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60-word abstract:

Clarke and Beck’s defense of the theoretical construct “approximate number system” (ANS) is

flawed in serious ways —from biological misconceptions to mathematical naiveté. The authors
misunderstand behavioral/psychological technical concepts, such as numerosity and quantical



cognition, which they disdain as “exotic”. Additionally, their characterization of rational
numbers is blind to the essential role of symbolic reference in the emergence of number.

Main text:

The target article by Clarke and Beck —written with an unnecessary condescending tone— is
flawed at many levels, from biological misconceptions to mathematical naiveté, and exhibits
serious inconsistencies. Here we only address those most crucial.

First, the article lacks clarity regarding the central concept of "number". The authors open by
assuming that humans and other animals possess an “approximate number system (ANS) that
represents number”, but never provide a working definition of number. They simply take
number as pre-given and unproblematic. For a highly polysemous term like “number” this
presents major problems, especially when the goal is to defend the ANS hypothesis and claim
that it (also) represents rational numbers. Little clarity can emerge from arguments that blur
perceptual, linguistic, and conceptual dimensions of quantity treatment, all falling under the
umbrella of “number”. The authors’ use of mathematical concepts such as “natural numbers”
and “rational numbers” doesn’t help either. These are technical concepts that refer to infinite
sets governed by specific axiomatic systems which, among others, determine their elements via
a categorical membership relation. One entailment is that, for a given set, no element is more
familiar or typical than another one —mathematically, 38,980,254,332,198 is “as natural” as 2,
and 1/2 “as rational” as 577843/97816. While the authors mention that the ANS does not
represent every natural (or rational) number “or even most” rational numbers (whatever
“most” may mean in the case of this infinite set, dense in the real numbers), they provide no
theory of which rational numbers —and by means of what criteria— are supposed to be
represented by the ANS (other than saying that they are “of a familiar sort”). A more
appropriate title for their article would thus be “The number sense represents some rational
numbers (but it is unclear which)”. The authors’ confusing use of mathematical concepts and
terminology (e.g., stating that “real numbers are continuous”) just makes things worse.

Second, the authors erroneously criticize behavioral/psychological technical concepts, such as
“numerosity”, which they disdain as “exotic”. While they are right in that the term
“numerosity” has been misused in the numerical cognition literature (Davis & Pérusse, 1988;
Nufiez, 2017a), they ignore that this term was coined by the psychophysicists of the 1940s who
were seeking for conceptual clarity when investigating the problem of scales of measurement
of psychological magnitudes (Stevens, 1939/2006, 1951). Renowned experimentalist S.S.
Stevens referred to numerosity as “a property defined by certain operations performed upon
groups of objects” (1939/2006, p. 23), with the goal of evaluating their numerousness by means
of which an experimenter ultimately establishes the cardinal attribute of physical collections of
objects. Contrary to the authors’ claim, numerosity was not coined as an “exotic substitute for
number”, but as a careful attempt to disentangle the abstract conceptual content of “number”
from the degree to which an experimenter could reliably evaluate the attribute of
numerousness of stimuli. Thus, the sound and well-defined statement “five is a prime number”
was never meant to (and cannot) be substituted by “five is a prime numerosity”.



The authors also brush off the term quantical (NUfiez, 2017a) as “exotic”, misconstruing its
meaning and its theoretical entailments. They erroneously characterize it as a noun
(“guanticals”) serving “as a substitute for number” (with “mysterious properties”) whereas, in
fact, “quantical” was proposed as an adjective—in contrast to “numerical”— meant to
characterize some biologically endowed forms of non-symbolic quantity-related cognition and
capacities. The authors also misrepresent the quantical-numerical distinction as about
“imprecision”, conceived to critique the ANS hypothesis on this ground. But the essence of the
distinction is about the capacity of symbolic reference (Deacon, 2011)—rich in humans and
largely absent in non-human animals— which the authors fail to appreciate. Subitizing, for
example, is a form of quantical (non-symbolic) cognition, yet still precise. The quantical-
numerical distinction is not in the business of making claims about the ANS representing
anything (let alone the authors’ imagined “quanticals”). Rather, by pointing to the symbolic
reference property inherent in number (but not in purely perceived quantities of items) it leads
to the critique that the construct “ANS” teleologically puts number (hence the “N”) directly in
the category of what is biologically endowed, without symbolic (and therefore cultural)
mediation. Attacking the “quanticals” strawman to defend the ANS hypothesis is therefore
fallacious.

Third, the authors’ arguably only novel claim is that the ANS represents rational numbers
because it “represents ratios among positive integers”. Numerically, however, ratios
presuppose a binary arithmetic operation (division) which, beyond numbers proper, would have
to be biologically endowed and implemented qua arithmetic operation, a biological no-go.
Moreover, statements such as “while the ANS probably represents 2.5 and 2.75, there is no
evidence that the ANS can represent 2.7452294861” are theoretically untenable. There is no
evidence, or reason to believe, that the hypothesized ANS (or any biological system)
“represents” numbers in base 10, which would render 2.75 “more representable” and familiar
than 2.7452294861 (presumably due to its shorter decimal expansion). Indeed, 2.75 expressed
in, say, base 7 yields 2.51515151...(7), with an infinite decimal expansion. The taken-for-granted
expression of rational (or any) numbers reveals the crucial miss of symbolic reference in the
argument. It prevents the authors from seeing that (i) psychophysical perception of quantities
of items and (ii) the numbers obtained by the measurement of stimuli’s attributes (loudness in
decibels, relative quantity in numerical ratios, etc.) are fundamentally different phenomena.
The former— shared by many animal species— evolved largely via natural selection, the latter
requires symbolic reference implicated in language and specific cultural practices on the part of
the schooled experimenter or philosopher, and has evolved via cultural evolution (Beller &
Bender, 2008; d’Errico et al., 2018; Gray & Watts, 2017; Nuiiez, 2017ab). The evolution of such
bio-cultural underpinnings of quantification and number is the subject matter of exciting new
areas of multidisciplinary research such as those implemented in QUANTA, an endeavor
supported by the European Research Council (Barras, 2021). Essential in this enterprise is the
recognition of the primacy of symbolic reference in the evolution of cognitive tools for
guantification.

Conflict of interest: None



Funding statement: We acknowledge support from the European Research Council through a
Synergy Grant for the project Evolution of Cognitive Tools for Quantification (QUANTA), No.
951388; support to FD and AB from the Research Council of Norway for the SFF Centre for Early
Sapiens Behaviour (SapienCE), No. 262618; to FD from the Grand Programme de Recherche
Human Past and Talents program of the University of Bordeaux Initiative of Excellence; and to
RG from the Max Planck Institute for Evolutionary Anthropology.

References:

Barras, C. (2021). How did ancient humans learn to count. Nature, 594, 22-25.

Beller, S., & Bender, A. (2008). The limits of counting: Numerical cognition between evolution
and culture. Science, 319, 213-215.

Davis, H. & Pérusse, R. (1988). Numerical competence in animals: definitional issues, current
evidence, and a new research agenda. Behavioral and Brain Sciences, 11, 561-615.

Deacon, T. (2011). The symbol concept. In K.R. Gibson and M. Tallerman (Eds.), The Oxford
Handbook of Language Evolution, pp. 393—405: Oxford: Oxford University Press.

d'Errico, F., Doyon, L., Colagé, |., Queffelec, A., Le Vraux, E., Giacobini, G., Vandermeersch, B.,
Maureille, B. (2018). From number sense to number symbols. An archaeological
perspective. Philosophical Transactions of the Royal Society B: Biological
Sciences, 373(1740), 20160518.

Gray, R. D., & Watts, J. (2017). Cultural macroevolution matters. Proceedings of the National
Academy of Sciences, 114, 7846-7852.

Nufiez, R. (2017a). Is there really an evolved capacity for number? Trends in Cognitive Sciences,
21,409-424.

Nufiez, R. (2017b). Number — Biological enculturation beyond natural selection. Trends in
Cognitive Sciences, 21, 404-405.

Stevens, S.S. (1939/2006). On the problem of scales for the measurement of psychological
magnitudes. Proceedings Fechner Day, 22, 23-27.

Stevens, S.S. (1951). Mathematics, measurement, and psychophysics. In S.S. Stevens (Ed.)
Handbook of Experimental Psychology, pp. 1-49. New York: John Wiley.



