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A B S T R A C T

Understanding how environmental factors affect microbial survival is an important open problem in microbial
ecology. Patterns of microbial community structure have been characterized across a wide range of different
environmental settings, but the mechanisms generating these patterns remain poorly understood. Here, we
use mathematical modelling to investigate fundamental connections between chemical power supply to a
system and patterns of microbial survival. We reveal a complex set of interdependences between power supply
and distributions of survival probability across microbial habitats, in a case without interspecific resource
competition. We also find that different properties determining power supply, such as substrate fluxes and
Gibbs energies of reactions, affect microbial survival in fundamentally different ways. Moreover, we show how
simple connections between power supply and growth can give rise to complex patterns of microbial survival
across physicochemical gradients, such as pH gradients. Our findings show the importance of taking energy
fluxes into account in order to reveal fundamental connections between microbial survival and environmental
conditions, and to obtain a better understanding of microbial population dynamics in natural environments.
1. Introduction

Microbial communities play key roles in global elemental cycles,
medicine, and biotechnology. A fundamental goal of microbial ecol-
ogy is to understand how various environmental factors and settings
influence microbial communities in terms of diversity, stability, and
structure. Numerous studies have characterized microbial community
patterns across different environmental settings. For example, pH has
been found to be a good predictor of microbial diversity in soil [1,2],
temperature is correlated with marine planktonic bacterial richness on
a global scale [3,4], whereas salinity has been found to be correlated
with microbial diversity in lake sediments [5], soils [2,6] and estuar-
ies [7,8]. The supply of organic substrates has been also reported to
control the patterns of biodiversity for chemotrophs [9,10].

However, a major challenge in the field of microbial ecology is that
our understanding of the underlying dynamics generating such patterns
remains very limited [11–15].

Revealing the exact connections between the multiplicity of envi-
ronmental factors and microbial community structure through analyses
of natural environments is, however, extremely challenging due to the
high complexity and high number of unknown processes occurring in
biological systems. For instance, fluxes of substrate are often difficult to
quantify, and extensive co-variation of variables makes it notoriously
difficult to pinpoint causal effects.

∗ Corresponding author at: Department of Earth Science, University of Bergen, Allégaten, NO-5007 Bergen, Norway.
E-mail address: diegocastro.david@gmail.com (D. Diego).

A complement to exploring natural environments is to use a theo-
retical modelling approach. Such models do not mimic real systems in
detail, but they enable us to represent basic principles in a reproducible
way and to formulate testable hypotheses. For example, one may isolate
and study the mechanistic relationship between power supply and
patterns of microbial survival in a highly idealized community.

Theoretical analyses of models representing the dynamics of highly
simplified communities have provided useful insights into the condi-
tions that favour co-existence of species, e.g. in terms of substrate
uptake kinetics, [16–19], top down control by grazers [20,21], and
metabolic conversion of common substrates [13]. The thermodynamics
of chemical reactions of substrates arguably plays an important role in
these connections.

Indeed, recent gene-centric analyses of oxygen minimum zones have
found that fluxes of energy seem to be robust predictors of microbial
productivity and functional community structure [22,23]. Moreover,
in hydrothermal systems, the chemical energy landscapes emerging
from mixing between reduced hydrothermal fluids and oxygenated
cold seawater, seem to shape distributions of functional groups of
bacteria and archaea [24,25]. Numerous environmental factors, such
as pH, salinity and temperature, affect the Gibbs energies of chemical
reactions, and thus modulate the chemical power supply utilized by
microbial communities [26,27]. Part of the variation in biodiversity
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observed along physicochemical gradients, such as pH gradients, may
therefore ultimately be linked to how those gradients affect energy
landscapes. There is a rich literature analysing the emergence of micro-
bial community structure and diversity within a theoretical modelling
perspective [28–33]. Interestingly, Marsland et al. [28] show how
energy fluxes induce distinct regimes in 𝛽-diversity and functional
structure of microbial communities analogous to phase transitions in
statistical physics.

In our work, we focus our study on the analysis of the connections
between the power supply to a system and the resulting patterns of
microbial survival, in a case without interspecific resource competition.
To that aim, we analyse a highly idealized population dynamics model
where growth rates are determined by maintenance powers, uptake
rates of substrates, and the Gibbs energy of substrate oxidation. In
practical terms, our model describes a one species-one resource system
subject to a multiplicity of bio-chemical conditions. We find a highly
complex set of interdependences between power supply and patterns
of microbial survival, as we shall see. Based on our findings, we also
propose hypotheses about the connection between power supply and
simple microbial communities that could be tested in the laboratory
and evaluated in studies of natural environments.

2. The model

In our model, we will describe a habitat, or a subset of a habitat,
occupied by a single species feeding on a single substrate. The substrate
enters the habitat (or system) at a fixed rate (Fig. 1). We will con-
sider multiple bio-chemical and environmental conditions, including
the substrate itself, in this hypothetical habitat. Within our model, each
particular instance of the habitat environmental conditions, including
the organisms populating the habitat, will be called a niche.

It is worth noting that simple communities, where there is no
competition for limiting substrates between functional groups can be
reconstructed, using microbial strains from culture collections, as arti-
ficial communities in laboratory settings. Hence, our modelling results
are in principle testable. It should also be noted that there is growing
evidence that environmental energetic constraints largely determine
the community structure of metabolic functional groups (but not neces-
sarily taxonomic groups) in both industrial bioreactors and in environ-
mental samples [22,34–38]. Based on our model, we can analyse how
the community structure of metabolic functional groups is shaped by
power supply alone without any influence from more or less complex
interactions between the functional groups.

In our model, niches and substrates will be labelled as {1,… , 𝑁}
such that the substance 𝑆𝑖 acts as the substrate for the 𝑖th niche. At any
given instant of time 𝑡, 𝑐𝑖(𝑡) will denote the number of cells per unit
volume occupying the habitat when the conditions corresponding to
the 𝑖th niche are considered. 𝑐𝑖(𝑡) will be called the cellular abundance or
simply abundance in the 𝑖th niche. We take 𝑐𝑖 to have units of cell cm−3.
Similarly, 𝑠𝑖(𝑡) will denote the amount of substrate of type 𝑖 (measured
n mol) per unit volume, so that 𝑠𝑖(𝑡) has units of mol cm−3. Limiting
ubstrates enter the system at a fixed rate 𝜆 (s−1). Cellular substrate

uptake rates depend on substrate concentrations in the system, and are
modelled according to Michaelis–Menten kinetics as:

𝜌𝑖(𝑠𝑖) = 𝑟𝑖𝑚𝑎𝑥
𝑠𝑖

𝑘 + 𝑠𝑖
, (1)

here 𝑟𝑖𝑚𝑎𝑥 (mol s−1) denotes the maximum uptake rate and 𝑘 (mol
m−3) is the half-saturation concentration,1 that is: 𝜌𝑖(𝑘) = 𝑟𝑖𝑚𝑎𝑥∕2. We
emark that we allow different values of the maximum uptake rate
cross different niches, hence the super index 𝑖 in 𝑟𝑖𝑚𝑎𝑥. The value 𝑟𝑚𝑎𝑥
n Fig. 1 serves here as an order of magnitude for the typical value
f the uptake rate. Once absorbed by a cell, the 𝑖th substrate (𝑆𝑖)

1 In order to reduce the multiplicity of constants, we take a common value
or the half-saturation constant.
2

undergoes a chemical reaction of the type 𝑆𝑖 + 𝑎1𝐴1 + ⋯ + 𝑎𝑛𝐴𝑛 ⟶

1𝐵1 + ⋯ + 𝑏𝑚𝐵𝑚, with 𝐴1,… , 𝐴𝑛 denoting any other reactants than
𝑆𝑖 and 𝐵1,… , 𝐵𝑚 denoting products. The Gibbs energy of the chemical
reaction for each mole of the substrate of type 𝑖, 𝛥𝐺𝑖

𝑟, in turn depends
on the reactants/products concentrations as

𝛥𝐺𝑖
𝑟 = 𝛥𝐺0𝑖

𝑟 + 𝑅𝑇 ln
∏

𝑗 [𝐵𝑗 ]
𝑏𝑗

[𝑆𝑖]
∏

𝑘[𝐴𝑘]𝑎𝑘
,

= 𝛥𝐺0𝑖
𝑟 + 𝑅𝑇 ln

∏

𝑗 [𝐵𝑗 ]
𝑏𝑗

∏

𝑘[𝐴𝑘]𝑎𝑘
− 𝑅𝑇 ln[𝑆𝑖] , (2)

where 𝛥𝐺0𝑖
𝑟 denotes the standard free Gibbs energy for the reaction,

𝑅 is the ideal gas constant and 𝑇 is the temperature. Moreover, [⋅]
denotes the molar concentration, and hence 𝑠𝑖 = [𝑆𝑖]. For simplicity,
we assume the activity coefficients for all reactants and products to
be 1. We also consider a situation where 𝑠𝑖 ≪ [𝐴𝑗 ] and 𝑠𝑖 ≪ [𝐵𝑘],
that is: only the substance 𝑆𝑖 is limiting, and we assume that the
consumption or production of substances 𝐴𝑗 and 𝐵𝑘 due to the growth
f the organisms in the 𝑖th niche, does not affect in any significant

way the molar concentrations of these substances in the system. An
example of the class of reactions modelled in our work could be found
in an aerated environment (with constant and high O2 concentration)
where various organic or inorganic electron donors (such as NO−

2 , H2,
H2S, CH4, formate, acetate, glucose) enter the system at fixed rates
and are oxidized into products (CO2/HCO−

3 , SO2−
4 , NO−

3 ) by microbial
pecies (or functional groups) that grow on one limiting electron donor
ach. For example, the glucose oxidizers would obtain energy from
he reaction 1 C6H12O6 + 6 O2 → 6 CO2 + 6 H2O. For this reaction,
lucose would be denoted as 𝑆 in our model, O2 would be denoted as
1, and CO2 and H2O would be denoted as 𝐵1 and 𝐵2, respectively.
imilarly, one could imagine an anaerobic environment of microbial
pecies (or functional groups) using a set of redox pairs with unique
lectron donors (e.g. CH4/ SO2−

4 , acetate/SO2−
4 , H2/ NO−

3 ) and where
ach electron donor is the limiting substrate for the respective species
r functional group. However, it should be emphasized that our model
ssumes that there is no interspecific competition for resources. This
ssumption may be valid for certain simple artificial communities
rown in the laboratory, but it is a simplification regarding most or
ll natural environments.

In order to keep the number of symbols used in this work as low
s possible, we will make a slight abuse of notation and refer to the
ombination 𝛥𝐺𝑖0

𝑟 +𝑅𝑇 ln
∏

𝑗 [𝐵𝑗 ]
𝑏𝑗

∏

𝑘[𝐴𝑘]𝑎𝑘
simply as the standard Gibbs energy

of the reaction involving the 𝑖th substrate, and we will re-denote such
quantity again as 𝛥𝐺0𝑖

𝑟 . We stress that at no point in this work we will
consider variations neither in the temperature nor in the pressure.

In our work, we thus take into account that the energy available
from the 𝑖th reaction (measured in J mol−1), which is used as an energy
source in the 𝑖th niche, depends on the substrate concentration as

𝐸𝑖(𝑠𝑖) = −𝛥𝐺𝑖
𝑟 = −𝛥𝐺0𝑖

𝑟 + 𝑅𝑇 ln 𝑠𝑖 . (3)

In a recent work, [39], the authors study a population dynamics
model for chemotrophs in anaerobic conditions where the dependence
of the energy available from a redox reaction on the concentration
of the reaction constituents, is also considered. More specifically, the
authors study a single microbe feeding on a redox reaction of the type
𝐴𝑑+𝐵𝑎 → 𝐴𝑎+𝐵𝑑 where the total concentration 𝐴𝑎+𝐴𝑑 is constant and
the individual concentrations 𝐵𝑎 and 𝐵𝑑 are also constant. The varia-
tion of 𝐴𝑑 is, in their model, uniquely determined by the consumption
rate and the abiotic reaction rates. In addition, the authors focus their
study in the analysis of the dependence of the steady state population
density on the ability of the microbe to absorb the substrate. In our
case, we consider a chemostat scenario and we focus our attention on
how the power supply to the system shapes the patterns of microbial
survival.



D. Diego, B. Hannisdal and H. Dahle Mathematical Biosciences 338 (2021) 108615

t
g
o

p
i
t
u
(
o
d
m
i
s
a

𝑐

𝑠

w
n
t
y
𝜆
i
v
t

2

o
E

𝑌

𝜆

Fig. 1. (a) Model Schematic: Substrates flow into and out of a system with a fixed flowrate (𝜆). The power supply of the 𝑖th substrate is defined as the product substrate specific
inflow concentration (𝑆0𝑖), the flowrate (𝜆) and the energy available from each mole of substrate (𝐸𝑖). Once the 𝑖th substrate enters the system it is homogeneously distributed in
the system to the concentration 𝑠𝑖. The 𝑖th substrate is consumed at a rate (𝜌𝑖) dependent on 𝑠𝑖, modelled according to Michaelis–Menten kinetics in Eq. (1), so that the uptake of
he 𝑖th substrate in the 𝑖th niche is the product between 𝜌𝑖 and the population concentration within the 𝑖th niche (𝑐𝑖). The cell specific power supply is the product 𝐸𝑖𝜌𝑖. Cellular
rowth rates depend on the power available for growth after a fixed amount of power has been used for maintenance Eq. (4a). The maximum uptake rate is a derived constant
btained as 𝑟𝑚𝑎𝑥 = 𝑁𝑇𝐴𝑟∕𝑁𝐴, with 𝑁𝐴 denoting the Avogadro number. (b) Values and units of model constants. See the Supplementary Information (SI) for details.
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We assume in our model that all organisms have a maintenance
ower demand, 𝑃0𝑖 with units J s−1 cell−1. As in several previous stud-
es [40–42], maintenance power is defined here as the power necessary
o perform all cellular processes except for growth. This includes power
sed in spilling reactions [43–45] and power spent on ‘useful’ functions
e.g. motility). How fast the population in the 𝑖th niche grows depends
n the power available for new biomass production. This power is the
ifference between the substrate-consumption power 𝐸𝑖(𝑠𝑖)𝜌𝑖(𝑠𝑖), and
aintenance power 𝑃0𝑖. The rate of change in substrate concentrations

n the system is defined by the flow of substrate in and out of the
ystem, as well as the rate of consumption of the substrate. All the
bove considerations lead to the following set of ODEs:

̇𝑖 = 𝑌𝑖
[

𝐸𝑖(𝑠𝑖)𝜌𝑖(𝑠𝑖) − 𝑃0𝑖
]

𝑐𝑖 , (4a)

̇ 𝑖 = 𝜆(𝑆0𝑖 − 𝑠𝑖) − 𝜌𝑖(𝑠𝑖)𝑐𝑖 , (4b)

here we remark again that each index 𝑖 ∈ {1,… , 𝑁} labels a particular
iche, i.e., a particular set of bio-chemical and environmental condi-
ions in the modelled habitat. In addition, 𝑌𝑖 (cell J−1) is the biomass
ield, i.e. the number of cells that can be built from each unit of energy,
(s−1) is the flowrate entering the system and 𝑆0𝑖 (mol cm−3) is the

nput concentration for the 𝑖th substrate. In Fig. 1b we provide typical
alues for several of the model constants. Unless otherwise specified,
hese values are used in the numerical experiments.

.1. Stationary solutions

In the Supplementary Information (SI) we show the main properties
f the dynamics generated by the set of differential equations given in
q. (4). The stationary solutions correspond to

𝑖
[

𝐸𝑖(𝑠∗𝑖 )𝜌𝑖(𝑠
∗
𝑖 ) − 𝑃0𝑖

]

𝑐∗𝑖 = 0 , (5a)

(𝑆0𝑖 − 𝑠∗𝑖 ) − 𝜌𝑖(𝑠∗𝑖 )𝑐
∗
𝑖 = 0 , (5b)

for all 1 ≤ 𝑖 ≤ 𝑁 . The non trivial stationary solution (𝑐∗𝑖 > 0) requires

𝐸𝑖(𝑠∗𝑖 )𝜌𝑖(𝑠
∗
𝑖 ) = 𝑃0𝑖 . (6)

This is a transcendental equation but one may find a closed expression
for its solution in terms of the Lambert 𝑊 -function2 as (see SI for

2 The Lambert 𝑊 -function, 𝑊 (𝑧), is implicitly defined as 𝑊 (𝑧)𝑒𝑊 (𝑧) = 𝑧.
 t

3

etails)

∗
𝑖 =

𝑘𝑃0𝑖
𝑟𝑖𝑚𝑎𝑥𝑅𝑇

𝑊
⎛

⎜

⎜

⎝

𝑘𝑃0𝑖
𝑟𝑖𝑚𝑎𝑥𝑅𝑇

𝑒
− 𝑟𝑖𝑚𝑎𝑥𝛥𝐺

0𝑖
𝑟 +𝑃0𝑖

𝑟𝑖𝑚𝑎𝑥𝑅𝑇
⎞

⎟

⎟

⎠

. (7)

The corresponding asymptotic value for the cellular abundance in the
𝑖th niche is then

𝑐∗𝑖 = 𝜆
𝑆0𝑖 − 𝑠∗𝑖
𝜌𝑖(𝑠∗𝑖 )

= 𝜆
𝑃0𝑖

𝐸𝑖
𝑒𝑞

[

𝑆0𝑖 − 𝑒
𝐸𝑖
𝑒𝑞+𝛥𝐺

0𝑖
𝑟

𝑅𝑇

]

, (8)

where

𝐸𝑖
𝑒𝑞 ≡ 𝐸𝑖(𝑠∗𝑖 ) = −𝛥𝐺0𝑖

𝑟 + 𝑅𝑇 ln 𝑠∗𝑖 , (9)

is the asymptotic value for the energy available from the 𝑖th substrate.
In order to extract some intuition as to how big is the departure of
the available energy, 𝐸𝑖

𝑒𝑞 , from the reaction standard Gibbs energy,
𝛥𝐺0𝑖

𝑟 , we consider a generic niche with model parameter values set as
in Fig. 1b, more precisely:

−
𝐸𝑒𝑞

𝛥𝐺0
𝑟
= 1 − 𝑅𝑇 ln 𝑠∗

𝛥𝐺0
𝑟
, 𝑠∗ =

𝑘𝑃0
𝑟𝑚𝑎𝑥𝑅𝑇

𝑊

(

𝑘𝑃0
𝑟𝑚𝑎𝑥𝑅𝑇

𝑒−
𝑟𝑚𝑎𝑥𝛥𝐺0

𝑟 +𝑃0
𝑟𝑚𝑎𝑥𝑅𝑇

) .

We note the existence of a drop in the available energy with
respect to 𝛥𝐺0

𝑟 (Fig. 2). This is a consequence of the highly non-linear
dependence of 𝑠∗ on 𝛥𝐺0

𝑟 through the Lambert W-function.
It can be shown that if 𝑠∗𝑖 < 𝑆0𝑖, for every 1 ≤ 𝑖 ≤ 𝑁 , every solution

to the above system with 𝑐𝑖(0) > 0 and 𝑠𝑖(0) > 0, for all 1 ≤ 𝑖 ≤ 𝑁 ,
verifies that lim𝑡→∞ 𝑐𝑖(𝑡) = 𝑐∗𝑖 and lim𝑡→∞ 𝑠𝑖(𝑡) = 𝑠∗𝑖 , for all 1 ≤ 𝑖 ≤ 𝑁 (for
he formal proofs, see SI).

.2. Patterns of microbial survival

If the steady state value for cellular abundance in the 𝑖th niche is
on vanishing, 𝑐∗𝑖 > 0, the corresponding niche will be called viable.
n addition, given a fixed number of modelled niches 𝑁 , and assum-
ng equal probabilities for the different habitat environmental condi-
ions, one may estimate the probability for surviving in the conditions
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efining the 𝑖th niche as (see SI)

𝑖 ∶=
𝑐∗𝑖

∑𝑁
𝑗=1 𝑐

∗
𝑗

. (10)

In order to quantify how the different environmental conditions
ffect the number of viable niches as well as how diverse is the survival
robability, 𝑏𝑖 among these, we will employ methods pertaining to
uantitative biological diversity. Although there is no unequivocal or
recise definition of the concept of biological diversity [46], strong
fforts have been committed into finding a unified quantification for
t over the last 50 years. In his seminal work in 1973, Hill [47] unified
hree of the most popular quantifications of biodiversity (Shannon
ndex, Simpson index and the count of the total number of species
resent) under a common measure which is closely related to the
eneralized Rényi entropies, and which has become commonly known
s Hill numbers. Hill numbers were further extended to account for
ther aspects of diversity such as phylogenetic diversity (for a review
ee [48]). Despite all the efforts and theoretical advances over the
ast decades, the quest for a unified measure of biodiversity is still

challenge [49]. In this work, we will use the Shannon index as
he measure for the ‘‘diversity’’ of microbial survival and it will be
omputed as

𝐵 = −
𝑁
∑

𝑖=1
𝑏𝑖 ln 𝑏𝑖 , (11a)

𝑖 =
𝑐∗𝑖

∑𝑁
𝑗=1 𝑐

∗
𝑗

. (11b)

n the context of our model, the quantity 𝐻𝐵 will be called the survival
iversity. In essence, this quantity provides information not only on
he number of viable niches (those for which 𝑏𝑖 > 0) but also on
he distribution of the values 𝑏𝑖 across niches, i.e., how diverse are
he survival probabilities across niches. To understand this, suppose
hat among all viable niches, the survival probability is roughly the
ame, i.e. 𝑏𝑖 ∼ 1∕𝑁𝑣, where 𝑁𝑣 denotes the number of viable niches.
rom its definition (Eq. (11)) it easily follows that 𝐻𝐵 ∼ ln𝑁𝑣. For

a generic distribution of values 𝑏𝑖 over 𝑁𝑣 viable niches, one has
that 0 ≤ 𝐻𝐵 ≤ ln𝑁𝑣 and 𝐻𝐵 vanishes only if for some index, 𝑖,
𝑏𝑖 = 1 (and hence the rest vanish), in other words: there is only one
viable niche (the previous inequalities are well-known properties of
the Shannon functional). We remark the functional dependence of 𝐻𝐵

on the ‘‘relative abundances’’ 𝑐∗𝑖
∑

𝑗 𝑐
∗
𝑗

coincides exactly with the Shannon
index for computing the biodiversity of species.

2.3. Diversity of power supply

The instantaneous power supply to the 𝑖th niche is defined as

𝑃 𝑖(𝑡) = 𝜆𝑆
[

−𝛥𝐺0𝑖 + 𝑅𝑇 ln 𝑠 (𝑡)
]

, (12)
𝑠 0𝑖 𝑟 𝑖

4

so that

lim
𝑡→∞

𝑃 𝑖
𝑠 (𝑡) = 𝜆𝐸𝑖

𝑒𝑞𝑆0𝑖 =∶ 𝑃 𝑖
𝑠 . (13)

Our main interest in this work is to compare the survival diversity
(as defined above) with the dispersion in the values of the power
supply to each niche. Hence, in order to not introduce any artefact
in the comparison, we will compute the dispersion in the values of
the power supply using the same functional (Shannon index) and the
corresponding value will be called, in analogy, diversity of power
supply. It will be computed as

𝐻𝑃 = −
𝑁
∑

𝑖=1
𝑝𝑖 ln 𝑝𝑖 , (14a)

𝑝𝑖 =
𝑃 𝑖
𝑠

∑𝑁
𝑗=1 𝑃

𝑗
𝑠
. (14b)

. Relationships between survival diversity and diversity of power
upply

At population equilibrium, for any given niche 𝑖, its power supply
𝑃 𝑖
𝑠 , Eq. (13)) is determined by the flowrate (𝜆), the input substrate

oncentration (𝑆0𝑖) and the reaction energy (𝐸𝑖
𝑒𝑞 , Eq. (9)) whereas, in

erms of the power supply, the abundance of cells for the 𝑖th niche (𝑐∗𝑖 ,
Eq. (8)) is expressed as

𝑐∗𝑖 =
𝑃 𝑖
𝑠

𝑃0𝑖

[

1 − 1
𝑆0𝑖

𝑒
𝐸𝑖
𝑒𝑞+𝛥𝐺

0𝑖
𝑟

𝑅𝑇

]

. (15)

so even in a simplistic model such as ours, the power supply does
not determine uniquely the niche abundance. In addition, the survival
probability distribution across niches (𝑏𝑖 =

𝑐∗𝑖
∑

𝑗 𝑐
∗
𝑗
) can be expressed in

erms of the ‘‘relative abundance’’ of power supply (𝑝𝑖 =
𝑃 𝑖
𝑠

∑

𝑗 𝑃
𝑗
𝑠

) as

𝑏𝑖 = 𝑝𝑖𝛽𝑖 , with 𝛽𝑖 =

1
𝑃0𝑖

[

1 − 1
𝑆0𝑖

𝑒
𝐸𝑖
𝑒𝑞+𝛥𝐺

0𝑖
𝑟

𝑅𝑇

]

∑

𝑗 𝑃
𝑗
𝑠

∑

𝑗
𝑃 𝑗
𝑠

𝑃0𝑗

[

1 − 1
𝑆0𝑗

𝑒
𝐸𝑗
𝑒𝑞+𝛥𝐺

0𝑗
𝑟

𝑅𝑇

]
. (16)

From this, the quantity 𝐻𝐵 is expressed as

𝐻𝐵 = −
∑

𝑖
𝑏𝑖 ln 𝑏𝑖 = −

∑

𝑖
𝑝𝑖𝛽𝑖 ln

(

𝑝𝑖𝛽𝑖
)

, (17)

and hence it has no simple functional relationship with 𝐻𝑃 =
−
∑

𝑖 𝑝𝑖 ln 𝑝𝑖. In the following, we investigate the relation between these
quantities. As we shall see, in general the diversity of power supply
turns out to be a good predictor for the survival diversity. We remark
that, within our model, the relevant parameters are those listed in
Table 1.
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Table 1
Relevant parameters in our model.

Relevant parameters Symbol

Input substrate concentrations 𝑆0𝑖
Reaction standard Gibbs energies 𝛥𝐺0𝑖

𝑟
Uptake rates 𝑟𝑖𝑚𝑎𝑥
Maintenance powers 𝑃0𝑖

3.1. How well does 𝐻𝑃 determine 𝐻𝐵?

In order to assess how good a determinant of the survival diversity
𝐻𝐵 , Eq. (11)) is the diversity of power supply (𝐻𝑃 , Eq. (14)), we will

study how the relevant parameters (Table 1) shape the relationships
between both. As we will see, these parameters have significantly
distinct effects on the relation between 𝐻𝑃 and 𝐻𝐵 . As a reference,
when all niches share the same values for these parameters (so that in
essence there is only one niche available), it turns out that 𝐻𝐵 and 𝐻𝑃
are virtually in 1-to-1 correspondence and in fact 𝐻𝐵 = 𝐻𝑃 (Fig. 3).

We start by considering how the relationship between the survival
diversity (𝐻𝐵) and the diversity of power supply (𝐻𝑃 ) is shaped by the
input substrate concentration (𝑆0𝑖). To this aim, we fix the remaining
parameters as common to all niches and given the values in Fig. 1b,
that is: 𝑃0𝑖 = 𝑃0 and 𝑟𝑖𝑚𝑎𝑥 = 𝑟𝑚𝑎𝑥. Furthermore, we consider a situation
where the chemical reactions involving the substances consumed by
the organisms, all have roughly the same standard Gibbs energy, that
is: no variability in 𝛥𝐺0𝑖

𝑟 across niches. More precisely, 𝛥𝐺0𝑖
𝑟 = 𝛥𝐺0

𝑟 ,
where −𝛥𝐺0

𝑟 will be allowed to take values in the range 103 − 105 J
mol−1. As for the variability in the input concentration of substrates, we

will assume 𝑆0𝑖 to follow a distribution of the form 𝑆0𝑖 ∼ 𝑆0 𝑒
− (𝑖−𝑁∕2)2

𝜎2𝑁2 ,
where 𝑁 denotes the number of modelled niches, which will vary on
the range 10–1000, and 𝜎 controls the width of the distribution. This
intends to model a situation where only a certain fraction of niches have
abundance of substrates, modulated by 𝜎. Small values of 𝜎 (𝜎 ∼ 0.01)
correspond to a situation in which a very small fraction of the available
niches have abundance of substrates. Larger values of 𝜎 (𝜎 ≳ 10),
however, describe a situation where roughly all available niches have
the same abundance of substrates. The reason behind the choice of a
Gaussian profile is simply to have a unimodal distribution (i.e., having
a single peak). As for the symmetry of the distribution, we remark
that its shape has no biological bearing, because the labelling we have
adopted is completely arbitrary. The results would be the same using
different unimodal distributions such as Log-Normal. Here, we consider
a symmetric distribution for simplicity reasons exclusively.

When only a very small fraction of niches have abundance of
substrates, the power supply diversity (𝐻𝑃 ) fails to determine uniquely
the survival diversity (𝐻𝐵) (Fig. 4a) with a significant dispersion of
values for 𝐻𝐵 , given a value for 𝐻𝑃 . Such a dispersion progressively
reduces as the fraction of niches with access to an abundance of
substrates increases (Fig. 4b) and when larger fractions of the niches
have abundance of input substrates, the power supply becomes a very
good predictor of the survival diversity (Fig. 4c and d). The relationship
between both being linear, i.e. 𝐻𝐵 ≃ 𝐻𝑃 .

A non-uniform distribution of reaction energies across substrates
seems to have a mild effect on the relation between 𝐻𝐵 and 𝐻𝑃 .
To illustrate this, we now fix a common input concentration for all
substrates while we consider a distribution of reaction standard Gibbs
energies of the form 𝛥𝐺0𝑖

𝑟 ∼ 𝛥𝐺0
𝑟 𝑒

− (𝑖−𝑁∕2)2

𝜎2𝑁2 where, as before, −𝛥𝐺0
𝑟 ∈

[103, 105] J mol−1. The remaining parameters are set as common to
all niches. In this case, the power supply is a robust predictor of the
survival diversity and indeed 𝐻𝐵 ≃ 𝐻𝑃 (Fig. 5).

A yield-cost trade-off is an important trade-off in energy manage-
ment of living organisms [50–52]. In our model, we incorporate such
a trade-off by assuming that high uptake rates (which favour a higher
yield) come with an energetic cost in the form of higher maintenance
power, which induces a lower yield. In particular, we will consider
5

distributions of uptake rates (𝑟𝑖𝑚𝑎𝑥) and maintenance powers (𝑃0𝑖) across

niches of the form 𝑟𝑖𝑚𝑎𝑥 ∼ 𝑟𝑚𝑎𝑥𝑒
− (𝑖−𝑁∕2)2

𝜎2𝑁2 and 𝑃0𝑖 ∼ 𝑃𝑚𝑒
− (𝑖−𝑁∕2)2

𝜎2𝑁2 , respec-
tively, while keeping the remaining model parameters as common to
all niches. We remark that the trade-off does not refer to the particular
values of 𝑟𝑖𝑚𝑎𝑥 and 𝑃0𝑖, but to the opposite effects that these values
have on the organisms, that is: a higher uptake rate, 𝑟𝑖𝑚𝑎𝑥, is beneficial
while a higher value of 𝑃0𝑖 is a disadvantage (higher energy demands).
Making a mild abuse of language, this situation will be referred to as
a trade-off between uptake rate and maintenance power. The effect of
such a trade-off in the relation between the diversity of power supply
and the survival diversity is also rather mild so that it does not deviate
substantially from the linearity (Fig. 6).

For completeness, we consider how non-uniform distributions of all
the above relevant model parameters affect the relationship between
𝐻𝐵 and 𝐻𝑃 , when considered simultaneously. Again one observes that
for narrow distributions of the parameters across the niches, the power
supply does not determine the survival diversity uniquely (Fig. 7a and
b) but more interestingly, the relationship between 𝐻𝐵 and 𝐻𝑃 departs
clearly from the overall linearity shown in the previous cases, maybe
with the exception of Fig. 4a.

3.2. How the model parameters affect the survival probability

In the previous section we have considered how the relationship
between the diversity of power supply and the survival diversity is
modified or affected by the relevant parameters of our model (Table 1).
In this section, we turn our attention to the specific effect of these
parameters on the survival probability distribution over the niches,
𝑏𝑖 =

𝑐∗𝑖
∑

𝑗 𝑐
∗
𝑗

in Eq. (10). As we shall see, the different model parameters
hape survival patterns in substantially different ways.

Non-uniform distributions of input substrate concentrations (𝑆0𝑖)
ave a mild effect on 𝑏𝑖, at least regarding its dependence on the
tandard Gibbs energy of reactions 𝛥𝐺0

𝑟 (Fig. 8). Notice how, as ex-
ected, as the distribution of 𝑆0𝑖 flattens, 𝑏𝑖 approaches the uniform
istribution, that is: 𝑏𝑖 ∼ 1

𝑁 , 𝑁 denoting the number of modelled
niches (Fig. 8c and d). The variability in reaction Gibbs energies across
niches, in contrast, has a significant impact on the survival probability
distribution. Interestingly, there seems to be a bottle neck effect for
−𝛥𝐺0

𝑟 ∼ 2 × 104 J mol−1, where the survival probability is roughly
the same for all niches (Fig. 9). A trade-off between uptake rates
and maintenance powers turns around the relative viability between
niches with respect to the previous cases, such that the most viable
niche (that with the highest 𝑏𝑖 value) is the one with lowest values
for both uptake rate and maintenance power (𝑖 = 1 and 𝑖 = 50),
while the least viable (lowest 𝑏𝑖 value) is the one with highest values
of both parameters (Fig. 10). Interestingly enough, the combination of
non-uniform distributions of values of the above parameters arguably
has a more complex impact on the survival probability than when
individually considered (Fig. 11). Remarkably, the particular identity of
the most viable niche is in this case energy-scale dependent and there
seems to be a sharp transition at −𝛥𝐺0

𝑟 ≃ 3× 104 J mol−1 (Fig. 12). For
relatively peaked distributions of the values of the parameters across
niches, the most viable niche for low values of the reaction Gibbs
energies (−𝛥𝐺0

𝑟 ≲ 2 × 104 J mol−1) becomes virtually one of the least
viable for higher energy scales (−𝛥𝐺0

𝑟 ≳ 8 × 104 J mol−1) (Fig. 11a and
b). The values for the available energy, 𝐸𝑖

𝑒𝑞 , are roughly the same for
all niches and comparatively small on the range −𝛥𝐺0

𝑟 ∼ 2 − 4 × 104 J
mol−1 (Fig. 13). In contrast, the energy availability is more markedly
different across niches for −𝛥𝐺0

𝑟 ≳ 4 × 104 J mol−1, the niches with the
highest uptake rate (𝑖 = 25) being the most energetically advantaged
(Fig. 13a and b). For −𝛥𝐺0

𝑟 ≲ 2×104 J mol−1 however, the 𝑖 = 25 niche
is one of the least energetically advantaged. The energetic disadvantage
of the 𝑖 = 25 niche for −𝛥𝐺0

𝑟 ≲ 2 × 104 J mol−1 is clearly reflected in
its low viability over these energy scales (Fig. 11). Interestingly, for
−𝛥𝐺0 ≳ 5 × 104 J mol−1, the 𝑖 = 25 niche is not the most viable
𝑟
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Fig. 3. Survival diversity (𝐻𝐵) vs. diversity of power supply (𝐻𝑃 ) when the model parameters are common to all niches and given the values in Fig. 1b. The graphic shows all
airs (𝐻𝑃 ,𝐻𝐵 ) corresponding to the considered instances of number of modelled niches, 𝑁 ∈ [10, 1000] in steps of 50, and standard Gibbs energy of reactions, −𝛥𝐺0

𝑟 ∈ [103 , 105] J
ol−1 in steps of 103 J mol−1. The colour gradient shows the number of modelled niches: 𝑁 = 10 (red) to 𝑁 = 1000 (green).
Fig. 4. 𝐻𝐵 vs. 𝐻𝑃 when a distribution of input substrate concentrations of the form 𝑆0𝑖 ∼ 𝑆0 𝑒
− (𝑖−𝑁∕2)2

𝜎2𝑁2 is considered (see SI for details). The remaining model parameters are
common to all niches. Each graphic shows all pairs (𝐻𝑃 ,𝐻𝐵 ) corresponding to the considered instances of 𝑁 ∈ [10, 1000], and −𝛥𝐺0

𝑟 ∈ [103 , 105] J mol−1. In each case, the departure
from a well defined curve indicates that 𝐻𝑃 fails to uniquely determine 𝐻𝐵 . The graphics correspond to: a 𝜎 = 0.001; b 𝜎 = 0.01; c 𝜎 = 0.1; d 𝜎 = 1. The colour gradient is as in
ig. 3.
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ven though it is the most energetically advantaged (i.e it has the
ighest 𝑆0𝑖 and 𝛥𝐺0𝑖

𝑟 values). This asymmetric behaviour across energy
cales clearly emerges from the combined effect of all the above model
cenarios. At a high energy scale, the percentage difference between the
ost energetically advantaged niches and those with baseline values

or 𝐸𝑖
𝑒𝑞 , is relatively small and of little relevance. Therefore the effect

f the efficiency-cost trade-off becomes more significant. This explains
hy, for high energy scales, the most viable niches correspond to those
ith moderate values for both 𝑟𝑖𝑚𝑎𝑥 and 𝑃0𝑖 (Fig. 11).

. Variability of 𝑯𝑷 and 𝑯𝑩 across a chemical gradient

The Gibbs energy of a reaction is dependent on the activities (the
roduct of activity coefficient and concentration) of reactants and
roducts. Hence, even if the concentrations of reactants and products
re kept constant, the Gibbs energy of a reaction might change due to
hanges in activity coefficients, which are dependent on environmental

actors such as salinity. We consider here the ideal case where the 𝐸

6

oncentration of one compound, acting as a substrate or product in all
xidation reactions of 𝑆𝑖, is fixed at different values across a series of
ndependent systems. The activity coefficient of this compound is kept
onstant so that only variability in concentration causes variability in
ctivity. As an example, we take such a compound to be 𝐻+. We assume
he fluxes of limiting substrates to be the same for all systems. Hence,
e investigate how survival diversity varies along a pH gradient. In
articular, if the cells in the 𝑖th niche act as 𝐻+-producers, the chemical
eaction involving the 𝑖th substrate is of the form

𝑖 + 𝑟𝑒𝑎𝑐𝑡𝑎𝑛𝑡𝑠 ⟶ 𝑛𝑖𝐻
+ + 𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑠

Following the same reasoning that led to Eq. (3), we find

̂𝑖(𝑠𝑖) = −𝛥𝐺0𝑖
𝑟 + 𝑅𝑇 ln 𝑠𝑖 − 𝑛𝑖𝑅𝑇 ln[𝐻+] , (18)

nd taking into account that 𝑝𝐻 = − log10[𝐻+], the available energy in
he 𝑖th niche (𝐻+-producers) depends on pH as

̂ 0𝑖

𝑖(𝑠𝑖) = −𝛥𝐺𝑟 + 𝑅𝑇 ln 𝑠𝑖 + 𝑛𝑖𝑅𝑇 𝑝𝐻 ln 10.
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Fig. 5. 𝐻𝐵 vs. 𝐻𝑃 when a distribution of reaction Gibbs energies of the form 𝛥𝐺0𝑖
𝑟 ∼ 𝛥𝐺0

𝑟 𝑒
− (𝑖−𝑁∕2)2

𝜎2𝑁2 is considered (see SI for details). The remaining model parameters are common
to all niches. Each graphic shows all pairs (𝐻𝑃 ,𝐻𝐵 ) corresponding to the considered instances of 𝑁 ∈ [10, 1000], and −𝛥𝐺0

𝑟 ∈ [103 , 105] J mol−1. The graphics correspond to: a
𝜎 = 0.001; b 𝜎 = 0.01; c 𝜎 = 0.1; d 𝜎 = 1. The colour gradient is as in Fig. 3.
Fig. 6. 𝐻𝐵 vs. 𝐻𝑃 when a trade-off between uptake rates and maintenance powers of the form 𝑟𝑖𝑚𝑎𝑥 ∼ 𝑟𝑚𝑎𝑥𝑒
− (𝑖−𝑁∕2)2

𝜎2𝑁2 and 𝑃0𝑖 ∼ 𝑃0𝑒
− (𝑖−𝑁∕2)2

𝜎2𝑁2 , respectively, is considered (see SI for
details). The remaining model parameters are common to all niches. Each graphic shows all pairs (𝐻𝑃 ,𝐻𝐵 ) corresponding to the considered instances of 𝑁 ∈ [10, 1000], and
𝛥𝐺0

𝑟 ∈ [103 , 105] J mol−1. The graphics correspond to: a 𝜎 = 0.001; b 𝜎 = 0.01; c 𝜎 = 0.1; d 𝜎 = 1. The colour gradient is as in Fig. 3.
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n the general case,

̂𝑖(𝑠𝑖) = −𝛥𝐺0𝑖
𝑟 + 𝑅𝑇 ln 𝑠𝑖 + 𝜅𝑖𝑛𝑖𝑅𝑇 𝑝𝐻 ln 10 , (19)

here 𝑛𝑖 is the proton stoichiometry coefficient for the reaction of the
th substrate and 𝜅𝑖 is either +1, if 𝐻+ is a product, or −1 if it is a
eactant. The stationary solutions thus depend explicitly on the 𝑝𝐻 ,
hich entails the 𝑝𝐻-dependence of both the survival and power supply
iversities (see SI for details)

𝐵(𝑝𝐻) = −
∑

𝑖
�̂�𝑖(𝑝𝐻) ln

(

�̂�𝑖(𝑝𝐻)
)

, (20a)

𝑃 (𝑝𝐻) = −
∑

𝑖
𝑃 𝑖
𝑠 (𝑝𝐻) ln

(

𝑃 𝑖
𝑠 (𝑝𝐻)

)

, (20b)

ith �̂�𝑖(𝑝𝐻) =
𝑐∗𝑖 (𝑝𝐻)

∑

𝑗 𝑐
∗
𝑗 (𝑝𝐻) and 𝑃 𝑖

𝑠 (𝑝𝐻) =
𝑆0𝑖�̂�𝑖

𝑒𝑞 (𝑝𝐻)
∑

𝑗 𝑆0𝑗 �̂�
𝑗
𝑒𝑞 (𝑝𝐻)

. How the survival

diversity changes with pH is, within our modelling framework, largely
 s

7

dependent on the exact chemical and biological setting of the system.
In a system where the only relevant difference among the organisms
is that 𝐻+ is produced by a fraction of them and consumed by the
rest, a decrease in pH (i.e. increase in 𝐻+) causes an increase of the
ower supply to the consumer of 𝐻+ whereas it makes the power
upply to the producers decrease. This is easily checked using Eq. (19),
rom which we readily see that 𝜕𝐸𝑖

𝜕𝑝𝐻 < 0 for the 𝐻+-consumers while
𝜕𝐸𝑖
𝜕𝑝𝐻 > 0 for the producers. In this scenario, the available energies
t population equilibrium (𝐸𝑖

𝑒𝑞) for 𝐻+-consumers and producers may
iverge from each other (Fig. 14c) or converge to each other and
ross (Fig. 15c). This reflects in the corresponding stationary cellular
bundances in the niches (Figs. 14a and 15a). The effect on the survival
iversity is either a monotonic decrease (Fig. 14b) or the presence of a
lobal maximum (Fig. 15b). However, under more complex biological
ettings, 𝐻 may depend on pH in a highly non-trivial way. As an
𝐵
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Fig. 7. 𝐻𝐵 vs. 𝐻𝑃 when unimodal distributions of 𝑆0𝑖, −𝛥𝐺0𝑖
𝑟 , 𝑟𝑖𝑚𝑎𝑥 and 𝑃0𝑖 are considered simultaneously (see SI for details). Each graphic shows all pairs (𝐻𝑃 ,𝐻𝐵 ) corresponding

to the considered instances of 𝑁 ∈ [10, 1000], and −𝛥𝐺0
𝑟 ∈ [103 , 105] J mol−1. The graphics correspond to: a 𝜎 = 0.001; b 𝜎 = 0.01; c 𝜎 = 0.1; d 𝜎 = 1. The colour gradient is as in

Fig. 3.
Fig. 8. Survival probability across niches as a function of the reaction standard Gibbs energy 𝛥𝐺0
𝑟 when a non-uniform distribution of the input substrate concentrations

𝑆0𝑖 ∼ 𝑆0 𝑒
− (𝑖−𝑁∕2)2

𝜎2𝑁2 , is considered while the remaining parameters are set as common to all niches (see SI for details). The number of modelled niches 𝑁 is set to 50 and due
o the symmetry of the distribution, only the niches labelled 1–25 are shown. The colour gradient indicates the niche label (red corresponds to 𝑖 = 1 and blue to 𝑖 = 25). The

graphics correspond to: a 𝜎 = 0.05; b 𝜎 = 0.1; c 𝜎 = 0.5; d 𝜎 = 1.
xample of this, here we consider the case of a trade-off between

ptake rates and maintenance power given by 𝑟𝑖𝑚𝑎𝑥 ∼ 𝑟𝑚𝑎𝑥𝑒
− (𝑖−𝑁∕2)2

0.01𝑁2

and 𝑃0𝑖 ∼ 𝑃𝑚𝑒
− (𝑖−𝑁∕2)2

0.01𝑁2 , respectively, with 𝑁 denoting the number of
modelled niches (Fig. 16). Interestingly, while the dependence of 𝐻𝑃
on pH is essentially the same as in the case where all niches share
all the relevant parameters (Figs. 15d and 16d), the survival diversity
shows a very complex dependence on pH with multiple local maxima
and minima (Fig. 16b). In general, pH shapes the relationships between
𝐻𝐵 and 𝐻𝑃 in rather complex and non-intuitive ways, even within a
very simple model such as ours (Figs. 17 and 18). We remark that the
ways pH modifies these relationships, depend strongly on the particular
values of 𝛥𝐺0𝑖

𝑟 for the chemical reactions used in the microbial niches
and the specific proton stoichiometry coefficients.
8

These analyses demonstrate how 𝐻𝐵 can vary along a pH gradient,
due to a thermodynamic dependency between pH and power supply.
Within our modelling framework, the connections between pH and
survival diversity will be similar between systems hosting the same
biological niches, but can be very different between systems hosting
different biological niches.

5. Discussion

This study provides a comprehensive theoretical analysis of the cou-
pling between fluxes of chemical energy and microbial survival without
interspecific competition for resources. We consider a highly idealized
population dynamics model where growth is energy limited, which
arguably is the case for most of microbial Earth’s biosphere [53]. Our
model is derived from a few fundamental principles relating chemical
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Fig. 9. Survival probability across niches as a function of 𝛥𝐺0
𝑟 when a non-uniform distribution of the standard Gibbs energy of reactions of the form 𝛥𝐺0𝑖

𝑟 ∼ 𝛥𝐺0
𝑟 𝑒

− (𝑖−𝑁∕2)2

𝜎2𝑁2 , is
onsidered while the remaining parameters are set as common to all niches (see SI for details). N = 50 and the colour code is the same as in Fig. 8. The graphics correspond
o: a 𝜎 = 0.05; b 𝜎 = 0.1; c 𝜎 = 0.5; d 𝜎 = 1.
Fig. 10. Survival probability across niches as a function of 𝛥𝐺0
𝑟 when a trade-off between uptake rates and maintenance powers of the form 𝑟𝑖𝑚𝑎𝑥 ∼ 𝑟𝑚𝑎𝑥𝑒

− (𝑖−𝑁∕2)2

𝜎2𝑁2 and 𝑃0𝑖 ∼ 𝑃0𝑒
− (𝑖−𝑁∕2)2

𝜎2𝑁2 ,
espectively, is considered. The remaining parameters are set as common to all niches (see SI for details). N = 50 and the colour code is the same as in Fig. 8. The graphics
orrespond to: a 𝜎 = 0.05; b 𝜎 = 0.1; c 𝜎 = 0.5; d 𝜎 = 1.
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ower supply to a system, cellular rates of substrate uptake, cellu-
ar power demands, and population size. Our model describes a one
pecies-one resource scenario under a multiplicity of environmental
onditions, and investigates how the different bio-chemical factors
ffect the survival probability. We find that fluxes of energy influence
he survival patterns in non-intuitive ways.

The model parameters have a clear relevance to real ecosystems.
or example, 𝜆 may describe the flow rate of substrates into and out
f a fermentor or river discharge into and out of a lake; values of 𝑆0𝑖
escribe concentrations of substrate in the inflow; 𝛥𝐺0

𝑟 levels describe
ypical reaction standard Gibbs energy corresponding to substrate oxi-
ation under given environmental conditions, and 𝛥𝐺0𝑖

𝑟 values describe
ubstrate-specific standard Gibbs energy. This study demonstrates that
ven within a simple and highly idealized model framework, complex
elationships emerge between the energetic setting of a system and
icrobial survival where distributions of 𝑆 and 𝛥𝐺0𝑖, as well as 𝛥𝐺0
0𝑖 𝑟 𝑟 r

9

evels, contribute to shaping niches in distinct ways. Adding a biological
rade-off between energy acquisition efficiency and maintenance power
ncreases this complexity even further.

Our numerical experiments demonstrate that a global scaling of 𝛥𝐺0
𝑟

s sufficient to create changes in survival patterns. Interestingly, 𝛥𝐺0
𝑟

evels also seem to have a large impact on the identity of the most
iable niche in models where both 𝛥𝐺0𝑖

𝑟 and 𝑆0𝑖 values vary and a trade-
ff between 𝑃0𝑖 and 𝑟𝑖𝑚𝑎𝑥 is considered (Fig. 11). Although values of 𝛥𝐺0𝑖

𝑟
ill rarely change with a common factor for all energy yielding reac-

ions along a chemical gradient, the energy scale 𝛥𝐺0
𝑟 is a potentially

mportant parameter for understanding how environmental conditions
hape the overall distribution of microbial niches. Changing the power
upply to a system by a scaling of 𝜆 has a fundamentally different
ffect on 𝐻𝐵 than if the same increase in power supply occurs due to a
lobal scaling of 𝑆0𝑖 values – i.e. within our modelling framework, 𝐻𝐵
emains unaffected by a scaling of 𝜆 but responds to a scaling of 𝑆
0𝑖
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s
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Fig. 11. Survival probability across niches as a function of 𝛥𝐺0
𝑟 for distributions 𝑆0𝑖 ∼ 𝑆0 𝑒

− (𝑖−𝑁∕2)2

𝜎2𝑁2 , 𝛥𝐺0𝑖
𝑟 ∼ 𝛥𝐺0

𝑟 𝑒
− (𝑖−𝑁∕2)2

5𝜎2𝑁2 , 𝑟𝑖𝑚𝑎𝑥 ∼ 𝑟𝑚𝑎𝑥𝑒
− (𝑖−𝑁∕2)2

𝜎2𝑁2 ∕2 and 𝑃0𝑖 ∼ 𝑃0𝑒
− (𝑖−𝑁∕2)2

𝜎2𝑁2 ∕2 (see SI for details).
The number of niches is set to 𝑁 = 50. The colour code is the same as in Fig. 8. The graphics correspond to: a 𝜎 = 0.05; b 𝜎 = 0.1; c 𝜎 = 0.5; d 𝜎 = 1.
Fig. 12. Label of the most viable niche as a function of 𝛥𝐺0
𝑟 . The graphics show the most viable niche (dented as 𝑖𝑚𝑎𝑥) corresponding to: a Fig. 11a; b Fig. 11b; c Fig. 11c; d

Fig. 11d.
values, particularly for low −𝛥𝐺0
𝑟 values (Fig. S2). This result has a clear

relevance to natural systems. For example, if we want to predict the
niche structure in an ecosystem, then the concentration of substrates in
fluids flowing into the system may be a stronger predictor than the rate
of fluid inflow. Note that variability in 𝑆0𝑖 does not affect the chemical
composition of the system (except for niche viability). Consequently,
environments with identical in situ environmental conditions may still
host niche structures with different 𝐻𝐵 due to differences in the mode
of power supply.

Despite the emergent complexity of the connections between energy
supply and survival diversity, our results suggest that the diversity of
power supply (𝐻𝑃 ) may be an overall good predictor for survival di-
versity (𝐻𝐵), at least across environments with unimodal distributions
for 𝑆0𝑖, 𝛥𝐺0𝑖

𝑟 , 𝑟𝑖𝑚𝑎𝑥 and 𝑃0𝑖 (Figs. 3–7). We stress, however, that a strong
correlation between 𝐻𝑃 and 𝐻𝐵 does not imply that chemical gradients
hape niche patterns in a simple way. Rather, as exemplified by our

nalysis of survival diversity along a pH gradient, variations in the

10
activity of a single chemical compound may have very different effects
on the relationship between 𝐻𝑃 and 𝐻𝐵 under different chemical and
biological settings (Figs. 17 and 18). Heterogeneity in the relationship
between pH and microbial community structure has been observed in
different environments. In a study of 431 geographically widespread
and environmentally disparate lakes, no correlation was found between
𝛼–diversity and pH [54]. In contrast, pH has been found to be a
major driver of soil communities and is often reported to be one of
the strongest predictors of 𝛼-diversity [1,55]. Reported trends in the
relationship between pH and microbial 𝛼-diversity in soil also differ.
In an analysis of 300 grassland and forest soils in Germany, 𝛼-diversity
increased with pH from pH 3 to pH 7.5, but with a plateau around
pH 5 – 6 [1]. In analyses of numerous types of US soil samples,
covering a pH range of 3–9, the 𝛼-diversity peaked at pH around 6–
7. The diversity patterns observed in soils globally seem to emerge
from an aggregation of multiple simpler relationships between pH and

the relative abundance of individual taxonomic groups from phylum



D. Diego, B. Hannisdal and H. Dahle Mathematical Biosciences 338 (2021) 108615
Fig. 13. Available energy, 𝐸𝑖
𝑒𝑞 , as a function of 𝛥𝐺0

𝑟 corresponding to the survival probability shown in Fig. 11. The graphics show the available energy corresponding to the
survival probability in: a Fig. 11a; b Fig. 11b; c Fig. 11c; d Fig. 11d.
Fig. 14. Effect of 𝑝𝐻 on 𝐻𝐵 and 𝐻𝑃 . The model parameters are common to all niches and given the values in Fig. 1b. The number of modelled niches is set to 𝑁 = 100. Half
of them are set to be 𝐻+-producers and the other half are 𝐻+-consumers. The 𝐻+-stoichiometric coefficients are assigned values between 1 and 10. The reaction standard Gibbs
energy is set to −𝛥𝐺0

𝑟 = 106 J mol−1 for the 𝐻+-consumers and −𝛥𝐺0
𝑟 = 3 × 106 J mol−1 for the 𝐻+-producers. The graphic a shows the abundance of cells for the 𝐻+-consumers

(blue line) and for the 𝐻+-producer (red line); The graphic b shows the corresponding survival diversity; Graphic c shows the 𝑝𝐻-dependence of 𝐸𝑖
𝑒𝑞 corresponding to the plot a.

The red line shows 𝐸𝑒𝑞 for the 𝐻+-producer and the blue line corresponds to the 𝐻+-consumer; The plot d shows the corresponding power supply diversity (𝐻𝑃 ).
to species level [1,56–58]. Intriguingly, this emergence of complexity
from simple pH dependence of cellular abundances is what we find in
our model (Figs. 15–16).

Whether this type of interdependences are also found between
power supply and community structure when interspecific competition
for resources is considered, is clearly a topic for future research. Our
findings set a promising precedent for these investigations. We remark
again that simple environments as the one considered in our work can
be reconstructed using microbial strains from culture collections, as
artificial communities in laboratory settings and hence our modelling
results are potentially testable. Based on our results, we propose three
expectations that can act as working hypotheses for further enquiry:

• 𝛥𝐺0
𝑟 levels and the shape of the distributions of 𝑆0𝑖 and 𝛥𝐺0𝑖

𝑟 influ-
ence microbial biodiversity in different ways. Relative abundance
11
of species (also 𝐻𝐵) is more sensitive to variations in the 𝛥𝐺0𝑖
𝑟

distribution than to comparable variation in the distribution of
𝑆0𝑖 values.

• 𝐻𝑃 is a useful predictor for 𝐻𝐵 across environments with similar
𝛥𝐺0

𝑟 levels and similarly shaped distributions of 𝑆0𝑖 and 𝛥𝐺0𝑖
𝑟 .

• There is no general trend between a given chemical gradient and
biodiversity, rather the relationship between them depends on the
thermodynamic setting of the environment.

These expectations can be tested directly under chemostat condi-
tions where chemical fluxes and the chemical composition of the system
can be controlled, and microbial communities can be easily monitored
– e.g. through 16S rRNA gene sequence analyses. In order to set up an
experimental system comparable to what is modelled here, the species
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Fig. 15. Effect of 𝑝𝐻 on 𝐻𝐵 and 𝐻𝑃 . The 𝛥𝐺0
𝑟 for the 𝐻+-consumers is set to −106 J mol−1 while for the 𝐻+-producers, 𝛥𝐺0

𝑟 = −3 × 105 J mol−1. The colour code and the
remaining model parameters are as in Fig. 14.
Fig. 16. Effect of 𝑝𝐻 on 𝐻𝐵 and 𝐻𝑃 , considering a trade-off between uptake rates and maintenance powers given by: 𝑟𝑖𝑚𝑎𝑥 = 𝑟𝑚𝑎𝑥

(

𝑒−
(𝑖−𝑁∕2)2

0.01𝑁2 + 1
100

)

and 𝑃0𝑖 = 𝑃0

(

𝑒−
(𝑖−𝑁∕2)2

0.01𝑁2 + 1
20

)

,

ith 𝑁 = 100. The 𝛥𝐺0
𝑟 for the 𝐻+-consumers is set to −106 J mol−1 while for the 𝐻+-producers, 𝛥𝐺0

𝑟 = −3 × 105 J mol−1. The colour code and the remaining model parameters
re as in Fig. 14.
A
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o
s
p

rown in the chemostat should have distinct substrate spectra so that
ach species acquires energy by the oxidation of one limiting substrate
ach. In principle, one could analyse diversity patterns in a system with
nly two species, but a higher number of species may be desirable for a
ore robust analysis. Estimates of maintenance power can be obtained

xperimentally, taking into account that maintenance power depends
n environmental conditions, such as temperature [53,59,60].

In the field of microbial ecology, connections between environmen-
al setting and biodiversity in natural systems have thus far mostly been
xplored through linear regression analyses or multivariate analyses
nvolving directly measurable environmental parameters. Our results
uggest that in order to identify driving mechanisms of biodiversity and
ommunity structure, a concerted effort should be put into assessing the
ole of power supply. Quantifying chemical power supply in natural
nvironments can be challenging as it requires accurate information
n chemical composition and dominant chemical fluxes in the system.
 u

12
nother complicating factor is that variations in the concentration of
chemical compound may have both direct and indirect effects on

nergy fluxes. For example, pH influences energy availability directly
n energy yielding reactions where protons act as reactants or products,
ut also indirectly by modulating the activity coefficient or chemical
peciation of numerous chemical compounds [26]. Hence, there is a
eed to develop improved methods for estimating energy fluxes and
ncluding such estimates in ecological studies to test model predictions.

. Conclusions

In this work, we have performed a thorough mathematical analysis
f the relationship between microbial survival and chemical power
upply in an energy limited environment and without interspecific com-
etition for resources, by considering a one species-one resource model
nder multiple environmental and biological conditions. Our study
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Fig. 17. 𝐻𝐵 vs. 𝐻𝑃 when the effect of pH is considered. The plots show the pairs (𝐻𝑃 ,𝐻𝐵 ) corresponding to all the considered instances of 𝑝𝐻 ∈ [0, 14] and −𝛥𝐺0
𝑟 ∈ [1, 10] × 105

J mol−1. 𝑁 = 100 and half of the niches are set as 𝐻+-producers and the other half are 𝐻+-consumers. The proton stoichiometry coefficients are assigned values between 1 and
10 (see SI for details). The colour gradient corresponds to pH = 0 (red) to pH = 14 (green). The graphics correspond to (see SI for details): a All niches share the values for
the relevant parameters; b A distribution 𝑆0𝑖 ∼ 𝑆0 𝑒

− (𝑖−𝑁∕2)2

0.01𝑁2 is considered; c A distribution 𝛥𝐺0𝑖
𝑟 ∼ 𝛥𝐺0

𝑟 𝑒
− (𝑖−𝑁∕2)2

0.05𝑁2 is considered; d A trade-off between uptake rates and maintenance

owers as 𝑟𝑖𝑚𝑎𝑥 ∼ 𝑟𝑚𝑎𝑥 𝑒
− (𝑖−𝑁∕2)2

0.01𝑁2 ∕2 and 𝑃0𝑖 ∼ 𝑃0 𝑒
− (𝑖−𝑁∕2)2

0.01𝑁2 ∕2 is considered.
Fig. 18. 𝐻𝐵 vs. 𝐻𝑃 when the effect of pH is considered and unimodal distributions for the relevant parameters are considered simultaneously (see SI for details). The colour
radient and the ranges for pH and for 𝛥𝐺0

𝑟 are as in Fig. 17.
orms a baseline for future theoretical exploration of the coupling be-
ween power supply and biological diversity in models of more complex
cosystems accounting for competition and syntrophic associations. We
ind a strong coupling between the diversity in chemical power supply
nd microbial survival patterns, while the individual factors determin-
ng power supply - i.e. substrate concentrations in fluids entering a
ystem, fluid flowrates, and Gibbs energies of reactions — affect the
icrobial survival in fundamentally distinct ways. Moreover, we show
ow complex survival patterns along various chemical gradients can
merge from simple connections between power supply and growth.
his study provides a thermodynamics based framework for microbial
urvival modelling, and highlights the importance of including careful
nalyses of power supply in ecological studies aiming at deciphering
13
how environmental conditions shape microbial communities. Our find-

ings highlight the importance of taking into account energy supply

and energy utilization in microbial systems in order to advance our

understanding of how the fundamental laws of thermodynamics shape

the biosphere.

Software: The code to reproduce the numerical results presented in

this work is available as Jupyter notebooks in

github.com/diegocastro79/Power-Supply-vs-Microbial-Survival

https://github.com/diegocastro79/Power-Supply-vs-Microbial-Survival
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