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Supercapacitors are prone to self-discharging, which is most often measured as a voltage decrease with time
under open circuit conditions. It is of substantial interest to find simple and general methods to extract infor-
mation about the processes going on in the supercapacitor during self-discharge. The current work fits a stretched
exponential function to experimental data available in the literature, thus extracting parameters that allows one
to probe the internal processes of the supercapacitor. In particular, experimental data related to charge holding

time, charging rate before self-discharge and temperature dependence are investigated. It is demonstrated how
the fitting data can be understood in terms of a kinetic model exhibiting a distribution of rate constants which are
related to the fitting parameters. The current work therefore proposes a method that allows one to quickly map
the internal processes of a self-discharging supercapacitors with only two variables, and might therefore become

a useful tool.

1. Introduction

The Leyden jar was probably the first man-made capacitor, invented
in 1745 [1]. Its ability to store electrical energy played a crucial role for
the development of science and technology the following century.
However, it was also known that the Leyden jar lost charge as time
passed by. In 1854, Kolrausch investigated the decay of charge from a
Leyden jar, and found that it did not follow a simple exponential decay
law on the form exp(—t /7;) with decay time t; as one might expect [2].
Instead, he introduced a stretched exponential function on the form

exp[—(t/7)”] to explain the observed decay, where 0<p<1 is a constant
that sometimes has been denoted the Kolrausch parameter and t is the
decay time at which one has crossover from faster-than-exponential to
slower-than-exponential decay. The stretched exponential function was
‘reinvented’ in 1949 by Forster to explain fluorescence resonance energy
transfer [3] and then in 1970 by Williams and Watts to explain dielectric
spectra [4]. Since then, the stretched exponential function has been used
extensively to explain the behavior of glassy states, luminescence decay
and electronic systems in terms of a distribution of relaxation times [5,
6]. However, it should be pointed out that also models not requiring a
distribution of relaxation times have been developed which give rise to a
stretched exponential function. These latter models are either based on
intermediate kinetic steps [7] or time-dependent rate constants associ-
ated with rate laws [8] or the equations of motion [9,10].

An interesting and timely question is whether stretched exponential
functions can provide useful information about the self-discharging of
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supercapacitors. Supercapacitors were patented in 1957 and introduced
to the commercial market in the late 1970s [11,12]. Supercapacitors
utilize charge accumulation in dielectric double layers due to the use of
appropriate electrolytes, combined with nanostructured surfaces to in-
crease the area available to store charge. They can be modelled using
either microscopic models [13-18] or equivalent circuits [19-33],
where the latter often are preferred in practical applications due to the
smaller computational load and complexity. The self-discharge of
supercapacitors is a considerable problem, and is often observed as a
time-dependent drop in voltage after charging. This experimentally
observed self-discharge could be due to internal redistribution of charge
along the electrode surface, redox reactions at the electrode surface, or
leakage currents [34-47]. Blocking layers on the carbon electrodes are
known to reduce the problem of self-discharge, but often at the cost of
reduced capacitance and energy storage [48,49]. It has also been
demonstrated that the self-discharge can be altered by controlling the
surface chemistry of a carbon surface [39,50], although much remains to
be understood. Self-discharge can be used as a diagnostic tool, and has
been found to be faster than conventional tools such as potential floating
when determining the stability of supercapacitors based on ionic liquids
[51].

To date, neither timescale or the shape of the voltage-decay curve
have been reproduced suitably well using microscopic models. Such
models for charge distribution in porous structures often rely on a range
of assumptions that are very challenging to verify experimentally. To
improve and understand supercapacitors, one needs not only complex
microscopic simulations, but also simple tools that allow quick and
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efficient mapping of crucial parameters. A stretched exponential func-
tion with $=0.5 was in Ref. [45] conjectured from diffusional dynamics
and used to explain long-time self-discharging of supercapacitors. A
further analysis of modelling self-discharge of supercapacitors using a
distribution of relaxation times in an equivalent circuit network was
given in Ref. [52], although no attempt was made to provide a sys-
tematic study of available data in the literature. The current study
proposes the use of a kinetic model with a distribution of
time-independent rate constants to fit to the experimental data for the
self-discharge of supercapacitors. A systematic analysis of experimental
data available in the literature for self-discharge of supercapacitors is
made assuming that the voltage decay can be fitted to a stretched
exponential function. Such a study is of interest as it allows one to
quickly map some of the internal processes of a self-discharging super-
capacitors with only two parameters.

2. Self-discharge due to a distribution of relaxation times

A kinetic model should be based on the features that are known to
characterize supercapacitors. As shown in Fig. 1, it is known that the
electrolyte penetrates in between carbon pores of a range of different
sizes, where redox reactions or charge redistribution takes place. A
possible scenario is that there are many decay constants, each corre-
sponding to a set of sites or series of events each of a fixed decay
constant.

Each local region has a large number of ions taking part in the charge
transfer reaction, and is assumed to be governed by first-order kinetics of
the type dNg/dt=-kgNg, where Ny is the local density of charges at site i
and kg=Kkgoexp(-AE;/kgT) is the local decay constant at that site that is
assumed to follow a Eyring or Kramers type of activation [53,54]. Here
kg is Boltzmann’s constant and T is the temperature, while AE; is the
activation energy. This could be due to for example rearrangement of
charge or redox-reactions, but here the detailed reaction mechanisms
will not be required to develop the model. The charge then follows
Qg=0Qi(0)exp(-kgt), where Q;(0) is the initial charge at the site. If we
assume that the supercapacitor consists of a large number of sites that
accumulate charge, and that each of these charges decay exponentially
with time, the total charge is

N

Q1) =D 0i(0)e . ey
i=1

As pointed out in Ref. [52], the voltage over a supercapacitor might

be related to the charge by V, = ZN Q& 4 R,I, where Q; and C; are the

i=1 G
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charges and capacitances associated with particular site i, R; is the series
resistance and I the current through the supercapacitor. Since Ryl is very
small during self-discharge, it is convenient to write the voltage over the
entire supercapacitor as

N

Ve(t) = Y Vi(0)e ™, @

i=1

where V;(0)=Q;(0)/C; can be interpreted as a local voltage for a
particular site as it occurs with a certain probability fraction y;. That is, if
the initial voltage at t=0 is Vq, then Vi=y;Vy where Z?Llyi = 1. There-
fore, one can write

N
Ve(t) =Vo Y e . 3
i=1

If one assumes that the number N is very large, a continuous distri-
bution can be assumed, such that the sum becomes an integral and

V.(t) =V, / " P(k)e™ dky, (O]

0

where Vj is constant. Let us now define s=K¢/kg, where kgg = 1/7 is a
representative constant which the distribution of rate constants is
distributed around. If one further defines P(s)=kgP(ks), eq. (4) can be
written as

L
;)S

V.(t) = Vo / P(s)e’( ds. 5)
0
While the Laplace transform of eq. (5) can be fitted to any experi-
mental self-discharge data, obtaining the corresponding P(s) could be
computationally challenging. However, one exception is the stretched
exponential on the following form,

p

L

V(-([) = V()€7 - s (6)

where B and t are used as fitting constants. Here f can tell us something
about the distribution P(s), in the sense that a small value of f§ gives a
wide distribution whereas when p=1 represents a single decay rate. It
should be emphasized that unless p=1, one cannot interpret T as a
representative or average decay rate [5]. In fact, T should be understood
as a fitting constant which provides information about the crossover
from super-exponential to sub-exponential decay. The distribution of
constants P(s) can be found by requiring
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Fig. 1. Schematic drawing of the construction of a supercapacitor.
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where the condition V(0)=V, requires that [;° P(s)ds = 1. It should be
emphasized that tabulated tables are available for different values of
[55], thus making the extraction of P(s) computationally very simple.
The distribution function P(s) is clearly linked to a distribution of rate
constants. However, to link it directly to microscopical geometrical
parameters of the pores of the supercapacitor would require microscopic
measurements of the charge decay processes, which is a topic outside the
scope of the current work. Nonetheless, one may be able to use the
knowledge about the fitted constant f§ and the distribution function P(s)
as a diagnostic tool complementing already existing methods.

Some studies have already demonstrated that an empirical expres-
sion two exponential constants could be fitted to the experimental data
[37,38,49]. The current work extends that approach to a distribution of
constants. Given that there have been no systematic studies of how the
stretched exponential can be used to fit the experimental data for
self-discharge in the literature, it was in this study decided to extract
some of the available data in order to find out what can be learned from
a fit of eq. (6) to those data. In the current study the MatLab program
grabit.m was used extract data from different published experimental
self-discharge curves, and the MatLab function nlinfit was used to make
nonlinear fits of eq. (6) to the experimental data.

2.1. Hold time

Figure 2 a) shows eq. (6) fitted to the experimental data in Fig. 2 of
Ref. [36] for different hold times. The hold time is the time period over
which the capacitor is held at a certain voltage after charging, such that

24

V)

v 2.3

0 5 10
t(s) %10°

Fig. 2. In a) the experimental data are extracted from Fig. 2 in ref. [36] for the
voltage over the supercapacitor during self-discharge for different hold times
after charging. The red line is for 15 min hold time, with the dash-dotted line a
corresponding fit using eq. (6). The green line is for 2 h hold time, with the
dotted line a corresponding fit using eq. (6). The blue line is for 5 days hold
time, with the dashed line a corresponding fit using eq. (6). In b) the experi-
mental data are extracted from Fig. 5 in Ref. [36] for a self-discharging
supercapacitor at T=313 K (red line), T=296 K (green line) and T=256 K
(blue line). The dash-dotted, the dotted and the dashed lines are corresponding
fits of eq. (6) to the experimental data. The experimental data are extracted
from Ref. [36] and used with permission from Elsevier.
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the charge has time to redistribute. In Fig. 2 a) the red line are data for a
hold time of 15 min, and the corresponding dash-dotted line is a fit of
eq. (6) with the parameters kgy = 1/t = 5.9-10~° s~ and p=0.38. The fit
is good as indicated both visually and by the value R?=0.9969. The
green line is the experimental data for 2 h hold time, with the dotted line
a fit of eq. (6) with kg = 1/7 = 5.8-10% 571, p=0.62 and R?=0.9988.
The blue line corresponds to 5 days hold time, while the dashed line is a
fit to eq. (6) with kg = 1/t = 1.4-10~7 s}, p=0.90 and R?>=0.9986. By
comparing the three fits, it appears that both k¢y and p increase with the
hold time, which is of interest as it suggests that these parameters are
sensitive to the charge redistribution taking place in the supercapacitor.

To obtain further insight, eq. (6) was fitted to the self-discharge
voltage decay the data in Fig. 2 in Ref. [36] and Fig.7 in Ref. [40] to
obtain values for § and t=1/ks, displayed in Fig. 3 a) and 3 b),
respectively. The trend suggests that the stretching factor p increases
with the hold time ty,, but appears to saturate close to single exponential
decay behavior as p goes to 1. At holding times approaching 10° s there
is a deviation in this trend obtained from the data in Ref. [40], but it does
not alter the overall impression. On the other hand, the parameter ©
appears to decrease with ty, although one might speculate whether there
is a limiting lower value based on the data. It should be emphasized
strongly that 7 is a fitting constant and cannot be associated with a decay
constant in the same way as for single-exponential decay [5]. Thus, one
cannot conclude from Fig. 3 b) that overall the decay constants decrease
with the holding time. In fact, T can only provide useful information
about the crossover from super-exponential to sub-exponential decay,
which means that the extracted parameters from Ref [36] in Fig. 3 b)
suggests that the crossover happens more quickly as the holding time
increases. The values of T extracted from the data from Ref. [42] show
significant fluctuations, and here one cannot clearly conclude whether
there is indeed a decreasing trend similar to that obtained for the data
from Ref. [36].

Since the trend in Fig. 3 a) is suggests strongly that f§ increases with
the holding time, this should have implications for the distribution of
rate constants P(s). Figure 3 c) shows the distribution function P(s) for
$=0.38 (solid line), 0.62 (dashed line) and 0.90 (dash-dotted line),
corresponding to the circles in Fig. 3 a). This distribution function might
help us explain the results observed in Fig. 3 a). It is known that the fast
charging and charge neutralization in the pores of a supercapacitor re-
sults in a non-equilibrium configuration of ions [56,57]. For small values
of the holding time this results in a relatively fast self-discharge with a
broad range of distributions constants, as seen in Fig. 3 c). As the holding
time increases, the configuration of ions becomes more stable and
possibly also reaching a larger range of the pores. This means that fewer
of the decay modes are available for self-discharge, and in fact now the
voltage follows more closely a single exponential decay curve.

For comparison, it should be mentioned that the original data ob-
tained by Kolrausch can be fitted using p=0.43, and this particular value
has found use in a range of systems [6]. However, in the case of
supercapacitors the value of f§ varies according to the situation consid-
ered, and there is no unique or universal value.

2.2. Current

One interesting question is whether the observations of self-
discharge decay for different holding times presented in Fig. 3 also
coincide with the interpretation of other data available in the literature.
In Ref. [25] it was systematically investigated how the voltage decay
curve was influenced by the applied current Iy during charging. The
holding time was here assumed to be the same in all the experiments.
Equation (6) has been fitted to the experimental voltage decay data in
Fig. 11 in Ref. [25], and the extracted values for p and t=1/kg are
presented in Fig. 4. The fits were obtained with R? values 0.9984,
0.9941, 0.9942 and 0.9650 for Ip=0.012 A, 0.06 A, 0.3 A and 1.5 A
respectively. Most of the fits are therefore rather good, perhaps except
for the largest current, although the origin of the deviation is not known.
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Fig. 3. The values of p (a) and t (b) are extracted from the experimental data in Fig. 2 of Ref. [36] (squares) and Fig. 7 of Ref. [40] (circles). In c) the distribution of
rate constants is shown for f=0.38 (solid line), 0.62 (dashed line) and 0.90 (dash-dotted line), corresponding to the three black boxes in a).
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Fig. 4. The fitting parameters 7 (a) and the f (b) as a function of current I
during charging to 2.7 V obtained fitting eq. (6) to the data in Ref. [25] and
shown as circles. The black boxes are the values obtained when Ip=1.5 A was
used to charge the supercapacitor to 1.2 V, 1.7, 2.2 V and 2.7 V.

The squares in Fig. 4 correspond to the supercapacitor being charged
by a current Ip =1.5 A to 1.2V, 1.7, 2.2 V and 2.7 V. From the data
presented in Fig. 4 a), it is seen that the fitting constant t increases with
applied current Iy during charging. It was found that T decreases from
4.105 s for a final voltage Vo=1.2 V to about 2-10° s for a final voltage
Vp=2.7 V for a constant charging current I =1.5 A. The data for the
other values of Vo (1.7V and 2.2 V) appear to be clustered around 3-10°
s. This suggest that the crossover from super-exponential to sub-
exponential decay happens more slowly as the current Iy increases,
but is slowed down if the supercapacitor is charged for a longer time to
higher final voltages. However, one should be extremely careful putting
specific meaning to this, as it does not appear reasonable that merely
altering the final voltage could change the crossover parameter t. Most

likely further measurement data over a longer period are needed to be
able to conclude on the behavior of t for different voltages, but the
author was not able to identify such data in the literature.

On the other hand, the Kolrausch parameter p decreases clearly with
applied current, and appears to be independent of the final voltage V
for a given constant charging current. These observations suggest that as
the current increases, the distribution of rate constants P(s) gets broader
thus exciting more decay modes as the system is brought further out of
equilibrium.

2.3. Temperature

The voltage over a self-discharging supercapacitors as a function of
temperature has been reported in several studies [24,35,36,58]. Figure 2
b) shows eq. (6) fitted to the experimental data in Ref. [36] for different
temperatures. The red line is data for T=313 K, and the corresponding
dash-dotted line a fit to eq. (6) with kgg = 1/7 = 2.3.1077 s ! and
$=0.59. The green line is the data for T=296 K, with the corresponding
dotted line a fit to eq. (6) with kg = 1/7 = 1.8:10°8 s™! and p=0.46.
Finally, the blue line corresponds to experimental data taken at T=256
K, and the dashed line is a fit of eq. (6) with kg =1/t = =7.44. 109s7!
and B=0.46. All the fits in Fig. 2 b) appear to be good with values
R?>0.994. It is obvious from the difference in curve forms in Fig. 2 a)
and 2 b), as well as the obtained fitted data, that the two parameters t
and p react differently to temperature and hold times.

To obtain further insight, eq. (6) was fitted to the self-discharge
voltage decay the data in Fig. 5 in Ref. [36], Fig. 17 in Ref. [24] and
Fig. 14 in Ref. [58] to obtain values for p and t=1/kg. The values for
t=1/k¢ and f are displayed in Fig. 5 a) and 5 b), respectively. The data
in Fig. 5 a) appear to indicate that the value of t decreases with
increasing temperature, thus suggesting that the crossover from
super-exponential to sub-exponential decay happens more quickly as the
temperature gets higher. The value of p extracted from Refs. [28,36]
display values close to 0.5, consistent with a diffusional process as
described in Ref. [45]. However, the value of f} extracted from Ref. [58]
is closer to 0.3, thus suggesting an even wider distribution of rate con-
stants. Interestingly, it is noted that in all the studies, § does not change
much with temperature. Therefore, it is reasonable to conclude that the
distribution of rate constants P(s) does not change much when the
temperature of the supercapacitor increases. However, the decay modes
are pushed from super-exponential to sub-exponential more quickly as
indicated by a decreasing T.
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Fig. 5. The fitting parameters t (a) and p (b) from the data in Ref. [35] (red
boxes correspond to 1.3V, while blue boxes correspond to 2.7 V), the data from
Ref. [24] (green circles) and the data from Ref. [58] (black triangles).

3. Self-discharge controlled by a single time-varying decay rate

In the previous section it was assumed that the voltage decay
observed during discharging was due to a distribution of rate constants.
The approach taken on in this work is different from that of numerous
previous studies, where it has been assumed that one or two rate con-
stants could be used to explain the results [33,35,48]. However, it is
clear that if one is to interpret the self-discharge voltage in terms of a
single exponential decay rate, this rate must be varying with time. At the
same time, one should also note that experimental data at nominal [38]
and excessive voltages indicate that activation takes place [59].

Let us see how an approach based on a single decay rate can be
developed by redefining the basic assumptions. Assume now that all
charges contribute, such that they are all in the final state and follow
first order kinetics dNg(t)/dt=-k(t)N¢(t). We will also assume that the
charges may dissociate from their position according to a Kramers - type
thermal activation rate given by

AE(r)

k(t) = koe ™7, (€]

where kg is the dissociation rate in absence of forces, kg is Boltzmann’s
constant and T is the temperature. Here AE(t) is the potential energy
barrier which must be overcome to for the ions to dissociate. The energy
barrier may change slowly with time as the charges are rearranged or
driven from intermediate positions and into new positions where they
cannot contribute to the charge effectively stored at the capacitor
electrodes. The gradual dissociation of charges from the electrode is
described by noting that each time a charge is removed, the energy AE
decreases a little bit and therefore can be considered time-dependent if
one view it over a longer time interval. From eq. (8) it is also seen that
when the temperature increases or AE decreases, the rate k¢ increases. If
the elemental charge is q and we assume that Q=qNs with initial charge
Qo=aNfo, then

do(t)
dt

= —k(1Q(1), ©)
which has a solution given by

0(1) = Qpe JH (10)

In most cases the voltage is measured over a self-discharging
supercapacitor, and it is therefore of interest to find its time-
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dependency according to the theory presented here. Let us assume
that the charge stored is proportional to the voltage according Q(t)=C(t)
V.(t), where C(t) is a time-dependent capacitance. The initial charge is
Qo=CoVy, where Cy is the initial capacitance and V| is the initial voltage.
Equation (10) then gives

_ Covoeffu'k(r)m

C(r) an

V(1)

If the capacitance remains approximately constant, one may write C
(t)~Co. In order to proceed, one needs to know the details of the in-
teractions between the charges causing a specific time-dependence of
the rate constant. In the special case that the decay rate follows a power
law on the form k(t) = kot’~!, with ko a temperature-dependent con-
stant, corresponding to a logarithmic time-dependency AE(t)=-kgTIn
(ko/kso)+kpT(1-B)In(t), then the charge decay becomes a stretched
exponential function

p

_(: 1/p
v =vee oo (,?) 12)
0

This is the same as eq. (6), but with different interpretations of p and
7. The main difference between the two approaches is that while the
theory behind eq. (6) assumes a distribution of rate constants, the theory
behind eq. (12) assumes a time-dependent rate constant. Equation (9)
states that this time-dependent constant k(t) can be found according to

do
LI

ko) = o) _f(; I(t)dt’

(13)

where I(t) is the current. Thus, the charge Q stored by the capacitor or
the current I due to charge rearrangement or redox-reactions can be used
to evaluate the rate constant and the aggregated barrier energy AE.
However, in most cases the voltage is measured over a supercapacitor,
which complicates the determination of the rate constant. The rate
constant is given by

dICVe(0)] v dc)

K= —Fovm - o 0

such that only when (dV./dt)/V.>>(dC/dt)/C the contribution from a
changing capacitance can be neglected. Fortunately, the large capaci-
tance C of many supercapacitors, combined with the relatively small
change in capacitance with self-discharge, allows one to neglect the
second term of Eq. (14), thus giving easier access to the rate constant k(t)
through voltage-time data.

The black triangles (A and V) in Fig. 6 a) are the rate k(t) obtained
from data of Fig.14 in Ref. [58] for T=248 K (V) and T=338 K (A). The
dashed and dash-dotted lines are fits of eq. (12) these data with
ko=1.5-10"*s"! and p=0.3386 (value from Fig. 5) for T=248 K (A), and
with kg=2.5-10"2 571 and p=0.2643 (value from Fig. 5) for T =338 K
(A). It is noted that the overall agreement appears reasonable, but the R
is low (<0.9) due to significant fluctuations in the extracted rate con-
stants. The reason for these fluctuations, which occur particularly for
small rate constants, is due to the sensitivity in the estimated rate con-
stant to small changes in the extracted data for the voltage from the
published figures. Direct extraction of voltage data, as in Fig. 2, do not
show the same fluctuations, and analysis is easier to do on extracted data
as used here.

The largest extracted rate constant which are the least influenced by
the fluctuations associated with the extraction procedure, nominally k
(t~0)=Kk¢a, was plotted as a function of temperature for data obtained
from Ref. [36] (blue squares), Ref [58] (green circles) and Ref. [24]
(green circles). It is interesting to know whether the data for kes suggest
Kramers-type activation barrier. To this end, eq. (8) was fitted to the
blue squares (obtained from ref. [36]) to obtain k0:8.2-10’4 s ! and
AE=0.16 eV (dashed line). Similarly, a fit of Eq. (8) to the black triangles
obtained from Ref. [58] gives kg=9.0- 103 s ! and AE=0.20 eV (dotted
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Fig. 6. In a) the time constant k(t) is displayed as function of time for T=248 K
(V) and T=338 K (A) using the data from data from Ref. [58] (black triangles).
The dashed and dash-dotted lines are fits of k(t) = kot’! to these data,
respectively. In b) the maximum extracted rate constant k¢, is plotted as a
function of temperature from the data in Ref. [36] (blue squares), the data in
Ref [58] (green circles) and the data in Ref. [24] (green circles). The dashed,
the dotted and the dash-dotted lines are corresponding fits using eq. (8).

line), while a fit of Eq. (8) to the green circles obtained from Ref. [24])
gives kg=3.3-10"2 s7! and AE=0.07 eV. It is seen that the fit of Eq. (8)
represents the extracted rate constants rather well, although some out-
liers of unknown origin do appear. The initial rate constants obtained
typically fall within the range 10™* s™! to 1072 5™, while the energy
activation barriers range are of the order 0.1 - 0.2 eV.

It is possible to connect the two theories leading to egs. (6) and (12).
Assuming that the kinetics follows eq. (14) with (dV/dt)/V>>(dC/dt)/
C, it is seen that k(t)=-[dV,(t)/dt]/V.(t). Inserting eq. (4) for V.(t) gives
k(l‘) _ ./;)mwkfp(kf)eiikﬂdkf' 15)

Jo P (ke)etrdky

Thus, it is seen that the phenomenological rate constant k(t) is given
by the distribution of rate constants P(ky), although there might not be a
unique correspondence. From eq. (15) it is also seen that k(t=0) = [;°
k¢P(ks)dks . The observation that the parameter f, and therefore also P
(kg), does not change much with temperature as seen in Fig. 5 b) may
explain why k¢y can be modelled by a single Kramers-like activation
barrier as seen in Fig. 6 b).

The results in this and the previous section are connected by the fact
that the single time-varying decay rate can be deduced from a distri-
bution of rate constants as in eq. (15). It should also be noted that the
fact that the rate constant k(t) decreases with time can be understood by
considering the slowly rearranging charge which gradually alters the
energy barrier as time passes.

4. Discussion

Based on what we know about activation, charge transfer and ion
movement in carbon pores, the approach based on a distribution of
constants appears reasonable to the author. However, it must be
emphasized that direct evidence for a distribution of rate constants is
lacking. The measurements needed to find such a distribution would
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require local measurements of rate constants within the pores, and to the
best knowledge of the author there are currently no systematic studies
providing such information. With such data, the approach based on a
distribution of rate constants may provide an additional source of in-
formation about the microscopic processes during self-discharge.

The values of § and t can help us understand how supercapacitors
behave under certain circumstances. It is for example noted that the
value of f is about 0.5 for small currents in Fig. 4 b), as is also the case for
small hold times in Fig. 3 a). This is also consistent with other literature,
where a value of f close to 0.5 has been found in the cases where the
supercapacitor is not driven too far from equilibrium before let alone to
self-discharge [45,52]. However, perhaps more interesting for future
applications is the relative change in the constants when parameters are
altered. In Fig. 3 a), an increase in hold time appears to favor a narrower
distribution of rate constants. This is probably due to a re-arrangement
of charge such that the reaction sites become more uniform, thus fa-
voring single-exponential decay. For applications, one might prefer the
single-exponential decay to happen for shorter hold times. In Fig. 3 a)
the data from ref. [40] (circles) appear to reach a narrow distribution of
rate constants at much shorter hold times than the data from Fig. [36]
(squares). However, from Fig. 3 b) it is also seen that the data from
Ref. [40] (circles) exhibit a T which is orders of magnitude lower than
that of Ref. [36] (squares), which means that the self-discharge in the
former is much faster despite the fact that a narrower distribution of
rates is reached faster. A combination of both, i.e. p approaching 1 and a
large 1, would be more optimal. In fact, much of the understanding of
how to suppress self-discharge has been guided by single exponential
decay models (f=1), and works to achieve this goal by altering the
surface physics or chemistry has been discussed in Refs. [39,48-50].

The current study has demonstrated that also the distribution of rate
constants plays a significant role in the self-discharge. For example, if
the major goal is to keep the voltage constant for long-term storage, and
a fast, initial voltage drop is of no concern, it would be beneficial to
utilize a small p. A small p corresponds to a distribution peaking at small
rates, but with a very extended tail at larger rates. Under such circum-
stances, there would be an initial rapid voltage drop to about 37 %
(corresponding to 1/e) of the maximum vale when t=t, after which the
voltage remains nearly constant. In many cases the distribution of rate
constants that can be obtained under different charging conditions is
governed mainly by the pore distribution near the electrodes. A small
could possibly be manufactured using a pore distribution peaking at
small pores, but with an extended tail also at higher pore sizes. This
would be different from the standard approach where the pores are
made as small as possible with a more or less random distribution about
a mean. In general, it is highly likely that putting more efforts into en-
gineering pore size distributions would allow one to control the self-
discharge behaviour in a more controlled way.

Another issue of interest is to design supercapacitors which work
over extended temperature regions. The results presented in Fig. 5 show
that the distribution of rate constants does not change noticeably with
temperature, while the time for crossover from superexponential to
subexponential decay decreases as the temperature increases. Under
these conditions, the maximum rate constant kga in Fig. 6 b) exhibits a
Kramers-type activation behaviour. In order to make the self-discharge
of a supercapacitor even more temperature-independent, one solution
would be to try to increase t such that the crossover from super-
exponential to subexponential decay occurs as slowly as possible.
However, this is a very challenging task requiring optimal combination
of pore volume, surface physics and electrolyte chemistry. It might be
easier to engineer p alone, as this parameter might be controlled more
directly by charge-accessible pore size for the charge. Figure 3 a) implies
that longer holding times allow charges to rearrange and access more of
the pore volume. If one could design for example the temperature-
dependency of the electrolyte or the pore size distribution itself such
that charges could properly rearrange and access more of the pore vol-
ume with increasing temperature, then one might expect f§ to increase



L.E. Helseth

with temperature giving rise to a slower self-discharge. However,
obtaining such a result without a corresponding decrease in 7 is a very
challenging task that is far outside the scope of this work.

5. Conclusion

A stretched exponential function is fitted to the experimentally ob-
tained voltages for self-discharging supercapacitors. The results are
interpreted in terms of distribution of rate constants. In all the analyzed
cases, a wide distribution appears to occur for supercapacitors that were
initially quickly charged, whereas for slow charging a narrower distri-
bution appears. If the charging conditions are kept constant, the tem-
perature does not alter the relative distribution of rate constants
noticeably, while at the same time the decay modes are pushed from
super-exponential to sub-exponential more quickly with increasing
temperature. The method presented here to analyze self-discharging
data from a supercapacitor could provide a quick and easy method to
access useful information that governs internal behavior during decay.
As such, the method might therefore become a useful tool that com-
plement existing techniques.

Declaration of Competing Interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.

References

[1] T.R.Jow J.Ho, S. Boggs, Historical introduction to capacitor technology, IEEE
Electrical Insulation Magazine 26 (2010) 20-25.

[2] R. Kolrausch, Theorie des elektrischen Riickstandes in der Leidener Flasche, Ann.
Phys. 167 (1854) 56-82.

[3] T. Forster, Experimentelle und theoretische untersuchung des
zwischenmolecularen tibergangs von electronenanregungsenergie, Z. Naturforsch.
A, 4 (1949) 321-327.

[4] G. Williams, D.C. Watts, Non-symmetrical dielectric relaxation behaviour arising
from a simple empirical decay function, Trans. Faraday Soc. 66 (1970) 80-85.

[5] D.C. Johnston, Stretched exponential relaxation arising from a continuous sum of
exponential decays, Phys. Rev. B 74 (2006), 184430.

[6] J.C. Phillips, Stretched exponential relaxation in molecular and electronic glasses,
Reports on Progress in Physics 59 (2006) 1133.

[7]1 C.G. Van de Walle, Stretched-exponential relaxation model without invoking
statistical distributions, Phys. Rev. B 53 (1996) 11292-11295.

[8] M.N. Berberos-Santos, F.N. Bodunov, B. Valeur, Mathematical functions for the
analysis of luminescence decays with underlying distributions 1. Kolrausch decay
function (stretched exponential, Chem. Phys. 315 (2005) 171-182.

[9] A.A. Lukichev, Relaxation function for the non-Debye relaxation description,
Chemical Physics 428 (2014) 29-33.

[10] A. Lukichev, Physical meaning of the stretched exponential Kohlrausch function,
Physics Letters A 383 (2019) 2983-2987.

[11] H.L Becker, U.S. pat., 2800.616 to General Electric Co, 1957.

[12] B.E. Conway, Electrochemical Supercapacitors, Kluwer Academic, New York, USA,
1999.

[13] M. Kroupa, G.J. Offer, J. Kosek, Modelling of supercapacitors: Factors influencing
performance, Journal of the Electrochemical Society 163 (2016) A2475-A2487.

[14] R. Drummond, S. Zhao, D.A. Howey, S.R. Duncan, Circuit synthesis of
electrochemical supercapacitor models, J. Energy Storage 10 (2017) 48-55.

[15] C. Pean, B. Rotenberg, P. Simon, M. Salanne, Multi-scale modelling of
supercapacitors: From molecular simulations to a transmission line model,

J. Power Sources 326 (2016) 680-685.

[16] C. Hao, X. Wang, Y. Jin, Z. You, Analysis of charge redistribution during self-
discharge of double-layer supercapacitors, Journal of Electronic Materials 45
(2016) 2160-2171.

[17] Q.A. Huang, Y. Li, K.C. Tsay, C. Sun, C. Yang, L. Zhang, J. Zhang, Multi-scale
impedance model for supercapacitor porous electrodes: Theoretical prediction and
experimental validation, J. Power Sources 400 (2018) 69-86.

[18] C.Lian, M. Janssen, H. Liu, R. van Roij, Blessing and curse: How a supercapacitor’s
large capacitance causes its slow charging, Phys. Rev. Lett. 124 (2020), 076001.

[19] R.L. Spyker, R.M. Nelms, Classical equivalent circuit parameters for a double-layer
capacitor, IEEE Trans. Aerosp. Electron. Syst. 36 (2000) 829-836.

[20] L. Zubieta, R. Bonert, Characterization of double-layer capacitors for power
electronics applications, IEEE Trans. Ind. Appl. 36 (2000) 199-205.

[21] F. Rafika, H. Gualous, R. Gallay, A. Crausaz, A. Berthon, Frequency, thermal and
voltage supercapacitor characterization and modeling, J Power Sources 165 (2007)
928-934.

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]
[36]

[37]

[38]

[39]
[40]

[41]

[42]
[43]
[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

Journal of Energy Storage 34 (2021) 102199

D. Xu, L. Zhang, B. Wang, G. Ma, Modeling of supercapacitor behavior with an
improved two-branch equivalent circuit, IEEE Access 7 (2019) 26379-26390.

S. Buller, E. Karden, D. Kok, R. Doncker, Modeling the dynamic behavior of
supercapacitors using impedance spectroscopy, IEEE Trans. Ind. Appl. 38 (2002)
1622-1626.

Y. Zhang, H. Yang, Modeling and characterization of supercapacitors for wireless
sensor network applications, J. Power Sources 196 (2011) 4128-4135.

H. Yang, Y. Zhang, A study of supercapacitor charge redistribution for applications
in environmentally powered wireless sensor nodes, J. Power Sources 273 (2015)
223-236.

H. Yang, Y. Zhang, Characterization of supercapacitor models for analyzing
supercapacitors connected to constant power elements, J. Power Sources 312
(2016) 165-171.

B. Wang, C. Wang, Q. Hu, L. Zhang, Z. Wang, Modelling the dynamic self-discharge
effects of supercapacitors using a controlled current source-based ladder equivalent
circuit, Journal of Energy Storage 30 (2020), 101473.

L. Zhang, Z. Wang, X. Hu, F. Sun, D.G. Dorrell, A comparative study of equivalent
circuit models of ultracapacitors for electric vehicles, J Power Sources 274 (2015)
899-906.

L. Zhang, X. Hu, Z. Wang, F. Sun, D.G. Dorrell, A review of supercapacitor
modeling, estimation, and applications: A control/management perspective,
Renewable and Sustainable Energy Reviews 81 (2018) 1868-1878.

L.N. Jiya, N. Gurusinghe, R. Gouws, Electrical circuit modelling of double layer
capacitors for power electronics and energy storage applications: A review,
Electronics 7 (2018) 268.

N. Devillers, S. Jemei, M.C. Péra, D. Bienaimé, F. Gustin, Review of
characterization methods for supercapacitor modelling, J. Power Sources 246
(2014) 596-608.

H. Gualous, D. Bouquain, A. Berthon, J.M. Kauffmann, Experimental study of
supercapacitor serial resistance and capacitance variations with temperature,

J. Power Sources 123 (2003) 86-93.

Y. Parvini Y, J.B. Siegel, A.G. Stefanopoulou, A. Vahidi, Supercapacitor electrical
and thermal modeling, identification, and validation for a wide range of
temperature and power applications, IEEE Trans. Ind. Electron. 63 (2016)
1574-1585.

B.E. Conway, W.G. Pell, T.C. Liu, Diagnostic analyses for mechanisms of self-
discharge of electrochemical capacitors and batteries, J. Power Sources 65 (1997)
53-59.

B.W. Ricketts, C. Thon-That, Self-discharge of carbon-based supercapacitors with
organic electrolytes, J. Power Sources 89 (2000) 64-69.

M. Kaus, J. Kowal, D.U. Sauer, Modelling the effects of charge redistribution during
self-discharge of supercapacitors, Electrochimica Acta 55 (2010) 7516-7523.

J. Kowal, E. Avaroglu, F. Chamekh, A. Seinfelds, T. Thien, D. Wijaya, D.U. Sauer,
Detailed analysis of the self-discharge of supercapacitors, J. Power Sources 196
(2011) 573-579.

P. Kurzweil, M. Shamonin, State-of-charge monitoring by impedance spectroscopy
during long-term self-discharge of supercapacitors and lithium-ion batteries,
Batteries 4 (2018) 35.

H.A. Andreas, Self-discharge in electrochemical capacitors: A perspective article,
J. Electrochem. Soc. 162 (2015) A5047-A5053.

J. Black, H.A. Andreas, Effects of charge redistribution on self-discharge of
electrochemical capacitors, Electrochimica Acta 54 (2009) 3568-3574.

J. Black, H.A. Andreas, Predictions of the self-discharge profile of an
electrochemical capacitor electrode in the presence of both activation-controlled
discharge and charge redistribution, J. Power Sources 195 (2010) 929-935.

A.M. Oickle, J. Tom, H.A. Andreas, Chemical oxidation and its influence on self-
discharge in aqueous electrochemical capacitors, Carbon 110 (2016) 232-242.

A. Lewandowski, P. Jakobczyk, M. Galinski, M. Biegun, Self-discharge of
electrochemical double layer capacitors, Phys. Chem. Chem. Phys. 15 (2013) 8692.
J.W. Graydon, M. Panjehshahi, D.W. Kirk, Charge redistribution and ionic mobility
in the micropores of supercapacitors, J. Power Sources 245 (2014) 822-829.

V. Sedlakova, J. Sikula, J. Mazner, P. Sedlak, T. Kuparowitz, B. Buergler, P. Vasina,
Supercapacitor equivalent circuit model based on charges redistribution by
diffusion, J. Power Sources 286 (2015) 58-65.

V.V. Uchaikin, R.T. Sibatov, S.A. Ambrozevich, Comment on: Review of
characterization methods for supercapacitor modelling, J. Power Sources 307
(2016) 112-113. J.F. Shen, Y.J. He and Z.F. Ma, “A systematical evaluation of
polynomial based equivalent circuit for charge redistribution dominates self-
discharge process in supercapacitors”, J. Power Sources, 303, 2016, 294-304.

R. de Fazio, D. Cafagna, G. Marcuccio, P. Visconti, Limitations and characterization
of energy storage devices for harvesting applications, Energies 13 (2020) 783.

T. Tevi, H. Yaghoubi, J. Wang, A. Takshi, Application of poly(p-phenylene oxide)
as a blocking layer to reduce self-discharge in supercapacitors, J. Power Sources
241 (2013) 589-596.

T. Tevi, A. Takshi, Modeling and simulation study of the self-discharge in
supercapacitors in presence of a blocking layer, J. Power Sources 273 (2015)
857-862.

Q. Zhang, C. Cai, J. Qin, B. Wei, Tunable self-discharge process of carbon nanotube
based supercapacitors, Nano Energy 4 (2014) 14-22.

A. Laheéér, A. Arenilas, F. Béguin, Change of self-discharge mechanism as a fast
tool for estimating long-term stability of ionic liquid based supercapacitors,

J. Power Sources 396 (2018) 220-229.

L.E. Helseth, Modelling supercapacitors using a dynamic equivalent circuit with a
distribution of relaxation times, Journal of Energy Storage 25 (2019), 100912.
H.J. Eyring, Viscosity, plasticity, and diffusion as examples of absolute reaction
rates, J. Chem. Phys. 4 (1936) 283.


http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0001
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0001
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0002
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0002
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0003
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0003
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0003
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0004
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0004
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0005
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0005
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0006
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0006
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0007
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0007
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0008
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0008
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0008
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0009
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0009
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0010
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0010
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0011
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0013
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0013
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0014
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0014
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0015
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0015
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0015
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0016
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0016
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0016
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0017
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0017
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0017
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0018
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0018
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0019
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0019
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0020
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0020
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0021
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0021
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0021
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0022
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0022
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0023
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0023
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0023
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0024
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0024
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0025
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0025
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0025
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0026
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0026
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0026
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0027
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0027
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0027
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0028
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0028
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0028
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0030
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0030
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0030
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0031
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0031
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0031
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0032
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0032
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0032
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0033
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0033
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0033
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0034
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0034
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0034
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0034
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0035
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0035
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0035
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0036
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0036
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0037
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0037
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0038
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0038
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0038
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0039
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0039
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0039
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0040
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0040
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0041
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0041
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0042
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0042
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0042
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0043
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0043
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0044
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0044
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0045
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0045
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0046
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0046
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0046
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0047
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0047
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0047
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0047
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0047
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0048
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0048
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0049
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0049
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0049
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0050
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0050
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0050
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0051
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0051
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0052
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0052
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0052
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0053
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0053
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0054
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0054

L.E. Helseth

[54]

[55]

[56]

H. Kramers, Brownian motion in a field of force and the diffusion model of
chemical reactions, Physica 7 (1940) 284-304.

M. Dishon, J.T. Bendler, G.H. Weiss, Tables of the inverse Laplace transform of the
function exp(-sﬁ), Journal of Research of the National Institute of Standards and
Technology 95 (1990) 433-467.

C. Prehal, C. Koczwara, H. Amenitsch, V. Presser, O. Paris, Salt concentration and
charging velocity determine ion charge storage mechanism in nanoporous
supercapacitors, Nat. Commun. 9 (2018) 4145.

[57]

[58]

[59]

Journal of Energy Storage 34 (2021) 102199

P. Simon, Y. Gogotsi, Charge storage mechanism in nanoporous carbons and its
consequence for electrical double layer capacitors, Phil. Trans. R. Soc. 368 (2010)
3457-3467.

Y. Diab, P. Venet, H. Gualous, G. Rojat, Self-discharge characterization and
modelling of electrochemical capacitor used for power electronics applications,
IEEE Transactions on Power Electronics 24 (2009) 510-517.

P. Kurzweil, A. Hildebrand, M. Weiss, Accelerated life testing of double-layer
capacitors: Reliability and safety under excess voltage and temperature,
ChemElectroChem 2 (2015) 150-159.


http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0055
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0055
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0056
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0056
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0056
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0057
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0057
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0057
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0058
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0058
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0058
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0059
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0059
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0059
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0060
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0060
http://refhub.elsevier.com/S2352-152X(20)32022-3/sbref0060

	The self-discharging of supercapacitors interpreted in terms of a distribution of rate constants
	1 Introduction
	2 Self-discharge due to a distribution of relaxation times
	2.1 Hold time
	2.2 Current
	2.3 Temperature

	3 Self-discharge controlled by a single time-varying decay rate
	4 Discussion
	5 Conclusion
	Declaration of Competing Interest
	References


