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Abstract—The Z-complementary code set (ZCCS) is well-
known for being used in multicarrier code-division multiple
access (MC-CDMA) systems to provide interference-free com-
munication in a quasi-synchronous environment. Based on the
existing literature, the direct constructions of optimal ZCCSs are
limited to their lengths. This letter proposes a direct construction
of optimal ZCCSs for all possible even lengths using generalized
Boolean functions. The maximum column sequence peak-to-mean
envelope power ratio (PMEPR) of the proposed ZCCSs is upper-
bounded by two which can benefit in managing PMEPR over a
Z.CCS-based MC-CDMA system.

Index Terms—MC-CDMA, GBF, ZCCS, ZCZ, PMEPR.

I. INTRODUCTION

ULTICARRIER  code-division  multiple  access

(MC-CDMA) is a multiple access scheme used
in orthogonal frequency division multiplexing (OFDM)
based telecommunication systems, allowing the system to
support multiple users at the same time and over the same
frequency band. The traditional orthogonal code such as
Walsh-Hadamard, gold-codes, and m-sequences suffer from
high peak-to-mean envelope power ratio (PMEPR) problem
as well as multipath interference (MPI) and multiple-access
interference over asynchronous environment for MC-CDMA
[1], [2]. The complete complementary code (CCC) [3] has
perfect cross and auto-correlation characteristics, which
allows for simultaneous interference-free transmission
in MC-CDMA over the asynchronous system. A major
disadvantage of CCC is that the number of supported users
for MC-CDMA is limited by the number of row sequences in
each complementary matrix, i.e., number of subcarriers. The
set size of the Z-complementary code set (ZCCS) system is
much bigger than that of CCC [4]. It enables more number of
users to be supported by a ZCCS-based MC-CDMA system
in a quasi-synchronous environment with low computational
complexity, unlike a CCC-based MC-CDMA system.
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In [4]-[9] generalized Boolean function (GBF) based
construction of complementary set has been discussed. The
GBFs based construction of CCCs [10] were extended to
optimal ZCCSs in [4],[5]. However, GBFs based construction
of optimal ZCCS has a limitation on the sequence lengths
which is in the form of power-of-two [4], [5], [8], [11].
Recently, [12]-[14] proposed a direct construction of
optimal ZCCSs, which can provide non-power-of-two length
sequences but are limited to a few numbers. Besides direct
constructions, many indirect constructions of ZCCS can be
found in [15]-[18] which are dependent on some kernel at
its initial stages. The limitation on the lengths of optimal
ZCCS through direct constructions in the existing literature
motivates us to search for new GBFs to provide all possible
even lengths.

In search of new ZCCS, in this article, we propose a direct
construction of optimal ZCCS for all possible even lengths,
using GBFs. It has been shown that, the proposed construction
is able to maintain a minimum column sequence PMEPR of
2. The ZCCS reported in [12] appears as a special case of
proposed construction.

II. PRELIMINARY

This section provides a few fundamental concepts and
lemmas that will be used throughout the proposed con-
struction. Let X1 = [.’L’l,(], T1,1y--- ,1'1’]\7,1] and Xo =
[2,0,221,--.,%2 n—1] be two sequences whose components
are complex numbers. A function is defined for integer value
of 7 as

N—1-
Yico | Triprwh; 0<T <N,
Nir—1
@(X17X2)(T) = Zi:OT zl,ix;,ifT’ -N<1< O, (1)
0, otherwise,
where * denotes the complex conjugate. When X; = Xo,

©(x1,X2)(7) = Ay, (7). The functions © and A are known as
aperiodic cross-correlation function (ACCF) of x; and x5 and
aperiodic auto-correlation function (AACF) of x; respectively.
Let B = {B°B!....BM-1} be a collection of
M matrices each of dimensions K x N, ie., B? =
(b3, b, .. .,b‘g{fl]sz where T denotes a matrix’s trans-
pose and each b! is a complex-valued sequence of length
N,ie., bl = (b04,0,,...,b y_,). Suppose B, B’ € B,

? 7

where 0 < 61,02 < M — 1, we define ACCF between B’



and B as, ©(B%,B%)(

Z @ b61 b52
01 = d2, we denote ACCF by AACF.
Definition 1: Code set B is called a ZCCS ([4]) if

(7). When

KN, 7':0,51:52,
OB, B™)(r) =0, 0<|r|<Z&=0 @
01 |T| <Z7617é527

where Z denotes zero correlation zone (ZCZ) width. With the
parameter K, N, M, and Z, we denote the set of matrices B
as (M, Z)—ZCCSY which is called optimal for M = K | % |
and non-optimal for M < K|Z] [19]. When K = M and
Z = N, we denote B by (K, K, N)-CCC.

A. Generalized Boolean Functions (GBFs)

A degree ¢ monomial is a product of ¢ distinct variables from
the set {yo,...,Ym—1}. GBFs are functions ¢:{0,1}"— Z,
that are represented as a linear combination of monomials
formed by the variables {yo,...,ym—1} Where each ys is
a Boolean variable and coefficient of each monomial is drawn
from Z, where g denotes a positive integer. The order of g
determines by the greatest degree monomial with a non-zero
coefficient contained in the expression of g. As an example
4yo1y1 + 1o 1s a GBF of three variables yg, y1, and ys of order
2. A graph of second-order GBF g is denoted by G(g) [7].

Let 1(g) denote a complex-valued sequence corresponding where V =

to a GBF g and it is defined as ¥(g) = (w%,...,wg™" "),

where w, denotes exp (27r\/—1/q), gr = 9(roy -y Tm—1),
and (rg,...,7n—1) is the binary vector representation of

m—1
integer r (r = Z r62%). Let C = (f1, f2,.-., fam) be an

ordered set of M (QJBFS. The code 9(C) corresponding to C
can be expressed as ¥(C) = [(f1),%(f2), ..., v(fur)]*.
Lemma 1: (Construction of CCC [6])

Let ¢ > 2 be an even positive integer and g : Z5' —
Z, be a second-order GBF and g be the reversal of
g, i€, g(Yo,--- Ym—-1) = 9(1 —yo,.--,1 — Ym—1). Let
{Bo,---,Bn-1}3{0,1,...,m—1} and the graph G(g) contain
vertices denoted as yg,,...,¥Yg,_, such that, after executing
a deletion operation on those vertices, the resultant graph
reduces to a path. Also let the edges in the path have identical
weight of . Also let the binary representation of the integer
rber=(rg,...,7n—1). Then the codes are defined as

G, = {ng%((v +r) -y+v7,,y,y) :veq0,1}", v, € {0, 1}},

3)
where ~ specifies the label for either of the end vertices in
the path’ y = (yﬁoa e 7y,3n—1)7 y = (1 ~YBor-- s 1 7yﬁn—1)’
v = (vo,...,Vn—1). Then {¥(G,), T*(G,) : 0 < r < 2"}

forms (27F1 2n+1 2m).CCC, over Z,, where W*(-) denotes
the complex conjugate of ().
Lemma 2: ([20]) Let t and ¢’ be two non-negative integers,

where 0 < t # t' < p;, p; is a prime number. Then
pi—1

> Wit =0
=0

Gr={a+2((v+1) 340y, ) 1 v € (0.1}, v, € {0,1}],

Let [ be a positive integer and py, pa, . . ., p; be prime numbers
and ¢ = (¢1,c¢9,...,¢) where 0 < ¢; <p;—land 1 <i <.
Let g:{0,1}™— Z, be a second-order GBF of m variables
and let Y = (yo,...,yp_1) € Z5 where b = m + 22:1 S;.
The following GBFs M¢® : Z4 — Z, and N°© : Z5 — 7Z, are
defined with the help of ¢ as

s;i—1

Me(Y) = g<yo,...,ym1+zcl PILETI
=1 51_1

S 3 S DEMISER

=1 (4)

where a = l.c.m(q,p1,p2,-..,p1) and s; € ZT which refers
to the collection of all positive integers and sg = 0. From
(4), it is clear that both M€°(Y) and N°(Y) are GBFs of
b variables over Z,. We chose s; in such a way that p; <
2% Vie{1,2,...,l}. Leth : {01}"*' —=7Z, be a function.
For simplicity, we denote V™" (yo,...,ym_1) by g¥'*" and

Ne(Y)= 5

sV (yg, ... ym—1) by sV"" and define the functions as

9V " =g(yo, .. Ym—1) + h(V) + 5((" +1) Y+ Unyy),
r ~ q \V V.

sV =G(yo, - Ym—1) + W(V) + S (v +1) - T+ Unys),

2

)
(v,v,)€{0,1}"*+1. We also denote MV :r-eh(Y)
by MV*eh and NV-reh(Y) by NV5Sh and define the
functions as

Mv,r,c,h:MC(Y)+g (h(V) —&—% ((v+r) -y+vnyw)> )
Nv,r,c,h:Nc(Y)+ g (h(V) +%((v +r) ~S’+17nyv)) .

(6)
As per our assumption, for any choice of V, h, and r,
the functions gV-*" and sV'™" are Z,-valued GBFs of m
variables and MV 5¢" and NV-*:¢h are Z,-valued GBFs of
b variables. We define the complex-valued sequence as

A[V,r,c,h V,r,c,h
T(MVTShy = (g w2 ) (7)
where MY " =MV reh(ky k1), 0<k<2° and the
binary representation of the integer k is (ko,...,kp—1). The

kth element of W(MV*S") is given by

V,r,h

/V.r.c,h \ .
M jo  ,eidn)
P1

wq " = wq wgg(jz) .. .wgi(jl)7 ®)

V,r.h
where 0 < jo < 2™ —1, ngo represents the joth element
of the sequence corresponding to the GBF gV'*", 0 < j; <
2% —1Vie{l,2,...,1} and

k= jo 4 §12™ 4 jo2mF 4 gomtsiteteio

Now, we truncate the sequence W(M V-*¢") by removing all

V,r,h
A . .
the kth elements of the form w;” w;i(] ﬂw,(gu 2) wgﬁ(] D if

at least one of j; > p; where 1 <4 <. Therefore after the
truncation, we left with a sequence Wy, (M V"¢") where,
the k'th element of Wr,.,,,(MY*¢") is of the form

V,r,h

9t e1(3)), ea(dh)

7
0 [&] (Jl )
Wq Wp, =~ "Wpy Wp,



where 0 < k' < 2mH
Vie{1,2,...,1} and

1pz’0<30 2m—1, 0<jz <p;—1,

kK = ](/) +j12m +jép12m + ... +jl/p1p2 .. .pl_12m.

We partition the length of Wi, (MV-™%") by Hé:l Di

subsequences where each subsequences has length 2™. The
jth subsequence of W, (MV"S") and U, (NV-T-eh)

are given by
v r,d,h V,r,d,h
C,,(] T 9om _q
(”wpq ) 0 yee e, Wy ),

Vrdh r.d,
7 Vrch L(J) Sgm _q
\I/T”mN (Hw yeeey, Wy ),

\I/]

Trun( 7r7c,h

where j = ji + jip1 + ... + jp1...pi—1. Let S =
{MVrreh M Vant1rehl be an ordered set of 27t
GBFs where V; € {0,1}"*!. We define Ur,.,,(S) =
[\I]Trun(le’r7c’h)r LR \IITrun(Mvzn+1 ,I‘,C,h)]T.

III. PROPOSED CONSTRUCTION OF ZCCS

Theorem 1: Let g : Z3" — Z,; be a GBF as defined in
Lemma 1, such that after deleting the vertices yg,,...,¥y3s,_,
from the graph of g the resultant graph reduces to a path where
n < m. Let y., be either of the end vertices in the path. Let
s; € Z be such that 2 < p; < 2%, Vi where, p;’s are primes
and 1 <4 <. Let ¢ = (¢1,¢o,...,¢) where, 0 < ¢; < p;

and a=l.c.m(q,p1,...,p;). We define
Si—l
ME(Y)= g(yo, c Ym1) ZCZ > Qkym+2:§;é sj+k
Pi 1=
a a L
N°© (Y) Eg(y07 LR ym—1)+z Ci; Z 2kynL+Z;;é sj+k-
= ! k=0

(10)

Let h:{0,1}""!'—Z, be a function such that h e {\, 1 + A}
where \ € Z,. Let ve{0,1}", v,€{0,1} and V=(v, vn) We
define,

Q={ M) + 2 ((V)+ 2 (v +1) - y+ouy, ) )
v e {01}, v, € {0,1}},
N={ V) + 2 (V)45 (v 1)+ ))

v e {0,1)" v, € {0,1}}.
(11)

a
q

Then the code set
S = {wTrun(Qg)vw;run(Ag) :0§T< 2n70 § Ci S pi_l}v

m l .
forms (Hézl p;2ntl 2m) — ZC’CS;HII_L‘:lp’ over Z,.
Proof: From (9) it can be observed that the jth
subsequence of \Ilen(MV’r’C*h) can be expressed as

wot D) ye2@2) ey (gVieh) From (9), (11), Lemma

1, and Lemma 2, the ACCF between Ur,.,,(Q¢) and
Uy, (28 ) for 7 = 0 and can be derived as

’

@(\I/Trun (Q',C) ) \IjTrun (Qg' ) ) (0)
= Z O(Yrrun (MV,r.,c,h)’ L (Mv’r,’C/7h))(0)

v
l pi—1 ,

= >0V, vV M) ] (Z w,&‘?‘cﬂ@‘))

Vv 1=1 a=0

l pi—1 ,
= 0(¥(G,), ¥(G))O) ] (Z wéf’i‘%’“”)
i=1 a=0

pipa ... .p2mtn L =9/ c=¢/,
_Jo, r=r',c#c,
o, r#r c=c,

0, r#r,c#c.

(12)

Now, using (9), (11), and Lemma 1, the ACCF between

U ppun (Q8) and Uy, (QS ) for 0 < |7| < 2™ can be derived
as,

/

e(q/Trun (Q;f) 5 \IjTrun (Qf’ )) (T)

p1—2

+O(¥(Gr), W(G,)) (7 — 2™ [ S wpere

(S e

1
ci (a)—c; (aj}

TO(V(Gr), ¥(G,)) (T —2™)

=2\ a=0
-2 f Prr1—2 ,
cd(O —cl(pa—1) crti(atl)—chyq ()
wpf+1
f=1 d=1 a=0

pi—2

pr—1
<§ : w (o) +§ : cl(a+1 (e)
+2

)

wzzm“é“’“)) O((Gy), W(G,)(r —2™).

<
d=
(13)

From Lemma 1, we have, O(¥(G,),¥(G, ))(t) = 0, VT,
0 < |7| < 2™. Therefore, from the above, we obtain,

O T (), Uy () (1) = 0,0 < |7] < 2. (14)
From (12) and (14), we have,
(¥ Trun(€27), \I/TTun(Q:: N(T)
p1p2'~~pl2m+n+13 r :Tl7czclv7— = Oa
_J0, r=rc#£c,0<|r] <2™,
o, r#r,c=c,0< || <2™,
0, r#£r,c#c,0<|r| <2m.

5)



Similarly, it can be shown that

O (AS) Wy (A (7)

pipa...p2mTTL r=p' c=c,7=0,
)0, r=r,c#c,0<|r| <2™,
o, r£r,c=c,0<|7] < 2™,

0, r#£r’c#c,0<|r] <2m.

(16)

From Lemma 1, we have O(¥(G,.), ¥*(G,))(T) = 0, || <
2™. From (9), (11) and Lemma I, the ACCF between
Urrun(§27) and W7, (A ) for 7 = 0 can be derived as,

Trun

O Trun (27), Uy (A7)(0)
= D O(Wrun (MY, W, (NVFE01))(0)

%
:Z@(\I,(gv sVor oy H Z (C'L"I‘C )(a)
A\ i=1 a=0
I pi—1
cl-‘rc «
= wPO(¥(G,), ¥ O] S wheter @
i=1 a=0
=0.
(17)
By the similar calculation as in (13), we have
OV Trun(27), Uiy (A ) (1) = 0,V 0 < |7] < 2. (18)

Hence by (15), (16), (17), and (18), it is cogcll%ded that the
set S forms a (Hizlpﬂ”“, 2m) — ZC’CS;LJ};L:IP". [

Remark 1: The proposed construction gives optimal ZCCS
of length of the form H§:1 pi2"where p;’s are primes. When
m = 1, all the even lengths ZCCS are accomplished, but
the ZCZ width is only two. In this case, the results are not
desirable and most MPI cannot be eliminated.

Remark 2: For [ = 1, the prgposed result in Theorem 1
reduces to (p2n+1, 2m)- ZC’C’SW+1 as in [12]. Therefore, the
proposed construction is a generalization of [12].

Remark 3: In the same way as defined in [4, Remark1] The-
orem 1. produces atleast qerl m! -(q — 1)"(’”_")q(72l) number
of non overlapping ZCCSs. For lack of space, we have not
included the proof in this letter. The reader is referred to [4,
Remark1] for the proof.

Corollary 1: ([8]) Suppose G(h) is a path in which the edges

have the same weight as 4 . Thus 2(V) can be written as

n—1 n

q

5 Z Ur(a)Un(a+1) + Z UqVo T U
a=0 a=0

, where w,ug,...u, € Z4. It is obvious from (11) that
the kth column of ¢(Q¢) is produced by setting Y at k=
(ko, ... km,...,kp_1), in the expression of MY *¢" where
(koy.-.km,...,ky—1) is the binary representation of k. The
kth column sequence of W¥(QS) is generated from a GBF
whose graph is a path over n+1 vertices, as a result according
to [8] the kth column sequence of ¥(2¢) is a g-ary Golay
sequence. Thus each column of Ur,.,,,, (Q2S) is Golay sequence.
Thus the PMEPR of each column Uy, (£2¢) is bounded by

B(vo,.. vn) =

TABLE 1
ANALYSIS OF THE SUGGESTIVE CONSTRUCTION
WITH EXISTING WORK

Source Based On Conditions Optimal

Parameters

4 Direct k+p<m yes
5 Direct v<mk<m-v,m2>3 yes
8 Direct

p<mm>2n+p>2nelt pel’ yes
I yes

(

(2"

i Direct (
3 Direct (¢
4 Direct (2F
(

2"

(

(

yes
yes
m>2, k < m, p prime yes
N >3 Nisodd, [X] = yes
blued, K > 2 yes

2] Direct pz* 1om) —

[16] Tndirect
[15] Indirect

Theorem 1

T~ ZC0S%,
I, pi2ntt2m) - zeosila

Direct l,m,n € Z",pls are primes yes

2. Similarly the PMEPR of each column of W,  —(AS) is
bounded by 2.

Example 1: Assume q=2, p1=3, p2=2, p3=2, a=6, m=3,
n=1, s1=2, so=1 and s3=1. Let’s consider the following GBF
g:{0,1}>— Z, as, g=y1y2+yo, the graph corresponding to
glyo=0 and g|,,=1 forms a path with one of the end vertices
being y1. Let h : {0,1}% — Zo defined by h(vg,v1) = vovy
From (4) we have,

MC(Y)=3y1y2 + 3yo + 2¢1(y3 + 2y4) + 3cays + 3c3ys,

N€(Y)=37192 + 370 + 2¢1(y3 + 2y4) + 3c2ys + 3c3ys,

(19)

where ¢1€{0, 1,2}, c2€{0, 1}, c3€{0, 1}. From (11) we have

Qe={ M°(Y)+3(vov1+voyo + royo + viy1) :
vg,v1 € {0, 1}}
={N°(Y)+ 3@ov1 + voJo + rofio + t1y1) :

Vo, V1 € {0, 1}}
(20)

where 0 < rg < 1. Therefore, the set
S= {\Imen(Qﬁ),\I!*Tmn(Aﬁ) 0<r<1,0<e <2,
0<e<1,0<;<1}),

forms an optimal (48, 8)-ZCCS$° over Zg and the maximum
column sequence PMEPR is at most 2.

A. Comparison with Previous Works

The proposed work is compared with the direct construction
given in [4], [5], [8], [11]-[14] and indirect construction given
in [15], [16] and provided these in Table 1. The constructions
given in [4], [5], [8], and [11] produces optimal ZCCS of
length power-of-two and constructions given in [12]-[14]
produces optimal ZCCS of length non-power-of-two but do not
cover all even numbers. By indirect approach [16] and [15]
produces ZCCS of all possible odd lengths and all possible
lengths respectively.The proposed construction uses GBFs,
hence it is direct and produces all even length optimal ZCCS.

IV. CONCLUSION

In this work, a direct construction of optimal ZCCSs is pro-
posed for all possible even lengths using GBFs. The maximum
column sequence PMEPR of the proposed ZCCSs is upper-
bounded by 2 which can be useful in MC-CDMA system to
control high PMEPR problem. The proposed construction also
provides more flexible parameters as compared to the existing
GBFs based constructions of optimal ZCCS.
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