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whose size is bounded by the parameter plus a solution-lifting algorithm that efficiently
enumerates all solutions from the set of the solutions of the kernel. We propose to
consider two new versions of enumeration kernels by asking that the solutions of the
original instance can be enumerated in polynomial time or with polynomial delay from

gﬁﬁﬂfjﬁon problems the kernel solutions. Using the NP-hard MATCHING CUT problem parameterized by structural
Polynomial delay parameters such as the vertex cover number or the cyclomatic number of the input graph,
Output-sensitive algorithms we show that the new enumeration kernels present a useful notion of data reduction for
Kernelization enumeration problems which allows to compactly represent the set of feasible solutions.

Structural parameterizations © 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the

Matching cuts CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The enumeration of all feasible solutions of a computational problem is a fundamental task in computer science. For the
majority of enumeration problems, the number of feasible solutions can be exponential in the input size in the worst-case.
The running time of enumeration algorithms is thus measured not only in terms of the input size n but also in terms of the
output size. The two most-widely used definitions of efficient algorithms are polynomial output-sensitive algorithms where
the running time is polynomial in terms of input and output size and polynomial-delay algorithms, where the algorithm
spends only a polynomial running time between the output of consecutive solutions. Since in some enumeration problems,
even the problem of deciding the existence of one solution is not solvable in polynomial time, it was proposed to allow
FPT algorithms that have running time or delay f(k)-n®® where n is the input size and k is some problem-specific
parameter [11,13,14,16,38]. Naturally, FPT-enumeration algorithms are based on extensions of standard techniques in FPT
algorithms such as bounded-depth search trees [13,14,16] or color coding [38].
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An important technique for obtaining FPT algorithms for decision problems is kernelization [12,18,34], where the idea
is to shrink the input instance in polynomial time to an equivalent instance whose size depends only on the parameter k.
In fact, a parameterized problem admits an FPT algorithm if and only if it admits a kernelization. It seems particularly
intriguing to use kernelization for enumeration problems as a small kernel can be seen as a compact representation of the
set of feasible solutions. The first notion of kernelization in the context of enumeration problems were the full kernels defined
by Damaschke [13]. Informally, a full kernel for an instance of an enumeration problem is a subinstance that contains all
minimal solutions of size at most k. This definition is somewhat restrictive since it is tied to subset minimization problems
parameterized by the solution size parameter k. Nevertheless, full kernels have been obtained for some problems [14,19,32,
42].

To overcome the restrictions of full kernels, Creignou et al. [11] proposed enumeration kernels. Informally, an enumeration
kernel for a parameterized enumeration problem is an algorithm that replaces the input instance by one whose size is
bounded by the parameter and which has the property that the solutions of the original instance can be computed by
listing the solutions of the kernel and using an efficient solution-lifting algorithm that outputs for each solution of the kernel
a set of solutions of the original instance. In the definition of Creignou et al. [11], the solution-lifting algorithm may be
an FPT-delay algorithm, that is, an algorithm with f(k) -n©® delay. We find that this time bound is too weak, because
it essentially implies that every enumeration problem that can be solved with FPT-delay admits an enumeration kernel of
constant size. This means that the solution-lifting algorithm is so powerful that it can enumerate all solutions while ignoring
the kernel. Motivated by this observation and the view of kernels as compact representations of the solution set, we modify
the original definition of enumeration kernels [11].

Ourresults We present two new notions of efficient enumeration kernels by replacing the demand for FPT-delay algorithms
by a demand for polynomial-time enumeration algorithms or polynomial-delay algorithms, respectively. We call the two
resulting notions of enumeration kernelization fully-polynomial enumeration kernels and polynomial-delay enumeration kernels.
Our paper aims at showing that these two new definitions present a sweet spot between the notion of full kernels, which
is too strict for some applications, and enumeration kernels, which are too lenient in some sense. We first show that the
two new definitions capture the class of efficiently enumerable problems in the sense that a problem has a fully-polynomial
(a polynomial-delay) enumeration kernel if and only if it has an FPT-enumeration algorithm (an FPT-delay enumeration
algorithm). Moreover, the kernels have constant size if and only if the problems have polynomial-time (polynomial-delay)
enumeration algorithms. Thus, the new definitions correspond to the case of problem kernels for decision problems, which
are in FPT if and only if they have kernels and which can be solved in polynomial time if and only if they have kernels of
constant size (see, e.g. [12, Chapter 2] or [18, Chapter 1]).

We then apply both types of kernelizations to the enumeration of matching cuts. A matching cut of a graph G is the set
of edges M = E(A, B) for a partition {A, B} of V(G) forming a matching. We investigate the problems of enumerating all
minimal, all maximal, or all matching cuts of a graph. We refer to these problems as ENUM MINIMAL MC, ENUM MAXIMAL MC,
and ENuM MC, respectively. These problems constitute a very suitable study case for enumeration kernels, since MATCHING
Curt, the problem to decide whether a graph has a matching cut, is NP-hard [8]. Therefore, ENuMm MINIMAL MC, ENUM
MaxiMAL MC, and ENum MC do not admit polynomial output-sensitive algorithms. We consider all three problems with
respect to structural parameterizations such as the vertex cover number, the modular width, or the cyclomatic number
of the input graph. The choice of these parameters is motivated by the fact that neither problem admits an enumeration
kernel of polynomial size for the more general structural parameterizations by the treewidth or cliquewidth up to some
natural complexity assumptions (see Proposition 2). Table 1 summarizes the results. We also observe that for the most
popular parameterization by the solution size k, MATCHING CUT is FPT when parameterized by k [25] but does not admit a
polynomial kernel unless NP € coNP/ poly [31]. The latter result immediately implies that the enumeration variant, where
we ask to list all, say minimal, matching cuts of size at most k, has no polynomial-delay enumeration kernel of polynomial
size for the parameterization by k unless NP C coNP/ poly.

To discuss some of our results and their implication for enumeration kernels in general more precisely, consider ENUM
MC, ENuM MINIMAL MC, and ENumM MaXiMAL MC parameterized by the vertex cover number. We show that ENUM MINIMAL
MC admits a fully-polynomial enumeration kernel of polynomial size. As it can be seen that the problem has no full kernel,
this implies in particular that there are natural enumeration problems with a fully-polynomial enumeration kernel that
do not admit a full kernel (not even one of super-polynomial size). Then, we show that ENum MC and ENUM MAXIMAL
MC admit polynomial-delay enumeration kernels but have no fully-polynomial enumeration kernels. Thus, there are natural
enumeration problems with polynomial-delay enumeration kernels that do not admit a fully-polynomial enumeration kernel
(not even one of super-polynomial size).

We also prove a tight upper bound F(n+ 1) — 1 for the maximum number of matching cuts of an n-vertex graph, where
F(n) is the n-th Fibonacci number and show that all matching cuts can be enumerated in O*(F(n)) = O*(1.6181") time
(Theorem 4); as it is standard the big-O* notation is used to suppress a polynomial factor.

Related work For an overview of enumeration algorithms, refer to the survey of Wasa [46]. A broader discussion of param-
eterized enumeration is given by Meier [39].

As mentioned above, the study of kernelization for enumeration problems were initiated by Damaschke [13] for subset
minimization problems. The task of such a problem is, given an n-element set, a property 7 of subsets that is closed
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Table 1

An overview of our results. Herein, ‘kernel’ means fully-polynomial enumeration kernel, ‘del-
kern’ means polynomial-delay enumeration kernel and ‘bi kernel’ means bijective enumera-
tion kernel (a slight generalization of full kernels), a (x) means that the lower bound assumes
NP ,¢_ coNP/ poly, ‘?’ means open status. The cyclomatic number is also known as the feed-
back edge number.

Parameter k ENnum MC ENuUM MINIMAL MC ENUM MAXIMAL MC
treewidth & No poly-size del- No poly-size del- No poly-size del-
cliquewidth kern () (Proposition 2)  kern () (Proposition 2)  kern (x) (Proposition 2)
vertex cover O(k?) del-kern O(k?) kernel O(k?) del-kern
& twin-cover (Theorems 5 & 7) (Theorems 5 & 7) (Theorems 5 & 7)
number No kernel No kernel
neighborhood O(k) del-kern O(k) kernel O(k) del-kern
diversity (Theorem 8) (Theorem 8) (Theorem 8)

No kernel No kernel
modular ? O(k) kernel ?
width (Theorem 9)
cyclomatic O(k) del-kern O(k) del-kern ?
number (Theorem 11) (Theorem 11)

No kernel
clique O(k3) bi kernel O(k3) bi kernel O(k3?) bi kernel
partition (Theorem 15) (Theorem 15) (Theorem 15)
number

under supersets, and an integer k > 0, list all inclusion-minimal subsets of size at most k satisfying 7. Given a subset
minimization problem, a full kernel is a set that contains the union of all minimal solutions of size at most k. An easy
example is the classical Buss kernel [7] for the VERTEX COVER problem that represents all minimal vertex covers of size at
most k. Damaschke [13] pointed out that given a full kernel that keeps all minimal solutions, one can list all solutions of
size at most k with polynomial delay, that is, the full kernel provides a compact representation of all solutions of bounded
size. Damaschke demonstrated polynomial full kernels for a number of hypergraph transversal problems [13] and for some
graph clustering problems [14]. The similar notion of loss-free kernelization was introduced by Samer and Szeider [42]
who investigated satisfiability problems. A different extension of enumeration kernels of Creignou et al. [11] are advice
enumeration kernels introduced by Bentert et al. [2]. In these kernels, the solution-lifting algorithm does not need the whole
input but only a possibly smaller advice. Such kernels were constructed for the triangle enumeration problem for some
structural parameterizations [2].

Enumeration kernels are closely related to kernels for counting problems. Counting kernels were introduced by Thur-
ley [45]. Using our terminology, a counting kernel consists of a kernelization algorithm and a solution-liting algorithm. The
kernelization algorithm compresses a counting problem to an enumeration problem on an instance whose size is bounded
by a function of the parameter. Moreover, every solution of the enumeration problem is associated with a set of solutions
to the original instance, and these sets compose a partition of the set of solutions. The solution-lifting algorithm is given
access to the original and the compressed instances and computes for every solution to the compressed instance the size of
the associated set. Another formalization for counting kernels was proposed by Kim, Serna, and Thilikos [30]. These kernels,
called compactors, are further from enumeration problems, and we refer to the survey paper of Thilikos [44] for discussion.

A further loosely connected extension of standard kernelization are lossy kernels which are used for optimization prob-
lems [36]; the common thread is that both definitions use a solution-lifting algorithm for recovering solutions of the original
instance.

Finally, we list some known algorithmic results for MATCHING CUT, the problem of deciding whether a given graph G has
a matching cut. The current-best exact decision algorithm for MATCHING CUT has a running time of ((1.3803") where n
is the number of vertices in G [31]. Faster exact algorithms can be obtained for the case when the minimum degree is
large [27]; for example if the minimum degree § > 469, the problem can be solved in ((1.0099") time. MATCHING CUT has
FPT-algorithms for the maximum cut size k [25], the treewidth tw(G) of G (with running time O*(8™(®)) [25], the vertex
cover number 7(G) [33] (with running time O*(27(®), and weaker parameters such as the neighborhood diversity nd(G)
(with running time ©*(22"9(%))) and the twin-cover number tc(G) (with running time ©*(21®)) [1] or the cluster vertex
deletion number cd(G) (with running time O*(2°4(®)) [31].

Graph notation All graphs considered in this paper are finite undirected graphs without loops or multiple edges. We follow
the standard graph-theoretic notation and terminology and refer to the book of Diestel [15] for basic definitions. For each
of the graph problems considered in this paper, we let n = |V (G)| and m = |E(G)| denote the number of vertices and edges,
respectively, of the input graph G if it does not create confusion. For a graph G and a subset X € V(G) of vertices, we write
G[X] to denote the subgraph of G induced by X. For a set of vertices X, G — X denotes the graph obtained by deleting
the vertices of X, that is, G — X = G[V(G) \ X]; for a vertex v, we write G — v instead of G — {v}. Similarly, for a set of
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edges A (an edge e, respectively), G — A (G — e, respectively) denotes the graph obtained by the deletion of the edges of A
(the edge e, respectively). For a vertex v, we denote by N¢(v) the (open) neighborhood of v, i.e., the set of vertices that are
adjacent to v in G. We use Ng[v] to denote the closed neighborhood Ng(v) U {v} of v. For X C V(G), Ng[X]=J,cx NclV]
and N¢(X) = Ng[X]\ X. For disjoint sets of vertices A and B of a graph G, Eg(A,B) ={uv|u € A, v € B}. We may omit
subscripts in the above notation if it does not create confusion. We use Py, C,, and K, to denote the n-vertex path, cycle,
and complete graph, respectively. We write G + H to denote the disjoint union of G and H, and we use kG to denote the
disjoint union of k copies of G.

In a graph G, a cut is a partition {A, B} of V(G), and we say that Eg(A, B) is an edge cut. A matching is an edge
set in which no two of the edges have a common end-vertex; note that we allow empty matchings. A matching cut is
a (possibly empty) edge set being an edge cut and a matching. We underline that by our definition, a matching cut is
a set of edges, as sometimes in the literature (see, e.g., [8,26]) a matching cut is defined as a partition {A, B} of the
vertex set such that E(A, B) is a matching. While the two variants of the definitions are equivalent, say when the decision
variant of the matching cut problem is considered, this is not the case in enumeration and counting when we deal with
disconnected graphs. For example, the empty graph on n vertices has 2"~! — 1 partitions {A, B} which all correspond to
exactly one matching cut in the sense of our definition, namely M = @. A matching cut M of G is (inclusion) minimal
(maximal, respectively) if G has no matching cut M’ ¢ M (M’ D M, respectively). Notice that a disconnected graph has
exactly one minimal matching cut which is the empty set.

Organization of the paper In Section 2, we introduce and discuss basic notions of enumeration kernelization. In Section 3,
we show upper and lower bound for the maximum number of (minimal) matching cuts. In Section 4, we give enumeration
kernels for the matching cut problems parameterized by the vertex cover number. Further, in Section 5, we consider the
parameterization by the neighborhood diversity and modular width. We proceed in Section 6, by investigating the parame-
terization by the cyclomatic number (feedback edge number). In Section 7, we give bijective kernels for the parameterization
by the clique partition number. We conclude in Section 8, by outlining some further directions of research in enumeration
kernelization.

2. Parameterized enumeration and enumeration kernels

We use the framework for parameterized enumeration proposed by Creignou et al. [11]. An enumeration problem (over a
finite alphabet X) is a tuple IT = (L, Sol) such that

(i) L € X* is a decidable language,
(ii) Sol: X* — P(X*) is a computable function such that for every x € X*, Sol(x) is a finite set and Sol(x) # @ if and only
ifxel.

Here, P(A) is used to denote the powerset of a set A. A string x € ¥* is an instance, and Sol(x) is the set of solutions to
instance x. A parameterized enumeration problem is defined as a triple IT = (L, Sol, k) such that (L, Sol) satisfy (i) and (ii) of
the above definition, and

(iii) k: ¥* — N is a parameterization.

We say that k = k(x) is a parameter. We define the parameterization as a function of an instance but it is standard to
assume that the value of «(x) is either simply given in x or can be computed in polynomial time from x. We follow this
convention throughout the paper.

An enumeration algorithm A for a parameterized enumeration problem IT is a deterministic algorithm that for every
instance x, outputs exactly the elements of Sol(x) without duplicates, and terminates after a finite number of steps on every
instance. The algorithm A is an FPT enumeration algorithm if it outputs all solutions in at most f(k(x))p(|x]) steps for a
computable function f(-) that depends only on the parameter and a polynomial p(-).

We also consider output-sensitive enumerations, and for this, we define delays. Let A be an enumeration algorithm for
I1. For x € L and 1 <i < |Sol(x)|, the i-th delay of A is the time between outputting the i-th and (i 4+ 1)-th solutions in
Sol(x). The 0-th delay is the precalculation time which is the time from the start of the computation until the output of the
first solution, and the |Sol(x)|-th delay is the postcalculation time which is the time after the last output and the termination
of A (if Sol(x) = @, then the precalculation and postcalculation times are the same). It is said that A is a polynomial-delay
algorithm, if all the delays are upper bounded by p(|x]) for a polynomial p(-). For a parameterized enumeration problem
I1, A is an FPT-delay algorithm, if the delays are at most f(x(x))p(|x|), where f(-) is a computable function and p(-) is a
polynomial. Notice that every FPT enumeration algorithm 4 is also an FPT delay algorithm.

The key definition for us is the generalization of the standard notion of a kernel in Parameterized Complexity (see,
e.g, [18]) for enumeration problems.

Definition 1. Let IT = (L, Sol, k) be a parameterized enumeration problem. A fully-polynomial enumeration kernel(ization) for
I1 is a pair of algorithms A and A" with the following properties:
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(i) For every instance x of IT, A computes in time polynomial in |x| + x(x) an instance y of IT such that |y| + «(y) <
f(k(x)) for a computable function f(-).

(ii) For every s € Sol(y), A’ computes in time polynomial in |x| + |y| + k (x) + k (¥) a nonempty set of solutions S5 C Sol(x)
such that {Ss | s € Sol(y)} is a partition of Sol(x).

Notice that by (ii), x € L if and only if y € L.

We say that A is a kernelization algorithm and A’ is a solution-lifting algorithm. Informally, a solution-lifting algorithm
takes as its input a solution for a “small” instance constructed by the kernelization algorithm and, having an access to the
original input instance, outputs polynomially many solutions for the original instance, and by going over all the solutions to
the small instance, we can generate all the solutions of the original instance without repetitions. We say that an enumeration
kernel is bijective if A’ produces a unique solution to x, that is, it establishes a bijection between Sol(y) and Sol(x), that
is, the compressed instance essentially has the same solutions as the input instance. In particular, full kernels [13] are the
special case of bijective kernels where A’ is the identity. As it is standard, f(-) is the size of the kernel, and the kernel has
polynomial size if f(-) is a polynomial.

We define polynomial-delay enumeration kernel(ization) in a similar way. The only difference is that (ii) is replaced by the
condition

(ii*) For every s € Sol(y), A’ computes with delay polynomial in |x| + |y| + x(x) + x(y) a set of solutions Ss C Sol(x) such
that {Ss| s € Sol(y)} is a partition of Sol(x).

It is straightforward to make the following observation.

Observation 1. Every bijective enumeration kernel is a fully-polynomial enumeration kernel; every fully-polynomial enumeration
kernel is a polynomial-delay enumeration kernel.

Notice also that our definition of polynomial-delay enumeration kernel is different from the definition given by Creignou
et al. [11]. In their definition, Creignou et al. [11] require that the solution-lifting algorithm A" should list all the solutions in
Ss with FPT delay for the parameter  (x). We believe that this condition is too weak. In particular, with this requirement,
every parameterized enumeration problem, that has an FPT enumeration algorithm 4* and such that the existence of at
least one solution can be verified in polynomial time, has a trivial kernel of constant size. The kernelization algorithm can
output any instance satisfying (i) and then we can use A* as a solution-lifting algorithm that essentially ignores the output
of the kernelization algorithm. Note that for enumeration problems, we typically face the situation where the existence of
at least one solution is not an issue. We argue that our definitions are natural by showing the following theorem.

Theorem 2. A parameterized enumeration problem I1 has an FPT enumeration algorithm (an FPT delay algorithm) if and only if T
admits a fully-polynomial enumeration kernel (polynomial-delay enumeration kernel). Moreover, I1 can be solved in polynomial time
(with polynomial delay) if and only if TT admits a fully-polynomial enumeration kernel (a polynomial-delay enumeration kernel) of
constant size.

Proof. The proof of the first claim is similar to the standard arguments for showing the equivalence between fixed-
parameter tractability and the existence of a kernel (see, e.g. [12, Chapter 2] or [18, Chapter 1]). However dealing with
enumeration problems requires some specific arguments. Let IT = (L, Sol, k) be a parameterized enumeration problem.

In the forward direction, the claim is trivial. Recall that L is decidable and Sol(-) is a computable function by the
definition. If IT admits a fully-polynomial enumeration kernel (a polynomial-delay enumeration kernel respectively), then
we apply an arbitrary enumeration algorithm, which is known to exist since Sol(-) is computable, to the instance y produced
by the kernelization algorithm. Then, for each s € Sol(y), use the solution-lifting algorithm to list the solutions to the input
instance.

For the opposite direction, assume that IT can be solved in f(x(x)) - |x|° time (with f(k(x)) - |x|® delay, respectively) for
an instance x, where f(-) is a computable function and c is a positive constant. Since f(-) is computable, we assume that
we have an algorithm F computing f (k) in g(k) time. We define h(k) = max{f(k), g(k)}.

We say that an instance x of IT is a trivial no-instance if x is an instance of minimum size with Sol(x) = . We call x
a minimum yes-instance if x is an instance of minimum size that has a solution. Notice that if IT has instances without
solutions, then the size of a trivial no-instance is a constant that depends on IT only and such an instance can be computed
in constant time. Similarly, if the problem has instances with solutions, then the size of a minimum yes-instance is constant
and such an instance can be computed in constant time. We say that x is a trivial yes-instance if x is an instance with
minimum size of Sol(x) that, subject to the first condition, has minimum size. Clearly, the size of a trivial yes-instance is a
constant that depends only on IT. However, we may be unable to compute a trivial yes-instance.

Let x be an instance of IT and k = x(x). We run the algorithm F to compute f(k) for at most n = |x| steps. If the
algorithm failed to compute f(k) in n steps, we conclude that g(k) > n. In this case, the kernelization algorithm outputs x.
Then the solution-lifting algorithm just trivially outputs its input solutions. Notice that |x| < g(k) < h(k) in this case. Assume
from now that F computed f(k) in at most n steps.
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If |x] < f(k), then the kernelization algorithm outputs the original instance x, and the solution-lifting algorithm trivially
outputs its input solutions. Note that |x| < f (k) < h(k).

Finally, we suppose that f(k) < |x|. Observe that the enumeration algorithm runs in [x|t! time (with |x|°t1 delay,
respectively) in this case, that is, the running time is polynomial. We use the enumeration algorithm to verify whether x
has a solution. For this, notice that a polynomial-delay algorithm can be used to solve the decision problem; we just run it
until it outputs a first solution (or reports that there are no solutions). If x has no solution, then IT has a trivial no-instance
and the kernelization algorithm computes and outputs it. If x has a solution, then the kernelization algorithm computes
a minimum yes-instance y in constant time. We use the enumeration algorithm to check whether |Sol(y)| < |Sol(x)|. If
this holds, then we set z = y. Otherwise, if |Sol(x)| < |Sol(y)|, we find an instance z of minimum size such that |Sol(z)| <
|Sol(x)|. Notice that this can be done in constant time, because the size of z is upper bounded by the size of a trivial
yes-instance. Then we list the solutions of z in constant time and order them. For the i-th solution of z, the solution-lifting
algorithm outputs the i-th solution of x produced by the enumeration algorithm, and for the last solution of z, the solution-
lifting algorithm further runs the enumeration algorithm to output the remaining solutions. Since |Sol(z)| < |Sol(x)|, the
solution-lifting algorithm outputs a nonempty set of solutions for x for every solution of z.

It is easy to see that we obtain a fully-polynomial enumeration kernel of size O(h(x (x))) (a polynomial-delay enumera-
tion kernel, respectively).

For the second claim, the arguments are the same. If a problem admits a fully-polynomial (a polynomial-delay) enu-
meration kernel of constant size, then the solutions of the original instance can be listed in polynomial time (or with
polynomial delay, respectively) by the solution-lifting algorithm called for the constant number of the solutions of the ker-
nel. Conversely, if a problem can be solved in polynomial time (with polynomial delay, respectively), we can apply the above
arguments assuming that f(k) (and, therefore, g(k)) is a constant. O

In our paper, we consider structural parameterizations of ENUM MINIMAL MC, ENUM MaXIMAL MC, and ENum MC by
several graph parameters, and the majority of these parameterizations are stronger than the parameterization either by
the treewidth or the cliquewidth of the input graph. Defining the treewidth (denoted by tw(G)) and cliquewidth (denoted
by cw(G)) goes beyond of the scope of the current paper and we refer to [9] (see also, e.g., [12]). By the celebrated result
of Bodlaender [3] (see also [12]), it is FPT in t to decide whether tw(G) <t and to construct the corresponding tree-
decomposition. No such algorithm is known for cliquewidth. However, for algorithmic purposes, it is usually sufficient to
use the approximation algorithm of Oum and Seymour [41] (see also [40,12]). Observe that the property that a set of edges
M of a graph G is a matching cut of G can be expressed in monadic second-order logic (MSOL); we refer to [9,12] for the
definition of MSOL on graphs. Then the matching cuts (the minimal or maximal matching cuts) of a graph of treewidth at
most t can be enumerated with FPT delay with respect to the parameter t by the celebrated meta theorem of Courcelle [9].
The same holds for the weaker parameterization by the cliquewidth of the input graph, because we can use MSOL formulas
without quantifications over (sets of) edges: For a graph G, we pick a vertex in each connected component of G and label
it. Let R be the set of labeled vertices. Then the enumeration of nonempty matching cuts is equivalent to the enumeration
of all partitions {A, B} of V(G) such that (i) R € A and (ii) E(A, B) is a matching. Notice that condition (ii) can be written
as follows: for every ui,u € A and vy, vy € B, if uy is adjacent to vy and uy is adjacent to v;, then either u; = uy and
vy =Vy or u; #up and vq # v,. Since the empty matching cut can be listed separately if it exists, we obtain that we
can use MSOL formulations of the enumeration problems, where only quantifications over vertices and sets of vertices are
used. Then the result of Courcelle [9] implies that ENum MINIMAL MC, ENUM MaxiMAL MC, and ENum MC can be solved with
FPT delay when parameterized by the cliquewidth of the input graph. We summarize these observations in the following
proposition.

Proposition 1. ENuM MC, ENUM MINIMAL MC, and ENuUM MAXIMAL MC on graphs of treewidth (cliquewidth) at most t can be solved
with FPT delay when parameterized by t.

This proposition implies that ENum MC, ENum MINIMAL MC and ENUM MAXIMAL MC can be solved with FPT delay for
all structural parameters whose values can be bounded from below by an increasing function of treewidth or cliquewidth.
However, we are mainly interested in fully-polynomial or polynomial-delay enumeration kernelization. We conclude this
section by pointing out that it is unlikely that ENum MiNIMAL MC, ENUM MaXIMAL MC, and ENUM MC admit polynomial-
delay enumeration kernels of polynomial size for the treewidth or cliquewidth parameterizations. It was pointed out by
Komusiewicz, Kratsch, and Le [31] that the decision version of the matching cut problem (that is, the problem asking
whether a given graph G has a matching cut) does not admit a polynomial kernel when parameterized by the treewidth of
the input graph unless NP € coNP/ poly. By the definition of a polynomial-delay enumeration kernel, this gives the following
statement.

Proposition 2. ENUM MINIMAL MC, ENuM MAXIMAL MC and ENuM MC do not admit polynomial-delay enumeration kernels of poly-
nomial size when parameterized by the treewidth (cliquewidth, respectively) of the input graph unless NP C coNP/ poly.
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3. A tight upper bound for the maximum number of matching cuts

In this section we provide a tight upper bound for the maximum number of matching cuts of an n-vertex graph. We
complement this result by giving an exact enumeration algorithm for (minimal, maximal) matching cuts. Finally, we give
some lower bounds for the maximum number of minimal and maximal matching cuts, respectively. Throughout this section,
we use #mnc(G) to denote the number of matching cuts of a graph G.

To give the upper bound, we use the classical Fibonacci numbers. For a positive integer n, we denote by F(n) the
n-th Fibonacci number. Recall that F(1) = F(2) =1, and for n > 3, the Fibonacci numbers satisfy the recurrence F(n) =
F(n —1) + F(n — 2). Recall also that the n-th Fibonacci number can be expressed by the following closed formula:

Fm = ((F52) + (52

for every n > 1. In particular, F(n) = O(1.6181").
The following lemma about the Fibonacci numbers is going to be useful for us.

Lemma 1. For all integers p,q > 2, F(p)F(q) < F(p +q — 1) — 1. Moreover, if p > 4 or q > 4, then the inequality is strict.

Proof. The proof is inductive. It is straightforward to verify the inequality for p,q < 3. Notice that F(p)F(q) = F(p +q —
1) — 1 in these cases. Assume now that p > 4. Then, by induction,

F(p)F(@Q) =F(p—1)F(@Q) + F(p —2)F(q)
<Fp+q—-2)—14+F(p+q—3)—1=F(p+q—1)—-2
<F(p+q—1)—1,

as required. O
To see the relations between the number of matching cuts and the Fibonacci number, we make the following observation.
Observation 3. For every positive integer n, the n-vertex path has F(n + 1) — 1 matching cuts.

Proof. The proof is by induction. Clearly, #y,c(P1) =0=F(2) —1 and #,(P2)=1=F3)—1.letn>3 and P=vq---vy.
Then M C E(P) is a matching cut of P if and only if M is a nonempty matching and either M = {v{v;}, or M is a nonempty
matching of P’ =vy---vy, or M= M'U {vyv,}, where M’ is a nonempty matching of P” = v3 .- vy. Therefore,

#mc(Pn) = #mc(P) =1+ #mc(P/) +#mc(P//) =1+ #mc(Pn—l) + #mc(Pn—2)~

By induction, we conclude that

#mc(Pn) =1 +#mc(Pn—1) +#mc(Pn—2)
=1+(Fm) - 1)+ (Fn—-1)—-1)=Fn+1)—-1
as required. O

We show that, in fact, F(n + 1) — 1 is an upper bound for the number of matching cuts of an n-vertex graph. First, we
show this for trees.

Lemma 2. An n-vertex tree T has at most F(n + 1) — 1 matching cuts. Moreover, the bound F(n + 1) — 1 is tight and is achieved if
and only if T is a path.

Proof. Clearly, M C E(T) is a matching cut of T if and only if M is a nonempty matching. Denote by #m.¢ch (G) the number
of nonempty matchings of a graph G. We show by induction that for every n-vertex forest H, #ych(H) < Fn+1) — 1
and the inequality is strict whenever H is not a path. The claim is straightforward if n < 2. Let n > 3. If H has no edges,
#match(H) = 0 and the claim holds. Otherwise, H has a leaf u. Denote by v the unique neighbor of u. Clearly, M is a
nonempty matching of H if and only if either M = {uv}, or M is a nonempty matching of H' = H —u, or M = M’ U {uv},
where M’ is a nonempty matching of H” = H — {u, v}. We have that

#match(H) =1+ #Fmaten (H — 1) + #paeen (H — {u, v}).

By induction,
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#Fmacch(H) <1+ (FM) -D+FO-D-D=Fn+1 -1 (1)

To see the second claim, note that if H is not a path, then either H — u or H — {u, v} is not a path. Then, by induction, the
inequality in (1) is strict and, therefore, #natch(H) < F(n 4+ 1) — 1. This concludes the proof. O

It is well-known that the treewidth of a tree is one (see, e.g., [12]). This observation together with Proposition 1 and
Lemma 2 immediately imply the following lemma.

Lemma 3. The matching cuts of an n-vertex tree can be enumerated in O*(F (n)) time.

It is also easy to construct a direct enumeration algorithm for trees. For example, one can consider the recursive branch-
ing algorithm that for an edge, first enumerates matching cuts containing this edge and then the matching cuts excluding
the edge. Note that the running time in Lemma 3 can be written as ((1.6181") to make the exponential dependence on n
more clear.

Now we consider general graphs and show the following.

Theorem 4. An n-vertex graph has at most F (n+ 1) — 1 matching cuts. The bound is tight and is achieved for paths. Moreover, ifn > 5,
then an n-vertex graph G has F (n + 1) — 1 matching cuts if and only if G is a path. Furthermore, the matching cuts can be enumerated
in O*(F (n)) time.

Proof. First, we consider connected graphs.

Let G be a connected graph. Observe that if M is a matching cut of G, then the partition {A, B} of V(G) such that
M = E(A, B) is unique. Therefore, the enumeration of matching cuts of G is equivalent to the enumeration of all partitions
{A, B} of G such that M = Eg (A, B) is a matching cut. Let T be an arbitrary spanning tree of G. Then if M = E¢(A, B) is
a matching cut of G for a partition {A, B}, then Et(A, B) is a matching cut of T. Moreover, for two distinct matching cuts
M = Eg(A,B) and M’ = Eg(A’, B’) we have that E7(A, B) and ET(A’, B') are distinct as well. This implies that #my,(G) <
#mc(T) < F(n+1) —1 by Lemma 2.

Now we claim that G has F(n+ 1) — 1 matching cuts if and only if G is a path. Note that the spanning tree T is arbitrary.
If G has a vertex of degree at least three, then T can be chosen in such a way that T is not a path. Then, by Lemma 2,
#mc(G) < #mc(T) < F(n+1) — 1. Assume that the maximum degree of G is at most two. Then G is either a path or a cycle.
In the first case, #yc(G) = F(n + 1) — 1 by Observation 3. Suppose that G is a cycle vgvy---v, with vg = v,. Consider
the path P = v;---v, spanning G. Note that every matching cut of G has at least two edges. This implies that there are
matching cuts of P that do not correspond to any matching cuts of G. In particular, M = Ep({v1}, {v2, ..., vp4}) is a matching
cut of P, but M’ = Egc({v1},{v2,..., vn}) is not a matching cut. This means, that #5c(G) < #mc(P)=Fn+1) — 1.

To enumerate the matching cuts of G, we consider a spanning tree T and enumerate the matching cuts of T using
Lemma 3. Then for every matching cut M = Et(A, B) for a partition {A, B} of V(T) = V(G), we verify whether M’ =
Ec(A, B) is a matching cut of G and output M’ is this holds. This means that the matching cuts of a connected graph G
can be enumerated in O*(F(n)) time. This completes the proof for connected graphs.

Assume that G is a disconnected graph with connected components Gq, ..., Gy, k > 2, having ny, ..., ny vertices, respec-
tively. Observe that M C E(G) is a matching cut of G if and only if M = Ufﬂ M;, where for every i € {1, ..., k}, either M; is
a matching cut of G; or M; = {. Therefore, using the proved claim for connected graphs, we have that

k k

#mc(G) = [ [#me(Go) + 1) < [T Fi +1). (2)

i=1 i=1
Applying Lemma 1 iteratively, we obtain that

k k k
[[Foui+1D <Fm+na+1) = D] [Fm) < Fou +na+ D] [F) —1
i=1 i=3 i=3
<. <Fm+--+m+1D)—-k-1)=Fn+1)—k-1). (3)

Combining (2) and (3), we have that

#mc(G)<F(n+1) —1. (4)

By the proved claim for connected graphs, we have that the inequality (4) is strict if one of the connected components
is not a path. By inequality (3), (4) is also strict if k > 3. If k=2 and n > 5, then either n; >3 and n, > 3. By Lemma 1, (3)
is strict. Hence, if n > 5, then #,,(G) < F(n+ 1) — 1. This implies that if n > 5, then #,.(G) = F(n+ 1) — 1 if and only if G
is a path.

Finally, observe that the matching cuts of G can be enumerated by listing the matching cuts of each connected compo-
nent and combining them (assuming that these lists contain the empty set) to obtain the matching cuts of G. Equivalently,
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we can take the spanning forest H of G obtained by taking the union of spanning trees of G1, ..., G, respectively. Then we
can list the matching cuts of H and output the matching cuts of G corresponding to them. In both cases, the running time
is O*(F(n)). O

Let us remark that if n <4, then besides paths Py, the graphs K, + K4 for 1 < p,q <2 such that n = p 4+ q have
F(n + 1) — 1 matching cuts.

Clearly, the upper bound for the maximum number of matching cuts given in Theorem 4 is an upper bound for the
maximum number of minimal and maximal matching cuts. However, the number of minimal or maximal matching cuts
may be significantly less than the number of all matching cuts. We conclude this section by stating the best lower bounds
we know for the maximum number of maximal matching cuts and minimal matching cuts, respectively.

Our lower bound for the maximal matching cuts is achieved for disjoint unions of the cycles on 7 vertices.

Proposition 3. The graph G = kC7 with n = 7k vertices has 14% = 14"/7 > 1.4579" maximal matching cuts.

Proof. Suppose that G has connected components Gi, ..., G such that G; has a matching cut for every i € {1, ..., k}. Then
M C E(G) is a maximal matching cut of G if and only if M = M U ---U My, where M; is a maximal matching cut of G; for
i€{1,...,k}. Observe that C; has 14 maximal matching cuts formed by matchings with two edges. Therefore, G = kC7 has

14% maximal matching cuts. Since G has n = 7k vertices, 14¥ = 14"/7 > 1.4579". O

To achieve a lower bound for the maximum number of minimal matching cuts, we consider the graphs Hj constructed
as follows for a positive integer k.

e For every i € {1,...,k}, construct two vertices u; and v; and a (u;, v;)-path of length 4.
e Make the vertices uy, ..., uj pairwise adjacent, and do the same for v1,..., vj.

Proposition 4. The number of minimal matching cuts of Hy with n = 5k vertices is at least 4 = 4"/> > 1.3195",

Proof. Consider a matching cut M composed by taking one edge of each (uj, vij)-path for i € {1,...,k}. Clearly, M is a
minimal matching cut of G. Observe that H; has 4¢ minimal matching cuts of this form. Since Hy has n = 5k vertices,
4k =4"5>13195". O

4. Enumeration kernels for the vertex cover number parameterization

In this section, we consider the parameterization of the matching cut problems by the vertex cover number of the input
graph. Notice that this parameterization is one of the most thoroughly investigated with respect to classical kernelization
(see, e.g., the recent paper of Bougeret, Jansen, and Sau [6] for the currently most general results of this type). However, we
are interested in enumeration kernels.

Recall that a set of vertices X C V(G) is a vertex cover of G if for every edge uv € E(G), at least one of its end-vertices
is in X, that is, V(G) \ X is an independent set. The vertex cover number of G, denoted by 7(G), is the minimum size of a
vertex cover of G. Computing t(G) is NP-hard but one can find a 2-approximation by taking the end-vertices of a maximal
matching of G [24] (see also [29] for a better approximation) and this suffices for our purposes. Throughout this section,
we assume that the parameter k = 7(G) is given together with the input graph. Note that for every graph G, tw(G) < t(G).
Therefore, ENUM MC, ENUM MINIMAL MC, and ENUM MaXIMAL MC can be solved with FPT delay when parameterized by the
vertex cover number by Proposition 1.

First, we describe the basic kernelization algorithm that is exploited for all the kernels in this subsection. Let G be a
graph that has a vertex cover of size k. The case when G has no edges is trivial and will be considered separately. Assume
from now that G has at least one edge and k > 1.

We use the above-mentioned 2-approximation algorithm to find a vertex cover X of size at most 2k. Let I =V (G) \ X.
Recall that I is an independent set. Denote by Io, I, and I-, the subsets of vertices of I of degree 0, 1, and at least 2,
respectively. We use the following marking procedure to label some vertices of I.

(i) Mark an arbitrary vertex of Ig (if it exists).
(ii) For every x € X, mark an arbitrary vertex of N¢(x) NI (if it exists).
(iii) For every two distinct vertices x, y € X, select an arbitrary set of min{3, |(N¢(x) N Ng(y)) N I>2|} vertices in [>, that
are adjacent to both x and y, and mark them for the pair {x, y}.

Note that a vertex of I>, can be marked for distinct pairs of vertices of X. Denote by Z the set of marked vertices of I.
Clearly, |Z| <1+ |X|+3('5"). We define H = G[X U Z]. Notice that |V (H)| < |X| +1Z| <1+2|X|+3('5)) < 6k? + k+ 1. This
completes the description of the basic kernelization algorithm that returns H. It is straightforward to see that H can be
constructed in polynomial time.
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It is easy to see that H does not keep the information about all matching cuts in G due to the deleted vertices. However,
the crucial property is that H keeps all matching cuts of G’ = G — (Ig U I1). Formally, we define H' = H — (I UI;) and show
the following lemma.

Lemma 4. A set of edges M C E(G’) is a matching cut of G’ if and only if M C E(H’) and M is a matching cut of H'.

Proof. Suppose that M C E(G’) is a matching cut of G’ and assume that M = E¢/(A, B) for a partition {A, B} of V(G'). We
show that M C E(H’). For the sake of contradiction, suppose that there is some edge uv € M\ E(H’). This means that either
u¢V(H') or v¢V(H'). By symmetry, we can assume without loss of generality that u ¢ V(H'). Then u € I3 \ Z, that is,
u is an unmarked vertex of I>;. Recall that every vertex of >, has degree at least two. Hence, u has a neighbor w # v.
Because M is a matching cut, w € A. Notice that w, v € X. Because u is unmarked and adjacent to both w and v, there are
three vertices z1, zy, z3 € Z that are marked for the pair {w, v}. Since either A or B contains at least two of the vertices
z1,72, 23, either w or v has at least two neighbors in B or A, respectively. This contradicts that M is a matching cut and
we conclude that M C E(H’). Since H’ is an induced subgraph of G’, M is a matching cut of H'.

For the opposite direction, assume that M is a matching cut of H'. Let M = Ey/ (A, B) for a partition {A, B} of V(H'). We
claim that for every v € V(G') \ V(H’), either v has all its neighbors in A or v has all its neighbors in B. The proof is by
contradiction. Assume that v € V(G’) \ V(H’) has a neighbor u € A and a neighbor w € B. Then v is an unmarked vertex of
I>2, and u, w € X. We have that for the pair {u, w}, there are three marked vertices z1, z3, z3 € I>> that are adjacent to both
u and w. Since z1, z3, z3 are marked, z1, z3,z3 € V(H’). In the same way as above, either A or B contains at least two of
the vertices z1, z2, z3 and this implies that either u or v has at least two neighbors in the opposite set of the partition. This
contradicts the assumption that M is a matching cut of H’. Since for every v € V(G') \ V(H’), either v has all its neighbors
in A or v has all its neighbors in B, M is a cut of G/, that is, M is a matching cut of G’. O

To see the relations between matching cuts of G and H, we define a special equivalence relation for the subsets of edges
of G. For a vertex x € X, let Ly = {xy € E(G) | y € I1}, that is, Ly is the set of pendant edges of G with exactly one end-vertex
in the vertex cover. Observe that if Ly # @, then there is ¢ € Ly such that ¢4 € E(H), because for every x € X, a neighbor in
I is marked if it exists. We define L = |,y Lx. Notice that each matching cut of G contains at most one edge of every Ly.
We say that two sets of edges My and M, are equivalent if M1\ L =M\ L and for every x € X, |M1 N Ly| = [M2 N Ly|. It is
straightforward to verify that the introduced relation is indeed an equivalence relation. It is also easy to see that if M is a
matching cut of G, then every M’ C E(G) equivalent to M is a matching cut. We show the following lemma.

Lemma 5. A set of edges M C E(G) is a matching cut (minimal or maximal matching cut, respectively) of G if and only if H has a
matching cut (minimal or maximal matching cut, respectively) M’ equivalent to M.

Proof. We prove the lemma for matching cuts.

For the forward direction, let M be a matching cut of G. We show that there is a matching cut M’ of H that is a
matching cut of G equivalent to M. If M =@, then G is disconnected. Notice that, by the construction, H is disconnected
as well. Hence, M’ = M is a matching cut of H. Clearly, M’ is equivalent to M. Assume that M # ¢. We construct M’ from
M by the following operation: for every x € X such that M N Ly # ¢, replace the unique edge of M in Ly by ¢x. By the
definition, M’ is a matching cut that is equivalent to M. We show that M’ is a matching cut of H. Let M; =L N M’ and
My = M’ \ M1. We have that either M, = ¢ or M, is a nonempty matching cut of G'. If M = @, then it is straightforward
to see that M’ = M; is a matching cut of H. If M, # @, then by Lemma 4, M; is a matching cut of H’. This implies that M’
is a matching cut of H.

For the opposite direction, assume that M’ is a matching cut of H. If M’ =@, then H is disconnected. By construction, G
is disconnected as well and M’ is a matching cut of G. Let M’ # . Let also M1 = M'NL and My = M’ \ M. If M3 =, then
M’ = Mj is a matching cut of G. If M, # @, then M, is a matching cut of H’. By Lemma 4, M, is a matching cut of G'. Then
M’ is a matching cut of G. It remains to notice that for every M C E(G) equivalent to M’, M is a matching cut of G.

For minimal and maximal matching cuts, the arguments are the same. It is sufficient to note that if M and M are
matching cuts of G such that M C M, then their equivalent matching cuts M’ and M’ of H constructed in the proof for the
forward direction satisfy the same inclusion property M’ C M. o

We use Lemma 5 to obtain our kernelization results. For ENuM MINIMAL MC, we show that the problem admits a fully-
polynomial enumeration kernel, and we prove that ENuUM MaXIMAL MC and ENum MC have polynomial-delay enumeration
kernels.

Theorem 5. ENUM MINIMAL MC admits a fully-polynomial enumeration kernel and ENum MC and ENUM MAXIMAL MC admit
polynomial-delay enumeration kernels with O (k?) vertices when parameterized by the vertex cover number k of the input graph.

Proof. Let G be a graph with 7(G) =k. If G = K1, then the kernelization algorithm returns H = G; and the solution-lifting
algorithm is trivial as G has no matching cuts. Assume that G has at least 2 vertices. If G has no edges, then the empty
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Algorithm 1: ENUM EQUIVALENT(S, W).

1 if W =0 then

2 output S

3 end

4 elseif S # () then

5 select arbitrary x e W;

6 foreach e € Ly do

7 ENUM EQUIVALENT(S U {e}, W \ {x})
8

9

end
end

set is the unique matching cut of G. Then the kernelization algorithm returns H = 2K1, and the solution-lifting algorithm
outputs the empty set for the empty matching cut of H. Thus, we can assume without loss of generality that G has at least
one edge and k > 1.

We use the same basic kernelization algorithm that constructs H as described above and output H for all the problems.
Recall that |V (H)| < 6k? +k -+ 1. The kernels differ only in the solution-lifting algorithms. These algorithms exploit Lemma 5
and for every matching cut (minimal or maximal matching cut, respectively) M of H, they list the equivalent matching cuts
of G. Lemma 5 guarantees that the families of matching cuts (minimal or maximal matching cuts, respectively) constructed
for every matching cut of H compose the partition of the sets of matching cuts (minimal or maximal matching cuts,
respectively) of G. This is exactly the property that is required by the definition of a fully-polynomial (polynomial-delay)
enumeration kernel. To describe the algorithm, we use the notation defined in this section.

First, we consider ENUM MINIMAL MC. Let M be a minimal matching cut of H. If M N L = ¢, then M is the unique
matching cut of G that is equivalent to M, and our algorithm outputs M. Suppose that M N L # @. Then by the minimality
of M, M = {4} for some x € X, because every edge of L is a matching cut. Then the sets {e} for every e € Ly are exactly the
matching cuts equivalent to M. Clearly, we have at most n such matching cuts and they can be listed in linear time. This
implies that condition (ii) of the definition of a fully-polynomial enumeration kernel is fulfilled. Thus, ENUM MINIMAL MC
has a fully-polynomial enumeration kernel with at most 6k +k + 1 vertices.

Next, we consider ENuM MAXIMAL MC and ENum MC. The solution-lifting algorithms for these problems are the same. Let
M be a (maximal) matching cut of H. Let also M{ =M NL and My = M\ M. If My =@, then M is the unique matching cut
of G that is equivalent to M, and our algorithm outputs M. Assume from now that My # @. Then there is Y € X such that
M1 ={€x | x € Y}. We use the recursive algorithm ENUM EQUIVALENT (see Algorithm 1) that takes as an input a matching S
of G and W C Y and outputs the equivalent matching cuts M" of G such that (i) S € M/, (ii) M’ is equivalent to M, and (iii)
the constructed matchings M’ differ only by some edges of the sets Ly for x € W. Initially, S= M and W =Y.

To enumerate the matching cuts equivalent to M, we call ENUM EQUIVALENT(M3, Y). We claim that ENUM EQUIVALENT(M,
Y) enumerates the matching cuts of G that are equivalent to M with O(n) delay.

By the definition of the equivalence and Lemma 5, every matching cut M’ of G that is equivalent to M can be written
as M’ = M, U {ex | x € Y}, where ey is an edge of Ly for x € Y. Then to see the correctness of ENUM EQUIVALENT, observe the
following. If W # @, then the algorithm picks a vertex x € W. Then for every edge e € Ly, it enumerates the matching cuts
containing S and e. This means that our algorithm is, in fact, a standard backtracking enumeration algorithm (see [37]) and
immediately implies that the algorithm lists all the required matching cuts exactly once. Since the depth of the recursion
is at most n and the algorithm always outputs a matching cut for each leaf of the search tree, the delay is O(n). This
completes the proof of the polynomial-delay enumeration kernel for ENum MaxiMAL MC and ENuMm MC.

To conclude the proof of the theorem, let us remark that, formally, the solution-lifting algorithms described in the proof
require X. However, in fact, we use only sets Ly that can be computed in polynomial time for given G and H. O

Notice that Theorem 5 is tight in the sense that ENum MaxiMAL MC and ENuM MC do not admit fully-polynomial enu-
meration kernels for the parameterization by the vertex cover number. To see this, let k be a positive integer and consider
the n-vertex graph G, where n > k is divisible by k, that is the union of k stars K , for p =n/k — 1. Clearly, 7(G) =k. We
observe that G has p* = (n/k — 1)¥ maximal matching cut that are formed by picking one edge from each of the k stars.
Similarly, G has (p + 1)¥ = (n/k)* matching cuts obtained by picking at most one edge from each star. In both cases, this
means that the (maximal) matching cuts cannot be enumerated by an FPT algorithm. By Theorem 2, this rules out the
existence of a fully-polynomial enumeration kernel.

By Theorems 5 and 2, we have that the minimal matching cuts of a graph G can be enumerated in 20(©% . O time
by the applying the enumeration algorithm from Theorem 4 for H. Similarly, the (maximal) matching cuts can be listed with
20@(©% . nOM) delay. We show that this running time can be improved and the dependence on the vertex cover number
can be made single exponential.

Theorem 6. The minimal matching cuts of an n-vertex graph G can be enumerated in 2°T(©) . nOM time, and the (maximal)
matching cuts of G can be enumerated with 20 (©) . nOM) gelqy,
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Proof. Recall that our kernelization algorithm that is the same for all the problems, given a graph G with 7(G) =k, con-
structs the graph H which gives a fully-polynomial (polynomial-delay) enumeration kernel, by Theorem 5. By Definition 1,
it is thus sufficient to show that H has 2°® matching cuts that can be listed in 2% time. We do it using the structure
of H following the notation introduced in the beginning of the section.

Notice that every matching cut of H can be written as M = My U M,, where M1 = {{x | x € Y} for some Y C X and M,
is either empty or a nonempty matching cut of H' = H — (Ig U I1). Observe that because |X| < 2k, H has at most 22X sets of
edges of the form {¢x | x € Y} for some Y C X and all such sets can be listed in 29® time. Hence, it is sufficient to show
that H' has 2°® matching cuts that can be enumerated in 2€® time.

Let M be a nonempty matching cut of H' and let {U, W} be a partition of V(H’) such that M = E(U, W). Recall that
each vertex v € V(H’) that is not a vertex of X belongs to I-», that is, has at least two neighbors in X. Therefore, U N X
and W N X are nonempty. Since the empty matching cut can be listed separately if it exists, it is sufficient to enumerate
matching cuts of the form M = E(U, W) with nonempty U N X and W N X. For this we consider all partitions {A, B} of X,
and for each partition, enumerate matching cuts M = E(U, W), where A C U and B C W. Since |X| < 2k, there are at most
22k partitions {A, B} of X and they can be listed in 20® . nOD time.

Assume from now that a partition {A, B} of X is given. We construct a recursive branching algorithm ENUMERATE
MC(A’, B’), whose input consists of two disjoint sets A’ and B’ such that A C A’ and B C B/, and the algorithm outputs
all matching cuts of the form M = E(U, W) with A C U and B C W. It is convenient for us to write down the algorithm
as a series of steps and reduction and branching rules as it is common for exact algorithms (see, e.g., [17]). The algorithm
maintains the set S of the end-vertices of the edges of E(A’, B') in X, and we implicitly assume that S is recomputed at
each step if necessary. We say that S is the set of saturated vertices of X. Initially, S is the set of end-vertices of E(A, B).

Clearly, if M = E(A’, B’) is not a matching, then M cannot be extended to a matching cut and we can stop considering
{A’, B'}.

Step 6.1. If E(A’, B') is not a matching, then quit.

If {A’, B’} is a partition of V (H’), then the algorithm finishes its work. Note that since the algorithm did not quit in the
previous step, E(A’, B') is a matching.

Step 6.2. If {A’, B’} is a partition of V(H'") and M = E(A’, B') is a matching cut, then output M and quit.

From now, we can assume that there is v € V(H) \ (A’ U B’). Recall that by the construction of H', v € I, that is, v has
at least two neighbors in X.

Clearly, if v e V(H’)\ (A’UB’) has at least two neighbors in A’, then v € U for every matching cut E(U, W) with A’ C U.
This gives us the following reduction rule.

Reduction Rule 6.3. If there is v € V(H’) \ (A’ U B’) such that [Ny (v) N A’| > 2 (|[Ng/(v) N B’| > 2, respectively), then call
ENUMERATE MC(A’ U {v}, B’) (ENUMERATE MC(A’, B’ U {v}), respectively).

If v has at least two neighbors in both A’ and B’, we place v in A’; note that we stop in Step 6.1 afterwards. From now,
we assume that the rule cannot be applied, that is, every vertex v € V(H’) \ (A’ U B) has exactly one neighbor x in A" and
exactly one neighbor y in B’. Notice that either vx or vy should be in a (potential) matching cut. This gives the following
rules.

Reduction Rule 6.4.If there is v € V(H') \ (A" U B’) with neighbors x € A’ and y € B’ such that x € S (y € S), then call
ENUMERATE MC(A’ U {v}, B") (ENUMERATE MC(A’, B’ U {v}), respectively).

If both neighbors of v are saturated, we place v in A’; notice that we stop in Step 6.1 in ENUMERATE MC(A’ U {v}, B).
The rule is safe, because every saturated vertex of X can be adjacent to only one edge of a matching cut. From now, we can
assume that the neighbors of v are not saturated. In this case, we branch on two possibilities for v.

Branching Rule 6.5. If thereis v € V (H’) \ (A’ U B) with neighbors x € A’ and y € B" such that x, y ¢ S, then call

o ENUMERATE MC(A’ U {v}, B'),
o ENUMERATE MC(A’, B’ U {v}).

This finishes the description of the algorithm; its correctness follows directly from the discussion of the reduction and
branching rules. To evaluate the running time, note that for every recursive call of ENUMERATE MC in Branching Rule 6.5, we
increase S by including either x or y into the set of saturated vertices of X. Since |S| < |X]| < 2k, the depth of the search
tree is upper bounded by 2k. Because we have two branches in Branching Rule 6.5, the number of leaves in the search tree
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is at most 22, Observing that all the steps and rules can be executed in polynomial time, we obtain that the total running
time is 29® using the standard analysis of the running time of recursive branching algorithm (see [17]).

Since the search tree has at most 2% leaves, the number of matching cuts produced by the algorithm from the given
partition {A, B} of X is at most 22, Because the number of partitions is at most 22¥, we have that H’ has at most 2%
matching cuts. Then the number of matching cuts of H is 2°® . Combining ENUMERATE MC with the previous steps for the
enumeration of the matching cuts, we conclude that the matching cuts of H can be listed in 2°® time. O

We complement Theorem 6 by the following lower bound that shows that exponential in 7(G) time for ENUM MINIMAL
MC is unavoidable.

Proposition 5. There is an infinite family of graphs whose number of minimal matching cuts is Q(27(%)).

Proof. Consider a graph consisting of k disjoint copies of P3s u;viw;, 1 <i <k, and two additional vertices s and t such
that s is adjacent to each uj, 1 <i <k, and t is adjacent to each w;, 1 <i <k. We call su;v;wijt, 1 <i <k, a 5-path of this
graph. The vertex cover number of this graph is k 4+ 2. Now consider the matching cuts which contain at most one edge of
each 5-path. Such a matching cut M contains also at least one edge of each 5-path: otherwise, s and t are connected via
some 5-path and, since all other vertices are connected to s or t, the graph is connected after the removal of M.

Thus, each matching cut M that contains exactly one edge of each 5-path is minimal. Now consider any index set I C
{1,...,k} and observe that M; = {u;v; |i € I} U {viw; |ie{1,...,k}\ I} is a minimal matching cut. Since there are 2k
possibilities for I, the number of minimal matching cuts is 2(2¢) = Q@27©®). o

We conclude this section by showing that Theorem 5 can be generalized to the weaker parameterization by the twin-
cover number, introduced by Ganian [21,23] as a generalization of a vertex cover. Recall that two vertices u and v of a
graph G are true twins if N[u] = N[v]. A set of vertices X of a graph G is said to be a twin-cover of G if for every edge
uv of G, at least one of the following holds: (i) u € X or v € X or (ii) u and v are true twins. The twin-cover number,
denoted by tc(G), is the minimum size of a twin-cover. Notice that tc(G) < t(G) and tc(G) > cw(G) + 2 for every G [21,23].
This means that the parameterization by the twin-cover number is weaker than the parameterization by the vertex cover
number but stronger than the cliquewidth parameterization. It is convenient for us to consider a parameterization that is
weaker than the twin-cover number. Let X = {X1, ..., X;} be the partition of V(G) into the classes of true twins. Note that
X can be computed in linear time using an algorithm for computing a modular decomposition [43]. Then we can define
the true-twin quotient graph G with respect to X, that is, the graph with the node set X such that two classes of true
twins X; and X; are adjacent in G if and only if the vertices of X; are adjacent to the vertices of X; in G. Then it can be
seen that tc(G) > 7(G). We prove that ENUM MINIMAL MC admits a fully-polynomial enumeration kernel and ENUM MAXIMAL
MC and ENuM MC admit polynomial-delay enumeration kernels for the parameterization by the vertex cover number of the
true-twin quotient graph of the input graph. In particular, this implies the same kernels for the twin-cover parameterization.

As the first step, we show the following corollary of Theorem 5.

Corollary 1. Let C be the class of graphs G = G + sK», where 7(G) < k. Then ENUM MINIMAL MC admits a fully-polynomial enumer-
ation kernel and ENum MC and ENUM MaxiMAL MC admit polynomial-delay enumeration kernels with O (k) vertices for graph in

C.

Proof. Let G =G 45K, and t(G) < k. The claim is an immediate corollary of Theorem 5 if s =0, that is, if T(G) < k. Assume
that s > 1.

For ENuM MINIMAL MG, it is sufficient to observe that G is disconnected if s > 1 and, therefore, the empty set is the
unique minimal matching cut. Then the kernelization algorithm outputs 2K; and the solution-lifting algorithm outputs the
empty set.

For ENUM MC and ENUM MaXIMAL MC, let G’ = G + K;. Denote by e the unique edge of the copy of K,. Observe that
7(G)=1(G) + 1 <k+ 1. We apply Theorem 5 for G’ and obtain a polynomial-delay enumeration kernel H with O(k?)
vertices. It is easy to observe that every maximal matching cut of G’ contains e and every maximal matching cut of G
contains all the edges of the s copies of K. Then for ENum MaxiMAL MC, we modify the solution-lifting algorithm as
follows: for every maximal matching cut that the algorithm outputs for a maximal matching cut of H and the graph G’, we
construct the matching cut of G by replacing e in the matching cut by s edges of the s copies of K, in G. For ENum MC, the
modification of the solution-lifting algorithm is a bit more complicated. Let M be a matching cut produced by the solution-
lifting algorithm for a matching cut of H and the graph G'. If e ¢ M, then the modified solution-lifting algorithm just outputs
M. Otherwise, if e € M, the solution-lifting algorithm outputs the matching cuts (M \ {e}) UL, where L is a nonempty subset
of edges of the s copies of K, in G. Since all nonempty subsets of a finite set can be enumerated with polynomial delay by
very basic combinatorial tools (see, e.g., [37]), the obtained modification of the solution-lifting algorithm is a solution-lifting
algorithm for H and G. O

Using Corollary 1, we prove the following theorem.
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Theorem 7. ENuM MINIMAL MC admits a fully-polynomial enumeration kernel and ENuMm MC and ENum MAXIMAL MC admit
polynomial-delay enumeration kernels with O (k) vertices when parameterized by the vertex cover number of the true-twin quo-
tient graph of the input graph.

Proof. Let G be a graph and let G be its true-twin quotient graph with 7(G) =k. Let also X' = {X1, ..., X;} be the partition
of V(G) into the classes of true twins (initially, r = k). Recall that X" can be computed in linear time [43].

We apply the following series of reduction rules. All these rules use the property that if K is a clique of G of size at
least three, then either K € A or K C B for every partition {A, B} of V(G) such that M = E(A, B) is a matching cut.

Reduction Rule 7.1. If there isi € {1, ..., r} such that | X;| > 4, then delete | X;| — 3 vertices of X;.

To see that the rule is safe, let X] be the clique obtained from X; by the rule for some i € {1,...,r}, and denote by G’ the
obtained graph. We claim that M is a matching cut of G if and only if M is a matching cut of G’. Let M = E4(A, B), where
{A, B} is a partition of V(G). We have that either X; C A or X; C B. By symmetry, we can assume without loss of generality
that X; C A. Note that since |Xj| > 2, the vertices of Ng(X;) are in A. Otherwise, we would have a vertex v € B with at
least two neighbors in A. This implies that no edge of M is incident to a vertex of X; and, therefore, M C E(G’). Since G’
is an induced subgraph of G, M is a matching cut of G’. For the opposite direction, the arguments are essentially the same.
If {A’, B’} is a partition of V(G’) with M = E¢/(A’, B'), then we can assume without loss of generality that X/ C A’. Then
Ng/(X;) € A'. This implies that for A=A’ U X; and B=B’, Eg(A, B) = E¢/(A’, B’) = M, that is, M is a matching cut of G.
Summarizing, we conclude that the enumeration of matching cuts (minimal or maximal matching cuts, respectively) for G
is equivalent to their enumeration for G’. This means that Reduction Rule 7.1 is safe.

We apply Reduction Rule 7.1 for all classes of true twins of size at least four. To simplify notation, we use G to denote the
obtained graph and Xi, ..., X; is used to denote the obtained classes of true twins. We have that |X;| <3 fori e {1,...,r}.
We show that we can reduce the size of some classes even further. This is straightforward for classes X; of size three that
induce connected components of G.

Reduction Rule 7.2. If there is i € {1, ...,r} such that | X;| = 3 and G[X;] is a connected component of G, then delete arbitrary two
vertices of X;.

Further, we delete some classes having a unique neighbor.
Reduction Rule 7.3. If thereisi € {1, ..., r} such that | X;| > 2 and |[Ng(X;)| = 1, then delete the vertices of X;.

To prove safeness, assume that the rule is applied for X;. Let G’ be the graph obtained by the deletion of X; and let y
be the unique vertex of N (X;j). We show that M is a matching cut of G if and only if M is a matching cut of G’. Assume
first that M = E¢ (A, B) is a matching cut of G for a partition {A, B} of V (G). Since X; U{y} is a clique of size at least three,
either X; U{y} € A or X; U{y} C B. By symmetry, we can assume without loss of generality that X; U {y} € A. Then no
edge of M is incident to a vertex of X;. This implies that M C E(G’). Since G’ is an induced subgraph of G, M is a matching
cut of G’. For the opposite direction, assume that M = E¢/(A’, B') is a matching cut of G’ for a partition {A’, B’} of V(G').
We can assume without loss of generality that y € A’. Then it is straightforward to see that M = E¢(A’ U X;, B'), that is, M
is a matching cut of G. We obtain that Reduction Rule 7.3 is safe, because the enumeration of matching cuts (minimal or
maximal matching cuts, respectively) for G is equivalent to their enumeration for G’.

We apply Reduction Rules 7.2 and 7.3 for all classes X; satisfying their conditions. We use the same convention as before,
and use G to denote the obtained graph and Xi, ..., X; is used to denote the obtained sets of true twins.

Finally, we reduce the size of some classes that have at least two neighbors. Recall that tc(G) = k. This means that 7(G) =
k for the quotient graph G constructed for X = {X1, ..., X;}. We compute G and use, say a 2-approximation algorithm [24],
to find a vertex cover Z of size at most 2k. Let Z =V (G) \ Z. Recall that Z is an independent set.

Reduction Rule 74. If thereisi € {1, ...,r} such that X; € Z, | Xj| > 2, and |N¢ (X;)| > 2, then delete arbitrary | X;| — 1 vertices of X;
and make the vertices of N¢ (X;) pairwise adjacent by adding edges.

To show that the rule is safe assume that X; € Z, | Xj| > 2, and [N¢(X;)| # 2 for some i € {1,...,r} and the rule is applied
for X;. Denote by G’ the graph obtained by the application of the rule, and let x € X; be the vertex of G’. We claim that M
is a matching cut of G if and only if M is a matching cut of G'.

For the forward direction, let M = E; (A, B) be a matching cut of G for a partition {A, B} of V(G). For every y € Ng(Xj),
Zy = X;U{y} is a clique of size at least three in G. Therefore, either Z, € A or Z, C B. By symmetry, we can assume without
loss of generality that Z, C A for all y € Ng(X;), that is, Ng[X;] € A and, moreover, the edges of M are not incident to the
vertices of X;. Therefore, M C E(G’) and the edges between the vertices of Ng[X;] that may be added by the rule have their
end-vertices in A. This implies that M is a matching cut of G’.

89



PA. Golovach, C. Komusiewicz, D. Kratsch et al. Journal of Computer and System Sciences 123 (2022) 76-102

Assume now that M = E¢/(A’, B') is a matching cut of G’ for a partition {A’, B’} of V(G’). Assume without generality
that x € A. Let also K = Ng/[x]; note that K is a clique of G’. Since |Ng(X;)| > 2, |K| > 3. Hence, K C A. Notice also that
the edges of M are not incident to x and are not edges of G'[K]. Because N¢(z) NV (G") = Ng(x) N V(G') = N/ (x) for every
z € X;j, we obtain that M = Eg(A’ U X;, B’) and M is a matching cut of G. We conclude that the enumeration of matching
cuts (minimal or maximal matching cuts, respectively) for G is equivalent to their enumeration for G’. Therefore, Reduction
Rule 7.4 is safe.

We apply Reduction Rule 7.4 for the classes in Z exhaustively. Denote by G* the obtained graph and let X7,..., X be
the constructed classes of true twins. We use Z* to denote the family of sets of true twins obtained from the sets of Z.
Note that the sets of Z are not modified by Reduction Rule 7.4.

We show the following claim summarizing the properties of the obtained sets of true twins.

Claim 7.1. For every X} € T*, either G[X] is a connected component of G* and |X}'| =2 or | X;| =1, and for every X € Z, |X}| < 3.

Proof of Claim 7.1. Let X} € Z*. If G[X{] is a connected component of G, then because Reduction Rule 7.3 is not applicable,
|X{| < 2. Assume that X} € 7* is not the set of vertices of a connected component. Then Ng«(X) # @. If [Ng=(X{)| =1,
then |X}| =1, because Reduction Rule 7.3 cannot be applied. If [Ng«(X}")| > 2, then |X{| =1, because Reduction Rule 7.4 is
not applicable. In both cases |X[| =1 as required. Finally, if X{ € Z, then |X;| < 3 because of Reduction Rule 7.1. O

Let G1,..., Gs be the connected components of G* induced by the sets X; of size two, and let G=G*"— f;l V(Gj), that
is, G* = G + sK,. Claim 7.1 implies that every edge of G has at least one end-vertex in a set X; for X; € Z. Since |X;| <3
for each set X; € Z, 7(G) < 3|Z| < 6k. Because Reduction Rules 7.1-7.4 are safe, the enumeration of matching cuts (minimal
or maximal matching cuts, respectively) for the input graph is equivalent to their enumeration for G* = G + sK». Because
I(C) < 6k, we can apply Corollary 1. Since the initial partition V (G) into the twin classes can be computed in linear time
and each of the Reduction Rules 7.1-7.4 can be applied in polynomial time, we conclude that ENum MINIMAL MC admits
a fully-polynomial enumeration kernel and ENum MC and ENUM MAXIMAL MC admit polynomial-delay enumeration kernels
with O(k?) vertices. O

5. Enumeration kernels for the neighborhood diversity and modular width parameterizations

The notion of the neighborhood diversity of a graph was introduced by Lampis [35] (see also [22]). Recall that a set of
vertices U C V(G) is a module of G if for every vertex v € V(G) \ U, either v is adjacent to each vertex of U or v is
non-adjacent to any vertex of U. The neighborhood decomposition of G is a partition of V(G) into modules such that every
module is either a clique or an independent set. We call these modules clique or independent modules, respectively; note
that a module of size one is both clique module and an independent module. The size of a decomposition is the number
of modules. The neighborhood diversity of a graph G, denoted nd(G), is the minimum size of a neighborhood decomposi-
tion. Note (see, e.g., [35,43]) that the neighborhood diversity and the corresponding neighborhood decomposition can be
computed in linear time. We show fully-polynomial (polynomial-delay) enumeration kernels for the matching cut problem
parameterized by the neighborhood diversity.

There are many similarities between the results in this subsection and Subsection 4. Hence, we will only sketch some
proofs.

Let G be a graph and let k = nd(G). The case when G has no edges is trivial and can be easily considered separately.
From now, we assume that G has at least one edge.

Consider a minimum-size neighborhood decomposition &/ = {U4, ..., Uy} of G. Let G be the quotient graph for I/, that is,
U is the set of nodes of G and two distinct nodes U; and U; are adjacent in G if and only if the vertices of modules U; and
U; are adjacent in G. We call the elements of V (G) nodes to distinguish them form the vertices of G. We say that a module
U; is trivial if U; is an independent module and U; is an isolated node of G. Notice that I/ can contain at most one trivial
module. We call U; a pendent module if U; is an independent module of degree one in G such that its unique neighbor U ;
in G has size one; we say that U; is a subpendant module. Notice that each subpendant is adjacent to exactly one pendant
module and the pendant modules are pairwise nonadjacent in G.

As in Section 4, our kernelization algorithm is the same for all the considered problems. First, we mark some vertices.

(i) If U contains a trivial module, then mark one its vertex.
(ii) For every pendant module U;, mark an arbitrary vertex of U;.
(iii) For ever module U; that is not trivial of pendant, mark arbitrary min{3, |U;|} vertices.

Let W be the set of marked vertices. Note that since we marked at most three vertices in each module, |W | < 2k. We define
H = G[W] and our kernelization algorithm returns H.

To see the relations between matching cuts of G and H, we show the analog of Lemma 4. For this, denote by G’ the
graph obtained by the deletion of the vertices of trivial and pendant modules. The graph H’ is obtained from H in the same
way.
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Lemma 6. A set of edges M C E(G’) is a matching cut of G’ if and only if M C E(H’) and M is a matching cut of H'.

Proof. Suppose that M C E(G’) is a matching cut of G’ and assume that M = E¢/ (A, B) for a partition {A, B} of V(G'). We
show that M C E(H’). For the sake of contradiction, assume that there is uv € M with u € A and v € B such that uv ¢ E(H’).
This means that u ¢ V(H’) or v ¢ V(H’). By symmetry, we can assume without loss of generality that u ¢ V (H’). Then there
isie{1,...,k} such that u € Uj. Since U; is not trivial and not pendant, U; contains three marked vertices uq, uy, us. Notice
that v ¢ U;, because, otherwise, U; would be a clique module and no matching cut can separate vertices of a clique of size
at least 3. Observe also that uq, uy, u3 € B as, otherwise, v would have at least two neighbors in A. This implies that U;
is an independent module, because u would have at least three neighbors in B otherwise. Suppose that u has a neighbor
w # v in G. Then because M is a matching cut, w € A. However, uq, Uy, u3 € B are adjacent with w, because these vertices
are in the same module with u. This contradiction implies that v is the unique neighbor of u in G. Hence, v is the unique
neighbor of every vertex of U;. This means that U; is a pendant module and {v} is the corresponding subpendant module.
However, G’ does not contain vertices of the pendant modules by the construction. This final contradiction proves that
uv € E(H’). Therefore, M C E(H'). Since H’ is an induced subgraph of G’, M is a matching cut of H’'.

For the opposite direction, assume that M is a matching cut of H'. Let M = Ey/ (A, B) for a partition {A, B} of V(H'). We
claim that for every v € V(G’) \ V(H’), either v has all its neighbors in A or v has all its neighbors in B. For the sake of
contradiction, assume that there is v € V(G’) \ V(H’) that has a neighbor u € A and a neighbor w € B. Note that v € U; for
some i € {1,...,k} and |U;| > 4. Then U; contains three marked vertices and either at least two of these marked vertices of
are in A or at least two of these marked vertices are in B. In the first case, w has at least two neighbors in A, and u has at
least two neighbors in B in the second. In both cases, we have a contradiction with the assumption that M is a matching
cut. Since for every v € V(G’) \ V(H’), either v has all its neighbors in A or v has all its neighbors in B, M is a matching
cutof G'. O

To proceed, we denote by X the set of vertices of the subpendant modules. By the definition of pendant and subpendant
modules, for each x € X, {x} is a subpendant module that is adjacent in G to a unique pendant module U. We define
Ly ={xu | u € U}. Notice that for each x € X, H contains a unique edge ¢y € Ly, because exactly one vertex of U is marked.
Let L = J,cx Lx. Exactly as in Section 4, we say that two sets of edges M and M of G are equivalent if M1\ L =M\ L and
for every x € X, |[M1 N Lx| = |M3 N Ly|. Using exactly the same arguments as in the proof of Lemma 5, we show its analog.

Lemma 7. A set of edges M C E(G) is a matching cut (minimal or maximal matching cut, respectively) of G if and only if H has a
matching cut (minimal or maximal matching cut, respectively) M’ equivalent to M.

The lemma allows us to prove the main theorem of this section by the same arguments as in Theorem 5.

Theorem 8. ENUM MINIMAL MC admits a fully-polynomial enumeration kernel and ENum MC and ENuM MAXIMAL MC admit
polynomial-delay enumeration kernels with at most 3k vertices when parameterized by the neighborhood diversity k of the input
graph.

Note that similarly to the parameterization by the vertex cover number, ENUM MAXIMAL MC and ENuM MC do not ad-
mit fully-polynomial enumeration kernels for the parameterization by the neighborhood diversity as demonstrated by the
example when G is the union of stars. Observe that the neighborhood diversity of the disjoint union of k stars Ky j/k—1 is
2k.

Combining Theorems 8, 4 and 2, we obtain the following corollary.

20(d(G)) .

Corollary 2. The minimal matching cuts of an n-vertex graph G can be enumerated in n®® time, and the (maximal)

matching cuts of G can be enumerated with 20M3(®) . nOM) dejqy.

Observe that the neighborhood diversity of P, is n. By Observation 3, P, has F(n+ 1) — 1= F(nd(P) + 1) — 1 matching
cuts. This immediately implies that the exponential dependence on nd(G) in the running time for ENUM MINIMAL MC is
unavoidable.

We conclude this section by considering the parameterization by the modular width that is weaker than the neighborhood
diversity parameterization but stronger than the cliquewidth parameterization.

The modular width of a graph G (see, e.g., [20]), denoted by mw(G), is the minimum positive integer k such that a graph
isomorphic to G can be recursively constructed by the following operations:

e Constructing a single vertex graph.

e The substitution operation with respect to some graphs Q with 2 <r <k vertices vq, ..., v, applied to r disjoint graphs
G1,..., Gy of modular width at most k; the substitution operation, that generalizes the disjoint union and complete
join, creates the graph G with V(G) = UL1 V(G;) and
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EG =(JEG)u( |J xylxeV(G)andyeV(G))).
i=1

viv;eE(Q)

The modular width of a graph G can be computed in polynomial (in fact, linear) time [20,43]. Notice that cw(G) — 1 <
mw(G) < nd(G).
We show that ENUM MINIMAL MC admits a fully-polynomial enumeration kernel for the modular width parameterization.

Theorem 9. ENUM MINIMAL MC admits a fully-polynomial enumeration kernel with at most 6k vertices when parameterized by the
modular width k of the input graph.

Proof. Let G be a graph with mw(G) =k. If G is disconnected, then the empty set is a unique matching cut of G. Then the
kernelization algorithm outputs H = 2K7. The solution-lifting algorithm is trivial in this case. The case G = K is also trivial.
Assume from now that G is a connected graph with at least two vertices. This implies that G is obtained by the substitution
operation with respect to some connected graph Q with at most k vertices from graphs of modular width at most k. This
means that G has a modular decomposition U = {U1, ..., U;} for 2 <r <k, that is, a partition of V(G) into r modules. These
modules can be computed in linear time [43]. For each i € {1, ..., r}, let X; C U; be the set of isolated vertices of G[U;] and
let Y; = U; \ X. We show the following claim.

Claim 9.1. If M = E(A, B) is a matching cut of G for a partition {A, B} of V (G), then for everyi € {1,...,r}, either Y; C Aor Y; C B.

Proof of Claim 9.1. Consider Y; for some i € {1,...,r}. The claim is trivial if Y; = @. Assume that Y; # {J. Recall that H =
G[Y;] has no isolated vertices by definition. Let uv € E(H). Because G is connected and has at least two modules, there
is w € V(G) \ U; that is adjacent to u and v. Because u, v, and w compose a triangle in G that cannot be separated
by a matching cut, we conclude that either u,v,w € A or u, v, w € B. This implies that for every connected component
H' of H, either V(H') € A or V(H’) C B. Now suppose that H' and H” are distinct components of H. Let uv € E(H’) and
u’'v’ € E(H”). By the same arguments as before, there is w € V(G) \ U; that is adjacent to u, v, u’, and v’. Since the triangles
uvw and u’v’w are either in A or in B, we conclude that either V(H)UV (H”) C A or V(H")UV (H") C B. Therefore, either
YiCAorY;CB. O

We construct G’ from G by making each set Y; a clique by adding edges. By Claim 9.1, M is a matching cut of G if and
only if M is a matching cut of G’. Hence, the enumeration of minimal matching cuts of G is equivalent to the enumeration
of minimal matching cuts of G’. Because every X; is an independent set and every Y; is a clique, nd(G) < 2r < 2k. This
allows to apply Theorem 8 that implies the existence of a fully-polynomial enumeration kernel for ENUM MINIMAL MC with
at most 6k vertices. 0O

Notice that it is crucial for the fully-polynomial enumeration kernel for ENUM MINIMAL MC parameterized by the modular
width that the empty set is the unique matching cut of a disconnected graph. If we exclude empty matching cuts, then we
can obtain the following kernelization conditional lower bound.

Proposition 6. The problem of enumerating nonempty matching cuts (minimal or maximal matching cuts, respectively) does not
admit a polynomial-delay enumeration kernel of polynomial size when parameterized by the modular width of the input graph unless
NP C coNP/ poly.

Proof. As with Proposition 2, it is sufficient to show that the decision version of the matching cut problem does not admit a
polynomial kernel when parameterized by the modular width of the input graph unless NP C coNP/ poly. Let G1,..., G; be
disjoint graphs of modular width at most k > 2. Let G be the disjoint union of G, ..., G;. By the definition of the modular
width, mw(G) < k. Clearly, G has a nonempty matching cut if and only if there is i € {1, ..., t} such that G; has a matching
cut. Since deciding whether a graph has a nonempty matching cut is NP-complete [8], the results of Bodlaender et al. [4]
imply that the decision problem does not admit a polynomial kernel unless NP € coNP/ poly. O

Proposition 6 indicates that it is unlikely that ENum MC and ENuM MaxiMAL MC have polynomial polynomial-delay
enumeration kernels of polynomial size under the modular width parameterization. Notice, however, that Proposition 6 by
itself does not imply a kernelization lower bound.

6. Enumeration kernels for the parameterization by the feedback edge number
A set of edges X of a graph G is said to be a feedback edge set if G — S has no cycle, that is, G — S is a forest. The
minimum size of a feedback edge set is called the feedback edge number or the cyclomatic number. We use fn(G) to denote

the feedback edge number of a graph G. It is well-known (see, e.g., [15]) that if G is a graph with n vertices, m edges and
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r connected components, then fn(G) =m —n +r and a feedback edge set of minimum size can be found in linear time.
Throughout this section, we assume that the input graph in an instance of ENum MINIMAL MC or ENuM MC is given together
with a feedback edge set. Equivalently, we may assume that kernelization and solution-lifting algorithms are supplied by
the same algorithm computing a minimum feedback edge set. Then this algorithm computes exactly the same set for the
given input graph. Note that tw(G) < fn(G) + 1, because a forest can be obtained from G by deleting an arbitrary end-vertex
of each edge of a feedback edge set.

Our algorithms use the following folklore observation that we prove for completeness.

Observation 10. Let F be a forest. Let also n<q be the number of vertices of degree at most one, ny be the number of vertices of degree
two, and n=3 be the number of vertices of degree at least three. Then n>3 <n<; — 2.

Proof. Denote by np the number of isolated vertices, and let n; be the number of vertices of degree one. Observe that
[V(F)l =no+n1+na+nx3, [E(F)| <|V(F)| - 1-no, and

2E(F)= Y dp(v) = ny +2np +3n23.
veV(F)

Then

N1 +2n2 4+ 3n=3 <2(ny +n2 +n=3) — 2 — 2ng.

Therefore, n>3 <ny —2—2ng<n<;1—2. O

In contrast to vertex cover number and neighborhood diversity, ENUM MINIMAL MC does not admit a fully-polynomial
enumeration kernel in case of the feedback edge number: let ¢ and k be positive integers and consider the graph Hy , that
is constructed as follows.

e For every i € {1, ..., k}, construct two vertices u; and v; and a (u;, vi)-path of length £.
e Add edges to make each of uq,---,u, and vq,---, vy a path of length k — 1.

Observe that Hy ¢ has at least £¢ minimal matching cuts composed by taking one edge from every (u;, v;)-path. Since Hg.e
has n=k(¢ + 1) vertices and fn(Hy ;) = k — 1, the number of minimal matching cuts is at least (W — 1)m(Hk’”. This
immediately implies that the minimal matching cuts cannot be enumerated in FPT time. In particular, ENUM MINIMAL MC
cannot have a fully-polynomial enumeration kernel by Theorem 2. However, this problem and ENum MC admit polynomial-
delay enumeration kernels.

The kernels for the problems are similar but the kernel for ENUM MC requires some technical details that do not appear
in the kernel for ENUM MINIMAL MC. Therefore, we consider ENUM MINIMAL MC separately even if some parts of the proof of
the following theorem will be repeated later.

Theorem 11. ENuM MINIMAL MC admits a polynomial-delay enumeration kernel with O(k) vertices when parameterized by the
feedback edge number k of the input graph.

Proof. Let G be a graph with fn(G) =k and a feedback edge set S of size k. If G is disconnected, then the empty set is
the unique minimal matching cut. Accordingly, the kernelization algorithm returns 2K; and the solution-lifting algorithm
outputs the empty set for the empty matching cut of 2K;. If G = Ky, then the kernelization algorithm simply returns G. If
G is a tree with at least one edge, then the kernelization algorithm returns K. Then for the unique matching cut of K3, the
solution-lifting algorithm outputs n — 1 minimal matching cuts of G composed by single edges. Clearly, this can be done in
O(n) time. We assume from now that G is a connected graph distinct from a tree, that is, S # @.

If G has a vertex of degree one, then pick an arbitrary such vertex u*. Let e* be the edge incident to u*. We iteratively
delete vertices of degree at most one distinct from u*. Denote by G’ the obtained graph. Notice that G’ has at most one
vertex of degree one and if such a vertex exists, then this vertex is u*. Observe also that S is a minimum feedback edge
set of G’. Let T =G’ — S. Clearly T is a tree. Notice that T has at most 2|S| + 1 < 2k + 1 leaves. By Observation 10, T has
at most 2k — 1 vertices of degree at least three. Denote by X the set of vertices of T that either are end-vertices of the
edges of S, or have degree one, or have degree at least three. Because every vertex of T of degree one is either u* or an
end-vertex of some edge of S, we have that |X| < 4k. By the construction, every vertex v of G’ of degree two is an inner
vertex of an (x, y)-path P such that x, y € X and the inner vertices of P are outside X. Moreover, for every two distinct
X,y € X, G’ has at most one (x, y)-path Py, with all its inner vertices outside X. We denote by P the set of all such paths.
We say that an edge of Py, is the x-edge if it is incident to x and is the y-edge if is incident to y; the other edges are said
to be middle edges of Py,. We say that Py, is long, if Py, has length at least four. Then we apply the following reduction
rule exhaustively.
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Reduction Rule 11.1. If there is a long path Pyy € P for some x, y € X, then contract an arbitrary middle edge of Pxy.

Denote by H the obtained graph. Denote by P’ the set of paths obtained from the paths of P; we use P)/(y to denote the
path obtained from Py, € P.

Our kernelization algorithm returns H together with S.

Recall that S € E(G[X]). Then H — E(G[X]) is a forest. Moreover, by the construction, the vertices of degree at most one
of this forest are in X. This implies that |P’| <|X|— 1. Because |X| <4k, |P’| <4k — 1. Since P’ does not contain long paths,
every path of P’ contains at most two inner vertices. Therefore, |V (H)| < |X| + 2|P’| < 4k + 2(4k — 1) < 10k. This means
that H has the required size.

To construct the solution-lifting algorithm, we need some properties of minimal matching cuts of G. Observe that the set
M of all minimal matching cuts of G can be partitioned into three (possibly empty) subsets M1, Mj, and M3 as follows.

e Every edge of E(G) \ E(G’) is a bridge of G and, therefore, forms a minimal matching cut of G. We define M;j to be
the set of these matching cuts, that is, M1 ={{e} |e € E(G) \ E(G")}.

e For every Pxy € P, every minimal matching cut contains at most two edges of Pyy,. Moreover, every two edges of Pyy
with distinct end-vertices form a minimal matching cut of G, unless the edges of Py, are bridges of G. We define
My = {{e1, ez} | {e1, e2} is a minimal matching cut of G s.t. 1, ez € Pyy for some Pyy € P}.

e The remaining minimal matching cuts compose M3. Notice that for every matching cut M € M3, (i) M € E(G’) and
M is a minimal matching cut of G’, and (ii) for every Py, € P, IM N E(Pyy)| <1.

We use this partition of M in our solution-lifting algorithm. For this, we define M’ to be the set of minimal matching
cuts of H. We also consider the partition of M’ into M/, and My}, where M, is the set of all minimal matching cuts of
H formed by two edges of some P}, € P’ and My = M\ M, Similarly to M3, we have that for every M € M}, M is a
minimal matching cuts of H and for every P;y eP,IMnN E(P;y)\ < 1. Observe that, contrary to M, M’ is partitioned into
two sets as M’ does not contain matching cuts corresponding to the cuts of Mj.

Notice that by our assumption the input graph is given together with S and S C E(H). This allows us to find u* and e*
(if they exist) as u* is the unique vertex of degree one in G’. Then we can recompute X and the sets of paths P and P’
of G and H, respectively, in polynomial time. Hence, we can assume that the solution-lifting algorithm has access to these
sets.

First, we deal with M. Notice that if M; # ¢, then G has at least one vertex of degree one. This means, that H
contains u* and e*. Recall that u* is a vertex of degree one and e* is the edge incident to u*. Observe that {e*} is a
minimal matching cut in both G and H, and {e*} € M3 and {e*} € M. Given the minimal matching cut {e*} of H, the
solution-lifting algorithm outputs {e*} and then the minimal matching cuts of Mj. Clearly, |M1| <n and the elements of
M3 can be listed with constant delay.

Next, we consider M. If M; # @, then there is Py, € P of length at least three, such that {eq, e;} is a minimal matching
cut for G for some eq, ey € E(Pyy). Notice that the corresponding path P,Qy € P’ in H has length three and the x- and y-
edges of P;y form a minimal matching cut of H. Moreover, this is the unique minimal matching cut of H formed by two
edges of P;y. Given a minimal matching cut {e, ez} € M/, of H such that e; and e, are x- and y-edges of some path
P}, € P, the solution-lifting algorithm outputs the matchings {e}, e}, where e/, e, € E(Pxy). Notice that we have at most

n? such matchings and they can be enumerated with polynomial delay. It is straightforward to verify that for every minimal
matching cut of M/, the solution-lifting algorithm outputs a nonempty set of minimal matching cuts of G, the matching
cuts listed for distinct element of M/, are distinct, and the union of all produced minimum matching cuts over all elements
of M/, gives M.

Finally, we consider M3. Recall that for every M € M3, M is a minimal matching cut of G’ and |M N E(Pyy)| <1 for
every Py, € P. Let M € M3 and M’ € M/,. We say that M and M’ are equivalent if M N E(G[X]) = M’ N E(G[X]) and the
following holds for every Py, € P:

e M contains the x-edge of Py, if and only if M’ contains the x-edge of P;(y,
¢ M contains the y-edge of Pyy if and only if M contains the y-edge of Py,
e M contains a middle edge of Py, if and only if M’ contains the unique middle edge of P;y.

By the construction of H, it is straightforward to see that a minimal matching cut M of G is in M3 if and only if there is
an equivalent minimal matching cut M’ € M/, of H. Notice also that if M, M/, e M} are distinct, then any M, M3 € M3
that are equivalent to M} and My, respectively, are distinct.

Recall that if G has a vertex of degree one, then the vertex u* and the edge e* are in G’ and H, and it holds that. {e*}
is a minimal matching cut of both G and H that belongs to M3 and M. Note that {e*} is the unique matching cut in M3
that is equivalent to {e*}. Recall that we already explained the output of the solution-lifting algorithm for {e*}. In particular,
the algorithms outputs {e*} € Ms3.

Assume that M" € M} is distinct from {e*} (or e* does not exist). The solution-lifting algorithm lists all minimal matching
cuts M of M3 that are equivalent to M’. For this, we use the recursive branching algorithm ENUM EQUIVALENT that takes as
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Algorithm 2: ENUM EQUIVALENT(L, R).

1 if R =0 then

2 return L and quit

3 end

4 elseif R #{ then

5 select arbitrary Pyxy € R;

6 foreach for each middle edge e of Pxy, do
7 ENUM EQUIVALENT(L U {e}, R \ {Pxy})
8

9

end
end

an input a matching L of G and a path set R € P and outputs the equivalent matching cuts M’ of G such that (i) L € M/,
(ii) M’ is equivalent to M, and (iii) the constructed matchings M’ differ only by some edges of the paths Py, € R. In other
words, the algorithm extends the partial matching cut by adding edges from the path set R. To initiate the computations,
we construct the initial matching L’ of G and the initial set of paths R’ C P as follows. First, we set L' := L' N E(G[X]) and
R’ =. Then for each Py, € P we do the following:

o if the x- or y-edge e of P}, is in M’, then set L' =L"U {e},
o if the middle edge of Py, is in M’, then set R':= R’ U {Pyy}.

Observe that by the definition of equivalent matching cuts, a minimal matching cut M is equivalent to M’ if and only if M
can be constructed from L’ by adding one middle edge of every path Py, € R'. Then calling ENUM EQUIVALENT(L', R') solves
the enumeration problem.

As Algorithm 1 in the proof of Theorem 5, this algorithm is a standard backtracking enumeration algorithm. The depth
of the recursion is upper-bounded by n. This implies that ENUM EQUIVALENT(L’, R’) enumerates all minimal matching cuts
M € M3 that are equivalent to M’ with polynomial delay.

Summarizing the considered cases, we obtain that if the edge e* exists, the solution-lifting algorithm enumerates all
minimal matching cuts of Mj and {e*}, and if e* does not exist, then M is empty. Then for every minimal matching
cut M’ € M}, the solution-lifting algorithm enumerates the corresponding minimal matching cuts of Mj; the minimal
matching cuts of G generated for distinct minimal matching cuts of H are distinct, and every minimal matching cut in
M3 is generated for some minimal matching cut from M/, Finally, for every minimal matching cut M’ € M} distinct from
{e*}, we enumerate equivalent minimal matching cuts of G. In this case we also have that the minimal matching cuts of
G generated for distinct minimal matching cuts of H are distinct, and every minimal matching cut in M3 is generated
for some minimal matching cut from Mj. We conclude that the solution-lifting algorithm satisfies condition (ii*) of the
definition of a polynomial-delay enumeration kernel. O

For ENuM MC, we need the following observation that follows from the results of Courcelle [9] similarly to Proposition 1.
For this, we note that the results of [9] are shown for the extension of MSOL called counting monadic second-order logic
(CMSOL). For every integer constants p > 1 and g > 0, CMSOL includes a predicate Card, 4(X) for a set variable X which
tests whether |S| =gq (mod p). Also we can apply the results for labeled graphs whose vertices and/or edges have labels
from a fixed finite set.

Observation 12. Let F be a forest and let A, B, C C E(F) be disjoint edge sets. Then all matchings M of F such that AC M, BNM =,
and either C € M or C N M = () can be enumerated with polynomial delay. Moreover, if u, v are distinct vertices of the same connected
component of F and h € {0, 1}, then all such (nonempty) matchings with the additional property that |E(P) N A] mod 2 = h, where
P is the (u, v)-path in F, also can be enumerated with polynomial delay.

Now we show a polynomial-delay enumeration kernel for ENuMm MC.

Theorem 13. ENuM MC admits a polynomial-delay enumeration kernel with O(k) vertices when parameterized by the feedback edge
number k of the input graph.

Proof. Let G be a graph with fn(G) =k and an edge feedback set S of size k. It is convenient to consider the case when
G is a forest separately. If G = K1, then the kernelization algorithm returns K; and the solution-lifting algorithm is trivial.
If G has at least two vertices, then the kernelization algorithm returns 2K; that has the unique empty matching cut. Then,
given this empty matching cut, the solution-lifting algorithm lists all matching cuts of F with polynomial delay using
Observation 12 (or Proposition 1). We assume from now that G is not a forest. In particular, S # @.

If G has one or more connected component that are trees, we select an arbitrary vertex v* of these components. If G
has a connected component that contains a vertex of degree one and is not a tree, then arbitrary select such a vertex u* of
degree one and denote by e* be the edge incident to u*. Then we iteratively delete vertices of degree at most one distinct
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from u* and v*. Denote by G’ the obtained graph. Notice that G’ has at most one isolated vertex (the vertex v*) and at
most one vertex of degree one (the vertex u*). Observe also that S is a minimum feedback edge set of G’. Let T =G’ — S.
Clearly T is a forest. Notice that T has at most 2|S| + 2 < 2k + 2 vertices of degree at most one. By Observation 10, T has
at most 2k vertices of degree at least three. Denote by X the set of vertices of T that either are end-vertices of the edges
of S, or have degree one, or have degree at least three. Because every vertex of T of degree at most one is either u*, v*, or
an end-vertex of some edge of S, we have that |X| <4k + 2.

In the same way as in the proof of Theorem 11, we have that every vertex v of G’ of degree two is an inner vertex of
an (x, y)-path P such that x, y € X and the inner vertices of P are outside X. Moreover, for every two distinct x, y € X, G’
has at most one (x, y)-path Py, with all its inner vertices outside X. We denote by P the set of all such paths. We say that
an edge of Py, is the x-edge is it is incident to x and is the y-edge if is incident to y. We say that an edge e of Pyy is a
second x-edge (a second y-edge, respectively) if e has a common end-vertex with the x-edge (with the y-edge, respectively).
The edges that are distinct from the x-edge, the second x-edge, the y-edge and the second y-edge are called middle. We
say that Pyy is long, if Py, has length at least six; otherwise, Pxy is short. Let F =G — E(G’). Since S C E(G’), F is a forest.
Moreover, each connected component T of F has at most one vertex in V (G').

We exhaustively apply the following reduction rule.

Reduction Rule 13.1. If there is a long path Pyy, € P for some x, y € X, then contract an arbitrary middle edge of Pyy.

Let H be the graph obtained from G’ by the exhaustive application of Reduction Rule 13.1. We also denote by P’ the set
of paths obtained from the paths of P; we use P,’(y to denote the path obtained from Py, € P.

Our kernelization algorithm returns H together with S.

To upper-bound the size of H, notice that H — E(G[X]) is a forest such that its vertices of degree at most one are in X.
This implies that |P’| < |X| —1 <4k + 1. Because H has no long paths, each path P,Qy € P’ has at most four inner vertices,
and the total number of inner vertices of all the paths of P’ is at most 4|P’| <16k + 1. Then |V (H)| < |X| +4|P’| <20k +1
implying that H has the required size.

For the construction of the solution-lifting algorithm, recall that by our assumption the input graph is given together
with S and S C E(H). Then we can identify v*, u* and e* in G and H, and then we can recompute the set X. Next, we
can compute the sets of paths P and P’ of G and H, respectively, in polynomial time. This allows us to assume that the
solution-lifting algorithm has access to these sets.

To construct the solution-lifting algorithm, denote by M and M’ the sets of matching cuts of G and H, respectively.
Define M1 ={M e M |MNE(G) =0} and My ={M e M | MnN E(G) # @}. Notice that M € M; is nonempty if and only
if M is a nonempty matching of F = G — E(G’). First, we deal with the matching cuts of M. Observe that G is connected if
and only if H is connected. This means that the empty set is a matching cut of G if and only if the empty set is a matching
cut of H.

Suppose that H has the empty matching cut. Then the solution-lifting algorithm, given this matching cut of H, outputs
the matching cuts of M. Notice that M # (J, because M contains the empty matching cut. The solution-lifting algorithm
outputs the empty matching cut and all nonempty matchings of F using Observation 12.

Assume now that H is connected. Then G is connected as well and M # @ if and only if F # @. By the construction of
G’, if F is not empty, then G has a vertex of degree one. In particular, the kernelization algorithm selects u* and e* in this
case. Notice that e* is a bridge of G, and it holds that {e*} is a matching cut of both G and H. Observe also that {e*} € M.
This matching cut is generated by the solution-lifting algorithm for the cut {e*} of H: when the algorithm finishes listing the
matching cuts of M for {e*}, it switches to the listing of all nonempty matchings of F. This can be done with polynomial
delay by Observation 12.

Next, we analyze the matching cuts of M>. By definition, a matching cut M of G is in My if M N E(G’) # @. This means
that M N E(G’) is a matching cut of G, and for a nonempty matching M of G, M € M, if and only if M N E(G) is a
nonempty matching cut of G’. We exploit this property and the solution-lifting algorithm lists nonempty matching cuts of
G’ and then for each matching cut of G’, it outputs all its possible extensions by matchings of F. For this, we define the
following relation between matching cuts of H and G’. Let M be a nonempty matching cut of H and let M’ be a nonempty
matching of G’ (note that we do not require M’ to be a matching cut). We say that M’ is equivalent to M if the following
holds:

(i) MNE(H[X]) = M’ N E(G[X]) (note that H[X] = G[X]).
(ii) For every Pxy € P such that Pyy is short, M N E(P,’(y) = M’ N E(Pxy) (note that Py, = P)/(y in this case).
(iii) For every long Pyy € P,
(a) MN E(P;(y) # ¢ if and only if M" N E(Pxy) # 9,
(b) IMNE(P,,)| mod2=|M NE(Py)| mod 2,
(c) the x-edge (y-edge, respectively) of P)’(y is in M’ if and only if the x-edge (y-edge, respectively) of Py, is in M,
(d) if for the second x-edge ey, the second y-edge e, and the middle edge e of P;y, IM N {ex, ey,e}| =1, then
- ex€ M (ey € M, respectively) if and only if ex € M’ and e, ¢ M’ (ex ¢ M" and ey, € M’, respectively),
- ee M if and only if either ex,e, € M’ or ex,e, ¢ M.

96



PA. Golovach, C. Komusiewicz, D. Kratsch et al. Journal of Computer and System Sciences 123 (2022) 76-102

(note that ey, ey are the second x-edge and y-edge of Py, because P,’cy is constructed by contracting of some
middle edges of Pyy).

We use the properties of the relation summarized in the following claim.
Claim 13.1.

(i) For every nonempty matching cut M of H, there is a nonempty matching M’ of G’ that is equivalent to M.

(ii) For every nonempty matching cut M of H and every nonempty matching M’ of G’ equivalent to M, M’ is a matching cut of G'.
(iii) Every nonempty matching cut M’ of G’ is equivalent to at most one matching cut of H.
(iv) For every nonempty matching cut M’ of G, there is a nonempty matching cut of M such that M’ is equivalent to M.

Proof of Claim 13.1. Let Y = X U {V(P,Qy) | Pxy € P is short}. Notice that conditions (i) and (ii) of the definition of the
equivalency of M’ to M can be written as M N E(H[Y]) = M’ N E(G[Y]).

To show (i), consider a nonempty matching cut M of H. We construct M’ as follows. First, we include in M’ all the edges
of M that are in H[Y]. Then for every long path Py, € P we do the following.

e If M contains the x-edge or the second x-edge (the y-edge or the second y-edge, respectively) e of P;y, then include e
in M.
e If M contains the middle edge of Pyy, then include in M’ an arbitrary middle edge of Pyy.

It is straightforward to verify that M’ is a matching of G and M’ is equivalent to M.

To prove (ii), let M be a nonempty matching cut of H and let M’ be a matching of G’ equivalent to M. Since M’ is
a matching, to show that M’ is a matching cut, we have to prove that there is a partition {A’, B’} of V(G’) such that
M/ = Eg/(A’, B). Because M is a nonempty matching cut, there is a partition {A, B} of V(H) such that M = Ey (A, B). Let
A=ANY and B=BNY. Notice that E(A B) C M and, therefore E(A B) - M/ Moreover, for every xy € M’ such that
x,y €Y, the end-vertices of xy are in distinct sets A and B. we show that {A B} can be extended to a required partition
{A’, B’} with AC A’ and B C B'. Initially, we set A" := A and B’ :=B.

Recall that the vertices of V(G’) \ Y are internal vertices of long paths Pyy € P. Consider such a path Py,. We use the
property that the numbers of edges of M in P,Qy and of M’ in Py, have the same parity. Suppose that x € A and y € B.
Let Qq,..., Q; be the connected components of P/ — M listed with respect to the path order in which they occur in P’
starting from x. Then r is even and V(Q;) C A if i 1s odd and V(Q;) C B if i is even. Therefore, |M NV (P, )l is odd. Then
IM" NV (P, )l is odd, and for the connected components Ri,...,Rs of Pxy — M’, s is even. Assume that the connected
components are listed with respect to the path order induced by Py,. We modify A’ by setting A’ := A" U V(R;) for odd
iefl,...,s} and B’ :=B U V(R;) for even i € {1,...,s}. By this construction, E¢/(V (Pxy) N A", V(Pxy) N B’) = M’ N E(Pxy).
The case when x and y are in the same set A or B, respectively, is analyzed by the same parity arguments. We conclude
that by going over all long paths Py, € P, we construct A" and B" such that M’ = E(A’, B’). This completes the proof of (ii).

From now, we can assume that each nonempty matching of G’ that is equivalent to a nonempty matching cut of H is a
matching cut.

We show (iii) by contradiction. Assume that there are two distinct nonempty matching cuts My and M, of H and a
nonempty matching cut M’ of G’ such that M’ is equivalent to both My and M. The definition of equivalency implies that
there is a long path Py, € P such that M N E(P;(y) #*MN E(Pj(y). Notice that both sets are nonempty and the sizes of both
sets have the same parity. We consider two cases depending on the parity. Let ex denote the x-edge, e} the second x-edge,
ey the y-edge, e/ the second y-edge, and e the unique middle edge of P,’Q,

Suppose that |M1 N E(P, ol is odd. If [M7 N E(P; )| =3, then M1 N E(P,/(y) = {ey, e, ey}, because {ey, e, ey} is the unique
matching of P;y of size three. Since My N E(P, ) M2 N E(P; ), we obtain that |My N E(Pj(y)l = 1. In particular, either
ex ¢ My or ey, ¢ M. Assume by symmetry, that ey ¢ M. However by condition (iii)(a) of the definition of equivalency, the x-
edge of Pyy is in M’ if and only if x-edge of PP’( in My and M;; a contradiction. Hence, we can assume that |M; ﬂE(P,’(y)l =
|M3 ﬁE(P;y)| =1. If either M1 N P;y or Mo NE(P, Xy) consists of the x-edge or the y-edge of ny, we use the same arguments
as above. This means that both M; and M, contains a unique edge of P that belongs to {e}. e, e’y}. Suppose that e}, € My
but e, ¢ M. However, this contradicts (iii)(d). By symmetry, we obtain that ey ¢ M1, Mz and e}, ¢ M1, M,. This means that
MiN E(P,’(y) =MyN E(P’y) = {e} contradicting that the sets are distinct.

Assume that |M; ﬂE(P/ )| is even. Since M1 NE(P;, Xy) and MzﬂE(P/ )| are nonempty, |M1NE(P; )| = IMyNE(P;, )l =2
As we already observe in the previous case, ex € My (ey € My, respectrvely) if and only if ex € My (e, € M», respectively).
In particular, if M{ N E(P; ) = {ex. ey}, then M, N E(P, ) =1lex.eyli a contradiction. Notice that if ey, e, ¢ My, then My N
E(P,’(y) = {ex,ey}. Then we obtain that My N E(P/y) = {ex,e }; a contradiction. This implies that either ey € M1, M3 and
ey ¢ M1, My or, symmetrically, ex ¢ M1, M, and ey, € My, M3. In both cases [M1 N {e).e.e’ }| =|M; N{e,. e, e }| =1 and
we obtain a contradiction using (iii)(d) in exactly the same way as in the previous case when [M1 NE(P,)| 1s odd. This
completes the proof of (iii).

xy)
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Algorithm 3: ENUMEQUIVALENT(L, R).

1 if R =0 then
2 call ENUMMATCHF(M);

3 return every matching cut M’ generated by the algorithm and quit
4 end
5 elseif R # ¢ then
[ select arbitrary Pyxy € R;
7 set A:=0; B:=0; C:=ﬂ;h:=\MﬁE(P;y)| mod 2;
8 if ex € M then set A:= AU {ex};
9 if ey € M then set A:=AU {ey};
10 ife,eMande, eg, ¢ M then set A:=AU{e,} and B:=BU {eg,}:
11 if e’y eMande,e, ¢ M then set A:=AU {e’y} and B:=BU{e}};
12 ifecMandej, e, ¢ M then set C:=CU {e,,e}};
13 call ENUMPATH(Py y, A, B, C, h);
14 foreach nonempty matching Z generated by ENUMPATH(Py y, A, B, C, h) do
15 ENUMEQUIVALENT(L U Z, R \ {Pxy})
16 end
17 end

Finally, we show (iv). Let M’ be a nonempty matching cut of G’. We show that H has a nonempty matching cut M that
is equivalent to M’. We construct M as follows. First, we include in M the edges of M’ N E(G[Y]). Then for every long path
Pyy € P, we do the following. Denote by ey the x-edge, e} the second x-edge, e, the y-edge, eg, the second y-edge, and e
the unique middle edge of P,’(y.

o If ex € M’ (ey € M’, respectively), then include ey (ey, respectively) in M’.
e If ex,ey € M’ and [M' N E(Pyxy)| is odd, then include e € M. If ex,e, € M’ and [M’ N E(Pyxy)| is even, then no other edge
of P,’(y is included in M, that is, M N E(P,’(y) ={ex, ey}
e Ifexe M’ and ey, ¢ M’, then
if [M" N E(Pxy)| is odd, then no other edge of P,’cy is included in M, that is, M N E(P}’(y) ={ex},
if [M" N E(Pyxy)| is even, then e}, is included in M if e}, € M’ and e is included in M if e}, ¢ M.
e Ifex ¢ M' and ey € M/, then
- if [M’' N E(Pxy)| is odd, then no other edge of P}, is included in M, that is, M N E(Py) = {ey},
- if [M" N E(Pyy)| is even, then e} is included in M if e}, € M’ and e is included in M if e} ¢ M'.
o If ex,ey ¢ M’, then
if IM’ N E(Pxy)| is even, then e} and e/y are included in M,
if IM' N E(Pyxy)| is odd, then e; is included in M if e, € M" and e/, ¢ M’, €/, is included in M if e, ¢ M’ and e}, € M',
and e is included in M if either e}, e}, € M’ or e, e}, ¢ M'.

It is straightforward to verify that M is a matching of H satisfying conditions (i)-(iii) of the definition of equivalency. Then
using exactly the same argument as in the proof of (ii) we observe that M is a matching cut of H. This concludes the proof
of (iv). O

Claim 13.1 allows us to construct the solution-lifting algorithm for nonempty matching cuts of H that outputs nonempty
matching cuts from M,. For each nonempty matching cut M of H, the algorithm lists the matching cuts M’ of G’ such
that M’ is equivalent to M. Then for each M’, we extend M’ to matching cuts of G by adding matchings of F =G — E(G).
For this, we consider the algorithm ENUMPATH(Py y, A, B, C, h) that given a path Py, € P, disjoint sets A, B, C € E(Pxy), and
an integer h € {0, 1}, enumerates with polynomial delay all nonempty matchings M of Py, such that AC M, BNM =4,
either CC M or CNM =0, and |M| mod 2 = h. Such an algorithm exists by Observation 12. We also use the algorithm
ENUMMATCHF(M) that, given a matching cut M of G, lists all matching cuts of G of the form M U M’, where M’ is a
matching of F. ENUMMATCHF(M) is constructed as follows. Let A be the set of edges of F incident to the end-vertices of F
(recall that each connected component of F contains at most one vertex of V(G’)). Then we enumerate the matchings M’
of F such that M’ N A =@. This can be done with polynomial delay by Observation 12.

We use ENUMPATH and ENUMMATCHF as subroutines of the recursive branching algorithm ENUMEQUIVALENT (see Algo-
rithm 3) that, given a matching M of H, takes as an input a matching L of G and R € P and outputs the matching cuts M’
of G such that (i) L € M’, (ii) M’ is equivalent to M, and (iii) the constructed matchings M’ differ only by some edges of the
paths Py, € R. To initiate the computations, we construct the initial matching L" of G and the initial set of paths R’ € P as
follows. We define R’ C P to be the set of long paths Pyy € P such that P;y NM # . Then L' C M is the set of edges of M
that are not in the paths of R’. Recall that as an intermediate step, we enumerate nonempty matching cuts of G’ that are
equivalent to M. Then it can be noted that to do this, we have to enumerate all possible extensions of M to M’ satisfying
condition (iii) of the equivalence definition. Therefore, we call ENUMEQUIVALENT(L, R’) to solve the enumeration problem.
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Let us remark that when we call ENUMMATCHF(M) in line (2), we immediately return each matching cut M’ produced
by the algorithm. Similarly, when we call ENUMPATH(Pyy, A, B, C, h) in line (13), we immediately execute the loop in lines
(14)-(16) for each generated matching Z.

It can be seen from the description that ENUMEQUIVALENT is a backtracking enumeration algorithm. It picks Py, € R and
produces nonempty matchings of Pyy. Notice that the sets of edges A, B, and C, the parity of the number of edges in a
matching are assigned in lines (7)-(12) exactly as it is prescribed in condition (iii) of the equivalency definition. Then the
algorithm branches on all possible selections of the matchings of Py,.The depth of the recursion is upper-bounded by n.
This implies that ENUMEQUIVALENT(L', R’) enumerates with polynomial delay all nonempty matching cuts M € M, such
that M’ N E(G’) is a nonempty matching cut of G’ equivalent to M withe that are equivalent to M’.

To summarize, recall that if H is connected and has a vertex of degree one, we used the matching cut {e*} to list the
matching cuts formed by the edges of F = G — E(G’). Clearly, {e*} is generated by ENUMEQUIVALENT(L', R’) for L’ and R’
constructed for M = {e*}. Therefore, we conclude that the solution-lifting algorithm satisfies condition (ii*) of the definition
of a polynomial-delay enumeration kernel. This finishes the proof of the theorem. O

Using Theorems 11, 13, 4, and 2, we obtain the following corollary.
Corollary 3. The (minimal) matching cuts of an n-vertex graph G can be enumerated with 2°™(©) . nOM) dejqy.

7. Enumeration kernels for the parameterization by the clique partition number

A partition {Q1,..., Qk} of the vertex set of a graph G is said to be a clique partition of G if Q1,..., Qk are cliques.
The clique partition number of G, denoted by 6(G), is the minimum k such that G has a clique partition with k cliques.
Notice that the clique partition number of G is exactly the chromatic number of its complement G. In particular, this means
that deciding whether 6(G) < k is NP-complete for any fixed k > 3 [24]. Therefore, throughout this section, we assume that
the input graphs are given together with their clique decompositions. With this assumption, we show that the matching
cut enumeration problems admit bijective kernels when parameterized by the clique partition number. Our result uses the
following straightforward observation.

Observation 14. Let K be a clique of a graph G such that |K| # 2. Then for every partition {A, B} of V(G) such that E(A, B) is a
matching, either K € A or K C B.

Theorem 15. ENuM MC (ENUM MINIMAL MC, ENUM MAXIMAL MC, respectively) admits a bijective enumeration kernel with O(k3)
vertices if the input graph is given together with a clique partition of size at most k.

Proof. We show a bijective enumeration kernel for ENuMm MC. Let G be a graph and let Q be a clique partition of G of size
at most k. We apply a series of reduction rules.
First, we get rid of cliques of size two in Q to be able to use Observation 14. We exhaustively apply the following rule.

Reduction Rule 15.1. If O contains a clique Q = {x, y} of size two, then replace Q by Q1 = {x} and Q = {y}.

The rule does not affect G and, therefore, it does not influence matching cuts of G. To simplify notation, we use Q for
the obtained clique partition of G. Note that |Q| < 2k.
By the next rule, we unify cliques that cannot be separated by a matching cut.

Reduction Rule 15.2. If Q contains distinct cliques Q1 and Q3 such that E(Q1, Q2) is nonempty and is not a matching, then make
each vertex of Q1 adjacent to every vertex of Q, and replace Q1, Q2 by the clique Q = Q1 U Qy in Q.

To see that the rule is safe, notice that if there are two distinct cliques Q1, Q2 € Q such E(Q1, Q2) is nonempty and
is not a matching, then for every partition {A, B} of V(G) such that E(A, B) is a matching cut, either Q1,Q; € A or
Q1. Q2 C B, because by Observation 14, each clique of Q is either completely in A or in B. This means that if G’ is
obtained from G by the application of Rule 15.2, then M is a matching cut of G’ if and only if M is a matching cut of G.
Therefore, enumerating matching cuts of G is equivalent to enumerating matching cuts of G

We apply Rule 15.2 exhaustively. Denote by G the obtained graph and by O the obtained clique partition. Notice that
the rule is never applied for a pair of cliques of size one and, therefore, O does not contain cliques of size two.

In the next step, we use the following marking procedure to label some vertices of G.

Marking procedure.

(i) For each pair {Q1, Q3} of distinct cliques of Q such that E(Q1, Q) # ¥, select arbitrarily an edge uv € E(C) such that
ueQq and v e Qy, and mark u and v.
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(ii) For each triple Q, Q1, Q2 of distinct cliques of O such that some vertex of Q is adjacent to a vertex in Q1 and to a
vertex of Q», select arbitrarily u € Q, x € Q1 and y € Q3 such that ux, uy € E(G), and then mark u, x, y.

Notice that a vertex may be marked several times.
Our final rule reduces the size of the graph by deleting some unmarked vertices.

Reduction Rule 15.3. For every clique Q € O of size at least three, consider the set X of unmarked vertices of Q and delete arbitrary
min{|X|, | Q| — 3} vertices of X.

Denote by G the obtained graph and denote by O the corresponding clique partition of G such that every clique of Q
is obtained by the deletion of unmarked vertices from a clique of 0. Our kernelization algorithm return G together with o}
(recall that by our convention each instance should be supplied with a clique partition of the input graph).

To upper bound the size of the obtained kernel, we show the following claim.

Claim 15.1. The graph G has at most 4k(3k? — 2k + 1) vertices.

Proof of Claim 15.1. Let r = |Q\ < 2k. In Step (i) of the marking procedure, we consider ( ) pairs of cliques of O and mark
at most 2(%) < 2k(2k — 1) vertices in total. In Step (i), we consider r cliques Q, and for each Q, we consider (", ) pairs
{Q1, Q2}. This implies that we mark at most 3r(r;1) < 3k(2k — 1)(2k — 2) vertices in this step. Hence, the total number of

marked vertices is at most 3k(2k — 1)(2k — 2) + 2k(2k — 1) = 2k(2k — 1)(3k — 2). Since each clique of O contains at most
three unmarked vertices by Rule 15.3, |V (G)| < 2k(2k — 1)(3k — 2) + 3r < 2k(2k — 1)(3k — 2) + 6k = 4k(3k? — 2k +1). O

This completes the description of the kernelization algorithm. Now we show a bijection between matching cuts of G and
G, and construct our solution-lifting algorithm. Note that we already established that M is a matching cut of G if and only
if M is a matching cut of G. Therefore, it is sufficient to construct a bijective mapping of the matching cuts of G to the
matching cuts of G. R

Let Q= {Q1,..., Qr} and O = {Q1,...,Q,}, where Q; Qi for i € {1,...,r}. Notice that Q and O have no cliques of
size two. Hence, we can use Observation 14. We show the following claim.

Claim 15.2. For every partition {I, J} of {1,...,1}, M= E(U,-GIQ,-, Ujeg Qj) is a matching cut of G if and only if M = E(Uj¢; Q;,
Ujes Q) is a matching cut of G. Moreover, M = 4 if and only if M = .

Proof of Claim 15.2. If M = E(Uieléi, Ujeg Qj) is a matching cut of G, then M is a matching cut of G, because Q; C Q,- for
ie{l,...,1r}

;or the Lpposite direction, assume that M = E(Uic;Qi, Uje; Q) is a matching cut of G. For the sake of contradiction,
suppose that M= E(U,-dQ,-, Ujej Qj) is not a matching cut of G. This means that there is a vertex that is incident to at
least two edges of M. By symmetry, we can assume without loss of generality that there is he I and u € Qp such that u is
adjacent to distinct vertices x and y, where x€ Q; and y € QJ for some i, j € J.

Suppose that i = j, that is, x and y are in the same clique 0;. Then, however, E(Qh Q ) is not a matching and we would
be able to apply Rule 15.2. Since Rule 15.2 was applied exhaustively to obtain G and O, this cannot happen. We conclude
that i # j.

By 7éti:p (ii) of the marking procedure, there is v’ € Qp, x € Q; and y' € Q] such that u’x’,u’y’ € E(G) and the ver-
tices u’,x’, y' are marked. This means that u’ € Q;, ¥ € Q; and y’ € Q, Then u'x’,u’y’ € M and M is not a matching; a
contradiction. The obtained contradiction concludes the proof.

Finally, we show that M ¢ if and only if M=4. Clearly, if M =@, then M = . Suppose that M = . Then there are i € I
and j € J such that uv € M for some u e Q; and v € Q] By Step (i) of the marking procedure, there are u’ € Q; and v’ € Q]
such that w'v’ € E(G) and u’, v/ are marked. Then u’v’ € E(G) and u'v’ € M by the definition of M. Hence, M #¢. O

Using Claim 15.2, we are able to describe our solution-lifting algorithm. Let M be a matching cut of G. Let {A, B} be a
partition of V(G) such that M = E(A, B). By Observation 14, there is a partition {I, J} of {1,...,r} such that A = Uier Q;
and B=Uj¢j QJ The solution- 11ftmg algorlthm outputs M= E(U,GIQ,, Ujej QJ)

To see correctness, note that M = E(UlelQl, Ujej Q]) is a matchmg cut of G by Claim 15.2. Moreover, for distinct match-
ing cuts M; and M, of G, the constructed matching cuts M; and N3, respectively, of G are distinct, that is, the matching
cuts of G are mapped to the matching cuts of G injectively. Finally, to show that the mapping is bijective, consider a match-
ing cut M of G. Let {A, B} be a partition of V(G) with M = E(A, B). By Observation 14, there is a partition {I, J} of {1,...,1}
such that A = U,EIQ, and B =Uj¢ Q] Then M = E (Ui Q;, Ujej Qj) is a matching cut of G by Claim 15.2, and it remains
to observe that M is constructed by the solution-lifting algorithm from M.
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It is straightforward to see that both kernelization and solution-lifting algorithms are polynomial. This concludes the
construction of our bijective enumeration kernel for ENum MC.

For ENUM MINIMAL MC and ENUM MAXIMAL MC, the kernels are exactly the same. To see it, note that our bijective mapping
of the matching cuts of G to the matching cuts of G respects the inclusion relation. Namely, if M; and M are matching
cuts of G and M1 C Mz, then M; and Mz are mapped to the matching cuts M1 and Mz, respectively, of G such that
M1 € M. This implies that the solution-lifting algorithm outputs a minimal (maximal, respectively) matching cut of G for
every minimal (maximal, respectively) matching cut of G. Moreover, every minimal (maximal, respectively) matching cuts
of G can be obtained form a minimal (maximal, respectively) matching cut of G. O

8. Conclusion

We initiated the systematic study of enumeration kernelization for several variants of the matching cut problem. We
obtained fully-polynomial (polynomial-delay) enumeration kernels for the parameterizations by the vertex cover number,
twin-cover number, neighborhood diversity, modular width, and feedback edge number. Since the solution-lifting algorithms
are simple branching algorithms, these kernels give a condensed view of the solution sets which may be interesting in
applications where one may want to inspect all solutions manually. Restricting to polynomial-time and polynomial-delay
solution-lifting algorithms seems helpful in the sense that they will usually be easier to understand.

There are many topics for further research in enumeration kernelization as the area of enumeration kernelization seems
still somewhat unexplored. In particular, it would be interesting to investigate kernelization for structural parameterizations
of hard enumeration problems. Note that the previously investigated full kernels [14] are tailored for the most common
parameterization by the solution size. Fully-polynomial enumeration kernels and polynomial-delay enumeration kernels
considered in our paper provide a general framework that encompasses other types of parameterizations. There is a plethora
of kernelization result for decision problems for structural paramerterization (see, e.g., [18] for introduction). Can these re-
sults and techniques be used for enumeration kernelization? To give an example, it is a very long standing open question
whether minimal dominating sets of a graph can be enumerated with polynomial delay [28]. From the positive side, by
the meta theorem of Courcelle [9], the enumeration can be done with FPT delay for the treewidth or cliquewidth param-
eterizations. It would be interesting to see whether some structural parameterzations lead to enumeration kernels for this
problem. Besides showing enumeration kernels, we believe that it is important to develop a general framework for enumer-
ation kernelization lower bounds similar to the techniques used for classical kernels [4,5] (see also [12,18]). Finally, it seems
interesting to investigate whether enumeration kernels can be applied also when one aims to enumerate all solutions in a
specific order, for example ordered by solution size [10,39].

More specifically, for MATCHING CUT one can ask about other structural parameterizations, like the feedback vertex num-
ber (see [12] for the definition). Concerning the counting and enumeration of matching cuts, we also proved the upper
bound F(n+ 1) — 1 for the maximum number of matching cuts of an n-vertex graph and showed that the bound is tight.
What can be said about the maximum number of minimal and maximal matching cuts? It is not clear whether our lower
bounds given in Propositions 3 and 4 are tight. Finally, it seems promising to study enumeration kernels for d-Cut [25], a
generalization of MATCHING CuUT that has recently received some attention.

CRediT authorship contribution statement

Petr A. Golovach: Conceptualization, Methodology, Investigation, Writing.
Christian Komusiewicz: Conceptualization, Methodology, Investigation, Writing.
Dieter Kratsch: Conceptualization, Methodology, Investigation, Writing.

Van Bang Le: Conceptualization, Methodology, Investigation, Writing.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

References

[1] N.R. Aravind, S. Kalyanasundaram, A.S. Kare, On structural parameterizations of the matching cut problem, in: X. Gao, H. Du, M. Han (Eds.), Combi-
natorial Optimization and Applications - 11th International Conference, COCOA 2017, Shanghai, China, December 16-18, 2017, Proceedings, Part II, in:
Lecture Notes in Computer Science, vol. 10628, 2017, pp. 475-482.

[2] M. Bentert, T. Fluschnik, A. Nichterlein, R. Niedermeier, Parameterized aspects of triangle enumeration, J. Comput. Syst. Sci. 103 (2019) 61-77, https://
doi.org/10.1016/j.jcss.2019.02.004.

[3] H.L. Bodlaender, A linear-time algorithm for finding tree-decompositions of small treewidth, SIAM J. Comput. 25 (6) (1996) 1305-1317, https://doi.org/
10.1137/S0097539793251219.

[4] H.L. Bodlaender, R.G. Downey, M.R. Fellows, D. Hermelin, On problems without polynomial kernels, J. Comput. Syst. Sci. 75 (8) (2009) 423-434, https://
doi.org/10.1016/j.jcss.2009.04.001.

[5] H.L. Bodlaender, B.M.P. Jansen, S. Kratsch, Kernelization lower bounds by cross-composition, SIAM ]. Discrete Math. 28 (1) (2014) 277-305, https://
doi.org/10.1137/120880240.

101


http://refhub.elsevier.com/S0022-0000(21)00069-6/bib288F6880D06AB74FAFB74AD82E3C7E56s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib288F6880D06AB74FAFB74AD82E3C7E56s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib288F6880D06AB74FAFB74AD82E3C7E56s1
https://doi.org/10.1016/j.jcss.2019.02.004
https://doi.org/10.1016/j.jcss.2019.02.004
https://doi.org/10.1137/S0097539793251219
https://doi.org/10.1137/S0097539793251219
https://doi.org/10.1016/j.jcss.2009.04.001
https://doi.org/10.1016/j.jcss.2009.04.001
https://doi.org/10.1137/120880240
https://doi.org/10.1137/120880240

PA. Golovach, C. Komusiewicz, D. Kratsch et al. Journal of Computer and System Sciences 123 (2022) 76-102

[6] M. Bougeret, B.M.P. Jansen, I. Sau, Bridge-depth characterizes which structural parameterizations of vertex cover admit a polynomial kernel, in: 47th
International Colloquium on Automata, Languages, and Programming, ICALP 2020, July 8-11, 2020, Saarbriicken, Germany (Virtual Conference), in:
LIPIcs, vol. 168, 2020, pp. 16:1-16:19.

[7] J.E. Buss, J. Goldsmith, Nondeterminism within P, SIAM ]. Comput. 22 (3) (1993) 560-572, https://doi.org/10.1137/0222038.

[8] V. Chvétal, Recognizing decomposable graphs, J. Graph Theory 8 (1) (1984) 51-53, https://doi.org/10.1002/jgt.3190080106.

[9] B. Courcelle, Linear delay enumeration and monadic second-order logic, Discrete Appl. Math. 157 (12) (2009) 2675-2700, https://doi.org/10.1016/j.
dam.2008.08.021.

[10] N. Creignou, R. Ktari, A. Meier, J. Miiller, F. Olive, H. Vollmer, Parameterised enumeration for modification problems, Algorithms 12 (9) (2019) 189,
https://doi.org/10.3390/a12090189.

[11] N. Creignou, A. Meier, ]. Miiller, ]J. Schmidt, H. Vollmer, Paradigms for parameterized enumeration, Theory Comput. Syst. 60 (4) (2017) 737-758, https://
doi.org/10.1007/s00224-016-9702-4.

[12] M. Cygan, EV. Fomin, L. Kowalik, D. Lokshtanov, D. Marx, M. Pilipczuk, M. Pilipczuk, S. Saurabh, Parameterized Algorithms, Springer, 2015.

[13] P. Damaschke, Parameterized enumeration, transversals, and imperfect phylogeny reconstruction, Theor. Comput. Sci. 351 (3) (2006) 337-350, https://
doi.org/10.1016/j.tcs.2005.10.004.

[14] P. Damaschke, Fixed-parameter enumerability of cluster editing and related problems, Theory Comput. Syst. 46 (2) (2010) 261-283.

[15] R. Diestel, Graph Theory, 4th edition, Graduate Texts in Mathematics, vol. 173, Springer, 2012.

[16] H. Fernau, On parameterized enumeration, in: Computing and Combinatorics, 8th Annual International Conference, COCOON 2002, Singapore, August
15-17, 2002, Proceedings, in: Lecture Notes in Computer Science, vol. 2387, Springer, 2002, pp. 564-573.

[17] EV. Fomin, D. Kratsch, Exact Exponential Algorithms, Texts in Theoretical Computer Science. An EATCS Series, Springer, 2010.

[18] EV. Fomin, D. Lokshtanove, S. Saurabh, M. Zehavi, Kernelization. Theory of Parameterized Preprocessing, Cambridge University Press, Cambridge, 2019,
www.cambridge.org/9781107057760.

[19] EV. Fomin, S. Saurabh, Y. Villanger, A polynomial kernel for proper interval vertex deletion, SIAM J. Discrete Math. 27 (4) (2013) 1964-1976, https://
doi.org/10.1137/12089051X.

[20] J. Gajarsky, M. Lampis, S. Ordyniak, Parameterized algorithms for modular-width, in: Parameterized and Exact Computation - 8th International Sympo-
sium, IPEC 2013, Sophia Antipolis, France, September 4-6, 2013, in: Lecture Notes in Computer Science, vol. 8246, Springer, 2013, pp. 163-176, Revised
Selected Papers.

[21] R. Ganian, Twin-cover: beyond vertex cover in parameterized algorithmics, in: D. Marx, P. Rossmanith (Eds.), Parameterized and Exact Computation -
6th International Symposium, IPEC 2011, Saarbriicken, Germany, September 6-8, 2011. Revised Selected Papers, in: Lecture Notes in Computer Science,
vol. 7112, Springer, 2011, pp. 259-271.

[22] R. Ganian, Using neighborhood diversity to solve hard problems, CoRR, arXiv:1201.3091 [abs], http://arxiv.org/abs/1201.3091.

[23] R. Ganian, Improving vertex cover as a graph parameter, Discret. Math. Theor. Comput. Sci. 17 (2) (2015) 77-100, http://dmtcs.episciences.org/2136.

[24] M.R. Garey, D.S. Johnson, Computers and Intractability: A Guide to the Theory of NP-Completeness, W. H. Freeman, 1979.

[25] G.C.]M. Gomes, 1. Sau, Finding cuts of bounded degree: complexity, FPT and exact algorithms, and kernelization, in: B.M.P. Jansen, J.A. Telle (Eds.), 14th
International Symposium on Parameterized and Exact Computation, IPEC 2019, September 11-13, 2019, Munich, Germany, in: LIPIcs, vol. 148, Schloss
Dagstuhl - Leibniz-Zentrum fiir Informatik, 2019, pp. 19:1-19:15.

[26] R.L. Graham, On primitive graphs and optimal vertex assignments, Ann. N.Y. Acad. Sci. 175 (1970) 170-186.

[27] S. Hsieh, H. Le, V.B. Le, S. Peng, Matching cut in graphs with large minimum degree, in: D. Du, Z. Duan, C. Tian (Eds.), Computing and Combinatorics -
25th International Conference, COCOON 2019, Xi’an, China, July 29-31, 2019, Proceedings, in: Lecture Notes in Computer Science, vol. 11653, Springer,
2019, pp. 301-312.

[28] M.M. Kanté, V. Limouzy, A. Mary, L. Nourine, On the enumeration of minimal dominating sets and related notions, SIAM ]. Discrete Math. 28 (4) (2014)
1916-1929, https://doi.org/10.1137/120862612.

[29] G. Karakostas, A better approximation ratio for the vertex cover problem, ACM Trans. Algorithms 5 (4) (2009) 41:1-41:8, https://doi.org/10.1145/
1597036.1597045.

[30] EJ. Kim, MJ. Serna, D.M. Thilikos, Data-compression for parametrized counting problems on sparse graphs, in: 29th International Symposium on
Algorithms and Computation, ISAAC 2018, December 16-19, 2018, Jiaoxi, Yilan, Taiwan, in: LIPIcs, vol. 123, Schloss Dagstuhl - Leibniz-Zentrum fiir
Informatik, 2018, pp. 20:1-20:13.

[31] C. Komusiewicz, D. Kratsch, V.B. Le, Matching cut: kernelization, single-exponential time FPT, and exact exponential algorithms, Discrete Appl. Math.
283 (2020) 44-58, https://doi.org/10.1016/j.dam.2019.12.010.

[32] C. Komusiewicz, J. Uhlmann, A cubic-vertex kernel for flip consensus tree, Algorithmica 68 (1) (2014) 81-108.

[33] D. Kratsch, V.B. Le, Algorithms solving the matching cut problem, Theor. Comput. Sci. 609 (2016) 328-335, https://doi.org/10.1016/j.tcs.2015.10.016.

[34] S. Kratsch, Recent developments in kernelization: a survey, Bull. EATCS 113.

[35] M. Lampis, Algorithmic meta-theorems for restrictions of treewidth, Algorithmica 64 (1) (2012) 19-37, https://doi.org/10.1007/s00453-011-9554-x.

[36] D. Lokshtanov, F. Panolan, M.S. Ramanujan, S. Saurabh, Lossy kernelization, in: H. Hatami, P. McKenzie, V. King (Eds.), Proceedings of the 49th Annual
ACM SIGACT Symposium on Theory of Computing, STOC 2017, Montreal, QC, Canada, June 19-23, 2017, ACM, 2017, pp. 224-237.

[37] A. Marino, Analysis and Enumeration, Atlantis Studies in Computing, vol. 6, Atlantis Press, Paris, 2015, algorithms for biological graphs, with forewords
by Tiziana Calamoneri and Pierluigi Crescenzi.

[38] K. Meeks, Randomised enumeration of small witnesses using a decision oracle, Algorithmica 81 (2) (2019) 519-540.

[39] A. Meier, Parametrised enumeration, Habilitation thesis, Leibniz Universitit Hannover, 2020.

[40] S. Oum, Approximating rank-width and clique-width quickly, ACM Trans. Algorithms 5 (1) (2008) 10:1-10:20, https://doi.org/10.1145/1435375.
1435385.

[41] S. Oum, P.D. Seymour, Approximating clique-width and branch-width, J. Comb. Theory, Ser. B 96 (4) (2006) 514-528, https://doi.org/10.1016/j.jctb.
2005.10.006.

[42] M. Samer, S. Szeider, Backdoor trees, in: D. Fox, C.P. Gomes (Eds.), Proceedings of the Twenty-Third AAAI Conference on Artificial Intelligence, AAAI
2008, Chicago, Illinois, USA, July 13-17, 2008, AAAI Press, 2008, pp. 363-368, http://www.aaai.org/Library/AAAI/2008/aaai08-057.php, 2008.

[43] M. Tedder, D.G. Corneil, M. Habib, C. Paul, Simpler linear-time modular decomposition via recursive factorizing permutations, in: Automata, Languages
and Programming, 35th International Colloquium, ICALP 2008, Reykjavik, Iceland, July 7-11, 2008, Proceedings, Part I: Tack A: Algorithms, Automata,
Complexity, and Games, in: Lecture Notes in Computer Science, vol. 5125, Springer, 2008, pp. 634-645.

[44] D.M. Thilikos, Compactors for parameterized counting problems, Comput. Sci. Rev. 39 (2021) 100344, https://doi.org/10.1016/j.cosrev.2020.100344.

[45] M. Thurley, Kernelizations for parameterized counting problems, in: Theory and Applications of Models of Computation, 4th International Conference,
TAMC 2007, Shanghai, China, May 22-25, 2007, Proceedings, in: Lecture Notes in Computer Science, vol. 4484, Springer, 2007, pp. 703-714.

[46] K. Wasa, Enumeration of enumeration algorithms, CoRR, arXiv:1605.05102 [abs], http://arxiv.org/abs/1605.05102.

102


http://refhub.elsevier.com/S0022-0000(21)00069-6/bib9889FC4FA17573DD6842E1D89B3756BDs1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib9889FC4FA17573DD6842E1D89B3756BDs1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib9889FC4FA17573DD6842E1D89B3756BDs1
https://doi.org/10.1137/0222038
https://doi.org/10.1002/jgt.3190080106
https://doi.org/10.1016/j.dam.2008.08.021
https://doi.org/10.1016/j.dam.2008.08.021
https://doi.org/10.3390/a12090189
https://doi.org/10.1007/s00224-016-9702-4
https://doi.org/10.1007/s00224-016-9702-4
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib3D93D88A4AB91CB1B59B325D0E54400Bs1
https://doi.org/10.1016/j.tcs.2005.10.004
https://doi.org/10.1016/j.tcs.2005.10.004
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibDD8578AA9E533F1D61FFE60CCB56BE28s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibEFE2D01FC732F8B4BBCA24551C0CF4A9s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib4EE462DB06F327F3C19AE0DC6FB72389s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib4EE462DB06F327F3C19AE0DC6FB72389s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibC267AE1E88B2B356989781DE0414B347s1
http://www.cambridge.org/9781107057760
https://doi.org/10.1137/12089051X
https://doi.org/10.1137/12089051X
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibC60C72D48DCB4274F808319BB068EA14s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibC60C72D48DCB4274F808319BB068EA14s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibC60C72D48DCB4274F808319BB068EA14s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibE4EDB4CC39F0726099AC6C54068C88C3s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibE4EDB4CC39F0726099AC6C54068C88C3s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibE4EDB4CC39F0726099AC6C54068C88C3s1
http://arxiv.org/abs/1201.3091
http://dmtcs.episciences.org/2136
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib6B9B907D03FDB7889D2A6E974411DEC4s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibB8F2783B068840F28FE19E5B97AA9864s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibB8F2783B068840F28FE19E5B97AA9864s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibB8F2783B068840F28FE19E5B97AA9864s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibCFC1A6D39CD1A4E745498805F3BD1EB0s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibC8F19C68220E1E4735385792D478AE8Cs1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibC8F19C68220E1E4735385792D478AE8Cs1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibC8F19C68220E1E4735385792D478AE8Cs1
https://doi.org/10.1137/120862612
https://doi.org/10.1145/1597036.1597045
https://doi.org/10.1145/1597036.1597045
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib1DF2BC4C31AF9DCB5B4D31AC4BFE9C96s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib1DF2BC4C31AF9DCB5B4D31AC4BFE9C96s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib1DF2BC4C31AF9DCB5B4D31AC4BFE9C96s1
https://doi.org/10.1016/j.dam.2019.12.010
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib39196D4ECEA5F3EF7DC24246FF951A86s1
https://doi.org/10.1016/j.tcs.2015.10.016
https://doi.org/10.1007/s00453-011-9554-x
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib702D539B770408FC75B5324D0FE0F0E1s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib702D539B770408FC75B5324D0FE0F0E1s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib0344704270A3A6D4CC9EEA939CF6CC39s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib0344704270A3A6D4CC9EEA939CF6CC39s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bib6604A96D8FB22869E29915612EAD967Es1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibFFDC2F05D878F379BC0C8DA1EAADF337s1
https://doi.org/10.1145/1435375.1435385
https://doi.org/10.1145/1435375.1435385
https://doi.org/10.1016/j.jctb.2005.10.006
https://doi.org/10.1016/j.jctb.2005.10.006
http://www.aaai.org/Library/AAAI/2008/aaai08-057.php
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibE6CF61F041297AD55532EC51FE85DCC5s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibE6CF61F041297AD55532EC51FE85DCC5s1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibE6CF61F041297AD55532EC51FE85DCC5s1
https://doi.org/10.1016/j.cosrev.2020.100344
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibA7ECAA0C1D77094472784AA40381CECCs1
http://refhub.elsevier.com/S0022-0000(21)00069-6/bibA7ECAA0C1D77094472784AA40381CECCs1
http://arxiv.org/abs/1605.05102

	Refined notions of parameterized enumeration kernels with applications to matching cut enumeration
	1 Introduction
	2 Parameterized enumeration and enumeration kernels
	3 A tight upper bound for the maximum number of matching cuts
	4 Enumeration kernels for the vertex cover number parameterization
	5 Enumeration kernels for the neighborhood diversity and modular width parameterizations
	6 Enumeration kernels for the parameterization by the feedback edge number
	7 Enumeration kernels for the parameterization by the clique partition number
	8 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	References


