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A B S T R A C T

The coupled effects of waves and a subsurface current on the hydrodynamic loads on offshore slender structures
in coastal water regions have been examined in this paper, especially the coupling of the weak nonlinearity
of surface waves and the depth variation of a current profile. Based on a narrowband assumption, this
paper firstly derives a novel semi-analytical framework which extends potential flow theory and the Direct
Integration Method (DIM) proposed by Li and Ellingsen (2019), permitting the interaction between weakly
nonlinear surface waves and an arbitrary depth-dependent subsurface current. This framework is numerically
implemented, validated, and used to lead to the current-modified Morison equations which are used to analyze
the loading on a bottom-fixed, vertically installed cylinder. We demonstrate the clear differences between the
features of surface elevation and hydrodynamics loading exerted by the coupled interaction of irregular waves
and a subsurface current in both operational and extreme sea states. Especially, we find that the occurrence
probability of extremely large events represented by the statistical features of surface waves can be insignificant
whereas the coupled effects of waves and current on the hydrodynamic loads are considerable, compared with
the decoupled cases. This suggests that the conventional approach, which uses the statistical features of surface
elevation to represent the extremely large wave events, and therefore risks posing to the safety of offshore
structures, may not be sufficient when both the waves and a subsurface current are present and play a role
in the hydrodynamic performances of offshore structures. Both the depth variation of a current profile and
the direction between the wave propagation and current velocity are found to play an important role in the
loads on offshore slender structures. A following and an opposing uniform current lead to overestimated and
underestimated loads, respectively, compared to either a decoupled model or a coupled model with a more
realistic representation of the current profile.
1. Introduction

Man-made structures installed in coastal water regions are widely
exposed to realistic sea states where water waves, currents, and winds
coexist. The realistic sea states can lead to the failure of structures as
a result of their hydrodynamic loads and therefore, play a dominant
role in both the cost, reliability, and safety of offshore structures, as
is widely known. How to account for the effects of environmental
conditions, especially due to waves and a current, in both an accurate
and efficient manner have been a topic of practical importance in
many applied fields. A few relevant examples are the design of slender
structures used in the aquaculture (Shen et al., 2018; Faltinsen and
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Shen, 2018) and offshore wind sectors (Santo et al., 2018; Ghadirian
et al., 2021), and the post-processing for situ measurements (Draycott
et al., 2022). In this work, we focus on the coupled effects between
surface waves and a background current on a bottom-fixed vertical
slender cylinder.

Extremely large waves, known also as rogue or giant waves, have
been a key driver in the design of offshore structures and safety
operations at the sea. Many physical mechanisms are proposed for their
formation (Onorato et al., 2013). For instance, the linear focusing of
surface waves which can be a result of the refraction of surface waves
by a varying bathymetry or current (White and Fornberg, 1998; Janssen
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and Herbers, 2009), modulational instability of deepwater waves in
both presence and absence of an opposing current (Benjamin and Feir,
1967; Onorato et al., 2011), and nonlinear effects caused by waves ex-
periencing inhomogeneous media, e.g., a varying depth (Trulsen et al.,
2012; Zheng et al., 2020a; Trulsen et al., 2020; Li et al., 2021c,a,b)
or current whose velocity profile has spatial variation (Shrira and
Slunyaev, 2014b,a; Ardhuin et al., 2009; Ardhuin, 2017; Zheng et al.,
2023; Zhang et al., 2022). Thereby, the interaction between waves and
a background current is obviously relevant to the occurrence of rogue
waves, posing a great risk to marine operations at the sea. Indeed, this
point has been well supported by many examples of marine accidents
which are the result of wave-current interaction; for instance, these
that happened at Agulhas current (Dysthe et al., 2008), the mouth
of Columbia River which has a long history of being littered with
shipwrecks (Zippel and Thomson, 2017), Norwegian fjords (Saetra
et al., 2021), and the South China Sea (Wang et al., 2014).

Although it has been well established that wave-and-current in-
duced sea states, which may lead to a larger probability of rogue
wave events, can pose severe risks to the safety at the sea, there
is a need for clarifying how they affect the hydrodynamic loads on
offshore structures with the main reason explained in the following.
One key question that shall be addressed is whether the proxies to
rogue wave events are sufficiently good to interpret the corresponding
hydrodynamic loads on offshore structures. Statistical moments of the
surface elevation are conventionally used as the proxies to rogue wave
events with the amplitude and phase being the two main random
variables (DNV–GL, 2014). In contrast, the hydrodynamic loads on
offshore structures mostly rely on the flow kinematics (e.g., velocity
and acceleration) despite that the kinematics and surface elevation
have strong correlations. This difference cannot be disregarded when
the statistics of surface waves and kinematics show obviously different
features, as indicated in Trulsen et al. (2020), Lawrence et al. (2021)
and Li et al. (2022). Therefore, it would be of practical significance if
a direct connection of the wave–current interaction can be established
with their hydrodynamic loads on offshore structures. To this end, the
overall objective of this work is to study the coupled interaction effects
of waves and a background current on offshore structures through
relatively simple but sufficiently accurate approximations.

Physically, the coupling between waves and currents can be inter-
preted in a two-way manner; i.e. waves altering the properties of a
current and vice versa. These of practical interests to engineering opera-
tions are primarily the former due to that a current has large temporal
scales in variation (Quinn et al., 2017; Li and Ellingsen, 2019). The
‘Doppler shift’ is a widely known effect of current on waves, which
refers to the wave number-weighted projection effect of the velocity
of a uniform current on the direction of wave propagation (Peregrine,
1976). It leads to the different absolute frequencies of the waves with a
fixed wave vector for the cases with a following and opposing uniform
current. Mathematically, the underlying physics can be represented by
a so-called ‘Doppler shifted’ term in the linear dispersion relation which
is derived with the assumption of a uniform current in space. This
assumption holds in the framework of potential flow theory which has
been a key to wave–current-interaction-induced hydrodynamics. The
hydrodynamic loads in sea states in the presence of waves and a current
have been conventionally considered using potential wave theory; see,
e.g. Shao and Faltinsen (2014), Shen et al. (2018), Faltinsen and Shen
(2018), Zheng et al. (2020b), Yang et al. (2020), Ghadirian et al.
(2021) and Qu et al. (2020). These works have examined wave–current
induced loads on both fixed (Shen et al., 2018; Ghadirian et al., 2021)
and floating slender structures (Shao and Faltinsen, 2014; Faltinsen and
Shen, 2018; Qu et al., 2020; Zheng et al., 2020b; Yang et al., 2020).

Nevertheless, the current profile in nature is mostly non-uniform
in space. This feature makes a striking difference because a spatially
varying current can lead to rotational flow motions where the as-
sumption of irrotationality no long holds (Shrira and Slunyaev, 2014b;
2

Ellingsen, 2016). Thereby, the potential flow theory is inapplicable to s
the cases of waves atop a spatially varying current which gives rise to
rotational flow motions. This makes it especially challenging to account
for the wave–current interaction with semi-submerged structures using
a more general framework than the potential flow theory. A very few
exceptions are listed as follows. Chen and Basu (2018, 2019) have
analyzed the wave–current interaction on the fatigue loads and global
responses of structural motions of a spar-type floating wind turbine,
respectively. Both find that the coupled effects between surface waves
and a current are nontrivial, based on a linear theory for rotational
flows.

Based on the discussion above, we have identified knowledge gaps
in three aspects. Firstly, it is unclear whether the two proxies (skewness
and kurtosis) to extreme wave events caused by the wave–current
interaction can be directly used to elucidate loads on offshore struc-
tures. Secondly, there is a need for using a more general theoretical
framework than the potential flow theory, which permits to account
for the wave–current interaction effects on hydrodynamic loading of
offshore structures in the cases with a varying current. Following the
second aspect, how the wave nonlinearity plays a role is unclear,
especially for offshore structures exposed to complex sea states due to
surface waves coupled with a subsurface current. This paper sets out
to fill in the knowledge gaps in the three aforementioned aspects. In
contrast to a majority of works discussed which rely on the assumption
of potential flow theory, this work will especially rely on a more
general theory where fluid motions are permitted to be rotational as
they indeed do in realistic circumstances. Compared with Chen and
Basu (2018, 2019), this work will extend the analysis to allow for
nonlinear waves with a focus on the hydrodynamic loads on offshore
structures and a constructive comparison between properties of surface
displacement of waves and direct hydrodynamic loading. To the best
of the authors’ knowledge, we believe this is for the first time that
hydrodynamic loads on offshore structures arising from the coupling
between nonlinear waves and an arbitrary depth-dependent current are
examined.

This paper is organized as follows. The theoretical framework is
firstly presented in Section 2, which explains how the sea states can be
described using the more general Euler framework than the potential
flow theory. The sea states take into account the physics up to the
second order in wave steepness, corresponding to the lowest order
of nonlinearity by virtue of simple and transparent illustration of the
underlying physics. In Section 3, we present the details of the numerical
implementation of the theory given in Section 2. In Section 4, the
analysis of the loads in both extreme and operational conditions is
carried out, where surface wave elevation is also examined. We draw
conclusions from this paper in Section 5.

2. Theoretical framework

We consider a bottom fixed vertical circular cylinder with a radius,
𝑅, at a constant uniform depth, ℎ. The cylinder is assumed to be a rigid
body. A Cartesian coordinate system is chosen with the vertical axis 𝑧
pointing upward. An undisturbed water surface is located at 𝑧 = 0 and
let 𝐱 = (𝑥, 𝑦) be the position vector in the horizontal plane, as shown
in Fig. 1. The positive 𝑥 axis is chosen such that it is in alignment with
the main direction of wave propagation.

2.1. Description of the flow fields

In this section, we present the description of the flow fields in
the absence of the cylinder. In other words, we consider a system of
water region in the presence of surface waves in a background depth-
dependent current. The velocity profile of the current is described by
𝐔3 = (𝐔(𝑧), 0), where 𝐔 = (𝑈𝑥(𝑧), 𝑈𝑦(𝑧)) denotes the velocity vector in
the horizontal plane with 𝑈𝑥 and 𝑈𝑦 denoting the components in the
𝑥 and 𝑦 directions, respectively. Due to the presence of the vertically

heared current, the potential flow theory is no longer applicable, as
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Fig. 1. Diagram of the system of a bottom-fixed vertical slender cylinder (with a radius, 𝑅) installed in a finite water region with a depth, ℎ, where surface gravity waves and a
tidal current coexist. The surface displacement in different sea states is given by 𝑧 = 𝜁 (𝐱, 𝑡) with 𝑧 = 0 as the still water surface.
reported in a number of papers, e.g., Ellingsen (2016) and Li and
Ellingsen (2016). Therefore, the velocity potential does not exist any-
more. We consider effects of a current on waves but not vice versa, so
that the incident waves are governed by the continuity and momentum
equations for −ℎ < 𝑧 < 𝜁 (𝐱, 𝑡):

∇3 ⋅ 𝐕 = 0, (1)

𝜕𝑡𝐕 + (𝐔3 ⋅ ∇3)𝐕 + (𝐕 ⋅ ∇3)𝐔3 + ∇3𝑝 = − (𝐕 ⋅ ∇3)𝐕, (2)

where ∇3 = [∇, 𝜕𝑧] denotes the gradient operator in three dimen-
sions with ∇ = [𝜕𝑥, 𝜕𝑦] the gradient operator in the horizontal plane;
𝐕(𝐱, 𝑧, 𝑡) = [𝐮(𝐱, 𝑧, 𝑡), 𝑤(𝐱, 𝑧, 𝑡)] denotes the wave perturbed velocity,
with 𝐮 = [𝑢(𝐱, 𝑧, 𝑡), 𝑣(𝐱, 𝑧, 𝑡)] and 𝑤 as the velocity vector in the hori-
zontal plane and the vertical velocity, respectively, and 𝑢 and 𝑣 as the
velocity components in the 𝑥 and 𝑦 directions, respectively; 𝜁 denotes
the free surface elevation; 𝑝(𝐱, 𝑧, 𝑡) = (𝑃 + 𝜌𝑔𝑧)∕𝜌 denotes the dynamic
pressure, with 𝜌, 𝑔, and 𝑃 (𝐱, 𝑧, 𝑡) as the fluid density, gravitational
acceleration, and total pressure, respectively. The boundary conditions
include the kinematic and dynamic conditions at the free water surface
and a seabed condition. They are expressed as

𝑝 − 𝑔𝜁 = 0 and 𝑤 = 𝜕𝑡𝜁 + (𝐔 + 𝐮) ⋅ ∇𝜁 for 𝑧 = 𝜁, (3)

𝑤 = 0 for 𝑧 = −ℎ. (4)

2.1.1. Construction of approximate solutions
We seek an approximate solution to the boundary value problem

described by (1)–(4) based on a perturbation expansion and the narrow-
band assumption of surface waves. Based on a perturbation expansion,
the wave parameters are expressed in a form of power series in the
dimensionless wave steepness 𝜖 = 𝑘𝑐𝐴𝑐 , where 𝑘𝑐 and 𝐴𝑐 denote the
wavenumber and amplitude of the characteristic wave, respectively,
and kept up to the second order:

𝐕 = 𝜖𝐕(1)(𝐱, 𝑧, 𝑡) + 𝜖2𝐕(2)(𝐱, 𝑧, 𝑡), (5a)

𝑝 = 𝜖𝑝(1)(𝐱, 𝑧, 𝑡) + 𝜖2𝑝(2)(𝐱, 𝑧, 𝑡), and (5b)

𝜁 = 𝜖𝜁 (1)(𝐱, 𝑡) + 𝜖2𝜁 (2)(𝐱, 𝑡), (5c)

in which the superscript ‘(𝑚)’ denotes the 𝑚th order in wave steepness.
For a train of linear irregular waves (random waves and wave groups),
its elevation is given by

𝜁 (1) = 1
8𝜋2 ∫

∞

−∞

(

|𝜁 (𝐤)|ei𝜓(𝐤,𝐱,𝑡) + c.c.
)

d𝐤, (6)

where c.c. denotes the complex conjugates, |𝜁 (𝐤)| is the real wave
amplitude of wave vector 𝐤, and 𝜓 = 𝐤 ⋅ 𝐱 −𝜔𝑡+ 𝜃(𝐤) denotes the wave
3

phase with 𝜃 the initial phase of an individual monochromatic wave
and 𝜔 denotes the angular frequency which obeys the linear dispersion
relation, 𝜔 = 𝜔(𝐤). We used the Direct Integral Method (DIM) proposed
by Li and Ellingsen (2019) for the numerical solution of the linear
dispersion relation. The DIM is also for the linear velocity fields, 𝐮(1),
𝑤(1), and 𝑝(1). In the limiting cases where the current velocity is weak
compared to the wave phase speed, a leading order approximation to
the dispersion relation reads (Stewart and Joy, 1974; Ellingsen and Li,
2017)

𝜔 ≈
√

𝑔|𝐤| tanh |𝐤|ℎ
(

1 + 𝜀𝑈
)

≡ 𝐤 ⋅ 𝐔0 +
√

𝑔|𝐤| tanh |𝐤|ℎ
(

1 − 𝛿𝑆
)

, (7a)

where 𝐔0 ≡ 𝐔(0) denotes the current velocity at the still water surface,
𝑧 = 0, and 𝜀𝑈 and 𝛿𝑆 denote the current- and shear-modified correction
to the dispersion relation, used in Kirby and Chen (1989) and Ellingsen
and Li (2017), and given by, respectively

𝜀𝑈 = ∫

0

−ℎ

2𝐤 ⋅ 𝐔(𝑧)
√

𝑔|𝐤| tanh |𝐤|ℎ
cosh 2|𝐤|(𝑧 + ℎ)

sinh 2|𝐤|ℎ
|𝐤|d𝑧, (7b)

𝛿𝑆 = ∫

0

−ℎ

𝐤 ⋅ 𝐔′(𝑧)
√

𝑔|𝐤| tanh |𝐤|ℎ
sinh 2|𝐤|(𝑧 + ℎ)

sinh 2|𝐤|ℎ
d𝑧, (7c)

where the prime denotes the derivative with respect to 𝑧 (e.g., 𝐔′ =
𝜕𝑧𝐔 and 𝐔′′ = 𝜕𝑧𝑧𝐔). It can be interpreted from (7a)–(7c) that the
effects of current on the dispersion relation of waves are both depth
and wavenumber weighted, meaning that the waves can only ‘feel’
the current profile and the profile shear in the water column from
the surface down to half the wavelength. Hence, this depth-weighted
property will affect the wave-induced kinematics, i.e., the velocity and
acceleration of fluid particles. The linear velocity components and the
pressure are obtained through an inverse Fourier transform as follows

⎡

⎢

⎢

⎣

𝐮(1)(𝐱, 𝑧, 𝑡)
𝑤(1)(𝐱, 𝑧, 𝑡)
𝑝(1)(𝐱, 𝑧, 𝑡)

⎤

⎥

⎥

⎦

= 1
8𝜋2 ∫

∞

−∞

⎡

⎢

⎢

⎣

�̂�(1)(𝐤, 𝑧)
�̂�(1)(𝐤, 𝑧)
�̂�(1)(𝐤, 𝑧)

⎤

⎥

⎥

⎦

ei𝜓(𝐤,𝐱,𝑡)d𝐤 + c.c., (8)

in which the linear velocity [�̂�(1), �̂�(1)] are obtained from the DIM.
Under the assumption of narrow-band waves which refers to the

cases where the bandwidth of the spectrum of irregular waves is small
compared with its spectral peak, we may obtain simplified approxi-
mations to the linear wave fields. Let 𝐤0 and 𝜔0 = 𝜔(𝐤0) denote the
wavenumber and frequency of the spectrum peak wave, respectively.
We introduce 𝛿 to denote the dimensionless bandwidth. A narrow
bandwidth implies 𝛿 = (𝜔 − 𝜔0)∕𝜔0 ≪ 1 for 𝜔(𝐤) ≠ 0. Due to this
assumption, the linear elevation, velocity, and pressure admit a slowly
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varying envelope-type form (cf. e.g., §13 in Mei et al. (2005) and Li
(2021)) as follows
[

𝜁 (1),𝐕(1), 𝑝(1)
]

= 1
2
[

𝐴(𝛿𝐱, 𝛿𝑡), �̄�(𝛿𝐱, 𝑧, 𝛿𝑡), �̄�(𝛿𝐱, 𝑧, 𝛿𝑡)
]

ei𝜓0 + c.c., (9)

where 𝐴, �̄�, and �̄� denote the envelope of linear elevation, veloc-
ity, pressure, respectively, with the superscript ‘(1)’ eliminated for
simplicity; 𝜓0 = 𝜓(𝐤0, 𝐱, 𝑡) denotes the wave phase of the peak wave.

2.1.2. Second-order waves
We will extend (Li and Ellingsen, 2019) in this work to allow

for weakly nonlinear waves; i.e. second-order waves which admit the
lowest order in nonlinearity but are crucial for fatigue life and extreme
strength of offshore structures. The boundary value problem at the
second order in wave steepness is obtained based on the following
procedures in sequence. The continuity equation (1), and momentum
equation (2), were firstly used to eliminate the horizontal velocity and
pressure of the linear terms to produce an inviscid non-homogeneous
Orr–Sommerfeld or Rayleigh equation governing the vertical velocity;
the approximate solutions to the physical fields in a form of power
series in wave steepness were then inserted to the Rayleigh equation
where only the terms at the second order in wave steepness were
kept; the kinematic and dynamic boundary conditions at the still water
surface were used to produce a combined boundary condition at the
still water surface, where the pressure and surface elevation of the
linear terms were eliminated; the approximations to the physical fields
were inserted to the combined boundary condition at the still water
surface and the seabed boundary condition. Explicitly, the second-order
boundary problem is given by

[(𝜕𝑡 + 𝐔 ⋅ ∇)∇2
3 − 𝐔′′ ⋅ ∇]𝑤(2) = (𝐱, 𝑧, 𝑡)

for − ℎ ≤ 𝑧 ≤ 0, (10a)
(𝜕𝑡 + 𝐔 ⋅ ∇)2𝜕𝑧 − (𝜕𝑡 + 𝐔 ⋅ ∇)(𝐔′ ⋅ ∇) − 𝑔∇2]𝑤(2) = (𝐱, 𝑧, 𝑡)

for 𝑧 = 0, (10b)

𝑤(2) = 0 for 𝑧 = −ℎ; (10c)

where the non-vanishing forcing terms on the right hand side of (10a),
(10b) are functions of the linear wave fields, written as

 = 𝜕𝑧∇ ⋅ [(𝐕(1) ⋅ ∇3)𝐮(1)] − ∇2[(𝐕(1) ⋅ ∇3)𝑤(1)], (11a)

 = [(𝜕𝑡 + 𝐔 ⋅ ∇)∇] ⋅ [(𝐕(1) ⋅ ∇3)𝐮(1)] − 𝑔∇2[∇(𝐮(1)𝜁 (1)) + 1
2
𝐔′ ⋅ ∇(𝜁 (1))2]

− ∇2(𝜕𝑡 + 𝐔 ⋅ ∇)(𝜁 (1)𝜕𝑧𝑝(1)). (11b)

xpression (10a) is known as the (non-homogeneous) Rayleigh equa-
ion or the inviscid Orr–Sommerfeld equation. The boundary value
roblem described by (10a)–(10c) is in principle a second-order inho-
ogeneous partial differential equation with two boundary conditions,
hich can be directly solved numerically if an additional condition
rescribed at a particular time instant is given. In this work, we used
n additional condition of stationary sea states. Therefore, inserting
he linear wave fields described by (9) into the second-order boundary
alue problem (10a), (10b), (10c) can lead to the second-order vertical
elocity, 𝑤(2). The second-order wave surface elevation 𝜁 (2) can be
btained based on the following kinematic boundary condition

𝜕𝑡 + 𝐔 ⋅ ∇)𝜁 (2) = 𝑤(2) − ∇ ⋅ (𝜁 (1)𝐮(1)) − (𝜁 (1)𝐔′) ⋅ ∇𝜁 (1). (12)

2.2. Modified Morison equation

The simplest description of the hydrodynamic loads on a bottom-
fixed and vertical slender cylinder in various sea states is provided
by the Morison equation (Morison, 1953), where the sea states are
represented by the combinations of surface waves with and without
a current. The Morison equation states the horizontal force per unit
immersed length at a given depth can be given by

d𝐅 = 𝜋 𝜌𝐷2𝐶 �̇� + 1𝜌𝐷𝐶 𝐮 |𝐮 |, (13)
4

4 𝑚 𝑝 2 𝑑 𝑝 𝑝
where 𝐶𝑚 and 𝐶𝑑 denote the inertial and drag coefficient, respectively;
𝐮𝑝 and �̇�𝑝 denote the horizontal orbital particle velocity and acceler-
ation at the positions of the cylinder, respectively. It is understood
that the flow wake regime, the roughness of the cylinder, Keulegan–
Carpenter (KC) number, the Reynolds number, and relative dimension
of the cylinder to the characteristic wave can affect the applicability
of the Modified equation given by (13) and the values chosen for the
coefficient of the inertial and drag force (see, e.g., Sumer and Fredse
(2006), Sarpkaya (2004) and Ghadirian et al. (2021)). We argue that
the modified Morison equation can provide a good approximation to
the loads exerted on a smooth cylinder for all the load cases chosen in
this work due to the regime of the dimensionless numbers explained as
follows:

• 0.01 ≲ 𝐷∕𝜆𝑝 ≲ 0.04 with 𝐷 = 2𝑅 as the diameter of the cylinder
and 𝜆𝑝 as the wavelength of a spectral peak wave. This suggests
that the diffraction effects of waves are negligible;

• 3 ≲ 𝐾𝐶 ≲ 8, where 𝐾𝐶 = 𝑈𝑟𝑇𝑝∕𝐷 with 𝑈𝑟 and 𝑇𝑝 as the
characteristic relative particle velocity and the period of a spectral
peak wave, respectively.

• Re = 𝑈𝑟𝐷∕𝜈 ∼ 106 with 𝜈 as the kinematic viscosity coefficient.

Following Bredmose and Pegalajar-Jurado (2021) and Ghadirian
t al. (2021), the choice of 𝐶𝑚 ≈ 2 and 𝐶𝑑 ≈ 1 was made due
o the similarity in the regime of the dimensionless numbers and
nvironmental conditions. It should be noted that, due to the steady
low (i.e., represented by the non-vanishing current 𝐔(𝑧)) and its profile
hear, additional loads arising from the Vortex-Induced Vibrations
VIVs) can be exerted, see, Sarpkaya (2004) and references therein
or details. As the focus of this paper is on the current-modified wave
inematics, we may neglect the effects of VIVs due to a steady flow
lone.

For a bottom-fixed cylinder, we may further neglect its displace-
ents as they are small compared to the particle motions of the

luid. Therefore, the particle horizontal velocity and acceleration at the
ylinder positions are given by, respectively

𝑝 = 𝐮 + 𝐔 and (14a)

̇ 𝑝 = 𝜕𝑡(𝐮 + 𝐔) +
[

(𝐕 + 𝐔3) ⋅ ∇3
]

(𝐮 + 𝐔), (14b)

here the sea states with waves or current only means that 𝐔 or 𝐮
anishes, respectively. As we aim to examine the coupled effects of
he interaction between waves and a current, it would be necessary
o clarify the forces which neglect their coupling. To this end, we
ntroduce the force due to waves or currents only

𝐅nc = 𝜋
4
𝜌𝐷2𝐶𝑚[𝜕𝑡𝐮nc + (𝐕nc ⋅ ∇3)𝐮nc] +

1
2
𝜌𝐷𝐶𝑑𝐮nc|𝐮nc|, and (15a)

d𝐅𝑐 =
𝜋
4
𝜌𝐷2𝐶𝑚[𝜕𝑡𝐔 + (𝐔3 ⋅ ∇3)𝐔] +

1
2
𝜌𝐷𝐶𝑑𝐔|𝐔|, (15b)

here the subscripts ‘nc’ and ‘𝑐’ denotes waves without current and
urrent only, respectively. In the limiting cases of waves with a vanish-
ng current, the wave-induced velocity follows the classic second-order
heory for narrow-band surface waves as explained in § 13 in Mei et al.
2005). Otherwise, the wave-induced velocity, 𝐮 ≈ 𝐮(1) + 𝐮(2), depends

on the profile of the current as explained in Section 2. A second-order
approximation, 𝐕 ≈ 𝐕(1) +𝐕(2) to the wave-induced velocity is used for
he hydrodynamic forces per unit depth.

The total horizontal force is a result of the integration of the force
er unit depth over the entire water column from the seabed to the
ree water surface and the total moment is especially estimated with
he center at the mudline of the cylinder, given by, respectively,

𝐅 = ∫

𝜁

−ℎ
d𝐅, yielding 𝐅 ≈ ∫

0

−ℎ
d𝐅 +

[

(𝜁 (1) + 𝜁 (2))d𝐅0
]

, (16a)

= ∫

𝜁

−ℎ
(𝑧 + ℎ)d𝐅, leading to 𝐌 ≈ ∫

0

−ℎ
(𝑧 + ℎ)d𝐅

+ 1 [

(𝜁 (1) + 𝜁 (2))(𝜁 (1) + 𝜁 (2) + 2ℎ)d𝐅
]

, (16b)

2 0
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where d𝐅0 denotes the force per unit length measured at the still water
surface, 𝑧 = 0. We will repeatedly refer to (16a) and (16b) in Section 4
for the analysis based on numerical simulations.

3. Numerical implementation

The numerical implementation of the theory presented in Section 2
has been carried out for different sea states in two dimensions. The
customized scripts used for the numerical simulations are validated
in Appendix A where the validation includes the comparisons with
available laboratory measurements for the cases of weakly nonlinear
waves in an arbitrarily depth-varying current and a comparison with
theoretical results in the limiting cases of a nonlinear focus wave group
in the absence of a current. In this section, we focus on the realization
of irregular waves in Section 3.1, the definition of a current profile in
Section 3.2, cases matrix in Section 3.3 and the coupled and decoupled
models in Section 3.4.

3.1. Realization of irregular waves

A train of irregular waves is generated from a power energy spec-
trum in frequency, 𝑆(𝜔), with the surface elevation due to linear waves
given by

𝜁 (1)(𝐱, 𝑡) =
𝑁
∑

𝑛=1
𝑎𝑛 cos(𝑘𝑛𝑥 − 𝜔𝑛𝑡 + 𝜃𝑛), (17)

where 𝑁 denotes the number of wave components considered, 𝑎𝑛, 𝑘𝑛,
𝑛, and 𝜃𝑛 denote the amplitude, wavenumber, angular frequency, and
hase of the 𝑛th wave. With a given frequency, the dispersion relation
𝑛 = 𝜔(𝑘𝑛) is solved numerically for wavenumber, 𝑘𝑛, using the DIM

method by Li and Ellingsen (2019) as noted. We will examine both
fatigue and extreme loads. The former relies on the realizations of
random waves and the latter on focus wave groups for the design in
a deterministic perspective. Hence, it is required to realize the trains of
both random waves and focus wave groups, which can be obtained by
using different approaches for the wave amplitudes and phases with a
fixed power energy spectrum, 𝑆(𝜔).

We start with the realization of a train of random waves. It is based
on the assumption of the randomness in two independent variables
which include the random amplitude, �̃�, and phase, 𝜃. Following Tayfun
(1980) and Tucker et al. (1984), we assume the probability density
function for the random amplitude follows the Rayleigh distribution
and the random phase follows a uniform distribution in the range from
0 to 2𝜋. As has been well understood, the parameters for the Rayleigh
distribution were chosen from a fixed power spectrum such that the
variance of the Rayleigh distribution equals the zeroth moment, 𝑚0,
of the power energy spectrum. This especially means the significant
wave height, 𝐻𝑠, of a realized time record of the randomized linear
surface elevation should admit 𝐻𝑠 = 4

√

𝑚0. Mathematically, the surface
elevation due to a train of random waves also has an explicit form
similar to (17) with 𝑎𝑛 → �̃� and 𝜃𝑛 → 𝜃. For the statistical convergence,
we used at least 40 realizations of random waves, with around 500 wave
eriods per realization per case. The convergence of the skewness and
urtosis is especially ascertained.

In contrast, focus wave groups are represented with the introduction
f the amplitude, 𝐴f, location, 𝑥f, time 𝑡f, and phase, 𝜃f, for a wave
roup at linear focus. Therefore, we obtain (see, e.g., Li and Li (2021))

𝑛 =
𝐴f
𝐴s

√

2𝑆(𝜔𝑛)𝛥𝜔𝑛 and 𝜃𝑛 = 𝜃f − 𝑘𝑛𝑥f + 𝜔𝑛𝑡f, with

s =
𝑁
∑

𝑛=1

√

2𝑆(𝜔𝑛)𝛥𝜔𝑛,
(18)

which suggests that for the wave group at linear focus, 𝜁 (1)(𝑥f, 𝑡f) =
f cos(𝜃f) is admitted. In all relevant cases examined in Section 4, we
sed 𝜃f = 0, meaning that the wave group focuses at the wave crest, and

√

𝑚 ≡ 𝐻 ∕2.
5

he amplitude at linear focus is prescribed using 𝐴f = 2 0 𝑠 𝜔
Table 1
Parameters chosen for the velocity profile of different currents, where
max(|𝑈 (𝑧)|)∕𝑐𝑔𝑝,0 ≤ 0.15 with 𝑐𝑔𝑝,0 the group velocity of the spectral peak wave.

he parameters 𝛼, 𝛽, 𝛾, and 𝑈 (0) are based on (19). ‘F.’, ‘O’, ‘P.’, ‘N.’, ‘S’, and ‘C’ stand
or following, opposing, positive, negative, surface shear, and current, respectively.
Case No. Name 𝛼 𝛽 𝛾 𝑈 (0) [m/s]

C0 ‘Decoupled’ – – – 0
C1 ‘F. uniform’ – 0 1 1.75
C2 ‘O. uniform’ – 0 −1 −1.75
C3 ‘F.C., N.S.’ 4 −1 1 0
C4 ‘O.C., P.S.’ 4 1 −1 0
C5 ‘F.C., P.S.’ 4 1 0 1.75
C6 ‘O.C., N.S.’ 4 −1 0 −1.75

Table 2
Parameters for extreme wave events typical of the South China sea.

Case name 𝑘𝑝,0 [m−1] 𝑘𝑝,0ℎ 𝑇𝑝 [s] 𝐻𝑠 [m] 𝑓𝑝 [Hz] 𝜖 = 𝑘𝑝,0𝐻𝑠∕2

10y 0.033 1.00 12.66 8.00 0.079 0.13
20y 0.033 1.00 12.66 10.00 0.079 0.17
50y 0.033 1.00 12.66 11.00 0.079 0.18
100y 0.033 1.00 12.66 13.00 0.079 0.21

3.2. Velocity profile of current

In order to consider different sea states where both waves and a
current are present, a prescribed velocity profile of current has been
assumed and given by

𝑈 (𝑧) =
[

𝛽 exp(𝛼𝑘𝑐𝑧) + 𝛾
]

𝑈𝑐 , (19)

where 𝛼, 𝛽, and 𝛾 denote the dimensionless parameters which vary
for different realistic sea states, and 𝑘𝑐 and 𝑈𝑐 (𝑈𝑐 ≥ 0) denote the
characteristic wavenumber and velocity, respectively. With different
values chosen for the dimensionless parameters, the velocity profiles
are grouped into the scenarios as listed below.

• No current: 𝑈𝑐 = 0. With varying parameters for waves, this case
also corresponds to a decoupled model as it physically means the
waves (current) do not ‘feel’ the presence of current (waves) and
the current, despite nonvanishing, is ‘felt’ as if 𝑈 = 0 by the
waves.

• Following (or opposing) uniform current: 𝛽 = 0, 𝛾 = 1 (or
𝛾 = −1), and 𝑈𝑐 ≠ 0; therefore, 𝑈 (𝑧) = 𝑈𝑐 > 0 (or 𝑈 (𝑧) =
−𝑈𝑐 < 0). A uniform current can also be interpreted as a current
whose velocity profile has zero surface shear, i.e., at 𝑧 = 0, and
throughout the water column.

• A following (opposing) current with positive (negative) shear at
the still water surface: (𝛽 + 𝛾) > 0 (or (𝛽 + 𝛾) < 0), 𝛼𝛽 > 0 (or
𝛼𝛽 < 0), and 𝑈𝑐 ≠ 0.

• A following (opposing) current with negative (positive) shear at
the still water surface: (𝛽 + 𝛾) > 0 (or (𝛽 + 𝛾) < 0), 𝛼𝛽 < 0 (or
𝛼𝛽 > 0), and 𝑈𝑐 ≠ 0.

Due to the cases listed, seven typical velocity profiles of current are
sed with the values chosen for the parameters shown in Table 1 and
he velocity 𝑈 (𝑧) at different depths (𝑧) shown in Fig. 2. These profiles
an lead to different combinations of sea states with the additional
resence of waves, as explained in Section 4.

.3. Cases matrix

To avoid the ambiguity likely caused by that the linear dispersion
elation of surface waves varies with the velocity profile of a current,
e define the one in decoupled cases where the wavelength (wave
umber) and frequency (period) are independent of a current profile;
xplicitly
2

𝑝 = 𝑔𝑘𝑝,0 tanh 𝑘𝑝,0ℎ, (20)
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Fig. 2. Velocity profiles of horizontally-oriented and depth-dependent current, 𝑈 (𝑧).
Table 3
Parameters for wave events with a varying wave period of the peak wave states in
random seas. The highlighted case, W5, is used but with a varying significant wave
height for examining the effects of significant wave height.

Case name 𝑘𝑝,0 [m−1] 𝑘𝑝,0ℎ 𝑇𝑝 [s] 𝐻𝑠 [m] 𝑓 [Hz] 𝜖 = 𝑘𝑝,0𝐻𝑠∕2

W1 0.057 1.71 8.70 6.2 0.115 0.18
W2 0.048 1.44 9.70 6.2 0.103 0.15
W3 0.042 1.25 10.70 6.2 0.093 0.13
W4 0.037 1.10 11.70 6.2 0.085 0.11
W5 0.033 0.99 12.70 6.2 0.079 0.10
W6 0.030 0.90 13.70 6.2 0.073 0.09
W7 0.028 0.83 14.70 6.2 0.068 0.09
W8 0.025 0.76 15.70 6.2 0.064 0.08
W9 0.024 0.71 16.70 6.2 0.060 0.07
W10 0.022 0.66 17.70 6.2 0.056 0.07

where 𝜔𝑝 and 𝑘𝑝,0 denote the angular frequency and wavenumber of the
peak wave of a spectrum. The wavelength, 𝜆𝑝,0 = 2𝜋∕𝑘𝑝,0, frequency
𝑓𝑝 = 𝜔𝑝∕(2𝜋), and period 𝑇𝑝 = 1∕𝑓𝑝 of the spectral peak wave in a
decoupled model are also used as the main scaling parameters.

The cases chosen for wave parameters are shown in Tables 2 and 3,
which are independent of a current profile. Tables 2 and 3 correspond
to extreme wave cases and operational cases with a varying peak period
of a spectral peak wave, respectively.

3.4. Coupled and decoupled models

As mentioned, one of our main objectives is to examine the coupled
effects of waves and currents. This is achieved through the comparisons
of results between decoupled and coupled models. Both the linear dis-
persion relation governing the wave properties and the wave-induced
fields can be current modified. Especially for a fixed frequency in
a coupled model, the wavenumber varies with the current profile.
Therefore, with a fixed prescribed power energy spectrum, 𝑆(𝜔𝑖), which
is numerically implemented for the realization of irregular waves as
explained in Section 3.1, an individual wave component with a specific
angular frequency has an amplitude and wavenumber that are indepen-
dent and dependent of a current profile in coupled models, respectively.
In a decoupled model, the amplitude and wavenumber will not ‘feel’ the
additional presence of current. Moreover, the decoupled models also
mean that the horizontal force and moment can be simply obtained
from the linear superposition of the results for cases with waves and
currents only; explicitly,

𝐅 = 𝐅𝑛𝑐 + 𝐅𝑐 and 𝐌 = 𝐌𝑛𝑐 +𝐌𝑐 . (21)

It is understood that the coupling is dominant by the current modi-
fied properties of surface waves. It means that the differences between
6

the coupled and decoupled models are reflected in the wave-induced
terms which are affected by a current in the coupled models. For
better comparisons presented in Section 4, we chose to show the
(current-modified) wave-induced loads only, namely 𝐅−𝐅𝑐 and 𝐌−𝐌𝑐
in coupled models and 𝐅𝑛𝑐 and 𝐌𝑛𝑐 in decoupled models. Doing so
allows us to carry out the analysis of cases with the same waves but
different current profiles together, and especially this will not affect
the conclusions drawn from this paper.

4. Results and analysis

In this section, we examine both the loads in extreme environmental
conditions (Section 4.1) and fatigue loads (Section 4.2) based on the
numerical simulations following Section 3, especially Section 3.4 for
the comparisons between the decoupled and coupled models in two
dimensions.

4.1. Loads in extreme environmental events

The analysis of the loads on a bottom fixed and vertical slender
cylinder is computed under extreme environmental conditions with the
assumption of a rigid body. To this end, two classic approaches can be
used (DNV–GL, 2014), which are the approach based on a ‘design’ wave
in the deterministic perspective and a stochastic approach for statistical
behavior of responses. Both approaches are used in this work with the
former and latter presented in Sections 4.1.1 and 4.1.2, respectively.

4.1.1. Focus wave group
We used a wave group – which linearly focuses at a prescribed

location (𝑥f∕𝜆𝑝,0 = 0) and time (𝑡f∕𝑇𝑝 = 0) with a given amplitude,
𝐴f = 2

√

𝑚0 ≡ 𝐻𝑠∕2 as noted – as our ‘design’ wave; see, e.g., Whittaker
et al. (2016) and Feng et al. (2020) where similar setups are used.
Using the case ‘50y’ presented in Table 2 for the realization of random
waves, we examine the hydrodynamic force and moment and surface
elevation shown in Fig. 3 with different velocity profiles of current.
The current profile is given by (19) with the specific values chosen for
the parameters shown in Table 1. The configuration of the different
environmental conditions has the physical implications as follows.
The linear elevation of the focus wave group has the same linear
temporal distribution regardless of a background current but varies
differently in space as a result of the effect of different current profiles
on the wavenumber due to the current-modified dispersion relation.
The second-order correction to the surface elevation will differ both
spatially and temporally since a current profile can in addition play
a role in the amplitude of the second-order waves, as shown in Sec-
tion 2.1.2. As a result, the coupled effects between surface waves and a
current will lead to different kinematics (e.g., velocity and acceleration
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Fig. 3. Spatial distribution of the horizontal force (panels a, d) and moment (panels b, e) relative to the case with current only and surface elevation (panels c and f) due to
a focus wave group at the time instant where the group focuses linearly, 𝑡 = 𝑡f, for which case ‘50y’ was used for wave parameters with 6 different velocity profiles shown in
Table 1.
𝜒

of water particles) and therefore, the hydrodynamic force and moment
on the cylinder. As noted, for the coupled effects of waves and a current
on hydrodynamic loading on the cylinder, we use the decoupled cases
as our reference and compare them with the associated coupled cases.
In particular, the loads on the cylinder due to current only are removed
in the loads shown in Fig. 3, following the explanation in Section 3.4.

We see from Fig. 3 that the coupled effects on both surface elevation
and the loads on the cylinder play an important role in both the
magnitude and the spatial distribution, as reflected by the obvious
differences between the coupled and decoupled cases. Focusing on the
loads in Fig. 3 (the panels in the top two rows), it can be clearly
seen that the coupling of waves with a following (opposing) current
leads to an increased (declined) maximum near the focus position
(𝑥f = 0) at the time instant 𝑡 = 𝑡f, compared with the decoupled case.
Nevertheless, it is not so for the maximum of the surface elevation
shown in Fig. 3(c, f) where the maximum depends on both the direction
of the current profile to waves and the sign of the profile shear at
the still water surface. The extent to which the maximum loads can
be increased/decreased depends on the realistic current profile. In the
coupled cases, a different current profile can lead to significant differ-
ences in the horizontal force, 𝐹 − 𝐹𝑐 . To be more specific, compared
with the decoupled case, the three cases with a following current show
a difference by ∼25%, ∼50%, ∼65% for the case with a current profile

hich has positive (‘F.C., P.S.’), negative (‘F.C., N.S.’), and zero (i.e., a
niform current, ‘F. uniform’) surface shear, respectively, whereas the
ifferences of 𝑀 −𝑀𝑐 are by ∼33%, ∼66%, and ∼100%, respectively.

In contrast, the maximum differences for the maximum of the surface
elevation between the coupled and decoupled cases are less than 4%,
showing that the coupled effects on surface elevation are much minor
compared to their effects on the loads. We see that the location of
the crest maximum of the surface elevation does not coincide with
that of the horizontal forces. This may be likely due to a phase shift
between the surface elevation and horizontal force or moment. The
7

difference in the location suggests that the main features of the surface
elevation are not necessarily good representations to the extreme loads
on offshore structures, in agreement with Trulsen et al. (2020) which
have highlighted the differences of the features of wave kinematics
from these of the surface elevation in the design of offshore structures.

4.1.2. The averaging of the largest wave groups
For the extreme conditions in the statistical analysis, we examine

the averaging of the largest wave groups following Tang and Adcock
(2021). The averaging is carried out through the following sequential
procedures by choosing the groups containing an extremely large crest.
Firstly, we pick out all crests in a sufficiently long spatial record and
rank them and identify the locations of the top 𝑁𝑐 largest crests, with
𝑁𝑐 denoting the number of crests chosen. We next align the locations
of all chosen crests and add them up together with their adjacent
neighbors within a distance of 3 × 𝜆𝑝,0. The final step is the averaging,
i.e., dividing the resulting group after the linear superposition by 𝑁𝑐 .
Explicitly, the averaging operator is given by

̄(𝑋) = 1
𝑁𝑐

𝑁𝑐
∑

𝑗=1
𝜒(𝑋) with 𝑋 = 𝑥 − 𝑥𝑗,𝑐 and − 3𝜆𝑝,0 ≤ 𝑋 ≤ 3𝜆𝑝,0, (22)

where 𝜒 denotes an arbitrary parameter chosen which can be the
surface elevation, the horizontal force, 𝐹 − 𝐹𝑐 , or moment, 𝑀 − 𝑀𝑐 ;
𝑥𝑗,𝑐 denotes the location of the top 𝑗th largest crest; and 𝑋∕𝜆𝑝,0 =
0 is the location of the averaging of the largest crests. Due to the
location alignment chosen for the averaging, the location difference of
the maximum of the surface elevation from the hydrodynamics loads,
as shown in Fig. 3, has been removed by choice, and therefore cannot
be reflected in the analysis.

Fig. 4 shows the averaged largest group of the horizontal force,
𝐹 − 𝐹𝑐 , moment, 𝑀 −𝑀𝑐 , and surface elevation, with 𝑁𝑐 = 100 chosen.
It should be noted that 𝜁𝑐 = 0 is admitted which means the current only
is assumed to lead to a negligible surface elevation. The coupled effects
of waves and a current with different profiles on the force, moment,
and surface elevation in Fig. 4 show qualitatively similar observations
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Fig. 4. The averaging of the top 𝑁𝑐 (𝑁𝑐 = 100) largest crests of the horizontal force, 𝐹 − 𝐹𝑐 , (panels a and d), moment, 𝑀 −𝑀𝑐 (panels b and e), and surface elevation (panels
c and f).

Fig. 5. Exceedance probability of the crests of horizontal force (panels a and d), moment (panels b and e), surface elevation (panels c and f).
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as Fig. 3 as it should due to the consistent underlying physics. Com-
pared with the decoupled model, the coupled effects with a following
(opposing) current lead to an increased (decreased) maximum crest of
both the force and moment. The extent to which the coupled effects are
on the force and moment depends on the realistic profile of a current.
As shown in Fig. 4 for the cases with a following current, the coupled
effects on both the force and moment in descending quantitative order
are the cases where a current profile has zero, negative, and positive
surface shear. They show different quantitative effects for the cases
with an opposing current. It is ranked from a current with a positive,
negative, and zero (i.e., uniform current) surface shear in descending
order. This suggests that an accurate description of a background cur-
rent plays an extremely important role in the extremes of hydrodynamic
loads on the slender cylinder examined. In realistic waters, currents
are often not uniform, and using a depth uniform model will lead
to too conserved and underestimated extreme loads for waves with
a following and opposing current, respectively. The former can lead
to an overestimate of loads by ∼20% compared to the case with a

ore realistic current profile (e.g., the following current with negative
urface shear).

In contrast, Fig. 4 shows that the coupled effects of waves and
arying currents on the maximum crest of the surface elevation depend
n both the velocity direction of current to waves and realistic profile
or the sign of the profile shear at the still water surface), making a
ifference by ≲5%.

.1.3. Exceedance probability of crest
The exceedance probability of the crests of horizontal force, mo-

ent, and elevation is shown in Fig. 5. Specifically, the exceedance
robability refers to the occurrence probability of the event where
random variable of interests is larger than a specific value. We

ee clearly from Fig. 5 that, compared with the decoupled case, the
robability of the larger crest events of loads corresponding to these
t the high-value end, is much larger and relatively smaller for the
ase with a following and opposing current, respectively. This mainly
rises from the coupled effects of waves and a current. In particular, the
ase with a following uniform current leads to the largest exceedance
robability for a particular event to occur, compared with other cases
ith and without a current (the decoupled model). This is shown by the
xceedance probability at a particular value for the horizontal axis in
he cases with a different current profile. The crest load which appears
nce every 1000 events, i.e., where the exceedance probability is 10−3,
s larger than that in the decoupled case by 7%, 25%, and 50% for
he case with a following current with positive, negative, and zero
urface shear (uniform current), respectively. The coupled effects on the
xceedance crest probability of surface displacement are minor, similar
o cases examined in Section 4.1.1 and Section 4.1.2, compared with
he decoupled cases.

.2. Fatigue loads

The fatigue loads can be examined through the statistical moments
f a sufficiently long record from the realizations of horizontal force,
oment, and surface elevation. The statistical moments examined here

nclude the mean 𝑚, standard deviation, 𝜎, skewness, 𝑠, and kurtosis,
, defined as, respectively

= ⟨𝜒⟩, 𝜎 =
√

⟨(𝜒 − 𝑚)2⟩, 𝑠 =
⟨(𝜒 − 𝑚)3⟩

𝜎3
, 𝜅 =

⟨(𝜒 − 𝑚)4⟩
𝜎4

, (23)

where 𝜒 denotes an arbitrary random variable and ⟨⋯⟩ denotes the
xpected value of a random variable.
9

4.2.1. Statistical moments against a varying significant wave height
The statistical moments varying with significant wave height, 𝐻𝑠,

are shown in Fig. 6. It can be seen from Fig. 6 that they vary with
the significant height in a monotonic manner for the horizontal force,
moment, and surface elevation. As the significant height increases, the
statistical moments of the hydrodynamic loads increase nonlinearly but
these of the surface elevation grow more linearly except for the kurto-
sis. This suggests that the main contribution of the hydrodynamic forces
to the statistical moments are both linear and nonlinear waves whereas
the dominant contribution of surface elevation comes primarily from
the linear components.

Consistent with the observations analyzed in Section 4.1, Fig. 6
shows that the coupled effects of waves and a current are much stronger
on the hydrodynamic loads compared to the surface elevation. The
coupling of cases with a following current especially leads to more
increased statistical moments as the significant wave height increases,
compared to the decoupled model. Thereby, it can be inferred that the
coupled interaction for waves with a following current may result in
larger fatigue loads as reflected by the standard deviation of both the
horizontal force and moment.

As shown in Fig. 6, the coupled effects are stronger on the two
proxies (i.e., skewness and kurtosis) to the extremely large events,
compared with these on the standard deviation which is a good physical
interpretation of fatigue loads. The results are consistent with the
analysis of extreme environmental events presented in Section 4.1.

4.2.2. Statistical moments against a varying period of spectral peak wave
The statistical moments varying with the period of spectral peak

wave, 𝑇𝑝, are shown in Fig. 7 based on the definition given by (23). The
cases examined are presented in Table 3, meaning that the wavenum-
ber and angular frequency of the spectral peak wave vary with the
period 𝑇𝑝 whereas both the velocity profile and the significant wave
height (therefore, the zeroth moment of the power energy spectrum
prescribed) are fixed. For a given wave period, 𝑇𝑝, in the cases with
a following current, it is shown in Fig. 7 that the standard deviation,
skewness, and kurtosis of hydrodynamic loads (i.e., the horizontal force
and momentum) is the largest for the case with a uniform current
whereas the smallest in the decoupled models. Nevertheless, the kurto-
sis of the hydrodynamic load shows quite the opposite for cases with an
opposing current; i.e., it is the largest in the decoupled cases whereas
the smallest in the case with an opposing uniform current. It suggests
that the coupled effects between surface waves and a following current
lead to increased fatigue loads as the standard deviation can be a good
representation of the fatigue loads. The cases for the surface elevation
on the statistical deviation show evident coupled effects between waves
and a following current, compared with the decoupled cases whereas
the quantitative variation of the standard deviation with the spectral
peak period depends on a realistic velocity profile of current.

5. Conclusions

In this paper, the coupled effects of surface gravity waves and a sub-
surface current in coastal waters have been examined on their exerted
loading on a bottom fixed vertical slender structure. This paper firstly
extends the potential flow theory to a novel semi-analytical framework
which allows for rotational flow motions induced by surface gravity
waves atop a depth dependent current, making it considerably different
from an extensive body of literature with the assumption of irrotation-
ality, e.g., Shen et al. (2018), Zheng et al. (2020b) and Ghadirian et al.
(2021). The framework, based on the Direct Integration Method (DIM)
proposed by Li and Ellingsen (2019) for the shear current-modified
linear dispersion relation of surface waves and the linear wave fields,
is derived up to the second order in wave steepness and assumes the
waves have a narrow bandwidth. Using the numerical implementations
of the new framework this paper has especially examined the coupling
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Fig. 6. Statistical moments of the horizontal force (panels a–f), moment (panels g–l), surface elevation (panels i–vi) varying with an increased significant wave height, 𝐻𝑠. In
anels (i, ii, iv) and (v), the solid lines indicate a linear fitting of the corresponding discrete numerical predictions.
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f the weak wave nonlinearity and the depth variation of a subsurface
urrent.

The analysis of the extreme sea states indicates that the coupled
ffects between surface waves and a subsurface current are non-trivial
nd they play a more important role in the hydrodynamic loading
wave kinematics) than the surface elevation. The difference in the
oupled effects on loading and surface elevation lies in their magnitude
nd location of the maximum of the crests. Consistent with the physical
mplications reported in Trulsen et al. (2020), this paper directly shows
hat the features of the wave kinematics are different from these of
urface elevation, highlighting the need for distinguishing the proxies
e.g., the skewness and kurtosis of the surface elevation induced by ran-
om waves) to rogue waves and wave kinematics. The cases examined
n this paper have especially showed that the load which occurs once
very one thousand is higher by ≲50% in the coupled cases than the
ecoupled case while it only differs by ≲5% for the surface elevation.

This paper has also highlighted the importance of the realistic
epth-dependent profile of a current in the hydrodynamic loading on
ffshore slender structures exposed to sea states due to waves and a
ubsurface current, where the angle between the wave propagation and
10

urrent velocity is key. This has been demonstrated by comparing the –
oupled effects of waves atop a current with two different velocity
rofiles including a uniform and depth-varying current. Compared
ith the more realistic (depth-varying, following or opposing) current,
e find that a uniform current following or opposing to the wave
ropagation tends to predict overestimated or underestimated load. A
ollowing/opposing current regardless of its depth variation leads to
n increased/decreased load, compared with the decoupled case. The
ifferences shown in the cases examined can amount to ≲25%.

Given that our theory is only second-order accurate in wave steep-
ness and we only examined a limited number of cases, the numbers
indicated in this paper are not universally accurate, but show clearly
that the coupling between surface waves and a sheared current must
be accounted for in the predictions of hydrodynamic loads on offshore
slender structures.
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Fig. 7. Statistical moments (standard deviation, skewness, and kurtosis in the first, second, and third column, respectively) of the horizontal force (panels a–f), moment (panels
g–l), surface elevation (panels i – vi) varying with an increased period of the spectral peak wave.
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Appendix A. Validation of the numerical simulations

In this section, we validate the semi-analytical framework derived
in this work which has been implemented numerically. To this end,
a variety of tests were carried out in limiting cases. With analytical
derivations (not shown here), we showed our solutions are in accor-
dance with Akselsen and Ellingsen (2019) for the cases of stationary
waves atop a linearly sheared current where analytical solutions are
11
available. Two different limiting cases were selected for demonstra-
tions based on numerical simulations. The first case aims to validate
the results based on the narrowband assumption, for which available
approaches are on the cases in the absence of a sheared current. We
chose to compare our predictions with these based on Mei et al. (2005,
§13 ). The case of a wave group at the linear focus was used the same as
Fig. 3 for computations and the comparison is demonstrated in Fig. 8.
Specifically, Fig. 8 shows the surface elevation in the different orders
in wave steepness, where the agreement between the two different
methods is evident. This confirms that the narrowband assumption used
in our theory is as accurate as the one by Mei et al. (2005, §13 ) for
the cases in the absence of currents.

Wave kinematics was chosen for more validation since it in principle
determines the hydrodynamic loads on offshore structures. Fig. 9 shows
the comparisons of the wave-induced particle velocities in the presence
of currents whose profile have non-vanishing shear and curvature be-
tween laboratory observations (Swan et al., 2001), the steam function
solution by Swan and James (2000), and this work. The agreements

between the three different methods are evident, demonstrating that



Coastal Engineering 183 (2023) 104304Z. Xin et al.

(

Fig. 8. Comparisons of the surface elevation in different orders in wave steepness due to a wave group in the absence of current between the predictions based on Mei et al.
2005, §13) and this work.
Fig. 9. The depth-dependent current profiles (panels a, c) and comparisons of the wave-induced particle velocity (panels b and d) below a wave trough (negative horizontal
velocities) and crest (positive horizontal velocities) due to monochromatic waves atop a sheared current shown in the left panels between the laboratory observations (Swan et al.,
2001), the predictions based on the stream function solution by Swan and James (2000), and this paper. The values for the parameters used are the same as Figs. 7 (panels a, b)
and 8 (panels c, d) by Swan and James (2000).
the numerics by this paper are reliable. Minor differences can be
observed between the results from this paper and that by Swan and
James (2000), which might arise from the (slightly) different profile
shears of the current on the still water surface and curvature of the
current throughout the water column.
12
Appendix B. Loads by a focus wave group

In this section, Fig. 10 shows the same as Fig. 3 but case ‘100y’ is
used instead. As is clearly demonstrated by Fig. 10, similar observations
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Fig. 10. Caption the same as Fig. 3 but case ‘100y’ is used for computations.
can be seen as Fig. 3, in accordance with the conclusions drawn from
the main text.
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