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Abstract
This thesis presents the theory describing massive neutrinos. It is shown how
neutrino mass and mixing give rise to neutrino oscillations. Having introduced
the concept of a Majorana neutrino, several cross sections are calculated for both
Majorana and Dirac neutrinos. In particular we confirm that any additional ef-
fects due to the Majorana nature of the neutrinos are suppressed by the neutrino
mass. Assuming Majorana neutrinos, we derive the neutrino-antineutrino os-
cillation probability and investigate the link between such oscillations and the
formerly derived cross sections.
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1 Introduction
In the 1920’s nuclear physicists were unable to explain the energy spectrum of
the process know as beta decay. The theory of alpha decay was well know,
and fitted well together with observations. However, the energy spectrum in
beta decay was not well explained by the current theory and it seemed like
there was a need for new and radical ideas. In fact, Niels Bohr proposed the
violation of energy conservation in order to justify the observed energy spectrum
[1]. In a famous letter written in late 1930, the Austrian physicist Wolfgang
Pauli suggested a solution, a new electrically neutral particle originally named
the neutron, but now known as the neutrino [2]. Originally, the mass of the
neutrino was only assumed to be smaller than the electron mass, but subsequent
experiments in the coming decades showed no sign of any mass at all. The
neutrino, which Pauli feared would never be observed, was detected for the
first time in 1956 using the reverse process of beta decay, inverse beta decay.
During the 1970’s and 1980’s the Standard Model (SM) became the accepted
theory of the fundamental forces and the neutrino was integrated into the SM
as a masless electrically neutral particle coming in three different flavours, each
corresponding to a charged lepton.

Meanwhile, experimental progress was also being made. In particular mea-
surements of the neutrinos flux coming from the sun did not match the predic-
tions [3]. This discrepancy became know as the Solar Neutrino Problem and
remained unsolved for almost 30 years. This is where neutrino oscillations come
into the picture. It turns out that the neutrino has a nonzero chance of chang-
ing it’s flavour as it travels. That is, a neutrino created as an electron neutrino
have a small probability of changing it’s flavour into a muon or tau neutrino.
This flavour change is what we refer to as neutrino oscillations, and it turns out
that it’s only possible if neutrinos are massive particles. Even though this was
already suggested by Pontecorvo in 1968, strong evidence was not provided until
1998 and 2000 by the Super-Kamiokande Observatory and Sudbury Neutrino
Observatory [4], [5]. The observation of neutrino oscillations thus provided a
solution to the solar neutrino problem, but at the same time it posed several
new questions. If neutrinos are massless in the SM, then the observation of
neutrino oscillations requires new physics to explain how the neutrino obtains
it’s mass. Not even the numerical value of the neutrino mass is known exactly,
only certain upper bounds. Massive neutrinos leads to mixing also in the lepton
sector, analogous to mixing for quarks. The mixing parameters that governs
how much neutrinos mix have to be experimentally measured and are the main
goal of several neutrino oscillation experiments. On the other hand neutrinos
offers a gateway into new physics. Any new theory of physics should naturally
incorporate massive neutrinos and explain how they obtain their mass. Massive
neutrinos has also been proposed to make up some of the dark matter[6] and
they might help explain the baryon-antibaryon asymmetry in the universe[7].
In any case, neutrino physics has been, and still is, one of the most studied
subjects in particle physics and astrophysics.

This thesis aims to provide the necessary theoretical background for per-
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forming calculations with massive neutrinos. Section 2 gives a short recap of the
Standard Model including mass generation. In Section 3 we investigate several
paths to neutrino mass. A Dirac mass is obtained by including the right-handed
neutrino fields into our theory. Introducing the concept of a Majorana particle
we show that it’s possible for the neutrino to also obtain a Majorana mass. Sev-
eral properties of Majorana particles are discussed and it’s shown that Majorana
neutrinos behave slightly different than Dirac neutrinos. Section 4 contains the
standard derivation of the neutrino oscillation probability as well as transfor-
mation properties under CP, CPT and T. We also briefly discuss oscillations
with sterile neutrinos. Section 5 gives a short review of neutrino oscillation ex-
periments and provide values for the elements of the mixing matrix. Section 6
investigates differences in the cross sections for Majorana and Dirac neutrinos in
both neutral current and charged current Standard Model interactions. In par-
ticular we confirm that in the massless limit the two cross sections agree. Having
seen this, Section 7 introduces lepton number violating processes. Neutrino-less
double beta decay is introduced as a process that can settle the Majorana/Dirac
question. We also derive the probability for neutrino-antineutrino oscillations.
In Section 8 we investigate a link between the neutrino-antineutrino oscillations
and the cross sections derived in Section 6.
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2 The Standard Model
The Standard Model is perhaps the most successful scientific theory ever. The
theory describes the content and the interaction of all the known fundamen-
tal particles to a very high level of accuracy. It predicted the existence of the
Higgs boson, quarks and several properties of the W and Z bosons, all of which
have been experimentally confirmed. Despite of this, it is known that the Stan-
dard Model cannot be completely correct. Several observed phenomena is not
explained by the theory and it’s believed that the Standard Model must be a
low-energy approximation of some higher energy, more fundamental, theory. In
any case, the starting point for the work that will be done in this thesis is the
Standard Model.

2.1 Gauge Bosons
The Standard Model (SM) describes three of the four fundamental forces in the
universe. It combines the different particles, interactions between them and the
bosons that mediate the interactions. The main principle behind the SM is the
principle of gauge invariance i.e the requirement that the Lagrangian is invariant
under local transformations. The set of symmetries that keep the Lagrangian
invariant is referred to as the gauge group. For the SM the gauge group is de-
noted by SU(3)c× SU(2)L×U(1)Y . The standard model can correspondingly
be broken down into three two. The strong interactions corresponding to the
SU(3)c symmetry and the electroweak interactions corresponding to the sym-
metry SU(2)L × U(1)Y . The electroweak sector can be broken down into the
weak sector and the quantum electromagnetic sector. Only in the process of
symmetry breaking are the two are unified into the electroweak sector.This will
be the theory we work with in this thesis. A more thorough treatment of the
Standard Model can be found in [8]. We here follow the introduction in [9].

The standard model gauge group has 12 generators which corresponds to 8
gluons and 4 electroweak gauge bosons. For the SU(2)L symmetry group (weak
isospin), there are three gauge bosons W i

µ, one for each generator T i and for
U(1)Y (hypercharge) there is only one gauge boson Bµ. To each of these gauge
bosons there is a corresponding field strength tensor [9]

W a
µν = ∂µW

a
ν − ∂νW

a
µ − gεabcW

b
µW

c
ν (2.1)

Bµν = ∂µBν − ∂νBµ, (2.2)

with ε denoting the Levi-Cevita tensor and g is the coupling constant. Now, the
general form of the gauge transformations for the groups SU(2)L and U(1)Y is
given by (σa denotes the Pauli matrices)

W a
µ

σa

2
−→ ULW a

µ

σa

2
U−1
L +

i

g
∂µULU−1

L (2.3)

Bµ −→ Bµ +
i

g′
∂µUY U−1

Y , (2.4)
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with

UL = eiα
a σa

2 , UY = eiαY . (2.5)

Now, the point is that any Lagrangian in our theory has to be invariant under
these transformations. For instance the kinetic Lagrangian for the bosons

L = −1

4
W a
µνW

µν
a − 1

4
BµνB

µν (2.6)

is invariant under the gauge transformations described above. The fermion
fields, which for the time being are massless, can be separated into two different
helicity (chirality) states, which we call left- and right-handed components

ψL =
1

2
(1− γ5)ψ, ψR =

1

2
(1 + γ5)ψ. (2.7)

Each of these transforms differently under SU(2)L. The left-handed compo-
nents transforms as doublets, while the right-handed component transforms as
singlets. Considering only the first generation of leptons, we order the left
handed components into doublets and the right handed components as singlets:

LL =

[
νe
e−

]
L

, e.R (2.8)

In particular we note the absence of the right-handed neutrino fields, which will
be important in later sections. The subscript in the symmetry group SU(2)L
now become clear. The elements of the group act trivially on the right-handed
components of the fermion fields, that is TeR = 0, but non-trivially on the left
handed-component. The relation between the weak isospin and hypercharge is
given by the Gell-Mann–Nishijima formula

Q = T3 +
Y

2
. (2.9)

Under the entire symmetry group SU(2)L × U(1)Y , the left and right-handed
fermion fields transforms as follows

ψL −→ eiα
a σa

2 eiαY Y ψL (2.10)

ψR −→ eiαY Y ψR. (2.11)

To obtain the interaction between the fermions and the gauge bosons we look
to the kinetic part of the Lagrangian. In doing so, the normal derivative should
be replaced by the covariant derivative

∂µψL −→ DµψL =
(
∂µ + ig

σa
2
W a
µ + ig′Y Bµ

)
ψL (2.12)

∂µψR −→ DµψR = (∂µ + ig′Y Bµ)ψR, (2.13)

so the covariant derivatives of the fields transforms in the same way as the fields
themselves. Then we can write the fermion field Lagrangian as
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LkinF =
∑

doublets

iψLγ
µDµψL +

∑
singlets

iψRγ
µDµψR (2.14)

For the most part, we will in this thesis be interested in only the leptons and so
a short derivation of the Lagrangian for the interaction between leptons and the
gauge bosons is in order. After symmetry breaking (next section) the massless
gauge bosons W a

µ and Bµ will give rise to to the photon Aµ and the massive
Zµ-boson. The relationship between them is given by the Weinberg angle θW :

W 3
µ = sin θWAµ + cos θWZµ, Bµ = cos θWAµ − sin θWZµ. (2.15)

The two remaining gauge bosons are the charged W bosons given by

W±
µ =

W 1
µ ∓ iW 2

µ√
2

. (2.16)

Considering only the first generation of leptons and omitting the kinetic term,
we have for the charged current interaction Lagrangian

L(CC)
I,L = − g√

2
(νeLW

+eL + eLW
−νeL)

= − g

2
√
2
νeLγ

µ(1− γ5)eWµ + h.c.
(2.17)

Using the relations given above and the additional relation between the coupling
constants and the Weinberg angle g sin θW = g′ cos θW we extract the neutral-
current Lagrangian

L(NC)
I,L = − g

2 cos θW

(
νeL /ZνeL − (1− 2 sin2 θW )eL /ZeL + 2 sin2 θW eR /ZeR

)
+ g sin θW e /Ae.

(2.18)
The last term includes the coupling of the electron with the electromagnetic field
and so the Lagrangian includes, as it should, the lepton interactions with pho-
tons. Identifying the last part of the above equation with the QED Lagrangian
L(γ)
I,L, we can write the NC-Lagrangian in as

L(NC)
I,L = L(Z)

I,L + L(γ)
I,L, (2.19)

where
L(Z)
I,L = − g

2 cos θW
jµZ,LZµ (2.20)

is the weak neutral-current Lagrangian and the leptonic weak neutral-current is
given by

jµZ,L = 2gνLνeLγ
µνeL + 2glLeLγ

µeL + 2glReRγ
µeR. (2.21)
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The generalization to the rest the leptons is in principle the same procedure
as described above for one generation. However, the interactions derived above
still solely pertain to massless particles.

2.2 Mass Generation in the Standard Model
In the framework of the SM, the neutrino is a massless particle. Until the
discovery of neutrino oscillations, there was no reason to believe that neutrinos
were massive. As we will see later, the observation of neutrino masses gives
definite evidence for a neutrino mass. The value of the mass and the mechanism
responsible for it is still unknown. The other particles in the standard model
obtains their mass through the so called Higgs-Mechanism. This section aims
to give a short description of this mechanism.

A mass term for the fermions is a term in the Lagrangian on the form
ψψ = ψLψR + ψRψL. Since the left- and right-handed components transforms
differently under the SM gauge group, such a term cannot be invariant under
the gauge group. A boson mass term has the form BaµB

a,µ and is also forbidden
since it cannot be invariant under the gauge transformations. In order to give the
particles mass we must introduce it in a way that preserves the gauge invariance
of the Lagrangian. This is achieved by what is called spontaneous symmetry
breaking or the Higgs Mechanism. The idea is that the symmetry is always
preserved by the Lagrangian, but that it’s no longer a symmetry of the ground
state of the system. To implement spontaneous symmetry breaking into the
model, we introduce a SU(2)L scalar doublet with hypercharge Y = 1 denoted
by

Φ =

[
φ+

φ0

]
. (2.22)

This allows us to write the Yukawa Lagrangian for the leptons

LY uk = −
∑
α,β

Y ′l
αβL

′
αLΦl

′
βR + h.c. (2.23)

The primed fields are used to distinguish from the massive fields that will be
present after the symmetry breaking. The doublet is defined in accordance with
equation (2.8) as

L′
αL =

(
ν′αL
l′αL

)
, (2.24)

where the sum is understood to be over all flavours. The Yukawa Lagrangian
in equation (2.23) is evidently invariant under the SM gauge group since the
doublet has hypercharge Y = −1. The Higgs Lagrangian

LH = (DµΦ)†(DµΦ)− µ2Φ†Φ− λ(Φ†Φ)2 (2.25)

is also invariant under the SU(3)c × SU(2)L × U(1)Y gauge group. For λ > 0
the last part of the Higgs Lagrangian describes a potential bounded from below:
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V (Φ) = µ2Φ†Φ+ λ(Φ†Φ)2 (2.26)

In order for the spontaneous symmetry breaking SU(2)L
⊗
U(1)Y −→ U(1)Q to

take place, there is also the requirement that µ2 < 0. Defining the quantity
v ≡

√
−µ2

λ , it’s clear that the potential has a minimum at Φ†Φ = v2

2 . The
minimal potential corresponds to the vacuum state and excitations of the fields
above the vacuum corresponds to particles. Of course our usual fermion and
boson fields must have a zero value in a vacuum. However, a neutral scalar
field, like the Higgs field, can have a non-zero value. We call this value VEV or
vacuum expectation value. Since we want the vacuum to be electrically neutral,
φ0 must be the reason for the VEV of the Higgs field

〈Φ〉 = 1√
2

(
0
v

)
(2.27)

Now, the symmetries of SU(2)L
⊗
U(1)Y is broken by the VEV:

Ta〈Φ〉 6= 0 (2.28)

Y 〈Φ〉 6= 0 (2.29)

The symmetry of U(1)Q is on the other hand still unbroken:

Q〈Φ〉 = (T3 +
Y

2
)〈Φ〉 = 0. (2.30)

This is the reason for the photon remaining massless even after symmetry break-
ing. In order to proceed we parameterize the scalar field as

Φ = e
iθa(x)σa

v

(
0

v+H(x)√
2

)
(2.31)

where θa and H(x) are real fields. The latter will be the field describing the
physical Higgs boson. The fields θa, can be rotated away by a local SU(2)L
transformation with parameter αa = − 2θa

v . This particular choice of gauge is
called unitary gauge. In this gauge there is only one physical scalar field, the
Higgs field. It takes the following form:

Φ(x) −→ e
−i2θa

v
σa

2 Φ =

(
0

v+H(x)√
2

)
. (2.32)

Finally, we can rewrite the Higgs Lagrangian in unitary gauge as
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LH =
1

2
(∂µH)2 − λv2H2 − λvH3 − λ

4
H4 +

g2v2

4
W †
µW

µ +
g2v2

8 cos θ2W
ZµZ

µ

+
g2v

2
W †
µW

µH +
g2v

4 cos θ2W
ZµZ

µH

+
g2

4
W †
µW

µH2 +
g2

8 cos θ2W
ZµZ

µH2

.

(2.33)
The mass of the bosons is then given by

mH =
√
−2µ2, mW =

gv

2
, mZ =

gv

2cos2θW
(2.34)

2.3 Lepton Masses
Having seen the how the gauge bosons obtain mass via the Higgs mechanism,
we move on to the leptons. In particular this section will be important for
understanding the mixing of neutrinos. Additionally, the same procedure that
is used to obtain the mass of the charged leptons can be used later on to obtain
a neutrino mass. The starting point is the Yukawa Lagrangian given in equation
(2.23). In unitary gauge the Lagrangian can be written as

LY uk = −
(
v +H√

2

)∑
α,β

Y ′l
αβl

′
αLl

′
βR + h.c. (2.35)

One of the terms in this Lagrangian is then proportional to the the VEV and
will become the mass term for the lepton. The term proportional to H will
describe the coupling between the Higgs boson and the leptons. Now, the Y ′l

αβ

are in general non-diagonal matrices known as Yukawa matrices. Since they are
non-diagonal, the fields l′α do not yet have a definite mass. In order to obtain
the fields of definite mass, the Yukawa matrices have to be diagonalized. To
this extent we define the arrays

l′L =

e′Lµ′
L

τ ′L

 , l′R =

e′Rµ′
R

τ ′R

 . (2.36)

This way we can rewrite the Yukawa Lagrangian as

LY uk = −
(
v +H√

2

)
l′LY

′ll′R + h.c. (2.37)

In order to diagonalize the Yukawa matrices we introduce the unitary matrices
M l
L

† and M l
R that are defined in such a way that

M l
L

†
Y ′lM l

R = Y l, Y lαβ = ylαδαβ . (2.38)
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In other words, the matrix Y l is diagonal with the entries given by ylα. We
define the left- and right-handed components of the fields of definite mass as

lL =M l
L

†
l′L =

eLµL
τL

 , lR =M l
R

†
l′R =

eRµR
τR

 . (2.39)

We can then rewrite our Yukawa Lagrangian as

LY uk = −
∑
α

ylαv√
2
lαlα −

∑
α

ylα√
2
lαlαH. (2.40)

The fields lα now denotes the fields of definite masses given by ylαv√
2

. The values
of these coefficients cannot be theoretically predicted and must thus be deter-
mined experimentally. Meanwhile, the second term in the Yukawa Lagrangian
describes the lepton coupling with the Higgs boson. In terms of our fields of
definite mass, the leptonic charged current in equation (2.17) can be written as

jµW,L = 2ν′Lγ
µ′
L = 2ν′Lγ

µM l
LlL. (2.41)

Since the neutrino fields are massless we are free to redefine them however we
see fit. In particular we can define the field

νL =M l
L

†
ν′L. (2.42)

This definition allows us to write the leptonic charged current as

jµW,L = 2
∑
α

ναLγ
µlαL. (2.43)

The new fields να are called neutrino flavour fields. Since the neutrino is massless
they also correspond to the neutrino mass eigenstates. Each of the fields να
couple only to the corresponding flavoured lepton. Once the neutrino obtains
mass we will see that the flavour fields will no longer correspond to the mass
eigenstates.

13



3 Extending The Standard Model - Dirac And
Majorana Masses

The question of neutrino mass is possibly the most important aspect of neutrino
physics. Neither the absolute value of the neutrino mass nor the mechanism that
generates it is known. In this section we follow several paths to neutrino mass.
First a Dirac mass term is considered, giving the neutrino mass through the same
mechanism that gives the rest of the fermions their mass. Next we consider the
case of a Majorana mass which for SM particles is a unique possibility for the
neutrino mass generation. A parametrization for the mixing matrix is provided
in both cases. Finally, we consider the most general mass term, a combined Dirac
Majorana mass which is shown to give rise to the so-called seesaw mechanism.

3.1 Dirac Masses
The simplest way to create a system that accommodates neutrino mass is to
look to the other leptons in the Standard Model. All of them obtains their
mass through the Yukawa Lagrangian (2.23) which requires both left- and right-
handed fields. SM neutrinos only have left handed fields and are thus unable to
acquire mass. The solution is then simple; introduce the right-handed neutrino
fields and use this to write down the mass terms in exactly the same manner as
one does for the other fermions. The right handed components are denoted by

ναR, α = e, µ, τ (3.1)

and are evidently singlets of SU(3)C ×SU(2)L, have hypercharge equal to zero
and so are invariant under all the the symmetries of the standard model. For
this reason they are often called sterile neutrinos. We will however refer to these
as right-handed neutrinos and reserve the term ”sterile neutrino” for additional
neutrino mass eigenstates beyond the three known light neutrinos. The intro-
duction of the right-handed neutrino fields allows us to add a new term to our
Yukawa Lagrangian in equation (2.23)

LY uk = −
∑
α,β

Y ′l
αβL

′
αLΦl

′
βR −

∑
α,β

Y ′ν
αβL

′
αLΦ̃ν

′
βR + h.c, (3.2)

where Φ̃ is a Higgs doublet with hypercharge Y = −1 as required in order to
make the Lagrangian invariant. In unitary gauge this can be rewritten as

LY uk = −
(
v +H√

2

)
[l
′
LY

′ll′R + ν′LY
′νν′R] + h.c, (3.3)

with the primed neutrino fields defined analogously to the charged lepton fields
in equation (2.36)

ν
′

R ≡

ν′

eR

ν
′

µR

ν
′

τR

 , ν
′

L ≡

ν′

eL

ν
′

µL

ν
′

τL

 . (3.4)
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As before Y ′l denotes the Yukawa matrices for the charged leptons and Y ′ν the
same for the neutrinos. In a similar manner to the charged lepton case, we now
diagonalize the neutrino Yukawa matrices by defining unitary matrices Mν

L
† and

Mν
R in such a way that the combination

Y ν =Mν
L
†Y ′ν
R
ν , (3.5)

is diagonal. The elements of this new diagonal matrix takes the following values

Y νmn = yνmnδmn, yνm ∈ R+, (3.6)

with m,n = 1, 2, 3. We now define that massive neutrino arrays as

NL =Mν
L
†ν′L ≡

ν1Lν2L
ν3L

 , NR =Mν
L
†ν′R ≡

ν1Rν2R
ν3R

 . (3.7)

Using this we can rewrite the neutrino term in the Yukawa Lagrangian in equa-
tion (3.3) as

LY uk ⊃ −
(
v +H√

2

)
NLY

νNR + h.c

= −
(
v +H√

2

) 3∑
m=1

yνmνmLνmR.

(3.8)

Writing this out we have the following form of the neutrino terms in our Yukawa
Lagrangian

LY uk ⊃ −
3∑

m=1

yνmv√
2
νmνm −

3∑
m=1

yνm√
2
νmνmH. (3.9)

The first term is the mass term and the second represents the neutrinos coupling
with the Higgs boson. As for the charged leptons, the neutrino mass is propor-
tional to the Higgs VEV v. Since the neutrino mass is known to be much smaller
than for the other leptons, the values of yνm would have to be correspondingly
small. This method of introducing the neutrino mass gives no explanation for
why this is the case. As for all other particles these values have to be measured
experimentally.

Let us now investigate the effect of massive neutrinos on the charged leptonic
current in equation (2.43). From equation (2.41) and (3.7) we can rewrite the
current as

jµW,L = 2NLU
†γµlL, (3.10)

with
U† =Mν

L
†M l

L. (3.11)
In order to have the current on the same form as in equation (2.43) we define
the (left-handed) flavour neutrino fields as

νL = UNL =

νeLνµL
ντL

 . (3.12)
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The leptonic charged current then becomes

jµW,L = 2
∑
α

ναLγ
µlαL. (3.13)

From equation (3.12) it’s clear that U is the mixing matrix for the neutrinos. It
describes the relationship between the flavour field and mass eigenstates of the
neutrino. In the massless case we could redefine our neutrino mass eigenstates
so that they coincided with the flavour field. Once the neutrino is massive this
option is no longer available and the consequence is that the flavour fields will
now be related to the mass eigenstates by the mixing matrix U .

The weak charged current in equation (3.13) is evidently invariant under the
global gauge transformations

lαL −→ eiφα lαL, ναL −→ eiφαναL α = e, µ, τ (3.14)
Finding a transformation that leaves both the right handed neutrino part and
the kinetic part of the Lagrangian invariant is not possible. That is, the in-
troduction of the right handed neutrino field has the consequence that flavour
lepton number is no longer conserved. In Section 4 we will see that this allows
for the possibility of neutrino flavour oscillations. A neutrino created as a elec-
tron neutrino has a non-zero chance of turning into a muon neutrino. The total
lepton number on the other hand, is still conserved. Consider the global U(1)
gauge transformations

lαL −→ eiφlαL, lαR −→ eiφlαR α = e, µ, τ (3.15)

νmL −→ eiφνmL, νmR −→ eiφνmR m = 1, 2, 3. (3.16)
Both the Yukawa Lagrangian and the kinetic part of the neutrino Lagrangian is
invariant under these transformations[8]. Symmetries lead to conservation laws
and so by Noether’s Theorem [10] we have a conserved current

jµ =

3∑
m=1

νmγ
µνm +

∑
α=e,µ,τ

lαγ
µlα, (3.17)

and a corresponding conserved charge which we identify as total lepton number.

L =

∫
d3xj0(x) =

∫
d3x

[
3∑
k=1

νk
†(x)νk(x) +

∑
α=e,µ,τ

lα
†(x)lα(x)

]
. (3.18)

Upon quantizing, Fourier expanding and normal ordering one obtains in a stan-
dard way

: L : =

3∑
k=1

∫
d3p

(2π3)2E

∑
h=±1

[
a(h)νk

†
(p)a(h)νk

− b(h)νk

†
(p)b(h)νk

]
+

∑
α=e,µ,τ

∫
d3p

(2π3)2E

∑
h=±1

[
a
(h)
lα

†
(p)a(h)νk

− b(h)νk

†
(p)b

(h)
lα

]
.

(3.19)
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So neutrinos and negatively charged leptons have lepton number L = +1 and
positively charged leptons and antineutrinos have lepton number L = −1. This
distinction will be of great importance in later sections. If we give the neu-
trinos a Dirac mass, the total lepton number is still conserved and this allows
us to distinguish between the neutrino and antineutrino through their lepton
number. If lepton number is not conserved we will see that it’s no longer clear
how to distinguish the two. One might worry about breaking the lepton flavour
symmetry since after all the Standard Model is a theory of symmetries, but
it’s important to remember that there is nothing sacred about the lepton sym-
metries. They are merely accidental symmetries that ”fall out” of the theory
and are not imposed on our Lagrangian the same way that for instance Lorentz
symmetry is.

3.2 Majorana Masses
The other alternative for introducing neutrino masses is to consider neutrinos
not as Dirac particles, but Majorana particles. It is well known that a Dirac
field, for instance the electron field, is described by four spinors. The right
and left handed helicity components which we denote by eR and eL and their
counterparts eR and eL. A Majorana field however only needs two components.
To see why, consider the following thought experiment. An electron is travelling
in the z-direction with the z-component of it’s spin given by − 1

2 . Since helicity
is given by projecting the spin onto it’s momentum, the electron has negative
helicity and is described by the field eL. An observer moving along the z-axis
at a higher speed then the electron would thus see the electron as right handed.
However, we have two right handed fields eR and eR. Which one does the
observer see? Since charge is Lorentz invariant we conclude that it’s indeed eR
and not eR that’s observed since the corresponding particle would have opposite
charge. In the SM, the neutrino is massless and thus only νL and νR exists and
we have a Weyl particle. We can however also postulate the existence of the fields
νR and νL making the neutrino a Dirac particle. However, there is no charge to
distinguish between particle and anti-particle and hence we must turn to lepton
number for this distinction. A third option is the Majorana description. The
question is if it’s possible to describe massive neutrinos without postulating any
new fields. This means that the field our observer sees has to be νR since this
is the only field with the correct helicity. As a result, lepton number is broken
and there is no distinction between particle and antiparticle. There are several
reasons for suspecting that the neutrino is a Majorana particle. Firstly, the fact
that we have only ever observed the left handed neutrino, and the thing we call
a right handed antineutrino. It would be economical if it would suffice to use
only these two components to describe the field and not the four components
that’s needed for a Dirac field. Secondly, Majorana neutrinos are a low energy
scale predictor of leptogenesis so that CP-violating Majorana neutrinos may
help explain the asymmetry between matter and antimatter. Lastly, a small
Majorana mass is the first hint me might observe from a higher energy theory
than the SM.
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3.2.1 Majorana Fields

Writing out the spinor ψ(x) in terms of it’s left and right handed components
and inserting into the Dirac equation (10.1) we get the coupled equations

iγµ∂µψL = mψR (3.20)

iγµ∂µψR = mψL (3.21)

For a masless fermion the equations decouples into the so-called ”Weyl” equa-
tions

iγµ∂µψL = 0 (3.22)

iγµ∂µψR = 0 (3.23)

So that any massless fermion field can be described by a chiral field, ψL or ψR
which are called Weyl spinors. For Dirac field we know that both left- and
right-chiral fields are needed to describe the particle. We will see that it does in
fact suffice with on Weyl spinor in order to describe a Majorana spinor. Taking
the Hermitian conjugate and multiplying by γ0 on the left in equation (3.20)
we have:

−i∂µψRγµ = mψL (3.24)

Transposing and multiplying from the left with the charge conjugation matrix
C (Appendix C).

iγµ∂µCψR
T
= mCψL

T (3.25)

The key point is now to realize that the charged conjugated Weyl spinor have
opposite chirality of the original field. This is most easily seen by acting on it
with the left-chiral projection operator from equation (10.10):

PLCψ
T

L = C(ψLPL)
T = C((PRψL)

†γ0)T = 0 (3.26)

Here we have used the fact that the Charge Conjugation matrix commutes with
the fifth gamma matrix (10.33). We are now free to pick our right-chiral field
in this manner

ψR = ξCψL
T
, |ξ|2 = 1 (3.27)

where ξ is some phase factor. Returning to equation (3.19) we replace ψR as
indicated by (3.26)

iγµ∂µψL = mξCψ
T

L (3.28)

The phase factor can be eliminated by a simple re-phasing of our fields. Upon
re-phasing we obtain the Majorana equation for the left chiral field

iγµ∂µψL = mCψL
T (3.29)
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Since any fermion field is composed of it’s left- and right-chiral components, we
can now write up the field

ψ = ψL + ψR = ψL + CψL
T (3.30)

In particular we note that
ψ = Cψ

T (3.31)
is,apart from the phase factor, the same as the action done by the charge conju-
gation operation. However, the weak interactions maximally violate the symme-
tries of charge conjugation (Appendix C) and so we are free to choose it however
we like, the most convenient choice being unity. Utilizing this, our Majorana
condition becomes

ψ = ψc (3.32)
Implying the equality of particle and antiparticle. it’s worth noting that neutri-
nos are the only fermions that can potentially be Majorana particle since all the
other fermions have nonzero electric charge. In the massless case, the Majorana
and Dirac descriptions are equal. From equation (3.29) it’s straightforward to
see that in the case m = 0 the Majorana equation for the left-chiral field reduce
to the Weyl equation and this is of course also the case for the Dirac equation.
Starting from the massless Weyl spinors we have constructed a Majorana spinor,
consisting of a right- and left chiral Weyl spinor. As we have seen, the presence
of both chirality components allows for an environment where mass can develop.
The difference for a Majorana spinor as opposed to a Dirac spinor is that we use
the charge conjugate of a Weyl spinor in order to give us the opposite chirality
component. In particular this is only possible for neutrinos since it gives us the
equality of particle and antiparticle. Having created the correct environment
for mass generation we now investigate the nature of a Majorana mass.

3.2.2 Majorana Mass Term

In the Dirac case we saw that it was necessary to add the right chiral neutrino
fields in order for neutrinos to get a mass term. We will see that it’s possible
to write down a mass term using only one of the chiral components and the
charged conjugated field. Consider the Dirac mass Lagrangian

LDmass = −mνν = −mνRνL + h.c, (3.33)
where the last equality follows from the properties of the projection operator
(Appendix A). All the terms in the Lagrangian are Lorentz scalars as required
by Lorentz invariance, and so the chiral fields transforms as [8]

νL(x) −→ ν
′

L(x
′) = SνL(x) (3.34)

νR(x) −→ ν
′

R(x
′) = SνR(x) (3.35)

νL(x) −→ ν
′
L(x

′) = νL(x)S
−1 (3.36)

νR(x) −→ ν
′
R(x

′) = νR(x)S
−1 (3.37)
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From the previous section we know that given a left chiral field, the charge
conjugate of that field is right-chiral. Verifying that the charge conjugated field
νcL transforms the same way as νL is easily done by inserting it in the above
equations. Upon finding that this is indeed the case, we then plug this term
into the Lagrangian in equation (3.33) to obtain the Majorana mass Lagrangian

LMmass = −1

2
mνcLνL + h.c. (3.38)

Including also the kinetic term in the Lagrangian we have

LM =
1

2

[
νLi/∂νL + νcLi/∂ν

c
L

]
−m(νcLνL + νLν

c
L). (3.39)

The factor 1
2 is to avoid double counting due to the two fields not being indepen-

dent. This factor is in fact essential in order to get the correct energy-momentum
relation as we will soon see. We precede by defining the neutrino Majorana field

ν = νL + νcL. (3.40)

The field above clearly satisfies the Majorana condition

νc = ν. (3.41)

This allows us to rewrite the Lagrangian in a more convenient form

LM = νLi/∂νL − m

2
(−νTLC†νL + νLCνL

T ) (3.42)

We note that the kinetic term is of the same for as in the usual SM Lagrangian,
and hence in the case of massless Majorana neutrinos the Lagrangian reduces
to the usual SM Lagrangian as one would expect.

Since the Majorana mass term in equation (3.39) only contains the the left-
handed field νL, and this is also present in the SM, it’s natural to ask if neutrinos
in SM can have Majorana masses. The left-handed neutrino field νL has T3 = 1

2
and Y = −1 which implies that the term νcLνL has T3 = 1 and Y = −2. There
are no weak isospin triplets with Y = 2 in the SM so that any term in the
Lagrangian that could potentially generate the Majorana mass of the neutrino
would not be renormalizable. In fact, if we consider only one generation, the
Lagrangian term that could generate a Majorana mass and still respect the
symmetries of the SM is the term [8] [9]:

L5 =
g

M
(LTLτ2φ)C

†(φT τ2LL) + h.c. (3.43)

The electroweak symmetry breaking then leads L5 to generate the Majorana
mass term:

LMmass =
1

2

gv2

M
νTLC

†νL + h.c, (3.44)

with the Majorana mass

m =
gv2

M
. (3.45)
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The Lagrangian L5 does however contain product of fields with energy dimension
5 and this is not renormalizable[11]. We can thus conclude that it’s not possible
to give the neutrinos a Majorana mass in the framework of the Standard Model.

3.2.3 Quantized Majorana Field

The quantization of the Majorana field is identical to the quantization of the
Dirac field. The general procedure for Dirac fields can be found in for instance
[10] and [12]. We follow the notation and conventions in [8] and take the Fourier
expanded Dirac field to be

ψD(x) =

∫
d3p

(2π3)2E

∑
h=±1

[a(h)(p)u(h)(p)e−ip·x + b(h)
†
(p)v(h)(p)eip·x]. (3.46)

Upon quantization, the coefficients a(h) and b(h)
†
(p) become lowering- and

raising-operators for particles and antiparticles respectively. The only real dif-
ference in the Majorana case is the additional constraint that b(h)(p) = a(h)(p)
due to the equality of particle and antiparticle. This gives us the following
Fourier expansion for a Majorana neutrino field

νM =

∫
d3p

(2π3)2E

∑
h=±1

[
a(h)(p)u(h)(p)e−ip·x + a(h)

†
(p)v(h)(p)eip·x

]
. (3.47)

From this it’s clear that both the Majorana fields νM and νM contain the same
creation and annihilation operators but accompanied by the opposite spinor u(p)
and v(p). Both of these observations will be essential for dealing with Majorana
neutrinos in later sections. From the field expansion (3.47) one derives conserved
currents using Noether’s Theorem in the standard manner. In particular the
normal ordered Energy-Momentum operator is found to be

: Pµ :=

∫
d3p

(2π3)2E
pµ
∑
h

a(h)
†
(p)a(h)(p) (3.48)

giving us the standard energy-momentum relation

p0 = E =
√
~p2 +m2. (3.49)

In other words, Dirac and Majorana neutrinos satisfy the same energy-momentum
relation and hence they are equal in the kinematic sense. This then justifies the
factor 1

2 in the Majorana Lagrangian (3.39).
Even though Majorana neutrinos and Majorana antineutrinos are identical

it still makes sense to distinguish between them. The charged current

jµW,L
†
= 2lLγ

µνL (3.50)

contains the field νL which creates Dirac antineutrinos and annihilates Dirac
neutrinos. Considering the field instead to be of Majorana type i.e νL = νML ,
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it’s clear from equation (3.47) that the current creates neutrinos also in the
Majorana case:

〈ν(p, h)|νL(x)|0〉 = v
(h)
L (p)eipx. (3.51)

In the chiral representation of the γ matrices (Appendix B) this can be written
explicitly as

〈ν(p,+)|νL(x)|0〉 = −
√
2E

(
0

χ(−)(~p)

)
eip·x (3.52)

〈ν(p,−)|νL(x)|0〉 = −
√
2E

(
0

m
2Eχ

(+)(~p)

)
eip·x. (3.53)

From this we see that the creation of ultra-relativistic neutrinos with negative
helicity is suppressed by the factor m

2E which vanishes due to the small neu-
trino mass. Hence this current mainly creates Majorana neutrinos with positive
helicity. Similarly the current jµW,L which in the Dirac case creates neutrinos,
instead creates Majorana neutrinos with negative helicity. So it makes sense
to say that ultrarelativistic Majorana neutrinos with negative helicity interacts
as Dirac neutrinos with negative helicity. We will for these reasons call Majo-
rana neutrinos with positive helicity for antineutrinos, and Majorana neutrinos
with negative helicity for neutrinos. This distinction becomes essential in later
discussions on the interaction of massive neutrinos in Section 6.

We saw earlier that for massive Dirac neutrinos the flavour lepton number
is no longer conserved, but the total lepton number is. For massive Majorana
neutrinos it turns out that neither is conserved. In particular the global U(1)
gauge transformation

νL −→ eiφνL (3.54)

does not leave the Lagrangian in equation (3.42) invariant. In the Dirac case
we had the conservation due to the lepton numbers having opposite signs for
particle-antiparticle, for Majorana particles this is no longer possible due to
particle and antiparticle being identical. Alternatively by considering the Dirac
lepton number operator in equation (3.18) and imposing the Majorana con-
straint b(h)νk (p) = a

(h)
νk (p) it’s clear that the neutrino part of (3.18) vanishes and

so Lepton number is no longer defined for Majorana neutrinos.There is however
nothing sacred about the lepton number symmetries and since the observation
of neutrino oscillations proves that flavour lepton number is indeed violated,
one might also expect the violation of total lepton number. We will later see
that such violations are central for deciding whether neutrinos are a Dirac or
Majorana particle.

3.3 Lepton Mixing Matrix
In the SM, the neutrino is massless and so the flavour neutrino fields are also the
mass eigenstates. For massive neutrinos this is no longer the case. Similarly to
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the quark sector, there is also mixing in the lepton sector. That is, to determine
the interactions of massive neutrinos within a gauge theory we must do two
things. Firstly, the mass matrices that arise from the symmetry breaking must
be diagonalized. Secondly we must rewrite the fields in the mass eigenstate
basis so that we have physical particles.

For Dirac neutrinos the approach is identical to that for the CKM matrix
for quarks. The mixing matrix is a unitary matrix that depends on

N(N − 1)

2
angles (3.55)

N(N + 1)

2
phases (3.56)

For N = 3 generations the mixing matrix thus depend on 3 angles and 6 phases.
Using the global phase transformations given in section 3 we can re-phase the
neutrino and charged lepton fields such that only one phase remains. Several
parametrizations of the mixing matrix is possible but we adopt the conventions
of The Particle Data Group [13]

UD =

 c12c13 s12c13 s13e
−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13
s12s23 − c12s23s13e

iδ13 −c12s23 − s12c23s13e
iδ13 c23c13

 (3.57)

With cab = cos θab and sab = sin θab. For Majorana neutrinos the Lagrangian
is not invariant under the global phase transformation corresponding to conser-
vation of total lepton number in equation. Thus it is only possible to eliminate
three out of the six CP-violating phases. Once again following the conventions
of The Particle Data Group we take the parametrization of the mixing matrix
in case of Majorana neutrinos to be

U = UDUM = UD

eiλ1 0 0
0 eiλ2 0
0 0 1

 (3.58)

The two extra phases in the Majorana case implies that there are additional
CP-violations for Majorana neutrinos. In particular we will see that they are
present already for n = 2 generations, but that they only show up as physical
parameters in lepton-number violating processes. The elements of the mixing
matrix have to be determined experimentally and has been the main objective
of neutrino oscillation experiments. Current best known values are presented in
Section 5.

3.4 Dirac-Majorana Mass
We have now seen two possible paths to neutrino mass. A Dirac mass can be
obtained in the usual way by adding the neutrino singlets into our theory thereby
allowing for mass to be generated through the Higgs Mechanism. The second
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option was to consider a Majorana mass, where the mass is then generated by
some unknown mechanism. In addition to these, we can add a combination of
the two. The chiral field νL obviously exist as it’s included in the Standard
Model Lagrangian. The chiral field νR may or may not exist, but there is
nothing stopping us from adding it to the Lagrangian. If we add the chiral field
νR we have the Dirac mass term

LDmass = −mDνRνL + h.c, (3.59)

so that neutrinos are Dirac particles. In addition, the Lagrangian can also
contain the Majorana mass terms for both of the chiral fields νL and νR

LLmass =
1

2
mLν

T
LC†νL + h.c (3.60)

LRmass =
1

2
mRν

T
RC†νR + h.c. (3.61)

So that it’s possible to have a combination of the three, a Dirac-Majorana mass
term

LD+M
mass = LDmass + LLmass + LRmass (3.62)

As noted before, the Majorana mass term for νL is not allowed in The Standard
Model. The Majorana mass term for νR is however allowed and so the Dirac-
Majorana mass term with mL = 0 is allowed in the SM with the added right
handed field νR. The Majorana mass mR and the Dirac mass mD can, by
re-phasing the fields νR and νL, be chosen real and positive. This leaves no
additional degrees of freedom for re-phasing to make mL real and positive and
so we treat it as complex. It’s convenient to define following column matrix of
the left handed fields:

NL =

(
νL
νCR

)
=

(
νL

CνRT .

)
(3.63)

Using that νCL = −νTLC† we rewrite the Dirac-Majorana mass term as

LD+M
mass =

1

2
NT
L C†MNL + h.c, (3.64)

where M is defined as
M =

(
mL mD

mD mR

)
. (3.65)

The off-diagonal Dirac masses in M means that the fields νL and νR do not
have definite masses. Once again we have to diagonalize the mass matrix using
a unitary transformation

NL = U

(
ν1L
ν2L

)
. (3.66)
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In particular, the matrix U must satisfy the following equation

UTMU =

(
m1 0
0 m2

)
, (3.67)

with real and positive entries. We saw in the section on Majorana mass that
this can be done, and so using this transformation we obtain the proper form
of our Dirac-Majorana mass term

LD+M
mass =

1

2

∑
k=1,2

mkν
T
kLC†νkL +H.c = −1

2

∑
k=1,2

mkνkνk, (3.68)

with

νk = νkL + νCkL = νkL + CνkLT . (3.69)
So that it’s clear that the Dirac-Majorana mass term means that neutrinos are
Majorana particles. In the case where we limit ourselves to one generation and
consider both left- and right-handed chiral fields, we get two massive Majorana
fields, ν1 and ν2 which we refer to as fields in the mass basis. Meanwhile we
refer to νL and νCR as left handed fields in the flavour basis.

3.5 The Seesaw Mechanism
Having seen the possibility of neutrinos having a Dirac-Majorana mass term,
we now consider one of the most popular explanations for the small neutrino
mass, the see-saw mechanism. There exist a number of different seesaw models,
but the main principle behind them is the same. In the following we investigate
a so called Type-1 seesaw model. As we saw in the last section, mD and mR

can both be chosen real and positive. If we in addition assume that mL is
real, positive or negative, our mass matrix M is real and symmetric. Using the
unitary matrix U , the mass matrix can be diagonalized with U given by

U = Oρ =

(
cos θ sin θ
− sin θ cos θ

)(
ρ1 0
0 ρ2

)
, (3.70)

where ρ1,2 are phases so that ρ21,2 = ±1. The matrix O is orthogonal and must
be chosen so that the mass matrix M becomes diagonal, that is

OTMO =

(
m

′

1 0

0 m
′

2

)
. (3.71)

The eigenvalues of the mass matrix m′

1 and m
′

2 are given by

m
′

2,1 =
1

2

[
mL +mR ±

√
(mL −mR)2 + 4m2

D

]
. (3.72)

This is indeed the case if we require that

tan 2θ =
2mD

mR −mL
. (3.73)
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There are several interesting cases depending the values of the masses mD, mR

and mL. The see-saw mechanism arises as a result of the case where

mD � mR, mL = 0 (3.74)

Equation (3.72) then gives

m
′

1 ' −m
2
D

mR
, m

′

2 ' mR. (3.75)

The role of the matrix ρ of phases is to flip the sign of m′

1 if it’s negative. So
since m′

1 is negative we have ρ21 = −1 and so we obtain the masses

m1 ' m2
D

mR
m2 ' mR. (3.76)

This shows that the light mass of ν1 is due to the large value of mR compared
to mD. Similarly the mass of ν2 is large due to mR. Therefore this mechanism
is given the suitable name, the see-saw mechanism. In this case equation (3.73)
reduces to

tan 2θ =
2mD

mR
(3.77)

which is small due to the condition in equation (3.74). This means that the
mixing is low so that ν1 consists for the most part of the active νL and ν2
mainly consists of sterile νR.

The see-saw mechanism provides a simple yet plausible way to explain why
the neutrino masses are so low compered to the other fermions. The assumptions
we made in equation (3.37) are in fact quite natural. As we saw in Section 3.2.2
a Majorana mass for the field νL is forbidden in the framework of SM due to the
non-renormalizability and so setting it to zero allows us to avoid this problem.
The problem we had regard the small values of the eigenvalues yνk in the Yukawa
Lagrangian is no longer an issue since we can now expect them to be of the
same order as for the other leptons. In fact, since the Dirac mass term arises
as a consequence of the symmetry breaking, it has to be proportional to the
symmetry-breaking scale, which is of order 102GeV [8]. Lastly, νR is invariant
under all the SM symmetries and so it’s expected that the mass mR is generated
through some new high-energy theory which may lie at grand unification scale
≈ 1014 − 1016GeV . Together this implies that the neutrino mass is somewhere
in the range of

m1 ' m2
D

mR
≈ 10−10 − 10−12GeV. (3.78)

This is well withing the bounds of the values suggested by for instance [14]
where they suggest an upper bound of 1.1eV for the neutrino mass.
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4 Neutrino Oscillations In Vacuum
The observation of neutrino oscillations shows that neutrinos do in fact have a
non-zero mass and hence is one of the few observations that shows us the limita-
tions of the Standard Model. In this chapter the theory of neutrino oscillations
will be described in detail and a few consequences will be discussed at the end.
The idea of neutrino oscillations was first proposed by Pontecorvo in 1967 [15]
and has since been a major theme in the study of neutrinos.

As mentioned earlier the neutrino masses are of order ≈ 1eV and due to
technological limitations, only neutrinos with above 100keV of energy can be
detected. This means that all neutrinos we can detect are ultra-relativistic.
There are two different processes in which neutrinos are detected[8]

1. Neutral or charged current weak scattering processes above a certain en-
ergy threshold.

2. Elastic scattering processes of the form ν + e+ −→ ν + e+

The charged current interaction Lagrangian

L(CC)
I,L = − g

2
√
2

(
jµW,LWµ + jµW,L

†
Wµ

†
)

(4.1)

contains the leptonic charged current given by

jµW,L = 2
∑

α=e,µ,τ

ναLγ
µlαL = 2

∑
α=e,µ,τ

∑
k

U?αkνkLγ
µlαL. (4.2)

We have seen that this current applies to both Dirac and Majorana neutrinos.
From the Fourier expanded Dirac field it’s clear that the field operator νkL con-
tains creation operators of neutrinos and destruction operators of antineutrinos.
Together with the lepton field lα, which contain destruction operators of l−α and
creation operators of l+α , the leptonic charged current jµW,L generates four pro-
cesses. Two of them are the cases we are interested in, namely the transition
l−α −→ νk and the pair creation of νkl+α . In the Majorana case we recall that we
have a = b and so creation operators are present also in jµW,L

†. However, it does
not contribute to the processes mentioned as it contains the adjoint form of the
charged lepton field. If the energies and momenta of the particles in the produc-
tion process are not measured accurately enough, it’s not possible to determine
the flavour of the neutrino created. In this case the leptonic charged current
generates a superposition of massive neutrinos. That is, a flavour neutrino is in
a superposition of massive neutrinos.

4.1 Neutrino Oscillation Probability
From the previous section it’s clear that a flavour neutrino να is created through
the leptonic current and so the flavour state can be described as
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|να〉 =
∑
k

U?αk |νk〉 . (4.3)

If we consider only finite normalization volume, then we have orthonormal mas-
sive neutrino states, which together with the fact that the mixing matrix U is
unitary implies that also the flavour states are orthonormal

〈να|νβ〉 = δαβ . (4.4)

Using that the massive neutrino states are eigenstates of the Hamiltonian

H |νk〉 = Ek |νk〉 , (4.5)

with eigenvalues given by the usual energy momentum relation. Together with
the Schrodinger equation this implies that the massive neutrino states evolve as

|νk(t)〉 = e−iEkt |νk〉 . (4.6)

Inserting equation (4.3) we obtain

|να(t)〉 =
∑
k

U?αke
−iEkt |νk〉 , (4.7)

so that for t = 0 we have no evolution of the flavour state. From the condition
that U is unitary we can invert equation (4.3) as

|νk〉 =
∑

Uαk |να〉 . (4.8)

Substituting this back into equation (4.7) gives

|να(t)〉 =
∑
β

(∑
k

U?αke
−iEktUβk

)
|νβ〉 . (4.9)

So that once again there is no mixing at t = 0 but at t > 0 the flavour state is
a superposition of different flavour states, provided that U is not diagonal. The
amplitude of a transition να −→ νβ is given by

Aνα−→νβ (t) = 〈νβ |να(t)〉 =
∑
k

U?αkUβke
−iEkt. (4.10)

The probability is then given by the square of the amplitude

Pνα−→νβ (t) =
∣∣Aνα−→νβ (t)

∣∣2 =
∑
k,j

U?αkUβkUαjU
?
βje

−i(Ek−Ej)t. (4.11)

In experiments the time t is not known, but rather the length L which is the
distance between the source and detector. For ultra-relativistic neutrinos we
can approximate L = t and Ek ≈ E +

m2
k

2E which gives

28



Pνα−→νβ (t) =
∑
k,j

U?αkUβkUαjU
?
βje

−i
∆m2

kj
2E L, (4.12)

where
∆m2

kj = m2
k −m2

j (4.13)
is the squared mass difference. In experiments both the values of E and L are
known and so neutrino oscillation experiments gives us information about the
values of the squared mass difference ∆m2

kj and the elements of the mixing
matrix U .

Even though the neutrino oscillation amplitude depends on the elements of
the mixing matrix which are different in the Majorana and Dirac case, it can
not be used to distinguish between them. The product

U?αkUβkUαjU
?
βj (4.14)

is invariant under the following transformation:

Uαk −→ eiψaUαke
iφk (4.15)

As we have seen in Section 3.3 there are additional phases present in the case
of Majorana neutrinos. From equation (3.58) it’s clear that we can write the
elements of the Majorana mixing matrix as

Uαk = UDαke
iλk (4.16)

Thus, in writing out the product of the elements from the mixing matrix ap-
pearing in the oscillation probability, we obtain

U?αkUβkUαjU
?
βj = UDαk

?
e−iλkUDβke

iλkUDαje
iλjUDβj

?
e−iλj

= UDαk
?
UDβkU

D
αjU

D
βj

? . (4.17)

With no dependence on the additional Majorana phases. If neutrinos turn out
to be Majorana particles, neutrino oscillations would not be able to give us
any measurements on the Majorana phases and we would have to look at other
processes to probe these values. In Section 7 we take a closer look at such
processes.

At times it might be useful to rewrite the oscillation probability in equation
(4.12) as

Pνα−→νβ (L,E) =
∑
k

|Uαk|2|Uβk|2

+ 2Re
∑
k>j

U?αkUβkUαjU
?
βjexp(−2πi

L

Losckj
)
. (4.18)

The first term is now a constant and the second term describes the oscillation
part of the probability. The new variable Losc is given by

Losckj =
4πE

∆m2
kj

(4.19)
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in such a way that the oscillation length Losc is the distance at which the phase
generated by the mass difference is equal to 2π. Taking the average over the
exponential we get zero and so the average probability is given by

< Pνα−→νβ >=
∑
k

|Uαk|2|Uβk|2. (4.20)

Finally, it’s worth noting that the oscillation probability satisfies the following
useful relations. Summing over all possible final flavours β, the total oscillation
probability is equal to unity:∑

β

Pνα−→νβ (L,E) = 1. (4.21)

Similarly, summing over all possible initial flavours α the total oscillation am-
plitude is also equal to unity:∑

α

Pνα−→νβ (L,E) = 1. (4.22)

4.2 Antineutrino Oscillations and Transformation Proper-
ties

A similar treatment to the one above can be given to antineutrinos. The creation
of massive neutrinos is done by the weak charged current jµW,L

† and so the cre-
ation of antineutrinos is done by the Hermitian conjugated current jµW,L. In the
Dirac case, the Hermitian conjugated charged current creates flavour neutrinos
which are in superposition of the massive neutrinos with weights corresponding
to the elements of the mass matrix. In other words we have that

|να〉 =
∑
k

Uαk |νk〉 . (4.23)

In the Majorana case we have the equality of particle and anti-particle and so one
could expect the same probability in the antineutrino case as for the neutrino
case. However we recall that the Hermitian conjugated charged current mainly
creates Majorana neutrinos with positive helicity. Hence the previous equation
describes Dirac antineutrinos with positive helicity and Majorana neutrinos with
positive helicity. Similarly, the corresponding equation for neutrinos

|να〉 =
∑
k

U?αk |νk〉 (4.24)

describes Dirac neutrinos with negative helicity and Majorana neutrinos with
negative helicity. The derivation of the oscillation probability is identical as for
the neutrino case, except that we no longer have the complex conjugated mass
matrix element. Following the same procedure as in the previous subsection we
obtain
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νβ −→ να να −→ νβ

νβ −→ να να −→ νβ

T

CP CP

T

CPTCPT

Figure 1: Transformation properties for neutrino oscillations.

Pνα−→νβ
(t) =

∑
k,j

UαkU
?
βkU

?
αjUβje

−i
∆m2

kj
2E L. (4.25)

We note that the oscillation length is the same as for neutrino oscillations,
reflecting the fact that neutrinos and antineutrinos are kinematically equal.
The only difference between the two lies in the elements of the mixing matrix
which also makes sense since they are created by different currents.

The transformation properties of the different channels under CP, CPT and
T are summarised in Figure 1. Measuring any difference in the channels νβ −→ να
and νβ −→ να could thus provide information on CP-violations. In what follows,
it will be convenient to rewrite the oscillation probabilities in the following form

Pνα−→νβ (L,E) = δαβ − 4
∑
k>j

Re[U?αkUβkUαjU
?
βj ] sin

2 (
∆m2

kjL

4E
)

+ 2
∑
k>j

Im[U?αkUβkUαjU
?
βj ] sin (

∆m2
kjL

4E
)

(4.26)

Pνα−→νβ
(L,E) = δαβ − 4

∑
k>j

Re[U?αkUβkUαjU
?
βj ] sin

2 (
∆m2

kjL

4E
)

− 2
∑
k>j

Im[U?αkUβkUαjU
?
βj ] sin (

∆m2
kjL

4E
).

(4.27)

In this way the CP asymmetry can be quantified the difference between the two
probabilities

ACPαβ = Pνα−→νβ − Pνα−→νβ
= 4

∑
k>j

Im[U?αkUβkUαjU
?
βj ] sin (

∆m2
kjL

4E
). (4.28)

Assuming CPT symmetry to hold, it’s clear that ACPαβ = −ACPβα which means
that CP-violation only occur in the cases with flavour transition. This can also
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be seen directly from the expression from ACPαβ by noticing that |Uαk|2|Uαj |2 is
real. Measuring the CP asymmetry could thus provide information on the Dirac
phase present in ACPαβ as well as the mixing angles [16]. If CPT is assumed to
hold, then CP violation also implies T violation. A T transformation simply
exchanges α and β so that the difference is

ATαβ = Pνα−→νβ − Pνβ−→να , (4.29)

CPT invariance thus implies that

ATαβ = −Aαβ
T
= ACPαβ . (4.30)

Finally, in a future theory CPT may not be conserved. If this is the case, then
such violations could be verified in neutrino oscillations by measuring a nonzero
value of the difference

ACPTαβ = Pνα−→νβ − Pνβ−→να
(4.31)

. Thus it is clear neutrino oscillations offer several interesting possibilities for
probing CP-violation in the lepton sector.

4.3 Active-Sterile Oscillations
In the last two subsections we have only considered oscillations between active
neutrinos. One might also wonder if oscillations between active and sterile
neutrinos are possible. Recall that we by sterile neutrino refer to additional
mass eigenstates beyond the three known ones. The existence of sterile neutrinos
is well motivated. They are required for the seesaw mechanism and is also
a possible candidate for dark matter particles. As singlets of the SM gauge
group, it’s not immediately clear how to probe the properties of these particles.
Neutrino oscillations are however a mixing phenomena and could thus shed some
light on the sterile states. The approach is identical to that of active oscillations,
but in addition to the three active neutrinos we assume the existence of ns sterile
neutrinos. A sterile neutrino would then be described by

|νs〉 =
3+ns∑
i=1

U?si |νi〉 , s = s1, ...., sn, (4.32)

where U is now our new mixing matrix i.e a (3+ns)× (3+ns) unitary matrix.
The total system, that is any active of sterile flavour state is now defined by

|να〉 =
3+ns∑
i=1

U?αi |νi〉 , α = e, µ, τ, s1, .., sn. (4.33)

From the condition that U is unitary we have

〈ν′α|να〉 = δα′α, α′, α = e, µ, τ, s1, .., sn. (4.34)
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Now, in an identical manner to the active neutrino case we can derive the
amplitudes for active-sterile oscillations using the Schrodinger equation. This
gives

A(να −→ να′) =

3+ns∑
i=1

Uα′i exp{−iEit}U?αi. (4.35)

As usual the probability is given by the amplitude squared

P (να −→ να′) =

3+ns∑
i,j=1

Uα′iU
?
α′j exp{−i(Ei − Ej)t}U?αiUαj . (4.36)

Summing over all possible final states we see that the total probability is nor-
malized as it should be ∑

α′

P (να −→ να′) = 1 (4.37)

Writing out and rearranging the above we obtain∑
α′=e,µ,τ

P (να −→ νs) = 1−
∑

α′=s1,...sn

P (να −→ να′). (4.38)

In other words, measuring the left hand side of the above equation to be differ-
ent from unity would imply that active-sterile oscillations do indeed take place.
Most of the current oscillation data is well explained by the standard 3-mixing
scheme, however there are some anomalies [17] that could potentially be ex-
plained by introducing active-sterile oscillations. Several such possibilities are
discussed in [18]. For the seesaw mechanism to explain the smallness of the
neutrino mass it is however required that the mass of the sterile neutrinos to
be of the order 102GeV . Such a high mass would mean that the probability in
equation (4.36) would be suppressed due to the large mass difference between
the sterile and active mass states.

4.4 Neutrino Oscillations In the case n=2
Having seen the standard derivation of the neutrino oscillation formulae, we now
show how to derive an explicit formula in the case of 2 generations. Deriving
explicit formulas for the oscillation probability in the case of 3 generations of
neutrinos is often cumbersome and no more instructive than considering only
2 generations. Furthermore, it’s often a good approximation to only consider 2
generations. The formula derived here will also prove useful in later sections.

In the case of only two generations of neutrinos, the mixing matrix takes the
following form [9]

U =

(
cos θ sin θ
− sin θ cos θ

)
(4.39)

which is just a clockwise rotation in the plane. The mixing angle θ takes on
values in [0, π2 ]. The only mass difference is given by ∆m2 ≡ m2

2 −m2
1 which
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we define to be positive. From equation (4.12) it’s straightforward to derive the
formula for transition probability

Pνα−→νβ (L,E) =
1

2
sin2(2θ)(1− cos

∆m2
21

2E
L) , α 6= β. (4.40)

The survival probability is obtained by using the fact that the sum of the tran-
sition and survival probabilities is equal to unity. For α = β we have

Pνα−→νβ (L,E) = 1− 1

2
sin2(2θ)(1− cos

∆m2
21

2E
L) (4.41)

In the n = 2 case we thus see that the oscillation formula take a particular
simple form. The approach for three generations is exactly the same, but will
involve substantially more algebra.
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5 Experimental Status On Mixing Parameters
And Absolute Neutrino Mass

Neutrino oscillations cannot give us information on the absolute value of the
neutrino masses or the neutrino mass hierarchy. It can however give us infor-
mation on the squared mass differences and the values of the parameters in the
mixing matrix. Over the last decades one has pinpointed almost all the values
of the parameters in the neutrino mixing matrix. This section provides a short
overview of neutrino oscillation experiments and experimental data on neutrino
oscillations in the standard three neutrino framework. There are three sources
of neutrinos used in neutrino oscillation experiments. These are atmospheric
neutrinos, solar neutrinos and terrestrial neutrinos. In the following, we give a
short description of each type of experiment.

Atmospheric neutrinos are produced when atoms in the earths atmosphere
collide with cosmic rays thereby producing neutrinos. Such neutrinos typically
have an energy range of 0.1GeV to 100GeV and there are approximately a 2:1
ratio between muon and electron neutrinos [19]. These neutrinos can then again
be detected in underground experiments through scattering on nuclei. The fact
that the laboratory is underground is essential, it shields the detector from being
triggered by other particles. The interactions used to detect these neutrinos are
quasi elastic charged current interactions of the form

νl +N → l +N ′. (5.1)

Thus the flavour of the incoming neutrino is known by the flavour of the outgo-
ing lepton. Knowing also the flux of the atmospheric neutrinos, it’s thus possible
to calculate the number of outgoing leptons of each flavour. The Kamiokande
experiment observed a deficit of such interactions as compared to the theoret-
ically predicted number of interactions. The number of expected µ -like event
did not match the theoretical prediction. This discrepancy became known as
the atmospheric neutrino anomaly. In 1996 the Super-Kamiokande experiments
started up and a few years later able to explain the discrepancy through muon-
tau neutrino oscillations [4]. From the oscillation formula (4.12) we have:

Pνµ−→ντ (t) =
∑
k,j

U?µkUτkUµjU
?
τje

−i
∆m2

kj
2E L. (5.2)

One is thus able to obtain estimates of the mass differences and mixing angles.
For atmospheric neutrinos, it’s in particular the mass difference ∆m31 that is
measured [20].

Solar Neutrinos are one of the main areas of research in neutrino physics. The
sun mostly produces electron neutrinos which pass for the most part unaffected
through the interior of the sun. These neutrinos then eventually reach earth
where they are observed in underground experiments. The first experiments
done by Homestake [21] with solar neutrinos indicated that the neutrino flux
on earth was much lower than what was expected from the theoretical models.
Through the process
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νe +
37Cl → 37Ar + e− (5.3)

it was discovered that the observation of electron neutrinos only was about one-
third of what was theoretically expected. Neutrino oscillations in vacuum alone
could not explain the discrepancy, but taking into matter effects as well the
problem was resolvable through neutrino oscillations. Through global fit’s of
several solar neutrino experiments such as SAGE and Gallex/GNO, this solu-
tion has been confirmed [22][23][24]. Lastly there are also so-called terrestrial
neutrino oscillation experiments. Nuclear reactors and accelerators produces
neutrinos which are then detected through various interactions. The advantage
of these experiments is that one is able to somewhat control parameters that
are not possible to control in the case of solar and atmospheric neutrinos. For
instance one is not able to adjust the energy of solar neutrinos since, but one
have some freedom in altering it for reactor neutrinos [8]. Nuclear fission reac-
tors mainly produce electron antineutrinos through beta decays. These electron
neutrinos are then detected through the process of inverse beta decay:

νe + p→ e+ + n. (5.4)

Depending on the source-detector distance L on divides such experiments into
two kinds: Short baseline (SBL) and Long baseline (LBL). SBL typically have
L ≈ 10−100m and LBL typically has L ≈ 1km. Additionally there is the Kam-
LAND experiment with L ≈ 200km which is classified as a very long baseline
(VLBL)[8].

In the following we use the parametrization of the PMNS matrix given in
Section 3.3:

U=

 c12c13 s12c13 s13e
−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13
s12s23 − c12s23s13e

iδ13 −c12s23 − s12c23s13e
iδ13 c23c13

 eiλ1 0 0
0 eiλ2 0
0 0 1

. (5.5)

Of course only the first matrix matter in neutrino oscillations, irrespective of the
Majorana or Dirac nature. From solar neutrino experiments one has determined
the value of the mass difference ∆m2

12 ≈ 7.41 · 10−5eV 2. For the atmospheric
mass splittings the current best known value is

∣∣∆m2
31

∣∣ ≈ 2.5 · 10−3eV 2. In
this case the sign of the mass splitting is not clear. This leads to two different
scenarios; Normal Ordering (NO) where ∆m2

31 > 0 and Inverted Ordering (IO)
where ∆m2

31 < 0. Neutrino oscillation experiments also provide measurements
of the elements in the PMNS matrix through global fit’s of several results. The
current best known values are given in the table below with values obtained
from [25]. with ∆m2

3l denoting ∆m2
31 for normal ordering and ∆m2

32 for inverted
ordering. Future neutrino oscillations experiments with reactor and accelerator
neutrinos will hopefully be able to provide enough data to decide whether the
neutrino mass spectrum is inverted or normal ordered. The value of the CP-
violating phase δCP is not known to a high degree of accuracy, and will also be
investigated in future experiments.
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Parameter Normal Ordering Inverted Ordering

θ12 33.41+0.75
−0.72 33.41+0.75

−0.72

θ23 42.2+1.1
−0.9 49+1.0

−1.2

θ13 8.58+0.11
−0.11 8.57+0.11

−0.11

δCP 232+36
−26 276+22

−29

∆m2
21 7.41+0.21

−0.20 7.41+0.21
−0.20

∆m2
3l 2.507+0.026

−0.027 −2.486+0.025
−0.028

Table 1: The angles are given in degrees and the mass splittings are in units
10−3eV 2

6 Distinguishing Majorana/Dirac through SM
Interactions

Having introduced the formalism for massive neutrinos both in the case of Ma-
jorana and Dirac neutrinos the next question should be ”Well which is it?”. We
have already seen that neutrino oscillations are not able to distinguish between
the two, but how about other SM processes? After all one might expect that the
violation of total lepton number in the Majorana case would lead to a number
of new processes that could easily distinguish between the two. While the first
statement is true, the second is not. Majorana neutrinos does indeed lead to
more possibilities since our fields can both annihilate and create. On the other
hand, the fact that neutrinos are ultra-relativistic makes it extremely difficult
to observe such differences. In the following section we consider two well known
standard neutrino interactions, namely Inverse Beta Decay and neutral current
neutrino-electron scattering. It is shown that even though there are additional
diagrams for Majorana neutrinos, any difference is not observable.

6.1 Inverse β-Decay
In the following section, we consider neutrino interactions with a nucleus via
the exchange of a W boson. We will look at the process of inverse beta de-
cay: ν + p −→ e+ + n. It has been an historically important process in the
study of neutrinos and still is used in several experiments. The charged current
Lagrangian for the process is given by

LCC =
−g√
2
(uγµPLVijd+ νγµPLe)W

+
µ +

−g√
2
(dγµPLViju+ eγµPLν)W

−
µ , (6.1)

where only the first term is relevant for our study since this is the only term
that can create the final state positron. The goal of this section is to compute
the cross section for the IVB process both for Majorana neutrinos and Dirac
antineutrinos in order to illustrate why this process can not be used to distin-
guish between the two. For Dirac antineutrinos the process has the Feynman
diagram in Figure 2.

37



u u

d d

u d

e+ν̄e

p1 p3

p4p2

W−

p n

Figure 2: Feynman diagram for IVB process

The corresponding amplitude is obtained directly from the Feynman rules
as

MD =
−iGFVud√

2
[v(p2)γ

α(1− γ5)v(p4)][u(p3)γα(1− γ5)u(p1)]. (6.2)

In order to calculate the amplitude squared we average over initial states, sum
over final states and apply the energy-projection operators. This gives us the
following amplitude squared

∣∣MD
∣∣2 =

G2
F |Vud|

2

8
QαβN

αβ . (6.3)

The quark part of the amplitude is denoted by Qαβ and is given by

Qαβ = Tr
{
γα(1− γ5)( /p1 +m1)γβ(1− γ5)( /p3 +m2)

}
. (6.4)

Multiplying this out, we find that

Qαβ = 2p1µp3ν Tr
{
γαγ

µγβγ
ν + γαγ

µγβγ
νγ5
}
. (6.5)

Employing the well-know trace identities [12], this can be written as

Qαβ = 8p1
µp3

ν(gαµgβν − gαβgµν + gανgµβ − iεαµβν

= 8(p1αp3β − (p1 · p3)gαβ + p1βp3α − ip1
µp3

νεαµβν).
(6.6)

Meanwhile, the neutrino part Nαβ is given by

Nαβ = Tr
{
γα(1− γ5)( /p4 −m4)γ

β(1− γ5)( /p2 −m2)
}
. (6.7)
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Figure 3: Additional Majorana contribution to IVB

Multiplying out and applying the same trace identities as for the quark part we
find

Nαβ = 8(p4
αp2

β − (p4 · p2)gαβ + p4
βp2

α − ip4σp2κε
ασβκ. (6.8)

The contraction of the quark part Qαβ and neutrino part Nαβ can now be done:

NαβQαβ = 64(2(p4 · p1)(p2 · p3) + 2(p4 · p3)(p2 · p1)− p4σp2κp1
µp3

νεασβκεαµβν).
(6.9)

Upon evaluating the last term we find that

NαβQαβ = 256(p4 · p1)(p2 · p3), (6.10)

so the total amplitude squared is∣∣MD
∣∣2 = 32G2

F |Vud|
2
(p4 · p1)(p2 · p3). (6.11)

The corresponding cross section is calculated in Appendix E and is plotted in
Figure 4. Having calculated the cross section for IVB in the Dirac case, we now
move on to the Majorana cross section. In the Dirac case only antineutrinos
will contribute in the process. The process νe + p −→ n + e+ is forbidden for
Dirac neutrinos since it does not conserve lepton number. A Majorana neutrino
created by the current

jµW,L = 2
∑

ναLγ
µlαL (6.12)

can however contribute to the process. In the Majorana case, the field ν contains
an annihilation operator of such a particle as can be seen from the Majorana
field expansion. For Majorana neutrinos we thus have the additional Feynman
diagram in Figure 3. In accordance with the discussion in Section 3.2.3 we find
from the Majorana field expansion that

〈ν(p, h)|νL(x)|0〉 = u
(h)
L eipx. (6.13)
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Neutrinos created by this current are mainly in a negative helicity state which
can be seen in the Chiral representation:

〈ν(p,−)|νL(x)|0〉 ≈
√
2E
(
m
2Eχ

(+)†(p) 0
)
eipx (6.14)

〈ν(p,+)|νL(x)|0〉 ≈ −
√
2E
(
χ(−)†(p) 0

)
eipx. (6.15)

The creation of positive helicity neutrinos is suppressed by the ratio m
E while

there is no such suppression for the creation of negative helicity neutrinos. The
incoming neutrino in Figure 3 can thus be described to be in the following state

|ν(p, h)〉 = |ν(p,−)〉+ m

E
|ν(p,+)〉 . (6.16)

The incoming neutrino is then annihilated by the field ν. We examine the effect
of annihilating the neutrino by this field. From the Majorana field expansion
we have

〈0|νL(x)|ν(p, h)〉 = ν
(h)
L eipx. (6.17)

In the Chiral representation we find

〈0|νL(x)|ν(p,−)〉 =
√
2E
(
0 m

2Eχ
(+)(p)

)
(6.18)

〈0|νL(x)|ν(p,+)〉 = −
√
2E
(
0 χ(−)(p)

)
. (6.19)

In other words, the field ν annihilates the negative helicity states suppressed by
a factor m

E , while the positive helicity states experience no such suppression from
the annihilation. Taking into account both the suppression from the creation of
the neutrino and its annihilation we can describe our incoming neutrino state
as

|ν(p, h)〉 = m

E
|ν(p,−)〉+ m

E
|ν(p,+)〉 = m

E
|ν(p, h)〉 . (6.20)

Since both helicity states are suppressed by the same factor we can now perform
the unpolarized spin sum. From the Majorana field expansion and the usual
Feynman rules we obtain the Feynman amplitude corresponding to Figure 3 as

MM =
−iGFVud√

2
[v(p2)γ

α(1− γ5)v(p4)][u(p3)γα(1− γ5)u(p1)]. (6.21)

The amplitude squared is then given by∣∣MM∣∣2 =
m2

2

E2
2

1

4

∑
spins

MMMM †
, (6.22)

where we have renamed the neutrino mass and energy according to the Feynman
diagrams in Figure 2 and 3. Since the amplitude MM is equal to the Dirac
amplitude MD we simply get the result from the corresponding spin sum in the
Dirac case: ∣∣MM∣∣2 = 32G2

F |Vud|
2m

2
2

E2
2

(p4 · p1)(p2 · p3) (6.23)
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Summing up the two contributions we have that the total amplitude squared
for Majorana neutrinos is given by

∣∣MM
tot

∣∣ = ∣∣MM∣∣2 + ∣∣MD
∣∣2 = 32G2

F |Vud|
2
(p4 · p1)(p2 · p3)(1 +

m2
2

E2
2

) (6.24)

The Majorana amplitude squared thus contain an additional term as compared
to the Dirac case. The term is however suppressed by the small ratio m2

ν

E2
ν

. As
common wisdom dictates, the Dirac and Majorana descriptions become equal
in the massless case where they both reduce to the Weyl description of the neu-
trino. Assuming the neutrino mass to be mν ≈ 1eV and the threshold energy for
the IVB process to be approximately Eν ≈ 1.8MeV , we find that the additional
term is suppressed by O

(
10−13

)
. Considering that weak interaction cross sec-

tions are usually of order O
(
10−44cm2

)
, the additional term in the cross section

will be of order O
(
10−572

)
, well outside the reach of current detectors. The

calculation of the corresponding cross sections has been relegated to Appendix
E. The plots can be found in Figures 4,5,6. As expected, the Majorana and
Dirac cross sections for IVB look identical. The additional Majorana term in
Figure 6 is far to small for having any effect on the Majorana cross section. It’s
also worth noting that the additional Majorana term decreases with increas-
ing energy. Weak interaction cross sections are usually proportional to G2

F s,
thus lowering the neutrino energy in order to enhance the contribution from the
additional Majorana term will reduce the overall cross section.

As a final remark we note that the unpolarized spin sum for the process
ν+p −→ e++n for Majorana neutrinos is not completely accurate. The positive
and negative helicity components have different contributions. In this case it is
the ”right” field νL that annihilates the incoming state and so in analogy with
equation (6.20) we can show that

|ν(p, h)〉 = |ν(p,+)〉+ m2

E2
|ν(p,−)〉 . (6.25)

This means that the above cross section have corrections of order order (m
2

E2 )
2

which are so small that we will neglect them.

6.2 Neutral Current - Unpolarized Majorana Neutrinos
At first sight, the situation for neutral scattering looks more promising. We
will see that the vector part of the current vanishes for Majorana neutrinos and
additionally the axial part is twice the Dirac case. In order to see this, we start
of by deriving a few useful properties for Majorana particles.

Consider any fermion bi-linear ψFψ where F is any 4× 4 matrix. For Dirac
neutrinos we have the following [26]

〈p′, s′|ψFψ|p, s〉 = us′(p
′)Fus(p). (6.26)
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Figure 4: IVB Cross Section Dirac

Figure 5: IVB Cross Section Majorana

42



Figure 6: Additional Majorana Term IVB

For Majorana neutrinos there are two possibilities of creating and annihilating
the initial and final states and so we have an additional term:

〈p′, s′|ψFψ|p, s〉 = us′(p
′)Fus(p)− vs′(p

′)Fvs(p). (6.27)

The Majorana condition ψ = ψc implies that

u(p, s) = −vTC (6.28)

v(p, s) = CuT . (6.29)

Using the properties for the charge conjugation matrix C that can be found in
Appendix C, we have the following useful relations

uT = −vC, vT = −uC, uT = C−1v, vT = C−1u. (6.30)

Transposing the last term in equation (6.27) and using the properties just de-
rived for the u and v spinors, we have

vs′(p
′)Fvs(p) = −us′(p′)CFTC−1us(p). (6.31)

Plugin back in to equation (6.27)

〈p′, s′|ψFψ|p, s〉 = us′(p
′)
(
F + CFTC−1

)
us(p). (6.32)
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νµ,τ νµ,τ

e− e−

p1 p3

p2 p4

Z0

Figure 7: Feynman diagram for neutral current scattering

In particular we note that for F = γµ

〈p′, s′|ψFψ|p, s〉 = us′(p
′) (γµ − γµ)us(p) = 0, (6.33)

where we have used the relation (10.30) in Appendix C. The matrix product
vanishes identically. Similarly in the case F = γµγ5 we have

〈p′, s′|ψFψ|p, s〉 = us′(p
′) (γµγ5 − γ5γµ)us(p) = 2us′(p

′)γµγ5us(p). (6.34)

So that in the weak neutral current interactions, the vector part vanishes for
Majorana neutrinos and the axial part is twice as much as in the Dirac case as
claimed. Thus, we might expect that the neutral currents are well-suited for
distinguishing between Dirac and Majorana neutrinos. In order to investigate
this, we now consider the process of neutrino-electron scattering. Let us first
investigate the unpolarized case. Assume we have a beam of incoming Majorana
neutrinos and that they are in an equal mix of positive and negative helicity
states. According to our previous discussion, Majorana neutrinos with positive
helicity behaves as Dirac antineutrinos, and Majorana neutrinos with negative
helicity behave as Dirac neutrinos. We therefore expect that the unpolarized
cross section for the process in question should be comparable to the sum of
both the corresponding processes for Dirac neutrinos and Dirac antineutrinos.
In order to confirm this, we calculate the cross sections Dirac neutrino and
antineutrino scattering with an electron. The scattering process να + e− −→
να + e− is mediated by both the neutral current Z0 and the charged current
W+. Limiting ourselves to the cases where α = µ, τ there is only a neutral
current contribution with corresponding Feynman diagram given in Figure 7
For low energy neutrinos, the effects of the Z propagator can be neglected.
Applying the usual Feynman rules for electroweak theory we have

MD =
−iGF√

2
[u(p4)γ

α(gV − gAγ5)u(p2)][u(p3)γα(1− γ5)u(p1)] (6.35)
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for the Dirac amplitude.The coefficients gA and gV denotes the axial and vec-
tor couplings for the electron. Their values can be found in for instance [8].
We precede by calculating the corresponding cross section for Dirac neutrinos.
Averaging over initial and summing over final spins we have∣∣MD(ν)

∣∣2 =
1

4

∑
spins

MDMD†
=
G2
F

8
AαβBαβ , (6.36)

with

Aαβ =
∑
spins

[u(p4)γ
α(gV − gAγ5)u(p2)][u(p4)γ

β(gV − gAγ5)u(p2)]
† (6.37)

Bαβ =
∑
spins

[u(p3)γα(1− γ5)u(p1)][u(p3)γβ(1− γ5)u(p1)]
†. (6.38)

By applying Casimirs trick or the energy projection operators, [27] the two can
be evaluated using the trace techniques, giving

Aαβ = 4(g2V + g2A)[p
α
2 p

β
4 − (p2p4)g

αβ + pβ2p
α
4 ]− 8igV gAp2σp4ρε

ασβρ

+ 4m2
e(g

2
V − g2A)g

αβ
(6.39)

Bαβ = 8(p1αp3β − (p1p3)gαβ + p1βp3α − ip1µp3νε
µ
α
ν
β). (6.40)

The contraction of the two gives us the Feynman amplitude squared as∣∣MD(ν)
∣∣2 = 8G2

F ((gV + gA)
2(p1p2)(p3p4) + (gV − gA)

2(p1p4)(p3p2)

+m2
e(g

2
A − g2V )(p1p3).

(6.41)

In order to obtain the amplitude squared for the corresponding process with
antineutrinos, one replace the spinors for the neutrinos in the original amplitude
with antineutrino spinors and preform a similar calculation. The result is simply
stated as∣∣MD(ν)

∣∣2 = 8G2
F ((gV + gA)

2(p2p3)(p1p4) + (gV − gA)
2(p1p2)(p3p4)

+m2
e(g

2
A − g2V )(p1p3).

(6.42)

As discussed in the introduction to this section, we add the two amplitudes.
This gives the total amplitude squared for Dirac neutrinos and antineutrinos∣∣MD

∣∣2 = 16G2
F [(g

2
V + g2A)((p2p3)(p1p4) + (p1p2)(p3p4))

+m2
e(g

2
A − g2V )(p1p3)].

(6.43)

The amplitude for Majorana neutrinos must be treated with more care since
there are several possibilities of creating or destroying initial and final states.
According to the properties derived in the beginning of this subsection, the
vector part vanishes and the axial part is twice the Dirac case
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MM =
2iGF√

2
[u(p4)γ

α(gV − gAγ5u(p2)][u(p3)γαγ5)u(p1)]. (6.44)

Then, the Feynman amplitude is given by averaging over initial and summing
over final spins

∣∣MM
∣∣2 =

1

4

∑
spins

MMMM † =
1

4

4G2
F

2
AαβCαβ , (6.45)

with Aαβ as before and Cαβ is given by

Cαβ =
∑
spins

[u(p3)γαγ5)u(p1)][u(p3)γαγ5)u(p1)]
†
. (6.46)

Once again this is evaluated using Casimirs trick and the trace identities, giving

Cαβ = 4(p1αp3β − (p1p3)gαβ + p1βp3α −m2
νgαβ). (6.47)

Performing the contraction we obtain the Feynman amplitude squared in the
Majorana case

〈
∣∣MM

∣∣〉 = 16G2
F [(g

2
V + g2A)((p2p3)(p1p4) + (p1p2)(p3p4) +m2

ν(p2p4)

+m2
e(g

2
A − g2V )((p1p3) + 2m2

ν)].
(6.48)

Comparing the above with equation (6.43), we see explicitly that the only terms
that differs between the two are proportional to the neutrino mass. The calcu-
lations of the corresponding total cross sections can be found in Appendix E.
The results are

σD =
G2
F s

2π
((g2V + g2A)(

1

4
− (m2

e −m2
ν)

2

4s2

+
1

2s2
(m2

e −m2
ν + s)2) +m2

e(g
2
A − g2V )

(m2
ν −m2

e + s)2

2s3
)

(6.49)

σM =
G2
F s

2π
((g2V + g2A)(

1

4
− (m2

e −m2
ν)

2

4s2
+

(m2
e −m2

ν + s)2

2s3
m2
ν

+
1

2s2
(m2

e −m2
ν + s)2)

+m2
e(g

2
A − g2V )(

(m2
ν −m2

e + s)2

2s3
+

4

s2
m2
ν)).

(6.50)
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Figure 8: Neutral Current Electron- Dirac Neutrino Scattering Cross Section

Figure 9: Neutral Current Electron- Majorana Neutrino Scattering Cross Sec-
tion

The overall cross sections are as expected proportional to G2
F s, with s de-

noting the usual Mandelstam variable (Appendix E). The difference between
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the two cross sections is however suppressed by some power of mν/s and hence
it’s extremely difficult to actually detect any differences. Changing to the LAB-
frame with the electron at rest, we obtain plots of the cross sections as a function
of the incoming neutrino energy. The cross sections for the Dirac and Majorana
case can be found in Figure 8 and Figure 9. As expected, the two plots looks
identical. The effect of the additional terms in the Majorana cross section are
minimal. The difference between the two cross sections can be quantified by the
following:

σdiff = |σM − σD| (6.51)

Figure 10: Difference between Majorana and Dirac cross sections

6.3 Neutral Current - Polarized Case
The previous discussion made the assumption that the incoming Majorana neu-
trino were equally probable of being in a positive and negative helicity state. It
is also possible to consider Majorana neutrinos in a specific helicity state. For
Majorana neutrinos, both the Feynman diagram in Figure 7 and the correspond-
ing diagram with the initial neutrino replaced by an antineutrino contributes.
However, the former will be highly suppressed due to helicity conditions. By
applying the helicity projector in the amplitude (6.35) one can compute the
polarized cross section with the replacement [10]

u(p1) −→
1− γ5/s

2
u(p1). (6.52)
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One may then compute the polarized amplitudes for neutrino-electron scattering
as: ∣∣MD(ν, h)

∣∣ = G2
F

4
AαβCαβ(h), (6.53)

where we have applied the spin sum and averaged over only the spin of the
incoming electron. The electron part Aαβ is the same as before, while the neu-
trino part Cαβ(h), which now depends on the helicity of the incoming neutrino,
is

Cαβ(h) =
1

4
Tr
{
γα(1− γ5)(1 + γ5/s)( /p1 +m1)(1 + γ5/s)γβ(1− γ5)

}
( /p3 +m3).

(6.54)
After a substantial amount of algebra it can be shown that the neutrino part
can be re-written in the convenient from

Cαβ(h) =
1

4
Tr
{
γα(1− γ5)( /p1 − /sm1)γβ(1− γ5)

}
( /p3 − /sm3). (6.55)

The advantage being that we can now define two new four vectors

Lµ = pµ1 − sµm1, Kµ = pµ3 − sµm3 (6.56)

so that we can use directly our results from the Dirac amplitude squared in
equation (6.41). Upon doing this we find∣∣MD(ν, h)

∣∣2 = 4G2
F ((gV + gA)

2(L · p2)(K · p4) + (gV − gA)
2(L · p4)(K · p2)

+m2
e(g

2
A − g2V )(L ·K)),

(6.57)
In a similar way we can compute the polarized amplitude squared for Dirac
antineutrinos as ∣∣MD(ν, h)

∣∣ = G2
F

4
AαβEαβ(h), (6.58)

where Aαβ is as before and the neutrino part Eαβ(h) is

Eαβ(h) =
1

4
Tr
{
(1 + γ5/s)γα(1− γ5)( /p3 −m3)γβ(1− γ5)(1 + γ5/s)( /p1 −m1)

}
.

(6.59)
Analogously to the Dirac neutrino case we can rewrite this as

Eαβ(h) =
1

4
Tr
{
γα(1− γ5)( /p3 + /sm3)γβ(1− γ5)( /p1 + /sm1)

}
. (6.60)

Defining the four-vectors

Nµ = pµ1 + sµm1, Mµ = pµ3 + sµm3, (6.61)

and preceding along the same lines as in the Dirac neutrino case, we find∣∣MD(ν, h)
∣∣2 = 4G2

F ((gV + gA)
2(p2 ·M)(N · p4) + (gV − gA)

2(M · p2)(M · p4)
+m2

e(g
2
A − g2V )(N ·M).

(6.62)
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We have seen several times that negative helicity Majorana neutrinos behave
up to order mν

Eν
exactly the same as Dirac neutrinos. In order to confirm this,

we compute the polarized amplitude squared for negative helicity Majorana
neutrinos and compare to negative helicity Dirac neutrinos. To this extent,
it’s instructive to look at the four-vectors L and N in component form. The
definition of the spin polarization four-vector s can be found in Appendix C.

Lµ =

(
E1

~p1

)
− h

(
|~p1|
E1 ~p1
| ~p1|

)
= (E1 − h|~p1|)

(
1

−h ~p1
| ~p1|

)
(6.63)

Nµ =

(
E1

~p1

)
+ h

(
|~p1|
E1 ~p1
| ~p1|

)
= (E1 + h|~p1|)

(
1
h ~p1
| ~p1|

)
. (6.64)

Since neutrinos are ultra-relativistic, we can make the following approximations

|~p1| ≈ E1 −
m2

1

2E1
,

E1

|~p1|
≈ 1 +

m2
1

2E2
1

. (6.65)

Using these approximations we find that

L(h = −1) ≈ 2

(
E1

~p1,

)
, L(h = +1) ≈ m2

1

2E2
1

(
E1

−~p1

)
(6.66)

and
N(h = −1) ≈ m2

1

2E2
1

(
E1

−~p1.

)
, N(h = +1) ≈ 2

(
E1

~p1,

)
. (6.67)

Using this, the polarized amplitude squared for negative helicity Dirac neutrinos
becomes∣∣MD(ν, h = −1)

∣∣2 = 16G2
F ((gV + gA)

2(p1 · p2)(p3 · p4)
+ (gV − gA)

2(p1 · p4)(p3 · p2) +m2
e(g

2
A − g2V )(p1 · p3)).

(6.68)
For Majorana neutrinos, the above amplitude contributes, but there is also a
second contribution corresponding to the antineutrino amplitude. That is,∣∣MM (h = −1)

∣∣2 =
∣∣MD(ν, h = −1)

∣∣+ ∣∣MD(ν, h = −1)
∣∣ (6.69)

From equation (6.62) and (6.67), the last term in the above will be highly
suppressed due to helicity conditions. In fact, as can be seen from equations
(6.67) and (6.62), it will be suppressed by a factor m4

ν

4E4
ν

. We can thus conclude
that ∣∣MM (h = −1)

∣∣2 =
∣∣MD(ν, h = −1)

∣∣+ m4
ν

4E4
ν

∣∣MD(ν)
∣∣. (6.70)

Considering that weak interactions normally have cross sections at around O
(
10−44cm2

)
and the ratio m4

ν

4E4
ν

is approximately of order O
(
10−24

)
, the additional term due

to the Majorana nature of the neutrino will be extremely hard to detect. A
completely analogous calculation holds for positive helicity Majorana neutrinos
and Dirac antineutrinos.
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6.4 Discussion
It seems to be a well known result that the difference between Majorana and
Dirac cross sections are proportional to the ratio mν

Eν
Despite of this, explicit

calculations are hard to come by. We have provided these calculations for both
neutral and charged currents, and commented on how to deal with the polariza-
tion of the neutrinos. In particular we have seen that if one takes the unpolarized
cross section, the neutrino helicity is not measured and hence there is an equal
contribution from both helicity states. Since helicity is the only property dis-
tinguishing Majorana neutrinos from Majorana antineutrinos we thus need to
compare the unpolarized cross section for Majorana neutrinos with the the sum
corresponding processes for Dirac neutrinos and antineutrinos. On the other
hand, if the helicity is measured, a left helical Majorana neutrino is compared
to a Dirac neutrino. Similarly a right helical Majorana neutrino is compared to
a Dirac antineutrino in accordance with the discussion in Section 3.2.3. In all
instances, we find that the difference between the Majorana and Dirac cross sec-
tions are proportional to mν

Eν
, and in the massless limit, the difference vanishes.

In general, we find the appropriate comparison from the table below. The top

LH RH Unpolarized
Majorana LH Dirac Neutrino RH Dirac Antineutrino Dirac Neutrino + Dirac Antineutrino

Dirac Neutrino LH Majorana LH Majorana
Dirac Antineutrino RH Majorana RH Majorana

Table 2: Schematic overview for comparison of polarized and unpolarized Ma-
jorana and Dirac (anti)neutrinos

row denotes the helicity and the left column indicates the type of particle one
considers. The calculations in Section 6.1 showed that a Dirac antineutrinos be-
haves approximately as a positive helicity Majorana neutrino. In Section 6.2 we
were in the unpolarized Majorana case and thus considered both Dirac neutri-
nos and antineutrinos, in agreement with the table. In Section 6.3 we saw that
left negative helicity Majorana neutrino behave as left handed Dirac neutrinos,
also in agreement with the table. In all cases, given a particle and polarization,
the table gives the correct combination in order to have the only differences in
their cross sections proportional to the neutrino mass. The two blank entries
also offers interesting information. Considering for instance a left helical Dirac
antineutrino scattering with a nucleus. It will only produce a positively charged
lepton due to lepton number conservation and the rate at which it does will
be highly suppressed due to the helicity. A left helical Majorana neutrino will
however also produce negatively charged leptons with no suppression. Thus
if one was able to obtain a left helical Dirac antineutrino, there would be no
problem distinguishing between Dirac and Majorana. Unfortunately, flipping
the helicity of a neutrino is not a straightforward process. The amplitude for
a helicity flip through the weak interaction is proportional to the well known
ratio mν/Eν [28] The other possibilities, overtaking the neutrino and flipping it
with the help of a strong magnetic field is considered in for instance [29] In any
case, coming across a left helical antineutrino is extremely difficult.
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7 Lepton Number Violating Processes
The calculations in the previous sections shows that distinguishing between
Dirac and Majorana neutrinos through standard SM interactions is extremely
difficult. Unless one is able to find some way of finding non-relativistic neutrinos,
the sensitivity of current experiments is not able to measure the small difference
in the cross sections. For this reasons one must for other processes outside of
the SM. In the following section we take a closer look at lepton number violating
processes. Any observation of such a process would indeed imply that neutrinos
are of Majorana type.

7.1 Neutrino-less Double β-Decay
One of the most promising processes for deciding whether neutrinos are Dirac
or Majorana particles is the process of neutrino-less double-beta decay. They
are processes of the type

N (A,Z) −→ N (A,Z ± 2) + 2e∓, (7.1)

which we will denote as 2β∓
0ν . They are of course not allowed in the SM since

they violate total lepton number by ∆L = ±2. However as we have seen in
previous sections Majorana neutrinos violate total lepton number by the same
amount. Lets us start of by considering the process of double beta decay

(A,Z) −→ (A,Z + 2) + 2e− + 2νe. (7.2)

The process is rare, but know to happen for several different nuclei [30]. It’s
generated at second order in the perturbative expansion of the weak interaction.
The Feynman diagram for the decay is drawn in Figure 11

In other words it’s two simultaneous instances of the reverse process consid-
ered in Section 6.1. The 2β∓

0ν process is similar. The starting point is the same,
but the final state does not contain any antineutrinos. How can we achieve this?
Consider the diagram in Figure 12 where we join the antineutrino lines so that
they form a virtual neutrino line. The above process is not possible in the SM
for two reasons. Firstly, the lower leptonic vertex is only capable of absorbing a
fermion, not an anti-fermion. Secondly, the lower vertex can only absorb a par-
ticle with negative helicity, while the emitted antineutrino has definite positive
helicity in the SM. Hence for the process to take place, we require two things
[8]:

1. The equality of particle and antiparticle i.e νe = νe so that it is indeed
possible for the lower vertex to absorb the emitted (anti)neutrino.

2. mνe 6= 0 in which case the (anti)neutrino emitted from the upper vertex
has the possibility of having negative helicity with relative amplitude mνe

Eνe
.

And so it’s clear that the process is possible in the case that the neutrino
is a massive Majorana particle. Introducing neutrino mixing to the process,

52



d u

d u

e−

ν̄e

e−

ν̄e

W

W

Figure 11: Feynman diagram for double beta decay

d u

d u

e−

e−

νe

νe

W

W

Figure 12: Feynman diagram neutrino-less double beta decay
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each leptonic vertex in the Feynman diagram above is described by the charged
leptonic current in equation (4.2) and it’s hermitian conjugate. In order to have
the two electrons in the final state it’s in fact the hermitian conjugate we look
at:

jρW
† = 2

∑
α

∑
k

UαklαLγ
ρνkL. (7.3)

There are two vertices so this leads to a factor U2
ek and a factor mk due to the

helicity condition for the upper vertex antineutrino. Since we are considering
mixing, we also have to sum over the massive neutrinos which then gives us the
effective Majorana mass

m2β =

3∑
k=1

U2
ekmk, (7.4)

and we claim that the amplitude of the process is proportional to the effective
Majorana mass. To show this we note that the amplitude for the process will be
proportional to the Majorana neutrino propagator. By definition the Feynman
propagator [8] is given by

M(x1 − x2) = 〈0|T [νeL(x1)νeL(x2)]|0〉 , (7.5)

where T denotes the time ordering. Writing everything out in terms of mixing
and projection operators we have

M(x1 − x2) =
1− γ5

2

3∑
k=1

U2
ek 〈0|T [νk(x1)

1− γ5
2

νk(x2)]|0〉 . (7.6)

Noting that we can safely transpose the last part of the above

1− γ5
2

νk(x2) =

(
1− γ5

2
νk(x2)

)T
(7.7)

we employ the Majorana condition

νk = Cνk
T =⇒ νTk = νkC

T , (7.8)

so that our propagator can be written in more convenient form

M(x1 − x2) = −1− γ5
2

3∑
k=1

U2
ek 〈0|T [νk(x1)νk(x2)]|0〉C

1− γ5
2

. (7.9)

Here we have also used the property of the charge conjugation matrix (10.32).
The advantage of this expression is that the quantity within the bracket is well-
know. It’s just the usual Feynman propagator [8]

i

∫
d4p

(2π)4
/p+mk

p2 +m2
k

e−ip · (x1 − x2). (7.10)
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Employing this in equation (7.9) one finds the Majorana neutrino propagator
to be

M(x1 − x2) = −1− γ5
2

3∑
k=1

U2
eki

∫
d4p

(2π)4
/p+mk

p2 +m2
k

e−ip·(x1−x2)
1− γ5

2
C. (7.11)

This can be simplified even further noting that the /p terms cancel. Addition-
ally, since the mass term in the denominator is negligible in comparison to the
momentum squared, the Majorana propagator can be approximated as

M(x1 − x2) = −im2β

∫
d4p

(2π)4
e−ip·(x1−x2)

p2 +m2
k

1− γ5
2

C. (7.12)

Thus the relationship between the effective Majorana mass and the Majorana
neutrino propagator is made clear. Since the neutrino-less double beta decay
process is proportional to the Majorana propagator the claim is established
through transitivity. An appropriate parametrization for the effective Majorana
mass can be given in terms of the the elements of the mixing matrix introduced
in Section 3.3:

U =

c12c13 s12c13 s13e
−iδ13

. . . . . . . . .

. . . . . . . . .

 diag
(
eiλ1 , eiλ2 , eiλ3

)
(7.13)

with λ1 = 0 instead of λ3 = 0 which is just convention i.e the choices are
physically equivalent. In this manner we may rewrite the effective Majorana
mass as:

m2β = c212c
2
13m1 + s212c

2
13e

2iλ2m2 + s213e
2i(λ3−δ13)m3. (7.14)

The amplitude of the process is thus proportional to the neutrino masses and
depends upon both the mixing angles and the two unknown Majorana phases
λ2 and λ3.

We have seen that double-beta decay does indeed take place through the
standard SM interactions with amplitude proportional to the effective Majorana
mass m2β . But there are of course new particles and interactions in beyond SM
(BSM) physics that could also be responsible for the process [9]. For instance,
the helicity mismatching could be overcome by some new V+A interaction. The
question is then if the observation of neutrino-less double beta decay would ac-
tually give us any information on the Majorana nature of the neutrino. Consider
the following ”black box” diagram
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Figure 13: Black Box Diagram

The box contains all possible mechanisms responsible for 2β0ν decay at all
orders of perturbation theory. This includes the SM interaction we have seen,
but also all potential BSM interactions. Considering only standard weak SM
interactions, we can join the outgoing fermions to the neutrino-lines in order
to obtain the Feynman diagram in Figure 14 [31]. This gives us a diagram for
νe −→ νe transitions and hence a contribution to the Majorana mass at some
level of perturbation theory. In effect this guarantees that the observation of
2βν would mean that the neutrino is a Majorana particle, no matter which
mechanism responsible for the process. On the other hand, there is no way
of telling which mechanism that is dominating the decay and so the Majorana
mass contribution resulting from the SM interaction might be very small. In
this case, translating the observed decay rates into the neutrino masses would
be misleading. Similarly, if we were to find out that the Majorana contribution
to the neutrino mass is large, then we would know that the SM interaction is
the leading mechanism for 2β0ν decay [9].

Of course the values of the Majorana phases and the masses are not known.
Regardless of this it is possible to calculate upper bounds on the decay rates.
Expanding the formula in equation (7.14) in terms of the elements of the mixing
matrix, we have:

|m2β | =
∣∣c212c213m1 + s212c13m2e

iλ2 + s213m3e
iλ3
∣∣, (7.15)

with a slight abuse of notation

λ2 = 2λ2, λ3 = 2(λ3 − δ13). (7.16)

The effective Majorana mass can be expanded further using the definition of
the modulus and several trigonometric identities

|m2β | =(((c212c
2
13m1 + s212c13m2 cosλ2 + s213m3 cosλ3)

2

+ (s212c
2
13m2 sinλ1 + s213m3 sinλ3)

2)
1
2 .

(7.17)

The masses can all be expressed in terms of the lightest mass eigenstate, which
in the Normal Ordering regime takes the following form

m0 ≡ m1, m2 =
√
m2

0 +∆m2
21, m3 =

√
m2

0 +∆m2
21 +∆m2

32. (7.18)
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Figure 14: Black Box and SM Interaction

The possible values of the effective Majorana mass are plotted in Figure 15
as a function of the lightest neutrino mass. The values used for the mixing
parameters are the ones given in Table 1. For a summary on which values for
the effective Majorana mass has been ruled out by experiment see [32]. Similarly,
we can calculate the possible spectrum for the inverted hierarchy, in which the
mass squared differences are

m3 ≡ m0, m2 =
√
m2

0 −∆m2
32, m1 =

√
m2

0 −∆m2
21 −∆m2

32. (7.19)

The corresponding values of the effective Majorana mass can be found in Figure
16

7.2 Neutrino-Antineutrino Oscillations
In this section we derive the probability for neutrino anti-neutrino oscillations.
Assuming that neutrinos are Majorana particles, lepton number is violated and
oscillations on the form να → νβ are possible. We will see that such oscillations
are highly suppressed and that they depend on the undetermined Majorana
phases. A complete formula for the case of 2 generations is given and the rela-
tionship between the effective Majorana mass m2β in neutrino-less beta decay
and the general effective Majorana mass in neutrino-antineutrino oscillations is
given.
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Figure 15: Effective Majorana Mass as a function of the lightest neutrino mass

We follow the derivation given in [33] with some slight change in notation.
Consider a theory with n generations of neutrinos denoted by α and with no
neutrino singlets. We also assume n neutrino mass eigenstates denoted by k. In
the following we will always work in a representation where γ5 is diagonal. The
charged leptonic weak interaction was given in Section 4 as

L(CC)
I,L = − g

2
√
2

(
jρW,LWρ + h.c

)
=

−g√
2

n∑
α,=1

lαLγ
ρUαkνkL + h.c. (7.20)

To calculate the oscillation probability we consider the following lepton number
violating process:

1. l+α + n −→ να + p

2. The produced neutrino travels time t

3. να + n −→ l−β + p.

The amplitude for the entire process will then be the product of the three
amplitudes. Using the interaction Lagrangian above and the Majorana Fourier
expansion we can derive the amplitudes. For process 1 we have

UαkS
ρvγρ

1 + γ5
2

vr(~p), (7.21)

58



Figure 16: Effective Majorana Mass as a function of the lightest neutrino mass
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with Sρ denoting the kinematic factors involved. The initial positively charged
lepton is annihilated by the current in equation (7.20) giving the the spinor u. At
the same time, what we would call an antineutrino is created, giving the spinor
vr(~p according to equation (3.46). The neutrino mass eigenstate then travels for
time t, giving the amplitude e−iEkt. For the third process, the annihilation of
the (antineutrino) is now done by the same field that created it thus giving the
spinor ur(~p) according to equation (7.20). The final state negatively charged
lepton is created by the same field as before, but now inducing a u spinor

UβkT
ρuγρ

1 + γ5
2

ur(~p), (7.22)

with T ρ denoting another kinematic factor. Combining the three amplitudes
we must sum over the spin label r and we encounter the term∑

r

1 + γ5
2

vr(~p)
1 + γ5

2
ur(~p) (7.23)

Utilizing the Majorana condition ur(~p) = CvT and that we work with a diagonal
representation of γ5 we can safely transpose the last part of the equation above
to give

∑
r

1 + γ5
2

vr(~p)

(
1 + γ5

2
ur(~p)

)T
=

1 + γ5
2

∑
r

vr(~p)vr(~p)CT
1 + γT5

2
. (7.24)

Multiplying everything out and utilizing equations (10.32) and (10.33) we find
that all terms involving /p cancel and we are left with

mk
1 + γ5

2
C. (7.25)

Combining the three amplitudes we also have to take the sum over the interme-
diate mass states and divide by E in order for the amplitude to be dimensionless

1

E

n∑
α=1

UaαS
ρUbαT

ρe−iEαtvγρuγρmα
1 + γ5

2
C. (7.26)

Assuming that the neutrino mass is small enough so that there are no kinematic
effects, we factor out the terms depending on k to give

Aαβ(t) =
1

E

n∑
k=1

UαkUβke
−iEktmk, (7.27)

with corresponding oscillation probability given by the amplitude squared

P (να −→ νβ) =
1

E2

∣∣∣∣∣
n∑
k=1

UαkUβke
−iEktmk

∣∣∣∣∣
2

. (7.28)
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We note the suppression of the probability by a factor m2

E2 which is not present for
normal neutrino oscillations (4.11) and that in the limit m −→ 0 the probability
vanishes as expected. In fact, this shows that in the massless limit, such a
lepton violating interaction is not possible and thus lepton number is conserved
just as in the SM. it’s also stressed that this is in fact the antineutrino-neutrino
oscillation probability. The corresponding neutrino-antineutrino probability is
derived in the same manner, the only difference being that the elements of the
mixing matrix appears in the complex conjugated form

P (να −→ νβ) =
1

E2

∣∣∣∣∣
n∑
k=1

U?αkU
?
βke

−iEktmk

∣∣∣∣∣
2

. (7.29)

In general, both probabilities (7.28) and (7.29) are exceedingly small owing to
the suppression mν/E. Additionally, these probabilities will, unlike the flavour
oscillation case, also depend on the unknown Majorana phases. To see this, it
suffices to look at the case with n = 2 generations. Writing out the equation
above we have:

P (να −→ νβ) =
1

E2

2∑
k,j

UαkUβkU
?
αjU

?
βje

−i(Ek−Ej)tmkmj . (7.30)

For ultra-relativistic neutrinos we can take Ek − Ej ≈ ∆m2
kj

2E and t ≈ L. The
mixing matrix in the case of two generations is [9]

U =

(
cos θ eiθ12 sin θ

−e−iθ12 sin θ cos θ

)
=

(
c12 eiθ12s12

−e−iθ12s12 c12

)
. (7.31)

As discussed before, for lepton number conserving processes, the Majorana
phases θ12 vanishes and so processes like normal neutrino oscillations can-
not be used to distinguish between Majorana and Dirac neutrinos. Using the
parametrization of the mixing matrix above, we obtain an explicit form of the
antineutrino-neutrino oscillation probability

P (να −→ νβ) =
1

E2
((m2

1 +m2
2)c

2
12s

2
12

− 2c212s
2
12m1m2 cos (

∆m2
21L

2E
− 2θ12))

(7.32)

where the presence of the Majorana phases θ12 is evident and so is the sup-
pression m2

E2 . A similar calculation for Majorana (or Dirac) antineutrino flavour
oscillations with n = 2 generations gives the probability

P (να −→ νβ) = 2c212s
2
12

(
1− 2 cos (

∆m2
21L

2E
)

)
, (7.33)

with no dependence on the Majorana phases and no suppressionm
2

E2 . If it turns
out that neutrinos are indeed Majorana particles, the question of the values of

61



the Majorana phases is inevitable. To probe these phases it is then necessary to
look at lepton number violating processes such as the one we have just described.
The key point in the derivation is that for Majorana neutrinos the same field that
creates neutrinos may also be used to annihilate them. For a Dirac neutrino
the process described above would not be possible since there is no way of
annihilating the antineutrino and at the same time create a negatively charged
lepton or in other words: Lepton number is conserved.

Similarly to the neutrino-less double beta decay, one can define a ”effective
neutrino mass” in the case of neutrino-antineutrino oscillations and it’s CPT
conjugate. Firstly, we can use the same approximation as we did for flavour
oscillations Ek − Ej ≈

∆m2
kj

2E and t ≈ L in order to obtain

A(να −→ νβ) =
1

E

∑
k

UαkUβkmkexp(−i
m2
k

2E
L). (7.34)

The effective Majorana mass is then defined to be

mL
αβ =

∣∣∣∣∣∑
k

UαkUβkmkexp(−i
m2
k

2E
L)

∣∣∣∣∣ (7.35)

and for the conjugate process we have

mL
αβ =

∣∣∣∣∣∑
k

U?αkU
?
βkmkexp(−i

m2
k

2E
L)

∣∣∣∣∣. (7.36)

In the case of neutrino-less double beta decay, we have α = β = e and L=0, in
which case equation (7.33) reduces to

mL
ee =

∣∣∣∣∣∑
k

UekUekmk

∣∣∣∣∣ = m2β , (7.37)

which is just the effective Majorana mass in the case of neutrino-less double
beta decay given in equation (7.4). Thus, the connection between the neutrino-
less double beta decay and neutrino-antineutrino oscillations is made clear once
again.

62



u u

d d

u d

e+νe

p1 p3

p4
p2

W

p n

Figure 17: Lepton number violating Feynman Diagram with neutrino-
antineutrino oscillations

8 Application Of Neutrino-antineutrino Oscilla-
tions

Having seen the formalism for neutrino-antineutrino oscillations one might no-
tice the resemblance between the additional Terms in the Majorana amplitude
and the formula for neutrino-antineutrino oscillations. They both involve ex-
changing particle spinors u(p) to anti-particle spinors v(p) and they both come
with a suppression m2

ν/E
2
ν . In this section we investigate the link between the

two and show that they give equal results. In order to do this we once again
consider the process of IVB for Majorana neutrinos. In Section 6.1 we saw that
there were two Feynman diagrams that contributed to the process. The first one,
given in Figure 2, coincides with the Dirac case. The second one, given in Fig-
ure 3 arise as a result of the particle-antiparticle duality of Majorana neutrinos.
In this section, we instead consider the process where the incoming Majorana
neutrino in Figure 3 first undergo a neutrino-antineutrino oscillation and is then
annihilated by the ”right” field νL as in Figure 2. The situation is illustrated
in Figure 17, where the clashing arrows indicate a neutrino-antineutrino oscil-
lation.

The amplitude for the Feynman diagram in Figure 17 will be the product of
the two amplitudes for the oscillation and decay process:

M = AoscMD, (8.1)

where Aosc is given by equation (7.27) (upon conjugating the mixing matri-
ces) and MD is defined in equation (6.2). Using the known expressions, the
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amplitude can be written as

M =
1

E

3∑
k=1

U?ekU
?
eke

−iEktmk

× −iGFVud√
2

[v(p2)γ
α(1− γ5)v(p4)][u(p3)γα(1− γ5)u(p1)].

(8.2)

The corresponding amplitude squared is readily obtained from equations (6.11)
and (7.29) as

|M|2 =
32G2

F |Vud|
2

E2
ν

(p4 ·p1)(p2 ·p3)
3∑

k,j=1

U?ekU
?
ekUekUeke

−i(Ek−Ej)tmkmj . (8.3)

If we ignore mixing consider no propagation time i.e t = 0 this reduce to

|M|2 = 32G2
F |Vud|

2m
2
ν

E2
ν

(p4 · p1)(p2 · p3), (8.4)

in agreement with equation (6.23). If we instead wish to consider mixing the
derivation of the amplitude in equation (6.21) requires a slight modification.
The initial Majorana neutrino in equation (6.21) is created by the current jµW,L
with weights according to equation (4.2)

MM ⊃ U?ek. (8.5)

The neutrino then propagates time t giving a factor

MM ⊃ U?eke
−iEkt (8.6)

according to equation (4.6). It is then annihilated by the same field that created
it giving another weight U?ek. Finally, since the flavour neutrino is in a super-
position of the mass eigenstates, this also induces a sum over k. Putting all of
this together, the amplitude in equation (6.21) including neutrino mass effects
become

MM =
−iGFVud√

2Eν

∑
k

U?ekU
?
eke

−iEktmk

× [v(p2)γ
α(1− γ5)v(p4)][u(p3)γα(1− γ5)u(p1)].

(8.7)

Upon squaring the amplitude and using the results of equation (6.11) we find
that∣∣MM

∣∣2 =
32G2

F |Vud|
2

E2
ν

(p4 · p1)(p2 · p3)
3∑

k,j=1

U?ekU
?
ekUekUeke

−i(Ek−Ej)tmkmj ,

(8.8)
in perfect agreement with equation (8.3). The two approaches, therefore, ap-
pear to be equivalent. This is perhaps no surprise considering that the derivation
done in Section 6.1 is essentially a the same as done in Section 6.2. The main
difference between the two being that we in Section 6.1 make some approxima-
tions regarding the helicity which is not needed in the Neutrino-Antineutrino
oscillation derivation.
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9 Conclusions
Throughout this thesis we have provided the necessary theoretical background
for working with massive neutrinos. Starting from the Standard Model we have
introduced several paths to neutrino mass. The usual Dirac mass, Majorana
masses and a combined Dirac-Majorana mass are all considered. It is shown
that mixed Majorana-Dirac mass term naturally gives rise to a seesaw model
that explains the smallness of the neutrino mass in a simple way. The standard
derivation of the neutrino oscillation probability has been given. It has been
shown that such oscillations cannot distinguish between Majorana and Dirac
neutrinos. Additionally we have considered antineutrino oscillations and several
transformation properties. In particular we have looked at the possibilities of
observing CP-violation in neutrino oscillations. We have discussed some of the
experimental aspects of neutrino oscillations and indicate the role of future
neutrino oscillation experiments.

Special emphasis has been put on the Majorana/Dirac distinction. It is
explained how Majorana neutrinos give rise to several new processes owing to
the Majorana properties of the field. Several cross sections has been calculated
for various SM processes both for Majorana and Dirac neutrinos. Through these
calculations we have confirmed the well know result that such processes differs
only by terms proportional to m2

ν/E
2
ν . As such we have made it clear that none

of the SM processes considered can distinguish between Majorana and Dirac
neutrinos. Additionally this also shows that in the massless limit, the Dirac
and Majorana description of the neutrino are equivalent. In this case they both
reduce to the SM Weyl neutrino.

Having seen the difficulties related to distinguishing Dirac/Majorana neutri-
nos through SM processes we introduce the process of neutrino-less double beta
decay. It is shown that any nonzero observation of this process will indicate
that the neutrino is a Majorana neutrino. We have provided plots of the possi-
ble values of the effective Majorana mass as a function of the lightest neutrino
mass, both in the case of a Normal ordered and Inverse ordered regime. The
neutrino-antineutrino propagator is computed and shown to be proportional to
the Majorana mass. In a similar manner, we derive the neutrino-antineutrino
oscillation probability in full detail. The general formula for these oscillations
are obtained and it is shown how this relates to neutrino-less double beta decay.

Having calculated the cross section for inverse beta decay with Majorana
(anti)neutrinos we have seen that it is possible to obtain the same result through
applying to neutrino-antineutrino oscillations. Combing the results of Section
6.1 and Section 7, the inverse beta decay amplitude is calculated once again
but this time using the formalism for neutrino-antineutrino oscillations. We
conclude that they both give the same result: The IVB process for Majorana
neutrinos is, up to order m2

ν/E
2
ν identical to the Dirac case.

For future work it would be interesting to look at other possibilities of dis-
tinguishing between Dirac and Majorana neutrinos. There are several other
processes that violate lepton number, and in the case that neutrinoless dou-
ble beta decay does not give a positive answer, one of these will be the new
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main candidate for giving a final answer to the Majorana/Dirac question. If
the neutrino turns out to be a Majorana particle the question of the values of
the Majorana phases is also completely open and would have to be investigated
further.
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10 Appendix
10.1 Appendix A - A Few Gamma Identities
The spin 1

2 fermions can be described by a 4 component spinor ψ(x) which
satisfy the Dirac equation:

(i/∂ −m)ψ(x) = 0, (10.1)

where we employ the usual convention /∂ = γµ∂µ. The γµ is a set of 4 × 4
matrices that satisfy the Clifford Algebra

{γµ, γν} = γµγν + γνγµ = 2gµν (10.2)

together with the condition that

γ0γµ†γ0 = γµ. (10.3)

The γ matrices are invariant under Lorentz transformations and from equation
(10.2) and (10.3) we can derive the following properties

(γ0)
2
= 1, (γk)

2
= −1 (10.4)

(γ0)
†
= γ0, (γk)

†
= −γk. (10.5)

The fifth gamma matrix also know as the chirality matrix is defined through

γ5 = γ5 = iγ0γ1γ2γ3. (10.6)

Using the above equations it can be shown to have the following properties

{γ5, γµ} = 0, (γ5)2 = 1, (γ5)† = γ5. (10.7)

The fifth gamma matrix has eigenvalues 1,−1, and so we have the following
equalities

γ5ψR = +ψR (10.8)

γ5ψL = −ψL, (10.9)

where the field ψR denotes the field which is an eigenfunction of γ5 with eigen-
value +1. We call this field the right handed chiral field. Similarly ψL denotes
the eigenfuntion with eigenvalue −1 and is called the left handed chiral field.
Defining the chirality projection matrices

PR =
1 + γ5

2
ψ, PL =

1− γ5

2
ψ, (10.10)

these operators satisfy the usual properties for projection operators. In par-
ticular we have

PR + PL = 1 (10.11)
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and so we can decompose the spinor ψ into it’s right and left handed components

ψ = PRψ + PLψ ≡ ψR + ψL. (10.12)

All of the above properties are independent of representation. In the cases
where we have worked in a specific representation of the gamma matrices we
have used the chiral representation. In this representation the gamma matrices
take the form

γ0 =

(
0 −1
−1 0

)
γi =

(
0 σi

−σi 0

)
, (10.13)

with σi denoting the usual Pauli matrices. The advantage of working in this
representation is that the γ5 matrix can be expressed in the convenient form

γ5 =

(
1 0
0 −1

)
. (10.14)

In particular the fifth gamma matrix is diagonal so that it’s evident that it’s
equal to it’s own transpose. In the chiral representation the chiral projectors
take the simple form

PR =
1 + γ5

2
=

(
1 0
0 0

)
, PL =

1− γ5

2
=

(
0 0
0 1

)
. (10.15)

10.2 Appendix B - Basis And Solutions Of The Dirac
Equation

The Dirac equation has plane wave solutions given as

ψ(x) ∝
(
ur(p)
vr(p)

)
eipx. (10.16)

The spinors ur(p) and vr(p) satisfies the momentum space Dirac equations

(/p−m)ur(p) = 0, (/p+m)vr(p) = 0. (10.17)

From this one can derive the following relations between the spinors

ur(p)us(p) = −vr(p)vs(p) = δrs (10.18)

ur(p)vs(p) = vr(p)us(p) = 0. (10.19)

Another important relation is the following completeness relation

2∑
r=1

[urα(p)urβ(p)− vrα(p)vrβ ] = δαβ . (10.20)

The Energy projection operators acts by projecting out the positive or negative
energy solutions from the spinors. They are given by
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Λ± =
±/p+m

2m
. (10.21)

Of particular importance when calculating amplitudes is the alternative form

Λ+
αβ(p) =

2∑
r=0

urα(p)urβ(p), Λ−
αβ(p) = −

2∑
r=0

vrα(p)vrβ(p). (10.22)

In the chiral representation of the gamma matrices, the spinor u and v can be
written as

u(h)(p) =

(
−
√
E + h|~p|χ(h)(~p)√
E − h|~p|χ(h)(~p)

)
(10.23)

v(h)(p) = −h
(√

E − h|~p|χ(−h)(~p)√
E + h|~p|χ(−h)(~p)

)
, (10.24)

where h denote the helicity of the particle and χ(h)(~p) are two-component he-
licity eigenstate spinors. In many cases, particularly in neutrino physics one
usually works in the relativistic limit where m << E. In this limit, the above
representation of the spinors take the form

u(+)(p) ≈ −
√
2E

(
χ(+)(~p)

− m
2Eχ

(+)(~p)

)
, u(−)(p) ≈

√
2E

(
− m

2Eχ
(−)(~p)

χ(−)(~p)

)
(10.25)

v(+)(p) ≈ −
√
2E

(
− m

2Eχ
(−)(~p)

χ(−)(~p)

)
, v(−)(p) ≈

√
2E

(
χ(+)(~p)
m
2Eχ

(+)(~p)

)
. (10.26)

10.3 Appendix C- Charge Conjugation
One important transformation that leaves the Dirac Lagrangian unchanged is
the charge conjugation transformation. Under charge conjugation, the fermion
fields transforms as

ψ(x)
C−→ ψc(x) = ξcCψ

T
(x) (10.27)

ψ(x)
c−→ ψ

c
(x) = −ξ?ψT (x)C†. (10.28)

Since performing the transformation twice must leave our fields invariant i.e

ψ
c−→ ξcCψ

T c−→ |ξc|2ψ, (10.29)

we require that ξc be a phase with modulus equal to unity. The matrix C is the
charge conjugation matrix satisfying

CγTµC
−1 = −γµ (10.30)

C† = C−1 (10.31)
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CT = −C. (10.32)

Another useful property is that the charge conjugation matrix commutes with
the fifth gamma matrix:

[C, γ5] = 0. (10.33)

Even though the Dirac Lagrangian is invariant under charge transformation,
the weak interactions Lagrangian is not. Consider the charged weak interaction
Lagrangian

L(CC)
I,L = − g√

2
(νeLW

+eL + eLW
−νeL), (10.34)

rewriting this in terms of the Vector and Axial parts one obtains

L(CC)
I,L = − g√

2
[(V µab −Aµab)Wµ + (V µba −Aµba)W

†
µ]. (10.35)

Using the above transformation properties of the fermion fields and the fact
that vector fields transforms like

Wµ
c−→ ξWc W †

µ (10.36)

under charge conjugation, it’s straightforward to see that the charged current
Lagrangian transforms as

L(CC)
I,L

c−→ − g√
2
[−ξac

?ξbcξ
W
c (V µba +Aµba)W

†
µ − ξac ξ

b
c

?
ξWc

?
(V µab +Aµab)Wµ]. (10.37)

Comparing this to equation (9.34) one finds that there is no choice of phases
that leaves the Lagrangian invariant under the charge conjugation transforma-
tion. For this reason one says that the weak currents maximally violates this
transformation and hence the phases can be chosen arbitrarily.

10.4 Appendix D- Chirality And Helicity
A major source of confusion in online forums is the distinction between helicity
and chirality. The two properties are, for the most part completely unrelated.
Except for in the case of a massless fermion, where they coincide. Helicity is a
property of the particle. More precisely it’s the projection of the spin onto the
direction of the momentum. For a particle that obeys the Dirac equation, the
helicity operator can be written as

hp =
~Σ · ~p
|~p|

, (10.38)

where
Σi =

1

2
εijkσjk (10.39)

are the spin matrices. The eigenvalues of hp are either +1 or −1 and we say that
an eigenstate with hp = +1(−1) is right(left)-handed. it’s important to note
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that for a free particle, hp commutes with the Dirac Hamiltonian and is thus
conserved. However, it’s not Lorentz invariant since under a boost the direction
of momentum flips.

We have already seen in Appendix A that any Dirac field may be broken
into it’s left and right chiral part by using the chiral projectors.Thus chirality
is a property of the field. The important point is that these chiral fields are
invariant under Lorentz transformations:

[γ5, σµν ] = 0 (10.40)

On the other hand, chirality is not conserved since the Dirac Hamiltonian anti-
commutes with γ5, in particular it’s the mass term that breaks the commutation
as it contains only one γ matrix. It’s thus clear that helicity and chirality
have somewhat opposite characteristics. In the massless limit however, these
distinctions vanish. In the helicity case it’s no longer possible to boost to a
Lorentz frame where the momentum of the particle is flipped and thus helicity
is Lorentz invariant in the masless case. For chirality, the problem we had
regarding the mass term vanishes and so chirality is conserved.

It’s useful to define the helicity projection operator which acts on the u and
v spinors and projects out the desired helicity states

Ph =
1 + γ5 /sh

2
, (10.41)

with sµh being the polarization four vector defined by

sµh = h
(

|~p|
m , E~p

m|~p|

)
. (10.42)

This allows us to project out the relevant helicity components of a spinor when
we wish to calculate polarized cross sections.

10.5 Appendix E - Explicit Calculation Of The Cross Sec-
tions

In this appendix we compute all the necessary kinematics needed in order to
obtain the total cross sections in Section 6.

10.5.1 Neutral Current Scattering

We start of by considering the situation in the case of neutral scattering of
neutrinos and electrons. The starting point is the amplitude squared derived in
equation (6.59) and (6.54). In the COM-system the situation can be illustrated
as in Figure 18.

In particular we have ~p1 = −~p2 ≡ ~p and ~p3 = −~p4 ≡ ~p′ which is the defining
feature of the COM-system. Looking at our amplitudes we need to compute the
following products:

(p2 · p3) = E2E3 − |~p||~p′| cos θ (10.43)
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~p1
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Figure 18: Kinematics for scattering process in COM frame

(p1 · p4) = E1E4 − |~p||~p′| cos θ (10.44)

(p1 · p2) = E1E2 + p2 (10.45)

(p3 · p4) = E3E4 + p′
2 (10.46)

(p2 · p4) = E2E4 + |~p||~p′| cos θ (10.47)

(p1 · p3) = E1E3 + |~p||~p′| cos θ. (10.48)

It is also useful to introduce the Mandelstam variables which are defined by

s = (p1 + p2)
2 = (p3 + p4)

2 (10.49)

t = (p1 − p3)
2 = (p22 − p4)

2 (10.50)

u = (p1 − p4)
2 = (p2 − p3)

2 (10.51)

from which we can derive that

s+ t+ u = m2
1 +m2

2 +m2
3 +m2

4. (10.52)

In the COM frame we have

s = (E1 + E2)
2, (10.53)

so we can write |~p| and |~p′| in the following way

|~p| = 1

2
√
s

√
(s−m2

1 −m2
2)

2 − 4m2
1m

2
2 (10.54)

|~p′| = 1

2
√
s

√
(s−m2

3 −m2
4)

2 − 4m2
3m

2
4. (10.55)
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Furthermore, it is possible to express the energies of the involved particles in
terms of the variable s as follows

E1,2 =
1

2
√
s
(s+m2

1,2 −m2
2,1) (10.56)

E3,4 =
1

2
√
s
(s+m2

3,4 −m2
4,3). (10.57)

In the case of elastic scattering, m1 = m3 and m2 = m4 and from equation
(10.56) and (10.57) we see that E1 = E3 ≡ Eν and E2 = E4 = Ee. The
differential cross section is obtained from the formula [10]

(
dσ

dΩ
)CM =

1

2EA2EB|vA − vB|
|~p1|

(2π)24ECM
|M(pA, pB −→ p1, p2)|2 (10.58)

Since we have a two-particle final state this simplifies further

(
dσ

dΩ
)CM =

1

64π2

|~p′|
|~p|

1

s
|M|2. (10.59)

In the case of elastic scattering, we have the equality of |~p| and
∣∣∣~p′∣∣∣ and further

simplification of the above follows. In order to obtain the total cross section,
we preform the integration

σ =

∫ 2π

0

dφ

∫ π

0

dθ sin θ
dσ

dΩ
. (10.60)

Turning our attention to the scattering in question, we can rewrite the scalar
products in equations (10.44)-(10.48) as

(p1 · p2)(p3 · p4) =
s2

4
(1− (

m2
ν +m2

e

s
))2 (10.61)

(p2 · p3)(p1 · p4) =
s2

16
(1− cos θ +

2(m2
ν −m2

e)

s
cos θ

+
2m2

νm
2
e

s2
(1 + cos θ)− m4

ν +m4
e

s2
(1 + cos θ))2

(10.62)

(p2 · p4) =
s

4
((1 + cos θ) +

2(m2
e −m2

ν)

s
− 2(m2

ν +m2
e)

s
cos θ

+
(m4

e +m4
ν)

s2
(1 + cos θ)− 2m2

νm
2
e

s2
(1 + cos θ))

(10.63)

(p1 · p3) =
s

4
((1 + cos θ) +

2(m2
ν −m2

e)

s
− 2(m2

ν +m2
e)

s
cos θ

− 2m2
em

2
ν

s2
(1 + cos θ) +

m4
e +m4

ν

s2
(1 + cos θ)).

(10.64)
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If one works in the limit where the energy is sufficiently large
√
s >> me, these

formula simplify considerably. For our purposes however, since we want to
illustrate the small differences between the Majorana and Dirac cross sections,
we keep terms of all orders and make no such simplification. Inserting into the
formula (10.59) and performing the integration indicated in (10.60), we obtain:

σ(D) =
G2
F

2πs
((g2V + g2A)(

s2

4
− (m2

e −m2
ν)

2

4

+
1

2
(m2

e −m2
ν + s)2) +m2

e(g
2
A − g2V )

(m2
ν −m2

e + s)2

2s
).

(10.65)

The Majorana cross section is similar, but of course contains additional terms:

σ(M) =
G2
F

2πs
((g2V + g2A)(

s2

4
− (m2

e −m2
ν)

2

4
+

(m2
e −m2

ν + s)2

2s
m2
ν

+
1

2
(m2

e −m2
ν + s)2) +m2

e(g
2
A − g2V )(

(m2
ν −m2

e + s)2

2s
+ 4m2

ν)).

(10.66)

We may now move to the lab frame where the electron is at rest and thus we
have

s = m2
ν +m2

e + 2meEν (10.67)

with Eν denoting the energy of the incoming neutrino. The total cross section
is now easily obtained as a function of the neutrino energy.

10.5.2 IVB Decay

The approach is identical to the neutral current case, except from the fact that
we are no longer in the case of elastic scattering. The diagram scattering diagram
given in the beginning of last section remains the same with the appropriate
replacements of the particles. For the Dirac case, we obtain the total cross
section from equation (6.11) and (10.59):

σD =
2G2

F

πs

∣∣∣~p′∣∣∣
|~p|

(E4E1E2E3 +
1

3

∣∣∣~p′∣∣∣2|~p|2). (10.68)

Then, using equations (10.54)-(10.57) it’s a straightforward procedure to express
this in terms of s. Finally, we may move to the rest frame of the up-quark by
using equation (10.67). This way we can express the cross section in terms of
the antineutrino energy. The Majorana cross sections is obtained from the Dirac
cross section as

σM = σD(1 +
m2
ν

E2
ν

). (10.69)

In the high-energy limit we have

Ei ≈ |~p| ≈
∣∣∣~p′∣∣∣ ≈ √

s

2
(10.70)
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for i = 1, 2, 3, 4. Employing this approximation, we find that

σM − σD =
G2
F

6π

(
m4
ν

E2
ν

+
m2
um

2
ν

E2
ν

+
2mum

2
ν

Eν

)
. (10.71)

The resulting plots can be found in Figures 4,5,6.
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