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Abstract

We examine the energy stability of high-order finite volume schemes approximating linear hyperbolic initial-
boundary value problems. In particular, we consider schemes obtained by the k-exact method and the
spectral volume method using the central numerical flux. To determine the stability of the schemes we use
the energy method, and investigate the resulting terms. Finally, we compute numerical results verifying the

accuracy of the schemes.
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Notation

a%“ = ug = Ogu.

X = [11,...,2,]7, dx = dx1dzs . . . dz,.

Q C R™ and 052 denotes the boundary of Q. Q = QU 99.

u-v={(uv)=ulv=> uuv,.

n = outward pointing unit normal vector on a closed curve. If C;j is a closed (simple) curve and I';; C 9C;
is a simple curve, then 7 on I';; is outward pointing w.r.t. 9C;.

dS = infinitesimal arc length of a curve, i.e. \/m

I';; = 0C; N 0C; where C;, C; are control volumes.

N; = the set of indices j such that I';; # 0.

wflj , = quadrature weights of the d-element flux over I';;.

Ifu: Qx[0,T) = R, then u(, t)lly = llul-, 1) 2 = 4/ Jq lulx, )[Pdx.
If x € R?, then ||x||g2 = /27 + z3.

C* = the linear space of k-times continuously differentiable functions. If k& = 0 it is the space of continuous
functions. In this case we drop the superscript and simply write C.

LP = the linear space of measurable functions bounded in the LP norm.
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1 Introduction
1.1 Motivation

Recently, great progress has been made in the development of high-order accurate, conservative, and provably
energy stable schemes for linear and linearized problems. For instance, energy stable weigthed essentially
non-oscillatory (WENO) finite difference schemes were developed in [1, 2, 3, 4], energy stable discontinuous
Galerkin (DG) spectral element schemes were developed in [5], and a series of papers [6, 7, 8, 9] prove energy
stability for flux reconstruction (FR), or correction procedure via reconstruction (CPR) schemes. These
papers show that schemes obtained from the different numerical methods can be viewed as summation-by-
parts (SBP) schemes with simultaneous approximation terms (SAT). The summation-by-parts simultaneous
approximation terms (SBP-SAT) framework is highly effective at obtaining provably stable schemes for
initial-boundary value problems (IBVP) [10, 11, 12, 13, 14]. To achieve this, SBP schemes utilize discrete
difference operators which satisfy the summation-by-parts property. In short, this property is the discrete
counterpart to the integration by parts property which the continuous derivative operator satisfies. As
integration by parts is the key to proving stability for the continuous problems, so is summation-by-parts
key to proving stability for schemes.

In [15, 16] it is shown that certain finite volume methods can be formulated in the SBP-SAT framework.
Further research on SBP-SAT FVM is detailed in [17, 18, 19, 20, 21, 22, 23]. In these papers, only methods
giving low-order schemes are studied. Therefore, we would like to find similar results for high-order finite
volume methods and their corresponding schemes. In particular, we consider schemes obtained by the k-exact
method [24, 25, 26, 27, 28] and the spectral volume (SV) method [29, 30, 31, 32, 33, 34, 35].

We aim in this thesis to examine the energy stability of schemes obtained from the k-exact method and
the spectral volume method. In particular we look at schemes approximating 1D and 2D linear hyperbolic

IBVP. We attempt to discover k-exact schemes and spectral volume schemes which satisfy the SBP property.

1.2 Outline

The thesis is organized as follows. Section 2 presents a short introduction to the theory of linear hyperbolic
problems. In section 3 we introduce finite volume methods and define stability. Section 4 presents two
high-order finite volume methods, the k-exact method and the spectral volume method. Section 5 details our
energy stability analysis of k-exact schemes. In section 6 we analyze the energy stability of spectral volume
schemes. Section 7 presents some numerical results verifying that the schemes are high-order accurate.

Finally, in section 8 we give concluding remarks and suggestions for future work.
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2 Linear hyperbolic problems

In this section we recap the elementary theory of linear hyperbolic initial value problems and initial-boundary

value problems.

2.1 Linear hyperbolic equations

Definition 2.1 ([36, 37]). Let A € R™™ and u(x,t) = [u1(x,t), ..., um(z,t)]T. The system of equations
up + Aug = 0,

1s said to be hyperbolic if A is diagonalizable with real eigenvalues.

Remark. It is common to define several notions of hyperbolicity, e.g. weakly, strongly, strictly, symmetric

hyperbolic. We keep the text simple and use only the notion described above.

Consider the simplest hyperbolic system, consisting of one scalar equation
ut + aug =0, (a € R). (2.1)

The equation (2.1) is called the advection equation or transport equation. Note that functions of the form

u(z,t) = ¢p(x — at) satisfy the equation. Observe that for some point (&, 7)

u(§, ) = (€ — ar) = (o) = u(xo,0),

for g = £ — ar. Hence the value of u at any point in the xt-plane is determined by ¢ at some corresponding
point zy on the z-line. Put in other words, u is constant along the characteristic lines (z(t),t) satisfying
2'(t) = a, (0) = 2. The initial data u(z,0) = ¢(x) is moved in the positive (a > 0) or negative (a < 0)

x-direction as ¢ increases. Note that (2.1) can be written as
Ut + f(u)ﬂf = 07

with f(u) = au, and we say that the equation is in conservation form. Equations in conservation form are
called conservation laws, and f is called the flux function.

Next, consider a hyperbolic system of m equations in one spatial variable:

Ul aip a2 ... A1m Ul
u a1 I . (75)

+ ‘1 =o (2.2)
Um] , K N Um]

Definition 2.1 tells us that the coefficient matrix is diagonalizable, and that the eigenvalues are real. Therefore,
there exists matrices R, A, where A is diagonal with real elements such that A = RAR™'. Hence (2.2) can
be written as

us + RAR u, = 0.
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Apply R~! on the left and substitute w = R~ u to find

w1 )\1 0 e 0 w1
ws 0 X 0 wa

w + Awy = 0, or equivalently N 2 ' ) = 0. (2.3)
Wm " i 0o ... ... )\m_ W, .

Finding solutions for (2.3) is the same as finding solutions for (2.1); w;(x,t) = ¢(x — A\;t). Thus functions
u(zx,t) of the form

m

u(z,t) = Rw(z,t) = Z oz — Ait)r,

i=1
where w;(z,0) = ¢(x) and r; is the eigenvector corresponding to \;, satisfy (2.2). Next we look at the

variable coefficient scalar equation.
ur + a(z, t)u, =0, (a(z,t) € R). (2.4)

The characteristic curves satisfy 2/(t) = a(z,t), £(0) = x¢, as shown by

d

@ (0),) = we + 2 (tug =0,

(using (2.4)). Note that the variable coefficient equation satisfies definition 2.1, since the eigenvalue a(z,t) € R
for any choice of (z,t). If a(z,t) is bounded and smooth, we can solve the characterisitc ODEs backwards in
time to obtain the relation ¢(z,t) = xyp. Then the unique solution of the variable coefficient initial value

problem consisting of (2.4) with the initial value u(x,0) = up(x) is given by

U(J},t) = U(.T(), 0) = U(¢<$,t>, 0) - UO(w(x7t))
Ezample 1 ([36, 38]). Let uy + (22)u, = 0. The characteristic curves are the solutions of

d
am(t) =2z, z(0) = zo.

In other words, they are given by (z¢e?,t) ranging x¢ over the z-domain. Given a point (£, 7) we can find

u(§,7) = u((&,7),0) by solving
d
$l’(t) = —2z, z(0) = &,

up to t = 7. It follows that u(&,7) = ug(£e™27).

Moving on, consider the variable coefficient system.

Definition 2.2 ([36]). Let A(x,t) : Rx[0,7] — R™™ and u = [u1(z,t),...,um(z,t)]T. The system of
equations

us + Az, t)uy =0,
is said to be hyperbolic if for any pair (z,t) € R x[0,T] the matriz A is diagonalizable with real eigenvalues.

Recall how we found solutions of the constant coefficient system (2.2). Attempting the same approach,
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ie. A(x,t) = R(z,t)A(z, )R~ (z,t), w = R™1u, we find

Rw; + Ryw + RAR™ (Rw), = 0
— w; + R'Ryw + AR (R,w + Rw,) =0
— wi+Aw, = —R YRy + AR 'R,)w.

If the right hand side reduces to zero we recover a decoupled system w + A(x, t)w, = 0 which we can solve
by finding the characteristic curves as described previously.
Note that we can extend definition 2.1 to accomodate for equations where the spatial variable is of higher

dimension.

Definition 2.3 ([39]). Let A; € R™ ™ u(x,t) = [ui1(x,t),...,um(x,t)]T and x € R™. The system of

equations

n
up + Z Aijuy, =0,

=1
18 said to be hyperbolic if all linear combinations of the coefficient matrices A; is diagonalizable with real

etgenvalues.

Consider the simplest multi-dimensional hyperbolic system, consisting of one scalar equation in two
dimensions
U + aug + buy = 0, (a,b €R).

Note that functions u(z,y,t) = ¢(x — at,y — bt) satisfy the equation, since

0 0
61+ s + by = bu5e + by +ads + by = —ady — b, + ad, + b, = 0.

Further, given some point (£, 7, 7) we have

U(f, 7, 7_) = ¢(£ —ar,n — bT) = ¢(§07 770) = U(&), Mo, O)a

for &g = & — at and g = 1 — br. Just like the 1D case, the value of u at any point is determined by the

value of u‘ +—o at some corresponding point. In other words, u is constant along the characteristic curves
(&(t),n(t),t) given by

Cey=a, 0=  n®=b  90)=m

Now consider a two-dimensional hyperbolic system consisting of m equations

uy air a2 ... aim | [ug bir bz ... bim| [
U9 asy - . (%) boy . . U9

N 24 "1 =o. (2.5)
Um " [Gm1 oo e Gmm | Um > _bml e e bmm_ Um, y

Let the coefficient matrices be denoted by A and B. Suppose that the initial data is given by u(z,y,0) =
flz,y) = [fi(z,y),..., fm(z,y)]T where f; € L?(R?) and f is 27-periodic. Moreover, suppose for the moment

that the Fourier series of f is given by a single wave
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1 . R
f = 5-e e flw),
2

where w = [wy,ws]T. We make the guess that

iei«u,xm(w, t), where  d(w,0) = f(w).

u(x,t) = 5

Substituting this into the PDE we obtain
1 1(w,x) L. i(w,X) ~ 1 : i(w,X) ~
ur + Aug + Buy = —e" M0 (w, t) + —Aiw1e" M 4w, t) + —— Biwse" M i (w, t) = 0.
27 27 27

Define the operator P(iw) by

P(iw) = i(Aw; + Bws),

to obtain

A

Ut(w, t) = Pliw)u(w,t).

Now using the initial condition (w,0) = f(w) we find the unique solution of the problem (2.5) with periodic
initial data f,

1 . S
u(x,t) = %el<“”x>ep(’w)tf(w).

Note that if f is given by
1 4 .
f= gm 2 ),
w
then by the above arguments and the superposition principle we obtain the unique solution

1 . A
u(z,t) = o Z ez<w’x>eP(’“’)tf(w).

w

2.2 Well-posedness and stability

Consider the constant coefficient hyperbolic initial value, or Cauchy problem

w + P <a> u=0, (2.6)

ox
u(x,0) = f(x). 2.7
Let x = [21,...,2m,)" and assume f € L? is 27-periodic. Let w = [wy, ..., wy,]? and suppose that

fx) = (2m) =Rl fw).

Following the discussion at the end of section 2.1, the unique solution of (2.6-2.7) is given by

a(w,t) = P F (W), wu(x,t) = (2m) " (/D ilwx) Pty 4).

Definition 2.4 ([36, 40]). The problem (2.6-2.7) is said to be stable if there exists positive constants K, «,
which are independent of t,w such that
P < Kot (2.8)
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Now we show that the inequality (2.8) is equivalent with the following:

lu(, 1)y < Ke* IF ()],

where u is the solution of the problem and the L? norm is defined by

o= ([ wto)Pas) .

Assume (2.8) holds, by Parseval’s relation we find
lu(-, )13 = Z |i(w, t)] Z P fw)]? < Z P2 f(w)2 < Z (K PIf (@) = [Ke™ P[5

Stability implies the solution is bounded by the initial data together with an exponential factor. Often the
term energy is used to describe the squared L? norm of a function. We will therefore describe stability in

the L? norm as energy stability.

Definition 2.5 (Hadamard, [39]). The problem (2.6-2.7) is said to be well-posed if there exists an unique

solution which depends continuously on the initial data f.

By what we have just shown, well-posedness means that there exists an unique solution and that the

problem is stable. Consider the variable coefficient initial value problem

ug + P (x,t,i{) u =0, (2.9)
u(x,0) = f(x), (2.10)

with periodic boundary conditions and initial data. We define

o= [ [ 0.apx

Definition 2.6 ([36]). The differential operator P(x,t,0/0x) is said to be semibounded if for any interval

tp, <t <T, there is a constant a such that for all sufficiently smooth functions w,

where dx = dx1 . ..dx,,.

~(w, Pw) ~ (Pw,w) < 2 ul?

Theorem 2.1 ([36]). If the operator P(x,t,0/0x) is semibounded, then the problem (2.9-2.10) is stable.

Proof. Let P be semibounded and let u be a solution of (2.9-2.10). Then
us + Pu =0, and — (u, Pu) — (Pu,u) < 2« Hu||§
Note that multiplying the PDE by u and integrating over the spatial domain yields

(u,ut) + (u, Pu) = 0.
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Adding the transposed equation to the above we obtain
d 2 2
7 10l = = (u, Pu) = (Pu,u) < 2ajul, )l

for some «, which implies
luC- )15 < G5
O

Moving on, we give a result concerning the well-posedness of inhomogenous Cauchy problems. Consider

u + P <x,t, (;1) u=F(x,t), (2.11)
u(x,0) = f(x), (2.12)

where f is 27 periodic in x as before and likewise for F' . Assume the problem
+P t 9 0 t> (2.13)
U Xt — |u= T .
t IRg) % ) = 1y
u(x,7) = F(x,71), (2.14)
is well posed for all 7 and w is the unique solution. Define the solution operator S(¢,7) by
u(x,t) = S(t,m)u(x, 1), t>r.

Theorem 2.2 (Duhamel’s Principle, [36]). Let S(t,7) denote the solution operator of (2.13-2.1/). Then the
solution of the problem (2.11-2.12) can be written in the form

u(x,t) = S(¢,0)f(x) + / S(t,7)F(x,7)dr, (2.15)
0
and
Jute 0l < 5 (2170, + 670 ) o [P ).
where

(e —1), a#0

QI

¢*(a7 t) =

04:0.

o~

Next, we briefly discuss the related definitions and results for initial-boundary value problems. Consider
the following problem with f € L2

ut+P<fL‘,t,§B>u:0, 0<x<1, 0<t<T, (2.16)
u(z,0) = f(x), (2.17)
0
Lo <t, ('3:1:) u(0,t) =0, (2.18)
Lo (62 ) u, ) =0 (2.19)
1 781‘ Y - . .

We define stability as before
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Definition 2.7 ([36]). The problem (2.16-2.19) is said to be stable if there exists constants K, a not dependent
on [ such that
[l t)lly < Ke* [fu(- 0)],

Further, we define the problem to be well-posed if it has an unique solution and it is stable. We can once
again use Duhamel’s principle to prove well-posedness of the inhomogenous problem given that the family of

homogenous problems is well-posed. In other words, if (2.16-2.18) is well-posed for f € L? then so is
ut—i—P(x,t,;C)u:F(:c,t), 0<z <1, 0<t<T,
u(z,0) = f(@),
Lo <t, ;;) u(0,t) =0,

o
Iy <t, 833) u(1,t) = 0.

for F € L?. Now consider the problem with inhomogenous boundary data,

u + P (x, t, ;:U) u= F(x,t) (2.20)
u(x,tg) = f(x) (2.21)
Ly <t, 88x> u(0,t) = g(¢) (2.22)

Suppose Lop(0,t) = g(t). Let @ = u — ¢ such that

~ 0\ . 0
uﬁ—P(x,t,&E) u—F(a:,t)—d)t—P<x,t,8z> o

u(x,to) = f(x) — oz, to)

d\ .
Lo (t, 83:) @(0,t) =0

Given the existence of such a ¢(z,t) we see that the inhomogenous IBVP with inhomogenous boundary data
is well-posed if the corresponding homogenous IBVP is well-posed (by Duhamel’s principle). However, as
pointed out in [36], the energy estimate for v will now depend on g;. Hence the boundary data must be
differentiable to obtain an energy estimate. To avoid this we define a notion of strong stability independent

of gt.

Definition 2.8 ([36]). The problem (2.20-2.22) is said to be strongly stable if there exists a bounded functional
K(t,to) independent of the inital and boundary data such that

waﬁSwa(mum@f[w%w@+Mﬂwﬁ

If the problem is strongly stable and there exists an unique solution, we say that it is strongly well-posed.
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2.3 Riemann problems

A Riemann problem is an initial value problem in one spatial dimension where the initial data is given by

f(l‘): fL’ T <po

)
fRa T > po

where pg is some point of discontinuity and fr, fr are some constants. Consider the following Riemann

problem

ur, <0
up + aug =0, u(z,0) = .
ur, >0

We recall that the advection equation simply moves the initial data with the wave speed a. In other words,

the unique solution is given by wu(z,t) = u(z — at,0). Note that

ur, x—at<0
u(z — at,0) = .
ugr, x—at>0

Hence the solution of the Riemann problem can be visualized by dividing the (z,t)-plane into two parts
seperated by the characteristic line emenating from the point of discontinuity, z(¢) = at. This is illustrated

in Fig. 1.

(at,t)

ur,

UR

0

Figure 1: Solution of the simplest Riemann problem.
Consider the Riemann problem for the hyperbolic constant coefficient system,

ur, <0
ug + Auy, =0,  u(x,0) = ;
ur, x>0

where u = [u1(z,t),...,un(x, )], A € R™™ and ug,ur € R™. Let A= RAR™! for some matrices R, A,

where A is diagonal. Put w = R~ to find

wr, <0
wy + Aw, =0, w(z,0) = , (2.23)
wr, >0
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where wy,, wr are defined by

m m
uy, = Z(UJL)H%’, and UR = Z(wR)iri,
i1 i=1

and r; is the eigenvector associated with the i-th eigenvalue of A. Since (2.23) is decoupled we have that

w'(;(; t) _ (wL)i, z— ANt <O0
7 (wR)i, (L‘—)\Z‘t>0,

where w;r; = u;. Organize the eigenvalues of A increasingly, i.e. Ay < Ay < --- < Ay, to find

m 2?;1(@%%7“@', x < A\t
u(x,t) = Zwm — Zzzl(wR)iri + 3w, At <@ < At -
=1
> (WR)iri, T > At

For instance, if m = 3 then u(x,t) is given by

Z?:l(w[/)iria X S )\lt
(z,1) = i’“”"’  rhir + X o (w)jry, Mt <@ < Aot
- 1l .
i=1 Z§:1(’wR>i7’i + (wr)srs, Aot < < Agt

\ 3 (wr)iri, x> At

Once again we can visualize the solution u(z,t) as constant states seperated by characteristic waves, as

shown in Fig. 2. Here we have shown the case for A\; < 0, As, A3 > 0.

(A1t, 1)

(wr)1m1 + Yo (wL)mj

25:1(1111%)3‘7";‘ + (wr)s73
(Ast, t)

> (wr)irs S (wr)iri

X

0

Figure 2: Solution of the constant coefficient system Riemann problem.
The variable coefficient Riemann problem behaves as expected. Consider

ur, <0
ut + a(z, t)ugy =0, u(z,0) = .
ur, >0

10
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If the problem is well-posed, we know the unique solution can be written u(z,t) = u(¢)(z,t),0). That is,

Once again the solution is constant on either side of the characteristic wave emenating from the point of
discontinuity.
Riemann problems for nonlinear hyperbolic equations are considerably more interesting. However, this

topic is outside the scope of our text. We suggest [38, 41, 42, 43] for further reading.

2.4 Test problems

Here we describe the linear hyperbolic problems which we will use to analyze the schemes obtained from the
numerical methods of section 4. In particular, we derive energy estimates and show that the problems are
strongly well-posed by definition 2.8. We remark that these problems are very simple and commonly used to

analyze schemes, see for instance [15, 5, 44].

Problem 1. Let 2 € Q=1[0,1] CR and t € [0,T] C R". Find the function u: Q x [0,T) — R satisfying
ug + uz = 0, u(x,0) = f(x), u(0,t) = g(t).

where f(x) = sin(2rx) and g(t) = sin(—2mt).

We multiply the PDE with u and integrate over 2:

1 1 1 10 1 10
/ uu + uugdr =0 <= / uurdx + / uugzdr =0 <= / ~—(dz+ | =+ (u?)dr =0.
0 0 0 o 20t

0 20x
Note that
19 , 1d [t , 1d 5 1Mo, 1, 5
/02(%@ )dwszt/o Wz = 25 (03, and 2/0 2 (w)dn = L (2(1,1) ~u2(0,1)).
Hence

)13 = w2(0,1) —o2(1,1) < w(0,1) = 67(0)

Integrating in time from 0 to T we obtain

T d 9 T )
| Gltola< [ 2o
0 0
T
= T < o)l + [ o

By definition 2.8, this shows that the problem is strongly stable. Further, inserting f(x) = sin(27z) and
g(t) = sin(—27t) we find that
u(z,t) = sin(27(x — t)),

is the unique solution of the problem, making the problem is strongly well-posed.

Problem 2. Let x = [z,y]7 € Q =[0,1]2 and 0 < t < T < oo. Find the function u : Q x [0,7] — R

11
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satisfying
Ut + Uy + Uy = 0, u(z,y,0) = sin <27r <§ + %)) , u(0,y,t) = g1(y, t), u(z,0,t) = ga(z, 1),
where

91(y,t) = sin (27? (% — t)) , and g2(z,t) = sin (27r (g — t)) .

We multiply the PDE by u and integrate over the spatial domain to find

1d 2 1 1 1 0 2 1 ! ! 0 2
NI = —= —uldxdy — = ~-u dyd
5 77 IOl 2/0/0(%“ wdy g/o/oay“ v
]. 1 2 2 1 ! 2 2
:—2/ u (Ly,t)—gl(y,t)dy—Q/O u”(x, 1,t) — g3 (x, t)dz,
0

1 [t 1 [t
2/ g%(y,t)—uQ(l,y,t)dy+2/ g%(x,t)—uQ(:v,l,t)dx,
0 0
1t 1t
< 3 gi(y, t)dy + B g5 (z,t)dx.
0 0

Hence

IR < - O + [ ([ stwnan+ [ saioaw) a

0

so the problem is strongly stable. Moreover, the function

. r Yy
) =sin (2r (5 +5 1))
u(z,y,t) =sin (27 2—1—2

is the unique solution. Therefore the problem is strongly well-posed.

12
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3 Finite volume methods
3.1  Introduction

Consider the initial-boundary value problem

w+V-fluy=0 xeQCR" 0<t<T< o0,
u(x,0) = ¢(x), (3.1)
u(08,t) = g(0Q,t).

which we will assume is well-posed. A finite volume method aims to determine u(x,¢) numerically. The

general procedure can be broken down as follows:

1. Partition the spatial domain § into a set of N control volumes {C;}¥,, and let V; denote the measure
of C;. We require that C; N C; =0, Vj # ¢ and Ui:1 C; =qQ.

2. Let u;(t) denote an approximation of the volume-averaged value of the conserved quantity u(x,t) in C;.

ws(t) ~ ‘1//0 u(x, £)dx.

3. Integrate the PDE over C; to obtain
) =~ [ Vst =~ [ fluen)-ads (32)
*Ui [ . u s = — — u y . ; .
dt Vi Je, Vi Jac,

where dS is the infinitesimal arc length of 0C;, 7 is the outward pointing unit normal vector, and the
second equality follows from Gauss’ theorem. Denote I';; = dC; N dC; and define N; to be the set of
all indices j such that I';; # (). Suppose that 9C; = Ujen, T, then

di :—Z/f (x,t)) - 2dS. (3.3)

JEN;

We will refer to such a control volume as an interior volume. If 9C; N 9N = Tpq # 0 we write
oC; = I';j UTsq and obtain

dﬁ :_Z/ Flu(x,t) ndS—/mf u(x,t)) - dS. (3.4)

JEN;

In this case we say that C; is a boundary volume.

4. Let t = t* be fixed and write u(x,t*) = u(x), u;(t*) = u;. Denote by Fj; an approximation of f(u(x))

restricted to I';;. If C; is an interior volume we find that
1 .
v O [ FiyeadS, (3.5)
b jen; /L

and we approximate the integral using some quadrature rule. The way we obtain F;; and the quadrature

rule we choose is what seperates one finite volume method from another.

5. Note that (3.5) for ¢ = 1,..., N is a system of N ordinary differential equations. Therefore, we can

evolve u; in time by some numerical ODE method.

13
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The procedure outlined above gives us a scheme which approximates the integral form of (3.1). If the
problem is linear and well-posed, and if the method is consistent and stable, the solution of the approximation
will converge to u(x,t) as V; — 0 (see [45]). We did not give any details on how to implement the boundary

condition, but will do so in section 3.5.

3.2 Different types of grids and volumes

Let 2 C R™ and consider the problem of partitioning 2 into a collection of subsets C; satisfying
N
CinC; =0, Yj#i, Uci=a (3.6)
i=1

Consider first the case where Q = [Q27, Q%] C R. Define a grid, or node set, {xz}f\g[l where z; € 2 for
i=1,...,N+1, and assume that there exists indices L, R € {1,..., N+1} such that z;, = Q™ and zg = Q.

Definition 3.1. Let {2;}Y1" be some grid contained in Q. If
x; € 01,

then x; is said to be a boundary (grid) point, or boundary node.
Clearly in the above case, zy, xr are the boundary nodes.

Definition 3.2. If
T < Tig1, i=1,...,N,

then the grid is said to be structured.

Definition 3.3. Assume {x;}N1" is a structured grid. If
|z; — zip1| = h, 1=1,...,N,

where h € R is some constant, then the grid is said to be regular.

If a grid is not structured, we say that it is unstructured. If a grid is not regular, we say that it is
irregular. Returning to the problem of partitioning Q2 = [Q~, Q%] into control volumes, assume {z;}, is a
structured grid in Q and 92 C {z;}Y,. Then the control volumes

Ci= (s wi1), i=1,...,N, (3.7)

satisfy (3.6). Given some control volume C; = (C;, C;") we will use V; to denote its measure. We give some

elementary definitions:

Definition 3.4. Let {C;}Y, be a set of control volumes satisfying (3.6). If

+ _ —
Ci - Ci-i-l’

then the volumes are said to be structured.

Definition 3.5. Let {C;}Y., be a set of control volumes satisfying (3.6). If
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where h € R is some constant, then the volumes are said to be regular.

Definition 3.6. Let {C’i}f\il be a set of control volumes satisfying (3.0). If
oC; NI = 0,

then C; is an interior volume. If

9C; NI # 0,
then C; is a boundary volume.

Further, we will use the notation I';; to denote 9C; N dC}, and we generalize the notation such that
Iipa = 0C; N 0. Moreover, we let N; denote the set of indices j such that I';; # (. Thus, if C; is an interior
volume then 0C; = Ujen,T;j, and if C; is a boundary volume then 0C; = Ujen,I'i; U L'ipq.

In (3.7) we gave an example of a set of volumes satisfying (3.6). Another common set of volumes
partitioning 2 C R can be found as follows. Assume {xl}f\i ng is a structured grid. Define the dual grid

{zig12HY by @iy1ja = (20 + zi41)/2. Then

Cl = (131,£E1+1/2),
Ci:(xi—1/27$i+1/2)7 ’L'ZQ,...,N—].,

Cn = ($N—1/2,$N),

satisfy (3.6). Moving on, consider Q C R2.

Definition 3.7. Let Q € R? and L = [0,1)2. If there exists a bijective continuous linear transformation

¥ Q — L with a continuous inverse ™', then Q is a logically rectangular domain.

If Q is logically rectangular then it is sufficient to find control volumes in L, as {¢~1(C;) ﬁil gives us
the desired partition. Therefore we consider first the case Q = L = [0,1]%. Recall that for Q C R we found
control volumes induced by structured grids. This approach also works for the 2D case. Let {xz}fﬁll and

{yj}éill be two structured grids contained in [0, 1] and assume x; = y; = 0, 41 = Y41 = 1. Define

C;
Ci

(@i, Tig1) X (Y1, 92), i=1,...,m,

($i_m,$i_m+1) X (92793)7 i =m+ 17"'>2m7

Ci= (xi—(l—l)maxi—(l—l)m—f—l) X (ylayl-l-l)a L= (l - 1)m +1,...,0im,

and put N = Im. Then {C;}¥ | satisfies (3.6). Once again, the volumes are said to be regular if V; = V; = h
for all 4, j. If we define the volumes using one index for each dimension, we can also talk about structured
volumes in the 2D case. Note that dual grid volumes can also be defined by a similar procedure.

Suppose Q # [0, 1], or that the volumes {¢p~1(C;)} ;| are somehow difficult to work with. There exists
a simple method to partition any path-connected domain Q € R? into control volumes {Ci}N | satisfying
(3.6). Let {p;}I", be a set of distinct points in 2, and consider the Deluanay triangulation generated by the
points. Let each triangle generated by the triangulation be a control volume C;. Under some mild conditions
on the points p;, the control volumes generated by the triangulation will satisfy (3.6). We illustrate some

control volume partitions of Q = [0, 1]? in Fig. 3.

15
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Similarly to how a structured grid induces a dual grid, unstructured triangular grids also induce dual
grids. Further, triangular volumes induce dual volumes. These are defined by connecting each grid edge

midpoint to the center of mass of the volumes whose boundaries they intersect, see Fig 4.

(a) Regular grid and volumes. (b) Irregular grid and volumes.

Figure 3: Illustration of common grids and volumes.

3.8 Consistency, accuracy and stability

Consider some well-posed problem x € Q C R®, 0 <t < T < oo,
u + V- f(u) =0, ’LL(X, 0) = ¢(X)> U(@Q, t) = g(ag7t)’ (38)

and let {C;}Y, be a set of control volumes satisfying

=
Q)
I
2l

@
Il
—

cinG; =0, (i # 7). and

Further, define {u;(¢)}X, and F by

wt) ~ o /C wxtix Fix [ fu)- s,

such that J

—u+V 'F=0 3.9
Ut : (3.9)
is a finite volume scheme approximating (3.8), where u = [u1, ..., un|’ and V = diag(V4, ..., Viv).
Definition 3.8. Assume u(x,t) is the unique solution of the problem (3.8). Then the local truncation error

Ti of the finite volume scheme (3.9) is given by

d
p7 /CZ u(x,t)dx + F; = ;.
Definition 3.9. If the local trunctation error T; satisfies

7 =O(h"), where h = max sup |la —b|gn,
Ci a,beC;

fori=1,..., N, then the scheme is r-th order accurate.

16
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An r-th order accurate scheme with » > 0 is said to be consistent. Note that the finite volume scheme

approximates the integrated in space PDE if
F; = (u(x,t)) - ndS + O(h"), r >0, (1=1,...,N),
oC;

i.e., if the scheme is consistent. Define any r-th order scheme with r > 3 to be a high-order scheme. Define
any finite volume method generating high-order schemes to be a high-order method. Suppose that we modify
the problem (3.8) such that Q C R? and the flux function f(u) is linear. Then by definition 2.7, the IBVP is
stable if for g = 0 there exists constants K, « independent of ¢ and ¢ such that

lu(- )15 < Ke [l6()]3 -

Further, the problem is strongly stable if there exists a bounded functional K (¢) independent of ¢ and g
such that

ot < K0 (1601 + [ [ g rrir).

Assuming we have a consistent scheme for the problem, we would like to have similar estimates for the
numerical solution. As the numerical solution is not a function of the spatial domain in the traditional sense,
we must consider a discrete version of the L? norm. Recall that if the exact solution is continuous over C;

then there exists some point x* € C; such that

1
u(x*,t) = V/C u(x, t)dx.

%

Thus, if the error between u;(t) and the volume-averaged value of the solution u(x,t) over C; is O(h") with
r > 0, then
ul(t) — u?(x*, 1) as h — 0,

and
Viu?(t) — / u?(x,t)dx as h — 0.
C;

To summarize, we have found that

N
(u(t), Vu(t)) = Y Viui (t) = [[a(®)3 = [[ul-t)ll3-
=1

This motivates the following definitions.

Definition 3.10 ([10, 36]). A semidiscrete scheme

d
P +V i Fu=0,

approzimating some well-posed linear problem

0
ut+P<x,t,aX>u:O, x € Q, te[0,T7,

u(x,0) = ¢(x),
u(09,t) = g(0Q, 1),

17
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is said to be (energy) stable, if for g =0 we have the estimate
(D) < Ke® e [[u(0)lly,,

where ||ull,, = (u,Vu) and K, oq € R are independent of u(0) and T'.

Note that p
2
i ||11||V <0,

implies stability.

Definition 3.11 ([10, 36]). A semidiscrete scheme

d
£u +V1Fu=0,

approximating some well-posed problem

ut+P(x,t,§>u:O, x € Q, t € 0,7,
X

u(x,0) = o(x),
u(09,t) = g(0Q, 1),

1s said to be strongly stable if we have the estimate

DI < K() (O + ma o)1} ).

where K(t) € L*°[0,T] is independent of u(0) and g.

Note that J
lull? < g%,

implies strong stability.

Definition 3.12 ([10]). A semidiscrete scheme

d
£U+V71Fll: 0,

approrimating some well-posed problem

0
ut+P<x,t,8X>u:0, x €€, te[0,T7,

u(x,0) = ¢(x),
u(09,t) = g(0Q, 1),

1s said to be strictly stable if we have the estimate
2 2
(D)[ly < Nlul, T3

There are also other notions of stability for schemes. An especially popular ([33, 35, 7]) stability analysis

tool is due to von Neumann. However, this approach is only valid for initial value problems and for schemes

18
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on structured, regular grids/volumes. We will show how one can prove stability for IBVP schemes in section
3.5.

3.4 Godunov’s method

The quintessential finite volume method is Godunov’s method, introduced in [46]. Following the procedure

described in section 3.1, consider the problem of approximating the flux over the boundaries:

Z/f (x,1)) - AdS.

JEN;

Recall that u(x,t) ’F is unknown. Consider creating a piecewise constant reconstruction R(x) of u(x,t) at
the current time step using the u;’s. That is, we define

R(x)|

xeC}; = Uj-

At each boundary I';; = 0C; N 9C; # () we have that R(x) = u; on one side and R(x) = u; on the other side.
In other words, R is discontinuous accross the boundary. Godunov’s method proceeds by solving solving the
Riemann problem on p, € I';; given by the PDE and R. Formally, we imagine a local (x,t)-like coordinate
system (&, 7) at each point p, € I';; with € = 0 = p,. In this plane we have the Riemann problem

wrt fe=0,  ugo)={" <0
Usj, E>0

Here the £ coordinate is parallel to and has the same direction as the unit normal vector 7 of the boundary
I';; at py. Further, let 7 = 0 at the current time step. Using RP(u;,u;) to denote the exact or approximate

solution of the problem at £ = 0,7 > 0, we obtain

Z/ f(u(x))-ndS ~ Z/ F(R(x))-7dS = Z/ FIRP(us,uj))-7dS = ZfRPuz,u]))/ Ads,

JEN; JEN; JEN; JEN; Lij
where we tacitly assumed the Riemann problem was identical at every point p;, on I';;.

Remark. Godunov’s method is sometimes described in the fully discrete setting. In this case, the waves
given by the solution of the Riemann problem are used to find the update of the unknown over the time
interval [t,t + At].

An alternative derivation is to consider the idea of a numerical flux flunction . The numerical flux
function is always dependent on the two states at either side of the discontinuity, F' = F'(ur,ur). To

illustrate, we would have that

Z/ f(u(x,t)) ndSNZ/ f(R(x,t)) -ndS = Z/ (us,uj) -ndS = Z u,,u]/ nds.

JEN; JEN; JEN; JEN; Ly

We see that the two approximations are equivalent if F'(u;,u;) = f(RP(u;,uj)), i.e. using Godunov’s

numerical flux [47]. Throughout this thesis we will often consider the central numerical flux

Flug,ug) = f <W> ,

2
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In general, most numerical fluxes in the scientifc literature are of the form

ur, +UuUR

F(UL,’LLR) = f (2) — )\(UR — uL),
where A € R is sometimes called the upwinding parameter.

3.5 SBP-SAT schemes

In [15, 16] it was shown that certain finite volume schemes satisfy the summation-by-parts (SBP) property.
These schemes could then be modified by adding simultaneous approximation terms (SAT) to make them
strongly stable in a discrete L? norm. Here we introduce the concept of SBP-SAT schemes and illustrate

how to prove energy stability of schemes. Consider problem 1 from section 2.4:

Let 1€ Q=1[0,1] C Rand t € [0,7] C R*. Find the function u : Q x [0,T] — R satisfying
ur + uy =0, u(m,O) = f(‘r)a U(O,t) :g(t)'

where f(x) = sin(27z) and g(t) = sin(—27t).

Recall that the energy rate was found to be

D)2 = 12(0,1) - w2(1,1) < g3(1).

We will demonstrate that SBP-SAT schemes obtain the same energy rate in a discrete L? norm. Let {C;}Y,

denote a set of structured control volumes satisfying the conditions
N
CinGC; =0,  (i#7), and Uci=a
i=1
Let u;(t) denote an approximation of the volume-averaged value of u(z,t) over Cj, i.e.

1
ui(t)%v/c u(x,t)dz, 1=1,...,N,

where V; denotes the measure of C;. Integrating the PDE over C; and using integration by parts we obtain

the finite volume approximation

d
Vit = u(C;,t) —u(C,t)

where C; = (C;,C"). Asu(Ci, t) is unknown, we want to approximate these values using the data {u; ()}, .
Consider a fixed time ¢ = t* and ignore the time dependence of the variables. Following Godunov’s method,
we create the piecewise constant function R(z) given by R(x) = u; for € C;. Then we determine u(C;") by

solving the Riemann problems

Uy, T < C:_
ug + uy = 0, u(x,0) = N
Uiy1, > C;

either exactly or approximately. Note that we used the structure of the control volumes to know that
C’j = C;,,- Denote by RP(u;,u;11) either the exact or approximate solution of the Riemann problem

evaluated at = C;', t > 0. Then, approximate u(C;") by RP(u;,ui+1) and u(C;) by RP(u;—1,u;).
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Following the papers [15, 16] we let RP(a,b) = (a + b)/2. The scheme for interior volumes becomes

d Yy = il +up U Ui U1 — Uit
7 = - — .

V% 2 2 2

Since ug and uy; are undefined, we will use u(C; ) ~ u; and u(C]T,) ~ uy. Then

v Wt w—up and vl o uN-ituy o UN-1 — Uy
Yag 2 2 Natg™™ 2 N 2
Define matrices @,V by
S -
-3 2 O
1 1
-3 0 3
Q: O ) V:dlag(‘/h‘/éauVN)u
1 1
-3 0 3
[ 0 -3 1]
to write the scheme as J
Vau:—Qu,

where u = [ug, ua, ..., un]".

Definition 3.13. A discrete differential operator D = V~1Q is said to be a summation-by-parts operator, if
V is symmetric positive definite and Q satisfies Q + QT = diag(—1,0,...,0,1).

We see that D = V~1Q for the given matrices @, V, is a summation-by-parts operator. Suppose that we
modify the scheme by adding the SAT,

V%u =—Qu+ SAT = —Qu+ 7(u1 — g(t))es, (3.10)

where e; = [1,0,...,0]7 € RY.
Proposition 3.1. The scheme (3.10) with T = —1 is strongly stable.

Proof. Multiply by u” on the left and add the transposed equation to obtain

d
o lallf: = —u"(Q + QT )u + 2urm(ur — g(t)) = uf — ufr + 2uam(ur — g(1)) < (1 + 27)ui — 2urmg(t).
Inserting 7 = —1 gives

d

2 Iy < —uf +2u19(t) = —(u1 — g(1))* + (1) < ¢*(2).

O]

Instead of adding a SAT to implement the boundary condition, suppose we implement it directly into

the approximation of u(Cy ) in the flux calculation. The scheme for u; becomes

Ul + ug

d
Vi—u = g(t) 2 )

dt
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and the matrix ) becomes

1 1

2z 3 0

1 1

-3 0 3

Q: 0 . ’
1 1
-3 0 3
| 0 T3 g

giving the scheme

d
Vﬁu =—Qu+g(t)e;.

Further, we have the discrete energy estimate

d 2
Sl =~ = uk o+ 2u19(t) < —(u1 - g(1)* + 6(1) < $3(0).

We see that directly implementing the boundary condition in the flux approximation for this problem and
finite volume method also gives a strongly stable scheme. In fact, the scheme modified by the SAT with
7 = —1 and the scheme in which we injected the boundary condition into the flux directly are completely
equivalent. To see this, simply compare the first equation in the two schemes and note that they are the

same:

Next, consider problem 2 from section 2.4:

Let x = (2,9) € 2= [0,1]?,0 <t < T < oo and u = u(x,t) be a real-valued function. Consider

Up + Uy + Uy = 0, u(z,y,0) = sin (27‘(‘ (g + %)) , u(0,y,t) = g1(y, t), u(x,0,t) = go(x, t),

where g1 and go are given by

g1(y,t) =sin(2w(y/2 — t)), g2(x,t) = sin(2m(z/2 — t)).

In section 2.4 we found the energy rate to be

d 1 1 1 1
Gl = [ o —yna+ [ den-ieinws [ duows [ deod

Once again we will demonstrate a finite volume scheme which satisfies the same energy rate in a discrete
L% norm. Let Q be discretized by an unstructured triangular grid with N nodes {p;}¥,, and construct N
node-centered control volumes {C;}Y; defined by the midpoints of the lines connecting p; with its neighbours
and the triangle centroids as shown in Fig. 4. Let u;(¢) denote an approximation of the volume-averaged

value of u(x,t) over Cj, i.e.
1
w;(t) ~ v /CZ u(x, t)dx.

Integrating the PDE over C; C 2 and applying Gauss’ theorem we find

/ udxdy = —/ Uy + uydrdy = —/ V- [u,u)t dedy = —j{ [u,u] - ndS = —% udy —l—% udz,
C; C C; aC; aC; oC;

k3
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Figure 4: Illustration of node-centered control volume on an unstructured irregular triangular grid.

and the finite volume approximation

d
Vi—u; = —% udy—i—f udr,
dt ac; ac;

where we used the fact that 7dS = [dy, —dx]”. Suppose that C; is an interior volume, i.e.

oC; = | Ty
JEN;

We can obtain the flux over each I';; independently. As u(x,t is unknown we must somehow approximate

),
ij
these values. Following Godunov’s method, define N polynomials {R;(x)}¥, by Ri(x) = u; for x € C;.

Consider the Riemann problem

=
—~
I
~
I

Us, <0
’U,t“rU{:O, u(‘g?O): ' i 07
Uj, >

7
—~
o
~—
I

where ¢ € R? is parallel to the normal vector on I';; pointing outward w.r.t. 9C;, and { = 0 on I';;. Let

RP(u;,uj) denote either the exact or approximate solution of the problem, evaluated at £ = 0 and t > 0.

We will use the approximation u(x,t) ‘r-- = RP(uj, u;). Further, we will use the central flux approximation
ij
b
RP(a,b) =27,

and the midpoint quadrature rule given by

b
/ Y(x)dz = (b— a)p((a+b)/2).
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Thus, the scheme for interior volumes becomes

d
Vi—u; = —% udy—i—% udx
dt ac; ac;

:—Z/ udy—i—Z/ udx
Ty Lij

jENi jENi
jeN; VT jen; /Tii
S T o T
: r,, 2 : r,, 2
JEN;© 4 JEN; i
N Uj + Uj Ui + Uj
< 2 (e 2 (M54
JEN; JEN;
Ayij Ayij sz'j Al‘ij
S wy T ) iy F ) ) uiy
JEN; JEN; JEN; JEN;

where Az;;, Ay;; are the changes in z,y over I';; respectively.

Remark. For interior volumes,

JEN; JEN;
Next we consider the case where Cj is a boundary volume, i.e.
0C; = | Ti; UTisn, where Lisa = 0C; N 9.
JEN;

Let Ay;pq and Az;pq denote the y,z lengths respectively along the boundary I';9q. As there is no

reconstruction on the other side of I';5q, we will proceed as for the 1D problem and approximate wu(x, t) ’Fm

by R;(x) = u;. The scheme for boundary volumes becomes

d
Vi—u; = —7{ udy—i-]{ udx
dt aC; aC;

:—Z/ udy—/ udy—l—Z/ udx—i—/ udx
Tij Lioq jen; T ioq

JEN;
~— Z / RP(u;, uj)dy —/ w;dy + Z / RP(u;, u;)dx —I—/ w;dx
JEN; Fij Fisa JEN; Fz‘j Tisa
z—Z/ wdy—/ uidy+2/ Wd:z:+/ u;dx
jen; Y Lij 2 Liaq jen; /L 2 Ciao
U; + U Ui + Uj
~ - Z < : 5 j) Ayij + Z <Z 5 ]> Azij — uiAyipn + uidAzip0
JEN; JEN;
Ay Ay Az Az
= — Z U; 2” - Z Uj 2” + Z U; 2” + Z Uj?” — uiAyipn + uiATisq.
JEN; JEN; JEN; JEN;

Since 0C; is a closed simple curve it follows that

> Amij = —Azjoq, > Ayij = —Ayion,
JEN; JEN;
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and the boundary volume scheme can be written as

d Ayio0 Avyii AzTio0 Ax;;
Vlaul = —U; 22 — Z Uy 2” +’LL1' 21 + Z Uj 2”.
JEN; JEN;

In order to determine the energy stability of the scheme we want to write it in the spatially global form
d
V—u=-K
dt

where V = diag(V4,...,Vn), u = [u1,...,un]? and —K is the vector containing the flux approximations

previously described. Suppose that we define matrices Q., @, by

Ayiso
Ay;; =52, 1€ Nag

Q=2 Qa=1{ ~ :

0, otherwise

Ax; .
A — =509 0§ e Npg
(Qy)ij = _TZ]7 (Qy)% = 2 )
0, otherwise

where Nyq is the set of indices ¢ such that dC; N ON # (). Then we can write the finite volume scheme as

d
Vgu = —Q.u— Qyu. (3.11)

Consider the fact that we are always integrating in a counter-clockwise manner. This implies that Ay;; =

—Ayj; and Ax;; = —Axj;. It follows that

17(Qe+ (Qx))1= ) Ayipo,  and  17(Q, + (@)1= > —Awisn.

1€Ngo 1€Nyq

Here we used 1 = [1,1,...,1]7 € RY. Let us examine the energy estimate of the scheme. Multiply (3.11) by
u’ and add the transpose to obtain
' Vu, + utTVu = —u''Qu— uTqu — uTQyu — uTqu
d
= ol = " (Q: + QF)u — ' (Qy + Q))u

=— Z (u? Ayisa — uZ Azio0).

1€ENgo

Due to the counter-clockwise integration orientation, Ay;sq is positive at x = 1 and negative at x = 0.
Likewise, Az;9q is positive at y = 0 and negative at y = 1. Let Bj denote the set {(z,y) € Q: 2 = 0} and
By denote the set {(z,y) € Q:y = 0}. Then,

d o
7 ully < - > wAypa+ Y, ulAzg.
:I90CB1 i:I"; 90 C B2
Now we can add SAT to implement the boundary conditions in a stable manner. In particular, let (z;,y;)

denote the midpoint of I';5 and consider the scheme

d
Vﬁu = —Qu— Quu+ 7 (u; — g1(¥i, 1)) Ayiaaen, + 72 (u; — g2(xi, 1)) Aziones, (3.12)
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where ep,, ep, € RY are given by

1, Tign C By 1, Tisa C B2
(eB,)i = , (emy)i=
0, otherwise 0, otherwise

Proposition 3.2. If g1, g2 are integrated exactly by the midpoint quadrature rule then the scheme (3.12)

with 71 =1 and 70 = —1 s strongly stable

Proof. Note that

d
p HUH%/ < - Z Ayisn (Uf —27m1ui(wi — g1 (yir 1)) + Z Azipo (%2 + 279ui (u; — g2 (i, t)))

190 CB1 :I';90 C B2
= — Z Ayiag ((1 — 27’1)%? + 2T1uig1(yi,t)) + Z Aaﬁiag ((1 + 27’2)”&12 - QTguigg(xi,t)) .
i:I'90CB1 i:I';90 C B2
Inserting 7 = 1 and 75 = —1 we obtain
d
o HuH%, < — Z Ayioa (—uf + 2u;g1 (yi,t)) + Z Azipq (—uf + 2uiga(zi, )
.90 CB1 : 190 C B2

= — | Z Ayiag (—(Uz - gl(yiat))z + g%(ylﬁt))

i:I'ip0 CB1
+ ) Amig (—(ui — ga(wit)® + g3 (@i, t))
:I90C B2
<— > Avoagilin )+ Y Amigags(wit).
190 CB1 90 C B2

If g1, g2 are integrated exactly by the midpoint quadrature rule then
r o
Y Ayieagilynt) + Y Amigags(wit) = / gi(y, t)dy +/ g5 (, t)dz.
i:I90CB1 i:I';90 C B2 0 0
O]

Consider implementing the boundary conditions directly into the flux approximation instead as we did
for problem 1. Let Bz denote the set {(z,y) € Q:y = 1} and By denote the set {(z,y) € Q: 2 = 1}. Recall
that

Ayii  Ayisa Awij Azipn
- e md ) E=-—
JEN; JEN;

The boundary volume schemes become
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Tisn C By :u; Z Al’ij =0

JEN;
— Viaui:— Z“Z ij Zuj i ZujTU_gl(yi’t)Awa
JEN; JEN; JEN;
Ayiog Ay, Az
Sy Z g+ Z uj—5 = 919 ) Ayioo
JEN; JEN;
Lion C Byt u; Z Ayi; =0
JEN;
d Ay A, Az
= VZ&”’ = Z Uy QU + Z Uy 2” + Z Uy 2” +92($i,t)Al‘iag
JGN'L‘ JGN'L ]GNZ'
Ay Az Ay
- Z uj 2U W 21 + Z Uj 2U + 92($iat)A$iaQ
JEN; JEN;

Tioo C Bs:u; Y Axij =0

JEN;
d Ayij Ay Ax;;
= Vigu=- 2wt = ) )y~ wibyion
JEN; JEN; JEN;
Ayion Ay Ay
JEN; JEN;
Tioo C Ba:u; Y Ayij =0
JEN;
d Ay Ay A Agis
= Vit == D uiy m D iyt ) gt )y +uilion
JEN; JEN; JEN; JEN;
Ay Azip0 Az
:—Zuj 21]+ui 2Z +Zuj 21].
JEN; JEN;
Hence @, @y, become
R 2422, Tiga C By
(Qz)ij = %, (Qa)ii = § —B¥02 o6 C By ,
0, otherwise
A —84 - Tio C By
T
Qy)ij —7”7 (Qy)ii = § 8%22 Typq C By,
0, otherwise

and the scheme can be written as
—Q.u— Qyu — g1(yi, t) Ayioaen, + 92(xi, t) Azipoen, .-

d
V— =
"
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We find the energy estimate for (3.13) to be

d

7 Iy == > wApea+ D, ulAzipg
.00 C B3 100 CBa
- Y (—uH2wg () Ayioa + Y (—uf + 2uiga(wi, 1) Amigo
ilriagCBl iIFiBQCB2

< - Z (—(ui — g1(yi, 1)) + 91 (¥ir 1)) Ayion + Z (= (ui — g2(wi,1)* + g3 (i, )) Azign
©:I'ip0CB1 1190 C B2

<= Y FwetAuea+ D ga(@int) Az,
i:I90CB1 i:I' 90 C B2

That is, the energy estimate is the same as for the scheme where we implemented the BC using the SAT.
To summarize, in this subsection we have illustrated that Godunov’s method with the piecewise constant
reconstructions and the central flux is able to produce schemes satisfying the SBP property. Since the
schemes satisfy the SBP property we were able to derive energy estimates for them mimicking the energy
estimates for the continuous problems. We must remark that the examples shown here are not novel, and

refer the reader to [15, 16] for more indepth discussion.

28



T. B. Hestvik / On the energy stability of high-order finite volume schemes for initial-boundary value problems

4 High-order finite volume methods

In the previous section we saw that creating degree 0 reconstructions and applying the central flux together
with the midpoint rule to approximate the fluxes yielded energy stable schemes for the simple linear
hyperbolic problems of section 2.4. A natural idea to increase the accuracy order is to create a higher order
reconstruction of u, and use a higher-order quadrature rule. In fact, this idea is quite old, and seems to
originate in [48, 49]. The high-order Godunov method was further developed in [50] and [51]. It seems
the k-exact method introduced in [24] is one of the earliest extensions to 2D problems. More recently, the
spectral volume method [31] can be seen as an improvement on the k-exact method.

In this section we describe the k-exact finite volume method in the context of 2D problems.

4.1 k-exact method

Here we describe the k-exact method introduced in [24]. Suppose we follow the procedure in section 3.1 and
obtain

d 1
—Uy; (t) + =

Vi oe (u(x,t)) -ndS =0, (4.1)

where )
u;(t) ~ / u(x, t)dx, u=[ug,..,uyn]’.
Vi Je.

i
Our goal is to find a high-order accurate approximation of

flu(x,t)) - ndsS.
oC;

Let t = t* be fixed and write u(x,t*) = u(x), u;(t*) = u;. In the k-exact method we aim to find a degree k
polynomial reconstruction R¥(x — p;) of u(x) using the data u. Here p; denotes the center of mass of C;.

This polynomial must satisfy the k-exactness property
RY(x —p;) —u(x) = O(**Y),  (xe Gy, (4.2)

and the conservation property
1
= / RF(x — p;)dx = u;, (4.3)
Vi Je,

where h = maxc, Sup, pec, [|@ — bl|g2 as usual. Assuming u(x) is smooth we have

1

T —x) + uy‘pi (y — i) + §um|pi (z —x3)% + uxy|pi (x —z)(y — yi) + ..

(x —x)"(y —y)™.
pi

u(x) = u‘pi + ux’Pi(

1 9ty
T Z nlm! 0z oy™

1<n4+m

=Uu

Consider representing Rf by its Taylor series as well:

REGe— o) = BE|, + (A, (0 — )+ (BB, (0 — )+ G (R, (2 — 0% + (R, (& — )y — 93) + -

n+m pk
—R, + Y 1 0"mR;

! Oz ou™ (z—x)"(y — )™
1<n4+m<k Yy

pi
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It follows that (4.2) is satisfied if

| grhm gk
nlm! 0z oy™

1 o™y

~ nlm! dznoy™

+ O(hFHI=mEmy (0 < n+m < k). (4.4)
pi

(Cf. [27]). Note that if

. / (thrl)
then
1 9"y 1
Uj :Upi—F Z MW v / (m—xi)"(y—yi)m—l—(’)(hk“),
1<ndm<k Yo lp Vi Je
1 an+mu - ft1
=ul v D noiammaym| TV T OB,
1<n+m<k pi
where

P 1 n m
TP = g [ @) - ) dady,

are the polynomial basis moments over C;. Further, if (4.3) is to be satisfied we must have that

1 ovmRF| 1
_ pk 3 AN M k+1
u; = R; pi + E : nlm! dzndy™ | V; /C’(x z:)"(y —yi)™ + O(R™),
1<n+m<k pi i
1 o"tmRl

_ pk z )

= il + Z nlm! dxnoy™ W
1<n+m<k

Thus, we have obtained one equation for (k 4 2)(k + 1)/2 unknowns. To obtain the remaining equations we
will proceed much in the same way, by requiring that

1/ &
— [ R{(x—pi)dx — u;
Vi Je, f

J

=0.

Note that

i(x — pi)dx =R k / )dady + (RY) / i)dad
/ch(x pi)dx =Rj|, + (R}) ol Jdzdy + (R)y pv y — yi)dzdy

+ (B} ) s

=

pi 2‘]'/ y‘ C;
1
k 2
+ (R; — — ;) dxdy + ...
( l)yy‘piQ‘fj L](y y) y

To avoid integrating (x—x;)" (y—y;)™ over C; for various j, we may substitute (x —z;) with (z—x;)+(z;

— ;)
and likewise for (y — v;). Then as shown in [25, 26] we obtain

=N 2.
/ —p; dx_u} —|—ux‘ gjw—|—uy’ yzj+uxx ‘T2 —I—ny‘ ﬂfy”—f-uyy} ]+..
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where

Ty = [ (@) (=2 (- )+ (o~ )" dody
=33 (1) (3 - - )T

(cf. Binomial Theorem). Now the idea is to determine the coefficients ay,, = (8"87"}2?‘1)_) /(n!m!) by solving

the linear system

1 7 Yi z?; Ty, y2; ] RY [ ;]
L 2y, Yijy fz’jl @ijl yfijl (Rf)x i gy

U @iy i u Wy Wy || (BE),] wuj,

. . : . ) ) 1/ ok

: : : : : : Q(Ri)w‘p Ujs

Mo = [UJEU ;= : : : : : (R¥)ay = @)
. . . . . . cee 7 Di M
%(Rf)yy‘p
1 o 22 i 2 : Uj,
L 1)o—1 yljo-71 1)o—1 yl‘]071 y 1)o—1 i | | LY )o—14
where the stencil is {C;} U {C} }J_Jl and

_ (k4 2)(k+1)

2
If M; is nonsingular, the system (4.5) can be solved and R¥(x—p;) is obtained. To be precise, a = M, * [uj]iigl
leads to
Rix—p)= > (M7'wPs') (o —w)™(y—y)"
m+n<k mn
If we define a linear map
S; RN = R, u— ujeq +ujex + o+ Ui eq,

then

RF(x—p;) = Z (Mi_lsiu)mn (x—2:)"(y — yi)"

m+n<k

Further, we factorize Rf as an inner product

Ri(x —pi) = (o, e(x — pi)) = (M; 'S, e(x — p;)) (4.6)
where
_ ) -
(x — ;)
(v —vi)
e(x —p;) = (z — 3)? (4.7)
( —z:)(y — vi)
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The expression (4.6) will be useful in section 5.
After obtaining reconstructions {RF}Y | we follow the idea of Godunov’s method (see section 3.4). That

is, we will assume that
R?(X—pi)#Rﬁ(X—Pj)a (x € I'yj),
holds for all 4, j. Then u(x,t*) at I';; is approximated by solving the Riemann problems

w fe=0,  u(60)=1" (4.8
Rj(X—pj), §>0

either exactly or approximately. Here £ is parallel to the normal vector on I';; and § = 0 lies on I';;. Using

the notation
RP (Rf(x — Di), Rf(x — pj))

to denote the exact or approximate solution of (4.8) at £ = 0 and ¢ > 0, the k-exact approximation of (4.1)

is given by

fuz v Z/ RP Rk( )R;?(x—pj)))-ﬁdszo,

where 0C; = Ujen,I';j. After applying some quadrature rule, we obtain

uz + Z waqf (RP< (Xzyq Pi); Rk(qu pj))) =0,

J€NZ q=1

where m is the number of quadrature points on I';;, w;j, are the quadrature weights, and x;;, are the

quadrature points.

Remark. As noted in [26], we can use Gauss’ theorem to write

Y= [ o =) ey = e [ 9= )" Oldedy
1

= I e s

where 7 is the first component of the outward normal vector. Now we can use Gaussian quadrature to find
the moments with accuracy order k + 1 by m = [(k + 1)/2] quadrature points on each subset I';; of 0C;.
Suppose each I';; is a straight line and let (2450, ¥45,0), (€ij,1,¥ij,1) denote their endpoints. Then (A.3) implies

YT = n471 E:l/‘ 2i)"Hy — yi)"dy

Yi y Tij1 — Tij0, | Tij1 + Tijo " (Y = v, | Yisd + Ui "
Z Z]? 2]7 / < %], 2 23, £+ 13, 2 %], _ -’Bz> < 13, 2 %3, §+ 17, 2 %3, _ yz) dé‘
-1

A Az; Tij1+x " Ay i1+ Vij "
_ (n+ Z Yij / ( 235 1,1 5 35,0 331) < Qwa + Yij1 5 Yij,0 . yz> Cl&,

where Az;; = ;1 — 2450 and similarly for Ay;;.

Remark. The moments x™y™, W over each control volume need only be calculated in the initialization

of the numerical method. The stored values are then to be used in the reconstructions in each time step.
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107.1
j=i
To avoid this problem there are various stencil selection techniques, or reconstruction methods, to choose

It might occur that we choose some stencil {C;} U {C}} leading to a singular coefficient matrix M;.
from. The different reconstruction methods also attempt to solve some other downsides of the k-exact FVM.

We describe some of these in the following text.

4.1.1  Least-squares reconstruction

Consider determining o using a least-squares approximation, minimizing the difference between u; and the
volume-averaged value of Rf over C; for all C; in the stencil. The main motivation for using a least-squares
approximation is that the linear system obtained from a stencil of o = (k + 2)(k + 1)/2 elements might be
singular. Hence we increase the stencil to guarantee existence of (least-squares) solutions. To guarantee
that the reconstructions satisfy the conservation condition, we must set the first equation as a constraint.
Sometimes geometric weights are applied such that the data closer to p; is prioritized in the approximation.

In short, the reconstruction coefficients are found by solving the constrained least-squares problem

. i 2. 7 )
1 i Yi T LY; Y fp, U;
1
.. A ) o2 . ey o2
Yij Yij1Tij Yij1 Yij 71]1%‘\1]1 Vij1 LYz, Yij1 Y=gy (Rf)x i Yijy Uiy
.. - T o2 Y .2
'71]2 ’Yzjz'fwz 7@]2%]2 ’Yzjzx 172 ’meyijz %py 1J2 (Rf)y I ’yijQUjQ
7
§(Rz ):m: Pi ’YlJSuJS
k = : )
(R¥)a,,
1 k
3 (1 )yy‘p
Vijo;  Vijo; Tijo,  Vijo,Yijo;  Vide; Tijo;  Vide; THije,  Vije; Y ijo, 1L ] | Vijo; Yio; |

Joi

where the equation above the line is the constraint. Here the stencil consists of {C;} U {C;};7; for some

o; >0 = (k+2)(k+1)/2. The geometric weights ;; can for instance be defined by

1

Vij = T
Y b = pillge

Recall that the least-squares problem can be solved using the QR factorization. To make sure that the

constraint is satisfied exactly, we proceed as in [25]. Begin by eliminating the first column by subtracting

7ij - [constraint] to obtain

T; Y; z2; Ty, o Ri_c 7 I wi ]
~ — ~ — — o~ _ Pi
0 7ij (ﬂfijl - fi) Yijr (:gijl —gi) Vi (f;in - izi) Vija (fgijl _ﬁi) (R).|, Yij (ws, — ;)
0 Vijo(Zigo —Ti)  Yijo (Do — i) Viia(@%ijo — %) Yigo (TYiy, —TY;) - (RY)y s Viga (s — ui)
; : : : : 3(RE)wal Vijs (Ujz — ui)
(R)ayl, | =
Rl
0 Vigo, Bijo, = Ti)  Vido, Bido, = Ti)  Viso, (@%iso, — %) Vise, @iy, —TY:) .| L : b iday (w5, — i) |

Next, use householder reflectors to obtain the QR factorization of the matrix. Since the ¢ x o submatrix R;
of R; is upper triangular, we obtain « by back-substitution. Since Rﬂp_ remains a free variable up to the

last equation (the constraint), it is chosen such that the constraint is satisfied exactly. If we define the linear
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map

Si : RN —» R7+ u = uger + Yijy (g, — widez + -+ Yig,, (W, — Ui)eo; 11,
then
a = R;lQiTSiu, and RE(x —p;) = <R;1QiTSiu, e(x — pz)> ,
where e(x — p;) is given by (4.7).

4.1.2  ENO reconstruction

Consider the case where the exact solution u(x,t) contains a discontinuity at the current time step. If

the reconstruction stencil {C;} U {C; }jzjl

behaves oscillatory (cf. Gibbs phenomenon). With the goal of producing more "physically correct” numerical

contains the discontinuity we may find that the reconstruction

solutions we would therefore prefer to choose a different stencil which does not contain the discontinuity. This
is the goal of the essentially non-oscillatory (ENO) reconstruction procedure. To define the term essentially

non-oscillatory, suppose R is a k-exact ENO reconstruction of some function u. Then
TV (R) < TV (u) + O(h*),

where TV denotes the total variation. As noted in [28], the reconstruction procedure described in the seminal
paper [51] cannot be directly extended to the multidimensional case. Therefore we will present the two ENO

reconstruction methods given in [27]:

1. Let the reconstruction in cell C; be given by
Ri(X — pi) = QZUZ + (1 — QZ)Rf(x - pi)-

Here R¥(x — p;) is the usual k-exact reconstruction obtained using the possibly "bad” stencil. The

parameter 6; is given by
0<0; <1, 0; ~1 when the stencil contains the discontinuity,

and 0; = O(h**1) otherwise. We see that this approach reduces the reconstruction to first order
accuracy when the stencil is "bad”, and retains the k£ 4 1 order accuracy otherwise. It seems possible
that we may quickly lose the overall accuracy of the approximation as more and more reconstructions

reduce to first order accuracy.

2. Instead of reducing the accuracy to first order, we choose to find a new stencil which does not contain
the discontinuity. There might be many such stencilcs, so we must determine which one to use. Suppose
S is the set of stencils available to give a k-exact reconstruction. Compute the reconstruction using

each stencil and define a measure

m+n<k

where o" is the coefficient vector for the reconstruction obtained using stencil .S, € S. We recall that
the components in « are approximations of the partial derivatives of u evaluated at p;. Choose the

stencil 5, € S minimizing o,..
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4.1.8  Other reconstruction methods

We have very briefly described two common reconstruction methods. Other notable reconstruction methods
are the compact least squares reconstruction method recently developed in [52, 53, 54] and the various
weighted ENO, or simply WENO, reconstruction methods developed in for instance [55, 56, 57]. Further, we
mention that one can consider the reconstruction problem in some other basis than the standard polynomial

basis.

4.2 Spectral volume method

The spectral volume method aims to simplify the reconstruction problem. Let {pz} *, be some set of points
in ) generating some unstructured triangular grid. Following the literature [29, 30, 31, 32] we will consider
each triangle to be a spectral volume SV;.

As before we need (k+2)(k+1)/2 degrees of freedom in order to find a k-exact polynomial reconstruction
of u(x) inside SV;. Unlike the k-exact method we partition SV; into o = (k + 2)(k + 1)/2 control volumes

Cij (j=1,...,0) and define
1

W’j U(X, t)dX

uii(t) ~
We require that the reconstruction P; of v in SV; conserves the volume-average value of u in each control

volume contained in SV;. In other words,

1
‘/ivj C’L,]

Pi(z,y)dxdy = u; ;.

Further, we begin by obtaining a reconstruction on some reference element SV,.. In particular, suppose the

center of mass for SV, is x, = (0,0). Then the reconstruction problem reads: Find the coefficient vector «

satisfying
1 (o2
oy / el(x,y)drdy = uyj
‘/Taj ZZI C’r,j
Put u, = [up1,ur2,..., um,]T so that the system of equations can be written as
Mo = u,
where M is the matrix defined by
T1f01 (x,y)dxdy ... fCl (x,y)dxdy
M = : : :
VTI,U Cr e1(z,y)dxdy ... ﬁ me eq(z,y)dxdy

Note that the reconstruction stencil is given by the control volumes inside the spectral volume. Since the
control volumes can be defined however we see fit, the idea is that we can guarantee a nonsingular matrix
M. Hence we do not have to increase the stencil above o elements and use a least-squares approximation,
for instance. Further, since each spectral volume is geometrically similar (here: triangles), we can use

geometrically similar control volumes for each of them, and hence the same reconstruction stencil. Assuming
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M is nonsingular we have o = M ~!u, and we obtain the reconstruction inside SV,

g
P.(z,y) = ZLj(w,y)um = Lu,,
Jj=1

where L = e(x,y)M~!. After obtaining P,, we can transform it into P, for i = 1,..., N. Noting that
M might be ill-conditioned, it was recommended in [31] to perform analytical inversion via Mathematica.
Finally, since the reconstruction P; is continuous inside the spectral volume, we do not obtain Riemann
problems on the boundaries between control volumes lying in the same spectral volume, which simplifes the
flux calculations. Of course, at the boundaries between spectral volumes we still need to apply a numerical

flux or approximate Riemann solver. The scheme updates the control volume averages at each time step

d 1
P V. Z /F flu(x,1)) - ndS,

5] kEN; ; i,k

where u; ; denotes the volume averaged value in C; j, and 9C; j = Ugen, ;T j k. Assuming the boundary

faces I'; ;1 are contained inside SV; for k € NZ-‘S]- C N; ; we obtain

Guo= i X [ sRe)-aas— g S [ fRP (RGP - s,

Applying quadrature changes the scheme in the familiar way.

Remark. The control volumes inside any given spectral volume can be general polygons.
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5 Stability analysis of k-exact schemes
In this section we examine the energy stability of schemes obtained via the k-exact method.

5.1 Problem 1: 1D linear advection

Inspired by [15, 6, 5, 9] we consider problem 1 from section 2.4.

Let 1€ Q=1[0,1] C Rand t € [0,7] C R". Find the function u : Q x [0,T] — R satisfying
up + uy =0, u(m,O) = f(‘r)a U(O,t) :g(t),

where f(x) = sin(27z) and g(t) = sin(—27t).

In section 2.4 we found the energy rate to be
d 2 2 2 2
7 luC )llz = w70, 1) —u™(1,1) < g°(2). (5.1)

We want to determine if schemes obtained by the k-exact method satisfisy a discrete equivalent energy rate.
In order to do so, we begin by finding the general k-exact scheme approximating the PDE. Recall that
schemes approximating the PDE can be obtained via the k-exact method as follows: We partition €2 into IV

control volumes {C;}Y, satisfying
ane =0 (i#). ad  |JG=0

Let C;, C’f denote the lower and upper bounds of C; respectively, and let V; denote the measure of C;.
Further, we will use the notation u;(t) to denote an approximation of the volume-averaged value of u(x,t)
over C;. That is,

1
ui(t)zv/cu(m,t)dx, i=1,...,N.

Integrating the PDE over C; gives us

/ ug(x, t)dx +/ Uz (z,t)dr =0 — d/ u(z,t)dz +u(C;,t) —u(C; ,t) =0,
Ci Ci dt Je,

and the finite volume approximation

d

Vidi

ui(t) = —u(C;",t) + u(C; . t). (5.2)
Since u(z,t) is the unknown solution of the continuous problem, we must somehow approximate the control
volume boundary evaluations u(Cii,t). Considering a fixed time t = t*, we ignore the time dependence
of u(x,t) and w;(t), writing u(z,t*) = u(x) and u;(t*) = u;. The k-exact method proceeds by finding

polynomial functions R¥(z — ;) for i = 1,..., N satisfying

1.
R¥(x — ;) — u(x) = O(hF), z € Cy,
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1
v /Cl RF(x — z)dx = ;.

Here h = maxg, sup, ,ec; [ — y| and x; is the center of mass of C;. We say that RF(x — x;) is a (k-exact)

reconstruction of u(x) in C;. As shown in section 4, the reconstructions can be written as inner products,
Rf(x — ;) = (e(x — z;), Liu), (5.3)

where e(z — 2;), Lyu € R*! are given by

1 &t

TR @) (5.4)

(e(w — ) = (x—z;) 7, (Lin); =

In general, the reconstructions will not match at the control volume boundaries. Hence, following the idea of

Godunov’s method (cf. section 3.4), we approximate the values u(C;") by solving the Riemann problems

RFCS — ), ax<Cf
up + uy = 0, u(x,0) = o L (5.5)
R:(C), —j), z>C

either exactly or approximately, where Cj, is the control volume adjacent to C; such that C'j_1 = C’j . If we

use the notation
RP (Rf(cj — ), R} (C), — %)) ,
to denote the exact or approximate solution of (5.5) at z = C; for t > 0, we obtain
u(CF) ~ RP (RE(CE = 20 B (€ = 1)),

J1

Likewise, if Cj, is the control volume satisfying CJTZ = C;, we obtain
(2

u(C;) = RP (RY,(CL — @), RECT — 1))

Note that C;" — z; = V;/2 and C; — x; = —V;/2. Combining this with (5.3) we obtain cleaner expressions
for u(C5),

u(c;r) ~ RP ((6(‘/%/2)7 Liu>7 <e(_Vj1 /2)7 lell>) ) U(C;) ~ RP (<€(ij'2/2)’ Lj2u>v <6(_Vi/2)7 Liu>) :

Consider the case where C; is the left boundary volume, meaning that some control volume C, € {Ci}fil

satisfying C;-; = C; does not exist. In this case we use the approximation
u(C;) ~ RE(C] — i) = (e(=Vi/2), Liw).

Similarly, if C; is the right boundary volume, meaning that some Cj, € {C;}¥ satifying C; = C;t does not

exist, we use the approximation

u(CF) = RE(CF — ;) = (e(Vi/2), Liu).
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By (5.2) and the above it follows that the general k-exact scheme approximating u; + u, = 0 is given by

—RP ((e(Vi/2), Lyn), (e(—V},/2), Ljw)) + (e(=V;/2), Liu), C; is the left boundary volume

S RP(eVif2), Lo, (oY, /2), L)
dt +RP ((e(V},/2), Lj,u), (e(=V;/2), Liu)) , C; is an interior volume
—(e(Vi/2), Liu) + RP ({e(V},/2), Lj,u), (e(—V;i/2), Lyu)),  C; is the right boundary volume.
(5.6)

Remark. In the above, it is understood that the control volumes C},, C}, are adjacent to Cj, i.e. the indices

71, jo are dependent on the index 1.

In order to analyze the stability of the scheme, we will write it in the (spatially) global form

d
“u=-K .
Vv e , (5.7)
where V = diag(V1, Vs, ..., VN), u = [u1,us,...,uyx]’ and K is the vector such that —K; = the right hand
side of (5.6). Recall from section 3.3 that V induces a discrete L? norm: (u, Vu) = |Jul[;,. Taking the inner

product of (5.7) with u and adding the transposed equation we obtain

d

G Il =~ ) = (1€, (59

Our goal is to determine if, or when, (5.8) mimics (5.1). That is, if or when
(. K) — (K, 0) < u3(Cf) — a¥(CF).

where C7, is the left boundary volume and Cpg is the right boundary volume. At this stage it is not possible
to determine the above, as we have not specified the function RP which resides in K. Suppose that we apply

the approximation
b
RP(a,b) = “;L .

Then (5.6) becomes

- <%, Liu> - <w, Lj1u> + (e(=V;/2), Liyu), C; is the left boundary volume
e(V;/2 e(=V.. /2
) (1
dt + <e(%§/2) , Lj2u> + <w, L¢u> , C; is an interior volume
—(e(V;/2), Liu) + <6(Vj22/2) , Lj2u> + <e(_7‘2/1/2), Liu> ,  Cj is the right boundary volume,
\
(5.9)
where the indices ji, jo are dependent on i as before. Let Lu = [Liu, Lou, ..., Lyu]” and define a matrix @Q
by
NP o —cf
) j i
e(V;/2) —e(=V;/2 (Vs _
Qii = 1if2) 2( /)7 Qij = —7(‘/%/2), C]-*:Ci
0, otherwise,

for all indices ¢ corresponding to interior volumes. If C7, denotes the left boundary volume, and C'r denotes

the right boundary volume, we define
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e(=Vi/2) - _
e(Vy /2 e(=V5/2 e(Vy/2) —e(—=Vy /2 , C-=C

Qus = ey« D _ VD D e f) g, [ o =c
0, otherwise,

e(=Vi/2) _ e(Va/2) | e(Vi/2) = e(=Vr/2) -2 o =y

Qrr = e(Vr/2) — 5 =5t 5 , Qrj = 2 /
0, otherwise.
Now the scheme (5.9) can be written as
V%u — _Qlu, (5.10)

and the energy rate is
d

g 1l = = (u, QL) — (QLu, w).

Remark. By (5.4) it is clear that

1

(V2 eif2)) 1<Vi“ <—m>j_1> Ly ) = T e

2 2 \ 25T 7 1 27 \ 0, jisodd
(5.11)

e(Vi/2) — e(=Vi/2 v, V3 vk"
(/); />:h2&8”””%] (5.12)

Remark. If we use the 0-exact reconstruction R? = u; we recover the SBP scheme examined in section 3.5.

To simplify the explicit form of —(u, QLu) — (QLu, u) we begin by considering the case where the volumes

are structured and regular: Let the control volumes be structured and regular, meaning that

1. ¢, =C;

2. Vi=V;=h,

3. Cf —x; = —(C; —x;) = h/2,

(2 7

for all 4, j. Property 1 implies C] is the left boundary volume and Cpy is the right boundary volume. In this

case () becomes

78(—;/2) + e(h/Q)—;(—h/?)’ i=1 5, j=i+1
Qi = Mg(*hﬂ), i=2,...,.N—1, Qij = _6(112/2)’ j=i-1
6("2/2) + ‘3("/2)*26(*}”2)7 i=N 0, otherwise.

Note that the definition of () implies

@LQLuy:—ﬂl<GGZYQX14u>—+u1<eUU2)_6@4U2X14u>-%u1<601?@0J4u>

ﬁ“Ui<e<g/2>,h1u>+ui<e<h/§> D L) (D 1)
__;j<eug2xlmhdu>‘FUN<eU”Q>_;i_h/m,LNu>‘FUN<eUg2%LNU>-
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Next, recall that the inner product is defined as (QLu,u) = Lu’ QTu. We determine Q7 to be

_5(*;1/2)4_ e(h/2)— ( h/2) i=1 _5(h2/2)7 j:i—l—l
Qf = { ArD=el=h/2) i=2.. ,N-1, G=qechA

e(h2/2) + 6(h/2)—2€(—h/2)’ i=N 0, otherwise.

Hence,

(QUu, w) = —uy <‘e(‘2h/2> L1u> tuy <e<h/ 2) —el=h/z) L1u> - <e<h/ 2) L2u>

N <€<—§/2>,Li_1u> o <e<h/2>22e<h/2> | Liu> o <e<2h2/2> | Li+1u>
. ;NQ (S8, 1)y (DD 1 (002 1Y

Further, we find

(u, QLu) + (QLu,u) = —u; {(e(—h/2), Liu) + 2u; <€<h/2) — 6(_h/2),L1u> — Uy <e(h/2) —e(=h/2) , L2u>

2 2
+J§_uz< e(h/2) _26( h/2) Li_1u> +2ui<e(h/2) —26(—h/2)’ Liu>_ui<e(h/2) —;(—h/?), Li+1u>
—uy <e(h/ 2) _26(_’7’/ 2), LN1u> + 2upy <e(h/ 2) _26(_’7’/ 2), LNu> + un{e(h/2), Lyu).
Note that
o <e(h/2) —26(—h/2)’ L2u>+Ni e <e(h/2) —Qe(—h/2 l+1u> Pl e < e(h/2) —26 —1/2). Lmu>’
=2 =1
and
o <e(h/2) —26(—h/2)7 LN_1u>+§_Ui<e(h/2) —26(—h/2 11u> é u< e(h/2) —26( h2) Li_1u>'

Therefore
(u, QLu) (QLu,u) = —uy (e(—h/2), Liu)

e(h/2) — e(—h/2) e(h/2) — e(—h/2 = e(h/2) — e(—h/2
+Z (S L Z2< LEECTE DN S CULEESTC PN

2 2
=1

+ un (e(h/2), Lyu) .

Observe that swapping the index in the first summation by ¢ + 1 gives

ZZN: u< e(h/2) —2e( h2) g 1u> Nzl_ulﬂ< e(h/2) — e(— h/2)7LZu>.

2
=1
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Further, swapping the index in the third summation by 7 — 1 gives

11 u< e(h)2) — (h/2)7Li+1u>:i_w_l<e(h/2) 26(h/2)7Liu>'

N

2

i=

Hence,
(u, QLu) (QLu,u) = —uj (e(—h/2), L1u)

. Z ul+1< e(h/2) —26( h2) > 22u1< e(h/2) - : (—h/2)7Liu> +§:_ui_1 <e(h/2) —26(—h/2)’Liu>

1=2

+ un <€(h/2), LNu> ,

or equivalently,

(u, QLu) + (QLu,u) = —uy (e(—=h/2), L1u) + uy {e(h/2), Lyu)
N-1

+ Zz; (—wit1 + 2u; — ui—1) <e(h/2) _26(_h/2) ; Lill>
+ (QU1 — UQ) <e<h/2) _26(_h/2) s L1u> + (2UN - UN_1) <€(h/2) _26(_h/2) N LNU_> .
Finally, we have shown that
Il = (o, QLu) — (@Lu, ) =y (e(~h/2), Lyn) — uy {e(h/2), Lyu) + M, (5.13)
where H = diag(h, h,...,h), (u, Hu) = ||u||§{ and
N-1
M = ; (wir1 — 2ui + ui—1) <e(h/2) _26(_h/2) ; Lz‘ll>
+ (UQ — 2u1) <6(h/2) 26(h/2) , L1u> + (UNfl — QUN) <€<h/2) 26(h/2) , LNll> .
Remark. By (5.12) we know
e(h/2) —e(=h/2) [ h K3 h»  RE]T
9 _|:0a27078707257"'72k:|
Suppose that we define matrices D and B by
L ;
1 h/2) —e(—h/2 h/2) —e(—h/2
oL T | (e by
- _1_

Proposition 5.1. The term M in (5.13) can satisfies

M = (D 4 DT)u, BLu)
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Proof. Note that

((D + DT)u, BLu) = (Du, BLu) + (D"u, BLu),

and
N-1
D L) = 3 a5 ) <e(h/2) —26(—h/2) | Liu> o <e(h/2) —26<—h/2) | LNu>
=1
N
<DT11, BLu> = —u <€(h’/2) _26(_h/2),L1u> + Z(_ul + ui—l) <€<h/2) _26(_h/2),Liu> )
1=2
Thus,

((D 4 DT)u, BLu) = (—2u; + us) <€<h/2) 26(h/2) , L1u>

N-1
+ Z (Wit1 — 2u; + ui—1) <e(h/2) _26(_h/2) ; Lz‘ll>

=2
e(h/2) —e(—h/2) LNu>

+ (—2uny + un-1) < 5

=M

Note Du ~ u, and DTu ~ —u, ([36]). Thus, we have a rough idea that M is an approximation of au,

integrated over the domain for some «,

1
Mm/ 2uzadx.
0

However, it seems we cannot determine the sign of M unless the reconstruction method is specified. We

conclude that the k-exact scheme using the central flux is not energy stable in the general case, even on

structured regular grids.
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5.2  Problem 2: 2D linear advection

We consider problem 2 in section 2.4:

Let x = (z,y) € Q=1[0,1]?,0 <t < T < oo and u = u(x,t) be a real-valued function. Consider

x
g + Ug + uy =0, u(x,y,0) = sin (277 (5 + %)) , u(0,y,t) = g1(y, t), u(z,0,t) = ga(x, t),

where g1 and go are given by

91(y,t) = sin(2w(y/2 — t)), g2(z,t) = sin(2mw(z/2 — t)).

In section 2.4 we found the energy rate to be

d 1 1
G0 < [ gt o+ [ g (514

As for the 1D problem, we attempt to determine if schemes obtained by the k-exact method will mimic
this energy rate. Schemes approximating the PDE can be obtained by the k-exact method as follows: We
partition Q into N control volumes {C;}¥ | satisfying

N
CinCj =0 (i#7), and Ja==a
=1

We let u;(t) denote an approximation of the volume-averaged value of u(x,t) over C;. Formally,

1
u;(t) ~ V'/C u(x, t)dx,

where V; is the measure of C;. Integrating the PDE over C; we obtain

d 1 1 1
—— [ uwdx=—-——= [ V-[uuldx=—— [u, u] - ([dy, —dx]/\/da® + dy?) - \/da? + dy? (5.15)
1 1
=—— udy + — udx. (5.16)
Vi Joc; Vi Jac,

Let p; denote the center of mass of C;. Considering a fixed time ¢ = t*, we will write u(x,t*) = u(x) and

u;(t*) = u;. We proceed by finding reconstructions {RF}Y | of u(x) in {C;},, satisfying

RF(x—p;) — u(x)|, = O,

Ci

and

1
v /cy RF(x — p;)dx = u;,

where h = maxc, sup, pec; lla — bl|g2. Suppose C; is an interior volume, meaning that 0C; N9 = 0. If we
let N; be the set of indices j such that 0C; N OC; # (0, then 0C; = Ujen;Lij where I';; = 0C; N 9C;. Using

(5.16) we obtain the finite volume approximation

d
V= 2 GRSy AT (5.17)

JEN;
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Following the idea of Godunov’s method, we approximate u(x) at each point x € I';; by solving the Riemann
problems

kix _ o
u+ue =0,  u(€,0)= Ri(x=p), §<0, (5.18)
R;“(x—pj), £E>0

either exactly or approximately. Here £ is parallel to the normal vector on I';; and (£ = 0) € T';;. Using the

notation
RP (Rf(x — Di)s R;-C(x — pj)> ,

to denote the exact or approximate solution of (5.18) at £ = 0 and ¢ > 0, the finite volume approximation

(5.17) becomes

Z/ RP R’f pﬁR(x—%)dy—i—Z/ RP Rk( pZ)R(X—pJ)>dac.

JEN;

Recall that m-point Gaussian quadrature has an accuracy order of 2m. To preserve the accuracy order k + 1

of the reconstructions R¥ we use m = [(k + 1)/2] quadrature points. Then

VZ- Z waRP< (Xijq — i), Rk(x”q ) Z waqRP< (Xijq — i), Rk(xz]q Pj));

JEN; ¢=1 JEN; ¢=1
(5.19)

where the quadrature weights wl 4 are defined by

J
1

1
w2, = y(&) / (sl = ol(&) / 1,(€)de. (5.20)

-1

and the quadrature points x;;, are given by

Xijq = Tij(§q) = (2i5(§q)s ¥ig (§q)) »

where &, is the g-th root of the degree m Legendre polynomial and I';; = {r;;(§) : =1 < £ < 1}. See Appendix
A for more details.

Now suppose C; is a boundary volume, meaning that 0C; N9 # (). In particular, 0C; = Ujen,I'ij UT 00
where T';9pq = 9C; N 9N. Using (5.16) we obtain the finite volume approximation

Z / /ia x)dy + Z / x)dzx + /ZBQ u(x)dz.

JEN; JEN;

As in the 1D case, we will approximate u(x) at 9 by the reconstruction corresponding to the boundary
volume. Following the same approach as for the interior volume scheme, the boundary volume scheme

becomes

Z/ RP Rk pZ)R(x—p])derZ/ RP R’“( pz)R(x—p])>d:B

JEN;

—/ Rf(x—pz’)dy—i—/ Rf(x—pi)dzx.
o Tioq
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Applying the quadrature rule we obtain

Z Z w@]qRP ( Xz]q pz’): Rf (xijq ) Z Z w@]qRP ( ngq pi)a R;?(Xz'jq - pj))

JEN; ¢=1 JEN; ¢=1
(5.21)

- Z szQq Xzaﬂq pi)dy + Z wzaQqu (Xio0q — pi)da. (5.22)
q=1

Thus, we have found that the general k-exact scheme approximating u; + u, + u, = 0 is given by

, C; is an interior volume

{ deN Zq 1w”qRP (R (Xijq — Pi), R (Xzyq ))

+ E]eN E;n 1 wzgq (Rz"(xijq pi), R (ngq pj))
Vi%ui = Zjejv Zq 1w1JqRP (R (Xijq — i) R (Xuq ))

+Z]€N Zq 1meP (Rk(xmq pi), R

- Zq:l wi@QqRi (Xionq — pi)dy + Zq:l wi@QqRi (Xio0q — pi)dx

" (xijq — P5)) , C; is a boundary volume.

(5.23)

To determine the energy stability of the scheme, we want to write it in the spatially global form
V—u=-K, (5.24)

where V = diag(V1, Vs, ..., VN), u = [u1,us,...,uy]’ and K is the vector such that —K; = the right hand
side of (5.23). Recall from section 3.3 that V induces a discrete L? norm: (u, Vu) = HuH%/ Taking the

inner-product of (5.24) with u and adding the transposed equation we obtain
d . 2
Sl = ~fu, K) — (). (5.25)
Our goal is to determine if, or when, (5.25) mimics (5.14). That is, if or when
1 1
~wE) - (K < [ gwvdy+ [ ot
0 0

In order to do so we must specify the function RP residing in K. Suppose that we use the central flux,

RF(x — p;) + R¥(x — pj)

RP (Rf(xfpi),Rﬁ(xfpj)) = 5 (5.26)
Applying (5.26) to (5.19) yields
m m ’U)22 N

Z Z i (Xijq —pi) — Z Z qu R} (xijq — pj) (5.27)

eN; qg=1 JEN; q*l

wl
Z Z ’L]q Rk X'L]q pz + Z Z 1](1 Rk(xmq p]) (528)
€N, q JEN; q=1

Recall from section 4 that the reconstructions can be factorized as

Rf(x — p;) = (e(x — pi), Liu)
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and in the 2D case, e(x — p;), Liu € RF+H2DEHD/2 gre given by

my ny 1 aml+nl k
(ex=p0) = (=)™ =)™, (L) = o ().
Further, observe that
2 2 2
;jq Ry (xijq — pi) = ;]q (e(xijg — pi), Liw) = <;]q€(Xijq = pi); Liu> ;

and

m m ,w2

q=1

Therefore, the scheme for interior volumes (5.27-5.28) can be written as

<Z Z 76 (Xijg — pi)7Liu> - Z <Z %e(qu pj),Lju>

JEN; ¢=1 JEN; \g=1
1
<Z Z —e (Xijq — i), Li u> + Z <Z —e(xi5q — pj),Lju>.
JEN; g=1 JEN; \g=1

Similarly, applying (5.26) to the boundary volume scheme (5.21-5.22) we obtain

m 2
- Z F(Xijg —pi) = D D w;quﬁ(Xz’jq —j)

JEN; ¢=1 JEN; ¢=1
m 1 m 1
119 pk 119 pk
+> ) 5 i (Xijq —pi) + d D 5 1 (Xijg — ;)
jGNi q=1 jENi q=1

- Z wzagq xzaﬂq pi)dy + Z wz@QqR (Xzaﬂq pi)dz.
q=1

Once again using the inner product factorization of R¥, we obtain the boundary volume scheme

m 2
<Z Winoe(Xioag — Pi) + Z 276 Xijq — pz‘),Lz‘u> - Z <Z %e(ngq pj),lel>

JEN; ¢=1 JEN; \g=1
m ol
<ZdeQq e(Xip0q — Pi) + Z Z e(Xijq — i), Lu> + Z <Z ;q Xijqg — pj),lel>.
JEN; q=1 JEN; \g=1
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If we define matrices (), @y by

(Qz)ii = ZJEN Zq 1 (XW pi); C}; is an interior volume
x )it — 2
Zqzl wiaﬂqe(xiaﬂq pi) + Z]EN Zq 1 e(xmq pi), C; is a boundary volume,
w? |
(Qu)ij = ZZLI —ste(Xijq —pj), JEN;
x)ij —
0, otherwise,
(Qy)“ = ZJEN Eq 1 e(x”q pi); ., C}; is an interior volume
— gt wi@Qqe(Xiaﬁq Di) = DienN: Done s e(x;50 — i), Ciis a boundary volume,
w}, .
Q)i =4 D oge1 —3te(Xijg —pj), JEN;
ylig =
0, otherwise,

then the k-exact scheme approximating u; + u, + uy = 0 with the central numerical flux (5.26) is given by

d
V%u = —Q;Lu—-Q,Lu (5.29)
where Lu = [Liu, Lou, ..., Lyu]T. The discrete energy rate of the scheme (5.29) is given by

d
Sl = — (0, QuTw) — (u, QyLu) — (Q,Lu,w) — (Q,Lu,u)

Remark. If we use the 0-exact reconstructions Rg = wu;, then we recover the SBP scheme examined in

section 3.5. To see this, note that wm would reduce to Ay;; or Az;;. Further, we would have that e(x) = 1.

q

If we let Ny denote the set of indices i satisfying i € Nyqg = {C; is a boundary volume}, then

m 2 w2
—(u,Q,Lu) = — Z Ui <Z > telxisg —Pi)’Li“> + <Z 5 e(Xiq —Pj),Lju>

i¢ Noq JEN; g=1 JEN; \g=1
Sy <zw wona—p)+ 0 3 Do, pz>Lu>+z<zgqe<xijq—pj>7Lju>
i€Npq JEN; g=1 JEN; \g=1
1
—(u,Q,Lu) = Z w; Z Z 2” Xijq — Pi), Lia ) + Z Z ;qe(xijq —p;j), Lyu
i¢ Noq JEN; q=1 JEN; \g=1
m m gl m gl
1, 1,
+ 3w [ (D whaee(xiong —pi)+ Y > 5 e(Xijq = i), Lin +> (Y 5 e(Xijq = p;), Lju
i€Npq q=1 JEN; g=1 JEN; \g=1
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Using the defniitions of (), and @, we determine the transposed matrices;

Z]eN Zq 1 Y ‘e(Xijq — i)

C; is an interior volume

3 .
Py wiaQqe(waq —Di) D ien, Doget %e(xijq —pi), C; is a boundary volume,

0, otherwise,

wl

Z]eNlZZn1i e(Xijq — pi);

Q)i =

_Z;T:lwilaﬂqe(xiaﬁq pi) — Z]eN Zq 1 5 e(qu pi)s

wl, ,
=D ge1 hre(Xjig —pi), JEN;

(@2)ij = {Z;nl ol —pi) J € N

0, otherwise.

m 2
_<QZLu7 ll> = Z Usg < ; Z w;jq e(xijq - pz 7Lzu> +
JEN;

;i q=1

m
- Z U; Zwiaﬂq XzBQq pz +
q:1

JEN;

m 1
_<QyLuv ll> = Z Ui Z 172 6(Xijq _pz 7L1u + Z

i€ Naq JE N; g=1

m
+ Z U; <Z’wi39qe(xi39qpl + Z Z
q=1

JEN; q=1

i€Npq

We see that for k& > 0 the operators D, = V'Q,, D

>

q=

1

2
< j e(Xjiq — Pi), Lj“>
q=1
m
q=1

—pi),lel>

>

ijq - Pz‘)7 Lill>

e(Xijq — Pi), Lill>

C; is an interior volume

C; is a boundary volume,

>

JEN;

>

JEN;

property. Thus, we conclude that the scheme is not stable in the general case.
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6 Stability analysis of spectral volume schemes
In this section we examine the energy stability of schemes obtained via the spectral volume method.

6.1 Problem 1: 1D linear advection

Consider problem 1 from section 2.4.

Let 1€ Q=1[0,1] CRand t€[0,T) C R". Find the function u : Q x [0,T) — R satisfying

ug + uy =0, u(z,0) = sin(27(x)), u(0,t) = sin(—27t).

Recall that the energy rate was found to be

d

T lu(-, )15 = u*(0,8) — w?(L,t) < g*(¢) (6.1)

and we wish to determine if spectral volume schemes approximating the PDE will satisfy a discrete equivalent
energy rate. Recall that spectral volume schemes approximating the PDE can be found as follows: We begin

by partitioning the spatial domain €2 into N spectral volumes {SVi}iJ\Ll satisfying

SVinSV; =0, (i#j), and Jsvi=a.

k+1

Next, each spectral volume SV; is partitioned into (k+ 1) control volumes {C; ; };7, and we let u; ;(t) denote

an approximation of the volume-averaged value of u(x,t) over C; ;. That is,

1
u; j(t) = 7 /C u(z, t)dx,
1,5 o

where V; ; is the measure of C; ;. Let t* denote a fixed time, and write u(x,t*) = u(z), u; ;(t*) = u; ;. We

proceed by finding reconstructions {P;} | satisfying

1
Pi(x) — u(z)| g, = OG**),  and | P =u,
‘ ‘/;7] Cz,j
where h = Maxc; ;esV; SUP; yec; ; |z — y|. Recall from section 4 that if we define u; = [u;1,ui2, ... ,uLkH}T
then P; can factorized as
Pi(z) = (Li(x), u;), (6.2)

where L;(z) is a linear transformation of the polynomial basis function, dependent on the transformation

between SV; and the reference spectral volume SV;.. Integrating the PDE over C; ; we obtain

d N + o — x
pr o u(z, t*)dr = —u(Cl, t7) + u(Cr, %),
and the finite volume approximation
d i _
Vigruig = —u(Ci) + u(C). (6.3)

Without loss of generality, we may assume that the control volumes inside each spectral volume are structured.
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In other words, we will assume that C’f CZ_] 41

SV;Jr of SV; satisty SV~ = i1 and SViJr kaﬂ

It follows that the lower bound SV, and upper bound
Since the reconstruction P; is continuous inside SV;, we

use the approximations

u(Cy) = Pi(Cf)) = (Li(C7), ui) (G=1..k),
u(Cr) = Bi(Cr)) = (Li(C)yus), (j=2,...,k+1),

where we applied (6.2). At the spectral volume boundaries we will follow the approach of Godunov’s method

and consider the Riemann problems

P(SViT), @< SV'
u +uy =0, u(z,0) = ) (6.4)
PL(SV), x> SVt

where SV}, is the spectral volume adjacent to SV; satisfying S Vi = S Vi+. If we use the notation
RP (P(SVi"), Py (V)

to denote an exact or approximate solution of (6.4) at z = SV.* for ¢ > 0, then our approximation of u(SV;")
is given by
u(SV;") = RP (PA(SV;), P, (SV;)) )

Likewise, if SV}, is the spectral volume adjacent to SV; satisfying S VJr SV.”, then we will approximate
u(SV;™) by
u(SV;7) = RP (Py(SV;H), P(SV) ) -

Note that by (6.2), we may write
w(SViH) = RP ({Li(SV7), i), (Liy (SV;)us) ) o ulSVi) = RP ((Lyy(SV;H), ), (Li(SV;7), i)

If SV; is the left boundary spectral volume, meaning that some SV; € {S Vi N, satisfying S VJr SV.” does

not exist, then we will use the approximation
u(SV;™) = Pi(SV;™) = (Li(SV;™), ui)-

Similarly, if SV; is the right boundary spectral volume, meaning that some SV € {SV} *, satisfying

S Vi = =S Vfr does not exist, then we will use the approximation
u(SV;") = Pi(SV;) = (Li(SV;).ui).

If we let SV, and SVg denote the left and right boundary spectral volumes respectively, we obtain the
general spectral volume scheme approximating u; + u, = 0:

—(Li(CF)vus) + (Li(Cr) i), j=2.. .k
(Li(CF), ui) + (Li(Cr)) ua), i=R .
d , j=k+1
Vig g = —RP ((Li(SV;"), u), (Lj, (SV;)),ug,)) + (Li(Ci ), ui),  otherwise (6.5)
—(Li(C),ui) + (Li(Cy ), ua), i=L .
—(Li(C}t),wi) + RP (L, (SV;}),uj,), (Li(SV;),u5)) . otherwise
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Remark. In the above it is understood that the spectral volumes SV}, , SV}, are adjacent to SV;.

By the linearity of the inner product, we may write (6.5) as

—(Li(C) = Li(C)), ua), i=2.. .k
7<L1(Cj_‘7) Ll(c ) u1> i=R .
d ’ , j=k+1
Vi i = —RP ((LI(SVZ%)’W%( jl(SVj:),uﬁ}) +(L; (C”) u;), otherwise (6.6)
(O = L)), -
—(Li(C;), wi) + RP (( jQ(SVj';),ujQ), (Li(SVi_),uQ) , otherwise 7

To analyze the discrete energy stability of the scheme we will write it in the spatially global form

Here K is the vector such that —K; = the right hand side of (6.6), and V', u are defined as
V:diag(m,17-~~7vl,k+1a~--yVN,17-~~7VN,k+1)7 and u = [um,...,ul,k+1,...,uN71,...,uN,;Hl]T.

As for the k-exact method, the matrix V induces a discrete L? norm. Taking the inner-product of (6.7) with

u we obtain J
% HuH%/ = —<ll, K> - <K7 ll). (68)

We are interested in determining if, or when, (6.8) mimics (6.1). That is, we want to determine if or when
—(u, K) — (K,u) < u?(SV; ) —u?(SVF) ~ PE(SV; ) — PA(SVE) = (Li(SV} ),ur)? — (Lr(SVA), ur)?,

where SV, denotes the left boundary volume and SVg denotes the right boundary volume. To proceed we
specify the function RP which resides in K.

b

RP(a,b) = 20,

2
Now (6.6) becomes
—<Li(Cﬁj)—L(C”) u;), j=2.. .k
Vi,jaui,j = *<Li(S2Vi+),ui> - <w,um> + (Li(C; ), wi), otherwise , (6.9)
j + ) - y J =1
7<L7:(C'{tj)7ui> + <W,uh> + (L'(Szvi ),u,;>, otherwise

Due to time constraints we did not have the opportunity to continue the analysis any further.
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7 Numerical results

In this section we present numerical results for k-exact schemes approximating problem 1 in section 2.4. The
results are obtained by implementing the method in Fortran. The code is made by the author, and it is
freely available to download at [58].

Consider problem 1 in section 2.4

Let z € Q=[0,1] CRand t € [0,7] C R". Find the function u : Q x [0,7] — R satisfying

Ut + ug = 0, u(z,0) = sin(27(z)), u(0,t) = sin(—2mt).

We consider k-exact schemes with polynomial reconstructions of degree k = 0,1, 2,3 obtained by the
least-squares reconstruction method. For the temporal discretization we use the standard 4th-order Runge-
Kutta method and the time step At satisfying CFL = At/h = 1/2 where h = maxc, V;. We obtain
results using the central flux. The spatial domain is discretized by control volumes C; = (x;, z;4+1) where
{xz}f\; '{1 is a structured grid such that C; = 0. The boundary condition is implemented by substituting
RF(0 — x1) = sin(—2nt) in the flux evaluation. The initial data u(t = 0) is obtained by 5th-order Gaussian

quadrature of the initial function u(x,0) over the control volumes. The L? error is measured at ¢ = 1 using
E = L* error = ((u(0) — u(1), Vu(0) — u(1)})"* = [ju(0) — (1),

(recall that the analytical solution is periodic in time with a period of 1). The convergence rate y is calculated

using

= ln(Ej/Ej_l),
In(h;/hj-1)
where the index j corresponds to the partition P; obtained using N; control volumes. Consider first the case
where the grid is regular, giving regular control volumes. For the regular volume partitions we have that

In(h;/hj—1) =1In(1/2). Results for the structured and regular volumes are shown in table 1.

H N ‘ L? error ‘ I H H N ‘ L? error ‘ I H H N ‘ L? error ‘ I H H N ‘ L? error ‘ I H
50 | 4.45E-02 | - 50 | 3.50E-03 | - 50 | 1.12E-03 | - 50 | 1.49E-04 | -

100 | 2.22E-02 | 1.01 100 | 1.05E-03 | 1.78 100 | 1.36E-04 | 3.04 100 | 6.32E-06 | 4.56
200 | 1.11E-02 | 0.99 200 | 2.72E-04 | 1.90 200 | 1.68E-05 | 3.02 200 | 2.93E-07 | 4.70
400 | 5.55E-03 | 1.00 400 | 6.94E-05 | 2.00 400 | 2.08E-06 | 3.01 400 | 2.34E-08 | 4.35

(a) k=0. (b) k=1. (c) k=2. (d) k= 3.

Table 1: L? error at t = 1 using N structured regular volumes and reconstruction polynomials of degree k.

Next, we define a structured irregular grid {z;}" J{1 by

1=

exp(&;) —1 . 1
T — p(£Z) ) 57, = (Z - 1)77
exp(1) — 1 N
and the control volumes C; = (z;,x;41) for i = 1,..., N. We perform the same convergence analysis as for

the structured regular volumes. Results for these structured irregular volumes are shown in table 2.
We see that the k-exact method with the central flux produces numerical results with a high convergence
order. However, we stress that the stability of the schemes cannot be determined by numerical results, as

they correspond to specific problem data, specific reconstruction methods, and specific control volumes.
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[N ]

h

‘ L? error

[« |

50
100
200
400

3.13E-02
1.57E-02
7.89E-03
3.95E-03

6.98E-02
3.49E-02
1.75E-02
8.77E-03

1.00
1.00
1.00

(a) k=0.

[V ]

h

‘ L? error

[« |

50
100
200
400

3.13E-02
1.57E-02
7.89E-03
3.95E-03

2.87TE-03
3.70E-04
4.67E-05
5.86E-06

2.97
3.01
3.00

() k=2.

[V ]

h

L? error

[« |

50
100
200
400

3.13E-02
1.57E-02
7.89E-03
3.95E-03

4.29E-03
8.77E-04
2.09E-04
5.24E-05

2.30
2.08
2.00

(b) k=1.

[V ]

h

‘ L? error

[« |

50
100
200
400

3.13E-02
1.57E-02
7.89E-03
3.95E-03

1.23E-04
4.46E-06
2.01E-07
1.17E-08

4.81
4.50
4.11

(d) k = 3.

Table 2: L? error at t = 1 using N structured irregular volumes and reconstruction polynomials of degree k.
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8 Conclusion

We have studied the energy stability of high-order finite volume schemes obtained by the k-exact method and
the spectral volume method. In particular, we have looked at schemes using the central numerical flux. We

found that schemes are not stable in the general case, and that they do not satisfy the summation-by-parts
property.
8.1 Suggestions for future work

As we have only considered schemes employing the central numerical flux, we believe a study considering a
more general numerical flux would be interesting. Further, we believe the approach to stability analysis done

in [6, 59] could produce interesting the results for the schemes we have discussed here as well.
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A Gauss-Legendre quadrature over I';

Let I';; be a smooth curve in R? parametrized by the variable ¢ € [—1,1]. Let f = [f1, f2] be our flux

function and consider

/ flu(z,y)) - #dS
Iy

Suppose
Lij = {ri;(§) : —1 < <14, rij(§) = zi5(§)er + yii(§)ea

Then

J

fluta))-7dS = [ Flaleg(©)) iy e = [ futry(©)- [ i)/ ] it

—dx;(§)/dE
1 1

- / fr (s (€)))wl (€)de — / Folulr; (€))) ) (€)de
-1 -1

- / f1 (ulr, ) dy — / folulz, y))dz
Ty Lij

ij

Now we are ready to apply the quadrature rule. Let &, denote the g-th root of the degree m Legendre

polynomial defined by
1 Jm m
@ = 1)

- 2mm! dx™

Pm ()
Then

1 1
/_ il (€)1 (€)d6 ~ / ey (€ (61

= > wlfi(ulri(&))
q=1

where the weights w?jq are given by

1 m .
Wi :ygj(ﬁq)/llq(é)d& Lo = 1] é—z
B j=1ia

Note that

corresponding to the g-th root of the degree m Legendre polynomial is a very common parameter in numerical

analysis, and the values are usually stored preemptively. We give the values for m = 2, 3,4 in table 3.

Remark. If the roots {,; are ordered monotonically, then {;, = —§,+ for ¢* = m — ¢ + 1. Moreover, the

coefficients satisfy ¢, = cg=.

Similarly,
1 1
/ Falu(ey (€))a}(€)d ~ / ol (&)))y (€l ()

=Y whfa(ulrii(&)))
q=1
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m roots &, coefficients ¢,
2 —/1/3 1
Vi3 1
3 —/3/5 5/9
0 8/9
3/5 5/9
4 _\/15+325\/% 90712(\)/870

_ ./ 15=2+v30 90+5v30
35 180
15—2v/30 90+5+v30
35 180

1542+/30 90—-5v30
35 180

Table 3: Legendre roots and integral of the basis functions.

where

1
wh, = 2l(y) / 1,(€)de

-1

If we use the shorthand r;;(&;) = x;;q then we have obtained

/F Flulz,y) - 7dS = 3wl fi(u(xisg) — 3wl folulxsiq))
ij q=1 q=1

Remark. Often in our topic of interest, the curves I';; will be piecewise line segments. Then in each segment,
the coordinate function derivatives will be constant, which simplifies the calculations. In particular, if I';; is

a straight line in R?, then

Ly =A{ri;(§) : =1 <& <1} = {w(§er +yij(§ea: —1 <L < 1} (A.1)
_ {(mlayl) ; (x()ay())g + (a:1,y1) —; (‘r07y0) —1< E < 1} (AQ)
_ {<x15x05+x1—£mo>el+ <y1;yo£+y1—;yo>e2:_1§£§1} (A.3)

where xg, yg are the lower coordinates and x1,¥y; are the upper coordinates w.r.t. to some direction choice.
Clearly in this case, z}; = (z1 — 20)/2 = Az;;/2 and yj; = (y1 — v0)/2 = Ay;;/2.

Now consider

J

By our previous discussion,

RP (Rf(x —pi), RS (x — pj)) dy — /

k(x — ps kix —p. x .
FinP(Ri( p) RE(x —p;) ) d (A.4)

ij

Z winqRP (Rf(xz‘jq - Di)s R?(xijq — pj)) - Z w}quP <Rf(xz’jq —Di)s R;‘C(Xijq - pj))
qg=1 q=1

is the m-point Gauss-Legendre quadrature approximation of (A.4).
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