansion sce-
narios possessed scaling features when plotted for the same value of the (properly defined)
average transport coefficient [25, 32], where the average quenching parameter for a given
type of the expanding medium is

. 2 L+to ) 2
W=z [ ate— )i = 75~ 10). (26)
where t( corresponds to the time-scale for the onset of quenching effects, i.e. §(t < tp) = 0.

In this work we will consider three examples of medium evolution, differing by ¢(t)
profiles and therefore with different ¢(0). These are the static medium, exponentially
decaying medium and the Bjorken expanding medium. The time dependence of ¢ for
these different scenarios is fully specified later in this section and summarized in figure 1.
For the former two examples we can safely put t9 = 0 while for the Bjorken scenario,
where the energy density and therefore also ¢(t) diverges at small times, we have to use



a finite 5. Moreover, the exponentially decreasing spectrum is extending up to t = oo,
which automatically regularizes ¢(t) at late times, and it is therefore natural to define the
average jet quenching parameter as

(@ exp = % /OOO detq(t), (2.7)

in this case.

In this section, we establish the ezact scaling features of the single-gluon emission spec-
trum and rate in a theoretically well-defined limit, namely the soft gluon emission regime.
Surprisingly, they turn out to be slightly different than expected from egs. (2.6) and (2.7).
Below we will analyze how this affects the resulting distribution of medium-induced gluons
after passing through the medium. The reference values for the jet quenching parameter
at initial time and the size of the medium used in this section are gy = 1.5 GeV?/fm and
L = 4fm, respectively. Emission spectra and rates for these examples as well as their
properties are detailed in the remainder of this section.

2.1 Static medium

For a static medium, §(t) = go for t < L and vanishes at later times, and obviously (¢) = o
as well. In this case, Q2(t) = Q2, see below, at t < L and Q2(t) = 0 at t > L. The spectrum
is given by [12-15]

dl  «ag
= ?P(z) Relncos QoL , (2.8)
where
_ [ 1
QgL = o k(z)L = 5 k(2)T, (2.9)

and k(z) = \/[1 — 2(1 = 2)]/[2(1 — 2)]. Focusing on the small-z limit, z < 1, and defining
the gluon frequency w = zp, we see that the spectrum has two regimes, namely

12 R
dl _ i for w<qL*,

w26 e - (2.10)
w 12 (q27) fOI' w > qL s

where @=a;N,/m. The characteristic (hard) gluon frequency is often denoted as w, = £GL>.
The w2 behavior at low energies is a consequence of the LPM interference effect, and
applies for gluons with formation times shorter than the medium length, ¢y ~ \/m < L.
This essential feature fundamentally impacts the resulting distribution of medium-induced
parton cascade [43, 50]. Furthermore, in this regime the spectrum is proportional to the
in-medium path length, wdl/dw o L. At long formation times, t¢ ~ \/m > L, or w > we,
the spectrum is strongly suppressed.

Returning now to finite z, in terms of the evolution variable 7, the rate then becomes

K(2,7) = 52 P(2)n(2) Re [(i ~1)tan (1 = %(z)T)] . (2.11)



It is also useful to recall the “soft” limit of this spectrum that will be used for comparison
later on. We are interested in the regime x(z)7 ~ 7/4/z > 1, for large T or for z < 72,
where we can expand the cosine in eq. (2.8) to obtain

Al % by, (2.12)
dz| V7 27
where the rate K(z,7) ~ §2P(z)k(z) is constant in “time”. In order to highlight the
features of the rate, and corresponding distribution of gluons emitted in the medium,
we will further simplify this expression by neglecting all z-dependence apart from the
(apparent) singular behavior in z — 0 and z — 1. In this case, the rate reads
Q

Kz 7)sing = LA PR

(2.13)
This can also be found by considering the limit of large times 7, conversely small z, directly
in eq. (2.11), where lim,_, tan(l — i)z = —i and hence the rate tends to constant, time-
independent value at large times. It turns out that the medium evolution of the gluon dis-
tribution is exactly solvable using eq. (2.13) [43], which makes it an interesting limiting case.

2.2 Exponentially decaying medium

For exponentially decaying media the profile of the jet quenching parameter is given by
q(t) = goe™ " (2.14)

Note that in this case the average parameter, according to eq. (2.7), is (¢)exp = 240, i.€.
twice as big as for the static medium. This is a consequence of the fact that, although
exponentially suppressed, the quenching is allowed to take place over very long distances.
The solution of ¢(t) satisfying the boundary conditions at ¢ — oo is readily found, and

in this case the spectrum is given by

dI  ag

— = —P(z) Reln Jy(2QL) , 2.15

= % P(z)Reln Jo(201) (2.15)
where Jy(z) is a Bessel function of the first kind and QoL is given in eq. (2.9). We point
out the factor 2 appearing inside the Bessel function, that highlights some of the peculiar
features of this particular scenario. The rate then becomes

J1((1 = i)s(2)7)
Jo((l — i)H(Z)T)
We notice again the ratio of Bessel functions tend to a constant value at large times
limg o0 J1 ((1 — @)2) /Jo((1 — i)z) = —i. However, given the profile defined in eq. (2.14),
this limiting value is twice as large as for the static case,

U%ﬂ:%P@M@M(rJ) (2.16)

lim Kexp(z,7) =2 li_}rn Kstatic(2, T) . (2.17)

T—00

This mismatch can in principle be remedied by rescaling medium parameters in eq. (2.14),
eg. L — L/2.



However, to put these insights onto firmer theoretical ground and reveal the scaling
features of the spectrum and rate, let us presently analyze the leading behavior arising in
the limit of z — 0 and z — 1. We will therefore approximate x(z) ~ 1/4/2(1 — z) and
P(z) =~ 2N./(z(1 — z)), and employ the asymptotic form of the Bessel functions for large
arguments. With these approximations the emission spectrum (2.15) can be written as,

2 . GoL? T 1 <2z(1 — z)p)
~ 2% JRelncos |(1— i)y 22 Ty Sy (FU AP
sng  2(1—2) { [ 2(1—=2)p 4] 4 72qoL?

2a 1—i [ 44012 =
~ —  Rel — = 2.1
2(1—2) Relncos [ 2 2(1—2)p 4] ’ (2.18)

where in the second step we neglected the second term in the small or large z limit, as

g
dz

indicated by the subscript “sing” next to the spectrum. We observe that, apart from the
factor 7 /4 under the cosine, there is only a factor 4 difference under the square root between
the exponentially decaying medium and a static one, cf. eq. (2.8). This is also a factor 2
bigger than the expected scaling by using the average ¢ parameter introduced in eq. (2.7).

Based on eq. (2.15), we immediately find the asymptotes of the spectrum in the soft
and hard limits. For now we will treat z < 1 with w = zp. In analogy to eq. (2.10), we find

drl \/ 74052 for w < GoL?
w— = 2& o2 . (2.19)
dw 1—16 (qu> for w > Go L?
We therefore affirm that there is no unique rescaling of the medium parameters in eq. (2.19)
such as to exactly recover the static spectrum for the whole range of w values, cf. eq. (2.10).
In particular, we notice that rewriting the exponential spectrum by means of (§)exp results
in a constant mismatch with the static spectrum, i.e.

Aexp((9) [ Astatic((9)) _ V2 forw < <Q>L2 (2.20)
dw dw 3 forw> (g)L?
On the other hand, if we instead define an effective, rescaled Gog = 4o, the
dIexp(quff) dIstatic(Cjeff) _ 1 for w < (jeffL2 (2 21)
dw dw % for w > GegL? ’ '

where we note the perfect scaling in the soft sector. On the other hand, these results signal
the breakdown of naive scaling laws that apply to the full kinematical range.
Turning now to the rate in (2.16), we notice that it can be approximated as

2a : . T T
KDl > e Re (0~ 1 tan l“ =1
20
S F TSR (2.22)



where in the second step we additionally assumed that z < 72

. When comparing with
eq. (2.13), we note an overall factor 2 difference of the rate. This factor can be absorbed

into a redefinition of the evolution time, by defining
Teff = 2T . (2.23)

In terms of the re-scaled time-variable 7.g, the rate is constant,
o

K(Z,Teﬁ)\sing = W )

(2.24)
and, moreover, coincides with the static rate (written per unit time 7o = 7). Although
this seems to be a somewhat artificial manipulation at this stage, we will see its usefulness
in making sense out of the Bjorken scenario, discussed next.

2.3 Bjorken expanding medium

This type of the medium is motivated by the Bjorken expansion, which leads to the drop

of energy density £(t) with proper time as £(t) = e(tg)(to/t)*/? for massless relativistic

3/4

particles. Since § x £°/%, one can therefore model the time dependence of the jet quenching

parameter as [31],

0 for t<tp,
a(t) = § do(to/t)> for to<t<L+to, (2.25)
for L+ty<t.

The o # 1 generalizes the above-mentioned Bjorken expansion. We find that (§)pjork =
2q4oto/L and the average value of (§) is in this case dependent on the ratio ty/L. For the
typical values to = 0.1fm, L = 4fm, and o = 1 we find (¢)Bjork/do ~ 0.05, i.e. the expansion
reduces the average quenching parameter by a factor of 20.

The spectra for generic power-law expansions characterized by « were analyzed
in [25, 31, 45]. The spectrum is given by

to \'? J,(20)Y,_
L+t T (1),

ar_ %P(z) Reln

dz =«

= |
—
N
~
S~—
|
e
—
N
~
TK
—_
—~
N
™~
SN—

for a < 2 with v = 1/(2 — «), and where

20 = 2v L ; Z.Ii(z)\/qp?to =v(1l—1i)k(2)19, (2.27)
=207 k(2) i;)\/to (Ttto) = v (1— r(2)/7olr T 7o) (2.98)
where 79 = /4o /pto.

In what follows o = 1 (and v = 1) implying

lo 1/2 J1(20)Yo(21) — Y1(20)Jo(2L)
(L t0> Jl(ZL)}/O(ZL) _ YI(ZL)JO(ZL) s (229)

drl s
= a—P(z) Reln

dz 7




and the rate becomes

K(z,7) = <2 P(2)k(z)

2T T4+ 710

70

Ji(z0)Y1(20) — Jl(ZO)Yl(ZL)]
J1(20)Yo(zr) — Jo(21)Y1(20)

We point out that this rate depends explicitly on 7y as well as on 7. The long-time behavior

Re {(1 — ) (2.30)

of this scenario stands out compared to the other two cases analyzed above. While the
factor inside the square brackets in eq. (2.30) goes to a constant, i.e. lim,_,o Re[...] =1,
the square root in front leads to a power-like decay of the rate at large times, i.e.
lim K(z,7) = %P(z)ﬁ(z) ? (2.31)
However, this can be also obtained for sufficiently small z, i.e. 2 < 2z, = 197. In fact, for
these small 2z values the properties of the Bjorken expanding and the static case, where
2. = 72 are quite similar, i.e. Kgatic(2e, T) ~ KBjork (e, T) o 1
Once again, we now turn to the “singular” behavior, see the previous sub-section, of
the spectrum and rate in order to extract the scaling features. We employ the asymptotic
forms of the Bessel functions to calculate the emission spectra for the Bjorken medium

eq. (2.26) in the limit of small or large z. We finally get

dI 201 to o | dotoL
— ~ —— Rel 1- _—
dz g,  2(1—2) IV IY to o8 <( i) z(1— z)p)] ’
2t 1—12 4qotoL 1. ¢
~ ——— |Rel —In—| . 2.32
z2(1 —2) encos< 2 \/ z(l—z)p) +2 nL] (2:32)

In this case, the spectrum contains an additive term when compared to its equivalent static
expression (2.8). In addition, we see a similar factor of 2 mismatch of the average ¢ as for
the exponential case.

Similarly to the derivations above, the asymptotes of the spectrum in the z < 1 limit

dI \/ QotoL for w < GoL?
= 2a v (2.33)

W— = 4(x — 2 .
dw % (Q(’TO) for w > GoL?

are found to be

Curiously, the remaining mismatch with the static spectrum after rewriting the spectrum in
terms of (§)Bjork are exactly the same as in the exponential case, see egs. (2.20) and (2.21).
We note that, strictly speaking, there is no scaling law that can accommodate the behavior
of the spectrum for the full range of gluon energies.

Similarly, the rate (2.30) can be approximated as,

N a 70
sing ™ [2(1—=2)]32\ 0+7

K(z,7)] Re(i — 1) tan [(1-@ W} :

z2(1—2)
~ o 70
S apE T (2.34)

where in the second line we additionally assumed z < 7. Comparing the above equation
with (2.11), we note several differences. Overall, similarly to the exponential case, there



is a factor of 2 difference in the argument of the tangent with respect to the static case.
Additionally, the rate depends on 7 in a different way than in the static case. This is
manifested in the extra pre-factor ~ y/79/7 and the factor /797 in the argument of the
tangent. This additional factor will indeed break the naive scaling of the Bjorken rate with
the static and exponential media.

However, the additional time-dependent pre-factor can be absorbed into a redefinition
of the evolution time. Introducing an effective evolution time

Teft = 2y/T0T , (2.35)

with dreg = /70/7d7T, we can recast the rate as

a

]C(ZaTeff)|sing = W '

(2.36)

Generally, in this class of expanding scenarios, the effective time variable can be cast as

_ a4
Teff—/o de P (2.37)

for o < 2.* In summary, although the rate for the Bjorken expanding medium at first glance
leads to a qualitatively different time-dependence (which primarily is not constant in time
~ +/qo/pt), we can absorb these differences into a clever choice of evolution variable in the
singular case. In terms of the new time-variable 7.g the rate is constant and equivalent to
the static one.

2.4 Properties of the emission spectrum and rate

We compare the spectra of medium-induced gluon in figure 2. In the left panel, we have
plotted the spectrum w dl/dw versus w/{w.), i.e. the energy rescaled by the maximal avail-
able gluon energy in the medium (w.) = (§)L?/2. We see that the Bjorken model (red, dot-
dashed curve in figure 2) approximately respects the scaling, as first discussed in [25, 32].
The exponential profile, with (§) defined as in eq. (2.7), also obeys the scaling approxi-
mately, cf. the (orange) dashed curve in figure 2. The scaling in the soft sector is clearly
improved in the right panel of figure 2, where we re-scale by the analytically motivated
parameter weg, which was derived above to be

%QOLQ static medium
weff = § 2GoL?  exponentially expansion . (2.38)

2GotoL.  Bjorken expansion

Turning next to the rate of medium-induced gluons, in the left panel of figure 3, we
compare the resulting rates K(z,7) (K(z,7,79) for the Bjorken model) at fixed z = 0.01
plotted as a function of 7 (left panel) and 7og (right panel). The splitting rate for the static
medium in the soft limit is constant, see (grey) dotted curves. For the exponential and full

4We thank Y. Mehtar-Tani for pointing out this relation.
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Figure 2. Spectrum of medium induced gluons w dJ/dw (in the limit z < 1) scaled by & = a; N, /7
and plotted as a function of the gluon energy rescaled by (w.) = (§)L?/2 (left panel) and by
Wet = GerL?/2 (right panel), see definition in the text. For the Bjorken case, we have chosen
to = 0.1fm. The plotting options are the same as in figure 1.
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Figure 3. Gluon emission rate for z = 0.01 as a function of the evolution time 7 (left) and 7eg
(right) for different medium expansion profiles. We plot the Bjorken case for three values of 7y (the
rate is zero for 7 < 79). The plotting options are the same as in figure 1. The dotted lines are
the asymptotic limits for the static, soft approximation, resulting from eq. (2.12), and additionally
scaled by a factor 2 to reproduce the long-time limit of eq. (2.16).

static cases, the splitting rate starts to grow from zero at 7 = 0, then it saturates at 7 ~ /2.
For the exponentially decaying medium, the rate saturates at slightly larger times compared
to the static case, which is a consequence of limiting behavior of the ratio of Bessel’s
function in eq. (2.16). In contrast, the rate for Bjorken expanding medium converges to
zero at large times. While the ratio of Bessel’s function in eq. (2.30) tends to one for
T ~ z/79, the presence of the factor \/79/(m0 + 7) leads to the dumping of the splitting
rate for 7 > 7. The values of K(z,7) at large 7 are larger for the exponential case than
for the static case due to a longer effective extent of the medium, see definition eq. (2.14).

As discussed above, this mismatch can in principle, at least for soft sector, be corrected
by the proper redefinition of the evolution time. Summarizing the results in the previous
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Figure 4. Gluon emission rate for fixed 7 = 0.5 (left) and 7. = 0.5 (right) as a function of the
momentum fraction z. The plotting options are the same as in figure 1.

section, the effective evolution time reads

T static medium
Teff = { 2T exponential medium , (2.39)

2\/707 Bjorken medium

where, we repeat, 7 = \/% t in terms of the “real” in-medium distance t. We plot the
rate corresponding to the effective evolution time IC(z, Teg) in the right panel of figure 3.
While the resulting, effective rate for the exponential case scales closely with the static
case, the Bjorken case depends strongly on the chosen value of the initial time 7. Indeed,
the scaling properties we derived only hold for sufficiently small momentum fractions z,
also see below.

This point becomes even more clear in figure 4 where we show a comparison of K(z, 1)
(left) and the corresponding KC(z, 7o) (right) for fixed 7 = 0.5 and 7.g = 0.5, respectively,
plotted as a function of the momentum fraction z. We observe in the left panel that, while
for high values of z the rates for different profiles differ significantly, the low-z values they
all have the same, universal slope which is a consequence of the P(z)k(z) factor present in
splitting rates of all the profiles which diverges for z — 0 as z3/2. We therefore expect
to recover a universal behavior of the resulting parton branching evolution for expanding
media in the soft gluon regime. The rate for fixed effective evolution time in the right panel
confirms to a large extent this expectation for the exponential case. But for the Bjorken
case, the scaling only holds for the soft sector, as expected from the scaling properties

derived for the regime z < 797 in section 2.3.

3 Rate equation for expanding medium

Equipped with the rate of emissions, we can now turn to the task of resumming mul-
tiple gluon emissions in the medium. In a large medium, possible interference terms are
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suppressed [51, 52|, and the resummation is performed via a kinetic rate equation. The evo-
lution equation for the energy distribution of medium-induced gluons, D(z,7) = x dN/dz,
is given by [43, 44]

et = [ aeken |\fip (Er) o= Fopten] . o

The initial value of the D(x, 7) is a d-function at z = 1 which characterizes the initial single
color charge entering the evolving medium. Furthermore, conservation of energy implies

/1 dz D(z,7)=1. (3.2)
0

While this is formally violated due to the soft singularity at = = 0, this can be reinstated
by assuming the accumulation of energy at the thermal scale x ~ T /p where elastic re-
scattering leads to thermalization [48]. For the Bjorken expansion scenario, the distribution
also depends on the initial time 79, i.e. D(z, 7, 7). In this section, we have fixed 79 = 0.03.

The rate equation eq. (3.1) was solved numerically for the static medium, exponentially
decaying medium, and the Bjorken case introduced in section 2. The resulting distributions
of D(z,7) are shown for three representative values of 7 in figure 5, see figure caption
for further details. Despite the differences observed in the rates, at low z, all the D(x)
distributions converge to a universal scaling with 1/4/2 which is a consequence of the low-
x behavior discussed in section 2.4 driven by a presence of factors P(z)k(z) in all the
splitting rates. The magnitude of the effects is different and is expected to scale with the
average parameter (§) which is hierarchically (¢)exp > (@)static > (@) Bjork (for the choice of
parameters used here). At high-z, which predominantly drives the jet suppression factor,
see section 4, the reduction of D(z,7) is the strongest for the exponentially decaying
medium and the weakest for the Bjorken case, according to the established hierarchy of (g)
for the parameters used here.

As a check of our numerical routine, we have also evaluated the distribution for the
static soft limit, i.e. where we use eq. (2.13) as the splitting rate. These results can be
compared with the known analytical solution [43],

547' <

N x>3/f2e -z (3.3)

where the sub-script refers to the “singular” rate in eq. (2.13), see also [53]. The numer-

Dsing(xa T) =

ical and analytical results are plotted in figure 5 as the solid (black) and dashed (black)
curves and we see a good agreement over a wide range in x and 7. In this situation, the
energy stored in the spectrum decreases exponentially with 7, £(1) = fol dz D(x,7) =
_aRm2.2 B
e QT T [43]'0
Finally, in order to confirm the scaling properties uncovered in the last section, in
figure 6 we compare the resulting gluon distribution D(x,7) using only the singular rates,
i.e. eq. (2.13) for the static case, eq. (2.22) for the exponential case and eq. (2.34) for the

®Note that the authors of ref. [43] use directly 7 = a7 as the evolution time.
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Figure 5. Medium induced gluon distribution /zD(z, 7) for three different values of 7 and three
types of medium expansion calculated numerically: static soft (dashed black), static (solid blue),
exponential (dashed orange), and Bjorken (dashed-dotted red). We also plot the soft limit of

the static medium calculated analytically (solid black) for reference. Left panels show the full
distribution, right panels zoom in the high-x region.

— 14 —



100

100 T T T T T T T T
-------- Static soft, analytical (t = 0.3) -------- Static soft, analytical (= 0.3)
—— Static sing (7= 0.3) —— Static full (t=0.3)
10} Expo sing (7 = 0.3) | 10} Expo full (t=0.3)
——— Bjorken sing (1= 0.3) —— Bjorken full (1 =0.3)
Ul U
X Na
A [ A
\; 0.100¢ \; 0.100}
0.010} 0.010}
0'081 . . . . . 0'081 . . . . .
.001 0.005 0.010 0.050 0.100 0.500 1 .001 0.005 0.010 0.050 0.100 0.500 1
X X
100 T T T T T 100 T T T
-------- Static soft, analytical (t = 0.3) -------- Static soft, analytical (= 0.3)
—— Static sing (7= 0.3) —— Static full (1=0.3)
10} Expo sing (7= 0.15) 1 10} Expo full (t=0.15)
—— Bjorken sing (1=0.72) —— Bjorken full (1=0.72)
— —
S A L
e e
A [ T S
\; 0.100} \; 0.100F
0.010} 0.010}
008107 0.005 0.010 0.050 0.100 o500 1 “%Bloot 0.005 0.010 0.050 0.100 0500 1
X X

Figure 6. Medium induced gluon distribution v/zD(z,7) for singular rates (left panels) and full
rates (right panels). The upper row corresponds to the distributions for different medium expansions
evaluated at equal evolution time 7. In the lower row, we have plotted the distributions at a fixed
effective evolution time Teg.

Bjorken case, to the distributions obtained with the full rates. In the upper panels, the
distributions are plotted for a fixed, common evolution time 7 while below the distributions
are evaluated at fixed 7.g. The distributions resulting from the singular rates in the left
panels clearly show nice scaling properties. The full distributions, plotted in the right
panels of figure 6, do not respect a scaling with 7.g.

As we will illustrate next on the level of the jet suppression factor, a better scaling is
actually achieved by using the average jet quenching parameter (), as defined in egs. (2.6)
and (2.7). However, it is clear from figure 5 and figure 6 that the distributions of medium-
induced gluons produced in differently expanding media have different features at both low
and high values of x.

4 Moments of D(x,7) and the jet suppression factor

One of the key observables quantifying inclusive jet suppression is the jet nuclear modi-
fication factor, measured, for instance, by the LHC experiments [1-4]. The yield for the
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inclusive jet suppression can be obtained as a convolution of the D(x, 1) distribution with
the initial parton spectra,

doaa o ,/1 , " doy
= d dxd — D = ' L 4.1
. /0 P, i z6(py — xpl.) (x,r \/Qo/ P, )dp,T, (4.1)

see e.g. [25, 37, 54]. Note that the evolution time 7 now depends on the unknown initial

energy of the parton. The initial parton spectra can be approximated by a power law,
doo/dp, ocp ™. In this case, the jet suppression factor Qaa(p; )= (dO’AA/de )/(dao/de), is

Qaa(p,) = /1 dx x"_lD(a:, VIT), (4.2)

0

where now 7 = +/qo/p, L, as before. For the Bjorken model, the distribution has addition-
ally a dependence on the initial time 7y, and the distribution in the integrand in eq. (4.2)

becomes D(xz,\/zT, /7).

Let us focus for a moment on the analytical solution of the rate equation given by
eq. (3.3). At the present stage, it is illuminating to change variables to € = p,.(1—x), where
€ has the meaning of the energy lost by the particle due to medium-induced emissions. In

Qaalpr) = /OpT de (1 - ;T>n1 \/ge—"j(pp;) 7 (4.3)

where w, = a?goL? is the scale of soft, multiple gluon emissions. In the limit of w, < Doy

this case,

this expression can be approximated by

o
Qaalp,) = / dee™¢4 | %e_% = e VTV (4.4)
0 €

where v = (n — 1)/p,. This is nothing else than the (inverse) Laplace transform of the
energy loss distribution P(€) = +/w,/e3 e~ ™s/¢. This quantity is normalized Jo~ deP(e)=1.
We have checked numerically that the approximation in going from eq. (4.3) to (4.4) is valid
to a few percent over a large range of p,..

We will now discuss the quenching factor for two analytically available limiting cases,
namely i) the quenching weights that only account for primary medium-induced gluon emis-
sions off the jet and ii) the expectations from the distribution Dging(x, ) of soft emissions
eq. (3.3). Finally, we address the numerical results using the full rates.

4.1 Jet suppression from primary emissions

Since the dominant contribution to the jet quenching factor comes from large x, or small
€/p,, one can consider a simpler scenario, where we neglect the further branching of
the primary gluons that are emitted from the leading particle. Assuming independent
emissions as before, this approximation scheme is typically referred to as the “quenching
weights” [25, 54]. It turns out that the Laplace transformed energy loss distribution in this

D(v) = exp [— /OOO dze N (j)} : (4.5)

case, simply reads [54]
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Figure 7. Scaling properties of the jet suppression factor Qa for different medium expansions in
the quenching weights approximation. In the left panel we plot the suppression given a fixed value
of we = GoL?/2; in the right panel we plot the suppression factors for a fixed (w.) = (§)L?/2 for the
different media.

where N (w) = fso dw’ % is the multiplicity of gluons E:arrying energy w and above. The
resulting quenching factor is nothing else than Qaa = D(n/p,). The main contribution to
quenching comes from the regime of multiple, soft gluon emissions with w ~ &%we.

For the static medium, Baier-Dokshitzer, Mueller and Schiff (BDMS) [54] found a
compact formula approximating the multiplicity,

2 1
Ngtat (u) = 2 (\/> —log2log — — 1.44135.. ) , (4.6)
u u

where u = w/w.. The two first terms of this expression are found from the soft gluon
approximation, wd/lgtat/dw =~ 2a ( we/(2w) — log 2), while the numerical factor is found
by matching to the full spectrum. Note that a naive application of the soft gluon limit
would not contain the two last terms on the right hand side of eq. (4.6), and would have
resulted in an overestimation of the quenching. The approximation in eq. (4.6) works
surprisingly well for realistic values of the medium parameters and results in a suppression
factor that is almost exactly the one obtained by directly using the full BDMPS spectrum
in eq. (4.5).

Following a similar logic, we have not been able to find a similar compact approximation
for the multiplicity in the exponentially and Bjorken expanding scenarios. However, one
should expect a similar dependence on an effective ratio of the gluon energy w and a
maximal energy scale ~ w.. Recalling the left panel of figure 2, it is therefore natural to
expect that the optimal scaling parameter that most closely bring the spectra together is
w/{wc). This is indeed observed in figure 7. In the left panel we have plotted the resulting
quenching factor for the different media given a fixed initial w. = GoL?/2. In the right
panel, the suppression factors are plotted for the same average (w.). Note that the Bjorken
model additionally depends on the initial time ¢y, or more precisely the ratio 79/7 = to/L.
This gives further support for the numerical scaling laws first discussed in [25, 32].
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4.2 Jet suppression from soft scaling

Let us now return the results found in sections 2.2 and 2.3 regarding the scaling features
of the rates for the different medium profiles to gain further analytical insight into the
results for the medium-induced gluon distribution and suppression factor Qaa. We have
extracted these features by only retaining the “singular” parts of the spectrum. Hence, the
full solution that includes finite-z and finite length effects should be expected to deviate.
However, we expect the qualitative features to be visible in the numerical results that will
be discussed in detail below.

For the exponential case, eq. (2.22) indicates that the solution to the rate equation is
given by eq. (3.3) with & — 2a or ¢y — 4Gy, namely

D(z,7) ~ M—;e_4”d272 , (4.7)

where we focus on the small-x regime where finite-length corrections should be smaller.
This also implies that, for the same & and ¢y, the ratio of suppression factors is,

exp

Qf;%ﬁc ~ exp [—254\/7740112(” -1)/p,| - (4.8)

We therefore expect that all effects of the expansion can be absorbed into the proper

rescaling of the parameters.

For the Bjorken scenario, the situation is slightly more complicated. However, our
result for the “singular” rate (2.36) indicates that we can write the final solution for the
medium-induced gluon distribution as

D(z,7) ~ 207\;07(3_4”2707 :
T

in the small-z regime. We note that the evolution time is now 7. = 2,/707 rather than 7

(4.9)

itself. Interestingly, this gives a difference in suppression factors to the static case as

Bjork o
T%%ic o~ exp [—Qd\/mjoL2(n —-1)/p, <2\ / 7~ 1>] : (4.10)

Due to the additional, explicit dependence on the ratio to/L, we conclude that in the case

of the Bjorken expansion there is not universal way of rescaling the parameters to arrive
at the results of the static medium. Instead, approximate scaling can be achieved for given
values of the medium parameters, including ¢g.

4.3 Numerical results on jet suppression

As a final step, we proceed to calculating the jet suppression factor based on the medium-
induced gluon distribution function obtained in section 3. To obtain the results from
numerical calculations, we include only one parton species (gluons) in the hard spectrum
with n = 5.6 [55] and a fixed as = 0.14. The distribution D(z,7) is found by a numerical
solution to eq. (3.1), as described in section 3. Due to above described limitations, the
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Figure 8. The jet suppression factor @aa for four types of medium expansion calculated numer-
ically: static soft (dashed line), static (blue), exponential (orange), and Bjorken (red), and the
soft limit of the static medium calculated analytically (full line). The Qaa calculated using full
kernels for w, = 100 GeV (left). The Qaa calculated using singular kernels for w, = 30 GeV (right).
Uncertainty bands correspond to 10% variation of the value of ;. ATLAS data taken from [2].

Qaa calculated here is just a proxy for the nuclear modification factor, Raa, measured
by experiments. To make this explicit we use symbol Qaa instead of Raa in this pa-
per. Finally, we mention that, in our current numerical implementation of the Bjorken
model, we have not implemented the exact dependence on the rescaling of initial 7, i.e.
D(z,\/xT,\/xT0) =~ D(x,\/T,70). The uncertainty of the resulting distributions is calcu-
lated by varying the s parameter by 10%.

We start our discussion by fixing a common reference value of the medium parameters.
As seen before, the amount of jet suppression depends only on the energy scale w, = GoL?/2,
see section 4.1, up to a factor of @%. Hence, we fix two values of w, for the gluon distribution
evolved in a static medium with the full and singular kernels that lead to realistic values
of the jet suppression factor for the two cases, respectively. For the distribution evolved
with the full kernel this corresponds to w., = 100 GeV and for the distribution evolved
with the singular kernel we find w, = 30 GeV. We show the resulting Qs distributions
in figure 8, where in the left panel we plot the jet suppression factor for different media
evolved using full kernels and, in the right panel, evolved with singular kernels. Using a
reference value of §o = 0.2 GeV3, from this we can extract the path-length in the medium
to be L = 6.3fm and 3.5 fm in these two cases. A large difference can be seen for different
media due to the varying rate of expansion in figure 8. In order to guide the eye, we have
also plotted experimental data for high-pp (anti-k;, R = 0.4) jet suppression [2]. Note that,
for the Bjorken medium, we also have to fix the ratio 79/7 = \/to/L which is chosen to be
70/7 = 0.03.

Now, we can evaluate the scaling properties of the Qaa. To explore the impact of
the soft scaling discussed in section 4.2 for the analytical calculation of the Qas we fix
the w, value for the static case to be the same as discussed in the previous paragraph but
we replace w, values for the exponential case and Bjorken case by weg values defined in
eq. (2.38). First we perform the calculation using the singular rates (eq. (2.13) for the
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Figure 9. The jet suppression factor Qaa for three types of medium expansion calculated nu-
merically, static (blue), exponential (orange), and Bjorken (red), and the soft limit of the static
medium calculated analytically (full line). ATLAS data taken from [2] (full closed markers). The
Qan calculated using singular splitting kernels, the choice of w,. values is given by scaling of D(x)
distributions in the soft limit and is defined by eq. (2.38) (left). The Qaa calculated using full
splitting kernels, the choice of w. values is given by scaling of D(x) distributions in the soft limit
and is defined by eq. (2.38) (middle). The Qaa calculated using full splitting kernels, the choice of
w, values is given by x? minimization of deviation between the caculated Qaa and the data (right).

static case, eq. (2.22) for the exponential case and eq. (2.34) for the Bjorken case). Results
are plotted in the left panel of figure 9 (w. values are given in the plot). We can see that
the scaling of rates leads to a scaling of @aa in the soft limit. For a given choice of 7/,
this scaling approximately holds also for the Bjorken case where there is no universal way
of rescaling the parameters as discussed in section 4.2. The calculation using singular rates
can be compared with the calculation using the full rates, plotted in the middle panel of
figure 9 (w, values are shown on the plot, their ratio with respect to the static case is the
same as in the left panel). Here the scaling is clearly broken leaving us with substantial
difference between the magnitude of the Qaa for the exponential case and static case.
We can see that some deviation from the scaling is present for the Bjorken case as well,
although it is less substantial than for the exponential case.

Finally, we evaluate the optimal value of w, for which we obtain the minimal differences
among Qa distributions. This is done by x? minimization procedure which minimizes the
deviation between the numerical calculations and the measured data from [2]. The result is
shown in the right panel of figure 9 along with the w, values. Good, but not perfect scaling
of Qax is achieved by the minimization. We can see that the values of w, naturally deviate
from those reported in the middle panel of figure 9. We can see that for the exponential
scale the optimal scaling is very close to the factor of two discovered in the “quenching
weight limit” as discussed in section 4.1. On the contrary, the value of w, for the Bjorken
scaling is almost a factor of two smaller compared to the value obtained in section 4.1 when
scaling by the average (w.). While this supports the previously discovered scaling by the
average (w.) for the exponential case, it shows that the rapidly decaying Bjorken type of
the medium is very sensitive to the choice of parameters and no scaling works properly in
this case.
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Go [GeV?] static | exponential | Bjorken

no scaling 0.2 0.2 0.2

soft scaling 0.2 0.05 1.66
optimal scaling | 0.2 0.09 1.84
scaling by (w.) | 0.2 0.1 3.33

Table 1. Table showing a comparison of the values of the jet quenching coefficients at initial time
to, Go, for the different medium profiles and for different types of scaling discussed in section 4.
The first row corresponds to the reference values used in the left panel of figure 8. The second
row corresponds to the rescaled values using the soft scaling defined by eq. (2.38) (middle panel
of figure 9). The third row corresponds to the rescaled values obtained from the optimal scaling
defined by the x? minimization of the differences between the theory and the data (right panel
of figure 9). The last row corresponds to the rescaled values obtained from the scaling by (w.)
discussed in section 4.1 (right panel of figure 7). The values are calculated using the reference value
of L =6.3fm.

To summarize the scaling properties for different types of medium expansion we provide
in table 1 values of gy calculated from w, values for the reference value of L = 6.3 fm and
for different scaling discussed in this section.

5 Conclusions & outlook

Three types of the medium expansion were studied within the framework of multiple soft
scattering, namely the static medium, exponentially decaying medium and Bjorken-like ex-
panding medium. The spectra and rates of induced gluon emissions were evaluated and the
distribution of medium-induced gluons were calculated using the evaluation of in-medium
evolution (eq. (3.1)) with splitting kernels obtained from rates of induced gluon emissions.
Single-inclusive gluon distributions were then used to calculate the jet suppression factor
Qan, see eq. (4.2).

A universal behavior of splitting kernels is derived for different medium expansions in
the soft gluon regime (see eq. (2.13), eq. (2.22), and eq. (2.34)). Using these kernels, It
is shown that the impact of medium expansion on the resulting jet Qaa in this soft limit
can be absorbed into the proper rescaling of the parameters for the exponential case (see
eq. (4.8)). For the Bjorken expansion, the onset of scaling is additionally sensitive to the
initial time tg. Therefore the resulting jet suppression will have a sensitivity to the ratio
to/L (see eq. (4.10)).

For the full evolution in time and full phase-space of the radiation, the results are
obtained by a numerical solution of the evolution equation. The evolved distributions are
shown to obey a 1/+/x scaling for all the studied types of expansion signaling a universal
behavior with reduced sensitivity to the details of the medium expansion. However, it
was found that the impact of the medium expansion on Qaa cannot be scaled out in the
same way as in the soft limit (see figure 9 middle). A better agreement was found by
using a phenomenologically motivated value of averaged over the path length of the jet ().
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However, for the Bjorken expansion we are still sensitive to the onset of quenching through
the ratio to/L, which spoils the universal scaling features. Hence, the details of the high-z
behavior of D(x,7), that ultimately drive the quenching factor Qaa, are still sensitive to
the details of medium expansion.

Values of quenching parameter at initial time o (or alternatively values of w, for a
fixed medium length) that minimize the differences in the jet Qaa among the different
types of the expansion were also found (see figure 9 right and table 1). For the exponential
expansion these optimal values are very close to the average values suggesting validity
of scaling discussed in [25, 32]. On the contrary the rapidly decaying Bjorken type of
the medium is very sensitive to the choice of parameters and no scaling works properly
in this case. These results clearly indicate the importance of taking into account the
medium expansion in precise modeling of the jet quenching phenomenon. Furthermore,
our results shed light on the relation between jet suppression and the amount of energy
deposited in the medium which are related to the high-x and low-x parts of the distribution,
respectively. These aspects could prove very important for more involved observables, such
as the suppression factor of reconstructed jets and jet substructure observables, and we
plan to study them further in the context of dynamically evolving media.

The extracted values of the initial ¢y obtained in this paper cannot be taken at face
value, given the fitting procedure described above. Several improvements, such as including
proper quark and gluon jet fractions [55], using a comprehensive emission rate [29, 34],
accounting for quark and gluon coupled induced branching [46] and including the effect of
in-medium jet fragmentation (Sudakov suppression) [56], are planned to be included for
future phenomenological applications of other observables, such as vo at high-pp.
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