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Statistics of weakly nonlinear waves on currents with strong vertical shear
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We investigate how the presence of a vertically sheared current affects wave statistics,
including the probability of rogue waves, and apply it to a real-world case using measured
spectral and shear current data from the mouth of the Columbia River. A theory for
weakly nonlinear waves valid to second order in wave steepness is derived and used to
analyze statistical properties of surface waves; the theory extends the classic theory by
Longuet-Higgins [J. Fluid Mech. 12, 321 (1962)] to allow for an arbitrary depth-dependent
background flow, U (z), with U the horizontal velocity along the main direction of wave
propagation and z the vertical axis. Numerical statistics are collected from a large number
of realizations of random, irregular sea-states following a JONSWAP spectrum, on linear
and exponential model currents of varying strengths. A number of statistical quantities
are presented and compared to a range of theoretical expressions from the literature; in
particular the distribution of wave surface elevation, surface maxima, and crest height;
the exceedance probability including the probability of rogue waves; the maximum crest
height among Ns waves, and the skewness of the surface elevation distribution. We find that
compared to no-shear conditions, opposing vertical shear [U ′(z) > 0] leads to increased
wave height and increased skewness of the nonlinear-wave elevation distribution, while
a following shear [U ′(z) < 0] has opposite effects. With the wave spectrum and velocity
profile measured in the Columbia River estuary by Zippel and Thomson [J. Geophys. Res.:
Oceans 122, 3311 (2017)] our second-order theory predicts that the probability of rogue
waves is significantly reduced and enhanced during ebb and flood, respectively, adding
support to the notion that shear currents need to be accounted for in wave modeling and
prediction.

DOI: 10.1103/PhysRevFluids.8.014801

I. INTRODUCTION

Waves in the ocean are almost invariably affected by interaction with their surroundings, ambient
currents in particular. While large-scale ocean currents may be approximately depth-independent,
this is often not the case for smaller-scale currents such as those driven by wind shear, or currents
in the near-shore environment including river deltas and tidal currents. Of particular interest is the
role of these environmental factors on the occurrence probability of extremely large waves [1–3],
known also as rogue, giant, or freak waves, defined as waves whose amplitude far exceeds that of
their surrounding wave field. To this end, many formation mechanisms of rogue waves have been
proposed, including (but not limited to) dispersive focusing of linear waves [1], nonlinear effects
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such as the modulational instability [4] and quartet resonances [5] as well as refraction by currents
[6] and bathymetry [7,8], and nonlinear interaction between surface waves and depth transitions
[9,10]. In this paper, our main attention is paid to the effect of a background depth-varying current
on the statistics of weakly nonlinear waves, rogue wave events in particular.

To obtain a proper statistical description of rogue wave events, a theory for second-order
interaction of waves in a random sea has been widely used in both analytical [11–18] and numerical
studies [19,20]. In contrast to linear waves in a random sea for which the wave elevation can
be represented as a Gaussian random process [21], second-order nonlinear waves can lead to
considerable deviations from Gaussian wave statistics due to the steepened crests and flattened
troughs caused by second-order (bound) waves. To describe the altered statistics, analytical models
for wave crest and elevation distributions have been proposed for deep-water random waves, see,
e.g., Refs. [13,15,17]. These generally agree well with both laboratory and field measurements for
narrowband and broadband wave fields (see, e.g., Refs. [17,20,22–24]) with moderate steepness. In
more nonlinear sea states discrepancies arise from third and higher order nonlinear effects, e.g., the
well-known Benjamin-Feir instability [4] and the resonant wave quartets [5]. Hence, a second-order
theory such as the one we present herein, is limited to the cases where higher-order corrections are
comparatively small.

Many studies have suggested several different ways by which the probability of rogue waves
is increased in the presence of currents with horizontal, but not vertical, spatial variation (cf.
Refs. [25,26]). A current whose magnitude and direction varies slowly in space relative to the rapidly
varying wave phase has mostly been considered as a (local) Doppler shift on the wave dispersion
relation and as a medium of refraction in the conservation of wave action [6,27]. Due to this, White
and Fornberg [6] attribute the enhanced probability of larger wave events in currents to the local
refraction by currents. Many varieties of the third-order nonlinear Schrödinger equations have been
developed for slowly (horizontally) varying currents, see, e.g., Refs. [28–30]. An opposing current
has been found to lead to strengthened modulational instability [7,31], and Shrira and Slunyaev [26]
found that trapped waves by a jet current can also lead to an enhanced formation probability of
rogue waves, while Hjelmervik and Trulsen [30] found that a wave impinging on an opposing jet
has increased significant wave height, but decreased kurtosis, and viceversa.

The aforementioned works have focused on a current whose velocity profile does not have
significant gradients in the vertical direction. Among the studies of waves in a horizontally uniform
and depth varying current, a majority have examined waves propagating along or against currents
which vary linearly with depth, which in two dimensions permits the use of a velocity potential
[32], considerably simplifying the analytical treatment [29,33–37]. The assumption of a linearly
varying current also results in significant simplification of the continuity and Euler momentum
equations in three dimensions, based on which a second-order theory for three-dimensional waves
was developed by Akselsen and Ellingsen [38]. A uniform vorticity plays a significant role in both
the sideband instability and modulational growth rate for weakly nonlinear unidirectional Stokes
waves [34,39]. A positive vorticity, which in the earth-fixed reference system corresponds to an
opposing current getting weaker with increasing depth—i.e., U (z) < 0 and U ′(z) < 0 with U (z) the
current oriented along the wave propagation direction, z the vertical coordinate, and a prime denotes
the derivative—can remove the modulational instability altogether. The effect was demonstrated
experimentally by Steer et al. [40] and Pizzo et al. [41] (the definition of positive/negative shear
in Ref. [40] is different from ours due to a different choice of the coordinate system). Francius and
Kharif [42] have extended [34] to two-dimensional Stokes waves where new quartet and quintet
instabilities have been discovered arising from the presence of a uniform vorticity, while Abrashkin
and Pelinovsky [43] derived a nonlinear Schrödinger equation for arbitrary, weak vertical shear in a
Lagrangian framework, generalized in Ref. [41].

Realistic natural currents have nonzero curvature in the depth direction which leads to addi-
tional effects on wave properties. A number of works, e.g., Refs. [44–48], have demonstrated the
importance of the depth-varying curvature of a current profile in the wave action equation. Effects
of the curvature are wave-number- and depth-dependent, leading to considerable deviations of the
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direction and speed of the propagation of wave energy from the cases where the curvature has
been neglected [48]. Experimental studies, e.g., Refs. [49–51], have confirmed the importance
of curvature in wave modeling. Cummins and Swan [49] carried out an experimental study of
irregular waves propagating in an arbitrarily depth varying current and the wave spectra measured
showed significant differences from those in a uniform and magnitude-equivalent current. It was
concluded by Waseda et al. [50] from experiments that the variability of the ambient current
affected the third-order resonant interaction of wave quartets more than its mean profile did. In field
observations, ocean currents are found to have considerable effect on the significant wave height
[52], estimation of Stokes drift and particle trajectories [53], and the dissipation of waves through
breaking [54].

The objective of the paper is twofold. First, we present a new framework to allow for the
interaction of weakly nonlinear surface gravity waves and a vertically sheared current, generalizing
the work of Longuet-Higgins [11]. Second, we implement the new theory numerically to study
how a current profile’s shear and curvature affect wave statistics, e.g., wave crest distribution and
skewness of the surface elevation of random waves.

We highlight that the new framework presented in this paper does not rely on assumptions of
weak vertical shear (such as Stewart and Joy [55], Skop [56], Kirby and Chen [57], Zakharov and
Shrira [58]) or weak curvature (or “near-potentiality,” e.g., Shrira [59] and Ellingsen and Li [60]).
Although these simplifying assumptions may be applicable to most realistic situations in the open
ocean, their validity should not be taken for granted, and must be properly ascertained [60]. Indeed,
the shear of a current can be strong in oceanic and coastal waters. For example, a wind-driven shear
current in the top few centimetres can have very strong shear (e.g., Refs. [61,62]) and the surface
current typically takes values ∼3% of the wind speed [63]. Estuarine tidal flow has been found to be
very strongly sheared, for instance the mouth of the Columbia River which we use as example herein
[54,64]. We therefore choose to use the numerical direct integration method (DIM) proposed by Li
and Ellingsen [47] to calculate the linear wave surface and velocity fields, being equally applicable
to any horizontally uniform depth-dependent current profile regardless of its magnitude, shear, and
curvature. As detailed in Li and Ellingsen [47], the computational cost of the DIM is comparable to
that using analytical approximations which involve integration over the water column [55–57,60],
and unlike the aforementioned approximations, it provides an error estimate at little extra cost. The
computer code used to generate the results presented in this paper is included as Supplemental
Material online [65].

This paper is laid out as follows. A second-order theory based on a perturbation expansion,
the direct integration method for linear waves [47], and double Fourier integrals for the second-
order bound waves is presented in Sec. II. Using the assumption of narrow-banded waves the shear
current-modified wave statistics (e.g., skewness and the exceedance probability of wave crest) are
derived in Sec. III. With the numerical implementation of the theory detailed in Sec. IV, weakly
nonlinear waves in a random sea are examined in Sec. V, for which the linear wave amplitude
and phase used for random wave realizations are assumed to follow a Rayleigh distribution and a
uniform distribution, respectively, following Tucker et al. [66].

II. THEORETICAL DESCRIPTION AND METHODOLOGY

A. Problem statement

We consider three-dimensional surface gravity waves atop a background flow in deep water.
Incompressible and inviscid fluids are assumed and the surface tension has been neglected for
simplicity. The background flow propagates in the horizontal plane and varies with depth (i.e.,
vertically sheared). Its three-dimensional velocity vector is described by U∗

3(z∗) = (U∗(z∗), 0),
with U∗ the velocity vector in the horizontal plane, z∗ the upward axis, and a vanishing vertical
component. Dimensional variables are marked with an asterisk. A Cartesian coordinate system is
chosen and the still water surface in the absence of waves and flow is located at z∗ = 0. The surface
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elevation due to the background flow in the absence of surface waves is described by z∗ = η∗, which
is assumed known and whose spatial and temporal variations are comparably negligible to the wave
perturbed fields. Neglecting the influence of surface waves on the background flow field, the system
of surface waves in a background flow can be described by the continuity and Euler momentum
equations as follows (see, e.g., Ref. [27]):

∇∗
3 · V∗

3 = 0, (1)

∂t∗V∗
3 + (V∗

3 · ∇∗
3 )U∗

3 + (U∗
3 · ∇∗

3 )V∗
3 + ∇∗

3(P∗/ρ + gz∗) = − (V∗
3 · ∇∗

3 )V∗
3, (2)

for −∞ < z∗ < ζ ∗ + η∗. Here ∇∗
3 = (∇∗, ∂z∗ ) denotes the gradient operator in three dimensions

and ∇∗ = (∂x∗, ∂y∗ ) the gradient in the horizontal plane; V∗
3 = (u∗,w∗) denotes the velocity field

due to surface waves in the presence of the background flow, with u∗ and w∗ the velocity vector in
the horizontal plane and vertical component, respectively, x∗ the position vector in the horizontal
plane, and t∗ is time; P∗ denotes the total pressure; ρ and g denote the fluid density and gravitational
acceleration, respectively; ζ ∗(x∗, t∗) denotes the surface elevation due to additional surface waves
in the presence of the background flow, U∗

3.
We choose the characteristic length L∗

c and velocity u∗
c to nondimensionalize the variables. In

all cases we consider in Sec. IV, a wave frequency spectrum S∗(ω∗) is assumed which has a clear
peak at a frequency ω∗

p. Therefore, we form the characteristic length, L∗
c = g/ω∗2

p , and, characteristic
velocity, u∗

c = g/ω∗
p using g and ω∗

p for convenience while our specific choice does not affect the
generality of the theory derived in Secs. II and III. Explicitly,

(x∗, y∗, z∗) = (x, y, z)L∗
c , t∗ = L∗

c

u∗
c

t, V∗ = u∗
cV . (3a)

Here, V represents any velocity component, and we define the wave-induced nondimensional
pressure as

P = (P∗ + ρgz∗)/
(
ρu∗2

c

)
. (4)

The dimensionless continuity and Euler momentum equations become

∇3 · V3 = 0, (5)

∂t V3 + (V3 · ∇3)U3 + (U3 · ∇3)V3 + ∇3P = − (V3 · ∇3)V3, (6)

for −∞ < z < ζ + η.
The governing equations (5) and (6) should be solved subject to the dynamic and kinematic

boundary conditions at the surface, respectively,

P − (ζ + η) = 0 and w = ∂tζ + (u + U) · ∇ζ for z = ζ + η, (7)

and the deepwater seabed condition

(u,w) = 0 for z → −∞. (8)

B. Perturbation expansion and linear wave fields

We seek the solution for unknown velocity (V) and elevation (ζ ) of the boundary value problem
described by Eqs. (5)–(8) in a form of power series in wave steepness denoted by ε; i.e., a so-called
Stokes expansion. To leading order, they are given by

[ζ , u,w, P] = ε[ζ (1), u(1),w(1), P(1)] + ε2[ζ (2), u(2),w(2), P(2)], (9)

where the terms are kept up to second order in wave steepness and the superscript “( j)” denotes the
jth order in wave steepness. Inserting the perturbed solutions (9) into the boundary value problem
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described by Eqs. (5)–(8) and collecting the terms at the same order lead to the various boundary
value problems at different orders in wave steepness.

Linear surface elevation due to irregular surface waves can be described by

ζ (1)(x, t ) = R
[

1

4π2

∫
|ζ̂ (k)|eiψ (k,x,t )dk

]
, (10)

where R denotes the real part, k denotes a wave-number vector in the horizontal plane, ζ̂ (k) denotes
the linear wave elevation transformed in the Fourier k plane, ψ (k, x, t ) = k · x − ω(k)t + θ (k)
denotes the rapidly varying phase with θ (k) the initial phase (angle) of the complex elevation ζ̂ (k)
at the origin, ω(k) denotes the angular frequency of wave k. Integration is over the whole k plane.
Without the detailed derivations, this paper employs the DIM developed by Li and Ellingsen [47],
which provides a shear-modified dispersion relation ω = ω(k). The dispersion relation is solved
numerically together with the linear wave fields u(1), w(1), and P(1).

The linear velocity and pressure in the physical plane can be obtained through an inverse Fourier
transform as follows:⎡

⎢⎣
u(1)(x, z, t )

w(1)(x, z, t )

P(1)(x, z, t )

⎤
⎥⎦ = R

⎧⎪⎨
⎪⎩

1

4π2

∫ ⎡
⎢⎣

û(1)(k, z)

ŵ(1)(k, z)

P̂(1)(k, z)

⎤
⎥⎦eiψ (k,x,t )dk

⎫⎪⎬
⎪⎭. (11)

Arbitrary linear wave fields can then be constructed by adding monochromatic components together,
in the manner of Fourier transformation. We will not consider changes in mean water level herein
and set η = 0 henceforth.

C. Second-order equations of motions

Inserting the solution for unknown velocity (V) and surface elevation (ζ ) in a form of power
series given by Eq. (9) into the boundary value problem described by Eqs. (5)–(8), collecting the
terms at second order in wave steepness, and eliminating the horizontal velocity (u(2)) and pressure
(P(2)) at second order leads to the following equations:

(∂t + U · ∇)∇2
3w(2) − U′′ · ∇w(2) =N (2)(x, z, t ), (12a)

for −∞ < z < ζ ,

(∂t + U · ∇ )2∂zw
(2) − U′ · (∂t + U · ∇)∇w(2) − ∇2w(2) = F (2)(x, z, t ) for z = 0, (12b)

w(2) = 0 for z → −∞, (12c)

where U′′ = ∂zzU, the forcing terms, N (2) and F (2), on the right-hand side of Eqs. (12a) and (12b)
are functions of linear wave fields and are given by

N (2) = ∇ · [(V(1) · ∇3)u(1)]′ − ∇2[(V(1) · ∇3)w(1)], (13a)

F (2) = −∇2(u(1) · ∇ζ (1) ) − [∇2(∂t + U · ∇)P(1)′ − ∇2w(1)′]ζ − ζ (1)∇2(U′ · ∇)P(1)

+ (∂t + U · ∇)∇ · [(V(1) · ∇3)u(1)], (13b)

with notation (· · · )′ ≡ ∂z(· · · ). Inserting the linear solution from Eq. (11), the forcing term is then

N (2) = R
[

1

16π4

∫∫
N̂ (2)(k1, k2, x, z, t )dk1dk2

]
, (14a)

F (2) = R
[

1

16π4

∫∫
F̂ (2)(k1, k2, x, z, t )dk1dk2

]
, (14b)
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where k1 and k2 denote the wave vector of two different linear wave trains; the forcing terms in the
Fourier space are decomposed into the two types of second–order wave interactions as (see, e.g.,
Refs. [11,67])

N̂ (2) = N̂ (2)
+ (k1, k2, z)ei(ψ1+ψ2 ) + N̂ (2)

− (k1, k2, z)ei(ψ1−ψ2 ), (14c)

F̂ (2) = F̂ (2)
+ (k1, k2, z)ei(ψ1+ψ2 ) + F̂ (2)

− (k1, k2, z)ei(ψ1−ψ2 ), (14d)

where the subscripts “+” or “−” denote the components for the superharmonics and subharmon-
ics, respectively; the wave phases are denoted with shorthand: ψ j = ψ (k j, x, t ); and the lengthy
expressions of N̂± and F̂± are given in Appendix B.

With the linear velocity fields solved for by using the DIM [47], the second-order equa-
tions (12a)–(12c) for the vertical velocity w(2) can be solved numerically in Fourier space. Due
to the interaction of different wave components and the main harmonic components of the forcing
terms (i.e., N (2) and F (2)) in the Fourier plane, the second-order vertical velocity

w(2)(x, z, t ) = R
[

1

16π4

∫∫
ŵ(2)(k1, k2, x, z, t )dk1dk2

]
. (15)

We can also decompose ŵ(2) in terms corresponding to the two types of second-order wave
interactions as

ŵ(2)(k1, k2, z, x, t ) = ŵ
(2)
+ (k1, k2, z)ei(ψ1+ψ2 ) + ŵ

(2)
− (k1, k2, z)ei(ψ1−ψ2 ). (16)

Each component on the right-hand side of Eq. (16) for ŵ(2) can be solved for numerically from the
boundary value problem as follows:

ŵ
(2)′′
± −

(
|k±|2 + k± · U′′

k± · U − ω±

)
ŵ

(2)
± = N̂ (2)

±
k± · U − ω±

, (17a)

for −∞ < z < 0, where k± = k1 ± k2, ω± = ω(k1) ± ω(k2), and boundary conditions

−(k± · U − ω±)2∂zŵ
(2)
± + [k± · U′(k± · U − ω±) + |k±|2]ŵ(2)

± = F̂ (2)
± (k±, z) for z = η, (17b)

ŵ
(2)
± = 0 for z → −∞. (17c)

In our problem setting the waves obtained from the second-order boundary value problems (17a),
(17b), and (17c) are bound since they do not satisfy the linear dispersion relation and can only
propagate together with their linear free contents. Moreover, with the linear free waves obtained,
the second-order ordinary equation (17a) with two boundary conditions (17b) and (17c) can be
solved for numerically with a finite difference method where a central Euler approximation to the
second-order derivative, ŵ

(2)′′
± , was used in this paper. Especially for directionally spread irregular

waves in a random sea, we remark that the numerical estimation of double Fourier integrals in a
form as Eqs. (14a) and (14b) is computationally expensive for statistical analysis. Nevertheless, the
framework developed here can be easily reformulated such that a pseudospectral method for the
second-order interaction of waves in a vertically sheared current can be used, following papers, e.g.,
Refs. [68,69] for a high-order spectral method and Ref. [70] for a semianalytical approach. In doing
so, it allows for reducing the computational operations of O(N2

g ) to O(NgInNg), with Ng the total
number of discrete points chosen for the grid of a computational domain.

The second-order wave surface elevation ζ (2) can be obtained from the following kinematic
boundary condition

(∂t + U · ∇)ζ (2) = w(2) + ζ (1)w(1)′ − 1
2 U′ · ∇(ζ (1) )2 − u(1) · ∇ζ (1), (18)
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which leads to the surface elevation ζ (2) given by

ζ (2)(x, t ) = R
[

1

16π2

∫∫
ζ̂ (2)(k1, k2; x, t )dk1dk2

]
with (19a)

ζ̂ (2) = ζ̂
(2)
+ (k1, k2)ei(ψ1+ψ2 ) + ζ̂

(2)
− (k1, k2)ei(ψ1−ψ2 ), (19b)

where the elevation ζ̂
(2)
± is obtained from Eq. (18) in the Fourier plane through substituting the

vertical velocity w(2) and the linear wave fields u(1) and ζ (1). It is noteworthy that for k1 = k2

the superharmonics (ζ̂ (2)
+ ) reduce to the well-known second-order Stokes waves. The subharmonics

(ζ̂ (2)
− ) become a constant, which refers to a mean water level and is ignored in our simulation.

D. Notation in the frequency domain

The theory in Sec. II so far was formulated in reciprocal horizontal (k) space. Often it is more
convenient in practice to use a frequency domain formulation, for instance when working with
power spectra, from time series from wave buoys, say. In the presence of a vertically sheared current
the dispersion relation ω = ω(k) is anisotropic in any reference system, i.e., ω is always a function
of the direction of k, not only its modulus. This introduces subtleties in interpreting nondirectional
wave frequency data in the presence of a sheared current as wavelength cannot be inferred from
frequency alone. We herein work in two dimensions, i.e., waves propagating with known direction
either along or against the current, thus eschewing this potential complication.

The linear and quadratic-order elevations are denoted

ζ (1)(x, t ) = R
(∫

a(ω)eiψdω

)
, (20a)

ζ (2)(x, t ) = R
{∫∫

a1a2[Â+
12ei(ψ1+ψ2 ) + Â−

12ei(ψ1−ψ2 )]dω1dω2

}
. (20b)

where a(ω) denotes the linear (real) amplitude of a wave with frequency ω and complex phase
ψ (ω) = k · x − ωt + θ (ω), where we solve the dispersion relation ω = ω(k) for the wave vector
with a given frequency using the DIM method as noted. The following notations are used: an =
a(ωn), ψn = ψ (ωn), Â±

12 = Â±(ω1, ω2) with

Â±(ω1, ω2) =
∣∣ζ̂ (2)

± (ω1, ω2)
∣∣

a1a2
, (20c)

where ζ̂
(2)
± was given by Eq. (19) with the difference that it is expressed here in the frequency domain

instead.

III. WAVES OF A NARROW BANDWIDTH

In this section we present the skewness and probability density function of the surface displace-
ment and wave crests in the special case where the bandwidth of the wave spectrum is narrow. We
now use the frequency-domain formulation of Sec. II D. Consider an ensemble of waves described
in the form of Eq. (20) where the amplitude a(ω) becomes an independent random variable denoted
by ã(ω) which follows a Rayleigh distribution based on a spectrum S(ω) and where the phase
θ becomes another independent random variable, θ̃ , which is uniformly distributed in the range
[0, 2π〉. Therefore, ζ (x, t ) → ζ̃ (ã(ω), θ̃ (ω)). The jth spectral moment mj is defined as

mj =
∫

ω jS(ω)dω; j ∈ {0, 1, 2, ...}. (21)
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Assuming zero mean water level as before, the standard deviation, σ , and skewness, λ3, of the
surface elevation are

σ =
√

〈ζ̃ 2〉, (22a)

and λ3 = 〈ζ̃ 3〉/σ 3, (22b)

where 〈...〉 denotes the expectation value of random variables. Assuming the energy spectrum S(ω)

to have a narrow bandwidth [ν =
√

1 − m2
2/(m0m4) � 1], we follow the detailed derivations of

Fedele and Tayfun [23] using the elevations (20), and obtain to O(ε)

σ 2 = m0, (23a)

and λ3 = 6σ Â+
mm, (23b)

where Â+
mm = Â(ωm, ωm) denotes the second-order superharmonic amplitude of the spectral mean

wave, with ωm the spectral mean frequency given by

ωm = m1/m0. (24)

The skewness given by Eq. (23b) agrees with Fedele and Tayfun [23], Srokosz and Longuet-Higgins
[71], and Li et al. [10] for waves in the absence of a shear current, which is clear when noting that
the superharmonic amplitude Â+

mm can be written as km/2 ≡ ω2
m/(2g) in the case for second-order

deepwater Stokes waves (see, e.g., Ref. [11]). It is different from Fedele and Tayfun [23] to the
extent that it does not account for the effect of bandwidth as it is not so straightforward due to a shear
current. Nevertheless, it allows us to take into account the effect of a shear current to some extent.
Especially, if all linear waves follow the same power energy spectrum with a narrow bandwidth,
i.e., mj are identical for all cases, then the spectral mean given by Eq. (24) is identical regardless of
a shear current. A shear current affects the skewness given by Eq. (23b) through the second-order
superharmonic amplitude of the spectral mean wave, compared with the cases in the absence.

Following Longuet-Higgins [12], we obtain that the normalized surface displacements follow the
distribution

pζ (ζ̃ ) = 1√
2π

e−ζ̃ 2/2

[
1 + λ3

6
ζ̃ (ζ̃ 2 − 3)

]
. (25)

For linear waves, where λ3 = 0, expression (25) becomes a Gaussian distribution. Different from
Longuet-Higgins [12], the probability density function given by Eq. (25) can account for the effect
of a shear current because the skewness λ3 is modified according to Eq. (23b) which considers the
effect of a shear current.

Similarly, following Forristall [17], the “exceedance probability,” i.e., the probability that a
randomly chosen wave crest Xc exceeds the value ζ̃c, is found as

P(Xc > ζ̃c) = exp

⎡
⎢⎣− 1

8(Â+
mmσ )2

⎛
⎝
√

1 + 16ζ̃c

Hs
Â+

mmσ − 1

⎞
⎠

2
⎤
⎥⎦, (26)

where Hs is the significant wave height. The exceedance probability given by Eq. (26) agrees with
Eq. (2.12) by Li et al. [10] with the same chosen notations whereas the main difference lies in that
the effect of a shear current enters here via the superharmonic amplitude of the spectral mean wave,
Â+

mm. In the limit of infinitesimal wave, i.e., m0 → 0+, the exceedance probability of wave crest
becomes

P(Xc > ζ̃c) = exp

(
−8

ζ̃ 2
c

H2
s

)
, (27)
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which is the Rayleigh distribution as expected. For second-order deepwater Stokes waves in the
absence of a shear current which admits Â+

mm = km/2 ≡ ω2
m/(2g), the exceedance probability given

by Eq. (26) is identical to Eq. (4) in Forristall [17]. We will refer repeatedly to Eqs. (25) and (26) in
Sec. V B.

IV. NUMERICAL SETUP

In our simulations, we generate two-dimensional (long-crested or unidirectional) waves from
realistic spectra. Doing so implies that the possible triad resonant interactions in three dimensions
considered in previous papers, e.g., Refs. [38,58,72] are assumed negligible in the simulations.
We choose the characteristic velocity, u∗

c = g/ω∗
p, as defined in Sec. II A. Here, ω∗

p is the peak
frequency of the spectrum; although ωp = 1 by definition, we find it instructive to retain it in some
equations below.

We begin by defining the terms following and opposing shear for two-dimensional flow, i.e.,
where all waves propagate parallel or antiparallel to the mean current. We will assume that waves
travel along the positive x axis. We then define

(1) Following shear: U ′(z) < 0,
(2) Opposing shear: U ′(z) > 0.
Following (opposing) shear corresponds to the situation where the flow increases (decreases) in

the direction of propagation with increasing depth.
Note carefully the distinction between following (opposing) shear and following (opposing)

current. When seen in an Earth-fixed reference system, currents in nature are often strongest near the
surface and decrease to zero at larger depths, such as in the Columbia River mouth current we regard
in Sec. V E. In such a case a “following surface current” U (z) > 0 would correspond to opposing
shear and vice versa. For clarity of comparison between cases we shall work in a surface-following
frame and, therefore, assume U (0) = 0, in which case following shear implies positive U (z) for a
monotonically varying U . Doing so allows us to focus only on the effects due to the profile shear
and curvature of a current.

A. Realization of random seas states for linear waves

We follow Tayfun [13] and Tucker et al. [66] for the realization of random sea states, which
assumes Rayleigh distributed amplitude of linear waves and uniformly distributed wave phases in
the range of [0, 2π〉. The energy spectrum we choose for computation is JONSWAP spectrum [73]
with a peak enhancement (or peakedness) parameter of γ = 3.3 and moderately narrow bandwidth
[74,75], which is shown in Fig. 1(a).

The JONSWAP spectrum is given by (recall that ωp = 1)

SJ (ω) = α̃J

ω5
exp [−1.25ω−4]γ b(ω), (28)

where the peak enhancement factor γ appears with an exponent

b(ω) = exp

[
− (ω − 1)2

2σ 2
J

]
, (29)

and

σJ =
{

0.07, ω � 1,

0.09, ω > 1.
(30)

The parameter α̃J is chosen such that the JONSWAP spectrum is fixed for all numerical cases,
i.e., independent of a current profile. The frequency is truncated at 0.01ωp and 2.6ωp. The bandwidth
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FIG. 1. (a) JONSWAP power energy spectrum of linear waves with nondimensional peak frequency
ωp = 1 and bulk steepness ε = 0.14; (b) examples of linear and exponential (“Exp.”) shear profiles where
both opposing (“Opp.”) and following (“F.”) shear are shown; (c) two tidal current profiles from Zippel and
Thomson [54] measured at the mouth of the Columbia River (“CR”), during ebb tide (following shear, “F.”),
and flood (mostly opposing shear, “Opp.”), respectively. Note that in an Earth-fixed coordinate system (see
Fig. 3 of Ref. [54]) these correspond to opposing and following surface currents, respectively. Dashed lines are
extrapolations from z = 1.35 m to the surface; (d) wave-averaged shear |δ(k)| for the two profiles in panel (c);
(e) extract of the time series of wave surface elevation for illustration, here without current.

parameter is defined as

ν =
√

1 − m2
2

m0m4
(31)

and here ν = 0.5284. For another widely used bandwidth parameter νL =
√

m0m2/m2
1 − 1 proposed

by Longuet-Higgins [76], the value becomes 0.2689. We choose bulk steepness ε = 1
2 Hs = 0.14 in

all cases. As noted, the peak frequency (ωp = 1), significant wave height (Hs), and the moments
(mj) of the JONSWAP spectrum are fixed for all cases, regardless of the profile of a shear current.
However, the spectrum peak wave number kp ≡ k(ωp) = k(1) �= 1 in the presence of a current,
since the linear dispersion relation k(ω) depends on U (z), as explained in Secs. II and III.
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Once the input spectrum is determined, the amplitudes ai of a total of Ns linear elementary waves
are generated with a prescribed significant wave height, with

Ns∑
i=1

ã2
i

2
=
∫

ω

S(ω)dω and ζ (1)(x, t ) =
Ns∑

i=1

ãi cos(kix − ωit + θ̃i ), (32)

where the energy spectrum is discretized with unequal frequency intervals and an identical area of
Ns energy bins [i.e., constant S(ωi )dωi]. For a train of random waves, we assume the amplitude
ãi follows a Rayleigh distribution and the phase θ̃ a uniform distribution in the range [0, 2π〉
similar to Sec. III and Tayfun [15]. The wave numbers ki are found numerically from ωi using the
DIM algorithm as described. We especially computed the temporal evolution of the linear surface
elevation at x = 0 and then, the second-order correction of the wave surface are calculated from
Eqs. (19a) and (19b).

We also make a flow diagram of numerical implementations, which is shown in Appendix A. In
our simulations, 128 elementary waves are generated from the relevant input wave spectra and ran
from 0 � t � 5638. Two thousand realizations were simulated to assure that the skewness of the
wave surface elevation was converged.

B. Current profiles and cases considered

We consider three different current profiles with different parameters, which are typical of the
open ocean, including an exponential profile, a linearly sheared current, and one that was measured
at the mouth of the Columbia River from Zippel and Thomson [54], as shown in Figs. 1(b) and 1(c).

1. Model profiles

The exponential and linear profile of shear current are parameterized as

Uexp(z) = β[exp(αz) − 1]ex, (33a)

and Ulin = Szex, (33b)

respectively, where ex is a unit vector along the positive x axis, the subscripts “exp” and “L”
denote the exponential and linear profile, respectively, α (α > 0), β, and S are dimensionless
parameters that define the magnitude and shear strength of a current profile relative to the peak wave
parameters. Note that we choose a reference system following the free surface so that U(0) = 0.
This eschews arbitrary Doppler shift terms which would clutter the formalism, reduces the number
of free parameters, and makes results from different profiles immediately comparable. The choice
also emphasizes that it is the shear U ′(z) and curvature U ′′(z) which cause statistics to be altered,
not the strength of the current itself. The surface shear is obtained from Eq. (33),

U′
exp(0) = αβex, (34a)

and U′
lin(0) = Sex, (34b)

which denote the profile shear of an exponential and linearly sheared current at still water surface,
respectively.

Recall that following (opposing) shear correspond to U ′(z) < 0 (>0). We wish our model current
to have strong, but not unreasonable vertical shear. To determine how strongly the current shear
affects the dispersion of a wave of wave number k∗ or frequency ω∗ (whichever is known), the
proper parameter to consider is the wave-weighted depth-averaged shear [60], respectively,

δ = 1

c∗
0

∫ 0

−∞
U ∗′(z∗)e2k∗z∗

dz∗ =
√

k
∫ 0

−∞
U ′(z)e2kzdz, (35)
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nondimensionlized as explained in Sec. II A, and c∗
0 = √

g/k∗. Inserting U ′(z) = αβ exp(2αz) gives

|δ| = |αβ|√k

α + 2k
, (36)

whose maximum value is found at k = α/2 and in either case, |δ|max = |αβ|/√8. In the following
sections we use α = 2.5 and |β| � 0.3 giving |δ|max � 0.17.

2. Profile from the mouth of the Columbia River

The profiles of tidal currents in the mouth of the Columbia River have been used as a test-case
in a wide array of studies of wave-shear current interactions (e.g., Refs. [46,47,54,77–81]) due
to the availability of high quality current profile measurements [54,64] and strong vertical shear.
Herein we use the profiles measured by Zippel and Thomson [54] using an acoustic Doppler current
profiler (ADCP) mounted on a drifter. The currents were measured between 1.35 m and 25 m
depth, but we require profiles ranging all the way to the undisturbed surface level. What the profile
might look like in the top 1.35 m is not obvious; the shear strength can drop sharply closer to the
surface [82], but could also increase all the way to the top centimetres [62]. We use a polynomial
extrapolation as shown in Fig. 1(c); we show in Appendix D that two other common approaches
produce no discernible difference in the resulting skewness. The current profiles reported in Zippel
and Thomson [54] and shown in Fig. 8(a) are fitted with a seventh-order polynomial to the surface.
The wave-averaged dimensionless shear δ of Eq. (35) for the two profiles in Fig. 1(c) are seen in
Fig. 1(d), peaking near 0.095 for the following current.

Note that the currents taken from Zippel and Thomson [54] are not extreme for the location—the
shear current used in, e.g., Li et al. [83] taken from the measurements during the RISE project
[64] peaks at a value δ ≈ 0.19, more than our strongest exponential model current. For comparison
with the results of Zippel and Thomson [54] for ebb and flow respectively, we choose the more
conservative profiles in the latter.

We remark that Zakharov and Shrira [58] proposed a set of analytical theory for second-order
wave-shear current problem with the assumptions U ′ < 0 and Umax/c � 1. Here, Umax and c refer
to the maximum velocity of shear current and phase velocity of surface wave, respectively. From
Fig. 1(c) the parameter Umax/c of Columbia River current for peak wave could reach 0.2. Hence, the
theory by Zakharov and Shrira [58] is not expected to be quantitatively accurate for the Columbia
River current cases considered herein.

V. RESULTS

We present second order statistical quantities for waves on model shear currents, generalizing
a number of classical results. The example for time series of wave surface elevation is shown in
Fig. 1(e). All the statistical quantities are based on very long time series.

A. The distribution of wave surface elevation

In this section we examine the effects of subsurface shear on the distribution of surface elevation
to second order in steepness. We compare the case of no current to cases with following and
opposing shear. We also show comparisons of the same case with shear between the broadband and
narrow-band theory presented in Secs. II and III, respectively. A moderately narrowband spectrum
is considered, with the linear wave field amplitudes chosen from a Gaussian distribution with zero
mean and variance σ 2.

Figure 2 plots the numerically calculated PDFs of wave surface elevation in the presence of
a model current [Eq. (33a)] varying exponentially with depth, comparing our numerical results
based on the broad-band theory presented in Sec. II, together with different theoretical predictions:
a Gaussian distribution and theoretical predictions based on a narrow-band assumption presented
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FIG. 2. Probability density function (PDF) of wave surface elevation for a moderately narrowband Gaus-
sian input spectrum assuming the exponential current profile (33a) with β the magnitude of the shear at a
still water surface. Numerical results for β = −0.3 (following shear, “F. shear”) and β = 0.3 (opposing shear:
“Opp. shear”) are compared to (a) the linear prediction and the case without current, and (b) the narrow-band
(N.B.) theory based on Eq. (25).

in Sec. III. We first discuss the results shown by Fig. 2(a). When both second-order corrections
and shear are omitted, the numerically calculated PDF (diamond symbols) should coincide with
the Gaussian input distribution (zero mean, variance σ 2) which indeed it does. The probability
of amplitudes greater than about two standard deviations from the mean are decreased for negative
values (deep troughs) and increased for positive (high crests), conforming with the known properties
of second-order Stokes waves: the wave crests get higher and wave troughs get flatter.

The presence of opposing shear U ′(z) > 0 enhances the wave crests and flatten the wave troughs
compared to no current, while following shear current has the opposite effects. The effect on second-
order statistics from the shear is considerable in the range of larger wave crests (>2σ ) but modest
for wave troughs (negative elevation) in this case.

A comparison of the probability density function of surface elevation for the cases in the presence
of shear is shown in Fig. 2(b) comparing the numerical results based on the full theory of Sec. II
and the narrow-band approximation in Sec. III. It is seen that the narrow-band assumption agrees
with the broad-band theory up to three and two standard deviations for the cases with following
(“F. shear”) and opposing shear (“Opp. shear”), respectively; for following shear the approximation
would be good enough for most practical purposes, except extreme statistics. The narrow-band
approximation underestimates the probability of the most extreme events in both cases, but to very
varying degrees as the figure shows.
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FIG. 3. Probability density function of the dimensionless maxima (ξ = ζm/σ ) of the wave elevation. The
theoretical estimates (“Theory”) are based on Eq. (37) and the other cases shown are the same as Fig. 2(a). The
inset shows a zoom of a subrange of ξ values where graphs cross.

B. The distribution of wave maxima and crest height

The crest height is conventionally defined as the highest surface elevation reached inside discrete
time intervals. Within each time interval, the surface elevation is above the mean-surface level,
ζ > 0, i.e., delimited by consecutive zero crossings ζ (t ) = 0 so that ζ ′(t ) > 0 (<0) at the beginning
(end). This contrasts, in general, with a surface elevation maximum ζm, which is any point where
ζ ′(t ) = 0 and ζ ′′(t ) < 0. Surface elevation maxima can be negative for a broadband spectrum,
whereas for a sufficiently narrow spectrum, the two are positive and coincide: every maximum
is also a wave crest.

As discussed by Goda [84, Chapter 2], when the spectrum is not narrow there is no universal
and unique definition of wave height in a time series. The most common definition based on
zero-crossings described above is theoretically somewhat unsatisfactory in a broadband setting;
a more theoretically coherent method proposed by Janssen [5,85] based on the envelope of ζ is
also in use [86]. For theoretical derivations the envelope procedure becomes more cumbersome
for weakly nonlinear waves, requiring expressions for third and fourth statistical moments to
adequately describe a generic wave distribution. In the following we use the customary definition
using zero-crossing, as described above, bearing in mind that the identification of individual waves,
and hence its distribution of maxima, will carry some dependence on the spectral shape which
vanishes in the narrow-band limit.

For a narrow frequency spectrum according to linear theory, the dimensionless wave crest heights
ζ̃c, normalized by significant wave height Hs, is distributed according to the Rayleigh probability
function as given by Eq. (27). It is difficult, however, to determine theoretically the probability
distribution of crest heights if the waves have a broad frequency spectrum. Hence, Cartwright
and Longuet-Higgins [87] made a compromise by calculating the distribution of surface elevation
maxima denoted by ζm, adapting the theory of Rice [88] from in electrical signal processing to an
ocean waves setting. Their result based on linear theory for a broadband spectrum is

p(ξ ) = 1√
2π

ν exp

(
− ξ 2

2ν2

)
+ ξ

√
1 − ν2

2
exp

(
−1

2
ξ 2

)[
1 + erf

(
ξ
√

1 − ν2

√
2ν

)]
, (37)

where ξ = ζm/σ denotes the normalized maxima, the bandwidth parameter ν is defined in Eq. (31),
mj is the jth moment of the energy spectrum given by Eq. (21), and erf is the error function.

Figure 3 shows the PDF of the surface elevation maxima for linear and nonlinear results. We
also plot the theoretical estimates with Eq. (37), which is given by solid line in the figure. When
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nonlinear effects and shear are both omitted, the numerically calculated PDF (diamond symbols)
should coincide with Eq. (37), which indeed it does as the figure shows. The second-order results
show increased probability of large wave maxima in all cases. Notice that negative-valued surface
maxima occurs for a broadband spectrum, corresponding to nonzero p(ξ ) for ξ < 0. The probability
of negative maxima increases monotonically with bandwidth parameter ν.

The most prominent nonlinear effect in Fig. 3 is for opposing shear, where probability for
large maxima above approximately two standard deviations is enhanced in our simulation, whereas
maxima below this threshold are made less probable. The current with following shear has the
opposite influence. This phenomenon is consistent with the PDF of wave surface elevation studied
in Sec. V A.

There exists a few commonly used expressions for crest height distribution obtained by empirical
fitting, theoretical considerations, or parametrization [17,23,89–93]. One example we use in this
section is the distribution derived by Tayfun [14] for a narrow-band spectrum, which corresponds to
our narrow-band equation (26) in the limiting case of no current, i.e., k∗

m → k∗
m0 = ω∗2

m /g (shear-free
dispersion relation in nondimensional units). To the best of our knowledge, theoretical expressions
for wave crest distribution with a broad-band frequency spectrum have not been reported.

Figure 4 shows the numerical PDF and exceedance probability of the scaled crest height
compared to the Rayleigh and Tayfun distributions. Notice in Fig. 4(a) that for very low crests
ζ̃c � 0.1Hs the probability density of wave crest height deviates noticeably from the Rayleigh
curve, consistent with Fig. 3. The reason is that finite bandwidth allows negative maxima (hence
a finite probability density at zero crest height), whereas the narrow-band Rayleigh distribution
only allows positive maxima. The physical significance of this difference is perhaps not so high
being primarily a result of the definition of a crest, referring somewhat arbitrarily to the mean water
level. The tail of our numerical results without shear still agrees well with those produced by the
Rayleigh distribution [23], perhaps surprising in light of the linear theory for broadband waves due
to Cartwright and Longuet-Higgins [87]. This can be explained by noting that in the context of their
theory our spectrum is still relatively narrow, since the bandwidth parameter ν ≈ 0.53 as defined in
Eq. (31) is considerably smaller than unity.

It can be observed in Figs. 4(b) and 4(c) that, when nonlinear second-order corrections are
accounted for, the tail of the simulated curve for the case with no shear clearly exceeds the Rayleigh
distribution values, yet remain lower than the Tayfun distribution curve. This observation was also
made by Fedele and Tayfun [23] who considered broadband waves without current; They showed
that in that case the Tayfun distribution is an upper bound for the wave crest distribution to second
order in steepness.

With the additional presence of a shear current and broader spectrum, crest distributions can
clearly exceed that of Tayfun. The numerical results show substantial differences between the three
currents considered, consistent with the general trend observed before: opposing shear makes high
crests more probable and viceversa. The gray dashed vertical line in Fig. 4 refers to the conventional
criterion for rogue waves, which is ζ̃c/Hs = 1.25 [94]. Compared with the no-shear current case,
the opposing shear current leads to significant enhancement in the occurrence probability of rogue
wave, as shown in Fig. 4(e). The presence of following shear current has the opposite influence.
The exceedance probability increases monotonously as a function of the shear strength β, which is
shown in Figs. 4(b) and 4(c).

We note in passing, however, that whereas the probability of unusually high (rogue) waves
is decreased on following shear, the significant wave height itself will often be increased. A
typical situation where this occurs is when the shear current, measured in a land-fixed reference
system, has its greatest velocity at the surface. In this case the current itself is opposing in an
earth-fixed frame of reference, so waves generated elsewhere will steepen as they encounter the
current. Thus, the expectation in many real scenarios would be that following shear makes for
rougher seas overall, whereas with opposing shear, while calmer on the whole, have an increased
probability of surprisingly high crests. This point was discussed in depth by Hjelmervik and
Trulsen [30].
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FIG. 4. Numerically calculated probability density function (a) and exceedance probability (b, c, d) for
wave crests. An exponential shear profile, Eq. (33a), was assumed. (a) Linear waves based on numerical
simulations and the Rayleigh probability density function; (b), (c) nonlinear wave fields for varying shear
strength; (d) the broad-band and narrow-band results for cases with shear based on the theory in Secs. II and
III, respectively. We used Eq. (26) with β = 0 for the Tayfun distribution. (e) Occurrence probability of rogue
waves for all the exponential shear cases in panel (c).

Figure 4(d) compares the exceedance probability of wave crest between the narrow-band predic-
tions and numerical results for the cases with a shear current, the former of which are obtained by
using Eq. (26). We observe that the narrow-band assumption leads to a small and large overestimate
of the occurrence probability of wave crest for the case with a following and opposing shear current,
respectively. The differences for the following current are nearly negligible, as being consistent with
Fig. 2(b), but are much more pronounced for the opposing shear case. Figure 4(d) suggests a similar
conclusion as Fedele and Tayfun [23] who state that the narrow-band assumption would produce
an upper bound of the exceedance probability of wave crests. Since the effect of current shear on
waves depend on both the shift in wavelength as reflected from the linear dispersion relation and
on the amplitude of the second-order superharmonic bound waves, the overall effect of a current
on waves of a broad-band spectrum will in general differ in a nontrivial way from a narrow one
which only depends on the amplitude of the spectral mean wave, Â+

mm. As a result, the assumption
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ln

FIG. 5. The average of crest height of scenes containing the largest N waves. In the figure, the theoretical
predictions (the black solid line) are based on Eq. (38) for linear waves.

of narrow bandwidth seems to lead to larger overestimate for opposing shear compared to the case
of a following shear.

C. The distribution of maximum wave crest

Consider next the distribution of the height of the highest wave crest among a randomly chosen
sequence of N consecutive waves, where a “wave” in this context is a time interval wherein the
surface elevation contains one maximum and one minimum. A long time ago Longuet-Higgins [21]
derived an expression for maximum wave crest distribution based on linear waves with a narrow
band frequency spectrum. Cartwright and Longuet-Higgins [87] extended the theory to allow for
a broadband spectrum, still in the linear wave regime. More recently, the Gumbel distribution was
used to solve this problem up to second order [75,93,95]; for a linear narrow-band process, the
expressions in these references are the same. In this section we use the expression from Cartwright
and Longuet-Higgins [87] for comparison:

ζmax

σ
=
√

2 ln[(1 − ν2)
1
2 N] + γE/

√
2 ln[(1 − ν2)

1
2 N], (38)

where ζmax is the maximum crest height from a continuous wave train, γE ≈ 0.5772 is Euler’s
constant.

Figure 5 gives the comparison of largest crest height between our numerical results and Eq. (38).
Each point is obtained as follows: a time series containing 2 × 106 waves is divided into 160
segments. From each segment a sequence of N consecutive waves is chosen randomly from which
the highest crest is found, then the average is taken over all the highest crests and plotted in the
figure. Figure 5(a) shows that, once again, our simulated results of linear wave fields fit well with
the theoretical solution.

Compared with linear results, second order corrections make a considerable contribution to
largest-crest heights. The largest crest heights rise by around 10% to 20%. A similar phenomenon
was observed by Socquet-Juglard et al. [75], who used a narrow-band frequency spectrum and
found the largest crest heights of a nonlinear wave field increased by about 20% compared with
linear wave fields. Moreover, it is clear that the additional presence of subsurface shear also has
noticeable influence on largest crest heights. The opposing and following shear current increase
or decrease the largest crest heights by about 18% or 8%, respectively for the case with β = 0.3
and β = −0.3, compared with the case with no shear current. Note that the comment at the end of
the previous section still applies: the current will often change a free wave surface in such a way
that in absolute terms, the crest heights are actually increased by opposing shear, which typically
corresponds to a following current in the earth-fixed frame of reference, and vice versa.
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FIG. 6. Skewness of the wave surface elevation for the cases with a linear shear current (a) and exponential
shear current (b). The narrow-band theoretical predictions in solid black lines are based on Eq. (23b). The
dashed line is the no-shear case, for reference.

D. Skewness

In this section, we discuss the influence of a shear current on skewness, which is a measure of
the wave spectrum’s asymmetry. Unlike skewness, kurtosis is not expected to be well approximated
by second-order theory, and therefore not included in this paper.

Skewness of second-order waves can be expressed as a function of wave steepness, which is given
by Eq. (23) in the limiting case of a narrow-band wave spectrum. The skewness should generally
depend on both the bandwidth parameter (ν) and spectrum shape, as has been shown by Srokosz
and Longuet-Higgins [71].

We consider two types of shear currents, as given in Eqs. (33a) and (33b). From the point of
view of the waves, which can “feel” the current only down to about half a wavelength’s depth, the
significant difference is that a linear current has the same shear at all depths, affecting the wave
dispersion for all wavelengths, whereas the exponential profile is felt strongly by the short waves
with k � αkp,0 and hardly at all for long waves k � αkp,0.

Figures 6(a) and 6(b) show the skewness of linear and exponential shear current cases, respec-
tively, calculated according to its definition given by Eq. (22b). The theoretical predictions in solid
blue lines are based on Eq. (23b) with the assumption of narrow-band waves in both the absence (i.e.,
S = 0 and β = 0 in Figs. 6(a) and 6(b), respectively) and presence of a shear current. For both linear
shear and exponential shear cases the skewness increases monotonically with S and β, respectively.
In the range of shear strengths examined in Fig. 6, the skewness always remains positive. The
strongest shear current enhances the skewness by about 86% compared with the cases in the absence
of a shear current. The narrow-band assumption for the cases with an exponential shear current
always leads to an overestimate of the skewness, compared with the numerical simulations due to the
theory in Sec. II applicable to arbitrary bandwidth. In contrast, it may lead to underestimated values
for the linear shear and following current cases in the regime where S � −0.2. The inaccuracy
introduced by the narrow-band assumption is obvious, which may arise because the JONSWAP
spectrum chosen is not very narrow and the strong profile shear can lead to a considerable change
in the wavelength of all waves prescribed on the JONSWAP spectrum.

E. The mouth of the Columbia River

As a real-life example we consider the real measured data described in Sec. IV B 2 to demonstrate
and quantify the significant misprediction of wave statistics that would result from neglecting the
current’s vertical shear. The currents considered, adapted from Fig. 3 of Zippel and Thomson [54]
are shown in Fig. 8(a), using the same color coding as in said figure. The surface current was
subtracted and the profiles extended to the surface as explained in section IV B 2. As input wave
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FIG. 7. Power energy spectrum for the Columbia River wave data.

spectrum we fit a JONSWAP spectrum with bandwidth parameter ν = 0.6618 to a representative
example among the manywave spectra measured by Zippel and Thomson [54], shown in Fig. 7. The
fit is not excellent, but sufficient to provide a representative example.

Figure 1(d) shows the weak-shear parameter δ(ω) when ω is the given parameter; we argue in
Appendix E that the appropriate value in this case is δω(ω) = 2δ(ω2/g) where δ(k) is defined in
Eq. (35).

1. Skewness

The skewness of simulated results with Columbia River current data are given in Fig. 8(b), where
kp is the dimensionless peak wave number which depends on the shear current as aforementioned.
We chose to use kp as a representation of the shear strength as it expresses the amount by which the
shear changes the wavelength of the wave with peak frequency.

Failure to take into account the presence of shear causes overprediction of skewness by ≈24%
or underprediction by ≈13% during ebb and flood, respectively, as is shown in Fig. 8. Absolute
numbers provided by a second-order theory like ours carry significant uncertainty, particularly when

FIG. 8. Skewness of wave surface elevation with Columbia River current and wave spectrum data. (a) Con-
sidered current profiles, reproduced with kind permission from Fig. 3 of Ref. [54] with the same color coding,
shifted to the surface level and with surface current subtracted. (b) Numerically obtained skewness for the
measured wave spectrum of Ref. [54] on the currents in panel (a), with corresponding color coding; the ascissa
is the shear-shifted peak wave number with kp = 1 corresponding to zero shear (open circle).
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FIG. 9. Exceedance probability of simulated results with the current measured by Zippel and Thomson [54]
in the Columbia River (CR) shown in Fig. 1(c), equal to the strongest currents in either direction in Fig. 8(a).
The profiles of the following and opposing CR-current are shown in Fig. 1(c).

the spectrum is not narrow, but show a clear and consistent trend. Held together with Zippel and
Thomson’s conclusion that wave steepness can be mispridicted by ±20% in these waters in the
same conditions if shear is not accounted for [54], there is compelling evidence that shear can be
highly significant to the estimation of wave statistics from measured spectra.

2. Rogue wave probability

We also carried out simulations with data from Columbia River using both the wave spectrum
and shear profiles measured in this location by Zippel and Thomson [54]. As usual, rogue wave
probability is defined as the probability of crests exceeding 1.25Hs.

As observed for the model currents in Fig. 4, opposing shear enhances the crest heights of
large waves while following shear weakens them, leading to increased and decreased exceedance
probability, respectively, which is shown in Fig. 9. The rogue wave probability on opposing
shear (i.e., a following surface current during ebb) is increased by 36% while on following shear
(opposing surface current, during flow) it is decreased by 45%; from 1.12 × 10−4 to 6.20 × 10−5

and 1.52 × 10−4, respectively. Given that our theory is second order only, these numbers are not
quantitatively accurate, but show clearly that shear currents must be accounted for in prediction and
modeling of extreme waves.

Note carefully that the rogue wave probability is the probability of surprisingly high waves, as
discussed by Hjelmervik and Trulsen [30]. Although rogue waves are more than twice as probable
on the wave-following flow current than the wave-opposing ebb current, the significant wave height
itself is typically much greater in the former case (more than twice as high in the conditions
measured in Ref. [54], for instance), making for rougher conditions overall. The effect of shear is
to reduce the prevalence of very large waves during ebb, a beneficial effect with respect to sealoads
and maritime safety.

VI. CONCLUSIONS

In this paper, we develop the second-order (deterministic) theory using perturbation expansion,
which is extended from Longuet-Higgins [11] to allow for a depth-dependent background flow
whose profile shear can be strong. The new theory can be used to investigate the wave-current
interaction and applicable to waves of an arbitrary bandwidth. The linear wave field is solved
with the DIM method proposed by Li and Ellingsen [47]. We derived a boundary value problem
for the second-order waves, which can be solved numerically. With the additional assumption
of narrow-band waves, a second-order accurate statistical model is derived for the skewness,
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probability density function of surface elevation, and the probability distribution of wave crest,
which have accounted for the presence of a depth-dependent background flow.

We carried out numerical simulations for the analysis of wave statistics and examined effects
of a shear current. We used a JONSWAP spectrum and several different shear currents as input to
generate linear random waves. The second-order waves are solved for numerically based our newly
derived theory. The measured wave spectrum and currents from Columbia River by Zippel and
Thomson [54] were also used in our simulations.

For linear wave fields the probability distribution of wave surface elevation and wave maxima
and average maximum wave crest all coincide with theoretical expressions well as expected. The
nonlinear wave fields show similar properties compared with well-known second-order Stokes
waves. The wave crests are higher and troughs are flatter than linear wave fields. As a result, the
positive tails of the probability density function for wave surface elevation and wave maxima from
nonlinear wave fields are longer than linear wave fields while the negative tails of surface elevation
are shorter. Also, the largest wave crests in nonlinear wave fields are substantially greater. We found
that the opposing shear currents can strengthen such “nonlinear properties” while the following
shear currents can weaken them.

We also found that the additional assumption of narrow-band waves leads to in general negli-
gible and pronounced differences for the following- and opposing-shear case, respectively, when
comparing the second-order statistical model with the more general deterministic theory which is
applicable to waves with an arbitrary bandwidth.
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APPENDIX A: FLOW DIAGRAM OF NUMERICAL IMPLEMENTATIONS

A flow diagram of the numerical implementation used to generate statistics is shown in Fig. 10.

APPENDIX B: THE FORCING TERMS OF THE RAYLEIGH EQUATION

With the linear wave fields given by Eqs. (11a), (11b), and (11c), the nonlinear forcing terms in
Eq. (14c) are expressed as

N̂ (2)
± = [k± · ∂zNh,± + k2

±NRz,+] cos ψ±, (B1a)

F̂ (2)
± = [k2

±NF1,± − NF2,± + NF3,±+ − NF4,± − (U · k± − ω±)k± · Nh,+] sin ψ±, (B1b)

with ψ± = ψ1 ± ψ2, Nh,i = [NRx,i, NRy,i],⎡
⎢⎣

NRx,±
NRy,±
NRz,±
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⎢⎢⎢⎣

−(k1xû(1)
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−(k1x v̂
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1 û(1)

2 ± k2x v̂
(1)
2 û(1)

1 + k1yv̂
(1)
1 v̂

(1)
2 ± k2yv̂

(1)
2 v̂

(1)
1 ∓ v̂

(1)′
1 ŵ
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2 ŵ
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(B2a)
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FIG. 10. Numerical procedures of the simulation.

and

NF1± = − 1
2

(
k1xû(1)

2 ζ̂
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1 ± k2xû(1)
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1 ζ̂

(1)
2

)
, (B3a)
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2
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2 P̂(1)′
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1 P̂(1)′
2

)
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2

(
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1 ζ̂
(1)
2 ŵ

(1)′
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2 ζ̂
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(1)′
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NF4± = 1
2

(
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1k1 · U′P̂(1)
1 ζ̂

(1)
2 ± k2

2k2 · U′P̂(1)
2 ζ̂

(1)
1

)
, (B3d)

where k1 = [k1x, k1y] and k2 = [k2x, k2y]

APPENDIX C: ANALYTICAL SOLUTION FOR LINEARLY SHEARED CURRENT

We assume the shear profile is given by U = (S0z, 0). The linear solution can be easily solved,
which is expressed as [32,38]

ŵ(1)(k, z) = ŵ
(1)
0 (k)ekz, (C1a)

û(1)(k, z) = i
k2U′ + [(U · k − ω)k − kxS0]k

(U · k − ω)k2
ŵ

(1)
0 ekz, (C1b)

P̂(1)(k, z) = −i
(U · k − ω)k − kxS0

k2
ŵ

(1)
0 ekz, (C1c)

ŵ
(1)
0 (k) = −iζ̂ (1)(k)ω, (C1d)
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where k = (kx, ky), k =
√

k2
x + k2

y and the subscript “0” denotes the evaluation at a undisturbed
surface z = 0. The dispersion relation for linear waves in a linearly sheared current is given by
[32,38]

ω = −S0kx

2k
±
√

k + S2
0k2

x

4k2
, (C2)

where “+” and “−” denotes the waves propagating “downstream” and “upstream” relative to the
current, respectively.

Substituting the linear solution into the forcing terms of second-order equations (17), we obtain
an inhomogeneous boundary value problem for the second-order vertical velocity w(2). The general
solution to this boundary value problem in Fourier space has the form

ŵ
(2)
± (k1, k2, z) = B1±(k1, k2)ek±z + ŵcross(k1, k2, z), (C3)

where the deepwater boundary condition was used, the first term on the right-hand side of the
equation is due to the forcing at a still water surface and the homogeneous Rayleigh equation, and
ŵcross is a particular solution of the inhomogeneous Rayleigh equation given by [38]

ŵcross(k1, k2, z) = − i

2k±

ŵ
(1)
0,1ŵ

(1)
0,2

k±xS0

k1xk2y − k1yk2x

k1k2
e(k1+k2 )z

3∑
i, j=1

[ ±bi j

(ξi − z) j−1
Ẽ j[k±(ξi − z)]

]
,

(C4)

with ŵ
(1)
0, j = ŵ

(1)
0 (k j ) for j = 1 and j = 2,

bi j =
3∑

m= j

−aim

(ξi − ξ3)m− j+1
, i = 1, 2; b31 = −b11 − b21; b32 = b33 = 0, (C5a)

ξ1 = ω1

k1xS0
, ξ2 = ω2

k2xS0
, ξ3 = ω±

kxS0
, (C5b)

Ẽ j (μ) = eμμ j−1
∫ ∞

μ

e−τ

τ j
dτ. (C5c)

Assuming ξ1 �= ξ2, the coefficients in Eq. (C5) are expressed as

ai1 = (−1)i

[
k1k2 − k1 · k2 − k1 + k2

ξ1 − ξ2

k1xk2y − k1yk2x

k1k2
tan θm

]
tan θi, (C6a)

ai2 = (−1)i 1

ki

[
k1k2 − k1 · k2 − ki

ξ1 − ξ2

k1xk2y − k1yk2x

k1k2
tan θm

]
tan θi, (C6b)

ai3 = (−1)i km

ki
tan θi, (C6c)

where i, m ∈ {1, 2} so that i �= m and tan θi = kiy/kix. The undetermined coefficients B1± is solved
by inserting Eq. (C3) into the combined boundary condition (17b). Then, the surface elevation is
obtained from Eq. (19).

APPENDIX D: EFFECTS OF CURRENT CONTINUATION ON SKEWNESS

We here compare three alternative, physically reasonable ways in which profiles measured using
ADCP can be extended from the shallowest measurement point—z = −1.35 m for the Columbia
River measurements we use [64]—up to the surface. These are: extrapolation using a polynomial
fit, shifting the profile upwards so that the shallowest measurement point is set to surface level (used,
inter alia, in Refs. [83,96]), and the highly conservative approach of continuing the current profile
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FIG. 11. Skewness of wave surface elevation for different profiles. (a) Comparison of shear profiles with
three approaches. (b) Numerically obtained skewness: “o,” extended profiles; “*,” shifted profiles; “+,” zero
surface shear profiles. Case chosen is same with Fig. 8 except that two strongest opposing shears are excluded
here.

to the surface with zero shear. These are referred as extended profile, shifted profile and zero surface
shear profile, respectively and are shown in Fig. 11(a).

We compare wave skewness in these three case, the results are given in Fig. 11. Again, the kp

in Fig. 11(b) is the dimensionless peak wave number as in Fig. 8, where kp = 1 corresponds to the
case without shear current whereas the modifications to the dispersion relation due to shear shifts the
value. Values kp > 1 correspond to adverse shear and vice versa. A plot of the calculated skewness
for the different cases shows that the difference in skewness is hardly discernible.

APPENDIX E: DIMENSIONLESS WEAK-SHEAR PARAMETER FOR GIVEN ω

Let the depth-averaged shear be small, of order a small parameter δ � 1. Assuming the wave
number k given, Stewart and Joy [55] derived the approximate dispersion relation ω(k) which may
be written [60]

ω∗(k∗) ≈
√

gk∗[1 − δ(k∗)] + O(δ2), (E1)

with the small-shear parameter δ(k∗) defined in Eq. (35). It was shown [60] that a sufficient criterion
for the Stewart and Joy approximation to be good is that δω � 1.

Conversely (i.e., for given ω∗) the presence of shear modifies k slightly, and we write

k∗ = k∗
0 [1 + δω(ω∗)] + O

(
δ2
ω

)
, (E2)

with k∗
0 = (ω∗)2/g, and clearly δω ∼ δ. We seek to find δω. Inserting Eq. (E2) into Eq. (E1) via

Eq. (35) and noting that
√

gk∗
0 = ω∗,

ω∗ = ω∗√1 + δω[1 − δ(k∗
0 )] + O(δ2) = ω∗[1 + 1

2δω − δ(k∗
0 )
]+ O(δ2). (E3)

Internal consistency thus demands

δω(ω∗) = 2δ(k∗
0 ). (E4)
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