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Abstract

This paper presents a direct construction of aperiodic g-ary (q is a
positive even integer) even length Z-complementary pairs (ZCPs) with
large zero-correlation zone (ZCZ) width using generalised Boolean func-
tions (GBFs). The applicability of ZCPs increases with the increasing
value of ZCZ width, which plays a significant role in reducing inter-
ference in a communication system with asynchronous surroundings.
For ¢ = 2, the proposed ZCPs reduce to even length binary ZCPs
(EB-ZCPs). However, to the best of the authors’ knowledge, the high-
est ZCZ ratio for even length ZCPs which are directly constructed
to date using GBFs is 3/4. In the proposed construction, we pro-
vide even length ZCPs with ZCZ ratios 5/6 and 6/7, which are
the largest ZCZ ratios achieved to date through direct construction.

Keywords: Even length binary Z-complementary pairs (EB-ZCPs),
generalised Boolean functions (GBFs), Golay complementary pair (GCP),
zero-correlation-zone (ZCZ).
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1 Introduction

The Golay complementary pairs (GCPs) were first introduced by Golay [1].
The aperiodic auto-correlation sum (AACS) of a GCP diminishes to zero for all
time shifts not equal to zero. GCPs have found many engineering applications
including channel estimation [2], radar [3] and peak power control in orthogonal
frequency division multiplexing (OFDM)[4] etc. But the lengths of GCPs are
limited to the form 29107267, where «, 8 and 7 are non-negative integers [5, 6].
As a generalization of GCPs, Fan et al. introduced the idea of Z-complementary
pairs (ZCPs) [7]. The AACS of the two sequences in a ZCP is zero within a
certain zone that is known as the zero-correlation zone (ZCZ). Unlike GCPs,
ZCPs exist for arbitrary lengths with several ZCZ widths.

In [8], a construction of GCPs based on generalised Boolean functions
(GBFs) over Z, is provided by Davis and Jedwab, where g=2", for some pos-
itive integer h. Later, Paterson expanded Davis and Jedwab’s results to g-ary
GCPs for even q [9]. Such constructed GCPs based on the GBF's given in [§]
and [9] are called the Golay-Davis-Jedwab (GDJ) pairs [10-12] (or called the
standard GCPs [13]).

ZCPs can be used as spreading sequences in quasi-synchronous code-
division multiple access (CDMA) systems to reduce inter-symbol interference
(IST) and multiple access interference (MAI) [14]. As introduced in [7], there
are two types of ZCPs, namely even length binary ZCPs (EB-ZCPs) and odd
length binary ZCPs (OB-ZCPs). Furthermore, it was conjectured in [7] that,
the maximum ZCZ width for a binary ZCP of length N is given by (N +1)/2
when N is odd, and it is NV — 2 when N is even.

Several direct constructions of ZCPs of lengths in the form of a power of
two can be found in [15-17]. A direct construction of g-ary ZCPs based on
GBF having larger ZCZ width is introduced by Chen [18]. For ¢ = 2, this
direct construction produces binary ZCPs with a ZCZ ratio 2/3. For non-
negative integers o, 8 and v, ZCPs of length 2072107267 + 2 and ZCZ width
3x2%10°267 +1, with asymptotic ZCZ ratio 3/4 are systematically constructed
using insertion [19]. A direct construction of g-ary even length ZCPs through
GBFs was provided in [20]. The length and ZCZ width of the constructed
ZCP are 2™ 1 42, m > 3, and 272 + 27(m=3) 1 1, respectively, where 7 is
a permutation over m — 2 symbols. When 7(m — 3) = m — 3, the asymptotic
ZCZ ratio becomes 3/4 which is the largest ZCZ ratio available in the existing
literature to date. Recently, direct GBF constructions of ZCPs of non-power-
of-two lengths have been reported with maximum ZCZ ratio of 2/3 in [21]
and 4/7 in [22]. In [23], different construction methods for ZCPs have been
discussed and provided their upper bounds of peak to mean envelope power
ratio (PMEPR). A direct construction of Z-complementary code sets (ZCCSs)
has been reported in [24] which produces non-power-of-two lengths ZCPs with
a maximum ZCZ ratio of 3/4. The authors in [20, 24] also introduced an open
problem of having higher ZCZ ratio of ZCPs. The authors in [25] provided
a systematic construction of g-ary even length ZCPs for ZCZ ratio 6/7 using
the concatenation of GCPs and their complementary mates, where GCPs and
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their mates are used as seed sequences. However, they did not provide a direct
construction and thus introduced it is an open problem for future work.

By motivation of the above open problems, in this work we present a direct
construction of aperiodic g-ary even length ZCPs for ZCZ ratio 5/6 and 6/7.
Like the direct construction proposed in [18] and [20], the proposed construc-
tion also does not require any special seed sequences initially. In addition,
the proposed g-ary even length ZCPs have a larger ZCZ ratio than the ZCPs
reported in [20], and they also provide the largest ZCZ width. For ¢=2, the
proposed construction reduces to EB-ZCP.

The remaining paper is organized as follows. Basic notations and definitions
are provided in Section 2. In Section 3, the proposed construction of g-ary even
length ZCPs is discussed. Finally, concluding remarks are provided in Section
4.

2 Notations and Definitions

The following notations will be followed throughout this paper: z = 1 — =z,
where z € {0,1}, |z] and [x] represents the floor and ceiling function of
x respectively, for n > 1, 0, and 1, represents n consecutive 0’s and 1’s,
respectively.

Definition 1 Let ay = (a1,0,601,1,...,a1,8—1) and ag = (a2,,a2,1,...,a2 N—1) be
two g-ary sequences over Zq. The aperiodic cross-correlation function (ACCF) at a
shift 7 is defined by
g Wtk 0SSN -1,
paraz(T) = § SR I Wik T2k N 41 <7 < 1,
0, IT| = N,

where g (> 2) is an integer and w = exp(2mv/—1/¢). When a; = ag, pa;,a,(7) is
called aperiodic auto-correlation function (AACF) of aj and it is denoted by pa, (7).

Definition 2 A pair of sequences a and b of length N is called a GCP if their AACS
is zero for all non-zero time shifts, i.e.,

pa(r) + pu(r) =0, for T 0. (1)

Definition 3 A GCP (c,d) of length N is called a complementary mate of a GCP
(a,b) of length N, if
pac(T) + ppa(r) =0, for0<7<N -1 (2)

Definition 4 A pair of length N sequences a; and ag is called a ZCP with ZCZ
width Z, if and only if

pal(T) + pas (1) =0, forl1 <7< Z—1. (3)
We call (az,a2) an (N, Z)-ZCP. When Z = N, then the pair (a1, az) becomes a
GCP. The sequence pair is called an EB-ZCP if the sequences aj,ag are binary and
length of the sequence is even.



Springer Nature 2021 BTEX template

4 A Direct Construction of Even Length ZCPs with Large ZCZ Ratio

Definition 5 ([26]) If (aj,ag) is a ZCP of even length N with ZCZ width Z, then
the ZCZ ratio is defined as
7.CZ ratio = Z/N. (4)

2.1 Generalised Boolean Function

A GBF f in m binary variables zg, 1, ..., Zm—1 is a function from {0, 1} to
Zq. A monomial of degree r is defined as the product of any r variables among
TQyT1yeees T . So there are Zm ( ) 2™ monomials, namely 1,xg,x1,

ey Ton—1, xoxl, LT, s Top—2Lm—1y«++,LoL] " Top_1. With the linear com-
binations of these 2™ monomials by taking coefﬁcients from Z,, a GBF
can be expressed uniquely. In the expression of a GBF of order r, there
exists at least one highest-degree monomial of order r with a non-zero coef-
ficient. The complex-valued sequence corresponding to GBF f of m variables
Lo, T1,...,Tm_1 1S expressed as

\I/(f) — (wfo,wf17.'_7wf27ru1)’ (5)

where f; = f(io,i1,...,im—1), w = exp (2mv/=1/q), and (io,i1,...,im—1) is
the binary vector representation of 7, where as in the remainder of this paper, ¢
is an even integer not less than 2. Corresponding to a GBF f with m variables
the sequence U(f) is of length 2™. In this paper, we focus on g-ary (N, Z)-
ZCPs, where N # 2™. Hence, we define the truncated complex-valued sequence
U, (f) corresponding to the GBF f by deleting the last L elements of the
sequence V(f).

Lemma 1 ([27]) Let f:Zy" — Zq be a GBF defined by

m—1

m—

q

=3 Z V(i) T D GkTk+ g, (6)
= k=0

where T is a permutation of {0,1,2,...,m — 1} and ¢', g1, € Zq. Then for any
/

¢ € Zq (a1,a2) = (\Il(f),\ll(f+%m7r(0)+c’)) is a GCP and (by,b2) =

(\IJ (f + %azw(m_l)) JU(f+ 3 (mw(o) + xﬂ(m_l)) + c/> is a complementary mate of
(a1,a2).

3 Proposed Construction

For proving our main result, we define the following function which will be
used throughout this section.

For any integer m > 5, let m be a permutation of {0,1,2,...,m — 5}. Let
the GBF f: Z7* — Z, be defined as

m—6 m—>5

f= g > TnTaizn) + Y G (7)

i=0 =0
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Define the functions fi, f5, f3 as follows:

fi=r+ %‘Tﬂ'(O); fo=f+ gwﬂ(mﬂa); f3 =1fs + %Jiw(o)~ (8)

Theorem 1 Let the GBF g : 25" — Zq be defined as
g = f + g (fmflxm72 (i'mf?) + xm73mm74) + xmfli’mf2jm73mm74)

+%x7r(m75) (Tm—1Tm—3 (Tm—2 + Tm-4Tm—2) +Tm—1Tm—2 (Tm—3 + Tm-3Tm—-4)),

(9)
where [ is defined in (7), q is an even integer and ¢; € Zgq. Then for any
choice of ¢ € Zg4, (a,b) = (\I/2m72(g),\112m72(h:g+%x,r(o)+c’)) forms a

(2t 272 9mml g 2m S gcp.

Proof For 0 < 7 < 2™~ 1 4+ 2™73 we have from definition

ogm—lyom=2_1_,

pa(T) + pp(7) = Z (wgi*gwr + whi*hi‘#r) ) (10)
i=0
For any integer ¢, let j = ¢ + 7 and (ig,%1,.-.,tm—1) and (jo,ji,---,Jm—1) is the

binary vector representation of ¢ and j respectively. The proof is split into four cases.
Case-1: ir@) # Jno) and 7 # Crnea2™ % 4+ Cp32™73 4 Cpp02™™2 4
Cn—12™"1, where Cpy—_q € {0,1} for o = 1,2, 3,4. Then we have

9i — 95 — (hi - hj) = % (jﬁ(o) — iﬂ(o)) = g (mod q).

Therefore, w9 ~9 Jwhi—hi = w?/? = —1, which implies w% 9 + "M = 0.

Case-2: iTr(O) = jT{'(O) and 7 # Cm_42m_4 + Cm_32m_3 + Cm_22m_2 +
Cpn—12™" Y, where Cppq € {0,1} for a = 1,2,3,4.

Let ¢ be the smallest integer such that i) # Jjr(s)- Since 7 # Crn_a2m™* 4
Crn—32™"3 + Cre22™ 2 + Cpri12™ 7L, there exists at least one Cf £ 0, 1 < k <
m — 5, such that for Cj € {0,1}, we can write: 7 = Co2° +C12  + ... Cpp52™ 0 +
Crnea2™ 4 4+ . 4+ Cpe12™ L. Since j —i = 7, we have ¢t < m — 5. Let ¢ and
j' differ from i and j at only one position T(t—1)s L€, i;(t_l) =1—iri_1) and

j;r(t—l) =1—=Jrt-1) respectively, such that j/ =i’ + 7. Then we have

gir — gi = % (iﬂ-(t—Q) + iﬂ(t)) + Cr(t-1) (1 - 2%@-1)) ; (11)

in case of ¢ = 1, we will just delete the terms involving ¢, ;o). Since ir(;_1) = Jr(z—1)
and ir(;_2) = jr(t—2), We have

q /(. . q
9i—=9j — 9 + 95 =5 (]‘n’(t) - Zﬂ—(t)) = 5 (mod g),
which implies that w979 + w979’ = (. Therefore,
WIiT9i 4 9 95 +whi*hy‘ erhi'*hj' =0. (12)

So from Case-1 and Case-2, it is shown that the AACS of a and b is zero when 7 is
not an integer multiple of 2™ ™% ie., 7 #£ nx2™"4 1 < n < 10. Since the ZCZ width
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of the constructed ZCP is Z = 10 x 2™ ™% so the AACS at 7 = 10 x 2"~ is not zero.
So, it will be sufficient to prove that the AACS is zero when 7 = n x 27"747 1<n<9,
which has been proved below, by considering odd and even cases of n in Case-3
and Case-4 respectively. For Case 8, Case 4 f,f1,f2,f3 are as defined in (7) and (8)
respectively.

Case-3: T=nx2""% nisodd and n < 9.

First the calculation is done for n = 3, and later generalised for all odd integer
n <9.

om—4_1 gm—4
pa (3 X Qm_4) = Z wle= Tk _ Z w2k —=(2)n
k=0 k=0

gm—4 gm—4
+ Z w(f2)k—fk _9 Z wfk—(fz)k_
k=0 k=0

Similarly, by calculating for each odd integer n < 9 we get

om—4_1 om—4_1

pa(r) = S or+(-plElep | 3 Wi
k=0 k=0

gm—4_1 om—4_

1
n Z C§+(—1)L%J+1CZ Z w(fz)k*fk
k=0 k=0

where
n+1
cp = (-l (|5 | moa ) oz = et (13)
Y =(n— _plsl (™
C = (n—1) (mod 4)+ (-)L#] (| 2] (mod 2)), (14)
Cy = ({%J + 1) (mod 2). (15)
Replacing f, fa with f1 + ¢/, f3 + ¢’ respectively in pa(7), we get
gm—4_q , ,
pu(r) = (=D lElcp 3wtk (ste
k=0
gm—4_q
+(-1) L%J'HCZL Z w(f3+c,)k_(f1+c,)k
k=0

so from Lemma 1, we get pa(T) + pp(7) = 0.
Case-4: T=nx2""* niseven and n < 9.
First the calculation is done for n = 2, and later generalised for all even integer

n <9.
gm—4_q gm—d4_

pa (2m—3) _ Z wfk—fk _ Z 1w(f2)k—(f2)k
k=0 k=0

gm—4_1 gm—4_q

) Z wE=fe _ o Z Wf2)e—fr
k=0 k=0
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Similarly, by calculating for each even integer n < 8, we get

om—4_q
pa(r) = ()L (n4 2 (mod 4)) [ 37wl
k=0

16
(16)

+2m =t ot L (0 mod 4)) [ 3T WS
k=0

Replacing f,fa with f; + ¢/, f3 + ¢’ respectively in pa(7), we get

gm—4_1
pb(T) = (=1) 4] (n (mod 4)) Z Wfs e ) e—(fr+c)
k=0

ogm—4_1
+ ()L (n 2 (mod 4)) [ 37wttt
k=0
so from Lemma 1, we get pa(T) + pp(7) = 0. Hence, (a,b) is a ZCP with ZCZ width
Z =2m=1t 41 9m=3 Qo the ZCZ ratio= 5/6. O

Ezample 1 Let us consider ¢ = 4, m = 6 and w(0) = 0,7(1) = 1, and the Boolean
function g is given by

g = 2z0x1 + 2x0 + 321 + 2 (T524 (T3 + T372) + T5T4T372)

+ 221 (3573 (74 + 22T4) + 574 (T3 + 2322)) , and

h = g+ 2x9 + 1.
Then from Theorem 1, the pair (a,b) = (¥16(g), P16(h)) gives a length 48 quater-
nary ZCP, with ZCZ width 40. The sequence pair (e,f) is given below explicitly,
where 7 represents w’.

a = (023302110233023320332033023320110211203302330211)
b = (110211201102110233023302110233201120330211021120)

Theorem 2 Let the GBF g : 25" — Zq be defined as
9=+ 2 @n-10m-2Tm—t + Tm-1Zm—3 Fm—2Fm—1+ Tn-2) + STr(ns)

("Emfl (fm,3$m74 + mm72fm74) + Tm—1 (ffm72xm73 + xm725m73$m74))7
(17)
where f is defined in (7), q is an even integer and c¢; € Zgq. Then for any
choice of ¢ € Zg4, (a,b) = (\IImes(g),\Ifszs(h=g+%xﬂ(0)+cl)) forms a

(2771714»2777,72+2711737 2m71+2m72)_ZCP.

Proof For 0 < 7 < 2™~ 1 4+ 2™72 we have from definition

gm—1jgm=2 om=3_1__

pa(r) = > (Ot (18)

k=0
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The proof is split into four cases. Case-1 and Case-2 are same as in proof of Theorem
1 and can be proved similarly. For Case-3 and Case-4 the function f,f;, fo, f3 are as
defined in (7) and (8) respectively.

Case-3: T =n x 2% nis odd and n < 11.

:2"&_1C{L+(_1) 5]+ (Z e <f2)k)
2’”; om—4_q
Z 02 +( L 1+1%) ( Z wfz)k flc)7

where

o = (—1)ls) [gJ + [ZJ +1 (mod 2)),C3 = —CF, (19)
op = [ni J %J + [?J +1 (mod 2)) (20)
op = Q%J + HLJ +1 (mod 2)) (21)
Similarly,

ou(r) =(—1)(L5+ 5D op (2mz 1 (e = (fate’ >k>

+(~1 )(\_ +5 1+ ( (fﬁ-c/)k—(1°1'i‘0/)k)7

so from Lemma 1, we get pa(T) + pp(7T
Case-4: T—n><2m nlsevenandnSH

2!7174_1 om— 4 -1
pa(r)= Y CF +20% Z wlE =)

k=0

om—4_1 om—4_1
+ Z on —20% Z w2k —fi 7

where kZO )
Cr = —{%J and C% = {%J, (22)
oy = {gJ (mod 2), (23)
oy = {%J (mod 2). (24)
Similarly,

k=0

27n74_1
— 20} ( Z w(f3+0/)k—(f1+0/)k) ,

k=0

so from Lemma 1, we get pa(T)+ pp(7) = 0. Hence, (a, b) is a ZCP with ZCZ width
Z =2m"1 4 9m=2 g6 the ZCZ ratio= 6/7. O

gm—4_q
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Ezample 2 Let us consider ¢=2, m=6 and 7(0) = 1,7(1) = 0, and let the Boolean
function g is given by

g = TT1 + To + TsTaT2 + T5T3 (TaTo + T4)

+ z0 (%5 (T3xa + x4T2) + 5 (Tax3 + T4T322)), and

h=g+x1+1.
Then from Theorem 2, the pair (a,b) = (¥5(g), ¥s(h)) gives a length 56 binary
ZCP, with ZCZ width 48. The sequence pair (e, f) is given below explicitly, where
0,1 represents wo,wl respectively.

a = (0105101031051404120130120105103120150)

b = (10312012031031201021012010130140312013010150210)

In Table 1, we have compared the method of construction, length and ZCZ
ratio of the proposed construction with [18-22, 25].

Remark 1 We have proposed a construction of ZCPs with ZCZ ratios 5/6 and 6/7
based on GBFs. Although, ZCPs with same ratio can be constructed through an
indirect method in [25], the proposed method generated different set of ZCPs than
[25]. The ZCPs with ZCZ ratio 6/7 from Theorem 2 are different from those in [25].
In fact the ZCP generated above in Ezample 2 can’t be generated from [25].

Table 1 Comparison of the proposed construction with [18-22, 25].

Construction | Method | Length Constraint ZCZ Ratio
18 Direct om—T 4 ov m>2,v<m-—2 | =2/3
19 Indirect | 2972108267 + 2 a,B,7v €N ~ 3/4
20 Direct oam=1479 m >4 ~ 3/4
21 Direct NEN, N #2™ m >0 =2/3
22, Th. 1 Direct 2mF3 L omF2 L omFT T >0 =4/7
22, Th. 2 Indirect | 14 x 2*107267 a, B,y €N =6/7
[25] Indirect | 14 x 2°107267 a,B,7 €N =6/7
Theorem 1 Direct gm—T 1 ogm=2 m>5 =5/6
Theorem 2 Direct om—T yom=249m=3 T m>5 =6/7

4 Conclusion

The proposed direct construction generates aperiodic g-ary even length ZCPs
using GBF's. Our proposed method based on GBFs facilitates the construction
of g-ary even length ZCPs of ZCZ ratio 5/6 and 6/7 which are the largest ZCZ
ratio, i.e., the largest ZCZ width achieved to date using GBFs. For ¢ = 2, the
proposed construction reduces to EB-ZCP.
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