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Abstract

The viscous flow of two immiscible fluids in a porous
medium on the Darcy scale is governed by a system of
nonlinear parabolic equations. If infinite mobility of one
phase can be assumed (e.g., in soil layers in contact with
the atmosphere) the system can be substituted by the scalar
Richards model. Thus, the porous medium domain may
be partitioned into disjoint subdomains where either the
full two-phase or the simplified Richards model dynamics
are valid. Extending the previously considered one-model
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situations we suggest coupling conditions for this hybrid
Grant/Award Number: 327154368-SFB-1313.

model approach. Based on an Euler implicit discretization,
a linear iterative (L-type) domain decomposition scheme
is proposed, and proved to be convergent. The theoretical
findings are verified by a comparative numerical study that
in particular confirms the efficiency of the hybrid ansatz as
compared to full two-phase model computations.
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1 | INTRODUCTION

Multiphase flow through porous media occurs for a wide variety of natural and technical processes.
Examples in soil-related environmental sciences comprise enhanced oil recovery, remediation of con-
taminated soils, CO, and energy storage systems or evaporation processes in the vadose zone. In the
technological realm we mention the design of filters, fuel cells or damping materials. Mathematical
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modeling and numerical simulation are essential tools for the understanding of multiphase flow pro-
cesses. However, due to varying material properties or changing flow regimes the governing equations
can become strongly heterogeneous leading to severe mathematical and in particular computational
problems. To meet these challenges, domain decomposition methods are an established approach (see
e.g., [3]). The basic idea is to split the domain in subdomains such that each of these subdomains can
be equipped with their respective model and numerical solver. Following an iterative scheme and by
construction of analytically and numerically appropriate coupling conditions an approximate solution
on the original mono-domain can then be recovered.

In contrast to existing approaches for homogeneous two-phase flow models, the purpose of the
present contribution is the development and analysis of a nonoverlapping domain decomposition
method for hybrid modeling. We consider Darcy scale flow of two incompressible, viscous and immis-
cible fluids in porous media. Let the fluids be denoted as the wetting (w) and the nonwetting (nw)
phase, respectively. The computational domain is decomposed into subdomains with the flow either
governed by the full two-phase (TP) model or by the simpler Richards (R) model. The latter applies for
example, for high mobilities of the nonwetting phase. Such regimes occur typically in the upper layers
of unconfined aquifers that are in contact with the atmosphere but fail to be valid in deeper regions
of the vadose zone. The partition might come along with changes in the relative permeability func-
tions, fluid viscosities and densities, as well as in porosities and intrinsic permeabilities. The major
advantage of the hybrid approach is the possible gain of computing time that can be obtained when
substituting the full two-phase model system by the (scalar) Richards equation on parts of the domain.

First, in Section 2, we present coupling conditions for the hybrid two-phase— Richards (TP-R)
model across the interfaces of subdomains. In fact, the coupling condition for the nonwetting flux in the
two-phase model is not at all obvious, given that on the Richards model domain there is no equation for
the nonwetting phase. This leads to an unmatched number of unknowns on the different subdomains.
We therefore introduce two different coupling conditions depending on the (non)occurrence of gravi-
tational forces. Extending our approach for homogeneous two-phase flow models in [1, 2], we proceed
then with the time-discrete problem and introduce a domain decomposition solver based on simulta-
neous L-scheme linearization, see [4, 5]. The resulting scheme is called LDD-TP-R solver. We further
provide a consistency result that ensures that (in case of convergence) the LDD-TP-R solver provides
the mono-domain solution (Lemma 1). Section 3 contains the core analytical result of the paper, that
is the convergence of the LDD-TP-R solver in Theorem 1. The idea of the proof is based on bound-
ing the series of iteration errors which implies that the sequence of iteration errors must vanish. A key
ingredient to achieve this is to detect matching interface Robin-type terms such that telescopic sums
are obtained. In fact, the latter is only possible if the pressure traces that are part of the Robin-type cou-
pling condition on interfaces act as functionals via the Hééz(l“)-scalar product and not in the classical
way via the dual pairing H~'/?(T") x Hééz () that stems from the L?-scalar product, compare Remark 2
as well as [6]. The convergence is guaranteed under a restriction on the time-step size which reduces
to the restrictions obtained in [1, 2] for the respective single-model cases.

To limit the notational overhead and to keep the focus, Sections 2 and 3 are restricted to a
two-domain partition. In Section 4 we generalize the LDD-TP-R solver to a multidomain situation.
Finally, Section 5 provides the numerical validation of the performance of the LDD-TP-R solver. Illus-
trative simulations on two- and multidomain partitions for realistic soil parameters are performed. The
numerical results confirm the convergence statement from Theorem 1 revealing linear rates. We fur-
ther perform a sensitivity analysis on numerical and solver parameters (mesh size, time step, Robin
parameters, L-scheme parameters). For the multidomain case, a special focus is set on gravity effects.
Most importantly we show the advantage of the hybrid model approach in terms of computational effi-
ciency, as compared to the use of the full two-phase flow model on the entire mono-domain. The paper
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ends with an outlook how the LDD-TP-R solver can be utilized for an error-controlled model-adaptive
approach.

We conclude this introduction with a short overview on the literature for related
domain-decomposition methods and solvers for multiphase flow in porous media.

Independently of the underlying numerical approaches, domain decomposition methods allow to
reduce the computational complexity of the problem, and to follow parallel solver techniques. We refer
to [7, 8] for general descriptions of the field. Optimizing the parameters in the transmission condi-
tions is an important issue in all domain decomposition methods, see for example, [9] and references
therein. Concerning porous media flow on the Darcy scale, we refer to [10] for an overview of different
overlapping domain decomposition strategies. A combined non-overlapping domain decomposition
method and multigrid solver approach for the Richards equation has been presented in [11]. In [12, 13]
algorithms for multiphase porous media flow are introduced, including a-posteriori estimates to opti-
mize the parameters and the number of iterations. A time-adaptive domain decomposition concept is
pursued in [14]. Convergence of a Schwarz waveform relaxation method is established in [15] for the
transport equation in the fractional flow formulation of two-phase flow. Lunowa et al. in [16] apply
ideas from [1, 2] to a dynamic capillary pressure model with hysteresis on a two-domain setting. The
work [17] is concerned with two-phase flow with discontinuous capillary pressures. None of these
works address the case of a hybrid model ansatz.

In this work, we combine the domain-decomposition method for each time step with an L-scheme
(see [4, 5]) to linearize the complete system. This linearization approach, which is a stabilized Picard
method has been used for a variety of applications, for example, nonlinear poromechanics [18] or fully
coupled flow and transport [19]. The L-scheme has the advantage of not involving the computation of
derivatives, in contrast to the Newton or the modified Picard method [20]. Moreover, its implementa-
tion is very easy, it is globally convergent and the linear problems that need to be solved within each
iteration are much better conditioned as the ones stemming from e.g. the Newton method, see [5].
Nevertheless, a drawback of L-schemes is their slower (linear) convergence in comparison to New-
ton’s scheme. Albeit faster converging L-schemes have been suggested in [5, 21], this article adheres
to the standard L-scheme, focusing on an LDD scheme for a flexible, subdomain-wise combination of
the Richards equation and the full two-phase flow model. The decoupling of the subproblems result-
ing from the domain decomposition in the formulation of the L-scheme presented here is achieved
through a Robin-type interface term involving a parameter. It is well known for linear problems (both
elliptic and parabolic) that the convergence rate depends on the choice of this parameter and that opti-
mal choices are possible. While we do not dwell on such questions in this work, we point the reader
interested in such aspects to the works [22, 23, 24], and [25] as well as references therein.

2 | TWO-PHASE FLOW MODELS AND THE LDD-TP-R SOLVER FOR THE
TWO-DOMAIN CASE

In this section, we introduce the notations, present the mathematical models (two-phase flow, the
Richards equation and the hybrid model) and the LDD-TP-R for the two-domain case. The consistency
of the solver is theoretically shown.

2.1 | Coupling the full two-phase flow model with the Richards equation: The TP-R model

Let a Lipschitz domain @ ¢ RY, d € {2,3}, be decomposed into two non-overlapping Lipschitz
subdomains Q,, C R? such that Q = QuUI'UQ,, with I := (ST] N STZ) \0Q being the interface.
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FIGURE 1 Illustration of a layered soil domain Q = Q, U, UT" C R with fixed interface I'. For the upper domain Q; we
use the Richards equation whereas the full two-phase model applies in Q,. The normals n,, point out of the respective domains

The latter is assumed to be a (d — 1)-dimensional Lipschitz manifold. By ny, n; we denote the outer
normals on the intersection of I" and the boundaries of ;, Q,. We refer to Figure 1 for a sketch of the
described situation. The entire domain Q is filled by a porous medium which is assumed to be isotropic
on each subdomain. We consider the dynamics of two immiscible, incompressible and viscous fluids,
denoted as a wetting one (w) and a nonwetting one (nw). Considering a hybrid ansatz we suppose the
full two-phase model to be valid in domain €,, compare [26, 27], whereas we assume that on ; the
simplified Richards model, compare [28, 29], is justified. A typical situation in which this occurs is the
flow of water and air through a porous medium that is so permeable that the air phase can be considered
to be “infinitely” mobile, resulting in a constant air pressure field equal to the atmospheric pressure.
In view of the model hierarchy discussed for example, in [30], the Richards model can be also viewed
as the limit of a two-phase flow regime if the ratio of the nonwetting and the wetting viscosity tends to
zero (and hence the mobility to infinity). With this interpretation, other situations than water and air
are conceivable for a hybrid model ansatz.

Precisely, we consider the following coupling of the Richards equation with the two-phase flow
model in pressure—pressure formulation.

Problem 1 (TP-R problem) For/ € {1,2},let Q;7 := Q;x(0,T) and 'y :== T x (0, T).
The coupled two-phase— Richards (TP—R) problem consists of finding phase pressures
DPw,1> Pw2 and DPnw,2 SOlVil’lg

ki

q)latSI (paapw,l) -V. <ﬂ’1kw,1 (Sl) \% (pw,l + Zw)) =ﬁu,l (1)

w

in Q 7 together with

k.
D20, (P2 Pw2) = V - (/:zkw,z SV (pua + Zw)> = fwas 2

kip
_(DZ()ISZ (pnw,Z,pW,Z) -V. 7knw,2 (1 - SZ) \% (pnw,Z + an) :fnw,Z (3)
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626 Wl LEY SEUS ET AL.
in ;7. Equations (1)—(3) are coupled via
Pwl = Pw2 Fyy1-ny =F,; - ny,
DPnw2 = Pa Fuyp-ny=Fyy-n 4)

on I'7. The problem is closed by suitable initial as well as boundary conditions.

We proceed to explain the notation used in Problem 1 including the specification of the fluxes in (4).
For subdomainindex ! € {1, 2}, our primary unknowns are the wetting pressure p,,; and the nonwetting
pressure pp,; on &; r, respectively. The given constant atmospheric pressure is denoted by p, and on
Q, 7, we have pp,,.1 = ps, by assumption. The functions S; = S; (an,l, pw,l) € [0, 1] denote the wetting
saturations and are assumed to be functions of the phase pressures via the capillary pressure saturation
relationships p.; (S1) = pawi — Pw.» see for example, [26], that is, it is assumed that the functions p,;
are invertible, compare Assumption 1. Since we model two-phase flow, we use the assumption that
on all subdomains Q; only the two phases are present, that is, the nonwetting saturations S} can be
expressed by the relations S7" = 1 — ;. This is already built into the equation (3).

The porosities ®; € (0, 1) on each subdomain ; are assumed to be constant and furthermore,
we denote by p, > 0 the density and by u, > 0 the viscosity of phase @ € {w,nw}. For simplicity,
we assume that the intrinsic permeabilities K; are isotropic on every subdomain, that is, K; = ki Eg4.
Finally, for @ € {w, nw}, ko, denotes the given relative permeability, f, ; a source term and z, = pagx,
is the gravitational force term (g being the gravitational acceleration).

The fluxes in (4) determine the mass flow coupling between the domains. For (a,l) €
{w, 1), (w,2), (nw,2)} they are given by

Fua ==kt SV (pus+ ) )

a
It remains to determine the flux F, ;. When coupling the Richards model with the two-phase flow
equations, it is not clear which conditions should be imposed in (4), because the nonwetting phase is
considered to be present, yet remains unmodelled. Since on Q; the nonwetting pressure is assumed to
be constant, p,,,; = p,, the part of the nonwetting Neumann flux containing the gradient of the pressure
(in a two-phase flow model) would have to vanish. However, this is not the case for the gravitational
part. Thus, there are two possible ways to account for the gravitational force of the nonwetting phase
on Q; at the interface. In view of the fact that the Richards model is the mathematical limit of the
two-phase model, compare [30], one choice is

ki1

nw

an,l = knw,l (1 -5 (paapw,l )) V. 6)

On the other hand, one could ignore the effect entirely, that is,
F nw, = 0. (7)

The two coupling relations (6) and (7) are suggested in an adhoc manner. A rigorous derivation of cou-
pling conditions via e.g. homogenization techniques is out of the scope of the present paper. However,
we point out that the formulation of the LDD scheme and its proof of convergence work for both cases.

Remark 1  (Extended coupling conditions) The coupling conditions in Problem 1 are
the generic domain decomposition coupling conditions providing equivalence of the sub-
structured problem to a monodomain formulation. While natural in this sense, they exhibit
certain limitations from a modeling perspective. Indeed, since we prescribe the continuity
of the phase pressures, the capillary pressures are continuous as well.
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However, in general, capillary trapping phenomena can occur for heterogeneous soils, where a
phase might not enter into another soil layer due to a pressure barrier. This translates to a pressure jump
over the interface. Nonmatching capillary pressure curves that in addition are extended to multivalued
functions for vanishing (wetting or nonwetting) saturations, need to be considered in this case, com-
pare [31]. This approach reflects pressure discontinuities over the interface by imposing the continuity
of the capillary pressures together with the continuity of the wetting pressure in a generalized, mul-
tivalued sense. However, the analytical treatment (proof of existence of solutions) of this generalized
formulation consists in approximating nonmatching capillary pressure curves by a family of matching
curves with continuous phase pressures.

From the numerical point of view it is therefore important to investigate the applicability of the
LDD solver to the case of continuous pressures not only as a first step, but notably so as an approx-
imation of the more realistic discontinuous case. We refer to [17] for a recent contribution in this
direction.

2.2 | Function spaces

Before we give the weak formulation for Problem 1 we introduce some notions for function spaces on
Lipschitz domains and their boundaries, the latter being essential for the analysis of the transmission
conditions in the domain decomposition method. In this section, Q ¢ R denotes a generic Lipschitz
domain. In particular, all notations apply to all domains Q, €, [ = 1,2 introduced in the previous
sections. Spaces on Q. C;°(L2) denotes the space of smooth functions with compact support in Q.
L*(Q) is the space of square-integrable functions equipped with the scalar product (-, -). For s € R,
the space H* (Rd) denotes the standard Sobolev-Slobodeckij space with norm ||u||s(q). We will need

Hé(Q) = C3°(Q)H , and for vector-valued functions v : Q — RY, the space
H(div, Q) = {v e 2]’ | divv € L2(sz)} :

together with the norm [|v||}giy.q) = IVl + Ildivv||7,, divy being understood via the integration by
parts formula.

SPACES On I € 0. The spaces H*(I') for |s| < 1 are defined by understanding that functions
on d£2 in local coordinates belong to H* (Rd_l). When the Lipschitz surface 042 is divided into two
surfaces I'y and I'y, 042 = I'; U dl'; U T, with their common boundaries oI'; of dimension d — 2 in turn
being Lipschitz, the spaces H* (Fj) for |s| < 1 can be introduced in the same way.

For a function u € H'/? (Fj) the extension - by zero on 00\TI'; does not imply u € H'/2(09), see
[6, Theorem 3.4.4] and the discussion thereafter. In order to define Neumann traces in a generalized
sense via the Green formula on parts of the boundary, we need to define the subspace of those functions
in H'/2(T") for which the extension by zero belongs to H'/?(0<2), that is

2 ~ ~
HY*(T) = {ue H'*D)|i e H'/* ()}, lall iy = o).

With the scalar product inherited from H 172(00) the space Hééz(F) becomes a Hilbert space.

With these definitions, the trace operator yr : H'(Q) — H'/2(I") can be defined as extension of
the restriction on smooth functions, acting as a bounded, surjective linear operator on these spaces
with bounded right inverse R : H'/2(I") - H'(Q), compare [32, Theorem A.2.3 and p. 132 ff], [6,
Theorem 9.2.1, p. 118] or [33, 34]. To ease the notation, we will denote the trace by u|r instead of
yru. Moreover, there is a unique linear continuous operator v, : H(div,Q) - H -1/2(T") such that
Y"u = (u-n)|p foru € H(div,Q) N [C(Q)]?. It is in this generalized sense that we will understand
Neumann fluxes.
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628 Wl LEY SEUS ET AL.

DUAL SPACES. Denoting the dual spaces £ (H*,R) equipped with the standard norm by H¥,
functionals F € H*¥ can be identified via the Riesz representation theorem as an element of vy € H*
itself, that is, F(u) = (vr, u)y, for u € H* and (-, -)g= denoting the scalar product. However, extending
the form (u, V) = (u, V>HO(Rd> to H= (R") x H* (]Rd) renders the spaces H™* (]Rd) and H* (]Rd)

mutually dual, providing an alternative representation of functionals on H®, compare [6, p. 9 ff]. A
similar duality holds for H*-spaces on Q and I C 042, see [6, Theorem 5.1.12, p. 61]. For the case

s = % which we need here, we have H(l)éz(l“)’ = H~'2(') for T" ¢ Q. We will use the symbol (-, -)r

for the evaluation F(g) of a functional F € H~'/2(I") with a function ¢ € H(%Z(F ) also referred to as
dual pairing.

Remark?2  Note that the considerations on duality from above show that each functional
u in Hégz(F)’ has two representations. Namely, there is a function # € H~'/%(") and

another function u € Hééz(l“) such that

(u, @)r = (i, @)y and (u, @)r = (i @) 11 ®)

hold. The choice of representation will be important in the formulation of the domain
decomposition scheme below.

2.3 | The LDD-TP-R solver for the TP-R problem

In this section we introduce a time-discrete weak formulation of Problem 1 and formulate an LDD
solver for this setting. Based on Section 2.2 we define spaces associated to the subdomain partition.
Forl € {1,2}, we define

Vi={u€H (Q) |ulsanoe =0} and V:={(u1, u) € Vi X V2 | wilr = ualr},

where the norms in the spaces V) are the standard H' (Q;)-norms, and on V the norm || - ||%, =Y .l
||%,1 is used. Vy denotes again the dual space of V; and is equipped with the usual norm for functionals

1Feylly,
Flly, = su 5
” ”Vy p‘ﬂzevl lloylly,

Remark 3 Henceforth, we assume that the atmospheric pressure p, vanishes. This can
be done without loss of generality: let p be a physical pressure and p,, the atmospheric
pressure. By introducing p := p — p,, the desired normalization p, = 0 is achieved and
(1), (2), (3) stay the same, since Dp = Dp for all derivatives and pz' (P —Pw) = S =
pe! (ﬁaw —Pa — (ﬁw _1’;0)) =Pz Pmw = Pw)-

As a consequence the nonwetting pressure unknown in the two-phase model domain Q; at a discrete
time step will be in H} (2,) and not in the space V.

As the first step toward the LDD solver, we formulate a time discrete version of Problem 1. For
N € N, the introduction of the time step size 7 := % partitions the interval [0, 7] into the N + 1 time
stepst":=n-7,n=0, ... ,N.

The functions py ; @ Q; — R and py,, p;,, ¢ € — R denote the unknown time-discrete
pressures at time step #*. In addition, we set S} = S, (pzw’,,p:’v,l)(anticipating Ppwi1 = Pa = 0) and
abbreviate

kiy ki
k:lv,[ = ikw,l (S;l) s ZW,[ = iknw,l (1 - S?) . (9)

w #nw
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Consequently the fluxes at " write as
wl _kwlV (pwl + ZW) le {1 2} and anZ k:LlW,ZV (pZW,Z + ZHW) .

Depending on the choices in (6) and (7) the time-discrete flux Fy, ; is defined in the same way.
With a backward Euler discretization in time, the time-discrete coupled TP-R problem in weak
form then reads as follows.

Problem 2 (Time-discrete TP-R problem) For some n € N, let (pi'.pl7)}) €
VY and pz;}z € H{ (Q). Then, the time-discrete TP-R problem consists of finding

((P1sP0s) sPln) € V X HY (), such that B, - my € Hy) (T) holds for [ = 1,2,
a € {n,nw} and such that the equations

(@18} = @181 @1 ) =7 (Fp 1. Vi )+ (Foy-ni,@ua ) =7 {fo 0w1).  (10)
(0285 — D285 @) = (Frp2. Vo) +(Foyy - na,@ua ) =7 {fig w2y, (11

— (@285 — D285 puez) — T (Froy 2. Vo2 ) + 7 (Froy1 - 12, 0oz ) = T ([ @w2) (12

are satisfied for all ((pw,l, (pw,z) € V) XV, and @2 € Va.

Remark 4 (i) In what follows, we will assume, that there is a unique solution
((pfv,l , pﬁv,z) , Pzw,z) € V x H} (€,) for the nonlinear time-discrete Problem 2. We are not
aware of any results concerning its well-posedness but we expect that an analytic fixed
point iteration combining existence results from linear elliptic theory and Schauder’s or
Banach’s fixed point theorem can be applied.

ii) Note that traces of functions are implicitly taken in (10)—(12). They are needed for the
dual pairings of functionals on I" or likewise the scalar product of spaces on I', that is,

(u, @)r = (ulr, @lr)rifu, € V.

For each solution ((pfv,ppclv,z) ’PZW) of Problem 2 the coupling conditions (4) are implicitly

fulfilled in a weaker form at each time step #,. Namely, we have p[ |r =P -

and pl,o| =0
in the sense of traces by the definition of the spaces V, and H} (€,). The continuity of the fluxes,
F wg M =Fgs ;-m, a € {w,nw},is given as equality of functionals in H, H) 2(I“ ). This is true regardless
of the different choices for Fy,, ;.

Next, we define the iterative domain decomposition ansatz with iteration number i € Ny based on
the time-discrete TP-R problem in weak formulation. Extending the notation once more, the functions
pfv’f] Q; = Rand pl},, pyi s © Q — R denote the unknown ith pressure iterate during the solving
for pressures of time step r". We set again S = S; (p. . pl;) using piit | = p, = 0. With the
notations

mi ki ki

= =k (S1). it = ket (1= 877) (13)
! Hw ( ! ) ! Hnw ( ! )
the flux iterates at " are given by

F ==k (P +2) . L€ (1,2} and Fn::l = K2 V (P + 2w -

The flux iterate F,, i .1 18 defined case by case in the same way.
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LDD schemes are designed to address simultaneously the two main challenges of Problem 2.
Firstly, each equation in Problem 2 is doubly nonlinear, nonlinearities being present in the discretized
time derivative, as well as in the fluxes. Secondly, the system of equations (10) to (12) is nonlinearly
coupled and the coupling conditions contain nonlinearities themselves. The LDD method tackles both
of these problems by linearizing and decoupling the equations in one single fixed point iteration.

We assume that ((pf;ll, p@le) , pZV_V}Z) eV x Hé (€) is given and set as initial iterates in the nth
time step

P =pit on @, 1=1,2, and ptl,=plih,  on Qi (14)

Let the numbers 4, € (0, ), a € {n,nw} be given. They are introduced to control the ratio between
Dirichlet and flux-type transmission conditions. Following Lions, [3, 35], we introduce the Robin-type

interface terms
0 -1 -1
81 = Foy 11— Aaply; - (15)

as functionals in H(l,éz(l“)’ for both phases and both subdomains. Since on Q; the nonwetting pressure
is constant, p,,.; = p, = 0, we define either

St = Fry -1 = KV - my (16)
if gravity effects are included, corresponding to the right hand side of (6), or
8wt = Foy 111 =0 (17)
instead, in case gravity effects are excluded, as is expressed through the right hand side of (7).

Note 1 (Pressure functionals) For p € V), we define the pressure functionals (p,-)r €
Hééz(F)’ on the interface such as the ones appearing in (15) according to

(P )r =P, N2 (18)

In this way, the pressure traces p|r are representing the functionals (p, -)r € Hééz(r‘)’ W.Lt
the H(l]éz(l“)—scalar product, that is, p|r = p, compare Remark 2. This will be important
in the proof of Theorem 1.

Now, the LDD -TPR scheme approximates the solution to the time-discrete Problem 2 at time ¢, by
solving subsequently the following problem (LDD-TPR solver), together with the initial iterates given
in (14) and (15).

Problem 3 (LDD-TP-R solver) Let L,,2, L2, Ly > 0 and some previously known
iterates pl) ' €V, g1} € HyJ*(T) be given fori € N,n > 1.

a,l

Find (p}i'1. Pl Psa) € Vi X V2 X Vo, such that

Ly, <P:;f1a (Pw,l> -7 <F::,lla V(Pw,l> +7 <Awpfv’,i1 + giv,l, (Pw,l>r

=Ly, <P:lv’,i;_1, (Pw,1> - <<I)157’i_l - o5, (pw,1> + 7 P (19)
is fulfilled for [ € {1,2} with
(8loss ) = (205 = g o) 20)
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as well as

Lo <PZ;L,2, (in,2> -7 <FZ;:,,27 v(in,2> +7 </1nwp2;lv,2 + g;w,z’ (an,2>r

= an,2 <PZ$,_21, (in,2> + <q)253’i_1 - q)ZS;_I , (in,2> +7 <fr7w,2’ @nw,2> @21
with
i ‘_ n,i—1 i—1
<gnw,1, (in,2>1— = _Zinwp,,w,z = 8nw,2> Pnw,2 = (22)
<g£zw,27 (in,2>l— = <_gi;vl,1a (in,2>l— 5 (23)

for all ®Pw,1 € Vi, Pwp € V, and P2 € V.

Notice that in a two-domain situation the index of the adjacent domain can be denoted by 3 — [, for
any given/ € {1,2},since3 -/ =2for/=1and 3 — /=1 for [ = 2. This type of notation has been
used in Problem 3 and will be used henceforth.

Remark 5 It may look peculiar to introduce an update for the term gilw’ 1 in (22) and
(23) as we do not have any equation for the nonwetting phase on Q;. However, it is pre-
cisely this way of updating the gfl’[ terms, that liberates the nonwetting pressure iterates
P:;i,z of the requirement to being elements of Hé (€2;), that is, to fulfill continuity to the
atmospheric pressure in each iteration. Instead, it allows to merely require that P%,z is an
element of V,. This is less restrictive. In the present formulation, the LDD solver enforces
e 2 |r — Oin the limiti — oo all by itself. Moreover, it enables us to formulate a scheme
that treats both model assumptions (6) and (7) in a unified manner.

The assertions of Remark 5 will be verified once Problem 2 is reformulated such that the reformu-
lation can be recognized as the formal limit system of the solver and the convergence of the LDD-TP-R
solver to this reformulation is proven. The reformulation of Problem 2 is given in the next section.

2.4 | Consistency of the LDD-TP-R solver with the time-discrete TP-R Problem 2

Recall that for a solution ((p'y'v pPﬁ,z) »Pﬁw,z) € V X H|) (Q) of Problem 2 the nonwetting Neumann
flux Fy,, | - ny is defined by the right hand side of either (6) or (7), compare also (17) and (16). Thus,
the functionals

gwi = =Dy |+ Fyy o (1=1,2), (24)
8nw,1 = —ianZWJ |T + FZW,I ‘ny and 8nw2 = _)fnwpzw,zlr + FZW,Z ‘R, (25)
eV N——
=P,=0 =0

in Hy)*(T)’ fulfill the relations

8ot = =245l + APl |r = sy mact = =22uplss| = gwa (1= 1,2),

n
8nw,1 = _Zinwpnw,2|r — 8nw,2 and 82 = —8nw,l-
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Note that Pt |r =Pyo = pr,Z’r =0and Fyq1 -1y = —F4 - ny for a € {w,nw}. Problem 2 can
therefore be written as
(@S} — @S, i) = 7 (Fo s Voua) + 7 (Awple) + 8uts Pt ) = T {fin s @ut) (19"
with
<gw,la (pw,l>1“ = <_2/lwp$3—l — 8w,3-1, (pw,l>1— 5 (20,)

forl € {1,2} as well as

- <‘D25§ - ¢25§_17 (in,2>—f <FZW,2a V(in,2>+7 <Anwpzw,2 + 8nw2> (pnw,2>r =7 <fnnw,2» (in,2> (21,)

together with
<gnw,1s (pnw,2>1" = <_2/1nwp2w,2 — 8nw,2» (in,2>r s (22/)

<gnw,2’ (pnw,2>r = <_gnw,1’ (pnw,2>1" . (23,)

We know pr,2|r = O since p),,, € Hé (€,) and thus the pressure functionals in (21")—(22') actually
disappear. They are written out here to emphasize the structure.

Conversely, any tuple of functions (p’fv,l P2 Pzw,z) € V1 XV, XV, fulfilling (19’) — (23') together
with

8nw,1 = F::w,l s ny, (26)
where Fy,, | - ny is defined by the right hand side of either (6) or (7), is a solution of Problem 2.

The argument supporting this claim for the wetting phase has been given in the proof of [1, Lemma
2] or [36, Lemma 2.3.12] and it carries over to the situation here.

Regarding the nonwetting phase on €,, notice that p:llwl’r = 0 is contained in (23) and (22) as
<PZW,2, (pnw,2>r = 0 follows for all ¢,,,» € V, by plugging (23’) into (22'). By our definition of the
pressure functionals, compare Note 1, as well as by virtue of the surjectivity of the trace operator, this
means <PZW,2’1- , n>1/2 = (ppyoon) =0foralln e Hoy (1) and thus p?, , =0

Using this and integrating (21”) by parts yields g2 = Fy,, 5 - 02. Since guu2 = —guw1 = Fppp 1 -2
by (23') and (26), the continuity of the fluxes follows.

Consequently, we have proven the following.

Lemma 1 (Limit of the LDD-TP-R solver) Let n € N,n > 1, be fixed, the tuple

((pfv’_ll, pf;zl) , va_v,IZ) € V X H} () be given and assume that functions P15 Phyas
Pow2) EVIX WXV and gq € Hééz(l“)’ exist for « € {n,nw} and |l € {1,2}, such that
&uw.1 is given by (26), and such that these functions fulfill the system of equations (19')-
(23') for all @,,1 € V) and @2, Puw2 € Vs.

Then, the interface conditions

pﬁ/,l r =va,2 |F and Pzw,2|r =0, (27)
Fop-m=Fgs,-nm, a€{wnw} (€{l,2}) (28)
are satisfied in Hééz(F Y and ((pﬁ’l, va,z) , I’ZW,z) solves Problem 2. Moreover,
Gui = =MDy +Fyyom (1=1,2) and (29)
8nw,2 = —Aan:,lw,2|r + sz’z ‘hy (30)

in Hy ().
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Conversely, if ((P'v'v,l’ P'fv,z) Dhva) € VX Hy () is a solution of Problem 2 and
8w, is defined according to (29), gnwp according to (30) and g, given by (26), then
((va,v Prs), Pzw,z) and g, solve the system (19")—(23").

Remark 6  Theorem 1 below shows that the family {(P:[J,il’l’f&,iz’l’%,z) }ieN of subse-
quent solutions to Problem 3, together with the iterates { gfx’ /}ieN converge to a solution of
(19)—(23"). By the just proven lemma, this means solving Problem 2. Thus, it is justified
to refer to equations (19”)—(23’) as the limit system to Problem 3.

3 | CONVERGENCE OF THE LDD-TP-R SOLVER

In this core section we analyze the convergence of the LDD-TP-R solver. Before doing so we state the
general assumptions needed (see also the setting in [4, 37]).

Assumption1 Let/ e {1,2}.

(a) The intrinsic permeabilities k;; belong to L® (Q, R;) n C*! (Q, R,).

(b) The relative permeabilities of the wetting phases k,,; : [0,1] — [0, 1] are strictly
monotonically increasing and Lipschitz continuous functions with Lipschitz constants
Ly, . The relative permeabilities of the nonwetting phases k,,,; : [0, 1] — [0, 1] on both
domains are strictly monotonically decreasing (as functions of the wetting saturation) and
Lipschitz continuous functions with Lipschitz constants Ly, .

ki k,,
(c) There are numbers m;, m, > 0 such that we have % > m; and

W

my = min{ min @kw,z(s), min ki’zk,,w,z(s)} . (€2))
s€l0.1] S€[01] fhyyp

(d) The capillary pressure saturation relationships p’. (S) := Pnw.—Pw, are monotonically

decreasing functions and therefore the saturations, S; (pt) = S; (Puws — pws) are also

monotonically decreasing as functions of p%.. Moreover, they are assumed to be Lipschitz

continuous with Lipschitz constants Lg,.

Assumption 1(c) is required to ensure the existence of a solution in each LDD-TP-R solver step,
and for the convergence proof of the LDD-TP-R solver as well. It excludes degeneracy and implicitly
makes sure that both phases are present on both sides of the interface avoiding trapping effects.

Before stating our main result, we note the following lemma. In view of Assumption 1 it is a direct
consequence of the Lax-Milgram theorem and guarantees that solving Problem 3 is always possible.

Lemma 3  Let Assumptions I hold true. Given f;, € Vy, Problem 3 has a unique
solution (pﬁ’l P2 PZ&,Z) EVI XV X V.

Considering a family of subsequent solutions to Problem 3, we can now prove the following
convergence result for the LDD-TP-R solver.

Theorem 1 (Convergence of the LDD-TP-R solver) Let Assumption 1 hold true and
suppose that there exists a pair ((pfv,l , P:lv,z) , Pzw,z) eVx Hé (£y) that uniquely solves
Problem 2 satisfying for some M > 0 the bound sup,, ||V (PZ,I + Za) L= < M. For
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&l—Wl LEY SEUS ET AL.
le{1,2},a € {w,nw} let A, > 0 and Ly; > 0 be such that we have
1 1 1 1
- >0 d - > 0. 32
Lg, @ ; 2Lq2 o Ls,®; 2L, 52)

For arbitrary initial pressures p:’v(} = v,y € V,l=1,2, and P:;S,z = Vo € Hj (Q2),

let { (P31 P2) +Prvz) }IENO E WV XV x M)

3, {gf”}EN be defined by (20) and (22)—(23) and g4 by (24)—(25) for a € {w,nw} and
s 1 0

[ € {1,2}. Assume, that the time step size T has been chosen to satisfy the conditions

be a sequence of solutions to Problem

L2 MZ L% M2
-l (e et L e R €53
LSZ(DZ p 2La,2 P 2m2d)2 LS]q)l 2Lw,1 27711(1)]
Then,
]Z,lel = P i‘n Vi  and 8@1 = & if1 vl’,
pn;v,Z _)pr,Z in V g;mv,[ - &nw,l N N %%

forl=1,2asi— co. Notably, p:;f,’z L7 0in H(l)éz(F) asi— oo.

Remark 7  (Explicit time step restriction) The implicit restrictions (33) on the time step
size translate to the explicit form

1 1
. 1 1\ 2m@? Ls,®, %‘%z
7 < min Lo ® _2Lw Lz Mz’ P 2
5@ 2t ) B Mg (1, M)/ (2m03)]

The above time step restriction is an assumption necessary for our convergence proof to
work. It is in no shape or form a sharp estimate. For practical numerical application the
value of 7 must be guessed. It needs to be balanced between assuring convergence of the
scheme and reasonable simulation time. It is a general trait of L-type schemes, however,
to issue stable convergence behavior with coarser time step sizes, compare [1]. We test
this numerically in paragraph 5.1, see p. 20.

(34)

Proof. (of Theorem 3.3). Note that for the proof, we will actually denote by L , the

Whilookas by slight abuse of notation. Define the itera-

Hy

tion errors e,7 = p pwl and e"W’ = pho = pnw2 as well as e} = gq1 — &b, for

I =12and a € {w,nw}. Add LWJ (p,, qow’1> — L, (pw,l,(pw) to (19) and respec-
tively Ly 2 <p2w’2, (pnw,2> — Lo <pﬁw’2, (pnw,2> to (21) and subtract the corresponding
equations (19) as well as (21) to get

Lipschitz constant of the function

La,<p, le 1,(pal>+r</1 +eg1 %1)
+T< knl 1 (pz’l-l-za) +knl 1 (p:)lt,]—i_za) +F§’,’l’ VQa,l) (35)

= (=1)% (DS} — @187, ) — (—1)% (cbls;“‘1 -8, (pa,z>,

- 7
v~

(=D (@, 0,57 0,
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where (35) is meaningful for the index combinations (a, [) € {(w, 1), (w, 2), (nw, 2)}. Note
the use of the Kronecker delta 6,,, to account for the minus sign of the time discretization
for the nonwetting phase.

Inserting for all admissible index combinations g := e;’:li in (35) and making use of
the identity

-1 Loy 2 12 12
Laa (et = et et ) = =2 (Nell> = e~ IP + et = i IF)
leads to

Ly, |12 2 12 -1 Bt
=L (NelP = e~ I+ Nl = ™' IP) + wa (et = (@87 = @i} (=1)mel)

—r (eifenty = o (K= K ) V (s 20) Vet ) = e (K Ve vert) . G6)
Summing over phases « = w,nw in (36) for I = 2 and adding the term
<CD252 @, S5 i l—e”W’i_1> on both sides of the equation, yields

€p2 p.2
Loo i |12 12 i 12 1 1 =1
22 (Nl = Nl I + lleps — e 1P ) + (@283 = @o53 " end™ — ™)
v

a "

n'g

TP,

_ n,i—1 wt 1 w,i aw,i—1 _ nwt Lll at
_<CI)252 D85, ey —ep’z—(ep,2 )>—’[2 </1 €n tegs. e

.

=TP, =rp
e (ke V) <X (- )V e ) V) 0D
=TP, =TP;

Similarly, adding <<I>1S’1’ - 1S'” ! [V)V]’ 1> to both sides of (36) for / = 1, one gets

e T e G R [ RN COC B A

- _
'
R,
={(® Sn Snt 1 Wl 1 y) + w,i wt
= 197 1 € T< We eg 1> [7 1/r
. ~ _ ~~ ~
=R, =g
n n,i—1 n w,i n,i—1 w,i w,i
. <<k1 —KT) Y (s + ) ,Vep’1> - <kw1 Vel ve! > . (38)
- 2N _
' '
::R3 ::R4

We proceed to estimate the assigned terms 7P;—-TP4 and R;—R4 from (37) and (38).
TP, R, Recall that §; (pw,,,p,,w,l) = (pé)_l (pnw,l —pw,l) for both [ and that plcl <0

so that we actually have the dependence S; (Py,i Puwi) = St (Puws — Pwy) Where S; as a

function of p. is monotonically decreasing. Even though p,,.; = p, = 0 and there is
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636 Wl LEY SEUS ET AL.

no equation for p,, ;, we estimate both 7P, and R; with the same reasoning by setting
Py =0and pyt | =0 for all i € N. Thereby, we have for [ = 1,2

2
"DZSZ (Phs = Phs) = @181 (PZW 2 1>‘
< Lo DD (Phs = Pl) = 51 (Pt =) ey = ™

= Lg,®, <q)151 (Pt = Plhs) — PiSi <in1 —P:Lvlz 1)) (e,v,v,}i_l - e;ifi’i“) (39)

as a result of the Lipschitz continuity of S;. The monotonicity of S; allowed dropping the
absolute value. Therefore, by integrating (39), we estimate 7P; and R; by

DSy — DyS™ 1% < <c1>,s, D i e;f,“"‘l}. (40)

Ls @

"W' "'~ 0, and for [ = 2 it is an

For [ = 1, (40) is an estimate for R, since we had set €,
estimate for 7P;. In this manner, (40) is a condensed notatlon of both estimates into one.
TP,, R, Young’s inequality |xy| < £|x|> + i ly|? with £ > 0 applied to the term TP,

gives

1 1 im1 ¥ Lo i1 12
ITPs] = (@283 - @283 epd™ — vt = (5™ = ) ) < 52 Nleps™ - 3l

an,2

+
2

2
1 1 n n,i—112
+ + — D,S, — DS s
] (2% 2LW)H 281 — o8|

nw,i—1 nw,i
(epvz — ep’z >

L . L,
where we chose €2 = ;2 for « = w, nw. The analogous choice of el = T] forl =1

yields

w,i—l w i ”2

1
R, = <‘D Sn Snz l wt 1 wt>
[Ro| = | (15T — @y 2 €, T

1157 — @157 1%,
TP3, R3. TP3 and R;3 can be estimated together as well. We have

I(( i 1) (pg,l+za),Ve;:;>|S“(z,l—kgj_l)v(p;,+za) Vel

< IIV & (4D

sy — sy Ivesdl < S e, 0us) - DS +

9] 9] Z — &g, l” 9] “ 4 (I)
for (a,1) € {(w, 1), (w,2), (nw, 2)}. To derive (41), the Lipschitz-continuity of k,; and the
assumption ||V (p, + z4) lle < M was used. &4, will be chosen later. Equation (41) is
the estimate for R; for / = 1, @ = w and the estimate for 7P3 is obtained by summing over
the phase index a,

Ly M .
EaZ n 2 ka.z a2
TP;| < L D,5; — P S + Vel ||“. 42
|TP;| Tz koo || > 285l Tza 45,,,2@2” el (42)
TP4, R4. Finally, by Assumption 1(c), we estimate R4 by
R =7 (KiT'Vepi, vent ) > e VeI 3)
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SEUS ET AL. Wl LEY 637

Analogously on the two-phase domain for 7P4, we have the estimate
TP, = 12 <k’” IVe;'z, Ve‘“> > Tm22||VeZ:£||2. (44)

Combining the just derived estimates in (40)—(43) and (44) with Equations (37) and (38),
one arrives at

L,

+r 2, Chaeph ety + om DIV < X 57108t - a8t
a,

(eIl = e5™1R) + - a5 = sy

Lkll,zM a,in?2 M6a72 n nin?
+Tza:4£a’2q)2||Vep,2|| +Tza:Lkmz o, [[@255 — @25, | (45)

on €2, and on ; at

L, . .
= (eI = e~ 1) + Lq)lnobs" O 5P + 7 (Auey + et ey Tl Vel

. M . Me,, .

ST — OS2 bt VNI IP L ||y ST — By ST (46
_2LW1” 1 ST T46W1q)1|| e, 1l + 7l , | D17 Nl (46)
In order to handle the interface terms I in (38) and I7p in (37), recall that we defined the
pressure functionals according to Note 1. This allows us to treat the interface terms in the
following way: Subtracting (20) from (20) for « = w and (22), (23) from (22’ ) and (22),

(23’) respectively for a = nw, all the while using the representations e“; € H, i/ 2(l“) of

the functionals €% , HY 2(F ) (cf. Remark 2), we obtain
? — 0 %l _ il
gl atp3—| 8.3—-1

for (a, ) € {(w, 1),(w,2), (nw, 1)} as well as

nw,i __ nw,i—1
eg’z ——eg’l
This leads to the relations
1 sy
et = 5 (lebit it = llepillt o = 4. (el i), ). @7)
w
1 v,
||€Zv§[||1/2 2 <|| nw+l||1/2 ||€gv£l||1/2 4 Ay <€Zv2l, ZV;’ F>’ (48)
nw
0= (1™ IR 2 = G717 2). 49)
nw

Inserting for [ = 1 Equation (47) into (46) and for [ = 2 (47) as well as (48) in (45), yields

1 1 Meas it 12 L M .
- +1L : ®,8% — D, 8" |12 _ Vet
( L5, Za: <2La,2 "Lk, >> 1,85 — @85 P+ 7). (ma G, r®; Vel

(4

L a,i— 1 a,i a,i
< 2757 (16571 = iR + 7 X - (1egsi = g1 ) (50)

a
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638 Wl LEY SEUS ET AL.
for Q, and
1 1 Me,, 1112 Lk M )
- — 7L . DSt —DST + - Ve
<le¢1 T )n R e G Pt W LA il

Ly, 12 A2 1
< 55 (™I = Nl + 55 (el = ey ||1/2)

for Q;, where we dropped denoting the representing element by -.
Now choose &4, = Ly, M/ (2m®;) such that m; — Ly M/ (4€q,P;) = % > 0.

Recall that by assumption the numbers L, ; have been chosen large enough that i L
5, P2

= Z — > 0 as well as > 0, and in addition the time step restriction (33) is

Sp 1 ‘w,1

satlsfled for a sufficiently small z. Summing up the equations (50) and (51), then adding
zero in the form of (49) to the result and thereafter summing with respect to iterations
i=1,...,rleads to

ZZCIH(DIS" I [ 2<||v 1112+ 22||v ||2>

i=11=12

La,2 a a,r Lw,l w w,r
< 2757 (egall = el ) + 5 (eI = ey 1)
a,r+1
+1224A (e 1B = et ™ 1R )

where C; is defined in (33) and the telescopic nature of the sums on the right hand side
have been exploited. Equation (52) implies the estimates

ro 2

Y cllesy — a8 < ¢
i=1 I=1

2;( L Veril + 22‘,||v ||2>

Lop 24 L 2 +)
25 lesIl + Lot gy +r22—n aipsC

o4

with

Lo a0 Ly,
Ci= Y52 M2l + = e P +122—n 12
a a
Since C is independent of r, we thereby conclude that
@S} — @S], Vel > 0 as i — oo,

for all appearing combinations of / € {1,2} and « € {w, nw}. Due to the partial homo-
geneous Dirichlet boundary, the Poincaré inequality is applicable compare [32, Theorem
A.2.5,p. 252] for functions in V. Thus, equation (56) further implies ||er|| — 0asi > o
for all admissible index combinations.

61y

(52)

(33)

(54)

(55)

(56)
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SEUS ET AL. Wl LEY 639

In order to show that e”” — 0 in Vy for all appearing indices, we subtract (19) from

(19 fora =w, 1 = 1,2, and (21) from (21") for @ = nw, [ = 2 and consider only test
functions in @4 ; € Cy° (€2), that is,

o (P = P V0u) = Lar (1™ = e gus) + 1 (01S] = 01SF " pur). (5T)
Thus, V - ( il FZ:,) exists in L? (€) and

—7V. ( n ,,—FZ”’» = Lo <e;;;' - ;;;"1) + (=)o (@,S” DS ‘) (58)
almost everywhere, from which we deduce for ¢,; now taken to be in V,
(v (P = P2} o) < Z20 ] = e Ml + L10S] = @15 gl (59)

Introducing the abbreviation |‘I‘Z’j (@ay) | for the left hand side of (59), the limit

¥y (at) | <

vyl (Pa,lllvl T
(P,z‘l¢0

p.l

el ‘“1||+ ||q>,s, @,S"”H—w

as [ — oo follows as a consequence of (53) and (54). In other words ||V}, ’,||v[, — 0 as
i — o0. On the other hand, starting again from (35) (without the added zero term), this
time however inserting ¢@,; € V; and integrating by parts, keeping in mind (58), one
deduces that

<eg:li’ (pa,l>r = _la <eZ:[is (pa,l>r + << ';,l - FZj) - hy, (pa,l>r . (60)

We already know, that || “”i||pl - 0 as i — 0 and we will use the continuity of the trace

operator to deal with the term < 15 P 1> For the last summand in (60) we have by the
integration by parts formula

((Fas=Pi) -1 0u) = Vel (90r) + (Fiy = Fib Vous) 61)

and the second term can be estimated by

| <kg’,V (Ph)+24) — k"' 'y (pZ’l + Za) ,V(pa,,> |

<’<( —k’“') (Phi+za) K'YV pl,V(PaIH

Lka IM n n,i—l
< (D[SZ - (DISI
D

a,i
[+ M [V

8

where we used the same reasoning as in (41) and max |k, ;| < M;_,. With this, we get

Pa,l Pa,l

4 Lo ||q>,s, q),S”’1H+Mk HVe

-

. [((rri-r) w2,
®a 1€V 4

@ai] |, =1

|
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M—Wl LEY SEUS ET AL.

asi — oo from (61). Finally, we deduce from (60) and the continuity of the trace operator
(with constant C) on Lipschitz domains

a,i
e
| < g»l’(p”‘”>r| =I| i ni Ly, M n ni-1 i
sup ———— < 4,C e, +||¥, + D5 — DS + M, ||Ve,;|| = 0,
5 P 5 VY, (I) a.l P>
®a,i€V] | |(Pa,l| |v] 1 ! l
Pa,l

as i — oco. This shows eg:f — 0 in Vy for all valid index combinations and concludes the
proof. [

4 | THE LDD-TPR SOLVER FOR THE MULTIDOMAIN CASE

In this section we provide a generalization of Problem 2 to a multidomain setting. An in-depth
presentation with a multidomain convergence result can be found in [36, Section 4.4].

We start with a generalization of our geometric notation. The domain Q C RY is partitioned into
a finite number of non-overlapping Lipschitz subdomains ©; C Q such that Q = U}, Q;. The interior
of intersections of the boundary of neighboring domains, I'y; := Qn 51\() (ﬁk U 5;) that in addition
have non-zero (d — 1)-dimensional Hausdorff measure are called interfaces and are submanifolds of
dimension d — 1. As a consequence, the outer normal ny; € S9! pointing from Q; to ; is defined
almost everywhere on I'y;, compare [34, p. 97 ff.] and [6] for more details on definitions. Figure 2b,
p. 18, illustrates the notation. Given &, let T; ¢ T = {1, ... , W} be the set of indices denoting
those neighboring subdomains € for which I' is an interface. Furthermore, let I'; = int (02 N &)
denote that particular part of the boundary of Q; intersecting with 0£2 for all / € T for which I'; is
(d — 1)-dimensional. Then 02 = Ujez T and 0Q; = Urez, (T UTY).

Let IR, 1™ ¢ I with T = TRUI™" be the (possibly empty) sets of indices denoting the subdomains
€ on which the Richards equation (! € I¥) or the full two-phase system (I € I'") is imposed. If
neither IR # @ nor IT7° # @, denote by I,QP c I the indices of domain patches, that model the full
two-phase flow but have at least one neighboring subdomain that assumes the Richards model sharing
an interface of dimension (d — 1). Similarly, define the subset I%, c I* of Richards subdomains with
a two-phase neighbor. Given a subdomain ; with k € I, let I,{‘; C I be the set of indices of
neighboring Richards subdomains. Analogously, for Q; with k € I%,, let Ifi rp C Iy be the set of
indices of neighboring two-phase subdomains.

Turning to function spaces, we decompose H} (<) into spaces

V) = {u e H' () lu]ogno0 = O}

and set

w
Pr=TIv and v ={wn ) € P, =l L€ ke L,
=1

the latter being Hé (Q). In case  is an internal subdomain, that is, 0Q; N 02 = @, we have V;, =
H' ().

If a purely Richards or purely two-phase domain decomposition is considered, that is, no TP-R
coupling occurs, the space V" can be used for the wetting phases, (Richards) and also the nonwetting
phases (two-phase). If both models are present, however, we refine the notion of V™, the space for the
nonwetting phase. For all k € I'" define V=Y, VP = {0} fork € I” and set the general space
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SEUS ET AL. WILEY 641
for the nonwetting phase

P = HVJ and P"™ = {(ul, . Uw) € 1/7\"W|u, Ir, = "‘k|r,k e ITP} .

Note, that since for k € I% we set V™ = {0}, u; |r, = ux|.. for k € Tk actually means u|r, = 0.

Ik i <
Lastly, in order to define Neumann traces, we need those subspaces of the spaces V! and V* for which
traces on each interface to neighbors can be extended by zero. We set

w
1/2 5
Vigo = {u € Vilul, € Hf* T i€ T and Vo = [[Vioor
=1

for a € {w, nw}.
With the above notations a multidomain semidiscrete formulation of Problem 2 reads as.

Problem 4 (Semidiscrete TP-R problem, multidomain) Given functions
(pilppt) € Y x V™, find (ph,phy) € V¥ x Y™, such that all fluxes fulfill
F"J ny € Hoo Ty) forle I,k €I, a € {w,nw},and the equations

<q)lS;l - q)lS;l_l’ (pw,l> -7 <Fﬁyl9 V@w,l) +7 Z <F'y:;,k * Rk, (pw,l>rlk =T <f;:l',l’ (pw,l>

k€T,
as well as
<¢S - Sn 1,(Pw,/> T<FWJ’V(PW,/>+TZ <ka R, (Pw,/>r =7 ijs(pwj>,
kel

<(Dij"l - (DJ'S/"Z_I’ ¢"WJ> -7 < nwj> V(anJ> + TZ <ank Rjkc, @nWJ>F =T <fr’;1wJ» ¢"WJ>
kel;

are satisfied for [ € I, j € I'" and for all (@a.1, a2, ... s Paw) € 1/7\[‘60].

As we have seen in the previous section, compare Lemma 1, introducing a Robin type
formulation allows to drop the pressure continuity that is implicitly contained in the
definition of our spaces V" and V"". Instead, the pressure continuity becomes part of the
equations to solve and is thereby more accessible to implementation. Setting analogously
to equations (24)—(25) for AX = X > 0

Gaik = —Auplh, o +Fo . (€D).(k€I) and a € {nnw},
Ik

in Hééz(l“ ), where as in the previous sections gnwik =F Zw,l'nlk on Richards subdomains
I € I* are only nonzero if the neighbor Q; assumes the two-phase model, that is, k € Ifrp
and gravity is included, Problem 4 can be equivalently reformulated into.

Problem 5 (Semidiscrete TP-R problem, limit formulation, multidomain) Let func-
tions (pﬁ_l,pﬁﬁl) € V¥ x V™ as well as real numbers A% = A& > 0 be given for all
interfaces 'y, I € T,k e 1;,and appearlng phases a.

Find (p}},, pit) € P¥ x V™ and 8alk € Hoo Tw',le I kel,ac {wnw)such that
on Richards domains, that is, / € I¥, the terms 8a.lk are given by

guwik = Fpp, - n, for 1e1fp, and ke Iy,
ik = 0, for 1€Tf and ke I\Ifp, (62)
ik =0, for 1€ I™\1%,, and ke,
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M—Wl LEY SEUS ET AL.

where F,, ;- ny € H(l)é2(l“,k)’ are defined by the right hand side of either (6) or (7), and
these functions (p},, pii) and g, fulfill the equations

(@S} = &7 pwa) — T (Fpy ). Veouu) + ZT (APl + Gtk (pw,l>rlk =7 (fl Pui)
ke,

for € I¥ with

(8w D)y, = (—2A0Plh = Bwat: P )y, k€T,

(&nw.iks @nw,k)rlk = <_2}”£§vp:iw,k = 8nwkl> (in,k>1-1k (k € IfTP) >

and for j € I'" the equations

— 14
<@ﬁy—@§?%¢w>—fgﬂwv¢w>+fg:Qmﬂb+gwh¢w&r=fLﬁw¢w>v
Elj Jk

- <(DJS7 - (I)jS]r‘l_l > (pnw,j>_7'- <FZWJ7 V(pnw,j >+’t Z </1£lkwp2w,l + 8Enw.jks (pnw,j>rv =T <fr:lwx/'7 (pnwj> 5

keT; x

together with

(8uwis (Pw,j>1—/_k = <—2/1’$va,k = 8wikj> (Pw,j>l_ (ke1),

jk

.y
<gnwjk’ qow,/‘>rfk = <—ZA{1WP;W,]( — &nw.kj» (pan>r (k S Ij N ITP) ,
k

Jj
<gnW,jk’ (in,j>l_fk = <_gnw,kj’ wan)ij (k (S If]{”) 5
for all ((Pa,h(pa,Z’ ,(Pa,W) € ]3[%0]-

Remark 8  (Necessity of 1/7\6’0 as test function space) In order to define Neumann traces
on parts of a boundary I' C d£ of a Lipschitz domain €, test functions ¢ € H'/*(I')
need to be extendable by zero and these are precisely the functions in H(l)éz(F). If we
tested the above problems with functions @,; € Vf the traces (Pl|r,k for k € 1, a priori
would only lie in H'/2 (I'). For the Neumann traces appearing in Problems 4 and 5 to be
well-defined, we need (p’|sz € Hééz (Tw) for k € I;, however. Testing with ¢,; € 1/530
precisely alleviates that problem.

As before, Problem 5 shows how to design the multidomain LDD-TP-R solver step.

Problem 6 (LDD-TP-R solver step, multidomain, version 1) Given (p(‘v‘], pi') €
V¥ x Y™, set on all subdomains Q;, [ € T, for some L,; > 0 as initial iterates

Pay =Py
where a € {w} for [ € I® and @ € {w,nw)} for I € I" as well as

0 ._ gl Ik n—1
8aik = Foy Mk — AaDay r
Ik

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)
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in Hééz(l“lk)' for k € I, and A% = 4¥ > 0. As before, for Richards domains, Q; with [ €
IR and on interfaces [ to a two-phase domain, that is, k € IfTP, equation (72) becomes

gon=Ful -ny (73)

and the fluxes Z,’,l - ny, are defined by the right hand side of either (6) or (7). On
interfaces I';; between Richards domains, we take

ggw k = 0. (74)

ni—1 _ni—1 1/2

Given the iterates (pl'",pmy ) € PY x P as well as gk € H (Flk) Nei>1),

one step of the LDD-TP-R solver consists of finding (p'v'v’, pnw) € V X V,,W such that on
Richards subdomains, that is, [ € I%, the equations

Lw,l <in’,lp (Pw,l> -7 <F:,:lls V()ow,l> +7 Z <A£\]fp::,ll + gw lks (0w,1>1—~lk

ke,
=Ly, <P;'3,iz_],(ﬂw,l> <<DIS’” Y ,(Pwl> +7{fo Pwi) s (75)
with
(8 @i, = (2000 = ghoow) keI, 76)
lk
<gqu,1k7 (in,k>1—[k = < 2)fnw Zyi kl gil;VI,kI’ (in,k>r (k € IfTP) (77)

Ik

are satisfied, and on two-phase domains, (j € I'"), the equations

. . X
LaJ' <P:’5, (pa,j> -7 <FZ’:]" V(paJ> + TZ <%¢PZ; + gaJk’ (paJ>

kel;
= Loy (P ug) + 10 (7 = @1 gy + 7 (i, 0ag) 73)
for « € {n,nw} along with
i ik n,i i—
<gw,jk’(pWJ>r.k = < 2/ljwpwk1 - glw,llj’ (/’WJ>F (ke Ij) ’ (79
J ik
(oo @i}y, = (—220pots! = Slge o) (k€ LNTT), (80)
Jjk
i — i-1 TP
<gnerk» (pnw,j>rfk = <_gnw,kj» (pan>ka (k € Ij,R) (81)

are fulfilled for all test functions (@, @) € Vi X V.

Remark 9  We note that the iterates (pilv’i, pﬁv’v) are only required to be in P x P™ and
need not to be in V¥ x V"™ (the latter meaning continuity over interfaces). If the family
of subsequent solutions to the LDD-TP—R solver step, Problem 8, converge to a solution
of Problem 5, then the continuity of the pressures is guaranteed in the limit.

From the proof of Theorem | we expect that the convergence of the solver holds also in the multido-
main case irrespectively of the choice of initial iterates. Therefore, it is possible to choose other initial
iterates than given in (71) and (72). In particular, g(;’,k can instead be chosen to belong to H 2y
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providing g/, , € H'/*(T;)' as well, and Problem 6 can be tested with functions (@y, @) € P P
instead of (@, @) € 966 X ]36‘6” . While in general it is not clear whether it is possible to approximate
the Neumann fluxes in Problem 5 by functionals in H(l)éz(l“lk)', in situations, where P¥ x Y™ can be
chosen as test function space, it is useful to do so for two reasons. First, this makes the Lax—-Milgram
arguments from Lemma 3 carry over to the multidomain situation here, so that a solution to each
iteration of the solver can be guaranteed. Secondly, implementation is facilitated, as the requirement
(@w, Pnw) € 9&] X 1/?\6'{{ is more difficult to achieve in an implementation than (@,,, @) € P x P,
Thus, a more practical formulation of the LDD-TP-R solver used in Section 5 below is given by.

Problem8 (LDD-TP-R solver step, multidomain, version 2) Let functions ( piL i )
€ V¥ x V"™ be given and define on all subdomains ;, [ € T, for arbitrary vi € V} and
¢ € HYA(Ty), k € 1), as initial iterates

Do =i

where @ € {w} for [ € IR and @ € {w,nw)} for [ € I" as well as

0
8aik = Cik
in Hééz(l"lk)' . On interfaces I'y, between Richards domains, we take

0 —
gnw,lk =0.

In addition, choose on each domain €;, / € 7, some real number L,; > 0 and on all
interfaces I'y, k € I, real numbers A% = A¥ > 0. Given previously known iterates
(Pﬁ'i_l,p%_l) € ﬁw X ﬁ"w, as well as gf;l}( € H(I)é2(l“/k)’, (N € i > 1), one step of
the LDD-TP-R solver consists of finding (pi', i) € V" x Y™ such that on Richards
subdomains, [ € IR, the equations (75) together with (76), (77) are satisfied, and on
two-phase domains, j € 1™, the equations (78) for @ € {n,nw} along with (79), (80),
and (81) are fulfilled for all test functions (@,,, @) € P x P,

Remark 10 Note that the key difference between Problems 6 and 8 is the test function
space and consequently the space on which the functionals gflJ act.

5 | NUMERICAL VALIDATION OF THE LDD-TP-R SOLVER

In this section, we turn to the numerical validation of the LDD-TP-R solver for the case d = 2. We pro-
vide examples for two different substructurings. For a two-domain case, we compare the performance
of the LDD-TP-R solver to the full two-phase flow model. In addition, we discuss the choice of solver
parameters. For a multidomain example involving an inner subdomain, we illustrate the performance
as well. Both domain partitions are displayed in Figure 2.

All experiments were implemented using Python and Fenics’ main library Dolfin, compare [38,
39]. The code for all examples along with its documentation can be found at [40].

For a detailed description of the design principles we refer to [36]. Here we restrict ourselves to a
listed summary regarding the grid and the ansatz functions.

SUBSTRUCTURING AND MESHES. All subdomains ©; ¢ Q ¢ R? and triangular meshes are
constructed by the Fenics mesh tool Mshr. To ensure that the meshes are matching, submeshes 7; on
each subdomain Q; are always extracted from a global conforming mesh 7" on Q. This means, mesh
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(a) Two-domain substructuring. (b) Five domains with inner subdomain.

FIGURE 2 Domains used in the numerical experiments. All domains are polygonal subdivisions of the unit square
[0, 1] X [0, 1]. The nomenclature of the interfaces follows the conventions introduced in Section 4

vertices and faces always lie on the polygons defining the interfaces, and no facets intersect interfaces.
In this way, neighboring subdomains share vertices and facets over interfaces. Dolfin was instructed
to use ParMETIS as mesh partitioner. An example of such a mesh can be seen in Figure 7b). If d4 is
the diameter (two times the circumradius) of a mesh cell (triangle) A € 7}, the mesh size #; on each
domain is defined as iy = max {d, |4 € T;}.

On each subdomain mesh, Fenics’ first-order Lagrange finite elements, P, A, were used as ansatz
spaces Vy; C V.

INTERFACES TERMS AND COMMUNICATION. The calculation of the Robin-interface terms
across interfaces and the data exchange across interfaces requires manual assembly of the fluxes
involving gradients of ;A functions. The calculation of interface terms is done dof-wise and their
communication over interfaces needs to take into account the different mesh and dof numberings
on each subdomain adjacent to a given interface. The calculation of the approximations gz’jk of the
g, y-terms uses discontinuous Galerkin elements of degree 1, P A%. The reason is twofold. On the one
hand, the calculation of gg’f,)k necessitates the assembly of fluxes (since we use the initial iterates of
Problem 6), involving thereby the gradient of a P; function, hence the need for discontinuous ansatz
functions, and on the other hand it seemed desirable to have the same number of degrees of freedom
as the pressures that need to be added to these terms.

The implementation of the gZ’jk terms is done in the following way. The LDD solver, upon entering

time step n, first assembles gﬁ:?k: On each domain ;, [ € T, the approximation F' Z";_l of the flux
FZ;I is assembled in P; A% x P;A? and FZ’;'_I -ng € P1A? is added dof-wise to pZ’j’_l - for dofs
lk

h,0

) -term are then

that lie on facets belonging to the interface I'y, k € I,. The resulting dofs of the g
saved to interface dictionaries for communication. During the ith iteration of the LDD solver on Q;, the
gﬁ’;l and pZ’f[l dofs of the neighbor k are read from these interface dictionaries and are added—again
dof-wise—along I'y to get gZ’jk € P, A”. Since the form assembly of Problem 8§ is done in P; A°, the
gl terms enter the form as projections IIgl}, € PiA°, where IT : PjA? — PiA” is the projection
onto P;A°.
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TABLE 1 TP-R coupling on two domains: coefficient functions and exact solutions

Data Q, o,
ky 1(5) 5 $
Ky (5) (1 -9 1 -s)?

1 1

P20 — . >0

S1(pe) (1+I’L)% (14p.) & p

1 pe <0 1 p. <0
P .0 =7—(1+2) (1+x2+)?) 7= (142) (1+22)
CS ) - (=2=1(L1+y+x2))y?

All appearing linear systems were solved using the Generalized Minimal Residual Method
(GMRES) in conjunction with Incomplete LU preconditioning (ILU) as realized in the Fenics library.
We will use the following.

Notation 1 By p$,; we denote manufactured solutions, and py’; := pS, (-, -, ,) are their
evaluation at time step #,. We have p;; = p;, since manufactured solutions solve the
semidiscrete TP—R problem. Numerical approximations are denoted with an additional
h, that is, p[;/ is the numerical approximation of P2 /pt, and the symbols p} denote the
numerical approximation of the iterates pZ:’l of the LDD-TP-R solver. Note, that the index
n is dropped in this case. This means that pZ’l always denotes the iterates in the calculation
of the nth time step.

5.1 | Two-domain computations

Remark 11 (Choice of 4,) So far we have not addressed how to choose the parameters
Aq appearing in the LDD-TP-R scheme since no restrictions on these parameters were
necessary for the convergence analysis. Analysis on how to choose these parameters for
optimal convergence rates exists for linear elliptic and parabolic problems as well as for
the Stokes problem, see [22], [23], [24], and [25] as well as references therein. However,
it is not clear in our nonlinear case whether an optimal choice exists and how to choose
it. For the Richards-Richards case an optimal choice was found through numerical exper-
imentation, see [1], but for the present case this is an open question. We therefore chose
parameters through experimentation throughout this section.

We start the numerical validation of the LDD-TP-R solver for the two-domain case shown in
Figure 2a.

5.1.1 | Homogeneous intrinsic permeability and porosity
We assume the permeability and porosity in both domains to be the same and demonstrate the con-
vergence of the scheme using a manufactured solution. Modeling the flow of water and air, all soil
parameters are listed in Table 2a. For the relative permeabilities, S-p. relationships as well as the
manufactured solution expressions we refer to Table 1.

Figure 3 shows the results for a simulation over 1500 time steps of size ¢ = 0.001 on the time
interval [0, 7] = [0,1.5] using a mesh size & ~ 0.071. The algorithm was set to terminate after the
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TABLE 2 TP-R coupling on two domains: soil parameters for same (a) and varying (b)
intrinsic permeabilities and porosities

(a) TP-R coupling on two domains: soil parameters for the case with same intrinsic
permeabilities and porosities

Parameter Q Q,

@, 0.22 0.22

ki 0.01 0.01

a w nw w nw
olke/(ms)] 1 - 1 %
P [kem™] 997 - 997 1.225

(b) TP-R coupling on two domains: case with varying intrinsic permeabilities and
porosities
Parameter Q, Q,

@, 0.22 0.022
Iy 0.01 0.0001

a w nw w nw

1
Hqlkg/(ms)] 1 % 1 50
P [kem™| 997 1.225 997 1.225

stopping criterion
h,i hii—1 —6
IPer—per NI, <&5:=2-10

had been reached for all appearing / and a. Parameters of the TP-R solver were chosen as L,,; = 0.007
and L,» = 0.005 for all phases &« € {w,nw} and A}? = A!2 = 0.75. Figure 3a shows the relative
error norms with respect to the exact solution over time, demonstrating that the accuracy remains
invariant over time. The relative error of the nonwetting phase remains steadily around 0.009, that of
the wetting phases below 0.01%. The nonwetting phase shows a greater approximation error, which is
not unexpected, since no nonwetting phase equation is assumed in ;. Figure 3b displays the errors of
the solver for the time step 1500 at time 7' = 1.5.

To determine how the use of the TP-R coupling in this situation affects both accuracy and per-
formance, we compare with a simulation of the same setting, assuming constant nonwetting pressure,
Pnwa = 0 on Q) and use the LDD solver for two-phase flow equations in ; and Q, (LDD-TP-TP
solver, see [2] for details). As Figure 3c shows, the same precision is achieved in both cases, using
either the LDD-TP-R or the LDD-TP-TP solver. The worst relative error can be observed for the non-
wetting phase on €2,, similarly to the case of the TP—R coupling shown in Figure 3a. This suggests that
the error is not dominated by the use of the TP—R coupling in place of the a complete TP—TP coupling.

Naturally, the LDD-TP-TP solver is slower, having to solve an additional system. The subsequent
errors at a fixed time step, Figure 3d, show in addition, that the LDD-TP-TP solver needs 199 iterations
in the 1500th time step to achieve the same stopping criterion. 29 iterations were needed in the first
time step.

These results show that in situations in which the assumptions for the validity of the Richards
equation hold, the hybrid LDD-TP-R solver excels over the LDD-TP-TP solver as there is a noticeable
performance gain at virtually no loss of approximation accuracy.
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(a) Relative error norms HP;? - PZ?HQ/HPZ;L% over time ¢ (b) Subsequent errors Hp 0 p};:lé—1|\2 over iteration i at time
for (a,1) € {(w, 1), (w,2), (nv,2)}. step n = 1500, t, = 1.5.
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(C) Relative error norms Hpi 1 PZ Uz /P8 Nl over time ¢ for (d) Subsequent errors Hp; e ph i 1H2 over iteration 7 at time
a € {w,nw} and | € {1,2} step n = 1500, t, = 1.5.

FIGURE 3 TP-R coupling on two domains: Relative error norms (a) and subsequent errors at a fixed time step (b) for a
simulation over 1500 time steps with same intrinsic permeabilities and porosities, and parameters i ~ 0.071, 7 = 1 - 107,
L, =0.007 and L,, = 0.005, a € {w,nw} and A}?> = A}2 = 0.75. Relative error norms (c) and subsequent errors at a fixed
time step (d) for a simulation of the same situation using the same parameters, but assuming a TP-TP coupling and assumed
zero nonwetting phase

5.1.2 | Heterogeneous intrinsic permeabilities and porosities

We investigate numerically the influence of heterogeneneous soil parameters running a test case with
varying intrinsic permeabilities and porosities. The values used are listed in Table 2b. Relative per-
meabilities, p.—S relationships and the exact solutions are the same as before, compare Table 1. Grid
parameters remain the same, namely 4 =~ 0.071, and = = 0.001 for the time step. Figure 4 shows results
for a simulation comprising 1500 time steps using LDD-TP-R parameters A}> = 0.5, L,,; = 0.007,
and L,, = 0.0005, for « € {w,nw}. The stopping criterion was set to £, = 2 - 107°. As can be seen
from Figure 4a the final approximation precision is unaffected by the more challenging soil parameters
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(a) Relative error norms HP;? - PQ,?HQ/HPZ;LHZ over time ¢ (b) Subsequent errors szzl — pZi 1H2 over iteration i at time

for (o, 1) € {(w, 1), (w,2), (rw, 2)}. step n = 1500, t, = 1.5.

FIGURE 4 TP-R coupling on two domains: Relative error norms (a) and subsequent errors at a fixed time step (b) for a
simulation over 1500 time steps with varying intrinsic permeabilities and porosities, excluding gravity and parameters
h=0071,7=1-10"3,12=0.5, L,; =0.007 and L,, = 0.0005, for & € {w, nw}

compared to the case with same intrinsic permeabilities. Mind the adjusted LDD-TP-R parameters
L, and A}%, however, which needed to be adjusted to stabilize the iteration. This was a general trend
observed in the experiments: The parameters need to be adapted to the situation specifically when
heterogeneous parameters were used, see also [36] for more examples on this. In contrast to the previ-
ously shown case more iterations are needed to achieve the stopping criterion precision as is visible in
Figure 4b. Required iterations ranged from 63 iterations in the first time step to 348 iterations in time
step 1500 shown in Figure 4b.

5.1.3 | Comparison to coarser time step size

Figure 5a,b shows the same situation but simulated with a coarser time step ¢ = 1 - 1072 reaching
T = 15 after 1500 iterations. Interestingly, the error norms of all phases are in the same range as for
the simulation with the finer time step, compare Figure 5a, albeit the errors of the wetting phases
behaving noticeably worse. The increase of error that starts taking place around 7 = 10 is due to
solver maxing out the maximal iterations number, 1000. After ¢ = 10 the solver always iterates 1000
times but fails to reach the stopping criterion. The effect is shown in Figure 5bc depicting the 1000
iterations in time step #1500 that the solver uses without reducing the subsequent errors sufficiently.
Notably, convergence is very slow.

To compare the behavior of the solver at a similar time than is depicted in Figures 4b, 5b shows the
behavior of the solver at ¢ = 1, 67. 141 iterations were used to achieve the error tolerance £, = 1 - 107°.
This means that up to this point in time, the LDD-TP-R solver needs less iterations in each time step
of the simulation using = = 0.01 than in the example using = = 0.001, all the while achieving the same
level of approximation error!

5.1.4 | Influence of LDD-TP-R parameters

The LDD solver is sensitive to the numerical parameters. To illustrate this dependence, we revisit the
previous example with varying permeabilities and porosities keeping the grid parameters the same,
but varying the LDD-TP-R parameters: Figure 6 shows results of a simulation of 800 time steps using
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(C) Subsequent errors HpZﬁ - pZ’_i_l |, over iteration ¢ at time

step n = 1500, t, = 15.

FIGURE 5 TP-R coupling on two domains: Relative error norms (a) and subsequent errors at a fixed time step (b) and (c) for
the same situation as in Figure 4 simulated using a coarser time step r = 1 - 107

M2 =4, L,;=0.025and L,,» = 0.05, L,,» = 0.025 as well as g, = 3 - 107° as the stopping criterion.
While the wetting phase error on €; at around 0.01% compares to the one in Figure 4a, Figure 6a
shows that the errors of both phases on €2, are an order of magnitude worse than what has been shown
in Figure 4a. Accordingly, Figure 6b indicates by the high number of required iterations as well as the
tilts observable in the subsequent error plots of the phases on €, that the solver struggles to find the
solution. The required iterations to achieve the stopping criterion in this case ranged from 40 in the
first time step to 577 in the 800th time step depicted in Figure 6b.

5.2 | Multidomain computations

We advance from the two-domain examples to a multidomain example featuring an inner subdomain,
see Figure 2b. We assume the Richards equation on subdomains 1, 5 and the full two-phase flow model
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for (a, 1) € {(w, 1), (w,2), (nw,2)}. step n = 800, t, = 0.8

FIGURE 6 TP-R coupling on two domains: Relative error norms (a) and subsequent errors at a fixed time step (b) for a
simulation over 800 time steps with varying intrinsic permeabilities and porosities, and parameters s =~ 0.071, 7 = 1 - 107,
AW2=41,,=0.025andL,, = 0.05, L,,, = 0.025

]
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(a) Five domains with inner subdomain and highlighted model (b) Unstructured mesh for the five domain substructuring at
change. mesh_resolution = 32.

FIGURE 7 TP-R coupling on a five domain substructuring. Highlighted are the areas where different models are being used
(a). The dotted areas features Richards equations and the striped areas the two-phase flow model. Unstructured triangular
mesh (b) for mesh_resolution =32

on subdomains 2—4. The inner subdomain is 3. According to Section 4, this means T = {1, 2, 3, 4, 5},
I® = {1,5} and 17" = {2, 3, 4}, compare illustration in Figure 7a.

5.2.1 | Excluding gravity
We first use an example excluding gravity featuring the manufactured solutions, relative permeabilities
and p.—S-relations given in Table 3. Soil parameters are listed in Table 4. Notice that the same porosity
@; = 0.2 and intrinsic permeability k;; = 0.01 is assumed on all subdomains, / € T.

Figure 8a shows the relative error norms over time for a simulation of 1000 time steps of size
7 =1-107>. The LDD-TP-R parameters were set to L,,; = 0.01, L,,,; = 0.004 and Ak =1 as well
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TABLE 3 TP-R coupling on a five-domain with inner subdomain: assumed coefficient functions and manufactured solutions
Richards two-phase
Data Q, Qs Q,-Qy
Ky 1(s) 5 s
K (5) (1-s)y (1-9?
% >0 N >0
S1(pe) (1+p)"" Pe = (1+p)" Pe=
1 pe. <0 1 pe <0
ER N =T—(1+72) (1+x2+)?) =T—(1+7) (1+2?)
Pl 3,1) - (-3-1(14+y+2) = £)y

TABLE 4 TP-R coupling on five-domain with inner subdomain: assumed soil parameters for case
with same intrinsic permeabilities and porosities

Richards Two-phase
Parameter Q, Qs Q3 Q,, Q,
@, 02 0.2 0.2
kiy 0.01 0.01 0.01
Iy 0.071 0.070 0.071
a w nw w hw w hw
Halkg/(ms)] 1 - 1 % 1 %
pa [kem™] 997 - 997 1.225 997 1.225

as Ak, = 0.25forall / € T and k € I;. The error of the nonwetting phase of the inner subdomain
Q3, which is the worst of all phases and subdomains stays consistently below 5 - 107 The nonwetting
phases of €, and Q4 do not surpass 1- 107> and all wetting phases stay below 2 - 10™*. The nonwetting
phase on the inner subdomain shows a degradation in accuracy whereas the other phase errors are in
line with the two-domain examples.

Figure 8b shows the subsequent errors for the time step #1900. The stopping criterion was £, =
1 - 107° and was reached after 202 iterations. The first time step required 106 iterations.

5.2.2 | Including gravity

The behavior of the solver when gravity is taken into account is shown in Figure 9b. To stabilize the
solver, it was necessary to adjust the LDD-TP-R parameters to L,; = 0.5 and A* = 4 for all phases
a = w,nw,l € T and k € I,. A tilting behavior in the subsequent error curves can be seen. This
leads to plateaus in the curves and consequently, 370 iterations were required for time step ;g0 = 1.0
to achieve the stopping criterion with £, = 5 - 107°. During the calculation for the first time step,
193 iterations were required. Albeit the solver exhibiting more struggle, the overall approximation
quality, despite oscillating a bit seems unaffected as Figure 9a shows. The error of the nonwetting
phase of the inner subdomain remains under 5 - 1073 for all times, and all other errors are lower. The
tilting behavior and occurrence of plateaus was observed for all examples featuring the inclusion of
gravity and is most probably due to the inherent instability of standard finite element methods for
advection-dominated regimes.
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FIGURE 8 TP-R coupling on five-domain substructuring with inner subdomain: Relative error norms (a) and subsequent
errors at a fixed time step (b) for a simulation over 1000 time steps with same intrinsic permeabilities and porosities, excluding
gravity and parameters h ~ 0.070-0.071, 7 = 1 - 107, L,,, = 0.01, L,,,, = 0.004 and 2% = 1, 2% =025, /€ I.k € I,
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FIGURE 9 TP-R coupling on five-domain substructuring with inner subdomain: Relative error norms (a) and subsequent
errors at a fixed time step (b) for a simulation over 1000 time steps with same intrinsic permeabilities and porosities, including
gravity and parameters h ~ 0.070-0.071, 7 = 1 - 1073, Lq; = 0.5, and A = 4, for all appearing @ € {w,nw} andl € T,k € 1,

6 | CONCLUSIONS

In this article, we proposed a new domain decomposition approach for hybrid two-phase flow systems.
For new coupling conditions between domains with different two-phase flow models we developed an
approach combining an L-type linearization of the nonlinearities with a generalized nonoverlapping
alternating Schwarz method, the LDD-TP-R solver. This formulation unifies the work of both, [1] and
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[2] on homogeneous two-phase models and allows for the treatment of complex modeling situations
involving very heterogeneous soil parameters. The LDD-TP-R solver has been analyzed rigorously on
the time-discrete level. Numerical experiments for two- and multidomain settings confirm the theo-
retical findings. In particular, they show the possible gain of computing time when using the hybrid
model instead of employing an expensive full two-phase model on the entire domain.

As the LDD-TP-R solver linearizes and decouples the substructured problem, it can either
be used as a pure domain decomposition method, as a basis for effective parallel computation,
or in a model-adaptive domain decomposition setting, in which an envisioned model change
(two-phase/Richards) dictate the substructuring. Future work will be directed to design such an
algorithm that might also include an adaptive choice of models based on our error analysis. We envis-
age that our approach is not only effective for the basic two-phase flow models encountered here but
can be also extended to more complex model hierarchies for multiphase flow and/or multicomponent
transport.
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