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ADRIEN LAURENT

Abstract. In molecular dynamics, penalized overdamped Langevin dynamics are used to model
the motion of a set of particles that follow constraints up to a parameter e. The most used schemes
for simulating these dynamics are the Euler integrator in R? and the constrained Euler integrator.
Both have weak order one of accuracy, but work properly only in specific regimes depending on
the size of the parameter €. We propose in this paper a new consistent method with an accuracy
independent of ¢ for solving penalized dynamics on a manifold of any dimension. Moreover, this
method converges to the constrained Euler scheme when € goes to zero. The numerical experiments
confirm the theoretical findings, in the context of weak convergence and for the invariant measure,
on a torus and on the orthogonal group in high dimension and high codimension.
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1. Introduction. In molecular dynamics, the overdamped Langevin equation
in R? is often used for modeling the behavior of a large set of particles in a high
friction regime. It is given by

(1.1) dX(t) = f(X()dt + odW (L), X(0) = X,

where f is a smooth Lipschitz function (typically of the form f = —VV for V' a smooth
potential), o > 0 is a constant scalar, and W is a standard d-dimensional Brownian
motion in R? on a probability space equipped with a filtration (F;) and fulfilling the
usual assumptions. If the particles are subject to smooth constraints ¢ : R — RY, such
as strong covalent bonds between atoms or fixed angles in molecules, the dynamics
follow the constrained overdamped Langevin equation

(1.2) dX°(t) = I (X°()) f(X°(1))dt + oTlam(XO(1)) 0 dW (t),  X°(0) = Xo € M,

where the solution lies on the manifold M = {x € R% ((z) = 0} with codimension ¢
thanks to ITy: R — R4*4 the orthogonal projection on the tangent bundle of the
manifold M.

In physical applications, constrained systems are often used as a limit model for
stiff equations. For instance, in the dynamics of a diatomic molecule, the distance
between the two atoms oscillates around an average length, called the bond length
(see, e.g., [34, sect.1.2.1] on the interactions of particles). One can work with a
simpler constrained dynamics where the distance between the atoms is fixed as a
constraint, or with the original (possibly stiff) dynamics in RY. We refer the reader
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to [41, 34], and references therein, for discussions on the use of constraints and penal-
izations in molecular dynamics. For overdamped Langevin dynamics (1.1), choosing

a function f: —VV with the potential

~ 0'2 1 2
V=V- T In(det(GQ)) + — [¢]

2¢e

gives penalized Langevin dynamics [16] of the form
(1.3) dY®(t) = f(Y*(t))dt + adW (t) + JZ2Vln(det(G))(YE(t))dt — é(g@)(YE(t))dt,

where we fix Y¢(0) = Xj, the parameter ¢ > 0 is fixed with arbitrary size, f =
—VV,g = V(R - R and G = gTg: R? — R9%9 is the Gram matrix. It
was shown in [16, Appx. C] that the solution Y© of (1.3) converges strongly to
the solution X of the constrained dynamics (1.2) if Xo € M. The additional
term %V In(det(G)) is a correction term (called the Fixman correction) that is needed
to obtain the convergence to the constrained dynamics (1.2) (see [34, sect. 3.2.3.4] and
references therein). Thus, for € small, the trajectory of the solution of (1.3) lies in
the vicinity of the manifold M. This penalization can also appear naturally when
simulating Langevin dynamics with a stiff potential (see, for instance, [45, sect. 5.1]).
One is then interested in numerical schemes that are robust with respect to the pa-
rameter € and that lie on the manifold M in the limit ¢ — 0. In this paper, we study
the following similar penalized dynamics in R? to simulate trajectories in a vicinity
of the manifold M:

(1.4) AXE(t) = F(XE(8))dt + odW () + ";vm(det(a))(xa(t))dt

- L@ ),

where X¢(0) = X. It is a simpler version of (1.3) that also evolves in a vicinity of the
manifold M in the limit € — 0. One result of this paper is the strong convergence of
the solution X< of (1.4) to the solution X of (1.2) if Xq € M. We mention that in the
deterministic setting, that is, when o = 0, equation (1.4) is a singular perturbation
problem, and it converges to a differential algebraic equation (DAE) of index two in
the limit & — 0 (see [22, Chaps. VI-VII]). We propose in this article a method that is
robust with respect to the parameter ¢ for solving equations of the form (1.4), and we
leave the creation of robust integrators for solving (1.3) for future work for the sake
of clarity.

There are different ways to approximate the solution of the dynamics (1.4). A
strong approximation focuses on approximating the realization of a single trajectory
of (1.4) for a given realization of the Wiener process W. A weak approximation ap-
proximates the average of functionals of the solution at a fixed time T, that is, quanti-
ties of the form E[¢(X¢(T))] for ¢ a smooth test function. In addition, under growth
and smoothness assumptions on the vector fields in (1.4) (see, for instance, [23]), the
dynamics (1.4) naturally satisfy an ergodicity property; that is, there exists a unique
invariant measure duZ, in R? that has a density pS, with respect to the Lebesgue
measure, such that for all test functions ¢,

1 T
lim — [ &(X(¢))dt = J ¢(z)dps, () almost surely.
T R
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An approximation for the invariant measure focuses on approximating the average of
a functional in the stationary state, that is, the quantity SRd ¢(z)dps,(z). This is a
computational challenge when the dimension d is high, which is the case in the context
of molecular dynamics where the dimension is proportional to the number of particles,
as a standard quadrature formula becomes prohibitively expensive in high dimension.
We emphasize that the invariant measure p, becomes singular with respect to the
Lebesgue measure on R? in the limit ¢ — 0, and tends weakly as ¢ — 0 to du,, a
measure that is absolutely continuous to doag, the canonical measure on M induced
by the Euclidean metric of R%. In this paper, we propose weak convergence results
for a new uniformly accurate integrator for solving (1.4), and numerical experiments
in the weak context and for the invariant measure, as we recall that a scheme of weak
order r automatically has order p > r for the invariant measure (see, for instance, [37]).

The most used discretization for solving (1.4) is the explicit Euler integrator in R¢
(see [15, 33, 34, 35], for instance),

(1.5)  Xpar = Xp + VAot + hf(Xn) + hG;VIn(det(G))(Xn) - g(gG71C)(Xn).

This integrator has weak order one of accuracy, but it faces some severe stepsize
restriction due to its instability, typically of the form h « ¢, in order to be accurate
in the regime € — 0. Since the solution X*¢(¢) of (1.4) converges to the solution X°(t)
of (1.2) when € — 0, one can use integrators for the limit equation (1.2) and apply
them to solve the original problem (1.4) when ¢ is close to zero. Indeed, one can
prove that the solution X<(¢) of (1.4) stays at distance O(4/€) of the constrained
solution X°(t) of (1.2) (see Theorem 2.3). Thus, if the timestep of the integrator is
small enough and satisfies € « h, then this integrator is consistent for solving (1.4).
The alternative for the discretization of (1.2) on the manifold of the explicit Euler
scheme (1.5) is the constrained Euler scheme

(1.6) X0, = X0+ Vhot + hf(X0) + g(XDA) 4y, C(X0,,) =0,

where A0 +1 € R? acts as a Lagrange multiplier and is entirely determined by the
constraint (XY, ;) = 0. This integrator has weak order one for solving (1.2) (see [34,
sect. 3.2.4]), and it lies on the manifold M. It is a consistent approximation of (1.4) if
is close to zero and € « h. This integrator is, however, not appropriate for solving (1.4)
if the size of € is of the order of one, since the exact solution does not evolve in a
neighborhood of the manifold in this regime. We mention a few other techniques to
integrate numerically (1.4) or (1.2). In [28, 30], high order Runge-Kutta methods are
proposed for sampling the invariant measure in R? and on manifolds. The paper [36]
presents a constrained integrator based on the RATTLE scheme (see [42, 5, 22]) in
the context of the underdamped Langevin dynamics. Some of the previously cited
discretizations can be combined with Metropolis—Hastings rejection procedures [39,
24], as done, for instance, in [20, 8, 35, 46, 36]. As for the Euler integrators (1.5)—(1.6),
all of the previously mentioned methods are consistent, provided that the parameter ¢
and the timestep satisfy h « ¢ in the context of methods in R? and satisfy ¢ « h in
the context of methods on the manifold M. When applied in the regime where ¢
and h share the same order of magnitude, the accuracy of these methods quickly
deteriorates, and they may face stability issues.

In past decades, different solutions were proposed for treating the loss of accuracy
in the intermediate regime h ~ ¢ in the context of multiscale problems with the help
of uniformly accurate (UA) methods. These methods are capable of solving dynamics
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indexed by a possibly stiff parameter € with an accuracy and a cost both independent
of e. A uniformly accurate method is automatically asymptotic-preserving (AP), that
is, it converges in the two regimes ¢ — 0 and € ~ 1, but the converse is not true in
general. We refer the reader to the review [25] and references therein for examples
of AP integrators for solving multiscale problems. We mention in particular the
paper [41], which proposes a penalized Hamiltonian dynamics, and AP discretizations
for solving it, and the paper [7] that gives an AP scheme for the approximation of a
class of multiscale SDEs. In [17, 44, 29], trigonometric and multirevolution integrators
are considered for solving highly oscillatory SDEs (see also the deterministic works [38,
9, 10, 14]). We mention the recent papers [11, 12, 13, 4] (see also the references therein)
that introduce UA methods for solving a variety of multiscale problems. There is a
rich literature on AP and UA methods, but, to the best of our knowledge, the problem
we study here and the techniques we consider are new. We propose in this paper a new
consistent integrator with uniform accuracy and uniform cost for solving penalized
Langevin dynamics, that is, a method for solving (1.4) whose accuracy and cost do
not depend on the parameter ¢.

The article is organized as follows. Section 2 is devoted to the presentation of
the new integrator and to the main convergence results. In section 3, we build a
weak asymptotic expansion of the solution of (1.4) that is uniform in e, and we use
it for proving the uniform accuracy of our integrator. We compare in section 4 the
new integrator with the explicit Euler scheme in R? (1.5) and the constrained Euler
scheme (1.6) on M in numerical experiments on a torus and on the orthogonal group
to confirm its order of convergence in the weak context and for sampling the invariant
measure. Finally, we present some possible extensions and future work in section 5.

2. Uniformly accurate integrator for penalized Langevin dynamics. In
this section, we present the new UA integrator and the main convergence results of this
paper. The proofs are postponed to section 3. Let us first lay down a few notations
and assumptions. We assume in the rest of the article that M = {z € R% ((x) = 0}
is a compact and smooth manifold of codimension ¢ > 1 embedded in R, where the
constraints are given by the smooth map ¢: R? — R9. We write g = V(: R? — R?x4
and we assume that the Gram matrix G(z) = g7 (z)g(x) € R9*9 is invertible for
all z in M. With these notations, the projection I on the tangent bundle is given
by Iy (z) = Iy — G~ (x)g(z)gT (x). The test functions typically belong to a subspace
of C% (R4 R), the vector space of C* functions ¢(z) such that all partial derivatives
up to any order have a polynomial growth of the form

[0®) (2)] < C(1 + J2[™),

where the constants C' and K are independent of x € R? (but can depend on k)
and where we denote by |z| = (z7x)'/? the Euclidean norm in R¢. Similarly, we
denote by C}, (R4, R) the space of CP functions whose partial derivatives up to order p
have polynomial growth. Letting ¢: R? — R%** we use the following notations for

differentials: for all vectors z, a', ..., a™ € R?, we denote
d oM
o™ (x)(a,...,a™) = Z —(2) a}l coagt

i im=1 8xi1 e &mim

For the sake of clarity, we will often drop the coefficient x, and if m = 1, we also use
the notation ¢ for the Jacobian matrix of ¢. Moreover, for (e;) the canonical basis
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of R?, we write

d d
Ap(z) = Z () (eireq) and  (divp(z)); = Z () (ei)-

In the rest of the paper, we make the following assumption in the spirit of the regularity
assumptions made in [16, Appx. C] and [40, Chap. 2].

ASSUMPTION 2.1. The map f is bounded, is Lipschitz, and lies in C3,. The maps g
and ¢' are bounded in RY, and there exists ¢ > 0 such that, for z, y € R?,

(2.1) |Gy(x)] = c(1+ Iyt  where Gy(z) = L g (z + Ty)drg(x).

In addition, there exists a smooth change of coordinate
p: R4 > RY,
w(w))
€T —
(65).
where p: RY — R4 satisfies ¢'g = 0. The map v lies in Cpand is invertible, 1’
and )" are Lipschitz, and there exist two constants ¢, C > 0 such that ¢ < |¢'(z)] < C.

REMARK 2.2. Assumption 2.1 is almost the same as the one given in [16, Appz. C|
to prove the strong convergence of the dynamics (1.3) to the constrained dynam-
ics (1.2). The difference lies in the additional estimate (2.1) that replaces the weaker
assumption that the Gram matriz G(x) = Go(x) is invertible on M. We use the esti-
mate (2.1) for obtaining a uniform expansion of the Lagrange multipliers in the new
method and for proving that the new method evolves in a neighborhood of the manifold
(see Lemma 3.8). Note that the existence of the change of coordinate 1 is always valid
in a neighborhood of the smooth manifold M. The same goes for the estimate (2.1)
for x in a neighborhood of M and y in a ball centered on zero. Assumption 2.1 is
valid in particular if M is a vector subspace of R?, but it is quite restrictive. It would
be interesting to extend the results of this paper under simpler regularity assumptions
made only on the manifold, as numerical experiments hint that the results presented
in this paper still stand without global assumptions. This is matter for future work.

Under Assumption 2.1, the problems (1.2) and (1.4) are well posed, and we obtain
the strong convergence of the penalized dynamics (1.4) to the constrained dynam-
ics (1.2).

THEOREM 2.3. Under Assumption 2.1, the solution X of the penalized dynam-
ics (1.4) converges strongly to X°, the solution of the constrained dynamics (1.2);
that is, for all t < T, there exists a constant C > 0 such that, for all € > 0,

supIE[ | X (t) — Xo(t)|2] < Ce.

t<T

Moreover, ((X¢(t)) satisfies

supE[ |C(X‘5(t))\2] < Ce.

t<T

This result was first introduced in [16, Appx. C] for slightly different penalized
dynamics. The proof is almost identical, but we present it in Appendix A for the
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sake of completeness. In the deterministic setting with ¢ = 0, the convergence to the
manifold is of order 1 in ¢ instead of order 1/2. We introduce the following additional
assumption.

ASSUMPTION 2.4. There exists ¢ > 0 such that, for x, y € R?,

1
|Gy(x)| = ¢, where Gy(z)= f g (z + Ty)drg(x).
0

Assumption (2.4) is a stronger version of the inequality (2.1) and is in the spirit
of the concept of admissible Lagrange multipliers [36]. It is always satisfied for x in a
neighborhood of the manifold M and y in a ball centered on zero if we assume that the
Gram matrix G(z) = Go(z) is invertible on M. We emphasize that we do not need
this assumption for proving the uniform accuracy property of the new method, but
we use it for obtaining uniform estimates in the regime ¢ — 0 and on the numerical
implementation of the UA method.

We introduce the new integrator for approximating the penalized dynamics (1.4)
with cost and accuracy independent of the parameter €, and a cost comparable to
that of the constrained Euler scheme (1.6) in terms of the number of evaluations of
the functions f, ¢, g, and ¢'.

New Method (Uniform discretization of penalized overdamped Langevin dynamics)
XS = X() e M
for n > 0 do

5 e 5 (1 B e_h/8)2 / —1 —1 €
22 4 %(1 MY In(det(G))(XE) + g(XE) 1,

C(XZ-H) h/EC M 1 - 6_2h/6 Xs gn

+e(l—e ) (g Tf+ TVln(det(G))+ 7dw( 9))(X%)

+ o2 (E 7h/6 _ €2h(1 _ e—2h/s>>
d d

< (D (9G g e gG g es = Y (o' (e)T9G g er ) (X).
i=1 i=1

end for

The new method works in a way similar to the constrained Euler integrator (1.6).
Knowing the approximation Xg of X¢(nh), we project a modified Euler step on a
modified manifold defined by the constraint given in (2.2) (in place of (X5 ;) = 0
for the constrained Euler integrator (1.6)). We project the modified step in the
direction g(X;) with the help of a Lagrange multiplier A5, ;. For the implementation
of the method, one can use, for instance, a fixed point iteration or a Newton method
at each step to find the solution (X7 1, A5, ) of the implicit system of equations (2.2).

In order for the discretization (2.2) to be well-defined, we use bounded random
variables. The &, are independent and bounded discrete random vectors that have the
same moments as standard Gaussian random vectors up to order four, in the spirit
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of [40, Chap. 2|, that is, for instance, that their components satisfy

(2.3) P(gi:O):g and P({i:i\/g):é, i=1,....d.

Note that using truncated Gaussian random variables would also work.

REMARK 2.5. The new integrator is related to the popular idea of backward er-
ror analysis and modified equations for SDEs (see, for instance, [48, 1, 18, 26, 27]).
The idea is to define a projection method (see 21, sect.1V.4]) with a modified con-
straint in place of ((X,) = 0. Instead of evaluating the stiff term %gG_lc as in the
Euler scheme (1.5), we project a modified step of the explicit Euler scheme in RY
on a manifold that is close to M when ¢ < 1 and whose constraint is given by a
truncation of a uniform expansion of ((X¢). When ¢ — oo, the expression of the
constraint (X5, ) in (2.2) tends to a truncated Taylor expansion in h around X&,
while for e — 0, (X5, ,) tends to zero, which enforces that the integrator lies on M.
These intuitions will be made rigorous in section 3.

REMARK 2.6. In the context of a manifold M of codimension q = 1, the Gram
matriz G(z) and g(z)Te; = gi(x) are real numbers, so that VIn(det(G)) = 2G~1¢'(g)
and

d d
209G g e)) 9G gTes = GTHg'(9)) g = D6 (e)) TG g s,

i=1
The discretization (2.2) thus reduces to

(1 _ efh/s)Q

X5 = X5 +Vhoén + hf(X;) + 5

(PG4 (9))(X7)

o2e

(2.4) +— (1= e NG (9))(X5) + 9(X0)AL 4,

n

C(Xe1) = e oCXE) 0y [5 (0= 29T (X

__—hfe\( T ‘772 —1.T 1 Uj : e
el =) g f+ 5G9 g (9) + 5 div(9))(X7)-

We present in the rest of the section the uniform accuracy property of the dis-
cretization (2.2), and we show that the integrator converges to the constrained Euler
scheme (1.6) when ¢ — 0. The different convergence results are summarized by the
following commutative diagram, where T' = Nh is fixed. Note that, as we present a
convergence result in h that is uniform in e, the two arrows for the convergence in h
rely on the same theorem (Theorem 2.7).

15

. £ ot d —0 : 0
integrator X3, in R m integrator Xy on M

h—)OJ((Thm. 2.7) hﬁOJ(Thm. 2.7)

solution X¢(T') of (1.4) (ﬁ) solution X°(T) of (1.2)

We now state the main result of this work, that is, the uniform accuracy of the
discretization (2.2) for approximating the solution of the penalized Langevin dynam-
ics (1.4).
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THEOREM 2.7. Under Assumption 2.1, the integrator (Xt) given by (2.2) is a
consistent UA approzimation of the solution X¢(t) of the penalized Langevin dynam-
ics (1.4); that is, for a given test function ¢ € C%, there exist hg > 0, C > 0 such that
for all e > 0, h < hg, the following estimate holds:

(2.5) IE[¢(XE)] — E[¢(X(nh)]| < CVh, n=0,1,...,N, Nh=T.

REMARK 2.8. Note that Theorem 2.7 states the uniform consistency, but not the
uniform weak order one, as one could expect. The discretization (2.2) has weak order
one if € = g is fized or in the limit € — 0, but an order reduction occurs in the
intermediate regime 0 < & < g¢, and the integrator only has weak order 1/2 with respect
to h in general. For the sake of simplicity, we leave the creation of UA integrators of
higher weak order for future works.

We present the proof of Theorem 2.7 in section 3. It relies on a weak expansion
in h of the solution of (1.4) that is uniform in €. One could directly use this uniform
expansion as an explicit numerical integrator for solving (1.4). It would also yield a
uniformly accurate scheme and would not require one to solve a fixed point problem.
However, in the limit ¢ — 0, this integrator would almost surely not stay on the
manifold. The crucial geometric property that the integrator lies on the manifold
when £ — 0 is satisfied for the new method, as stated in the following result.

THEOREM 2.9. Under Assumption 2.1, the integrator (Xg) in (2.2) converges to
the Euler scheme on the manifold (1.6) when € — 0; that is, for h and N fized such
that T = Nh, there exists a constant Cp, > 0 that depends on h but not on & such that

IC(XR)| < Chv/e, n=0,1,...,N.

In addition, if Assumption 2.4 is satisfied, then, for hg small enough, for h < hg fized,
there exists a constant Cp, > 0 such that

(2.6) X - X2|<Chve, n=0,1,....,N, Nh=T.

REMARK 2.10. In the deterministic context (i.e., when o = 0), the uniform accu-
racy of the discretization (2.2) still holds, and the speed of convergence to the man-
ifold M of both the exact solution and the integrator are in O(e). To the best of
our knowledge, the integrator given by (2.2) is the first integrator with the uniform
accuracy property for solving the singular perturbation problem (1.4) with ¢ = 0.
However, similar expansions that are uniform with respect to € are presented in [22,
Chaps. VI-VII] and references therein.

REMARK 2.11. Another widely used scheme on the manifold is the Fuler scheme
with tmplicit projection direction,

(2-7) Xg-f-l = Xv? + hf(Xg) + \/Eofn + Q(X2+1))‘91+17 C(XS-H) =0,

where the Lagrange multiplier /\%_,_1 is determined by the constraint C(X2+1) =0. The
UA discretization given in (2.2) can be modified so that it converges to the integra-
tor (2.7) when € — 0. It suffices to replace the first line of (2.2) by
(1 _ e—h/5)2
2
2
+ T (V2eh(1 = e72e) = S(1 = €729 ) VIn(det(G)) (X5) + 9(Xie1) Ao

Xi = X, + Vhot, + hf(X5) - (9'(9G71QOGTIOXT)
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and to keep the same expansion for the constraint (X5 1). The methodology for the
uniform expansion of the integrator that we present in section 3.2 extends to this con-
text, so that the convergence results persist. Similarly, one could change the direction
of projection g(X&) into g(Y,?), where Y2 is any consistent one-step approrimation
of XE, in the spirit of the class of projected Runge—Kutta methods presented in [30].
Finding a class of UA discretizations that converge to a more general class of Runge—
Kutta methods on the manifold M is a matter for future works.

The uniform discretization (2.2) is implicit and requires one to solve a fixed point
problem at each step with, for instance, a fixed point iteration or a Newton method.
The following result, in the spirit of [22, Chap. VII] for deterministic DAEs and [30,
Lem. 3.3] for the constrained dynamics (1.2), confirms that the associated implicit
system is not stiff, that is, that its complexity does not depend on the stiff parameter €.

THEOREM 2.12. Under Assumption 2.1, each step of the integrator (Xg) given
by (2.2) can be rewritten as a solution of a fixed point problem of the form

XZH = F}f(X781+1)ﬂ

where Fy R? — R? depends on X, &, h, and €. Moreover, if Assumption 2.4 is

satisfied, then there exists hg > 0 independent of € such that for all h < hg, Fy, is a
uniform contraction, that is, there exists a positive constant L < 1 independent of h
and ¢ such that, for all yi, y» € R?,

|Fy; (y2) — Fy(y1)| < Lly2 — 1] -

3. Weak convergence analysis. In this section, we present the uniform weak
expansion and the stability properties of the solution X¢(¢) to the penalized dy-
namic (1.4) and of the uniform integrator (Xg) given in (2.2). We then use these
results to prove Theorems 2.7, 2.9, and 2.12. Let us begin the analysis with a few
technical lemmas and notations.

LEMMA 3.1. Let (XZ) be given by (2.2); then, under Assumption 2.1, there exists
a constant Cy > 0 independent of Xog € M, €, and h such that, for alln =0

(3.1) (1= ) [¢(X0)] < Covh.

Proof. As f, &,, g, and ¢’ are bounded, we obtain from the definition of the
integrator given by (2.2) that

C(X5 ) < e ME|CXE)| + Cyfe(1 — em2he),

where we used that the function (1—e~*)/x is bounded for « > 0. Thus, as ((Xy) = 0,

IS (X8)|<e*”h/€|<(Xo)|+C\/mZ —kh/e

e(1 — e—2h/e) o vh

1— e hi/e S0 e

<C

where the constant Cy does not depend on Xj, €, n, and h. This yields the esti-
mate (3.1). d
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The estimate (3.1) is a direct consequence of our choice of using bounded random
variables in (2.2). We shall use this estimate extensively in the rest of this section.
Thus, we denote by Mj the set of vectors x € R? that satisfy the estimate

(3.2) (1—e ) [¢(@)] < Covh,

where Cj is the constant given in Lemma 3.1. The set M5 is a closed subset of R?
that contains M. The numerical scheme given by (2.2) takes values in M5. We
mention that the convergence results are still valid if the initial condition Xq of (2.2)
is chosen in Mj instead of M.

As we aim at writing uniform expansions, we introduce the convenient nota-
tion R5(z) for any remainder that satisfies at least |[E[R5 (x)]| < Ch%?, where C is
independent of €, h, and z.

The following result serves as a technical tool for simplifying the calculations
in the uniform expansions of subsections 3.1 and 3.2. It is proved with elementary
computations.

LEMMA 3.2. The Fizman correction can be rewritten in the following way:
o2 o2 & o2 & LT
ZVln(det =5 ; (e,)G tgTe; = 7; 17 )G g ey,

where (e;) is the canonical basis of RY.

Proof of Lemma 3.2. Using G = g7 ¢ as a symmetric matrix, ¢ = V( as a gra-
dient (which implies 27¢'(y) = yT¢'(z)), and the standard properties of the trace
operator Tr, we deduce that

0j(In(det(G))) = Tr( ~10;G) = 2Tlf(G*l(f/(ej))T ) =2Ti(g'(e;)G™"g")

—226 NG g e; —226 )G g e,

i=1

that is, VIn(det(G)) = 22;.1:1 g'(e;)G~tgTe;. For the second equality, we have
d
Dleld (9G g e) G g e = Ze 9G g7 g (e;)G g e
i=1
(gG gt g'(e))G ) Tr(g'(e;)G ")

d
Z el'g'(e))G g e; = Z elg'(e)G g e,
i1

Hence we get the result. 0

3.1. Uniform expansion of the exact solution. We consider the exact solu-
tion X¢(¢) of the penalized Langevin dynamics (1.4), with the initial condition X = z,
that we assume is deterministic for simplicity. Then, X¢ satisfies the following expan-
sion in h that is uniform with respect to e.

PROPOSITION 3.3. Under Assumption 2.1, there exists hg > 0 such that for
all h < hg, if X¢ is the solution of the penalized Langevin dynamics (1.4) starting
at x € M5, then, for all ¢ € C3, the following estimate holds:

(3-3) E[¢(X°(h)] — E[¢(z + VRA;(x) + hBj (2))]| < C(1 + |«| ),
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where C' is independent of h and € and where the functions A5 and B}, are given by

e~he 1 1 15
¢ = P—7T = (1 — p—2h/e) _ -1.T
A = 06+ — G C+0(4/2h(1 e=2h/e) 1)gG g7,

By =f+ (%(1 —e ey )gG Lol f + j(%(l — e hE) 1)gG_1 div(g)

2
oia _ p—2h/e (‘if _ _—h/e\2, ~—1_T
+ < (I—e )V In(det(G)) + h (1—e7"%)°gG™ g ViIn(det(G))
1, _
5 (e™E 12 (g (96T OGTIC — 96N g (96T OGTIC
—gG‘l(g’(gG‘lC))TgG‘1C) (1+h (e -1 )ZQG )TgG g e
o? € —2h/e _ —h/e T T -1 T
+Z<E(e 4de +3) )ZgG “tgTe)) G g ey,

with & a discrete bounded random wvector that satisfies (2.3), and where the func-
tions Aj and Bj are bounded uniformly in € and h on M;,.

Note that for ¢ = 1 we obtain the first step of the UA discretization (2.4) by
gathering all the terms of the form gM with M € R? of the weak approximation given
in Proposition 3.3 in a Lagrange multiplier g\ € R? and by adding the truncated
expansion of ((X¢(h)) as a constraint.

The proof of Proposition 3.3 relies on the change of coordinate v given in As-
sumption 2.1. Instead of discretizing directly the penalized dynamics (1.4), we first
apply the change of coordinate ¢ and we derive an expansion in time of X¢(¢) that is
uniform in the parameter €. The following result is used for proving Proposition 3.3.

LEMMA 3.4. With the same notations and assumptions as in Proposition 3.3, the
following estimates hold for all h < ho and all x € M5 :

(3.4) E[|X®(h) — z[2]"? < CVh,
(3.5) E[|X¢(h) — (z + VRAS (2))]*]Y? < Ch,
(3.6) E[w(X*(W)] - Elp(z + VA (2) + hBj(2))]| < Ch¥2,

where C' is independent of h and €, Bj, is defined in Proposition 3.3, and Ah is given
by

N —h/e _q h
Af = UW(h) ¢ gG¢ + igG_lgTJ- (e(s_h)/8 — 1)dW (s).
0

NN N

Proof of Proposition 3.3. The uniform bounds on A (X*¢(t)) and Bj (X¢(t)) are
obtained straightforwardly by using Assumption 2.1 and the fact that x € M;. We
prove the local weak order one of the approximation Y=(h) = z + VRAZ (z) + hBS (z)
given in Lemma 3.4. Let ¢ € C3 and quS = ¢ o1p~!; then a Taylor expansion around x
yields

E[6(X°(h)) — 6(Y*(h)]| = [B[J 0 (X ()] — E[3 o w(Y*(h)]|
B[ () (X5 (h) = (Y (h))]|
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B3 (@) (X (1) (), w(XE (1) — ()
= F WD (R) = (@), GV () — ()]

+ O+ [z

)|[BLo(x= () = w(v=(n)]|

| @D [EIG X 0) + 0 (v (1) — 202
E[o(X°(h) = $(Y ()2 + C(1+ |o] )02,

< |¢(@(x)

—+

where we used (3.4), Assumption 2.1, and the bilinearity of ¢” (¢(z)). With Lemma 3.4
and the regularity properties of ¢ and i, we get

(37 |BI6(X* ()]~ Elo(x + VAA; () + hB;(2)]| < C(1 + |al 0?2

In the spirit of [40, Chap. 2], we replace the random variable Ai(x) by the random
variable A5 (x) that share the same expectation and covariance matrix. Indeed, a
calculation gives

~ ~ 2 2 h
Cov(As ;(2), A5 (2)) = 026, + 22 <gG*1gT>ijf (=M _ 1)ds
0
O' d
W mf (els=Me _ 1)24s
k=1 0

_ e oh/e
=065 +0%(9G™'g )ij(ﬁ(l_e Qh/)—1)7

where we used that ¢”¢g = G and the It isometry. On the other hand, a similar
calculation yields

e € € _ _
Cov( 4] ;(2), 47 ; (@) = 028y + 202 (4| 5 (L= e72/%) = 1) (4G g7)

2 d
+02(«/2h(1—6‘2h/5 —1) DG g )i (9G g )i
k=1
_ 25 2 -1 e—2h/ey _
025, + 02 (gG g5 (2h(1 ) 1).

Replacing ﬁi(az) by A$ () in the weak expansion (3.7) gives the estimate (3.3). 0O

The main ingredient of the proof of Lemma 3.4 is the decomposition of the terms
of the expansion in a part that stays on the tangent space and a part of the form gM
with M € R? that is orthogonal to the tangent space.

Proof of Lemma 3.4. As 1p~! is Lipschitz, we have
E[|X°(h) — 2*]'? < CE[[¢(X° (h)) — (a)*]"?
< CE[lp(X°(h)) — ()] + CE[I¢(X* () — ¢(=) "]/,
On the one hand, applying the Itd formula to ¢(X¢) yields
h

(3-8) p(X°(h)) = p(z) + UJ ' (X5(s))dW (s)

0
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h 0.2
+ J (¢ f + <,0 'V In(det(G)) + ?Aw](XE(s))ds,

where the term in e vanishes as ¢'g = 0 (see Assumption 2.1). Assumption 2.1 allows
us to write the uniform strong expansion

E[|o(X®(h)) — ¢(@)]*]'/* < CVh.
On the other hand, for (X¢), we have

dC(X?) = ogT (XE)dW + [ Tyl TVIn(det(G)) + "; div(g) — %q] (X*)dt

With the variation of constants formula, it rewrites into

h
(39)  C(X°(h) = e o((x) + UL e(s’h)/egT(XE(S))dW(S)
2

+ Jh e<8*h>/€[ Tyl TVIn(det(G)) +Z div(g)](XE(s))ds.
0 2

As the integrands in (3.9) are bounded (using Assumption 2.1), we get
E[I¢(X°(h) = ¢(@)]*]V* < C((e™* = 1)* [¢(2)|* + 1)/* < OV,

where we used that © € M5. We thus get the desired estimate (3.4). The esti-
mate (3.5) is obtained with the same arguments by keeping track of the terms of
size O(v/h) in the expansions.

We now prove the weak estimate (3.6). We denote for simplicity Y¢(h) = x +

\/Ele\i(x) + hBj, (x). Let us first look at the approximation of ¢(X*¢(h)). On the one
hand, applying the It6 formula to ¢(X¢(t)) gives

P(XE(h) = o) + h' f(2) + hZ 'V In(det(@)) (x) + hT-Ap(a) + Ry (a),

where we used (3.4) and we put in R (z) all the terms that are zero in average. On
the other hand, an expansion in h of p(Y<(h)) yields

~ 1 ~ o~
P(YE(h) = o+ Vhe' A5 + h| @' By + ¢ (A5, A5) | + R;

2
— o+ hg'f+ %5(1 — e7/2) 5V In(det(G))

0.2
b (e 12 (g0 OEC + T (W (), W (k)

+ e 1P (96 ¢, G )

n 7—[‘ f (s—h)/e _ ( (u—h)/e )(p”(gG_lgTdW(S),gG_lgTdW(u))

v [ W (), 06 () + B,
0
where we use that ¢’g = 0, we omit the dependence in z for conciseness, and we put
in R (z) all the terms that are zero in average. We now replace the random terms by

their expectation,

2 2
(YE(h)) = ¢ + he' f + %5(1 — 725V In(det(@)) + h%A(p
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45 1P (5967 OGO + (967 C 96 A0)

2 rh d
n %f (e(s—h)/e _ 1)2ds Z cp”(gG_lgTei,gG_lgTei)
0 i=1

h d
+ UQJ (et=M/E _1)ds Z ©"(ei,9G g e)) + RS.
0

i=1

Letting M € R?, we differentiate the equality ¢'(gM) = 0. We obtain that for
any M € R? and v € R? we have ¢/(g'(v)M) + ¢"(gM,v) = 0. We deduce that

©'(g'(9GTIOGTIO) +¢"(9GT ¢ 9GTI) = 0.
Applying Lemma 3.2, we get by a direct calculation that

PYE(0)) = (@) + he'f(2) + h2 T In(det(@)) ) + b A(w) + i (o),

which gives the desired estimate
(3.10) E[p(X*(h))] — E[p(x + VAAS () + hB (x ) < Ohd2.

For the one-step approximation of {(X¢(h)), the It6 formula and the variation of
constants formula yield

2

2
C(XE(R)) = e Me¢(z)+e(1—e %) (ng+ %QTV ln(det(G))—l—% div(g)) (x)+R; (z).
For ((Y¢(h)), using g*g = G, we get with the same arguments as for ¢(Y¢(h)) that
Qe () = ¢+ Vig" &5 + h[g" By + (o' (R5) &3] + B
=e MeC 4+ e(1— e*h/s)ng

o’ —h/e : a* T

+ T (st =) = ) divig) + T (o' (W ()W (h)
2
+ ZE (1= 79267V In(det(@))
d

+0? (h +e(e™e — ) Z “tgTe;

o2 ) d

e —2h/e _ —h/s _ -1 7.
+ 1 (8(6 de Qh)g ei))TgG g e;

+7f J (s=m/e _ 1) (e=M/e — 1)(g (9G~ g dW (u)))T gG gTdW (s)

+02f f (=M 1) (g (W (h))) TG gTdW (s) +
0 0

We now replace the stochastic integrals by their expectations (putting the remainders
in R}), and we use Lemma 3.2 to simplify the expansion. It yields

C(Ye(h)) = e_h/EC +e(l— e_h/s)( Ty —|— TV In(det(G)) + %2 div(g)) + Ry,
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which implies
(3.11) E[¢C(X°(h))] — E[¢(x + VRAS (2) + hBS(z))]| < Ch*2.

Combining the inequalities (3.10) and (3.11) gives the desired weak estimate (3.6). O

To end this subsection, we recall the growth properties of X< that will be of use
in subsection 3.3. For this particular result, we add the dependency in the initial
condition z of the exact solution of (1.4) with the notation X¢(¢,x).

LEMMA 3.5. Under Assumption 2.1, for ¢ € C% and t < T fized, the func-
tion ¢¢(z) = E[¢(XC(t,x))] lies in C3 with constants independent of t and .

Proof. The standard theory (see, for instance, the textbook [40]) gives ¢° € C3.
With the regularity assumptions on ¢ and its derivatives, it is sufficient to prove that
E[6(Y*(t,y))] is in C}, where Y=(t,y) = $(X*(t, =" (2)) (replacing ¢ by ¢ o 4.
We recall from the proof of Lemma 3.4 that o(X¢(¢,z)) satisfies the integral formu-
lation (3.8) and that ((X*(t,z)) satisfies (3.9). Putting together these equations, we
deduce that Y=(t,y) satisfies an equation of the form

Ye(ty) = A°(y + L A%(t = s)F(Y"(s,y))ds + L A%t = 5)G(Y=(s,y))dW (s),

where F and G are in C3 and do not depend on ¢, and

I 0
As(t) = ( 0 ! et/s[q) :

As |A%(t)| < C, the process Y<(t,y) satisfies E[|Y<(t,y)[*'] < C(1 + |y|™), with C
and K independent of €. Thus, we have

E[¢(Y=(t,9))] < C(L+E[Y*(t,y)["]) < C(1 +E[Jy|“]).

For the derivatives, we recall from [19] that Z°(t,y) = 0,Y (¢, y) satisfies the equation
¢
ZE(t,y) = A°(t) g + J A% (t — s)F'(Ye(s,y))Z°(t,y)ds
0

+ Jo A% (t — 8)G' (Y4 (s,y)) Z5(t,y)dW (s).

Applying the same arguments as for Y= (¢, y) yields that Z°(¢, y) has bounded moments
of all order and that E[¢(Z5(t, y))] < C(1+E[Jy|*]). The same methodology extends
to 02Y<(t,y) and 03Y(t,y). a

3.2. Uniform expansion and bounded moments of the numerical solu-
tion. In this subsection, we show that the integrator given by (2.2) has bounded
moments of all order, that it lies on the manifold M in the limit ¢ — 0, and that
it satisfies the same local weak uniform expansion as the exact solution of (1.4) (see
Proposition 3.3).

First, the integrator given by (2.2) satisfies the following bounded moments prop-
erty.
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PROPOSITION 3.6. Under Assumption 2.1, (XZ) has bounded moments of any
order along time; i.e., for all timestep h < hg small enough such that Nh = T is
fized, for all integer m = 0,

sup E[|X5|""] < C,

n<N
where the constant C' > 0 is independent of € and h.

The integrator (XZ) given in (2.2) also satisfies a uniform local expansion that is
similar to its continuous counterpart presented in Proposition 3.3.

PROPOSITION 3.7. Under Assumption 2.1, there exists hg > 0 such that for
all h < ho, if (X)) is the numerical discretization given by (2.2) beginning at x € M5,
(assumed deterministic for simplicity), then, for all test functions ¢ € C3,, the follow-
ing estimate holds:

(3.12) E[¢(X7)] - E[¢(x + VRA (2) + hBj ()] < C(1 + [2|™)h?2,
where C' is independent of h and €, and A;, and Bj are the functions given in Propo-

sition 3.3.

To prove Propositions 3.6 and 3.7, we rely on the following lemma, whose proof is
postponed to the end of this subsection. We emphasize that an inequality of the form
|¢(x)] < C does not imply in general that = stays close to M. That is why we rely
in Lemma 3.8 on an estimate of the Lagrange multipliers (using the inequality (2.1)).
This estimate ensures that the method evolves in a neighborhood of the manifold.

LEMMA 3.8. Under Assumption 2.1 and if x € M5, there exists hg > 0 such that,
for all timestep h < hg, the one-step approzimation Xi and the Lagrange multiplier A\
in the discretization (2.2) satisfy

X -2 < CVh, A = VRGTH(@)X] (1)2) + hG T (@)A] (1 + Ri (),

< C, and |R;(z)| < Ch3/? with C independent of ¢, h,

where |A] ()| < O, |A] 4

and x.

For proving Proposition 3.6, we apply the change of variable ¥ and we adapt the
standard methodology presented in [40, Lemmas 1.1.6 and 2.2.2].

Proof of Proposition 3.6. We derive from (2.2) that
< Ch,
< OVh.
We prove that ¢(X,,) has bounded moments by induction on n. The binomial formula
yields
€ 2m —h/e e € —h/e € m

EIJC(G )] = B[ [e50(X5) + ¢(Xi0) — e x| ]

< e PMEE[|C(X) MM

+ CE| [c(xn) B[ ¢(X7 ) - o c(x))IX

|

[EIC(X ) — e oC(X5)IX¢]

C(X5i) — e MEC(XT)

]

2m
+ O Y B[P (X5 ) — e (X)
k=2
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E[I¢(X5)I"™] + O+ E[I¢(X) " Dh.

Following [40, Lem. 1.1.6], as X, € M is bounded, it implies that E[|C(X,)[*"] is
bounded uniformly in n = 0,..., N and e.
Using Lemma 3.8 and the equality ¢’g = 0, a direct calculation gives

(3.13) Elp(X5 1) — @(X5) IXE | <
(3.14) (X5 11) KC[

Following the same methodology as for IE‘Z[|C(XTL)|2m]7 the estimates (3.13)—(3.14)
imply that E[|<p(Xn)|2m] is bounded uniformly in n = 0,..., N and . Then, as ¢)~!
is Lipschitz, we have

E[I X517 < O(L + E[l9 (X)) < (1 + E[|(X5)[*™] + E[IC(X5)7™]) < C.

Hence we get the result. ]

We obtain the uniform expansion of the numerical solution by writing explicitly
a uniform expansion of the Lagrange multiplier A5, in the spirit of [34, Lem. 3.25].

Proof of Proposition 3.7. Using Lemma 3.8 and Assumption 2.1, we obtain
X5 = o+ Vo€ + (96 @)A 1y | + Fi ),
where the remainder satisfies |R5, ()| < Ch. The constraint is then given by
C(XE) = (@) + Vh|og" (@)€ + X (1)) | + Rile).
On the other hand, we get from the definition of the integrator (2.2) that

-1
\f ((x)+ 0o

By identifying the two terms in v/A in the expansions of ¢((X¢), we deduce the value
of A (1/2) that is,

C(X5) = ¢(o) + VR[S (1= e 2/e)gT (@)¢] + 5 (o).

2h

\e e~he 1
17(1/2) = \/E

The expression of )\i (1/2) and Lemma 3.8 give

C+0( B 2h/e)f1) T¢.

2h

_ efh/s 2
X =4 VAR )+ 1] o) + g a6 060w
(3.15) + %hg(l — e 2"V In(det(G)) () + (gGl)(a:)/\i(l)] + R (x),

where | R5 (z)| < Ch3/2. We then compute the expansion of ((X?), and we compare it
with the definition of the integrator (2.2) to obtain the expression of A (1) Inserting

this expression in (3.15) gives
X5 =2+ VhA5 () + hBi(x) + R}, (z),

where the remainder satisfies |[E[R; (x)]| < Ch%? and |R;(z)| < Ch. A Taylor ex-
pansion of ¢(X§) around = + VhAS (z) + hBj (x) yields the estimate (3.12). d
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The proof of Lemma 3.8 mainly relies on the estimates (2.1) and (3.2). We refer
the reader to [30, Lem. 3.3] and [22, Chap. VII] for similar proofs where explicit
expressions of Lagrange multipliers are derived.

Proof of Lemma 3.8. Let x € M5,. For brevity, we rewrite the discretization (2.2)
as

Xi=z+ \/ﬁy(gl/z)(x) + hY (G (@) + g(2)AL,
C(XF) = C(x) + VA o) (@) + MGy (),

where the functions Y(E1 /2> Y(sl), C(El /2> and (:(51) are given by

Y o) =08,
1— e—h/e 2 B . o2 Cone
Yoy =7+ (27}1)(9’(90 OG0 + (1= e M)V in(det(G)),
. efh/s -1 c B .
Gim = — 7o g (-0

2 2
Gy = £ =) (o7 + T T hn(aen(©)) + G aivto))

+U’2(%(1—6_h/5)—4/2h (1 — e—2h/e) )
—0'2(%(1—6_h/6)—4/2h (1 —e—2h/e )

Using Assumption 2.1 and the estimate (3.2), the following uniform estimates hold:

“lgTe)) gG g ey)

gTeZ-).

i
B

vi) @) <,

Gyl <0, ie /2l

The fundamental theorem of calculus yields

C(XT) = ¢(z) = J 9" (& + 7(X] = 2))dr(X] — 2) = VA(], o) (2) + hCGyy ()

0

Substituting X7 — x then gives

f g7 (@ + 7(XT = 2))dr(VRY( o) (2) + WY (@) + 9(2)AT) = VRC ) (@) + hGFyy ()

0

Using Assumption 2.1, we get the following explicit expression of Aj:
1
310 A = VG (0 (Gao) — [ oo X~ )iV )
1
# G @) (Gylo) — [ o7+ (X = 0)ar¥ ).
0

Then, the growth assumption (2.1) on G (z) allows us to write

XS] < CVR(1+|X{ —z|) and  |X{ — 2] < CVA(1 + | X5 — z).
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Hence, for h < hgy small enough, we deduce that |X{ — z| < Cv/h and
(3.17) A = VARG (@) () — 97 Y (i) (@) + R,

where |R;| < Ch. For the term of size O(h), we first deduce from (3.17) that
X5 — 2= V(Y2 +9G G ja) — 9G 19"V o)) ()| < Ch.

By using this estimate in (3.16), a Taylor expansion yields the desired expansion
of A§. |
3.3. Proofs of the convergence theorems. Now that we have the local uni-

form expansion of the exact solution and the numerical scheme, as well as the stability
property of Proposition 3.6, we are able to prove the main convergence theorems.

Proof of Theorem 2.7. We derive the global weak consistency (2.5) with tech-
niques similar to the ones presented in [40, Chap.2]. We denote by X°(t,x) the
solution of the penalized dynamics with initial condition = and X¢(z) the numerical
solution with initial condition x. For x € Mj, Propositions 3.3 and 3.7 yield

E[¢(X*(h,x)) — ¢(X5 (x))]z]] < C(L + || )n®/?,

where ¢ € C3. Lemma 3.5 gives that ¢,(z) = E[¢(X°((n — 1)h,z))|z] is in C3.
We rewrite the global error, given by Ej = [E[¢(X*(T, Xo)) — ¢(X5(X0))]|, with a
telescopic sum,

N

=
>m
N

[E[¢(X°(nh, X5 _n(X0))) = d(X*((n = 1), X5, 11(X0)))]|

i
I

[E[¢n (X (7, X5 (X0))) — dn (X5 (X, (X0)))]]

N
M=

3
I
—_

N
M=

E[[E[¢n(X°(h, 2)) — ¢ (X7 (2))|2 = X{_,(X0)][]

i
L

O(1 + E[| X5, (Xo)|“)h*2 < Ch'2,

N
1=

i
I

where we used the bounded moments property of Proposition 3.6 and that X € Mj,
(Lemma 3.1). d

Proof of Theorem 2.9. We obtain straightforwardly from the expression of the in-
tegrator (2.2) that |((X2)| < Cp/e. Using this estimate and the notation introduced
in the proof of Lemma 3.8, we observe that

Ve (X5) — Y (X2)| < Cuve, |6y (X5)| < Cuve, e {1/2,1},

where Y((i /2

therefore satisfies [A5_; — A5 ;| < Ch/E, where

)(x) = 0§, and Ya)(x) = f(z). The Lagrange multiplier given by (3.16)

Ye -1
X, =G
n+1 XZ+1

1
s (X0 | 7O (X = XDV, + B(X).
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Similarly to (3.16), the Lagrange multiplier \Y,, of the constrained Euler integra-
tor (1.6) is given by
1
Mo = =G g (XD [ 700+ (X2, = X0)dr(oVign + (X))

n+1 0

Using that G '(z) is bounded, a straightforward calculation shows that G (x) is
Lipschitz in z, y € R?, that is, there exists a constant L > 0 such that

G, Hw1) — Gl (w2)| < Llwy — @a] + [y1 — 92]), @1, 22,51,y2 € RY

Thus, we get the estimate

Nosr = M| < Ch(Ve + X5 = X0 + OVR X — XP4 ],
and, as A ., and A, are bounded uniformly in ¢, we have

|9(X2)Nor = 9(XDAL ] < Ch(Ve + X5 = XJ]) + OVR XS = X))

From the definitions of X¢,; in (2.2) and X2, in (1.6), we deduce that

X5 = X0 | < Cu(Ve + X5 = X)) + OV X3, = X4
If h < hg is small enough, we obtain

X5 = X | < Cu(Ve + X5 — X))

We deduce the estimate (2.6) by iterating this inequality for n < N = T'/h. d

Proof of Theorem 2.12. We take over the notations and the expression (3.16) of
the Lagrange multiplier A that we used in the proof of Lemma 3.8. Without loss of
generality, we concentrate on the first step of the algorithm with Xy = z. Replacing A\§
by the explicit formula (3.16) in (2.2) yields that XY is a fixed point of the following
map:

Fi(y) =x+ \/Ey(ﬁ/z) (x) + hY(q () + g(x)G;—lz(x) [\/ﬁca/z) () + h¢(y (2)

—LgWx+ﬂy—@MﬂVmﬁm@0+mﬁﬂ@ﬂ-

For y1, y2 € RY, Assumption 2.1 gives
i (y2) = Fi(p)| < CVRlyz = wil

where we used that G *(x) is Lipschitz in z, y € R%. We deduce that Ff is a uniform
contraction for A < hg small enough. 0

4. Numerical experiments. In this section, we perform numerical experiments
to confirm the theoretical findings, on a torus in R® and on the orthogonal group in
high dimension and codimension, in the spirit of the experiments in [46, 47, 30].
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4.1. Uniform approximation for the invariant measure on a torus. We
consider the example in codimension one of a torus in R3. We apply the new method
given by the discretization (2.4) for sampling the invariant measure of (1.4) for dif-
ferent steps h and parameters e, and we compare it with the Euler integrators (1.5)
in R? and (1.6) on the manifold. We recall that for dynamics of the form (1.4)
the weak convergence implies the convergence for the invariant measure (see [43]).
The numerical experiments of this subsection hint that the uniform accuracy prop-
erty also extends to the approximation of the invariant measure, but we leave the
mathematical analysis for the invariant measure for future work. We consider the
constraint (z) = (2% + 23 + 23 + R? —r?)? — 4R?(2? + 23), with R=3 and r = 1,
and we choose the map f(z) = —25(x; — R + 7,20, 23), with 0 = /2, the test
function ¢(x) = |x\2, M = 107 trajectories, the final time T' = 10, and the initial
condition Xy = (R—r,0,0). Increasing the value of T does not modify the computed
averages, which hints that we reached the equilibrium. The factor 25 in f confines
the solution in a reasonably small neighborhood of the torus, which allows a faster
convergence to equilibrium and to take fewer trajectories. We compute the Monte
Carlo estimator J = 7 antl qb(X](Vm)) ~ E[¢(Xn)], where X is the mth realiza-
tion of the integrator at time t, = nh, and N is an integer satisfying Nh = T. We
compare this approximation with a reference value of SRd odps, computed with the
UA integrator by using a timestep hyer = 272, In the case of the constrained Euler
scheme (1.6), it amounts to comparing an approximation of § M oduY, with the refer-
ence value of SRd pdus,. We observe in Figure 1 that the accuracy of the constrained
integrator (1.6) for solving the unconstrained problem (1.4) deteriorates when & grows
larger, as S, deviates from pd . The explicit Euler scheme (1.5) faces stability issues
when € — 0. The accuracy of the new method for solving (1.4) does not deteriorate
depending on ¢, and it shares a behavior similar to the constrained Euler scheme (1.6)
when ¢ — 0, which is in agreement with Theorem 2.9. The right graph of Figure 1
shows that the behavior of the error in € is the same for any fixed value of h. This is
a numerical confirmation of the uniform accuracy property of the discretization (2.2)
(in the spirit of the numerical experiments in [11]), as stated in Theorem 2.7. For any
fixed ¢, the right graph of Figure 1 also shows that the error decreases when h — 0.
A plot of the error against h for a fixed € (not included for conciseness) shows a slope
of order one (see Remark 2.8).

4.2. Weak approximation on the orthogonal group. We apply the UA
method on a compact Lie group (in the spirit of the numerical experiments in [46,
47]) to see how it performs in high dimension and codimension. We choose the
orthogonal group O(m) = {M € R™*™ MTM = I,,}, seen as a submanifold of R™
of codimension ¢ = m(m + 1)/2. We compare the explicit Euler scheme (1.5), the
constrained Euler scheme (1.6), and the new method on M = O(m) for m =2,...,5
with the parameters e = 0.005, T = 1, and h = 277. Note that, as h and ¢ share the
same order of magnitude, the explicit Euler scheme (1.5) can face stability issues, and
the solution does not lie on the manifold M. Thus, we are in the regime where the
convergence results for both Euler schemes (1.5)—(1.6) do not apply. We choose f =
—VV, where V is given by

(4.1) V(z) = 50 Tr((z — I2) T (x — Iy2))

with the parameters o = v/2, Xy = I, and ¢(x) = Tr(z) and M = 105 trajectories.
The reference solution for J(m) = E[¢(X¢(T))] is computed with the UA integrator
with hper = 279, With the factor 50 in the potential (4.1), the trajectories stay close
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107! 107!

10721

3
107 W

—o-h=T/2 —a—h=T/2 ——h=T/20
—t—h =T/2" ——h =T/2°

1073} —#—New method
—#— Explicit Euler
Constrained Euler

Invariant measure error
Invariant measure error

104 1072 10° 10 1072 10°
Parameter e Parameter e

Fi1Gc. 1. Error for sampling the invariant measure of penalized Langevin dynamics on a torus
in R3 of the uniform discretization (2.2) and the Euler integrators (1.5) and (1.6) for different values
of € with h = 279T (left), and error curves versus € of the UA method for different timesteps h =
27T and i = 6,...,10 (right), with the final time T = 10, the maps f(z) = —25(zx1 — R +
r, w2, x3), ¢(z) = |z|?, and M = 107 trajectories.

to Ip,2, and J(m) is close to ¢(I,,2) = m. This choice of factor permits one to explore
a reasonably small area of O(m), in order to avoid zones close to M where the Gram
matrix G has a bad condition number or is singular, and to reduce the number of
trajectories needed. We observe numerically that replacing the factor 50 by 1 in (4.1)
induces a severe timestep restriction. We present the results of the experiment in
Table 1. We omit the results for the explicit Euler scheme (1.5), as the method is
inaccurate in this regime (error of size 1). We observe that, in the regime where h
and € share the same order of magnitude, the UA integrator performs significantly
better than the Euler schemes (1.6) and (1.5) for solving the problem (1.4). In this
regime, the Euler method (1.5) faces stability issues, and it is inappropriate to use
the constrained Euler scheme (1.6), as the solution X¢(¢) of (1.4) is not close to the
solution X°(¢) of (1.2). Moreover, the cost in time of the new method stays the same
in average for any value of ¢ (results not included for conciseness). This confirms
numerically the uniform cost of solving the fixed point problem (2.2), as stated in
Theorem 2.12.

TABLE 1
Numerical approzimation of J(m) = E[¢(X*(T))] for 2 < m < 5 with the estimator J =
M1 Zﬂ/le qb(X](\}f)), where (Xn) is given by the uniform discretization (2.2) for Jya and by the
constrained Euler scheme (1.6) for Jgc with their respective errors. The average is taken over M =
108 trajectories with the potential (4.1), ¢(x) = Tr(z), the final time T = 1, the stiff parameter € =
0.005, and the timestep h = 277

m dim(M) q J(m) Jua Error of Jya JEC Error of Jgc
2 1 3 2.00934 || 2.00619 3.1-1073 1.99165 1.8-102
3 3.01458 || 3.00821 6.4-103 2.97460 4.0-1072
4 10 || 4.02050 || 4.00972 1.1-1072 3.94846 7.2-1072
5 10 15 5.02669 5.00842 1.8-1072 4.91298 1.1-1071

5. Conclusion and future work. In this work, we presented a new method
for the weak numerical integration of penalized Langevin dynamics evolving in the
vicinity of manifolds of any dimension and codimension. On the contrary of the other
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existing discretizations, the accuracy of the proposed integrator is independent of the
size of the stiff parameter €. Moreover, its cost does not depend on ¢, and it converges
to the Euler scheme on the manifold when ¢ — 0. Throughout the analysis, we gave an
expansion in time of the solution to the penalized Langevin dynamics that is uniform
in €, as well as new tools for the study of stochastic projection methods for solving
stiff SDEs.

Multiple questions arise from the work presented in this paper, with many of
great interest for physical applications. First, it would be interesting to get con-
vergence results with weaker assumptions or to develop UA integrators for different
penalized dynamics with the same limit when € — 0 such as the original penalized
dynamics (1.3) (see [16]). One could build integrators for penalized dynamics of the
form

dX® = f(XO)dt + cdW + O;Wn(det(c:)) - %(gG‘lcl)(XE)dt - %(gG_ICQ)(XE)dt,

where € and v do not share the same order of magnitude, or for constrained dynamics
with a penalized term. One could also build a UA numerical scheme with high order
in the weak context, or just in the context of the invariant measure (in the spirit of the
works [6, 31, 2, 3, 32, 28, 30] where numerical schemes of high order for the invariant
measure and weak order one were introduced). Postprocessors [45] proved to be an
efficient tool for reaching high order for the invariant measure without increasing the
cost of the method and could be used in this context. Moreover, the order conditions
presented in [28] for Runge-Kutta methods for solving Langevin dynamics in R? both
in the weak sense and for the invariant measure do not match with the order conditions
for solving Langevin dynamics constrained on the manifold M, as presented in [30].
It would be interesting to create a unified class of high order Runge-Kutta methods
with the same order conditions in R%, on the manifold M, and in the vicinity of M.
The discretizations presented in this paper could also be combined with Metropolis—
Hastings rejection procedures [39, 24], in the spirit of the works [20, 8, 35, 46, 36], in
order to get an exact approximation for the invariant measure with a rejection rate
that does not deteriorate in the regime ¢ — 0.

A. Proof of Theorem 2.3. In this section, we prove the convergence of the
penalized Langevin dynamics (1.4) to the constrained dynamics (1.2) when ¢ — 0,
as stated in Theorem 2.3. The proof uses techniques and arguments similar to those
in [16, Appx. C]. However, since we rescaled the stiff term in (1.4), there is no need
for a change of time to prove the convergence to the constrained dynamics.

Proof of Theorem 2.3. In the orthogonal coordinates system given by Assump-
tion 2.1, equation (1.4) becomes
dp(X=(t)) = (¢ f)(XE(t))dt + o (X (t))dW (1)
+ (97 In(det(G)) (X¥ ()t + T Ap(X* (1)),
dC(X=(t)) = (9" F)(XE(2))dt + ag" (X=(t))dW (t) + %(QTVln(det(G)))(XE(t))dt
+ 2 div(g) (X5 (1) dt = ZC(X (D),

where we used that ¢'g = 0 and that ¢’ = g7. Therefore, ((X¢(t)) satisfies
t

(X)) =0 f =0/ 4T (X (5))dW
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t 0.2 02
+ f elst/e [gT f+ 9" Vin(det(G)) + = div(g)](Xf(s))dt,
0

and a bound on ((X*(t)) is given by

t t 2
A1) E[x@)P <C L 20/ gy 4 c(L e<s—t>/€dt> < Ce.

On the other hand, we rewrite (1.2) in the orthogonal coordinates as

de(XO(t)) = (&' /)X (t))dt + o' (X°(t)dW
+ U;(w’vln(det(G)))(XO(t))dt + %ZAgo(Xo(t))dt,
d¢(X°(t)) =0,

where we used that

d

1 d
5¢'VIn(det(G)) + Ap = D1 (W (Mei)es) + . " (e, M)
i=1 i=1

With Assumption 2.1, we obtain

2

Eflo(X*(t)) — o(X°(1)|*] < C f E[JX(s) - XO(s)[*Jds,

and from (A.1) we deduce that
E[[¢(X°(1)) — ¢(X°(#)[] < Ce.

Thus, ¢(X(t)) satisfies
B CC )~ 60r)) < € [ B ()~ X06) s + O,
and, as =1 is Lipschitz, we have
E[|X°(t) — Xo(t)\z] < CJ: E[|X®(s) — Xo(s)}2]ds + Ce,

which, with the use of the Gronwall lemma, gives the desired estimate.

d
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