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Abstract

In this thesis, we study two iterative schemes for solving coupled flow and mechan-
ics in deformable porous media. We consider Biot’s model and its extension to
a Multiple Network Poroelastic Theory (MPET) model. Solutions of both mod-
els are approximated using the fixed-stress and the undrained splitting methods.
These splitting methods divide the equations into two sub-problems: one for the
mechanics and one for the flow. In the fixed-stress split, the equation modeling
flow is solved first followed by the mechanics equation. The undrained split solves
the sub-problems in the opposite order. For the MPET model, we prove that both
schemes are contractions which implies the convergence of the approximated so-
lutions. In other words, the splitting methods result in the same solutions as the

monolithic scheme. Additionally, the proofs provide estimated convergence rates.
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Chapter 1
Introduction

Coupled fluid flow(s) and mechanics appear in several scientific fields ranging from
geomechanics [3, 4] to biomechanics [5, 6, 7, 8]. Biot’s equations form a quasi-
static model which describes the deformation of an elastic skeleton and the fluid
flow inside it. The system is derived from a combination of mass conservation,
Darcy’s law and mechanical equilibrium for elastic deformation [5]. In Biot’s
equations the unknowns are pore pressure p, displacement u and flux w, and the
model reads as follows:

Find (p, u,w) such that

V- 2ue(u) + NV -uw)I|+aVp=f (1.1a)
p _

at(ﬁ%—av-u)%-v-w—qﬁ (1.1b)

K 'w+ Vp = psg. (1.1c)

The remaining variables are given in Table 2.1. After discretizing in both space
and time, we need to choose a monolithic or an iterative splitting algorithm to
solve the coupled equations. As will be demonstrated later, the time discretiza-
tion is often done by applying Backward Euler’s method. A rewriting of the
system eliminates the flux, and in this thesis, we solve for both pressure and
displacement using the conformal finite element method. To solve the coupled
flow and mechanical problem we choose to use a splitting scheme as opposed to a
monolithic one. The former is also called a sequential method, while the latter is
known as a coupled method. A monolithic scheme is unconditionally stable but
is usually more computationally expensive than a splitting scheme. Additionally,

the splitting schemes are easier to implement because they allow us to work with
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smaller sub-problems and already existing robust algorithms [9].

When solving Biot’s equations using a splitting method, we solve either the
flow or mechanics equation first. The other sub-problem is then solved using
the information from the previous step. This process is repeated until a set
tolerance is reached [9, 10]. There are several choices of iterative splitting schemes;
the fixed-stress split, the fixed-strain split, the drained split and the undrained
split being the most well-known ones [9, 10, 11, 12]. Multiple studies have been
carried out on the convergence analysis of the splitting schemes solving Biot’s
model. The splitting algorithms presented in this thesis are the fixed-stress split
and the undrained split, mainly chosen due to stability issues arising from the
remaining two mentioned methods [9, 11]. What distinguishes the two chosen
methods is the order in which the unknowns are solved for, the structure of the
stabilization term and to which equation a stabilization term is added to. As
the name dictates, the stabilization term is included to provide stability to the
method. That is, if chosen appropriately, the stability term ensures convergence of
the approximated solution. In this thesis, the convergence proof for the undrained
split is adapted from the method used for optimizing the fixed-stress splitting
for Biot’s equations (see [13]). The proof uses natural norms (L?) to show a
contraction of the unknowns, and it will be revisited for an extension of Biot’s

model.

The demand for a more complex model of porous medium with more than
one fluid system has resulted in the development of Multiple Network Poroelastic
Theory (MPET) models. MPET has several application fields, with some exam-
ples being models of naturally fractured reservoirs [14] and models of interacting
biological fluids and tissues [5, 6, 7, 15]. A quadruple MPET model has also been
used to model the brain. The solid matrix in the model represents the brain tis-
sue and the four interacting fluid networks are composed of cerebrospinal fluids,

arteries, veins, and capillary blood vessels [2, 5].

We now have a model where the unknowns are multiple pressures and fluxes,
p; and w; for e = 1,..., N, respectively. These properties model the flow for each
of the N fluid systems. The unknown displacement u models the deformation of
the solid matrix as in Biot’s model. To model the interactions between the fluid
systems, terms are added to the flow equation (1.1b) in Biot’s model. These terms

are the pressure differences (p; — p;) scaled by the network transfer coefficients
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Bij. In the mechanics equation (1.1a), we now substitute the single pressure
gradient by the sum of all N (scaled) pressure gradients. In some cases, e.g.
brain modeling, gravity can be considered negligible [16]. This results in a system
which reads as follows:

Find (p;, w, w;) such that

=V - [2pe(u) + MV - u)I] + Zaini =f (1.2a)
O(a;V-u+c,p) +V-w; + Zﬂij(pi —pj) =i (1.2b)
J#i

1.1 Contributions

The contributions of this thesis are as follows

e An adaption of the convergence proof for the fixed-stress split to the undrained

split for Biot’s model.

e Convergence proofs for the fixed-stress and undrained spitting methods for
the MPET model. These are based on proving that the splitting methods
are contractions using L2-norm. For the former, the contraction is shown on
the unknowns themselves, while for the latter a contraction on composites

of the unknowns is shown.

e Numerical examples of solving Biot’s model and a dual MPET model in
FEniCS.

e An exposition motivating the natural extension of Biot’s model to the
MPET model as well as the physical interpretation of the two chosen split-

ting schemes.

1.2 Outline

In Chapter 2 we begin with briefly describing flow in porous media at a general
level. Then we introduce the framework of Biot’s equations, namely the concepts
of mass conservation, Darcy’s law and elastic deformation. A slightly different
approach to the same model is then presented in Section 2.2. It includes the fluid

variational content and the drained bulk modulus. This theory motivates the
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natural extension of Biot’s model to the MPET model, as well as the physical
interpretations of the splitting schemes that are introduced later. At the end of

the second chapter, we introduce some useful identities from functional analysis
and a brief description of the Finite Element Method (FEM).

The subsequent chapter describes the process of solving Biot’s equations. We
derive the variational formulation and discretize the system in both space (FEM)
and time (backward Euler). The fixed-stress split and the undrained split are
then described and used in a numerical example. A convergence proof for the
undrained splitting method (of Biot’s equations) is carried out at the end of this
chapter. We define errors and show that they converge to zero by exploiting the

Banach fixed point theorem.

In the fourth chapter we extend Biot’s model by exploring the Multiple Net-
work Poroelastic Theory (MPET). We revisit the splitting schemes from Section
3.4 in the previous chapter, and we present a numerical example of the dual
MPET model. Convergence analysis is performed on both splitting methods. We
adapt a proof of the fixed-stress splitting scheme and attempt to further adapt the
previous proof strategies to the undrained splitting scheme for the MPET model.
The latter falls short, and we change to yet another strategy. We, therefore, study

a composite of the errors to show convergence.



Chapter 2

Basic theory

2.1 Porous media - Biot’s model

2.1.1 Modeling a porous medium

When referring to porous media we consider a solid matrix or skeleton with
void spaces called pores. These pores can be filled with one or several fluids
in the form of gasses or liquids. The physical properties of a porous media are
not practical to discuss for an exact (given) point in space. Instead, we study
the properties in a volume surrounding the point. We call this a representative
elementary volume (REV). Some important terms when modeling porous media
are porosity, permeability and poroelasticity. The former, which we denote ¢, is
a measure of how much of the REV is void space. It is defined as the ratio of
pore volume to the total volume of a REV] i.e.,

_ volume(pores in REV)

¢= volume(REV) (2.1)

Another important property of a porous medium is its permeability, which is a
measure of how easily fluid flows through the solid matrix. Significant pore space
(large ¢) does not necessarily imply high permeability because the latter depends
on how connected the pores are. Lastly, poroelasticity is a property that describes
the deformation of a porous material filled with pressurized fluid. As we soon
demonstrate, poroelasticity plays a central role in describing Biot’s model. We
will from this point on consider properties to be defined across the whole porous
media from the REV approach. That is, the models presented in this thesis are

based on the assumption of macroscopic scale material heterogeneity [17].

5
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2.1.2 Mass conservation

The well-known law of mass conservation is one of the fundamental building
blocks in Biot’s model [18, 19]. For an arbitrary volume, w, the general form of a
mass conversation law can be formulated as follows: The mass inside w is equal
to the sum of the mass flowing through the boundary dw and the mass added to

the system by external sources/sinks r. That is,
/@mdmz— F-nds—i—/rdwforallw,
w Ow w

where F' and n denote the flux and the outward pointing normal vector, respec-
tively. The minus sign is explained by n pointing outwards. By applying Gauss’
theorem, the boundary integral can be rewritten as — faw F-nds=— fw V.-Fdzx.

Because the volume is arbitrary, we have that
/&mdas: —/V-Fdx+/rdx,

Ozatm—l—VF—r

which implies

We let w, denote the volumetric flux and 1 be an external mass source. For
conservation of mass we have the mass per unit volume m = ¢py, the mass flux

F = pw, and the external mass source r = 1. This gives

A(pro) + V- (prw,) = ¢. (2.2)

2.1.3 Darcy’s law

Another fundamental principle of Biot’s model is Darcy’s law, which is included
in any introduction to modeling porous media. Examples of formulations can
be found in [18, 19], with this section being closely based on [1, 20]. Darcy’s
law states that fluid in a porous medium flows from regions of higher hydraulic
head to those with lower hydraulic head. The hydraulic head, h, is related to
the pressure and fluid elevation of a point in the column, and it is measured in
units of length [L]. A manometer is an instrument that measures how much the
water rises in the narrow tube pictured in Figure 2.1. The figure is from [1].
When the water has reached equilibrium., i.e., when the water stops rising, the
pressure inside the manometer is equal to the atmospheric pressure at the water

surface. Let x denote the distance along the sand column. The gauge pressure,
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‘\ Manometer
\

Cross-sectional
area, A

Datum, = =0

Figure 2.1: Darcy’s experiment. Figure from [1]

the pressure at a measuring point in the column, is the difference between the
absolute pressure along the column and the atmospheric pressure. We write
this as p = Pabs — Patm = pg(h — 2) while keeping in mind that this pressure is
dependent on x. By rewriting we obtain the following expression for the hydraulic
head: h = p% + z. In other words, the hydraulic head is the sum of the scaled
pressure at the measuring point within the column and the elevation of the same

point.

We now move on with a description of Darcy’s experiment which lead to his
eponymous law. Darcy packed a column with sand while studying the relations
between the following five quantities (with units in square brackets, [units], ex-
plained in Table 2.1): The volumetric flow rate gparcy [L3>T Y], the hydraulic head
h [L], the cross-sectional area A [L?], the distance between the two measuring
points (the length of the column) [L] and the pressure head ) = p/(pg) [L]. The
subscripts denote the properties at the two different measuring points. Through
empirical experiments, Darcy found the volumetric flow rate through the column
to be proportional to the cross-sectional area and the height difference. He also

observed that it was inverse proportional to the length of the column, that is,

A(hg — h1>

@Darcy ™~ I .

We introduce the proportionality coefficient x which denotes the hydraulic con-
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ductivity. From Darcy’s law, the fluid flows from a higher to a lower hydraulic
head. By using the convention of positive direction being upwards, we have a
negative flux in this example. This gives us the following expression for the

volumetric flux

A(hy — h
(Darcy = H% with dimensions of [L*T . (2.3)

The hydraulic conductivity s can be expressed as

_ kpg
K = ——
1
where o is the viscosity of the fluid, p is the fluid density, £ is the intrinsic

Y

permeability and g is the gravitational acceleration. This states that hydraulic
conductivity is dependent on the properties of both the fluid and the skeleton of
the porous medium. When dividing the volumetric flux in equation (2.3) by the
cross-sectional area, we obtain the quantity w, := 22 with units [LT~']. We
call w, the volumetric flux because the quantity is measured per unit time and
per unit area. Despite identical dimensions for volumetric flow and velocity, the
properties are not the same. The volumetric flux w,, is a measure of the fluid
volume per total area per time, while flow velocity is the fluid volume per area of
fluid. That is, the former area is the area occupied by both fluid and solid, while

the latter area is only occupied by fluid [1].

Darcy’s law can also be extended to differential form. We start by assuming
that the difference in hydraulic heads dh = hy — hy is very small and that the
column in Figure 2.1 is aligned parallel to the vertical axis (z). If we additionally
assume the hydraulic head is a well-behaved function, we can rewrite Darcy’s
equation (in one dimension) on the differential form

dh

Wy =~k
The goal of this section is to state Darcy’s law for the volumetric flow as a vector
quantity. We proceed by expressing the volumetric flow with Einstein notation as
w, = ue;, i =1,...,d. Here d € {2,3} is the spatial dimension and e; represents

the i-th standard unit vector. The analog for the spatial derivative in dimensions

d > 2 is the gradient in Cartesian coordinates expressed as Vh = %ei with
Einstein notation. We arrive at w, = —xVh. If the hydraulic conductivity is

anisotropic, we express it as a second order tensor k. That is, Darcy’s law for an

anisotropic porous medium becomes

w, = —kVh.
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Sometimes it might be useful to define the gravitational vector as g := —gVz.
Note that when the hydraulic conductivity is anisotropic, the intrinsic permeabil-
ity must also be anisotropic. We denote the latter k. This allows us to express

the volumetric flux as

k k
wy, = ——(Vp+ppgVz) = ——(Vp — prg). (2:4)
o K

To describe the flow in a deformable porous medium we will focus on Biot’s
model. This model consists of one equation describing the mechanical behavior
of the system and two equations for describing the fluid flow. For the mechanics
equation we start off by expressing the poroelasticity through the poroelastic
Cauchy stress tensor:

o (u,p) = o(u) — apl. (2.5)

Recall that poroelasticity is a property that describes the deformation of a porous
material filled with pressurized fluid. From equation (2.5) we see that the poroe-
lastic Cauchy stress tensor oP°" depends on the pressure p and the displacement
u. Here o denotes the linear stress tensor, « is the Biot coefficient and I is the
identity tensor. The linear stress tensor depends on the divergence of the dis-
placement w and the linear strain tensor €. That is, we can express linear stress
as

o(u) =2ue(u) + A(V-u)l, (2.6)

where p and A are Lamé parameters and e(u) = 3(Vu + (Vu)?) is the lin-
ear strain tensor. We use the convention that strain is positive for extension
[2]. By letting f denote the body forces in the porous medium, the mechanical
deformation is given as

- V.ot = f. (2.7)
We arrive at the mechanics equation (2.9a) in Biot’s model by combining equa-

tions (2.5)-(2.7), i.e.,

—V - [2pe(uw) + XV -uw)I] +aVp = f.

To obtain the equations (2.9b)-(2.9¢) describing the fluid flow we start with
the mass conservation from equation (2.2). Let w = pyw, and ®; = ps¢ be the
mass flux and mass of the fluid, respectively. As before, ¢ denotes the porosity

defined in (2.1). The mass conservation can then be written as
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Fluid mass is a function of the displacement w and pressure p, hence

Qf(u,p) = %Jrav-u,

where « is the Biot coefficient and M is the Biot modulus. For physical explana-
tion of the latter, see Section 2.2. By inserting the last equation in the rewritten
mass conservation equation (2.8), we arrive at
Oy £—i—on-'u, +V . -u=n1.
M
The second flow equation (2.9¢) arises from Darcy’s law. As in the previous

derivation we use that w = pyw, or, equivalently, w, = %'w. This is combined

with Darcy’s law (2.4) and rewritten to obtain

kp
—=L(Vp - psg).
Ky

By defining K = % and rearranging we arrive at

K'w+Vp= Ptg-

That is, K is the permeability tensor scaled by the fluid viscosity.

2.1.4 The complete set of Biot’s equations

We have now shown that combining the concepts of mass conservation, Darcy’s
law and elastic deformation lead to Biot’s model. The unknowns are the pore
pressure p, displacement w and flux w, and the complete set of Biot’s equations

is as follows:

-V - 2ue(u) + A(V-u)I|+aVp=f (2.9a)
8t(%+av‘u)+v'w:w (2.9b)
K 'w+ Vp = psg. (2.9¢)

A description of the symbols used can be found in Table 2.1. In addition,
we need both boundary conditions and initial conditions to solve the system.
These we will come back to in Chapter 3. We also assume some restrictions on
the parameters. The fluid density and the gravitational acceleration vector are
both considered constant. We also assume that the Biot modulus M, the Biot

coefficient «, and the Lamé parameters p and A to be positive and bounded.
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Lastly, the tensor K is assumed symmetric and constant with respect to time
as well as being bounded. As in [13]|, we end this section by summarizing the

assumptions:
e p; €R, g € R? are constants,
e M, «, p, A are positive bounded parameters

o K € [L>=(02)]?™*? is symmetric, constant with respect to time and satisfies

0<hknzlz2<2"K(x)z <kyz'z<oo, VaecQandV z € RY\{0}.

2.2 Another approach to Biot’s model

This section is based on theory from [2, 17, 21, 22] and it will be useful in the
extension of Biot’s model to the Multiple Network Poroelastic theory (MPET)
model. Additionally, some of the physical variables presented in this section will
be revisited in the splitting schemes and in the convergence analysis in Section

4.3.

A slightly different approach to Biot’s model involves the variation of fluid
content, &, to describe the mechanics of a poroelastic material. £ is the variation
of fluid volume per unit volume of porous material [17], and by convention, it is
positive for fluid entering the porous solid. As before, € denotes the strain tensor
which is also, by convention, is positive for extension. Let ¢; be the flux through
a unit area (of the porous solid) with the normal point in the z; direction. It
describes the fluid motion relative to the solid motion. The strain tensor follows
the same relation to the displacement u as before, i.e.,

1
e(u) = ¢;5e; ® e; where g;; = 5( i i) (2.10)

Here the index before the comma denotes the spatial direction (z;) and the index
after is the derivative (0,,). In this section, repeated indices are summed over
unless otherwise is stated. Einstein notation will be used. The fluid mass balance

relation is
o’ _
ot

As in the previous description (see Table 2.1), p denotes the pore pressure and

—Gii- (2.11)

o is the stress tensor. Note that we now have two pairs of conjugate quanti-

ties: stress/strain and pressure/fluid content. The work increment dW can be
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Table 2.1: Symbols in Biot’s model (2.9a)-(2.9¢) and used to describe the poroe-
lastic theory. The units L, F, T, M denote length, force, time and mass, respec-
tively. In the second part of the table, Einstein notation is used. The subscript

after comma denotes spatial derivative.

Symbol Description Units

I Lamé parameter —

e(u) = 3(Vu+ Vu®)  Linear strain tensor —

A Lamé parameter —

Uu Displacement L

1 Identity tensor —

Q@ Biot coefficient —

p Pressure FL~2

f Body forces F

M Biot modulus FL—2

w, = H—kf(Vp + prgVz) Volumetric flux (Darcy’s law) L3T!

w = prw, Mass flux ML—2T-!

Y Source term —

k Intrinsic permeability tensor L2

Kok _ & Permeability tensor scaled by T
£ the kinematic viscosity vy

Pt Fluid density ML~3

g Gravitational acceleration vector LT

g = %ez ® e; Strain tensor —

€ = €k Volumetric strain —

o =o€ Q e, Stress tensor FL2

o= %k Mean stress FL—2

3 Variation of fluid content —

G Drained shear modulus FL~2

Ky, Drained bulk modulus FL~2

B Skempton’s pore pressure coefficient —

dij Kronecker delta function —

Cp = 77 Storage coefficient F1L?

Bij Network transfer coefficient ML-tT-!
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Table 2.2: Sub and superscripts

Symbol (Sub/super) Description
n (super) Time level
k (super) Iteration level
h (sub) Spatial discretization
i, 7 (sub) Fluid system number
ex (sub) Exact solution
expressed as
dW = oy dey; + p €. (2.12)

In Biot’s formulation of the constitutive equations for a fluid-filled porous ma-
terial, linearity is assumed between the stress and strain. Reversibility in the
deformation is also assumed, i.e., there is no energy dissipation during a closed
cycle. The elastic expressions can be extended by using the linear assumption on
(0i,p) and (g45,&). Let K4, and G denote the drained bulk modulus and shear

modulus, respectively. For an isotropic material response, we have

i = —(— — —)¥;; S, 1
=5  \6g  ox )Tkt 3%l (2.13)
Okk b
§= s T (2.14)

The remaining constants H', H” and R’ describe the relationship between the
stress and strain in the solid and fluid. From the reversibility assumption, the

work increment satisfies
dW = O'ijdgij —|—pd§ = 8¢jd0’¢j + §dp

This shows that we are dealing with an exact differential and consequently we

have
8€ij N 85
Gp N 8(71']"
This relation combined with equations (2.13) and (2.14) shows that H' = H".

We may use this to rewrite the constitutive law to involve only four constitutive
constants: G, K4, H and R'. In addition, we introduce the notation e;; and s;;
for deviatoric stress and strain, respectively. Lastly, 0 = —oy/3 is mean stress
and ¢ is the volumetric strain. The constitutive equations (2.13)-(2.14) can then
be separated into deviatoric and volumetric parts as follows:

1
Cij = 555 (deviatoric) (2.15)
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£=— <Ka — %) (volumetric) (2.16a)
dr
= —(% - %) (volumetric). (2.16b)

Additionally, the deviatoric stress and strain (s;; and e;;), pore and mean pres-

sure (p and o), and volumetric strain ¢ are related through the following equations

Sij = Uij + J(Lj (217)

67;j = 51'3' — %(523 (218)
Okk

= —— 2.19

: (219)

E = Ekk- (2.20)

Two concepts concerning fluid-filled porous media are the drained and undrained
deformations. The drained condition is constant pore pressure, while the undrained
condition is constant variation of fluid content. That is, dp = 0 and d¢ = 0 for
drained and undrained deformation, respectively. The drained bulk modulus can

be expressed as
do

=V— .
dV dp=0
In other words, the drained bulk modulus is related to the changes in external

Kdr

mean stress and volume strain. For simplicity, only the case with zero pore
pressure (p = 0) is considered for the drained behavior. This assumption in

equations (2.16a)-(2.16b) gives

g

_Kdr

and (2.21)

Kdr
H

E =

£ = ae with a = (2.22)

The constant « is the ratio of fluid volume gained or lost (due to loading) of
an element to the volume change of the element itself. Because the change of
fluid volume cannot be greater than the total volume change, |a| < 1. We also
have that the volumes must have the same sign and consequently « € [0,1]. As
stated earlier, the undrained condition is constant variation of fluid content. The
undrained bulk modulus is p
o
K, = VW o
When ¢ = 0, we see from (2.16b) that the pore pressure is proportional to o.
That is,
R/
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B is called the Skempton pore pressure coefficient. Furthermore, we have that
the volumetric strain e is proportional to the total pressure, i.e.,

- 2.2
= (2:23)

/
with K, = Kg, (1 + }[Q[id—r[]zr]%) (2.24)
Here K, is the undrained bulk modulus. Undrained material is stiffer in volumet-
ric response compared to drained material, i.e., more force is needed to compress
undrained material. This is because both the fluid and the solid matrix are re-
acting to the exerted forces. Before we move on to an example, we emphasize
that
0< Kqe < K, < 0.

Consider a poroelastic material that is exposed to a sudden constant loading.
The resulting long-term and short-term behavior of such an event can be described
in terms of drained and undrained responses. An instant after the load has been
applied, the pore fluid will not have moved very far. At some (local) pore-scale we
say that the fluid has not moved between neighboring material elements. That is,
the variation of fluid content £ is zero. This is the undrained response. As time
passes, the pore pressure will reach equilibrium. That is, the pore pressure will
match the pressure at the boundary. If we assume this is zero, we are situated
with the drained response. The volumetric deformation is characterized by (2.23)

when studying the short-term and evolves to (2.21) as time passes.

Introducing the drained and undrained bulk moduli allow us to rewrite the
volumetric response in equations (2.16a)-(2.16b) to involve Ky, K, and « as
the constitutive constants (instead of K4, H and R’). We obtain the following
rewritten system which describes the volumetric response in an isotropic elastic

material:

— g p _ 1

——(ﬁ—ﬁ> e=—g;(0—ap)

— Kdr i [ _ b
= T T T Ka (‘7 B)’
B _ R/ B — Ku_Kdr
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Furthermore, the volumetric relations can be (inversely) be expressed as

oc=aM¢— K
p=M( - ae)

K,— Ky  H?R

where M = 2 =T KR

As in the previous section, M is the Biot modulus and satisfies

1o
M N 8p ¢ const. (225>

That is, M is the inverse of the change in variation of fluid content due to change
in pore pressure under constant volumetric strain. The inverse of the Biot mod-

ulus M is often referred to as the storage coefficient c,,.

Recall the equations

1
€= e (0 — ap) (2.26)
«o p
= — - = 2.2
=K. (c-5) (2:27)
Ku - Kdr
here B = ——. 2.2
where v (2.28)

As previously described, Biot’s equations connect the physical quantities volu-
metric strain € and the increment of fluid content ¢ with the average normal
stress o and pore pressure p. Let Ky, B and « denote the drained bulk modulus,
Skempton’s pore pressure coefficient and the Biot coefficient, respectively. These
parameters are all independent material properties and are given in the second

part of Table 2.1. Biot’s model can then be expressed as

6__1 1 «
S_Kdraa/B

We will revisit this notation in Section 4.1 when extending Biot’s model. The

g

p

(2.29)

mechanics equation (2.9a) does indeed describe the same poroelastic theory as
in this section. This can be verified by studying the relations between the Lamé
parameters ;1 and A and the "engineering constants” G, F, K4, and v which are
found in Chapter 2.3.1 of [21] and in [22]. Note that the literature on poroelastic
constitutive relations uses varying sign conventions. Let v denote the Poisson
ratio and recall that G and Kg, are the drained shear modulus and (drained)

bulk modulus, respectively. The Poisson ratio is a property of the solid matrix
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only. We end this section by stating some relations from [21]:

2G Ev
A=Ra - 5 = o) (2:30)
p=G= 2(1—Jiu) (2.31)

Here E is Young’s modulus, and the versions including it and v will be used later

in the numerical examples for solving Biot’s equations (see Section 3.4.1).

2.3 Preliminaries

In this thesis, we use basic definitions from functional analysis. When referring
to inner product vector spaces and norms these should be understood as the
standard definitions from e.g., [23, 24]. Let Q denote a bounded domain in
R? where d € {2,3} with the Lipschitz-continous boundary 9. The spaces
L*(Q) and H'(Q) are defined as the usual Sobolev spaces, and we assume that
integration by parts is well-defined. If we define space X := X9, where d is the
spatial dimension, the bold font will be omitted. It should be clear from context

whether or not the norm is for such a vector space. Particularly, this simplified
notation is used for V- = H'(Q) meaning [H'(Q2)]¢.

Before we list some useful estimates and identities, we state the trace theorem

needed to define the solution and test function spaces.

Theorem 1 (Trace theorem). Let Q be a bounded Lipschitz domain and define

the function space
C®(RY)|q :={v:Q = R|v can be extended to v : R = R and v € C*(R?)}.
The function

T (C2RYa, [l ) = (L2092, ]

V= ’U‘aQ

restricts v to 02 and is continuous. Because the space C*(RY)|q is dense in
HY(2), there exists a unique extension of T which is linear and continuous. That
is, the function

T: (HY(Q), |5 ) = (L20Q), ]l )

s linear and continuous, and allows us to work with boundary conditions.
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Some useful estimates and identities

In this section, we present some identities and estimates which will be used in
the convergence analyses. From this point on, norms without subscripts are to

be understood as L?-norms as defined in e.g., [23], unless otherwise is stated.

e Young’s inequality For two real non-negative numbers a,b > 0 we have

1 €
< —a?+ —1? . )
ab_2€a +2b,Ve>0 (2.32)

Let (X, |||lx) be a normed vector space with the norm induced by an inner
product, i.e., |||y = <,);/2 We omit the subscript X. For z;,z,y € X the
following hold

e Triangle inequality

[z +yll < llzll + llyl| for all z, y € X

Cauchy-Scwarz inequality

(=, )| < [l lyll for all z, y € X (2.33)

Binomial identity

(llz = yl* + lll* = llyl*).- (2.34)

N —

(z,y) =

Polarization identity

1 1
(z,y) = 1\|x+y|\2— 1 |z —y||? (2.35)

If the assumptions presented at the beginning of this section hold, then we

have the following

2 n
<n )l (2.36)
=1

n
>
i=1

Proof. The following calculations and rewritings show that the estimate
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(2.36) holds true:

2
S =Z(me £ () ) _Z<||xz|| £ rmn)
i J#i J#i
Z(uxzn £ 3 Gl + Sl >)
JFi
Z(n 02+ P 30 L )
J?él
2 n—1 2 2 2
= 3 (bl + " el = e *3 2ol )
2 n—1 2 1 2 n 2
=5 (el + 5l - 5 b )+§Z|rxj||

n —
=3 (T g ) Bl = e

The first inequality comes from applying the Cauchy-Schwarz inequality,
while the second line follows from Young’s inequality with constant ¢ = 1.
To obtain the fourth line, we add and subtract ||z;||* from the third line. [J

o Leti,j=1,...,nand 0 < f3;; = Bj;. It then follows that
3 < S By > >0 (237)
i e

Proof. By using Einstein notation, we prove that the inequalities hold, i.e.,
assume 3 is a symmetric matrix with main diagonal elements equal to 0.

That is, assume 0;;3;; = 0, where 9;; denotes the Kronecker-delta function.

We first show that

By interchanging name of indices and using the symmetric property of 3;;,

we have
Bij(wi — ) (@; + x;) = —Bij(wi — ;) (w; + x5).
This shows that the equation above is equal to 0, and consequently we have

the equality in (2.38). Now we shift out focus to the term we want to show

is positive. Rewriting this term results in

Bij(xi — xj)x; = Bij(wi — ) (wi — x5 + ;)
= 5ij($i - 95])(931 - -’Bj) + 5@‘(%’ - 95]’)953'-
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Rearranging and using (2.38) gives

Bij(wi — x) (@i — x5) = Byj@s — x5)s — Bij (s — x5)3; 2 2Bi(w; — 7).

Note that f;;(z; — x;)(x; — ;) is non-negative and so

0< %@j(%‘ —x)(@; — x5) = Bij (@i — )i,

which is what we wanted to show. OJ

e Assume K is symmetric and &,y € X Then, we have

(Kz,y) = (K'*z, K'*y) (2.39)

Proof. This identity is shown by using the direct calculations as follows:

<K$,y> — /(K%)Tydflf :/mTKT’deL’ Symgetry/mTKydx
Q Q Q

_ / $TK1/2K1/2yd:L’ Symgetry/(K1/2m)T(K1/2y) dr
Q Q

= (K'?z, K'*y).
O
e The inner product of a symmetric tensor and an anti-symmetric tensor is

0 [25]. Let A and B denote a symmetric and an anti-symmetric tensor,

respectively. Using Einstein notation we have the following
aijbij = ajibij = —ajibji = —aijbij. (240)

The first and second equality hold true from the assumptions of symmetry
and anti-symmetry, i.e. a;; = aj and b;; = —bj;. The last equality comes
from swapping indices ¢ and j. A quantity which is equal to the negative

of itself must be zero.

e Poincaré inequality
Let V. = H}(Q2) be the the subset of H'(Q) of functions with zero trace.
Then there exists a constant Cg > 0 such that

1]l 20y < Ca V|2 forallv eV (2.41)
e Korn’s inequality from [26]
There exists a constant C' > 0 such that

1/2
[0y < C[I0la@ + le@)lag) | forallve HY(Q).  (242)
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When combining Korn’s inequality as stated in (2.42) and the Poincaré

inequality (2.41), we arrive at the estimate from [15]:
[0l < Cle(®)2aqy forallve V= HI(Q),  (2.43)

where C' > 0 is a constant dependent on only the domain © and its Dirichlet

part of the boundary.

Proof. The following is just a proof of how (2.43) follows from Korn’s and
Poincaré inequalities, (2.42) and (2.41), respectively. Assume v € V =
Hi (). Starting with the definition of the H'()-norm, we have

2 2 2 2
[Vo[[720) < ]2 + IVOl120) = [0l71q)
2 2
< O IolFaqey + 16(®) 20y
2 2
< ||VU||L2(Q) +C? ||€(v)||L2(Q) 5

where C" = C%Cq, is the combined constant from Korn’s inequality and the

Poincaré inequality. By assuming C” # 1, this implies
va”i?(ﬂ) <" ”5(”)H2L2(Q) for all v € Hy(Q) (2.44)

with C* = 1?—20/ We obtain (2.43) by applying the Poincaré inequality on
(2.44). O

e Banach fixed point theorem
Before we state the Banach fixed point theorem, we need the definition of
a contraction. This theory is essential for the convergence proofs in Section
3.5, Section 4.3 and Section 4.4.

Definition 1. Let (V,|-]|;;) and (W, ||-||,;;) be normed vector spaces. The
function f: V — W is a contraction if there exists a constant Cp;, € (0, 1)
such that

1£(0) = £y < Cuip llu— vlly for all w,v € V.

Theorem 2 (Banach fixed point theorem). Let X be a Banach space and
f+ X — X a contraction with Lipschitz constant Cr;,. Then f has a

unique fived point x*, i.e., x* = f(z*). In addition, the fixed-point iteration

0

ok = f(a*1) starting at any 2° € X converges to x* and satisfies the

following estimates

k
OLi — CL'
Stz et =2 < =" = 2°|.

k *
Hx _xH_l_Csz 1_CLip
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Proof. The proof can be found in various literature such as [23].

2.4 The finite element method (FEM) for a

monolithic scheme

The finite element method (FEM) is a tool to solve partial differential equations.
It is based on subdividing the spatial domain €2 into a finite number of elements,
hence the name of the method. The solution is subsequently approximated on
each element. A weak formulation of the problem is derived from the strong
formulation (see Section 3.1) as well as defining the function spaces for the solu-
tions and test functions. This is followed by discretizing the spatial domain and

defining discrete function spaces Section 3.2. See [16, 23, 27] for more details.

Before we get started with the finite element method, we comment on a useful
rewriting of Biot’s equation. We can rewrite Darcy’s law (2.9¢) with respect to
the flux as w = py K g— K Vp. By substituting the flux in equation (2.9b) we only
have to solve two equations with the two unknowns pressure and displacement.
Equation (2.9a) will be referred to as the mechanics equation and the rewritten

version combining (2.9b)-(2.9¢) will be called the flow equation.

The finite element method begins with taking the strong formulation of a
problem and deriving a weak formulation. In our case, the strong formulation is
given in the system (2.9a)-(2.9¢c), and the details of constructing the variational
form are presented in Section 3.1. We seek to find the weak solutions w and p
in the solution spaces V' and @), respectively. When the hat notation is used, we
are dealing with test spaces. In this thesis, we only consider Dirichlet boundary
conditions. Without loss of generality, we may assume these to be homogeneous.
That is, v = 0 and p = 0 on 0f2. For Neumann boundary conditions, see e.g.,
[19, 28, 29]. In [18], a more general class of boundary conditions including both
the usual Dirichlet and Neumann conditions is used. The function spaces V' and
() are chosen based on which function spaces f and v in (2.9a)-(2.9b) belong to,
respectively. The solution spaces and test spaces need not be identical but in our
case they are. We define them as

V =V =[H()]?={v e [HQ)?| Tu =0 on dQ} and
Q=Q=Hy(Q) ={qe H(Q) | Tq=0on 00}

Here d is the spatial dimension (d = 2,3 in most cases) and T' is the trace operator
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in the trace theorem. For now, we assume that the weak formulation of the fully
coupled problem can be written as follows:
Find (u,p) € V x @ such that

a((u,p), (v,q)) = L(('v, q)) for all V x Q,

where a is a bilinear form and L is a linear bounded functional. We omit the hat
notation from now on since the test and solution spaces are the same. When using
the FEM, we seek solutions in a finite dimensional subspace of V. Denote this
with subscript h. In other words we want to find a solution (wp,ps) € Vi, X Qp,

which satisfies

a((wn, pn), (Vs qn)) = L((0n, qn)) for all Vi, X Qy,

where V', and @)}, are finite-dimensional subsets of V' and @), respectively.

Let N}, be the dimension of the space V', x Q. We make an ansatz that the
solution can be expressed as

Ny,
(wp,pn) = Zyj(cbj,djj), where {(¢;,v;) ;V:hl is a basis for V;, X Q..
j=1
By choosing the test functions (v, q,) to be the basis functions (¢,;,v;), we
produce a linear system Ay = b with the unknown y € R . The entries of

matrix A and vector b are as follows

Ay = a((@;,¥5), (b4, ¢1)) and
b = L((¢;, ¥5))-

We end this section with a remark on the notation. In this section 1; with a
subscript denotes a basis function for the function space @), and it should not be
mistaken as the source function ¢ (without subscript). Later, in Chapter 4, this

notation will be changed.



Chapter 3
Solving Biot’s equations

In this chapter, we study some methods for solving Biot’s equations. Recall the

system
V- 2ue(u) + NV -u)I|+aVp=f (3.1a)
O3 +av - u) +V-w =1 (3.1b)
K™ 'w+ Vp = psg, (3.1c)

where the unknowns are p, u and w. We want to solve the equations on the spatial
domain 2 and in the time interval (0,7") where 7" is the final time. Let d denote
the spatial dimension. In the numerical example in Section 3.4.1, we have that
Q) is the unit square, i.e., d = 2. The techniques prior to that section can be used
for a general Q C R? (d = 2, 3) which is bounded and has a Lipschitz continous
boundary 02 [23, 30]. In this thesis, we only work with Dirichlet boundary
conditions. As stated in Section 2.4, these can be assumed homogeneous without
loss of generality. The aim is to solve (3.1a)-(3.1c) for some given initial conditions
p(0,2), u(0,z) and w(0, z).

3.1 Variational formulation

In this section, we derive the variational formulations of equation (3.1a)-(3.1c).

Recall the solution spaces and test spaces defined in Section 2.4

Q=Q=HXN)={qge H(Q) | Tq=0on o0} (3.2a)
V=V =[HQ)]={ve [H(Q)?| Tu=0ond} and . (3.2b)

24
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We start with the mechanics equation (3.1a). After taking the inner product of

this equation with a test function v € V" and integrating over the domain, we get

- | (V2ne)vdo— [ (FNV-wI)vdrs [ aVpode= [ fode (33

Recall that the two first terms of (3.3) are equal to — [, V - (o(u)) - vdz by
equation (2.6). Applying integration by parts to this term results in

_/Q(v.a(u))-vdx:/Qa(u):V'vdx—/m(a(u)-n)-vdS,

where the last term is zero from the choice of test space V. Here the two vertical
dots (:) denote the inner product of second order tensors. For two second order
tensors A and B the inner product is defined as A: B = tr(A”B). We note
that the inner products of a symmetric and an anti-symmetric tensor is 0 from
(2.40) [25]. When splitting Vv = (V0)sym + (V0)antisym and using that o(u) is

symmetric, we see that
o(u): Vv =o(u): (V0)sym + 0(u) : (VO)antisym = (1) : (VU)gym + 0.

That is, only the symmetric part of Vv survives in the inner product o (u) : Vo.
By replacing Vv with its symmetric part e(v) = %(V'v + (V'U)T) and rewriting

using (2.6) and integration by parts for the pressure term, we obtain

/QQ,M(E(U,) e(v)) + (MV-u)I):e(v)de — /

Q

apV-vdx—/f-vd:v.
Q

From the definition of inner product for second order tensors, we have that the

second term (of the first integral) is equal to
MV -w)I) :e(v) = ANV -u)tr(I"e(v)) = AV - u) tr(e(v)) = A(V - u)(V - v).

In the last equality it was used that tr(e(v)) = tr(Vv) = V - v. This results in
the final variational formulation of (3.1a): Given p € @, find uw € V such that

(2ue(u),e(v)) + (AV-u,V-v) — (ap,V - v) = (f,v) (3.4)

on 2 x (0,7") and for all v € V.

When we derive the variational forms of the flow equations, we use that

equation (3.1c) can be rewritten as

w = p;Kg— KVp. (3.5)
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Inserting this in (3.1b), multiplying by ¢ and integrating over the domain € result

m

/Q [%(@p)qua&g(V-u)quV-(prg)q_v.(Kvp)q} dr — /Qd)qu‘

We define the gravitational vector scaled by the fluid density as g, = pyg. Then,
by applying integration by parts and using inner product notation, we arrive at
the variational formulation: Given w € V', find p € @) such that V ¢ € @ the
following holds on Q x (0,7")

(1/M)0ip, q) + (adi(V - u),q) — (Kg,,Vq) + (KVp,Vq) = (¢,q).  (3.6)

To revisit the theory from Section 2.4, we now add the variational forms
in equations (3.4) and (3.6). We then rearrange such that unknown terms and

known terms are separated by the equality sign. The problem then reads as
follows: Find (u,p) € V' x @ such that

(2ue(u),e(v)) + (AV - u, V- v) — (ap,V - v) + ((1/M)0p, q)
+ (a0, (V - u),q) + (KVp,Vq) = (f,v) + (¢,q) + (Kg,,Vq) (3.7)

holds on © x (0,7") and for all (v,q) € V x Q. Note that this formulation is a
monolitic one as opposed to the sequential ones presented later in Section 3.4.
The functions spaces @ and V are chosen based on which function space ¢ and

f belong, respectively.

Assuming we have approximated solutions of the pressure and displacement,
we can solve for the flux by obtaining a variational form from equation (3.1c).
We choose the solution and test spaces to be the same as for the displacement.
That is, Z = [H}(2)]¢ and the variational form is

(K™'w,z) = (prg.2) + (p,V - 2). (3.8)

3.2 Discretization in space

Let P1(22) and P(£2) be the spaces of linear and quadratic piecewise polynomials
on €2, respectively. We construct a mesh of 2 which we call 7. The mesh consists
of polytopes that arise from subdividing the domain. Such a polytope is called
an element and we denote it K. For the spatial dimensions d = 2 and d = 3,

the polytopes are triangles and tetrahedrons, respectively, and the mesh is called
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a triangulation of €2. An example of the former is shown in Figure 3.1. The
vertices of the elements are called nodes and the union of the elements composes
the domain , i.e., Q = Uger, K [20, 23, 31]. We end this section by choosing

the solution and test spaces to be as follows

Qn = {an € Hy(2) such that gq,|x € P1(K) V K € T;} and
Vi, = {vn € [Hy()]? such that vk € [Po(K)]*V K € Ty}

3.3 Discretization in time: Backward Euler

To solve Biot’s equations we will use the backward Euler discretization of the
time-derivative 0;. The time-derivative of a function y = y(x(t),t) can be ap-

proximated as

y" —y"!
At

where the superscript n denotes the n-th time step and At =t, — t,,_;. Assume

the initial time is £y = 0 and let 7" be the final time. When working with uniform

T
# of time steps

in equation (3.6). After applying backward Euler, the two first terms become

time steps, we rename At as 7 where 7 = . Recall the variational form

(1/ M), q) + (@0(V - u), q)
= <(1/M)%,q> - <aV- (%),@. (3.10)

We introduce the subscript h to denote the spatial discretization. By including
this subscript, using (3.10) in (3.6), multiplying by 7 and rearranging, we obtain
the following variational formulation:

Given (u} ', p) ") € Vi, x Qp, find (u},p}) € Vi, x @y, such that

(2ue(up), e(vn)) + (AV - up, Vo) — (app, V-op) = (o), (3.11)

((1/M)pp, an) + (a(V - up), qn) + 7(V - (pr K g), qn) + T(K VD, Van)
= 70", qn) + (1/M)pp ", qn) + (V- up ™), qn)  (3.12)

for all (vn,qn) € Vi X Q.

3.4 Introducing the splitting methods

In the previous sections, we obtained a fully coupled discrete system from spatial

discretization and from applying Backward Euler. The next step is to solve the
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system at each time step n > 1 until the desired final time T is reached. Solving a
fully coupled system is computationally more expensive and requires complicated

code management [9]. We, therefore, choose to apply splitting schemes.

In this section, we study two splitting schemes, namely, the fixed-stress split-
ting scheme and the undrained splitting scheme. For other sequential methods
such as fixed-strain and drained splits, see [11] and [9], respectively. These are
shown to be conditionally stable. Additionally, a weighted two-level scheme and
a three-level scheme are presented in [32]. To ensure stability, a (stability) term is
added. The stability parameters for the splitting schemes in this thesis are from
[13] and [10]. What distinguishes the two chosen methods is the order in which the
unknowns are solved for, the structure of the stabilization term and to which equa-
tion the stabilization term is added to. For both splitting methods we start by
constructing a sequence (w™*, p™*), k > 0 initiated by (u™°, p"9) = (u"~1 pn~1).
The superscripts k£ and k£ — 1 denote the current and previous iteration step, re-
spectively. We continue to iterate until a certain criterion, which we denote ¢, is

reached. This tolerance we willl come back to in Section 3.4.

In the fixed-stress splitting scheme we use the flow equation to solve for p*
first and the stabilization term Brg(p™* — p™*~1 ¢) is added to the right hand
side of (3.12). Because of the choice to discretize in time before introducing
the splitting methods, we emphasize that the stabilization term is dependent on
the time derivative of p* [10]. If choosing to introduce the splitting scheme and
time discretization in the opposite order, then the stabilization term would be
Brs{0:(p* — p*1),q). This shows that another choice for the discretization in
time would lead to a different stabilization term. The fixed-stress method was
motivated physically by, as the name reveals, fixing the volumetric stress. This

gives the assumption that K4,V - u™* — ap™ = K4,V - u™*~1 — ap™ =1 which

implies
o2
AV un,k =V - un,k—l + _(pn,k . pn,k—l)’
Kdr
where Kg, is the drained bulk modulus described in Section 2.2 [9, 31]. By

[0

applying this condition on the flow equation, %@nk — prk—1

q) was suggested
as a stabilization term. In other words, the stabilization parameter was Srg =
K_dr) More optimal rates such as ﬁi” have later been explored [10, 31]. After
approximating the pressure, we use the resulting p* in (3.11) to solve for u. Let

a2

subscript A denote the discretization in space. The variational formulation for

the fixed-stress scheme is then as follows



CHAPTER 3. SOLVING BIOT’S EQUATIONS 29

Fixed-stress Step 1: Given (uZ’k_l,pZ’k_l) €V x Qp, find pZ’k € Q) such
that

(/M) an) + (a(V - up™ ), ) + 7(V - (0 K@), an) + T(KVpp*, V)
+Brs(p " an) = T, qn) + (L M)pp " )+ (V) g+ Bes (i an)
(3.13)

for all ¢, € Q.
Fixed-stress Step 2: Given p/"* € @y, find u)"* € V, such that

(2ue(uy™) (o)) + AV - up ™, Vo) — (aph®, V-on) = (F%,0), (3.14)

for all vy, € V3,

On the other hand, the undrained splitting scheme solves for uy, first with the
stabilization term L(V - (u]"* — u"*™"), V- v;,) (L > 0) added to the right hand
side of equation (3.11). The physical reasoning behind this scheme is freezing
the fluid mass content when solving the mechanics equation [10, 11]. From this

assumption we have p* + aMV - u*f = p*~' + aMV - ¥, which implies
—ap* = —apF T 4 MV - (uF —uF)

after discretizing in time. Substituting this in the mechanics equation (3.11) leads
us to the stabilizations term L(V - (u™* — u™*~1) V - v) with the stabilization
parameter L = Ma?, which was used in [10]. After discretizing in space, we
arrive at the undrained splitting scheme which reads as follows:

Undrained Step 1: Given (u}" ' p}"* ') € V), x Qp, find u}* € V', such that

2ue(u)™), e(vy)) + AV -u}™ V- vp,) — (api™ ™ V- vp,) + LV -ul* V- v)
= (f",on) + L{V - up™ 'V owy), (3.15)

for all vy, € V.
Undrained Step 2: Given u)"" € V, find p}"* € Q) such that

(/M) an) + (a(V - up™), qn) + 7(V - (0s K g), an) + 7KV, Vay)
= 7", qn) + (L/M)pp " qn) + (V- up '), qn)  (3.16)

for all g, € Qp,.
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Stopping criterion

As described in the previous section the iterative process stops when a stopping
criterion is satisfied. There are multiple choices for when to end the iteration. One
option is to fix the number of iterations per time step. It has been shown that
the fixed-stress splitting method is convergent for a fixed number of iterations
and that the undrained splitting method with a fixed number of iterations is
convergent if the system is compressible [9, 11]. Another option is to continue
iterating until the norm of the difference of two consecutive iterations becomes
smaller than a given tolerance. We call it the absolute tolerance and denote it

£q4- The absolute stopping criterion then becomes: Iterate until the following is

satisfied
max{ ‘ } < Eq-

These norms will not tell the full story. If the solutions are of large magnitude, the

n,k n,k—1
by, — Dy

nk nk—1
uy, Uy

Y

error might be of order greater than the absolute stopping criterion and therefore
the iteration will never stop. Contrarily, small solutions may result in too few

iterations. We therefore introduce the relative stopping criterion

n,k n,k—1 n,k n,k—1
max < &p.

’ n,k
uy,

3.4.1 Numerical example

n,k
Dn

In this section, we will study the two splitting methods from Section 3.4. The
example was carried out using FEniCS [25], and it was constructed with the
following analytical solutions
y)

p=tx(l—2)y(l—y), u= )| and w=—-KVp (3.17)
We want to compare the estimated convergence rate to the theoretical one. In
this example, we have used P1 elements for the pressure and P2 elements for
the displacement. Because convergence analysis with different mesh sizes was
carried out, the time step 7 also varied. We will come back to this. The Lamé

parameters used were, as introduced in Section 2.2, A = i vl ) and 1 = 72—

1+v)(1—2v 2(14v) "
The remaining parameters used can be found Table 3.1. Due to large variations
in the physical parameters, creating solvers for Biot’s model is computationally

challenging. In geophysics, the permeabilities typically range from 107! to 10™°
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m? (square meters), while in biomechanics the same properties are most often
in the range from 107! to 107 m?2 [33, 34]. To compare the order of Young’s
modulus E and Poisson ratios v within geomechanics and biomechanics, see e.g.,
[33, 35] and [15, 36], respectively.

Table 3.1: Parameters used in test problem for Biot’s model.

Symbol Value Units Description
d 2 —  Spatial dimension
1 T Permeability divided by fluid viscosity
E 1 FL=2 Bulk modulus
M 1 FL=2 Biot modulus
Q 1 —  Biot coefficient
v 0.4999 — Poisson ratio
W 0.3334 — Lamé parameter
A 1666 —  Lamé parameter
pf 1 ML~ Fluid density
Brs ~ 0.000230 —  Stabilization parameter for fixed-stress split
Ma? 1 FL=2 Stabilization parameter for undrained split
Er 10-8 — Stopping criterion

Before we comment on the results from performing convergence analysis, we
describe the mesh that was used. The mesh was constructed by dividing the
sides of the unit square into equally sized intervals. From these intervals, one
can construct a grid of a? squares by drawing parallel lines to the boundary. The
smaller squares were then divided in two through the diagonal. Let i denote the
mesh size which in 2D is the longest distance within an element. In this specific
case, the elements are right isosceles triangles, and consequently, h is the length
of the hypotenuse. That is, the mesh size is h = v/2/a. An example with a = 8
and h =~ 0.18 is found in Figure 3.1.

We now move on to approximating convergence rates. Let the exact solutions
be denoted with subscript ex and the approximated with subscript h as before.
We define the error of p as

ej = ||pex — pnll ,

where the norm is chosen as either the L?-norm or the H'-norm. To study the

convergence rate we use different mesh sizes and compare the resulting errors.
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Figure 3.1: Example of mesh used in numerical example solving Biot’s equations
on the unit square. Here each side is divided into 8 (a = 8) and the mesh diameter

is approximately h ~ 0.177.

We then calculate the ratio of the logarithms of the errors e; and the logarithm

of mesh sizes h;. That is, the convergence rate is estimated by

log(ez/e1)
log(ha/h1)

The calculations for the convergence rates of vector-valued functions are analo-

(3.18)

convergence rate ~

gous to the ones for scalar functions.

Estimated convergence rates

354

309

251

209 »

15

101

® conv_rates_L2 ® conv_rates_H1

Figure 3.2: Estimated convergence rates for u in the test case with the analytical
solution presented in (3.17). The convergences rates are estimated using L*-norm

and H'-norm.

In Table 3.2, the results from performing convergence analysis on the undrained
split of the test case with solutions (3.17) are presented. The theoretical conver-

gence rates from [37] are given to compare with the approximated ones. For the
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Table 3.2: Error norms and convergence rates for p and u from test problem with
analytical solutions stated in (3.17). Here the undrained split was used. The
values marked with single and double asterisk, * and **, should be compared to

the numbers in Figure 3.2.

Meshsize h lpoc—pllye tor —wllye [pex = pllyn Jtex — ull
0.18 5.3-1074 6.8-1075 0.012 3.8-1073
0.088 1.7-107* 1.7-107° 7.6-1073 1.8-1073
0.044 42-107° 2.8-107° 3.8-1073 5.4-1074
0.022 1.1-107° 3.3-1077 1.9-1073 1.2-1074
0.011 2.6-107¢ 2.7-1078 9.5-107* 2.1-107°

Estimated rate 2.0 2.0 1.0 3.0**

Theoretical rate 2.0 2.0 1.0 3.0

displacement, u, the estimated convergence rates were higher than the theoret-
ical ones. Because there is not a clear convergence of these estimated rates, a
more detailed result of the estimated convergence rates is shown in Figure 3.2.
To estimate the convergence rates using (3.18), both 7 and h were halved. The
starting value of the former was 0.2 and the mesh size h is found in Table 3.2.
After obtaining a solution of p and w, we solve for the flux w. When doing so,
P2 elements were used. The error norms and estimated convergence rates for the
flux are presented in Table 3.3. Note that the theoretical values are educated

guesses and should be looked further into.

Table 3.3: Error norms and convergence rates for w from test problem with
analytical solutions stated in (3.17). Note that the theoretical values are educated

guesses and should be looked further into.

Mesh size h |Wex — w2 || Wex — W]
0.18 2.8-1073 0.16
0.088 9.7-107* 0.11
0.044 2.5-1074 0.059
0.022 6.5-1075 0.030
0.011 1.6-107° 0.015

Estimated rate 2.0 1.0
Theoretical rate 2.0 1.0
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We close this section with a small comment on the number of iterations it
took to reach the relative stopping criterion €, = 1078, For both the fixed-stress

split and the undrained split it took 4 iterations per time step.

3.5 Convergence analysis of the undrained split

for Biot’s model - Proof strategy A

Convergences analysis of the two splitting methods for Biot’s equations has been
carried out multiple times. Proving that a scheme is a contraction is a popular
technique to prove convergence of the splitting method. Some examples of the
analysis performed on the fixed-stress and the undrained splitting methods are
(3, 9, 10, 29, 31] and [10, 11], respectively. We will now adapt the proof in [13]
for the undrained splitting method.

Let p" and u"™ denote the solutions at time level n, and let the errors be
defined as the differences between the approximated and the exact solutions.

That is, we define the errors as

el .= u™" —u" and eg’k = ph — ", (3.19)

In this section, the goal is to prove that the undrained splitting scheme (3.15)-
(3.16) is a contraction and how it follows that the approximated solutions u™*
and p™* converge to the exact solution. We want to determine the values of the
stabilization parameter L such that the iterative is guaranteed convergence. The

result is summarized in the following theorem:

Theorem 3. Let the assumptions in the list from Section 2.1.4 hold true. If
6 > 2aM and L > max{2a*>M,2(1 — \)}, then the undrained splitting scheme
(3.15)-(3.16) is a contraction which satisfies the estimate

ZM nky |2 Lok 2 L —ad ek omk—1 2
/\+% Hs(eu )H + ||v €u H + 2(>\+ %) H (eu €y )H
+ _ |en” + e""‘“_lH2 4T HKl/Qv(en,k n en,k—1)H2
AM(A+ &) TP P 4A+ 1) P P

1 2

3 _g nk _ nk—1 2 37 H 1/2 nk _ _nk—1
+2(A+§)(2M 5) et = gD IETVE e

<2 |V e P, (320

A

L
ML

where y? = and the errors are those defined in (3.19). Consequently, the
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n,k n,k

approzimated solutions (p™", u™"*) converge to the solutions (p",u™), which satisfy

the equations (3.11)-(8.12) before discretizing in space.

Proof. To prove this, we adapt the proof [13] given for the fixed-stress split. The

proof is outlined in the following 4 steps:

n,k

1. Obtain the mechanics and flow error equations and test these with v = e

n,k—1

7*~1. Then add the error equations and use (2.34) on the term

and ¢ = e

arising from the stabilization term.

2. Subtract flow error equation at iteration level £k — 1 from k and test with

eg’k — 627’“_1. Rewrite terms involving M or K by using the identity (2.35).

k k—1

3. Test the error flow equations at iteration level k with ¢ = e" — e

Bound the a-term using Cauchy-Schwarz and Young’s inequalities.

4. Add the equation from Step 2 and the estimate from Step 3, rearrange and
choose an appropriate stabilization parameter L to verify a contraction on
the function mapping V - e®*~! s V . e™*. That is, obtain an estimate of
the form

[V - ek || < 2|V - e, 4% € [0,1).

Recall the variational forms (3.15)-(3.16). In this proof, we will work with the
variational forms which arise from time discretizing without spatial discretization.
The subscript A is therefore removed. By subtracting the variational forms for the
approximated solution (at iteration level k) from the ones for the exact solutions,
we show that equations (3.15) and (3.16) hold true for the errors el* and e~

That is,

2ue(ey’),e(v)) + MV - ep*, V- v) — g™,V - v)

p
+ L(V - (e — e 1) V.v) =0 (3.21)
and
(1/M){ep*, q) + oV - €pF,q) + T(KVel* Vq) = 0. (3.22)

These equations are the mechanics error equation and the flow error equation,
respectively. The term arising from the stabilization term can be rewritten using

identity (2.34). When adding (3.21) and (3.22), we see that the terms involving
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« cancel, and we are left with
20 [le(exM) "+ AV - e[
b E[I9- et - et P+ 7 et - -]

+ (1/M) (e, en®h) + 7(KPVepk KY?Vert 1) = 0. (3.23)

P’P

In the last line, identity (2.39) was used. Equation (2.35), which is also called

the polarization identity, allows us to rewrite the last two terms to obtain
20 |e(e)]|" + AV - et
L
# [V el = et 4 9 el ~ flet ]
ek 4 6n,k—1H2 . 1 nk n,k—1H2

+ AM H P AM He —¢€
2 2
=Bt | = 7K - gt | =00 329)

The negative terms involving the pressure errors can be recognized as scaled
versions by rewriting the flow error equation. We derive the flow error equation

for the error ep’¥ — e*~1 and test this with ¢ = e’* — e"*~! to obtain

(1/M) Heg’k — eg,k—1H2 + a<v . (en,k i en,k—l)7 <€n,k . 6n,k—1)>

u u P P
2

+ 7 HK’I/QV(BZ’]‘C — e hI =0,

p

By applying Cauchy-Schwarz and Young’s inequalities on the a-term, we get the
following estimate

2
p

(1/M) Heg’k — eg’k_le +7 HK1/2V e”’k ekl

_a[gHV-(ez’k— PN o et ] <0 forall 5> 0. (3.25)

% < llep
Adding (3.24) and (3.25) and rearranging gives us

et (3 5) -t P+ (2= 00) 7 e et )

1 n n n,kK— 2
_i_muep,k_i_ ook 1” LT HKUZV@ ,k+e =1y

1 n n n,Kk— 2
i Dt - gy
<||V-er . (3.26)

To show a contraction, we want an estimate of the form

[V - en®||* < 42|V - e ", 4% € [0,1). (3.27)
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Such a form is obtained when all the terms on the right hand side of (3.26) are

non-negative and % = ﬁm < 1. We therefore require that
3 o L
< (=2 -2 </\ —> d0<L—ad 2
0_(2M 5) <(A+5)and0<L—a (3.28)

Recall that 4 is a real non-negative number we can choose. For the first inequality
to hold, we must choose § > %on . This implies that any stabilization parameter
L > max {2a*M,2(1—\)} satisfies the last two inequalities in (3.28). Ultimately,

we have that the function mapping V - e®*~1 — V . e™* is a contraction.

Let v be the constant in estimate (3.27). When applied k& — 1 times, the

same inequality gives
V- et <o |7 et <o 7). (320)
Consequently, we have that

lim ||V - ep" | < lim A" ||V-el’|| =0 (3.30)
k—o00

k—00

from the fact that v < 1 and evaluating the limits of (3.29). Because we have
that all left hand side terms of inequality (3.26) are positive (from the choices
of § and L), all norms on the right hand side must tend to 0 as k tends to oo.
Since both e — k=1 — 0 and e* 4 e7*~1 — 0 (note the different signs), we
have that eg’k — 0 as k — oo. In other words, p™* — p” from the definition of
the pressure error e/* in (3.19). We also have that HE(GZ’k)H2 — 0. By applying

Korns’s and the Poincaré inequalities (see (2.43)), we have that
n,k||2 nky |2 n,k _ 77l
ez [e-e; e(en®)] g, for all eg” € V = Hy(Q).

nk - itself tends to 0. We have now shown

u

That is, the displacement error, e
that both the pressure and displacement errors converge to 0 and therefore the
approximated solutions converge. Since all the errors converge, it follows that
the scheme in (3.15)-(3.16) does as well. We finally have that the solutions of
undrained splitting scheme converge to solutions of the fully coupled scheme in
(3.11)-(3.12). [



Chapter 4

The MPET model

4.1 From a single-porosity to a

multi-porosity /multi-permeability model

For a multi-compartmental porous medium, Biot’s model becomes unrealistic.
Applying this model to separate fluid compartments is an impractical approach
to modeling such a porous medium. In addition, the interactions between different
fluids are neglected to fit Biot’s model. It has therefore been necessary to establish
Multiple Network Poroelastic Theory (MPET).

There are different ways of developing MPET models. One way is to study
a specific case and suggest a model from observations. This was done in the
1950s by studying fissured rocks [38]. Another method of developing a MPET
model is to suggest an extension of the already known theory, e.g., extending
Biot’s model. Next, the extension is checked if is a realistic model. Starting with
modeling geomechanical structures [14, 18, 38, 39|, the applications of MPET
models have been developed in multiple fields, e.g., biomechanics. Bone and
brain tissue are examples of biomaterials that have porous structures. To model
the latter, a quadruple MPET model has been considered. The solid matrix
represents the brain parenchyma/tissue and the four connected fluid networks
are composed of cerebrospinal fluids, veins, arteries and capillary blood vessels
(2, 5]. In [5], the validity of the quadruple MPET model (as an extension of Biot’s
model) is investigated using arterial spin labeling MRI data. More specifically,

MPET is has been used in modeling Alzheimer’s disease and cerebral edema (fluid

38
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t<0 t=0% >0

Figure 4.1: A conceptual illustration of poroelastic deformation: Single-porosity
model from [2]. The small spring at the top represents the hydraulic conductivity,
while the larger spring represents the elasticity of the solid matrix. When a force

F'is applied, both the pore pressure changes and elastic deformation takes place.

accumulation around the brain) [5].

To distinguish the N fluid networks with different viscosity and permeabili-
ties, we introduce the subscript ¢ (i = 1,2,..., N) to denote the i-th network. A

conceptual description of the extension is found in [2] and will now be explored.

We start by describing the deformation in a single-porosity model which we
later extend to a dual-porosity /dual-permeability model and, ultimately, a multi-
porosity /multi-permeability model. Assume we have a container filled with a
given fluid. The container is bounded by a piston and a needle valve at the top.
Furthermore, the valve is connected to a spring which represents the hydraulic
conductivity k. A larger spring of stiffness k, is connected to the piston, and
it represents the elasticity of the matrix skeleton. When the piston undergoes a
sudden compressive load F', an instantaneous change in pressure occurs, p(07).
The larger spring is compressed by a force F' = k,Al(07). Here Al(t) denotes
the change in length at time ¢ of the spring relative to its equilibrium state. This
instantaneous built-up pressure is known as Skempton’s effect. As time passes,
the built-up pressure will open the valve and fluid is allowed to escape from the
container. After a long time (¢ — 00) there will be zero pore pressure and only
the larger spring counteracts the force F. At any point in time, the container
system tries to balance the applied force F'. That is, the magnitude of force F' is
the same as the sum of the force which the pore pressure inflicts on the piston
and the (larger) spring force. By denoting A, as the area of the piston, we can

express the loading force as

F = kAl(t) + Ay(t).
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Recall from Section 2.2 that the mean stress, pressure, strain and fluid variational

content are related in the following way

el 1 1 «
¢l Kar |a o/B

Let 1 and A denote the Lamé coefficients. As stated earlier in equations (2.5)

g

p

(4.1)

and (2.6), the constitutive relation (poroelastic stress tensor) is given by
o (u) = o(u) — aVp =2ue(u) + (V- u)I — aVp. (4.2)

Note that the minus sign for the a-term occurs due to the convention of pos-
itive strain for extension. Equations (4.1) and (4.2) model the deformation of
a homogeneous, isotropic and linearly poroelastic medium in three dimensions.
As an extension of the single-porosity model, Berryman’s postulate says that a

dual-porosity elastic material satisfies the following

€ a11 Q12 a3 o
1| = |aa1 ax a P - (4-3)
52 31 dz2 G33 D2

The entries a;; represent effective poroelastic properties and can be expressed in

terms of Kq,;, B;, a; [2]. For more studies on the properties of the dual-porosity
model, see [39].

The setup illustrated in Figure 4.1 can be extended to a dual-porosity/dual-
permeability. We now consider two connected containers where the fluid can flow
between them (see Figure 4.2). In addition, the containers share a piston. The
spring with spring coefficient ke represents the elasticity of the matrix skeleton
and it is now composed of two springs. That is, ke = k;' + k.. As in the
singe-porosity case, a force F' is pushing the piston downwards. Two different
pressures instantaneously arise after F' is introduced to the system. Let A; and
Ay denote the cross-section areas of the two containers. Then, at any time the

magnitude of force F' can be expressed as
F = kefAl<t) + Alpl (t) -+ AgpQ(t> (44)

In the dual-porosity case, the Cauchy stress tensor is given by the scaled pressure
gradients subtracted from the linear stress tensor. The scaling factors «; (i = 1, 2)

are the Biot coefficients for each of the fluid networks. That is,

o (u) = o( Z a;Vp; =2ue(u) + AV -u)l Z a;Vp;. (4.5)

i=1
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Figure 4.2: A conceptual illustration of poroelastic deformation: Dual-
porosity /dual-permeability model from [2]. The small springs at the top represent
the hydraulic conductivities, while the larger spring (composed of two springs)
represents the elasticity of the solid matrix. An applied force F' causes changes

in the pore pressure and deformation of the porous medium.

The dual-porosity /dual-permeability can be extended to a multi-porosity /multi-
permeability in an analogous way. We have the following generalized forms of

(4.3) and (4.5), given in equations (4.6) and (4.7), respectively

_ ) - _ 0 -
¢ an cee A1(N+1) »
.1 - 921 . E .1 and (4.6)
A(N+1)1 -+ Q(N+1)(N4+1) .
_fN_ _PN_
N
o (u) =2ue(u) + NV -u)I — Z a;Vp;. (4.7)
i=1

This system (4.6) can be rewritten to include the Biot moduli M;; (not summing
here) of the fluids and the interporosity moduli M;;. See [2] for details rewrit-
ing equation (4.6). The prefix inter tells us that properties are dependent on

interactions between the fluid systems.

To model the fluid interactions, we introduce the network transfer coefficients
Bi;. For two networks i and j we have (3;; = f;; with dimensions [ML™'T1].
Note that the total porosity ¢ and the Biot coefficients satisfy the relation ¢ <
SV @; <1 [5]. When modeling blood flow one commonly neglects gravity [16],
so we assume g = 0. With the perspective of studying numerical schemes, this is
also a practical assumption to make as the gravitational term does not contribute
to the convergence analysis [40]. If gravity is included, the resulting terms in the
variational forms are analogous to the ones in Chapter 3. From this point on,
1; denotes the source function for system ¢ and should not be confused with

the basis functions in Section 2.4. We also move away from Einstein notation,
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and consequently, sums are explicitly expressed using » .. The complete MPET
system is described by the following equations with i =1... N

—V - [2pe(u) + AV - )] + Y o;Vp; = f (4.8a)

O(a;V-u+c,p)+V-w; + Z Bij(pi — pj) = Ui (4.8b)
J#

w; = —K;Vp,. (4.8¢)

We recall that the subscript ¢ distinguishes the N different fluid networks. The
sigma-sum notation, ) ., is a compressed notation for summing over all networks,
ie., Y. =S . In comparison with the previous model (2.9a)-(2.9¢), the Biot
modulus M is now replaced by the constrained specific storage coefficients ¢, with
dimensions [F7'L?] (see Section 2.2). The remaining symbols represent the same
quantities as in the previous model (see Table 2.1) and the Lamé parameters
p and A are related to E and v as presented in equations (2.30)-(2.31). Note
that since K; is dependent on the viscosity, vy,, it is also network-dependent,
hence the subscript 7. As in Biot’s model, the unknowns are the pressures, the
displacement and the fluxes, i.e., (p;, uw,w;) for i = 1,2,..., N. We extend the
assumptions from Biot’s model to hold for each fluid networks. That is, we assume

the following
e g =0 and p; € R are constants,
® c,,, oy, [, A are positive bounded parameters,
o K; € [L>°(Q)]¥? are symmetric, constant with respect to time and satisfy
0<hkimz'z<2"Ki(x)z <kjyz'z <oo, Va€QandV z € R\{0}

fori=1,...,N.

4.2 Solving the MPET model

We now proceed to solve the MPET system of equations. The choice of function

spaces follows the one from solving Biot’s model in Chapter 3. We state them as

Qin = {qm € H,y () such that Ginlk ePI(K)V K € E}
CQi=Hy(Q)={qe H(Q)|Tg=00n 00} fori=1,...,N, (4.9)
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and

Vi, = {vy € [Hy(Q)]” such that vy|x € [Po(K)]*V K € Ty}
CV =[H;(Q))"={ve[H ()| Tu=0o0n 00} (4.10)

Again, T is the trace operator in Theorem 1, and K is an element in in the Finite
Element Method (FEM). The subscript h denotes the spatial discretization and
the finite-dimensional space. Let the superscript n, n — 1 denote current and
previous time steps, respectively. By following the same approaches as the ones
used in Section 3.1 and Section 3.3, we obtain the variational formulation. That
is, backward Euler is used to discretize in time, and the variational forms are
obtained by multiplying the equations with appropriate test functions followed
by applying integration by parts. Before we discretize in space, we arrive at the
variational formulation:

Given (u" 1, p!!) € V x @y, find (u”, p}) € V' x Q; such that

(2ue(u™),e(v)) + (AV-u",V-v) — <Z it V- v> =(f"v), (4.11)

(ep (P} = P/71) @) + (V- (u" —u""), ;) + (K VD], V)
+ 7’< Z@:j(p?’k - p?’k)7 %> =7 @) (4.12)
JF#i
for all (v,q;) € V x Q; withi=1,... N.

Furthermore, the stabilization terms are adapted from the splitting schemes
solving Biot’s equations. For the fixed-stress split, we choose the stabilization
term(s) to be Li< 2 (p?k —p?’k_l), qi> with L; > 0 for each of the fluid equations
[33, 41]. We include the subscript h to denote the discretization in space. This
results in the following scheme:

Fixed-stress Step 1: Given(uﬁ’k_l,pz;f_l) € Vi, X Qip, find pf,f € Q. such

that
(V- (™ =) qon) + (e (P8 — PP )s @) + TGV Vi)
+ T< Zﬁzg(p?: - p?;lf), Qi,h> + Li< Z(p;l: - pZ}f—l), Qi,h> = T(V7, qin)

J#i J
(4.13)
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for all dih € Qi,h, 1=1,...,N.
Fixed-stress Step 2: Given pf,f € Qin, find uZ’k € V, such that

2u(e(u)™), e(vp)) + MV -up* V- vy) <Zazpzh,v 'vh> = (f", vy (4.14)

for all vy, € V.

Note that there are multiple stabilization parameters L;, ¢ = 1,..., N in this
scheme when solving the MPET model as opposed to the single parameter in
Biot’s model. The undrained split only has one stabilization term as this only
acts on the single mechanics equation, and the scheme is stated as follows:
Undrained Step 1: Given (u]"~ 1,pz;ffl) € Vi, x Quip, find ul* € V), such
that

2nle(uf™). e(vn)) + MV - upt, 7 - vy) <Zazp?,f Ly >
+ L(V - (up® —up™), Vo) = (7 v) (4.15)
for all v, € V.
Undrained Step 2: Given u}"" € V, find p?,f € Qi such that
(V- (™ =y ™) qin) + (e (75— P din) + T(E VDL Vain)

7'< Z @'j(p:t}f - P?:)a Qi,h> = 7'@/’?, Qi,h> (4'16)

J#i
forall gip € Qip, t=1,...,N.

4.2.1 A numerical example of a dual MPET model

In this section, we present an example analogous to the one carried out in Section
3.4.1. Let them be as follows:

p1 = zysin(z — 1) sin(y — 1), (4.17a)

pe = txy(z — 1)(y — 1), (4.17Db)

= [txy(x ~ Uy - 1)] and (4.17¢)
toy(e —1)(y —1)

Here we will focus on the fixed-stress split. Since we only have two fluid systems

we denote [1o = (o1 = (. Let the K;’s be constant scalars. As in the test case
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for Biot’s model, A = Mﬁ and p = % We adapted the stabilization
parameters for the fixed-stress split to be L; = L = ﬁ for i = 1,2. The rest of

the parameters can be found in Table 3.1.

Table 4.1: Parameters used in a numerical example of a dual MPET system.

d E v A o Cpy Cpy Oy o, Ky Ky B L
2 1 04999 1666 0333 1 1 1 1 1 1 1 6.000-107*

Before commenting on the results, we come with a remark on the imple-
mentation. When following Chapter 3.5 in the FEniCS Tutorial by Langetangen
and Logg [25], there was some trouble caused by defining the variational forms
outside the time-stepping loop. Because of the way the variables are stored and
updated, the variational forms are redefined in every iteration of the splitting

schemes. This is an inefficient fix that should be investigated further.

The stopping criterion from Section 3.4.1 was adapted to include both pres-
sure errors as well as the displacement error. When the tolerance was set to
g, = le — 8, it needed 4 iterations per time step. The approximated solutions to
the test case with analytical solutions in (4.17a)-(4.17d) at final time 7" = 0.5 are

presented in Figure 4.3. Note that the results from approximating the flux are

L Approximated solution # L Approximated solution # 0032 Approximated solution #

0.054

0.04
0.028 10
0.048 0020
0.8 0.8
Do 0.020 o 003
06 0036 4 06
0.030 0.016
002
04 noza 04 ooz 04
0.018
0.2
02 po12 02 0.008 001
0o 0006 0o 0.004 0o T T T
000 025 050 075 100,400 000 025 050 075 100 5000 0.0 05 10 B,

(a) Approximated solu- (b) Approximated solu- (¢) Approximated solu-

tion py p, tion po p, tion uy,

Figure 4.3: Plots of approximated solutions at final time 7" = 0.5 for the dual
MPET system with exact solutions in (4.17a)-(4.17d). The mesh size was h ~
0.11.

not included in this section. As in the numerical example for Biot’s model (See
Section 3.4.1), the approximated converges rates are as expected (from theoreti-
cal estimates) for the two pressures but not for the displacement. The approach

to estimating the rates can be found in (3.18). In Figure 4.4, we see that the
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approximated convergence rates for the displacement are better than the theo-
retical ones [37]. The mesh and time step refinements are the same as in Section
3.4.1. That is, the time step and mesh size are halved simultaneously. The error
norms of the pressure and the displacement, measured in both L? and H'-norms,

are presented in Table 4.2.



Estimated convergence rates Estimated convergence rates Estimated convergence rates
209 . . . 20 . . . 35 *
18 18 L]
30
16 *
16 14 25 *
14 12 20{ »
10
12 15
0.8
10 10
® conv rates |2 conv_rates_H1 ® conv rates |2 conv_rates H1 ® conv rates L2 conv_rates_H1
(a) Estimated convergence rates for (b) Estimated convergence rates for (c) Estimated convergence rate for
. . T
p1 = xysin(z — 1) sin(y — 1) pe =xy(lx —1)(y — 1) u=try(r —1)(y — 1)[1,1]

Figure 4.4: Estimated convergence rates for the dual MPET system with the analytical solutions (4.17a)-(4.17c) in both L?-norm

and H'-norm. It was used P1 elements for both the pressures and P2 elements for the displacement.

THAOW LAdIN HHL ¥ H4.LdVHO

Ly



Table 4.2: Error norms and convergence rates for pressures p;, ¢ = 1,2 and u from the dual MPET test problem with the analytical
solutions (4.17a)-(4.17¢). The values marked with single and double asterisk, * and **, should be compared to the numbers in Figure
4.4c.

Mesh size b |lprex —pills [poec—pollpe tox —ulle prex —pilli [p2es — pallyn ke — ull
0.18 1.3-1073 5.5-107% 6.8-107° 0.27 0.012 3.8-1073
0.088 3.2-1074 1.8-107* 1.7-1075 0.014 7.6-1073 1.8-1073
0.044 8.1-107° 4.4-107° 2.8-1076 6.9-1073 3.8-1073 5.4-1074
0.022 2.0-107° 1.1-107° 3.3-107" 3.4-1073 1.9-1073 1.2-107*
0.011 5.1-1076 2.7-107° 2.7-1078 1.7-1073 9.5-1074 2.1-107°

Estimated rate 1.0 1.0 2.0* 2.0 2.0 3.0"*
Theoretical rate 1.0 1.0 2.0 2.0 2.0 3.0

THAOW LAdIN HHL ¥ H4.LdVHO

8



CHAPTER 4. THE MPET MODEL 49

4.3 Convergence analysis of the fixed-stress split

for the MPET model - Proof strategy B

The goal of this section is determining values of the stabilization parameters L;
such that the fixed-stress scheme is guaranteed convergent. As stated in the

previous section, the stabilization terms for this splitting scheme are
L,»< Z(quk — p?’k_l), qi> with L; > 0. (4.18)
J
Let p!" and u" denote the solutions at time level n. We define the errors as

nk ._ . nk n nk ., nk n
e, =u"" —u" and e = p;"" —p;. (4.19)

Convergence occurs when the fixed-stress splitting scheme (4.13)-(4.14) is a con-

traction. We summarize in the following theorem.

Theorem 4. Let the assumptions in the list from Section 4.1 hold true. If § €
(0,2) and L > 5;}""‘, then the fized-stress splitting scheme for MPET model (4.13)-

(4.14) is a contraction which satisfies the estimate

2
Hzezﬁk o Z HKWVe"’“‘ + %L <Zﬁw €p) ),ql->

2

1 max nk 1
+2<%+é s |-

(1= 9) (nletestl A0 - )

n,k—1
>

%

. (4.20)

<72

|~

where v* = ﬁ, Omin = Min; o;, L = min; L;, ¢, = min;c,, and Ky 1s the
n 2
drained bulk modulus. The errors are those defined in (4.19). Consequently, the

solutions (p™*, u™*)

MPET system (4.11)-(4.12).

converge to the solutions (p™,u") resulting from solving the

Proof. The proof can be summarized in the following 5 steps:

1. Obtain the mechanics error equation and the ¢-th pressure error equation
for iteration level k. Test these with the k-th level error, i.e., ¢ = eglk
and v = e*. Sum all the pressure error equations (3;) and then add the

mechanics error equation.
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2. Rewrite the term arising from stability terms (term involving the L;’s) using
the binomial identity (2.34). The term containing the network transfer
coefficients (f3;;’s) is non-negative (see (2.37)), and consequently this can

be omitted from this point on.

nk ekl to find an ex-

3. Test the mechanics error equations with v = e}
pression for the terms containing the Biot coefficient (o;’s). Find a bound

using Cauchy-Schwarz and Young’s inequalities.

4. Rewrite (2 ||e(el” — eZ’k_l)H2 + AV (et — eﬁ’k‘l)HQ) by taking the
difference of the mechanics error equation for iteration level k£ and k — 1.
Then test with v = e?* — e™*~! and apply the Cauchy-Schwarz inequality.
Introduce an estimate involving the drained bulk modulus Kg,. This allows
the term(s) to be bounded by Hzi(ez’k epk1) H

5. Add the obtained bounds from the previous steps and rearrange the terms
to confirm the contraction of the function mapping Y, e * =1 s 37 enk,

i.e., verify that the fixed-stress splitting scheme is a contraction.

Later, a similar proof strategy is used for the undrained splitting method. The

n,k— 1|_>enk

goal is then to show a contraction of the function mapping V - el
instead of the summed pressure errors. We will show that the analogous proof

strategy does not work for the undrained splitting scheme.

As in Section 3.5, we will work with the variational forms which do not
involve discretization in space, i.e., the subscript h is removed. Note that the
scheme still is discretized in time. From the variational forms (4.13)-(4.14) we

have
Step 1: Given (w1, p/"* 1) € V x @, find p!"* € Q, such that

(V- (™ — ™Y )+ (e (PP — i), ) + (K VPP, V)

" < S Byt —p;?v’f>,qi> ¥ Li< S —p;?v’ﬁ-1>,qi> (g (421)

J#i J
forall ; € Q;, 1 =1,...,n.
Step 2: Given p?’k € Q;, find u™* € V such that

2ule(u™), e(v)) + MV - u™ V- v) <Za1pl >: (f"v)  (4.22)

forallv e V.
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By subtracting the variational forms with the approximated version from the

exact and using the definitions of the errors, we obtain the error equations
(;V - e 1 g;) + (cpiegi’k, ¢) + T<K¢V€Zi’k, V)

" T< 2 Pute = e)a > L <Z(€Z}k - e;;k_1)>%’> =0 (4.23)

J#i J

2ule(e*), e(v)) + MV - e* V- v) <Za k- 'v> = 0. (4.24)

n,k

We proceed by testing equations (4.23)-(4.24) with the functions v = el* and

¢ = eg;k. Recognizing the norms defined by the inner product, allows us to

‘2
+ 7'< Z Bii(ept —eph), Qi> + Li< Z(egk —epth) e k> 0 (4.25)

JF J

rewrite to

n,k—1 n,k
<V = 7O‘i€p¢ > + Cp;

2 1/2
e",’kH —|—THK./ Verk
Pi 1 Di

2 le(e)| + AV - e[ —<Za2”kv e >:0. (4.26)

We now sum the flow error equations (4.25) for all the systems (}_,) and then

add the mechanics error equation (4.26):
2
(Ve St ) + X, |
#r 2 (Tl - aet) + Dad et - e

n,k |2 1/2 n,k
€pi ” +7 Z HKZ vem
)

PN i

+2u [|e(el?)|]” + 1|V - el —<Za1"’fv e >_0. (4.27)
The first and last left hand side terms can be bounded from below by testing with
v = el* —e™" 1 in equation (4.24) and applying Cauchy-Schwarz inequality and

Young’s inequality. This gives us

<V.ez’k1,2aiegk> <Z:OzZ kel >

= —2p(e(ey”),e(el’ — ey ™)) = MV - ep", V- (eg" — el* ™)

u u u u u

5 n n
> 0 (ou [l + AV - et

— %(2/; He(eﬁ’k - eZ’kil)”2 +A HV (en* — eﬁ’kil)‘f)’ for all 4 > 0.
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For the term arising from the stability term, we need the binomial identity (2.34).
We introduce L := min; L; and move the sum inside the inner product (and change

index name) to obtain the bound

S St et ) = L et -, Z o)
i J

o el e )

2
Z n k: 1
The fourth left hand side term in (4.27) is non-negative (see the proof of

PBC

)

+

(2.37) in Section 2.3). Therefore this term is omitted from now on. From defining

¢, := min; ¢,, and using the identity |32, a;]|> < n Y2, [lag]|” (2.36), we have

2
§ n,k
epz‘ < z :Cpi
i 7

The inequalities above combined with equation (4.27) imply the following esti-

% s

mate

2

S| | KA

o )

2 efen)|F + AV - ent]? —5(2u!<ez”“ll +Auv-ez’ku2)

Cp

‘2

nk nk 1

& k 1
> (e —ep

i

- i(m (el — e )P+ A ||V - (e — egyk*)}f) <0. (4.28)

u

Next, we need to bound the last term from above by HZZ-(GZ;’“ — el’;‘i’k’l)||2 (Step
4). We begin by obtaining the mechanics error equation for iteration level i — 1
and subtract this from (4.24). Then we test with v = e™F—e*~1. After rewriting
and applying the Cauchy-Schwarz inequality, we have

2 |[e(er — efF || + A ||V - (e — et

u

n,k nk 1
§ :O‘i(epi

i

<

WV (en® —er || (4.29)

We now use the drained bulk modulus Ky, to further bound the last term. As

described in Section 2.2, the bulk modulus is a measure on how much force is
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needed to compress a material [17, 22]. It is a non-negative constant which
satisfies
Ko |V -ull’ <2ulle@) ||+ M|V -u|* VueV. (4.30)

_ onk n,k—1
Letting u = e;)" — el

(4.29), shows that

in the previous inequality (4.30) and applying it to

k
w —et )

Hv . (ez,k o en,k 1

Combining this with inequality (4.29) and multiplying by — 4, we arrive at the

287
estimate
2 2
O'/?nax n,k n,k—1 < 1 n,k n,k—1
- 20K g, Z(epz €p; ) = _25Kdr Zai(em — ©p, )
< _i ) nk _ _nk—1 2 AV - nk _ _nk—1 2
= 25 /’LHE(eu €y )H + || (e'u. €y )H )
where .y = max; ;. By using this bound in (4.28) and after rewriting, we

conclude with the following bound

2
Cp L) & (cp L)
w» = < (2L =

<n+2‘ - n+2

+ max 'Z nk 1

2  0Ka

n,k ‘2
nky || 2 nkl||2
(1__) (20 |e(ez™)] +)\||V-eu’ I”)
L n,
5 Ze k—1

The first inequality holds true for any L which satisfies L > ma" together with a
choice of § > 0 which satisfies 1 —g > 0. We then have ﬁ < 1. That is, choos-
n 2

2
+ TZ HKi/QVeZ;k

,6>0. (4.31)

ing 6 € (0,2) and L > 5Ka", ensures a contraction and ultimately convergence.

This implies

‘ < A2 nokt (4.32)
L
where v = —2— with ¢, = minc,,.
£ = 2
n 2

From [42] we have that K4 = 27" + A, which implies L > Shax _ Note
5(24)

that there can be found a more optimal stabilization parameter L by bound-

ing more terms in (4.31). Optimal parameter is here to be understood as the
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parameter Which results in the smallest number of iterations [31]. The term

1/2 ;Lz,k‘ .k H and

‘ can be bounded from below with respect to >, ||e

consequently also |3, e || by (2.36)). By using the assumptions on K; (see
end of Section 4.1) and applying the Poincaré inequality with constant Cq on

B

each individual fluid system ¢, we get
kl,m n.k
2 lep:

Combined with inequality (2.36) we have

S| < el

where kpin, = min, k;,, and n is the number of fluid systems. Additionally, the

term(s) 2u ||e==:(e’[;"“)||2 + ||V e’ng2 can also be bounded by the norm of the

< | e

kmln
nC%

, (4.33)

< Z HKl/QVe”k

pressure errors. See [31] for details on bounding these terms.

We proceed to showing that the approximated solutions converge to the
exact ones. This is equivalent to showing that norm of the pressure error and
displacement error converge to 0. From estimate (4.32) and the same reasoning

leading to (3.30) in Section 3.5, we have

n,k
Z Cpi
i

Note that the norm in (4.34) is a semi-norm of egi’k because it does not imply

lim
k—o0

— 0. (4.34)

that each individual pressure converge to 0 [41]. The limit (4.34) implies that all
1/2 n,k

2
’ — 0, and by using

norms in (4.31) also tend to 0. Especially,
this in (4.33), we have that the individual pressure errors converge to 0. When it
comes to the displacement error, we do the same analysis as was done on %" in
Section 3.5. This shows that also the approximated displacement converges. We

conclude this sections with
n,k n d n,k n

where (pi*, w™*) and (p*, w") result from the fixed-stress splitting scheme (4.21)-
(4.22) and the monolithic scheme (4.11)-(4.12), respectively. O
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4.4 Convergence analysis of the undrained split
for the MPET model - Proof strategy A re-
visited and Proof strategy C

We begin this section by demonstrating how modifying the proof used for Biot’s
model does not necessarily extend to work in the convergence analysis of the
MPET model. Recall the variational forms (4.15)-(4.16). The same steps as pre-
sented in Section 3.5 are modified to MPET by summing the flow error equations
before adding the mechanics error equations. We demonstrate this by skipping

to Step 4 in Section 3.5. At the beginning of this step, after rearranging, we have
0> 2pfe(es)||* + ||V - 2]
+%(L—6Zaf)w<ez’k— e LT LR
e bt et g 3 (G = ) et -
#( HKE”W“ et s w

We now shift our focus to the [-terms which will result in this proof strategy

(eg,k o e;t,kfl)

2
’ ) + [-terms.

being inconclusive. The S-terms are as follow

[-terms = 7 Z < Z Bij(e, pj ky, 6Zi,/lcl>

i J#i
k-1 1 i =1
+72<m (e =) e =gt
i JFi
To show that the undrained splitting scheme is a contraction, we first need to

show that the -terms are non-negative. They can be rewritten as

[-terms = —TZ < Zﬁm w1 _ ;‘kal), egi’k>

i jF#i
n,k n,k n, k: 1 e k—1 n,k—1
(et et ) D ( A et e )
@ J#i ( J#i
We note that the two last terms are non-negative by (2.37). It remains to show
that the first right hand side term consisting of different iteration levels (k — 1

and k) is non-negative, i.e.,

0< -7y < > BilephTt —epth, eg;’“>. (4.35)

i j#i
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This condition we cannot guarantee and consequently, this is where the proof falls
short. A similar issue arises when adapting the strategy from the previous section.
We then need that 0 < —7 ), < > iz Biglep —ep k) 6”7k_1>, which possibly does

' Epi
not hold. It is when involving an inner product of S-terms combined at different
iteration levels (k — 1 and k), that the techniques from Section 3.5 and Section
4.3 become insufficient. We therefore change the strategy to proving that the

function mapping a composite of errors is a contraction.

Now, we define the errors as the difference between two consecutive itera-

tions. That is,

n n n,k— n,k n,k n,k— 1
Su™F = ™ — ™ and Splt = pt — Pl (4.36)

The convergence result of this section is formulated in the following theorem:

Theorem 5. Let the assumptions in the list from Section 4.1 hold true. If € €
(L,L 42\ and L > "a%cjmx, then the undrained splitting scheme for MPET
model (4.15)-(4.16) is a contraction which satisfies the estimate

et (3 (srmg) 1) I a5
QCp Omax Qmax 2 n,k

2

:
+Z<Zﬁm o = o). )

i Ve

2

amax n.kK—
V - fuFl 4 X Z op; k=1

; (4.37)

amax n
V- (5u"’k + T Z(;pz ok

i
where 2 = £ i = ming a;, amax = max; ;, L = min; L;, ¢, = min;c,,. The
errors are those in (4.36). Consequently, the solutions (p™F, u™*)

solutions (p™,u") that satisfy the variational forms (4.11)-(4.12).

converge to the

Proof. The goal is to show that the sequence function mapping aV - Ju™*~1 +
by, op Tt = aV - Sutt 4 by, op* is a contraction for some constants a and

b. The proof consists of the following 3 steps:

1. Subtract the mechanics error equation at iteration level kK — 1 from the one

at iteration level k. Then test with v = du™* and find a bound of the form
2

Cy |V - su™*|* = Cy <0

aV - sumt by " opt

with Cl, CQ > 0.
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2. Obtain the i-th pressure error equation for iteration level k£ and k£ — 1.
Subtract the latter from the former equation and test with with ¢; = (5p?’k
Then sum over all N systems. Scale, complete the square and rewrite to

reach an estimate of the form
2

— |V w4 (C - 1) <0

Z(snk

aV - Su™" + bz op*

with C5 > 0.

3. Add the resulting inequalities from the previous two steps. Show a con-
traction by determining € > 0 and the stabilization parameter L that allow

rewriting to the estimate
2

Y

aV - ou™ +b Z op*

2V - su™r 1 + bz 5p?’k71

where 7% € (0,1).

In the following proof @ = 1 and b = “%2x. We start with the non-discrete

variational forms

2u(e(um™), e(v)) + MV - u, ¥ ) <Z‘W?“ >

+ LV - (u™ —u™ 1) V. v) = (f,v) (4.38)

<aiv : umkv Ql> + <Cpip?7ka ql> + 7'<Kin?7ka vqu)
+T<Zﬁm( _p] )7 > <w17%> (439)
JFi
Recall the definition and notation of the k-th errors at time level n. We subtract

(4.38) at iteration level k — 1 from £ to obtain the mechanics error equation

2u(e(6u™), e(v)) + MV - 6u™* V - v) <Zal(5pnk v v>

+ L(V - (du™* — §u™ 1)V . v) =

Then we test the equation above with du™* and rearrange. After defining cvay :=
max; «; and applying Cauchy-Schwarz inequality and Young’s inequality, we ob-

tain the estimate

2u|[e(6u™*)||* + (A + L) ||V - 6u™*||”

1

LY - 6u™ ' 4 apae Y opF !
2e 'u, o Z bi

7

a % |V - su™*||* <0, Ve > 0.
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We multiply this inequality by % and rearrange

4“\\5 surh)|” + 2 ()\+L——) 1V - 5|

V- SumFt 4 ma"25p"’“ !

<0, Ve>0. (4.40)

This completes the first step with the constants C; = ()\ + L — %) and Cy = =

At the end of the proof, restrictions on € and L are made.

The next step starts with subtracting the variational form (4.39) at iteration
level £ — 1 from iteration level k. We proceed by testing with (5p?’k and summing
over all systems (> ;). Defining ¢, := min,;¢,, and using identity (2.36) allow
us to rewrite the term containing the storage coefficients c,,. After factorizing

Qi = min; o; out we have
Vo i 305 + 2y || S ol f
y “Ymin i 7 n D i i
+7y < T e S (A p?’k_l)),5p?’k> <0. (4.41)

PN g
Combining the error notation with tensor notation it can be shown that the terms

2
+ TZ HK;HVdp?’k

containing the §’s are non-negative (see (2.37)). That is,

0= (X Aot -t - Gt ) )
i i
=> < > Bi(0p} " —op7h), 5p?’k>,

i ji

and we can omit this term in future estimates. We multiply (4.41) by i‘;& and

min

get
MUY - 5unvk’ % Z (5pn’k
L £ !
2617 O{max Z 5p _l_ 2amax Z HK]./QV5 n,k ‘ < O
NCAmin Cmin
Completing the squares for the inner product, results in
2
nk Qmax n,k k(12 o Qmax
Vw4 TS| ||V b (P ) Zap
2 ’ 2
Cp Omax @,k O’max HK1/2 n.k ’ < 4.492
Nmin L XZ: P T Lo Z Vo 0 14
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We have that C3 = QCP émax in the second step.

In the final step, we add inequalities (4.40) and (4.42) to obtain

’ 2

4p nky |2 20max 120 5 nk
7 |e(0u™")]|” + LaminTzi:HKi Viép;
2

Omax n.k—
Vo oum i g BN g

7 V- du™F + m‘”‘Zép

E _E . . nk||2 2cp Omax Omax
+<L(/\+L 2) 1) |V - 6umt| +(namm e _ (22 ))‘

for all € > 0. As in the proof in Section 4.3, we can omit all non-negative terms

<0

Y

(4.43)

which are not needed in the estimate. By doing so and rearranging, leaves us

with

2
PRELZC G P

V- duF + ma"Za"’“ -

2

amax
+— (2¢, L — nOtminOimax)
Qmin LM

> opt

V- dumE 4 ma"25p"k !

2
<

L
= L e>0. (4.44)
€

To show that the undrained splitting scheme (4.38)-(4.39) is a contraction, we

need an estimate of the form

V- dumht 4 m‘“25p"k ! (4.45)

Hv u 4 Smax Z(Sp

with 72 € (0,1). In other words, we require that

)
L, e>0
L<1

2+ L —€e>0

\QCpL — NOlpin Omax > 0.

This implies the following restrictions on the stabilization parameter L and the

choice of €
N&min*¥max

<L<e<L+2N (4.46)
2¢p
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That is, the inequality (4.45) with v* = £ holds when € and L satisfy the relation
above. 72 is smallest when L is smallest and € is largest possible. Note that the
stabilization term in the undrained splitting scheme for Biot’s equations satisfies
L > MT"‘Q This follows from the fact that Biot’s model corresponds to the MPET
model with N =1, qupin = imax = @ and (1/M) = ¢,.

Analogous to inequality (3.29) Section 3.5, we have

<A (4.47)

V- oumt % 3ot

V- ou 4+ % S oy

and consequently,

a
lim (V- g 4 2837 gyt — o,
i (7 0w+ =7= 3 o
Combining this with inequality (4.43) shows that all the left hand side terms tend
to 0 as k tends to oco. By using the same rewriting techniques as in Section 3.5 we
can show that V - du™* — 0 and K;/QVcSp?’k — 0 imply that the displacement
error and the individual pressure errors converge to 0. That is,

lim V- du™* = 0 and Lim oprt=0,i=1,...,N.
—00

k—00

Since all the errors converge, so do their linear combinations in the undrained
splitting scheme (4.38)-(4.39). Hence, the approximated solutions from the undrained
splitting scheme for the MPET model converge to solutions satisfying (4.11)-
(4.12). O



Chapter 5
Summary

This thesis started with describing flow in porous media leading to Biot’s equa-
tions. The first section included a description of mass conservation, Darcy’s law
and elastic deformation. It was followed by a slightly different approach involving
the variational fluid content and drained bulk modulus. This chapter was ended
with some basic theory from functional analysis and a brief explanation of the
Finite Element Method (FEM) for a monolithic scheme.

The subsequent chapter addressed how to solve Biot’s equations. It started
with deriving the variational formulation and a discretization of the Biot’s system
in both space and time. This was followed by the introduction of two splitting
methods, namely the fixed-stress splitting and the undrained splitting. A nu-
merical example was constructed to demonstrate both these methods. Chapter
3 was completed with a convergence proof for the undrained splitting method.
We proved that the approximated solutions converge to the solutions of the fully
implicit scheme. The function mapping an error to the error of the subsequent it-
eration was proven to be a contraction with zero as a fixed point. Combined with
the Banach fixed point theorem we concluded with convergence for the undrained

splitting method.

In the fourth chapter we studied an extension of Biot’s model by exploring
the Multiple Network Poroelastic Theory (MPET). We revisited the splitting
methods from the previous chapter as well as performed convergence analysis
on the MPET model. In the last section, we realized that we needed to show
a contraction of a composite of errors for the undrained splitting method. This

was due to the trouble with bounding the terms involving the network transfer

61



CHAPTER 5. SUMMARY 62

coefficients (which are only part of the extension of Biot’s model).

Future work

As mentioned in Section 3.5, the estimated rate is not optimal. It is reasonable to
assume that this is also the case for the rates from the MPET model. This is of
interest to investigate further. In addition, other boundary conditions should be
included, and numerical examples on more advanced meshes should be produced.
If the latter suggestion is carried out, it would be of advantage that the script
for solving the MPET model is made to run more efficiently (see comment in
Section 4.2.1). The approximation of the displacement convergence rates should
be part of this process because the rates follow from the chosen test case(s).
That is, one should try other test cases. As mentioned in Section 3.4.1, it would
be practical to use more realistic parameters depending on the chosen field of
study. The extension of Biot’s model where a Dirac line source was included, was
demonstrated in [20]. This could also be pursued for the MPET model.
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