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ABSTRACT. Let Fy, be a finite field of odd characteristic. For an integer s > 1, let
Cs(qo) be the generalized Zetterberg code of length ¢§ + 1 over F,, . If s is even, then
we prove that the covering radius of C(s,qg) is 3. Put ¢ = ¢§. If s is odd and g £ 7
mod 8, then we present an explicit lower bound N (go) so that if s > Ny(qo), then
the covering radius of Cs(qo) is 3. We also show that the covering radius of C;(qo)
is 2. Moreover we study some cases when s is an odd integer with 3 < s < Ny(qo)
and, rather unexpectedly, we present concrete examples with covering radius 2 in
that range. We introduce half generalized Zetterberg codes of length (¢§ + 1)/2 if
g =1 mod 4. Similarly we introduce twisted half generalized Zetterberg codes of
length (¢5 + 1)/2 if ¢ = 3 mod 4. We show that the same results hold for the half
and twisted half generalized Zetterberg codes.
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1. INTRODUCTION

Covering radius of codes is one of the four fundamental parameters of a code [7].
It has various application including decoding, data compression, testing, write-once
memories and combinatorics in general. For further details on the significance and
applications of covering radius of codes, we refer, for example, to [2], [4], [5], [6], and
the references therein.

Let F,, denote a finite field with gy elements, where ¢y is a prime power. For an
integer s > 1, let FZS denote the multiplicative group of the field extension Fg, so that
Fy = Fg \ {0}. For a finite set .S, let [S] denote its cardinality.

Let n be a positive integer. Let C be an I -linear code of length n. Let wy denote
the Hamming weight in Fp. If x € Fy , then the Hamming distance of z to C is
d(z,C) = min{wg (z — ¢) : ¢ € C}. The covering radius of C is the integer given by

max {d(z,C) :z € Fy }.

The problem of finding the covering radius of a given linear code is very difficult in
general. Most of the results in the literature present some bounds on the covering radii
rather than giving exact bounds [1], [13], [15], [18], [20]. Exact values of covering radii
are known only for a few classes of linear codes [9], [10], [17].

Recently the covering radius of Melas codes are determined [17]. Another interesting
class of codes is the class of Zetterberg type codes. They include some quasi-perfect
codes [8], [11]. The Zetterberg codes were introduced by L. H. Zetterberg [21]. Let
s > 1 be an integer. Put ¢ = ¢j and n = ¢+ 1. Let H be the subgroup of F,. with
|H| = n. Let {hq,...,h,} be an enumeration of H. The generalized Zetterberg code
Cs(qo) of length n = ¢j + 1 over F, is the F,-linear code with the parity check matrix

(1) P=1[hihy -hy].

Here we use a short notation for the parity check matrix P. In fact we choose an
arbitrary I, -linear bijective map ¢ : Fp2 — ]Fg(f and we consider each column h; in P
as ¢(h;) € F2*. Therefore Cy(go) has dimension n — 2s (see Lemma 6.1 in Appendix).
In this paper we determine the covering radius of Zetterberg type codes. In partic-
ular, our contributions in this paper include the following statements in items (i), ...,
(vii) below:
We assume that ¢j # 7 mod 8.

(i). For each such gy and any integer s > 1, the covering radius of Cs(qo) is either 2
or 3.

(ii). If s = 1, then the covering radius of Cs(qo) is 2.
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(iii). If s > 2 is an even integer, then the covering radius of Cs(qp) is 3. Here the

assumption ¢j # 7 mod 8 holds automatically.

(iv). For each such ¢g, there exists an odd integer Ni(go) > 3 with the following
property: If s > 3 is an odd integer, then the covering radius of Cs(qo) is 3.

(v). For each such qq, let I(qo) be the set consisting of odd integers s > 3 such that
the covering radius of C4(qo) is 3. We show that (qo) is very different from the

case of even s in some cases. For example
I(qo) = {s: s is an odd integer with s > 3} if g0 € {3,5,9,11,13}.
However we also have that

3¢ I(qo) if qo € {17,19,25}.

(vi). We use some methods from [8] and [11]. We observe that there is a small gap
in the proof of the covering radius in the paper of [11], which corresponds to
the case that go = 3. We indicate that and correct it. For details we refer to
Remark 4.2 and Section 5 below.

(vii). We extend the notion generalized Zetterberg code to half and twisted half gen-
eralized Zetterberg codes. If gy = 3, then half and twisted half generalized
Zetterberg codes are quasi-perfect [8] and [11]. We also determine the covering
radii of half and twisted half generalized Zetterberg codes.

We use detailed methods from arithmetic of finite fields and algebraic curves over
finite fields in our proofs. Our methods are very different from the ones in [17].

It is well known that the covering radius p(s, qo) of the generalized Zetterberg code
Cs(qo) can also be defined as follows (see, for example, [4, Theorem 2.1.9] and [13,
Lemma 1.1]): The covering radius p(s, qo) is the smallest positive integer p such that
every element of F . is an F,-linear combination of at most p elements of H.

This paper is organized as follows. We prove the covering radius is at most 3 in
Section 2. It is a long and quite technical section. We determine the exact covering
radius in most cases in Section 3. This section presents some connections to algebraic
curves over finite fields. We use these connections effectively to solve the problem for all
sufficiently large values of s. There are rather interesting explicit examples for certain
small values of ¢y and s. We extend our results to half and twisted half Zetterberg

codes in Section 4. We conclude in Section 5. We also have a short Appendix.
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2. THE COVERING RADIUS OF THE GENERALIZED ZETTERBERG CODES IN ODD
CHARACTERISTIC IS AT MOST 3

Let F,, be an arbitrary finite field of odd characteristic. Let s > 1 be an integer.
Put ¢ = ¢5. Let H be the subgroup of F, with |H|=q+ 1.

The main result of this section is the following theorem.

Theorem 2.1. Let IF, be a finite field of odd characteristic. Let s > 1 be an integer.
Put g =q5 and n = g+ 1. Assume that ¢5 # 7 mod 8. Then the covering radius of
the Zetterberg code over Fy, of length n is at most 3.

Recall that Theorem 2.1 is equivalent to the following statement (see Section 1
above): For o € F 2, there exist ¢, co, ¢35 € Fy, and hy, ho, hy € H such that

(2) Clhl + CQhQ + Cghg = .

Our proof of Theorem 2.1 is quite involved. As a first step we use the following theorem,
which extends an important technique from [11]. Namely [11] introduce and use a very
useful technique only for F3 and odd integers s > 1. We extend their technique from
F3 and odd integers s > 1 to arbitrary F,, of odd characteristic and arbitrary integers
s > 1, provided ¢; # 7 mod 8. We also observe a small gap in their proof and we
cover their gap (see Remark 4.2 and Section 5 below).

Theorem 2.2. Let F,, be a finite field of odd characteristic. Let s > 1 be an integer.
Put g =q andn =q+ 1. Assume that ¢ #7 mod 8. Let P1, P2, P3 and P4 be the
properties defined depending on qo and s as follows. Note that P3 and P4 are defined
only if ¢ =3 mod 8.
e Property P1:
For each o« € Iy, there exist c1,c2,c3 € Koy and hy, ha,hs € H such that
c1hy + cohy + c3hs = .

e Property P2:
For each o € F2\F, with of = —a, there exist c1, ¢y, c3 € Fyy and hy, ho, hg €
H such that cihy + cohy + c3hs = .

e Property P3:
Assume ¢ = 3 mod 4. Let § € Fp2 be a primitive 4-th root of 1. For each
a € Fp \F, with of = Oa, there exist c1,cq,c3 € Fyy and hy, hy, hs € H such
that c1hy + cohg + c3hs = «.

e Property P4:
We keep the assumption on q and the notation on 6 of P3 above. For each
a € Fp \ Fy with a? = —0a, there exist c1,ca,c3 € Fyy and hy, ho, hs € H such
that cihy + cohe + c3hs = .
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Then we have the following:

e Case ¢ =1 mod 4:
The covering radius of Cs(qo) is at most 3 if both of the the properties P1 and
P2 hold simultaneously.

e Case ¢ =3 mod 8:
The covering radius of Cs(qo) is at most 3 if all of the four properties P1, P2,
P3 and P4 hold simultaneously.

Remark 2.1. An important strength of Theorem 2.2 is the following: If ¢ =1 mod 4,
then using properties P1 and P2 we need to consider only « in the set

{aEFZZ:aq:a}U{aerzzaq:—a}.

Here and throughout the paper | | is the disjoint union. Assume ¢ = 3 mod 4 and
0 € Fy2 is a primitive 4-th root of 1. Then using properties P1, P2, P8 and P4 we need

to consider only o in the set
{a € Fpe :aq:a}l_l{aEIFZz :aq:—a}U{aerg ol = fa}

I_l{aelﬁ'zzzoﬂ:—ﬁa}.

Hence, if g =1 mod 4, the number of a we need to consider is 2q — 1. Simalarly iof
g = 3 mod 4, the number of a we need to consider is 4q — 3. In particular, if q is

large, then
(3) max {2q — 1,4q — 3} < ¢*.

This shows that Theorem 2.2 is a strong improvement compared to the well known
statement in (2). Indeed it follows from (3) that we need to consider extremely small

number of o to complete the proof: around, at most, 4q versus ¢>.

Proof. We need to show that if a € IFi2, then there exist ¢1, ¢2, ¢35 € Fy, and ha, ho, hs €
H such that

(4) cihy + cohy + cshs = a.
Assume first that ¢ =1 mod 4. Then

gcd(%,q -1)=1
Hence we obtain
(5) ged(g+1,2(¢ - 1)) = 2.

Note that 2(¢—1) | (¢°—1), and let G be the subgroup of I}, such that |G| = 2(g—1).
Using (5) we conclude that

(6) lem (|H|, |G|) = 200t _ g2

2
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Using (6) we conclude that if oo € F7,, then there exist h € H and a; € G such that
(7) a = hay.

Combining (4) and (7) we conclude that we can assume «; € Gy without loss of
generality. Note that

ng{aerg:qu:a}U{aeF;z:aq:—a}.

This completes the proof if ¢ =1 mod 4.
Next we assume that ¢ = 3 mod 4. In this case 4(¢ — 1) | (¢> — 1) and let G4 be
the subgroup of F7, such that |G4| = 4(¢ — 1). Note that we have

(®) ged(2 g —1) = 1
and hence
9) ged(g+1,4(q — 1)) = 4.

Using (8) and (9) we obtain

lem (]H], |G4D _ 4(q—li(q+1) _ qz 1

Therefore if a € IFZQ, then there exist h € H and a; € G4 such that
(10) a = haoy.
Let 6 € Fy2 be a primitive 4-th root of 1. We have
G4:{a€F22:aq:a}|_|{oz€IF;2:ozq:—oz}
|_|{oz€]F:;2 :oﬂ:&a}|_|{a€1t?} :oﬂz—@a}.

Combining (4) and (10) we conclude that we can assume oy € G4 without loss of
generality. This completes the proof of ¢ =1 mod 4. U

Using Theorem 2.2, the proof of Theorem 2.1 is immediate if

e properties P1 and P2 hold when ¢ =1 mod 4, and
e properties P1, P2, P3 and P4 hold when ¢ =3 mod 4.

We prove that Theorem 2.1 in four subsections below. Subsection 1 has its main
theorem that we prove Property P1 holds for any F, odd characteristic. Similarly we
consider properties P2, P3 and P4 in the other subsections. In particular we complete
the proof of Theorem 2.1 using Theorem 2.2 and the four theorems in the following

four subsections.
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2.1. Property P1. In this subsection we prove that Property P1 holds, namely we
prove Lemma 2.2 and Theorem 2.3 below.

Throughout this subsection let F,, be a finite field of odd characteristic. Let s > 1
be an integer. Put ¢ = ¢j. Let H be the subgroup of Fr with |[H| = ¢+ 1. Let
w € Fpe \F, with w+w? = 1. Put D = (“2%)2. We start with a rather simple lemma.
Note that {w, w?} is a basis of F 2 over F,.

Lemma 2.1. We have D = % —witt, In particular, D € Fy and D is not a square in
F,.

— w9 q q . .
Proof. Note *5* = % —wi, “H;" € F, and w? ¢ F,. Hence D is not a square in

F,. Moreover

D = (w—wq)2 _ w2 4w -2t 24203t 29 —4qpatl

2 4 o 4

o 1—dwetl 1 witl

4 4

This completes the proof. O
The next simple lemma covers a special subcase, which needs a separate proof.

Lemma 2.2. Let o € {0,1,—1}. There exist c¢1,co,c3 € Fyy and hy, ho,hs € H such
that Clhl + Cghg + Cghg = Q.

Proof. Note that 1 € H and {0,1,—1} € F,,. Let hy = 1 and hy, hy € H arbitrary

chosen elements. We have

Ohl—I—Ohg—f—Ohg:O,
1-hi+0-he+0-hy=1,
—1-h140-hy+0-hg=—1.

This completes the proof. U

The main result of this subsection is the following, which we prove at the end of this

subsection.
Theorem 2.3. Let o € F,\ {0,1,—1}. There exist hy, hay, hy € H such that
hl + hQ + hg = .

We need some preliminary results before the proof of Theorem 2.3. We use Propo-
sitions 2.1, 2.2 and 2.3 below in the proof of Theorem 2.3, which we give at the end of

this subsection.
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Proposition 2.1. Let a € F,\{0,1,—1}. Then Theorem 2.3 holds if and only if there
exist T1,Ta2, T3, Y1, Y2, Y3 € Fy such that

T+ T2 +xT3 = Q,

htytys = 0,
vi—Dyi = 1,
r3—Dy? = 1, and
23— Dy = 1.

Proof. Put x1, x2, 23,91, Y2, y3 € Fy such that h; = z;w + y;w? for 1 <i < 3. Note that

a = aw + aw? and hence

(11) hi+ho+hs3=a<=x1+rs+2x3=0and y; + y» +y3 = a.
Moreover

(12) (hy)1! = (zw + y;w?) T = (22 + yHwt™ + (w? + W) zy; = 1
for 1 <¢<3. Put

_ xity;
SR and

Tnew,i =

Ynewi = Ti — Yi

for 1 <4 < 3. This change of variables and (11), (12) imply that Theorem 2.3 holds if
and only if

!
Tnew,1 + Tnew,2 + Tnew,3 = Q,

Ynew,1 + Ynew,2 + Ynew,3 = 07 and

{L'2 i Dy’?zew,i =1

\ Ynew,i
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for 1 <i < 3. Indeed, using Lemma 2.1 we obtain

x? 4yl 4 2xy;
4

2

2 _
Lhew,i — Dynew,i -

— D(z} +y7 — 2z3y,)

1 1
Z(Z—D>@f+ﬁ)+<§+2D)%%

= ’LUqul (l‘? -+ y?) + (1 - 2wq+1)xiyi
= w27 + y7) + (0 + w3y

=1.
This completes the proof. Il

Proposition 2.2. Let o € F \{0,1,—1}. Leta(z),b(x), c(z) € F,[x] be the polynomials
given by

a(r) = 2ax —a® — 1,

b(z) = 2az® + (=3 — )+’ +a, and

c(x) = (—a® = 1)a* + (& + a)x — % — % + %
Put
(13) A(z) = b(z)? — da(z)c(z) € Fylx].

Assume that there exists 1 € Fy such that

(i). 2% — 1 is a nonsquare in F,
(ii). a(x1) # 0, and
(iii). A(xy) is a nonzero square in Fy.

Then Theorem 2.8 holds.

Proof. We use Proposition 2.1. Put y3 = —(y; + y2) and x3 = a — 21 — 9. Then the

system in Proposition 2.1 is equivalent to the system
r? — Dy? =1,
r3 — Dy =1, and
(=1 = 22)* = D(y1 +92)* = 1.
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Here the variables x1, 2, y1, y2 Tun through F,. Using the last equation we obtain

o 4+ 2% + 25 + 23179 — 201 — 20w = Dyt + Dys +2Dy1ys + 1
= (2] — 1)+ (23 — 1) + 2Dy1yo + 1 = 2} + 23 + 2Dyryp — 1.

Hence

2
T1T9 — QL] — Qg + ‘XTH
Dy, = y
1

Taking square of both sides and using the equations Dy? = 22 — 1 and Dy3 = 23 — 1,

we obtain
241
(19 — uy — Qg + %)2
3 —1

Here we assume that 22 # 1. The last equation is equivalent to

2 —
Ty —1=

(14) a(z1)x3 + b(x1)ze + c(x1) = 0,

where a(z1),b(x1), c(x1) € Fy[z1] given in the statement of Proposition 2.2.
Assume further that a(z;) # 0. Then there exists z, € F, satisfying (14) if A(zy)
is a nonzero square in F,. Assuming items (ii) and (iii) of the assumptions of the

proposition and the condition 22 # 1, the system in Proposition 2.1 is equivalent to
(15) r] — Dyi = 1.

Here x; is chosen and y; € I, is a variable.

As D is a nonsquare in F,, the equation in (15) has a solution y; € F, if we also
assume that 22 — 1 is a nonsquare. Note that the condition z7 # 1 is automatically
satisfied by the assumption item (i). This completes the proof. O

Let F, be an algebraic closure of F,.

Proposition 2.3. Let a € F,\ {0,1, —1}. Let A(z) € F,[z] be the polynomial defined
in (13) in Proposition 2.2. Then there is no polynomial f(x) € F,[x] such that

(16) A(z) = (f(2))* € Fyfz].

Proof. Note that A(z) is a polynomial of degree 4 with leading coefficient 4a?. Put
A(z) 4 3 2 =

(17) Al(x)zmzx + Asz® 4 Agz” + Ajx + Ap € F[z].

Assume the contrary that there exists f(z) € F,[x] satisfying (16). This implies that
there exist ¢y, ¢ € Fq such that

(18) Ai(z) = (2% + a1 + ).
Assume that

(19) Ay #0.
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Using (18) and comparing the coefficients of both sides we obtain that

A5 4 A
¢ =— and ¢g = —.
7 07 A,
We also obtain that
AN* A
Using (17) and having rather tedious but direct computations we obtain that
—a?+1
21 Ag = ——
1) =t
and
Ag 2 Al 042 —1
99 Ay — [ 22) 4221 =
(22) 2 ( . ) T
As a ¢ {0,1,—1}, using (21) we obtain that the assumption in (19) holds. Moreover
combining (20) and (22) we get a contradiction. This completes the proof. O

Now we are ready to prove Theorem 2.3.

Proof of Theorem 2.3. Recall that a(z) = 2ax — a® — 1 € F [z] and A(x) € F,[z] are
defined in Proposition 2.2. Let

Ty={z1 €F,:a(x) =0}, To={z1 €Fy:a7 —1=0}, Ty = {a; € F,: Azy) = 0}.

Note that deg(A(:I:)) = 4. Hence ‘Tl‘ = 1, |T2’ = 2, ’Tg‘ < 4. Put T = T1 UTQUTg
Let n be the quadratic character on F, given by

n:F, — {0,1,-1}

0, ifx=0,
T 1, if x € F} is a square,

—1, if # € F} is a nonsquare.

For 1 <1 < 3, put

(23) Ei =Y (1—-n(* = 1)1 +n(A))).
Let

(24) E=> (1-n("—1)(1+n(A)),
(25) Nyo= > (I=n®=1)(1+n(Ax)),

z€FN\T
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and

(26) N =3 (1=n@® = 1)1 +n(A@).

z€el,

It follows from (24), (25) and (20) that
(27) N, =N —E.

Using (23) we obtain that

By <2-2=14,
Bal = S (14 n(A()) < 4
x€Ts
|Es] <4-2=8.
These imply that
(28) E<444+48=16.

Note that using (26) we have
(29) N=> 1= n@ =1+ > nAx)-> n(@®—1)A).
z€F, z€F, z€Fq z€Fq
It is well-known that
(30) > n(a®—1)=0.
z€lFy

Using Proposition 2.3 and Weil’s sum (see, for example, [14, Theorem 5.41]) we have

(31) S n(A(x)) < 3¢
and
(32) S0 (@~ DA)) < 5¢2

Combining (27), (28), (29), (30), (31) and (32) we conclude that
(33) Ny > q—8¢'/* — 16.

Note that ¢ — 8¢'/? — 16 > 0 if ¢ > 94. Using Proposition 2.2, this completes the
proof if ¢ > 94. The set of cardinalities ¢ such that there exists a finite field F, of
characteristic odd and ¢ < 94 is
S = {3,5,7,9,11,13,17,19,23, 25,27, 29,
31,37,41,43,47,49,53,59,61,67,71,73,79,81,83,89} .

For each ¢ € S, using Magma [3] and a direct search method we show that Theorem
2.3 holds. This completes the proof. U
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2.2. Property P2. In this subsection we prove that Property P2 holds, namely we
prove Theorem 2.4 below.

As in the previous subsection, throughout this subsection let F,, be a finite field of
odd characteristic. Let s > 1 be an integer. Put ¢ = ¢;5. Let H be the subgroup of Fp
with [H| = ¢+ 1. Still as in the previous subsection, let w € Fp \ F, with w 4+ w? = 1.
Put D = (¥=2%)2,

2
First we prove a proposition, which is analogous to Proposition 2.1. Recall that

D € F; and D is a nonsquare in [F,.

Proposition 2.4. Let a € Fy, with o = —a. Put b= % Note that 3 € F,. There
exist hy, ha, hs € H such that

hi+he+hs =«
if and only if there exist x1, 2, T3, Y1, Y2, Y3 € Fy such that

T1+x9o+2x3 = 0,
Bitytys = B
vi—Dyi = 1,
x5 — Dy; = 1,

3 — Dy = 1.
Proof. Put x1,x2, 3,91, Y2, y3 € Fy such that
hi = T;Ww + yiwq

for 1 < ¢ < 3. Note that

and hence

(34) hl+h2+h3:04<(:>$1+£€2+x3:§and y1+y2+y3:_§

As in the proof of Proposition 2.1, we have
(35) 1= (h)"" = (2 + y2)w™™ + (w* + w*)z;y; for 1<i <3,
Put

_ zitw
xnew,i - 12 17

Ynew,i = Ti — Yi, for 1 < <3
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This change of variables and (34), (35) imply that hy + he + hs = a if and only if

Tpew,1 + Lnew,2 + Tnew,3 = 07

ynew,l + ynew,Q + ynew73 - ﬁ, and

2 2 _
'xnew,i - Dynew,i =L

for 1 < ¢ < 3. Indeed, using Lemma 2.1 as in the proof of Proposition 2.1 we obtain
that
Trewi = Do = (@7 + yH)w™ + (0? + w2y = 1

new,i

for 1 < i < 3. This completes the proof. O

Before presenting the main result of this subsection we need to deal with a special

subcase separately in the following lemma.

Lemma 2.3. Let a € F, with o = —a. Put b= 23}‘11. Assume that

(38) ¢=3mod4 and DB*+1=0.
Then there exist hy, ho, hs € H such that
hl + h2 + hg = .

Proof. As ¢ = 3 mod 4, —1 is not a square in F,. Then =L is a square in F,. Indeed,

D
it follows from the assumption (38) that 5% = = Put

$1:$2:$3:07 y1:ﬁ7 y2:—5> 9325

Then
T+ a2 +23=0, 1+ y2+ys =0,
22— Dy = -Dp* =1, 22— Dyz = -Dp* =1, m% — Dy§ =-Dp*=1.
We complete the proof using Proposition 2.4. Il

Now we are ready to present the main result of this subsection in the following

theorem.
Theorem 2.4. Let o € IFZQ with a? = —a.. There exist hy, ho, hg € H such that
hl + hg + h3 = (.

We need some further results (as in Subsection 2.1) before the proof of Theorem 2.4.

The following is an analog of Proposition 2.2.
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Proposition 2.5. Let o € Fy, with o = —a. Put § = 22 Let a(y),b(y), c(y) €
F,[y] be the polynomials given by

a(y) = 2D*By — D*B* + D,
b(y) = 2D*By* + (—3D?*B* + D)y + D*B3* — DB, and
D23t DBz 3

4+2+4'

c(y) = (=D*B* + D)y* + (D*B* — DB)y —
Put

Aly) = b(y)* — da(y)c(y) € Fyly).
Assume that there exists y, € Fy such that

(i). 1+ Dy} is a nonzero square in F,,

(11) CL(y1> 7£ 07 and
(iii). A(y1) is a nonzero square in IF,.

Then Theorem 2.4 holds.

Proof. We use Proposition 2.4. Put x5 = —(x1 + x2) and y3 = § — y1 — yo. Then the

system in Proposition 2.4 is equivalent to the system

(21 4+22)> = D(B —y1 —y2)? = 1.
Using the last equation we obtain
o} + @5 + 20102 = DB+ yi + 13 + 2y — 28y — 28y2) + 1
= (27 — 1) + (25 — 1) + 2Dy1y> — 2DBy; — 2DBys + DB + 1.

Hence
_ 2Dy1ys — 2DBys — 2DBys + DS* — 1
21’1 ’

X2

Taking square of both sides and using the equations 23 = 1 + Dy3 and 22 = 1 + Dy?

we obtain

(Dy1ys — DBy — DBy, + 2212
1+ Dy} '

Hence we assume that 1+ Dy? # 0. The last equation is equivalent to

1+ Dy? =

(39) a(yr)ys + b(y1)ye + c(yr) =0,

where a(y1),b(y1), c(y1) € Fyly1] are given in the statement of Proposition 2.5.
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Assume further that a(y;) # 0. Then there exists y, € F, satisfying (39) if A(y;)
is a nonzero square in F,. Assuming items (ii) and (iii) of the assumptions of the
proposition and the condition 1+ Dy? # 0, the system in Proposition 2.5 is equivalent
to

x] — Dy; = 1.

Here y; is chosen and z; € I, is a variable.
If 1 + Dy? is a nonzero square as well, the last equation has a solution z; € F, and
the assumption 1+ Dy? # 0 holds. This completes the proof. U

Recall that Fq is an algebraic closure of F,. Next proposition is analogous to Propo-
sition 2.3.

Proposition 2.6. Let o € F, such that o = —a. Put 3 = 522 Assume (38) in
Lemma 2.3 does not hold. Let A(y) € F,[y] be the polynomial defined in Proposition

2.5. Then there is no polynomial f(y) € F,[y] such that
(40) Aly) = (f(y))* € Fyly].

Proof. The proof is analogous to the proof of Proposition 2.3. Here A(y) is a polynomial
of degree 4 with leading coefficient 4D*32. Put

Ay
1(y) = 4D(4[32 = y* + Azy® + Asy? + Ay + Ay € Fly).
Assume that
(41) As #£0.
As in the proof of Proposition 2.3, if there exists f(y) € F,[y] satisfying (40), then we
have
A5\ LA
42 Ay — — 2—| =0.
(42 - |(5) 2
Using rather tedious but direct computations we obtain that
— 2 _
A=D1
Dp
and
As\® A | —-DB2 -1
4 Ay — || = 2— | = ———
(43) 2 < 5 ) + 3 D23

Assume first that ¢ = 1 mod 4. Then —1 is a square and hence DS? +1 # 0 as D is
a nonsquare in F, and § € F,. Assume next that ¢ = 3 mod 4. As the condition (38)
in Lemma 2.3 does not hold Dj3? + 1 # 0.

These imply that the assumption in (41) holds. Moreover these also imply that we
get a contradiction using (42) and (43). This completes the proof. O
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Now we are ready to prove Theorem 2.4.

Proof of Theorem 2.4. If ¢ = 3 mod 4 and D% 4+ 1 = 0, then the proof follows from
Lemma 2.3. Next we assume that if ¢ = 3 mod 4, then the condition D3? +1 = 0 does
not hold. Recall that a(y) € F,[y] and A(y) € F,[y| are defined in Proposition 2.5. Let

le{yl G]Fq:a(yl):O}, Tzz{yl G]Fql—l-Dy%:O}, ng{ylquiA(yl):O}.
Put T'=T7; UT; UT3. Using the notation in the proof of Theorem 2.3, let

Ny = > (1+n((1+Dy))(1 +n(Ay)).

yEFN\T

As in the proof of Theorem 2.3 we have
Ny > q—8¢"* - 16.

If ¢ > 94, then this completes the proof as in the proof of Theorem 2.3, namely using
Proposition 2.5 instead of Proposition 2.2. For 2 < ¢ < 94, we use Magma as in the
proof of Theorem 2.3. O

2.3. Property P3. In this subsection we prove that Property P3 holds. Namely we
prove Theorem 2.5 below.

The assumptions in this subsection are rather different. Let F,, be a finite field of
odd characteristic. Let s > 1 be an integer. Put ¢ = ¢°. Assume that ¢ = 3 mod 4.
Let H be the subgroup of Fp with |[H| = ¢+ 1. Let 0 72 be a primitive 4-th root
of 1. Let w =60 —1.

We start with a simple lemma.

Lemma 2.4. Under notation and assumptions as above we have the following:
(i). {w,w?} is linearly independent over F,,.
(ii). witt = 2.
(iii). w* +w? =0 and w?? — w?* = 46.
(iv). Qw? — w =2(1 — 0) and w? — Ow = 0.

Proof. As ¢ = 3 mod 4, we have that 4 { (¢ — 1) and hence § € Fp2 \ F,. Note that
z? + 1 € F,[x] is the minimal polynomial of 6 over F,. This implies that z? + 1 =
(x — 0) (x — 69) and considering the coefficients of the monomial z in both sides we
conclude that 62 = —4.

Using the definition of w we obtain that w? = 67 — 1 = —0 — 1. It is clear that
{6 — 1, —60 — 1} is linearly independent over F,. These arguments complete the proof
of item (i).

The proof of item (ii) follows from the observation

W =0 -1D)(-0-1)=—0*-1)=—(-1-1)=2.
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Similarly we prove item (iii) using the identities
w? = (0 —1)* and w?? = (=0 — 1)* = (0 + 1),
which imply
w?? +w? =20 +1)=0
and
w?? — w? = 40.

Finally we prove item (iv) using

Ow?! —w=0(—0—-1)— @ —1)=—0>—0—-0+1=2(1-0)
and

wl—w=—-0+1)—-00—-1)=—-0+1)—(-1-0)=0.

U

Now we are ready to state the main result of this subsection in the next theorem.

Theorem 2.5. Recall that g =3 mod 4 and 6 is a primitive 4-th root of 1. Let a € Fr,
such that a? = 6. There exist hy, ho, hs € H such that

h1+h2+h3:a.

As in the previous subsections, we need to prove some preliminary results before the
proof of Theorem 2.5. The next proposition is an analog of Proposition 2.4.

Proposition 2.7. Let o € F, with o = o Put pu = a(é;@)‘ Note that € F;. Then

Theorem 2.5 holds if and only if there exist x1,xa, T3, Y1, Y2, ys € F, such that

r1+ 29+ 23 = U,
1 +y2+ys =0,
o+t =3,
T3+ Y5 =3

x5+ Y3 = 3.
Proof. Put x1, x2, 23,91, Y2, y3 € Fy such that
h; = z;w + y;w?
for 1 <1 < 3. Let 34, B2 € F, such that

a = frw + fow?.
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Then we have
O = o = frw? + Paw.

These imply that

a(fw? —w) a(w? — fw)

B = and (3, =

w24 — ? w24 — ?
Using Lemma 2.4 items (iii) and (iv), we obtain that
a(l—46
512—(29 )zuand62:0.

Moreover
R = (2w + yw?) T = (2 + 2w+ iy (w? +w?) =1
for 1 < < 3. Using Lemma 2.4 items (ii) and (iii), we obtain that
R =1 <= 2022 +y?) =1for 1 <i <3,
This completes the proof. O

We need to consider a special case separately as in Subsection 2.2. The next lemma
is analogous to Lemma 2.3.

al=9) " Assume that

Lemma 2.5. Let o € Fp, such that o = fa. Put p = %9

(44) pe=s.
Then there exist hy, ho, hg € H such that
hl + hg + hg = Q.
Proof. Note that € F,. Put x; = 29 = p1, 3 = —pp and y; = yo = y3 = 0. It is clear
that
Ty +xa+x3=p and y; +ya +yz = 0.

Also

1
x?+yi2:x?:u2:§ for 1 <1i<3.

Using Proposition 2.7 we complete the proof. Il

The next proposition is an analog of Proposition 2.5.

Proposition 2.8. Leta € F}, such that a? = 0. Put p = a(;ge)‘ Let a(x),b(x), c(x) €

F,[z] be the polynomials given by

a(z) = 2px — i — 3,

b(x) = 2px® 4+ (=3p” — 5) & + pi® + &,

ca) = (~1* =) 2+ (W + §) o~ 5~ +

Sl
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Put
A(z) = b(z)? — 4a(x)c(z).
Assume that there exists 1 € F, such that

N2 1 - .
(i). 1 — 5 is a nonsquare in IF,;

(ii). a(xy) #0;

(iii). A(xy) is a nonzero square in F,.
Then Theorem 2.5 holds.

Proof. The proof is similar to the proof of Proposition 2.2. We use Proposition 2.7.
Put y3 = —(y1 + y2) and x3 = p — x; — x3. Then the system in Proposition 2.7 is

equivalent to the system

2 2 1
‘r1+y1_§7

(45) 23 +ys =1, and

|=

(n =21 —22)* 4+ (1 +12)° = 5.
The last equation is equivalent to
1
Y2 Ay + 2y1ys + o] + x5 + 22120 + PP — 2wy — 2Ty = 3
As 2% + y} = 23 + y3 = 1 we get that
1+ 4y1y0 + 4120 + 2u2 —4dpury — 4pxy = 0.

Consequently we obtain

—T1X2 + QT + pre + <_2“T2_1>
(46) Yo = y :
1

Here we assume that y; # 0, or equivalently 22 — 1 is nonzero.
) 1 2

Taking square of both sides (46) and using the first two equations of (45) we obtain

that ,
1 1 2% +1
(1-3) (2 2) = (e (55))

The last equation is equivalent to

(47) a(x)rs + b(xy) Ty + c(z1) = 0,

where a(z1),b(x1), c(x1) € Fy[z1] given in the statement of Proposition 2.8.
Assume further that a(z;) # 0. Then there exists zo € F, satisfying (47) if A(zy)
is a nonzero square in F,. Assuming items (ii) and (iii) of the proposition and the

condition x? — % # 0, the system in Proposition 2.7 is equivalent to

(48) 3ty =3
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Here x; € I, is a chosen element and ¥, € F, is a variable.
As —1 is a nonsquare in F,, the equation in (48) has a solution if we further assume

that z? — % is a nonsquare in F,. This completes the proof. Il

Recall that Fq be an algebraic closure of IF,. The next proposition is analogous to
Proposition 2.6.

Proposition 2.9. Let a € F}, such that a? = 6. Put p = a(ége). Let A(z) € F,[z]
be the polynomial defined in Proposition 2.8. Assume the condition (44) in Lemma 2.5

does not hold. Then there is no polynomial f(x) € Fy[x] such that
Az) = (f(2))* € Fyla].

Proof. Note that A(z) is a polynomial of degree 4 with leading coefficient 4u%. Put

A(x)

Al(x) = 4M2

= 134 + A3.§C3 + AQ!Ez + Alﬂf + AO € Fq[ﬂj‘}

As in the proof of Proposition 2.6, it is enough to prove that

(49) As #£0.

(34
2 As

Indeed, using rather tedious but direct computations we obtain that

and

(50) Ay — £0.

241
(51) A3:M——’—2,
"
and
A\? A £l
2 Ay — | [ =) =20 = 24,
(52 i (2) As G

As pi* # 3, using (51) and (52) we conclude that the conditions in (49) and (50) hold.
This completes the proof. O

Now we are ready to prove Theorem 2.5.

Proof of Theorem 2.5. Put p = %. If pu? = %, then we complete the proof using
Proposition 2.7 and Lemma 2.5. Assume that p? # 1. Recall that a(z;) = 2uz—p?—3.

Let

1
le{mlqu:a(xl):O}, ng{xlqu:xfzi}, ng{wlquiA(le):O}.
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Put T = T1 UT2 UT3 Let
Ni= 30 (-l - )1 - n(A).

z€FN\T

Using Proposition 2.8, as in the proof of Theorem 2.3, it is enough to show that
(53) N; > 0.

As in the proof of Theorem 2.3, using Proposition 2.9 we obtain that

(54) N, > q—8Y? —16.

Combining (53) and (54) we complete the proof using the methods in the proof of
Theorem 2.3. O

2.4. Property P4. In this subsection we prove that Property P4 holds for suitable
parameters. Namely we prove Theorem 2.6 below. We keep the assumptions and
notation of Subsection 2.3. In particular ¢ = 3 mod 4, 6 € 2 is a primitive 4-th root
of 1l and w =16 —1.

The main result in this subsection is the following theorem.

Theorem 2.6. Let o € FZQ with a9 = —0a. Then there exist hy, ho, hs € H such that
hl + hg + ]’Lg = .

First we prove a proposition that we use in the proof of Theorem 2.6, which is given
at the end of this subsection.

Proposition 2.10. Let a € Fj; with of = —fa. Put p = #' Note that pu € .

Then Theorem 2.6 holds if and only if there exist x1, x9, T3, Y1, Yo, Y3 Such that
1+ x3 + 23 =0,

Y1 t+y2 +ys=p,

2 2 1
:L‘l—l—yl_ia
2 2 1
l’2+y2—§7
2 2 1
T3+Y3 =3

Proof. The proof is similar to the proof of Proposition 2.7. Put x1, 2, z3,y1,v2,y3 € F,
such that

h; = z;w + y;w?
for 1 <1 < 3. Let 34, B2 € F, such that

(55) a = ﬂlw + ngq.
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Then we have
(56) af = —a? = —frw? — fow.

Using Lemma 2.4, items (iii) and (iv), we obtain that

(57) w+ w? =0 (w? — fw) =0,
and
(58) (wq—l-Hw):9q—1+92—0:—(1+9)'
w24 — w? 40 20
Combining (55), (56), (57) and (58) implies that
—a(l+46)

ﬁlz() and 52:

20
As in the proof of Proposition 2.7 we have

R =1 =224y} =1 for 1 <i<3.
This completes the proof. Il

Now we are ready to prove Theorem 2.6. We remark that we use a new trick which

reduces the proof of Theorem 2.6 to some proofs of Subsection 2.3.

Proof of Theorem 2.6. Note that p in Proposition 2.7 runs through
a(l—1~0
53:{%1046]1?;2 Withaq:9a}.
We obtain that S; = [Fy. Indeed

¢3Z{Q€F222aq:9a}—>83
a(l —0)

o — Y

a(1-0)
260

is a well-defined map as € F, when a € Fy, with of = Oca. Moreover 13 is
one-to-one.
As the set {a celF,:al= Qoz} has cardinality ¢ — 1, we conclude that Sz = [Fy.

Similarly let

20

be the set that u runs through in Proposition 2.10. Using the same method above we
obtain that S, = 7.

Moreover it follows from the symmetry and direct observation that, by the change

—a(l+46
S4—{w:a€]1?22 with aq——ea}

of variables

(@1, 22, T3, Y1, Y2, Y3) — (Y1, Y2, Y3, T1, T2, T3),
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the system of equations in Proposition 2.7 change to the system of equations in Propo-
sition 2.10. Hence Theorem 2.6 holds as Theorem 2.5 and Proposition 2.7 hold. This
completes the proof. O

3. EXACT COMPUTATION OF THE COVERING RADIUS OF THE GENERALIZED
ZETTERBERG CODES IN ODD CHARACTERISTIC

In this section we determine the exact covering radius of generalized Zetterberg
codes. We note that the same results hold for half and twisted half Zetterberg codes
(see Definitions 4.1 and 4.2 below). This follows immediately using Theorems 4.3 and
4.4 below. Therefore we do not state the corresponding results for half and twisted
half Zetterberg codes separately.

Let F,, be a finite field of odd characteristic. For an integer s > 1, let ¢ = ¢;. Let
Cs(go) be the generalized Zetterberg code of length ¢ +1 over Fy,. Recall that H C F7,
is the subgroup with |H| = ¢+ 1. Put m = ‘10—2_1. Let H,, C F;, be the subgroup with
|H| =m(qg+1).

We start with a simple but useful lemma.

Lemma 3.1. The covering radius of Cs(qo) is at least 2. The covering radius of Cs(qo)
is at least 3 if and only if there exists o € F 2 such that the equation

hl + hg =
18 not solvable with hy,hs € H,,.

Proof. Note that ged(|H][,go — 1) = 2. Hence the smallest subgroup of I}, containing
both |H| and F; is |H,,| as [Hy,| = lem (|H|, g0 — 1).

Note that |H,,| = (¢ + 1) < ¢ — 1. This implies the existence of o € Fz \ Hy,.
Let o € Fp \ H,,. We claim that it is impossible to choose ¢ € Fy, and h € H such
that

ch = a.

Indeed otherwise ¢ # 0 and ch € H,,. This is a contradiction as o ¢ H,,. These
arguments imply that the covering radius of Cs(qo) is at least 2.

Using Theorem 2.2 we obtain that the covering radius of Cs(qp) is either 2 or 3. Let
a € F2. Assume that there exist hy, hy € Hy, such that by = hy = . As H,,, = IFZO-H,
there exist ¢, ¢y € FZO and hy, he € H such that c¢ihy + coho = a. Hence the covering
radius of Cy(qo) is 2. The converse statement holds similarly. This completes the
proof. O

The next theorem uses methods of [11] again.

Theorem 3.1. Let Fy, be a finite field of odd characteristic. For an integer s > 1,
let ¢ = q5. Assume that ¢ Z 7 mod 8. Let Cs(qoy) be the generalized Zetterberg code
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of length ¢ + 1 over Fy,. Recall that m = % and H,, C IFZQ 15 the subgroup with
| Hol = mlq +1).

Let NP1, NP2, NP3 and NPj be the properties defined depending on qy and s as
follows. Note that NP3 and NP4 are defined only if ¢ =3 mod 8.

e Property NP1:
There exists a € F, such that the equation

h1+h2204

has no solution with hy, hy € H,,.

e Property NP2:
There exists o € F2 \ Fy such that the equation

h1+h2:a

has no solution with hy,hy € H,,.

e Property NP3: Assume that ¢ =3 mod 8. Let § € F2 \ F, be a primitive
4-th root of 1. There exists o € F 2 \ Fy with o = o such that the equation
hl + hg =

has no solution with hy, hy € H,,.

e Property NP4: Assume that ¢ =3 mod 8. Let 0 € F2 \ F, be a primitive
4-th root of 1. There exists o € F2 \ Fy with a? = —fa such that the equation

h1+h2204

has no solution with hy, hy € H,,.

Then we have the following:

e Case ¢ =1 mod 4:
The covering radius of Cs(qo) is 3 if and only if at least one of the two prop-
erties NP1 and NP2 holds. Otherwise the covering radius of Cs(qo) is 2.

e Case ¢ =3 mod 8&:
The covering radius of Cs(qo) is 3 if and only if at least one of the four
properties NP1, NP2, NP3 and NP/ holds. Otherwise the covering radius of
Cs(qo) is 2.
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Proof. We use some methods similar to the ones in the proof of Theorem 2.2. Assume
first that ¢ =1 mod 4. Then ged (%, q— 1) = 1. This implies that

1
ged (mlg +1),2(q — 1)) = 2ged (m%,q _ 1) o,

Therefore we obtain
m(q+1)2(qg — 1)

2
pr— —_— 1.
2m ¢

lem (m(qg+1),2(¢—1)) =

Let G be the subgroup of F;, with |Go| = 2(¢ — 1). The arguments above imply that
FZQ - G2 . Hm,

which means that the smallest subgroup of [F}2 containing both G5 and H,, is itself.
Note that

(59) Gy={aeFo:a'=a}u{aeF,:a’=—a}.

The disjoint subsets in (59) correspond to properties NP1 and NP2. Using also Lemma
3.1 we complete the proof if ¢ =1 mod 4.
Next we assume that ¢ =3 mod 8. Then ged (%, q— 1) = 1. This implies that

1
ged (m(g +1),4(q — 1)) = 4gcd (m%, q-— 1) — dm.

Therefore we obtain
m(q+1)4(g—1)

2
‘2 - 1-
4m

lem (m(qg+1),4(¢—1)) =

Let G4 be the subgroup of F7, with [G4] = 4(¢ — 1). The arguments above imply that
F;Q = G4 . Hm

Let 6 € F2 \ I, be a primitive 4-th root of 1. Note that

Gy = {aG]FZQ:aq:a}u{aelﬁ‘zzzaq:—a}

(60)

u{aerg:aqzea}u{aerg:oﬂz—@a}.

The disjoint subsets in (60) correspond to properties NP1, NP2, NP3 and NP4. Using
also Lemma 3.1 we complete the proof. U

Remark 3.1. In Theorem 3.2 below we show that the properties NP3 and NP4 are
equivalent using rather detailed arithmetical methods. Therefore Theorem 3.2 below

has only three properties instead of four.
We also use the following simple result in some proofs below.

Lemma 3.2. Let I, be a finite field of odd characteristic. Assume that ¢ =3 mod 8.

Then 2 is not a square in F,.



COVERING RADIUS OF GENERALIZED ZETTERBERG TYPE CODES 27

Proof. Let p be the characteristic of F, and put ¢ = p’, where ¢ is a positive integer.

We observe that p = 3 mod 8 and ¢ is odd. Indeed if p = 1,5, or 7, then p' #3 mod 8

for any positive integer. Moreover if p =3 mod 8 and p' =3 mod 8, then ¢ is odd.
Using [12, Proposition 5.1.3] we obtain that 2 is not a square in F,,. As ¢ is odd we

conclude that 2 is not a square in F,. Il

Next we obtain an equivalent formulation of Theorem 3.1, which gives a connection

to algebraic curves over finite fields. We also use this connection later.

Theorem 3.2. Let Fy, be a finite field of odd characteristic. For an integer s > 1, let
q = q5. Assume that ¢ Z 7 mod 8. Let Cs(qo) be the generalized Zetterberg code of

length q + 1 over Fy,. Put m = %. Note that the number of nonzero squares in Fg,

ism. Let {aq,...,a,} be an enumerated set consisting of the nonzero square elements
in Fg,.

Let w € Fp \ Fy with w+w? = 1. Put D = ; —w"™". Recall that D € F; and D is
not a square in ¥, (see Lemma 2.1 above).

Let PP1, PP2 and PPS3 be the properties defined depending on qy and s as follows.

e Property PP1:
For1<i<m, let fi(x) € F,[x] be the polynomial given by
fi(z) = 2* — .
There exists a € FZ such that fi(a) is a nonzero square in ¥y for each 1 < i < m.
e Property PP2:
For1 <i<m, let fi(z) € F,[z] be the polynomial given by

filx) = 2® + %~

There exists a € I}, such that fi(a) is a nonzero square in ¥y for each 1 <i < m.
e Property PP3: For 1 <i<m, let fi(x) € F,[z] be the polynomial given by
fi(z) = 2% — 2a.

There exists a € Ffl such that f;(a) is a nonzero square in F, foreach1l <1 <m.

Then we have the following:

e Case ¢ =1 mod 4:
The covering radius of Cs(qo) is 3 if and only if at least one of the two prop-
erties PP1 and PP2 holds. Otherwise the covering radius of Cs(qo) is 2.
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e Case ¢ =3 mod 8:
The covering radius of Cs(qo) is 3 if and only if at least one of the three
properties PP1, PP2 and PP3 holds. Otherwise the covering radius of Cs(qo) is
2.

Proof. Let a be a generator of F; . Note that
(61) heH, < hi! =a% for some 0 <i<m— 1.

We first show that Property NP1 is equivalent to Property PP1.
Let a € F}. Using the methods of Theorem 2.3 and (61) we obtain that there exist
hi, he € H,, such that

hl—l—hQ:Oz

if and only if there exist x1, z2, 1,92 € F, and integers 0 < 4,57 < m — 1 such that

T +2Ty = «,
ity = 0,
(62) 2 2 _
xi—Dy; = a*, and
32— Dy = a¥.

We continue to use some methods from the proof of Theorem 2.3. Putting x = x,,
Yy =Y, 11 = x —« and y; = —yo, the system in (62) becomes equivalent to the system

(63) x2_a2j — Dy2.

{ a?+a¥ —a* = 2za, and
Note that o # 0 and using (63) we obtain
o? — % + g2

20 ‘

Tr =

Therefore (63) is equivalent to

a? —a® +a%
64 _—
(64) (==

2
> —a¥ = Dy?.

Recall that D € F} is a nonsquare. Note that Property NP1 does not hold if « € Fy,.
Moreover y = 0 in (64) implies that y; = y» = 0 and z;,29 € F,, for the system in
(62). Hence y = 0 in (64) also implies that o € F,,. Therefore we assume that y # 0
in (64) without loss of generality.

These arguments imply that Property NP1 holds if and only if
(&2 —a® 4+ a¥

(65) 901

2
) —a% is a square in F
for each 0 <i,5 <m — 1.

The condition in (65) is equivalent to the condition that

(66) (0 —a® + a2j)2 — 40”a¥ is a square in F;
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for each 0 <4, <m —1.
Note that the left hand side of (66) is

(67) (a—d+d)(a—d —d) (a+a +d) (a+a —d).
If 0 <i=j<m—1, then using (67) the condition in (66) becomes
(68) (a—2a") (@ +2a") is a square in F;,

for each 0 < i <m — 1. Note that {4a2i :0 <7 <m — 1} is the set of nonzero square
elements in [F,,. Hence Property NP1 implies Property PP1. For the converse we also
consider the remaining case that 0 < ¢,7 < m — 1 with i # j in (66). In this remaining
case, using (67) the condition in (66) becomes

(69) (@ —u)(a+u)(a —v)(a+wv) is a square in [},

where u = a' — o’ € F;, and v = o' + o’ € F; . Note that if (u* — ;) is a nonzero
square for each 1 < i < m, then the condition in (69) is automatically satisfied for this
remaining case. These arguments show that Property NP1 is equivalent to Property
PP1.

Next we show that Property NP2 is equivalent to Property PP2. Let o € Fp2 \ Fy
with a? = —a. Put § = 25)‘11. Note that 8 € F;. Using the methods of the proof of
Theorem 2.4 and (61) we obtain that that there exist hy, hy € H,, such that

h1+h2:a

if and only if there exist x1, 2,1, 92 € F, and integers 0 <, 5 < m — 1 such that

1+ Ty = 0,
Y1 +Y2 = B?
(70) 2 P 2
{1 —Dy; = a*, and
32— Dy: = a¥.

We continue to use some methods from the proof of Theorem 2.4. Putting x = o,
Yy = y2, 1 = —x and y; = f — y, the system in (70) becomes equivalent to the system

—DB? +2DBy +a¥ = a*, and
(71) { > —Dy* = a
If ¢ =1 mod 4, then we can assume that  # 0 in (71) without loss of generality.
Indeed, otherwise —Dy? becomes a nonzero square in F,, which is a contradiction as
—1is a square and D is a nonsquare in [F,.

If g =3 mod 4, then we can also assume that x # 0 in (71) without loss of generality.
This observation needs a detailed explanation. Assume the contrary and let D; € F
with D? = —D. Then z; = 75 = 0 and y;,y» € D%IFZO in (70). Consequently if ¢ = 3
mod 4 and x = 0, then 8 € D%IF;O. If s =1, neither NP2 nor PP2 holds. If s > 2 and
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b e D%IFZO, then neither NP2 nor PP2 holds. Hence we can also assume that = # 0 in
(71) without loss of generality.
These arguments show that we can assume that z # 0 in (71) without loss of

generality. As  # 0, using (71) we obtain

P55
26
Therefore (71) is equivalent to
o2 a2i \ 2 .
(72) Fro-%) & _2
20 D D’

Recall that =, D € F; and D is a nonsquare. These arguments imply that Property
NP1 holds if and only if

9 o2 a2\ 2 9
4 a2 o j
(73) (%) + % is a square in [F}

foreach 0 <i,7 <m — 1.
The condition in (73) is equivalent to the condition that

74 ﬁ2 agi a_zj 2+4/62a_27 . . F*
(74) +D— D D Is a square in I

foreach 0 <i,7 <m — 1.
Recall that 6 € F} is a primitive 4-th root of 1. Put D, € Fy, such that D3 = D.

Note that the left hand side of (74) is
(75) B—05 +05)(B—05 — 04
B0 +05) (8+05 —05

If 0 <i=j<m—1, then using (75) the condition in (74) becomes

at a\ . S
(76) (ﬂ - 2932) (ﬁ + 2032) is a square in [F}

for each 0 < i < m — 1. Note that {49;%% :0§i§m—1} = {%aizlgigm}.
2

Hence Property NP2 implies Property PP2. For the converse we also consider the

remaining case that 0 < i,j < m — 1 with ¢ # j in (74). In this remaining case, using

(75) the condition in (74) becomes

(77) (B —u)(B+u)(B—wv)(B+wv) is asquare in [,
where u = £- (a' — a’) and v = £- (a’ + o/). Note that if u*,v* € {Fa; : 1 <i <m}.

Therefore if PP2 holds, then the condition in (77) is automatically satisfied for this
remaining case. These arguments show that Property NP2 is equivalent to Property
PP2.
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Assume that ¢ = 3 mod 8. Next we show that Property NP3 is equivalent to
Property PP3. Recall that § € F2 \ F, is a primitive 4-th root of 1. Let aw € F2 \ I,
with a? = fa. Let w =6 —1and p = a(;;&). Note that u € F;. Using the methods of

the proof of Theorem 2.5 and (61) we obtain that there exist hy, hy € H,, such that

h1+h2:Oé

if and only if there exist x1,z2,y1,92 € F, and integers 0 < 4,5 < m — 1 such that

T+ T2 = M,

yit+y2 = 0,

(78) 2 2 o a2i
Tty = PR and

G,z.

We continue to use some methods from the proof of Theorem 2.5. Putting x = x,,

Yy =1y, ¥1 = i — x and y; = —y, the system in (78) becomes equivalent to the system
2 a2j o a2i
(79) pe=2pr + 45 = 7 and
ey = 2

Let v € F 2 such that 4? = 2. Using Lemma 3.2 we obtain that v ¢ F,.

We assume that y in (79) is not zero without loss of generality. Indeed, otherwise
using (71) we obtain that y; = 0 and hence 27 = “7%2. This is a contradiction as 2 is
not a square in F, by Lemma 3.2.

As p # 0, using (79) we obtain

2 a%J a?t
M e —
T = 2 2
24

Therefore (79) is equivalent to
2 a® a?t 2 24
AR NS a” 2
80 T2 2 ) T — 2
0 ()

Recall y # 0 and —1 is a nonsquare in [F,. These arguments imply that Property NP3
holds if and only if

2 a% a?t 2 23
& = a
(81) (M#) — — is a square in I}

2

for each 0 <i,5 <m —1.
The condition in (81) is equivalent to the condition that

2j 2\ 2 2j
(82) (u2 + % - %) - 4@2% is a square in I}

for each 0 <i,5 <m —1.
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Recall that v* = 2. Note that the left hand side of (82) is

al at a’
AT A

(83)

QR 2R

v
aj ai aj
M‘}'T‘}'? ,U—f—7—

If 0 <i=j <m—1, then using (83) the condition in (82) becomes
a’ a . .

(84) (u - 2—) (u + 2—) is a square in IF}
v v

for each 0 <7 < m — 1. Note that {%:Ogigm—l}:{Qai:lgigm}. Hence
Property NP3 implies Property PP3. For the converse we also consider the remaining
case that 0 < i,7 < m — 1 with i # j in (82). In this remaining case, using (83) the
condition in (82) becomes

(85) (= u)(p+u)(p —v)(p+v) is a square in F},

where u = %(aj —a') and v = %(aj +a'). Note that if u* v? € {20;:1 <7 <m}.
Therefore if PP2 holds, then the condition in (85) is automatically satisfied for this
remaining case. These arguments show that Property NP3 is equivalent to Property
PP3.

We still assume that ¢ = 3 mod 8. Finally we show that Property NP4 is equivalent
to Property PP3. Recall that § € F2 \F, is a primitive 4-th root of 1. Let o € F2 \ I,
with a? = —fa. Let w=0—1and u = —%. Note that € F;. Using the methods
of the proof of Theorem 2.6 and (61) we obtain that that there exist hy, hy € H,, such
that

h1+h2:af

if and only if there exist x1,z2, 1,92 € F, and integers 0 <, 5 < m — 1 such that

I + To = O,
Y1ty = W
(86) 2 2 o a2'L
Ty + Y1 = 2 and
a?
w3y = 9

Comparing the systems in (78) and (86) we conclude that Property NP4 is equivalent
to Property PP3. This completes the proof. Il

As a direct consequence of Theorem 3.2, we obtain the covering radius of Cs(qo) if

go =3 ors=1.

Corollary 3.1. For an integer s > 1, let Cs(qo) be the generalized Zetterberg code of
length 3° + 1 over F5. Then the covering radius of Cs(qo) s 3 if s > 2. Moreover the
covering radius of Cs(qo) is 2 if s = 1.



COVERING RADIUS OF GENERALIZED ZETTERBERG TYPE CODES 33

Proof. We use the notation of Theorem 3.2. We have ¢qg =3, m =1 and oy = 1.

Assume that s = 1 and hence ¢ = qq. It is clear that Property PP1 does not hold
asa’—1=0foralla € [r;. Note that 2 is the only nonzero nonsquare element in [,.
Then Property PP2 does not hold as a? + % =a’+2=0forallac [y, where D = 2.
Finally we observe that a*> — 2 = —1, which is not a square in F,, for all a € Fy. This
implies that Property PP3 does not hold as well. Hence the covering radius of Cs(qo)
is 2 if s = 1.

Assume that s > 2 and hence g = ¢ > 9. Consider the map

Y :F,\{-1,0,1} — F,\{-1,0,1}
r — 1+ ﬁ

Note that 1 is one-to-one and onto. Note that the number of nonzero square in F, is

at least 1 — 2 > 0. Therefore we choose y € F, \ {—1,0,1} which is a square in F,.
Let z € F,\ {—1,0, 1} such that ¢(x) = y. We observe that z? — 1 is a nonzero square

inF, as y = 9Y(z) = (f_—_l)lg is a nonzero square. These arguments show that Property
PP1 holds for any s > 2. This completes the proof. O

Corollary 3.2. Let IFy, be a finite field with odd characteristic. Assume that qo # 7
mod 8. Let Cs(qo) be the generalized Zetterberg code of length qo + 1 over Fy,. Then
the covering radius of Cs(qo) is 2.

Proof. Note that ¢ = qg as s = 1.
We first show that Property PP1 does not hold. Assume the contrary and let a € F}
such that

2 : :
(87) a® — «; is a nonzero square in F,
for each 1 <4 < m. Note that if 1 <7 < 7 <m, then

2 2
(88) a® —a; #a” — .

Moreover there are exactly m nonzero square elements in F,, and a? is one of them.
Therefore using (87) and (88) we obtain the existence of 1 < iy < m such that

a® — a;, = a?,

which is a contradiction as «; # 0 for 1 <7 < m. Hence Property PP1 does not hold.

Recall that, when s = 1, D is a fixed nonzero nonsquare element of F,,. Next we
show that Property PP2 does not hold using a similar method. Assume the contrary
and let a € F, such that

;. .
(89) a® + 7 s anonzero square in F,
for each 1 <7 < m. Note that if 1 <17 < j < m, then

(90) a2+%7éa2—|—

o)

D
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Moreover there are exactly m nonzero square elements in F,, and a? is one of them.
Therefore using (89) and (90) we obtain the existence of 1 < iy < m such that

Q;
a2 4 So :az’

D
which is a contradiction as a; # 0 for 1 < ¢ < m. Hence Property PP2 does not hold.
Assume that ¢ = 3 mod 8. Finally we show that Property PP3 does not hold again
using a similar method. Assume the contrary and let a € F} such that

(91) a® — 2a; is a nonzero square in F,,
for each 1 <4 < m. Note that if 1 <7 < 7 <m, then
(92) a® — 20, # a® — 2a.

Moreover there are exactly m nonzero square elements in F,, and a? is one of them.
Therefore using (91) and (92) we obtain the existence of 1 < iy < m such that

a® — 20y, = a’,
which is a contradiction as «; # 0 for 1 < ¢ < m. Hence Property PP3 does not hold.
Using Theorem 3.2 we complete the proof. O

The next corollary shows that the covering radius is always 3 if s > 2 is an even
integer, independent of ¢q.

Corollary 3.3. Let IFy, be a finite field of odd characteristic. Let s > 2 be an even
integer. Let Cs(qo)s be the generalized Zetterberg code of length ¢§ + 1 over Fy,. Then
the covering radius of Cs(qo)s is 3.

Proof. We show that Property PP1 holds, which is enough by Theorem 3.2. Let 8 be
a nonzero and nonsquare element of F,,. We keep the notation of Theorem 3.2. In
particular m = %2;1 and {aq,...,q,,} is an enumerated set consisting of the nonzero
square elements of F,. Then 8 & {1, ..., ap} and (8 — a;) € F; for each 1 <i <m.

Note that there exists a € F2 \ F,, such that a*> = 3. Hence we have that
(93) a® — a; is a nonzero square in Fg for each 1 <7 < m.

Indeed a® —a; = —«a; € FZO and hence has a square root in ]Fqg for each 1 < <m.
Using (93) we show that Property PP1 holds, which completes the proof. O

It is rather surprising that there exists a finite field F,, of odd character-
istic and odd integer s > 3 such that ¢y Z7 mod 8 and the covering radius of
the generalized Zetterberg code of length ¢j + 1 over I, is 2, not 3 as in the
case of even integers s > 2 as proved in Corollary 3.3. We refer to Examples

3.6, 3.7 and Example 3.8 for some concrete examples.
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From now on till the end of this section we consider the remaining cases so that [y,
is a finite field with ¢p > 3, go Z 7 mod 8, and s > 3 is an odd integer, if not explicitly
stated otherwise.

First we have a simple lemma that we use in some proofs below.

Lemma 3.3. Let F,, be a finite field of odd characteristic. Assume that qo > 3. If
x €y, then there exists y € Fo,\{0, x, —x} such that (z* — y?) is a nonzero nonsquare
element in F,.

Proof. Let x € F;, . We define the map v, : Fy, \ {0, 2, —w} — Fg4, \ {0, 1, —1} given by

It is not difficult to observe that 1, is one-to-one and onto.
Note that 1 is a square in [F,,. Hence there exists at least

Go—-1 - q@-3

=2

2 2

distinct nonsquare elements of F,, in the image set Fy, \ {0, —1,1} of ¢,. As go > 3,
we conclude that there exists 5 € F,, \ {0,1,—1} such that § is a nonsquare in F,.
Let y € Fy, \ {0, 2, —x} such that ¢,(y) = 8. We obtain that

(94) 1+

is a nonsquare in F, and y & {0, z, —x}. We observe that (2% — y?) is a nonsquare in
F,, if and only if
2 _ 2
— 2
x Y r+y 14 Y

(85) (@—y? w-y T—y

is a nonsquare in [F,,. Combining (94) and (95) we complete the proof. O

The following three theorems are related to the properties PP1, PP2 and PP3 in
Theorem 3.2 above. We refer to [16] and [19] for notation and further background on
algebraic curves over finite fields.

The following theorem is related to Property PP1 of Theorem 3.2 (see the last item

in the following theorem).

Theorem 3.3. Let F,, be a finite field of odd characteristic. Assume that qo > 3. Let
m = 2oL
2

Fg. Let s > 3 be an odd integer and put g = q;.

and {aq,...,an,} be an enumerated set consisting of the nonzero squares in
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Let x1 be the fibre product of the projective lines over Fy given by

2 _ 2
Yy = T —Qy,
2 2
y2 = I — (g,
X1 -
2 _ 2
Yoy = T°— Q.

Let P, be the pole of x in F,(x). For a € Fy, let P, be the zero of (x — a) in Fy(x).
We have the following:

(i). The genus g of x1 s
g=1+2""1(m-2).

(ii). There are exactly 2™ F,-rational points of x1 over Px.

(ili). If¢ =1 mod 4, then there are exactly 2™ F,-rational points of x1 over Fy.
If ¢ =3 mod 4, then there is no Fy-rational point of x1 over F.

(iv). If a € F, then there are exactly 2™ F-rational points of x1 over Py, if and only

of
(96) fi(a) is a nonzero square in F,

for each 1 < i < m, where f;(z) = 2* — a; € F,[x].
If (96) does not hold, then there is no F,-rational point of x1 over P,.

Proof. For 1 < i < m, let F,(x0)(y;) be the algebraic extension of F,(x) such that

2

y? = 22 — ;. Note that the polynomial

T? — (2% — ;) € Fop (2)[T]

is absolutely irreducible for 1 < i < m. Let K be an algebraic closure of F,. For
1 <i<m,let S; C K be the roots of the equation

ZL'Q — Q4.

We observe that S;NS; =0if 1 <i<j <m,and |S;] =2 for each 1 <i <m. Put
S = Z:il S;.

Let E = F (2)(y1,%2,---,ym) and E = K(x)(y1,¥2, - - -, Ym). The arguments above
imply that [E : F,(z)] = 2™ and E : K(x)] = 2™. Note that E is the algebraic function
field of the curve y; and F is the algebraic closure of the constant field extension of x;
by the extension K/F,. Hence the genus of £ and the genus of E are the same.

Let Qo be the pole of z in K(z). For 5 € K, let Q3 be the zero of (x — ) in K(z).
Note that Q. is unramified in the extension E/K (z). Moreover if 3 € K\ S, then Qg

is also unramified in the extension E/K (z).



COVERING RADIUS OF GENERALIZED ZETTERBERG TYPE CODES 37

It remains to consider ()3 with # € S. Using Abhyankar’s Lemma (see, for example,
[19, Theorem 3.9.1]), for the ramification index e(Qs) of Qs in the extension E/K(z)
we obtain that

(97) e(Qp) = 2.

Then using Hurwitz genus formula (see, for example, [19, Theorem 3.4.13]) for the
extension E /K (x) we obtain that

29 —2=2"0—-2)+2"S|(2 - 1) = =2"" + 2" m = (m — 2)2"™.

This completes a proof of item (i).

Note that P, splits completely in the extension F,(x)(y;)/F,(x) for each 1 <1i < m.
This implies a proof of item (ii).

Assume that ¢ = 1 mod 4. Note that the evaluation of the polynomial 2% — o; at
the place Fy is —a; for 1 <47 < m. As —1 and o; are square elements in [, we have
that —a; is a square in IF,, for each 1 < i < m. This implies a proof of item (iii) for the
case ¢ =1 mod 4.

Assume that ¢ =3 mod 4. Hence —1 is not a square in IF,. Then, for example, —a
is not a square in F,. This implies a proof of item (iii) for the case ¢ =3 mod 4.

Let a € F; . Assume first that fi(a) # 0 for each 1 < i < m. Then using the
methods of [16] we obtain that there exists either no or exactly 2 many F -rational
points of x; over F,. Moreover these methods also imply that there exists an [F,-rational
point of x; over P, if and only if (96) holds.

Finally we assume that a € F; and there exists 1 <o < m such that f;(a) = 0.
Note that a;, is a square element in F; and hence we have that a € Fy, and o® = ay,.
Using Lemma 3.3 we obtain that there exists 1 <4 < m such that i # iy and (o — o)
is a nonzero nonsquare in F, . As s is odd we also obtain that for that 1 <¢ < m with
i # i, (* — ;) is nonzero nonsquare in [, as well. These arguments imply that there
is no F,-rational point of x; over P,. This completes the proof of item (iv). U

The following theorem is related to Property PP2 of Theorem 3.2 (see the last item
in the following theorem).

Theorem 3.4. We keep the notation and assumptions of Theorem 3.3. In particular
qo > 3, s = 3 1s an odd integer and q = q5. Let D € F} be a nonzero nonsquare in F,.
Let x2 be the fibre product of the projective lines over Fy given by

2 _ 2 [e51
Yy = +fa
2 _ 2 Q
Y = +ﬁ2a
X2 -
y: = x2+°‘7’”.
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Let P, be the pole of x in F,(x). For a € Fy, let P, be the zero of (x — ) in Fy(x).
We have the following:

(i). The genus g of x2 is
g=1+2""1m—2).

(ii). There are exactly 2™ F,-rational points of x2 over Px.
(iii). There is no F,-rational point of x2 over Fy.
(iv). If a € F, then there are exactly 2™ T -rational points of xo over Py if and only

of
(98) fi(a) is a nonzero square in F,

for each 1 < i <m, where fi(x) = 2* + % € Fylz].
If (98) does not hold, then there is no F,-rational point of xa over P,.

Proof. The arguments in the proofs of items (i) and (ii) of Theorem 3.3 imply similar
proofs for the items (i) and (ii) of the current theorem.
Let 1 < i < m. Note that the evaluation of the polynomial 22 + % at the place P

ES
q0°

cannot be a square in ;. These arguments complete the proof of

is . As q; is a square in F; , it is also a square in ;. Moreover D is a nonsquare

71

3 *
in Fq and hence 5

item (iii).

In the rest of this proof we consider item (iv). Let o € F;. Assume first that
fila) # 0 for each 1 < i < m. Under this assumption, the corresponding arguments
in the proof of item (iv) of Theorem 3.3 imply a similar proof for the item (iv) of the
current theorem.

Assume secondly that ¢ =1 mod 4. We claim that there is no 1 < i < m such that
fi(a) = 0. Indeed otherwise o? = —% for some 1 <4 < m. In particular —% is a
square in 7, which is a contradiction as (—1) and «; are squares and D is a nonsquare.

Assume finally that ¢ =3 mod 4 and there exists 1 < iy < m such that f; (a) = 0.
Note that % is a square in F} and let Dy € F; such that D} = 3. As fi (a) =0
we obtain that o = DioZ . Using Lemma 3.3 we obtain that there exists 1 < i < m
such that ¢ # 49 and (@, — ;) is a nonsquare in F; . As s is odd, we also obtain that
there exists 1 <4 < m such that i # ig and (a;, — ;) is a nonsquare in F 7 Note that
fi(a) = D% (avj, — ;). These arguments imply that there is no F,-rational point of x»
over P,. This completes the proof of item (iv). O

The following theorem is related to Property PP3 of Theorem 3.2 (see the last item
in the following theorem).

Theorem 3.5. We keep the notation and assumptions of Theorem 3.3. In particular
qo > 3, s > 3 is an odd integer and q = q;. Furthermore we assume that ¢ =3 mod 8.
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Let x3 be the fibre product of the projective lines over Fy given by

2 .2
yl = I — 20[1,
2 .2
Y5 = x°— 2an,
X3 -
2 = 22— 2a,,.

Let P, be the pole of x in F,(x). For a € Fy, let P, be the zero of (v — ) in Fy(x).
We have the following:

(i). The genus g of x3 is
g=1+2""m —2).

(ii). There are exactly 2™ F,-rational points of x3 over Px.

~— —

(iii). There are exactly 2™ F,-rational points of x3 over P.
(iv). If a € F}, then there are exactly 2™ T -rational points of x3 over P, if and only

if
(99) fi(w) is a nonzero square in F,

for each 1 < i < m, where f;(x) = 2* — 2a; € F[z].
If (99) does not hold, then there is no F,-rational point of x3 over P,.

Proof. The arguments in the proofs of items (i) and (ii) of Theorem 3.3 imply similar
proofs for the items (i) and (ii) of the current theorem.

Let 1 <i < m. Note that the evaluation of the polynomial z? — 2a; at the place P,
is —2a; for 1 <4 < m. As ¢ =3 mod 8, we observe that —1 is a nonsquare in F}.
Using Lemma 3.2 we obtain that 2 is a nonsquare in ;. Hence we have that —2 is a
square in ;. This implies that —2a; is also a square in F. These arguments complete
the proof of item (iii).

In the rest of this proof we consider item (iv). Let a € F;. Assume first that
fila) # 0 for each 1 < i < m. Under this assumption, the corresponding arguments
in the proof of item (iv) of Theorem 3.3 imply a similar proof for the item (iv) of the
current theorem.

We claim that there is no 1 < i < m such that f;(«) = 0. Indeed, otherwise there
exists 1 < i < m such that a? = 2a;. As 2 is not a square in IF; and «; is a square in

[, we get a contradiction. This completes the proof. U

Combining Theorems 3.2, 3.3, 3.4, 3.5 and using Hasse-Weil inequality (see, for ex-
ample, [19, Theorem 5.2.1]) we prove that the covering radius of generalized Zetterberg
code Cs(qo) over I, of length ¢ + 1 is 3 if s > 3 is a sufficiently large odd integer. We

also give an explicit lower bound in the following theorem for the sufficiency statement.
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Theorem 3.6. Let Fy, be a finite field of odd characteristic. Assume that qo > 3 and
qo Z7 mod 8. Putm:%.
Let s7 be the smallest odd integer with s7 > 3 such that

gl +1—2(14+2" (m—2)) gl > 2™

If s is an odd integer with s > st, then the generalized Zetterberg code Cs(qo) over
F,, of length ¢ + 1 has covering radius 3.

Proof. Let {a,...a;} be an enumerated set of nonzero squares on F, . Assume that
o 7 mod 8. Let s > 3 be an odd integer with s > s7. Put ¢ = ¢;. Note that ¢ # 7
mod 8.

Let w € Fpz \ Fy with w +w? = 1. Put D = 1 — w?™'. Note that D € [y is a
nonsquare. Let N denote the number of a € F; such that

T ) .
a’ + 51 is a nonzero square in F, for each 1 <7 < m.

Let x2 be the algebraic curve in Theorem 3.4. Let N(x2) denote the number of F,-
rational points of ys. Using Theorem 3.4 we obtain that

N(x2) =2"+0+0+2"N.
This implies that if
(100) N(x2) > 2",

we have that N > 0. Using also Theorem 3.2 we conclude that if (100) holds, then
Property PP2 holds and hence the covering radius of Cs(qp) is 3.
Using Theorem 3.4, item (i) and Hasse-Weil inequality we obtain that

(101)  N(x2) >3 +1-2gq" = g5 +1—2(1+2"""(m —2)) ¢/

Combining (100) and (101) we conclude that the covering radius of Cs(q) is 3 if

(102) g5 +1—2(1+2""(m—2))¢g™/* > 2™

Note that (102) holds if s > sj. This completes the proof. O
Theorem 3.6 implies the following definitions naturally.

Definition 3.7. Let IF,, be a finite field of odd characteristic. Assume that gy > 3 and
go =7 mod 8. Let Ni(qo) be the smallest odd integer with s; > 3 such that if s is an
odd integer satisfying s > s;, then the generalized Zetterberg code over Fy, of length
¢ + 1 has covering radius 3.

Let F,, be a finite field of odd characteristic with gy > 3. Assume that ¢y # 7
mod 8. Let s7 > 3 be the odd integer defined in Theorem 3.6. Using Theorem 3.6 and
Definition 3.7 we immediately obtain that

(103) Ni(qo) < s7.
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Using Theorem 3.6 and (103), we obtain the following numerical values on certain

upper bounds on Ni(q) easily for small go:

Ggo=>5: Ni(5) <3;
qp=9: Ni(9) <5
@ =11: Ni(11) < 5;
(104) G =13: Ni(13) < 5;
@ =17: Ni(17) < T7;
@o=19: Ni(19) <T;
g =25: Ni(25)<T.

Note that (104) implies that N;(5) = 3.
The following definition is a refinement of Definition 3.7.

Definition 3.8. Let F,, be a finite field of odd characteristic. Assume that ¢y # 7
mod 8. For an odd integer s > 3, let Cs(qy) be the generalized Zetterberg code of
length g5 + 1 over F,.

Let I(qop) be the set of odd integers given by

I(q0) = {s > 3:sisodd and Cs(qp) has covering radius 3}.
It follows immediately from Definitions 3.7 and 3.8 that we have the following:
{s:s> Ni(q) and s is odd} C I(qp).
The following proposition is also useful in determining I(qq).

Proposition 3.1. Let Fy be a finite field of odd characteristic with gy > 3. Assume
that go 27 mod 8. If s € I(qo) and t > 1 is an odd integer, then st € 1(qp).

Proof. Let s > 3 and t > 1 be odd integers. Put ¢; = ¢§ and ¢o = ¢3'. Note that ¢; Z 7
mod 8, g #7 mod 8 and [y, is a finite extension of F,.

Assume further that ¢; Z3 mod 8. As s € I(qg), using Theorem 3.2, at least one of
the properties PP1 and PP2 holds. Assume that Property PP1 holds and let a € F
satisfying Property PP1. As a € F}, as well, applying Theorem 3.2 for g, using a
we obtain that Property PP1 holds and hence st € I(qy). The same argument holds
if Property PP2 holds. This completes the proof under the assumption that ¢; # 3
mod 8.

Next we assume that ¢ = 3 mod 8. As s € I(qp), using Theorem 3.2, at least
one of the properties PP1, PP2 and PP3 holds. If Property PP1 or Property PP2
holds, then the same argument in the proceeding paragraph implies that st € I(qo).
Assume that Property PP3 holds. Note that as t is odd, then ¢o = 3 mod 8 as well.
Hence if a € [} satisfies Property PP3 for F,,, it also satisfies Property PP3 for F,,
as F,, € Fy,. This completes the proof. U
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In the following examples we exactly determine I(go) for any finite field F,, of odd
characteristic with ¢p < 25 and ¢g Z 7 mod 8, except the case of Fo5 that we determine
1(25) only upto two candidates.

Example 3.1. Let gy = 3. Using Corollary 3.1 we obtain that
I(3) = {s:s>3isan odd integer}.
Example 3.2. Let qo = 5. Using (104) we obtain that
I(5) ={s:s>31is an odd integer}.
In the following three examples we also use Theorem 3.2.
Example 3.3. Let qo = 9. Using (104) we obtain that
1(9) D {s:s>b5is an odd integer}.

It remains to consider whether 3 € 1(9) or not. Using Theorem 3.2 and Magma, we
conclude that 3 € 1(9). These imply that

I1(9) ={s:s>3is an odd integer}.
Example 3.4. Let qo = 11. Using (104) we obtain that
I(11) D {s: s > 5 is an odd integer}.

It remains to consider whether 3 € I(11) or not. Using Theorem 3.2 and Magma, we
conclude that 3 € I(11). These imply that

I(11) = {s: s > 3 is an odd integer}.
Example 3.5. Let qo = 13. Using (104) we obtain that
I(13) D {s:s > 5 is an odd integer}.

It remains to consider whether 3 € 1(13) or not. Using Theorem 3.2 and Magma, we
conclude that 3 € 1(13). These imply that

I(13) = {s: s > 3 is an odd integer}.

The next example gives the smallest value of ¢y such that there exists a
finite field F,, of odd characteristic with ¢y # 7 mod 8 such that I(qy) # {s:
s > 3 is an odd integer}.

Example 3.6. Let qo = 17. Using (104) we obtain that
I(17) D {s: s > T is an odd integer}.

It remains to consider {3,5}y N I1(17). Using Theorem 3.2 and Magma, it is interesting
that we obtain 5 € 1(17) and 3 & I(17). These imply that

I(17) ={s: s> 5 is an odd integer}.
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The next example gives the second smallest value of ¢y such that there
exists a finite field F,, of odd characteristic with ¢y # 7 mod 8 such that
I(q0) # {s: s > 3 is an odd integer}.

Example 3.7. Let qo = 19. Using (104) we obtain that
I1(19) 2 {s: s > 7 is an odd inleger}.

It remains to consider whether {3,5} N 1(19). Using Theorem 3.2 and Magma, it is
interesting that we obtain 5 € 1(19) and 3 ¢ 1(19). We note that the computation for
5 € I(19) takes too long. These imply that

I(19) = {s: s > 5 is an odd integer}.

The next example gives the third smallest value of ¢y such that there
exists a finite field F,, of odd characteristic with ¢y # 7 mod 8 such that
I(q0) # {s:s >3 is an odd integer}.

Example 3.8. Let gy = 25. Using (104) we obtain that
1(25) D {s: s> 7 is an odd integer}.

It remains to consider {3,5} N I1(19). Using Theorem 3.2 and Magma, it is interesting
that we obtain 3 ¢ 1(25). We note that the computation for 5 € 1(19) takes too long
and we had to stop waiting after some time so that we do not know if 5 € 1(25) or not.
These imply that 1(25) is either

{s:s>51is an odd integer},
or

{s:s>7T1s an odd integer}.

4. COVERING RADIUS OF HALF AND TWISTED HALF GENERALIZED ZETTENBERG
CODES IN ODD CHARACTERISTIC

In this section we introduce half and twisted half generalized Zettenberg codes in
odd characteristic. We also show that their covering radii are the same as the covering
radius of the (full) generalized Zettenberg code, that we consider in Sections 2 and 3.
Namely we prove Theorems 4.3 and 4.4 below. We also explain a small issue in [11] in
Remark 4.2 below.

Let [y, be an arbitrary finite field of odd characteristic. Let s > 1 be an integer.
Put ¢ = ¢;.
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Definition 4.1. Under notation as above, assume that ¢ = 1 mod 4. Let H be the
subgroup of F, with [H| = ¢ + 1. Let Hy be the subgroup of Fy, with |[Hs| = ol
Note that —1 € H \ Hs and

H = Hy, U —H,.

Here —Hy = {—x : © € Hy}. Let hy € Hy be a generator of Hy. Put n = %1. We
define the half generalized Zettenberg code Cs(z)(qg) of length n over Iy, as the linear

code over F,, with the parity check matrix

[1 he B3 - hg*l}.
Namely C'?(qo) consists of [ag, ay, . .., an_1] € [y such that
Qo
(1w o T | =0
an',l

Definition 4.2. Under notation as above, assume that ¢ = 3 mod 4. Let H be the
subgroup of F7, with |H| = ¢+ 1. Let Hy be the subgroup of F7, with |H,| = %. Let
¢ € F,2 be a primitive 4-th root of 1. Note that

H = (HyU6H,) U — (Hy U6H,)

and 0 ¢ F,,. Here — (HyU0Hy) = {—z:2 € (HyUOH,)}. Let hy € Hy be a generator
of Hy. Put n = %1. Note that Hy U 0H, is a subset of H with |Hy U 60H,| = n and
H,U0H, is not the subgroup of H with n elements, for example —1 ¢ (Hy L 60H,). We
define the twisted half generalized Zettenberg code CéQ’t)(qo) of length n over Iy, as the
linear code over F,, with the parity check matrix

(b B3 BT 6hg 0m3 o enyT
Namely C§2’t)(q0) consists of [ag, ay, ..., a,1] € F} such that
@o
2 n/2-1 2 n/2—1 ax _
Ap—1

In particular we define

e an half generalized Zettenberg code if ¢ =1 mod 4, and

e a twisted half generalized Zettenberg code if ¢ =3 mod 4.
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Remark 4.1. If qo = 3 and s > 2 is an even integer, then the half Zettenberg code
over [F3 of Definition 4.1 corresponds to one of the two classes of ternary quasi-perfect
codes considered in [8].

If qo = 3 and s > 3 is odd integer, then the twisted half Zettenberg code over F3 of
Definition 4.2 corresponds to the remaining class of the two classes of ternary quasi-

perfect codes considered in [11].

We are ready to state the first theorem of this section. The following two theorems
have simple proofs. Nevertheless we think that the results are interesting and useful.
Therefore we prefer to state these results as theorems.

Theorem 4.3. Let Fy, be an arbitrary finite field of odd characteristic. Let s > 1
be an integer. Put q = q. Assume that ¢ = 1 mod 4. Let Cs(qo) be the generalized
Zettenberg code of length ¢+ 1 over Fy,. Let C§2)(q0) be the half generalized Zettenberg
code of length % over Fy, defined in Definition 4.1. Then the covering radius of Cs(qo)
: : : (2)

is equal to the covering radius of Cs~(qo).

Proof. 1t follows from the definition that the covering radius of Cs(qp) is smaller or
equal to the covering radius of Cﬁz)(qo). Indeed, let o € Fy2 be given. Let IQ(O‘) C H, be
a subset and ¢ : I, — [F;, be a mapping such that

Z P (a)a = a.

ae[é””
Here we use the equivalent characterization for the definition of covering radius of linear
codes (see (2) for an analogous characterization). As

(105) H = Hy—Hy,

it is clear that Iz(a) C H as well. Moreover these arguments hold for any a € Fp.
Hence we conclude that the covering radius of C4(qp) is smaller or equal to the covering
radius of C{¥(qo).

Conversely, let a € F2 be given. Let [ (@) C H be a subset and ¢ : [ — [y, be a
mapping such that

(106) > ¥ (a)a=a.
acl(e)

Here we use the equivalent characterization for the covering radius of Cs(qo), that we
use for C§2) (qo) above. Moreover, as we consider the covering radius, we assume that
|1 is minimal among all such subsets. Let ]fa) = 1N H, and IQ(O‘) = 1N (—H,).
Using (105) and the minimality of [I(®)|, we obtain that

(107) 10— =9
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Let J© C H, be the subset defined as J@ = I U —I{*). Note that
(108) | J] = 1],
Let @ : J@ — [, be the map defined as

(a) if [(a)
(109) Py = VU@ el
— @) (—z) if —x € LY,

Combining (106), (107), (108) and (109) we obtain that
(110) Z ©¥(a)a = o

acJ(@)
Moreover these arguments hold for any o € F,2. Hence we conclude that the covering
radius of CS(Q)(qO) is smaller or equal to the covering radius of Cs(qp). This completes
the proof. O

The next theorem is an analog of Theorem 4.3 for twisted half generalized Zettenberg
codes.

Theorem 4.4. Let Fy, be an arbitrary finite field of odd characteristic. Let s > 1
be an integer. Put q = q¢j. Assume that ¢ = 3 mod 4. Let Cs(qo) be the generalized
Zettenberg code of length ¢ + 1 over Fy,. Let C§2’t)(q0) be the twisted half generalized
Zettenberg code of length q;r—l over Iy, defined in Definition 4.2. Then the covering
radius of Cs(qo) is equal to the covering radius of cY (qo)-

Proof. We use similar methods as in the proof of Theorem 4.3. Note that the main
technique in the proof of Theorem 4.3 uses the fact that

In this proof we have

instead of (111). Hence using the same methods and applying them to (112) instead
of (111). O

Remark 4.2. If g9 = 3 and s > 3 is an odd integer then for ¢ = q; we have that
g =3 mod 4. Using Theorems 4.4 and 2.2, we obtain that it is necessary to show that
Properties P3 and P/ in Theorem 2.2 hold, together with Properties P1 and P2. Recall
that this case corresponds to one of the ternary quasi-perfect code classes considered in
[11] (see also Remark 4.1 above). In the proof for the covering radius in this case in
[11], the proofs of the facts that Properties P1 and P2 hold exist, however the proof of
the facts that Properties P3 and P4 hold is missing. In this paper we fix this issue by
extending the methods of [11]. Note that we also extend these results to arbitrary odd
characteristic Fy, from Fs, provided that qf # 7 mod 8.
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5. CONCLUSION

Throughout this paper we restrict ourselves of Fy of odd characteristic. Our methods
do not directly generalize to even characteristic. We plan to consider the covering radius
of Zetterberg type codes in even characteristic in a future work.

We have treated each finite field F,, of odd characteristic if ¢go # 7 mod 8. Our
methods would be extended rather naturally to cover each finite field F,, of odd char-
acteristic if g Z 15 mod 16. However it would be interesting to develop a new method
which covers each finite field Fy, of odd characteristic without any restriction of the
form gy # (2 — 1) mod 2, where ¢ > 4 is an integer.

It would be interesting to extend the explicit examples of Section 3 for larger values
of go and give an explanation for the unexpected behaviour of the sets 1(gy) for small
odd values of s for some ¢q.
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6. APPENDIX

In this appendix we give a proof of the following lemma, which is used in Section 1.

Lemma 6.1. Let F,, be a finite field and s > 1 be an integer. Let Cs(qo) be the
generalized Zetterberg code of length ¢j + 1 over Fy,. Then the dimension of Cs(qo) is
g5+ 1—2s.

Proof. Let H C F7,, be the subgroup with |H| = ¢5 + 1. Let P be the parity check
0

matrix given in (1). It is enough to prove that the column rank of P is 2s. Hence we

need to show that Spang, {h : h € H} = Fp.. Let W = Spang, {h : h € H} and

t = dim[pq0 W. As H C W, it is clear that ¢ > s+ 1. Assume the contrary that ¢ < 2s.

Put v =t — s. These arguments and the assumption imply that

(113) 1<u<s—1
Let
AT) = [ (T -w).

It is well known that A(T') is a monic additive polynomial of degree p*** with coeffi-
cients from F,,. Hence we obtain Ay, Ay, ..., Asyu—1 € Fy, such that

s+u s+u—1

P+ Ay hP + o+ AR + Agh =0



48

MINJIA SHI & TOR HELLESETH & FERRUH OZBUDAK

for each h € H. As h?" = 1/h for each h € H, we also get that

1

B+ A (B 44 A

s—1

+AS_1hp —|— e —|— Alhp + th - 0

This is equivalent to

AS_lhps—l+pu + As_ths—2+pu _|_ . + Alhp+pu _|_ A0h1+pu

+1 4+ Aeruilhp“—p"*l 4+ Ashp“—l —0.

In particular there exists a nonzero polynomial B(T') € F, [T such that

(114) deg B <p* '+ p" and B(h) =0 for each h € H.

Using (113) and (114) we obtain a contradiction as

deg B<p ™ +p*<p ' +p < p'+1=|H|

This completes the proof. U
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