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Weinberg’s 3HDM potential with spontaneous CP violation
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We study the potential of Weinberg’s Z, x Z,-symmetric three-Higgs-doublet model. The potential is
designed to accommodate CP violation in the scalar sector within a gauge theory, while at the same time
allowing for natural flavor conservation. This framework allows for both explicit and spontaneous CP
violation. CP can be explicitly violated when the coefficients of the potential are taken to be complex. With
coefficients chosen to be real, CP can be spontaneously violated via complex vacuum expectation values
(VEVs). In the absence of the terms leading to the possibility of CP violation, either explicit or induced by
complex VEVs, the potential has two global U(1) symmetries. In this case, spontaneous symmetry
breaking would, in general, give rise to massless states. In a realistic implementation, those terms must be
included, thus preventing the existence of Goldstone bosons. A scan over parameters, imposing the
existence of a neutral state at 125 GeV that is nearly CP even shows that, in the absence of fine-tuning, the
scalar spectrum contains one or two states with masses below 125 GeV that have a significant CP-odd
component. These light states would have a low production rate via the Bjorken process and could thus
have escaped detection at the Large Electron-Positron Collider. At the LHC, the situation is less clear.
While we do not here aim for a full phenomenological study of the light states, we point out that the yy

decay channel would be challenging to measure because of suppressed couplings to WW.

DOI: 10.1103/PhysRevD.108.075029

I. INTRODUCTION

In the Standard Model (SM) there is only one Higgs
doublet and CP cannot be violated in the scalar sector. With
the addition of one extra Higgs doublet, CP can be violated
in this sector both explicitly, via the introduction of
complex coefficients or spontaneously as was shown by
Lee [1]. Spontaneous CP violation puts the breaking of CP
and electroweak symmetry breaking on equal footing.
However, the Yukawa couplings of models with two or
more Higgs doublets lead to potentially dangerous flavor-
changing neutral currents (FCNCs), for which there
are stringent experimental limits. In order to solve this
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problem for the two-Higgs-doublet model, a solution was
proposed [2,3], based on the imposition of natural flavor
conservation (NFC) resulting from an additional Z, sym-
metry in the scalar and in the Yukawa sector, forcing all
the right-handed quarks of each sector only to couple to a
single Higgs doublet, thus eliminating FCNCs at the tree
level. However, imposing a discrete symmetry on the scalar
potential in the context of two-Higgs-doublet models
automatically leads to CP conservation. This can be evaded
by adding a term softly breaking the Z, symmetry, in which
case CP can be spontaneously violated [4]. In 1976, it was
pointed out by Weinberg [5] that the scalar potential of
models with three Higgs doublets and with additional Z,
symmetries leading to NFC can violate CP explicitly and
can also provide a mechanism for naturally small CP
violation. Soon afterward, Branco [6] showed that this
framework also allows for the possibility of spontaneous
CP violation.

In this work we outline some important features of the
Weinberg potential with real coefficients and CP violation,
with an emphasis on the mass spectrum. A more detailed
phenomenological analysis will be presented elsewhere. In
particular, we will demonstrate that there are regions of

Published by the American Physical Society
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parameter space where the electron electric dipole moment
is below 107 e - cm, as required by experiments [7]. This
is an important constraint on CP-violating three-Higgs-
doublet models (3HDMs).

It is also important to point out that the requirements
of spontaneous CP breaking and NFC lead to a class of
theories where CP nonconservation is solely due to Higgs
exchange [8]. The fact that the right-handed quarks of each
sector only couple to a single Higgs doublet allows for the
rephasing of the right-handed quarks in such a way as to
cancel the phase of the vacuum expectation value (VEV) of
the doublet to which these quarks couple, thus leading to a
real Cabibbo-Kobayashi-Maskawa (CKM) matrix. It is by
now experimentally established that the CKM matrix is
complex [9,10], implying that if one wants to build a fully
realistic model from the point of view of flavor this issue
must be addressed. To solve this problem one might, for
instance, consider scenarios with the addition of vectorlike
quarks [11,12].

We consider the explicitly CP-conserving Z, X Z,-
symmetric' Weinberg potential [5], following the notation
of Ivanov and Nishi [13],

V = V2 + V4, Wlth V4 = VO —+ Vph’ (113)
where V, and V|, are insensitive to independent rephasing
of the Higgs doublets,

Vo = —[my($jd1) + mun(pihs) + maz(ples)].

Vo = 111(¢T¢1)2 + /112(¢T¢1)(¢;¢2) + /113(¢T¢1)(¢§¢3)
+ /122(4);452)2 + 123 (¢Z¢z)(¢§¢3) + 133 (45;4[’3)2
+ 22 (012) (93h1) + Ai5(]b3) (d5¢h1)

(1.1b)

+ Aoy (3h3) (Blba). (1.1c)
whereas
Von =41 (953)* + Ao (h3h1)> + 43 (9] ¢h2)> +Hee.  (1.1d)

would be sensitive to rephasing of the doublets. Explicit
CP conservation means that it is possible to make 4;, 4,, 43
real by a rephasing of the scalar doublets. In this case CP
violation can only occur spontaneously, i.e., via complex
VEVs. For simplicity, in our discussion we choose to work
in this basis.

In the limit of {4;,4,,43} — 0 (or V,, — 0), the poten-
tial acquires two® U(1) symmetries, since both V, and V
are insensitive to rephasing of the fields. It is the emergence
of an additional symmetry that would allow for these terms

'The potential is separately symmetric under ¢; — —g; for all
three ¢;, which means that there are in fact three Z, symmetries.

*The third U(1) symmetry can be absorbed in the U(1)
hypercharge symmetry.

to be removed from the potential in a consistent way.
Different symmetries of multi-Higgs models occur fre-
quently and play an important role. As is clear from the
classification in Ref. [14], the full additional symmetry in
this limit is simply the U(1) x U(1) symmetry we are
seeing here. Starting from the general Weinberg potential,
two of the scalar masses tend to zero when we approach the
limit where these U(1) global symmetries emerge and are
broken by the vacuum.

Experimentally, an SM-like scalar (hgy) has been
observed at 125.25 GeV with trilinear hgVV (V. = W, Z)
gauge couplings that have very little CP-odd “contamina-
tion” [16,17]. One way to arrive at this situation is for the
coefficients of the phase-sensitive terms of the potential
to be small. In the limit when these terms vanish, CP is
conserved and the physical scalars have definite CP
parities. As stated earlier, there will also be two massless
states in this limit, as long as all VEVs are nonzero.

At this point, it is useful to comment on ‘“natural”
alignment, when the &g,V V coupling automatically attains
full strength due to the symmetry of the potential. Pilaftsis
has shown [18] (see also Ref. [19]) that this happens in
a 3HDM if the quartic part of the potential has an Sp(6),
SU(3), or SO(3) x CP symmetry. Another possibility is to
have an unbroken Z, x Z, symmetry. In our framework we
require CP to be broken spontaneously. In order to have CP
violation 4;, 4,, and A3 must be simultaneously nonzero and
all VEVs must be different from zero. The latter breaks the
Z, x Z, symmetry. Therefore, there is no natural alignment
in this case. Since both the Weinberg Z, x Z,-symmetric
potential and the U(1) x U(1)-symmetric limit contain
terms not compatible with these higher symmetries, it
follows that natural alignment is not available in the present
framework. In particular, we note that CP violation is not
compatible with natural alignment.

In this work, we instead enforce alignment as a constraint
on the parameters, leaving room for small deviations.

In view of the above discussion, it is interesting to
explore whether the spectrum will contain two light states,
lighter than the one whose trilinear 2VV gauge coupling is
SM-like. What we will see in our parameter scans is the
following feature:

In a realistic case, i.e., with an SM-like Higgs boson at
my, = 125.25 GeV, the scenario where the SM-like scalar
is the lightest requires fine-tuning. That is, in the bulk of
the acceptable parameter space, lighter neutral scalars are

The masses are continuous functions of the couplings of the
phase-sensitive part of the potential: The masses squared are the
roots of the characteristic polynomial of the mass-squared matrix.
The coefficients of this characteristic polynomial will be poly-
nomials in the couplings of the phase-sensitive part of the
potential, i.e., continuous functions of these couplings. Moreover,
the roots of a polynomial are continuous functions of the
coefficients (see, e.g., [15]), so then the masses squared are
continuous functions of the phase-sensitive couplings.
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predicted. These generally have a considerable CP-odd
content.

Moreover, those light states would have suppressed
trilinear gauge couplings 7;WW and h;ZZ (i = 1, 2), since
these couplings are constrained by the orthogonality of the
mixing matrix; hence they may have escaped detection at
the Large Electron-Positron Collider (LEP).

The paper is organized as follows. In Sec. II we minimize
the Weinberg potential, and discuss CP conservation and
properties of the mass matrices, introducing at the same
time notation and definitions used in the remainder of
the article. Section III presents the couplings among the
electroweak gauge bosons and the scalars, and Sec. IV
presents the Yukawa couplings. Then, in Sec. V we present
results of a scan over the potential parameters, subject to a
set of well-established constraints. In Sec. VI we compare
two ways of accommodating the discovered SM-like Higgs
particle in this potential, with either one or two states being
lighter. Finally, Sec. VII contains concluding remarks. The
expressions for the mass-squared matrices and pseudo-
Goldstone masses are given in Appendix A and a simple
version of the model, which turns out to conserve CP, is
discussed in Appendix B.

II. GENERAL PROPERTIES OF THE WEINBERG
POTENTIAL

We give here some basic properties of the minimum of
the potential and comment on conditions for CP conser-
vation. Such conditions can be analyzed from the point of
view of CP-odd scalar basis invariants [20,21] (see also
Ref. [22]), but a complete discussion is beyond the scope
of this work and will be presented elsewhere. We will
here only note that CP is conserved whenever any coupling
in Vg, vanishes (provided all VEVs are nonzero) or
sin(20, — 265) = 0."

A. Minimizing the potential
By an overall phase rotation, we choose the VEV of ¢,
wy = v, real, whereas the other VEVs, w, and wy will, in
general, be complex. We introduce phases 6; by
w; = vielt, =273, (2.1)
with v§ + v3 + v = v* and v = 246 GeV. We will thus
represent the different vacua in the form

{wi,wy,wi} = {01, v, v3e/%}. (2.2)

“Let the indices {i, j, k} be some permutation of {1,2,3}, and
consider the vanishing of 4;: The minimization conditions will
then enforce the vanishing of 4; and 4, unless the angles take on
special values. Whenever all 4;’s vanish V,;, also vanishes and all
VEVs can be made real.

It is convenient to extract an overall phase factor and
decompose the SU(2) doublets as

b/

— plb; -
e <(”i+7’]l’+i){i)/\/§>’ i=1,23 (2.3)

In our convention, 6; = 0, ¢; being a reference for the
phases of the other fields.

In general, CP is violated, so we cannot assign CP
parities to the fields #; and y;. However, since they are
independent fields, they have opposite “CP content” in the
sense that the product #,y; is odd under CP.

The minimization with respect to the moduli of the
VEVs gives

1- 1-
myy = Ay 07 + 5/1121% + 5/113”3 + A3 cos(265)v3

+ A3 cos(20,) 3, (2.4a)

1- 1-
My = Aop3 + 5/112”% + 5/1231% + Ay cos (2605 — 26,) 3

+ A3 cos(20,)v3, (2.4b)

1- 1-
ms3 = /1337J% + 51130% + 5/1237)% + /11 COS (293 - 292)7)%
+ A5 cos(2603)v3, (2.4¢)

where we introduced the abbreviations

Aoz = A3 + M.
(2.5)

i = Ay + Ay, Az =iz + A5,

These abbreviations are also useful for the neutral-sector
mass matrices.

There are two minimization constraints with respect to
the phases. These can be expressed as

A3 8in(20, — 203) + A30%sin20, =0,  (2.6a)

A v3sin(20; — 20,) + A,v?sin20; = 0. (2.6b)
From these two relations, it follows that the two phases are
related via

13 U% sin 292 + /121)% sin 293 =0. (27)
It also follows that the relative sign of sin 26, and sin 265 is
the opposite of the relative sign between 1, and A;.”

One can impose these two conditions (2.6) by substitut-
ing for 4, and 25,

>The ranges of these parameters could accordingly be reduced.
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B /11’[)% sin(292 - 293)

A
: v? sin 263

, (2.8a)

_/11’[]% Sin(292 - 293)

-
3 v? sin 26,

(2.8b)

Insisting on perturbativity, we require all 4; € [—4x, 4x].
Thus, whenever 0, or 05 is small, the other angle must be
close (modulo 7/2).

Alternatively, the minimization conditions (2.6) yield the
solutions [6]6

1 DD D D

c0s 20, — & {M _Da _ ﬁ] (%)
2| Dy, Dy Dy
1 { DD D D

cos20; = & {% _Dbw_ ﬁ] . (29)
20 D3y Dy Dp

with

Dy = A3(vy0,)?,
D3 = A (v301)*

Dy = A (va03)?,
(2.10)

Interpreting the D;; as sides in a triangle [6] requires 4, 45,
and A5 to all be positive. As noted above, 6, and 6; must
then have opposite signs.

B. The case 0,=03+nx/2

When 6, and 65 differ by a multiple of z/2, the first
terms of Eq. (2.6) vanish. These minimization conditions
then require one of the following to be satisfied (assuming
all VEVs are nonzero):

(1) L =4=0,

2) 4, =0, sin26, =0,

3) 43 =0, sin26; =0, and

(4) sin20, = sin26; = 0.

All these cases are CP conserving and will not be
considered in the following.

6, = 05: When 0, = 0; we may go to a basis in which
w, and wjy are real, and w is complex. It then follows that
we have only one minimization condition with respect to
phases; there will remain a “leftover” field on which the
mass-squared matrix does not depend, i.e., a massless state.

0, = 05 £ m: This case is essentially equivalent to the
case above, except for some sign changes.

6, = 65 + x/2: This case is also essentially equivalent to
the case above, except for an interchange of the #; and y;
fields in one doublet.

*These expressions differ from those of Ref. [6] since we take
¢, rather than ¢, to have a real VEV.

C. Rotating to a Higgs basis

To make these mass-squared matrices as simple as
possible and to easily identify the SM Higgs in the neutral
mass spectrum [cf. Eq. (5.1) below], it is convenient to
rotate the Higgs doublets to a Higgs basis, where only one
doublet has a nonzero VEV.

A suitable Higgs basis is reached by the transformation

(1 v
Rle €i€2 Uy = 0 s (211)
e, 0

1 0 1 [ vye”  pzemits
Rl = B Rl - — —i0 —i0 )
0 R W\ —v3e”2 pye7'0

w= /03 +13, (2.12)
and
(%1 w
Rz = — bl 7% (2 0 (213)
v
0 0 w

Thus, the Higgs basis [with SU(2) doublets H;, H, and
Hj] is reached by R = R, Ry,

Hl 4’1 d’l
Hy | =R| ¢, | =R| e®¢, |, (2.14)
H; 3 e s
with
w 0 0
R=R,—| 0 v, 3 (2.15)
0 —U3 Uy

in fact real.
We decompose the Higgs-basis fields as

G+
= <(v+'7]fB+iGo)/\/§>’

@Bt
H; = ’ , i=23, 2.16
((n?B v iﬁB)/ﬂ> 210

and enumerate the neutral fields {1, 2,3, 4,5} according to
the following sequence:
@B = {8, yiiB i HB 4B},

i=1,..5 (217

075029-4



WEINBERG’S 3HDM POTENTIAL WITH SPONTANEOUS CP ...

PHYS. REV. D 108, 075029 (2023)

D. Masses

The elements of the 2 x2 charged mass-squared
matrix M2, as well as the masses squared, are given in
Appendix A 1, while the elements of the 5 x5 neutral
mass-squared matrix M2, are given in Appendix A 2.
Moreover, we give O(4,) formulas for the masses squared
of the pseudo-Goldstone bosons in Appendix A 2 a.

We diagonalize the general neutral mass-squared matrix
by a 5 x 5 rotation matrix O to obtain the mass eigenstates,

h; —0,](,0] , (2.18)
with ¢!'® defined by Eq. (2.17).

Since the mass-squared matrix of the neutral sector is
5 x 5, the rotation matrix O of Eq. (2.18) can only be
numerically determined. This somewhat limits our analysis.
In Appendix A 2 we schematically quote the determinant
(A8) of the neutral-sector mass-squared matrix. It is
proportional to A3, reflecting the fact that the potential
has two massless states in the limit 1; — 0.

In Appendix B we briefly discuss a “minimal” version of
the potential, with A3 = +4,, 85 =F 6,, and v3 = v,. The
mass-squared matrix of the neutral sector factorizes in that
case, each factor vanishing linearly with ;. This suggests
that these factors are related to the pseudo-Goldstone
bosons.

1. Special cases

As shown in Appendix A 2, the mass-squared matrix for
the neutral sector has the structure

X X X 00 nte

X X X 0 «x ne
M,=1X X X x 0 e |, (2.19)

0 0 x x «x 7B

0 x 0 x «x 2B

where elements that vanish as 4; — 0 are denoted by lower-
case x. The column to the right is a reminder of the field
sequence in the Higgs basis. If we put sin(26, — 2603) =0
we get a block-diagonal form with one massless state

|

5.5
2cos6’W‘Z'Z(0i20j4+ 0,;05) ( hla”h,

i=1 j=1
i igcos 20y N
+ | ieAr + ———= 7 Z(hj 0,h7),

2cosBy =

[’th =

and for the quartic gauge-gauge-scalar-scalar terms, we find

m®
"
B | (2.20)
xn°
x5

2
Mneut

o o X M X
o o < < X
o o < < X
S O O O O
- O O O O

The condition 4; = 0 [instead of sin(20, — 205) = 0] gives
the above texture, only with a vanishing element on the last
row and column (x — 0), yielding a block-diagonal form
with two massless CP-odd states.

Finally, for the “simple model” of Appendix B we have

X X 00 0 nte

X X x 00 niB
My=10 x x 0 0 peudP (2.21)

0 0 0 x «x B

000 x X/ |[4»

which is also block diagonal, having interchanged rows
(and columns) 3 and 3, i.e., swapped 7i® and yi®

III. GAUGE COUPLINGS

The gauge-scalar couplings are determined by the kinetic
part of the Lagrangian,

L =Y (D))" (D). (3.1)
i=123
For the cubic gauge-gauge-scalar part, we get
Lyyy = WiEwH- O;1h;,
VVh <gmw i +200$6’W " ); it
(3.2)

with the rotation matrix O relating physical states to the
fields of the Higgs basis, as defined by Eq. (2.18). For the
SM-like state at 125.25 GeV, this coupling O;; is severely
constrained by the LHC measurements [23]. Its magnitude
must be close to unity.

For the cubic gauge-scalar-scalar terms, we find

5 2 2
*gZZ{(iOiHﬁOM ZU h*()h W#= +H.c.
i=1 j=1

k=1

(3.3)
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2

g _
Lvvin = <Z W‘J‘FWM Jr8cos

[ 5 2
XZh+h + |:< W+ ﬂ_M )Z Z Ujkhh l]+1 +10”+3) +HC:|

i=1 jk=1

2 cos Oy

We have argued that the vicinity of the U(1) x U(1)
symmetry should have an impact on the scalar sector,
leading to light states that when A; — O reveal their
Goldstone origin and become odd under CP. In order to
shed light on this, we will analyze the coupling of the
Z boson to a pair of scalars. Since Z is odd under CP, it
will only couple to the odd component of a two-scalar
state h;h;, not the even part. This odd component attains
its maximal value when one scalar is even and the other
is odd.

A measure of the CP content of two states is obtained
from the trilinear coupling h;h;Z. From the first line of
Eq. (3.3), an obvious measure is

P = (0p04+0505) — (i < j). (3.5)
We shall refer to it as the “Z affinity” of a pair of scalars.
A high affinity would mean that the h;h; two-scalar
state has a significant CP-odd component. Since a two-
particle state consisting of two even or two odd scalars
would be CP even, we shall somewhat imprecisely refer to
the above situation of a large |P;;| as saying the two states
have different CP profiles. The quantity P;; is basis
independent, since it refers to a coupling among physical
states.

As a reference, it is worth analyzing the Z affinities of
pairs of scalars in the CP-conserving 2HDM. We adopt the
conventional terminology of & and H being even under CP,
whereas A is odd. Furthermore, we take / to be the SM state
at 125 GeV. One readily finds that the Z affinity of 4 and H
(both CP even) is zero, whereas that of H and A is unity.
However, by the above definition and in the limit of
alignment, the Z affinity of 4 and A is also zero. With
h = h; aligned, we have O;; = 1, and (by orthogonality)
O = Oj = 0, with k # j. Thus, when £; is aligned, then
Pyj = Pj. =0 for all k.

Whereas in the 2HDM, allowing for CP violation, the
hih;Z couplings are essentially the same as the i ZZ
couphngs [24], with i, j, k all different, this is not the case
in a 3HDM.

Since P;; = —Pj; and P; = 0, it follows that there are
ten quantities, matchmg the fact that the rotation matrix
O can be generated by ten independent angles. Invoking
the orthogonality of the rotation matrix, as well as the
five independent h;VV couplings O;, it has been
shown that there are, in fact, only seven independent

200
>Zh2 ( W W +e2AA”+gCOS—WZZ”+

eqgcos20y A Z”>

cos’gy cos@y "

(3.4)

|
couplings [25].7 We do, however, find it more transparent
to work within this set of ten quantities (3.5), but note from
the 2HDM example given above that different CP does not
necessarily yield a high value for |P;;|. However, a high
value for | P;;| can only emerge from states having different
CP content.

One may extend the usefulness of the measure of relative
CP of two states into the region of small, but nonzero O}
by normalizing it to the squared sum of even and odd
couplings,

P..
i : (3.6)

\/min(Ofl, 0%) + P,

Pij:

with O;; representing the CP-even part of the ZZh;
coupling. This measure enhances the affinity in parameter
regions where it would otherwise be small, due to near
ahgnment

A measure of the CP-odd content of a state can be
obtained by summing the square of this coupling over all the
other states, j # i. We denote the square of this quantity P?,

=3 =3 = 308 = 1- 04

J# J J#

(3.7)

where in the second step we have used the fact that P;; = 0
and, in the following, the orthogonality of O. This has a
straightforward interpretation: While we may think of |O;;|
as a measure of the CP-even content of /;, we may think of

:\/1_0121

(3.8)
as the CP-odd part.

IV. YUKAWA COUPLINGS

With complex VEVs, there will also be CP violation in
the Yukawa sector, even with real Yukawa couplings. The
actual amount of CP violation will depend on how the

"This mismatch between the ten underlying rotation angles and
the seven independent couplings is due to the fact that some sets
of rotation angles (a3, 3. 0ys) and (af,, d)s, ..., ds) yield
the same rotation matrix O.

¥This normalization would fail in the zero-measure limit of both
h; and h; being purely CP odd, i.e., having min(0;;, 0;) =0
and Pl] =0.
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SU(2) doublets couple to the fermions. As an example, we
shall consider natural flavor conservation, where each
fermion species couples to at most one Higgs doublet [2].
One way to implement this is to let each right-handed
fermion sector u, d, and e couple to a different Higgs
doublet according to the following Z, x Z, charges:

¢1:(+1,+1) ¢r:(—1,+1)

¢3:(+1,-1), (4.1a)

ug:(+1,+1) dg:(-1,+1) er:(+1,-1). (4.1b)

Then the Yukawa Lagrangian takes the form
Ly =0,Y"Prug+ QrY$rdg + ELYhseg + He. (4.2)

Expanding the doublets and rewriting the Yukawa neutral
interactions in terms of the physical fermion fields, we
obtain, in addition to mass terms,

.1 , L5 ;
‘cr;,eutrdl — U_IMM“(;/II + l;(lyS)u + U—szd(’h =+ 1127/5)(1

1 _ .
+U_36M€(’13 + ix3ys)e. (4.3)

Mixing between the #; and y; fields will cause the neutral
physical scalars to have CP-violating interactions with the
fermions. The Yukawa interaction between a neutral
physical scalar /; and a fermion f takes the general form

m - -
Lhpr = Tfhi (KMIT ff + i&hilT fysf). (4.4)
This structure can be used to quantify the CP content of the
physical scalars. For the case of 77 final states, CMS [26]
has measured this mixing, defined through

~hgm7T
tan atsnee = <

(4.5)

K.hSMn' '

It has also been suggested to try to measure this quantity for
the 2HDM [27].

In order to identify this quantity, we need to express the
fields #; and y; of Eq. (4.3) in terms of the physical scalars,
which are not eigenstates of CP. For this purpose, we start
by “undoing” the transformation to the Higgs basis (2.14),
writing the inverse, for the neutral fields, in the form

m + iy ﬂ?B‘f'iGO
mtin | =R g +id® |, (4.6)
3+ iy 5B+ iyB

with R given by Eq. (2.15). Next, the 7B and y!B,
collectively referred to as @!® according to Eq. (2.17), can
be expressed in terms of the physical states /; via Eq. (2.18).

If we introduce a complex quantity for the couplings to
¢ according to Eq. (4.3),

zW = (R"),,0i + (RT),,(0i + i04)
+ (R"),5(0;3 +i0;5)
= Rik0i1 + Rao(Opp + i0y) + Rt (03 + i0;s),
(4.7)

then for the coupling of 4; to 77 (k = 3), we have

whiee = LRez® e = Vimz® (48)
(%] U3

and

" = arg (ZE3>). (4.9)
Some quantitative comments on this quantity will be
presented in Sec. VIC.

As pointed out in the Introduction, this model cannot
generate a complex CKM matrix and therefore cannot be
considered as the full description.

V. PARAMETER SCANS OF THE SCALAR
POTENTIAL

The fact that LHC experiments have determined the
Higgs-gauge coupling hqWW to be very close to the SM
value shows that the observed Higgs state is essentially
pure scalar, with no or very little pseudoscalar admixture.
In the notation of Eq. (3.2), this means that

|01] =1, for some j. (5.1)

We have performed scans over parameters, analyzing the
mass spectrum and imposing a condition on the coupling of
the SM-like state to two gauge bosons. Each parameter
point is required to satisfy boundedness from below,
perturbativity, and tree-level unitarity. For boundedness
from below, only sufficient conditions are known for the
Z, x Z,-symmetric potential [28,29] and we therefore opt
for a numerical check, whereas conditions for tree-level
unitarity conditions are taken from [30]. We uniformly
sample the parameters in the largest region where all the
above constraints can be met’

9Alternatively, the scan could be “factorized” into a scan over
the parameters determining the neutral sector, replacing 4;; and
A ; by 4;, and another over the charged sector. Qualitatively, the
results are found to be similar.
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TABLE 1. Distribution (in percentage) of h; with gauge
coupling 7;WW in agreement with the SM, within 3c.

hy hy hs hy hs
PDG [23] 0.31 3823 28.00 22.51 10.95
ATLAS [31] 0.31 3853 27.12 21.19 12.85
With theoretical cuts  0.01 27.88 30.69 27.68 13.74

v; €0, v], i=1,2,3, with v] + 03 + 13 = 02,
(5.2a)

o,€[-n.a,  i=23, (5.2b)

A €0, 4], i=1,2,3, (5.2¢)
hijo 2, € [=4m,4nl, i,j=1,2.3, (5.2d)
A € [-4x,4x]. (5.2¢)

From these parameters one can reconstruct the mass-
squared matrices and diagonalize them. The neutral mass
eigenvalues are ordered as

mp < mp < m3y <nmy < ns. (53)

Since the mass-squared matrix is homogeneous in the
A’s, we can rescale the A’s (all by the same factor) and
thereby rescale the masses. The analysis of the sampled
parameter points is performed as follows. For each j =1
to 5:

(1) check that the coupling O;; of h; to WW (or ZZ) is

compatible with LHC measurements [23] (at most

one value of j will be accepted),
(2) rescale all A’s such that m; = mgy = 125.25 GeV,

unconstrained

u constrained
\A

(3) apply theoretical cuts (boundedness from below,
perturbativity, and tree-level unitarity) on all re-
scaled A’s (including 4, and 43), and

(4) check that the lightest charged scalar is above 80 GeV.
If these conditions are satisfied, the parameter point is kept.
Regarding the LHC measurements of the Higgs-gauge
couplings hVV (V = W, Z), we use the ATLAS run 2 value
for the coupling modifier xy [23] with a 30 tolerance,
resulting in the following constraint for the SM-like state:

10| > 0.93. (5.4)
Thus, we obtain the 4; distribution given in Table 1. The
theoretical constraints referred to under point 3 are bound-
edness from below (within the limitation specified above),
perturbativity, and unitarity. We note that if these essential
experimental and theoretical constraints are to be satisfied
then the scenario where h; is the SM-like state requires
fine-tuning of the parameters.

We observe that small values of 4; are required to satisfy
all the constraints. This is illustrated by Fig. 1, where it is
seen that the distribution of A; becomes narrower as the
constraint on the h;VV coupling is applied. The further
constraints from boundedness from below and unitarity
(right-hand panel) have only a modest impact. These
histograms can be characterized by their rms values:

A |unconstrained =191, /11|3g = 0.66,

A4 |3¢7+th cuts = 0.37. (5.5)
Thus, when the constraint on the A;VV coupling is
imposed, this potential has an approximate U(1) x U(1)
symmetry in a sizable fraction of its viable parameter space.

The parameter points have also been analyzed in terms
of the average (rms) P;;, representing the coupling of two

with cuts

|.1j1k1.1
-4 -2 0 2 4

A

;IJIKI.I
-2 0 2 4

A

-4

FIG. 1. Histograms of 4; without (left) and with (center and right) the constraint |(O;;)* — k| < no with n = 3. On the right, we show

the impact of imposing further theory constraints (see text).
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rms Z affinity

rms Z affinity

FIG. 2. Average Z affinity (P;;),, of states ; and ;. Left: the U(1) x U(1) limit, as defined by Eq. (5.6). Right: no restriction

on the 1’s.

neutral scalars to the Z boson, defined by Eq. (3.5). We
interpret this as a measure of their relative CP. We have
also studied the absolute CP-odd content, as defined by
Eq. (3.8). If the average (rms) P;; is large, we say their CP
content is different (even if the absolute P; and P ; might be
similar), whereas if it is small, we shall say that their CP
content is similar.

For this study, as a reference, we also analyzed parameter
points that were not subject to the experimental SM-like
Higgs constraints described above. In Fig. 2 we compare
rms Z affinities for all pairs of neutral scalars and for two
cases, both without the SM-like constraint. In the left panel,
we impose a “near U(1) x U(1) symmetry” condition

max (|4, 4. [43]) = 0.01, (5.6)
whereas in the right panel we impose no such constraint,
i.e., we do not restrict the scan to the regime of near U(1) x
U(1) symmetry. The left panel shows a clear separation
into two sets of states, i; and &, have low affinity to the Z,
meaning they have similar CP content, as does the other
set, h3, hy, and hs. It is natural to interpret this as follows:
Near the U(1) x U(1) limit, we have two neutral states
that are approximately odd under CP and three that are
approximately even. This is fully in accord with the
expectations from the Goldstone theorem [32,33], since
the Goldstone bosons in the U(1) x U(1) limit will be
CP odd [34].

It is instructive to consider how the Z affinity is affected
by alignment. Let /2; be “aligned,” meaning its coupling to
WW is maximal, O;; = 1. By orthogonality, it follows that
O =0 for k # j and Oj; = 0 for k # 1. Then,

P;;=P; =0 forall i, (5.7)
the aligned scalar /; has no Z affinity with any other &; [34].
This is analogous to the CP-even and aligned (and SM-like)
h in a CP-conserving 2HDM not having any Z affinity to the
pseudoscalar A, even though they have opposite CP.

The features displayed in Fig. 2 change when we turn on
the SM-like constraint. We shall next consider /, and /5 as
candidates for being the discovered state at 125.25 GeV.

VI. ACCOMMODATING AN SM-LIKE STATE hgy

Assuming h, or h is identified as hgyy, we shall here first
discuss the CP profiles of the light states, as determined
from the gauge couplings, and then subsequently study the
Yukawa couplings.

A. h2 as hSM

We first consider the possibility that 4, is to be identified
with the discovered SM-like state at 125.25 GeV, as
suggested by Table L.

For the parameter points that survive the constraints, we
show in Fig. 3 the distributions of the complex VEVs v, e’
and vs;e’®. Superimposed on circular structures with
“holes” at v, =0 and v3; = 0, there are depressions at
purely real and purely imaginary values. The latter are due
to the fact that 1, and/or A; become nonperturbative when
| sin 26, | or |sin 26| are small.

i6,
v,ez/v

FIG. 3. Scatter plots of real and imaginary parts of the complex
VEVs v,e2 /v (left) and v3e'% /v (right), for h, = hgy. The
number of surviving parameter points increases when going from
dark blue to yellow.
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Couplings squared, h2 =hgy,

m, [GeV]

FIG. 4. Distributions of squared gauge couplings C? of h; vs
mass (arbitrary units, with yellow “high” and dark blue “low”).

If h, were the discovered Higgs particle at 125.25 GeV,
why has h; escaped detection? Searches at LEP [35,36]
depend on production via the Bjorken mechanism, where
the hZZ coupling is essential. But within the present
scenario, the hZZ coupling O, is suppressed. This is
illustrated in Fig. 4, where we plot

Ct=lonl (6.1)
vs m;. The bulk of the scan points lie at masses below
50 GeV and for a squared coupling of the order 1072, This
suppression is simply a result of the unitarity of the mixing
matrix O.

It is interesting to examine the profile of the neutral state
h, that in this scenario is lighter than 125 GeV. Is it related
to the breaking of the U(1) symmetries discussed in the
Introduction? In particular, does it have a significant
CP-odd content? Since the gauge field Z is odd under
CP, we can ask how large the h,h,Z coupling is, recalling
that, in the familiar CP-conserving 2HDM, there is an HAZ
coupling of strength 1 [in units of g/(2cos@y)]. The
corresponding coupling is for the Weinberg potential given
by Eq. (3.6), from the first term of Eq. (3.3). We show in
Fig. 5 the distribution of the h,h;Z couplings, in the above
units. The strongest coupling is seen to be to h; = hy,
consistent with it having a sizable CP-odd component.

B. h3 as hSM

We next assume that h; is to be identified as the
discovered SM-like scalar.

For the parameter points that survive the above constraints
on maximal allowed value of the |4|’s and minimum allowed
charged Higgs mass, we show in Fig. 6 the distributions of
the complex VEVs v,¢/% and v;e'%. As compared with the

h, = hgy,

FIG.5. Frequency distribution of the relative strength | P, ;| of the
hyh;Z couplings, in units of g/(2 cos 8y,) (along the y axis) vs &;.

v,e%/v

FIG. 6. Scatter plots of real and imaginary parts of the complex
VEVs v,e%2 /v (left) and v5e'% /v (right) for hy = hgy. Yellow is
high, dark blue is low.

previous case, h, = hgy;, the small-v, and small-v; regions
are here less depleted.

In analogy with the case above, we examine the profile
of the neutral states h; and h, that in this scenario are
lighter than 125 GeV and show in Fig. 7 the distribution of
hsh;Z couplings. The strongest coupling is again seen to be
to h i = hl'

C. Yukawa couplings

Returning now to the Yukawa couplings, we study the
angle a, which is a measure of the relative CP-odd
component of this coupling. In Fig. 8 we show scatter

10 . . . . .
plots "~ of & (in units of its maximum value, z/2) for the five
different neutral states in the two scenarios 7, = hgy; and
h; = hgy. In both cases hgy; is subject to the constraint
|a| < 0.1, which ensures that the CP-odd part of the

"For better visibility, the points are randomly distributed along
the horizontal dimension.
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FIG. 7. Frequency distribution of the relative strength |P |
of the h3h;Z couplings, in units of g/(2cosfy) (along the
y axis) vs h;.

Yukawa coupling hgyZr is consistent with experimental
measurements [26].

This figure supports the feature of the Weinberg potential
presented in the Introduction: in each scenario, the states
lighter than hg); are more likely to have a significant CP-
odd content than the heavier ones.

It should be stressed that the results shown in Fig. 8
depend on how natural flavor conservation is implemented,
cf. (4.1). Because of the symmetry (statistically speaking)
of the potential under interchange of ¢; with ¢;, the scan
result does not depend on whether the fermion in question
(here, the 7) is coupled to ¢, ¢, or ¢h3. What is important,
though, is the fact that it is coupled to only one doublet. The
outcome would be different if the assumption of natural

Yukawa coupling angle

NS

5 PR AP SRR £

AN PR

PR L2 RPN BRE L R, Sl

=
2 ARG T 48 AR D N

FIG. 8.
couplings to 77 for h, = hgy (left) and hy = hgy (right).

flavor conservation were relaxed. If z, e.g., couples to both
¢, and ¢5, then the angle a would instead be given by

ah;‘r‘r = arg |:£Zl(2) +£Z(3):| . (62)

U vy !

VII. CONCLUSIONS

We have explored the spectrum of the Weinberg scalar
potential with real coefficients in some detail, determining
the CP profiles of the neutral states from how they couple
to the electroweak gauge bosons and to fermions. We find
that if this potential accommodates the discovered, approx-
imately CP-even Higgs boson at 125.25 GeV, then it
naturally (i.e., in the absence of fine-tuning) predicts one
or two lighter neutral states. While the model violates CP,
one of these states, or both, would have a significant CP-
odd content.

One might wonder whether or not imposing the con-
ditions listed in Sec. V in our parameter scan would bring
us close to one of the symmetries obtained for natural
alignment in Ref. [18]. This would require simple relations
among the parameters of the potential [37,38]. We have
checked that this is not the case. Therefore, the requirement
of being close to alignment simply translates into an
appropriate choice of parameter space.

In spite of some hints [35,36,39-42], no state with m <
125 GeV has been observed. This could simply be because
in this model the #;ZZ coupling is for the lighter states
typically below 10% of the SM value and production via
the Bjorken process is suppressed.

In view of these results and the appeal of the Weinberg
potential, it seems important to pursue the searches for a
light scalar, whose coupling to the Z and W is reduced. In
this context, it is important to recall that also branching

Yukawa coupling angle

1
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Scatter plots of the absolute value of the angle a (in units of z/2) of Eq. (4.9), characterizing the CP-odd content of the Yukawa
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ratios would differ from those of the SM Higgs. In
particular, the h; — yy rate would be reduced, again
because of the reduced h;WW coupling and also modified
by the loop contributions of the charged scalars. This issue
will be discussed elsewhere; the contribution of the charged
states could lead to either destructive or constructive
interference with the W and fermion loops.

In Ref. [28] the same real scalar potential with an
additional complex soft symmetry breaking term is studied
in a region of parameter space such that the vacuum leaves
one of the Z, symmetries unbroken, i.e., one of the
doublets acquires zero VEV. The additional soft term is
introduced to explicitly break the two Z, symmetries that
are also broken by the vacuum. In this way it is possible to
have CP violated explicitly by the potential. This frame-
work results in a viable extension of the inert doublet model
[43-45], providing a good dark matter candidate while
having two noninert doublets.
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APPENDIX A: THE MASS-SQUARED MATRICES

In this appendix, we give the mass-squared matrices of
the Weinberg potential.

1. Charged sector

In the charged sector, the elements of the 2 x 2 mass-

squared matrix corresponding to the fields @B+ and ¢}B+
can be written as
MR — A v?sin? (20, — 20;)v3v3
(M ==, 26, sin 20 v3w?
2
— (41,03 +2303) 2 (Ala)

A vv vy03 8in (20, — 205)
sin 26, sin 20;viw?
x (03 sin 20,€%% + v} sin 2056772

VU1V
1208 = ),

(Mgh)u -

(Alb)

(Mch) (M )i2s (Alc)

A
2 I . .

X =———————(2sin26 20
(Ma)22 sin 26, sin 26;w? (25in 26, sin 20,

x ¢0s(20, — 205)v3v} + sin® 20,03

+ sin® 2050%) — = [(A1,03 + 4}503)v?

2w a2

+ Xoywt]. (A1d)

These are all singular if either 6, or 65 vanishes faster
than the other one. The singularities arise due to the
constraints (2.8).

For the rotation to the mass eigenstates /| , we introduce
a complex matrix U,

hi = UU‘/’?EIJF’ (A2)
with @55 " defined by Eq. (2.16). Explicitly, with
cosy sinye’®
—sinye ™ cosy

we have hf =cosypy®" +sinye it and hy =
—sinye ®@iBT + cosypi Bt

The masses in the charged sector are thus given entirely
in terms of 4, 4},, A5, and 1}, together with the VEVs and
the phases. The unprimed 4;; do not enter. Furthermore, for
small 4, either 1}, and/or /1 and/or }; must be negative.

2. Neutral sector

With the Higgs-basis field sequence (2.17) and invoking
Eq. (2.8), we find
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(M2 410303 [1 = cos(26, — 265) cos 20, cos 205
net/ 1260 20, sin 26, 2 2 3
2 - _ _
+ F [21111‘1‘ —|— /122”3 + 1331);‘ + 1121)%1)% —|— 1131)%1)% —|— 2230%1)%} s (A4a)
(M) = —2h 0303 [sin?(20, — 205)(2w? — 1) — 2 c0s(26, — 205) sin 20, sin 205 v3]
neut/12 7 200, sin 26, sin 26, S S : T
v - - -
- ﬁ [2/1111)%W2 - 2&221]3 - 2&331]43‘ - (112’0% + 1131]%)(1)2 - 2W2) - 2/1231)%1]%} . (A4b)
2 2/11 Vr U3 2 -2 2 -2 112123 >
(Mieu) 13 = o sin 20, sin 20, [1}2 sin? 260, — v3 sin 293] [ 200003 + 203303 — A1p0% + Ay307 + Az (03 — 1)3)],
(Adc)
42,0303 2 . : 2 in2
(M2 = 7 sin 20, sin 20, [v? cos(26, — 20;) sin 20, sin 20; — w? sin?(20, — 265)]
20? - - -
+ 1)2—‘/:2 [/111W4 + /122’1}421 + 133 Ug - /1121)%W2 - /113 ’U%W2 + /123’1)%’[]%] s (A4d)
(MZeu)s 2410205 [—w? sin(260, — 265)(v3 sin 26, cos 205 + v3 sin 265 cos 26,)
mUUZ3 v, w sin 26, sin 2605 2 A2 2 30 3 2
. . Vo _ - _
+ U%(’U% - U%) COS(262 - 263) Sin 262 Sin 293] 11)\/5 3 [ 2/122’112 =+ 2/133’[13 ()«12 - 113)W2 + 123<’U% — ’U%)} s
(Ade)
201vv,0
(Mieu)as = IT“ n(20, — 203), (A4f)
5 —42,v303 21)2 v3
(Miew)ss = TCOS(Zaz —205) + (A2 + 433 — A3, (Adg)
21
(Mieu)as = === 5in(26; = 205). (Adh)
=22, 0?0303 ) .
Miew)as = =2 2(20, - 205), A4
Maewas = 2.5 G020, sin2g, S (202 = 263) (540
(M2 )gs = — 200203 Gon _9p,) (12 5in 26, cos 205 + 12 sin 205 cos 26, (A4)
neut/45 UIWZ sin 292 sin 203 2 3 2 2 3 3 3 2]
22
(M2)ss = ! [2v33 cos(26, — 265) sin 20, sin 205 + v4 sin® 260, + v} sin® 26;], (A4K)

w? sin 26, sin 26,

with (M2e) 14 = (M2e)1s = (M2eu)2s = (M2)3s = 0. Most of these are singular if 6, or 65 vanishes faster than the
other one.
It is also instructive to study the determinant,

22 5in?(260, — 205)
v? v} (03 + v3) sin’ 26, sin® 20,

D5X5 = F<92,03, ), (AS)
with

F(0,,05,...) = 642305010%%5in?20,5in8205 F 5 g + A305035in320,8in"205 F 3 7 + A, 0305sin*20,5in°205 F, 4
+ 03038in720,8i0°203 F's 5 + {(63, 03, 40, A12) <> (03, v3, 433, 413) } (A6)
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with F,,, regular, homogeneous expansions in the 1’s and
powers of the VEVs, as well as sines and cosines of the 6’s,
accompanying the overall factors sin™ 26, sin” 26;.
Overall, if both 0’s are small, F(6,,0s,...) is of order
10 in the 0’s, canceling the singularity of the prefactor of
Eq. (AS), but leaving an overall dependence on the 8’s
given by sin®(260, — 205).

The determinant of M2, has an overall factor of A7
reflecting the fact that in the absence of the terms in V,
there would be two massless states, originating from the
breaking of the U(1) x U(1) symmetry.

For sin(20, —20;) =0 the elements (M2.),s =
(Mﬁeut)34 = (Mﬁeut)44 = (M%eut)45 = 0’ and the mass-
squared matrix becomes block diagonal. A 3 x 3 block
will account for mixing among 748, 5B and 1B, whereas
a 2 x 2 block will describe a massless y5® and a massive
2B This model would preserve CP, as already mentioned
in Sec. I B. However, there is also another way to achieve
factorization, as discussed in Appendix B.

a. Masses of the U(1) x U(1) pseudo-Goldstone bosons

A nonzero 4, explicitly breaks the U(1) x U(1) sym-
metry of the potential and turns the two Goldstone bosons
into pseudo-Goldstone bosons. The masses of these
pseudo-Goldstone bosons can be computed to first order
in A; by writing the mass matrix in the symmetry basis as

OMZ,
MGs = Mise oo TH —az? ° (A7)

=M, + L Mp, (A8)

and applying time-independent perturbation theory. The
unperturbed system has a threefold degeneracy correspond-
ing to the U(1), and U(1) x U(1) Goldstone bosons.
Hence, when 1, is turned on, the O(4,) corrections to the
masses of these states are given by the eigenvalues of the
perturbation matrix in the degenerate subspace spanned by
the three massless states [46],

(M2 )ij =N, ——n; (A9)

where n; (i =1, 2, 3) are three linearly independent
massless eigenstates of M(Zo)' This matrix has a zero

eigenvalue due to the fact that the U(1), Goldstone boson
remains massless after 4, is turned on. The two remaining
eigenvalues yield the masses of the U(1) x U(1) pseudo-
Goldstone bosons at order O(4,),

2 —h
ml - 2 .
v sin 20, sin 2605

+ 0303 sin% (26, — 20;) + viv3sin®(205) £ A),

(v}0 sin®(26,)

(Al0a)
where
A? = [v3(v3 sin?(260,) + ©3 sin?(265))
+ v303 sin?(20, — 26;)|?
— 42030302 sin?(20,) sin?(265)
x sin(260, — 20;). (A10b)

Since all masses squared are linear in the A’s, these above
expressions are independent of the A’s defining V.

It is instructive to compare these values with the simple
model discussed in Appendix B for 8; = —6, and v3 = v,.
In that limit, the above results simplify to

. 4111)2
m2 = 42,v3sin?20,, m} =—>2

v>cos?260,. (All)
U

For a discussion, see Appendix B.

APPENDIX B: A MINIMAL (SIMPLE) MODEL

Inspired by Eq. (2.7) we see that a minimal version of the
model can be constructed by imposing a symmetry under
the interchange

by < ;. (B1)
This immediately implies
My = m33, Ay =43, (B2)
as well as
Ay = A, Aa = i, A = A3 (B3)

It follows from the minimization conditions (2.4) and (2.6)
that, while the moduli of the VEVs are the same, we must
have opposite phases,

Uy = U3, 92 = —93. (B4)

Obviously, this simple model conserves CP [47] with CP
defined as
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(1) o 10 0Y [(¢7)
(#2) |—{0 0 1 [] (h2) (BS)
(#3) 0 1 0/ \{#3)

Within this framework, the constraints (2.6) can be
expressed as

V3
cos(292)
vt

dy = =21, 2 (B6)

1. Charged sector

The mass-squared matrix of the charged sector is found
to be given by

2

M), = 2/11 v? cos? 20, — —/1 v? B7a
11 12
1
. v .
(M) = (M35, = —lﬂlv%U—ISm(492), (B7b)
1
(M2, = 24,03 sin® 20, — 21121;1 M3 (BTc)

The two masses are determined by a quadratic equation,
1
= [a+ V0], (B8)

with

2
a=24 —% [0 = 25in?(20,)v3] — A, (v} + v3) — 2303,
vy

(B9)
A
b =—=2{42(v? - 2sin? 20,13)% + 402 (A}, — Ab3)
vy
x [2 sin? 20, (v? + v3) — 1)2] + (4, — /1’23)211‘1‘}.
(B10)
If we consider the limit 4; — 0, we find
1
mi = S [=2(0] + 03 F 03) —Ap(v3 £03)]. (BI)

On the other hand, if we make the further assumption
that 4}, = 435, we find

1
m = —5/1’121)2, (B12a)
mff = m2 + Am?, (B12b)

( +2v3cos?260;).  (Bl2c)

Ul

If 4, >0, we have mg > Mg, otherwise the order is
inverted. We must require 1}, < 0.

2. Neutral sector

In the Higgs basis and invoking Eq. (B6), the 5 x5
mass-squared matrix takes the form

2
(Mneut> ? [—2/11 1)3(1 + 2 COS2 262) + /1111141¥ + 2&2203
+2112U%U% +123U‘ﬂ, (Bl3a)
_2V2403
(M2 = . vl TR 2 (=02 + 40d cos? 20,)
1
20,0
+ 7\/_/021 2 [—2].111)% + 2/122’!)%
+ A (12 = 203) + Ap303], (B13b)
v3 2 2 2\~
(Mneut) F [211[_1)1 + 2(01 + 402) cos 292]
+ (411 + 2405 — 4yp + 203) 01, (B13c)
2
(Mieu)os = 244 v—25in 40, (B13d)
Ui
(Miew)ss = 241 03(1 = 2c05? 20,) + (242 — 4303,
(B13e)
2
(M )as = =240 2 5in 46, (B13f)
Uy
02
(Miew)aa = 42107 — cos? 20, (B13g)
U]
(Mieu)ss = 44103 sin” 265, (B13h)

the remaining elements being zero.

3. Factorization

Since the mass-squared matrix for the neutral sector,
Eq. (B13), becomes block diagonal, its determinant fac-
torizes. One factor comes from the {7{8, 7B, 1B} sector,

(M)t (Miewds  (Miewss
(MDneusxs = | (Miadar M (Mieuas |-
(Miew)si  (Miew)ss  (Mieu)ss
(B14)
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and the other comes from the {n}®, y}B} sector,

(Mﬁeu )33 (M%eu )34
(Mz)neut.ZXZ = ( 2 t 2 ' . (BlS)
(Mneut)43 (Mneut)44
The two determinants are given by
8, v4 sin?(26
Dy = S02SI07202) 2.4 052 29,
vy
- 211 [2111)‘1‘ —+ (4122 + 2223)1]‘21 C082 292]
+ 01241142 + A11dxs — 43,)]. (B16)
and
42,v*v4 -
D2><2 = # (—211 + 2/122 — 123) COSZ(292). (B17)
v

Both of these vanish in the limit of 4; — 0, i.e., when
Von — 0. Furthermore, both determinants are proportional
to v3, so if the VEVs of ¢, and ¢; were to vanish, two
masses in each sector would vanish. This feature is
reflected in the scans of the full model shown in Figs. 3
and 6. There are no points at the origin in the v, exp(i6,) or
vy exp(ifz) planes.

4. CP conservation

Inspection of the gauge couplings discussed in Sec. III,
in particular the Zh;h; couplings given by Eq. (3.5),
shows that P, = P;5 = P»5 =0 and that P3; =0, so
states within each set have the same CP. Furthermore,
the nonvanishing ZZh,, ZZh,, and ZZhs couplings and the
vanishing of the ZZh; and ZZh, couplings confirm the

5. The two pseudo-Goldstone bosons

In Appendix 2 Aa we discussed the masses of the
pseudo-Goldstone bosons to first order in A;. For the
present simplified model, with v3 = v, and 65 = —6,,
the results for those masses linear in A; simplify to

A
2 _ 1 2,2 2
m; = m [2’[]1’[}2 sin 292
+ 404 sin® 20, cos? 20, + A], (B20a)
A? = 403 sin? 20, [v} — 2(v? — v3) cos? 26,]%. (B20b)
We find the two values
2 20in2 2 42,03 2002
m;, = 4A,v58in°20,, my = — 5= v°cos 20,. (B21)
1

These mass values are seen to be contained as factors in
the above determinants Ds,; and D,,,, with m2 being a
factor of D3, 3 and m? a factor of D,,,. Referring back to
the CP properties of the 3 x 3 and the 2 x 2 blocks, we
conclude that in the limit A, — 0, then A, (mass m,) would
be even under CP and h;, (mass m;) would be odd. They
become degenerate for
v

| tan 260, | = (B22)

Uy

which is necessarily larger than unity. It follows from the
discussion in the previous subsection that such degenerate
states would have different CP, as they must.

Finally, in the limit 4; — 0 we find compact expressions
for the non-pseudo-Goldstone masses: From the 2 x 2
block,

following identification: m2 = (2 A — /‘123)1}%’ (B23)
n®, 5B, y5® (notni®) mix to form hy, hy, hs, CP even, and from the 3 x 3 block,
(B18) +
m, =22 P (B24)
258, 7B (not 5B mix to form h5, hy, CP odd,
where
(B19)
. . 1 a = ’U% (2/122 + /_123) + 21111}%, (BZS)
and, as stated above, CP is conserved in this model.
|
p= \/411%”% (243 = 201 (2402 + 43)) + 03(2400 + A3)* + 427, v (B26)

"However, because of the mixing between # and y scalar fields, this model becomes CP violating when coupled to fermions.
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