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Abstract

The area of application for piezoceramic transducers are ever expanding, and so is
the need for better modeling them. This thesis looks at the possibility of estimating
parameters used for such models through FEM simulations and curve-fitting with
measurements.
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Chapter 1

Introduction

University of Bergen’s (UiB) acoustics department have performed extensive re-
search and experimenting with high acoustic/characteristic impedance piezoceram-
ics such as Vernitron’s PZT-5A and Ferroperm’s Pz27. The ever advancing use
of piezoceramics in acoustic resonance technology poses the need of high precision
models and simulations for these transduceconstructions.

FEMP allows one to model complex transducer constructions in both vacuum
and fluid. Another, albeit lesser use of FEM, is in estimating the very input
parameters used for the modeling. To be precise, the material constants and their
associated loss coefficients. Previously this has been done for fine-adjusting the
material constants to better fit measurements with great success [7, 19, 16, 3],
which raises the question if FEM could be used as an independent method for
estimating the material constants by itself. A thorough analysis documenting
each material constants impact on the output simulations from FEMP has been
done by Fardal [7], which worked as a guideline for the ”trial and error”-process
Lohne and Knappskog used to fine-adjust the material constants for Pz27 in their
master thesis’ [19, 16]. The material data set went through a final iteration in
Aanes’ Ph.D. [3] which now serves as the baseline material data set for Pz27 at
UiB.

In this thesis similar analysis’ conducted for PZT-5A by Fardal in the past are
replicated for Pz37HD. The thought behind it being such an analysis can serve as
a similar guide for Pz37HD and other like-behaved materials, as the work Fardal
did for PZT-5A was. The possibility for a systematic method for fine-adjusting
the material constants have been also been considered.

Chapter 2 introduces the theory behind a piezoelectric resonator in vacuuum, as
well as material constant calculations following known standards as IEEE1987.
Chapter 3 and 4 addresses the measurement and simulation setup. In chapter 5
results from a simulation analysis is presented and compared with work previously
done at UiB.
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Chapter 2

Theory

This chapter introduces notations and definitions used in this thesis. Equations
for describing a piezoelectric resonator are given in Section 2.2. Material constants
calculations are found in Section 2.4.

2.1 Fundamental Theory and Terminology

In order to clearly describe vibrational mode affiliation the following notation have
been adopted in this thesis

fMODE
i

where

i = s,p : where i = s denotes series resonance,
and i = p parallel resonance [13].

MODE : Mode of vibration, e.g. the first radial mode R1,
or the second thickness extensional mode TE1.

The resonance frequencies are defined as in Sherrit et al [22, 23]:

• maximum of the real part of the admittance over the angular frequency Y/ω
for the series resonances fs.

• maximum of the real part of the impedance times the angular frequency Z ·ω
for the parallel resonances fp.

These definitions differ from the IEEE definitions [13] by either dividing or mul-
tiplying with the angular frequency ω to counteract the effects of ω outside the
brackets in Equation 2.20 for the admittance Y , and in Equation 2.41 for the
impedance Z(ω). Evaluating the resulting expressions at their maximums are
stated as being more mathematically correct [23].

2.2 Linear Theory of Piezoelectricity

This section introduces the linear relations that describes a piezoelectric resonator.
The equation of motion for the piezoelectric element with no external forces acting

2



upon it can be expressed as [13, 17]

Tij,j = ρüi, i, j = 1, 2, 3 (2.1)

where Tij,j is the spatial derivative in j-direction of the mechanical tension, ρ is
the density of the piezoelectric element, and üi is the twice temporal derivative of
the displacement in i-direction. Assuming a time-harmonic solution for the dis-
placement, that is ui = u0e

iωt where u0 is some arbitrary displacement amplitude,
ω = 2πf the angular frequency, and t time, Equation 2.1 can be rewritten as
[13, 17]

Tij,j = −ω2ρui (2.2)

To describe the electrical effects acting on the piezoelectric element the quasi-
electrostatic approximation is usually sufficient, meaning the magnetic effects are
negligible in comparison [13]. As a result the curl of the electric field vector E
must fulfill

∇× E = 0 → E = −∇ϕ (2.3)

or expressed as in [13]:
Ei = −ϕ,i (2.4)

where ϕ,i is the derivative of a scalar electric potential ϕ in i-direction. The i-
component of the electric displacement D can be expressed as [13]

Di = ε0Ei + Pi (2.5)

where ε0 = 8.854 · 10-12F/m is the permittivity in vacuum, and Ei and Pi are the
i-components of the electric field, and polarization in the material respectively.
From Ampére’s modified 2nd Law [18]

∇×H =
δD

δt
+ Jf (2.6)

where H is the magnetic field, and Jf is the current density of free charges in the
element. The continuity equation , applied here it reads the net influx of electric
charges must equal the rate for which the free-charge density ρf increase in the
element [15]:

∇ · Jf +
δρf
δt

= 0 (2.7)

Inserting Equation 2.7 into Equation 2.6, and looking at the gradient of it all gives

∇ · ∇ ×H = 0 (2.8)

which implies

∇ · δD
δt

= −∇ · J =
δρf
δt

(2.9)

Integrating both sides over time t gives

∇ ·D = ρf = 0 (2.10)
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since the density of free charges ρf in the material is assumed to be small [13, 25].
The following set of constitutional equations describing a piezoelectric body in
vacuum can be derived [13]

Tp = cEpqSq − ejpEj (2.11)

Di = eiqSq + εSijEj (2.12)

where compressed notation p, q is used for the mechanical tensors [25]

i, j = 1, 2, 3

p, q = 1, 2, ..., 6

and

Tp : Mechanical stress [N/m2]
Sq : Mechanical strain
Ej : Electric field strength [V/m]
Di : Electric flux density [C/m2]
cEpq : Elastic stiffness constant at constant electric field [N/m2]
ejp/iq : Piezoelectric/coupling constant [C/m2]
εSij : Dielectric constant at constant mechanical strain [F/m]

2.3 Losses in Piezoelectric Materials

In piezoelectric materials 3 types of losses are to be considered: mechanical relax-
ation, dielectric dissipation and imperfect conversion of piezoelectric energy. Each
of these can be included through the use of complex material constants [10, 24]

ĉEpq = cE
′

pq + icE
′′

pq = cE
′

pq

(
1 + i

1

QcE
pq

)
(2.13)

êjp = e
′

jp + ie
′′

jp = e
′

jp

(
1 + i

1

Qe
jp

)
(2.14)

ε̂Sij = εS
′

ij + iεS
′′

ij = εS
′

ij

(
1− i

1

QεS
ij

)
(2.15)

where i, j = 1, 2, 3 and p, q = 1, 2, ..., 6. A hatˆdenotes a complex valued quantity,
a prime ′ the real component, and double prime ′′ the imaginary component of
the quantity. The Quality Factors (Q-factors) are related to the loss tangents as
following
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tan δc
E

pq =
1

QcE
pq

=
cE

′′
pq

cE′
pq

(2.16)

tan δejp =
1

Qe
jp

=
e
′′
jp

e
′
jp

(2.17)

tan δε
S

ij =
1

QεS
ij

=
εS

′′
ij

εS
′

ij

(2.18)

(2.19)

where i, j, p, q may take on the same values as before. Holland [10] derived a set of
constraints for the imaginary parts of the material constants having basis in that
the power dissipation of a passive material must always be positive. This can be
used to affirm that the estimated set of material constants are valid in the physical
sense.

2.4 Methods for Calculating Real Material Con-

stants

This section contains methods for determining material constants through mea-
surements on thin disc-shaped piezoelectric elements, following the now withdrawn
Institute of Electrical and Electronics Engineers’ (IEEE) Standard on Piezoelec-
tricity [11].

To determine a full set of material constants with these methods additional ele-
ments of different dimensions and polarizations are required [13]. A method for
estimating 5 additional material constants, not relying on said additional elements,
is described in Section 2.4.4.

In Table 2.2 at the end of this section is an overview over calculable material
constants in this section, and which parameters are included in their respective
equations.

2.4.1 Radial Mode Model

The admittance Y of an infinitely thin radial resonator can be expressed as [13].

Y (ω) = iωεT33
πa2

t

[
1− k2

p

] J(η)− 1 +
σp+k2p
1−k2p

J(η)− 1 + σp

 (2.20)

where Onoe’s function J is given as [22, 4]

J (η) =
ηJ0(η)

J1(η)
(2.21)

η =
2πfa

vp
(2.22)

5



and

J0: Bessel function of the first kind, zeroth order.

J1: Bessel function of the first kind, first order.

vp: Planar sound velocity.

Expressions for the first two series resonances, corresponding to radial modes R1
and R2, can be derived from Equation 2.20 by evaluating Y at Y → i∞:

J
(
ηR1
1

)
− 1 + σp = 0, ηR1

1 =
2πfR1

s a

vp
(2.23)

J
(
η
(R2)
1

)
− 1 + σp = 0, η

(R2)
1 =

2πf
(R2)
s a

vp
(2.24)

The planar Poisson’s ratio σp and the first root of Onoe’s equation ηR1
1 can be

approximated by a third- and fourth order polynomial respectively [22]

ηR1
1 = a0 + a1rs + a2r

2
s + a3r

3
s (2.25)

σp = b0 + b1rs + b2r
2
s + b3r

3
s + b4r

4
s (2.26)

rs =
f
(R2)
s

fR1
s

(2.27)

where the an- and bn-coefficients are given in Table 2.1.

n an bn
0 11.2924 97.527023
1 −7.63859 −126.91730
2 2.13559 63.400384
3 −0.215782 −14.340444
4 1.2312109

Table 2.1: Coefficients for the polynomial fit of η
(R1)
1 and σp estimated through a least

squares method [22].

Equations 2.23 and 2.24 can be expressed as the following relation

η
(R2)
1 = ηR1

1

f
(R2)
s

fR1
s

(2.28)

which removes the need of vp to calculate ηR2
1 . With Equation 2.25 and 2.26 the

following material constants can be calculated [12, 22]
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cp11 =

(
2πf

(R1)
s a

)2
ρ(

η
(R1)
1

)2 (2.29)

sE11 =
1

cp11
(
1− (σp)2

) (2.30)

sE12 = −σpsE11 (2.31)

(kp)2 =
1− σp − J

(
η
(R1)
2

)
2

(2.32)

where

ηR1
p = ηR1

s

fR2
p

fR1
s

(2.33)

YT = iωCT
0 for f → 0 (2.34)

where the blocked conductance can be expressed as [25]

CT
0 =

BT

ω
for f ≤ 0.01fR1

s (2.35)

and the Relative dielectric constant at constant mechanical stress can be expressed
as [25]

εT33 =
BT · t
ωε0πa2

(2.36)

where t is thickness of the transducer, and A = πD2

4
surface area of the transduc-

ers sides in contact with the electrodes, and BT is the susceptance at constant
mechanical stress.

This is best determined at frequencies f ≤ 0.01× fR1
s given a DT-ratio of higher

than 10 [12].

Using the previously determined εT33 from Equation 2.36 the following material
constants can be calculated [22, 13, 19]

εp33 =
εT33

1 + 2(kp)2

1+σp

(2.37)

k2
p = 1− εp33

εT33
(2.38)

k2
31 = k2

p

(
1− σp

2

)
(2.39)

d31 = k31

√
εT33s

E
11 = kp

√
1− σp

2
εT33s

E
11 (2.40)
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2.4.2 Thickness Mode Model

The impedance Z of a piezoelectric thickness resonator is given by [13]

Z(ω) =
1

iωCS
0

[
1− k2

t

tan(x)

x

]
(2.41)

where

x =
ωt

2vD
=

πft

vD

and

CS
0 =

εS33πa
2

t
: Capacitance at constant mechanical strain S.

kt : Thickness coupling factor.
vD : Sound velocity in thickness direction

An expression for vD can be derived by evaluating Equation 2.41 at its paral-
lel resonances, which corresponds to Z’s maxima [13]. This is the case when
tan(x) =→ ∞ which, for the first order resonance, is

xTE1
p =

πtfTE1
p

vD
=

π

2
(2.42)

vD = 2tfTE1
p (2.43)

An expression for kt can be derived by evaluating Equation 2.41 at its series reso-
nance, which corresponds to Z → 0 [13]. For the first order resonance this is the
case when

1− k2
t

tan(xTE1
1 )

xTE1
1

= 0, or

k2
t =

xTE1
1

tan(xTE1
1 )

(2.44)

where

xTE1
1 =

πt

vD
fTE1
s (2.45)

Substituting Equation 2.43 into 2.44 the coupling factor kt can be rewritten as
[13, 19]

k2
t =

πfTE1
s

2fTE1
p

tan

(
π
(
fTE1
p − fTE1

s

)
2fTE1

p

)
(2.46)

which can be used to find the elastic stiffness constant cE33 [13]

cE33 = 4ρ
(
1− k2

t

) (
fTE1
p t

)2
(2.47)
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2.4.3 Combination of Constants from the Radial- and Thick-
ness Models

Using both material constants from Section 2.4.1 and 2.4.2 additional material
constants can be calculated [25, 19].

cD33 = cE33
(
1− k2

t

)−1
(2.48)

εS33 = εT33
(
1− k2

t

) (
1− k2

p

)
(2.49)

e33 = kt

√
εS33c

D
33 (2.50)

To determine the rest measurements on elements of other dimensions and poling
than a disc are necessary [13, 4]. A bar excited and polarized in the length direc-
tion, and a bar polarized in the length direction, but with the electrodes on two
opposite sides.

2.4.4 Lohne’s Method

Lohne [19] describes a method for which the material constants cE11, c
E
12 and cE13 can

be calculated given an already known e31, as well as previous constants calculated
in Sections 2.4.1 - 2.4.3.

Firstly the two elastic compliance factors sE13 and sE33 are estimated [14, 20]

sE13 =
d31 − e31

(
sE11 + sE12

)
e33

(2.51)

sE33 =
εT33 − εS33 − 2e231

(
sE11 + sE12

)
− 4e31e33s

E
13

e233
(2.52)

Which can be further used to express the elastic stiffness constants cE11, c
E
12 and cE13:

cE11 =
sE11s

E
33 −

(
sE13
)2

(sE11 − sE12)
[
sE33 (s

E
11 + sE12)− 2 (sE13)

2
] (2.53)

cE12 =
−sE12s

E
33 +

(
sE13
)2

(sE11 − sE12)
[
sE33 (s

E
11 + sE12)− 2 (sE13)

2
] (2.54)

cE13 =
−sE13

sE33 (s
E
11 + sE12)− 2 (sE13)

2 (2.55)

9



Material Constant Measurables Primary Formula Secondary Formulas
cD33 : elastic stiffness constants at constants electric displacement 2.48 2.47, 2.46
cE11 : elastic stiffness constants at constant electric field 2.53 2.30, 2.52, 2.51, 2.31
cE12 : elastic stiffness constants at constant electric field 2.54 2.30, 2.52, 2.51, 2.31
cE13 : elastic stiffness constants at constant electric field 2.55 2.30, 2.52, 2.51, 2.31
cE33 : elastic stiffness constants at constant electric field t, ρ, fTE1

p 2.47 2.46
cp11 : planar elastic stiffness constant fR1

s , a, ρ, 2.29 2.25
d31 : piezoelectric strain constant 2.40 2.39, 2.36, 2.30
e33 : piezoelectric constant 2.50 2.46, 2.49, 2.48
εp33 : relative planar dielectric constants 2.37 2.36, 2.32, 2.26
εS33 : relative dielectric constants at constant mechanical strain 2.49 2.36, 2.46, 2.38
εT33 : relative dielectric constants at constant mechanical stress t, a 2.36 2.35
ηR1
s : root of Onoe’s equation 2.25 2.27
ηR1
p : root of Onoe’s equation fR1

p , fR1
s 2.33 2.25

k31 : transverse coupling coefficient 2.39 2.38, 2.26
kp : planar radial coupling coefficient 2.32 2.26, 2.21, 2.33
kp : planar coupling coefficient 2.38 2.36, 2.37
kt : thickness coupling coefficient fTE1

s , fTE1
p 2.46

rs : ratio of series resonances fR2
s , fR1

s 2.27
σp : planar Poisson’s Ratio 2.26 2.27
sE11 : elastic compliance constant at constants electric field 2.30 2.29, 2.26
sE12 : elastic compliance constant at constants electric field 2.31 2.30, 2.26
sE13 : elastic compliance constant at constant electric field 2.51 2.40, 2.30, 2.31, 2.50
sE33 : elastic compliance constant at constant electric field 2.52 2.36, 2.49, 2.30, 2.31, 2.51, 2.50
vD : sound velocity in thickness direction t, fTE1

p 2.43

Table 2.2: Summary of the calculated material constants and quantities used in their calculations in Section 2.4. Secondary formulas are material
constants appearing in the current primary formula. Constants necessary for FEMP: cE11, c

E
12, c

E
13, c

E
33, c

E
44, e31, e33, e15, ε

S
11, and εS33. Constants

that are calculable from measurements on a disc: σp, cp11, s
E
11.s

E
12, d31, ε

T
33, ε

p
33, k

p, kp, k31, c
E
33, v

D, kt, e33, ε
S
33 and cD33. Constants not calculable from

measurements on a disc [13]: cE11, c
E
12, c

E
13, c

E
44, e31, ε

S
11, s

E
13 and sE33. All of the listed material quantities are necessary to calculate the FEMP constants

using methods described in Section 2.4.
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2.5 Methods for Calculating Complex Material

Constants

Losses in the piezoelectric medium may be accounted for by using complex material
constants. Section 2.5.1 describes one such method by utilizing complex valued
resonance frequencies.

Another method for estimating complex material constants has been considered
[6, 5], but not tested due to the model performing seemingly worse than Sherrit’s
Model at modes with multiple pronounced resonance peaks when tested for a bar-
shaped element [4].

2.5.1 Sherrit’s Method

The methods described in Section 2.4 for calculating material constants do not
account for the imaginary parts of said constants. Sherrit et al. [22, 23] describes
a method for estimating these imaginary parts through complex frequencies cal-
culated at series- and parallel resonances:

f̂R1
s = fR1

s

[
1− i

fR1
1,-3dB − fR1

1,+3dB

fR1
s

]− 1
2

f̂R2
s = fR2

s

[
1− i

fR2
1,-3dB − fR2

1,+3dB

fR2
s

]− 1
2

f̂R1
p = fR1

p

[
1− i

fR1
2,-3dB − fR1

2,+3dB

fR1
p

]− 1
2

whereˆ indicates a complex valued quantity. The frequencies are defined accord-
ingly [22]

fR1
s : real frequency at R1 defined as the maximum for the real part of Y (ω)/ω

fR2
s : real frequency at R2 defined as the maximum for the real part of Y (ω)/ω

fR1
p : real frequency at R1 defined as the maximum for the real part of ωZ(ω)

fMODE
i,±3dB : half band frequency for either series- or parallel resonance i = s, p respectively.

The complex frequencies can be inserted directly into Equations 2.23 - 2.28, 2.27
- 2.29, 2.35, and ?? - 2.47. Meaning the same expressions for calculating real
material constants can be used for calculating the complex material constants,
with the exception that complex frequencies are used.

Complex frequencies associated with the TE1-mode can be defined in a similar
fashion [23]:
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Figure 2.1: Modified locus diagram for the series resonances from [22]. Here f
(1)
+1/2

corresponds to fR1
s,+3dB.

f̂ (TE1)
s = f (TE1)

s

[
1− i

f
(TE1)
1,-3dB − f

(TE1)
1,+3dB

f
(TE1)
s

]− 1
2

(2.56)

f̂ (TE1)
p = f (TE1)

p

[
1− i

f
(TE1)
2,-3dB − f

(TE1)
2,+3dB

f
(TE1)
p

]− 1
2

(2.57)

(2.58)

where

f (TE1)
s : real frequency at TE1 defined as the maximum for the real part of Y (ω)/ω

f (TE1)
p : real frequency at TE1 defined as the maximum for the real part of ωZ(ω)

The complex dielectric constant ε̂S33 can be written as [23]

ε̂S33 =
t

iωπa2Z(ω)

1− k̂2
t

tan
(
ω/4f̂

(TE1)
p

)
ω/4f̂

(TE1)
p

 (2.59)

where ω = 2πf is a arbitrary frequency, however [23] advises choosing a frequency
between the first and second thickness extension resonance to avoid errors being
magnified near resonances.

[19] however determines ε̂S33 from the dielectric loss factor Qe = BT/GT calculated

at frequencies f ≤ 0.01× f
(R1)
s .
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ε̂T33 = εT33

(
1− i

1

Qe

)
(2.60)

which can be inserted into Equation 2.49 for a complex-valued εS33. This will
further be used to give rise to complex material constants ê33, ŝ

E
13, ŝ

E
33, ĉ

E
11, ĉ

E
12 and

ĉE13 in Equations 2.50 - 2.55.
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Chapter 3

Measurement Setup and Methods

This section discusses the measurables mentioned in Table 2.2, and the instruments
and methods used for obtaining them. The elements considered are piezoceramics
manufactured by Ferroperm of type Pz37 High Density (Pz37HD). This material
is described as having very low acoustic impedance and at the same time high
coupling coefficient and coupling [8].

A total of 10 elements were measured upon:

• 5 piezoceramics specified to have diameter D = 20mm and thickness t =
1mm.

• 5 piezoceramics specified to have diameter D = 30mm and thickness t =
1.5mm.

To accurately determine fR2
s from measurements IEEE recommends a diameter-

thickness (D/t) ratio > 20 [13]. Both groups of elements were requested to have a
D/t ratio close to 20, which were also chosen for comparison purposes with another
piezoceramic PZT-5A in work done by Fardal [7]. This is discussed in Section 5.3.

3.1 Dimensional measurements

3.1.1 Equipment

Table 3.1: Table of equipment used to measure parameters used in material constant calculations. All equip-
ment are procured in-house.

Name Manufacturer Model Serial No. Precision Range
Digimatic Micrometer Mitutuyo MDH-25M 15229628 ±0.5µm 0− 25mm
Electronic Calipers Sylvac S Cal Pro 34264 ±0.02mm 0− 40mm
Electronic Scale Ohaus SC2020 SCOUT ±0.01g 0− 200g

3.1.2 Measurement Methods

The average thickness t were estimated by measuring the elements 10 times each
at randomly selected areas on the discs, then calculating the mean and standard
deviation for each elements results. The micrometer were used for all elements.
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The average diameter D = 2a were estimated by measuring the elements 10 times
each at randomly selected areas on the discs, then calculating the mean and stan-
dard deviation for each elements results. The micrometer were used for elements
No. 1 - 5, and the calipers for elements No. 6 - 10.

The average mass m were estimated by weighing the elements 10 times each,
then calculating the mean and standard deviation for each elements results. The
electronic scale were used for all elements.

The electrodes contributions to the mass and volume have been subtracted when
calculating the average density ρ

ρ =
m− 2me

V − 2Ve

=
m− 2teρeπa

2

πa2(t− 2te)
(3.1)

where me = ρeteπa
2 is the electrode mass, Ve = teπa

2 the electrode volume, and
te ∼ 10µm the electrode thickness which is considered to be silver with density
ρe = 10500kg/m3 [9]. This gave approximately a 1% decrease in the initial den-
sity, meaning a better match with Ferroperms listed density. This is also within
Ferroperms ±2, 5% tolerance interval for the density [9]. The effects this has on
the FEMP simulations are discussed in Section ??, which were also considered
before going through with it. Table ?? shows the mean of the measurables, where
the electrode thickness te have been subtracted from the measured thickness.

Table 3.2: Mean of measurements of thickness t, diameter d, massm of the piezoelectric
elements. Electrode thickness te = 0, 01mm are subtracted from the total thickness.
Exact measurements are given in Appendix reference. The calculated density ρ is also
included, as well as uncertainties for each quantity. See Section 3.1 for details.

Elem. No. 1 2 3 4 5 6 7 8 9 10 U±
t [mm] 0.879 0.883 0.884 0.883 0.884 1.440 1.437 1.439 1.437 1.444 0.003
d [mm] 19.06 19.06 19.04 19.05 19.06 29.99 29.99 29.97 29.98 29.98 0.01
m [g] 1.68 1.69 1.69 1.69 1.69 6.76 6.78 6.76 6.78 6.79 0.01
ρ [kg/m3] · 103 6.45 6.49 6.48 6.46 6.47 6.50 6.53 6.51 6.53 6.51

Uncertainties listed in Table 3.2 are the standard deviation of the measurement
sets, except the mass. The instruments listed measurement errors were all found to
be lower than the standard deviation, with the exception of the electronic scale.

3.2 Electrical measurements

An impedance analyzer is used to measure the real and imaginary component
of the admittance Y for the 10 piezoceramic discs. The measurements are not
only used for deriving important measurables like resonance frequencies used in
material constants calculations, but also for comparing with simulations in Chap-
ter 5. Procedures for ensuring accurate and consistent measurements are briefly
explained in Section 3.2.2.
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3.2.1 Equipment

Figure 3.1 shows the impedance analyzer used to measure the piezoceramics, and
Table 3.3 contains the specifications of the analyzer.

Table 3.3: Table of equipment for electrical measurements.

Name Manufacturer Model Serial No. Precision Range
Impedance Analyzer Hewlett Packard 4192 A LF 2150J01344 5Hz - 13kHz

Figure 3.1: Impedance analyzer used for measurements on piezoceramic discs in air.
The polystyrene foam brick is used

16



(a) (b)

Figure 3.2: a) Setup for the piezoceramic elements when conducting electrical mea-
surements. b) Example of how a piezoceramic disc is placed when conducting electrical
measurements. The wires are connected to the electrodes by direct contact alone.

3.2.2 Methods

Before every measurement the analyzer has been calibrated by the built in features
which sets the measured admittance at an open circuit to 0, and the measured
admittance with a closed circuit to infinity. The calibration is performed while a
1MHz oscillating 0.3V voltage is sent through the circuit. A frequency sweep is
done by using a MATLAB-script impanal mathias.m written by co-supervisor
Mathias Sæther, and the measured conductance G and susceptance B are stored.
These measured values are further used to acquire the admittance Y = G + iB,
the impedance Z = 1/Y , and the resistance R and reactance X which are aquired
by taking the real and imaginary part of Z separately.

During measurements the element is connected by two wires in direct contact with
the electrodes, standing upright in a track carved out in a polystyrene foam brick
as illustrated in Figure 3.2. Uncertainties originating from loss of contact with the
electrodes, or improper calibration, have been tested for by performing 10 repeated
measurements on the same element and comparing the results. No discrepancies
were observed. This was done for all elements before conducting the measurements
used for comparisons in Chapter 5.

A frequency resolution ∆f = 1Hz is used when measuring the R1 mode and regions
below, while ∆f = 50Hz for the regions above. Similar resolutions were used by
Fardal with ∆f = 2Hz below 150kHz, and 50Hz above [7].
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Chapter 4

Simulation Setup and Methods

This chapter addresses the simulation software FEMP the Finite Element Method
(FEM) formulation used to model a piezoelectric disc in vacuum. Additional infor-
mation regarding the user-configured files for FEMP are provided in Appendix B.

4.1 Finite Element Modeling

This section addresses the FE formulation for a piezoelectric resonator in vacuum
[17, 18], which builds on the set of constitutive equations given in Equations 2.11
and 2.12:

Tp = cEpqSq − ejpEj

Di = eiqSq + εSijEj

The piezoceramics studied in this thesis are composite materials of Lead Zirconite
Titantite (PZT) [1]. The same symmetry can be used as for hexagonal crystal
systems of class 6mm, meaning the material constant matrices can be written as
[13]



cE11 cE12 cE13 0 0 0

cE12 cE11 cE13 0 0 0

cE13 cE13 cE33 0 0 0

0 0 0 cE44 0 0

0 0 0 0 cE44 0

0 0 0 0 0 cE66
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Figure 4.1: **Midlertidig figur til jeg skaffer en egen en, hentet fra [17]**


0 0 0 0 e15 0

0 0 0 e15 0 0

e31 e31 e33 0 0 0



εS11 0 0

0 εS11 0

0 0 εS33


where cE66 = 1/2 ·

(
cE11 − cE12

)
[13, 20].

The boundary conditions that are imposed on the surfaces of the piezoelectric disc
in vacuum are [17]

ui = ūi at Γu : an imposed displacement ūi on the surface Γu

Tijnj = t̄i at ΓT : an imposed traction on the surface ΓT

-Dini = σ̄ at Γσ : an imposed surface charge density on the surface Γσ

φ = φ̄ at Γφ : an imposed electric potential on the surface of the electrodes.

The disc is divided into a finite number of small elements, and each element defined
by 8 nodes located around their respective boundaries. At the nodes the physical
quantities mechanical displacement, and electric potential are determined.

After imposing weak formulation, cylindrical coordinates, and axis symmetry about
the angle, the follow finite element formulations for a piezoelectric disc in vacuum
can be derived [17]
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Figure 4.2: Mesh plot generated by FEMP illustrating the node division. t is thickness,
a is radius.

− ω2

[
Muu 0
0 0

]{
û
φ

}
+

[
Huu Huφ

HT
φu Hφφ

]{
û
φ

}
=

{
F

−Qptotal

}
(4.1)

When simulating in FEMP Equation 4.1 is solved directly for the admittance Y
through matrix manipulation [17]:

Y (ω) = iω
[
{Huϕ}T [D]-1 {Huϕ} − {Hϕϕ}

]
(4.2)

4.2 Simulation Setup

Appendix B contains the user-specified configurations for recreating this particular
setup in FEMP.

4.3 Methods

4.3.1 Sensitivity Analysis

FEMP requires a large amount of input parameters to accurately model the ma-
terial, and it is of interest to see how a change in one such parameter affects the
resulting simulation. To quantify these changes the following 23 input parameters
have been considered

• all material constants discussed in Section 4.1: cE11, c
E
12, c

E
13, c

E
33, c

E
44,

e31, e33, e15, ε
S
11 and εS33

• all individual Q-factors associated with the material constants above

• the material density ρ

Each input parameter has been increased and decreased by 1% separately, totalling
46 new unique material data sets. Each material data set has been used as input
for FEMP producing a simulated admittance Y (f). From the admittance the con-
ductance G(f), susceptance B(f), and resistance R(f) are derived, and compared
with the unchanged material data set, meaning the initial material data set before
the ±1% change in an input parameter.
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When comparing the unchanged and the changed G-,B−, and R-plots only a select
few observable quantities in these domains are noted. The observed quantities are
given in Table 4.2, including the alternative notation used in in Section 5.3 and
Fardal [7].

In Section such an sensitivity analysis is performed on the data set in Table 4.1,
which are the material constants from Ferroperm supplemented with Q-factors as
specified in the table caption. This is done to have a non-null value for the ±1%
variation in the Q-factors.

Table 4.1: Material constants acquired from Ferroperm [9] and personal communication
with Erling Ringgaard [21], and supplements for the Q-factors as they were not given
by Ferroperm. cE-constants use Ferroperms mechanical Q-factor QE

m,t, e constants uses

Q-factor from Aanes’ Pz27 [3], and εS-constants use the Ferroperms listed tan δS33.

Name Real Value Q-factor Name Real Value Q-factor
cE11 7.23 · 1010 130.00 e31 1.11 −166
cE12 4.17 · 1010 130.00 e33 11.00 −324
cE13 3.34 · 1010 130.00 e15 6.89 −200
cE33 4.63 · 1010 130.00 εS11 7.55 · 10−9 66.67
cE44 1.64 · 1010 130.00 εS33 7.85 · 10−9 66.67
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Table 4.2: Measurables, or interesting quantities, observed under the sensitivity analysis. Alternative notation
are used by Fardal in his masters [7], and are also used here. Note that in Section 5 the listed values a given as
relative variation from Ferroperms data in percent.

Alternative Symbol Description
1kHz:R R at f = 1kHz
1kHz:G G at f = 1kHz
1kHz:B/omega B/ω at f = 1kHz
R1:R R at first radial mode
R1:G G at first radial mode
R1:fs fR1

s series resonance frequency at first radial mode
R1:BWs series resonance bandwidth at first radial mode
R1:fp fR1

s parallel resonance frequency at first radial mode
R1:BWp parallel resonance bandwidth at first radial mode
R2:R R at second radial mode
R2:G G at second radial mode
R2:fs fR2

s series resonance frequency at second radial mode
R2:BWs series resonance bandwidth at second radial mode
R2:fp fR2

p parallel resonance frequency at second radial mode
R2:BWp parallel resonance bandwidth at second radial mode
R3:R R at third radial mode
R3:G G at third radial mode
R3:fs fR3

s series resonance frequency at third radial mode
R3:BWs series resonance bandwidth at third radial mode
R3:fp fR3

p parallel resonance frequency at third radial mode
R3:BWp parallel resonance bandwidth at third radial mode
TE1:R R at first thickness extensional mode
TE1:G G at first thickness extensional mode
TE1:fs fTE1

s series resonance frequency at first thickness extensional mode
TE1:BWs series resonance bandwidth at first thickness extensional mode
TE1:fp fTE1

p parallel resonance frequency at first thickness extensional mode
TE1:BWp parallel resonance bandwidth at first thickness extensional mode
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Chapter 5

Results

5.1 Simulations fromManufacturer’s Material Data

Meggit Ferroperm have published an extensive data sheet with material properties
for their products on their webpage [9]. The material constants cE44, e15 and εS11,
which are not listed in the sheet, have been procured through personal communi-
cations Erling Ringgaard [21]- a researcher with Ferroperm. These three material
constants are, as recommended by [13], determined by measurements on a long
piezoelectric bar polarized along the longest dimension, and an electric field per-
pendicular to the polarization direction [13]. The ones used in this thesis are
empirically estimated by Ringgaard.

The loss tangent tan δε
T

33 and Q-factor QcD

33 are often listed in material data sheets
under the abbreviations tanδe and Qm [24]. This is also the case with Ferroperm
[9]. The listed Q-factor Qm are used for all elastic stiffness Q-factors, and the
listed loss tangent tan δe are converted to Q-factor form with Equation 2.18, and
then used for QεS

11 . The piezoelectric loss factors are not listed, likely since the
piezoelectric loss are often negligible [13]. In Figure all piezoelectric loss factors
Qe are set to infinity, meaning the imaginary terms of the piezoelectric material
constants e′′jp are set to 0.

Table 5.1: Material constants acquired from Ferroperm [9] and personal communication
with Erling Ringgaard [21].

Name Real Value Q-factor Name Real Value Q-factor
cE11 7.23 · 1010 130.00 e31 1.11 ∞
cE12 4.17 · 1010 130.00 e33 11.00 ∞
cE13 3.34 · 1010 130.00 e15 6.89 ∞
cE33 4.63 · 1010 130.00 εS11 7.55 · 10−9 66.67
cE44 1.64 · 1010 130.00 εS33 7.85 · 10−9 66.67

5.1.1 Comparison to Measurements

Figure 5.1-5.2 compares the measurement and simulation for element #1 using
the material constants from Table 5.1. The sporadic modes, especially visible in-
between the first radial modes in Figure 5.2a and 5.2c, are consistent throughout
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Figure 5.1: Measurement and simulation of Pz37-disc with thickness t = 0.88mm and
radius a = 9.53mm. Frequency resolution = 0.05kHz for both.

repeated measurements. Thus the possibility of it being noise is excluded. Similar
sporadic modes have not been observed in measurements on Pz27 and PZT-5A
from previous work conducted at UiB [3, 7].
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Figure 5.2: a) Conductance G, b) susceptance B, c) resistance R, and d) reactance X
of a Pz37 disc with radius a = 9.53mm and thickness t = 0.88mm. Frequency resolution
= 0.05kHz.
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5.2 Material Constants from Measurements

This section contains calculated material constants as a result of following the
methods described in Sections 2.4 and 2.5. The MATLAB-scriptsReelleMatKonst.m
andKomplekseMatKonst.m borrowed from Lohne’s thesis are used to calculate
the material constants [19].

5.2.1 Calculated from Measurements on a Disc

The material constants cE33, e33 and εS33 have been calculated following the methods
described in Section 2.4.1-2.4.3. Using the methods described in Section 2.4 [19],
4 more material constants have been calculated and are given in Table 5.2. The
Q-factors listed are acquired from Ferroperm.

Name Real Value Q-factor Name Real Value Q-factor
cE11 7.68 · 1010 130 e31 1.11 ∞
cE12 4.63 · 1010 130 e33 9.90 ∞
cE13 3.75 · 1010 130 e15 6.89 ∞
cE33 4.99 · 1010 130 εS11 7.55 · 10−9 66.67
cE44 1.64 · 1010 130 εS33 6.26 · 10−9 66.67

Table 5.2: Material constants for element no. 1, calculated from methods described in
Section 2.4.

Using the methods described in Section 2.5 [19, 22, 23], complex material constants
have been calculated and are given in Table 5.3.

Name Real Value Q-factor Name Real Value Q-factor
cE11 7.68 · 1010 35.82 e31 1.11 −166.00
cE12 4.57 · 1010 25.57 e33 8.85 −132.26
cE13 3.33 · 1010 19.05 e15 6.89 ∞
cE33 3.97 · 1010 21.31 εS11 7.55 · 10−9 66.67
cE44 1.64 · 1010 130.00 εS33 6.26 · 10−9 293.10

Table 5.3: Complex material constants for element no. 1, calculated from methods
described in Section 2.5.

5.2.2 Comparison to Measurements

Figure 5.3 shows the simulated admittance Y for the calculated real material data
set, that is the material constants given in Table 5.2, in comparison with the
simulated Ferroperm set and measurements.

Figure 5.4 shows the conductance G, susceptance B, resistance R, and reactance
X from the same data set as in Figure 5.3.

26



0 200 400 600 800 1000 1200 1400 1600 1800 2000

Frequency [kHz]

-70

-60

-50

-40

-30

-20

-10

A
d

m
it
ta

n
c
e

 [
d

B
 r

e
 1

 S
]

Admittance dB

Measurement

Simulation Ferroperm

Simulation "ReelleMatKonst.m"

Figure 5.3: Measurement and simulation of a Pz37-disc with radius a = 9.53mm and
thickness t = 0.88mm. Parameters for the Ferroperm-simulation are given in Table 5.1,
and ”ReelleMatKonst.m”-simulation in Table 5.2. Frequency resolution = 0.05kHz
for all plots.
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Figure 5.4: a) Conductance G, b) susceptance B, c) resistance R, and d) reactance X
of a Pz37 disc with radius a = 9.53m and thickness t = 0.88m. Frequency resolution
= 0.05kHz.
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Figure 5.5 shows simulated admittance Y for the calculated complex material data
set, that is the material constants given in Table 5.3, in comparison with the real
material data set and measurements.
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Figure 5.5: Measurement and simulation of a Pz37-disc with radius a = 9.53m and
thickness t = 0.88m. Parameters for the simulation are given in Table 5.3. Frequency
resolution = 0.05kHz for both.

Figure 5.6 shows the conductance G, susceptance B, resistance R, and reactance
X from the same data set as in Figure 5.5.
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Figure 5.6: a) Conductance G, b) susceptance B, c) resistance R, and d) reactance X
of a Pz37 disc with radius a = 9.53m and thickness t = 0.88m. Frequency resolution
= 0.05kHz.
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5.3 Sensitivity Analysis

A sensitivity analysis has been performed with the material data set in Table 4.1
as a starting point. Two compact tables containing the results are given in Ap-
pendix C. In this section the aforementioned tables are split up for each material
constants, with accompanying plots to check the validity and usefulness of the
results.

For each material constants the relative variation in G,B and R are plotted, or
the variation-responses as Fardal calls it. The term relative change is also used
interchangeably. Such plots are useful for identifying areas where the material
constants affect the most. This is not to be confused by the statistical quantity
variance.

The simulations have been solved with directharmonicanalysis option in FEMP,
with 3 elements per wavelength calculated at f = 2200kHz. The frequency res-
olution were 5Hz for radial modes, and 50Hz for the thickness extensional mode.
Note that the number of elements per wavelength are lower than the recommended
number [7]. This was picked to prioritize speed since the currently initial material
data set were acquired late [21].
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Table 5.4: Relative variation in the listed de-
rived quantity (row) as a result of a 1% change
in the stated material constant and its Q-factor
(column). Color spectrum ranges from blue to
red, where the former represents a negative dif-
ference,the latter a positive difference. The in-
tensity of the color represents the magnitude of
the difference from Ferroperm’s simulated data.

cE
11 + 1% cE

11 - 1% QcE
11 + 1% QcE

11 - 1%

R1:R -1,28% 1,30% 1,06% -1,06%
R1:G -0,39% 0,39% 1,19% -1,18%
R1:fs 0,59% -0,60% 0,00% 0,00%
R1:BWs 0,68% 0,00% -1,37% 1,37%
R1:fp 0,54% -0,55% 0,00% 0,00%
R1:BWp 0,63% -0,63% -1,26% 0,63%
R2:R -2,02% 2,09% 1,43% -1,42%
R2:G -0,63% 0,64% 1,46% -1,44%
R2:fs 0,73% -0,73% 0,00% 0,00%
R2:BWs 1,06% -0,53% -1,33% 1,60%
R2:fp 0,72% -0,72% 0,00% 0,00%
R2:BWp 0,79% -0,79% -1,31% 1,31%
R3:R -2,00% 2,07% 1,45% -1,44%
R3:G -0,52% 0,53% 1,46% -1,45%
R3:fs 0,74% -0,74% 0,00% 0,00%
R3:BWs 0,68% -0,68% -1,35% 1,52%
R3:fp 0,73% -0,74% 0,00% 0,00%
R3:BWp 0,67% -0,84% -1,34% 1,51%
TE1:R -0,50% -1,76% 0,32% -0,33%
TE1:G 6,04% 16,32% -0,06% 0,07%
TE1:fs 0,00% 0,38% 0,00% 0,00%
TE1:BWs 12,65% -11,52% 0,00% 0,03%
TE1:fp 0,19% -0,19% 0,00% 0,00%
TE1:BWp 0,26% -0,64% -0,34% 0,37%

1550 1555 1560 1565 1570 1575 1580

Frequency [kHz]

-18

-16

-14

-12

-10

-8

-6

-4

-2

C
o
n
d
u
c
ta

n
c
e
 [
d
B

 r
e
 1

 S
]

Conductance dB

Unchanged

10% decrease in c11

10% increase in c11

1% decrease in c11

1% increase in c11

Figure 5.7: Simulated conductance G near the TE1-mode
from Ferroperms data set denoted ’Unchanged’ in the legend.
Additional simulations illustrating the effect ±1% and ±10%
variations in cE11 has on Ferroperms data set. Frequency
resolution ∆f = 5Hz.

5.3.1 variation in cE11

The elastic stiffness constant cE11 and its associated Q-factor QcE

11 have been varied
by 1% from Ferroperms listed values. The resulting changes in the conductance
G-, susceptance B-, and resistance R-domain are given as variation relative to the
Ferroperms simulated data in Table 5.4. However the listed values for TE1 must
be interpreted with a hint of skepticism. The TE1-mode are the sum of multiple
modes’ contributions [17], and cE11 seems to affect some modes more than others.
This means it can be difficult to derive a reliable parameter for i.e. the change
in the displacement of fTE1

s , where a 1% decrease in cE11 is seen to increase the
magnitude of the rightmost peak resulting in the apparent relative displacement
of TE1:FS = 0, 38% upwards in frequency. This is better illustrated in Figure 5.7
than described here.

cE11 appears in Mason’s Radial Model but not Mason’s Thickness Model, yet it
has a significant impact on the TE1-mode as can be seen in Figure 5.7. This is
likely due to the higher order radial modes influencing in the TE1-region, which
was also observed for the material PZT-5A [7]. This is further confirmed by
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Figure 5.8a and 5.8c which shows relative deviations from Ferroperms simulated
data approximately as large as 83% and 88% for G and R respectively in the region
between fTE1

s and fTE1
p . Another behaviour that agrees with that of PZT-5A is the

strong dampening in the variation of the susceptance B after the parallel resonance
fTE1
p [7], shown in Figure 5.8b. The same dampening can be seen for the variation
in the reactance X in Figure 5.8d.

The first 3 radial modes R1, R2, R3, pictured in Figure 5.10, are observed to
shift up/down in frequency, which agrees well with the data in Table 5.4 and the
variation plots in Figure 5.8a. Interestingly PZT-5A shows a similar relationship
between the relative variation in the resonance frequency displacement of the first
two radial modes R1 and R2, which is compared in Table 5.5, but not for the
change in magnitude G at R1. For PZT-5A it it increases as opposed to decreases
which it does for G at R2, and for G at R1, R2, and R3 here.

Pz37HD PZT-5A
fs fp fs fp

R1 0.59% 0.54% 0,66% 0,54%
R2 0.73% 0.72% 0,81% 0,77%
R2:f/R1:f 1.24 1.33 1.23 1.43

Table 5.5: Comparison of relative resonance frequency displacement of the first 2
radial modes of 2 different piezoceramics with a D/T-ratio ≈ 20. The last row shows
the ratio between row 4 and row 3. Pz37HD values are attained from Table 5.4, while
PZT-5A values from Table 5.15 in [7].

In Figure 5.8a and 5.8c cE11’s influence decreases when approaching the series res-
onance fTE1

s , but not nearly as much when closing in on the parallel resonance
fTE1
p which can be clearly seen in Figure 5.9 at the peaks. Similar behaviour is
not implied for PZT-5A where the resonance frequencies shows a relative variation
lower than 0.02% for a 1% increase in cE11 [7].
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(a)

(b)

(c)

(d)

Figure 5.8: Relative variation in a) conductance G, b) susceptance B, c) resistance
R, and d) reactance X from Ferroperms data set for a 1% decrease/increase in material
constant cE11.
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Figure 5.9: a) Simulated conductance G, and b) resistance R from Ferroperms data
set, as well as the result a 1% increase/decrease in cE11 has on the simulation. Frequency
resolution ∆f = 5Hz.
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Figure 5.10: a) Simulated conductance G, for a 1% change in cE11 from Ferroperms
listed value, at the first three series resonance peaks - a) R1, b) R2 c) R3, and at the
E-mode region d). Frequency resolution ∆f = 5Hz for a) - c), and 50Hz for d).
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Table 5.6: Relative variation in the listed de-
rived quantity (row) as a result of a 1% change
in the stated material constant and its Q-factor
(column). Color spectrum ranges from blue to
red, where the former represents a negative dif-
ference,the latter a positive difference. The in-
tensity of the color represents the magnitude of
the difference from Ferroperm’s simulated data.

cE
12+ 1% cE

12 - 1% QcE
12 + 1% QcE

12 - 1%

R1:R -0,89% 0,90% 0,40% -0,40%
R1:G -0,54% 0,55% 0,49% -0,50%
R1:fs 0,24% -0,25% 0,00% 0,00%
R1:BWs 0,00% 0,00% 0,00% 0,68%
R1:fp 0,20% -0,20% 0,00% 0,00%
R1:BWp 0,00% 0,00% -0,63% 0,63%
R2:R -0,12% 0,12% 0,06% -0,06%
R2:G -0,05% 0,05% 0,06% -0,06%
R2:fs 0,03% -0,03% 0,00% 0,00%
R2:BWs 0,27% 0,00% 0,00% 0,27%
R2:fp 0,03% -0,03% 0,00% 0,00%
R2:BWp 0,00% 0,00% -0,26% 0,00%
R3:R -0,05% 0,05% 0,02% -0,02%
R3:G -0,02% 0,02% 0,02% -0,02%
R3:fs 0,01% -0,01% 0,00% 0,00%
R3:BWs 0,00% 0,00% 0,00% 0,00%
R3:fp 0,01% -0,01% 0,00% 0,00%
R3:BWp 0,17% 0,00% 0,00% 0,17%
TE1:R 0,01% -0,01% 0,00% 0,00%
TE1:G 0,00% 0,00% 0,00% 0,00%
TE1:fs 0,00% 0,00% 0,00% 0,00%
TE1:BWs 0,00% 0,00% 0,00% 0,00%
TE1:fp 0,00% 0,00% 0,00% 0,00%
TE1:BWp 0,00% 0,04% 0,00% 0,00%
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Figure 5.11: Simulated susceptance B for Ferroperms data
set denoted ’Unchanged’, showing how a 1% variation in cE12
affects the R1-region. Frequency resolution ∆f = 5Hz.

5.3.2 variation in cE12

The elastic stiffness constant cE12 and its associated Q-factor QcE

12 have been varied
by 1% from Ferroperms listed values. The resulting changes in the conductance
G-, susceptance B-, and resistance R-domain are given as variation relative to the
Ferroperms simulated data in Table 5.6.

In Figure 5.12 it can be observed for G and R that the variation in cE11 mainly
affects the first radial mode R1, following a rapidly decreasing influence on the
subsequent radial modes until a slight rise again at f ≈ 1200kHz where the E-
mode is thought to reside. This is also observed for PZT-5A [7]. The relative
change in resistance R at R1 and R2 when cE12 is increased by 1%, meaning the
values listed as R1:R and R2:R in Table 5.6, differ by less than 0, 01% from
PZT-5A [7]. The same case is not observed for the conductance G at R1 and R2.
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(a)

(b)

(c)

Figure 5.12: Relative variation in a) conductance G, b) susceptance B, c) resistance
R from Ferroperms data set for a 1% decrease/increase in material constant cE12.
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Figure 5.13: a) Simulated conductance G, for a 1% change in cE12 from Ferroperms
listed value, at the first three series resonance peaks - a) R1, b) R2 c) R3, and at the
E-mode region d). Frequency resolution ∆f = 5Hz for a) - c), and 50Hz for d).

38



Table 5.7: Relative variation in the listed de-
rived quantity (row) as a result of a 1% change
in the stated material constant and its Q-factor
(column). Color spectrum ranges from blue to
red, where the former represents a negative dif-
ference,the latter a positive difference. The in-
tensity of the color represents the magnitude of
the difference from Ferroperm’s simulated data.

cE
13 + 1% cE

13 - 1% QcE
13 + 1% QcE

13 - 1%

R1:R 3,71% -3,58% -0,91% 0,95%
R1:G 3,26% -3,16% -1,33% 1,40%
R1:fs -0,69% 0,67% 0,00% 0,00%
R1:BWs 0,00% 1,37% 1,37% -1,37%
R1:fp -0,48% 0,47% 0,00% 0,00%
R1:BWp -0,63% 0,00% 0,63% -0,63%
R2:R 3,81% -3,67% -0,98% 1,02%
R2:G 2,80% -2,74% -1,04% 1,08%
R2:fs -0,54% 0,53% 0,00% 0,00%
R2:BWs -0,27% 0,53% 1,06% -1,06%
R2:fp -0,51% 0,50% 0,00% 0,00%
R2:BWp -0,52% 0,52% 1,05% -1,05%
R3:R 3,74% -3,60% -1,01% 1,05%
R3:G 2,62% -2,57% -1,03% 1,08%
R3:fs -0,54% 0,53% 0,00% 0,00%
R3:BWs -0,51% 0,51% 1,01% -1,01%
R3:fp -0,53% 0,52% 0,00% 0,00%
R3:BWp -0,50% 0,67% 1,18% -1,01%
TE1:R -5,80% 4,61% -0,22% 0,23%
TE1:G 7,37% 1,92% 0,04% -0,04%
TE1:fs 0,42% -0,01% 0,00% 0,00%
TE1:BWs -8,09% 8,62% 0,03% -0,03%
TE1:fp -0,14% 0,13% 0,00% 0,00%
TE1:BWp -1,61% 1,35% 0,26% -0,22%
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Figure 5.14: Simulated resistance R at the TE1 mode
showing how a variation of ±1% in cE13 affects the simulated
data from Ferroperm. Frequency resolution ∆f = 50Hz.

5.3.3 variation in cE13

The elastic stiffness constant cE13 and its associated Q-factor QcE

13 have been varied
by 1% from Ferroperms listed values. The resulting changes in the conductance
G-, susceptance B-, and resistance R-domain are given as variation relative to the
Ferroperms simulated data in Table 5.7.

Figure 5.15 resembles the equivalent variation plots for cE11 given in Figure 5.8,
except the graphs are inverted. This becomes apparent when comparing the dis-
placement of the series resonance frequency in the first radial modes in Figure 5.16
with the equivalent plots for cE11 in Figure 5.10. Similar observations were made for
PZT-5A [7]. Further comparisons of higher order radial modes after R1 shows that
the effect cE13 has on the relative variation in the resonance frequency displacement
gradually increases up to the E-mode region, while the opposite is observed for
cE11. This is illustrated in Table 5.8.

Comparing the variation at the TE1-mode for cE11 and cE13 in Figure 5.9 and 5.17,
notable differences are observed in the region leading up to the parallel resonance
peak fTE1

p .
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(a)

(b)

(c)

(d)

Figure 5.15: Relative variation in a) conductance G, b) susceptance B, c) resistance
R, and d) reactance X from Ferroperms data set for a 1% decrease/increase in material
constant cE13.
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cE
11 + 1% cE

13 - 1% cE
11 - 1% cE

13 + 1%

R1:fs 0,59% 0,67 % -0,60 % -0,69 %
R2:fs 0,73 % 0,53 % -0,73 % -0,54 %
R3:fs 0,74 % 0,53 % -0,74 % -0,54 %
R4:fs 0,74 % 0,56 % -0,74 % -0,56 %
R5:fs 0,74 % 0,59 % -0,74 % -0,59 %
R6:fs 0,72 % 0,62 % -0,72 % -0,62 %
R7:fs 0,68 % 0,64 % -0,69 % -0,66 %
R8:fs 0,64 % 0,66 % -0,65 % -0,67 %
R9:fs 0,60 % 0,67 % -0,60 % -0,66 %
R10:fs 0,56 % 0,65 % -0,56 % -0,65 %
R11:fs 0,51 % 0,62 % -0,52 % -0,62 %
R12:fs 0,39 % 0,54 % -0,41 % -0,55 %

Table 5.8: Relative displacement in series resonance frequencies from Ferroperms data
set, at specified radial modes for an 1% increase/decrease in the material constants cE11
and cE13. A red cell color indicates a shift upwards in frequency, while a blue color
indicates a shift downwards. The intensity of the color represents the magnitude of the
displacement. R11 and R12 corresponds to the two pronounced peaks at the E-mode,
visible in Figure 5.16 d). Data for R1 - R3 attained from simulations with frequency
resolution ∆f = 5Hz, while the remaining at ∆f = 50Hz.
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Figure 5.16: a) Simulated conductance G, for a 1% change in cE13 from Ferroperms
listed value, at the first three series resonance peaks - a) R1, b) R2 c) R3, and at the
E-mode region d). Frequency resolution ∆f = 5Hz for a) - c), and 50Hz for d).
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Figure 5.17: Simulated conductance G, and b) resistance R from Ferroperms data set,
as well as the result a 1% increase/decrease in cE13 has on the simulation. Frequency
resolution ∆f = 5Hz.
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Table 5.9: Relative variation in the listed de-
rived quantity (row) as a result of a 1% change
in the stated material constant and its Q-factor
(column). Color spectrum ranges from blue to
red, where the former represents a negative dif-
ference,the latter a positive difference. The in-
tensity of the color represents the magnitude of
the difference from Ferroperm’s simulated data.

cE
33+ 1% cE

33 - 1% QcE
33 + 1% QcE

33 - 1%

R1:R -2,15% 2,21% 0,38% -0,38%
R1:G -2,72% 2,83% 0,68% -0,69%
R1:fs 0,34% -0,35% 0,00% 0,00%
R1:BWs 0,68% 0,00% 0,00% 1,37%
R1:fp 0,19% -0,19% 0,00% 0,00%
R1:BWp 0,00% 0,00% -0,63% 0,63%
R2:R -2,38% 2,47% 0,50% -0,50%
R2:G -2,53% 2,63% 0,54% -0,54%
R2:fs 0,27% -0,28% 0,00% 0,00%
R2:BWs 0,53% 0,00% -0,53% 0,53%
R2:fp 0,25% -0,26% 0,00% 0,00%
R2:BWp 0,26% -0,26% -0,52% 0,52%
R3:R -2,40% 2,48% 0,53% -0,54%
R3:G -2,50% 2,59% 0,55% -0,56%
R3:fs 0,28% -0,29% 0,00% 0,00%
R3:BWs 0,34% -0,34% -0,51% 0,68%
R3:fp 0,27% -0,28% 0,00% 0,00%
R3:BWp 0,34% -0,17% -0,50% 0,50%
TE1:R -0,10% -0,99% 0,55% -0,55%
TE1:G 9,92% 9,33% 0,63% -0,63%
TE1:fs 0,92% -0,46% 0,00% 0,00%
TE1:BWs -5,36% 6,39% -0,43% 0,40%
TE1:fp 0,29% -0,29% 0,00% 0,00%
TE1:BWp -0,04% -0,30% -0,49% 0,52%
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Figure 5.18: Simulated conductance G at the TE1 mode
showing how a variation of ±1% and ±10% in cE33 affects
the simulated data from Ferroperm. Frequency resolution
∆f = 50Hz.

5.3.4 variation in cE33

The elastic stiffness constant cE33 and its associated Q-factor QcE

33 have been varied
by 1% from Ferroperms listed values. The resulting changes in the conductance
G-, susceptance B-, and resistance R-domain are given as variation relative to the
Ferroperms simulated data in Table 5.9.

In Figure 5.21 similar, but smaller, relative displacement of resonance frequencies
for the R and E modes to that of cE11 in Figure 5.10 can be seen. However larger
relative differences can be observed for the conductance G and resistance R at the
first three radial modes when cE33 is varied by ±1%.

Among the elastic stiffness constants cE33 is the only one observed to shift the whole
cluster of modes at the series resonance peak fTE1

s in the G-domain, pictured in
Figure ??. This also means the results for the relative series resonance frequency
displacement at TE1, TE1:fs, given in Table 5.9 are usable outside the boundaries
for which it was attained, e.g. a 2% increase in cE33 can be expected to yield
approximately double the listed value. Similar results are observed for fTE1

p in the
R-domain.
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(a)

(b)

(c)

Figure 5.19: Relative variation in a) conductance G, b) susceptance B, c) resistance
R from Ferroperms data set for a 1% decrease/increase in material constant cE33.
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Figure 5.20: Simulated conductance G, and b) resistance R from Ferroperms data set,
as well as the result a 1% increase/decrease in cE33 has on the simulation. Frequency
resolution ∆f = 50Hz.
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Figure 5.21: a) Simulated conductance G, for a 1% change in cE33 from Ferroperms
listed value, at the first three series resonance peaks - a) R1, b) R2 c) R3, and at the
E-mode region d). Frequency resolution ∆f = 5Hz for a) - c), and 50Hz for d).
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Table 5.10: Relative variation in the listed de-
rived quantity (row) as a result of a 1% change
in the stated material constant and its Q-factor
(column). Color spectrum ranges from blue to
red, where the former represents a negative dif-
ference,the latter a positive difference. The in-
tensity of the color represents the magnitude of
the difference from Ferroperm’s simulated data.

cE
44+ 1% cE

44 - 1% QcE
44 + 1% QcE

44 - 1%

R1:R 0,00% 0,00% 0,00% 0,00%
R1:G 0,00% 0,00% 0,00% 0,00%
R1:fs 0,00% 0,00% 0,00% 0,00%
R1:BWs 0,00% 0,00% 0,00% 0,00%
R1:fp 0,00% 0,00% 0,00% 0,00%
R1:BWp 0,00% 0,00% 0,00% 0,00%
R2:R 0,00% 0,00% 0,00% 0,00%
R2:G 0,00% 0,00% 0,00% 0,00%
R2:fs 0,00% 0,00% 0,00% 0,00%
R2:BWs 0,00% 0,00% 0,00% 0,00%
R2:fp 0,00% 0,00% 0,00% 0,00%
R2:BWp 0,00% 0,00% 0,00% 0,00%
R3:R 0,00% 0,00% 0,00% 0,00%
R3:G 0,00% 0,00% 0,00% 0,00%
R3:fs 0,00% 0,00% 0,00% 0,00%
R3:BWs 0,00% 0,00% 0,00% 0,00%
R3:fp 0,00% 0,00% 0,00% 0,00%
R3:BWp 0,00% 0,00% 0,00% 0,00%
TE1:R 2,52% -6,87% 0,08% -0,08%
TE1:G 3,76% 3,70% 0,00% 0,00%
TE1:fs 0,01% 0,47% 0,00% 0,00%
TE1:BWs 2,03% -3,18% -0,03% 0,00%
TE1:fp 0,05% -0,10% 0,00% 0,00%
TE1:BWp 1,20% 254,37% -0,11% 0,11%
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Figure 5.22: Simulated resistance R at the parallel reso-
nance peak fTE1

p showing how an increase/decrease of 1%
affects the TE1-mode from Ferroperms data set. Frequency
resolution ∆f = 50Hz.

5.3.5 variation in cE44

The elastic stiffness constant cE44 and its associated Q-factor QcE

44 have been varied
by 1% from Ferroperms listed values. The resulting changes in the conductance
G-, susceptance B-, and resistance R-domain are given as variation relative to the
Ferroperms simulated data in Table 5.10. Again due to the multitude of modes
composing the TE1 mode, and cE44 only affecting some of them significantly, it is
difficult to draw any reliable quantities describing how cE44 affects the TE1 mode
as a whole. Meaning the results of Table 5.10 bear little analytical value. Relate
to coupling factor k15

The first observed influence of cE44 is at f ≈ 370kHz for no larger than ±0.003%
relative change in conductance G, barely visible in Figure 5.23a. A gradually
fluctuating increase in the variation is observed until reaching the E-mode where it
dampens again. Again an increase in the variation is seen until reaching the series
resonance peak fTE1

s at 1567.15kHz where it dampens, then to rapidly increase
until reaching the parallel resonance peak fTE1

p at 1811.40kHz. After fTE1
p the

variation slowly deteriorates for conductance G and resistance R, contrary to the
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susceptance B and reactance X where it deteriorates rapidly. This agree well with
the comparing analysis for PZT-5A, with the exception of the TS-mode [7].
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(a)

(b)

(c)

Figure 5.23: Relative variation in a) conductance G, b) susceptance B, c) resistance
R, and d) reactance X from Ferroperms data set for a 1% decrease/increase in material
constant cE44.
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Figure 5.24: Simulated conductance G, and b) resistance R from Ferroperms data set,
as well as the result a 1% increase/decrease in cE44 has on the simulation. Frequency
resolution ∆f = 5Hz.

49



Table 5.11: Relative variation in the listed de-
rived quantity (row) as a result of a 1% change
in the stated material constant and its Q-factor
(column). Color spectrum ranges from blue to
red, where the former represents a negative dif-
ference,the latter a positive difference. The in-
tensity of the color represents the magnitude of
the difference from Ferroperm’s simulated data.

ρ + 1% ρ - 1%
R1:R 0,50% -0,50%
R1:G -0,49% 0,51%
R1:fs -0,50% 0,50%
R1:BWs -0,68% 0,68%
R1:fp -0,50% 0,50%
R1:BWp -0,63% 0,00%
R2:R 0,50% -0,50%
R2:G -0,50% 0,50%
R2:fs -0,50% 0,50%
R2:BWs -0,53% 0,80%
R2:fp -0,50% 0,50%
R2:BWp -0,52% 0,52%
R3:R 0,50% -0,50%
R3:G -0,50% 0,50%
R3:fs -0,50% 0,50%
R3:BWs -0,51% 0,51%
R3:fp -0,50% 0,50%
R3:BWp -0,50% 0,67%
TE1:R -2,25% -0,50%
TE1:G -0,54% 0,50%
TE1:fs -0,49% 0,50%
TE1:BWs -1,88% 0,50%
TE1:fp -0,54% 0,50%
TE1:BWp -1,31% 0,52%
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Figure 5.25: Simulated resistance R at the TE1 mode
showing how a variation of ±1% and ±10% in ρ affects
the simulated data from Ferroperm. Frequency resolution
∆f = 50Hz.

5.3.6 variation in ρ

The material density of the piezoceramic ρ have been varied by 1% from Ferrop-
erms listed values. The resulting changes in the conductance G-, susceptance B-,
and resistance R-domain are given as variation relative to the Ferroperms simu-
lated data in Table 5.11. The relative deviation for G,B and R from Ferroperms
data in the range 0− 2400kHz are shown in Figure ??. The plots resembles that
of an inverted cE33, which is to be expected as both are critically linked to fTE1

p :

νD =

√
cD33
ρ

= 2tfTE1
p

where cD33 are associated with cE33 by the thickness coupling factor kt.
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(a)

(b)

(c)

(d)

Figure 5.26: Relative variation in a) conductance G, b) susceptance B, c) resistance
R, and d) reactance X from Ferroperms data set for a 1% decrease/increase in materi-
aldensity ρ.
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Figure 5.27: a) Simulated conductance G, for a 1% change in ρ from Ferroperms listed
value, at the first three series resonance peaks - a) R1, b) R2 c) R3, and at the E-mode
region d). Frequency resolution ∆f = 5Hz for a) - c), and 50Hz for d).
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Figure 5.28: Simulated conductance G, and b) resistance R from Ferroperms data
set, as well as the result a 1% increase/decrease in ρ has on the simulation. Frequency
resolution ∆f = 50Hz.
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Table 5.12: Relative variation in the listed de-
rived quantity (row) as a result of a 1% change
in the stated material constant and its Q-factor
(column). Color spectrum ranges from blue to
red, where the former represents a negative dif-
ference,the latter a positive difference. The in-
tensity of the color represents the magnitude of
the difference from Ferroperm’s simulated data.

e31 + 1% e31 - 1% Qe
31 + 1% Qe

31 - 1%

R1:R -0,26% 0,25% 0,03% -0,03%
R1:G -0,32% 0,32% 0,00% 0,00%
R1:fs 0,00% 0,00% 0,00% 0,00%
R1:BWs 0,00% 0,00% 0,00% 0,00%
R1:fp -0,02% 0,01% 0,00% 0,00%
R1:BWp 0,00% 0,00% -0,63% 0,00%
R2:R -0,31% 0,31% 0,00% 0,00%
R2:G -0,31% 0,32% 0,00% 0,00%
R2:fs 0,00% 0,00% 0,00% 0,00%
R2:BWs 0,00% 0,00% 0,00% 0,00%
R2:fp 0,00% 0,00% 0,00% 0,00%
R2:BWp 0,00% 0,00% 0,00% 0,00%
R3:R -0,30% 0,30% 0,00% 0,00%
R3:G -0,30% 0,30% 0,00% 0,00%
R3:fs 0,00% 0,00% 0,00% 0,00%
R3:BWs 0,00% 0,00% 0,00% 0,00%
R3:fp 0,00% 0,00% 0,00% 0,00%
R3:BWp 0,17% 0,00% 0,00% 0,00%
TE1:R -0,14% 0,14% 0,00% 0,00%
TE1:G -0,14% 0,14% 0,00% 0,00%
TE1:fs 0,00% 0,00% 0,00% 0,00%
TE1:BWs -0,25% 0,23% 0,00% 0,00%
TE1:fp 0,00% 0,00% 0,00% 0,00%
TE1:BWp 0,00% 0,04% 0,00% 0,00%
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Figure 5.29: Simulated conductance G from Ferroperms
data set showing how a 1% increase/decrease in e31 affects
the series resonance peak fTE1

s . Frequency resolution ∆f =
50Hz.

5.3.7 variation in e31

The piezoelectric constant e31 and its associated Q-factor Qe
31 have been varied

by 1% from Ferroperms listed values. The resulting changes in the conductance
G-, susceptance B-, and resistance R-domain are given as variation relative to the
Ferroperms simulated data in Table 5.12.

In Figure ?? e31 are seen to affect most of the observed spectrum, however not
by more than ±2%. For the conductance G at the first radial modes a rounded
and even shape of the variation is observed. This can be interpreted as an in-
crease/decrease in only the conductance G without affecting the series resonance
frequencies, whilst the tall spikes seen in Figure 5.30c in the R-domain for R1 and
R2 are due to the modes being shifted in parallel resonance frequency.

From Table 5.12 the relative change in the conductance G at R1, R2, and R3, and
the relative change in the resistance R at R2 and R3 are all of similar absolute
values. The relative change in the resistance R at R1 is smaller in magnitude.
This behaviour agrees well with PZT-5A [7], except the results are of the opposite
sign. This is likely due to PZT-5A having a negative e31 value, while Pz37HD a
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positive.

Table 5.12 shows only that the parallel resonance frequency of R1 are affected by
varying e31 1%. Consulting the extended sensitivity analysis tables in Appendix
Table C.1 and C.2 the relative displacement in the parallel resonance frequencies
for R2 and R3 are listed as ±0, 002% and ±0, 001% for a ∓1% change respec-
tively. Such a rapid decrease in the relative displacement of the parallel resonance
frequencies for the first two radial modes is also seen for PZT-5A [7], with the ex-
ception of the displacement going the opposite way than for Pz37HD. This again
is likely due to the PZT-5A having a negative e31 value, while Pz37HD a positive.
Figure 5.31 a) and b) are plotted with the same resolution and aspect ratio to
illustrate how much the influence e31 has on the resonance frequencies decreases
between the first and second radial mode.
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(a)

(b)

(c)

Figure 5.30: Relative variation from Ferroperms data for a 1% change in e31 in a)
conductance G, b) susceptance B, and c) resistance R. Frequency resolution ∆f = 50Hz.
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Figure 5.31: a) Simulated resistance R, for a 1% change in e31 from Ferroperms data,
at a) R1, and b) R2. Frequency resolution ∆f = 5Hz.

56



Table 5.13: Relative variation in the listed de-
rived quantity (row) as a result of a 1% change
in the stated material constant and its Q-factor
(column). Color spectrum ranges from blue to
red, where the former represents a negative dif-
ference,the latter a positive difference. The in-
tensity of the color represents the magnitude of
the difference from Ferroperm’s simulated data.

e33 + 1% e33 - 1% Qe
33 + 1% Qe

33 - 1%

R1:R 0,69% -0,72% -0,07% 0,07%
R1:G 2,34% -2,31% 0,00% 0,00%
R1:fs 0,00% 0,00% 0,00% 0,00%
R1:BWs 0,00% 0,00% 0,00% 0,00%
R1:fp 0,09% -0,09% 0,00% 0,00%
R1:BWp 0,00% 0,00% 0,00% -0,63%
R2:R 1,02% -1,04% -0,01% 0,01%
R2:G 2,32% -2,29% 0,00% 0,00%
R2:fs 0,00% 0,00% 0,00% 0,00%
R2:BWs 0,00% 0,00% 0,00% 0,00%
R2:fp 0,01% -0,01% 0,00% 0,00%
R2:BWp 0,00% 0,00% 0,00% 0,00%
R3:R 1,00% -1,02% -0,01% 0,01%
R3:G 2,29% -2,26% 0,00% 0,00%
R3:fs 0,00% 0,00% 0,00% 0,00%
R3:BWs 0,00% 0,00% 0,00% 0,00%
R3:fp 0,01% -0,01% 0,00% 0,00%
R3:BWp 0,00% 0,00% 0,00% 0,00%
TE1:R -1,37% -0,58% -0,14% 0,14%
TE1:G 2,79% -2,72% -0,02% 0,02%
TE1:fs 0,04% -0,04% 0,00% 0,00%
TE1:BWs 0,88% -0,88% 0,00% -0,03%
TE1:fp 0,17% -0,17% 0,00% 0,00%
TE1:BWp -0,97% 0,45% 0,15% -0,07%
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Figure 5.32: Simulated resistance R at the TE1 mode
showing how a variation of ±1% in eE33 affects the simulated
data from Ferroperm. Frequency resolution ∆f = 50Hz.

5.3.8 variation in e33

The piezoelectric constant e33 and its associated Q-factor Qe
33 have been varied

by 1% from Ferroperms listed values. The resulting changes in the conductance
G-, susceptance B-, and resistance R-domain are given as variation relative to the
Ferroperms simulated data in Table 5.13.

In Figure 5.33a a 1% increase/decrease in e33 is seen to raise/lower the overall
curve of the conductance G for the first 6 radial modes. The same is observed
for PZT-5A, where Fardal comments that this is likely the radial modes working
seemingly undisturbed by other modes [7]. No displacement of the series resonance
frequencies are observed for the radial modes.

In Figure 5.33b a 1% increase in e33 show relative change in susceptance B start-
ing out at approximately 0, 85 for f < fR1

s , decreasing slightly after R1, then
steadily increasing while approaching the E-mode region at f ≈ 1150kHz. After
this it rapidly decreases, then increases to a steady level of approximately 1% until
reaching fTE1

s , only to be dampened for a moment when at the series resonance
frequency. After this it keeps a high relative variation until exponentially decreas-
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ing again after the parallel resonance frequency fTE1
p . For a 1% decrease the same

is observed, but with a negative relative change. The same behaviour is seen for
PZT-5A [7].

In Figure 5.33c a 1% increase/decrease in e33 shows similar behaviour to that of
the relative variation in conductance G in a), but shows a larger variation near the
parallel resonance region for the TE1 mode. The parallel resonance frequencies
for the radial modes are also observed to be displaced, with R1 being shifted the
most. This is further illustrated in Figure 5.35 and ??, and agrees well with the
results for PZT-5A [7].

In Figure 5.34 a 1% increase appears to shift the whole cluster of modes at TE1,
for both the series and parallel resonance peaks, upwards in frequency, while a 1%
decrease shifting it downwards. The relatively larger frequency shift for the parallel
resonance are both observable in the variation for the resistance R in Figure 5.33c,
and the derived value for the relative parallel resonance frequency displacement in
Table 5.13. The latter being TE1:fp = 0, 17%, which is close to PZT-5A’s value -
0, 15% [7]. The relative series resonance frequency displacement TE1:fs = 0, 04%
is also similar to that of PZT-5A coming in at approximately 0, 03% [7].

58



(a)

(b)

(c)

Figure 5.33: Relative change or variation from Ferroperms data set for the simulated
a) conductance G, b) susceptance B, and c) resistance R when subject to a ±1% change
in e33. Frequency resolution ∆f = 50Hz.
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Figure 5.34: a), b) description.
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Figure 5.35: a) Simulated resistance R, for a 1% change in e33 from Ferroperms listed
value, at the first three parallel resonance peaks - a) R1, b) R2 c) R3, and at the E-mode
region d). Frequency resolution ∆f = 5Hz for a) - c), and 50Hz for d).
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Table 5.14: Relative variation in the listed de-
rived quantity (row) as a result of a 1% change
in the stated material constant and its Q-factor
(column). Color spectrum ranges from blue to
red, where the former represents a negative dif-
ference,the latter a positive difference. The in-
tensity of the color represents the magnitude of
the difference from Ferroperm’s simulated data.

e15 + 1% e15 - 1% Qe
15 + 1% Qe

15 - 1%

R1:R 0,00% 0,00% 0,00% 0,00%
R1:G 0,00% 0,00% 0,00% 0,00%
R1:fs 0,00% 0,00% 0,00% 0,00%
R1:BWs 0,00% 0,00% 0,00% 0,00%
R1:fp 0,00% 0,00% 0,00% 0,00%
R1:BWp 0,00% 0,00% 0,00% 0,00%
R2:R 0,00% 0,00% 0,00% 0,00%
R2:G 0,00% 0,00% 0,00% 0,00%
R2:fs 0,00% 0,00% 0,00% 0,00%
R2:BWs 0,00% 0,00% 0,00% 0,00%
R2:fp 0,00% 0,00% 0,00% 0,00%
R2:BWp 0,00% 0,00% 0,00% 0,00%
R3:R 0,00% 0,00% 0,00% 0,00%
R3:G 0,00% 0,00% 0,00% 0,00%
R3:fs 0,00% 0,00% 0,00% 0,00%
R3:BWs 0,00% 0,00% 0,00% 0,00%
R3:fp 0,00% 0,00% 0,00% 0,00%
R3:BWp 0,00% 0,00% 0,00% 0,00%
TE1:R 1,66% -1,76% -0,02% 0,02%
TE1:G -0,47% 0,52% 0,00% 0,00%
TE1:fs 0,00% 0,00% 0,00% 0,00%
TE1:BWs 0,63% -0,63% 0,00% 0,00%
TE1:fp 0,02% -0,02% 0,00% 0,00%
TE1:BWp 0,49% -0,49% 0,04% 0,00%
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Figure 5.36: Simulated resistance R, showing how a 1%
variation in e15 from Ferroperms data set affects the right-
most peak in the E-mode region. Frequency resolution
∆f = 50Hz.

5.3.9 variation in e15

The piezoelectric constant e15 and its associated Q-factor Qe
15, not to be confused

with the dielectric loss factor on Q-form tan δe = 1/Qe, have been varied by
1% from Ferroperms listed values. The resulting changes in the conductance G-,
susceptance B-, and resistance R-domain are given as variation relative to the
Ferroperms simulated data in Table 5.14.

In Figure 5.37a a 1% change in e15 appears to first show a relative variation in
the conductance G at f ≈ 380kHz. Similarly as for cE44, a gradually fluctuating
increase in the variation is observed until reaching the E-mode where it damp-
ens again, then increasing steadily until reaching the series resonance frequency
fTE1
s where it is decreased again. After this the relative variation in G rapidly
increases until approaching the parallel resonance frequency fTE1

p where it slowly
decreases. The same behaviour is observed for the relative change in resistance R
in Figure 5.37c. For PZT-5A a broader frequency span is observed showing that
the relative variation in both G and R increases again at around 1.5 × fTE1

s , but
with the exception of this the observations here agrees well with that of PZT-5A
[7].
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In Figure 5.37b a 1% change in e15 is observed to affect the relative variation in
the susceptance B first at f ≈ 245kHz, and then afterwards at f ≈ 380kHz which
is the same as for G and R. A steady increase in the relative variation is seen
until reaching the series resonance frequency fTE1

s where a narrow spike appears.
The relative variation in B are further increased while creeping up on the parallel
resonance frequency fTE1

p where it increases rapidly, only to deteriorate quickly
after. Similar behaviour is observed for PZT-5A [7].

Notable variations near the E-mode can be seen in the variation plots for conduc-
tance G and resistance R in Figure 5.37a and 5.37c. This variation originates from
the rightmost pronounced peak, i.e. for the resistance R, in Figure 5.39, which is
zoomed in at in Figure ??. Similar plots can be shown for the conductance G.
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(a)

(b)

(c)

Figure 5.37: Relative variation from Ferroperms data for a 1% change in e15 in a)
conductance G, b) susceptance B, and c) resistance R. Frequency resolution ∆f = 50Hz.
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Figure 5.38: Simulated conductance G, and b) resistance R from Ferroperms data set,
as well as the result a 1% increase/decrease in e15 has on the simulation. Frequency
resolution ∆f = 5Hz.
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Figure 5.39: a) Simulated resistance R and b) resistance R from Ferroperms data
set showing how a 1% change in e15 affects the E-mode region. Frequency resolution
∆f = 50Hz.
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5.3.10 variation in εS11

The dielectric constant εS11 and its associated Q-factor QεS

11 have been varied by
1% from Ferroperms listed values. The resulting changes in the conductance G-,
susceptance B-, and resistance R-domain are given as variation relative to the
Ferroperms simulated data in Table 5.15.

In accordance with the other 2 shear material constants, cE44 and e15, when the
dielectric material constant εS11 is varied by 1% it is first observed in Figure 5.41a
to affect the conductance G around f = 380kHz by a relative variation in G less
than 0, 0004%. Afterwards the variation steadily increases until passing the E-
mode region where it decreases, and then increasing again till the frequency has
reached the series resonance TE1 mode. At the peak the relative variation in G is
slightly decreased, only to rapidly increase afterwards. After reaching the parallel
resonance frequency fTE1

p the variation decreases slowly to a seemingly stable level
of 2% for both relative variation in conductance G and resistance R.

In Figure 5.41b a 1% increase/decrease in εS11 first starts showing changes in the
relative variation of the susceptance B at approximately f = 240kHz, same as
for cE44 and e15. After this the relative variation in B follows the same patters as
described for the conductance G, with the exception that the variation increases
at the series resonance frequency fTE1

s , and that the variation decreases rapidly
after the parallel resonance frequency fTE1

p .

The variation plot for the resistance R in Figure 5.41c bears great resemblance to
that for the conductance G in Figure 5.41a.
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Table 5.15: Relative variation in the listed de-
rived quantity (row) as a result of a 1% change
in the stated material constant and its Q-factor
(column). Color spectrum ranges from blue to
red, where the former represents a negative dif-
ference,the latter a positive difference. The in-
tensity of the color represents the magnitude of
the difference from Ferroperm’s simulated data.

ƐS
11 + 1% ƐS

11 - 1% QƐS
11 + 1% QƐS

11 - 1%

R1:R 0,00% 0,00% 0,00% 0,00%
R1:G 0,00% 0,00% 0,00% 0,00%
R1:fs 0,00% 0,00% 0,00% 0,00%
R1:BWs 0,00% 0,00% 0,00% 0,00%
R1:fp 0,00% 0,00% 0,00% 0,00%
R1:BWp 0,00% 0,00% 0,00% 0,00%
R2:R 0,00% 0,00% 0,00% 0,00%
R2:G 0,00% 0,00% 0,00% 0,00%
R2:fs 0,00% 0,00% 0,00% 0,00%
R2:BWs 0,00% 0,00% 0,00% 0,00%
R2:fp 0,00% 0,00% 0,00% 0,00%
R2:BWp 0,00% 0,00% 0,00% 0,00%
R3:R 0,00% 0,00% 0,00% 0,00%
R3:G 0,00% 0,00% 0,00% 0,00%
R3:fs 0,00% 0,00% 0,00% 0,00%
R3:BWs 0,00% 0,00% 0,00% 0,00%
R3:fp 0,00% 0,00% 0,00% 0,00%
R3:BWp 0,00% 0,00% 0,00% 0,00%
TE1:R -0,53% 0,52% 0,03% -0,03%
TE1:G -0,09% 0,09% -0,01% 0,01%
TE1:fs 0,00% 0,00% 0,00% 0,00%
TE1:BWs -0,50% 0,50% 0,00% 0,00%
TE1:fp -0,01% 0,01% 0,00% 0,00%
TE1:BWp -0,15% 0,19% -0,04% 0,07%

Figure 5.40:
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(a)

(b)

(c)

Figure 5.41: Relative change or variation from Ferroperms data set for the simulated
a) conductance G, b) susceptance B, and c) resistance R when subject to a ±1% change
in εS11. Frequency resolution ∆f = 50Hz.
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Figure 5.42: Simulated conductance G, and b) resistance R from Ferroperms data set,
as well as the result a 1% increase/decrease in εS11 has on the simulation. Frequency
resolution ∆f = 50Hz.
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Table 5.16: Relative variation in the listed de-
rived quantity (row) as a result of a 1% change
in the stated material constant and its Q-factor
(column). Color spectrum ranges from blue to
red, where the former represents a negative dif-
ference,the latter a positive difference. The in-
tensity of the color represents the magnitude of
the difference from Ferroperm’s simulated data.

ƐS
33 + 1% ƐS

33 - 1% QƐS
33 + 1% QƐS

33 - 1%

R1:R -1,22% 1,23% 0,14% -0,14%
R1:G 0,00% 0,00% 0,00% 0,00%
R1:fs 0,00% 0,00% 0,00% 0,00%
R1:BWs 0,00% 0,00% 0,00% 0,00%
R1:fp -0,03% 0,03% 0,00% 0,00%
R1:BWp 0,00% 0,00% -0,63% 0,00%
R2:R -1,35% 1,38% 0,02% -0,02%
R2:G 0,00% 0,00% 0,00% 0,00%
R2:fs 0,00% 0,00% 0,00% 0,00%
R2:BWs 0,00% 0,00% 0,00% 0,00%
R2:fp -0,01% 0,01% 0,00% 0,00%
R2:BWp 0,00% 0,00% 0,00% 0,00%
R3:R -1,34% 1,37% 0,00% 0,00%
R3:G 0,01% -0,01% -0,01% 0,01%
R3:fs 0,00% 0,00% 0,00% 0,00%
R3:BWs 0,00% 0,00% 0,00% 0,00%
R3:fp 0,00% 0,00% 0,00% 0,00%
R3:BWp 0,17% 0,00% 0,00% 0,17%
TE1:R -1,31% 0,82% 0,32% -0,33%
TE1:G 0,03% -0,03% 0,05% -0,05%
TE1:fs -0,02% 0,02% 0,00% 0,00%
TE1:BWs -0,15% 0,13% -0,05% 0,03%
TE1:fp -0,08% 0,09% 0,00% 0,00%
TE1:BWp 0,22% -0,34% -0,26% 0,30%
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Figure 5.43: s

5.3.11 variation in εS33

The dielectric constant εS33 and its associated Q-factor QεS

33 have been varied by
1% from Ferroperms listed values. The resulting changes in the conductance G-,
susceptance B-, and resistance R-domain are given as variation relative to the
Ferroperms simulated data in Table 5.16.

The listed values in Table 5.16 for the relative variation in both conductance G
and resistance R at the radial modes agrees well with that of PZT-5A [7]. The
relative parallel resonance frequency displacement however are all some magnitudes
smaller than that for PZT-5A [7], For PZT-5A an increasing magnitude of the
relative variation in conductance G for succeeding radial modes are observed [7].
This pattern is not visible with the 2 decimals resolution in Table 5.16, however
a higher resolution table where it can be seen is available in Appendix . From
the aforementioned table the relative displacement in the resonance frequencies at
TE1, TE1 : fs = −0, 020% and TE : fp = −0, 084, are seen to only be slightly
larger in magnitude than what is observed for PZT-5A, −0, 018% and −0, 076%
respectively [7]. The rest of the listed TE1 quantities in Table 5.16 do not match
well.

In Figure 5.44a for the relative variation in conductance G a 1% increase/decrease
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(a)

(b)

(c)

Figure 5.44: a), b), c)
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in εS33 is seen to raise/lower the conductance in the regions between the radial
modes without affecting the radial peaks notably. It is not before the 7th radial
mode R7 the resonance frequency of the peak is observed to shift, by a relative
frequency displacement of R7 : fs = −0, 006%. Note however that the plots
in Figure 5.44 are from simulations with frequency resolution of ∆f = 0, 05kHz,
meaning εS33 may very well affect radial peaks lower than R7. The relative variation
in G increases when approaching the E-mode region, decreasing quickly right after,
then increasing again till it reaches the series resonance frequency fTE1

s . From this
point out the variation in G keeps the same level, then decreasing again after the
parallel resonance frequency fTE1

p , reaching a seemingly steady oscillating level of
around f = 2200kHz.

In Figure 5.44b a 1% change in εS33 shows a steady relative variation in the sus-
ceptance B starting at approximately 0, 7% between the R1 and R2 mode, then
slowly decreasing to approximately 0, 5% until closing in on the series resonance
frequency fTE1

s . The relative variation then increases rapidly until reaching the
parallel resonance frequency fTE1

p , where it thereafter decreases exponentially until
reaching a seemingly steady level of 1, 4% variation.

In Figure 5.44c a 1% increase/decrease in εS33 shows an 0, 7% absolute relative
variation in the resistance R between the first 7 radial modes. Contrary to the
relative variation in conductance G in Figure 5.44a, the relative variation in R
increases at the radial peaks as a result of the parallel resonance frequencies being
shifted. The variation increases when approaching the E-mode region, decreasing
again right after only to slightly increase again when closing in on the series reso-
nance frequency fTE1

s where the relative variation is dampened. After this a rapid
increase in the variation can be seen, and an equally rapid decrease afterwards
upon reaching the parallel resonance frequency fTE1

p .

The overall shape of the variation responses in Figure ?? agrees well with that of
PZT-5A [7].

*More descriptive about the places with high variations and zoom in plot.*

71



1500 1550 1600 1650

Frequency [kHz]

-30

-25

-20

-15

-10

-5

0

C
o
n
d
u
c
ta

n
c
e
 [
d
B

 r
e
 1

 S
]

Conductance dB

Unchanged

1% decrease in eps33

1% increase in eps33

(a)

1740 1760 1780 1800 1820 1840 1860 1880

Frequency [kHz]

40

45

50

55

60
R

e
s
is

ta
n
c
e
 [
d
B

 r
e
 1

 
]

Resistance dB

Unchanged

1% decrease in eps33

1% increase in eps33

(b)

Figure 5.45: Simulated conductance G, and b) resistance R from Ferroperms data set,
as well as the result a 1% increase/decrease in εS33 has on the simulation. Frequency
resolution ∆f = 50Hz.
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5.4 Iterative Curvefitting

This section describes the work done to approximate a material data set through
FEM modeling. Similar work has been done in a previous M. Sc. for the material
PZT-5A with great success [7]. When curve-fitting Fardal conducted 10 simula-
tions using FEMP’s solution method modal analysis with a frequency resolution of
1kHz, 4 elements per wavelength calculated at 2MHz, and an fmax = 2.2MHz.
The following material properties were changed during the curve-fitting process to
achieve a satisfactory result [7]:

• cE11 increased to shift the R-modes up in frequency.

• cE12 decreased to shift the R1-mode down in frequency.

• εS11 increased for higher resonance peaks at the TE1-mode.

• εS33 increased for higher G and lower R between the R-modes and over the
TE1-mode.

• QεS

33 decreased for higher G and lower R between the R-modes and over the
TE1-mode.

• e33 increased for a higher G and R at both the R- and TE1-modes.

• Qe
33 decreased for a higher G and R at both the R- and TE1-modes.

Note that material constants attained from such a procedure are not necessarily
physically correct, even if the G- and R-plots corresponds well with measurements
[7].

A similar curve-fitting have been conducted with Ferroperms material constants
from Table 5.1 as a starting point. This has yielded no satisfactory results due
to the large deviation in measurements and simulations as seen in Figure 5.1,
especially around the TE1 mode.
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Figure 5.46: Measurement and curve-fitted simulation of a Pz37-disc with thickness
t = 0.88mm and radius a = 9.53mm. Frequency resolution = 0.05kHz for both.

The following procedure for curve-fitting the resonance peaks were used:
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Figure 5.47: Measurement and curve-fitted simulation of Pz37-disc with thickness
t = 0.88mm and radius a = 9.53mm. Frequency resolution = 0.05kHz for both.

1. vary cE33, e33 and εS33 to align fTE1
s and fTE1

p with measurements in the B/ω-
domain.

2. vary cE11 and cE13 to align fR2
s and fR3

s with measurements in the G-domain.
Increase both to increase the gap in frequency between fR2

s and fR3
s , decrease

both to decrease the gap.

3. vary cE12 to align fR1
s with measurements in the B/ω-domain.

4. if fR2
p and fR3

p does not agree well with measurements in the R-domain -
repeat steps 1 - 3.

5. vary e31 to align fR1
p with measurements in the B/ω-domain.

This only aligns the resonance frequencies, whereas the overall shape and mag-
nitude of each electric quantity are not guaranteed to agree well with the mea-
surements. The untouched material constants, that is cE44, e15 and εS11, and all the
Q-factors have been varied in an attempt to correct this. Given the sheer amount
of variable parameters this has so far been deemed inconclusive.
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Figure 5.48: Measurement and curve-fitted simulation of Pz37-disc with thickness
t = 0.88mm and radius a = 9.53mm. Frequency resolution = 0.05kHz for both.
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Chapter 6

Conclusion and Further Work

In this thesis the material constants used for simulating in FEMP have been al-
tered, and the resulting changes have been quantified and compared with earlier
work done on another piezoceramic PZT-5A [7]. The objective of this thesis was
to conduct a solid analysis for Pz37HD. Large amounts of data have been attained
which can hopefully be used in further work on the same material.

Due to poor time management a satisfactory analysis for the material constants’
influence in FEMP simulations have not been achieved. Similar variation-responses
have been conducted for all Q-factors, but have not been discussed for the same
reasons as above. The objective of developing a systematic procedure for fine-
adjusting material constants was not either achieved.

Further work may be developing a systematic method for fine-adjusting the mate-
rial constants in FEMP. From the analysis in Section 5 starting with curve-fitting
the TE1 mode in both G and R domain seems to be a step in the right direction.
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Appendix A

GitHub-repository

Due to the large amount of data and MATLAB-scripts a GitHub-repository have
been created where the scripts in this thesis can be accessed: https://github.com/philiptraetteberg/Master.git
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Appendix B

FEMP-files

This section describes, and gives examples of the 2 user-configured files for setting
up the simulation of a piezoelectric disc in vaccuum.

B.1 material.dat-file

The file material.dat is a TXT file (with extension .DAT) specifying the mate-
rial class and a reference number in the header, then follows numerical values for
the materials properties. This entails the materials density and its material con-
stants, as well as eventual Q-factors. The piezoelectric elements can be modeled
by assuming a hexagonal crystal structure of symmetry class 6mm, specified as
’piezo’ in material.dat file, which allows for the following structure of the material
matrices cE, e and εS [17].



cE11 cE12 cE13 0 0 0 0 0 e11
cE12 cE11 cE13 0 0 0 0 0 e11
cE13 cE13 cE33 0 0 0 0 0 e31
0 0 0 cE44 0 0 0 e15 0

0 0 0 0 cE44 0 e15 0 0

0 0 0 0 0 cE66 0 0 0

0 0 0 0 e15 0 εS11 0 0

0 0 0 e15 0 0 0 εS11 0

e11 e11 e31 0 0 0 0 0 εS33


Which corresponds to the following material constant matrices:
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cE11 cE12 cE13 0 0 0

cE12 cE11 cE13 0 0 0

cE13 cE13 cE33 0 0 0

0 0 0 cE44 0 0

0 0 0 0 cE44 0

0 0 0 0 0 cE66


where cE66 =

(
cE11 − cE12

)
/2.


0 0 0 0 e15 0

0 0 0 e15 0 0

e31 e31 e33 0 0 0



εS11 0 0

0 εS11 0

0 0 εS33
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B.2 ∼.inn-file

’.INN’-file is a .TXT file saved with the .INN-extension, and is the overordnet file
specifying the work-flow of the simulation by calling on the included commands.
A documentation containing usable commands for the FEMP can be found in the
bibliography [2].

.

Figure B.1: Example contents of an INN-
file.

The ’set’-command is used to declare
variables, i.e. in Figure B.1 the thick-
ness t, radius a, and material reference
number are declared directly.

’elementsperwavelength’ decides
at what frequency the elements per
wavelength are calculated at.

’viewmesh’ enables a figure illustrating
the cross-section of the current project.

’order’ inputting 2 here results in finite
elements defined by 8 nodes.

’piezodiskphilip’ initializes the struc-
ture for the project, see section ??.

’directharmonicanalysis’ does the
FEMP stuff and solves by the direct
harmonic analysis method. The first
three arguments defines ”start, step,
stop”-frequencies for the frequency vec-
tor.

’admittance’ calculates the total ad-
mittance.

For descriptions of the remaining com-
mands and more see the inn-fil guide [2].
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Appendix C

Extended Sensitivity Analysis
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Relative variation in electrical quantity (row) due to a 1% INCREASE in a single material constant (column)

c_11 Qc_11 c_12 Qc_12 c_13 Qc_13 c_33 Qc_33 c_44 Qc_44 e_31 Qe_31 e_33 Qe_33 e_15 Qe_15 eps_11 Qeps_11 eps_33 Qeps_33

1kHz:R 0.2075% -0.0967% 0.1201% -0.0558% -0.7321% 0.3336% 0.9266% -0.4316% 0.0000% 0.0000% 0.0620% 0.0000% -1.1408% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.4557% -0.7393%

1kHz:G -0.0966% -0.0967% -0.0560% -0.0558% 0.3438% 0.3335% -0.4285% -0.4316% 0.0000% 0.0000% -0.0289% 0.0000% 0.5378% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.7470% -0.7395%

1kHz:B/omega -0.1519% 0.0000% -0.0880% 0.0000% 0.5405% -0.0001% -0.6737% 0.0001% 0.0000% 0.0000% -0.0454% 0.0000% 0.8455% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.6022% 0.0000%

R1:R -1.2477% 1.0129% -0.8602% 0.3786% 3.5528% -0.8739% -2.0577% 0.3593% 0.0000% 0.0000% -0.2332% 0.0000% 0.6486% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -1.2071% 0.1327%

R1:G -0.3891% 1.1875% -0.5448% 0.4922% 3.2619% -1.3346% -2.7205% 0.6831% 0.0000% 0.0000% -0.3235% 0.0000% 2.3360% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0006% -0.0006%

R1:fs 0.5889% 0.0000% 0.2471% 0.0000% -0.6888% 0.0000% 0.3365% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R1:BWs 0.0000% -1.0638% 0.0000% 0.0000% -1.0638% 1.0638% 0.0000% -1.0638% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R1:fp 0.5408% 0.0000% 0.2034% 0.0000% -0.4813% 0.0000% 0.1935% 0.0000% 0.0000% 0.0000% -0.0149% 0.0000% 0.0893% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.0347% 0.0000%

R1:BWp 0.0000% -0.9346% 0.0000% -0.9346% 0.0000% 0.9346% -0.9346% -0.9346% 0.0000% 0.0000% -0.9346% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.9346% -0.9346%

R2:R -2.0091% 1.4205% -0.1233% 0.0581% 3.7896% -0.9769% -2.3696% 0.4920% 0.0000% 0.0000% -0.3015% 0.0000% 1.0096% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -1.3457% 0.0168%

R2:G -0.6261% 1.4581% -0.0513% 0.0602% 2.8025% -1.0390% -2.5365% 0.5384% 0.0000% 0.0000% -0.3151% 0.0000% 2.3189% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0049% -0.0048%

R2:fs 0.7271% 0.0000% 0.0306% 0.0000% -0.5392% 0.0000% 0.2696% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R2:BWs 0.8230% -1.6461% 0.0000% 0.0000% -0.8230% 0.8230% 0.0000% -0.8230% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R2:fp 0.7172% 0.0000% 0.0304% 0.0000% -0.5105% 0.0000% 0.2492% 0.0000% 0.0000% 0.0000% -0.0020% 0.0000% 0.0142% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.0061% 0.0000%

R2:BWp 0.8097% -1.2146% 0.0000% 0.0000% 0.0000% 1.2146% 0.4049% -0.4049% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.4049% 0.0000%

R3:R -1.9974% 1.4509% -0.0474% 0.0229% 3.7316% -1.0098% -2.3919% 0.5337% 0.0000% 0.0000% -0.2950% 0.0000% 0.9941% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -1.3406% -0.0018%

R3:G -0.5216% 1.4663% -0.0172% 0.0232% 2.6298% -1.0353% -2.5018% 0.5534% 0.0000% 0.0000% -0.3006% 0.0000% 2.2906% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0117% -0.0111%

R3:fs 0.7383% 0.0000% 0.0117% 0.0000% -0.5410% 0.0000% 0.2803% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R3:BWs 0.5195% -1.5584% 0.0000% 0.0000% -0.5195% 1.0390% 0.2597% -0.5195% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R3:fp 0.7344% 0.0000% 0.0129% 0.0000% -0.5289% 0.0000% 0.2728% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0065% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.0013% 0.0000%

R3:BWp 0.7752% -1.0336% 0.2584% 0.0000% -0.2584% 1.2920% 0.5168% -0.5168% 0.0000% 0.0000% 0.2584% 0.0000% 0.2584% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.2584% 0.0000%

TE1:R -0.5955% 0.2702% 0.0065% 0.0001% -4.7233% -0.1824% -0.0128% 0.4737% 3.9013% 0.0657% -0.1092% 0.0000% -0.8807% 0.0000% 1.2983% 0.0000% -0.4100% 0.0267% -1.3951% 0.2858%

TE1:G 5.8288% -0.0617% 0.0042% 0.0000% 4.5556% 0.0416% 6.5473% 0.6169% 3.7415% 0.0009% -0.1355% 0.0000% 2.7340% 0.0000% -0.4084% 0.0000% -0.0919% -0.0049% 0.0307% 0.0466%

TE1:fs -0.0048% -0.0006% 0.0000% 0.0000% 0.4271% 0.0000% 0.9263% -0.0010% 0.0103% -0.0003% 0.0003% 0.0000% 0.0397% 0.0000% -0.0035% 0.0000% 0.0013% 0.0000% -0.0195% -0.0003%

TE1:BWs -14.7593% 0.1441% 0.0000% 0.0000% -9.3399% -0.0865% -10.9542% -0.3747% -1.4702% 0.0288% -0.0288% 0.0000% 0.0577% 0.0000% 0.7783% 0.0000% -0.2018% 0.0288% -0.2018% -0.0288%

TE1:fp 0.1863% 0.0000% 0.0000% 0.0000% -0.1321% 0.0000% 0.2931% 0.0000% 0.0996% 0.0000% -0.0033% 0.0000% 0.1767% 0.0000% 0.0173% 0.0000% -0.0096% 0.0000% -0.0859% 0.0000%

TE1:BWp 0.0458% -0.3665% 0.0458% 0.0000% 0.0916% 0.2749% 1.0078% -0.5039% -0.4581% -0.0916% 0.0000% 0.0000% 1.1452% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.3665% -0.2749%

Table C.1: Sensitivity analysis for the supplemented material constants from the manufacturer for a 1% increase in a specific material constant.
Blue indicates a negative difference, while red a positive. Intensity of the color indicates the magnitude of the deviation.
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Relative variation in electrical quantity (row) due to a 1% DECREASE in a single material constant (column)

c_11 Qc_11 c_12 Qc_12 c_13 Qc_13 c_33 Qc_33 c_44 Qc_44 e_31 Qe_31 e_33 Qe_33 e_15 Qe_15 eps_11 Qeps_11 eps_33 Qeps_33

1kHz:R -0.2113% 0.0986% -0.1214% 0.0569% 0.7127% -0.3403% -0.9428% 0.4403% 0.0000% 0.0000% -0.0620% 0.0000% 1.1531% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.4594% 0.7544%

1kHz:G 0.0988% 0.0986% 0.0567% 0.0569% -0.3303% -0.3403% 0.4436% 0.4403% 0.0000% 0.0000% 0.0289% 0.0000% -0.5321% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.7470% 0.7546%

1kHz:B/omega 0.1553% 0.0000% 0.0891% 0.0000% -0.5192% 0.0001% 0.6974% -0.0001% 0.0000% 0.0000% 0.0455% 0.0000% -0.8365% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.6022% 0.0000%

R1:R 1.2718% -1.0126% 0.8707% -0.3833% -3.4402% 0.9076% 2.1106% -0.3639% 0.0000% 0.0000% 0.2275% 0.0000% -0.6760% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 1.2243% -0.1351%

R1:G 0.3905% -1.1830% 0.5464% -0.4972% -3.1656% 1.3993% 2.8301% -0.6874% 0.0000% 0.0000% 0.3241% 0.0000% -2.3090% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.0006% 0.0006%

R1:fs -0.5941% 0.0000% -0.2471% 0.0000% 0.6783% 0.0000% -0.3470% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R1:BWs -1.0638% 1.0638% -1.0638% 1.0638% 1.0638% -1.0638% 0.0000% 1.0638% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R1:fp -0.5458% 0.0000% -0.2034% 0.0000% 0.4713% 0.0000% -0.1935% 0.0000% 0.0000% 0.0000% 0.0149% 0.0000% -0.0893% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0347% 0.0000%

R1:BWp -0.9346% 0.9346% -0.9346% 0.0000% 0.0000% -0.9346% -0.9346% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.9346% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R2:R 2.0794% -1.4085% 0.1226% -0.0592% -3.6495% 1.0169% 2.4536% -0.4970% 0.0000% 0.0000% 0.3015% 0.0000% -1.0306% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 1.3732% -0.0171%

R2:G 0.6408% -1.4447% 0.0509% -0.0613% -2.7408% 1.0829% 2.6292% -0.5433% 0.0000% 0.0000% 0.3156% 0.0000% -2.2922% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.0049% 0.0049%

R2:fs -0.7333% 0.0000% -0.0306% 0.0000% 0.5290% 0.0000% -0.2757% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R2:BWs -0.8230% 1.6461% 0.0000% 0.0000% 0.4115% -0.8230% 0.0000% 0.8230% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R2:fp -0.7212% 0.0000% -0.0304% 0.0000% 0.5024% 0.0000% -0.2553% 0.0000% 0.0000% 0.0000% 0.0020% 0.0000% -0.0142% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0061% 0.0000%

R2:BWp -0.4049% 1.6194% 0.4049% 0.4049% 0.4049% -0.8097% 0.0000% 0.8097% 0.0000% 0.0000% 0.4049% 0.0000% 0.4049% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R3:R 2.0709% -1.4374% 0.0473% -0.0233% -3.5930% 1.0520% 2.4788% -0.5385% -0.0001% 0.0000% 0.2956% 0.0000% -1.0139% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 1.3685% 0.0019%

R3:G 0.5352% -1.4522% 0.0170% -0.0236% -2.5774% 1.0791% 2.5917% -0.5582% -0.0004% 0.0000% 0.3011% 0.0000% -2.2643% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.0117% 0.0113%

R3:fs -0.7447% 0.0000% -0.0130% 0.0000% 0.5320% 0.0000% -0.2867% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% -0.0013% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R3:BWs -0.7792% 1.5584% 0.0000% 0.0000% 0.5195% -1.0390% -0.5195% 0.5195% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000%

R3:fp -0.7383% 0.0000% -0.0116% 0.0000% 0.5224% 0.0000% -0.2780% 0.0000% 0.0000% 0.0000% 0.0013% 0.0000% -0.0052% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.0026% 0.0000%

R3:BWp -0.5168% 1.5504% 0.0000% 0.2584% 0.7752% -1.0336% 0.0000% 1.0336% 0.0000% 0.0000% 0.2584% 0.0000% 0.2584% 0.0000% 0.0000% 0.0000% 0.0000% 0.0000% 0.2584% 0.2584%

TE1:R -1.2833% -0.2736% -0.0066% -0.0001% 3.6314% 0.1871% -0.8729% -0.4785% -2.8083% -0.0669% 0.1084% 0.0000% -0.7719% 0.0000% -1.3862% 0.0000% 0.4024% -0.0272% 0.9870% -0.2899%

TE1:G 13.0627% 0.0630% -0.0042% 0.0000% 2.1049% -0.0425% 8.7221% -0.6189% -1.1808% -0.0008% 0.1368% 0.0000% -2.6630% 0.0000% 0.4560% 0.0000% 0.0999% 0.0050% -0.0311% -0.0474%

TE1:fs 0.3903% 0.0003% 0.0000% 0.0000% -0.0125% -0.0003% -0.4630% 0.0010% 0.4983% 0.0003% -0.0003% 0.0000% -0.0394% 0.0000% 0.0032% 0.0000% -0.0013% 0.0000% 0.0195% 0.0000%

TE1:BWs -19.8040% -0.1153% 0.0000% 0.0000% 2.7962% 0.0865% -8.2445% 0.4036% -0.4324% 0.0000% 0.0288% 0.0000% -0.0865% 0.0000% -0.7783% 0.0000% 0.2306% 0.0000% 0.1730% 0.0288%

TE1:fp -0.1871% 0.0000% 0.0000% 0.0000% 0.1211% -0.0003% -0.2911% 0.0000% -0.0537% 0.0000% 0.0033% 0.0000% -0.1778% 0.0000% -0.0176% 0.0000% 0.0094% 0.0000% 0.0870% 0.0000%

TE1:BWp 0.0000% 0.4123% 0.0000% 0.0000% 0.0000% -0.2290% -0.5497% 0.5497% 1.7865% 0.1374% 0.0000% 0.0000% -0.7787% 0.0000% 0.0458% 0.0000% 0.0458% 0.0458% 0.5497% 0.3207%

Table C.2: Sensitivity analysis for the supplemented material constants from the manufacturer for a 1% decrease in a specific material constant.
Blue indicates a negative difference, while red a positive. Intensity of the color indicates the magnitude of the deviation.
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Appendix D

Fardals Sensitivty Analysis Tables

Tables fetched from Fardals master thesis [7]. Used for comparison in Section 5.
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(a) (b)

Figure D.1

(a) (b)

Figure D.2
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(a) (b)

Figure D.3

(a) (b)

Figure D.4
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(a) (b)

Figure D.5
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