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Abstract

This paper presents a direct construction of aperiodic q-ary (q is a
positive even integer) even length Z-complementary pairs (ZCPs) with
large zero-correlation zone (ZCZ) width using generalised Boolean func-
tions (GBFs). The applicability of ZCPs increases with the increasing
value of ZCZ width, which plays a significant role in reducing inter-
ference in a communication system with asynchronous surroundings.
For q = 2, the proposed ZCPs reduce to even length binary ZCPs
(EB-ZCPs). However, to the best of the authors’ knowledge, the high-
est ZCZ ratio for even length ZCPs which are directly constructed
to date using GBFs is 3/4. In the proposed construction, we pro-
vide even length ZCPs with ZCZ ratios 5/6 and 6/7, which are
the largest ZCZ ratios achieved to date through direct construction.

Keywords: Even length binary Z-complementary pairs (EB-ZCPs),
generalised Boolean functions (GBFs), Golay complementary pair (GCP),
zero-correlation-zone (ZCZ).
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1 Introduction

The Golay complementary pairs (GCPs) were first introduced by Golay [1].
The aperiodic auto-correlation sum (AACS) of a GCP diminishes to zero for all
time shifts not equal to zero. GCPs have found many engineering applications
including channel estimation [2], radar [3] and peak power control in orthogonal
frequency division multiplexing (OFDM)[4] etc. But the lengths of GCPs are
limited to the form 2α10β26γ , where α, β and γ are non-negative integers [5, 6].
As a generalization of GCPs, Fan et al. introduced the idea of Z-complementary
pairs (ZCPs) [7]. The AACS of the two sequences in a ZCP is zero within a
certain zone that is known as the zero-correlation zone (ZCZ). Unlike GCPs,
ZCPs exist for arbitrary lengths with several ZCZ widths.

In [8], a construction of GCPs based on generalised Boolean functions
(GBFs) over Zq is provided by Davis and Jedwab, where q=2h, for some pos-
itive integer h. Later, Paterson expanded Davis and Jedwab’s results to q-ary
GCPs for even q [9]. Such constructed GCPs based on the GBFs given in [8]
and [9] are called the Golay-Davis-Jedwab (GDJ) pairs [10–12] (or called the
standard GCPs [13]).

ZCPs can be used as spreading sequences in quasi-synchronous code-
division multiple access (CDMA) systems to reduce inter-symbol interference
(ISI) and multiple access interference (MAI) [14]. As introduced in [7], there
are two types of ZCPs, namely even length binary ZCPs (EB-ZCPs) and odd
length binary ZCPs (OB-ZCPs). Furthermore, it was conjectured in [7] that,
the maximum ZCZ width for a binary ZCP of length N is given by (N +1)/2
when N is odd, and it is N − 2 when N is even.

Several direct constructions of ZCPs of lengths in the form of a power of
two can be found in [15–17]. A direct construction of q-ary ZCPs based on
GBF having larger ZCZ width is introduced by Chen [18]. For q = 2, this
direct construction produces binary ZCPs with a ZCZ ratio 2/3. For non-
negative integers α, β and γ, ZCPs of length 2α+210β26γ + 2 and ZCZ width
3×2α10β26γ+1, with asymptotic ZCZ ratio 3/4 are systematically constructed
using insertion [19]. A direct construction of q-ary even length ZCPs through
GBFs was provided in [20]. The length and ZCZ width of the constructed
ZCP are 2m−1 + 2, m ≥ 3, and 2m−2 + 2π(m−3) + 1, respectively, where π is
a permutation over m− 2 symbols. When π(m− 3) = m− 3, the asymptotic
ZCZ ratio becomes 3/4 which is the largest ZCZ ratio available in the existing
literature to date. Recently, direct GBF constructions of ZCPs of non-power-
of-two lengths have been reported with maximum ZCZ ratio of 2/3 in [21]
and 4/7 in [22]. In [23], different construction methods for ZCPs have been
discussed and provided their upper bounds of peak to mean envelope power
ratio (PMEPR). A direct construction of Z-complementary code sets (ZCCSs)
has been reported in [24] which produces non-power-of-two lengths ZCPs with
a maximum ZCZ ratio of 3/4. The authors in [20, 24] also introduced an open
problem of having higher ZCZ ratio of ZCPs. The authors in [25] provided
a systematic construction of q-ary even length ZCPs for ZCZ ratio 6/7 using
the concatenation of GCPs and their complementary mates, where GCPs and
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their mates are used as seed sequences. However, they did not provide a direct
construction and thus introduced it is an open problem for future work.

By motivation of the above open problems, in this work we present a direct
construction of aperiodic q-ary even length ZCPs for ZCZ ratio 5/6 and 6/7.
Like the direct construction proposed in [18] and [20], the proposed construc-
tion also does not require any special seed sequences initially. In addition,
the proposed q-ary even length ZCPs have a larger ZCZ ratio than the ZCPs
reported in [20], and they also provide the largest ZCZ width. For q=2, the
proposed construction reduces to EB-ZCP.

The remaining paper is organized as follows. Basic notations and definitions
are provided in Section 2. In Section 3, the proposed construction of q-ary even
length ZCPs is discussed. Finally, concluding remarks are provided in Section
4.

2 Notations and Definitions

The following notations will be followed throughout this paper: x̄ = 1 − x,
where x ∈ {0, 1}, ⌊x⌋ and ⌈x⌉ represents the floor and ceiling function of
x respectively, for n > 1, 0n and 1n represents n consecutive 0’s and 1’s,
respectively.

Definition 1 Let a1 = (a1,0, a1,1, . . . , a1,N−1) and a2 = (a2,0, a2,1, . . . , a2,N−1) be
two q-ary sequences over Zq. The aperiodic cross-correlation function (ACCF) at a
shift τ is defined by

ρa1,a2(τ) =


∑N−1−τ

k=0 ωa1,k−a2,k+τ , 0 ≤ τ ≤ N − 1,∑N−1−τ
k=0 ωa1,k+τ−a2,k , −N + 1 ≤ τ ≤ −1,

0, |τ | ≥ N,

where q (≥ 2) is an integer and ω = exp(2π
√
−1/q). When a1 = a2, ρa1,a2(τ) is

called aperiodic auto-correlation function (AACF) of a1 and it is denoted by ρa1(τ).

Definition 2 A pair of sequences a and b of length N is called a GCP if their AACS
is zero for all non-zero time shifts, i.e.,

ρa(τ) + ρb(τ) = 0, for τ ̸= 0. (1)

Definition 3 A GCP (c,d) of length N is called a complementary mate of a GCP
(a,b) of length N , if

ρa,c(τ) + ρb,d(τ) = 0, for 0 ≤ τ ≤ N − 1. (2)

Definition 4 A pair of length N sequences a1 and a2 is called a ZCP with ZCZ
width Z, if and only if

ρa1(τ) + ρa2(τ) = 0, for 1 ≤ τ ≤ Z − 1. (3)

We call (a1,a2) an (N,Z)-ZCP. When Z = N, then the pair (a1,a2) becomes a
GCP. The sequence pair is called an EB-ZCP if the sequences a1,a2 are binary and
length of the sequence is even.
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Definition 5 ([26]) If (a1,a2) is a ZCP of even length N with ZCZ width Z, then
the ZCZ ratio is defined as

ZCZ ratio = Z/N. (4)

2.1 Generalised Boolean Function

A GBF f in m binary variables x0, x1, . . . , xm−1 is a function from {0, 1}m to
Zq. A monomial of degree r is defined as the product of any r variables among
x0, x1, . . . , xm−1. So there are

∑m
r=0

(
m
r

)
=2m monomials, namely 1, x0, x1,

. . . , xm−1, x0x1, x0x2, . . . , xm−2xm−1, . . . , x0x1 · · ·xm−1. With the linear com-
binations of these 2m monomials by taking coefficients from Zq, a GBF
can be expressed uniquely. In the expression of a GBF of order r, there
exists at least one highest-degree monomial of order r with a non-zero coef-
ficient. The complex-valued sequence corresponding to GBF f of m variables
x0, x1, . . . , xm−1 is expressed as

Ψ(f) =
(
ωf0 , ωf1 , . . . , ωf2m−1

)
, (5)

where fi = f(i0, i1, . . . , im−1), ω = exp
(
2π

√
−1/q

)
, and (i0, i1, . . . , im−1) is

the binary vector representation of i, where as in the remainder of this paper, q
is an even integer not less than 2. Corresponding to a GBF f with m variables
the sequence Ψ(f) is of length 2m. In this paper, we focus on q-ary (N,Z)-
ZCPs, whereN ̸= 2m. Hence, we define the truncated complex-valued sequence
ΨL(f) corresponding to the GBF f by deleting the last L elements of the
sequence Ψ(f).

Lemma 1 ([27]) Let f : Zm
2 → Zq be a GBF defined by

f =
q

2

m−2∑
k=0

xπ(k)xπ(k+1) +

m−1∑
k=0

gkxk + g′, (6)

where π is a permutation of {0, 1, 2, . . . ,m − 1} and g′, gk ∈ Zq. Then for any

c′ ∈ Zq (a1,a2) =
(
Ψ(f),Ψ

(
f + q

2xπ(0) + c′
))

is a GCP and (b1,b2) =(
Ψ
(
f + q

2xπ(m−1)

)
,Ψ(f + q

2

(
xπ(0) + xπ(m−1)

)
+ c′

)
is a complementary mate of

(a1,a2).

3 Proposed Construction

For proving our main result, we define the following function which will be
used throughout this section.

For any integer m ≥ 5, let π be a permutation of {0, 1, 2, . . . ,m − 5}. Let
the GBF f : Zm−4

2 → Zq be defined as

f =
q

2

m−6∑
i=0

xπ(i)xπ(i+1) +

m−5∑
i=0

cixi. (7)
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Define the functions f1, f2, f3 as follows:

f1 = f +
q

2
xπ(0); f2 = f +

q

2
xπ(m−5); f3 = f2 +

q

2
xπ(0). (8)

Theorem 1 Let the GBF g : Zm
2 → Zq be defined as

g = f +
q

2
(x̄m−1xm−2 (x̄m−3 + xm−3xm−4) + xm−1x̄m−2x̄m−3xm−4)

+
q

2
xπ(m−5) (x̄m−1x̄m−3 (xm−2 + xm−4x̄m−2)+xm−1x̄m−2 (x̄m−3 + xm−3xm−4)) ,

(9)
where f is defined in (7), q is an even integer and ci ∈ Zq. Then for any

choice of c′ ∈ Zq, (a,b) =
(
Ψ2m−2(g),Ψ2m−2(h = g + q

2xπ(0) + c′)
)

forms a(
2m−1 + 2m−2, 2m−1 + 2m−3

)
-ZCP.

Proof For 0 < τ < 2m−1 + 2m−3, we have from definition

ρa(τ) + ρb(τ) =

2m−1+2m−2−1−τ∑
i=0

(
ωgi−gi+τ + ωhi−hi+τ

)
. (10)

For any integer i, let j = i + τ and (i0, i1, . . . , im−1) and (j0, j1, . . . , jm−1) is the
binary vector representation of i and j respectively. The proof is split into four cases.

Case-1: iπ(0) ̸= jπ(0) and τ ̸= Cm−42
m−4 + Cm−32

m−3 + Cm−22
m−2 +

Cm−12
m−1, where Cm−α ∈ {0, 1} for α = 1, 2, 3, 4. Then we have

gi − gj −
(
hi − hj

)
=

q

2

(
jπ(0) − iπ(0)

)
=

q

2
(mod q).

Therefore, ωgi−gj/ωhi−hj = ωq/2 = −1, which implies ωgi−gj + ωhi−hj = 0.
Case-2: iπ(0) = jπ(0) and τ ̸= Cm−42

m−4 + Cm−32
m−3 + Cm−22

m−2 +

Cm−12
m−1, where Cm−α ∈ {0, 1} for α = 1, 2, 3, 4.

Let t be the smallest integer such that iπ(t) ̸= jπ(t). Since τ ̸= Cm−42
m−4 +

Cm−32
m−3 + Cm−22

m−2 + Cm−12
m−1, there exists at least one Ck ̸= 0, 1 ≤ k ≤

m− 5, such that for Ck ∈ {0, 1}, we can write: τ = C02
0+C12

1+ . . . , Cm−52
m−5+

Cm−42
m−4 + . . . + Cm−12

m−1. Since j − i = τ , we have t ≤ m − 5. Let i′ and
j′ differ from i and j at only one position π(t−1), i.e., i

′
π(t−1) = 1 − iπ(t−1) and

j′π(t−1) = 1− jπ(t−1) respectively, such that j′ = i′ + τ . Then we have

gi′ − gi =
q

2

(
iπ(t−2) + iπ(t)

)
+ cπ(t−1)

(
1− 2iπ(t−1)

)
, (11)

in case of t = 1, we will just delete the terms involving iπ(t−2). Since iπ(t−1) = jπ(t−1)

and iπ(t−2) = jπ(t−2), we have

gi − gj − gi′ + gj′ =
q

2

(
jπ(t) − iπ(t)

)
=

q

2
(mod q),

which implies that ωgi−gj + ωgi′−gj′ = 0. Therefore,

ωgi−gj + ωgi′−gj′ + ωhi−hj + ωhi′−hj′ = 0. (12)

So from Case-1 and Case-2, it is shown that the AACS of a and b is zero when τ is
not an integer multiple of 2m−4 , i.e., τ ̸= n×2m−4, 1 ≤ n ≤ 10. Since the ZCZ width
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of the constructed ZCP is Z = 10×2m−4, so the AACS at τ = 10×2m−4 is not zero.
So, it will be sufficient to prove that the AACS is zero when τ = n×2m−4, 1 ≤ n ≤ 9,
which has been proved below, by considering odd and even cases of n in Case-3
and Case-4 respectively. For Case 3, Case 4 f, f1, f2, f3 are as defined in (7) and (8)
respectively.

Case-3: τ = n× 2m−4, n is odd and n ≤ 9.
First the calculation is done for n = 3, and later generalised for all odd integer

n ≤ 9.

ρa
(
3× 2m−4

)
=

2m−4−1∑
k=0

ωfk−fk −
2m−4∑
k=0

ω(f2)k−(f2)k

+

2m−4∑
k=0

ω(f2)k−fk − 2

2m−4∑
k=0

ωfk−(f2)k .

Similarly, by calculating for each odd integer n ≤ 9 we get

ρa(τ) =

2m−4−1∑
k=0

Cn
1 + (−1)⌊

n
2 ⌋ Cn

3

2m−4−1∑
k=0

ωfk−(f2)k


+

2m−4−1∑
k=0

Cn
2 + (−1)⌊

n
3 ⌋+1Cn

4

2m−4−1∑
k=0

ω(f2)k−fk

 ,

where

Cn
1 = (−1)⌊

n+1
2 ⌋

(⌊
n+ 1

4

⌋
(mod 2)

)
, Cn

2 = −Cn
1 , (13)

Cn
3 = (n− 1) (mod 4) + (−1)⌊

n
2 ⌋

(⌊n
4

⌋
(mod 2)

)
, (14)

Cn
4 =

(⌊n
4

⌋
+ 1

)
(mod 2). (15)

Replacing f, f2 with f1 + c′, f3 + c′ respectively in ρa(τ), we get

ρb(τ) = (−1)⌊
n
2 ⌋Cn

3

2m−4−1∑
k=0

ω(f1+c′)k−(f3+c′)k


+ (−1)⌊

n
3 ⌋+1Cn

4

2m−4−1∑
k=0

ω(f3+c′)k−(f1+c′)k

 ,

so from Lemma 1, we get ρa(τ) + ρb(τ) = 0.
Case-4: τ = n× 2m−4, n is even and n ≤ 9.
First the calculation is done for n = 2, and later generalised for all even integer

n ≤ 9.

ρa
(
2m−3

)
=

2m−4−1∑
k=0

ωfk−fk −
2m−4−1∑

k=0

ω(f2)k−(f2)k

+ 2

2m−4−1∑
k=0

ω(f2)k−fk = 2

2m−4−1∑
k=0

ω(f2)k−fk .
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Similarly, by calculating for each even integer n ≤ 8, we get

ρa(τ) = (−1)⌊
n
4 ⌋ (n+ 2 (mod 4))

2m−4−1∑
k=0

ωfk−(f2)k


+ 2m−4 − 2m−4 + (−1)⌊

n
4 ⌋ (n (mod 4))

2m−4−1∑
k=0

ω(f2)k−fk

 .

(16)

Replacing f, f2 with f1 + c′, f3 + c′ respectively in ρa(τ), we get

ρb(τ) = (−1)⌊
n
4 ⌋ (n (mod 4))

2m−4−1∑
k=0

ω(f3+c′)k−(f1+c′)k


+ (−1)⌊

n
4 ⌋ (n+ 2 (mod 4))

2m−4−1∑
k=0

ω(f1+c′)k−(f3+c′)k

 ,

so from Lemma 1, we get ρa(τ)+ ρb(τ) = 0. Hence, (a,b) is a ZCP with ZCZ width
Z = 2m−1 + 2m−3. So the ZCZ ratio= 5/6. □

Example 1 Let us consider q = 4, m = 6 and π(0) = 0, π(1) = 1, and the Boolean
function g is given by

g = 2x0x1 + 2x0 + 3x1 + 2 (x̄5x4 (x̄3 + x3x2) + x5x̄4x̄3x2)

+ 2x1 (x̄5x̄3 (x4 + x2x̄4) + x5x̄4 (x̄3 + x3x2)) , and

h = g + 2x0 + 1.

Then from Theorem 1, the pair (a,b) = (Ψ16(g),Ψ16(h)) gives a length 48 quater-
nary ZCP, with ZCZ width 40. The sequence pair (e, f) is given below explicitly,
where i represents ωi.

a = (023302110233023320332033023320110211203302330211)
b = (110211201102110233023302110233201120330211021120)

Theorem 2 Let the GBF g : Zm
2 → Zq be defined as

g = f +
q

2
(x̄m−1xm−2xm−4 + xm−1x̄m−3 (x̄m−2x̄m−4 + xm−2)) +

q

2
xπ(m−5)

(x̄m−1 (x̄m−3xm−4 + xm−2x̄m−4) + xm−1 (x̄m−2xm−3 + xm−2x̄m−3xm−4)) ,
(17)

where f is defined in (7), q is an even integer and ci ∈ Zq. Then for any

choice of c′ ∈ Zq, (a,b) =
(
Ψ2m−3(g),Ψ2m−3(h = g + q

2xπ(0) + c′)
)

forms a(
2m−1 + 2m−2 + 2m−3, 2m−1 + 2m−2

)
-ZCP.

Proof For 0 < τ < 2m−1 + 2m−2, we have from definition

ρa(τ) =

2m−1+2m−2+2m−3−1−τ∑
k=0

ωgk−gk+τ . (18)
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The proof is split into four cases. Case-1 and Case-2 are same as in proof of Theorem
1 and can be proved similarly. For Case-3 and Case-4 the function f, f1, f2, f3 are as
defined in (7) and (8) respectively.

Case-3: τ = n× 2m−4, n is odd and n ≤ 11.

ρa(τ) =

2m−4−1∑
k=0

Cn
1 + (−1)(⌊

n
3 ⌋+⌊n

9 ⌋)Cn
3

2m−4−1∑
k=0

ωfk−(f2)k


+

2m−4−1∑
k=0

Cn
2 + (−1)(⌊

n
3 ⌋+⌊n

9 ⌋+1)Cn
4

2m−4−1∑
k=0

ω(f2)k−fk

 ,

where
Cn
1 = (−1)⌊

n
3 ⌋

(⌊n
3

⌋
+

⌊n
4

⌋
+ 1 (mod 2)

)
, Cn

2 = −Cn
1 , (19)

Cn
3 =

⌈
8

n+ 1

⌉(⌊n
5

⌋
+

⌊n
7

⌋
+ 1 (mod 2)

)
, (20)

Cn
4 =

(⌊n
6

⌋
+

⌊ n

11

⌋
+ 1 (mod 2)

)
. (21)

Similarly,

ρb(τ) =(−1)(⌊
n
3 ⌋+⌊n

9 ⌋)Cn
3

2m−4−1∑
k=0

ω(f1+c′)k−(f3+c′)k


+ (−1)(⌊

n
3 ⌋+⌊n

9 ⌋+1)Cn
4

2m−4−1∑
k=0

ω(f3+c′)k−(f1+c′)k

 ,

so from Lemma 1, we get ρa(τ) + ρb(τ) = 0.
Case-4: τ = n× 2m−4, n is even and n ≤ 11.

ρa(τ) =

2m−4−1∑
k=0

Cn
1 + 2Cn

3

2m−4−1∑
k=0

ωfk−(f2)k


+

2m−4−1∑
k=0

Cn
2 − 2Cn

4

2m−4−1∑
k=0

ω(f2)k−fk

 ,

where
Cn
1 = −

⌊n
8

⌋
and Cn

2 =
⌊n
8

⌋
, (22)

Cn
3 =

⌊n
5

⌋
(mod 2), (23)

Cn
4 =

⌊n
4

⌋
(mod 2). (24)

Similarly,

ρb(τ) = 2Cn
3

2m−4−1∑
k=0

ω(f1+c′)k−(f3+c′)k


− 2Cn

4

2m−4−1∑
k=0

ω(f3+c′)k−(f1+c′)k

 ,

so from Lemma 1, we get ρa(τ)+ ρb(τ) = 0. Hence, (a,b) is a ZCP with ZCZ width
Z = 2m−1 + 2m−2. So the ZCZ ratio= 6/7. □
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Example 2 Let us consider q=2, m=6 and π(0) = 1, π(1) = 0, and let the Boolean
function g is given by

g = x0x1 + x0 + x̄5x4x2 + x5x̄3 (x̄4x̄2 + x4)

+ x0 (x̄5 (x̄3x2 + x4x̄2) + x5 (x̄4x3 + x4x̄3x2)) , and

h = g + x1 + 1.

Then from Theorem 2, the pair (a,b) = (Ψ8(g),Ψ8(h)) gives a length 56 binary
ZCP, with ZCZ width 48. The sequence pair (e, f) is given below explicitly, where
0, 1 represents ω0, ω1 respectively.

a = (0105101031051404120130120105103120150)

b = (10312012031031201021012010130140312013010130210)

In Table 1, we have compared the method of construction, length and ZCZ
ratio of the proposed construction with [18–22, 25].

Remark 1 We have proposed a construction of ZCPs with ZCZ ratios 5/6 and 6/7
based on GBFs. Although, ZCPs with same ratio can be constructed through an
indirect method in [25], the proposed method generated different set of ZCPs than
[25]. The ZCPs with ZCZ ratio 6/7 from Theorem 2 are different from those in [25].
In fact the ZCP generated above in Example 2 can’t be generated from [25].

Table 1 Comparison of the proposed construction with [18–22, 25].

Construction Method Length Constraint ZCZ Ratio
[18] Direct 2m−1 + 2ν m ≥ 2, ν ≤ m− 2 = 2/3

[19] Indirect 2α+210β26γ + 2 α, β, γ ∈ N ≈ 3/4
[20] Direct 2m−1 + 2 m ≥ 4 ≈ 3/4
[21] Direct N ∈ N, N ̸= 2m m ≥ 0 = 2/3
[22, Th. 1] Direct 2m+3 + 2m+2 + 2m+1 m ≥ 0 = 4/7

[22, Th. 2] Indirect 14× 2α10β26γ α, β, γ ∈ N = 6/7

[25] Indirect 14× 2α10β26γ α, β, γ ∈ N = 6/7
Theorem 1 Direct 2m−1 + 2m−2 m ≥ 5 = 5/6
Theorem 2 Direct 2m−1 + 2m−2 + 2m−3 m ≥ 5 = 6/7

4 Conclusion

The proposed direct construction generates aperiodic q-ary even length ZCPs
using GBFs. Our proposed method based on GBFs facilitates the construction
of q-ary even length ZCPs of ZCZ ratio 5/6 and 6/7 which are the largest ZCZ
ratio, i.e., the largest ZCZ width achieved to date using GBFs. For q = 2, the
proposed construction reduces to EB-ZCP.
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