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Abstract

Storing user data in deoxyribonucleic acid (DNA) strands, referred to as DNA-
based storage, has become a hot topic during the last decade and has gained the
interest of several research communities due to the success of several small-scale
experiments that demonstrated the viability of DNA-based storage. This increased
interest is warranted due to the theoretical superiority of DNA-based storage
technology compared to traditional storage methods, as storing data in DNA can
potentially provide both higher storage capacity and longevity. This success also
inspired the study of the DNA storage channel from an information-theoretic
point of view. In turn, this paved the way for the research problem of “Reliable
communication over the DNA storage channel,” the most relevant problem for
this thesis, or, more precisely, reliable communication over channels that introduce
insertion, deletion, and substitution (IDS) errors.

In this thesis, we design and optimize concatenated coding schemes that can
combat errors that arise from the DNA storage channel and hence guarantee
reliable communication. In addition, we introduce decoding algorithms for the
proposed concatenated coding schemes that are tailored to the DNA storage
channel. The proposed coding schemes have the form of an inner synchronization
block code concatenated with an outer low-density parity-check code (or a polar
code). Over the course of four papers, we study three different channel models.
The first channel model is a simplistic model that introduces independent and
identically distributed IDS errors. Studying this simplistic channel model gave
us fundamental insight into the impact of IDS errors on code performance. The
second and third channel models are more realistic extensions of the first model,
where the second model includes strand erasures and the loss of ordering of the
stored data, while the third model introduces correlated IDS errors. The design
and optimization of the coding schemes for each case was done with the aid of
asymptotic achievable information rates, finite-length bounds, extrinsic information
transfer chart analysis, and density evolution.

Abstract

Storinguserdataindeoxyribonucleicacid(DNA)strands,referredtoasDNA-
basedstorage,hasbecomeahottopicduringthelastdecadeandhasgainedthe
interestofseveralresearchcommunitiesduetothesuccessofseveralsmall-scale
experimentsthatdemonstratedtheviabilityofDNA-basedstorage.Thisincreased
interestiswarrantedduetothetheoreticalsuperiorityofDNA-basedstorage
technologycomparedtotraditionalstoragemethods,asstoringdatainDNAcan
potentiallyprovidebothhigherstoragecapacityandlongevity.Thissuccessalso
inspiredthestudyoftheDNAstoragechannelfromaninformation-theoretic
pointofview.Inturn,thispavedthewayfortheresearchproblemof“Reliable
communicationovertheDNAstoragechannel,”themostrelevantproblemfor
thisthesis,or,moreprecisely,reliablecommunicationoverchannelsthatintroduce
insertion,deletion,andsubstitution(IDS)errors.

Inthisthesis,wedesignandoptimizeconcatenatedcodingschemesthatcan
combaterrorsthatarisefromtheDNAstoragechannelandhenceguarantee
reliablecommunication.Inaddition,weintroducedecodingalgorithmsforthe
proposedconcatenatedcodingschemesthataretailoredtotheDNAstorage
channel.Theproposedcodingschemeshavetheformofaninnersynchronization
blockcodeconcatenatedwithanouterlow-densityparity-checkcode(orapolar
code).Overthecourseoffourpapers,westudythreedifferentchannelmodels.
Thefirstchannelmodelisasimplisticmodelthatintroducesindependentand
identicallydistributedIDSerrors.Studyingthissimplisticchannelmodelgave
usfundamentalinsightintotheimpactofIDSerrorsoncodeperformance.The
secondandthirdchannelmodelsaremorerealisticextensionsofthefirstmodel,
wherethesecondmodelincludesstranderasuresandthelossoforderingofthe
storeddata,whilethethirdmodelintroducescorrelatedIDSerrors.Thedesign
andoptimizationofthecodingschemesforeachcasewasdonewiththeaidof
asymptoticachievableinformationrates,finite-lengthbounds,extrinsicinformation
transferchartanalysis,anddensityevolution.
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Abstrakt

DNA-basert lagring, eller lagring av brukerdata i deoksyribonukleinsyre (DNA)
tråder, kan teoretisk gi dramatisk høyere lagringskapasitet og lagringsrobusthet
sammenlignet med dagens lagringsteknologier. Flere småskalaeksperimenter in-
dikerer at DNA-basert lagring kan være mulig å implementere i praksis, og inter-
nasjonalt foregår det intens forskning rundt dette temaet. I tillegg til de biologisk
aspektene, er det også viktig å studere DNA-lagringskanalen fra et informasjon-
steoretisk ståsted. I DNA-basert lagring blir informasjon lagret som sekvenser av
nitrogenbaser (adenin (A), tymin (T), guanin (G) og cytosin (C)). Lagringspros-
essen er sårbar for såkalte IDS-feil, det vil si feil som følge av tilfeldig innsetting,
sletting eller substitusjoner av nitrogenbaser i sekvensene.

Fokus for denne avhandlingen er utvikling og optimalisering av kodeløsninger
som kan motvirke effekten av IDS-feil og derfor gi en pålitelig lagring. I tillegg
introduserer vi algoritmer for å dekode de foreslåtte kodeløsningene som er skred-
dersydd for en DNA-basert lagringskanal. I fire artikler studerer vi tre forskjellige
kanalmodeller. Den første kanalmodellen er en forenklet modell som introduserer
uavhengige og identisk distribuerte IDS-feil. Ved å studere denne forenklete mod-
ellen fikk vi grunnleggende innsikt i virkningen av IDS-feil på kodeytelse. Den
andre og tredje kanalmodellen er mer realistiske utvidelser av den første mod-
ellen, der den andre modellen inkluderer trådslettinger og tap av rekkefølge på
lagrede data, mens den tredje modellen introduserer korrelerte IDS-feil. Design
og optimalisering av kodeløsningene for hvert enkelt tilfelle ble gjort ved hjelp av
asymptotisk oppnåelige informasjonsrater, grenser for endelig lengde og analyse av
dekodingsalgoritmer.
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uavhengigeogidentiskdistribuerteIDS-feil.Vedåstuderedenneforenkletemod-
ellenfikkvigrunnleggendeinnsiktivirkningenavIDS-feilpåkodeytelse.Den
andreogtredjekanalmodellenermerrealistiskeutvidelseravdenførstemod-
ellen,derdenandremodelleninkluderertrådslettingerogtapavrekkefølgepå
lagrededata,mensdentredjemodellenintrodusererkorrelerteIDS-feil.Design
ogoptimaliseringavkodeløsningeneforhvertenkelttilfelleblegjortvedhjelpav
asymptotiskoppnåeligeinformasjonsrater,grenserforendeliglengdeoganalyseav
dekodingsalgoritmer.
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Chapter 1

Background

1.1 Introduction

Over the last decade, there has been notable attention from various research
communities, particularly in the fields of bioinformatics and information theory,
toward the utilization of deoxyribonucleic acid (DNA) as a medium for storing user
data. Inspired by how well DNA information of ancient fossils has been preserved
and how advanced DNA sequencing technologies have evolved, DNA-based storage
has been identified as a promising solution for the next generation of data storage
technology. In short, DNA-based storage uses DNA molecules to write and store
user data, while reading the data back is done by sequencing those particular DNA
molecules used for storage. The user data is contained within the sequence of bases
making up the double helix structure in a DNA molecule, as shown in Fig. 1.1.
Since there is a one-to-one correspondence between the two helix structures (each
base can only be attached to one other base), the user data is stored in one helix.

The current focus in the research community is on making DNA-based storage
technology more practical over the next decades with the ultimate goal of replac-
ing current storage technologies. It is projected that at some point, the worldwide
storage demands will exceed the limits of current state-of-the-art storage technolo-
gies, as their advancements will eventually fail to keep up as fundamental limits
are reached (Moore’s law will eventually cease to apply) [1]. Moreover, the physi-
cal components of current storage technologies need replacing as they get worn
out, which is quite costly. Storing data in DNA molecules is expected to solve
many of these problems, as it offers a much higher storage density and much higher
longevity [1, 2]. While hard disks (HDs), dynamic access memory (DRAM), and
flash memories (FMs) have a storage density of 10 GB/mm3, 10 GB/mm3, and
10000 GB/mm3, respectively, DNA has a storage density of up to 107 GB/mm3,
almost a thousand times higher. In fact, it is estimated that the entire world’s
demand for storage by 2040 can fit in around 1 kg solution of DNA [1]. Secondly,
if preserved well, DNA can remain viable to read for centuries. In fact, it is not
uncommon to hear in the news that the DNA of ancient fossils has been sequenced,
and these fossils can go back thousands of centuries or millennia. On the other
hand, HDs and FMs should be replaced around every ten years [3], which might
seem like a long time; however, this is problematic for long and sustainable storage
applications. Evidently, DNA-based storage, if it becomes practical, is far superior
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Figure 1.1: Double helix structure of a DNA molecule with user data being the singular
bases.

HD FM DRAM DNA
Longevity 10 years 10 years 64 ms > 100 years

Storage density (GB/mm3) 10 104 10 107

Table 1.1: Longevity and storage density of typical storage technologies compared to
DNA storage.

to other technologies. Table 1.1 briefly summarizes the longevity and density of
different storage technologies.

This research interest paved the way for many small-scale experiments demon-
strating the feasibility of DNA-based storage [4–18]. The success of these experi-
ments showed that DNA-based storage could in fact become a viable technology.
This success also caught the attention of the information theory community and
motivated studying the DNA storage channel from an information-theoretic point
of view. In particular, several information-theoretic problems have been identi-
fied. The most important problem for this thesis is reliable communication over
channels that introduce insertions, deletions, and substitutions (IDSs) [19] as the
processes of DNA storage introduce errors in the form of IDSs. Furthermore, in
the literature, channels that introduce IDSs have been proposed to model syn-
chronization errors. Coding techniques are an indispensable component to cope
with IDS errors and improve the reliability of DNA storage systems and channels
that are prone to desynchronization. Both aspects will be explained in the next
chapters.
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The rest of the thesis is divided as follows. This chapter will conclude with
a notation description and clarification. Chapter 2 defines and describes the
components of a DNA-based storage system. It mainly focuses on providing the
necessary background to identify the (coding) problem that needs to be solved
by a coding scheme. Chapter 2 also contains a section summarizing the most
relevant experiments for this work that showed the viability of using DNA for
storing data. Chapter 3 gives the necessary preliminaries of modern coding theory,
defines convolutional and low-density parity-check (LDPC) codes, introduces some
decoding algorithms, and provides code performance tools. Chapter 4 introduces
three DNA storage channels that are used and studied in the papers. Chapter 5
gives an overview of the 4 papers that make up this thesis. Chapter 6 concludes
Part A of the thesis and gives an outline for future work. Finally, Part B includes
the 4 papers titled Concatenated Codes for Multiple Reads of a DNA Sequence,
Finite Blocklength Performance Bound for the DNA Storage Channel, Achievable
Information Rates and Concatenated Codes for the DNA Nanopore Sequencing
Channel, and Index-Based Concatenated Codes for the Multi-Draw DNA Storage
Channel.

1.3 Notation
Throughout Part A of the thesis, we use the following notation:

• Lowercase letters (e.g., x) denote scalars, lowercase bold letters (e.g., x) de-
note vectors, uppercase bold letters (e.g., X) denote matrices, and uppercase
calligraphic letters (e.g., X ) denote sets. We denote random vector variables
as x or x unless stated otherwise.

• Vectors are row vectors unless otherwise specified.

• We denote a finite field of size q by Fq.

• We denote set cardinality by | · |.

• We denote vector and matrix transposition by (·)T .

• For natural numbers m and n, we denote the all-zero matrix of size m× n
by 0m×n, and I denotes the identity matrix.

• Pr(x = x) is the probability that a realization of the random vector variable
x has the value x, while Pr(x = x|y = y) is the conditional probability. For
simplicity, sometimes the probability of an event is expressed as p(·).

• We denote the expected value of the random vector variable x as E[x].

• We denote mutual information by I(·; ·), and H(·) and H(·|·) denote entropy
and conditional entropy, respectively.

• We denote a code by C.
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Chapter 2

DNA-Based Storage Systems

In this chapter, we describe the basic principles of DNA-based storage systems and
define their individual components. We introduce and explain processes the user
information goes through, from encoding to recovery, in a DNA storage system.
We then introduce the types of errors that arise from these systems and define the
decoding problem that needs to be solved when designing error-correction schemes.
Finally, we summarize several small-scale experiments that showed the viability of
DNA as a storage medium [4–10, 13, 15], as they were a great inspiration for the
work in this thesis.

2.1 Components of a DNA-Based Storage System
Fig. 2.1 shows a block diagram representation of a typical DNA-based storage
system. This is the state-of-the-art of DNA-based storage technology; however,
this is, of course, subject to change as the technology evolves. In the following
sections, we describe the tasks involved in every component and the technologies
used.

2.1.1 Data Encoding
First, the digital data is encoded (mapped) into the DNA bases (alphabet of
A, T, C, G), also referred to as nucleotides, where the mapping is chosen according
to several constraints. There are two main constraints that can cause many errors
in the later stages if not taken care of. First, homopolymer runs (runs of identical
bases, e.g., (. . . AAAAA . . .)) should be avoided since they result in high error
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both ends), an address block, and a payload (DNA data) block. Primers are used
in a process called polymerase chain reaction (PCR) amplification, which creates
many copies of the data block contained in between the target primers. This will
be explained in more detail later. This is helpful in accessing only the target data
in a DNA pool full of other strands. Primer sequences are useful in archival-based
systems. The address block is used to distinguish and identify the target DNA
sequence location in the input digital data. Since the order these data blocks
are synthesized, on the receiver side, is not known for reasons explained later, an
address sequence that conveys the order of the block is added to it. Finally, the
payload block is where the actual data is encoded. Error-control codes are usually
placed in this block.

2.1.2 DNA Synthesis

The synthesizing of DNA strands presented in this thesis falls under the De
novo DNA synthesis umbrella that allows the creation of DNA sequences without
using ready-made sequences (pre-existing templates)[15]. More specifically, this
synthesis method is called chemical oligonucleotide synthesis, or more precisely,
phosphoramidite oligonucleotide synthesis. This method adds nucleotides, step by
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step, where the first nucleotide is attached (hinged) to a solid support. The chain
is grown until the target sequence is built, and the entire sequence is detached
from the support and added to the gene pool [15]. There are two platforms for
oligo synthesis. The first is the column-based oligo synthesis, where the strands
are created column by column (one chain at a time), while the other platform,
array-based oligo synthesis, can have several columns attached to the same solid
support, and all of them can be grown at the same time [15, 20] (see Fig. 2.3).

Since all the current DNA synthesis technologies cannot synthesize very long
sequences, the digital data is segmented into fragments that amount to 150-200
nucleotides per sequence [15, 20]. In practice, synthesis technologies cannot create
single DNA strands; however, they create a set of strands, where each set is made
up of around a million copies. Furthermore, each set is generated on a spot (2-D
surface) of the solid support surface, and unfortunately, the number of copies per
spot will not be evenly distributed [19]. In addition, some strands in each set will
contain synthesis errors and will not be grown to the correct length [19]. Hence,
to create single-stranded valid DNA sequences, the complete DNA strands are
PCR amplified in the pool. This will increase the concentration of the valid DNA
sequences and will dilute out the incomplete ones [15, 19]. As a result, the gene
pool will be made up of a multi-set of DNA sequences, where the number of copies
of each sequence is not evenly distributed.

2.1.3 DNA Storage Medium
The synthesized DNA strands can be either stored in living cells, referred to as
in vivo, or stored in vitro, where they are placed in solutions (gene pools). The
stored DNA strands should be placed in a preserving environment, where they are
guaranteed to be maintained for long periods of time. Each DNA strand makes
up a DNA molecule in the gene pool. The DNA data can be inside one pool or
several, depending on the structure of the storgae system. In this thesis, we deal
with in vitro storage.

As mentioned earlier, many strands will be floating in this gene pool, where
they can come from the same or different files. Accessing specific files over others
is a necessary feature in DNA-based storage systems. One way to achieve this is
by increasing the concentration of the strands belonging to a specific file. In other
words, these strands dilute the solution. Typically, before the sequencing process, a
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step,wherethefirstnucleotideisattached(hinged)toasolidsupport.Thechain
isgrownuntilthetargetsequenceisbuilt,andtheentiresequenceisdetached
fromthesupportandaddedtothegenepool[15].Therearetwoplatformsfor
oligosynthesis.Thefirstisthecolumn-basedoligosynthesis,wherethestrands
arecreatedcolumnbycolumn(onechainatatime),whiletheotherplatform,
array-basedoligosynthesis,canhaveseveralcolumnsattachedtothesamesolid
support,andallofthemcanbegrownatthesametime[15,20](seeFig.2.3).
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sequences,thedigitaldataissegmentedintofragmentsthatamountto150-200
nucleotidespersequence[15,20].Inpractice,synthesistechnologiescannotcreate
singleDNAstrands;however,theycreateasetofstrands,whereeachsetismade
upofaroundamillioncopies.Furthermore,eachsetisgeneratedonaspot(2-D
surface)ofthesolidsupportsurface,andunfortunately,thenumberofcopiesper
spotwillnotbeevenlydistributed[19].Inaddition,somestrandsineachsetwill
containsynthesiserrorsandwillnotbegrowntothecorrectlength[19].Hence,
tocreatesingle-strandedvalidDNAsequences,thecompleteDNAstrandsare
PCRamplifiedinthepool.ThiswillincreasetheconcentrationofthevalidDNA
sequencesandwilldiluteouttheincompleteones[15,19].Asaresult,thegene
poolwillbemadeupofamulti-setofDNAsequences,wherethenumberofcopies
ofeachsequenceisnotevenlydistributed.

2.1.3DNAStorageMedium
ThesynthesizedDNAstrandscanbeeitherstoredinlivingcells,referredtoas
invivo,orstoredinvitro,wheretheyareplacedinsolutions(genepools).The
storedDNAstrandsshouldbeplacedinapreservingenvironment,wheretheyare
guaranteedtobemaintainedforlongperiodsoftime.EachDNAstrandmakes
upaDNAmoleculeinthegenepool.TheDNAdatacanbeinsideonepoolor
several,dependingonthestructureofthestorgaesystem.Inthisthesis,wedeal
withinvitrostorage.

Asmentionedearlier,manystrandswillbefloatinginthisgenepool,where
theycancomefromthesameordifferentfiles.Accessingspecificfilesoverothers
isanecessaryfeatureinDNA-basedstoragesystems.Onewaytoachievethisis
byincreasingtheconcentrationofthestrandsbelongingtoaspecificfile.Inother
words,thesestrandsdilutethesolution.Typically,beforethesequencingprocess,a

2.1ComponentsofaDNA-BasedStorageSystem9

A

T

C
C

G

Columnmethod

A
T

C

C
G

Arraymethod

A

T

C
C

GA

T
C

C

G

Figure2.3:Chemicaloligonucleotidesynthesis(leftisusingthecolumnmethod,and
rightisthearraymethod).

step,wherethefirstnucleotideisattached(hinged)toasolidsupport.Thechain
isgrownuntilthetargetsequenceisbuilt,andtheentiresequenceisdetached
fromthesupportandaddedtothegenepool[15].Therearetwoplatformsfor
oligosynthesis.Thefirstisthecolumn-basedoligosynthesis,wherethestrands
arecreatedcolumnbycolumn(onechainatatime),whiletheotherplatform,
array-basedoligosynthesis,canhaveseveralcolumnsattachedtothesamesolid
support,andallofthemcanbegrownatthesametime[15,20](seeFig.2.3).

SinceallthecurrentDNAsynthesistechnologiescannotsynthesizeverylong
sequences,thedigitaldataissegmentedintofragmentsthatamountto150-200
nucleotidespersequence[15,20].Inpractice,synthesistechnologiescannotcreate
singleDNAstrands;however,theycreateasetofstrands,whereeachsetismade
upofaroundamillioncopies.Furthermore,eachsetisgeneratedonaspot(2-D
surface)ofthesolidsupportsurface,andunfortunately,thenumberofcopiesper
spotwillnotbeevenlydistributed[19].Inaddition,somestrandsineachsetwill
containsynthesiserrorsandwillnotbegrowntothecorrectlength[19].Hence,
tocreatesingle-strandedvalidDNAsequences,thecompleteDNAstrandsare
PCRamplifiedinthepool.ThiswillincreasetheconcentrationofthevalidDNA
sequencesandwilldiluteouttheincompleteones[15,19].Asaresult,thegene
poolwillbemadeupofamulti-setofDNAsequences,wherethenumberofcopies
ofeachsequenceisnotevenlydistributed.

2.1.3DNAStorageMedium
ThesynthesizedDNAstrandscanbeeitherstoredinlivingcells,referredtoas
invivo,orstoredinvitro,wheretheyareplacedinsolutions(genepools).The
storedDNAstrandsshouldbeplacedinapreservingenvironment,wheretheyare
guaranteedtobemaintainedforlongperiodsoftime.EachDNAstrandmakes
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Asmentionedearlier,manystrandswillbefloatinginthisgenepool,where
theycancomefromthesameordifferentfiles.Accessingspecificfilesoverothers
isanecessaryfeatureinDNA-basedstoragesystems.Onewaytoachievethisis
byincreasingtheconcentrationofthestrandsbelongingtoaspecificfile.Inother
words,thesestrandsdilutethesolution.Typically,beforethesequencingprocess,a

2.1 Components of a DNA-Based Storage System 9

A

T

C
C

G

Column method

A
T

C

C
G

Array method

A

T

C
C

G A

T
C

C

G

Figure 2.3: Chemical oligonucleotide synthesis (left is using the column method, and
right is the array method).

step, where the first nucleotide is attached (hinged) to a solid support. The chain
is grown until the target sequence is built, and the entire sequence is detached
from the support and added to the gene pool [15]. There are two platforms for
oligo synthesis. The first is the column-based oligo synthesis, where the strands
are created column by column (one chain at a time), while the other platform,
array-based oligo synthesis, can have several columns attached to the same solid
support, and all of them can be grown at the same time [15, 20] (see Fig. 2.3).

Since all the current DNA synthesis technologies cannot synthesize very long
sequences, the digital data is segmented into fragments that amount to 150-200
nucleotides per sequence [15, 20]. In practice, synthesis technologies cannot create
single DNA strands; however, they create a set of strands, where each set is made
up of around a million copies. Furthermore, each set is generated on a spot (2-D
surface) of the solid support surface, and unfortunately, the number of copies per
spot will not be evenly distributed [19]. In addition, some strands in each set will
contain synthesis errors and will not be grown to the correct length [19]. Hence,
to create single-stranded valid DNA sequences, the complete DNA strands are
PCR amplified in the pool. This will increase the concentration of the valid DNA
sequences and will dilute out the incomplete ones [15, 19]. As a result, the gene
pool will be made up of a multi-set of DNA sequences, where the number of copies
of each sequence is not evenly distributed.

2.1.3 DNA Storage Medium
The synthesized DNA strands can be either stored in living cells, referred to as
in vivo, or stored in vitro, where they are placed in solutions (gene pools). The
stored DNA strands should be placed in a preserving environment, where they are
guaranteed to be maintained for long periods of time. Each DNA strand makes
up a DNA molecule in the gene pool. The DNA data can be inside one pool or
several, depending on the structure of the storgae system. In this thesis, we deal
with in vitro storage.

As mentioned earlier, many strands will be floating in this gene pool, where
they can come from the same or different files. Accessing specific files over others
is a necessary feature in DNA-based storage systems. One way to achieve this is
by increasing the concentration of the strands belonging to a specific file. In other
words, these strands dilute the solution. Typically, before the sequencing process, a
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is grown until the target sequence is built, and the entire sequence is detached
from the support and added to the gene pool [15]. There are two platforms for
oligo synthesis. The first is the column-based oligo synthesis, where the strands
are created column by column (one chain at a time), while the other platform,
array-based oligo synthesis, can have several columns attached to the same solid
support, and all of them can be grown at the same time [15, 20] (see Fig. 2.3).
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nucleotides per sequence [15, 20]. In practice, synthesis technologies cannot create
single DNA strands; however, they create a set of strands, where each set is made
up of around a million copies. Furthermore, each set is generated on a spot (2-D
surface) of the solid support surface, and unfortunately, the number of copies per
spot will not be evenly distributed [19]. In addition, some strands in each set will
contain synthesis errors and will not be grown to the correct length [19]. Hence,
to create single-stranded valid DNA sequences, the complete DNA strands are
PCR amplified in the pool. This will increase the concentration of the valid DNA
sequences and will dilute out the incomplete ones [15, 19]. As a result, the gene
pool will be made up of a multi-set of DNA sequences, where the number of copies
of each sequence is not evenly distributed.

2.1.3 DNA Storage Medium
The synthesized DNA strands can be either stored in living cells, referred to as
in vivo, or stored in vitro, where they are placed in solutions (gene pools). The
stored DNA strands should be placed in a preserving environment, where they are
guaranteed to be maintained for long periods of time. Each DNA strand makes
up a DNA molecule in the gene pool. The DNA data can be inside one pool or
several, depending on the structure of the storgae system. In this thesis, we deal
with in vitro storage.

As mentioned earlier, many strands will be floating in this gene pool, where
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is a necessary feature in DNA-based storage systems. One way to achieve this is
by increasing the concentration of the strands belonging to a specific file. In other
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step,wherethefirstnucleotideisattached(hinged)toasolidsupport.Thechain
isgrownuntilthetargetsequenceisbuilt,andtheentiresequenceisdetached
fromthesupportandaddedtothegenepool[15].Therearetwoplatformsfor
oligosynthesis.Thefirstisthecolumn-basedoligosynthesis,wherethestrands
arecreatedcolumnbycolumn(onechainatatime),whiletheotherplatform,
array-basedoligosynthesis,canhaveseveralcolumnsattachedtothesamesolid
support,andallofthemcanbegrownatthesametime[15,20](seeFig.2.3).

SinceallthecurrentDNAsynthesistechnologiescannotsynthesizeverylong
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nucleotidespersequence[15,20].Inpractice,synthesistechnologiescannotcreate
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upofaroundamillioncopies.Furthermore,eachsetisgeneratedonaspot(2-D
surface)ofthesolidsupportsurface,andunfortunately,thenumberofcopiesper
spotwillnotbeevenlydistributed[19].Inaddition,somestrandsineachsetwill
containsynthesiserrorsandwillnotbegrowntothecorrectlength[19].Hence,
tocreatesingle-strandedvalidDNAsequences,thecompleteDNAstrandsare
PCRamplifiedinthepool.ThiswillincreasetheconcentrationofthevalidDNA
sequencesandwilldiluteouttheincompleteones[15,19].Asaresult,thegene
poolwillbemadeupofamulti-setofDNAsequences,wherethenumberofcopies
ofeachsequenceisnotevenlydistributed.

2.1.3DNAStorageMedium
ThesynthesizedDNAstrandscanbeeitherstoredinlivingcells,referredtoas
invivo,orstoredinvitro,wheretheyareplacedinsolutions(genepools).The
storedDNAstrandsshouldbeplacedinapreservingenvironment,wheretheyare
guaranteedtobemaintainedforlongperiodsoftime.EachDNAstrandmakes
upaDNAmoleculeinthegenepool.TheDNAdatacanbeinsideonepoolor
several,dependingonthestructureofthestorgaesystem.Inthisthesis,wedeal
withinvitrostorage.

Asmentionedearlier,manystrandswillbefloatinginthisgenepool,where
theycancomefromthesameordifferentfiles.Accessingspecificfilesoverothers
isanecessaryfeatureinDNA-basedstoragesystems.Onewaytoachievethisis
byincreasingtheconcentrationofthestrandsbelongingtoaspecificfile.Inother
words,thesestrandsdilutethesolution.Typically,beforethesequencingprocess,a
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Figure 2.4: PCR amplification and sampling/drawing in a gene pool.

small sample of the gene pool will be taken, and then the strands of the target file
will be PCR amplified to increase their concentration. In this way, it is guaranteed
with a high probability that strands from the target file will be sequenced. Fig. 2.4
shows a simplified block diagram of the PCR amplification and sampling process
in a gene pool. From a biological perspective, PCR amplification works as follows.
The temperature of the sample from the gene pool, where the required data block
is located, is raised and dropped between a maximum and a minimum temperature
for several cycles. With each cycle, an enzyme replicates the strands containing
the target primer sequences [15]. Ideally, each replication cycle should double
the number of target sequences existing in the sample. However, practically,
the amplification factor is 1.85 at maximum [19]. In addition, ideally, the pool
sample should contain an equal concentration of all sequences; in addition, PCR
amplification should amplify the target sequences equally. However, in practice,
a bias toward some sequences is frequent [19]. This inherent bias might result
in some sequences not being read, which is the primary source of erasure errors
[19, 21].

2.1.4 DNA Sequencing

DNA sequencing is performed via state-of-the-art sequencing technologies, and in
the small-scale experiments to be summarized later, the two technologies used are
Illumina and the Oxford Nanopore MinION platform. Illumina is most frequently
used since it is the older technology. The exact procedure for sequencing by both
Illumina and Oxford nanopore is rather complicated and goes beyond the scope of
this thesis, but the most important steps in this procedure are as follows.

In Illumina sequencing, a DNA strand is read in cycles, where each cycle reads
one base only. A strand is attached to a flow cell and is flooded with fluorescently
tagged nucleotides [15, 20]. Base by base, the tagged nucleotides compete to attach
to the target base, and only the corresponding nucleotide will attach to it (e.g.,
if the target base is A, then only a tagged base T will attach). Once the tagged
base attaches, it emits a fluorescent signal in the flow cell, characterized by its
emission wavelength and light intensity. The signal is detected as an image, and
the target base is determined using image processing [20]. This process is referred
to as sequencing by synthesis. This is done until the entire strand is read. In
practice, a target strand will have many duplicates. Strand copies will be read
simultaneously, and an output sequence will be determined using the reads [20]
(see Fig. 2.5(a)).
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small sample of the gene pool will be taken, and then the strands of the target file
will be PCR amplified to increase their concentration. In this way, it is guaranteed
with a high probability that strands from the target file will be sequenced. Fig. 2.4
shows a simplified block diagram of the PCR amplification and sampling process
in a gene pool. From a biological perspective, PCR amplification works as follows.
The temperature of the sample from the gene pool, where the required data block
is located, is raised and dropped between a maximum and a minimum temperature
for several cycles. With each cycle, an enzyme replicates the strands containing
the target primer sequences [15]. Ideally, each replication cycle should double
the number of target sequences existing in the sample. However, practically,
the amplification factor is 1.85 at maximum [19]. In addition, ideally, the pool
sample should contain an equal concentration of all sequences; in addition, PCR
amplification should amplify the target sequences equally. However, in practice,
a bias toward some sequences is frequent [19]. This inherent bias might result
in some sequences not being read, which is the primary source of erasure errors
[19, 21].

2.1.4 DNA Sequencing

DNA sequencing is performed via state-of-the-art sequencing technologies, and in
the small-scale experiments to be summarized later, the two technologies used are
Illumina and the Oxford Nanopore MinION platform. Illumina is most frequently
used since it is the older technology. The exact procedure for sequencing by both
Illumina and Oxford nanopore is rather complicated and goes beyond the scope of
this thesis, but the most important steps in this procedure are as follows.
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base attaches, it emits a fluorescent signal in the flow cell, characterized by its
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Figure 2.5: Illumina and Oxford nanopore sequencing.

In Oxford nanopore sequencing, a nanopore hole is created through a fixed
voltage-biased membrane [20, 22]. Two ionic-filled-solution chambers are placed
above and below the membrane. The upper chamber is called a cis, and the
lower one is called trans. A voltage is applied across the chambers such that an
ionic current flows through the nanopore. This ionic current will change profile
(current intensity and direction) depending on the molecule that passes through
the nanopore. A DNA strand will be driven into the nanopore using an enzyme
placed at the top of the nanopore. The speed at which the enzyme will drive the
strand can be controlled to aim for the insertion of one base at a time into the
pore, targeting changing the current profile one base at a time. Ideally, each base
value (A, T, C, G) will have a unique characteristic ionic current profile in the
nanopore. This characteristic profile will be measured, and the target base will be
determined [20, 22] (see Fig. 2.5(b)).

Illumina provides higher sequencing accuracy at the expense of higher cost
and shorter base generations per read. In contrast, Oxford nanopore sequencing
provides longer base reads with lower cost at the expense of lower accuracy.
Illumina is still the dominant and most used technology in practice, but Oxford
nanopore sequencing is gaining popularity and is expected to soon be the dominant
one.

2.2 The Coding Problem
At every component of a DNA-based storage system, errors can be introduced.
The job of the decoder is then to correct these errors, which is not a simple task.
In this section, we will explain the different types of errors that arise at each stage
of the storage procedure. In addition, we will explain the tasks the decoder has to
do to recover the data.

2.2.1 Types of Errors
Substitution errors are considered the simplest errors that arise from DNA-based
storage. They are the easiest errors to correct from the decoder’s point of view.
These errors are similar to the traditional bit flips in binary symmetric channels.
Similar to the channel flipping bit 0 to bit 1 and vice versa, the DNA storage
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Figure2.5:IlluminaandOxfordnanoporesequencing.

InOxfordnanoporesequencing,ananoporeholeiscreatedthroughafixed
voltage-biasedmembrane[20,22].Twoionic-filled-solutionchambersareplaced
aboveandbelowthemembrane.Theupperchamberiscalledacis,andthe
loweroneiscalledtrans.Avoltageisappliedacrossthechamberssuchthatan
ioniccurrentflowsthroughthenanopore.Thisioniccurrentwillchangeprofile
(currentintensityanddirection)dependingonthemoleculethatpassesthrough
thenanopore.ADNAstrandwillbedrivenintothenanoporeusinganenzyme
placedatthetopofthenanopore.Thespeedatwhichtheenzymewilldrivethe
strandcanbecontrolledtoaimfortheinsertionofonebaseatatimeintothe
pore,targetingchangingthecurrentprofileonebaseatatime.Ideally,eachbase
value(A,T,C,G)willhaveauniquecharacteristicioniccurrentprofileinthe
nanopore.Thischaracteristicprofilewillbemeasured,andthetargetbasewillbe
determined[20,22](seeFig.2.5(b)).

Illuminaprovideshighersequencingaccuracyattheexpenseofhighercost
andshorterbasegenerationsperread.Incontrast,Oxfordnanoporesequencing
provideslongerbasereadswithlowercostattheexpenseofloweraccuracy.
Illuminaisstillthedominantandmostusedtechnologyinpractice,butOxford
nanoporesequencingisgainingpopularityandisexpectedtosoonbethedominant
one.

2.2TheCodingProblem
AteverycomponentofaDNA-basedstoragesystem,errorscanbeintroduced.
Thejobofthedecoderisthentocorrecttheseerrors,whichisnotasimpletask.
Inthissection,wewillexplainthedifferenttypesoferrorsthatariseateachstage
ofthestorageprocedure.Inaddition,wewillexplainthetasksthedecoderhasto
dotorecoverthedata.

2.2.1TypesofErrors
SubstitutionerrorsareconsideredthesimplesterrorsthatarisefromDNA-based
storage.Theyaretheeasiesterrorstocorrectfromthedecoder’spointofview.
Theseerrorsaresimilartothetraditionalbitflipsinbinarysymmetricchannels.
Similartothechannelflippingbit0tobit1andviceversa,theDNAstorage
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Figure 2.5: Illumina and Oxford nanopore sequencing.

In Oxford nanopore sequencing, a nanopore hole is created through a fixed
voltage-biased membrane [20, 22]. Two ionic-filled-solution chambers are placed
above and below the membrane. The upper chamber is called a cis, and the
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one.
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Figure 2.6: Graphical representation of substitution probabilities in DNA-based storage
systems.

“channel” will substitute a particular base, for example, base A, for another base,
for example, base C. As an example of a substitution error in a sequence,

. . . CGGTG . . .→ . . . CGGTT . . .

However, unlike the binary symmetric channel, substitution errors are not sym-
metric. Due to the chemical structure of a DNA base, some bases are more likely
to be substituted with some bases than others [11]. For example, Fig. 2.6 shows
a graphical representation of the substitution probabilities of bases as computed
in a dataset we use in some of the work in this thesis [23]. The thicker the line
appears, the higher the substitution error probability.

Deletion errors happen when a base in a sequence is deleted. In other words,
it is removed from the sequence. Not to be confused with erasure errors, here,
when a base is deleted, the decoder does not know where in the sequence the
deletion happened. Since the length of the target sequence is known to the decoder,
when the received sequence has a length less than the target one, it knows that
one or several deletions have occurred. However, the location of those deletions is
not known. As an example of a deletion error in a sequence,

. . . CGGTG . . .→ . . . CGTG . . .

Insertion errors happen when one or several bases in a sequence are inserted
ahead of another base. Similarly to a deletion error, the decoder has no knowledge
of where the insertion error occurred. The decoder is only aware that insertions
have happened when the received sequence length is longer than expected. As an
example of an insertion error in a sequence,

. . . CGGTG . . .→ . . . CGAGTG . . .

When both insertion and deletion errors occur in the target sequence, the
received sequence length may differ from the target one. From the decoder’s per-
spective, if the received sequence is longer than the target one, the decoder only
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“channel”willsubstituteaparticularbase,forexample,baseA,foranotherbase,
forexample,baseC.Asanexampleofasubstitutionerrorinasequence,

...CGGTG...→...CGGTT...

However,unlikethebinarysymmetricchannel,substitutionerrorsarenotsym-
metric.DuetothechemicalstructureofaDNAbase,somebasesaremorelikely
tobesubstitutedwithsomebasesthanothers[11].Forexample,Fig.2.6shows
agraphicalrepresentationofthesubstitutionprobabilitiesofbasesascomputed
inadatasetweuseinsomeoftheworkinthisthesis[23].Thethickertheline
appears,thehigherthesubstitutionerrorprobability.

Deletionerrorshappenwhenabaseinasequenceisdeleted.Inotherwords,
itisremovedfromthesequence.Nottobeconfusedwitherasureerrors,here,
whenabaseisdeleted,thedecoderdoesnotknowwhereinthesequencethe
deletionhappened.Sincethelengthofthetargetsequenceisknowntothedecoder,
whenthereceivedsequencehasalengthlessthanthetargetone,itknowsthat
oneorseveraldeletionshaveoccurred.However,thelocationofthosedeletionsis
notknown.Asanexampleofadeletionerrorinasequence,

...CGGTG...→...CGTG...

Insertionerrorshappenwhenoneorseveralbasesinasequenceareinserted
aheadofanotherbase.Similarlytoadeletionerror,thedecoderhasnoknowledge
ofwheretheinsertionerroroccurred.Thedecoderisonlyawarethatinsertions
havehappenedwhenthereceivedsequencelengthislongerthanexpected.Asan
exampleofaninsertionerrorinasequence,

...CGGTG...→...CGAGTG...

Whenbothinsertionanddeletionerrorsoccurinthetargetsequence,the
receivedsequencelengthmaydifferfromthetargetone.Fromthedecoder’sper-
spective,ifthereceivedsequenceislongerthanthetargetone,thedecoderonly
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knows that more insertions than deletions have occurred, and vice versa. This is
problematic for the decoder since, with insertion and deletion errors, the received
and target sequences are out of sync. In the literature, insertion and deletion er-
rors are referred to as synchronization errors since they induce uncertainty on the
location of data in a sequence. In addition, these errors are the hardest to deal
with, and they degrade the performance of the coding scheme [24].

Strand erasures, which do not happen as often, are the last type of error.
Here, the entire target sequence is removed; in other words, it has not been
retrieved at the decoder. This error mainly happens when sampling from a gene
pool and the target sequence is not included. It also can result from a failed PCR
amplification process, where, for some reason, the enzyme failed to replicate this
sequence.

IDS errors and strand erasure can occur at any stage of the DNA storage
process. Whether they are due to the imperfections in the chemical processes
of synthesizing the strands and PCR amplification or the sequencing technology
used, all three types of errors are possible. We refer the reader to [19] for a more
detailed breakdown of how and when these types of errors occur.

2.2.2 On the Receiver Side
It becomes more evident now that the decoder’s/receiver’s job is very challenging
when considering all the types of errors that can occur. The decoder needs to
correct substitution errors, regain synchronization by solving insertion and deletion
errors (including finding the locations where they occurred), and deal with entire
sequences being erased. On top of that, the order of data blocks segmented for
synthesis and sequencing is lost in the process. Although a target strand will
have an abundance of copies in the gene pool, which is an inherent redundancy,
these copies will obviously have errors, leading us to the next challenge for the
decoder. Here, the decoder also has to cluster or group the strands that are similar
to each other to gain from the redundancy. Recovering a target sequence from its
noisy copies in a DNA storage channel is referred to as trace reconstruction in the
literature.

Fig. 2.7 aids in visualizing the decoding problem faced by the receiver. We have
a set of unordered sequences, noisy copies of the target ones. Then, the decoder
has first to group similar copies together to form a cluster, where a cluster should
ideally represent the target sequence. Then, the decoder will combine these copies
to make a consensus on the target strand. Finally, the decoder has to find the
order of these consensus strands in the original file. Some strands are high in
errors and cannot be correctly clustered or grouped.

In this thesis, as shown later, we first assume an idealistic scenario where
clustering and ordering are done perfectly. Studying the DNA storage problem
in an idealistic setting will help to fundamentally understand the impact of IDS
errors without the impact of the other problems. However, we do expand our
idealistic scenario to incorporate the clustering and ordering problems. In those
cases, clustering is performed on the copies by observing how similar the sequences
are to each other, while ordering is performed by reading the index on the received
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with,andtheydegradetheperformanceofthecodingscheme[24].
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Here,theentiretargetsequenceisremoved;inotherwords,ithasnotbeen
retrievedatthedecoder.Thiserrormainlyhappenswhensamplingfromagene
poolandthetargetsequenceisnotincluded.ItalsocanresultfromafailedPCR
amplificationprocess,where,forsomereason,theenzymefailedtoreplicatethis
sequence.
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synthesisandsequencingislostintheprocess.Althoughatargetstrandwill
haveanabundanceofcopiesinthegenepool,whichisaninherentredundancy,
thesecopieswillobviouslyhaveerrors,leadingustothenextchallengeforthe
decoder.Here,thedecoderalsohastoclusterorgroupthestrandsthataresimilar
toeachothertogainfromtheredundancy.Recoveringatargetsequencefromits
noisycopiesinaDNAstoragechannelisreferredtoastracereconstructioninthe
literature.

Fig.2.7aidsinvisualizingthedecodingproblemfacedbythereceiver.Wehave
asetofunorderedsequences,noisycopiesofthetargetones.Then,thedecoder
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errorswithouttheimpactoftheotherproblems.However,wedoexpandour
idealisticscenariotoincorporatetheclusteringandorderingproblems.Inthose
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knows that more insertions than deletions have occurred, and vice versa. This is
problematic for the decoder since, with insertion and deletion errors, the received
and target sequences are out of sync. In the literature, insertion and deletion er-
rors are referred to as synchronization errors since they induce uncertainty on the
location of data in a sequence. In addition, these errors are the hardest to deal
with, and they degrade the performance of the coding scheme [24].

Strand erasures, which do not happen as often, are the last type of error.
Here, the entire target sequence is removed; in other words, it has not been
retrieved at the decoder. This error mainly happens when sampling from a gene
pool and the target sequence is not included. It also can result from a failed PCR
amplification process, where, for some reason, the enzyme failed to replicate this
sequence.

IDS errors and strand erasure can occur at any stage of the DNA storage
process. Whether they are due to the imperfections in the chemical processes
of synthesizing the strands and PCR amplification or the sequencing technology
used, all three types of errors are possible. We refer the reader to [19] for a more
detailed breakdown of how and when these types of errors occur.

2.2.2 On the Receiver Side
It becomes more evident now that the decoder’s/receiver’s job is very challenging
when considering all the types of errors that can occur. The decoder needs to
correct substitution errors, regain synchronization by solving insertion and deletion
errors (including finding the locations where they occurred), and deal with entire
sequences being erased. On top of that, the order of data blocks segmented for
synthesis and sequencing is lost in the process. Although a target strand will
have an abundance of copies in the gene pool, which is an inherent redundancy,
these copies will obviously have errors, leading us to the next challenge for the
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to each other to gain from the redundancy. Recovering a target sequence from its
noisy copies in a DNA storage channel is referred to as trace reconstruction in the
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Fig. 2.7 aids in visualizing the decoding problem faced by the receiver. We have
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ideally represent the target sequence. Then, the decoder will combine these copies
to make a consensus on the target strand. Finally, the decoder has to find the
order of these consensus strands in the original file. Some strands are high in
errors and cannot be correctly clustered or grouped.

In this thesis, as shown later, we first assume an idealistic scenario where
clustering and ordering are done perfectly. Studying the DNA storage problem
in an idealistic setting will help to fundamentally understand the impact of IDS
errors without the impact of the other problems. However, we do expand our
idealistic scenario to incorporate the clustering and ordering problems. In those
cases, clustering is performed on the copies by observing how similar the sequences
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errorsandcannotbecorrectlyclusteredorgrouped.
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Figure 2.7: The decoding problem.

sequence. Obviously, these processes are not ideal and are not guaranteed to be
perfectly done

2.3 Experiments
As mentioned earlier, several works have been done on DNA-based storage systems,
both in theoretical and practical frameworks. Each paper presented its design for
address and primer sequences, its own archival or random-access system design, and
its design to handle all error types. Table 2.1 compares the sequencing technology
used, the data size synthesized, the achieved system information capacity, error-
detection/correction usage, and random-access usage of different papers on this
topic.

Authors Sequencing
technology

Data size Inf. capacity
(bits/nts)

Error-
detection/correction

Random
access

Church et al. [4] Illumina 5.27 MB 0.60 None No
Goldman et al. [5] Illumina 0.74 MB 0.19 Detection No
Grass et al. [6] Illumina 0.08 MB 0.86 Correction No
Bornholt et al. [8] Illumina 0.15 MB 0.57 None Yes
Erlich and Zielinski [9] Illumina 2.11 MB 1.18 None No
Blawat et al. [7] Illumina 22 MB 0.89 Correction No
Chanda et al. [13] Illumina 0.24 MB 1.52 Correction Yes
Yazdi et al. [10] Nanopore 0.003 MB 1.71 Correction Yes

Table 2.1: Comparison of experiments in the literature.

2.3.1 Church et al.
Church et al. [4] developed the first large-scale DNA-based storage architecture.
Here, every 0 data bit is encoded into an A or C base, and every 1 data bit is
encoded into T or G base. A base is chosen randomly for each bit as long as no
homopolymer runs of more than three bases are created. In addition, this data
mapping choice allows control over the GC content balance.
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The authors encoded 5.27 MB of data in DNA. The data is divided into 54, 898
blocks, each of length 159 nucleotides (bases). Each block is divided as follows:
96 nucleotides are used for information, 19 nucleotides for addressing, and 22
nucleotides are used for each primer sequence. The address sequences start from
00 . . . 001, and are appended by one in binary for each next sequence. One primer
sequence is placed at the beginning of the block, referred to as the forward primer,
and the reverse complement of it is placed at the end and referred to as the
backward primer. The DNA data was stored in a library (gene pool).

For sequencing and data retrieval, the authors used PCR amplification to cre-
ate several copies of the DNA data and chose only the sequences with the correct
blocklength (115 nucleotides without primers) and a valid address sequence. A
post-processing step was done on these sequences where overlapping blocks were
compared, and a consensus of the output DNA sequence was decided.

2.3.2 Goldman et al.
In Goldman et al. [5], the digital data is first ASCII encoded using one byte per
symbol. Afterward, each ASCII symbol is converted to 5 or 6 ternary digits (trits)
using an optimal Huffman code (compression). Each trit is converted to a DNA
symbol using differential encoding following the rules in Table 2.2. This type of
differential encoding limits the homopolymer runs to one base.

The resulting DNA data is then segmented into blocks of length 117 nucleotides.
Each block contains 100 nucleotides for information data, 2 nucleotides for file
identification, 12 nucleotides for intra-file location information, and two parity-
check nucleotides, one placed in the beginning and one at the end. Each segment
overlaps in 75 nucleotides with its adjacent segments (this gives 4× coverage for
each base). This is equivalent to using a repetition code. The information content
of each alternate segment is reverse complemented as well, and a parity-check
nucleotide is added to indicate this, as shown in Fig. 2.8, resulting in a total of
117 nucleotides for each block. The size of the digital data file used is 739 KB.
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Figure 2.8: Goldman et al.’s encoding method using ASCII and differential encoding,
Huffman compression, four-fold coverage, reverse complementation of alternate data
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codes. The authors also proposed physical storage media that prolong the DNA
quality and stability.

The proposed architecture works as follows. First, every two bytes of digital
data are mapped to three elements in F47 by converting data in base 2562 to base
473. This information is then arranged in matrices of dimensions 39× 594 (39 rows
and 594 columns). To generalize, each matrix is made of m blocks (rows), each of
length k (columns). Afterward, an outer RS code is applied to the beginning of
each row, resulting in a total blocklength of n = k + (n− k), where n− k is the
amount of added redundancy. Then, an index of length I is added to each column
and then encoded by an inner RS code, adding a redundancy of B to each column.
The dimensions of each matrix now equal N × n, where N = m + I + B. Each
column is then converted to a DNA strand by the mapping shown in Fig. 2.9C.
The codon wheel works by mapping each element in F47 to a triplet of bases, where
the bases are chosen in the order of least significant base to the most significant
one. For example, element 44 will be mapped to AGT (not TGA). This encoding
ensures that no base is repeated more than three times. Two primers are then
added to the beginning and the end of each column, resulting in the DNA sequence
being synthesized. In the paper, the parameters used were as follows: k = 594,
n = 713, m = 30, I = 3, and B = 6.

Finally, the data is recovered after sequencing by first decoding the inner code
(correcting individual base errors), then using the indexing information to sort
the sequences, then decoding the outer code for recovering/correcting lost/whole
sequences, and finally translating the sequences into F47. The entire storage
architecture, from synthesis to data recovery, is shown in Fig. 2.9.
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Figure 2.9: Grass et al.’s storage system. (A) Every two bytes of data are mapped to three
elements in F47. (B) An outer RS code adds a redundancy of n− k = 119 to each row of
the individual blocks. To each column, an index of length 3 is added, and a redundancy
of B = 6 is generated using a second (inner) RS code. (C) Each column is mapped to
DNA bases using an F47 to a DNA codon wheel. (D) Two primer sequences are added to
each DNA strand for PCR amplification. (E) To recover the original information from the
DNA strands, the read sequences are translated to F47 and are decoded by first decoding
the inner code (correcting individual base errors), second by sorting the sequences by
means of the index, followed by outer decoding, which allows the correction of whole
sequences and the recovery of completely lost sequences.

2.3.4 Bornholt et al.
Bornholt et al. [8] was one of the first papers to implement random access in a
DNA-based storage architecture. The authors used different primer sequences for
different DNA strands, such that only the data assigned to the target primer will
be PCR amplified and sequenced. They implemented the above by mapping a key
to each pair of PCR primers placed in the strands. When a certain DNA strand
with its corresponding primers is needed, the storage system looks for the key
associated with the primers, and PCR amplifies the strand. In this storage system,
the strands are separated into different pools, as shown in Fig. 2.10.

The digital data is encoded using a base three Huffman code, similar to Goldman
et al., where each byte in the digital data is mapped to 5 or 6 trits. The trits are
then encoded into DNA data following the rules in Table 2.3. The DNA data is
arranged in the same way as in Goldman et al. [5]. Two primer sequences are
placed in the beginning and at the end of the strand, where these sequences are
generated by encoding the key digital value using Table 2.3. Furthermore, an
address block is added, along with two sense nucleotides (“S”), to indicate whether
the payload data is reverse complemented or not. The address sequences (blocks)
are placed to identify the location of the data block in the input data string. The
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elementsinF47.(B)AnouterRScodeaddsaredundancyofn−k=119toeachrowof
theindividualblocks.Toeachcolumn,anindexoflength3isadded,andaredundancy
ofB=6isgeneratedusingasecond(inner)RScode.(C)Eachcolumnismappedto
DNAbasesusinganF47toaDNAcodonwheel.(D)Twoprimersequencesareaddedto
eachDNAstrandforPCRamplification.(E)Torecovertheoriginalinformationfromthe
DNAstrands,thereadsequencesaretranslatedtoF47andaredecodedbyfirstdecoding
theinnercode(correctingindividualbaseerrors),secondbysortingthesequencesby
meansoftheindex,followedbyouterdecoding,whichallowsthecorrectionofwhole
sequencesandtherecoveryofcompletelylostsequences.

2.3.4Bornholtetal.
Bornholtetal.[8]wasoneofthefirstpaperstoimplementrandomaccessina
DNA-basedstoragearchitecture.Theauthorsuseddifferentprimersequencesfor
differentDNAstrands,suchthatonlythedataassignedtothetargetprimerwill
bePCRamplifiedandsequenced.Theyimplementedtheabovebymappingakey
toeachpairofPCRprimersplacedinthestrands.WhenacertainDNAstrand
withitscorrespondingprimersisneeded,thestoragesystemlooksforthekey
associatedwiththeprimers,andPCRamplifiesthestrand.Inthisstoragesystem,
thestrandsareseparatedintodifferentpools,asshowninFig.2.10.

ThedigitaldataisencodedusingabasethreeHuffmancode,similartoGoldman
etal.,whereeachbyteinthedigitaldataismappedto5or6trits.Thetritsare
thenencodedintoDNAdatafollowingtherulesinTable2.3.TheDNAdatais
arrangedinthesamewayasinGoldmanetal.[5].Twoprimersequencesare
placedinthebeginningandattheendofthestrand,wherethesesequencesare
generatedbyencodingthekeydigitalvalueusingTable2.3.Furthermore,an
addressblockisadded,alongwithtwosensenucleotides(“S”),toindicatewhether
thepayloaddataisreversecomplementedornot.Theaddresssequences(blocks)
areplacedtoidentifythelocationofthedatablockintheinputdatastring.The
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Figure2.9:Grassetal.’sstoragesystem.(A)Everytwobytesofdataaremappedtothree
elementsinF47.(B)AnouterRScodeaddsaredundancyofn−k=119toeachrowof
theindividualblocks.Toeachcolumn,anindexoflength3isadded,andaredundancy
ofB=6isgeneratedusingasecond(inner)RScode.(C)Eachcolumnismappedto
DNAbasesusinganF47toaDNAcodonwheel.(D)Twoprimersequencesareaddedto
eachDNAstrandforPCRamplification.(E)Torecovertheoriginalinformationfromthe
DNAstrands,thereadsequencesaretranslatedtoF47andaredecodedbyfirstdecoding
theinnercode(correctingindividualbaseerrors),secondbysortingthesequencesby
meansoftheindex,followedbyouterdecoding,whichallowsthecorrectionofwhole
sequencesandtherecoveryofcompletelylostsequences.

2.3.4Bornholtetal.
Bornholtetal.[8]wasoneofthefirstpaperstoimplementrandomaccessina
DNA-basedstoragearchitecture.Theauthorsuseddifferentprimersequencesfor
differentDNAstrands,suchthatonlythedataassignedtothetargetprimerwill
bePCRamplifiedandsequenced.Theyimplementedtheabovebymappingakey
toeachpairofPCRprimersplacedinthestrands.WhenacertainDNAstrand
withitscorrespondingprimersisneeded,thestoragesystemlooksforthekey
associatedwiththeprimers,andPCRamplifiesthestrand.Inthisstoragesystem,
thestrandsareseparatedintodifferentpools,asshowninFig.2.10.

ThedigitaldataisencodedusingabasethreeHuffmancode,similartoGoldman
etal.,whereeachbyteinthedigitaldataismappedto5or6trits.Thetritsare
thenencodedintoDNAdatafollowingtherulesinTable2.3.TheDNAdatais
arrangedinthesamewayasinGoldmanetal.[5].Twoprimersequencesare
placedinthebeginningandattheendofthestrand,wherethesesequencesare
generatedbyencodingthekeydigitalvalueusingTable2.3.Furthermore,an
addressblockisadded,alongwithtwosensenucleotides(“S”),toindicatewhether
thepayloaddataisreversecomplementedornot.Theaddresssequences(blocks)
areplacedtoidentifythelocationofthedatablockintheinputdatastring.The
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Figure 2.10: Bornholt et al.’s storage system.

address block is divided in two parts. The first part includes the key the block is
associated with, and the second part indexes it.

To recover the data correctly, the authors used XOR decoding on the data
blocks. For every two DNA data blocks, a third redundant block is created by
XOR-ing all their data values. In other words, a data block a and a data block b
will have a redundant block a⊕b associated with them. This encoding is exploited
in the sequencing stage, where retrieving any two blocks from the selection a, b,
and a⊕ b is enough to recover a and b.

Previous nt
A C G T

0 C G T A
1 G T A C
2 T A C G

Table 2.3: DNA data encoding used in Bornholt et al.’s paper.

2.3.5 Erlich and Zielinski
Erlich and Zielinski [9] proposed a strategy for storage called DNA fountain that
exploits the strength of fountain codes over channels with information dropouts.
However, their strategy does not offer random access, but it does achieve the
third-highest spectral efficiency with 1.18 bits/nt.

The proposed encoding of digital data is quite unique and is shown in Fig. 2.11.
First, the data is divided into non-overlapping segments, each having the same fixed
length, where each segment is referred to as a droplet. This process is referred to as
“pre-processing.” Then, the data is iterated between two computational processes,
the Luby transform process and the screening process. In the Luby transform,
several data segments from segmentation are chosen randomly for bitwise addition.
This sets the basis for fountain codes. The summed output is then appended
with a short-length seed and is given to screening. The seed is related to the
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associatedwith,andthesecondpartindexesit.

Torecoverthedatacorrectly,theauthorsusedXORdecodingonthedata
blocks.ForeverytwoDNAdatablocks,athirdredundantblockiscreatedby
XOR-ingalltheirdatavalues.Inotherwords,adatablockaandadatablockb
willhavearedundantblocka⊕bassociatedwiththem.Thisencodingisexploited
inthesequencingstage,whereretrievinganytwoblocksfromtheselectiona,b,
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exploitsthestrengthoffountaincodesoverchannelswithinformationdropouts.
However,theirstrategydoesnotofferrandomaccess,butitdoesachievethe
third-highestspectralefficiencywith1.18bits/nt.

TheproposedencodingofdigitaldataisquiteuniqueandisshowninFig.2.11.
First,thedataisdividedintonon-overlappingsegments,eachhavingthesamefixed
length,whereeachsegmentisreferredtoasadroplet.Thisprocessisreferredtoas
“pre-processing.”Then,thedataisiteratedbetweentwocomputationalprocesses,
theLubytransformprocessandthescreeningprocess.IntheLubytransform,
severaldatasegmentsfromsegmentationarechosenrandomlyforbitwiseaddition.
Thissetsthebasisforfountaincodes.Thesummedoutputisthenappended
withashort-lengthseedandisgiventoscreening.Theseedisrelatedtothe

18DNA-BasedStorageSystems

Figure2.10:Bornholtetal.’sstoragesystem.

addressblockisdividedintwoparts.Thefirstpartincludesthekeytheblockis
associatedwith,andthesecondpartindexesit.

Torecoverthedatacorrectly,theauthorsusedXORdecodingonthedata
blocks.ForeverytwoDNAdatablocks,athirdredundantblockiscreatedby
XOR-ingalltheirdatavalues.Inotherwords,adatablockaandadatablockb
willhavearedundantblocka⊕bassociatedwiththem.Thisencodingisexploited
inthesequencingstage,whereretrievinganytwoblocksfromtheselectiona,b,
anda⊕bisenoughtorecoveraandb.

Previousnt
ACGT

0CGTA
1GTAC
2TACG

Table2.3:DNAdataencodingusedinBornholtetal.’spaper.

2.3.5ErlichandZielinski
ErlichandZielinski[9]proposedastrategyforstoragecalledDNAfountainthat
exploitsthestrengthoffountaincodesoverchannelswithinformationdropouts.
However,theirstrategydoesnotofferrandomaccess,butitdoesachievethe
third-highestspectralefficiencywith1.18bits/nt.

TheproposedencodingofdigitaldataisquiteuniqueandisshowninFig.2.11.
First,thedataisdividedintonon-overlappingsegments,eachhavingthesamefixed
length,whereeachsegmentisreferredtoasadroplet.Thisprocessisreferredtoas
“pre-processing.”Then,thedataisiteratedbetweentwocomputationalprocesses,
theLubytransformprocessandthescreeningprocess.IntheLubytransform,
severaldatasegmentsfromsegmentationarechosenrandomlyforbitwiseaddition.
Thissetsthebasisforfountaincodes.Thesummedoutputisthenappended
withashort-lengthseedandisgiventoscreening.Theseedisrelatedtothe

18 DNA-Based Storage Systems

Figure 2.10: Bornholt et al.’s storage system.

address block is divided in two parts. The first part includes the key the block is
associated with, and the second part indexes it.

To recover the data correctly, the authors used XOR decoding on the data
blocks. For every two DNA data blocks, a third redundant block is created by
XOR-ing all their data values. In other words, a data block a and a data block b
will have a redundant block a⊕b associated with them. This encoding is exploited
in the sequencing stage, where retrieving any two blocks from the selection a, b,
and a⊕ b is enough to recover a and b.

Previous nt
A C G T

0 C G T A
1 G T A C
2 T A C G

Table 2.3: DNA data encoding used in Bornholt et al.’s paper.

2.3.5 Erlich and Zielinski
Erlich and Zielinski [9] proposed a strategy for storage called DNA fountain that
exploits the strength of fountain codes over channels with information dropouts.
However, their strategy does not offer random access, but it does achieve the
third-highest spectral efficiency with 1.18 bits/nt.

The proposed encoding of digital data is quite unique and is shown in Fig. 2.11.
First, the data is divided into non-overlapping segments, each having the same fixed
length, where each segment is referred to as a droplet. This process is referred to as
“pre-processing.” Then, the data is iterated between two computational processes,
the Luby transform process and the screening process. In the Luby transform,
several data segments from segmentation are chosen randomly for bitwise addition.
This sets the basis for fountain codes. The summed output is then appended
with a short-length seed and is given to screening. The seed is related to the

18 DNA-Based Storage Systems

Figure 2.10: Bornholt et al.’s storage system.

address block is divided in two parts. The first part includes the key the block is
associated with, and the second part indexes it.

To recover the data correctly, the authors used XOR decoding on the data
blocks. For every two DNA data blocks, a third redundant block is created by
XOR-ing all their data values. In other words, a data block a and a data block b
will have a redundant block a⊕b associated with them. This encoding is exploited
in the sequencing stage, where retrieving any two blocks from the selection a, b,
and a⊕ b is enough to recover a and b.

Previous nt
A C G T

0 C G T A
1 G T A C
2 T A C G

Table 2.3: DNA data encoding used in Bornholt et al.’s paper.

2.3.5 Erlich and Zielinski
Erlich and Zielinski [9] proposed a strategy for storage called DNA fountain that
exploits the strength of fountain codes over channels with information dropouts.
However, their strategy does not offer random access, but it does achieve the
third-highest spectral efficiency with 1.18 bits/nt.

The proposed encoding of digital data is quite unique and is shown in Fig. 2.11.
First, the data is divided into non-overlapping segments, each having the same fixed
length, where each segment is referred to as a droplet. This process is referred to as
“pre-processing.” Then, the data is iterated between two computational processes,
the Luby transform process and the screening process. In the Luby transform,
several data segments from segmentation are chosen randomly for bitwise addition.
This sets the basis for fountain codes. The summed output is then appended
with a short-length seed and is given to screening. The seed is related to the

18DNA-BasedStorageSystems

Figure2.10:Bornholtetal.’sstoragesystem.

addressblockisdividedintwoparts.Thefirstpartincludesthekeytheblockis
associatedwith,andthesecondpartindexesit.

Torecoverthedatacorrectly,theauthorsusedXORdecodingonthedata
blocks.ForeverytwoDNAdatablocks,athirdredundantblockiscreatedby
XOR-ingalltheirdatavalues.Inotherwords,adatablockaandadatablockb
willhavearedundantblocka⊕bassociatedwiththem.Thisencodingisexploited
inthesequencingstage,whereretrievinganytwoblocksfromtheselectiona,b,
anda⊕bisenoughtorecoveraandb.

Previousnt
ACGT

0CGTA
1GTAC
2TACG

Table2.3:DNAdataencodingusedinBornholtetal.’spaper.

2.3.5ErlichandZielinski
ErlichandZielinski[9]proposedastrategyforstoragecalledDNAfountainthat
exploitsthestrengthoffountaincodesoverchannelswithinformationdropouts.
However,theirstrategydoesnotofferrandomaccess,butitdoesachievethe
third-highestspectralefficiencywith1.18bits/nt.

TheproposedencodingofdigitaldataisquiteuniqueandisshowninFig.2.11.
First,thedataisdividedintonon-overlappingsegments,eachhavingthesamefixed
length,whereeachsegmentisreferredtoasadroplet.Thisprocessisreferredtoas
“pre-processing.”Then,thedataisiteratedbetweentwocomputationalprocesses,
theLubytransformprocessandthescreeningprocess.IntheLubytransform,
severaldatasegmentsfromsegmentationarechosenrandomlyforbitwiseaddition.
Thissetsthebasisforfountaincodes.Thesummedoutputisthenappended
withashort-lengthseedandisgiventoscreening.Theseedisrelatedtothe

18DNA-BasedStorageSystems

Figure2.10:Bornholtetal.’sstoragesystem.

addressblockisdividedintwoparts.Thefirstpartincludesthekeytheblockis
associatedwith,andthesecondpartindexesit.

Torecoverthedatacorrectly,theauthorsusedXORdecodingonthedata
blocks.ForeverytwoDNAdatablocks,athirdredundantblockiscreatedby
XOR-ingalltheirdatavalues.Inotherwords,adatablockaandadatablockb
willhavearedundantblocka⊕bassociatedwiththem.Thisencodingisexploited
inthesequencingstage,whereretrievinganytwoblocksfromtheselectiona,b,
anda⊕bisenoughtorecoveraandb.

Previousnt
ACGT

0CGTA
1GTAC
2TACG

Table2.3:DNAdataencodingusedinBornholtetal.’spaper.

2.3.5ErlichandZielinski
ErlichandZielinski[9]proposedastrategyforstoragecalledDNAfountainthat
exploitsthestrengthoffountaincodesoverchannelswithinformationdropouts.
However,theirstrategydoesnotofferrandomaccess,butitdoesachievethe
third-highestspectralefficiencywith1.18bits/nt.

TheproposedencodingofdigitaldataisquiteuniqueandisshowninFig.2.11.
First,thedataisdividedintonon-overlappingsegments,eachhavingthesamefixed
length,whereeachsegmentisreferredtoasadroplet.Thisprocessisreferredtoas
“pre-processing.”Then,thedataisiteratedbetweentwocomputationalprocesses,
theLubytransformprocessandthescreeningprocess.IntheLubytransform,
severaldatasegmentsfromsegmentationarechosenrandomlyforbitwiseaddition.
Thissetsthebasisforfountaincodes.Thesummedoutputisthenappended
withashort-lengthseedandisgiventoscreening.Theseedisrelatedtothe

18DNA-BasedStorageSystems

Figure2.10:Bornholtetal.’sstoragesystem.

addressblockisdividedintwoparts.Thefirstpartincludesthekeytheblockis
associatedwith,andthesecondpartindexesit.

Torecoverthedatacorrectly,theauthorsusedXORdecodingonthedata
blocks.ForeverytwoDNAdatablocks,athirdredundantblockiscreatedby
XOR-ingalltheirdatavalues.Inotherwords,adatablockaandadatablockb
willhavearedundantblocka⊕bassociatedwiththem.Thisencodingisexploited
inthesequencingstage,whereretrievinganytwoblocksfromtheselectiona,b,
anda⊕bisenoughtorecoveraandb.

Previousnt
ACGT

0CGTA
1GTAC
2TACG

Table2.3:DNAdataencodingusedinBornholtetal.’spaper.

2.3.5ErlichandZielinski
ErlichandZielinski[9]proposedastrategyforstoragecalledDNAfountainthat
exploitsthestrengthoffountaincodesoverchannelswithinformationdropouts.
However,theirstrategydoesnotofferrandomaccess,butitdoesachievethe
third-highestspectralefficiencywith1.18bits/nt.

TheproposedencodingofdigitaldataisquiteuniqueandisshowninFig.2.11.
First,thedataisdividedintonon-overlappingsegments,eachhavingthesamefixed
length,whereeachsegmentisreferredtoasadroplet.Thisprocessisreferredtoas
“pre-processing.”Then,thedataisiteratedbetweentwocomputationalprocesses,
theLubytransformprocessandthescreeningprocess.IntheLubytransform,
severaldatasegmentsfromsegmentationarechosenrandomlyforbitwiseaddition.
Thissetsthebasisforfountaincodes.Thesummedoutputisthenappended
withashort-lengthseedandisgiventoscreening.Theseedisrelatedtothe

18DNA-BasedStorageSystems

Figure2.10:Bornholtetal.’sstoragesystem.

addressblockisdividedintwoparts.Thefirstpartincludesthekeytheblockis
associatedwith,andthesecondpartindexesit.

Torecoverthedatacorrectly,theauthorsusedXORdecodingonthedata
blocks.ForeverytwoDNAdatablocks,athirdredundantblockiscreatedby
XOR-ingalltheirdatavalues.Inotherwords,adatablockaandadatablockb
willhavearedundantblocka⊕bassociatedwiththem.Thisencodingisexploited
inthesequencingstage,whereretrievinganytwoblocksfromtheselectiona,b,
anda⊕bisenoughtorecoveraandb.

Previousnt
ACGT

0CGTA
1GTAC
2TACG

Table2.3:DNAdataencodingusedinBornholtetal.’spaper.

2.3.5ErlichandZielinski
ErlichandZielinski[9]proposedastrategyforstoragecalledDNAfountainthat
exploitsthestrengthoffountaincodesoverchannelswithinformationdropouts.
However,theirstrategydoesnotofferrandomaccess,butitdoesachievethe
third-highestspectralefficiencywith1.18bits/nt.

TheproposedencodingofdigitaldataisquiteuniqueandisshowninFig.2.11.
First,thedataisdividedintonon-overlappingsegments,eachhavingthesamefixed
length,whereeachsegmentisreferredtoasadroplet.Thisprocessisreferredtoas
“pre-processing.”Then,thedataisiteratedbetweentwocomputationalprocesses,
theLubytransformprocessandthescreeningprocess.IntheLubytransform,
severaldatasegmentsfromsegmentationarechosenrandomlyforbitwiseaddition.
Thissetsthebasisforfountaincodes.Thesummedoutputisthenappended
withashort-lengthseedandisgiventoscreening.Theseedisrelatedtothe



2.3 Experiments 19

Figure 2.11: DNA fountain architecture.

random number generator of the transform during the creation of the droplet,
and it allows the decoding algorithm to identify the segments in the droplet. In
screening, the output data is tested for balanced GC content and homopolymer
runs of more than 3 bases. If the output data does satisfy the constraints, then it
is passed for synthesis; otherwise, it is discarded. The digital data in the screening
process is mapped as follows: 00 → A, 01 → C, 10 → G, and 11 → T . These
two processes are repeated until enough data strands are created for passing to
synthesis. Fig. 2.11 shows the DNA fountain architecture.

The authors encoded 2.11 MB of data using their DNA fountain strategy. The
data is split into 67, 088 segments, each one being 32 bytes in size. These segments
are then iterated between the computational steps of DNA fountain until valid
strands are created. Each droplet is 38 bytes in size: 4 bytes of seed, 32 bytes of
payload data, and 2 bytes are used for the redundancy symbols of an RS code.
The final DNA strand is made up of 200 nucleotides, 48 of which constitute primer
sequences.

After sequencing using PCR amplification and Illumina sequencing technology,
the decoder recovered the droplets in their binary form, discarded the droplets
with errors as given by the RS code, and finally used a message-passing algorithm
to recover the information from the Luby transform process.
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randomnumbergeneratorofthetransformduringthecreationofthedroplet,
anditallowsthedecodingalgorithmtoidentifythesegmentsinthedroplet.In
screening,theoutputdataistestedforbalancedGCcontentandhomopolymer
runsofmorethan3bases.Iftheoutputdatadoessatisfytheconstraints,thenit
ispassedforsynthesis;otherwise,itisdiscarded.Thedigitaldatainthescreening
processismappedasfollows:00→A,01→C,10→G,and11→T.These
twoprocessesarerepeateduntilenoughdatastrandsarecreatedforpassingto
synthesis.Fig.2.11showstheDNAfountainarchitecture.

Theauthorsencoded2.11MBofdatausingtheirDNAfountainstrategy.The
dataissplitinto67,088segments,eachonebeing32bytesinsize.Thesesegments
aretheniteratedbetweenthecomputationalstepsofDNAfountainuntilvalid
strandsarecreated.Eachdropletis38bytesinsize:4bytesofseed,32bytesof
payloaddata,and2bytesareusedfortheredundancysymbolsofanRScode.
ThefinalDNAstrandismadeupof200nucleotides,48ofwhichconstituteprimer
sequences.

AftersequencingusingPCRamplificationandIlluminasequencingtechnology,
thedecoderrecoveredthedropletsintheirbinaryform,discardedthedroplets
witherrorsasgivenbytheRScode,andfinallyusedamessage-passingalgorithm
torecovertheinformationfromtheLubytransformprocess.
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2.3.6 Blawat et al.

Blawat et al. [7] also used a unique digital to DNA data encoding, which is
summarized in Table 2.4. In this encoding scheme, each byte of digital data is
transformed into a 5 nucleotides DNA symbol. The first six bits are mapped
normally, where the two-bit tuples 00, 01, 10, and 11 are mapped to DNA bases
A, C, G, and T , respectively. The last two bits are mapped to two DNA bases
according to Table 2.4 and following some constraints. The constraints are as
follows: the first three bases and the last two bases cannot be the same. In
particular, in a DNA symbol, the base for the first two bits is placed as the first
base, the base for the second bit tuple is placed as the second base, and the base
for the third bit tuple is placed as the fourth base. This means the two bases
corresponding to the last tuple are placed as the third and fifth bases in the DNA
symbol. Consequently, from Table 2.4, there will be no homopolymer runs of
more than three bases. If we take, for example, the byte 00011011, the mapping
for the first 6 bits will be AC − G−. Hence, the DNA symbol can be one of
the following four (according to Table 2.4): ACAGT , ACCGA, ACGGC, and
ACTGG. Following the aforementioned constraints, ACTGG is an invalid symbol.
Generalizing the above example, every data byte sequence is guaranteed to have
at least two valid DNA symbol mappings, and most of them will actually have
three. In [7], the authors say that 256 out of the 256 possible data bytes have two
mapping choices, while 208 out of the 256 have three mapping choices. Hence, the
symbols available to be used can be grouped into three clusters: two complete
ones, denoted as clusters A and B, respectively, and a partial one, denoted by
cluster C. To this end, cluster C will be ignored, and each byte mapping will be
chosen from either cluster A or cluster B in a controlled manner, e.g., alternatively.
The clusters are used in the decoding stage, and according to the authors, this
encoding scheme is useful in detecting insertions and deletions [7].

Value Base
00 A
01 C
10 G
11 T

First 3 bit tuples

Value Option 1 Option 2 Option 3 Option 4
00 AA CC GG TT
01 AC CG GT TA
10 AG CT GA TC
11 AT CA GC TG

Last bit tuple

Table 2.4: Balwat et al.’s digital to DNA data mapping.

Similar to Grass et al., DNA sequences are arranged in matrices, and error-
correction codes are applied to both rows and columns. More specifically, the
address of every strand is protected individually with a BCH code of length 63
and dimension 39. The columns are encoded with an RS code of length 255 and
dimension 223 (strands are arranged in rows). Finally, an error-detection code is
placed at the end of each strand; the error-detection code used in the paper is a
CCITT 16-bit cyclic redundancy check code. This triple data protection scheme
further helps in the correction and detection of insertion and deletion errors.
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normally,wherethetwo-bittuples00,01,10,and11aremappedtoDNAbases
A,C,G,andT,respectively.ThelasttwobitsaremappedtotwoDNAbases
accordingtoTable2.4andfollowingsomeconstraints.Theconstraintsareas
follows:thefirstthreebasesandthelasttwobasescannotbethesame.In
particular,inaDNAsymbol,thebaseforthefirsttwobitsisplacedasthefirst
base,thebaseforthesecondbittupleisplacedasthesecondbase,andthebase
forthethirdbittupleisplacedasthefourthbase.Thismeansthetwobases
correspondingtothelasttupleareplacedasthethirdandfifthbasesintheDNA
symbol.Consequently,fromTable2.4,therewillbenohomopolymerrunsof
morethanthreebases.Ifwetake,forexample,thebyte00011011,themapping
forthefirst6bitswillbeAC−G−.Hence,theDNAsymbolcanbeoneof
thefollowingfour(accordingtoTable2.4):ACAGT,ACCGA,ACGGC,and
ACTGG.Followingtheaforementionedconstraints,ACTGGisaninvalidsymbol.
Generalizingtheaboveexample,everydatabytesequenceisguaranteedtohave
atleasttwovalidDNAsymbolmappings,andmostofthemwillactuallyhave
three.In[7],theauthorssaythat256outofthe256possibledatabyteshavetwo
mappingchoices,while208outofthe256havethreemappingchoices.Hence,the
symbolsavailabletobeusedcanbegroupedintothreeclusters:twocomplete
ones,denotedasclustersAandB,respectively,andapartialone,denotedby
clusterC.Tothisend,clusterCwillbeignored,andeachbytemappingwillbe
chosenfromeitherclusterAorclusterBinacontrolledmanner,e.g.,alternatively.
Theclustersareusedinthedecodingstage,andaccordingtotheauthors,this
encodingschemeisusefulindetectinginsertionsanddeletions[7].
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Table2.4:Balwatetal.’sdigitaltoDNAdatamapping.

SimilartoGrassetal.,DNAsequencesarearrangedinmatrices,anderror-
correctioncodesareappliedtobothrowsandcolumns.Morespecifically,the
addressofeverystrandisprotectedindividuallywithaBCHcodeoflength63
anddimension39.ThecolumnsareencodedwithanRScodeoflength255and
dimension223(strandsarearrangedinrows).Finally,anerror-detectioncodeis
placedattheendofeachstrand;theerror-detectioncodeusedinthepaperisa
CCITT16-bitcyclicredundancycheckcode.Thistripledataprotectionscheme
furtherhelpsinthecorrectionanddetectionofinsertionanddeletionerrors.
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particular,inaDNAsymbol,thebaseforthefirsttwobitsisplacedasthefirst
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correspondingtothelasttupleareplacedasthethirdandfifthbasesintheDNA
symbol.Consequently,fromTable2.4,therewillbenohomopolymerrunsof
morethanthreebases.Ifwetake,forexample,thebyte00011011,themapping
forthefirst6bitswillbeAC−G−.Hence,theDNAsymbolcanbeoneof
thefollowingfour(accordingtoTable2.4):ACAGT,ACCGA,ACGGC,and
ACTGG.Followingtheaforementionedconstraints,ACTGGisaninvalidsymbol.
Generalizingtheaboveexample,everydatabytesequenceisguaranteedtohave
atleasttwovalidDNAsymbolmappings,andmostofthemwillactuallyhave
three.In[7],theauthorssaythat256outofthe256possibledatabyteshavetwo
mappingchoices,while208outofthe256havethreemappingchoices.Hence,the
symbolsavailabletobeusedcanbegroupedintothreeclusters:twocomplete
ones,denotedasclustersAandB,respectively,andapartialone,denotedby
clusterC.Tothisend,clusterCwillbeignored,andeachbytemappingwillbe
chosenfromeitherclusterAorclusterBinacontrolledmanner,e.g.,alternatively.
Theclustersareusedinthedecodingstage,andaccordingtotheauthors,this
encodingschemeisusefulindetectinginsertionsanddeletions[7].
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Table2.4:Balwatetal.’sdigitaltoDNAdatamapping.

SimilartoGrassetal.,DNAsequencesarearrangedinmatrices,anderror-
correctioncodesareappliedtobothrowsandcolumns.Morespecifically,the
addressofeverystrandisprotectedindividuallywithaBCHcodeoflength63
anddimension39.ThecolumnsareencodedwithanRScodeoflength255and
dimension223(strandsarearrangedinrows).Finally,anerror-detectioncodeis
placedattheendofeachstrand;theerror-detectioncodeusedinthepaperisa
CCITT16-bitcyclicredundancycheckcode.Thistripledataprotectionscheme
furtherhelpsinthecorrectionanddetectionofinsertionanddeletionerrors.
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2.3.7 Yazdi et al.

In their paper, Yazdi et al. [10] achieved the highest spectral efficiency out of
all the papers. They achieved this by trying to build a storage system that
is as suitable as possible for a DNA storage channel. The authors reduced
the cost of synthesis by using an efficient compression algorithm, along with
mapping schemes that prohibit homopolymer runs and provide balanced GC
content. Furthermore, the system provides random access using so-called gBlock
codewords (long DNA strands specific to nanopore sequencing), each accompanied
by carefully constructed address sequences. These address sequences are used
in PCR amplification to separate the different strands during retrieval. The
constructed addresses are made unique by having large mutual Hamming distances
along with low mutual correlations. By having a low mutual correlation, no
substring of any address sequence will match with the substrings of the others, and
no address sequence can be confused with erroneous received codewords. Error-
detection and correction of the received strands are ensured by a construction
algorithm based on consensus sequences and a deletion error-correcting code
tailored for the nanopore channel. The consensus sequence construction algorithm
combines classical multiple alignment methods with side information given by the
address sequences; in addition, it exploits the algebraic structure of the gBlocks.

The authors performed digital to DNA data encoding in three encoding steps:
the first controls the GC content balance of each DNA data block, the second
controls their address sequences, and the last one is used for deletion-error cor-
rection. The total data blocklength used in the paper is 1000 nucleotides; 984 of
them is for encoded information data, while 16 nucleotides are used for addressing.
As mentioned earlier, the addresses are designed to have large mutual Hamming
distances and low mutual correlations. This was done by combining together three
codewords, two from a code C1 and one from a second code C3. In the paper, the
authors chose C1 = {10000000, 01111111}, while C3 is a BCH code of length 16,
dimension 11, and minimum distance 4. Furthermore, the addresses should not ap-
pear as substrings in the encoded information; as a result, the encoded information
sequences (984 nucleotides) are constructed 8 nucleotides at a time by combining
codewords from codes C2 and C4, each of length-8 bits, where C2 is chosen to be
the set of all balanced binary sequences of length-8 bits (contains an equal number
of 1’s and 0’s), while C4 is the set of all binary words of length 8.

After sequencing, the scheme performs three post-processing steps to recover
the original data. First, a rough estimate of the DNA codeword is constructed,
where it contains a list of the most reliable DNA strands or fragments (the ones
that contain the least of number of IDS errors). This is done by using the addresses
as pilot symbols since they are known to both the transmitter and the receiver.
The strands corresponding to the pilot symbols with the least errors are classified
as the highest-quality reads. Second, the authors use multiple sequence alignment
(MSA) algorithms to construct several consensus (majority) sequences. These
algorithms are performed on the high-quality reads decided earlier. The different
reads are compared, and a consensus sequence is chosen with a Burrows-Wheeler
alignment algorithm [25]. This final step is repeated several times, each time more
reads are added to decide on the consensus until all poor-quality reads are solved
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Thestrandscorrespondingtothepilotsymbolswiththeleasterrorsareclassified
asthehighest-qualityreads.Second,theauthorsusemultiplesequencealignment
(MSA)algorithmstoconstructseveralconsensus(majority)sequences.These
algorithmsareperformedonthehigh-qualityreadsdecidedearlier.Thedifferent
readsarecompared,andaconsensussequenceischosenwithaBurrows-Wheeler
alignmentalgorithm[25].Thisfinalstepisrepeatedseveraltimes,eachtimemore
readsareaddedtodecideontheconsensusuntilallpoor-qualityreadsaresolved
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or declared unsolvable. The above steps will, in some way, transform all unsolved
substitution and insertion errors into deletion errors. The authors build on several
codes for deletion errors in the literature to develop their coding scheme, referred
to as the “homopolymer parity-check” code.

2.3.8 Chanda et al.
Unlike the previously mentioned experiments, where the main performance metric
is the spectral efficiency in bits/nts, Chanda et al. [13] target two metrics referred
to as the writing cost, denoted by cw, and the reading cost, denoted by cr, both
with units of nts/bits. The writing cost is the reciprocal of the spectral efficiency,
and the reading cost is loosely defined as the number of reads that need to be
performed to guarantee recovery of the original data. In this work, the authors
investigate the trade-off between cw and cr and compare their proposed scheme to
previous works in this regard.

To this end, the proposed scheme works as follows. First, a binary file of size
224 KB is encoded using an LDPC code (see Chapter 3.3), where the resulting
codeword is divided into L = 12, 026 blocks, each of the same size. Each block
is then mapped to the DNA alphabet, using the standard mapping of 00 → A,
01→ C, 10→ G, and 11→ T . The authors randomize the input binary file by
compressing and encrypting it to avoid long runs of homopolymers [13]. Next, a
marker of 3 bases, “AGT,” known to both the transmitter and receiver, is added
to each block. This is done to help in correcting some insertion and deletion errors
after sequencing. Then, an index is attached to every block, where the index is
protected by a BCH code. The DNA blocks are then synthesized into DNA strands
and stored. Each DNA strand is made up of 100 nucleotides. The index takes 10
nucleotides and is protected by a BCH code that takes 6 nucleotides. The payload
will take the rest of the 84 nucleotides, where the marker “AGT” takes 3 of them.

The decoding of the reads is done as follows. First, index decoding for each read
is performed by decoding the BCH code. If the decoding fails, then an attempt to
solve for a single insertion or deletion in the index is done. The recovery succeeds
when a unique single insertion or deletion error leads to a noiseless BCH codeword.
According to the authors, this additional step recovers 5-10% of the indices [13].
After index decoding, the decoder groups the reads belonging to the same index
and invoke an MSA algorithm to decide on a consensus for each index. Afterward,
the consensus sequence is checked for the correct target length. If the consensus
length is not equal to the target one, then the decoder uses the marker sequence
to recover the read. The MSA algorithm transforms insertion and deletion errors
into substitution errors. Finally, the MSA consensus is sent to the LDPC decoder,
where the decoder first computes the probability of each bit and then invokes a
decoding algorithm. According to [13], the proposed scheme achieves a writing
cost of cw = 0.67 and a reading cost of cr = 3.82.

2.3.9 Discussion
Although all these experiments show the full error-free reconstruction of their user
data, they build their schemes based on heuristics only. Many of the experiments
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andstored.EachDNAstrandismadeupof100nucleotides.Theindextakes10
nucleotidesandisprotectedbyaBCHcodethattakes6nucleotides.Thepayload
willtaketherestofthe84nucleotides,wherethemarker“AGT”takes3ofthem.
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toasthewritingcost,denotedbycw,andthereadingcost,denotedbycr,both
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previousworksinthisregard.
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decodingalgorithm.Accordingto[13],theproposedschemeachievesawriting
costofcw=0.67andareadingcostofcr=3.82.
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Althoughalltheseexperimentsshowthefullerror-freereconstructionoftheiruser
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2.3.9Discussion
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Chapter 3

Modern Coding Theory

In this chapter, we provide preliminaries of coding theory and introduce modern
codes and tools to predict their performance. Modern codes have become the
standard for many applications in communications, which is attributed to their
excellent performance in several channels. They have been proven to achieve the
information rate capacity theorized by Shannon [26, 27], a milestone that coding
theorists have sought for a long time. Hence, modern codes are used extensively
in this thesis. Two classes of well-known modern codes are LDPC codes and turbo
codes. Turbo codes are usually made up of a parallel or serial concatenation of two
convolutional codes. LDPC and convolutional codes are both used in this thesis.

3.1 Preliminaries of Coding Theory
In the context of communication theory, which offers a mathematical model for
information transfer over various channels and sets a benchmark for designing
communication systems, coding theory works under the principle of adding re-
dundancy to the transmitted message, where this redundancy is exploited in the
receiver to correct errors that impaired the message. Formally, we define a code as
a mapping from a vector space of dimension k, Fk

q , to a vector space of dimension
n, Fn

q , over a finite field Fq of size q, where n > k. Formally, a code C(k, n) will
take an information vector, or message, u of length k, and map it to a codeword
c of length n. The span of u is the entire vector space Fk

q , and we can have qk

possible messages. The mapping is one-to-one, so we have qk codewords out of
the possible qn vectors in Fn

q . The code rate is defined as R = k
n , and it repre-

sents the degree of redundancy the code has; the closer to one the rate is, the less
redundancy the code uses.

An important and widely used subclass of codes is linear block codes, which
exhibit very nice properties. A code is said to be a linear block code if its qk

codewords are a subspace of Fn
q . An encoder of a linear block code C(k, n) will take

a message u of length k and multiply it by a corresponding k×n generator matrix
G. The generator matrix G consists of k linearly independent row vectors that
span C(k, n). The multiplication of the message u and G will result in a codeword
c of length n, i.e., c = uG. A linear block code has the following properties.

• The addition over Fn
q of any two codewords in C(k, n) is another codeword.
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Figure 3.1: FSM representation of a convolutional code encoder.
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q . The code corresponding to the dual space is referred to as the dual

code of C, and has a generator matrix H, of dimensions (n− k)× n, referred to as
the parity-check matrix of C, where GHT = 0 and (·)T denotes the transpose of
its argument.

3.2 Convolutional Codes
Convolutional codes are another example of popular linear codes. They have been
used in several applications and standardization. Introduced in 1955 by Peter
Elias, it was later shown that convolutional codes can be maximum likelihood
(ML) and maximum a posteriori probability (MAP) decoded efficiently [28, 29],
where soft output from the decoder is provided, unlike most linear block codes.

Formally, a convolutional code is denoted as (ncc, kcc, νcc), where ncc is the
number of output bits given kcc input bits to the encoder; hence, ncc > kcc.
Furthermore, νcc denotes the number of memory elements in the convolutional
code. The convolutional code encoder is typically represented by a finite state
machine (FSM) made up of shift registers and XOR gates. The encoder of a (2, 1, 2)
convolutional code depicted as an FSM is shown in Fig. 3.1. The rate of this
convolutional code is Rcc = kcc/ncc = 1/2, where every bit in u = (u1, u2, . . . ) is
encoded into the odd bits in c1 = (c1, c3, . . . ) and the even bits in c2 = (c2, c4, . . . ),
giving us the overall codeword c = (c1, c2, c3, c4, . . . ). For clarification, here
c1 = u1 ⊕ m0 and c2 = u1 ⊕ m0 ⊕ m1 for the first round of encoding, then
the memory elements will shift the data one bit to the right, i.e., m1 = m0
followed by m0 = u1. In general, for this convolutional code, c2j−1 = uj ⊕m0 and
c2j = uj ⊕m0 ⊕m1. The FSM can be generalized to kcc > 1 input bits, ncc ≥ 2
output bits, and νcc ≥ 2 memory elements and for all combinations of XOR
operations. Furthermore, convolutional codes are known to be stream-like codes,
where essentially the information bits from u can keep being fed continuously in a
stream-like fashion, and the FSM will keep producing encoded bits. However, in

26ModernCodingTheory

Figure3.1:FSMrepresentationofaconvolutionalcodeencoder.

Formally,forci∈Candcj∈C,wehavec=ci+cj∈C.

•Alllinearblockcodescontaintheall-zerocodeword,i.e.,0∈C.

Furthermore,alinearblockcodeChasadual(null)spacemapping,Cnull,from
Fn−k

qtoFn
q.Thecodecorrespondingtothedualspaceisreferredtoasthedual

codeofC,andhasageneratormatrixH,ofdimensions(n−k)×n,referredtoas
theparity-checkmatrixofC,whereGHT=0and(·)Tdenotesthetransposeof
itsargument.

3.2ConvolutionalCodes
Convolutionalcodesareanotherexampleofpopularlinearcodes.Theyhavebeen
usedinseveralapplicationsandstandardization.Introducedin1955byPeter
Elias,itwaslatershownthatconvolutionalcodescanbemaximumlikelihood
(ML)andmaximumaposterioriprobability(MAP)decodedefficiently[28,29],
wheresoftoutputfromthedecoderisprovided,unlikemostlinearblockcodes.

Formally,aconvolutionalcodeisdenotedas(ncc,kcc,νcc),wherenccisthe
numberofoutputbitsgivenkccinputbitstotheencoder;hence,ncc>kcc.
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code.Theconvolutionalcodeencoderistypicallyrepresentedbyafinitestate
machine(FSM)madeupofshiftregistersandXORgates.Theencoderofa(2,1,2)
convolutionalcodedepictedasanFSMisshowninFig.3.1.Therateofthis
convolutionalcodeisRcc=kcc/ncc=1/2,whereeverybitinu=(u1,u2,...)is
encodedintotheoddbitsinc1=(c1,c3,...)andtheevenbitsinc2=(c2,c4,...),
givingustheoverallcodewordc=(c1,c2,c3,c4,...).Forclarification,here
c1=u1⊕m0andc2=u1⊕m0⊕m1forthefirstroundofencoding,then
thememoryelementswillshiftthedataonebittotheright,i.e.,m1=m0
followedbym0=u1.Ingeneral,forthisconvolutionalcode,c2j−1=uj⊕m0and
c2j=uj⊕m0⊕m1.TheFSMcanbegeneralizedtokcc>1inputbits,ncc≥2
outputbits,andνcc≥2memoryelementsandforallcombinationsofXOR
operations.Furthermore,convolutionalcodesareknowntobestream-likecodes,
whereessentiallytheinformationbitsfromucankeepbeingfedcontinuouslyina
stream-likefashion,andtheFSMwillkeepproducingencodedbits.However,in
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practice, the stream of information is finite, and the convolutional code is used as
a block code. As a result, the convolutional code needs to be terminated at the
end of the transmission by clearing the memory elements. This procedure will be
shown later in this section.

3.2.1 Algebraic Representation of Convolutional Codes
One common way to represent convolutional codes is through polynomials. For-
mally, define the polynomial ring F2[D] with indeterminate D, which contains
polynomials with coefficients from F2. An (ncc, kcc, νcc) convolutional code has a
polynomial generator matrix of the form

G(D) =


g1,1(D) g1,2(D) . . . g1,ncc(D)
g2,1(D) g2,2(D) . . . g2,ncc(D)

... ... . . .
...

gkcc,1(D) gkcc,2(D) . . . gkcc,ncc(D)

 ∈ F2[D]k×n,

where νcc is the sum of the maximum degrees of the polynomials in each row, i.e.,
νcc = ∑k

i=1 max1≤j≤n deg(gi,j(D)). Here, the coefficient of D0 in gi,j(D) represents
the connection of the j-th output stream to the input bit of the i-th input stream
and Dl, 1 ≤ l ≤ deg(gi,j(D)), the connection to the l-th memory element of
the corresponding set of memory elements. Then, the polynomial representation
of the codeword, denoted by c(D) = (c1(D), c2(D), . . . , cncc(D)), is obtained by
multiplying G(D) with the polynomial representation of the input vector, denoted
by u(D) = (u1(D), u2(D), . . . , uk(D)), i.e., c(D) = u(D)G(D).
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convolutional code, taking advantage of the Markovian property of the FSM rep-
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The trellis representation of the convolutional code in Fig. 3.1 is shown in Fig. 3.2.
The trellis is made up of four states, which represent all possible combinations
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practice,thestreamofinformationisfinite,andtheconvolutionalcodeisusedas
ablockcode.Asaresult,theconvolutionalcodeneedstobeterminatedatthe
endofthetransmissionbyclearingthememoryelements.Thisprocedurewillbe
shownlaterinthissection.

3.2.1AlgebraicRepresentationofConvolutionalCodes
Onecommonwaytorepresentconvolutionalcodesisthroughpolynomials.For-
mally,definethepolynomialringF2[D]withindeterminateD,whichcontains
polynomialswithcoefficientsfromF2.An(ncc,kcc,νcc)convolutionalcodehasa
polynomialgeneratormatrixoftheform

G(D)=


g1,1(D)g1,2(D)...g1,ncc(D)
g2,1(D)g2,2(D)...g2,ncc(D)

.........
...

gkcc,1(D)gkcc,2(D)...gkcc,ncc(D)

∈F2[D]k×n,

whereνccisthesumofthemaximumdegreesofthepolynomialsineachrow,i.e.,
νcc=∑k

i=1max1≤j≤ndeg(gi,j(D)).Here,thecoefficientofD0ingi,j(D)represents
theconnectionofthej-thoutputstreamtotheinputbitofthei-thinputstream
andDl,1≤l≤deg(gi,j(D)),theconnectiontothel-thmemoryelementof
thecorrespondingsetofmemoryelements.Then,thepolynomialrepresentation
ofthecodeword,denotedbyc(D)=(c1(D),c2(D),...,cncc(D)),isobtainedby
multiplyingG(D)withthepolynomialrepresentationoftheinputvector,denoted
byu(D)=(u1(D),u2(D),...,uk(D)),i.e.,c(D)=u(D)G(D).

Asanexample,goingbacktoFig.3.1,wehaveG(D)=(g1(D),g2(D)),where
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rithm[28]andtheBCJRalgorithm[29],whicharealgorithmsusedforMLand
MAPdecoding,respectively.Bothalgorithmsusethetrellisrepresentationofa
convolutionalcode,takingadvantageoftheMarkovianpropertyoftheFSMrep-
resentationoftheconvolutionalcodeencoding.Aconvolutionalcodetrelliswill
bemadeofallpossiblecombinationsofthememorystatesatalltimeinstances.
Transmissionofcodedbitstothechannelcanbethoughtofasinformationbits
enteringtheFSM,onebyone,inaqueuefashion.Inthisway,eachinformation
bitwilltakeuponetimeinstantoftheencodingprocess.Thus,inmostcases,
thetrelliswillhaveidenticalcopiesofallpossiblememorystatesforeachtime
instant.Furthermore,basedontheallowedstatetransitionsintheFSM,themem-
orystatesbetweeneachtimeinstantandthepreviousonewillbeconnectedby
edgesfollowingthosestatetransitions.

ThetrellisrepresentationoftheconvolutionalcodeinFig.3.1isshowninFig.3.2.
Thetrellisismadeupoffourstates,whichrepresentallpossiblecombinations
ofthememoryelementsoftheconvolutionalencoder.Onetrellissectionwill
compriseallpreviousstates,allnextstates,andallpossibletransitionsbetween
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practice, the stream of information is finite, and the convolutional code is used as
a block code. As a result, the convolutional code needs to be terminated at the
end of the transmission by clearing the memory elements. This procedure will be
shown later in this section.

3.2.1 Algebraic Representation of Convolutional Codes
One common way to represent convolutional codes is through polynomials. For-
mally, define the polynomial ring F2[D] with indeterminate D, which contains
polynomials with coefficients from F2. An (ncc, kcc, νcc) convolutional code has a
polynomial generator matrix of the form

G(D) =




g1,1(D) g1,2(D) . . . g1,ncc(D)
g2,1(D) g2,2(D) . . . g2,ncc(D)

... ... . . . ...
gkcc,1(D) gkcc,2(D) . . . gkcc,ncc(D)


 ∈ F2[D]

k×n
,

where νcc is the sum of the maximum degrees of the polynomials in each row, i.e.,
νcc = ∑k

i=1 max1≤j≤n deg(gi,j(D)). Here, the coefficient of D0 in gi,j(D) represents
the connection of the j-th output stream to the input bit of the i-th input stream
and D

l
, 1 ≤ l ≤ deg(gi,j(D)), the connection to the l-th memory element of

the corresponding set of memory elements. Then, the polynomial representation
of the codeword, denoted by c(D) = (c1(D), c2(D), . . . , cncc(D)), is obtained by
multiplying G(D) with the polynomial representation of the input vector, denoted
by u(D) = (u1(D), u2(D), . . . , uk(D)), i.e., c(D) = u(D)G(D).

As an example, going back to Fig. 3.1, we have G(D) = (g1(D), g2(D)), where
g1(D) = 1 + D and g2(D) = 1 + D + D2.

3.2.2 Decoding of Convolutional Codes
The two most standard ways to decode convolutional codes are the Viterbi algo-
rithm [28] and the BCJR algorithm [29], which are algorithms used for ML and
MAP decoding, respectively. Both algorithms use the trellis representation of a
convolutional code, taking advantage of the Markovian property of the FSM rep-
resentation of the convolutional code encoding. A convolutional code trellis will
be made of all possible combinations of the memory states at all time instances.
Transmission of coded bits to the channel can be thought of as information bits
entering the FSM, one by one, in a queue fashion. In this way, each information
bit will take up one time instant of the encoding process. Thus, in most cases,
the trellis will have identical copies of all possible memory states for each time
instant. Furthermore, based on the allowed state transitions in the FSM, the mem-
ory states between each time instant and the previous one will be connected by
edges following those state transitions.

The trellis representation of the convolutional code in Fig. 3.1 is shown in Fig. 3.2.
The trellis is made up of four states, which represent all possible combinations
of the memory elements of the convolutional encoder. One trellis section will
comprise all previous states, all next states, and all possible transitions between
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MAPdecoding,respectively.Bothalgorithmsusethetrellisrepresentationofa
convolutionalcode,takingadvantageoftheMarkovianpropertyoftheFSMrep-
resentationoftheconvolutionalcodeencoding.Aconvolutionalcodetrelliswill
bemadeofallpossiblecombinationsofthememorystatesatalltimeinstances.
Transmissionofcodedbitstothechannelcanbethoughtofasinformationbits
enteringtheFSM,onebyone,inaqueuefashion.Inthisway,eachinformation
bitwilltakeuponetimeinstantoftheencodingprocess.Thus,inmostcases,
thetrelliswillhaveidenticalcopiesofallpossiblememorystatesforeachtime
instant.Furthermore,basedontheallowedstatetransitionsintheFSM,themem-
orystatesbetweeneachtimeinstantandthepreviousonewillbeconnectedby
edgesfollowingthosestatetransitions.

ThetrellisrepresentationoftheconvolutionalcodeinFig.3.1isshowninFig.3.2.
Thetrellisismadeupoffourstates,whichrepresentallpossiblecombinations
ofthememoryelementsoftheconvolutionalencoder.Onetrellissectionwill
compriseallpreviousstates,allnextstates,andallpossibletransitionsbetween
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Figure 3.2: Trellis representation of the convolutional code encoder in Fig. 3.1. This
trellis can be used for efficient MAP and ML decoding of the convolutional code.

them. If we take Fig. 3.2 for example, the previous state (00) can transition into
either state (00) or (10) and so on. The first transition happens when a 0 is an
input to the FSM, while the other transition happens when a 1 is an input. For
this case, only two possible state transitions can happen per state. Also, each edge
connecting one state to another will have a unique label. For example, a transition
from state (00) to state (10) contains an edge labeled with 1/11. This means the
FSM was in state (00), and then an input bit of 1 was encoded to 11, resulting
in the FSM transitioning to state (10). As mentioned before, this trellis can be
used to efficiently decode the convolutional code, as will be shown later. One key
advantage of representing a convolutional code with an FSM and a trellis is that
the Markovian property of the code is more apparent. With this representation,
we can define a hidden Markov model (HMM) of the convolutional code encoding
process and, in turn, use this HMM and its Markovian property to decode. The
HMM corresponding to the convolutional code will have a state variable we denote
by σi = si, where si denotes the state variables of the convolutional code, and i
is the corresponding trellis section or time instant. For the convolutional code
in Fig. 3.1, si ∈ {(00), (01), (10), (11)} as stated earlier. In the resulting HMM,
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from state (00) to state (10) contains an edge labeled with 1/11. This means the
FSM was in state (00), and then an input bit of 1 was encoded to 11, resulting
in the FSM transitioning to state (10). As mentioned before, this trellis can be
used to efficiently decode the convolutional code, as will be shown later. One key
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the Markovian property of the code is more apparent. With this representation,
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by σi = si, where si denotes the state variables of the convolutional code, and i
is the corresponding trellis section or time instant. For the convolutional code
in Fig. 3.1, si ∈ {(00), (01), (10), (11)} as stated earlier. In the resulting HMM,
with input u = (u1, u2, . . . , uk) and output c = (c1, c2, . . . , cn), a transition from
time i− 1 to time i corresponds to a transmission of symbols c

in/k
(i−1)n/k+1, where

c
b
a = (ca, ca+1, . . . , cb).1

In this thesis, we mainly perform MAP decoding of our coding scheme. Hence,
for a given input sequence u to an encoder and a received sequence y, of length n,
from the channel, we need to compute the APP of each information symbol ui in
u. To this end, the a posteriori probability (APP) of symbol ui can be computed
as

p(ui|y) =
p(y, ui)

p(y)
.

1For simplicity, we assume here that k is a divisor of n. Otherwise, the number of symbols that are
transmitted from time i − 1 to time i will vary with i such that the average number of transmitted
symbols equals n/k.

28 Modern Coding Theory

Figure 3.2: Trellis representation of the convolutional code encoder in Fig. 3.1. This
trellis can be used for efficient MAP and ML decoding of the convolutional code.

them. If we take Fig. 3.2 for example, the previous state (00) can transition into
either state (00) or (10) and so on. The first transition happens when a 0 is an
input to the FSM, while the other transition happens when a 1 is an input. For
this case, only two possible state transitions can happen per state. Also, each edge
connecting one state to another will have a unique label. For example, a transition
from state (00) to state (10) contains an edge labeled with 1/11. This means the
FSM was in state (00), and then an input bit of 1 was encoded to 11, resulting
in the FSM transitioning to state (10). As mentioned before, this trellis can be
used to efficiently decode the convolutional code, as will be shown later. One key
advantage of representing a convolutional code with an FSM and a trellis is that
the Markovian property of the code is more apparent. With this representation,
we can define a hidden Markov model (HMM) of the convolutional code encoding
process and, in turn, use this HMM and its Markovian property to decode. The
HMM corresponding to the convolutional code will have a state variable we denote
by σi = si, where si denotes the state variables of the convolutional code, and i
is the corresponding trellis section or time instant. For the convolutional code
in Fig. 3.1, si ∈ {(00), (01), (10), (11)} as stated earlier. In the resulting HMM,
with input u = (u1, u2, . . . , uk) and output c = (c1, c2, . . . , cn), a transition from
time i− 1 to time i corresponds to a transmission of symbols c

in/k
(i−1)n/k+1, where

c
b
a = (ca, ca+1, . . . , cb).1

In this thesis, we mainly perform MAP decoding of our coding scheme. Hence,
for a given input sequence u to an encoder and a received sequence y, of length n,
from the channel, we need to compute the APP of each information symbol ui in
u. To this end, the a posteriori probability (APP) of symbol ui can be computed
as

p(ui|y) =
p(y, ui)

p(y)
.

1For simplicity, we assume here that k is a divisor of n. Otherwise, the number of symbols that are
transmitted from time i − 1 to time i will vary with i such that the average number of transmitted
symbols equals n/k.

28ModernCodingTheory

Figure3.2:TrellisrepresentationoftheconvolutionalcodeencoderinFig.3.1.This
trelliscanbeusedforefficientMAPandMLdecodingoftheconvolutionalcode.

them.IfwetakeFig.3.2forexample,thepreviousstate(00)cantransitioninto
eitherstate(00)or(10)andsoon.Thefirsttransitionhappenswhena0isan
inputtotheFSM,whiletheothertransitionhappenswhena1isaninput.For
thiscase,onlytwopossiblestatetransitionscanhappenperstate.Also,eachedge
connectingonestatetoanotherwillhaveauniquelabel.Forexample,atransition
fromstate(00)tostate(10)containsanedgelabeledwith1/11.Thismeansthe
FSMwasinstate(00),andthenaninputbitof1wasencodedto11,resulting
intheFSMtransitioningtostate(10).Asmentionedbefore,thistrelliscanbe
usedtoefficientlydecodetheconvolutionalcode,aswillbeshownlater.Onekey
advantageofrepresentingaconvolutionalcodewithanFSMandatrellisisthat
theMarkovianpropertyofthecodeismoreapparent.Withthisrepresentation,
wecandefineahiddenMarkovmodel(HMM)oftheconvolutionalcodeencoding
processand,inturn,usethisHMManditsMarkovianpropertytodecode.The
HMMcorrespondingtotheconvolutionalcodewillhaveastatevariablewedenote
byσi=si,wheresidenotesthestatevariablesoftheconvolutionalcode,andi
isthecorrespondingtrellissectionortimeinstant.Fortheconvolutionalcode
inFig.3.1,si∈{(00),(01),(10),(11)}asstatedearlier.IntheresultingHMM,
withinputu=(u1,u2,...,uk)andoutputc=(c1,c2,...,cn),atransitionfrom
timei−1totimeicorrespondstoatransmissionofsymbolsc

in/k
(i−1)n/k+1,where

c
b
a=(ca,ca+1,...,cb).1

Inthisthesis,wemainlyperformMAPdecodingofourcodingscheme.Hence,
foragiveninputsequenceutoanencoderandareceivedsequencey,oflengthn,
fromthechannel,weneedtocomputetheAPPofeachinformationsymboluiin
u.Tothisend,theaposterioriprobability(APP)ofsymboluicanbecomputed
as

p(ui|y)=
p(y,ui)

p(y)
.

1Forsimplicity,weassumeherethatkisadivisorofn.Otherwise,thenumberofsymbolsthatare
transmittedfromtimei−1totimeiwillvarywithisuchthattheaveragenumberoftransmitted
symbolsequalsn/k.

28ModernCodingTheory

Figure3.2:TrellisrepresentationoftheconvolutionalcodeencoderinFig.3.1.This
trelliscanbeusedforefficientMAPandMLdecodingoftheconvolutionalcode.

them.IfwetakeFig.3.2forexample,thepreviousstate(00)cantransitioninto
eitherstate(00)or(10)andsoon.Thefirsttransitionhappenswhena0isan
inputtotheFSM,whiletheothertransitionhappenswhena1isaninput.For
thiscase,onlytwopossiblestatetransitionscanhappenperstate.Also,eachedge
connectingonestatetoanotherwillhaveauniquelabel.Forexample,atransition
fromstate(00)tostate(10)containsanedgelabeledwith1/11.Thismeansthe
FSMwasinstate(00),andthenaninputbitof1wasencodedto11,resulting
intheFSMtransitioningtostate(10).Asmentionedbefore,thistrelliscanbe
usedtoefficientlydecodetheconvolutionalcode,aswillbeshownlater.Onekey
advantageofrepresentingaconvolutionalcodewithanFSMandatrellisisthat
theMarkovianpropertyofthecodeismoreapparent.Withthisrepresentation,
wecandefineahiddenMarkovmodel(HMM)oftheconvolutionalcodeencoding
processand,inturn,usethisHMManditsMarkovianpropertytodecode.The
HMMcorrespondingtotheconvolutionalcodewillhaveastatevariablewedenote
byσi=si,wheresidenotesthestatevariablesoftheconvolutionalcode,andi
isthecorrespondingtrellissectionortimeinstant.Fortheconvolutionalcode
inFig.3.1,si∈{(00),(01),(10),(11)}asstatedearlier.IntheresultingHMM,
withinputu=(u1,u2,...,uk)andoutputc=(c1,c2,...,cn),atransitionfrom
timei−1totimeicorrespondstoatransmissionofsymbolsc

in/k
(i−1)n/k+1,where

c
b
a=(ca,ca+1,...,cb).1

Inthisthesis,wemainlyperformMAPdecodingofourcodingscheme.Hence,
foragiveninputsequenceutoanencoderandareceivedsequencey,oflengthn,
fromthechannel,weneedtocomputetheAPPofeachinformationsymboluiin
u.Tothisend,theaposterioriprobability(APP)ofsymboluicanbecomputed
as

p(ui|y)=
p(y,ui)

p(y)
.

1Forsimplicity,weassumeherethatkisadivisorofn.Otherwise,thenumberofsymbolsthatare
transmittedfromtimei−1totimeiwillvarywithisuchthattheaveragenumberoftransmitted
symbolsequalsn/k.

28ModernCodingTheory

Figure3.2:TrellisrepresentationoftheconvolutionalcodeencoderinFig.3.1.This
trelliscanbeusedforefficientMAPandMLdecodingoftheconvolutionalcode.

them.IfwetakeFig.3.2forexample,thepreviousstate(00)cantransitioninto
eitherstate(00)or(10)andsoon.Thefirsttransitionhappenswhena0isan
inputtotheFSM,whiletheothertransitionhappenswhena1isaninput.For
thiscase,onlytwopossiblestatetransitionscanhappenperstate.Also,eachedge
connectingonestatetoanotherwillhaveauniquelabel.Forexample,atransition
fromstate(00)tostate(10)containsanedgelabeledwith1/11.Thismeansthe
FSMwasinstate(00),andthenaninputbitof1wasencodedto11,resulting
intheFSMtransitioningtostate(10).Asmentionedbefore,thistrelliscanbe
usedtoefficientlydecodetheconvolutionalcode,aswillbeshownlater.Onekey
advantageofrepresentingaconvolutionalcodewithanFSMandatrellisisthat
theMarkovianpropertyofthecodeismoreapparent.Withthisrepresentation,
wecandefineahiddenMarkovmodel(HMM)oftheconvolutionalcodeencoding
processand,inturn,usethisHMManditsMarkovianpropertytodecode.The
HMMcorrespondingtotheconvolutionalcodewillhaveastatevariablewedenote
byσi=si,wheresidenotesthestatevariablesoftheconvolutionalcode,andi
isthecorrespondingtrellissectionortimeinstant.Fortheconvolutionalcode
inFig.3.1,si∈{(00),(01),(10),(11)}asstatedearlier.IntheresultingHMM,
withinputu=(u1,u2,...,uk)andoutputc=(c1,c2,...,cn),atransitionfrom
timei−1totimeicorrespondstoatransmissionofsymbolsc

in/k
(i−1)n/k+1,where

c
b
a=(ca,ca+1,...,cb).1

Inthisthesis,wemainlyperformMAPdecodingofourcodingscheme.Hence,
foragiveninputsequenceutoanencoderandareceivedsequencey,oflengthn,
fromthechannel,weneedtocomputetheAPPofeachinformationsymboluiin
u.Tothisend,theaposterioriprobability(APP)ofsymboluicanbecomputed
as

p(ui|y)=
p(y,ui)

p(y)
.

1Forsimplicity,weassumeherethatkisadivisorofn.Otherwise,thenumberofsymbolsthatare
transmittedfromtimei−1totimeiwillvarywithisuchthattheaveragenumberoftransmitted
symbolsequalsn/k.

28ModernCodingTheory

Figure3.2:TrellisrepresentationoftheconvolutionalcodeencoderinFig.3.1.This
trelliscanbeusedforefficientMAPandMLdecodingoftheconvolutionalcode.

them.IfwetakeFig.3.2forexample,thepreviousstate(00)cantransitioninto
eitherstate(00)or(10)andsoon.Thefirsttransitionhappenswhena0isan
inputtotheFSM,whiletheothertransitionhappenswhena1isaninput.For
thiscase,onlytwopossiblestatetransitionscanhappenperstate.Also,eachedge
connectingonestatetoanotherwillhaveauniquelabel.Forexample,atransition
fromstate(00)tostate(10)containsanedgelabeledwith1/11.Thismeansthe
FSMwasinstate(00),andthenaninputbitof1wasencodedto11,resulting
intheFSMtransitioningtostate(10).Asmentionedbefore,thistrelliscanbe
usedtoefficientlydecodetheconvolutionalcode,aswillbeshownlater.Onekey
advantageofrepresentingaconvolutionalcodewithanFSMandatrellisisthat
theMarkovianpropertyofthecodeismoreapparent.Withthisrepresentation,
wecandefineahiddenMarkovmodel(HMM)oftheconvolutionalcodeencoding
processand,inturn,usethisHMManditsMarkovianpropertytodecode.The
HMMcorrespondingtotheconvolutionalcodewillhaveastatevariablewedenote
byσi=si,wheresidenotesthestatevariablesoftheconvolutionalcode,andi
isthecorrespondingtrellissectionortimeinstant.Fortheconvolutionalcode
inFig.3.1,si∈{(00),(01),(10),(11)}asstatedearlier.IntheresultingHMM,
withinputu=(u1,u2,...,uk)andoutputc=(c1,c2,...,cn),atransitionfrom
timei−1totimeicorrespondstoatransmissionofsymbolsc

in/k
(i−1)n/k+1,where

c
b
a=(ca,ca+1,...,cb).1

Inthisthesis,wemainlyperformMAPdecodingofourcodingscheme.Hence,
foragiveninputsequenceutoanencoderandareceivedsequencey,oflengthn,
fromthechannel,weneedtocomputetheAPPofeachinformationsymboluiin
u.Tothisend,theaposterioriprobability(APP)ofsymboluicanbecomputed
as

p(ui|y)=
p(y,ui)

p(y)
.

1Forsimplicity,weassumeherethatkisadivisorofn.Otherwise,thenumberofsymbolsthatare
transmittedfromtimei−1totimeiwillvarywithisuchthattheaveragenumberoftransmitted
symbolsequalsn/k.



3.2 Convolutional Codes 29

The joint probability p(y, ui) can be computed by de-marginalizing with respect
to the memory states of the convolutional code corresponding to symbol ui. We
can use the trellis and the HMM representation to marginalize the convolutional
code states with respect to symbol ui as follows,

p(y, ui) =
∑

(σ,σ′):ui

p(y, σ, σ′),

where σ and σ′ denote realizations of the random variables σi−1 and σi, respectively.
Using the Markov property, we can expand the joint probability p(y, σ, σ′) into
three parts as

p(y,σ,σ′)=p
(
yi−1

1 , σ
)

p
(
yi, σ′

∣∣∣σ) p
(
yn

i

∣∣∣σ′
)

.

Abbreviating the above terms by αi−1(σ), γi(σ, σ′), and βi(σ′) in order of appear-
ance, one can deduce the forward and backward recursions

αi(σ′) =
∑
σ

αi−1(σ)γi(σ, σ′), (3.1)

βi−1(σ) =
∑
σ′

βi(σ′)γi(σ, σ′).

With convolutional codes, the initial state of the memory elements is always set to
the all-zero state. Thus, in decoding, the trellis starts in this initial state before
expanding into the form shown in Fig. 3.2. However, since convolutional codes
are typically not used in a stream-like fashion, the transmission has to come to
an end, where the convolutional code needs to be terminated. The termination is
done by forcing the memory elements to the chosen final state after transmitting
the last symbol uk, where extra bits will be sent to the FSM. The total number
of termination bits equals the number of memory elements, and their values are
chosen such that the convolutional code will reach the chosen final state. The
all-zero state is usually also chosen for that. Hence, knowing the initial and final
states of the convolutional code, the initial and termination conditions of the
forward and backward recursions, respectively, are

α0(σ) =
1 if σ = (0, 0, . . . , 0)

0 otherwise,

βk+ν(σ) =
1 if σ = (0, 0, . . . , 0)

0 otherwise.

The branch metric can be decomposed as

γi(σ, σ′) = p(ui)p(yi, σ′|σ),

where p(ui) is the a priori probability of symbol ui. All the above recur-
sions/equations can be computed/implemented efficiently using the BCJR al-
gorithm [29].
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Figure 3.3: Bipartite graph representation of an LDPC code with n VNs and r CNs.

3.3 Low-Density Parity-Check Codes
LDPC codes are characterized by their LDPC matrix H. That is, all rows and
columns of H have at most J non-zero entries where J is very small relative to
the code length n. In this case, H is said to be sparse.

A parity-check matrix H can be represented by a bipartite (Tanner) graph
made up of n− k = r check nodes (CNs), corresponding to the rows in H, and
n variable nodes (VNs) corresponding to the columns in H. The CNs and VNs
make up the two sets of vertices in a bipartite graph. An edge will be connected
between the i-th CN, denoted as ci, where 1 ≤ i ≤ r, and the j-th VN, denoted
as vj, where 1 ≤ j ≤ n, for all non-zero entries in H, i.e., hi,j ̸= 0. To this end,
define the neighborhood of CN ci as the set of all VNs connecting to it, denoted
as N (ci) = {vj : hi,j ≠ 0, 1 ≤ j ≤ n}. The same can be defined for the VNs where
N (vj) = {ci : hi,j ̸= 0, 1 ≤ i ≤ r}. Finally, the total number of neighbors for a
VN vj or a CN ci is referred to as the degree of the node, denoted as dvj and dci,
respectively. Fig. 3.3 shows a bipartite graph representation of an LDPC code.
This graph representation is essential for efficient decoding of an LDPC code, as
will be shown later. An LDPC code is referred to as a regular code if all CNs and
VNs have the same degree dc and dv, respectively, i.e., dvj = dv, 1 ≤ j ≤ n, and
dci = dc, 1 ≤ i ≤ r. Otherwise, the LDPC code is referred to as an irregular code.

3.3.1 Decoding of LDPC Codes (Belief Propagation)

Decoding of LDPC codes leverages the sparsity of the parity-check matrix. The
decoder uses the corresponding Tanner graph to iteratively pass messages of
extrinsic beliefs or likelihoods of the encoded symbols based on the received
symbols from the channel. Although using this message-passing technique on
the Tanner graph is suboptimal, it is practical and can be done efficiently. The
Gallager sum-product algorithm (SPA), which is the main decoder used for LDPC
codes, will be described in the following. We first describe the decoder for binary
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3.3Low-DensityParity-CheckCodes
LDPCcodesarecharacterizedbytheirLDPCmatrixH.Thatis,allrowsand
columnsofHhaveatmostJnon-zeroentrieswhereJisverysmallrelativeto
thecodelengthn.Inthiscase,Hissaidtobesparse.

Aparity-checkmatrixHcanberepresentedbyabipartite(Tanner)graph
madeupofn−k=rchecknodes(CNs),correspondingtotherowsinH,and
nvariablenodes(VNs)correspondingtothecolumnsinH.TheCNsandVNs
makeupthetwosetsofverticesinabipartitegraph.Anedgewillbeconnected
betweenthei-thCN,denotedasci,where1≤i≤r,andthej-thVN,denoted
asvj,where1≤j≤n,forallnon-zeroentriesinH,i.e.,hi,j̸=0.Tothisend,
definetheneighborhoodofCNciasthesetofallVNsconnectingtoit,denoted
asN(ci)={vj:hi,j̸=0,1≤j≤n}.ThesamecanbedefinedfortheVNswhere
N(vj)={ci:hi,j̸=0,1≤i≤r}.Finally,thetotalnumberofneighborsfora
VNvjoraCNciisreferredtoasthedegreeofthenode,denotedasdvjanddci,
respectively.Fig.3.3showsabipartitegraphrepresentationofanLDPCcode.
ThisgraphrepresentationisessentialforefficientdecodingofanLDPCcode,as
willbeshownlater.AnLDPCcodeisreferredtoasaregularcodeifallCNsand
VNshavethesamedegreedcanddv,respectively,i.e.,dvj=dv,1≤j≤n,and
dci=dc,1≤i≤r.Otherwise,theLDPCcodeisreferredtoasanirregularcode.

3.3.1DecodingofLDPCCodes(BeliefPropagation)

DecodingofLDPCcodesleveragesthesparsityoftheparity-checkmatrix.The
decoderusesthecorrespondingTannergraphtoiterativelypassmessagesof
extrinsicbeliefsorlikelihoodsoftheencodedsymbolsbasedonthereceived
symbolsfromthechannel.Althoughusingthismessage-passingtechniqueon
theTannergraphissuboptimal,itispracticalandcanbedoneefficiently.The
Gallagersum-productalgorithm(SPA),whichisthemaindecoderusedforLDPC
codes,willbedescribedinthefollowing.Wefirstdescribethedecoderforbinary
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LDPC codes and then generalize the algorithm to non-binary LDPC (NB-LDPC)
codes. The derivations of the equations can be found in the literature, e.g., in [30].

The Gallager SPA Decoder

The decoder receives from the channel the vector y = (y1, y2, . . . , yn), which can be
considered as an erroneous version of the transmitted codeword c = (c1, c2, . . . , cn)
unknown to the receiver. For the binary case, a codeword bit can either be a 0
or 1, i.e., cj = 0 or 1. Hence, we can define the log-likelihood ratio (LLR) of a
transmitted bit cj, given the received symbol yj, as

Lj = log
(Pr(cj = 0|yj)

Pr(cj = 1|yj)

)
. (3.2)

To this end, the SPA algorithm works as shown in Algorithm 1. Here, L(ℓ)
v→c and

L(ℓ)
c→v denote the LLR message passed from VN v to CN c and from CN c to VN

v in the ℓ-th iteration round, respectively, and ℓmax is the maximum number of
iterations.

In Steps 2 and 3 in Algorithm 1, we notice that the message sent to a VN or a
CN is the aggregate (product or sum) of all messages received from the neighbors
of the current VN or CN, except for the node that the message is to be transmitted
to. This is because the target CN or VN already contains that information itself,
and it would be redundant to receive the same information again. In some cases,
this may even hinder the performance. Hence, the decoding algorithm makes sure
that only extrinsic messages are being passed. In other words, each node will
receive new information in each iteration without unnecessary redundancy.

Moving on, in this thesis, we mostly deal with NB-LDPC codes. The NB-LDPC
codeword symbols are taken from Fq, where q > 2. In turn, the non-zero entries of
the parity-check matrix of an NB-LDPC code are also elements in Fq. It is more
convenient to work in the probability domain when decoding NB-LDPC codes;
hence, the decoder will pass message probabilities. It also follows that the received
vector will have elements in Fq, and we define the APP vector for symbol cj as

Pj =


Pr(cj = 0|yj)
Pr(cj = 1|yj)

...
Pr(cj = q − 1|yj)

 =


P 0

j

P 1
j...

P q−1
j

 , (3.3)

for all j. Now, the SPA decoder can be generalized to NB-LDPC codes as shown
in Algorithm 2. Similar to the binary case, ℓmax is the maximum number of
iterations, ℓ is the iteration number, and P (ℓ)

v→c and P (ℓ)
c→v denote the probability

vector messages passed from VN v to CN c and from CN c to VN v in the ℓ-th
iteration round, respectively.

Step 2 of Algorithm 2 is a convolution of the probability density functions
(PDFs) of the messages, which can be computationally heavy. In [30], Step 2
can be done by applying a number-theoretic transform, which is the finite field
arithmetic version of the fast Fourier transform (FFT), to the message probability
vectors and multiplying them. The multiplication result is then transformed back
by applying the inverse FFT.
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to.ThisisbecausethetargetCNorVNalreadycontainsthatinformationitself,
anditwouldberedundanttoreceivethesameinformationagain.Insomecases,
thismayevenhindertheperformance.Hence,thedecodingalgorithmmakessure
thatonlyextrinsicmessagesarebeingpassed.Inotherwords,eachnodewill
receivenewinformationineachiterationwithoutunnecessaryredundancy.

Movingon,inthisthesis,wemostlydealwithNB-LDPCcodes.TheNB-LDPC
codewordsymbolsaretakenfromFq,whereq>2.Inturn,thenon-zeroentriesof
theparity-checkmatrixofanNB-LDPCcodearealsoelementsinFq.Itismore
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iterationround,respectively.

Step2ofAlgorithm2isaconvolutionoftheprobabilitydensityfunctions
(PDFs)ofthemessages,whichcanbecomputationallyheavy.In[30],Step2
canbedonebyapplyinganumber-theoretictransform,whichisthefinitefield
arithmeticversionofthefastFouriertransform(FFT),tothemessageprobability
vectorsandmultiplyingthem.Themultiplicationresultisthentransformedback
byapplyingtheinverseFFT.
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for all j. Now, the SPA decoder can be generalized to NB-LDPC codes as shown
in Algorithm 2. Similar to the binary case, ℓmax is the maximum number of
iterations, ℓ is the iteration number, and P (ℓ)
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c→v denote the probability

vector messages passed from VN v to CN c and from CN c to VN v in the ℓ-th
iteration round, respectively.

Step 2 of Algorithm 2 is a convolution of the probability density functions
(PDFs) of the messages, which can be computationally heavy. In [30], Step 2
can be done by applying a number-theoretic transform, which is the finite field
arithmetic version of the fast Fourier transform (FFT), to the message probability
vectors and multiplying them. The multiplication result is then transformed back
by applying the inverse FFT.
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Algorithm 1: The Gallager SPA Decoding Algorithm for Binary LDPC Codes
1. Initialization: Set the iteration counter to ℓ = 0. Compute all the LLRs

from the channel as in (3.2) for all j, and then compute all VN to CN
messages in the first iteration as

L(0)
vj→ci

= Lj, ∀j and ∀ci ∈ N (vj).

2. CN update: Increment ℓ by 1. Compute outgoing CN LLR messages,
L(ℓ)

ci→vj
, for each CN ci and VN vj ∈ N (ci) using

L(ℓ)
ci→vj

= 2 tanh−1

 ∏
v∈N (ci)\{vj}

tanh
(1

2L(ℓ−1)
v→ci

) .

3. VN update: Compute outgoing VN LLR messages, L(ℓ)
vj→ci

, for each VN vj

and CN ci ∈ N (vj) using

L(ℓ)
vj→ci

= Lj +
∑

c∈N (vj)\{ci}
L(ℓ)

c→vj
.

4. Bit decision: For j = 1, 2, . . . , n, decide on bit cj by first computing the
overall LLR as

Ltotal
j = Lj +

∑
ci∈N (vj)

L(ℓ)
ci→vj

,

where the bit is decided as

ĉj =

1 if Ltotal
j < 0

0 otherwise.

5. Stopping criteria: Compute the syndrome of ĉ = (ĉ1, . . . , ĉn). If ĉHT = 0
or ℓ = ℓmax, then stop and the decided codeword is ĉ; else, go to Step 2.

3.3.2 Protograph-Based Representation of LDPC Codes
One of the simpler ways to construct LDPC codes is through LDPC protographs.
Formally, a protograph is a small multi-edge-type graph with np VN types and rp
CN types. A protograph can be represented by a base matrix

B =


b1,1 b1,2 . . . b1,np

b2,1 b2,2 . . . b2,np... ... . . .
...

brp,1 brp,2 . . . brp,np

 ,

where entry bi,j is an integer representing the number of edge connections from a
type-i CN to a type-j VN. A parity-check matrix H of an LDPC code can then
be constructed by lifting the base matrix B by replacing each non-zero (zero) bi,j

with a Qp ×Qp (zero) matrix with row and column weight equal to bi,j. Circulant
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5. Stopping criteria: Compute the syndrome of ĉ. If ĉHT = 0 or ℓ = ℓmax,
then stop and the decided codeword is ĉ; else, go to Step 2.

matrices are mostly used in the lifting procedure, causing the LDPC code to be
quasi-cyclic, which is usually a desired feature. Picking the matrices to lift the
protograph is a design parameter, and this can be used to optimize the number
and length of the shortest cycles existing in H. The higher the minimum cycle
length, the better the code performance [31, 32]. Cycles are unavoidable in Tanner
graph representations of LDPC codes, and they hurt the performance by getting
the decoder stuck in finding a solution.

Moving on, the resulting lifted parity-check matrix of dimensions Qprp ×Qpnp
defines an LDPC code of length Qpnp and dimension at least Qp(np − rp). As
mentioned before, we use NB-LDPC codes in this thesis. To construct a non-binary
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thenstopandthedecidedcodewordisĉ;else,gotoStep2.
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vt∈N (ci)\{vj}

P
hi,t,(ℓ−1)
vt→ci ,

where si is the i-th element of the syndrome vector s = ĉHT. By computing
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vt∈N (ci)\{vj}

P
hi,t,(ℓ−1)
vt→ci ,

where si is the i-th element of the syndrome vector s = ĉHT. By computing
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ĉ:ĉj=a

Pr(si=0|ĉ)·∏
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matricesaremostlyusedintheliftingprocedure,causingtheLDPCcodetobe
quasi-cyclic,whichisusuallyadesiredfeature.Pickingthematricestoliftthe
protographisadesignparameter,andthiscanbeusedtooptimizethenumber
andlengthoftheshortestcyclesexistinginH.Thehighertheminimumcycle
length,thebetterthecodeperformance[31,32].CyclesareunavoidableinTanner
graphrepresentationsofLDPCcodes,andtheyhurttheperformancebygetting
thedecoderstuckinfindingasolution.

Movingon,theresultingliftedparity-checkmatrixofdimensionsQprp×Qpnp
definesanLDPCcodeoflengthQpnpanddimensionatleastQp(np−rp).As
mentionedbefore,weuseNB-LDPCcodesinthisthesis.Toconstructanon-binary

3.3Low-DensityParity-CheckCodes33

Algorithm2:TheGallagerSPADecodingAlgorithmforNB-LDPCCodes
1.Initialization:Settheiterationcountertoℓ=0.Computeallthe

probabilityvectorsfromthechannelasin(3.3)forallj,andthencompute
allVNtoCNmessagesinthefirstiterationas

P(0)
vj→ci=Pj,∀jand∀ci∈N(vj).

2.CNupdate:Incrementℓby1.Foreacha∈Fq,theoutgoingmessage
P

a,(ℓ)
ci→vjfromCNcitoVNvj∈N(ci)iscomputedas

P
a,(ℓ)
ci→vj=∑
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code from the lifted matrix, one can randomly assign non-zero entries from Fq to
the edges of the corresponding Tanner graph.

LDPC protographs can be regular or irregular, as defined earlier for LDPC
codes in general. Here, the degrees of all VNs of all types should be equal, and
the same goes for the degrees of all CNs of all types. In this case, the protograph
is considered regular.

3.3.3 Concatenated Coding Schemes
Concatenated codes are a class of error-correcting codes that involve the combina-
tion of two or more simpler codes to enhance overall error-correction performance.
The idea is to use one code as an outer code and another as an inner code, creat-
ing a concatenated structure. This approach leverages the strengths of each code,
with the inner code typically providing strong error-correction capabilities and
the outer code handling residual errors that may have escaped the inner code’s
correction.

The concept of concatenated codes was first introduced in 1965 by Forney in [33]
to solve the problem of finding a coding scheme that has vanishing error probability
as the code length goes to infinity, and where the decoding complexity only grows
linearly with the code length. Later on, Berrou, Glavieux, and Thitimajshima,
in 1993, developed a specific type of concatenated codes known as turbo codes
[26]. Turbo codes are a groundbreaking form of concatenated codes that have
played a pivotal role in advancing error-correction techniques. They consist of two
or more identical convolutional codes connected in parallel, with an interleaver
placed between them. This unique structure allowed turbo codes to achieve
error-correction capabilities close to the theoretical Shannon limit, making them
highly efficient in noisy communication channels. To this end, turbo codes do not
necessarily have to be made up of two convolutional codes. In principle, any two
codes can be made into a concatenated coding scheme; however, that does not
always guarantee good performance. The strength of turbo codes or concatenated
codes, in general, comes from the fact that the two component codes can share
information or, more specifically, can send likelihood estimates of the transmitted
sequences in an iterative fashion. This is essentially the two codes helping each
other decode the original message with more success as opposed to each code
decoding separately. The iterative decoding process is also referred to as turbo
decoding.

The idea of combining multiple codes for improved performance has inspired
advancements in coding theory. For instance, LDPC codes can be thought of as
a serial concatenation of repetition codes with parity-check codes. In this thesis,
we mainly consider a serial concatenation of an inner block code or convolutional
code with an outer LDPC code (or sometimes a polar code).

3.4 Tools for Modern Codes
One important aspect of modern codes, which can be viewed as a drawback, is
the probabilistic nature of the error-correction (decoding) process. Traditionally,
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tionoftwoormoresimplercodestoenhanceoverallerror-correctionperformance.
Theideaistouseonecodeasanoutercodeandanotherasaninnercode,creat-
ingaconcatenatedstructure.Thisapproachleveragesthestrengthsofeachcode,
withtheinnercodetypicallyprovidingstrongerror-correctioncapabilitiesand
theoutercodehandlingresidualerrorsthatmayhaveescapedtheinnercode’s
correction.

Theconceptofconcatenatedcodeswasfirstintroducedin1965byForneyin[33]
tosolvetheproblemoffindingacodingschemethathasvanishingerrorprobability
asthecodelengthgoestoinfinity,andwherethedecodingcomplexityonlygrows
linearlywiththecodelength.Lateron,Berrou,Glavieux,andThitimajshima,
in1993,developedaspecifictypeofconcatenatedcodesknownasturbocodes
[26].Turbocodesareagroundbreakingformofconcatenatedcodesthathave
playedapivotalroleinadvancingerror-correctiontechniques.Theyconsistoftwo
ormoreidenticalconvolutionalcodesconnectedinparallel,withaninterleaver
placedbetweenthem.Thisuniquestructureallowedturbocodestoachieve
error-correctioncapabilitiesclosetothetheoreticalShannonlimit,makingthem
highlyefficientinnoisycommunicationchannels.Tothisend,turbocodesdonot
necessarilyhavetobemadeupoftwoconvolutionalcodes.Inprinciple,anytwo
codescanbemadeintoaconcatenatedcodingscheme;however,thatdoesnot
alwaysguaranteegoodperformance.Thestrengthofturbocodesorconcatenated
codes,ingeneral,comesfromthefactthatthetwocomponentcodescanshare
informationor,morespecifically,cansendlikelihoodestimatesofthetransmitted
sequencesinaniterativefashion.Thisisessentiallythetwocodeshelpingeach
otherdecodetheoriginalmessagewithmoresuccessasopposedtoeachcode
decodingseparately.Theiterativedecodingprocessisalsoreferredtoasturbo
decoding.

Theideaofcombiningmultiplecodesforimprovedperformancehasinspired
advancementsincodingtheory.Forinstance,LDPCcodescanbethoughtofas
aserialconcatenationofrepetitioncodeswithparity-checkcodes.Inthisthesis,
wemainlyconsideraserialconcatenationofaninnerblockcodeorconvolutional
codewithanouterLDPCcode(orsometimesapolarcode).

3.4ToolsforModernCodes
Oneimportantaspectofmoderncodes,whichcanbeviewedasadrawback,is
theprobabilisticnatureoftheerror-correction(decoding)process.Traditionally,
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[26]. Turbo codes are a groundbreaking form of concatenated codes that have
played a pivotal role in advancing error-correction techniques. They consist of two
or more identical convolutional codes connected in parallel, with an interleaver
placed between them. This unique structure allowed turbo codes to achieve
error-correction capabilities close to the theoretical Shannon limit, making them
highly efficient in noisy communication channels. To this end, turbo codes do not
necessarily have to be made up of two convolutional codes. In principle, any two
codes can be made into a concatenated coding scheme; however, that does not
always guarantee good performance. The strength of turbo codes or concatenated
codes, in general, comes from the fact that the two component codes can share
information or, more specifically, can send likelihood estimates of the transmitted
sequences in an iterative fashion. This is essentially the two codes helping each
other decode the original message with more success as opposed to each code
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codes have a well-defined error-correction capability, which refers to the number of
errors a code is guaranteed to correct. Algebraic codes such as RS and BCH codes
fall under this category. With modern codes, however, the exact error-correction
capability is typically not known. Hence, we need to use performance prediction
tools to get an idea of how many errors our code is expected to correct. These
tools fall under two regimes: the asymptotic regime and the finite-length regime.
In the former, the code blocklength is assumed to be infinite, and we get an exact
error-correction capability that can also give an indication for how well the code
performs in practice. The second regime gives the expected performance in the
finite blocklength regime. All these tools are very useful in studying and analyzing
concatenated codes and will also serve as a tool for optimizing the component
codes, as we will show later.

3.4.1 Density Evolution of LDPC Codes
Density evolution (DE) is a mathematical technique used to analyze the perfor-
mance of LDPC codes under iterative decoding algorithms, particularly in the
context of error correction in digital communication systems.

DE involves analyzing the evolution of PDFs as they pass through the iterative
decoding process. At each iteration, messages are exchanged between VNs and CNs,
as described earlier. DE provides a way to track how these message probability
densities change as iterations progress. The main idea behind DE is to derive and
analyze the CN and VN update equations that describe the evolution of these
probability densities over iterations. By doing so, it becomes possible to predict
the performance of the LDPC code, specifically the error rate, under different
channel conditions. DE is a powerful tool for designing and optimizing LDPC
codes. By understanding how the probability densities change during decoding
iterations, we can choose the LDPC code parameters and rate to achieve the
desired performance characteristics. The performance of the LDPC code studied
in DE is an asymptotic average performance; however, it still gives accurate insight
into how the LDPC code will behave in the finite blocklength regime.

Density Evolution Equations and Algorithm

We will present DE equations and the algorithm (summarized in Algorithm 3) to
optimize an LDPC protograph for some channel conditions for irregular LDPC
codes in the following.

First, we need to introduce some notation. Let f (ℓ)
ci→vj

and f (ℓ)
vj→ci

represent the
PDF of the message being passed from a CN of type i to a VN of type j and
from a VN of type j to a CN of type i in the ℓ-th iteration round, respectively,
and let ℓmax denote the maximum number of iterations. Since DE should mimic
the iterative message-passing process, we define VN and CN update equations
with respect to message PDFs. The DE CN type update equation at iteration ℓ
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codes have a well-defined error-correction capability, which refers to the number of
errors a code is guaranteed to correct. Algebraic codes such as RS and BCH codes
fall under this category. With modern codes, however, the exact error-correction
capability is typically not known. Hence, we need to use performance prediction
tools to get an idea of how many errors our code is expected to correct. These
tools fall under two regimes: the asymptotic regime and the finite-length regime.
In the former, the code blocklength is assumed to be infinite, and we get an exact
error-correction capability that can also give an indication for how well the code
performs in practice. The second regime gives the expected performance in the
finite blocklength regime. All these tools are very useful in studying and analyzing
concatenated codes and will also serve as a tool for optimizing the component
codes, as we will show later.

3.4.1 Density Evolution of LDPC Codes
Density evolution (DE) is a mathematical technique used to analyze the perfor-
mance of LDPC codes under iterative decoding algorithms, particularly in the
context of error correction in digital communication systems.

DE involves analyzing the evolution of PDFs as they pass through the iterative
decoding process. At each iteration, messages are exchanged between VNs and CNs,
as described earlier. DE provides a way to track how these message probability
densities change as iterations progress. The main idea behind DE is to derive and
analyze the CN and VN update equations that describe the evolution of these
probability densities over iterations. By doing so, it becomes possible to predict
the performance of the LDPC code, specifically the error rate, under different
channel conditions. DE is a powerful tool for designing and optimizing LDPC
codes. By understanding how the probability densities change during decoding
iterations, we can choose the LDPC code parameters and rate to achieve the
desired performance characteristics. The performance of the LDPC code studied
in DE is an asymptotic average performance; however, it still gives accurate insight
into how the LDPC code will behave in the finite blocklength regime.

Density Evolution Equations and Algorithm

We will present DE equations and the algorithm (summarized in Algorithm 3) to
optimize an LDPC protograph for some channel conditions for irregular LDPC
codes in the following.

First, we need to introduce some notation. Let f (ℓ)
ci→vj and f (ℓ)

vj→ci represent the
PDF of the message being passed from a CN of type i to a VN of type j and
from a VN of type j to a CN of type i in the ℓ-th iteration round, respectively,
and let ℓmax denote the maximum number of iterations. Since DE should mimic
the iterative message-passing process, we define VN and CN update equations
with respect to message PDFs. The DE CN type update equation at iteration ℓ
becomes
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where ⊛ represents the convolution operator and [·]⊛l denotes the l-fold convolution
of its argument, and where Γ signifies the change in density of the message PDFs,
as explained in [30], when the CN update in Algorithm 1 is computed.

Similarly, the DE VN type update equation at iteration ℓ becomes

f (ℓ)
vj→ci

= fch→vj ⊛

 ⊛
ck∈N (vj)

(
f (ℓ)

ck→vj

)⊛(bk,j−
{

1, if k = i

0, if k ̸= i

}) , (3.5)

where fch→vj denotes the j-th message PDF from the channel. Since the VN
update equation in Algorithm 1 is the summation of VN LLRs, the resulting PDF
of the outgoing message will be the convolution of the corresponding PDFs of the
neighbors’ incoming messages.

Algorithm 3: Density Evolution for Irregular LDPC Protographs
1. Set the channel parameter α to some nominal value expected to be less than

the threshold α∗.

2. Initialization: Set the iteration counter to ℓ = 0. Compute all the channel
PDFs fch→vj

for all j, and then compute the VN type j to CN type i message
in the first iteration as f (0)

vj→ci
= fch→vj

for all j and for all ci ∈ N (vj).

3. CN update: Increment ℓ by 1. For a given CN type i, compute the
outgoing message PDF f (ℓ)

ci→vj
for all j using (3.4).

4. VN update: For a given VN type j and corresponding channel PDF
fch→vj

, compute the outgoing message PDF f (ℓ)
vj→ci

for all i using (3.5).

5. Decision: Calculate the average VN type to CN type message PDF at
iteration ℓ as f (ℓ)

v = ∑
j

1
|N (vj)|

∑
i f (ℓ)

vj→ci
. If ℓ < ℓmax and

∫ 0

−∞
f (ℓ)

v (τ)dτ ≤ pe (3.6)

for some prescribed error probability pe (e.g., pe = 10−6 ), increment the
channel parameter α by some small amount and go to Step 2. If (3.6) does
not hold and ℓ < ℓmax, then go back to Step 3. If (3.6) does not hold and
ℓ = ℓmax, then the previous α is the decoding threshold α∗.

Gaussian Approximation of Density Evolution

Practically, equations (3.4) and (3.5) are difficult to compute, and a quantized
version is required for efficient implementation [30]. However, the DE of LDPC
codes can be approximated, hence, computationally simplified, by considering
the messages as Gaussian random variables, hence, having Gaussian PDFs. This
approximation is referred to as the Gaussian approximation [34]. Since a Gaussian
random variable, along with its PDF, is completely characterized by its mean
and variance, the DE algorithm only needs to track these two parameters instead
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where ⊛ represents the convolution operator and [·]⊛l
denotes the l-fold convolution

of its argument, and where Γ signifies the change in density of the message PDFs,
as explained in [30], when the CN update in Algorithm 1 is computed.

Similarly, the DE VN type update equation at iteration ℓ becomes

f (ℓ)
vj→ci = fch→vj ⊛


⊛ck∈N (vj)

(f (ℓ)
ck→vj)⊛(bk,j−{1, if k = i

0, if k ̸= i})
, (3.5)

where fch→vj denotes the j-th message PDF from the channel. Since the VN
update equation in Algorithm 1 is the summation of VN LLRs, the resulting PDF
of the outgoing message will be the convolution of the corresponding PDFs of the
neighbors’ incoming messages.

Algorithm 3: Density Evolution for Irregular LDPC Protographs
1. Set the channel parameter α to some nominal value expected to be less than

the threshold α∗.

2. Initialization: Set the iteration counter to ℓ = 0. Compute all the channel
PDFs fch→vj for all j, and then compute the VN type j to CN type i message
in the first iteration as f (0)

vj→ci = fch→vj for all j and for all ci ∈ N (vj).

3. CN update: Increment ℓ by 1. For a given CN type i, compute the
outgoing message PDF f (ℓ)

ci→vj for all j using (3.4).

4. VN update: For a given VN type j and corresponding channel PDF
fch→vj , compute the outgoing message PDF f (ℓ)

vj→ci for all i using (3.5).

5. Decision: Calculate the average VN type to CN type message PDF at
iteration ℓ as f (ℓ)

v = ∑j
1

|N (vj)| ∑i f (ℓ)
vj→ci . If ℓ < ℓmax and

∫ 0

−∞
f (ℓ)

v (τ)dτ ≤ pe (3.6)

for some prescribed error probability pe (e.g., pe = 10−6 ), increment the
channel parameter α by some small amount and go to Step 2. If (3.6) does
not hold and ℓ < ℓmax, then go back to Step 3. If (3.6) does not hold and
ℓ = ℓmax, then the previous α is the decoding threshold α∗.

Gaussian Approximation of Density Evolution

Practically, equations (3.4) and (3.5) are difficult to compute, and a quantized
version is required for efficient implementation [30]. However, the DE of LDPC
codes can be approximated, hence, computationally simplified, by considering
the messages as Gaussian random variables, hence, having Gaussian PDFs. This
approximation is referred to as the Gaussian approximation [34]. Since a Gaussian
random variable, along with its PDF, is completely characterized by its mean
and variance, the DE algorithm only needs to track these two parameters instead

36 Modern Coding Theory

where ⊛ represents the convolution operator and [·]⊛l
denotes the l-fold convolution

of its argument, and where Γ signifies the change in density of the message PDFs,
as explained in [30], when the CN update in Algorithm 1 is computed.

Similarly, the DE VN type update equation at iteration ℓ becomes

f (ℓ)
vj→ci = fch→vj ⊛


⊛ck∈N (vj)

(f (ℓ)
ck→vj)⊛(bk,j−{1, if k = i

0, if k ̸= i})
, (3.5)

where fch→vj denotes the j-th message PDF from the channel. Since the VN
update equation in Algorithm 1 is the summation of VN LLRs, the resulting PDF
of the outgoing message will be the convolution of the corresponding PDFs of the
neighbors’ incoming messages.

Algorithm 3: Density Evolution for Irregular LDPC Protographs
1. Set the channel parameter α to some nominal value expected to be less than

the threshold α∗.

2. Initialization: Set the iteration counter to ℓ = 0. Compute all the channel
PDFs fch→vj for all j, and then compute the VN type j to CN type i message
in the first iteration as f (0)

vj→ci = fch→vj for all j and for all ci ∈ N (vj).

3. CN update: Increment ℓ by 1. For a given CN type i, compute the
outgoing message PDF f (ℓ)

ci→vj for all j using (3.4).

4. VN update: For a given VN type j and corresponding channel PDF
fch→vj , compute the outgoing message PDF f (ℓ)

vj→ci for all i using (3.5).

5. Decision: Calculate the average VN type to CN type message PDF at
iteration ℓ as f (ℓ)

v = ∑j
1

|N (vj)| ∑i f (ℓ)
vj→ci . If ℓ < ℓmax and

∫ 0

−∞
f (ℓ)

v (τ)dτ ≤ pe (3.6)

for some prescribed error probability pe (e.g., pe = 10−6 ), increment the
channel parameter α by some small amount and go to Step 2. If (3.6) does
not hold and ℓ < ℓmax, then go back to Step 3. If (3.6) does not hold and
ℓ = ℓmax, then the previous α is the decoding threshold α∗.

Gaussian Approximation of Density Evolution

Practically, equations (3.4) and (3.5) are difficult to compute, and a quantized
version is required for efficient implementation [30]. However, the DE of LDPC
codes can be approximated, hence, computationally simplified, by considering
the messages as Gaussian random variables, hence, having Gaussian PDFs. This
approximation is referred to as the Gaussian approximation [34]. Since a Gaussian
random variable, along with its PDF, is completely characterized by its mean
and variance, the DE algorithm only needs to track these two parameters instead

36ModernCodingTheory

where⊛representstheconvolutionoperatorand[·]⊛l
denotesthel-foldconvolution

ofitsargument,andwhereΓsignifiesthechangeindensityofthemessagePDFs,
asexplainedin[30],whentheCNupdateinAlgorithm1iscomputed.

Similarly,theDEVNtypeupdateequationatiterationℓbecomes

f(ℓ)
vj→ci=fch→vj⊛


⊛ck∈N(vj)

(f(ℓ)
ck→vj)⊛(bk,j−{1,ifk=i

0,ifk̸=i})
,(3.5)

wherefch→vjdenotesthej-thmessagePDFfromthechannel.SincetheVN
updateequationinAlgorithm1isthesummationofVNLLRs,theresultingPDF
oftheoutgoingmessagewillbetheconvolutionofthecorrespondingPDFsofthe
neighbors’incomingmessages.

Algorithm3:DensityEvolutionforIrregularLDPCProtographs
1.Setthechannelparameterαtosomenominalvalueexpectedtobelessthan

thethresholdα∗.

2.Initialization:Settheiterationcountertoℓ=0.Computeallthechannel
PDFsfch→vjforallj,andthencomputetheVNtypejtoCNtypeimessage
inthefirstiterationasf(0)

vj→ci=fch→vjforalljandforallci∈N(vj).

3.CNupdate:Incrementℓby1.ForagivenCNtypei,computethe
outgoingmessagePDFf(ℓ)

ci→vjforalljusing(3.4).

4.VNupdate:ForagivenVNtypejandcorrespondingchannelPDF
fch→vj,computetheoutgoingmessagePDFf(ℓ)

vj→ciforalliusing(3.5).

5.Decision:CalculatetheaverageVNtypetoCNtypemessagePDFat
iterationℓasf(ℓ)

v=∑j
1

|N(vj)|∑if(ℓ)
vj→ci.Ifℓ<ℓmaxand

∫0

−∞
f(ℓ)

v(τ)dτ≤pe(3.6)

forsomeprescribederrorprobabilitype(e.g.,pe=10−6),incrementthe
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notholdandℓ<ℓmax,thengobacktoStep3.If(3.6)doesnotholdand
ℓ=ℓmax,thenthepreviousαisthedecodingthresholdα∗.

GaussianApproximationofDensityEvolution

Practically,equations(3.4)and(3.5)aredifficulttocompute,andaquantized
versionisrequiredforefficientimplementation[30].However,theDEofLDPC
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of the entire PDF. However, more simplifications can be made to the Gaussian
assumption. Suppose the message PDF satisfies the consistency condition, which
is a good assumption for symmetric channels. In that case, only the mean of the
message PDF needs to be tracked as the variance will be directly related to it [30].
Following this assumption, we denote the mean of the PDF of the message from
VN type j to CN type i and from CN type i to VN type j in the ℓ-th iteration
round by µ(ℓ)

vj→ci
and µ(ℓ)

ci→vj
, respectively. As a result, equations (3.4) and (3.5)

become

µ(ℓ)
ci→vj

= Φ−1
1−

∏
k

[
1− Φ(µ(ℓ−1)

vk→ci
)
](bi,k−

{
1, if k = j

0, if k ̸= j

}) (3.7)

and

µ(ℓ)
vj→ci

= µch→vj +
∑
k

(
bk,j −

{
1, if k = i

0, if k ̸= i

})
µ(ℓ)

ck→vj
, (3.8)

respectively, where µch→vj denotes the mean of the j-th message PDF from the
channel and the function Φ(·) is as defined in [30]. The DE algorithm using the
Gaussian approximation follows the same steps as Algorithm 3 with equations (3.7)
and (3.8) replacing equations (3.4) and (3.5), respectively. It should be noted that
the channel models for DNA-based storage systems introduced in the next chapter
are not symmetric; however, we do, in some cases, use the Gaussian approximation
for DE, as will be shown later. Although this does not guarantee accurate results,
it is satisfactory to give good results.

3.4.2 Extrinsic Information Transfer Charts
Extrinsic information transfer (EXIT) charts analysis is a graphical approach used
to study the behavior and convergence properties of iterative decoding algorithms
when applied to concatenated coding schemes. This technique utilizes EXIT charts
to visually depict the mutual information transfer between the inner code and the
outer code components of the decoding process.

In an iterative decoding algorithm, information is exchanged between the inner
code and the outer code. The inner code operates on the raw received data and
computes an estimate of the transmitted symbols, while the outer code performs
higher-level error correction based on these estimates. The EXIT chart illustrates
how the mutual information exchanged between the inner and outer decoders
changes with each iteration.

The iterative decoding process is represented on the EXIT chart by curves
that correspond to the information transfer characteristics of the inner and outer
codes. These curves, known as the inner EXIT curve and the outer EXIT curve,
illustrate how the mutual information evolves as iterations progress. The point of
intersection between the inner and outer EXIT curves is of particular significance,
as it represents a potential convergence point where the iterative decoding process
would stabilize. Let us take an LDPC code as an example. An LDPC code can be
viewed as a concatenation of two sets of codes, one representing the VNs while
the other representing the CNs. Then, the extrinsic mutual information being
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of the entire PDF. However, more simplifications can be made to the Gaussian
assumption. Suppose the message PDF satisfies the consistency condition, which
is a good assumption for symmetric channels. In that case, only the mean of the
message PDF needs to be tracked as the variance will be directly related to it [30].
Following this assumption, we denote the mean of the PDF of the message from
VN type j to CN type i and from CN type i to VN type j in the ℓ-th iteration
round by µ(ℓ)

vj→ci and µ(ℓ)
ci→vj , respectively. As a result, equations (3.4) and (3.5)

become

µ(ℓ)
ci→vj = Φ−1 

1−∏
k

[1− Φ(µ(ℓ−1)
vk→ci)](bi,k−{1, if k = j

0, if k ̸= j})
(3.7)

and

µ(ℓ)
vj→ci = µch→vj + ∑

k

(bk,j − {1, if k = i

0, if k ̸= i})µ(ℓ)
ck→vj , (3.8)

respectively, where µch→vj denotes the mean of the j-th message PDF from the
channel and the function Φ(·) is as defined in [30]. The DE algorithm using the
Gaussian approximation follows the same steps as Algorithm 3 with equations (3.7)
and (3.8) replacing equations (3.4) and (3.5), respectively. It should be noted that
the channel models for DNA-based storage systems introduced in the next chapter
are not symmetric; however, we do, in some cases, use the Gaussian approximation
for DE, as will be shown later. Although this does not guarantee accurate results,
it is satisfactory to give good results.

3.4.2 Extrinsic Information Transfer Charts
Extrinsic information transfer (EXIT) charts analysis is a graphical approach used
to study the behavior and convergence properties of iterative decoding algorithms
when applied to concatenated coding schemes. This technique utilizes EXIT charts
to visually depict the mutual information transfer between the inner code and the
outer code components of the decoding process.

In an iterative decoding algorithm, information is exchanged between the inner
code and the outer code. The inner code operates on the raw received data and
computes an estimate of the transmitted symbols, while the outer code performs
higher-level error correction based on these estimates. The EXIT chart illustrates
how the mutual information exchanged between the inner and outer decoders
changes with each iteration.

The iterative decoding process is represented on the EXIT chart by curves
that correspond to the information transfer characteristics of the inner and outer
codes. These curves, known as the inner EXIT curve and the outer EXIT curve,
illustrate how the mutual information evolves as iterations progress. The point of
intersection between the inner and outer EXIT curves is of particular significance,
as it represents a potential convergence point where the iterative decoding process
would stabilize. Let us take an LDPC code as an example. An LDPC code can be
viewed as a concatenation of two sets of codes, one representing the VNs while
the other representing the CNs. Then, the extrinsic mutual information being
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assumption.SupposethemessagePDFsatisfiestheconsistencycondition,which
isagoodassumptionforsymmetricchannels.Inthatcase,onlythemeanofthe
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respectively,whereµch→vjdenotesthemeanofthej-thmessagePDFfromthe
channelandthefunctionΦ(·)isasdefinedin[30].TheDEalgorithmusingthe
GaussianapproximationfollowsthesamestepsasAlgorithm3withequations(3.7)
and(3.8)replacingequations(3.4)and(3.5),respectively.Itshouldbenotedthat
thechannelmodelsforDNA-basedstoragesystemsintroducedinthenextchapter
arenotsymmetric;however,wedo,insomecases,usetheGaussianapproximation
forDE,aswillbeshownlater.Althoughthisdoesnotguaranteeaccurateresults,
itissatisfactorytogivegoodresults.

3.4.2ExtrinsicInformationTransferCharts
Extrinsicinformationtransfer(EXIT)chartsanalysisisagraphicalapproachused
tostudythebehaviorandconvergencepropertiesofiterativedecodingalgorithms
whenappliedtoconcatenatedcodingschemes.ThistechniqueutilizesEXITcharts
tovisuallydepictthemutualinformationtransferbetweentheinnercodeandthe
outercodecomponentsofthedecodingprocess.

Inaniterativedecodingalgorithm,informationisexchangedbetweentheinner
codeandtheoutercode.Theinnercodeoperatesontherawreceiveddataand
computesanestimateofthetransmittedsymbols,whiletheoutercodeperforms
higher-levelerrorcorrectionbasedontheseestimates.TheEXITchartillustrates
howthemutualinformationexchangedbetweentheinnerandouterdecoders
changeswitheachiteration.

TheiterativedecodingprocessisrepresentedontheEXITchartbycurves
thatcorrespondtotheinformationtransfercharacteristicsoftheinnerandouter
codes.Thesecurves,knownastheinnerEXITcurveandtheouterEXITcurve,
illustratehowthemutualinformationevolvesasiterationsprogress.Thepointof
intersectionbetweentheinnerandouterEXITcurvesisofparticularsignificance,
asitrepresentsapotentialconvergencepointwheretheiterativedecodingprocess
wouldstabilize.LetustakeanLDPCcodeasanexample.AnLDPCcodecanbe
viewedasaconcatenationoftwosetsofcodes,onerepresentingtheVNswhile
theotherrepresentingtheCNs.Then,theextrinsicmutualinformationbeing
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Figure 3.4: CN and VN EXIT curves for a B = (3, 3) LDPC protograph.

passed to each code during the iterative decoding process, as mentioned earlier
with the SPA decoder, can be plotted for each one as shown in Fig. 3.4. In this
figure, we impose two plots on top of each other. The first is the EXIT chart of
the VNs, showing the a priori mutual information coming to the VNs from the
CNs (Iav) versus the extrinsic mutual information coming out of the VNs toward
the CNs (Iev). The second is the EXIT chart of the CNs, displaying the extrinsic
mutual information coming out of the CNs toward the VNs (Iec) against the a
priori mutual information coming to the CNs from the VNs (Iac). Hence, we have
the two relations, Iac = Iev and Iav = Iec.

By analyzing the EXIT chart, one can gain insights into the convergence
behavior of the iterative decoding algorithm. The relative positions of the inner
and outer EXIT curves and their intersection point provide valuable information
about the potential error-correction performance of the code and the algorithm.
Using the same LDPC code in Fig. 3.4 as an example, we can see that there
is a tunnel between the two curves, which indicates that the iterative decoding
algorithm will result in the correct decoding and recovery of the original message.
This plot conveys that this LDPC code will achieve zero decoding error probability
for this channel condition, given that the code length is infinite (asymptotic regime).
However, it can happen that the channel conditions are too extreme for the code
to handle, resulting in a non-zero probability of error given infinite length. This
will be visible in the EXIT chart plots as a crossing between the EXIT curves of
the component codes. On the other hand, the better the channel conditions are,
the wider the opening of the tunnel between the curves. Fig. 3.5 depicts these
phenomena.

EXIT charts can be used as an optimization tool for coding schemes. The
parameters of the inner and outer codes can be adjusted for a given channel
condition such that their corresponding EXIT curves will have a tunnel between
them, and decoding is guaranteed to be successful asymptotically. In Paper II of
this thesis, we optimize an outer LDPC code concatenated with an inner block
code through EXIT charts, and the corresponding EXIT curves for a specific

38ModernCodingTheory

Figure3.4:CNandVNEXITcurvesforaB=(3,3)LDPCprotograph.

passedtoeachcodeduringtheiterativedecodingprocess,asmentionedearlier
withtheSPAdecoder,canbeplottedforeachoneasshowninFig.3.4.Inthis
figure,weimposetwoplotsontopofeachother.ThefirstistheEXITchartof
theVNs,showingtheapriorimutualinformationcomingtotheVNsfromthe
CNs(Iav)versustheextrinsicmutualinformationcomingoutoftheVNstoward
theCNs(Iev).ThesecondistheEXITchartoftheCNs,displayingtheextrinsic
mutualinformationcomingoutoftheCNstowardtheVNs(Iec)againstthea
priorimutualinformationcomingtotheCNsfromtheVNs(Iac).Hence,wehave
thetworelations,Iac=IevandIav=Iec.

ByanalyzingtheEXITchart,onecangaininsightsintotheconvergence
behavioroftheiterativedecodingalgorithm.Therelativepositionsoftheinner
andouterEXITcurvesandtheirintersectionpointprovidevaluableinformation
aboutthepotentialerror-correctionperformanceofthecodeandthealgorithm.
UsingthesameLDPCcodeinFig.3.4asanexample,wecanseethatthere
isatunnelbetweenthetwocurves,whichindicatesthattheiterativedecoding
algorithmwillresultinthecorrectdecodingandrecoveryoftheoriginalmessage.
ThisplotconveysthatthisLDPCcodewillachievezerodecodingerrorprobability
forthischannelcondition,giventhatthecodelengthisinfinite(asymptoticregime).
However,itcanhappenthatthechannelconditionsaretooextremeforthecode
tohandle,resultinginanon-zeroprobabilityoferrorgiveninfinitelength.This
willbevisibleintheEXITchartplotsasacrossingbetweentheEXITcurvesof
thecomponentcodes.Ontheotherhand,thebetterthechannelconditionsare,
thewidertheopeningofthetunnelbetweenthecurves.Fig.3.5depictsthese
phenomena.

EXITchartscanbeusedasanoptimizationtoolforcodingschemes.The
parametersoftheinnerandoutercodescanbeadjustedforagivenchannel
conditionsuchthattheircorrespondingEXITcurveswillhaveatunnelbetween
them,anddecodingisguaranteedtobesuccessfulasymptotically.InPaperIIof
thisthesis,weoptimizeanouterLDPCcodeconcatenatedwithaninnerblock
codethroughEXITcharts,andthecorrespondingEXITcurvesforaspecific
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is a tunnel between the two curves, which indicates that the iterative decoding
algorithm will result in the correct decoding and recovery of the original message.
This plot conveys that this LDPC code will achieve zero decoding error probability
for this channel condition, given that the code length is infinite (asymptotic regime).
However, it can happen that the channel conditions are too extreme for the code
to handle, resulting in a non-zero probability of error given infinite length. This
will be visible in the EXIT chart plots as a crossing between the EXIT curves of
the component codes. On the other hand, the better the channel conditions are,
the wider the opening of the tunnel between the curves. Fig. 3.5 depicts these
phenomena.

EXIT charts can be used as an optimization tool for coding schemes. The
parameters of the inner and outer codes can be adjusted for a given channel
condition such that their corresponding EXIT curves will have a tunnel between
them, and decoding is guaranteed to be successful asymptotically. In Paper II of
this thesis, we optimize an outer LDPC code concatenated with an inner block
code through EXIT charts, and the corresponding EXIT curves for a specific
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passedtoeachcodeduringtheiterativedecodingprocess,asmentionedearlier
withtheSPAdecoder,canbeplottedforeachoneasshowninFig.3.4.Inthis
figure,weimposetwoplotsontopofeachother.ThefirstistheEXITchartof
theVNs,showingtheapriorimutualinformationcomingtotheVNsfromthe
CNs(Iav)versustheextrinsicmutualinformationcomingoutoftheVNstoward
theCNs(Iev).ThesecondistheEXITchartoftheCNs,displayingtheextrinsic
mutualinformationcomingoutoftheCNstowardtheVNs(Iec)againstthea
priorimutualinformationcomingtotheCNsfromtheVNs(Iac).Hence,wehave
thetworelations,Iac=IevandIav=Iec.

ByanalyzingtheEXITchart,onecangaininsightsintotheconvergence
behavioroftheiterativedecodingalgorithm.Therelativepositionsoftheinner
andouterEXITcurvesandtheirintersectionpointprovidevaluableinformation
aboutthepotentialerror-correctionperformanceofthecodeandthealgorithm.
UsingthesameLDPCcodeinFig.3.4asanexample,wecanseethatthere
isatunnelbetweenthetwocurves,whichindicatesthattheiterativedecoding
algorithmwillresultinthecorrectdecodingandrecoveryoftheoriginalmessage.
ThisplotconveysthatthisLDPCcodewillachievezerodecodingerrorprobability
forthischannelcondition,giventhatthecodelengthisinfinite(asymptoticregime).
However,itcanhappenthatthechannelconditionsaretooextremeforthecode
tohandle,resultinginanon-zeroprobabilityoferrorgiveninfinitelength.This
willbevisibleintheEXITchartplotsasacrossingbetweentheEXITcurvesof
thecomponentcodes.Ontheotherhand,thebetterthechannelconditionsare,
thewidertheopeningofthetunnelbetweenthecurves.Fig.3.5depictsthese
phenomena.

EXITchartscanbeusedasanoptimizationtoolforcodingschemes.The
parametersoftheinnerandoutercodescanbeadjustedforagivenchannel
conditionsuchthattheircorrespondingEXITcurveswillhaveatunnelbetween
them,anddecodingisguaranteedtobesuccessfulasymptotically.InPaperIIof
thisthesis,weoptimizeanouterLDPCcodeconcatenatedwithaninnerblock
codethroughEXITcharts,andthecorrespondingEXITcurvesforaspecific
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3.4.3 Achievable Information Rates

Another performance metric for a concatenated coding scheme is what is referred
to as an achievable information rate (AIR) for a given inner code. An AIR is
an outer code rate that is achievable, i.e., there exists an outer code with this
rate such that the overall concatenated code can be decoded with vanishing error
probability. By computing an AIR for a given inner code, we have an asymptotic
performance benchmark for an outer code perfectly matched to the inner code.
In other words, computing an AIR will give us the best coding rate achievable
with our chosen inner code and an outer code that is perfectly matched to it. It
should be noted that an AIR tells us the existence of an outer code that achieves
this coding rate when concatenated with the inner code in the asymptotic regime.
Finding this outer code is done by outer code optimization. Having mentioned
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this, we now present two standard approaches for estimating AIRs over hidden
Markov channels, i.e., channels whose output is the output of an HMM. The first
approach is to compute the so-called BCJR-once rate [35–37], which is defined as
the mutual information between the information sequence and its corresponding
LLRs, produced by a MAP decoder (BCJR algorithm). The second approach is
based on [38, 39] and uses concentration properties of Markov chains to estimate
the mutual information between channel input and output.

BCJR-Once Rate

The BCJR-once rate [35–37], which we denote by RBCJR-once, serves as an infor-
mation rate that can be achieved using an inner decoder that passes once APPs
of the information symbols to an appropriate outer decoder that is unaware of
possible correlations between the estimates. The outer and inner decoders hereby
perform no iterations. The BCJR-once rate can be derived by computing an AIR
of a decoder as follows. Let u (of length k) denote the input to the inner code
(output of the (non-binary) outer code over Fq) and y the corresponding channel
output (of length n), and denote by q(u|y) an arbitrary decoding metric that is
a valid distribution, i.e., ∑u q(u|y) = 1. We obtain for the mutual information
between the message u and the received sequence from the channel y,2

I(u; y) = H(u)−H(u|y)
= H(u) +

∑
u,y

p(u, y) log p(u|y)

= H(u) +
∑
u,y

p(u, y)
(

log q(u|y) + log p(u|y)
q(u|y)

)
≥ H(u) +

∑
u,y

p(u, y) log q(u|y), (3.9)

where H(·) denotes the entropy function, and where the last inequality is due to
identifying the sum over the second summand as a Kullback-Leibler divergence,
which is non-negative. We can then obtain the BCJR-once rate by computing the
AIR of a decoder with decoding metric

qBCJR(u|y) =
k∏

i=1
q(ui|y).

Then, defining the associated LLRs

LBCJR
i (a) = ln q(ui = a|y)

q(ui = 0|y) , ∀ a ∈ Fq,

we can combine the decoding metric with the LLRs to obtain

qBCJR(u|y) =
k∏

i=1

eLBCJR
i (ui)∑

a∈Fq
eLBCJR

i (a) ,

2In order to distinguish between random variables and their realizations, u and y denote the random
variables corresponding to u and y, respectively.
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this, we now present two standard approaches for estimating AIRs over hidden
Markov channels, i.e., channels whose output is the output of an HMM. The first
approach is to compute the so-called BCJR-once rate [35–37], which is defined as
the mutual information between the information sequence and its corresponding
LLRs, produced by a MAP decoder (BCJR algorithm). The second approach is
based on [38, 39] and uses concentration properties of Markov chains to estimate
the mutual information between channel input and output.

BCJR-Once Rate

The BCJR-once rate [35–37], which we denote by RBCJR-once, serves as an infor-
mation rate that can be achieved using an inner decoder that passes once APPs
of the information symbols to an appropriate outer decoder that is unaware of
possible correlations between the estimates. The outer and inner decoders hereby
perform no iterations. The BCJR-once rate can be derived by computing an AIR
of a decoder as follows. Let u (of length k) denote the input to the inner code
(output of the (non-binary) outer code over Fq) and y the corresponding channel
output (of length n), and denote by q(u|y) an arbitrary decoding metric that is
a valid distribution, i.e., ∑u q(u|y) = 1. We obtain for the mutual information
between the message u and the received sequence from the channel y,2

I(u; y) = H(u)−H(u|y)
= H(u) + ∑

u,y
p(u, y) log p(u|y)

= H(u) + ∑
u,y

p(u, y)(log q(u|y) + log
p(u|y)
q(u|y)

)
≥ H(u) + ∑

u,y
p(u, y) log q(u|y), (3.9)

where H(·) denotes the entropy function, and where the last inequality is due to
identifying the sum over the second summand as a Kullback-Leibler divergence,
which is non-negative. We can then obtain the BCJR-once rate by computing the
AIR of a decoder with decoding metric

qBCJR(u|y) =
k∏

i=1
q(ui|y).

Then, defining the associated LLRs

LBCJR
i (a) = ln

q(ui = a|y)
q(ui = 0|y)

, ∀ a ∈ Fq,

we can combine the decoding metric with the LLRs to obtain

qBCJR(u|y) =
k∏

i=1

e
LBCJR

i (ui)
∑a∈Fq eLBCJR

i (a) ,

2In order to distinguish between random variables and their realizations, u and y denote the random
variables corresponding to u and y, respectively.
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approachistocomputetheso-calledBCJR-oncerate[35–37],whichisdefinedas
themutualinformationbetweentheinformationsequenceanditscorresponding
LLRs,producedbyaMAPdecoder(BCJRalgorithm).Thesecondapproachis
basedon[38,39]andusesconcentrationpropertiesofMarkovchainstoestimate
themutualinformationbetweenchannelinputandoutput.
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where the denominator has been chosen such that we obtain a valid distribution.
Plugging the result into (3.9) yields

I(u; y) ≥ H(u) +
∑
u,y

p(u, y) log qBCJR(u|y)

= H(u) +
k∑

i=1

∑
ui,y

p(ui, y) log eLBCJR
i (ui)∑

a∈Fq
eLBCJR

i (a) .

For independent and uniform inputs, we obtain H(u) = k log q. Under the
assumption that the expectation above obeys asymptotic ergodicity, we conclude
that, for large k, we can estimate the BCJR-once rate by sampling a long input
sequence u and corresponding output sequence y and compute the LLRs LBCJR

i (a),
allowing to conclude with the estimate

RBCJR-once ≈ R log q + R

k

k∑
i=1

log eLBCJR
i (ui)∑

a∈Fq
eLBCJR

i (a) ,

where R = k/n is the inner code rate.

Mutual Information Rate

A method to compute the mutual information for a given coding scheme was
introduced in [38, 39], where the mutual information between an input process
u = (u1, u2, . . . ) and an output process y = (y1, y1, . . . ), I(u; y), is computed via
trellis-based simulations. Here, the input process is the input to an inner code
in a concatenated coding scheme, while the output process is the output of an
arbitrary channel. Given that a source/channel decoding trellis exists for a coding
scheme, the mutual information point

I(u; y) ≜ lim
k→∞

1
k

I(u; y),

which is an AIR, can be computed using the forward recursion of the BCJR
algorithm on the given trellis. Since

I(u; y) = H(u) + H(y)−H(u, y)

and − log p(u), − log p(y), and − log p(u, y) converge with probability 1 to H(u),
H(y), and H(u, y), respectively, for long sequences, I(u; y) can be estimated by

Î(u; y) =− 1
k

log p(u)− 1
k

log p(y) + 1
k

log p(u, y)

when k is very large.
Given an input sequence u to the inner code and a corresponding output

sequence y from the channel, log p(y), log p(u, y), and log p(u) can be computed
as follows. First, compute log p(y) from

p(y) =
∑
σ

p
(
yn

1 , σ
) (a)=

∑
σ

αk(σ),

3.4ToolsforModernCodes41

wherethedenominatorhasbeenchosensuchthatweobtainavaliddistribution.
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Forindependentanduniforminputs,weobtainH(u)=klogq.Underthe
assumptionthattheexpectationaboveobeysasymptoticergodicity,weconclude
that,forlargek,wecanestimatetheBCJR-onceratebysamplingalonginput
sequenceuandcorrespondingoutputsequenceyandcomputetheLLRsLBCJR

i(a),
allowingtoconcludewiththeestimate

RBCJR-once≈Rlogq+R
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whereR=k/nistheinnercoderate.

MutualInformationRate
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introducedin[38,39],wherethemutualinformationbetweenaninputprocess
u=(u1,u2,...)andanoutputprocessy=(y1,y1,...),I(u;y),iscomputedvia
trellis-basedsimulations.Here,theinputprocessistheinputtoaninnercode
inaconcatenatedcodingscheme,whiletheoutputprocessistheoutputofan
arbitrarychannel.Giventhatasource/channeldecodingtrellisexistsforacoding
scheme,themutualinformationpoint
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where the denominator has been chosen such that we obtain a valid distribution.
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For independent and uniform inputs, we obtain H(u) = k log q. Under the
assumption that the expectation above obeys asymptotic ergodicity, we conclude
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where (a) follows since αi(σ) = p
(
y

in/k
1 , σ

)
.3 Hence, it can be computed using

the recursion in (3.1). Second, log p(u) and log p(u, y) can be computed using a
recursion in a similar manner. In particular, the recursion for computing p(u, y) is

α
(u,y)
i (σ) =

∑
σ̂

α
(u,y)
i−1 (σ̂)γi(σ̂, σ),

where the summation is over all states σ̂ with an outgoing edge to σ labeled with
the input sequence symbol ui at time i. In other words, the recursion for p(u, y)
does not marginalize the input sequence u like in p(y). Then,

p(u, y) =
∑
σ

α
(u,y)
k (σ).

The recursion for computing p(u) is

α
(u)
i (σ) =

∑
σ̂

α
(u)
i−1(σ̂)p(ui, σ|σ̂),

where again the summation is over all states σ̂ with an outgoing edge to σ labeled
with the input sequence symbol ui at time i. Then,

p(u) =
∑
σ

α
(u)
k (σ).

However, since we consider an input sequence of independent and uniformly
distributed symbols, H(u) is equal to k log q, and hence we do not need to run the
recursion.

The achievable rates RMI ≈ Î(u; y) give insights on the inner-outer iterative
decoding performance of our coding scheme. In other words, this AIR gives us the
asymptotic performance of the coding scheme after a large number of inner-outer
iterations. This is the reason why there is a difference between mutual information
and BCJR-once rates (as will be shown later), and in general RMI ≥ RBCJR-once.

3.4.4 Finite-Length Bounds
As mentioned earlier, the AIRs introduced in the previous subsection can serve as
a bound for performance for coding schemes; however, those bounds are asymp-
totic, i.e., the coding scheme in question will achieve this performance with the
blocklength going to infinity. Unfortunately, this will never be the case practically
in DNA-based storage systems. As mentioned earlier, the blocklength of a stored
DNA strand can range from 100-2000 nucleotides; hence, the asymptotic bounds
will fail to capture the exact behavior of coding schemes designed for DNA-based
storage. As a result, exploring other bounds, mainly the ones that apply with
short and finite-length coding schemes, is helpful. Two finite-length performance
bounds we will use in this thesis are the dependency testing (DT) bound and the
outage probability bound, where the former uses the computation of RMI and the
latter uses RBCJR-once.

3As noted previously, for simplicity, we assume here that k is a divisor of n. Otherwise, the number
of symbols that are transmitted from time i− 1 to time i will vary with i such that the average number
of transmitted symbols equals n/k.
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therecursionin(3.1).Second,logp(u)andlogp(u,y)canbecomputedusinga
recursioninasimilarmanner.Inparticular,therecursionforcomputingp(u,y)is

α
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i(σ)=
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α
(u,y)
i−1(̂σ)γi(̂σ,σ),

wherethesummationisoverallstatesσ̂withanoutgoingedgetoσlabeledwith
theinputsequencesymboluiattimei.Inotherwords,therecursionforp(u,y)
doesnotmarginalizetheinputsequenceulikeinp(y).Then,
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However,sinceweconsideraninputsequenceofindependentanduniformly
distributedsymbols,H(u)isequaltoklogq,andhencewedonotneedtorunthe
recursion.

TheachievableratesRMI≈Î(u;y)giveinsightsontheinner-outeriterative
decodingperformanceofourcodingscheme.Inotherwords,thisAIRgivesusthe
asymptoticperformanceofthecodingschemeafteralargenumberofinner-outer
iterations.Thisisthereasonwhythereisadifferencebetweenmutualinformation
andBCJR-oncerates(aswillbeshownlater),andingeneralRMI≥RBCJR-once.

3.4.4Finite-LengthBounds
Asmentionedearlier,theAIRsintroducedintheprevioussubsectioncanserveas
aboundforperformanceforcodingschemes;however,thoseboundsareasymp-
totic,i.e.,thecodingschemeinquestionwillachievethisperformancewiththe
blocklengthgoingtoinfinity.Unfortunately,thiswillneverbethecasepractically
inDNA-basedstoragesystems.Asmentionedearlier,theblocklengthofastored
DNAstrandcanrangefrom100-2000nucleotides;hence,theasymptoticbounds
willfailtocapturetheexactbehaviorofcodingschemesdesignedforDNA-based
storage.Asaresult,exploringotherbounds,mainlytheonesthatapplywith
shortandfinite-lengthcodingschemes,ishelpful.Twofinite-lengthperformance
boundswewilluseinthisthesisarethedependencytesting(DT)boundandthe
outageprobabilitybound,wheretheformerusesthecomputationofRMIandthe
latterusesRBCJR-once.

3Asnotedpreviously,forsimplicity,weassumeherethatkisadivisorofn.Otherwise,thenumber
ofsymbolsthataretransmittedfromtimei−1totimeiwillvarywithisuchthattheaveragenumber
oftransmittedsymbolsequalsn/k.
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Dependency Testing Bound

The first finite-length bound provides an upper bound to the frame error probability,
denoted by Pf(e), achievable over any given channel in the finite blocklength regime.
In particular, we consider the DT bound [40]. The bound we provide is tailored to
concatenated coding schemes with inner and outer codes, which is the main code
construction we will use throughout this thesis. Hence, it can be used to guide its
choice and serves as a benchmark to compare coding schemes.

The DT bound for the combination of an inner code in a concatenated coding
scheme (with input length k) operating over an alphabet of size q and the output
process from an arbitrary channel is given by
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where (x)+ ≜ max(x, 0) and

i(u; y) ≜ log2
p(y|u)
p(y)

is the so-called information density with expected value equal to the mutual
information between u and y. The distribution of the information density i(u; y)
is not known in closed form for many channels. However, the right-hand-side of
(3.10) can be accurately estimated using the Monte-Carlo approach proposed in
[38, 39], which exploits concentration properties of Markov chains to estimate
the mutual information between an input process u and an output process y via
trellis-based simulations. We can then approximate (3.10) by

Pf(e) ≲ 1
V

∑
(u,y)

2−(i(u;y)−(k log2 q−1))+
,

where V is the number of pairs (u, y) considered in the computation.

Outage Probability Bound

As will be shown in the next chapter, due to strand erasures and replication
processes during the storage and sequencing phases, the outer decoder will have
some missing sequences to recover. As such, in a way, the DNA storage channel,
as seen by the outer code, resembles a block-fading channel when considering a
finite number of strands existing in a gene pool [41]. Hence, it also shares its
afflictions, most importantly its non-ergodic property. In particular, an outage
event occurs when not enough (possibly zero) strand copies are drawn from a
specific target strand. Formally, an outage event occurs when the instantaneous
mutual information between the input and output of an arbitrary channel is
lower than the transmission rate R. We consider the BCJR-once version of
the information-outage probability adapted from [42], to which we refer as the
information-outage probability qout. This metric can incorporate any decoding
approach, the fixed independent and uniformly distributed input u of length k,
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Chapter 4

Channel Models for DNA-Based
Storage

Designing a good error-correction scheme for a DNA-based storage system requires
proper modeling of the DNA storage channel. A DNA storage channel model
should capture all essential aspects that affect the DNA strands in storage and
retrieval. This includes good modeling of all types of errors that can impair the
data stored in DNA. Hence, the channel model should account for the strands
having IDS errors. It also should account for the erasure of some strands and
the loss of ordering they go through. Having a proper channel model will aid
in studying the impact of these errors and will, in turn, benefit the code design.
However, studying the effect of all these errors jointly is complex, as several
parameters must be considered simultaneously. Hence, it is more efficient and
insightful to start with a simplistic model that only considers a subset of these
errors, gaining a fundamental understanding of the nature of the channel, then
building on top of that to approach a model closer to reality.

4.1 I.i.d. Insertions-Deletions-Substitutions Channel
The simplest way to model errors that arise from DNA-based storage systems
is with a channel model that introduces independent and identically distributed
(i.i.d.) IDS errors. Studying the impact of the three types of errors, especially
insertion and deletion errors, in an idealistic scenario can give great insight and
provide a benchmark for designing error-correction schemes tailored to the DNA
storage channel. Hence, in this idealistic channel model, clustering and ordering
of reads are assumed to be perfect, forcing the model and analysis to be done for
IDS errors only. Isolating IDS errors from the other types of errors will provide a
simpler framework to gain insight into how to design codes that can handle IDS
errors.

Parallels can be drawn between the above idealistic DNA storage scenario and
the problem of maintaining synchronization at the receiver side with the transmitter.
Codes designed to maintain synchronization are referred to as synchronization
error-correction codes in the literature [27, 43–49, 49–56, 56–58]. Hence, we
can use code constructions and, more importantly, channel models designed for
synchronization errors.
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canusecodeconstructionsand,moreimportantly,channelmodelsdesignedfor
synchronizationerrors.
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To this end, the first work to present a modern coding scheme and channel
model incorporating IDS errors is by Davey and MacKay [24]. The channel
model introduced in this work is shown in Fig. 4.1. The channel is modeled as
an FSM with defined transition probabilities. Here we have the encoded data
x = (x1, x2, . . . , xi, . . . xn) of length n to be transmitted over the channel, where
each symbol xi is placed in a queue. When symbol xi is enqueued, the channel
enters state xi, and three possible events can occur. First, with probability pI,
an insertion event occurs where a uniformly random symbol a is appended to
the received sequence. In this case, xi remains in the queue, and the channel
returns to state xi. Second, symbol xi is deleted with probability pD. Consequently,
the queued symbol xi is not appended to y, the next symbol xi+1 is enqueued,
and the channel enters state xi+1. Third, xi is transmitted with probability
pT = 1 − pI − pD. In this case, the symbol xi is substituted with a uniformly
random symbol a∗ ̸= xi with probability pS, the next transmit symbol xi+1 is
enqueued, and the channel enters state xi+1. When the last transmit symbol xn

leaves the queue, the procedure finishes, and the channel outputs y. Note that
the length of the output sequence n′ is random and depends on the probabilities
pD and pI. In addition, for the most part, when using this channel model, we
assume pD = pI unless stated otherwise. Here, we can define a random variable
that incorporates insertions and deletions and leverages the fact that, in most
cases, n′ ̸= n. This random variable is introduced in [24] as the drift. The drift di,
0 ≤ i < n, is defined as the number of insertions minus the number of deletions
that occurred before symbol xi is enqueued, while dn is defined as the number
of insertions minus deletions that occurred after the last symbol xn has been
processed by the channel. It is clear that we only have knowledge of the beginning
and end drifts, i.e., d0 = 0 and dn = n′ − n, while the values of the drift random
variables within the sequence remain unknown. However, drift values within the
sequence can be inferred, and the likelihood of the drift value can be calculated.
This will be shown later in the papers.

For each time instant, the total drift can either be incremented by one (insertion),
decremented by one (deletion), or stay the same (transmission). Hence, the drift
random variable can be thought of as performing a random walk. Since, in the
channel model, the probabilities of insertions and deletions are typically assumed
to be equal, the random walk will have zero mean. In general, the variance of the
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Tothisend,thefirstworktopresentamoderncodingschemeandchannel
modelincorporatingIDSerrorsisbyDaveyandMacKay[24].Thechannel
modelintroducedinthisworkisshowninFig.4.1.Thechannelismodeledas
anFSMwithdefinedtransitionprobabilities.Herewehavetheencodeddata
x=(x1,x2,...,xi,...xn)oflengthntobetransmittedoverthechannel,where
eachsymbolxiisplacedinaqueue.Whensymbolxiisenqueued,thechannel
entersstatexi,andthreepossibleeventscanoccur.First,withprobabilitypI,
aninsertioneventoccurswhereauniformlyrandomsymbolaisappendedto
thereceivedsequence.Inthiscase,xiremainsinthequeue,andthechannel
returnstostatexi.Second,symbolxiisdeletedwithprobabilitypD.Consequently,
thequeuedsymbolxiisnotappendedtoy,thenextsymbolxi+1isenqueued,
andthechannelentersstatexi+1.Third,xiistransmittedwithprobability
pT=1−pI−pD.Inthiscase,thesymbolxiissubstitutedwithauniformly
randomsymbola∗̸=xiwithprobabilitypS,thenexttransmitsymbolxi+1is
enqueued,andthechannelentersstatexi+1.Whenthelasttransmitsymbolxn

leavesthequeue,theprocedurefinishes,andthechanneloutputsy.Notethat
thelengthoftheoutputsequencen′israndomanddependsontheprobabilities
pDandpI.Inaddition,forthemostpart,whenusingthischannelmodel,we
assumepD=pIunlessstatedotherwise.Here,wecandefinearandomvariable
thatincorporatesinsertionsanddeletionsandleveragesthefactthat,inmost
cases,n′̸=n.Thisrandomvariableisintroducedin[24]asthedrift.Thedriftdi,
0≤i<n,isdefinedasthenumberofinsertionsminusthenumberofdeletions
thatoccurredbeforesymbolxiisenqueued,whilednisdefinedasthenumber
ofinsertionsminusdeletionsthatoccurredafterthelastsymbolxnhasbeen
processedbythechannel.Itisclearthatweonlyhaveknowledgeofthebeginning
andenddrifts,i.e.,d0=0anddn=n′−n,whilethevaluesofthedriftrandom
variableswithinthesequenceremainunknown.However,driftvalueswithinthe
sequencecanbeinferred,andthelikelihoodofthedriftvaluecanbecalculated.
Thiswillbeshownlaterinthepapers.

Foreachtimeinstant,thetotaldriftcaneitherbeincrementedbyone(insertion),
decrementedbyone(deletion),orstaythesame(transmission).Hence,thedrift
randomvariablecanbethoughtofasperformingarandomwalk.Since,inthe
channelmodel,theprobabilitiesofinsertionsanddeletionsaretypicallyassumed
tobeequal,therandomwalkwillhavezeromean.Ingeneral,thevarianceofthe
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To this end, the first work to present a modern coding scheme and channel
model incorporating IDS errors is by Davey and MacKay [24]. The channel
model introduced in this work is shown in Fig. 4.1. The channel is modeled as
an FSM with defined transition probabilities. Here we have the encoded data
x = (x1, x2, . . . , xi, . . . xn) of length n to be transmitted over the channel, where
each symbol xi is placed in a queue. When symbol xi is enqueued, the channel
enters state xi, and three possible events can occur. First, with probability pI,
an insertion event occurs where a uniformly random symbol a is appended to
the received sequence. In this case, xi remains in the queue, and the channel
returns to state xi. Second, symbol xi is deleted with probability pD. Consequently,
the queued symbol xi is not appended to y, the next symbol xi+1 is enqueued,
and the channel enters state xi+1. Third, xi is transmitted with probability
pT = 1 − pI − pD. In this case, the symbol xi is substituted with a uniformly
random symbol a∗ ̸= xi with probability pS, the next transmit symbol xi+1 is
enqueued, and the channel enters state xi+1. When the last transmit symbol xn

leaves the queue, the procedure finishes, and the channel outputs y. Note that
the length of the output sequence n′ is random and depends on the probabilities
pD and pI. In addition, for the most part, when using this channel model, we
assume pD = pI unless stated otherwise. Here, we can define a random variable
that incorporates insertions and deletions and leverages the fact that, in most
cases, n′ ̸= n. This random variable is introduced in [24] as the drift. The drift di,
0 ≤ i < n, is defined as the number of insertions minus the number of deletions
that occurred before symbol xi is enqueued, while dn is defined as the number
of insertions minus deletions that occurred after the last symbol xn has been
processed by the channel. It is clear that we only have knowledge of the beginning
and end drifts, i.e., d0 = 0 and dn = n′ − n, while the values of the drift random
variables within the sequence remain unknown. However, drift values within the
sequence can be inferred, and the likelihood of the drift value can be calculated.
This will be shown later in the papers.

For each time instant, the total drift can either be incremented by one (insertion),
decremented by one (deletion), or stay the same (transmission). Hence, the drift
random variable can be thought of as performing a random walk. Since, in the
channel model, the probabilities of insertions and deletions are typically assumed
to be equal, the random walk will have zero mean. In general, the variance of the
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To this end, the first work to present a modern coding scheme and channel
model incorporating IDS errors is by Davey and MacKay [24]. The channel
model introduced in this work is shown in Fig. 4.1. The channel is modeled as
an FSM with defined transition probabilities. Here we have the encoded data
x = (x1, x2, . . . , xi, . . . xn) of length n to be transmitted over the channel, where
each symbol xi is placed in a queue. When symbol xi is enqueued, the channel
enters state xi, and three possible events can occur. First, with probability pI,
an insertion event occurs where a uniformly random symbol a is appended to
the received sequence. In this case, xi remains in the queue, and the channel
returns to state xi. Second, symbol xi is deleted with probability pD. Consequently,
the queued symbol xi is not appended to y, the next symbol xi+1 is enqueued,
and the channel enters state xi+1. Third, xi is transmitted with probability
pT = 1 − pI − pD. In this case, the symbol xi is substituted with a uniformly
random symbol a∗ ̸= xi with probability pS, the next transmit symbol xi+1 is
enqueued, and the channel enters state xi+1. When the last transmit symbol xn

leaves the queue, the procedure finishes, and the channel outputs y. Note that
the length of the output sequence n′ is random and depends on the probabilities
pD and pI. In addition, for the most part, when using this channel model, we
assume pD = pI unless stated otherwise. Here, we can define a random variable
that incorporates insertions and deletions and leverages the fact that, in most
cases, n′ ̸= n. This random variable is introduced in [24] as the drift. The drift di,
0 ≤ i < n, is defined as the number of insertions minus the number of deletions
that occurred before symbol xi is enqueued, while dn is defined as the number
of insertions minus deletions that occurred after the last symbol xn has been
processed by the channel. It is clear that we only have knowledge of the beginning
and end drifts, i.e., d0 = 0 and dn = n′ − n, while the values of the drift random
variables within the sequence remain unknown. However, drift values within the
sequence can be inferred, and the likelihood of the drift value can be calculated.
This will be shown later in the papers.

For each time instant, the total drift can either be incremented by one (insertion),
decremented by one (deletion), or stay the same (transmission). Hence, the drift
random variable can be thought of as performing a random walk. Since, in the
channel model, the probabilities of insertions and deletions are typically assumed
to be equal, the random walk will have zero mean. In general, the variance of the
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Tothisend,thefirstworktopresentamoderncodingschemeandchannel
modelincorporatingIDSerrorsisbyDaveyandMacKay[24].Thechannel
modelintroducedinthisworkisshowninFig.4.1.Thechannelismodeledas
anFSMwithdefinedtransitionprobabilities.Herewehavetheencodeddata
x=(x1,x2,...,xi,...xn)oflengthntobetransmittedoverthechannel,where
eachsymbolxiisplacedinaqueue.Whensymbolxiisenqueued,thechannel
entersstatexi,andthreepossibleeventscanoccur.First,withprobabilitypI,
aninsertioneventoccurswhereauniformlyrandomsymbolaisappendedto
thereceivedsequence.Inthiscase,xiremainsinthequeue,andthechannel
returnstostatexi.Second,symbolxiisdeletedwithprobabilitypD.Consequently,
thequeuedsymbolxiisnotappendedtoy,thenextsymbolxi+1isenqueued,
andthechannelentersstatexi+1.Third,xiistransmittedwithprobability
pT=1−pI−pD.Inthiscase,thesymbolxiissubstitutedwithauniformly
randomsymbola∗̸=xiwithprobabilitypS,thenexttransmitsymbolxi+1is
enqueued,andthechannelentersstatexi+1.Whenthelasttransmitsymbolxn

leavesthequeue,theprocedurefinishes,andthechanneloutputsy.Notethat
thelengthoftheoutputsequencen′israndomanddependsontheprobabilities
pDandpI.Inaddition,forthemostpart,whenusingthischannelmodel,we
assumepD=pIunlessstatedotherwise.Here,wecandefinearandomvariable
thatincorporatesinsertionsanddeletionsandleveragesthefactthat,inmost
cases,n′̸=n.Thisrandomvariableisintroducedin[24]asthedrift.Thedriftdi,
0≤i<n,isdefinedasthenumberofinsertionsminusthenumberofdeletions
thatoccurredbeforesymbolxiisenqueued,whilednisdefinedasthenumber
ofinsertionsminusdeletionsthatoccurredafterthelastsymbolxnhasbeen
processedbythechannel.Itisclearthatweonlyhaveknowledgeofthebeginning
andenddrifts,i.e.,d0=0anddn=n′−n,whilethevaluesofthedriftrandom
variableswithinthesequenceremainunknown.However,driftvalueswithinthe
sequencecanbeinferred,andthelikelihoodofthedriftvaluecanbecalculated.
Thiswillbeshownlaterinthepapers.

Foreachtimeinstant,thetotaldriftcaneitherbeincrementedbyone(insertion),
decrementedbyone(deletion),orstaythesame(transmission).Hence,thedrift
randomvariablecanbethoughtofasperformingarandomwalk.Since,inthe
channelmodel,theprobabilitiesofinsertionsanddeletionsaretypicallyassumed
tobeequal,therandomwalkwillhavezeromean.Ingeneral,thevarianceofthe
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Figure 4.2: Multi-draw IDS channel model.

drift dn is simply n · max(pI,pD)
1−max(pI,pD) , giving a standard deviation of

√
n · max(pI,pD)

1−max(pI,pD) .
The drift, in theory, can go up to infinity, minus or plus, although it is very
unlikely. However, from the point of view of the receiver/decoder, it is impractical
to have infinite limits on the minimum and maximum drift values. Therefore,
when decoding, a finite limit is set. In the papers included in this thesis, the drift
limits are usually set to be five to ten times the standard deviation.

In the DNA pool, we will most likely have multiple copies of the target DNA
strand. In order to model this feature, we can have M copies of the DNA strand
x and transmit them through M parallel i.i.d. IDS channels. As a result, we
get multiple noisy copies of the target DNA strand. The receiver/decoder can
leverage this redundancy by implementing a multiple-received sequences decoding
technique, which is discussed more thoroughly in the papers included in this thesis.

As a final note, the error probabilities can, of course, be set to any desired
values, which means that pI is not necessarily equal to pD. With this channel
model, we assume pI = pD for simplicity of analysis and understanding.

4.2 Multi-Draw Insertions-Deletions-Substitutions
Channel

As previously mentioned, the receiver/decoder has to deal with the loss of ordering
of the stored data, along with strand erasures due to some of them not being
drawn. In addition, there will exist multiple copies of the target strands in the
drawn pool, and therefore the receiver has to cluster the reads accordingly. In
the previous model, we mentioned that clustering of reads and ordering them is
assumed to be perfect, which practically is not the case. Hence, a DNA storage
channel model should also account for errors due to the drawing and shuffling
nature of the storage process.

Inspired by [59, 60], the multi-draw IDS channel model is shown in Fig. 4.2.
In this channel model, the information or encoded data is split into M blocks
of length L, giving us X ≜ (x1, . . . ,xM), which represents the target strands to
be synthesized. These synthesized strands then go through the multi-draw IDS
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The drift, in theory, can go up to infinity, minus or plus, although it is very
unlikely. However, from the point of view of the receiver/decoder, it is impractical
to have infinite limits on the minimum and maximum drift values. Therefore,
when decoding, a finite limit is set. In the papers included in this thesis, the drift
limits are usually set to be five to ten times the standard deviation.

In the DNA pool, we will most likely have multiple copies of the target DNA
strand. In order to model this feature, we can have M copies of the DNA strand
x and transmit them through M parallel i.i.d. IDS channels. As a result, we
get multiple noisy copies of the target DNA strand. The receiver/decoder can
leverage this redundancy by implementing a multiple-received sequences decoding
technique, which is discussed more thoroughly in the papers included in this thesis.

As a final note, the error probabilities can, of course, be set to any desired
values, which means that pI is not necessarily equal to pD. With this channel
model, we assume pI = pD for simplicity of analysis and understanding.

4.2 Multi-Draw Insertions-Deletions-Substitutions
Channel

As previously mentioned, the receiver/decoder has to deal with the loss of ordering
of the stored data, along with strand erasures due to some of them not being
drawn. In addition, there will exist multiple copies of the target strands in the
drawn pool, and therefore the receiver has to cluster the reads accordingly. In
the previous model, we mentioned that clustering of reads and ordering them is
assumed to be perfect, which practically is not the case. Hence, a DNA storage
channel model should also account for errors due to the drawing and shuffling
nature of the storage process.

Inspired by [59, 60], the multi-draw IDS channel model is shown in Fig. 4.2.
In this channel model, the information or encoded data is split into M blocks
of length L, giving us X ≜ (x1, . . . ,xM), which represents the target strands to
be synthesized. These synthesized strands then go through the multi-draw IDS
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channel, where they go through several steps as follows.

1. Draw: N draws are performed from the list X uniformly at ran-
dom with replacement. Let Di be the random variable correspond-
ing to the number of times strand xi is drawn and define the ran-
dom vector D ≜ (D1, . . . , DM). We set the limit of drawn sequences
to N ≥ M , where we define the coverage depth as c = N

M . Then,
the random vector D = (D1, . . . , DM) is multinomially distributed as
D ∼ Multinom(M, N, 1/M). With this definition of drawing, we model
the PCR amplification and sequencing processes that act on the strand
in the gene pool.

2. Transmit: The drawn strands are transmitted through independent IDS
channels, as presented in the previous section, with identical parameters
pI, pD, and pS. We denote by zj the output of the j-th IDS channel,
j ∈ {1, . . . , N}, and define Z ≜ (z1, . . . , zN ). Here we are modeling the
errors that arise from synthesis and sequencing, where there will exist
multiple noisy copies of our target DNA strands.

3. Permute: The final output of the channel, denoted as the list Y ≜
(y1, . . . , yN) is obtained by a permutation of Z chosen uniformly at
random. Y are the received sequences after the sequencing process. In
turn, this models the loss of ordering the strands go through while in
the gene pool.

Now, the receiver has to infer from Y the different clusters, or strands, that
exist in the gene pool and has to also re-order them. In part B of the thesis, we
present a work that designs an error-correction scheme that can overcome these
challenges.

4.3 Memory-k Event Dependent Insertions-Deletions-
Substitutions Channel

We assumed previously that the IDS errors that arise in DNA-based storage
systems are i.i.d., as in, the errors are independent of the message content, position
in the DNA sequence, and previous events. However, by surveying several related
works [6, 10, 61, 62], we expect the errors to be correlated. The degree and type
of correlation depend on many factors, including which sequencing technology is
used.

First, we have asymmetric substitution errors between different bases. In the
literature, due to the chemistry of the different bases, we know that some bases
are more likely to be substituted by a specific other base. Consequently, we
have to take this into consideration in our channel model. Second, in synthesis
and sequencing, burst error events are quite common [7, 15]. Third, and most
importantly, when it comes to Oxford nanopore sequencing, we will have different
error statistics depending on which sequence of bases has passed through the pore.
In addition, errors at any time instant can also depend on past errors. Hence, to
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ing to the number of times strand xi is drawn and define the ran-
dom vector D ≜ (D1, . . . , DM). We set the limit of drawn sequences
to N ≥ M , where we define the coverage depth as c =
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M . Then,

the random vector D = (D1, . . . , DM) is multinomially distributed as
D ∼ Multinom(M, N, 1/M). With this definition of drawing, we model
the PCR amplification and sequencing processes that act on the strand
in the gene pool.

2. Transmit: The drawn strands are transmitted through independent IDS
channels, as presented in the previous section, with identical parameters
pI, pD, and pS. We denote by zj the output of the j-th IDS channel,
j ∈ {1, . . . , N}, and define Z ≜ (z1, . . . , zN ). Here we are modeling the
errors that arise from synthesis and sequencing, where there will exist
multiple noisy copies of our target DNA strands.

3. Permute: The final output of the channel, denoted as the list Y ≜
(y1, . . . , yN) is obtained by a permutation of Z chosen uniformly at
random. Y are the received sequences after the sequencing process. In
turn, this models the loss of ordering the strands go through while in
the gene pool.

Now, the receiver has to infer from Y the different clusters, or strands, that
exist in the gene pool and has to also re-order them. In part B of the thesis, we
present a work that designs an error-correction scheme that can overcome these
challenges.
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of correlation depend on many factors, including which sequencing technology is
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First, we have asymmetric substitution errors between different bases. In the
literature, due to the chemistry of the different bases, we know that some bases
are more likely to be substituted by a specific other base. Consequently, we
have to take this into consideration in our channel model. Second, in synthesis
and sequencing, burst error events are quite common [7, 15]. Third, and most
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have a realistic channel model that introduces IDS errors, it should account for the
asymmetric substitution rates, sequence content-dependent errors, and previous
error-dependent errors.

The authors in [61] were the first to introduce an IDS channel model with
correlated errors. The authors proposed a statistical model of the DNA storage
channel with nanopore sequencing based on a Markov chain that correlates error
and sequence content by representing them as states in the chain. With this,
they aimed to model the inherent memory of the DNA storage channel. In
particular, it builds on the fact that in the MinION technology, strands traverse a
nanopore nucleotide by nucleotide, and an electrical signal is generated for every
group of k ≥ 1 successive nucleotides, called kmers. To this end, let x be the
DNA strand to be synthesized and z be the sequence of channel events, where
zi ∈ {insertion, deletion, substitution, no error}. The key idea in [61] is
then to assume that zi depends on the symbols xi−k+1, . . . , xi and the previous
event zi−1. This will introduce correlations between the event (error), at the
current time instant, and the previous event and the k previous symbols. In
turn, the transition probabilities p(zi|xi−k+1, . . . , xi, zi−1) can be estimated from
experimental data. We refer to this channel model as the memory-k nanopore
channel model, as shown in Fig. 4.3.

Let x = (x1, . . . , xn), representing the DNA strand, be the channel input
sequence and y = (y1, . . . , yn′) the channel output sequence, where again the drift
at the end is dn = n′ − n. Also, let kmeri = (xi−k+1, . . . , xi) be the kmer at
time instant i ≥ k, while for i < k, since no complete kmer is available, we use
kmeri = xi. Here, we denote the event associated with kmeri+1 by zi, where zi

represents an insertion, deletion, substitution, or no error acting on symbol xi

when it is to be transmitted. Hence, zi ∈ {Ins, Del, Sub, NoErr}. The transition
probabilities p1, p2, p3, and p4 in the figure are of the form p(zi|kmeri, zi−1), and
their value depends on the kmer. In the event of a deletion, the symbol xi in kmeri

will be deleted, and nothing will be appended to y, while when a no error event
occurs, y will be appended with xi. Furthermore, in the event of an insertion, i.e.,
zi = Ins, the channel will insert L > 1 symbols a1, . . . , aL, where the length L is
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havearealisticchannelmodelthatintroducesIDSerrors,itshouldaccountforthe
asymmetricsubstitutionrates,sequencecontent-dependenterrors,andprevious
error-dependenterrors.

Theauthorsin[61]werethefirsttointroduceanIDSchannelmodelwith
correlatederrors.TheauthorsproposedastatisticalmodeloftheDNAstorage
channelwithnanoporesequencingbasedonaMarkovchainthatcorrelateserror
andsequencecontentbyrepresentingthemasstatesinthechain.Withthis,
theyaimedtomodeltheinherentmemoryoftheDNAstoragechannel.In
particular,itbuildsonthefactthatintheMinIONtechnology,strandstraversea
nanoporenucleotidebynucleotide,andanelectricalsignalisgeneratedforevery
groupofk≥1successivenucleotides,calledkmers.Tothisend,letxbethe
DNAstrandtobesynthesizedandzbethesequenceofchannelevents,where
zi∈{insertion,deletion,substitution,noerror}.Thekeyideain[61]is
thentoassumethatzidependsonthesymbolsxi−k+1,...,xiandtheprevious
eventzi−1.Thiswillintroducecorrelationsbetweentheevent(error),atthe
currenttimeinstant,andthepreviouseventandthekprevioussymbols.In
turn,thetransitionprobabilitiesp(zi|xi−k+1,...,xi,zi−1)canbeestimatedfrom
experimentaldata.Werefertothischannelmodelasthememory-knanopore
channelmodel,asshowninFig.4.3.

Letx=(x1,...,xn),representingtheDNAstrand,bethechannelinput
sequenceandy=(y1,...,yn′)thechanneloutputsequence,whereagainthedrift
attheendisdn=n′−n.Also,letkmeri=(xi−k+1,...,xi)bethekmerat
timeinstanti≥k,whilefori<k,sincenocompletekmerisavailable,weuse
kmeri=xi.Here,wedenotetheeventassociatedwithkmeri+1byzi,wherezi

representsaninsertion,deletion,substitution,ornoerroractingonsymbolxi

whenitistobetransmitted.Hence,zi∈{Ins,Del,Sub,NoErr}.Thetransition
probabilitiesp1,p2,p3,andp4inthefigureareoftheformp(zi|kmeri,zi−1),and
theirvaluedependsonthekmer.Intheeventofadeletion,thesymbolxiinkmeri

willbedeleted,andnothingwillbeappendedtoy,whilewhenanoerrorevent
occurs,ywillbeappendedwithxi.Furthermore,intheeventofaninsertion,i.e.,
zi=Ins,thechannelwillinsertL>1symbolsa1,...,aL,wherethelengthLis
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havearealisticchannelmodelthatintroducesIDSerrors,itshouldaccountforthe
asymmetricsubstitutionrates,sequencecontent-dependenterrors,andprevious
error-dependenterrors.

Theauthorsin[61]werethefirsttointroduceanIDSchannelmodelwith
correlatederrors.TheauthorsproposedastatisticalmodeloftheDNAstorage
channelwithnanoporesequencingbasedonaMarkovchainthatcorrelateserror
andsequencecontentbyrepresentingthemasstatesinthechain.Withthis,
theyaimedtomodeltheinherentmemoryoftheDNAstoragechannel.In
particular,itbuildsonthefactthatintheMinIONtechnology,strandstraversea
nanoporenucleotidebynucleotide,andanelectricalsignalisgeneratedforevery
groupofk≥1successivenucleotides,calledkmers.Tothisend,letxbethe
DNAstrandtobesynthesizedandzbethesequenceofchannelevents,where
zi∈{insertion,deletion,substitution,noerror}.Thekeyideain[61]is
thentoassumethatzidependsonthesymbolsxi−k+1,...,xiandtheprevious
eventzi−1.Thiswillintroducecorrelationsbetweentheevent(error),atthe
currenttimeinstant,andthepreviouseventandthekprevioussymbols.In
turn,thetransitionprobabilitiesp(zi|xi−k+1,...,xi,zi−1)canbeestimatedfrom
experimentaldata.Werefertothischannelmodelasthememory-knanopore
channelmodel,asshowninFig.4.3.

Letx=(x1,...,xn),representingtheDNAstrand,bethechannelinput
sequenceandy=(y1,...,yn′)thechanneloutputsequence,whereagainthedrift
attheendisdn=n′−n.Also,letkmeri=(xi−k+1,...,xi)bethekmerat
timeinstanti≥k,whilefori<k,sincenocompletekmerisavailable,weuse
kmeri=xi.Here,wedenotetheeventassociatedwithkmeri+1byzi,wherezi

representsaninsertion,deletion,substitution,ornoerroractingonsymbolxi

whenitistobetransmitted.Hence,zi∈{Ins,Del,Sub,NoErr}.Thetransition
probabilitiesp1,p2,p3,andp4inthefigureareoftheformp(zi|kmeri,zi−1),and
theirvaluedependsonthekmer.Intheeventofadeletion,thesymbolxiinkmeri

willbedeleted,andnothingwillbeappendedtoy,whilewhenanoerrorevent
occurs,ywillbeappendedwithxi.Furthermore,intheeventofaninsertion,i.e.,
zi=Ins,thechannelwillinsertL>1symbolsa1,...,aL,wherethelengthLis
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random. Each symbol aj ∈ {0, 1, 2, 3} will be uniformly picked at random. In this
case, the channel appends y with (a1, . . . , aL). This also applies to a substitution
event where the symbol a∗ is randomly picked according to the distribution of
the asymmetric substitution matrix and appended to y instead of xi. In all these
scenarios, the channel always moves from state kmeri to state kmeri+1. After the
last symbol xn has been processed by the channel, the channel outputs y.
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Chapter 5

Paper Overview

In this chapter, we give an overview of what is included in our papers and a
summary of the contributions.

5.1 Paper I
In the paper “Concatenated Codes for Multiple Reads of a DNA Sequence,” we
introduce concatenated coding schemes for multiple sequence transmission over
parallel IDS channels over the DNA alphabet. The proposed schemes employ
an inner block code or convolutional code that corrects insertions and deletions,
concatenated with an outer LDPC or polar code, which corrects remaining (mostly
substitution) errors. Our key contribution is a low-complexity decoding strategy
that properly combines information from the multiple reads. Compared to MSA
techniques, which make hard decisions on the DNA symbols, the proposed strategy
provides soft information to the outer decoder. The proposed schemes achieve
significant gains over the single sequence transmission case and outperform MSA if
the number of traces is small. Furthermore, for a larger number of traces, they yield
comparable performance to MSA at lower complexity. Our main contributions are
summarized as follows.

• We propose two novel decoding algorithms for the decoding of the com-
bination of the inner code and the IDS channel with multiple reads:
an exact symbolwise MAP decoder based on a multidimensional trel-
lis encompassing the inner code and the multiple IDS channels, and
a suboptimal decoder that decodes each received sequence indepen-
dently and combines the results into a single sequence of approximate
APPs that are fed to the outer decoder. The first decoder is optimal
but of high complexity, whereas the second decoder is a practical de-
coder that significantly reduces the complexity while achieving excellent
performance.

• We improve on the performance of earlier concatenated schemes by
providing optimization techniques tailored to the IDS channel for both
the inner and outer codes. In particular, we design an inner time-varying
code concatenated with either an LDPC code or a polar code.
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thatproperlycombinesinformationfromthemultiplereads.ComparedtoMSA
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providessoftinformationtotheouterdecoder.Theproposedschemesachieve
significantgainsoverthesinglesequencetransmissioncaseandoutperformMSAif
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• To gain insight into the asymptotic performance of the proposed schemes,
we compute AIRs for the case with no iterations between the inner and
outer decoder and the case where iterations are allowed. The computed
rates depend on the inner code—but not on the outer code—and thus
can be used to evaluate and select the inner code.

5.2 Paper II

In the paper “Finite Blocklength Performance Bound for the DNA Storage Channel,”
we evaluate the finite blocklength performance of the coding schemes of Paper I.
We provide a finite blocklength performance bound for a DNA storage channel with
IDS errors. Particularly, we consider the DT bound based on the random coding
principle, which gives an upper bound on the frame error probability achievable
over the DNA storage channel. The bound is tailored to a concatenated coding
scheme that uses an inner synchronization code and depends on the inner code.
Hence, it can be used as a handy tool to optimize inner coding schemes for the
finite blocklength regime. Further, the bound provides a benchmark to compare
coding schemes for DNA storage in the practical short-to-medium blocklength
regime. We also consider the optimization of an outer LDPC code for a given
inner code using EXIT charts and show that an optimized concatenated coding
scheme achieves a normalized rate of 87% to 97% with respect to the DT bound
for a frame error probability of 10−3 and code rate 1/2, depending on the sequence
length.

5.3 Paper III

In the paper “Achievable Information Rates and Concatenated Codes for the
DNA Nanopore Sequencing Channel,” we deal with a more realistic DNA storage
channel model as compared to Papers I and II. We derive the optimum MAP
decoder for the memory-k nanopore channel model. The complexity of the decoder
increases exponentially with k. Based on this decoder, we derive AIRs. An AIR
for the memory-k nanopore channel can be seen as an AIR for the true DNA
storage channel of a mismatched decoder that assumes that the channel is a
memory-k nanopore channel. We show that for increasing k, the AIR improves—,
meaning that the decoder is better matched to the true channel—and eventually
saturates. This allows us to quantify the trade-off between decoding complexity and
performance loss incurred by the suboptimal decoder. The derived MAP decoder
can be used to design error-correcting coding schemes tailored to the memory-k
nanopore sequencing channel. In particular, we consider the concatenated coding
scheme proposed in Paper I and multiple reads of the DNA strand, and we optimize
the inner and outer code. We show that the concatenated coding scheme of Paper
I yields excellent performance at rates close to the AIRs.
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5.4 Paper IV
Finally, in the paper “Index-Based Concatenated Codes for the Multi-Draw DNA
Storage Channel,” we propose an index-based concatenated coding scheme for
the multi-draw IDS channel, a more realistic channel model that incorporates the
clustering and indexing problem introduced in Chapter 2. In our coding scheme
introduced in this paper, the information is first encoded by an outer code to
provide overall error protection, primarily coping with unresolved errors and strand
erasures of the data. The resulting codeword is split into M data blocks. In each
data block, index information is embedded after being encoded by a low-rate index
code, whereas the data block itself is encoded by an inner code. Both codes are
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Chapter 6

Conclusion

In this thesis, the main goal was to design coding schemes that can combat different
types of errors that arise from the DNA storage channel. To accomplish this,
it was essential to first gain a fundamental understanding of the channel. By
reviewing the literature of relevant experiments that showed the viability of DNA
as a storage medium and examining the technologies used, we identified the main
components of a DNA-based storage system. We then identified the types of errors
that arise from each component where a DNA strand can be affected by IDS errors.
Furthermore, strand erasures and loss of order are other challenges that must be
addressed. The next step was to build a channel model that incorporates these
types of errors, enabling the design of a coding scheme tailored to the DNA storage
channel. However, to gain a more fundamental insight into the impact of different
types of errors that arise from the channel, we first studied a simplistic channel
model with i.i.d. IDS errors where strand erasures and loss of order are perfectly
resolved. We then expanded on the simplistic channel model by introducing the
multi-draw DNA storage channel, where N uniformly random shuffled draws from
M < N target sequences are performed, which in turn introduces strand erasures
and loss of order, in addition to the need for clustering. Finally, we studied a more
advanced channel model that incorporates correlated IDS errors as opposed to
i.i.d. IDS errors as in the first simplistic model.

In our first and second papers, we proposed a coding scheme for the first
simplistic channel model, while the third and fourth papers targeted the second
and third channel models, respectively. The coding schemes proposed in these
papers are all in the form of concatenated codes, where we combine an inner
synchronization block code with an outer (non-binary) LDPC code (or an outer
polar code). We evaluated the performance of these schemes via frame error rate
simulations along with finite and asymptotic performance bounds. The finite
length performance bounds included the DT bound and an outage probability
bound. The asymptotic bounds used are the mutual information rate RMI and
the BCJR-once rate RBCJR-once, both being AIRs. When it came to code design
and optimization, we used DE and EXIT charts as tools for the outer LDPC code,
while for the inner block code, we used heuristic techniques.
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6.1 Future Work
There are several avenues to extend the work in this thesis. Below, we give a list
of possible interesting extensions.

• In Paper I, we computed the mutual information rate for the case of a
single received sequence and for joint decoding in the case of multiple
received sequences. However, for the case of multiple received sequences
and with separate decoding, devising a procedure for its computation
was left as an open problem. This appears to be challenging but would
be important in order to evaluate the ultimate performance limit of
separate decoding under iterative inner-outer decoding.

• Having derived the DT bound for the finite-length regime in Paper II, a
logical extension to that work is to find a converse bound as well. In
addition, we can also perform Markovian shaping of the channel input
in order to match it to the DNA storage channel.

• One clear way to expand on the work in this thesis is to combine the
multi-draw channel model with the channel model with correlated IDS
errors. This will result in a more realistic model that is much closer to
the true DNA storage channel.

• In Paper IV, we introduce a clustering algorithm based on the LLRs of
the received sequences from the output of the inner decoder. Although
this clustering approach has lower complexity compared to other al-
gorithms used in the literature, it still proved to be computationally
costly for large blocklengths. Hence, more work is needed to make the
clustering practically feasible.

• As always, backing up theoretical work with real-world experiments is
important, even if the design is done using realistic datasets. Hence, we
believe that an important avenue for future work would be to evaluate
the performance of the proposed coding schemes through real DNA
experiments where data is synthesized and sequenced using the proposed
schemes and decoding methods.

• Moreover, the question of how secure communication, i.e., cryptography,
can be implemented through the DNA storage channel is an interesting
research question that we did not study in this thesis. Although some
work has been done, for example, in [63], the authors study the DNA
wiretap channel, more work needs to be focused on the cryptographic
aspects of the channel.
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1 Introduction 67

Abstract

Decoding sequences that stem from multiple transmissions of
a codeword over an insertion, deletion, and substitution chan-
nel is a critical component of efficient deoxyribonucleic acid
(DNA) data storage systems. In this paper, we consider a con-
catenated coding scheme with an outer nonbinary low-density
parity-check code or a polar code and either an inner convo-
lutional code or a time-varying block code. We propose two
novel decoding algorithms for inference from multiple received
sequences, both combining the inner code and channel to a
joint hidden Markov model to infer symbolwise a posteriori
probabilities (APPs). The first decoder computes the exact
APPs by jointly decoding the received sequences, whereas
the second decoder approximates the APPs by combining the
results of separately decoded received sequences and has a
complexity that is linear with the number of sequences. Us-
ing the proposed algorithms, we evaluate the performance
of decoding multiple received sequences by means of achiev-
able information rates and Monte-Carlo simulations. We show
significant performance gains compared to a single received se-
quence. In addition, we succeed in improving the performance
of the aforementioned coding scheme by optimizing both the
inner and outer codes.

1 Introduction
Error correction of data storage in deoxyribonucleic acid (DNA) has recently gained
a lot of attention from the coding theory community. This attention increased
after several successful experiments [1–14] that demonstrated the viability of
using synthetic DNA as a reliable medium for data storage. As a result of the
pioneering DNA storage experiments, several information-theoretic problems have
been identified. The most important problem to our work is reliable communication
over channels that introduce insertions, deletions, and substitutions (IDSs) [15]
as the processes of DNA synthesis and DNA sequencing introduce errors in the
forms of IDSs. Furthermore, in the literature, channels that introduce IDSs have
been proposed to model synchronization errors. Thus, coding techniques are an
indispensable component to cope with IDSs and improve the reliability of DNA
storage systems and channels that are prone to desynchronization.

Work on synchronization errors began decades ago. Several papers in the 1960s-
70s have dealt with information-theoretic aspects of IDS errors, some even proposed
codes to correct these errors [16–20]. From these works, several constructions
of error-correcting codes for the IDS channel have been proposed in the last
decade. Among the most important ones, and most relevant to our work, is the
one introduced by Davey and MacKay [21]. In that paper, the authors introduce
a concatenated coding scheme composed of an inner block code and an outer low-
density parity-check (LDPC) code. In addition, they propose a decoding algorithm

1Introduction67

Abstract

Decodingsequencesthatstemfrommultipletransmissionsof
acodewordoveraninsertion,deletion,andsubstitutionchan-
nelisacriticalcomponentofefficientdeoxyribonucleicacid
(DNA)datastoragesystems.Inthispaper,weconsideracon-
catenatedcodingschemewithanouternonbinarylow-density
parity-checkcodeorapolarcodeandeitheraninnerconvo-
lutionalcodeoratime-varyingblockcode.Weproposetwo
noveldecodingalgorithmsforinferencefrommultiplereceived
sequences,bothcombiningtheinnercodeandchanneltoa
jointhiddenMarkovmodeltoinfersymbolwiseaposteriori
probabilities(APPs).Thefirstdecodercomputestheexact
APPsbyjointlydecodingthereceivedsequences,whereas
theseconddecoderapproximatestheAPPsbycombiningthe
resultsofseparatelydecodedreceivedsequencesandhasa
complexitythatislinearwiththenumberofsequences.Us-
ingtheproposedalgorithms,weevaluatetheperformance
ofdecodingmultiplereceivedsequencesbymeansofachiev-
ableinformationratesandMonte-Carlosimulations.Weshow
significantperformancegainscomparedtoasinglereceivedse-
quence.Inaddition,wesucceedinimprovingtheperformance
oftheaforementionedcodingschemebyoptimizingboththe
innerandoutercodes.

1Introduction
Errorcorrectionofdatastorageindeoxyribonucleicacid(DNA)hasrecentlygained
alotofattentionfromthecodingtheorycommunity.Thisattentionincreased
afterseveralsuccessfulexperiments[1–14]thatdemonstratedtheviabilityof
usingsyntheticDNAasareliablemediumfordatastorage.Asaresultofthe
pioneeringDNAstorageexperiments,severalinformation-theoreticproblemshave
beenidentified.Themostimportantproblemtoourworkisreliablecommunication
overchannelsthatintroduceinsertions,deletions,andsubstitutions(IDSs)[15]
astheprocessesofDNAsynthesisandDNAsequencingintroduceerrorsinthe
formsofIDSs.Furthermore,intheliterature,channelsthatintroduceIDSshave
beenproposedtomodelsynchronizationerrors.Thus,codingtechniquesarean
indispensablecomponenttocopewithIDSsandimprovethereliabilityofDNA
storagesystemsandchannelsthatarepronetodesynchronization.

Workonsynchronizationerrorsbegandecadesago.Severalpapersinthe1960s-
70shavedealtwithinformation-theoreticaspectsofIDSerrors,someevenproposed
codestocorrecttheseerrors[16–20].Fromtheseworks,severalconstructions
oferror-correctingcodesfortheIDSchannelhavebeenproposedinthelast
decade.Amongthemostimportantones,andmostrelevanttoourwork,isthe
oneintroducedbyDaveyandMacKay[21].Inthatpaper,theauthorsintroduce
aconcatenatedcodingschemecomposedofaninnerblockcodeandanouterlow-
densityparity-check(LDPC)code.Inaddition,theyproposeadecodingalgorithm

1Introduction67

Abstract

Decodingsequencesthatstemfrommultipletransmissionsof
acodewordoveraninsertion,deletion,andsubstitutionchan-
nelisacriticalcomponentofefficientdeoxyribonucleicacid
(DNA)datastoragesystems.Inthispaper,weconsideracon-
catenatedcodingschemewithanouternonbinarylow-density
parity-checkcodeorapolarcodeandeitheraninnerconvo-
lutionalcodeoratime-varyingblockcode.Weproposetwo
noveldecodingalgorithmsforinferencefrommultiplereceived
sequences,bothcombiningtheinnercodeandchanneltoa
jointhiddenMarkovmodeltoinfersymbolwiseaposteriori
probabilities(APPs).Thefirstdecodercomputestheexact
APPsbyjointlydecodingthereceivedsequences,whereas
theseconddecoderapproximatestheAPPsbycombiningthe
resultsofseparatelydecodedreceivedsequencesandhasa
complexitythatislinearwiththenumberofsequences.Us-
ingtheproposedalgorithms,weevaluatetheperformance
ofdecodingmultiplereceivedsequencesbymeansofachiev-
ableinformationratesandMonte-Carlosimulations.Weshow
significantperformancegainscomparedtoasinglereceivedse-
quence.Inaddition,wesucceedinimprovingtheperformance
oftheaforementionedcodingschemebyoptimizingboththe
innerandoutercodes.

1Introduction
Errorcorrectionofdatastorageindeoxyribonucleicacid(DNA)hasrecentlygained
alotofattentionfromthecodingtheorycommunity.Thisattentionincreased
afterseveralsuccessfulexperiments[1–14]thatdemonstratedtheviabilityof
usingsyntheticDNAasareliablemediumfordatastorage.Asaresultofthe
pioneeringDNAstorageexperiments,severalinformation-theoreticproblemshave
beenidentified.Themostimportantproblemtoourworkisreliablecommunication
overchannelsthatintroduceinsertions,deletions,andsubstitutions(IDSs)[15]
astheprocessesofDNAsynthesisandDNAsequencingintroduceerrorsinthe
formsofIDSs.Furthermore,intheliterature,channelsthatintroduceIDSshave
beenproposedtomodelsynchronizationerrors.Thus,codingtechniquesarean
indispensablecomponenttocopewithIDSsandimprovethereliabilityofDNA
storagesystemsandchannelsthatarepronetodesynchronization.

Workonsynchronizationerrorsbegandecadesago.Severalpapersinthe1960s-
70shavedealtwithinformation-theoreticaspectsofIDSerrors,someevenproposed
codestocorrecttheseerrors[16–20].Fromtheseworks,severalconstructions
oferror-correctingcodesfortheIDSchannelhavebeenproposedinthelast
decade.Amongthemostimportantones,andmostrelevanttoourwork,isthe
oneintroducedbyDaveyandMacKay[21].Inthatpaper,theauthorsintroduce
aconcatenatedcodingschemecomposedofaninnerblockcodeandanouterlow-
densityparity-check(LDPC)code.Inaddition,theyproposeadecodingalgorithm

1 Introduction 67

Abstract

Decoding sequences that stem from multiple transmissions of
a codeword over an insertion, deletion, and substitution chan-
nel is a critical component of efficient deoxyribonucleic acid
(DNA) data storage systems. In this paper, we consider a con-
catenated coding scheme with an outer nonbinary low-density
parity-check code or a polar code and either an inner convo-
lutional code or a time-varying block code. We propose two
novel decoding algorithms for inference from multiple received
sequences, both combining the inner code and channel to a
joint hidden Markov model to infer symbolwise a posteriori
probabilities (APPs). The first decoder computes the exact
APPs by jointly decoding the received sequences, whereas
the second decoder approximates the APPs by combining the
results of separately decoded received sequences and has a
complexity that is linear with the number of sequences. Us-
ing the proposed algorithms, we evaluate the performance
of decoding multiple received sequences by means of achiev-
able information rates and Monte-Carlo simulations. We show
significant performance gains compared to a single received se-
quence. In addition, we succeed in improving the performance
of the aforementioned coding scheme by optimizing both the
inner and outer codes.

1 Introduction
Error correction of data storage in deoxyribonucleic acid (DNA) has recently gained
a lot of attention from the coding theory community. This attention increased
after several successful experiments [1–14] that demonstrated the viability of
using synthetic DNA as a reliable medium for data storage. As a result of the
pioneering DNA storage experiments, several information-theoretic problems have
been identified. The most important problem to our work is reliable communication
over channels that introduce insertions, deletions, and substitutions (IDSs) [15]
as the processes of DNA synthesis and DNA sequencing introduce errors in the
forms of IDSs. Furthermore, in the literature, channels that introduce IDSs have
been proposed to model synchronization errors. Thus, coding techniques are an
indispensable component to cope with IDSs and improve the reliability of DNA
storage systems and channels that are prone to desynchronization.

Work on synchronization errors began decades ago. Several papers in the 1960s-
70s have dealt with information-theoretic aspects of IDS errors, some even proposed
codes to correct these errors [16–20]. From these works, several constructions
of error-correcting codes for the IDS channel have been proposed in the last
decade. Among the most important ones, and most relevant to our work, is the
one introduced by Davey and MacKay [21]. In that paper, the authors introduce
a concatenated coding scheme composed of an inner block code and an outer low-
density parity-check (LDPC) code. In addition, they propose a decoding algorithm

1 Introduction 67

Abstract

Decoding sequences that stem from multiple transmissions of
a codeword over an insertion, deletion, and substitution chan-
nel is a critical component of efficient deoxyribonucleic acid
(DNA) data storage systems. In this paper, we consider a con-
catenated coding scheme with an outer nonbinary low-density
parity-check code or a polar code and either an inner convo-
lutional code or a time-varying block code. We propose two
novel decoding algorithms for inference from multiple received
sequences, both combining the inner code and channel to a
joint hidden Markov model to infer symbolwise a posteriori
probabilities (APPs). The first decoder computes the exact
APPs by jointly decoding the received sequences, whereas
the second decoder approximates the APPs by combining the
results of separately decoded received sequences and has a
complexity that is linear with the number of sequences. Us-
ing the proposed algorithms, we evaluate the performance
of decoding multiple received sequences by means of achiev-
able information rates and Monte-Carlo simulations. We show
significant performance gains compared to a single received se-
quence. In addition, we succeed in improving the performance
of the aforementioned coding scheme by optimizing both the
inner and outer codes.

1 Introduction
Error correction of data storage in deoxyribonucleic acid (DNA) has recently gained
a lot of attention from the coding theory community. This attention increased
after several successful experiments [1–14] that demonstrated the viability of
using synthetic DNA as a reliable medium for data storage. As a result of the
pioneering DNA storage experiments, several information-theoretic problems have
been identified. The most important problem to our work is reliable communication
over channels that introduce insertions, deletions, and substitutions (IDSs) [15]
as the processes of DNA synthesis and DNA sequencing introduce errors in the
forms of IDSs. Furthermore, in the literature, channels that introduce IDSs have
been proposed to model synchronization errors. Thus, coding techniques are an
indispensable component to cope with IDSs and improve the reliability of DNA
storage systems and channels that are prone to desynchronization.

Work on synchronization errors began decades ago. Several papers in the 1960s-
70s have dealt with information-theoretic aspects of IDS errors, some even proposed
codes to correct these errors [16–20]. From these works, several constructions
of error-correcting codes for the IDS channel have been proposed in the last
decade. Among the most important ones, and most relevant to our work, is the
one introduced by Davey and MacKay [21]. In that paper, the authors introduce
a concatenated coding scheme composed of an inner block code and an outer low-
density parity-check (LDPC) code. In addition, they propose a decoding algorithm

1Introduction67

Abstract

Decodingsequencesthatstemfrommultipletransmissionsof
acodewordoveraninsertion,deletion,andsubstitutionchan-
nelisacriticalcomponentofefficientdeoxyribonucleicacid
(DNA)datastoragesystems.Inthispaper,weconsideracon-
catenatedcodingschemewithanouternonbinarylow-density
parity-checkcodeorapolarcodeandeitheraninnerconvo-
lutionalcodeoratime-varyingblockcode.Weproposetwo
noveldecodingalgorithmsforinferencefrommultiplereceived
sequences,bothcombiningtheinnercodeandchanneltoa
jointhiddenMarkovmodeltoinfersymbolwiseaposteriori
probabilities(APPs).Thefirstdecodercomputestheexact
APPsbyjointlydecodingthereceivedsequences,whereas
theseconddecoderapproximatestheAPPsbycombiningthe
resultsofseparatelydecodedreceivedsequencesandhasa
complexitythatislinearwiththenumberofsequences.Us-
ingtheproposedalgorithms,weevaluatetheperformance
ofdecodingmultiplereceivedsequencesbymeansofachiev-
ableinformationratesandMonte-Carlosimulations.Weshow
significantperformancegainscomparedtoasinglereceivedse-
quence.Inaddition,wesucceedinimprovingtheperformance
oftheaforementionedcodingschemebyoptimizingboththe
innerandoutercodes.

1Introduction
Errorcorrectionofdatastorageindeoxyribonucleicacid(DNA)hasrecentlygained
alotofattentionfromthecodingtheorycommunity.Thisattentionincreased
afterseveralsuccessfulexperiments[1–14]thatdemonstratedtheviabilityof
usingsyntheticDNAasareliablemediumfordatastorage.Asaresultofthe
pioneeringDNAstorageexperiments,severalinformation-theoreticproblemshave
beenidentified.Themostimportantproblemtoourworkisreliablecommunication
overchannelsthatintroduceinsertions,deletions,andsubstitutions(IDSs)[15]
astheprocessesofDNAsynthesisandDNAsequencingintroduceerrorsinthe
formsofIDSs.Furthermore,intheliterature,channelsthatintroduceIDSshave
beenproposedtomodelsynchronizationerrors.Thus,codingtechniquesarean
indispensablecomponenttocopewithIDSsandimprovethereliabilityofDNA
storagesystemsandchannelsthatarepronetodesynchronization.

Workonsynchronizationerrorsbegandecadesago.Severalpapersinthe1960s-
70shavedealtwithinformation-theoreticaspectsofIDSerrors,someevenproposed
codestocorrecttheseerrors[16–20].Fromtheseworks,severalconstructions
oferror-correctingcodesfortheIDSchannelhavebeenproposedinthelast
decade.Amongthemostimportantones,andmostrelevanttoourwork,isthe
oneintroducedbyDaveyandMacKay[21].Inthatpaper,theauthorsintroduce
aconcatenatedcodingschemecomposedofaninnerblockcodeandanouterlow-
densityparity-check(LDPC)code.Inaddition,theyproposeadecodingalgorithm

1Introduction67

Abstract

Decodingsequencesthatstemfrommultipletransmissionsof
acodewordoveraninsertion,deletion,andsubstitutionchan-
nelisacriticalcomponentofefficientdeoxyribonucleicacid
(DNA)datastoragesystems.Inthispaper,weconsideracon-
catenatedcodingschemewithanouternonbinarylow-density
parity-checkcodeorapolarcodeandeitheraninnerconvo-
lutionalcodeoratime-varyingblockcode.Weproposetwo
noveldecodingalgorithmsforinferencefrommultiplereceived
sequences,bothcombiningtheinnercodeandchanneltoa
jointhiddenMarkovmodeltoinfersymbolwiseaposteriori
probabilities(APPs).Thefirstdecodercomputestheexact
APPsbyjointlydecodingthereceivedsequences,whereas
theseconddecoderapproximatestheAPPsbycombiningthe
resultsofseparatelydecodedreceivedsequencesandhasa
complexitythatislinearwiththenumberofsequences.Us-
ingtheproposedalgorithms,weevaluatetheperformance
ofdecodingmultiplereceivedsequencesbymeansofachiev-
ableinformationratesandMonte-Carlosimulations.Weshow
significantperformancegainscomparedtoasinglereceivedse-
quence.Inaddition,wesucceedinimprovingtheperformance
oftheaforementionedcodingschemebyoptimizingboththe
innerandoutercodes.

1Introduction
Errorcorrectionofdatastorageindeoxyribonucleicacid(DNA)hasrecentlygained
alotofattentionfromthecodingtheorycommunity.Thisattentionincreased
afterseveralsuccessfulexperiments[1–14]thatdemonstratedtheviabilityof
usingsyntheticDNAasareliablemediumfordatastorage.Asaresultofthe
pioneeringDNAstorageexperiments,severalinformation-theoreticproblemshave
beenidentified.Themostimportantproblemtoourworkisreliablecommunication
overchannelsthatintroduceinsertions,deletions,andsubstitutions(IDSs)[15]
astheprocessesofDNAsynthesisandDNAsequencingintroduceerrorsinthe
formsofIDSs.Furthermore,intheliterature,channelsthatintroduceIDSshave
beenproposedtomodelsynchronizationerrors.Thus,codingtechniquesarean
indispensablecomponenttocopewithIDSsandimprovethereliabilityofDNA
storagesystemsandchannelsthatarepronetodesynchronization.

Workonsynchronizationerrorsbegandecadesago.Severalpapersinthe1960s-
70shavedealtwithinformation-theoreticaspectsofIDSerrors,someevenproposed
codestocorrecttheseerrors[16–20].Fromtheseworks,severalconstructions
oferror-correctingcodesfortheIDSchannelhavebeenproposedinthelast
decade.Amongthemostimportantones,andmostrelevanttoourwork,isthe
oneintroducedbyDaveyandMacKay[21].Inthatpaper,theauthorsintroduce
aconcatenatedcodingschemecomposedofaninnerblockcodeandanouterlow-
densityparity-check(LDPC)code.Inaddition,theyproposeadecodingalgorithm

1Introduction67

Abstract

Decodingsequencesthatstemfrommultipletransmissionsof
acodewordoveraninsertion,deletion,andsubstitutionchan-
nelisacriticalcomponentofefficientdeoxyribonucleicacid
(DNA)datastoragesystems.Inthispaper,weconsideracon-
catenatedcodingschemewithanouternonbinarylow-density
parity-checkcodeorapolarcodeandeitheraninnerconvo-
lutionalcodeoratime-varyingblockcode.Weproposetwo
noveldecodingalgorithmsforinferencefrommultiplereceived
sequences,bothcombiningtheinnercodeandchanneltoa
jointhiddenMarkovmodeltoinfersymbolwiseaposteriori
probabilities(APPs).Thefirstdecodercomputestheexact
APPsbyjointlydecodingthereceivedsequences,whereas
theseconddecoderapproximatestheAPPsbycombiningthe
resultsofseparatelydecodedreceivedsequencesandhasa
complexitythatislinearwiththenumberofsequences.Us-
ingtheproposedalgorithms,weevaluatetheperformance
ofdecodingmultiplereceivedsequencesbymeansofachiev-
ableinformationratesandMonte-Carlosimulations.Weshow
significantperformancegainscomparedtoasinglereceivedse-
quence.Inaddition,wesucceedinimprovingtheperformance
oftheaforementionedcodingschemebyoptimizingboththe
innerandoutercodes.

1Introduction
Errorcorrectionofdatastorageindeoxyribonucleicacid(DNA)hasrecentlygained
alotofattentionfromthecodingtheorycommunity.Thisattentionincreased
afterseveralsuccessfulexperiments[1–14]thatdemonstratedtheviabilityof
usingsyntheticDNAasareliablemediumfordatastorage.Asaresultofthe
pioneeringDNAstorageexperiments,severalinformation-theoreticproblemshave
beenidentified.Themostimportantproblemtoourworkisreliablecommunication
overchannelsthatintroduceinsertions,deletions,andsubstitutions(IDSs)[15]
astheprocessesofDNAsynthesisandDNAsequencingintroduceerrorsinthe
formsofIDSs.Furthermore,intheliterature,channelsthatintroduceIDSshave
beenproposedtomodelsynchronizationerrors.Thus,codingtechniquesarean
indispensablecomponenttocopewithIDSsandimprovethereliabilityofDNA
storagesystemsandchannelsthatarepronetodesynchronization.

Workonsynchronizationerrorsbegandecadesago.Severalpapersinthe1960s-
70shavedealtwithinformation-theoreticaspectsofIDSerrors,someevenproposed
codestocorrecttheseerrors[16–20].Fromtheseworks,severalconstructions
oferror-correctingcodesfortheIDSchannelhavebeenproposedinthelast
decade.Amongthemostimportantones,andmostrelevanttoourwork,isthe
oneintroducedbyDaveyandMacKay[21].Inthatpaper,theauthorsintroduce
aconcatenatedcodingschemecomposedofaninnerblockcodeandanouterlow-
densityparity-check(LDPC)code.Inaddition,theyproposeadecodingalgorithm

1Introduction67

Abstract

Decodingsequencesthatstemfrommultipletransmissionsof
acodewordoveraninsertion,deletion,andsubstitutionchan-
nelisacriticalcomponentofefficientdeoxyribonucleicacid
(DNA)datastoragesystems.Inthispaper,weconsideracon-
catenatedcodingschemewithanouternonbinarylow-density
parity-checkcodeorapolarcodeandeitheraninnerconvo-
lutionalcodeoratime-varyingblockcode.Weproposetwo
noveldecodingalgorithmsforinferencefrommultiplereceived
sequences,bothcombiningtheinnercodeandchanneltoa
jointhiddenMarkovmodeltoinfersymbolwiseaposteriori
probabilities(APPs).Thefirstdecodercomputestheexact
APPsbyjointlydecodingthereceivedsequences,whereas
theseconddecoderapproximatestheAPPsbycombiningthe
resultsofseparatelydecodedreceivedsequencesandhasa
complexitythatislinearwiththenumberofsequences.Us-
ingtheproposedalgorithms,weevaluatetheperformance
ofdecodingmultiplereceivedsequencesbymeansofachiev-
ableinformationratesandMonte-Carlosimulations.Weshow
significantperformancegainscomparedtoasinglereceivedse-
quence.Inaddition,wesucceedinimprovingtheperformance
oftheaforementionedcodingschemebyoptimizingboththe
innerandoutercodes.

1Introduction
Errorcorrectionofdatastorageindeoxyribonucleicacid(DNA)hasrecentlygained
alotofattentionfromthecodingtheorycommunity.Thisattentionincreased
afterseveralsuccessfulexperiments[1–14]thatdemonstratedtheviabilityof
usingsyntheticDNAasareliablemediumfordatastorage.Asaresultofthe
pioneeringDNAstorageexperiments,severalinformation-theoreticproblemshave
beenidentified.Themostimportantproblemtoourworkisreliablecommunication
overchannelsthatintroduceinsertions,deletions,andsubstitutions(IDSs)[15]
astheprocessesofDNAsynthesisandDNAsequencingintroduceerrorsinthe
formsofIDSs.Furthermore,intheliterature,channelsthatintroduceIDSshave
beenproposedtomodelsynchronizationerrors.Thus,codingtechniquesarean
indispensablecomponenttocopewithIDSsandimprovethereliabilityofDNA
storagesystemsandchannelsthatarepronetodesynchronization.

Workonsynchronizationerrorsbegandecadesago.Severalpapersinthe1960s-
70shavedealtwithinformation-theoreticaspectsofIDSerrors,someevenproposed
codestocorrecttheseerrors[16–20].Fromtheseworks,severalconstructions
oferror-correctingcodesfortheIDSchannelhavebeenproposedinthelast
decade.Amongthemostimportantones,andmostrelevanttoourwork,isthe
oneintroducedbyDaveyandMacKay[21].Inthatpaper,theauthorsintroduce
aconcatenatedcodingschemecomposedofaninnerblockcodeandanouterlow-
densityparity-check(LDPC)code.Inaddition,theyproposeadecodingalgorithm



68 Paper I

based on dynamic programming that represents the inner code and channel by a
hidden Markov model (HMM). By doing so, the decoding algorithm allows to infer
a posteriori probabilities (APPs) to be passed to the outer decoder, which will
complete the message recovery process. Inspired by Davey and MacKay’s work, the
Markov process of convolutional codes was extended to the IDS channel, allowing
for decoding algorithms of convolutional codes to be run for the IDS channel
[22, 23]. An improvement of the decoding algorithm in [21] was introduced in
[24]. Furthermore, marker codes were used as inner codes in [25], which improved
the performance of the inner codes of [21]. Additionally, standalone codes (i.e.,
without an inner code) such as LDPC codes in [26] and polar codes in [27, 28]
were studied to tackle synchronization errors.

Most of these studies have focused on error correction for a single block transmis-
sion over an IDS channel. However, in DNA-based storage the data is synthesized
into many short DNA strands (or sequences), where each strand is replicated thou-
sands of times. As a result, when the data is read via DNA sequencing, multiple
copies of each data strand are obtained.

Decoding multiple reads of a DNA sequence is typically performed via a multiple
sequence alignment (MSA) [29–32] of the received sequences, followed by a majority
decision on the alignment. This method is popular, since it is possible to employ
standard decoders on the single resulting sequence to correct remaining errors and
has been used in several recent experiments [7, 8, 12, 14].

In this paper, we introduce concatenated coding schemes for multiple sequence
transmission over parallel IDS channels over the DNA alphabet. The proposed
schemes employ an inner block code or convolutional code (as introduced in [21]
and [33], respectively) that corrects insertions and deletions, concatenated with
an outer LDPC or polar code, which corrects remaining (mostly substitution)
errors. Our key contribution is a low-complexity decoding strategy that properly
combines information from the multiple reads. Compared to MSA techniques,
which make hard decisions on the DNA symbols, the proposed strategy provides
soft information to the outer decoder. The proposed schemes achieve significant
gains over the single sequence transmission case and outperform MSA if the
number of traces is small. Furthermore, for a larger number of traces, they yield
comparable performance to MSA at lower complexity. Our main contributions are
summarized as follows.

• We propose two novel decoding algorithms for the decoding of the
combination of the inner code and the IDS channel with multiple reads:
an exact symbolwise maximum a posteriori (MAP) decoder based on a
multidimensional trellis encompassing the inner code and the multiple
IDS channels, and a sub-optimal decoder that decodes each received
sequence independently and combines the results into a single sequence
of approximate APPs that are fed to the outer decoder. The first
decoder is optimal but of high complexity, whereas the second decoder
is a practical decoder that significantly reduces the complexity while
achieving excellent performance. For instance, for a considered scenario,
we show that separate decoding with three sequences has comparable
performance to joint decoding with two sequences, but with much lower
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based on dynamic programming that represents the inner code and channel by a
hidden Markov model (HMM). By doing so, the decoding algorithm allows to infer
a posteriori probabilities (APPs) to be passed to the outer decoder, which will
complete the message recovery process. Inspired by Davey and MacKay’s work, the
Markov process of convolutional codes was extended to the IDS channel, allowing
for decoding algorithms of convolutional codes to be run for the IDS channel
[22, 23]. An improvement of the decoding algorithm in [21] was introduced in
[24]. Furthermore, marker codes were used as inner codes in [25], which improved
the performance of the inner codes of [21]. Additionally, standalone codes (i.e.,
without an inner code) such as LDPC codes in [26] and polar codes in [27, 28]
were studied to tackle synchronization errors.

Most of these studies have focused on error correction for a single block transmis-
sion over an IDS channel. However, in DNA-based storage the data is synthesized
into many short DNA strands (or sequences), where each strand is replicated thou-
sands of times. As a result, when the data is read via DNA sequencing, multiple
copies of each data strand are obtained.

Decoding multiple reads of a DNA sequence is typically performed via a multiple
sequence alignment (MSA) [29–32] of the received sequences, followed by a majority
decision on the alignment. This method is popular, since it is possible to employ
standard decoders on the single resulting sequence to correct remaining errors and
has been used in several recent experiments [7, 8, 12, 14].

In this paper, we introduce concatenated coding schemes for multiple sequence
transmission over parallel IDS channels over the DNA alphabet. The proposed
schemes employ an inner block code or convolutional code (as introduced in [21]
and [33], respectively) that corrects insertions and deletions, concatenated with
an outer LDPC or polar code, which corrects remaining (mostly substitution)
errors. Our key contribution is a low-complexity decoding strategy that properly
combines information from the multiple reads. Compared to MSA techniques,
which make hard decisions on the DNA symbols, the proposed strategy provides
soft information to the outer decoder. The proposed schemes achieve significant
gains over the single sequence transmission case and outperform MSA if the
number of traces is small. Furthermore, for a larger number of traces, they yield
comparable performance to MSA at lower complexity. Our main contributions are
summarized as follows.

• We propose two novel decoding algorithms for the decoding of the
combination of the inner code and the IDS channel with multiple reads:
an exact symbolwise maximum a posteriori (MAP) decoder based on a
multidimensional trellis encompassing the inner code and the multiple
IDS channels, and a sub-optimal decoder that decodes each received
sequence independently and combines the results into a single sequence
of approximate APPs that are fed to the outer decoder. The first
decoder is optimal but of high complexity, whereas the second decoder
is a practical decoder that significantly reduces the complexity while
achieving excellent performance. For instance, for a considered scenario,
we show that separate decoding with three sequences has comparable
performance to joint decoding with two sequences, but with much lower
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decoding complexity.

• We improve on the performance of earlier concatenated schemes by
providing optimization techniques tailored to the IDS channel for both
the inner and outer codes. In particular, we design an inner time-varying
code (TVC) concatenated with either an LDPC code or a polar code.

• To gain insight into the asymptotic performance of the proposed schemes,
we compute achievable information rates (AIRs) for the case with no
iterations between the inner and outer decoder and the case where iter-
ations are allowed. The computed AIRs depend on the inner code—but
not on the outer code—and thus can be used to evaluate and select the
inner code.

Related Work
Work related to ours includes the study of repeated transmission over an erro-
neous channel, which goes back to Levenshtein [34], who introduced the sequence
reconstruction problem. Here, the goal is to analytically quantify the number of
sequences, as a function of the sequence length, that are required to guarantee
correct reconstruction under an adversarial channel. Recently, the original for-
mulation has been extended to an adversarial DNA channel [35]. Furthermore,
similar in spirit to our work, yet different in methods and objectives, is the re-
search on the trace reconstruction problem over deletion channels [36–38], which
is the probabilistic variant of the sequence reconstruction problem. These works
focus on asymptotic results, while we discuss both asymptotic and finite-length
results of received sequences over a channel that additionally allows insertions
and substitutions. More recently, the trace reconstruction problem has also been
formulated for a fixed number of sequences with a larger focus on algorithmic as-
pects [39, 40]. However, these works consider only uncoded sequences, while we
are interested in coded transmissions.

Inspired by our work [41], independently of this paper, the authors in [42]
worked on multiple sequence transmission over parallel IDS channels. In particular
in [42], they presented a practical sub-optimal decoder, referred to as trellis bitwise
majority alignment, which slightly improves the performance compared to our
sub-optimal decoder, while slightly increasing the complexity. The authors in
[42] also proposed a less complex decoder than our optimal APP decoder. In
[43], a more complex sub-optimal decoder compared to our separate decoder was
presented for multiple sequence transmission over the IDS channel, as well as a
similar optimal APP decoder as ours. In [44], a concatenated coding scheme with
an outer LDPC code and an inner trellis code approaching the Markov capacity
of a channel with insertions and deletions for single sequence transmission was
proposed.

Other works that discuss AIRs for IDS channels are [44, 45]. These works
consider a binary channel and the single sequence case. In [45], bounds on the
capacity of binary IDS channels are computed, while in [44] a Markovian input
process for their binary insertion and deletion channel is optimized, which results
in better AIRs.
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decoding complexity.

• We improve on the performance of earlier concatenated schemes by
providing optimization techniques tailored to the IDS channel for both
the inner and outer codes. In particular, we design an inner time-varying
code (TVC) concatenated with either an LDPC code or a polar code.

• To gain insight into the asymptotic performance of the proposed schemes,
we compute achievable information rates (AIRs) for the case with no
iterations between the inner and outer decoder and the case where iter-
ations are allowed. The computed AIRs depend on the inner code—but
not on the outer code—and thus can be used to evaluate and select the
inner code.

Related Work
Work related to ours includes the study of repeated transmission over an erro-
neous channel, which goes back to Levenshtein [34], who introduced the sequence
reconstruction problem. Here, the goal is to analytically quantify the number of
sequences, as a function of the sequence length, that are required to guarantee
correct reconstruction under an adversarial channel. Recently, the original for-
mulation has been extended to an adversarial DNA channel [35]. Furthermore,
similar in spirit to our work, yet different in methods and objectives, is the re-
search on the trace reconstruction problem over deletion channels [36–38], which
is the probabilistic variant of the sequence reconstruction problem. These works
focus on asymptotic results, while we discuss both asymptotic and finite-length
results of received sequences over a channel that additionally allows insertions
and substitutions. More recently, the trace reconstruction problem has also been
formulated for a fixed number of sequences with a larger focus on algorithmic as-
pects [39, 40]. However, these works consider only uncoded sequences, while we
are interested in coded transmissions.

Inspired by our work [41], independently of this paper, the authors in [42]
worked on multiple sequence transmission over parallel IDS channels. In particular
in [42], they presented a practical sub-optimal decoder, referred to as trellis bitwise
majority alignment, which slightly improves the performance compared to our
sub-optimal decoder, while slightly increasing the complexity. The authors in
[42] also proposed a less complex decoder than our optimal APP decoder. In
[43], a more complex sub-optimal decoder compared to our separate decoder was
presented for multiple sequence transmission over the IDS channel, as well as a
similar optimal APP decoder as ours. In [44], a concatenated coding scheme with
an outer LDPC code and an inner trellis code approaching the Markov capacity
of a channel with insertions and deletions for single sequence transmission was
proposed.

Other works that discuss AIRs for IDS channels are [44, 45]. These works
consider a binary channel and the single sequence case. In [45], bounds on the
capacity of binary IDS channels are computed, while in [44] a Markovian input
process for their binary insertion and deletion channel is optimized, which results
in better AIRs.
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2 System Model

2.1 Channel Model

We consider the IDS channel model depicted in Fig. I.1 [21–25, 27, 28, 46]. Let
x = (x1, . . . , xN), xi ∈ Σq = {0, 1, . . . , q − 1}, be the information sequence to be
transmitted over the channel. The sequence can be viewed as a queue where each
symbol xi is successively transmitted over the channel. We describe in the following
how the received sequence y = (y1, . . . , yN ′) is generated state by state. Assume
xi is queued and therefore sought to be transmitted over the channel. The channel
enters state xi and three events may occur: (i) With probability pI, an insertion
event occurs where a uniformly random symbol a ∈ Σq is appended to the received
sequence. In this case, xi remains in the queue and the channel returns to state xi.
(ii) Symbol xi is deleted with probability pD. Consequently, the queued symbol xi

is not appended to y and the next symbol xi+1 is enqueued and the channel enters
state xi+1. (iii) xi is transmitted with probability pT = 1−pI−pD. In this case, the
symbol is substituted with a uniformly random symbol a∗ ̸= xi with probability pS
and the next transmit symbol xi+1 is enqueued and the channel enters state xi+1.
When the last transmit symbol xN leaves the queue, the procedure finishes and
the channel outputs y. Note that the length of the output sequence N ′ is random
and depends on the probabilities pD and pI.

2.2 Coding Scheme

Following [21], we consider an error-correcting code consisting of the serial concate-
nation of two codes. The role of the inner code is to maintain synchronization and
provide reliable soft information to the outer code, while the task of the outer code
is to use this soft information to perform an accurate estimate of the transmitted
information. In particular, given that the inner code provides reliable synchroniza-
tion information, the outer code corrects the remaining errors on the synchronized
sequence.

We investigate multiple choices of inner codes, which can be classified into two
categories: (i) Convolutional codes as introduced in [33], and (ii) TVCs. Note that
the inner code construction introduced in [21] can be seen as a non-time-varying
block code or a convolutional code with memory zero and thus, for simplicity, we
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restrict some passages in this work to convolutional inner codes only. Moreover,
the outer code is either a nonbinary LDPC code or a nonbinary polar code.

The considered system model is depicted in Fig. I.2. The information vector
u = (u1, . . . , uK),ui ∈ Fqo, is encoded by an [No, K]qo outer code to a codeword
w = (w1, . . . , wNo),wi ∈ Fqo.

The sequence x is transmitted M times independently over an IDS channel
resulting in the received sequences y1, . . . , yM corresponding to M reads of the
original strand. The inner decoder uses these received sequences to infer likelihoods
for the symbols in w. These likelihoods are then fed to the outer decoder, which
decides on the decoded sequence û. Furthermore, we can also iterate between the
inner and outer decoder, exchanging extrinsic information between them, which is
referred to as turbo decoding in the literature.

2.3 Symbolwise MAP Decoding for the IDS Channel (Inner
Decoding)

The random memory associated with the insertion and deletion processes makes
decoding for IDS channels challenging. This is visualized by the receiver’s inability
to directly identify the origin of a received symbol yi. Since insertions or deletions
before symbol yi might have moved the symbol right or left in the received sequence,
yi could be the result of transmitting a symbol xi′ with i′ ̸= i. In the following, we
describe how it is still possible to infer a posteriori likelihoods from this channel
using a hidden Markov representation of the channel [21, 23, 24]. We present
and discuss this HMM for M = 1 first and extend it to M > 1 multiple received
sequences afterward. Here we restrict the discussion to convolutional inner codes,
as a TVC with t = 1 can be viewed as a convolutional code with m = 0. The APP
of the outer code symbol wi is

p(wi|y) = p(y, wi)
p(y) .
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wv

x

y1y2yM

p(wi|y1,...,yM)

Innercode

Channel

FigureI.2:CommunicationviamultipletransmissionsoveranIDSchannelwitha
concatenatedcodingscheme.TheIDSchannel,depictedinFig.I.1,isfedMtimeswith
theencodedtransmitsequencex.

restrictsomepassagesinthisworktoconvolutionalinnercodesonly.Moreover,
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TheconsideredsystemmodelisdepictedinFig.I.2.Theinformationvector
u=(u1,...,uK),ui∈Fqo,isencodedbyan[No,K]qooutercodetoacodeword
w=(w1,...,wNo),wi∈Fqo.

ThesequencexistransmittedMtimesindependentlyoveranIDSchannel
resultinginthereceivedsequencesy1,...,yMcorrespondingtoMreadsofthe
originalstrand.Theinnerdecoderusesthesereceivedsequencestoinferlikelihoods
forthesymbolsinw.Theselikelihoodsarethenfedtotheouterdecoder,which
decidesonthedecodedsequenceû.Furthermore,wecanalsoiteratebetweenthe
innerandouterdecoder,exchangingextrinsicinformationbetweenthem,whichis
referredtoasturbodecodingintheliterature.

2.3SymbolwiseMAPDecodingfortheIDSChannel(Inner
Decoding)

Therandommemoryassociatedwiththeinsertionanddeletionprocessesmakes
decodingforIDSchannelschallenging.Thisisvisualizedbythereceiver’sinability
todirectlyidentifytheoriginofareceivedsymbolyi.Sinceinsertionsordeletions
beforesymbolyimighthavemovedthesymbolrightorleftinthereceivedsequence,
yicouldbetheresultoftransmittingasymbolxi′withi′̸=i.Inthefollowing,we
describehowitisstillpossibletoinferaposteriorilikelihoodsfromthischannel
usingahiddenMarkovrepresentationofthechannel[21,23,24].Wepresent
anddiscussthisHMMforM=1firstandextendittoM>1multiplereceived
sequencesafterward.Herewerestrictthediscussiontoconvolutionalinnercodes,
asaTVCwitht=1canbeviewedasaconvolutionalcodewithm=0.TheAPP
oftheoutercodesymbolwiis

p(wi|y)=p(y,wi)
p(y).
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The joint probability p(y, wi) can be computed by de-marginalizing with respect
to the memory states of the convolutional code corresponding to symbol wi. This
is possible due to the Markov property of the convolutional code. However, this
Markov property no longer holds for the IDS channel as a result of its memory.
To circumvent this issue, a new hidden state variable, the so-called drift [21], that
incorporates insertions and deletions, is added to the original Markov process,
creating an augmented hidden Markov process. The drift di, 0 ≤ i < No + m, is
defined as the number of insertions minus the number of deletions that occurred
before symbol xni+1 is enqueued, while dNo+m is defined as the number of insertions
minus deletions that occurred after the last symbol xn(No+m) has been transmitted.
Thus, by definition, d0 = 0 and dNo+m = N ′ − N , both known to the receiver.
In the resulting HMM, a transition from time i − 1 to time i corresponds to a
transmission of symbols xin

(i−1)n+1, where xb
a = (xa, xa+1, . . . , xb). Further, when

transitioning from state di−1 to di, the HMM emits n + di − di−1 output symbols
depending on both the previous and new drift. The key property of the drift is
that, by its inclusion as a new state variable inside the Markov process, the Markov
property is restored. This is because the drift sequence itself forms a Markov
chain and, conditioned on the memory state and drift at time i, the output of
the channel after time i becomes independent of the previous memory states and
drifts. Introducing the joint state variable σi = (si, di), where si denotes the state
variables of the convolutional code, we obtain with slight abuse of notation

p(y, wi) =
∑

(σ,σ′):wi

p(y, σ, σ′),

where σ and σ′ denote realizations of the random variables σi−1 and σi, respectively.
The summation is over all convolutional code memory states that correspond to
information symbol wi. Using the Markov property, we can expand the joint
probability p(y, σ, σ′) into three parts as

p(y,σ,σ′)=p
(
y

(i−1)n+d
1 , σ

)
p
(
yin+d′

(i−1)n+d+1, σ′
∣∣∣σ)p(yN ′

in+d′+1

∣∣∣∣σ′
)

.

Abbreviating the above terms by αi−1(σ), γi(σ, σ′), and βi(σ′) in order of appear-
ance, one can deduce the forward and backward recursions

αi(σ′) =
∑
σ

αi−1(σ)γi(σ, σ′), (I.1)

βi−1(σ) =
∑
σ′

βi(σ′)γi(σ, σ′).

Knowing the initial and final drift of the received sequence, the initial and termi-
nation conditions of the forward and backward recursions are

α0(σ) =
1 if σ = (0, 0)

0 otherwise,

βNo+m(σ) =
1 if σ = (0, N ′ −N)

0 otherwise.
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0otherwise.
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The branch metric can be decomposed as
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where p(wi) is the a priori probability of symbol wi. The expression
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∣∣∣d, s, s′) can be efficiently computed using a lattice structure [19, 47]

as explained as follows.
Define the lattice Fn×µ with n + 1 rows corresponding to the transmitted
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(i−1)n+1 = ẋ = (ẋ1, . . . , ẋn) of length n, and µ + 1 = n + d′ − d + 1

columns corresponding to the received sequence yin+d′

(i−1)n+d+1 = ẏ = (ẏ1, . . . , ẏµ)
of length µ. A horizontal transition in the lattice represents an insertion with
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a diagonal transition represents a transmission. The last event has probability
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0 otherwise,

and for the last row (r = n), since the HMM does not allow insertions at the end
of the transmitted sequence, the lattice computation becomes

Fn,l = pDFn−1,l + Q(ẏl, ẋn)Fn−1,l−1.

Finally, p(yin+d′

(i−1)n+d+1, d′
∣∣∣d, s, s′) = Fn,µ.
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otherwise. Let the value of the lattice point in row r and column l be represented
by Fr,l, see Fig. I.3. Then, for 0 < r < n and 0 < l ≤ µ, a lattice computation is
defined recursively as

Fr,l = 1
q

pIFr,l−1 + pDFr−1,l + Q(ẏl, ẋr)Fr−1,l−1,
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oflengthµ.Ahorizontaltransitioninthelatticerepresentsaninsertionwith
probabilitypI/q,averticaltransitionrepresentsadeletionwithprobabilitypD,while
adiagonaltransitionrepresentsatransmission.Thelasteventhasprobability
pT(1−pS)ifthecorrespondingelementsinẏandẋmatchorprobabilitypTpS/(q−1)
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Q(ẏ,ẋ)=



pT
pS

q−1ifẏ̸=ẋ
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3 Symbolwise MAP Decoding for Multiple Received
Sequences

In this work, we propose two novel approaches to take advantage of the redun-
dancy arising from multiple received sequences. The first approach, which we refer
to as joint decoding, calculates the APPs exactly and works on a multi-sequence
state-based trellis (or a joint trellis). The second approach, referred to as separate
decoding, considers each sequence trellis separately and then combines their respec-
tive APPs. Although the first approach offers the best solution for the multiple
received sequences problem, it comes with the drawback of very high complexity
as will be shown later. As a result, the second approach is proposed as a more
practical and less complex solution to the same problem, at the expense of a slight
reduction in performance.

Joint Decoding

To calculate the APPs of code symbols wi given multiple received sequences,
we proceed as follows. We introduce a drift state vector di = (di,1, . . . , di,M)
representing the drift at time instant i for each sequence. The resulting HMM
has the combined (M + 1)-dimensional state variables σi = (si, di,1, . . . , di,M ) with
corresponding branch metric

γi(σ, σ′) = p(wi)
M∏

j=1
p
(

(yj)
in+d′

j

(i−1)n+dj+1, d′
j

∣∣∣dj, s, s′
)

,

where yj, 1 ≤ j ≤ M , is the j-th received sequence. This branch metric can be
efficiently computed using the lattice implementation as γi(σ, σ′) = p(wi)

∏M
j=1 F j

n,µj
,

where F j
n,µj

is the result of the recursive lattice computation based on the substring
(yj)

in+d′
j

(i−1)n+dj+1 of the j-th received sequence yj and µj = n + d′
j − dj is its length.

The APPs can then be computed applying the BCJR algorithm with initial and
termination conditions

α0(σ) =
1 if σ = (0, 0, . . . , 0)

0 otherwise,

βNo+m(σ) =
1 if σ = (0, N ′

1 −N, . . . , N ′
M −N)

0 otherwise,

where N ′
j denotes the length of the j-th received sequence.

Separate Decoding

We propose a decoding approach that approximates the APPs by decoding each re-
ceived sequence separately and combining the resulting single sequence APPs. The
proposed separate decoding yields a significant reduction in complexity compared
to joint decoding, as discussed in Section 3. More precisely, we approximate the
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dancyarisingfrommultiplereceivedsequences.Thefirstapproach,whichwerefer
toasjointdecoding,calculatestheAPPsexactlyandworksonamulti-sequence
state-basedtrellis(orajointtrellis).Thesecondapproach,referredtoasseparate
decoding,considerseachsequencetrellisseparatelyandthencombinestheirrespec-
tiveAPPs.Althoughthefirstapproachoffersthebestsolutionforthemultiple
receivedsequencesproblem,itcomeswiththedrawbackofveryhighcomplexity
aswillbeshownlater.Asaresult,thesecondapproachisproposedasamore
practicalandlesscomplexsolutiontothesameproblem,attheexpenseofaslight
reductioninperformance.

JointDecoding

TocalculatetheAPPsofcodesymbolswigivenmultiplereceivedsequences,
weproceedasfollows.Weintroduceadriftstatevectordi=(di,1,...,di,M)
representingthedriftattimeinstantiforeachsequence.TheresultingHMM
hasthecombined(M+1)-dimensionalstatevariablesσi=(si,di,1,...,di,M)with
correspondingbranchmetric

γi(σ,σ′)=p(wi)
M∏
j=1

p
(

(yj)
in+d′

j

(i−1)n+dj+1,d′
j

∣∣∣dj,s,s′
)

,

whereyj,1≤j≤M,isthej-threceivedsequence.Thisbranchmetriccanbe
efficientlycomputedusingthelatticeimplementationasγi(σ,σ′)=p(wi)

∏M
j=1Fj

n,µj
,

whereFj
n,µj

istheresultoftherecursivelatticecomputationbasedonthesubstring
(yj)

in+d′
j

(i−1)n+dj+1ofthej-threceivedsequenceyjandµj=n+d′
j−djisitslength.

TheAPPscanthenbecomputedapplyingtheBCJRalgorithmwithinitialand
terminationconditions

α0(σ)=
1ifσ=(0,0,...,0)

0otherwise,

βNo+m(σ)=
1ifσ=(0,N′

1−N,...,N′
M−N)

0otherwise,

whereN′
jdenotesthelengthofthej-threceivedsequence.

SeparateDecoding
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ceivedsequenceseparatelyandcombiningtheresultingsinglesequenceAPPs.The
proposedseparatedecodingyieldsasignificantreductionincomplexitycompared
tojointdecoding,asdiscussedinSection3.Moreprecisely,weapproximatethe
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3 Symbolwise MAP Decoding for Multiple Received
Sequences

In this work, we propose two novel approaches to take advantage of the redun-
dancy arising from multiple received sequences. The first approach, which we refer
to as joint decoding, calculates the APPs exactly and works on a multi-sequence
state-based trellis (or a joint trellis). The second approach, referred to as separate
decoding, considers each sequence trellis separately and then combines their respec-
tive APPs. Although the first approach offers the best solution for the multiple
received sequences problem, it comes with the drawback of very high complexity
as will be shown later. As a result, the second approach is proposed as a more
practical and less complex solution to the same problem, at the expense of a slight
reduction in performance.

Joint Decoding

To calculate the APPs of code symbols wi given multiple received sequences,
we proceed as follows. We introduce a drift state vector di = (di,1, . . . , di,M)
representing the drift at time instant i for each sequence. The resulting HMM
has the combined (M + 1)-dimensional state variables σi = (si, di,1, . . . , di,M ) with
corresponding branch metric

γi(σ, σ′) = p(wi)
M∏

j=1
p((yj)

in+d′
j

(i−1)n+dj+1, d′
j ∣∣∣dj, s, s′) ,

where yj, 1 ≤ j ≤ M , is the j-th received sequence. This branch metric can be
efficiently computed using the lattice implementation as γi(σ, σ′) = p(wi)∏M

j=1 F
j
n,µj ,

where F
j
n,µj is the result of the recursive lattice computation based on the substring

(yj)
in+d′

j

(i−1)n+dj+1 of the j-th received sequence yj and µj = n + d′
j − dj is its length.

The APPs can then be computed applying the BCJR algorithm with initial and
termination conditions

α0(σ) =



1 if σ = (0, 0, . . . , 0)
0 otherwise,

βNo+m(σ) =



1 if σ = (0, N ′
1 −N, . . . , N ′

M −N)
0 otherwise,

where N ′
j denotes the length of the j-th received sequence.

Separate Decoding

We propose a decoding approach that approximates the APPs by decoding each re-
ceived sequence separately and combining the resulting single sequence APPs. The
proposed separate decoding yields a significant reduction in complexity compared
to joint decoding, as discussed in Section 3. More precisely, we approximate the
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joint APPs p(wi|y1, . . . , yM ) given the single sequence APPs p(wi|yj), 1 ≤ j ≤M ,
as

p(wi|y1, . . . , yM ) ∝∼
∏M

j=1 p(wi|yj)
p(wi)M−1 .

The individual APPs p(wi|yj) can be calculated via the BCJR decoder presented
in Section 4. As we show in Appendix A, this approximation holds exactly for
memoryless channels, which motivates the proposed separate decoding. However,
it results here in a loss of performance, which we discuss in Sections 5.1 and 7.
Note that the separation of the joint APPs could have been carried out as well at
other stages in the decoding flow, e.g., directly between the channel and the inner
code decoder or after decoding the outer code. However, we observed that for the
considered parameters, the proposed stage yields the best results.

Complexity Analysis

In this subsection, we evaluate the complexity of joint and separate decoding.
The number of performed operations by the inner BCJR decoding is mainly
proportional to the number of edges in the trellis inferred by the HMM. In line
with [21], for all methods we limit the drift to a fixed interval, di,j ∈ [dmin, dmax],
and the maximum number of insertions per symbol to Imax. Let us denote by
∆ = dmax − dmin + 1 the total number of drift states. Moreover, we can quantify
the total number of possible drift transisitions as δ = n(Imax + 1) + 1. Let ν be the
number of binary memory elements of the convolutional encoder. The complexity
to decode a single received sequence by the inner BCJR deocoder is

Csingle = N

n
2ν+k∆δ.

When considering the multiple sequence case, with M being the total number of
sequences, the complexity of the presented methods can be computed as follows.
For the separate decoding, the complexity is simply M times that of the single
sequence decoding, i.e.,

Csep = M · Csingle = N

n
2ν+kM∆δ.

Since the joint decoding introduces a joint drift state vector, the decoding trellis
grows exponentially in the number of sequences M . Thus, the complexity of joint
decoding is

Cjoint = N

n
2ν+k(∆δ)M .

Note that we do not take into account the effect of the trellis termination on
the number of edges in the aforementioned decoding methods. Moreover, typical
values for the product ∆δ can be as high as ≈ 1000 in the DNA storage application.
Therefore, the inner code decoding is the main contributor to the overall complexity
and thus we have neglected the complexity of the outer code decoding.
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other stages in the decoding flow, e.g., directly between the channel and the inner
code decoder or after decoding the outer code. However, we observed that for the
considered parameters, the proposed stage yields the best results.

Complexity Analysis

In this subsection, we evaluate the complexity of joint and separate decoding.
The number of performed operations by the inner BCJR decoding is mainly
proportional to the number of edges in the trellis inferred by the HMM. In line
with [21], for all methods we limit the drift to a fixed interval, di,j ∈ [dmin, dmax],
and the maximum number of insertions per symbol to Imax. Let us denote by
∆ = dmax − dmin + 1 the total number of drift states. Moreover, we can quantify
the total number of possible drift transisitions as δ = n(Imax + 1) + 1. Let ν be the
number of binary memory elements of the convolutional encoder. The complexity
to decode a single received sequence by the inner BCJR deocoder is

Csingle =
N

n 2
ν+k

∆δ.

When considering the multiple sequence case, with M being the total number of
sequences, the complexity of the presented methods can be computed as follows.
For the separate decoding, the complexity is simply M times that of the single
sequence decoding, i.e.,

Csep = M · Csingle =
N

n 2
ν+k

M∆δ.

Since the joint decoding introduces a joint drift state vector, the decoding trellis
grows exponentially in the number of sequences M . Thus, the complexity of joint
decoding is

Cjoint =
N

n 2
ν+k

(∆δ)
M

.

Note that we do not take into account the effect of the trellis termination on
the number of edges in the aforementioned decoding methods. Moreover, typical
values for the product ∆δ can be as high as ≈ 1000 in the DNA storage application.
Therefore, the inner code decoding is the main contributor to the overall complexity
and thus we have neglected the complexity of the outer code decoding.
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inSection4.AsweshowinAppendixA,thisapproximationholdsexactlyfor
memorylesschannels,whichmotivatestheproposedseparatedecoding.However,
itresultshereinalossofperformance,whichwediscussinSections5.1and7.
NotethattheseparationofthejointAPPscouldhavebeencarriedoutaswellat
otherstagesinthedecodingflow,e.g.,directlybetweenthechannelandtheinner
codedecoderorafterdecodingtheoutercode.However,weobservedthatforthe
consideredparameters,theproposedstageyieldsthebestresults.

ComplexityAnalysis

Inthissubsection,weevaluatethecomplexityofjointandseparatedecoding.
ThenumberofperformedoperationsbytheinnerBCJRdecodingismainly
proportionaltothenumberofedgesinthetrellisinferredbytheHMM.Inline
with[21],forallmethodswelimitthedrifttoafixedinterval,di,j∈[dmin,dmax],
andthemaximumnumberofinsertionspersymboltoImax.Letusdenoteby
∆=dmax−dmin+1thetotalnumberofdriftstates.Moreover,wecanquantify
thetotalnumberofpossibledrifttransisitionsasδ=n(Imax+1)+1.Letνbethe
numberofbinarymemoryelementsoftheconvolutionalencoder.Thecomplexity
todecodeasinglereceivedsequencebytheinnerBCJRdeocoderis
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Whenconsideringthemultiplesequencecase,withMbeingthetotalnumberof
sequences,thecomplexityofthepresentedmethodscanbecomputedasfollows.
Fortheseparatedecoding,thecomplexityissimplyMtimesthatofthesingle
sequencedecoding,i.e.,
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Sincethejointdecodingintroducesajointdriftstatevector,thedecodingtrellis
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Notethatwedonottakeintoaccounttheeffectofthetrellisterminationon
thenumberofedgesintheaforementioneddecodingmethods.Moreover,typical
valuesfortheproduct∆δcanbeashighas≈1000intheDNAstorageapplication.
Therefore,theinnercodedecodingisthemaincontributortotheoverallcomplexity
andthuswehaveneglectedthecomplexityoftheoutercodedecoding.
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For a fixed length N , increasing the number of sequences M has different
impact in the scale of complexity. The complexity of the separate decoding
method scales linearly with M while the complexity of the joint decoding approach
scales exponentially with M . Therefore, it directly becomes evident that the joint
decoding method is only practical for a small number of sequences. Hence, the
reason we proposed the separate decoding algorithm. With separate decoding, one
can increase the number of sequences M in order to match the performance of
optimal joint decoding with a significantly lower complexity. As illustrated in later
sections of the paper, the number of sequences needed to match the performance
of joint decoding with M = 2 is low.

4 Concatenated Code Design
In this section, we discuss the optimization of the coding scheme. On a high level,
we proceed as follows. We first design a novel inner TVC that is optimized in
terms of the Levenshtein distance between two codewords in a block and also
avoids overlaps between the codebooks of two adjacent blocks, improving its time
variance. We evaluate the performance of this inner code by computing AIRs in
Section 5 and compare with codes from the literature. For a selected inner code,
we then proceed with optimizing an outer LDPC code using protographs and
density evolution (DE). We also optimize the frozen symbols of an outer nonbinary
polar code using Monte-Carlo methods.

Inner Block Code

Our goal is to improve on the performance of the inner code construction introduced
in [21], which we refer to as the Davey-MacKay (DM) construction. The authors
of [21] proposed to construct a binary inner block code of size 2k and length n by
selecting the 2k vectors of lowest Hamming weight from all 2n vectors of length n.
In other words, the constructed code consists of the 2k sparsest length-n binary
vectors. We refer to the combination of the block code arising from the DM
construction and a random offset sequence as a watermark code.

The use of a random offset sequence is essential as it helps the inner code in
maintaining synchronization with the transmitted sequence. More precisely, the
random sequence helps in tracking the codeword boundaries between consecutive
transmissions of inner code codewords. This in turn helps the inner code to avoid
confusing adjacent codewords, especially in the presence of a large number of
insertions and deletions. The authors in [21] state that the more random the
watermark code is, the better the synchronization, which motivated their sparse
code construction, as it alters little the random sequence. However, for low IDS
probabilities, where loss of synchronization is less probable, the dominating factor
of the inner code performance is its edit distance profile. The edit distance between
two codewords, denoted by de, is defined as the minimum number of IDS errors
required to change one codeword into another. Hence, an inner code with good
minimum de, dmin

e , will perform well in that region. We observe this phenomenon
in the AIR results in Section 5 (for an in-depth discussion on the synchronization
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randomsequencehelpsintrackingthecodewordboundariesbetweenconsecutive
transmissionsofinnercodecodewords.Thisinturnhelpstheinnercodetoavoid
confusingadjacentcodewords,especiallyinthepresenceofalargenumberof
insertionsanddeletions.Theauthorsin[21]statethatthemorerandomthe
watermarkcodeis,thebetterthesynchronization,whichmotivatedtheirsparse
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probabilities,wherelossofsynchronizationislessprobable,thedominatingfactor
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ability and performance of inner codes, we refer the reader to that section). In
the special case when no substitutions are allowed, the edit distance is typically
referred to as the Levenshtein distance, which we denote by dL.

It was shown in [48] that the DM construction is far from optimal due to its
poor Levenshtein distance profile. The authors in [49] considered the so-called
weighted Levenshtein distance and improved its profile for the watermark code,
hence the code performance, by first building a set of sequences that when added
to the codewords, improve the overall distance profile of the code. Secondly, for
every transmission, a sequence is randomly picked from this set. However, the
performance is still relatively poor due to a low dmin

e . In [47, 50], it was proposed
to use codewords from Varshamov-Tenegol’ts (VT) codes [51], known for their
good IDS correction capabilities, to construct an inner code. In particular, in [47],
the authors chose a set of codewords from a VT code using a simulated annealing
algorithm [52] that targets the minimization of the so-called change probability
of the set. One more issue to combat comes from the requirement of using a
random offset sequence which does not destroy the edit distance properties of
the inner code. This issue was previously addressed by the same authors in [50]
where they proposed to randomly choose an offset sequence only from the set of
sequences that when added to the codewords of the inner code do not alter its dmin

e .1
However, such inner codes perform better when the codeword boundaries between
consecutive transmissions are known, which is typically not the case. As a result,
in the later work [47], TVCs, which are composed of several alternating codebooks
found by minimizing the change probability through a simulated annealing search,
were proposed. One issue that may arise is that using the simulated annealing
algorithm does not guarantee all codebooks to have the best dmin

e .
Here, we consider nonbinary TVCs, where the codebooks are found by searching

for cliques in an undirected graph as described below. Searching for codebooks
in this way guarantees that they all have the same dmin

e . First, an undirected
graph with a vertex for each vector in Σn

q is constructed. Then, we search for a
maximum clique in that graph. In general, finding a maximum clique in a graph
is an NP-hard problem. However, for small graphs, there exist several efficient
algorithms that can be used [53–55]. Here, we use the branch-and-bound algorithm
proposed in [54]. Formally, let G = (V , E) be an undirected graph, where V denotes
the set of vertices and E the set of edges. Each vertex v = v(c) ∈ V represents a
nonbinary vector c ∈ Σn

q , and there is an edge between vertices v(ci) and v(cj) if
and only if de(ci, cj) ≥ dmin

e , where dmin
e is a prescribed minimum edit distance.2

Then, an [n, k]q (nonlinear) block code with edit distance at least equal to dmin
e

corresponds to a clique of size 2k in G.
The branch-and-bound algorithm searches for a set of cliques (or codebooks)

of a given size, and from this set we select t codebooks that overlap as little as
possible using a heuristic approach. The t selected codebooks can then either
be repeated periodically or randomly in order to construct a TVC. In this work,
we only consider the special case of no substitutions when constructing a TVC.

1Note that in [50] the edit distance is referred to as the Levenshtein distance.
2Here, de(·, ·) denotes the edit distance between its first and second argument. Moreover, when

computing the distance, according to the IDS channel model, we do not allow for insertions at the end.
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abilityandperformanceofinnercodes,wereferthereadertothatsection).In
thespecialcasewhennosubstitutionsareallowed,theeditdistanceistypically
referredtoastheLevenshteindistance,whichwedenotebydL.

Itwasshownin[48]thattheDMconstructionisfarfromoptimalduetoits
poorLevenshteindistanceprofile.Theauthorsin[49]consideredtheso-called
weightedLevenshteindistanceandimproveditsprofileforthewatermarkcode,
hencethecodeperformance,byfirstbuildingasetofsequencesthatwhenadded
tothecodewords,improvetheoveralldistanceprofileofthecode.Secondly,for
everytransmission,asequenceisrandomlypickedfromthisset.However,the
performanceisstillrelativelypoorduetoalowdmin

e.In[47,50],itwasproposed
tousecodewordsfromVarshamov-Tenegol’ts(VT)codes[51],knownfortheir
goodIDScorrectioncapabilities,toconstructaninnercode.Inparticular,in[47],
theauthorschoseasetofcodewordsfromaVTcodeusingasimulatedannealing
algorithm[52]thattargetstheminimizationoftheso-calledchangeprobability
oftheset.Onemoreissuetocombatcomesfromtherequirementofusinga
randomoffsetsequencewhichdoesnotdestroytheeditdistancepropertiesof
theinnercode.Thisissuewaspreviouslyaddressedbythesameauthorsin[50]
wheretheyproposedtorandomlychooseanoffsetsequenceonlyfromthesetof
sequencesthatwhenaddedtothecodewordsoftheinnercodedonotalteritsdmin

e.1
However,suchinnercodesperformbetterwhenthecodewordboundariesbetween
consecutivetransmissionsareknown,whichistypicallynotthecase.Asaresult,
inthelaterwork[47],TVCs,whicharecomposedofseveralalternatingcodebooks
foundbyminimizingthechangeprobabilitythroughasimulatedannealingsearch,
wereproposed.Oneissuethatmayariseisthatusingthesimulatedannealing
algorithmdoesnotguaranteeallcodebookstohavethebestdmin

e.
Here,weconsidernonbinaryTVCs,wherethecodebooksarefoundbysearching

forcliquesinanundirectedgraphasdescribedbelow.Searchingforcodebooks
inthiswayguaranteesthattheyallhavethesamedmin

e.First,anundirected
graphwithavertexforeachvectorinΣn

qisconstructed.Then,wesearchfora
maximumcliqueinthatgraph.Ingeneral,findingamaximumcliqueinagraph
isanNP-hardproblem.However,forsmallgraphs,thereexistseveralefficient
algorithmsthatcanbeused[53–55].Here,weusethebranch-and-boundalgorithm
proposedin[54].Formally,letG=(V,E)beanundirectedgraph,whereVdenotes
thesetofverticesandEthesetofedges.Eachvertexv=v(c)∈Vrepresentsa
nonbinaryvectorc∈Σn

q,andthereisanedgebetweenverticesv(ci)andv(cj)if
andonlyifde(ci,cj)≥dmin

e,wheredmin
eisaprescribedminimumeditdistance.2

Then,an[n,k]q(nonlinear)blockcodewitheditdistanceatleastequaltodmin
e

correspondstoacliqueofsize2kinG.
Thebranch-and-boundalgorithmsearchesforasetofcliques(orcodebooks)

ofagivensize,andfromthissetweselecttcodebooksthatoverlapaslittleas
possibleusingaheuristicapproach.Thetselectedcodebookscantheneither
berepeatedperiodicallyorrandomlyinordertoconstructaTVC.Inthiswork,
weonlyconsiderthespecialcaseofnosubstitutionswhenconstructingaTVC.

1Notethatin[50]theeditdistanceisreferredtoastheLevenshteindistance.
2Here,de(·,·)denotestheeditdistancebetweenitsfirstandsecondargument.Moreover,when
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ability and performance of inner codes, we refer the reader to that section). In
the special case when no substitutions are allowed, the edit distance is typically
referred to as the Levenshtein distance, which we denote by dL.

It was shown in [48] that the DM construction is far from optimal due to its
poor Levenshtein distance profile. The authors in [49] considered the so-called
weighted Levenshtein distance and improved its profile for the watermark code,
hence the code performance, by first building a set of sequences that when added
to the codewords, improve the overall distance profile of the code. Secondly, for
every transmission, a sequence is randomly picked from this set. However, the
performance is still relatively poor due to a low dmin

e . In [47, 50], it was proposed
to use codewords from Varshamov-Tenegol’ts (VT) codes [51], known for their
good IDS correction capabilities, to construct an inner code. In particular, in [47],
the authors chose a set of codewords from a VT code using a simulated annealing
algorithm [52] that targets the minimization of the so-called change probability
of the set. One more issue to combat comes from the requirement of using a
random offset sequence which does not destroy the edit distance properties of
the inner code. This issue was previously addressed by the same authors in [50]
where they proposed to randomly choose an offset sequence only from the set of
sequences that when added to the codewords of the inner code do not alter its dmin

e .1
However, such inner codes perform better when the codeword boundaries between
consecutive transmissions are known, which is typically not the case. As a result,
in the later work [47], TVCs, which are composed of several alternating codebooks
found by minimizing the change probability through a simulated annealing search,
were proposed. One issue that may arise is that using the simulated annealing
algorithm does not guarantee all codebooks to have the best dmin

e .
Here, we consider nonbinary TVCs, where the codebooks are found by searching

for cliques in an undirected graph as described below. Searching for codebooks
in this way guarantees that they all have the same dmin

e . First, an undirected
graph with a vertex for each vector in Σ

n
q is constructed. Then, we search for a

maximum clique in that graph. In general, finding a maximum clique in a graph
is an NP-hard problem. However, for small graphs, there exist several efficient
algorithms that can be used [53–55]. Here, we use the branch-and-bound algorithm
proposed in [54]. Formally, let G = (V , E) be an undirected graph, where V denotes
the set of vertices and E the set of edges. Each vertex v = v(c) ∈ V represents a
nonbinary vector c ∈ Σ

n
q , and there is an edge between vertices v(ci) and v(cj) if

and only if de(ci, cj) ≥ dmin
e , where dmin

e is a prescribed minimum edit distance.2
Then, an [n, k]q (nonlinear) block code with edit distance at least equal to dmin

e
corresponds to a clique of size 2

k
in G.

The branch-and-bound algorithm searches for a set of cliques (or codebooks)
of a given size, and from this set we select t codebooks that overlap as little as
possible using a heuristic approach. The t selected codebooks can then either
be repeated periodically or randomly in order to construct a TVC. In this work,
we only consider the special case of no substitutions when constructing a TVC.

1Note that in [50] the edit distance is referred to as the Levenshtein distance.
2Here, de(·, ·) denotes the edit distance between its first and second argument. Moreover, when

computing the distance, according to the IDS channel model, we do not allow for insertions at the end.
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Table I.1: Designed TVC With 4 Codebooks

Codebook 1 Codebook 2 Codebook 3 Codebook 4
(0, 0, 0, 0) (0, 0, 0, 1) (0, 0, 3, 0) (0, 0, 0, 3)
(0, 0, 2, 2) (0, 0, 3, 3) (0, 1, 1, 1) (0, 0, 2, 2)
(0, 3, 2, 3) (0, 2, 1, 2) (0, 2, 3, 2) (0, 3, 2, 3)
(1, 0, 1, 0) (1, 0, 2, 0) (0, 3, 1, 3) (1, 0, 1, 1)
(1, 1, 1, 1) (1, 1, 2, 2) (1, 0, 0, 1) (1, 1, 0, 0)
(1, 1, 3, 3) (1, 1, 3, 1) (1, 2, 0, 2) (1, 1, 3, 3)
(1, 2, 3, 2) (1, 3, 0, 3) (1, 3, 2, 3) (1, 2, 3, 2)
(2, 0, 2, 1) (2, 0, 0, 2) (2, 2, 0, 0) (2, 1, 2, 1)
(2, 1, 2, 0) (2, 2, 0, 3) (2, 2, 1, 3) (2, 2, 0, 0)
(2, 2, 2, 2) (2, 2, 1, 1) (2, 2, 2, 2) (2, 2, 2, 3)
(2, 2, 3, 3) (2, 3, 1, 3) (2, 3, 0, 3) (2, 3, 0, 3)
(3, 0, 3, 1) (3, 0, 1, 0) (3, 0, 0, 2) (3, 0, 0, 1)
(3, 1, 3, 0) (3, 2, 2, 2) (3, 2, 1, 2) (3, 1, 3, 0)
(3, 2, 0, 0) (3, 2, 3, 0) (3, 3, 1, 1) (3, 2, 0, 2)
(3, 3, 2, 2) (3, 3, 1, 1) (3, 3, 2, 0) (3, 2, 3, 1)
(3, 3, 3, 3) (3, 3, 3, 2) (3, 3, 3, 3) (3, 3, 3, 3)

Hence, we consider the Levenshtein distance. In Table I.1, we list t = 4 quaternary
codebooks, each of size 16, length n = 4, and with minimum Levenshtein distance
dmin

L = 4. Note that for these code parameters, finding 4 disjoint codebooks
is difficult. Hence, some of the codebooks overlap and the number of distinct
codewords is 56. The resulting TVC is a [4, 4, 4]4 TVC.

In Section 7, we compare the performance of our concatenated coding schemes
using a quaternary watermark code and the quaternary TVC code in Table I.1 as
inner codes. We further consider the use of a convolutional inner code. Here, we
do not extend the inner code optimization to the convolutional code, but rather
pick the same code as in [47], which is the one corresponding to the generator
polynomial g = [5, 7]oct. By grouping trellis sections together in the decoding
stage, we can interpret this convolutional code also as a nonbinary inner code,
thus forming APPs for higher order field sizes.

Outer Code: Low-Density Parity-Check Code

We consider protograph LDPC codes as they facilitate achieving lower error floors
compared to unstructured codes. Formally, a protograph is a small multi-edge-
type graph with np variable-node (VN) types and rp check-node (CN) types. A
protograph can be represented by a base matrix

B =


b0,0 b0,1 . . . b0,np−1
b1,0 b1,1 . . . b1,np−1
... ... . . .

...
brp−1,0 brp−1,1 . . . brp−1,np−1

 ,
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L=4.Notethatforthesecodeparameters,finding4disjointcodebooks
isdifficult.Hence,someofthecodebooksoverlapandthenumberofdistinct
codewordsis56.TheresultingTVCisa[4,4,4]4TVC.

InSection7,wecomparetheperformanceofourconcatenatedcodingschemes
usingaquaternarywatermarkcodeandthequaternaryTVCcodeinTableI.1as
innercodes.Wefurtherconsidertheuseofaconvolutionalinnercode.Here,we
donotextendtheinnercodeoptimizationtotheconvolutionalcode,butrather
pickthesamecodeasin[47],whichistheonecorrespondingtothegenerator
polynomialg=[5,7]oct.Bygroupingtrellissectionstogetherinthedecoding
stage,wecaninterpretthisconvolutionalcodealsoasanonbinaryinnercode,
thusformingAPPsforhigherorderfieldsizes.

OuterCode:Low-DensityParity-CheckCode

WeconsiderprotographLDPCcodesastheyfacilitateachievinglowererrorfloors
comparedtounstructuredcodes.Formally,aprotographisasmallmulti-edge-
typegraphwithnpvariable-node(VN)typesandrpcheck-node(CN)types.A
protographcanberepresentedbyabasematrix
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Table I.1: Designed TVC With 4 Codebooks
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codebooks,eachofsize16,lengthn=4,andwithminimumLevenshteindistance
dmin
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codewordsis56.TheresultingTVCisa[4,4,4]4TVC.
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usingaquaternarywatermarkcodeandthequaternaryTVCcodeinTableI.1as
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pickthesamecodeasin[47],whichistheonecorrespondingtothegenerator
polynomialg=[5,7]oct.Bygroupingtrellissectionstogetherinthedecoding
stage,wecaninterpretthisconvolutionalcodealsoasanonbinaryinnercode,
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where entry bi,j is an integer representing the number of edge connections from a
type-i VN to a type-j CN. A parity-check matrix H of an LDPC code can then be
constructed by lifting the base matrix B by replacing each nonzero (zero) bi,j with
a Qp ×Qp circulant (zero) matrix with row and column weight equal to bi,j. The
circulant matrices are picked in order to maximize the girth of the corresponding
Tanner graph by using the progressive edge-growth algorithm [56]. The resulting
lifted parity-check matrix, of dimensions Qprp ×Qpnp, defines an LDPC code of
length Qpnp and dimension at least Qp(np − rp). To construct a nonbinary code
from the lifted matrix, we randomly assign nonzero entries from Fqo to the edges
of the corresponding Tanner graph.

We optimize the protograph using DE. Particularly, we consider the DE algo-
rithm proposed in [57] for the optimization of binary LDPC codes for intersymbol
interference channels, extended to nonbinary protographs. The algorithm is based
on estimating the probability density functions of the messages from the inner
code to the outer LDPC code via Monte-Carlo simulations of the inner decoder
and channel detector. When performing the DE, we assume uniformly random
protograph edge weights. The optimized protograph is then chosen as the one
yielding the best iterative decoding threshold, pth. The iterative decoding thresh-
old predicts the asymptotic performance of the code, in the sense that the bit
error probability under iterative decoding approaches zero for pI = pD < pth, for a
given pS, as the block length goes to infinity. The optimization problem is hence

arg max
B

pth

s.t. bi,j ≤ bmax, ∀ (i, j),
np ≤ nmax

p ,

np − rp
np

= Ro,

where bmax is the maximum allowed circulant weight, nmax
p is the maximum allowed

number of different VN types, and Ro is the design rate of the LDPC code.
One issue with optimizing over protographs is that neither the dimensions of

the protograph nor the number of edge connections have a natural limit. To make
the search feasible, we restrict the search to nmax

p = 4 and bmax = 2.

Outer Code: Polar Code

As another choice for the nonbinary outer code, we consider the polar code
construction from [58] over the field Fqo. The construction’s main feature is the
extension of Arıkan’s binary kernel [59] to a nonbinary kernel

K =
(

1 0
α β

)
,

where α, β ∈ Fqo. The encoding can be written as w = u′K⊗ logqo No, where (·)⊗

denotes the Kronecker power and u′ ∈ FNo
qo . One can determine a mapping from

the actual information vector u ∈ FK
qo to u′ by fixing No−K positions, denoted as

frozen positions, to a specific symbol and padding the vector u into the remaining
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whereentrybi,jisanintegerrepresentingthenumberofedgeconnectionsfroma
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lengthQpnpanddimensionatleastQp(np−rp).Toconstructanonbinarycode
fromtheliftedmatrix,werandomlyassignnonzeroentriesfromFqototheedges
ofthecorrespondingTannergraph.

WeoptimizetheprotographusingDE.Particularly,weconsidertheDEalgo-
rithmproposedin[57]fortheoptimizationofbinaryLDPCcodesforintersymbol
interferencechannels,extendedtononbinaryprotographs.Thealgorithmisbased
onestimatingtheprobabilitydensityfunctionsofthemessagesfromtheinner
codetotheouterLDPCcodeviaMonte-Carlosimulationsoftheinnerdecoder
andchanneldetector.WhenperformingtheDE,weassumeuniformlyrandom
protographedgeweights.Theoptimizedprotographisthenchosenastheone
yieldingthebestiterativedecodingthreshold,pth.Theiterativedecodingthresh-
oldpredictstheasymptoticperformanceofthecode,inthesensethatthebit
errorprobabilityunderiterativedecodingapproacheszeroforpI=pD<pth,fora
givenpS,astheblocklengthgoestoinfinity.Theoptimizationproblemishence
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where entry bi,j is an integer representing the number of edge connections from a
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a Qp ×Qp circulant (zero) matrix with row and column weight equal to bi,j. The
circulant matrices are picked in order to maximize the girth of the corresponding
Tanner graph by using the progressive edge-growth algorithm [56]. The resulting
lifted parity-check matrix, of dimensions Qprp ×Qpnp, defines an LDPC code of
length Qpnp and dimension at least Qp(np − rp). To construct a nonbinary code
from the lifted matrix, we randomly assign nonzero entries from Fqo to the edges
of the corresponding Tanner graph.
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rithm proposed in [57] for the optimization of binary LDPC codes for intersymbol
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positions. For decoding, we use successive cancellation list (SCL) decoding over
Fqo as described in [58, 60]. To boost the decoding performance of the SCL
decoder, a cyclic redundancy check (CRC) of bit length ℓCRC is applied. To ensure
comparability for fixed rates, the number of frozen positions is hence reduced to
No −K − ℓCRC/log(qo).3

In this work, we optimize two components of the nonbinary polar code for our
channel using Monte-Carlo simulations: the kernel selection and the frozen posi-
tions. For the kernel, we optimize the single-level polarization effect as described
in [58], which means that the optimization step is only done via considering a
single 2× 2 kernel. We revise the method shortly here while directly applying our
channel model. We treat the inner code including the IDS channels as an auxiliary
channel. For this channel, we generate random input sequences w uniformly at
random and transmit them via the auxiliary channel to gain APP samples p(wi|y),
where y = (y1, . . . , yM ).

First, fix α, β ∈ Fqo and do the following.

1. Choose an input vector u′ = (u1, u2) = (0, u2), where u2 ∈ Fqo is chosen
uniformly at random.

2. Calculate w = (w1, w2) = (u1 + αu2, βu2).

3. Pick uniformly at random two APP samples p(w1|y) and p(w2|y) under
the constraint that these correspond to the values in the vector w.

4. Calculate p(u2|u1 = 0, y) using the APP samples.

Consequently, we have that p(u2|u1 = 0, y) is a random variable depending only
on the auxiliary channel. Hence, we can find the best ratio α/β via Monte-Carlo
simulations by choosing

α

β
= arg min

α
β ∈Fqo

E (1− p(u2|u1 = 0, y)) ,

where the expectation is taken with respect to the random variable on the auxiliary
channel with fixed inner code and channel parameters.

This optimization is dependent on the choice of the inner code and may vary for
different codes. In Fig. I.4, the failure rate E (1− p(u2|u1 = 0, y)) is depicted as a
function of the ratio α/β for various insertion and deletion probabilities pI = pD = p,
with pS = 0 and M = 1. We denote the field elements α, β ∈ Fqo as integers such
that their binary transformation corresponds to the coefficients of the respective
polynomial representation. Since the goal is to find the best kernel selection, i.e.,
minimize the failure rate over all possible values p for a given inner code, good
choices of the kernel parameters for the depicted setup would be α = 3, 5, 10, 11, 12
while fixing β = 1.

Moreover, we determine the frozen positions via a genie-aided rate-one polar
code with a fixed inner coding scheme by using Monte-Carlo simulations.

3To simplify notation, in the rest of the paper, log denotes logarithm to the base 2.
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Figure I.4: Monte-Carlo simulations of E (1− p(u2|u1 = 0,y)) for M = 1, pS = 0, and
different pI = pD = p on different ratios α/β with fixed β = 1, qo = 16, and primitive
polynomial x4 + x + 1. The inner code is a convolutional code with generator polynomial
g = [5, 7]oct with a random offset sequence.

5 Achievable Information Rates

We now turn to presenting AIRs over multiple IDS channels to benchmark our
coding schemes. We follow two standard approaches for the estimation of AIRs
over hidden Markov channels, i.e., channels whose output is the output of a HMM.
The first approach is to compute the so-called BCJR-once rate [57, 61, 62], which
is defined as the symbolwise mutual information between the input process and
its corresponding log-likelihood ratios, produced by a symbolwise MAP detector
(BCJR algorithm). The second approach is based on [63, 64] and uses concentration
properties of Markov chains to estimate the mutual information between channel
input and output.

5.1 BCJR-Once Rate

The BCJR-once rate [57, 61, 62], which we denote by RBCJR-once, serves as an
information rate that can be achieved using an inner decoder that passes once
symbolwise APPs to an appropriate outer decoder that is unaware of possible
correlations between the symbolwise estimates. The outer and inner decoders
hereby perform no iterations. The BCJR-once rate can be derived by computing
an AIR of a mismatched decoder as follows. While computing achievable rates for
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g=[5,7]octwitharandomoffsetsequence.

5AchievableInformationRates

WenowturntopresentingAIRsovermultipleIDSchannelstobenchmarkour
codingschemes.WefollowtwostandardapproachesfortheestimationofAIRs
overhiddenMarkovchannels,i.e.,channelswhoseoutputistheoutputofaHMM.
Thefirstapproachistocomputetheso-calledBCJR-oncerate[57,61,62],which
isdefinedasthesymbolwisemutualinformationbetweentheinputprocessand
itscorrespondinglog-likelihoodratios,producedbyasymbolwiseMAPdetector
(BCJRalgorithm).Thesecondapproachisbasedon[63,64]andusesconcentration
propertiesofMarkovchainstoestimatethemutualinformationbetweenchannel
inputandoutput.

5.1BCJR-OnceRate

TheBCJR-oncerate[57,61,62],whichwedenotebyRBCJR-once,servesasan
informationratethatcanbeachievedusinganinnerdecoderthatpassesonce
symbolwiseAPPstoanappropriateouterdecoderthatisunawareofpossible
correlationsbetweenthesymbolwiseestimates.Theouterandinnerdecoders
herebyperformnoiterations.TheBCJR-onceratecanbederivedbycomputing
anAIRofamismatcheddecoderasfollows.Whilecomputingachievableratesfor
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mismatched decoders is well understood [65], we shortly review the most important
derivations for completeness and convenience of the readers. To this end, denote
by q(w|y), where y = (y1, . . . , yM), an arbitrary decoding metric that is a valid
distribution, i.e., ∑w q(w|y) = 1 for all y and satisfies q(w|y) = 0 if p(w|y) = 0.
In the following, let H(·) denote the entropy function. We obtain for the mutual
information between the message w and output y,4

I(w; y) = H(w)−H(w|y)
= H(w) +

∑
w,y

p(w, y) log p(w|y)

= H(w) +
∑
w,y

p(w, y)
(

log q(w|y) + log p(w|y)
q(w|y)

)
≥ H(w) +

∑
w,y

p(w, y) log q(w|y), (I.2)

where the last inequality is due to identifying the sum over the second summand
as a Kullback-Leibler divergence, which is nonnegative. Next, we concretize the
mismatched metrics for the BCJR-once rate and separate decoding, including a
description of how we numerically estimate the above terms. Using the mismatched
decoding setup, we can obtain the BCJR-once rate by computing the AIR of a
mismatched decoder with decoding metric

qBCJR(w|y) =
No+m∏

i=1
q(wi|y).

Note that here also the symbolwise a posteriori likelihoods q(wi|y) are considered
mismatched, due to the fact that their trellis-based computation is not exact
as we truncate some of the edges and states for complexity reasons. For the
case of decoding multiple received sequences with separate decoding, we use the
mismatched metric

qBCJR-sep(w|y1, . . . , yM ) ∝
No+m∏

i=1

M∏
j=1

q(wi|yj),

where the proportionality constant is chosen such that the decoding metric is a
valid distribution, i.e., ∑w qBCJR-sep(w|y1, . . . , yM) = 1. Defining the associated
mismatched log-likelihood ratios

LBCJR-sep
i (a) =

M∑
j=1

ln q(wi = a|yj)
q(wi = 0|yj)

for all a ∈ Fqo, we can combine the mismatched metric with the mismatched
log-likelihood ratios to obtain

qBCJR-sep(w|y1, . . . , yM ) =
No+m∏

i=1

eLBCJR-sep
i (wi)∑

a∈Fqo eLBCJR-sep
i (a)

,

4With some abuse of notation, for simplicity, we do not distinguish notationwise between random
variables and their realizations. Hence, e.g., w in H(w) denotes a random vector, while p(w) denotes
the probability of a given realization.

82PaperI

mismatcheddecodersiswellunderstood[65],weshortlyreviewthemostimportant
derivationsforcompletenessandconvenienceofthereaders.Tothisend,denote
byq(w|y),wherey=(y1,...,yM),anarbitrarydecodingmetricthatisavalid
distribution,i.e.,∑wq(w|y)=1forallyandsatisfiesq(w|y)=0ifp(w|y)=0.
Inthefollowing,letH(·)denotetheentropyfunction.Weobtainforthemutual
informationbetweenthemessagewandoutputy,4

I(w;y)=H(w)−H(w|y)
=H(w)+

∑
w,y

p(w,y)logp(w|y)

=H(w)+
∑
w,y

p(w,y)
(

logq(w|y)+logp(w|y)
q(w|y)

)
≥H(w)+

∑
w,y

p(w,y)logq(w|y),(I.2)

wherethelastinequalityisduetoidentifyingthesumoverthesecondsummand
asaKullback-Leiblerdivergence,whichisnonnegative.Next,weconcretizethe
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descriptionofhowwenumericallyestimatetheaboveterms.Usingthemismatched
decodingsetup,wecanobtaintheBCJR-onceratebycomputingtheAIRofa
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validdistribution,i.e.,∑wqBCJR-sep(w|y1,...,yM)=1.Definingtheassociated
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qBCJR-sep(w|y1,...,yM)=
No+m ∏
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i(wi) ∑

a∈FqoeLBCJR-sep
i(a)

,

4Withsomeabuseofnotation,forsimplicity,wedonotdistinguishnotationwisebetweenrandom
variablesandtheirrealizations.Hence,e.g.,winH(w)denotesarandomvector,whilep(w)denotes
theprobabilityofagivenrealization.
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Table I.2: Inner Code Scheme Selection
Scheme Inner code Gen. polynomial Alt. pattern Rate
CC-1 (2, 2, 2)4 Conv. code with RS g1∗ - 0.98
CC-2 (4, 4, 2)4 Conv. code with RS g2∗ - 0.98
WM [4, 4, 1]4 Watermark code - - 1.0

TVC-1 [4, 4, 4]4 TVC - Random* 1.0
TVC-2 [4, 4, 4]4 TVC with RS - CB1 to CB4* 1.0

*The alternating pattern of the TVC-1 scheme is done by choosing randomly the 4 code-
books, denoted by CB1-CB4, from Table I.1 and avoiding consecutive codebooks. For the
TVC-2 scheme, it is simply done by repeating CB1 to CB4 in a round Robin fashion. The
generator polynomials are g1 = [5, 7, 12, 16]oct and g2 = [24, 34, 70, 120, 160, 240, 340]oct,
where g1 and g2 correspond to combining 2 and 4 consecutive trellis sections of g = [5, 7]oct,
respectively. RS is shorthand for random sequence.
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For independent and uniform inputs, we obtain H(w) = (No +m) log qo. Under the
assumption that the expectation above obeys asymptotic ergodicity, we conclude
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important to mention that to compute this expression, it is necessary to use
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i (a) and the original input
sequence w. Other approaches to compute the BCJR-once rate [67, 68] rely on
the correctness of the computed log-likelihood ratios. In that case, it is possible to
estimate the rate using a formula that only depends on the log-likelihood ratios
and not the input sequence w, as pointed out in [66]. However, in our case we
compute mismatched log-likelihood ratios, and thus such an approach might give
incorrect results.

Fig. I.5 compares the BCJR-once rates of some inner codes we will use in this
paper along with an inner code designed in [42] for the single sequence scenario.
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sequencew.OtherapproachestocomputetheBCJR-oncerate[67,68]relyon
thecorrectnessofthecomputedlog-likelihoodratios.Inthatcase,itispossibleto
estimatetherateusingaformulathatonlydependsonthelog-likelihoodratios
andnottheinputsequencew,aspointedoutin[66].However,inourcasewe
computemismatchedlog-likelihoodratios,andthussuchanapproachmightgive
incorrectresults.
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where g1 and g2 correspond to combining 2 and 4 consecutive trellis sections of g = [5, 7]oct,
respectively. RS is shorthand for random sequence.
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estimate the rate using a formula that only depends on the log-likelihood ratios
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Forindependentanduniforminputs,weobtainH(w)=(No+m)logqo.Underthe
assumptionthattheexpectationaboveobeysasymptoticergodicity,weconclude
that,forlargeNo,wecanestimatetheBCJR-onceratebysamplingalonginput
sequencewandcorrespondingoutputsequenceyandcomputethelog-likelihood
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Notethatintheaboveexpression,wehavetakenintoaccountthattheBCJR-
oncerateismeasuredintermsofinformationbitsperchanneluseandwethus
normalizetheabovesumwithrespecttothenumberofchanneluses(No+m)/Ri.
Thisexpressionhaspreviouslybeenderivedin,e.g.,[65,66]andisalsovalid
formismatchedlog-likelihoodratios,aswehaveshowninourderivation.Itis
importanttomentionthattocomputethisexpression,itisnecessarytouse
boththemismatchedlog-likelihoodratiosLBCJR-sep

i(a)andtheoriginalinput
sequencew.OtherapproachestocomputetheBCJR-oncerate[67,68]relyon
thecorrectnessofthecomputedlog-likelihoodratios.Inthatcase,itispossibleto
estimatetherateusingaformulathatonlydependsonthelog-likelihoodratios
andnottheinputsequencew,aspointedoutin[66].However,inourcasewe
computemismatchedlog-likelihoodratios,andthussuchanapproachmightgive
incorrectresults.

Fig.I.5comparestheBCJR-onceratesofsomeinnercodeswewilluseinthis
paperalongwithaninnercodedesignedin[42]forthesinglesequencescenario.
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thecorrectnessofthecomputedlog-likelihoodratios.Inthatcase,itispossibleto
estimatetherateusingaformulathatonlydependsonthelog-likelihoodratios
andnottheinputsequencew,aspointedoutin[66].However,inourcasewe
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incorrectresults.

Fig.I.5comparestheBCJR-onceratesofsomeinnercodeswewilluseinthis
paperalongwithaninnercodedesignedin[42]forthesinglesequencescenario.
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Figure I.5: BCJR-once rates RBCJR-once versus pI = pD with pS = 0 and M = 1 using
different inner codes.

The parameters of the inner codes are given in Table I.2. These plots have been
simulated with 105 channel uses and have been smoothed over several iterations.
Interestingly, we can observe that it seems that codes that perform well for small
insertion and deletion error probabilities perform poor for large error rates and vice
versa. While we do not conjecture this to be a general result, this can be explained
for our codes at hand as follows. For small error probabilities, the distance
spectrum within a single code block, i.e., the set of possible length-n words that
can be generated within one trellis section, is the dominant property influencing
the performance, as synchronization between blocks is not a problem. However,
on the other hand, for large error rates, codes that can retain synchronization
between blocks provide the highest BCJR-once rates. In particular, codes for
which the codewords in one block have a small dmin

L , such as the watermark code,
synchronize well, as the structure of a block is less variable over codewords within
one block, helping the receiver to know the rough structure of this block.

The above exposition also indicates in which cases the employment of a random
offset sequence can improve the performance of a code. In particular, adding a
random sequence has three effects on the inner code. First, while the Hamming
distance spectrum is invariant to offsets, the Levenshtein distance spectrum can
both improve or worsen when adding an offset sequence. Second, a convolutional
code, as a block code, is block-cyclic, meaning that shifting an inner codeword by
n symbols to the left or right will again be a valid codeword. It is not surprising
that such a property is problematic for synchronization and thus a random offset
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TheparametersoftheinnercodesaregiveninTableI.2.Theseplotshavebeen
simulatedwith105channelusesandhavebeensmoothedoverseveraliterations.
Interestingly,wecanobservethatitseemsthatcodesthatperformwellforsmall
insertionanddeletionerrorprobabilitiesperformpoorforlargeerrorratesandvice
versa.Whilewedonotconjecturethistobeageneralresult,thiscanbeexplained
forourcodesathandasfollows.Forsmallerrorprobabilities,thedistance
spectrumwithinasinglecodeblock,i.e.,thesetofpossiblelength-nwordsthat
canbegeneratedwithinonetrellissection,isthedominantpropertyinfluencing
theperformance,assynchronizationbetweenblocksisnotaproblem.However,
ontheotherhand,forlargeerrorrates,codesthatcanretainsynchronization
betweenblocksprovidethehighestBCJR-oncerates.Inparticular,codesfor
whichthecodewordsinoneblockhaveasmalldmin

L,suchasthewatermarkcode,
synchronizewell,asthestructureofablockislessvariableovercodewordswithin
oneblock,helpingthereceivertoknowtheroughstructureofthisblock.

Theaboveexpositionalsoindicatesinwhichcasestheemploymentofarandom
offsetsequencecanimprovetheperformanceofacode.Inparticular,addinga
randomsequencehasthreeeffectsontheinnercode.First,whiletheHamming
distancespectrumisinvarianttooffsets,theLevenshteindistancespectrumcan
bothimproveorworsenwhenaddinganoffsetsequence.Second,aconvolutional
code,asablockcode,isblock-cyclic,meaningthatshiftinganinnercodewordby
nsymbolstotheleftorrightwillagainbeavalidcodeword.Itisnotsurprising
thatsuchapropertyisproblematicforsynchronizationandthusarandomoffset
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The parameters of the inner codes are given in Table I.2. These plots have been
simulated with 105 channel uses and have been smoothed over several iterations.
Interestingly, we can observe that it seems that codes that perform well for small
insertion and deletion error probabilities perform poor for large error rates and vice
versa. While we do not conjecture this to be a general result, this can be explained
for our codes at hand as follows. For small error probabilities, the distance
spectrum within a single code block, i.e., the set of possible length-n words that
can be generated within one trellis section, is the dominant property influencing
the performance, as synchronization between blocks is not a problem. However,
on the other hand, for large error rates, codes that can retain synchronization
between blocks provide the highest BCJR-once rates. In particular, codes for
which the codewords in one block have a small dmin

L , such as the watermark code,
synchronize well, as the structure of a block is less variable over codewords within
one block, helping the receiver to know the rough structure of this block.

The above exposition also indicates in which cases the employment of a random
offset sequence can improve the performance of a code. In particular, adding a
random sequence has three effects on the inner code. First, while the Hamming
distance spectrum is invariant to offsets, the Levenshtein distance spectrum can
both improve or worsen when adding an offset sequence. Second, a convolutional
code, as a block code, is block-cyclic, meaning that shifting an inner codeword by
n symbols to the left or right will again be a valid codeword. It is not surprising
that such a property is problematic for synchronization and thus a random offset
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TheparametersoftheinnercodesaregiveninTableI.2.Theseplotshavebeen
simulatedwith105channelusesandhavebeensmoothedoverseveraliterations.
Interestingly,wecanobservethatitseemsthatcodesthatperformwellforsmall
insertionanddeletionerrorprobabilitiesperformpoorforlargeerrorratesandvice
versa.Whilewedonotconjecturethistobeageneralresult,thiscanbeexplained
forourcodesathandasfollows.Forsmallerrorprobabilities,thedistance
spectrumwithinasinglecodeblock,i.e.,thesetofpossiblelength-nwordsthat
canbegeneratedwithinonetrellissection,isthedominantpropertyinfluencing
theperformance,assynchronizationbetweenblocksisnotaproblem.However,
ontheotherhand,forlargeerrorrates,codesthatcanretainsynchronization
betweenblocksprovidethehighestBCJR-oncerates.Inparticular,codesfor
whichthecodewordsinoneblockhaveasmalldmin

L,suchasthewatermarkcode,
synchronizewell,asthestructureofablockislessvariableovercodewordswithin
oneblock,helpingthereceivertoknowtheroughstructureofthisblock.

Theaboveexpositionalsoindicatesinwhichcasestheemploymentofarandom
offsetsequencecanimprovetheperformanceofacode.Inparticular,addinga
randomsequencehasthreeeffectsontheinnercode.First,whiletheHamming
distancespectrumisinvarianttooffsets,theLevenshteindistancespectrumcan
bothimproveorworsenwhenaddinganoffsetsequence.Second,aconvolutional
code,asablockcode,isblock-cyclic,meaningthatshiftinganinnercodewordby
nsymbolstotheleftorrightwillagainbeavalidcodeword.Itisnotsurprising
thatsuchapropertyisproblematicforsynchronizationandthusarandomoffset
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Figure I.6: BCJR-once rates RBCJR-once versus pI = pD with pS = 0 using the TVC-2 inner
coding scheme with different number of transmissions M . The red solid circle indicates
the iterative decoding threshold of our concatenated coding scheme with the optimized
outer protograph LDPC code from Section 6.2 for M = 1.

sequence, which destroys the cyclicity, improves the performance at higher error
rates. We can identify this behavior for the TVC-2 inner coding scheme, whose
performance worsens compared to TVC-1 for small error probabilities, as the
carefully designed Levenshtein distance spectrum is destroyed when adding a
random sequence. However, for large error probabilities, the random sequence
helps as it produces a larger spectrum of possible codewords, increasing the
distinguishability between close blocks. We refer the reader to Section 4 for an
in-depth discussion of inner code design.

Fig. I.6 shows the BCJR-once rates for the TVC-2 inner coding scheme with
different number of transmissions M . It is observed that multiple transmissions can
significantly improve the BCJR-once rates. In particular, even going from one to
two sequences, we already see a notable difference in terms of information rates. In
addition, as expected, we observe a reduced achievable rate with separate decoding
compared to joint decoding. However, this loss can be compensated by decoding
more received sequences. For instance, for pI = pD = 0.16, the BCJR-once rate of
separate decoding for M = 3 is close to that of joint decoding for M = 2, but with
a much lower decoding complexity. In Fig. I.6, we also show the iterative decoding
threshold of our concatenated coding scheme (red solid circle) using the TVC-2
inner coding scheme concatenated with an optimized outer protograph LDPC
code for M = 1. We observe that (in the asymptotic limit of infinitely-large block
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FigureI.6:BCJR-onceratesRBCJR-onceversuspI=pDwithpS=0usingtheTVC-2inner
codingschemewithdifferentnumberoftransmissionsM.Theredsolidcircleindicates
theiterativedecodingthresholdofourconcatenatedcodingschemewiththeoptimized
outerprotographLDPCcodefromSection6.2forM=1.

sequence,whichdestroysthecyclicity,improvestheperformanceathighererror
rates.WecanidentifythisbehaviorfortheTVC-2innercodingscheme,whose
performanceworsenscomparedtoTVC-1forsmallerrorprobabilities,asthe
carefullydesignedLevenshteindistancespectrumisdestroyedwhenaddinga
randomsequence.However,forlargeerrorprobabilities,therandomsequence
helpsasitproducesalargerspectrumofpossiblecodewords,increasingthe
distinguishabilitybetweencloseblocks.WereferthereadertoSection4foran
in-depthdiscussionofinnercodedesign.

Fig.I.6showstheBCJR-onceratesfortheTVC-2innercodingschemewith
differentnumberoftransmissionsM.Itisobservedthatmultipletransmissionscan
significantlyimprovetheBCJR-oncerates.Inparticular,evengoingfromoneto
twosequences,wealreadyseeanotabledifferenceintermsofinformationrates.In
addition,asexpected,weobserveareducedachievableratewithseparatedecoding
comparedtojointdecoding.However,thislosscanbecompensatedbydecoding
morereceivedsequences.Forinstance,forpI=pD=0.16,theBCJR-oncerateof
separatedecodingforM=3isclosetothatofjointdecodingforM=2,butwith
amuchlowerdecodingcomplexity.InFig.I.6,wealsoshowtheiterativedecoding
thresholdofourconcatenatedcodingscheme(redsolidcircle)usingtheTVC-2
innercodingschemeconcatenatedwithanoptimizedouterprotographLDPC
codeforM=1.Weobservethat(intheasymptoticlimitofinfinitely-largeblock

5AchievableInformationRates85

00.050.10.150.20.250.3 0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pI=pD

R
B
C
JR
-o
nc
e

M=1
M=2,sep.
M=2,joint
M=3,sep.
M=5,sep.
M=10,sep.

FigureI.6:BCJR-onceratesRBCJR-onceversuspI=pDwithpS=0usingtheTVC-2inner
codingschemewithdifferentnumberoftransmissionsM.Theredsolidcircleindicates
theiterativedecodingthresholdofourconcatenatedcodingschemewiththeoptimized
outerprotographLDPCcodefromSection6.2forM=1.

sequence,whichdestroysthecyclicity,improvestheperformanceathighererror
rates.WecanidentifythisbehaviorfortheTVC-2innercodingscheme,whose
performanceworsenscomparedtoTVC-1forsmallerrorprobabilities,asthe
carefullydesignedLevenshteindistancespectrumisdestroyedwhenaddinga
randomsequence.However,forlargeerrorprobabilities,therandomsequence
helpsasitproducesalargerspectrumofpossiblecodewords,increasingthe
distinguishabilitybetweencloseblocks.WereferthereadertoSection4foran
in-depthdiscussionofinnercodedesign.

Fig.I.6showstheBCJR-onceratesfortheTVC-2innercodingschemewith
differentnumberoftransmissionsM.Itisobservedthatmultipletransmissionscan
significantlyimprovetheBCJR-oncerates.Inparticular,evengoingfromoneto
twosequences,wealreadyseeanotabledifferenceintermsofinformationrates.In
addition,asexpected,weobserveareducedachievableratewithseparatedecoding
comparedtojointdecoding.However,thislosscanbecompensatedbydecoding
morereceivedsequences.Forinstance,forpI=pD=0.16,theBCJR-oncerateof
separatedecodingforM=3isclosetothatofjointdecodingforM=2,butwith
amuchlowerdecodingcomplexity.InFig.I.6,wealsoshowtheiterativedecoding
thresholdofourconcatenatedcodingscheme(redsolidcircle)usingtheTVC-2
innercodingschemeconcatenatedwithanoptimizedouterprotographLDPC
codeforM=1.Weobservethat(intheasymptoticlimitofinfinitely-largeblock

5 Achievable Information Rates 85

0 0.05 0.1 0.15 0.2 0.25 0.30

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pI = pD

R
B
C
JR
-once

M = 1
M = 2, sep.
M = 2, joint
M = 3, sep.
M = 5, sep.
M = 10, sep.

Figure I.6: BCJR-once rates RBCJR-once versus pI = pD with pS = 0 using the TVC-2 inner
coding scheme with different number of transmissions M . The red solid circle indicates
the iterative decoding threshold of our concatenated coding scheme with the optimized
outer protograph LDPC code from Section 6.2 for M = 1.

sequence, which destroys the cyclicity, improves the performance at higher error
rates. We can identify this behavior for the TVC-2 inner coding scheme, whose
performance worsens compared to TVC-1 for small error probabilities, as the
carefully designed Levenshtein distance spectrum is destroyed when adding a
random sequence. However, for large error probabilities, the random sequence
helps as it produces a larger spectrum of possible codewords, increasing the
distinguishability between close blocks. We refer the reader to Section 4 for an
in-depth discussion of inner code design.

Fig. I.6 shows the BCJR-once rates for the TVC-2 inner coding scheme with
different number of transmissions M . It is observed that multiple transmissions can
significantly improve the BCJR-once rates. In particular, even going from one to
two sequences, we already see a notable difference in terms of information rates. In
addition, as expected, we observe a reduced achievable rate with separate decoding
compared to joint decoding. However, this loss can be compensated by decoding
more received sequences. For instance, for pI = pD = 0.16, the BCJR-once rate of
separate decoding for M = 3 is close to that of joint decoding for M = 2, but with
a much lower decoding complexity. In Fig. I.6, we also show the iterative decoding
threshold of our concatenated coding scheme (red solid circle) using the TVC-2
inner coding scheme concatenated with an optimized outer protograph LDPC
code for M = 1. We observe that (in the asymptotic limit of infinitely-large block

5 Achievable Information Rates 85

0 0.05 0.1 0.15 0.2 0.25 0.30

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pI = pD

R
B
C
JR
-once

M = 1
M = 2, sep.
M = 2, joint
M = 3, sep.
M = 5, sep.
M = 10, sep.

Figure I.6: BCJR-once rates RBCJR-once versus pI = pD with pS = 0 using the TVC-2 inner
coding scheme with different number of transmissions M . The red solid circle indicates
the iterative decoding threshold of our concatenated coding scheme with the optimized
outer protograph LDPC code from Section 6.2 for M = 1.

sequence, which destroys the cyclicity, improves the performance at higher error
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carefully designed Levenshtein distance spectrum is destroyed when adding a
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Figure I.7: BCJR-once rates RBCJR-once versus pI = pD with pS = 0, 0.05, 0.1 using the
CC-2 inner coding scheme with M = 1 and M = 2. Solid lines are for M = 1, dashed
lines are for M = 2 and separate decoding, and dash dotted lines are for M = 2 and joint
decoding. The solid circles indicate the iterative decoding thresholds of our concatenated
coding scheme with the optimized outer protograph LDPC codes from Section 6.5 for
M = 1.

length) the proposed coding scheme performs very close to the corresponding AIR.
The optimized base matrix found by computer search along with the corresponding
iterative decoding threshold are given in Section 6.2.

In Fig. I.7, we show BCJR-once rates with an inner convolutional code (CC-2)
for both single and double sequence transmission (separate and joint decoding)
when pS = 0, 0.05, 0.1. As can be observed from the figure, the achievable rate
loss of separate decoding with increasing pS is about the same for M = 1 and
M = 2. Moreover, the gap between separate and joint decoding (for M = 2) stays
approximately the same for different pS, which shows that the proposed separate
decoding approach is robust to substitution errors. In the figure we also show
the iterative decoding thresholds of our concatenated coding scheme (solid circles)
using the CC-2 inner coding scheme with optimized outer protograph LDPC codes,
optimized individually for each pS, for M = 1 (see Section 6.5 for the optimized
base matrices).

5.2 Mutual Information Rate
A method to compute the mutual information for a given coding scheme was
introduced in [63, 64], where the mutual information between an input process

86PaperI

00.050.10.150.20.250.3 0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pI=pD

R
B
C
JR
-o
nc
e

pS=0
pS=0.05
pS=0.1

FigureI.7:BCJR-onceratesRBCJR-onceversuspI=pDwithpS=0,0.05,0.1usingthe
CC-2innercodingschemewithM=1andM=2.SolidlinesareforM=1,dashed
linesareforM=2andseparatedecoding,anddashdottedlinesareforM=2andjoint
decoding.Thesolidcirclesindicatetheiterativedecodingthresholdsofourconcatenated
codingschemewiththeoptimizedouterprotographLDPCcodesfromSection6.5for
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length)theproposedcodingschemeperformsveryclosetothecorrespondingAIR.
Theoptimizedbasematrixfoundbycomputersearchalongwiththecorresponding
iterativedecodingthresholdaregiveninSection6.2.

InFig.I.7,weshowBCJR-oncerateswithaninnerconvolutionalcode(CC-2)
forbothsingleanddoublesequencetransmission(separateandjointdecoding)
whenpS=0,0.05,0.1.Ascanbeobservedfromthefigure,theachievablerate
lossofseparatedecodingwithincreasingpSisaboutthesameforM=1and
M=2.Moreover,thegapbetweenseparateandjointdecoding(forM=2)stays
approximatelythesamefordifferentpS,whichshowsthattheproposedseparate
decodingapproachisrobusttosubstitutionerrors.Inthefigurewealsoshow
theiterativedecodingthresholdsofourconcatenatedcodingscheme(solidcircles)
usingtheCC-2innercodingschemewithoptimizedouterprotographLDPCcodes,
optimizedindividuallyforeachpS,forM=1(seeSection6.5fortheoptimized
basematrices).

5.2MutualInformationRate
Amethodtocomputethemutualinformationforagivencodingschemewas
introducedin[63,64],wherethemutualinformationbetweenaninputprocess
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length) the proposed coding scheme performs very close to the corresponding AIR.
The optimized base matrix found by computer search along with the corresponding
iterative decoding threshold are given in Section 6.2.

In Fig. I.7, we show BCJR-once rates with an inner convolutional code (CC-2)
for both single and double sequence transmission (separate and joint decoding)
when pS = 0, 0.05, 0.1. As can be observed from the figure, the achievable rate
loss of separate decoding with increasing pS is about the same for M = 1 and
M = 2. Moreover, the gap between separate and joint decoding (for M = 2) stays
approximately the same for different pS, which shows that the proposed separate
decoding approach is robust to substitution errors. In the figure we also show
the iterative decoding thresholds of our concatenated coding scheme (solid circles)
using the CC-2 inner coding scheme with optimized outer protograph LDPC codes,
optimized individually for each pS, for M = 1 (see Section 6.5 for the optimized
base matrices).
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length)theproposedcodingschemeperformsveryclosetothecorrespondingAIR.
Theoptimizedbasematrixfoundbycomputersearchalongwiththecorresponding
iterativedecodingthresholdaregiveninSection6.2.

InFig.I.7,weshowBCJR-oncerateswithaninnerconvolutionalcode(CC-2)
forbothsingleanddoublesequencetransmission(separateandjointdecoding)
whenpS=0,0.05,0.1.Ascanbeobservedfromthefigure,theachievablerate
lossofseparatedecodingwithincreasingpSisaboutthesameforM=1and
M=2.Moreover,thegapbetweenseparateandjointdecoding(forM=2)stays
approximatelythesamefordifferentpS,whichshowsthattheproposedseparate
decodingapproachisrobusttosubstitutionerrors.Inthefigurewealsoshow
theiterativedecodingthresholdsofourconcatenatedcodingscheme(solidcircles)
usingtheCC-2innercodingschemewithoptimizedouterprotographLDPCcodes,
optimizedindividuallyforeachpS,forM=1(seeSection6.5fortheoptimized
basematrices).

5.2MutualInformationRate
Amethodtocomputethemutualinformationforagivencodingschemewas
introducedin[63,64],wherethemutualinformationbetweenaninputprocess

86PaperI

00.050.10.150.20.250.3 0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pI=pD

R
B

C
JR

-once

pS=0
pS=0.05
pS=0.1

FigureI.7:BCJR-onceratesRBCJR-onceversuspI=pDwithpS=0,0.05,0.1usingthe
CC-2innercodingschemewithM=1andM=2.SolidlinesareforM=1,dashed
linesareforM=2andseparatedecoding,anddashdottedlinesareforM=2andjoint
decoding.Thesolidcirclesindicatetheiterativedecodingthresholdsofourconcatenated
codingschemewiththeoptimizedouterprotographLDPCcodesfromSection6.5for
M=1.

length)theproposedcodingschemeperformsveryclosetothecorrespondingAIR.
Theoptimizedbasematrixfoundbycomputersearchalongwiththecorresponding
iterativedecodingthresholdaregiveninSection6.2.

InFig.I.7,weshowBCJR-oncerateswithaninnerconvolutionalcode(CC-2)
forbothsingleanddoublesequencetransmission(separateandjointdecoding)
whenpS=0,0.05,0.1.Ascanbeobservedfromthefigure,theachievablerate
lossofseparatedecodingwithincreasingpSisaboutthesameforM=1and
M=2.Moreover,thegapbetweenseparateandjointdecoding(forM=2)stays
approximatelythesamefordifferentpS,whichshowsthattheproposedseparate
decodingapproachisrobusttosubstitutionerrors.Inthefigurewealsoshow
theiterativedecodingthresholdsofourconcatenatedcodingscheme(solidcircles)
usingtheCC-2innercodingschemewithoptimizedouterprotographLDPCcodes,
optimizedindividuallyforeachpS,forM=1(seeSection6.5fortheoptimized
basematrices).

5.2MutualInformationRate
Amethodtocomputethemutualinformationforagivencodingschemewas
introducedin[63,64],wherethemutualinformationbetweenaninputprocess

86PaperI

00.050.10.150.20.250.3 0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pI=pD

R
B

C
JR

-once

pS=0
pS=0.05
pS=0.1

FigureI.7:BCJR-onceratesRBCJR-onceversuspI=pDwithpS=0,0.05,0.1usingthe
CC-2innercodingschemewithM=1andM=2.SolidlinesareforM=1,dashed
linesareforM=2andseparatedecoding,anddashdottedlinesareforM=2andjoint
decoding.Thesolidcirclesindicatetheiterativedecodingthresholdsofourconcatenated
codingschemewiththeoptimizedouterprotographLDPCcodesfromSection6.5for
M=1.

length)theproposedcodingschemeperformsveryclosetothecorrespondingAIR.
Theoptimizedbasematrixfoundbycomputersearchalongwiththecorresponding
iterativedecodingthresholdaregiveninSection6.2.

InFig.I.7,weshowBCJR-oncerateswithaninnerconvolutionalcode(CC-2)
forbothsingleanddoublesequencetransmission(separateandjointdecoding)
whenpS=0,0.05,0.1.Ascanbeobservedfromthefigure,theachievablerate
lossofseparatedecodingwithincreasingpSisaboutthesameforM=1and
M=2.Moreover,thegapbetweenseparateandjointdecoding(forM=2)stays
approximatelythesamefordifferentpS,whichshowsthattheproposedseparate
decodingapproachisrobusttosubstitutionerrors.Inthefigurewealsoshow
theiterativedecodingthresholdsofourconcatenatedcodingscheme(solidcircles)
usingtheCC-2innercodingschemewithoptimizedouterprotographLDPCcodes,
optimizedindividuallyforeachpS,forM=1(seeSection6.5fortheoptimized
basematrices).

5.2MutualInformationRate
Amethodtocomputethemutualinformationforagivencodingschemewas
introducedin[63,64],wherethemutualinformationbetweenaninputprocess

86PaperI

00.050.10.150.20.250.3 0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pI=pD
R

B
C

JR
-once

pS=0
pS=0.05
pS=0.1

FigureI.7:BCJR-onceratesRBCJR-onceversuspI=pDwithpS=0,0.05,0.1usingthe
CC-2innercodingschemewithM=1andM=2.SolidlinesareforM=1,dashed
linesareforM=2andseparatedecoding,anddashdottedlinesareforM=2andjoint
decoding.Thesolidcirclesindicatetheiterativedecodingthresholdsofourconcatenated
codingschemewiththeoptimizedouterprotographLDPCcodesfromSection6.5for
M=1.

length)theproposedcodingschemeperformsveryclosetothecorrespondingAIR.
Theoptimizedbasematrixfoundbycomputersearchalongwiththecorresponding
iterativedecodingthresholdaregiveninSection6.2.

InFig.I.7,weshowBCJR-oncerateswithaninnerconvolutionalcode(CC-2)
forbothsingleanddoublesequencetransmission(separateandjointdecoding)
whenpS=0,0.05,0.1.Ascanbeobservedfromthefigure,theachievablerate
lossofseparatedecodingwithincreasingpSisaboutthesameforM=1and
M=2.Moreover,thegapbetweenseparateandjointdecoding(forM=2)stays
approximatelythesamefordifferentpS,whichshowsthattheproposedseparate
decodingapproachisrobusttosubstitutionerrors.Inthefigurewealsoshow
theiterativedecodingthresholdsofourconcatenatedcodingscheme(solidcircles)
usingtheCC-2innercodingschemewithoptimizedouterprotographLDPCcodes,
optimizedindividuallyforeachpS,forM=1(seeSection6.5fortheoptimized
basematrices).

5.2MutualInformationRate
Amethodtocomputethemutualinformationforagivencodingschemewas
introducedin[63,64],wherethemutualinformationbetweenaninputprocess



5 Achievable Information Rates 87
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This approach can be used for our coding schemes as well. For the case of
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log p(w) can be computed as follows. First, compute log p(y) from

p(y) =
∑
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p
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y

(No+m)n+d
1 , σ

) (a)=
∑
σ

αNo+m(σ),

where (a) follows since αi(σ) = p
(
yin+d

1 , σ
)
. Hence, it can be computed using
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α
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i (σ) =
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∑
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σ

α
(w)
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Figure I.8: Mutual information rates RMI versus pI = pD with pS = 0 for single sequence
transmission for several inner coding schemes.

However, since we consider an input sequence of independent and uniformly
distributed symbols, H(w) is equal to (No + m) log qo, and hence we do not need
to run the recursion.

Similarly, this approach can be used to compute the analog mutual information
point of (II.7) for the case of multiple received sequences. Given an input sequence
w transmitted over M identical and independent IDS channels, we will receive the
M output sequences y1, . . . , yM . Then, the analog mutual information point of
(II.7), denoted by I(w; y1, . . . , yM ), which is an AIR, can be estimated by

Î(w; y1, . . . , yM ) =− 1
No + m

log p(w)− 1
No + m

log p(y1, . . . , yM )

+ 1
No + m

log p(w, y1, . . . , yM )

when No is very large. By considering the joint sequences (y1)in+d1
1 , . . . , (yM )in+dM

1 ,
log p(w), log p(y1, . . . , yM ), and log p(w, y1, . . . , yM ) can be computed in an analog
way as for the single sequence case.

Fig. I.8 shows the mutual information rate RMI ≈ Î(w; y) for the different
inner codes that we consider in this paper (see Table I.2). These plots have
been simulated using 106 channel uses. It is evident from the curves that the
TVC-1 scheme performs the best for high insertion and deletion probabilities. The
TVC-1 scheme even outperforms the uncoded scheme, which might seem surprising
at first glance; however, this can happen when memory is introduced to the

88PaperI

00.050.10.150.20.250.3 0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pI=pD

R
M
I

Uncoded
CC-1/CC-2
WM
TVC-1
TVC-2

FigureI.8:MutualinformationratesRMIversuspI=pDwithpS=0forsinglesequence
transmissionforseveralinnercodingschemes.

However,sinceweconsideraninputsequenceofindependentanduniformly
distributedsymbols,H(w)isequalto(No+m)logqo,andhencewedonotneed
toruntherecursion.

Similarly,thisapproachcanbeusedtocomputetheanalogmutualinformation
pointof(II.7)forthecaseofmultiplereceivedsequences.Givenaninputsequence
wtransmittedoverMidenticalandindependentIDSchannels,wewillreceivethe
Moutputsequencesy1,...,yM.Then,theanalogmutualinformationpointof
(II.7),denotedbyI(w;y1,...,yM),whichisanAIR,canbeestimatedby
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However, since we consider an input sequence of independent and uniformly
distributed symbols, H(w) is equal to (No + m) log qo, and hence we do not need
to run the recursion.

Similarly, this approach can be used to compute the analog mutual information
point of (II.7) for the case of multiple received sequences. Given an input sequence
w transmitted over M identical and independent IDS channels, we will receive the
M output sequences y1, . . . , yM . Then, the analog mutual information point of
(II.7), denoted by I(w; y1, . . . , yM ), which is an AIR, can be estimated by
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when No is very large. By considering the joint sequences (y1)
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in+dM
1 ,

log p(w), log p(y1, . . . , yM ), and log p(w, y1, . . . , yM ) can be computed in an analog
way as for the single sequence case.

Fig. I.8 shows the mutual information rate RMI ≈ Î(w; y) for the different
inner codes that we consider in this paper (see Table I.2). These plots have
been simulated using 106 channel uses. It is evident from the curves that the
TVC-1 scheme performs the best for high insertion and deletion probabilities. The
TVC-1 scheme even outperforms the uncoded scheme, which might seem surprising
at first glance; however, this can happen when memory is introduced to the
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Figure I.9: Mutual information rates RMI versus pI = pD with pS = 0 for multiple sequence
transmission with M = 2 for several inner coding schemes.

source/channel, which is the case for TVC-1. The mutual information rate gives
us insights on the expected performance of the tabulated inner codes concatenated
with an outer code tailored toward them, where extrinsic information has been
passed between the inner and outer decoders. In other words, the achievable rates
RMI give insights on the inner-outer iterative decoding performance of our coding
scheme. This is the reason why we see a difference between mutual information
and BCJR-once rates (RMI ≥ RBCJR-once), where we also observe a change in
which inner code achieves the better rate. This is expected since the effects of
synchronization loss can be mitigated by performing inner-outer decoding. We
observe and confirm this disposition in our results section. Finally, the achievable
rate RMI ≈ Î(w; y1, . . . , yM) for the case of multiple sequence transmission with
M = 2 is shown in Fig. I.9.

It should be noted that the rate RMI for the uncoded case in Figs. I.8 and I.9
is computed using the lattice implementation introduced in Section 4. Since in
our decoding algorithm we have to limit the maximum and minimum drift values,
we end up with inaccurate computations of log p(y) and log p(w, y). By using a
lattice implementation, we can exactly compute these quantities (details omitted
for brevity). The discrepancy between the two methods is most visible for the
uncoded case, whereas it is negligible for the other inner codes.
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source/channel,whichisthecaseforTVC-1.Themutualinformationrategives
usinsightsontheexpectedperformanceofthetabulatedinnercodesconcatenated
withanoutercodetailoredtowardthem,whereextrinsicinformationhasbeen
passedbetweentheinnerandouterdecoders.Inotherwords,theachievablerates
RMIgiveinsightsontheinner-outeriterativedecodingperformanceofourcoding
scheme.Thisisthereasonwhyweseeadifferencebetweenmutualinformation
andBCJR-oncerates(RMI≥RBCJR-once),wherewealsoobserveachangein
whichinnercodeachievesthebetterrate.Thisisexpectedsincetheeffectsof
synchronizationlosscanbemitigatedbyperforminginner-outerdecoding.We
observeandconfirmthisdispositioninourresultssection.Finally,theachievable
rateRMI≈Î(w;y1,...,yM)forthecaseofmultiplesequencetransmissionwith
M=2isshowninFig.I.9.

ItshouldbenotedthattherateRMIfortheuncodedcaseinFigs.I.8andI.9
iscomputedusingthelatticeimplementationintroducedinSection4.Sincein
ourdecodingalgorithmwehavetolimitthemaximumandminimumdriftvalues,
weendupwithinaccuratecomputationsoflogp(y)andlogp(w,y).Byusinga
latticeimplementation,wecanexactlycomputethesequantities(detailsomitted
forbrevity).Thediscrepancybetweenthetwomethodsismostvisibleforthe
uncodedcase,whereasitisnegligiblefortheotherinnercodes.
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rateRMI≈Î(w;y1,...,yM)forthecaseofmultiplesequencetransmissionwith
M=2isshowninFig.I.9.

ItshouldbenotedthattherateRMIfortheuncodedcaseinFigs.I.8andI.9
iscomputedusingthelatticeimplementationintroducedinSection4.Sincein
ourdecodingalgorithmwehavetolimitthemaximumandminimumdriftvalues,
weendupwithinaccuratecomputationsoflogp(y)andlogp(w,y).Byusinga
latticeimplementation,wecanexactlycomputethesequantities(detailsomitted
forbrevity).Thediscrepancybetweenthetwomethodsismostvisibleforthe
uncodedcase,whereasitisnegligiblefortheotherinnercodes.

5 Achievable Information Rates 89

0 0.05 0.1 0.15 0.2 0.25 0.30

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pI = pD

R
M
I

Uncoded
CC-1/CC-2
WM
TVC-1
TVC-2

Figure I.9: Mutual information rates RMI versus pI = pD with pS = 0 for multiple sequence
transmission with M = 2 for several inner coding schemes.

source/channel, which is the case for TVC-1. The mutual information rate gives
us insights on the expected performance of the tabulated inner codes concatenated
with an outer code tailored toward them, where extrinsic information has been
passed between the inner and outer decoders. In other words, the achievable rates
RMI give insights on the inner-outer iterative decoding performance of our coding
scheme. This is the reason why we see a difference between mutual information
and BCJR-once rates (RMI ≥ RBCJR-once), where we also observe a change in
which inner code achieves the better rate. This is expected since the effects of
synchronization loss can be mitigated by performing inner-outer decoding. We
observe and confirm this disposition in our results section. Finally, the achievable
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source/channel,whichisthecaseforTVC-1.Themutualinformationrategives
usinsightsontheexpectedperformanceofthetabulatedinnercodesconcatenated
withanoutercodetailoredtowardthem,whereextrinsicinformationhasbeen
passedbetweentheinnerandouterdecoders.Inotherwords,theachievablerates
RMIgiveinsightsontheinner-outeriterativedecodingperformanceofourcoding
scheme.Thisisthereasonwhyweseeadifferencebetweenmutualinformation
andBCJR-oncerates(RMI≥RBCJR-once),wherewealsoobserveachangein
whichinnercodeachievesthebetterrate.Thisisexpectedsincetheeffectsof
synchronizationlosscanbemitigatedbyperforminginner-outerdecoding.We
observeandconfirmthisdispositioninourresultssection.Finally,theachievable
rateRMI≈Î(w;y1,...,yM)forthecaseofmultiplesequencetransmissionwith
M=2isshowninFig.I.9.

ItshouldbenotedthattherateRMIfortheuncodedcaseinFigs.I.8andI.9
iscomputedusingthelatticeimplementationintroducedinSection4.Sincein
ourdecodingalgorithmwehavetolimitthemaximumandminimumdriftvalues,
weendupwithinaccuratecomputationsoflogp(y)andlogp(w,y).Byusinga
latticeimplementation,wecanexactlycomputethesequantities(detailsomitted
forbrevity).Thediscrepancybetweenthetwomethodsismostvisibleforthe
uncodedcase,whereasitisnegligiblefortheotherinnercodes.
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6 Simulation Results
In this section, we provide frame error rate (FER) performance results for several
set-ups of our coding schemes. First, we show a comparison of the different inner
coding schemes introduced in the earlier sections. In particular, we show that
our results are in accordance with the BCJR-once and mutual information rates.
Second, we simulate the FER performance of our designed nonbinary polar and
LDPC codes with the TVC-2 inner coding scheme. Third, we simulate our coding
schemes under short sequence transmission conditions. Next, we combine the
best inner and outer code selection and simulate for the case of multiple received
sequences. In addition, we compare the performance of our coding schemes in the
multiple sequence transmission scenario with an existing MSA algorithm. Finally,
to show robustness to substitution errors, we present FER results for two different
values of pS > 0 using the CC-2 inner coding scheme concatenated with a designed
nonbinary LDPC code.

Our simulations are done over an alphabet of size q = 4, which equates to the
four bases {A, C, G, T} of the DNA and we set pS = 0 (except for Fig. I.15) and
pI = pD. An outer LDPC code is decoded via belief propagation with a maximum
number of 100 iterations. When applicable, the maximum number of iterations
between the inner and outer decoders is set to 100. The polar code is decoded via
CRC-aided SCL decoding. Regarding the inner codes, we set Imax = 2 and the
limit of the drift random variable in decoding is set dynamically as follows. We
set the drift limit to five times the standard deviation of the final drift at position
N , i.e., dmax = −dmin = 5

√
N pD

1−pD
. However, if the received sequence has a drift

outside this limit, we increase the limit to be ten times the standard deviation.
This can be motivated by the fact that in DNA storage, the length of each strand is
known, so the drift limit in decoding can be set accordingly. Moreover, for multiple
transmissions, we use M = 2, 3, 5, and 10. For short sequence transmission, our
overall code length is N = 128 DNA symbols, while we use N = 960 DNA symbols
otherwise. We picked the short and long sequence lengths to be within the range of
the corresponding DNA sequencing technologies. Illumina sequencing can produce
sequence lengths ranging between 100− 300 DNA symbols, while Oxford nanopore
sequencing produces sequences of lengths 1000 − 2000 DNA symbols. All FER
results are with an overall code rate of R = 1/2 (in bits per DNA symbol), with an
outer code rate of Ro = 1/2 and an inner code rate of Ri = 1.

6.1 Inner Code Optimization/Comparison
Comparing the different inner codes in our coding schemes can be done in several
ways. We have already presented one way of comparison by providing the BCJR-
once and mutual information rates. However, these rates correspond to the
asymptotics of these codes. To present a more clear comparison, we plot in
Fig. I.10 the FER performance of the different inner coding schemes concatenated
with a [240, 120]24 WiMax-like nonbinary outer LDPC code. Confirming the BCJR-
once rate results in Fig. I.5, for a coding rate of 1/2, we observe that the TVC-2
inner coding scheme performs the best with no iterations between the inner and
outer decoders. Furthermore, when considering iterative inner-outer decoding, the
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outsidethislimit,weincreasethelimittobetentimesthestandarddeviation.
ThiscanbemotivatedbythefactthatinDNAstorage,thelengthofeachstrandis
known,sothedriftlimitindecodingcanbesetaccordingly.Moreover,formultiple
transmissions,weuseM=2,3,5,and10.Forshortsequencetransmission,our
overallcodelengthisN=128DNAsymbols,whileweuseN=960DNAsymbols
otherwise.Wepickedtheshortandlongsequencelengthstobewithintherangeof
thecorrespondingDNAsequencingtechnologies.Illuminasequencingcanproduce
sequencelengthsrangingbetween100−300DNAsymbols,whileOxfordnanopore
sequencingproducessequencesoflengths1000−2000DNAsymbols.AllFER
resultsarewithanoverallcoderateofR=1/2(inbitsperDNAsymbol),withan
outercoderateofRo=1/2andaninnercoderateofRi=1.

6.1InnerCodeOptimization/Comparison
Comparingthedifferentinnercodesinourcodingschemescanbedoneinseveral
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onceandmutualinformationrates.However,theseratescorrespondtothe
asymptoticsofthesecodes.Topresentamoreclearcomparison,weplotin
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witha[240,120]24WiMax-likenonbinaryouterLDPCcode.ConfirmingtheBCJR-
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witha[240,120]24WiMax-likenonbinaryouterLDPCcode.ConfirmingtheBCJR-
oncerateresultsinFig.I.5,foracodingrateof1/2,weobservethattheTVC-2
innercodingschemeperformsthebestwithnoiterationsbetweentheinnerand
outerdecoders.Furthermore,whenconsideringiterativeinner-outerdecoding,the
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Figure I.10: FER performance vs. pI = pD on different inner codes concatenated with
a [240, 120]24 WiMax-like outer LDPC code with overall block length of N = 960 DNA
symbols and with pS = 0. Dashed lines are with inner-outer iterations while solid lines
are without.

Table I.3: Iterative Decoding Thresholds of LDPC Codes With pS = 0

Code pth Rate
Designed 0.142 1/2

WiMax-like 0.139 1/2

TVC-1 scheme performs the best. This in turn confirms the mutual information
rate results in Fig. I.8. It is evident that our designed inner code improves the
performance of the overall concatenated coding scheme.

6.2 Outer Code Optimization

In the following, we show FER performance results for the TVC-2 inner coding
scheme concatenated with our designed outer codes. The optimization of the
outer code was presented in Sections 4 and 4, where we describe how to design,
respectively, an outer LDPC or polar code tailored to an inner coding scheme
combined with the IDS channel. The results are shown in Fig. I.11. Furthermore,
Table I.3 shows the iterative decoding threshold pth of the WiMax-like LDPC code
and our designed protograph LDPC code. The base matrix corresponding to our
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rateresultsinFig.I.8.Itisevidentthatourdesignedinnercodeimprovesthe
performanceoftheoverallconcatenatedcodingscheme.

6.2OuterCodeOptimization

Inthefollowing,weshowFERperformanceresultsfortheTVC-2innercoding
schemeconcatenatedwithourdesignedoutercodes.Theoptimizationofthe
outercodewaspresentedinSections4and4,wherewedescribehowtodesign,
respectively,anouterLDPCorpolarcodetailoredtoaninnercodingscheme
combinedwiththeIDSchannel.TheresultsareshowninFig.I.11.Furthermore,
TableI.3showstheiterativedecodingthresholdpthoftheWiMax-likeLDPCcode
andourdesignedprotographLDPCcode.Thebasematrixcorrespondingtoour

6SimulationResults91

0.050.10.150.20.25 10−5

10−4

10−3

10−2

10−1

100

pI=pD

FE
R

CC-2
WM
TVC-1
TVC-2

FigureI.10:FERperformancevs.pI=pDondifferentinnercodesconcatenatedwith
a[240,120]24WiMax-likeouterLDPCcodewithoverallblocklengthofN=960DNA
symbolsandwithpS=0.Dashedlinesarewithinner-outeriterationswhilesolidlines
arewithout.

TableI.3:IterativeDecodingThresholdsofLDPCCodesWithpS=0

CodepthRate
Designed0.1421/2

WiMax-like0.1391/2

TVC-1schemeperformsthebest.Thisinturnconfirmsthemutualinformation
rateresultsinFig.I.8.Itisevidentthatourdesignedinnercodeimprovesthe
performanceoftheoverallconcatenatedcodingscheme.

6.2OuterCodeOptimization

Inthefollowing,weshowFERperformanceresultsfortheTVC-2innercoding
schemeconcatenatedwithourdesignedoutercodes.Theoptimizationofthe
outercodewaspresentedinSections4and4,wherewedescribehowtodesign,
respectively,anouterLDPCorpolarcodetailoredtoaninnercodingscheme
combinedwiththeIDSchannel.TheresultsareshowninFig.I.11.Furthermore,
TableI.3showstheiterativedecodingthresholdpthoftheWiMax-likeLDPCcode
andourdesignedprotographLDPCcode.Thebasematrixcorrespondingtoour

6 Simulation Results 91

0.05 0.1 0.15 0.2 0.2510−5

10−4

10−3

10−2

10−1

100

pI = pD

FER

CC-2
WM
TVC-1
TVC-2

Figure I.10: FER performance vs. pI = pD on different inner codes concatenated with
a [240, 120]24 WiMax-like outer LDPC code with overall block length of N = 960 DNA
symbols and with pS = 0. Dashed lines are with inner-outer iterations while solid lines
are without.

Table I.3: Iterative Decoding Thresholds of LDPC Codes With pS = 0

Code pth Rate
Designed 0.142 1/2

WiMax-like 0.139 1/2

TVC-1 scheme performs the best. This in turn confirms the mutual information
rate results in Fig. I.8. It is evident that our designed inner code improves the
performance of the overall concatenated coding scheme.

6.2 Outer Code Optimization

In the following, we show FER performance results for the TVC-2 inner coding
scheme concatenated with our designed outer codes. The optimization of the
outer code was presented in Sections 4 and 4, where we describe how to design,
respectively, an outer LDPC or polar code tailored to an inner coding scheme
combined with the IDS channel. The results are shown in Fig. I.11. Furthermore,
Table I.3 shows the iterative decoding threshold pth of the WiMax-like LDPC code
and our designed protograph LDPC code. The base matrix corresponding to our

6 Simulation Results 91

0.05 0.1 0.15 0.2 0.2510−5

10−4

10−3

10−2

10−1

100

pI = pD

FER

CC-2
WM
TVC-1
TVC-2

Figure I.10: FER performance vs. pI = pD on different inner codes concatenated with
a [240, 120]24 WiMax-like outer LDPC code with overall block length of N = 960 DNA
symbols and with pS = 0. Dashed lines are with inner-outer iterations while solid lines
are without.

Table I.3: Iterative Decoding Thresholds of LDPC Codes With pS = 0

Code pth Rate
Designed 0.142 1/2

WiMax-like 0.139 1/2

TVC-1 scheme performs the best. This in turn confirms the mutual information
rate results in Fig. I.8. It is evident that our designed inner code improves the
performance of the overall concatenated coding scheme.

6.2 Outer Code Optimization

In the following, we show FER performance results for the TVC-2 inner coding
scheme concatenated with our designed outer codes. The optimization of the
outer code was presented in Sections 4 and 4, where we describe how to design,
respectively, an outer LDPC or polar code tailored to an inner coding scheme
combined with the IDS channel. The results are shown in Fig. I.11. Furthermore,
Table I.3 shows the iterative decoding threshold pth of the WiMax-like LDPC code
and our designed protograph LDPC code. The base matrix corresponding to our

6SimulationResults91

0.050.10.150.20.25 10−5

10−4

10−3

10−2

10−1

100

pI=pD

FER

CC-2
WM
TVC-1
TVC-2

FigureI.10:FERperformancevs.pI=pDondifferentinnercodesconcatenatedwith
a[240,120]24WiMax-likeouterLDPCcodewithoverallblocklengthofN=960DNA
symbolsandwithpS=0.Dashedlinesarewithinner-outeriterationswhilesolidlines
arewithout.

TableI.3:IterativeDecodingThresholdsofLDPCCodesWithpS=0

CodepthRate
Designed0.1421/2

WiMax-like0.1391/2

TVC-1schemeperformsthebest.Thisinturnconfirmsthemutualinformation
rateresultsinFig.I.8.Itisevidentthatourdesignedinnercodeimprovesthe
performanceoftheoverallconcatenatedcodingscheme.

6.2OuterCodeOptimization

Inthefollowing,weshowFERperformanceresultsfortheTVC-2innercoding
schemeconcatenatedwithourdesignedoutercodes.Theoptimizationofthe
outercodewaspresentedinSections4and4,wherewedescribehowtodesign,
respectively,anouterLDPCorpolarcodetailoredtoaninnercodingscheme
combinedwiththeIDSchannel.TheresultsareshowninFig.I.11.Furthermore,
TableI.3showstheiterativedecodingthresholdpthoftheWiMax-likeLDPCcode
andourdesignedprotographLDPCcode.Thebasematrixcorrespondingtoour

6SimulationResults91

0.050.10.150.20.25 10−5

10−4

10−3

10−2

10−1

100

pI=pD

FER

CC-2
WM
TVC-1
TVC-2

FigureI.10:FERperformancevs.pI=pDondifferentinnercodesconcatenatedwith
a[240,120]24WiMax-likeouterLDPCcodewithoverallblocklengthofN=960DNA
symbolsandwithpS=0.Dashedlinesarewithinner-outeriterationswhilesolidlines
arewithout.

TableI.3:IterativeDecodingThresholdsofLDPCCodesWithpS=0

CodepthRate
Designed0.1421/2

WiMax-like0.1391/2

TVC-1schemeperformsthebest.Thisinturnconfirmsthemutualinformation
rateresultsinFig.I.8.Itisevidentthatourdesignedinnercodeimprovesthe
performanceoftheoverallconcatenatedcodingscheme.

6.2OuterCodeOptimization

Inthefollowing,weshowFERperformanceresultsfortheTVC-2innercoding
schemeconcatenatedwithourdesignedoutercodes.Theoptimizationofthe
outercodewaspresentedinSections4and4,wherewedescribehowtodesign,
respectively,anouterLDPCorpolarcodetailoredtoaninnercodingscheme
combinedwiththeIDSchannel.TheresultsareshowninFig.I.11.Furthermore,
TableI.3showstheiterativedecodingthresholdpthoftheWiMax-likeLDPCcode
andourdesignedprotographLDPCcode.Thebasematrixcorrespondingtoour

6SimulationResults91

0.050.10.150.20.25 10−5

10−4

10−3

10−2

10−1

100

pI=pD

FER

CC-2
WM
TVC-1
TVC-2

FigureI.10:FERperformancevs.pI=pDondifferentinnercodesconcatenatedwith
a[240,120]24WiMax-likeouterLDPCcodewithoverallblocklengthofN=960DNA
symbolsandwithpS=0.Dashedlinesarewithinner-outeriterationswhilesolidlines
arewithout.

TableI.3:IterativeDecodingThresholdsofLDPCCodesWithpS=0

CodepthRate
Designed0.1421/2

WiMax-like0.1391/2

TVC-1schemeperformsthebest.Thisinturnconfirmsthemutualinformation
rateresultsinFig.I.8.Itisevidentthatourdesignedinnercodeimprovesthe
performanceoftheoverallconcatenatedcodingscheme.

6.2OuterCodeOptimization

Inthefollowing,weshowFERperformanceresultsfortheTVC-2innercoding
schemeconcatenatedwithourdesignedoutercodes.Theoptimizationofthe
outercodewaspresentedinSections4and4,wherewedescribehowtodesign,
respectively,anouterLDPCorpolarcodetailoredtoaninnercodingscheme
combinedwiththeIDSchannel.TheresultsareshowninFig.I.11.Furthermore,
TableI.3showstheiterativedecodingthresholdpthoftheWiMax-likeLDPCcode
andourdesignedprotographLDPCcode.Thebasematrixcorrespondingtoour

6SimulationResults91

0.050.10.150.20.25 10−5

10−4

10−3

10−2

10−1

100

pI=pD
FER

CC-2
WM
TVC-1
TVC-2

FigureI.10:FERperformancevs.pI=pDondifferentinnercodesconcatenatedwith
a[240,120]24WiMax-likeouterLDPCcodewithoverallblocklengthofN=960DNA
symbolsandwithpS=0.Dashedlinesarewithinner-outeriterationswhilesolidlines
arewithout.

TableI.3:IterativeDecodingThresholdsofLDPCCodesWithpS=0

CodepthRate
Designed0.1421/2

WiMax-like0.1391/2

TVC-1schemeperformsthebest.Thisinturnconfirmsthemutualinformation
rateresultsinFig.I.8.Itisevidentthatourdesignedinnercodeimprovesthe
performanceoftheoverallconcatenatedcodingscheme.

6.2OuterCodeOptimization

Inthefollowing,weshowFERperformanceresultsfortheTVC-2innercoding
schemeconcatenatedwithourdesignedoutercodes.Theoptimizationofthe
outercodewaspresentedinSections4and4,wherewedescribehowtodesign,
respectively,anouterLDPCorpolarcodetailoredtoaninnercodingscheme
combinedwiththeIDSchannel.TheresultsareshowninFig.I.11.Furthermore,
TableI.3showstheiterativedecodingthresholdpthoftheWiMax-likeLDPCcode
andourdesignedprotographLDPCcode.Thebasematrixcorrespondingtoour



92 Paper I

0.05 0.1 0.15 0.2 0.2510−5

10−4

10−3

10−2

10−1

100

pI = pD

FE
R

WiMax-like LDPC
Opt. polar
Opt. LDPC

Figure I.11: FER performance vs. pI = pD on different outer codes concatenated with
the TVC-2 inner coding scheme, with pS = 0 and with no iterations between the inner
and outer decoders. The polar code has parameters No = 256, Ro = 1/2, qo = 16, α/β = 6,
list size 32, and ℓCRC = 8.

designed protograph LDPC code is

B =
(

1 2 1 1
1 1 2 1

)
. (I.4)

It should be noted that we simulate the ensemble average of the lifted protograph
(see Section 4) by assigning new random weights for the edges of the Tanner graph
for every new block transmission. Also, the LDPC code has been optimized for
the case of no iterations between the inner and outer decoders and for the TVC-2
inner coding scheme. Evidently, we succeed in improving the performance of our
coding schemes with both of the designed outer codes; the protograph LDPC code
performing the best. The designed protograph LDPC code is a [240, 120]24 code
with girth 10, which gives a block length of N = 960 DNA symbols, while the
designed polar code is a [256, 128]24 code, resulting in N = 1024 DNA symbols.
Again, as for the LDPC code, the polar code has been optimized for the TVC-2
inner coding scheme and with no iterations between the inner and outer decoders.
These results validate our optimization and design techniques as we have managed
to improve the performance compared to the standard case. For a better visual
representation of how well the optimization performs, we plotted in Fig. I.6 (the red
solid circle) the iterative decoding threshold for our concatenated coding scheme
(TVC-2 inner coding scheme and optimized outer LDPC code constructed from the
base matrix B in (I.4)) for M = 1. The gap to the AIR curve is very small, which
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listsize32,andℓCRC=8.

designedprotographLDPCcodeis

B=
(

1211
1121

)
.(I.4)

Itshouldbenotedthatwesimulatetheensembleaverageoftheliftedprotograph
(seeSection4)byassigningnewrandomweightsfortheedgesoftheTannergraph
foreverynewblocktransmission.Also,theLDPCcodehasbeenoptimizedfor
thecaseofnoiterationsbetweentheinnerandouterdecodersandfortheTVC-2
innercodingscheme.Evidently,wesucceedinimprovingtheperformanceofour
codingschemeswithbothofthedesignedoutercodes;theprotographLDPCcode
performingthebest.ThedesignedprotographLDPCcodeisa[240,120]24code
withgirth10,whichgivesablocklengthofN=960DNAsymbols,whilethe
designedpolarcodeisa[256,128]24code,resultinginN=1024DNAsymbols.
Again,asfortheLDPCcode,thepolarcodehasbeenoptimizedfortheTVC-2
innercodingschemeandwithnoiterationsbetweentheinnerandouterdecoders.
Theseresultsvalidateouroptimizationanddesigntechniquesaswehavemanaged
toimprovetheperformancecomparedtothestandardcase.Forabettervisual
representationofhowwelltheoptimizationperforms,weplottedinFig.I.6(thered
solidcircle)theiterativedecodingthresholdforourconcatenatedcodingscheme
(TVC-2innercodingschemeandoptimizedouterLDPCcodeconstructedfromthe
basematrixBin(I.4))forM=1.ThegaptotheAIRcurveisverysmall,which
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Figure I.12: FER performance vs. pI = pD on short sequences of N = 128 DNA symbols
for different inner coding schemes, with pS = 0 and with no iterations between the inner
and outer decoders. Solid lines are for an outer polar code with parameters No = 64,
Ro = 1/2, qo = 4, α/β = 3, list size 32, and ℓCRC = 8, while dashed lines are for an outer
[64, 32]22 optimized LDPC code.

validates our optimization. On a side note, optimizing the inner code is of greater
importance as the inner code is responsible for maintaining synchronization, which
is the main obstacle faced when dealing with IDS channels.

6.3 Short Sequence Transmission

The FER performance for the short block length regime is presented in Fig. I.12.
The comparison is done on different inner codes using a [64, 32]22 outer polar code
or a [64, 32]22 LDPC code that both have been optimized separately for each inner
coding scheme. In fact, the protograph in (I.4) is optimal for all four WM, CC-1,
TVC-1, and TVC-2 inner coding schemes, which could be attributed to the rather
small search space. The corresponding designed nonbinary LDPC code has girth
8. Similar to the long sequence case, the watermark code is performing worse
than other inner code choices, which has been as well predicted by the AIR results
for our chosen rate. Surprisingly, other combinations of inner and outer codes
perform very similar in the short sequence case. Due to clarity of presentation, we
have excluded in the plot the results for the TVC-2 inner coding scheme, which
performed the best for long sequences. However, the performance of this coding
scheme is slightly worse than the CC-1 and TVC-1 results. Moreover, the TVC-1
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fordifferentinnercodingschemes,withpS=0andwithnoiterationsbetweentheinner
andouterdecoders.SolidlinesareforanouterpolarcodewithparametersNo=64,
Ro=1/2,qo=4,α/β=3,listsize32,andℓCRC=8,whiledashedlinesareforanouter
[64,32]22optimizedLDPCcode.

validatesouroptimization.Onasidenote,optimizingtheinnercodeisofgreater
importanceastheinnercodeisresponsibleformaintainingsynchronization,which
isthemainobstaclefacedwhendealingwithIDSchannels.

6.3ShortSequenceTransmission

TheFERperformancefortheshortblocklengthregimeispresentedinFig.I.12.
Thecomparisonisdoneondifferentinnercodesusinga[64,32]22outerpolarcode
ora[64,32]22LDPCcodethatbothhavebeenoptimizedseparatelyforeachinner
codingscheme.Infact,theprotographin(I.4)isoptimalforallfourWM,CC-1,
TVC-1,andTVC-2innercodingschemes,whichcouldbeattributedtotherather
smallsearchspace.ThecorrespondingdesignednonbinaryLDPCcodehasgirth
8.Similartothelongsequencecase,thewatermarkcodeisperformingworse
thanotherinnercodechoices,whichhasbeenaswellpredictedbytheAIRresults
forourchosenrate.Surprisingly,othercombinationsofinnerandoutercodes
performverysimilarintheshortsequencecase.Duetoclarityofpresentation,we
haveexcludedintheplottheresultsfortheTVC-2innercodingscheme,which
performedthebestforlongsequences.However,theperformanceofthiscoding
schemeisslightlyworsethantheCC-1andTVC-1results.Moreover,theTVC-1
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performverysimilarintheshortsequencecase.Duetoclarityofpresentation,we
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performedthebestforlongsequences.However,theperformanceofthiscoding
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inner coding scheme performs better for higher insertion and deletion probabilities
than all inner codes with a random offset sequence. The difference of the results
compared to the AIR and long sequence results may stem from the fact that for
short sequences the synchronization process is done over a shorter trellis. Therefore,
the knowledge of the fixed start and end point has more influence on the APPs
in the middle of the sequence, which makes synchronization without a random
offset sequence also more feasible for higher insertion and deletion probabilities.
However, the CC-1 inner coding scheme seems to perform best for decreasing
failure probabilities for short sequences. Considering the outer code choice, for the
TVC-1 and CC-1 inner coding schemes, the LDPC code and the polar code yield
similar performance, with the polar code slightly outperforming the optimized
nonbinary LDPC code for high deletion and insertion probabilities and vice versa
for low error probabilities. However, the polar code outperforms the LDPC code by
a more significant gap for the WM inner coding scheme. This may be explained by
the limited search space for the LDPC protograph; a higher dimension protograph
might allow to close the gap.

6.4 Multiple Sequence Transmission

Next, we present FER results for the case of multiple sequence transmission with
both long and short sequences. For transmission block length N = 960 DNA
symbols, we have shown that our designed protograph LDPC code combined with
the TVC-2 inner coding scheme performs the best when we do not iterate between
the inner and outer decoders. Fig. I.13 shows the FER results for this scheme
with multiple sequences, where we observe a significant gain in performance when
increasing the number of sequences. There is also a notable gain of joint decoding
compared to separate decoding as illustrated for M = 2 sequences. Moreover,
separate decoding with M = 3 performs similar to optimal joint decoding for
M = 2, but with much lower complexity. This confirms the earlier observation
with the BCJR-once rates (see Fig. I.6), and shows the viability of our proposed
sub-optimal decoding algorithm. For short sequence transmission we perform our
analysis with an outer polar code using the CC-1 inner coding scheme. In the
following we include a comparison of that coding scheme with an existing MSA
method from the literature for the multiple sequence scenario.5

MSA tools are often used in the biological sector for reconstruction of an original
sequence given multiple corrupted sequences. Here, we consider the T-Coffee MSA
method presented in [31] using the open-source library SeqAn [32]. Given the M
sequences y1, . . . , yM from the channel output, the MSA algorithm computes a
consensus sequence ỹ = (ỹ1, . . . , ỹ

Ñ
), where ỹi ∈ Σq and Ñ is not necessarily equal

to N . We use a simple Levenshtein distance orientated scoring scheme to compute
the alignment, where a match, a mismatch, and a gap have scores 0, −2, and
−1, respectively. Given the computed alignment, we apply a majority decision
to output the consensus sequence ỹ. Subsequently, the sequence ỹ is given to
the inner decoder to compute the symbol APPs p(wi|ỹ) for each outer codeword

5Note that we have not optimized neither the LDPC code nor the polar code for the multiple sequence
scenario, but rather use the optimized codes for the case of a single sequence transmission.
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Ñ
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inner coding scheme performs better for higher insertion and deletion probabilities
than all inner codes with a random offset sequence. The difference of the results
compared to the AIR and long sequence results may stem from the fact that for
short sequences the synchronization process is done over a shorter trellis. Therefore,
the knowledge of the fixed start and end point has more influence on the APPs
in the middle of the sequence, which makes synchronization without a random
offset sequence also more feasible for higher insertion and deletion probabilities.
However, the CC-1 inner coding scheme seems to perform best for decreasing
failure probabilities for short sequences. Considering the outer code choice, for the
TVC-1 and CC-1 inner coding schemes, the LDPC code and the polar code yield
similar performance, with the polar code slightly outperforming the optimized
nonbinary LDPC code for high deletion and insertion probabilities and vice versa
for low error probabilities. However, the polar code outperforms the LDPC code by
a more significant gap for the WM inner coding scheme. This may be explained by
the limited search space for the LDPC protograph; a higher dimension protograph
might allow to close the gap.

6.4 Multiple Sequence Transmission

Next, we present FER results for the case of multiple sequence transmission with
both long and short sequences. For transmission block length N = 960 DNA
symbols, we have shown that our designed protograph LDPC code combined with
the TVC-2 inner coding scheme performs the best when we do not iterate between
the inner and outer decoders. Fig. I.13 shows the FER results for this scheme
with multiple sequences, where we observe a significant gain in performance when
increasing the number of sequences. There is also a notable gain of joint decoding
compared to separate decoding as illustrated for M = 2 sequences. Moreover,
separate decoding with M = 3 performs similar to optimal joint decoding for
M = 2, but with much lower complexity. This confirms the earlier observation
with the BCJR-once rates (see Fig. I.6), and shows the viability of our proposed
sub-optimal decoding algorithm. For short sequence transmission we perform our
analysis with an outer polar code using the CC-1 inner coding scheme. In the
following we include a comparison of that coding scheme with an existing MSA
method from the literature for the multiple sequence scenario.5

MSA tools are often used in the biological sector for reconstruction of an original
sequence given multiple corrupted sequences. Here, we consider the T-Coffee MSA
method presented in [31] using the open-source library SeqAn [32]. Given the M
sequences y1, . . . , yM from the channel output, the MSA algorithm computes a
consensus sequence ỹ = (ỹ1, . . . , ỹÑ ), where ỹi ∈ Σq and Ñ is not necessarily equal
to N . We use a simple Levenshtein distance orientated scoring scheme to compute
the alignment, where a match, a mismatch, and a gap have scores 0, −2, and
−1, respectively. Given the computed alignment, we apply a majority decision
to output the consensus sequence ỹ. Subsequently, the sequence ỹ is given to
the inner decoder to compute the symbol APPs p(wi|ỹ) for each outer codeword

5Note that we have not optimized neither the LDPC code nor the polar code for the multiple sequence
scenario, but rather use the optimized codes for the case of a single sequence transmission.
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shortsequencesthesynchronizationprocessisdoneoverashortertrellis.Therefore,
theknowledgeofthefixedstartandendpointhasmoreinfluenceontheAPPs
inthemiddleofthesequence,whichmakessynchronizationwithoutarandom
offsetsequencealsomorefeasibleforhigherinsertionanddeletionprobabilities.
However,theCC-1innercodingschemeseemstoperformbestfordecreasing
failureprobabilitiesforshortsequences.Consideringtheoutercodechoice,forthe
TVC-1andCC-1innercodingschemes,theLDPCcodeandthepolarcodeyield
similarperformance,withthepolarcodeslightlyoutperformingtheoptimized
nonbinaryLDPCcodeforhighdeletionandinsertionprobabilitiesandviceversa
forlowerrorprobabilities.However,thepolarcodeoutperformstheLDPCcodeby
amoresignificantgapfortheWMinnercodingscheme.Thismaybeexplainedby
thelimitedsearchspacefortheLDPCprotograph;ahigherdimensionprotograph
mightallowtoclosethegap.

6.4MultipleSequenceTransmission

Next,wepresentFERresultsforthecaseofmultiplesequencetransmissionwith
bothlongandshortsequences.FortransmissionblocklengthN=960DNA
symbols,wehaveshownthatourdesignedprotographLDPCcodecombinedwith
theTVC-2innercodingschemeperformsthebestwhenwedonotiteratebetween
theinnerandouterdecoders.Fig.I.13showstheFERresultsforthisscheme
withmultiplesequences,whereweobserveasignificantgaininperformancewhen
increasingthenumberofsequences.Thereisalsoanotablegainofjointdecoding
comparedtoseparatedecodingasillustratedforM=2sequences.Moreover,
separatedecodingwithM=3performssimilartooptimaljointdecodingfor
M=2,butwithmuchlowercomplexity.Thisconfirmstheearlierobservation
withtheBCJR-oncerates(seeFig.I.6),andshowstheviabilityofourproposed
sub-optimaldecodingalgorithm.Forshortsequencetransmissionweperformour
analysiswithanouterpolarcodeusingtheCC-1innercodingscheme.Inthe
followingweincludeacomparisonofthatcodingschemewithanexistingMSA
methodfromtheliteratureforthemultiplesequencescenario.5

MSAtoolsareoftenusedinthebiologicalsectorforreconstructionofanoriginal
sequencegivenmultiplecorruptedsequences.Here,weconsidertheT-CoffeeMSA
methodpresentedin[31]usingtheopen-sourcelibrarySeqAn[32].GiventheM
sequencesy1,...,yMfromthechanneloutput,theMSAalgorithmcomputesa
consensussequenceỹ=(ỹ1,...,ỹÑ),whereỹi∈ΣqandÑisnotnecessarilyequal
toN.WeuseasimpleLevenshteindistanceorientatedscoringschemetocompute
thealignment,whereamatch,amismatch,andagaphavescores0,−2,and
−1,respectively.Giventhecomputedalignment,weapplyamajoritydecision
tooutputtheconsensussequenceỹ.Subsequently,thesequenceỹisgivento
theinnerdecodertocomputethesymbolAPPsp(wi|ỹ)foreachoutercodeword

5NotethatwehavenotoptimizedneithertheLDPCcodenorthepolarcodeforthemultiplesequence
scenario,butratherusetheoptimizedcodesforthecaseofasinglesequencetransmission.
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5NotethatwehavenotoptimizedneithertheLDPCcodenorthepolarcodeforthemultiplesequence
scenario,butratherusetheoptimizedcodesforthecaseofasinglesequencetransmission.

94PaperI

innercodingschemeperformsbetterforhigherinsertionanddeletionprobabilities
thanallinnercodeswitharandomoffsetsequence.Thedifferenceoftheresults
comparedtotheAIRandlongsequenceresultsmaystemfromthefactthatfor
shortsequencesthesynchronizationprocessisdoneoverashortertrellis.Therefore,
theknowledgeofthefixedstartandendpointhasmoreinfluenceontheAPPs
inthemiddleofthesequence,whichmakessynchronizationwithoutarandom
offsetsequencealsomorefeasibleforhigherinsertionanddeletionprobabilities.
However,theCC-1innercodingschemeseemstoperformbestfordecreasing
failureprobabilitiesforshortsequences.Consideringtheoutercodechoice,forthe
TVC-1andCC-1innercodingschemes,theLDPCcodeandthepolarcodeyield
similarperformance,withthepolarcodeslightlyoutperformingtheoptimized
nonbinaryLDPCcodeforhighdeletionandinsertionprobabilitiesandviceversa
forlowerrorprobabilities.However,thepolarcodeoutperformstheLDPCcodeby
amoresignificantgapfortheWMinnercodingscheme.Thismaybeexplainedby
thelimitedsearchspacefortheLDPCprotograph;ahigherdimensionprotograph
mightallowtoclosethegap.

6.4MultipleSequenceTransmission

Next,wepresentFERresultsforthecaseofmultiplesequencetransmissionwith
bothlongandshortsequences.FortransmissionblocklengthN=960DNA
symbols,wehaveshownthatourdesignedprotographLDPCcodecombinedwith
theTVC-2innercodingschemeperformsthebestwhenwedonotiteratebetween
theinnerandouterdecoders.Fig.I.13showstheFERresultsforthisscheme
withmultiplesequences,whereweobserveasignificantgaininperformancewhen
increasingthenumberofsequences.Thereisalsoanotablegainofjointdecoding
comparedtoseparatedecodingasillustratedforM=2sequences.Moreover,
separatedecodingwithM=3performssimilartooptimaljointdecodingfor
M=2,butwithmuchlowercomplexity.Thisconfirmstheearlierobservation
withtheBCJR-oncerates(seeFig.I.6),andshowstheviabilityofourproposed
sub-optimaldecodingalgorithm.Forshortsequencetransmissionweperformour
analysiswithanouterpolarcodeusingtheCC-1innercodingscheme.Inthe
followingweincludeacomparisonofthatcodingschemewithanexistingMSA
methodfromtheliteratureforthemultiplesequencescenario.5

MSAtoolsareoftenusedinthebiologicalsectorforreconstructionofanoriginal
sequencegivenmultiplecorruptedsequences.Here,weconsidertheT-CoffeeMSA
methodpresentedin[31]usingtheopen-sourcelibrarySeqAn[32].GiventheM
sequencesy1,...,yMfromthechanneloutput,theMSAalgorithmcomputesa
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Figure I.13: FER performance vs. pI = pD for the TVC-2 inner coding scheme concate-
nated with our optimized [240, 120]24 outer LDPC code with block length N = 960 DNA
symbols for multiple sequences, with pS = 0 and with no iterations between the inner
and outer decoders. Solid lines represent separate decoding while dash dotted are for
joint decoding.

symbol as described in Section 4. We can directly determine the total number of
computed operations by the sum of that of decoding a single received sequence
using the inner code and that of the MSA algorithm itself. Therefore, combining
the complexity of the T-Coffee algorithm according to [31] and that of decoding a
single received sequence using the inner code, the complexity of the MSA method
is

CMSA = Csingle +O(M2N2) +O(M3N).

Fig. I.14 shows the FER of a [64, 32]22 outer polar code concatenated with the
CC-1 inner coding scheme for a short block length of N = 128 DNA symbols
and multiple received sequences. Specifically, we compare the separate and joint
decoding approaches discussed in Section 3 and the aforementioned MSA method.
First observe that due to complexity reasons joint decoding for M > 2 becomes
infeasible. Moreover, the MSA method is impractical for the case of M = 2 due to
the applied majority decision. For the case of M = 2, we see a significant gain
of joint decoding compared to separate decoding. This is no surprise since joint
decoding exploits the full knowledge of the two received sequences concurrently,
however, at the expense of a large trellis increasing exponentially in M . On the
other hand, the separate decoding approach ignores during the inner decoding the
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symbolasdescribedinSection4.Wecandirectlydeterminethetotalnumberof
computedoperationsbythesumofthatofdecodingasinglereceivedsequence
usingtheinnercodeandthatoftheMSAalgorithmitself.Therefore,combining
thecomplexityoftheT-Coffeealgorithmaccordingto[31]andthatofdecodinga
singlereceivedsequenceusingtheinnercode,thecomplexityoftheMSAmethod
is

CMSA=Csingle+O(M2N2)+O(M3N).

Fig.I.14showstheFERofa[64,32]22outerpolarcodeconcatenatedwiththe
CC-1innercodingschemeforashortblocklengthofN=128DNAsymbols
andmultiplereceivedsequences.Specifically,wecomparetheseparateandjoint
decodingapproachesdiscussedinSection3andtheaforementionedMSAmethod.
FirstobservethatduetocomplexityreasonsjointdecodingforM>2becomes
infeasible.Moreover,theMSAmethodisimpracticalforthecaseofM=2dueto
theappliedmajoritydecision.ForthecaseofM=2,weseeasignificantgain
ofjointdecodingcomparedtoseparatedecoding.Thisisnosurprisesincejoint
decodingexploitsthefullknowledgeofthetworeceivedsequencesconcurrently,
however,attheexpenseofalargetrellisincreasingexponentiallyinM.Onthe
otherhand,theseparatedecodingapproachignoresduringtheinnerdecodingthe
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the complexity of the T-Coffee algorithm according to [31] and that of decoding a
single received sequence using the inner code, the complexity of the MSA method
is

CMSA = Csingle +O(M2N2) +O(M3N).

Fig. I.14 shows the FER of a [64, 32]22 outer polar code concatenated with the
CC-1 inner coding scheme for a short block length of N = 128 DNA symbols
and multiple received sequences. Specifically, we compare the separate and joint
decoding approaches discussed in Section 3 and the aforementioned MSA method.
First observe that due to complexity reasons joint decoding for M > 2 becomes
infeasible. Moreover, the MSA method is impractical for the case of M = 2 due to
the applied majority decision. For the case of M = 2, we see a significant gain
of joint decoding compared to separate decoding. This is no surprise since joint
decoding exploits the full knowledge of the two received sequences concurrently,
however, at the expense of a large trellis increasing exponentially in M . On the
other hand, the separate decoding approach ignores during the inner decoding the
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natedwithouroptimized[240,120]24outerLDPCcodewithblocklengthN=960DNA
symbolsformultiplesequences,withpS=0andwithnoiterationsbetweentheinner
andouterdecoders.Solidlinesrepresentseparatedecodingwhiledashdottedarefor
jointdecoding.

symbolasdescribedinSection4.Wecandirectlydeterminethetotalnumberof
computedoperationsbythesumofthatofdecodingasinglereceivedsequence
usingtheinnercodeandthatoftheMSAalgorithmitself.Therefore,combining
thecomplexityoftheT-Coffeealgorithmaccordingto[31]andthatofdecodinga
singlereceivedsequenceusingtheinnercode,thecomplexityoftheMSAmethod
is

CMSA=Csingle+O(M2N2)+O(M3N).

Fig.I.14showstheFERofa[64,32]22outerpolarcodeconcatenatedwiththe
CC-1innercodingschemeforashortblocklengthofN=128DNAsymbols
andmultiplereceivedsequences.Specifically,wecomparetheseparateandjoint
decodingapproachesdiscussedinSection3andtheaforementionedMSAmethod.
FirstobservethatduetocomplexityreasonsjointdecodingforM>2becomes
infeasible.Moreover,theMSAmethodisimpracticalforthecaseofM=2dueto
theappliedmajoritydecision.ForthecaseofM=2,weseeasignificantgain
ofjointdecodingcomparedtoseparatedecoding.Thisisnosurprisesincejoint
decodingexploitsthefullknowledgeofthetworeceivedsequencesconcurrently,
however,attheexpenseofalargetrellisincreasingexponentiallyinM.Onthe
otherhand,theseparatedecodingapproachignoresduringtheinnerdecodingthe
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Figure I.14: FER performance vs. pI = pD on short sequences of N = 128 DNA symbols,
with pS = 0 and with no iterations between the inner and outer decoders. The outer
code is a polar code with parameters No = 64, Ro = 1/2, qo = 4, α/β = 3, list size 32, and
ℓCRC = 8, while we use the CC-1 inner coding scheme. Comparison on different multiple
sequence decoding approaches. Solid lines represent separate decoding, dashed are for
MSA decoding, and dash dotted are for joint decoding.

fact that the received sequences stem from the same original transmitted sequence.
Comparing the MSA method and separate decoding for the case of M > 2, we
see that the performance of separate decoding is better than that of the MSA
method for M = 3, similar for M = 5, and worse for M = 10. This can be
explained similarly as before, since the MSA method exploits coherences between
the received sequences, albeit without any structural assumption, e.g., knowledge
of the codebooks. Nevertheless, the gain of the MSA method comes at the price
of a higher complexity, where the dominating factor is O(M2N2) + O(M3N)
compared to separate decoding with O(MN 3/2) complexity, as the total number of
drift states ∆ is of order O(

√
N).

For a better grasp on the difference in complexity between joint and sepa-
rate decoding, we now provide some numerical examples of the total number of
candidates for the HMM state variable σi, denoted by σtotal, for the case of an
inner convolutional code. For a sequence of length N = 960 and pI = pD = 0.15,
σtotal = 2ν × 131 for separate decoding, while σtotal = 2ν × 131M for joint decoding.
For a sequence of length N = 128, σtotal = 2ν × 48 for separate decoding, while
σtotal = 2ν × 48M for joint decoding.
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factthatthereceivedsequencesstemfromthesameoriginaltransmittedsequence.
ComparingtheMSAmethodandseparatedecodingforthecaseofM>2,we
seethattheperformanceofseparatedecodingisbetterthanthatoftheMSA
methodforM=3,similarforM=5,andworseforM=10.Thiscanbe
explainedsimilarlyasbefore,sincetheMSAmethodexploitscoherencesbetween
thereceivedsequences,albeitwithoutanystructuralassumption,e.g.,knowledge
ofthecodebooks.Nevertheless,thegainoftheMSAmethodcomesattheprice
ofahighercomplexity,wherethedominatingfactorisO(M2N2)+O(M3N)
comparedtoseparatedecodingwithO(MN3/2)complexity,asthetotalnumberof
driftstates∆isoforderO(

√
N).

Forabettergrasponthedifferenceincomplexitybetweenjointandsepa-
ratedecoding,wenowprovidesomenumericalexamplesofthetotalnumberof
candidatesfortheHMMstatevariableσi,denotedbyσtotal,forthecaseofan
innerconvolutionalcode.ForasequenceoflengthN=960andpI=pD=0.15,
σtotal=2ν×131forseparatedecoding,whileσtotal=2ν×131Mforjointdecoding.
ForasequenceoflengthN=128,σtotal=2ν×48forseparatedecoding,while
σtotal=2ν×48Mforjointdecoding.
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sequence decoding approaches. Solid lines represent separate decoding, dashed are for
MSA decoding, and dash dotted are for joint decoding.

fact that the received sequences stem from the same original transmitted sequence.
Comparing the MSA method and separate decoding for the case of M > 2, we
see that the performance of separate decoding is better than that of the MSA
method for M = 3, similar for M = 5, and worse for M = 10. This can be
explained similarly as before, since the MSA method exploits coherences between
the received sequences, albeit without any structural assumption, e.g., knowledge
of the codebooks. Nevertheless, the gain of the MSA method comes at the price
of a higher complexity, where the dominating factor is O(M2N2) + O(M3N)
compared to separate decoding with O(MN

3/2
) complexity, as the total number of

drift states ∆ is of order O(
√

N).

For a better grasp on the difference in complexity between joint and sepa-
rate decoding, we now provide some numerical examples of the total number of
candidates for the HMM state variable σi, denoted by σtotal, for the case of an
inner convolutional code. For a sequence of length N = 960 and pI = pD = 0.15,
σtotal = 2

ν
× 131 for separate decoding, while σtotal = 2

ν
× 131

M
for joint decoding.

For a sequence of length N = 128, σtotal = 2
ν
× 48 for separate decoding, while

σtotal = 2
ν
× 48

M
for joint decoding.
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factthatthereceivedsequencesstemfromthesameoriginaltransmittedsequence.
ComparingtheMSAmethodandseparatedecodingforthecaseofM>2,we
seethattheperformanceofseparatedecodingisbetterthanthatoftheMSA
methodforM=3,similarforM=5,andworseforM=10.Thiscanbe
explainedsimilarlyasbefore,sincetheMSAmethodexploitscoherencesbetween
thereceivedsequences,albeitwithoutanystructuralassumption,e.g.,knowledge
ofthecodebooks.Nevertheless,thegainoftheMSAmethodcomesattheprice
ofahighercomplexity,wherethedominatingfactorisO(M2N2)+O(M3N)
comparedtoseparatedecodingwithO(MN

3/2
)complexity,asthetotalnumberof

driftstates∆isoforderO(
√

N).

Forabettergrasponthedifferenceincomplexitybetweenjointandsepa-
ratedecoding,wenowprovidesomenumericalexamplesofthetotalnumberof
candidatesfortheHMMstatevariableσi,denotedbyσtotal,forthecaseofan
innerconvolutionalcode.ForasequenceoflengthN=960andpI=pD=0.15,
σtotal=2
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×131forseparatedecoding,whileσtotal=2
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×131
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forjointdecoding.
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Figure I.15: FER performance vs. pI = pD for the CC-2 inner coding scheme concatenated
with an optimized [240, 120]24 outer LDPC code with block length N = 960 DNA symbols
for several substitution error probabilities and with no iterations between the inner and
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decoding.

6.5 Frame Error Rate Results With Substitution Errors

To show the robustness of our coding schemes and decoding algorithms to substitu-
tion errors, we show in Fig. I.15 FER results with pS > 0. We use the CC-2 inner
coding scheme concatenated with an optimized (for single sequence transmission
and with no iterations between the inner and outer decoders) nonbinary proto-
graph LDPC code using the techniques mentioned earlier. The optimal base matrix
for the case of pS = 0 is B = ( 1 2 1 1

1 1 2 1 ) as mentioned earlier, while B = ( 1 2 1 1
1 1 1 1 )

gives the best performance for pS = 0.05 and 0.1. The FER curves in Fig. I.15
are in agreement with the BCJR-once rates in Fig. I.7; the loss in performance
with increasing pS is approximately the same for M = 1 and M = 2 with separate
decoding.

7 Conclusion

In this paper, we proposed concatenated coding schemes for the problem of
transmitting one DNA sequence over multiple parallel IDS channels. First, we
proposed two novel approaches, or decoding algorithms, for multiple sequence
transmission. The first algorithm, being a benchmark for the second one, is an
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codingschemeconcatenatedwithanoptimized(forsinglesequencetransmission
andwithnoiterationsbetweentheinnerandouterdecoders)nonbinaryproto-
graphLDPCcodeusingthetechniquesmentionedearlier.Theoptimalbasematrix
forthecaseofpS=0isB=(1211

1121)asmentionedearlier,whileB=(1211
1111)

givesthebestperformanceforpS=0.05and0.1.TheFERcurvesinFig.I.15
areinagreementwiththeBCJR-onceratesinFig.I.7;thelossinperformance
withincreasingpSisapproximatelythesameforM=1andM=2withseparate
decoding.
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optimal symbolwise MAP decoder but it suffers from high complexity, while the
second algorithm is a sub-optimal but more practical decoder with much reduced
complexity. We showed with these algorithms that we can achieve significant
gains as compared to the single sequence transmission case. Second, we proposed
optimization techniques for both the inner and outer codes tailored to the IDS
channel. We designed an inner TVC and outer nonbinary LDPC and polar codes
that improve the overall performance of the scheme. In addition, we studied the
asymptotic performance of different inner codes through AIRs and showed that the
FER results are in accordance with them. Lastly, we would like to point out that
the code rate for our concatenated coding scheme was chosen for convenience, while
for a real-life scheme it should be selected based on the target IDS channel error
rates which depend on the sequencing technology. Although it may be considered
to be a low rate, the scheme can be straightforwardly adapted to higher rates.
In this work, we showed that for an IDS channel with a very high error rate for
insertions and deletions, our coding scheme with rate 1/2 performs very well.

A Symbolwise APPs for Memoryless Channels
We show that for independent channel input symbols, i.e., p(x) = ∏N

i=1 p(xi) and
a memoryless channel that produces M output sequences it holds that

p(xi|y) ∝ p(xi)1−M
M∏

j=1
p(xi|yj),

where the proportionality is with respect to a constant that does not depend on
xi. We start with expanding the APP to

p(xi|y) (a)=
∑
x:xi

p(x|y) =
∑
x:xi

p(y|x)p(x)
p(y) =

∑
x:xi

p(x)
p(y)

M∏
j=1

p(yj|x)

(b)=
∑
x:xi

1
p(y)

N∏
k=1

p(xk)
M∏

j=1
p(yj,k|xk)

(c)= p(xi)
M∏

j=1
p(yj,i|xi)

∑
x:xi

1
p(y)

∏
k ̸=i

p(xk)
M∏
l=1

p(yl,k|xk)

∝ p(xi)
M∏

j=1
p(yj,i|xi),

where in (a) we used the notation of the sum over x : xi, which ranges over all
vectors x whose i-th symbol is equal to xi. Equality (b) is due to the fact that the
channel is memoryless. Finally, in (c) we factored out the terms corresponding to
xi, which is possible as xi is constant within the sum. We can do the analogous
steps for p(xi|yj) to deduce that

p(xi|yj) ∝ p(xi)p(yj,i|xi).
Combining these two equivalences, we arrive at the desired proportionality. Notice
that this relation translates to the APPs p(wi|y) when no inner code is used, i.e.,
when w = x.
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where in (a) we used the notation of the sum over x : xi, which ranges over all
vectors x whose i-th symbol is equal to xi. Equality (b) is due to the fact that the
channel is memoryless. Finally, in (c) we factored out the terms corresponding to
xi, which is possible as xi is constant within the sum. We can do the analogous
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that this relation translates to the APPs p(wi|y) when no inner code is used, i.e.,
when w = x.
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optimalsymbolwiseMAPdecoderbutitsuffersfromhighcomplexity,whilethe
secondalgorithmisasub-optimalbutmorepracticaldecoderwithmuchreduced
complexity.Weshowedwiththesealgorithmsthatwecanachievesignificant
gainsascomparedtothesinglesequencetransmissioncase.Second,weproposed
optimizationtechniquesforboththeinnerandoutercodestailoredtotheIDS
channel.WedesignedaninnerTVCandouternonbinaryLDPCandpolarcodes
thatimprovetheoverallperformanceofthescheme.Inaddition,westudiedthe
asymptoticperformanceofdifferentinnercodesthroughAIRsandshowedthatthe
FERresultsareinaccordancewiththem.Lastly,wewouldliketopointoutthat
thecoderateforourconcatenatedcodingschemewaschosenforconvenience,while
forareal-lifeschemeitshouldbeselectedbasedonthetargetIDSchannelerror
rateswhichdependonthesequencingtechnology.Althoughitmaybeconsidered
tobealowrate,theschemecanbestraightforwardlyadaptedtohigherrates.
Inthiswork,weshowedthatforanIDSchannelwithaveryhigherrorratefor
insertionsanddeletions,ourcodingschemewithrate1/2performsverywell.

ASymbolwiseAPPsforMemorylessChannels
Weshowthatforindependentchannelinputsymbols,i.e.,p(x)=∏N

i=1p(xi)and
amemorylesschannelthatproducesMoutputsequencesitholdsthat
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wherein(a)weusedthenotationofthesumoverx:xi,whichrangesoverall
vectorsxwhosei-thsymbolisequaltoxi.Equality(b)isduetothefactthatthe
channelismemoryless.Finally,in(c)wefactoredoutthetermscorrespondingto
xi,whichispossibleasxiisconstantwithinthesum.Wecandotheanalogous
stepsforp(xi|yj)todeducethat

p(xi|yj)∝p(xi)p(yj,i|xi).
Combiningthesetwoequivalences,wearriveatthedesiredproportionality.Notice
thatthisrelationtranslatestotheAPPsp(wi|y)whennoinnercodeisused,i.e.,
whenw=x.
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Abstract

We present a finite blocklength performance bound for a DNA
storage channel with insertions, deletions, and substitutions.
The considered bound—the dependency testing (DT) bound,
introduced by Polyanskiy et al. in 2010—, provides an upper
bound on the achievable frame error probability and can be
used to benchmark coding schemes in the practical short-
to-medium blocklength regime. In particular, we consider a
concatenated coding scheme where an inner synchronization
code deals with insertions and deletions and the outer code
corrects remaining (mostly substitution) errors. The bound
depends on the inner synchronization code. Thus, it allows to
guide its choice. We then consider low-density parity-check
codes for the outer code, which we optimize based on extrinsic
information transfer charts. Our optimized coding schemes
achieve a normalized rate of 88% to 96% with respect to the
DT bound for code lengths up to 2000 DNA symbols for a
frame error probability of 10−3 and code rate 1/2.

1 Introduction
Using deoxyribonucleic acid (DNA) as a medium to store data is seen as the next
frontier of data storage, providing unprecedented durability and density. Several
experiments have already demonstrated the viability of DNA-based data storage,
see, e.g., [1, 2].

The DNA storage channel is impaired by insertions, deletions, and substitutions
(IDSs) arising from the synthesis and sequencing of DNA sequences[3]. Hence,
reliable storage of data in DNA requires the use of error-correcting codes. Designing
a code that handles IDS errors jointly is, however, a daunting task. Davey and
MacKay [4] proposed a clever solution to this problem by introducing a serially-
concatenated coding scheme (for the binary IDS channel) in which the inner code,
called synchronization code, deals with insertions and deletions, and the outer
code (a low-density parity-check (LDPC) code in [4]) corrects remaining errors,
mostly in the form of substitutions.

The literature on coding for DNA storage is abundant. Most works consider a
very small number of deletions and/or insertions—i.e., an adversarial channel—and
a single DNA strand. In DNA-based storage, however, errors occur probabilistically
and can be substantial, and the synthesis and sequencing processes result in
multiple (noisy) copies of the same DNA strand. The authors in [5] were the first
to introduce decoding algorithms for coding schemes exploiting multiple reads of
the DNA sequence. The work [5] was followed by [6].

The works [5] and [6] also provided achievable information rates, which give
insight into the performance of coding schemes with very large blocklengths. How-
ever, current DNA storage technology only supports the synthesis and sequencing
of short-to-medium-length DNA strands, in the range of 100-2000 DNA symbols.
Therefore, performance bounds for the finite blocklength regime would be more
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Figure II.1: State-based representation of the DNA storage channel with IDS errors.

informative for the DNA channel. To the best of our knowledge, no finite block-
length performance bounds for the DNA storage channel (and IDS channels in
general) exist in the literature.

In this paper, we provide a finite blocklength performance bound for a DNA
storage channel with IDS errors. Particularly, we consider the dependency testing
(DT) bound [7] based on the random coding principle, which gives an upper bound
on the frame error probability achievable over the DNA storage channel. The bound
is tailored to a concatenated coding scheme that uses an inner synchronization code
and depends on the inner code. Hence, it can be used as a handy tool to optimize
the inner synchronization code for the finite blocklength regime. Further, the
bound provides a benchmark to compare coding schemes for DNA storage in the
practical short-to-medium blocklength regime. We also consider the optimization
of an outer LDPC code for a given inner code using extrinsic information transfer
(EXIT) charts, and show that an optimized concatenated coding scheme achieves
a normalized rate of 87% to 97% with respect to the DT bound for a frame
error probability of 10−3 and code rate 1/2, depending on the sequence length.
These values are similar to those of state-of-the-art coding schemes for simpler
memoryless channels (such as the Gaussian channel and the binary symmetric
channel), highlighting that the scheme in [5] achieves excellent performance for
the DNA storage channel in the short-to-medium blocklength regime.

2 System Model

2.1 Channel Model
We consider the widely-used simplified channel model depicted in Fig. II.1 [4, 8]
for the DNA storage channel, where IDS errors are independent and identically
distributed. Let x = (x1, . . . , xN ), xi ∈ Σq = {0, 1, . . . , q− 1},6 be the information
DNA sequence of length N to be transmitted over the channel. The sequence can
be viewed as a queue of symbols, where each symbol xi is successively transmitted
over the channel. The received sequence y = (y1, . . . , yN ′), where N ′ may be
different to N due to insertions and deletions, is generated state by state and is
obtained as follows. Assume xi is next in queue to be transmitted over the channel.

6For the DNA storage channel, q = 4. However, we use q for the sake of generality.
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Inthispaper,weprovideafiniteblocklengthperformanceboundforaDNA
storagechannelwithIDSerrors.Particularly,weconsiderthedependencytesting
(DT)bound[7]basedontherandomcodingprinciple,whichgivesanupperbound
ontheframeerrorprobabilityachievableovertheDNAstoragechannel.Thebound
istailoredtoaconcatenatedcodingschemethatusesaninnersynchronizationcode
anddependsontheinnercode.Hence,itcanbeusedasahandytooltooptimize
theinnersynchronizationcodeforthefiniteblocklengthregime.Further,the
boundprovidesabenchmarktocomparecodingschemesforDNAstorageinthe
practicalshort-to-mediumblocklengthregime.Wealsoconsidertheoptimization
ofanouterLDPCcodeforagiveninnercodeusingextrinsicinformationtransfer
(EXIT)charts,andshowthatanoptimizedconcatenatedcodingschemeachieves
anormalizedrateof87%to97%withrespecttotheDTboundforaframe
errorprobabilityof10−3andcoderate1/2,dependingonthesequencelength.
Thesevaluesaresimilartothoseofstate-of-the-artcodingschemesforsimpler
memorylesschannels(suchastheGaussianchannelandthebinarysymmetric
channel),highlightingthattheschemein[5]achievesexcellentperformancefor
theDNAstoragechannelintheshort-to-mediumblocklengthregime.

2SystemModel

2.1ChannelModel
Weconsiderthewidely-usedsimplifiedchannelmodeldepictedinFig.II.1[4,8]
fortheDNAstoragechannel,whereIDSerrorsareindependentandidentically
distributed.Letx=(x1,...,xN),xi∈Σq={0,1,...,q−1},6betheinformation
DNAsequenceoflengthNtobetransmittedoverthechannel.Thesequencecan
beviewedasaqueueofsymbols,whereeachsymbolxiissuccessivelytransmitted
overthechannel.Thereceivedsequencey=(y1,...,yN′),whereN′maybe
differenttoNduetoinsertionsanddeletions,isgeneratedstatebystateandis
obtainedasfollows.Assumexiisnextinqueuetobetransmittedoverthechannel.

6FortheDNAstoragechannel,q=4.However,weuseqforthesakeofgenerality.
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Figure II.2: Block diagram of the encoder and decoder for the DNA storage channel. The
DNA storage channel is modeled as multiple reads of the DNA strand transmitted over
parallel IDS channels: the channel depicted in Fig. II.1 is fed M times with the DNA
sequence x. Here, y = (y1, . . . ,yM).

The channel enters state xi where three events may occur: i) an insertion event,
with probability pI, where a random symbol a ∈ Σq is appended to y instead of
xi. In this case, xi remains in the queue and the channel returns to state xi; ii) a
deletion event, with probability pD, where symbol xi is deleted from the queue. In
this case, nothing is appended to y, the next symbol xi+1 is enqueued, and the
channel enters state xi+1; iii) a transmission event, with probability pT = 1−pI−pD,
where xi is transmitted. In this case, the symbol xi is either received with no
error with probability 1− pS or in error with probability pS, in which case xi is
substituted by a random symbol a ̸= xi. In either case, the next symbol xi+1 is
enqueued, and the channel enters state xi+1. The process finishes when the last
symbol xN leaves the queue. The channel output is y.

The difference N−N ′ is referred to as the drift [4] at the end of the transmitted
sequence. We can also define a drift for each symbol xi to be transmitted, or
each time instant i. Formally, the symbol-level drift dsym

i , 0 ≤ i < N , is defined
as the difference between the number of insertions and the number of deletions
that occurred before symbol xi+1 is enqueued, while dsym

N is defined as the number
of insertions minus deletions that occurred after the last symbol xN has been
transmitted.

Finally, we model the multiple reads of a DNA sequence resulting from the
synthesis and sequencing processes as transmitting the DNA sequence x over M
parallel and independent IDS channels, see Fig. II.2, resulting in the received
sequences y1, . . . , yM .

2.2 Coding Scheme
We consider a concatenated coding scheme with an inner synchronization code
depicted in Fig. II.2. First, the information sequence u = (u1, . . . , uK), ui ∈ Fqo,
is encoded by an [No, K]qo outer code to produce a codeword w = (w1, . . . , wNo),
wi ∈ Fqo, where Fqo is a binary field extension with qo = 2k

CC. The codeword w
is then encoded by an inner synchronization code. Here, we consider block and
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FigureII.2:BlockdiagramoftheencoderanddecoderfortheDNAstoragechannel.The
DNAstoragechannelismodeledasmultiplereadsoftheDNAstrandtransmittedover
parallelIDSchannels:thechanneldepictedinFig.II.1isfedMtimeswiththeDNA
sequencex.Here,y=(y1,...,yM).

Thechannelentersstatexiwherethreeeventsmayoccur:i)aninsertionevent,
withprobabilitypI,wherearandomsymbola∈Σqisappendedtoyinsteadof
xi.Inthiscase,xiremainsinthequeueandthechannelreturnstostatexi;ii)a
deletionevent,withprobabilitypD,wheresymbolxiisdeletedfromthequeue.In
thiscase,nothingisappendedtoy,thenextsymbolxi+1isenqueued,andthe
channelentersstatexi+1;iii)atransmissionevent,withprobabilitypT=1−pI−pD,
wherexiistransmitted.Inthiscase,thesymbolxiiseitherreceivedwithno
errorwithprobability1−pSorinerrorwithprobabilitypS,inwhichcasexiis
substitutedbyarandomsymbola̸=xi.Ineithercase,thenextsymbolxi+1is
enqueued,andthechannelentersstatexi+1.Theprocessfinisheswhenthelast
symbolxNleavesthequeue.Thechanneloutputisy.

ThedifferenceN−N′isreferredtoasthedrift[4]attheendofthetransmitted
sequence.Wecanalsodefineadriftforeachsymbolxitobetransmitted,or
eachtimeinstanti.Formally,thesymbol-leveldriftdsym

i,0≤i<N,isdefined
asthedifferencebetweenthenumberofinsertionsandthenumberofdeletions
thatoccurredbeforesymbolxi+1isenqueued,whiledsym

Nisdefinedasthenumber
ofinsertionsminusdeletionsthatoccurredafterthelastsymbolxNhasbeen
transmitted.

Finally,wemodelthemultiplereadsofaDNAsequenceresultingfromthe
synthesisandsequencingprocessesastransmittingtheDNAsequencexoverM
parallelandindependentIDSchannels,seeFig.II.2,resultinginthereceived
sequencesy1,...,yM.

2.2CodingScheme
Weconsideraconcatenatedcodingschemewithaninnersynchronizationcode
depictedinFig.II.2.First,theinformationsequenceu=(u1,...,uK),ui∈Fqo,
isencodedbyan[No,K]qooutercodetoproduceacodewordw=(w1,...,wNo),
wi∈Fqo,whereFqoisabinaryfieldextensionwithqo=2k

CC.Thecodewordw
isthenencodedbyaninnersynchronizationcode.Here,weconsiderblockand
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Figure II.2: Block diagram of the encoder and decoder for the DNA storage channel. The
DNA storage channel is modeled as multiple reads of the DNA strand transmitted over
parallel IDS channels: the channel depicted in Fig. II.1 is fed M times with the DNA
sequence x. Here, y = (y1, . . . ,yM).

The channel enters state xi where three events may occur: i) an insertion event,
with probability pI, where a random symbol a ∈ Σq is appended to y instead of
xi. In this case, xi remains in the queue and the channel returns to state xi; ii) a
deletion event, with probability pD, where symbol xi is deleted from the queue. In
this case, nothing is appended to y, the next symbol xi+1 is enqueued, and the
channel enters state xi+1; iii) a transmission event, with probability pT = 1−pI−pD,
where xi is transmitted. In this case, the symbol xi is either received with no
error with probability 1− pS or in error with probability pS, in which case xi is
substituted by a random symbol a ̸= xi. In either case, the next symbol xi+1 is
enqueued, and the channel enters state xi+1. The process finishes when the last
symbol xN leaves the queue. The channel output is y.

The difference N−N ′ is referred to as the drift [4] at the end of the transmitted
sequence. We can also define a drift for each symbol xi to be transmitted, or
each time instant i. Formally, the symbol-level drift dsym

i , 0 ≤ i < N , is defined
as the difference between the number of insertions and the number of deletions
that occurred before symbol xi+1 is enqueued, while dsym

N is defined as the number
of insertions minus deletions that occurred after the last symbol xN has been
transmitted.

Finally, we model the multiple reads of a DNA sequence resulting from the
synthesis and sequencing processes as transmitting the DNA sequence x over M
parallel and independent IDS channels, see Fig. II.2, resulting in the received
sequences y1, . . . , yM .

2.2 Coding Scheme
We consider a concatenated coding scheme with an inner synchronization code
depicted in Fig. II.2. First, the information sequence u = (u1, . . . , uK), ui ∈ Fqo,
is encoded by an [No, K]qo outer code to produce a codeword w = (w1, . . . , wNo),
wi ∈ Fqo, where Fqo is a binary field extension with qo = 2

k
CC. The codeword w

is then encoded by an inner synchronization code. Here, we consider block and
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convolutional codes for the inner code. We denote the block code by [n, kCC, t]q,
where n and kCC are the length and dimension of the code, respectively, and t
represents the number of different codebooks that are used (see [5] for details).
Furthermore, the convolutional code is denoted by (n, kCC, m)q, where m is the
number of memory elements. For simplicity, in the rest of the paper we will consider
an inner convolutional code for notations and equations. We denote the codeword
of the inner code by v = (v1, . . . , vN ), vi ∈ Σq, which is of length N = (No + m)n
due to termination of the convolutional code. Finally, a pseudo-random offset
sequence is optionally added to v before transmission for synchronization purposes
[4, 9], resulting in the sequence x = (x1, . . . , xN). (A detailed explanation of
the role of the random sequence in maintaining synchronization and aiding the
decoding of the inner code is given in [5].) The DNA sequence x is finally stored
in the DNA medium.

The coding scheme rate is measured in bits per DNA symbol (i.e., per nucleotide)
and is given by R = RoRi = Kk/N, where Ro = K/No and Ri = Nok/N are the rates
of the outer and inner code, respectively. As we will be only concerned with the
drift at time instances that are multiples of n, we define the shorthand di ≜ dsym

in .
Note that d0 = 0 and dNo+m = N ′ −N , both known to the receiver.

To recover the information sequence u, the inner decoder uses the (noisy)
multiple reads y1, . . . , yM of the DNA sequence x to compute (approximate) a
posteriori probabilities (APPs) for the symbols in w. These APPs are then fed to
the outer decoder, which decides on the decoded sequence û. Furthermore, we can
also iterate between the inner and outer decoder, exchanging extrinsic information
between them, which is referred to as turbo decoding in the literature.

3 Bound on the Finite Blocklength Performance

In this section, we provide an upper bound to the frame error probability, denoted
by Pf(e), achievable over the DNA storage channel in the finite blocklength regime.
In particular, we consider the DT bound [7]. The bound we provide is tailored to
concatenated coding schemes with an inner synchronization code and depends on
the inner code. Hence, it can be used to guide its choice and serves as a benchmark
to compare coding schemes.

The DT bound for the combination of the inner code and the DNA storage
channel is given by

Pf(e) ≤ E

2
−
(

i(w;y)−log2
qNoo −1

2

)+ , (II.5)

where (x)+ ≜ max(x, 0), E[·] denotes expectation, y = (y1, . . . , yM ) for the multiple
sequences case, and

i(w; y) ≜ log2
p(y|w)
p(y)
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convolutionalcodesfortheinnercode.Wedenotetheblockcodeby[n,kCC,t]q,
wherenandkCCarethelengthanddimensionofthecode,respectively,andt
representsthenumberofdifferentcodebooksthatareused(see[5]fordetails).
Furthermore,theconvolutionalcodeisdenotedby(n,kCC,m)q,wheremisthe
numberofmemoryelements.Forsimplicity,intherestofthepaperwewillconsider
aninnerconvolutionalcodefornotationsandequations.Wedenotethecodeword
oftheinnercodebyv=(v1,...,vN),vi∈Σq,whichisoflengthN=(No+m)n
duetoterminationoftheconvolutionalcode.Finally,apseudo-randomoffset
sequenceisoptionallyaddedtovbeforetransmissionforsynchronizationpurposes
[4,9],resultinginthesequencex=(x1,...,xN).(Adetailedexplanationof
theroleoftherandomsequenceinmaintainingsynchronizationandaidingthe
decodingoftheinnercodeisgivenin[5].)TheDNAsequencexisfinallystored
intheDNAmedium.

ThecodingschemerateismeasuredinbitsperDNAsymbol(i.e.,pernucleotide)
andisgivenbyR=RoRi=Kk/N,whereRo=K/NoandRi=Nok/Naretherates
oftheouterandinnercode,respectively.Aswewillbeonlyconcernedwiththe
driftattimeinstancesthataremultiplesofn,wedefinetheshorthanddi≜dsym
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Notethatd0=0anddNo+m=N′−N,bothknowntothereceiver.

Torecovertheinformationsequenceu,theinnerdecoderusesthe(noisy)
multiplereadsy1,...,yMoftheDNAsequencextocompute(approximate)a
posterioriprobabilities(APPs)forthesymbolsinw.TheseAPPsarethenfedto
theouterdecoder,whichdecidesonthedecodedsequenceû.Furthermore,wecan
alsoiteratebetweentheinnerandouterdecoder,exchangingextrinsicinformation
betweenthem,whichisreferredtoasturbodecodingintheliterature.

3BoundontheFiniteBlocklengthPerformance

Inthissection,weprovideanupperboundtotheframeerrorprobability,denoted
byPf(e),achievableovertheDNAstoragechannelinthefiniteblocklengthregime.
Inparticular,weconsidertheDTbound[7].Theboundweprovideistailoredto
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convolutional codes for the inner code. We denote the block code by [n, kCC, t]q,
where n and kCC are the length and dimension of the code, respectively, and t
represents the number of different codebooks that are used (see [5] for details).
Furthermore, the convolutional code is denoted by (n, kCC, m)q, where m is the
number of memory elements. For simplicity, in the rest of the paper we will consider
an inner convolutional code for notations and equations. We denote the codeword
of the inner code by v = (v1, . . . , vN ), vi ∈ Σq, which is of length N = (No + m)n
due to termination of the convolutional code. Finally, a pseudo-random offset
sequence is optionally added to v before transmission for synchronization purposes
[4, 9], resulting in the sequence x = (x1, . . . , xN). (A detailed explanation of
the role of the random sequence in maintaining synchronization and aiding the
decoding of the inner code is given in [5].) The DNA sequence x is finally stored
in the DNA medium.

The coding scheme rate is measured in bits per DNA symbol (i.e., per nucleotide)
and is given by R = RoRi = Kk/N, where Ro = K/No and Ri = Nok/N are the rates
of the outer and inner code, respectively. As we will be only concerned with the
drift at time instances that are multiples of n, we define the shorthand di ≜ dsym

in .
Note that d0 = 0 and dNo+m = N ′ −N , both known to the receiver.

To recover the information sequence u, the inner decoder uses the (noisy)
multiple reads y1, . . . , yM of the DNA sequence x to compute (approximate) a
posteriori probabilities (APPs) for the symbols in w. These APPs are then fed to
the outer decoder, which decides on the decoded sequence û. Furthermore, we can
also iterate between the inner and outer decoder, exchanging extrinsic information
between them, which is referred to as turbo decoding in the literature.

3 Bound on the Finite Blocklength Performance

In this section, we provide an upper bound to the frame error probability, denoted
by Pf(e), achievable over the DNA storage channel in the finite blocklength regime.
In particular, we consider the DT bound [7]. The bound we provide is tailored to
concatenated coding schemes with an inner synchronization code and depends on
the inner code. Hence, it can be used to guide its choice and serves as a benchmark
to compare coding schemes.

The DT bound for the combination of the inner code and the DNA storage
channel is given by

Pf(e) ≤ E
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qNoo −1
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 , (II.5)

where (x)+ ≜ max(x, 0), E[·] denotes expectation, y = (y1, . . . , yM ) for the multiple
sequences case, and
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wherenandkCCarethelengthanddimensionofthecode,respectively,andt
representsthenumberofdifferentcodebooksthatareused(see[5]fordetails).
Furthermore,theconvolutionalcodeisdenotedby(n,kCC,m)q,wheremisthe
numberofmemoryelements.Forsimplicity,intherestofthepaperwewillconsider
aninnerconvolutionalcodefornotationsandequations.Wedenotethecodeword
oftheinnercodebyv=(v1,...,vN),vi∈Σq,whichisoflengthN=(No+m)n
duetoterminationoftheconvolutionalcode.Finally,apseudo-randomoffset
sequenceisoptionallyaddedtovbeforetransmissionforsynchronizationpurposes
[4,9],resultinginthesequencex=(x1,...,xN).(Adetailedexplanationof
theroleoftherandomsequenceinmaintainingsynchronizationandaidingthe
decodingoftheinnercodeisgivenin[5].)TheDNAsequencexisfinallystored
intheDNAmedium.

ThecodingschemerateismeasuredinbitsperDNAsymbol(i.e.,pernucleotide)
andisgivenbyR=RoRi=Kk/N,whereRo=K/NoandRi=Nok/Naretherates
oftheouterandinnercode,respectively.Aswewillbeonlyconcernedwiththe
driftattimeinstancesthataremultiplesofn,wedefinetheshorthanddi≜dsym
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Torecovertheinformationsequenceu,theinnerdecoderusesthe(noisy)
multiplereadsy1,...,yMoftheDNAsequencextocompute(approximate)a
posterioriprobabilities(APPs)forthesymbolsinw.TheseAPPsarethenfedto
theouterdecoder,whichdecidesonthedecodedsequenceû.Furthermore,wecan
alsoiteratebetweentheinnerandouterdecoder,exchangingextrinsicinformation
betweenthem,whichisreferredtoasturbodecodingintheliterature.

3BoundontheFiniteBlocklengthPerformance

Inthissection,weprovideanupperboundtotheframeerrorprobability,denoted
byPf(e),achievableovertheDNAstoragechannelinthefiniteblocklengthregime.
Inparticular,weconsidertheDTbound[7].Theboundweprovideistailoredto
concatenatedcodingschemeswithaninnersynchronizationcodeanddependson
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is the so-called information density with expected value equal to the mutual
information between w and y.7 The distribution of the information density i(w; y)
is not known in closed form for the DNA storage channel. However, the right-
hand-side of (II.5) can be accurately estimated using the Monte-Carlo approach
proposed in [10, 11], which exploits concentration properties of Markov chains
to estimate the mutual information between an input process w and an output
process y via trellis-based simulations. We can then approximate (II.5) by

Pf(e) ≲ 1
V

∑
(w,y)

2−(i(w;y)−(No log2 qo−1))+
, (II.6)

where V is the number of pairs (w, y) considered in the computation.
In the following, we show how to efficiently compute i(w; y) for fixed w and y.

We stress that the values of i(w; y) and, hence, their distribution depends on the
choice of the inner code. The information density can be written as

i(w; y) = − log2 p(w)− log2 p(y) + log2 p(w, y) , (II.7)

where the probabilities p(w), p(y), and p(w, y) can be computed using the forward
recursion of the symbol-wise maximum a posteriori decoding algorithm on the
trellis describing the combination of the inner code and the DNA storage channel
[5] (hereafter in this paragraph referred to as simply the inner code for the sake of
simplicity). For simplicity, we consider the case of a single sequence, i.e., M = 1.
However, the approach below can be generalized to M > 1 straightforwardly. For
M = 1, the APP of the outer code symbol wi can be computed as p(wi|y) = p(wi,y)

p(y) .
The joint probability p(wi, y) can be computed by marginalizing the trellis states
of the inner code that correspond to symbol wi. Introducing the joint state variable
σi = (si, di), where si denotes the memory state variables of the convolutional
code, we obtain

p(wi, y) =
∑

(σ,σ′):wi

p(y, σ, σ′) ,

where σ and σ′ denote realizations of the random variables σi−1 and σi, respectively.
The summation is over all the inner code memory states that correspond to
information symbol wi. Introducing a drift random variable retains the Markov
property of the hidden Markov model (HMM) that was lost due to the insertions and
deletions [4]. In this new HMM, a transition from time i− 1 to time i corresponds
to a transmission of a vector of symbols xin

(i−1)n+1, where xb
a = (xa, xa+1, . . . , xb).

Further, when transitioning from state di−1 to di, the HMM emits n + di − di−1
output symbols depending on both the previous and the new drift. As a result,
using the Markov property of the underlying trellis, we can factor the joint
probability p(y, σ, σ′) into three terms as

p(y,σ,σ′)=p
(
y

(i−1)n+d
1 , σ

)
p
(
yin+d′

(i−1)n+d+1, σ′
∣∣∣σ)p(yN ′

in+d′+1

∣∣∣∣σ′
)

.

7In order to distinguish between random variables and their realizations, w and y denote the random
variables corresponding to w and y, respectively.
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simplicity). For simplicity, we consider the case of a single sequence, i.e., M = 1.
However, the approach below can be generalized to M > 1 straightforwardly. For
M = 1, the APP of the outer code symbol wi can be computed as p(wi|y) =

p(wi,y)
p(y) .

The joint probability p(wi, y) can be computed by marginalizing the trellis states
of the inner code that correspond to symbol wi. Introducing the joint state variable
σi = (si, di), where si denotes the memory state variables of the convolutional
code, we obtain

p(wi, y) = ∑
(σ,σ′):wi

p(y, σ, σ′) ,

where σ and σ′ denote realizations of the random variables σi−1 and σi, respectively.
The summation is over all the inner code memory states that correspond to
information symbol wi. Introducing a drift random variable retains the Markov
property of the hidden Markov model (HMM) that was lost due to the insertions and
deletions [4]. In this new HMM, a transition from time i− 1 to time i corresponds
to a transmission of a vector of symbols x

in
(i−1)n+1, where x

b
a = (xa, xa+1, . . . , xb).

Further, when transitioning from state di−1 to di, the HMM emits n + di − di−1
output symbols depending on both the previous and the new drift. As a result,
using the Markov property of the underlying trellis, we can factor the joint
probability p(y, σ, σ′) into three terms as

p(y,σ,σ′)=p(y(i−1)n+d
1 , σ)p(yin+d′
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variables corresponding to w and y, respectively.
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istheso-calledinformationdensitywithexpectedvalueequaltothemutual
informationbetweenwandy.7Thedistributionoftheinformationdensityi(w;y)
isnotknowninclosedformfortheDNAstoragechannel.However,theright-
hand-sideof(II.5)canbeaccuratelyestimatedusingtheMonte-Carloapproach
proposedin[10,11],whichexploitsconcentrationpropertiesofMarkovchains
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code,weobtain
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Thesummationisoveralltheinnercodememorystatesthatcorrespondto
informationsymbolwi.IntroducingadriftrandomvariableretainstheMarkov
propertyofthehiddenMarkovmodel(HMM)thatwaslostduetotheinsertionsand
deletions[4].InthisnewHMM,atransitionfromtimei−1totimeicorresponds
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Further,whentransitioningfromstatedi−1todi,theHMMemitsn+di−di−1
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usingtheMarkovpropertyoftheunderlyingtrellis,wecanfactorthejoint
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Abbreviating the above terms by αi−1(σ), γi(σ, σ′), and βi(σ′) in order of appear-
ance, one can deduce the forward and backward recursions

αi(σ′) =
∑
σ

αi−1(σ)γi(σ, σ′) , (II.8)

βi−1(σ) =
∑
σ′

βi(σ′)γi(σ, σ′) , (II.9)

where γi(σ, σ′) = p(wi)p(yin+d′

(i−1)n+d+1, d′
∣∣∣d, s, s′) can be efficiently computed using a

lattice implementation [12].
Now, log2 p(y) and log2 p(w, y) in (II.7) can be computed based on the forward

recursion in (II.8). In particular,

p(y) =
∑
σ

p
(
y

(No+m)n+d
1 , σ

) (a)=
∑
σ

αNo+m(σ) ,

where (a) follows since αi(σ) = p
(
yin+d

1 , σ
)
. The quantity log2 p(w, y) can be

computed in a similar manner by restricting the summation in (II.8) to be over
all states σ with an outgoing edge to σ′ labeled with the input sequence symbol
wi at time i. Since we consider an input sequence of independent and uniformly
distributed symbols, the first term log2 p(w) in (II.7) is equal to No log2 qo. Note
that the backward recursion in (II.9) is not required for the computation of the
information density, but only for the calculation of the APP p(wi|y) in decoding.

To obtain an estimate of the right-hand-side of (II.5), we randomly generate
w and encode it using the inner code to obtain x. Then, we pass x through the
DNA storage channel to obtain y. For each tuple (w, y), we evaluate i(w; y) using
the defined recursions and the corresponding summand in (II.6). We repeat this
procedure V times, each time creating a new random w, and average over the
outcomes according to (II.6).

4 Concatenated Coding Scheme Design

4.1 Inner Code

We consider four different inner codes: the watermark code introduced in [4], a
convolutional code [13], and two time-varying codes (TVCs) recently introduced in
[5]. The watermark code is an [n, kCC, 1]q block code to which a random sequence
is added, which can also be thought of as a TVC with t = 1. We will use the
TVCs from [5, Tab. I] with t = 4 and a minimum Levenshtein distance of 4. The
inner coding schemes that we consider are summarized in Table II.1.

4.2 Outer Code

We use protograph-based LDPC codes for the outer code. Formally, the protograph
of an LDPC code is a multi-edge-type graph with np variable-node (VN) types
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all states σ with an outgoing edge to σ′ labeled with the input sequence symbol
wi at time i. Since we consider an input sequence of independent and uniformly
distributed symbols, the first term log2 p(w) in (II.7) is equal to No log2 qo. Note
that the backward recursion in (II.9) is not required for the computation of the
information density, but only for the calculation of the APP p(wi|y) in decoding.

To obtain an estimate of the right-hand-side of (II.5), we randomly generate
w and encode it using the inner code to obtain x. Then, we pass x through the
DNA storage channel to obtain y. For each tuple (w, y), we evaluate i(w; y) using
the defined recursions and the corresponding summand in (II.6). We repeat this
procedure V times, each time creating a new random w, and average over the
outcomes according to (II.6).

4 Concatenated Coding Scheme Design

4.1 Inner Code

We consider four different inner codes: the watermark code introduced in [4], a
convolutional code [13], and two time-varying codes (TVCs) recently introduced in
[5]. The watermark code is an [n, kCC, 1]q block code to which a random sequence
is added, which can also be thought of as a TVC with t = 1. We will use the
TVCs from [5, Tab. I] with t = 4 and a minimum Levenshtein distance of 4. The
inner coding schemes that we consider are summarized in Table II.1.

4.2 Outer Code

We use protograph-based LDPC codes for the outer code. Formally, the protograph
of an LDPC code is a multi-edge-type graph with np variable-node (VN) types
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allstatesσwithanoutgoingedgetoσ′labeledwiththeinputsequencesymbol
wiattimei.Sinceweconsideraninputsequenceofindependentanduniformly
distributedsymbols,thefirsttermlog2p(w)in(II.7)isequaltoNolog2qo.Note
thatthebackwardrecursionin(II.9)isnotrequiredforthecomputationofthe
informationdensity,butonlyforthecalculationoftheAPPp(wi|y)indecoding.

Toobtainanestimateoftheright-hand-sideof(II.5),werandomlygenerate
wandencodeitusingtheinnercodetoobtainx.Then,wepassxthroughthe
DNAstoragechanneltoobtainy.Foreachtuple(w,y),weevaluatei(w;y)using
thedefinedrecursionsandthecorrespondingsummandin(II.6).Werepeatthis
procedureVtimes,eachtimecreatinganewrandomw,andaverageoverthe
outcomesaccordingto(II.6).
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4.1InnerCode

Weconsiderfourdifferentinnercodes:thewatermarkcodeintroducedin[4],a
convolutionalcode[13],andtwotime-varyingcodes(TVCs)recentlyintroducedin
[5].Thewatermarkcodeisan[n,kCC,1]qblockcodetowhicharandomsequence
isadded,whichcanalsobethoughtofasaTVCwitht=1.Wewillusethe
TVCsfrom[5,Tab.I]witht=4andaminimumLevenshteindistanceof4.The
innercodingschemesthatweconsideraresummarizedinTableII.1.
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Weuseprotograph-basedLDPCcodesfortheoutercode.Formally,theprotograph
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Table II.1: Inner Synchronization Code Scheme Selection

Scheme Inner code Gen. polynomial Alt. pattern Rate
CC (1, 1, 2)4 Conv. code with RS [5, 7]oct - 0.98
WM [4, 4, 1]4 Watermark code - - 1.0

TVC-1 [4, 4, 4]4 TVC - Random* 1.0
TVC-2 [4, 4, 4]4 TVC with RS - CB1 to CB4* 1.0

*The alternating pattern of the TVC-1 scheme is done by choosing randomly the 4
codebooks, denoted by CB1-CB4, from [5, Tab. I] and avoiding consecutive codebooks.
For the TVC-2 scheme, it is simply done by repeating CB1 to CB4 in a round Robin
fashion. RS is shorthand for random sequence.

and rp check-node (CN) types. A protograph can be represented by a base matrix

B =


b0,0 b0,1 . . . b0,np−1
b1,0 b1,1 . . . b1,np−1
... ... . . .

...
brp−1,0 brp−1,1 . . . brp−1,np−1

 ,

where bi,j is an integer representing the number of edge connections between a
type-i VN and a type-j CN. A parity-check matrix H of an LDPC code can
be constructed from a protograph by lifting the base matrix B. Lifting is the
procedure of replacing each nonzero (zero) bi,j with a Qp ×Qp permutation (zero)
matrix with row and column weight equal to bi,j. The LDPC code resulting from
the lifting procedure has length Qpnp and dimension at least Qp(np − rp). To
construct a nonbinary code from the lifted matrix, we randomly assign nonzero
entries from Fqo to the edges of the corresponding Tanner graph.

In this work, we optimize the protograph B using EXIT charts, extended
to the DNA storage channel. Particularly, we optimize the protograph for the
case of iterations between the decoder of the LDPC code and the decoder of
the combination of the inner code and the DNA storage channel. We limit our
search to protographs of dimensions 3× 6 (larger protographs may lead to better
performance). The choice of the protograph is done by considering both the
iterative decoding threshold from the EXIT chart, for pI = pD and pS = 0, and the
frame error rate (FER) performance of the corresponding code ensemble (i.e., by
using random permutation matrices for the protograph liftings). More precisely,
we sort the protographs from highest to lowest decoding threshold, and then we
pick the first protograph (starting from the top of the list) that shows no sign of
an error floor above a FER of 10−3. The best protographs from this list are

B1 =

1 1 0 0 0 3
0 1 1 2 1 0
1 1 1 0 1 1

 ,B2 =

0 1 1 1 1 1
1 1 1 1 1 1
1 0 1 1 0 0

 (II.10)

for the CC and WM, and TVC-1 and TVC-2 inner coding schemes, respectively.
We remark that the search provided protographs with a better threshold, but they
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codebooks,denotedbyCB1-CB4,from[5,Tab.I]andavoidingconsecutivecodebooks.
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type-iVNandatype-jCN.Aparity-checkmatrixHofanLDPCcodecan
beconstructedfromaprotographbyliftingthebasematrixB.Liftingisthe
procedureofreplacingeachnonzero(zero)bi,jwithaQp×Qppermutation(zero)
matrixwithrowandcolumnweightequaltobi,j.TheLDPCcoderesultingfrom
theliftingprocedurehaslengthQpnpanddimensionatleastQp(np−rp).To
constructanonbinarycodefromtheliftedmatrix,werandomlyassignnonzero
entriesfromFqototheedgesofthecorrespondingTannergraph.

Inthiswork,weoptimizetheprotographBusingEXITcharts,extended
totheDNAstoragechannel.Particularly,weoptimizetheprotographforthe
caseofiterationsbetweenthedecoderoftheLDPCcodeandthedecoderof
thecombinationoftheinnercodeandtheDNAstoragechannel.Welimitour
searchtoprotographsofdimensions3×6(largerprotographsmayleadtobetter
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wesorttheprotographsfromhighesttolowestdecodingthreshold,andthenwe
pickthefirstprotograph(startingfromthetopofthelist)thatshowsnosignof
anerrorflooraboveaFERof10−3.Thebestprotographsfromthislistare
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We remark that the search provided protographs with a better threshold, but they
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theliftingprocedurehaslengthQpnpanddimensionatleastQp(np−rp).To
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thecombinationoftheinnercodeandtheDNAstoragechannel.Welimitour
searchtoprotographsofdimensions3×6(largerprotographsmayleadtobetter
performance).Thechoiceoftheprotographisdonebyconsideringboththe
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Figure II.3: DT bounds (solid lines with markers) for different inner synchronization
codes, N = 960 DNA symbols, and M = 1 and M = 2. The simulated FER performance
(dashed lines with markers) are for a concatenated code with an optimized outer LDPC
code of rate R = 1/2.

all showed a higher error floor than B1 and B2. All protographs were optimized
for the case of M = 1 and over F16, except for the CC inner coding scheme for
which F2 was used.

5 Numerical Results
In this section, we evaluate the DT bound (II.6) with the inner synchronization
codes listed in Table II.1.

5.1 Simulation Parameters
We perform our simulations over the DNA alphabet {A, C, G, T}, which corresponds
to q = 4. We consider the DNA storage channel in Figs. II.1 and II.2 with pS = 0
and pI = pD so that the drift random variable has zero mean (however, we remark
that similar results are observed for other values and pS ̸= 0). To limit the
complexity of the decoder of the combination of the inner code and the DNA
storage channel, we set the maximum number of consecutive insertions considered
by the decoder to 2. Furthermore, we set the limit of the drift random variable
to five times the standard deviation of the final drift at position N , i.e., to
5
√

N pD
1−pD

. Note, however, that the simulated channel may introduce more than
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Figure II.4: DT bounds (solid lines with markers) for the TVC-1 and TVC-2 inner
coding schemes, N = 128 DNA symbols, and M = 1 and M = 2. The simulated FER
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outer LDPC code of rate R = 1/2.

two consecutive insertions and lead to a larger drift. The outer LDPC code is
decoded with belief propagation with a maximum number of 100 iterations, and
the maximum number of turbo iterations is set to 100.

We compute the DT bound for two code lengths, N = 960 and N = 128 DNA
symbols, corresponding to a short and a medium-length sequence, respectively,
and for M = 1 and M = 2 reads. The choice of these lengths is motivated by
the current DNA sequencing technologies. All inner codes are of rate (or close to)
Ri = 1 (in bits per DNA symbol) and all outer codes are of rate Ro = 1/2.

5.2 Discussion

In Figs. II.3 and II.4, we plot the DT bound (solid lines with markers) for the DNA
storage channel with the inner synchronization codes in Table II.1 for N = 960
and N = 128, respectively. The bound for M = 2 is obtained by considering the
joint decoding algorithm proposed in [5]. Furthermore, in the figures we plot the
asymptotic achievable information rates (vertical lines) computed in [5] for each
inner coding scheme.

The TVC-1 scheme yields the best bound for both code lengths and values of
M , and the watermark code gives the worst bound. Interestingly, the hierarchy of
the bounds coincides with the hierarchy of the asymptotic achievable information
rates.
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andforM=1andM=2reads.Thechoiceoftheselengthsismotivatedby
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Ri=1(inbitsperDNAsymbol)andalloutercodesareofrateRo=1/2.
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storagechannelwiththeinnersynchronizationcodesinTableII.1forN=960
andN=128,respectively.TheboundforM=2isobtainedbyconsideringthe
jointdecodingalgorithmproposedin[5].Furthermore,inthefiguresweplotthe
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TheTVC-1schemeyieldsthebestboundforbothcodelengthsandvaluesof
M,andthewatermarkcodegivestheworstbound.Interestingly,thehierarchyof
theboundscoincideswiththehierarchyoftheasymptoticachievableinformation
rates.
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We compute the DT bound for two code lengths, N = 960 and N = 128 DNA
symbols, corresponding to a short and a medium-length sequence, respectively,
and for M = 1 and M = 2 reads. The choice of these lengths is motivated by
the current DNA sequencing technologies. All inner codes are of rate (or close to)
Ri = 1 (in bits per DNA symbol) and all outer codes are of rate Ro = 1/2.
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storage channel with the inner synchronization codes in Table II.1 for N = 960
and N = 128, respectively. The bound for M = 2 is obtained by considering the
joint decoding algorithm proposed in [5]. Furthermore, in the figures we plot the
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the bounds coincides with the hierarchy of the asymptotic achievable information
rates.
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Figure II.5: Normalized rate for a concatenated coding scheme with an optimized outer
LDPC code constructed from the protograph B2 in (II.10) and the TVC-1 and TVC-2
inner coding schemes as a function of the code length N . The overall code rate is R = 1/2

and the target FER is 10−3.

In the figures, we also plot the FER performance (dashed lines with markers)
for a concatenated code with an outer LDPC code built from the optimized
protographs in (II.10) and the inner coding schemes from Table II.1. In contrast
to the optimization, circulant matrices for the protograph liftings, built using the
progressive edge-growth algorithm [14], are used. The slope of the FER curves
is similar to the slope of the corresponding DT bounds, and a similar gap to
the bounds is observed for the simulated FER curves. Notably, the proposed
concatenated schemes perform close to the DT bounds.

To gain more insight on the performance of the proposed concatenated schemes
to the DT bound, in Fig. II.5, we plot the normalized rate [7] as a function of
the code length N for the concatenated code with the TVC-1 and TVC-2 inner
coding schemes. The normalized rate is computed as the fraction between the rate
of the concatenated code and the maximum rate provided by the DT bound so
that decoding with a probability of error below a given value is possible. In other
words, we want a normalized rate close to one and a normalized rate of one means
that the code achieves the DT bound. In the plot, we consider a FER of 10−3.

For both TVC-1 and TVC-2, the normalized rate is within 87% to 97% for
a code length up to N = 2000 DNA symbols. These values are similar to those
for state-of-the-art codes over memoryless channels [7, Fig. 15], indicating that
the proposed concatenated codes yield excellent performance on the DNA storage
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andthetargetFERis10−3.

Inthefigures,wealsoplottheFERperformance(dashedlineswithmarkers)
foraconcatenatedcodewithanouterLDPCcodebuiltfromtheoptimized
protographsin(II.10)andtheinnercodingschemesfromTableII.1.Incontrast
totheoptimization,circulantmatricesfortheprotographliftings,builtusingthe
progressiveedge-growthalgorithm[14],areused.TheslopeoftheFERcurves
issimilartotheslopeofthecorrespondingDTbounds,andasimilargapto
theboundsisobservedforthesimulatedFERcurves.Notably,theproposed
concatenatedschemesperformclosetotheDTbounds.

Togainmoreinsightontheperformanceoftheproposedconcatenatedschemes
totheDTbound,inFig.II.5,weplotthenormalizedrate[7]asafunctionof
thecodelengthNfortheconcatenatedcodewiththeTVC-1andTVC-2inner
codingschemes.Thenormalizedrateiscomputedasthefractionbetweentherate
oftheconcatenatedcodeandthemaximumrateprovidedbytheDTboundso
thatdecodingwithaprobabilityoferrorbelowagivenvalueispossible.Inother
words,wewantanormalizedrateclosetooneandanormalizedrateofonemeans
thatthecodeachievestheDTbound.Intheplot,weconsideraFERof10−3.

ForbothTVC-1andTVC-2,thenormalizedrateiswithin87%to97%for
acodelengthuptoN=2000DNAsymbols.Thesevaluesaresimilartothose
forstate-of-the-artcodesovermemorylesschannels[7,Fig.15],indicatingthat
theproposedconcatenatedcodesyieldexcellentperformanceontheDNAstorage
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In the figures, we also plot the FER performance (dashed lines with markers)
for a concatenated code with an outer LDPC code built from the optimized
protographs in (II.10) and the inner coding schemes from Table II.1. In contrast
to the optimization, circulant matrices for the protograph liftings, built using the
progressive edge-growth algorithm [14], are used. The slope of the FER curves
is similar to the slope of the corresponding DT bounds, and a similar gap to
the bounds is observed for the simulated FER curves. Notably, the proposed
concatenated schemes perform close to the DT bounds.

To gain more insight on the performance of the proposed concatenated schemes
to the DT bound, in Fig. II.5, we plot the normalized rate [7] as a function of
the code length N for the concatenated code with the TVC-1 and TVC-2 inner
coding schemes. The normalized rate is computed as the fraction between the rate
of the concatenated code and the maximum rate provided by the DT bound so
that decoding with a probability of error below a given value is possible. In other
words, we want a normalized rate close to one and a normalized rate of one means
that the code achieves the DT bound. In the plot, we consider a FER of 10−3.

For both TVC-1 and TVC-2, the normalized rate is within 87% to 97% for
a code length up to N = 2000 DNA symbols. These values are similar to those
for state-of-the-art codes over memoryless channels [7, Fig. 15], indicating that
the proposed concatenated codes yield excellent performance on the DNA storage
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6 Conclusion
We provided an upper bound to the performance of random coding schemes
on a DNA storage channel with insertions, deletions, and substitutions in the
practical short-to-medium blocklength regime. The bound, which is based on
the dependency testing bound yields an achievability result and is particularly
useful to capture the performance of concatenated coding schemes with an inner
synchronization code as it depends on the inner code. Hence, it is a handy tool
to guide the choice of the inner synchronization code and provides a reference to
benchmark the performance of coding schemes.
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Abstract

The errors occurring in DNA-based storage are correlated
in nature, which is a direct consequence of the synthesis
and sequencing processes. In this paper, we consider the
memory-k nanopore channel model recently introduced by
Hamoum et al., which models the inherent memory of the
channel. We derive the maximum a posteriori (MAP) decoder
for this channel model. The derived MAP decoder allows us
to compute achievable information rates for the true DNA
storage channel assuming a mismatched decoder matched to
the memory-k nanopore channel model, and quantify the loss
in performance assuming a small memory length—and hence
limited decoding complexity. Furthermore, the derived MAP
decoder can be used to design error-correcting codes tailored
to the DNA storage channel. We show that a concatenated
coding scheme with an outer low-density parity-check code
and an inner convolutional code yields excellent performance.

1 Introduction
Storing data in deoxyribonucleic acid (DNA) promises unprecedented density and
durability and is seen as the new frontier of data storage. Recent experiments
have already demonstrated the viability of DNA-based data storage [1–3].

The DNA storage channel suffers from multiple impairments and constraints due
to the synthesis and sequencing of DNA and the limitations of current technologies.
In particular, errors in the form of insertions, deletions, and substitutions (IDS)
occur. This has spurred a great deal of research on devising coding schemes for
the DNA storage channel.

While the literature on error-correcting coding for the DNA storage channel is
abundant, most works have considered a simplified and unrealistic channel model
with a small and fixed number of insertions and/or deletions, i.e., an adversarial
channel. Fewer works have considered a more realistic probabilistic channel model
in which errors occur with a given probability, e.g., [4–16]. These works usually
assume independent and identically distributed (i.i.d.) errors. In DNA storage,
however, IDS errors are not i.i.d., but the channel has memory [17, 18]. Potentially,
the memory is as large as the whole DNA sequence.

In [17], the authors proposed a statistical model of the DNA storage channel
with nanopore sequencing based on a Markov chain that models the inherent
memory of the channel. In particular, it builds on the fact that in the MinION
technology strands traverse a nanopore nucleotide by nucleotide, and an electrical
signal is generated for every group of k ≥ 1 successive nucleotides, called kmers.
Let x be the DNA strand to be synthesized and z be the sequence of channel
events, where zi ∈ {insertion, deletion, substitution, no error}. The key
idea in [17] is then to assume that zi depends on the symbols xi−k+1, . . . , xi and
the previous event zi−1 and estimate the probabilities p(zi|xi−k+1, . . . , xi, zi−1) from
experimental data. We refer to this channel model as the memory-k nanopore
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thememoryisaslargeasthewholeDNAsequence.
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signalisgeneratedforeverygroupofk≥1successivenucleotides,calledkmers.
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experimentaldata.Werefertothischannelmodelasthememory-knanopore

1Introduction121

Abstract

TheerrorsoccurringinDNA-basedstoragearecorrelated
innature,whichisadirectconsequenceofthesynthesis
andsequencingprocesses.Inthispaper,weconsiderthe
memory-knanoporechannelmodelrecentlyintroducedby
Hamoumetal.,whichmodelstheinherentmemoryofthe
channel.Wederivethemaximumaposteriori(MAP)decoder
forthischannelmodel.ThederivedMAPdecoderallowsus
tocomputeachievableinformationratesforthetrueDNA
storagechannelassumingamismatcheddecodermatchedto
thememory-knanoporechannelmodel,andquantifytheloss
inperformanceassumingasmallmemorylength—andhence
limiteddecodingcomplexity.Furthermore,thederivedMAP
decodercanbeusedtodesignerror-correctingcodestailored
totheDNAstoragechannel.Weshowthataconcatenated
codingschemewithanouterlow-densityparity-checkcode
andaninnerconvolutionalcodeyieldsexcellentperformance.

1Introduction
Storingdataindeoxyribonucleicacid(DNA)promisesunprecedenteddensityand
durabilityandisseenasthenewfrontierofdatastorage.Recentexperiments
havealreadydemonstratedtheviabilityofDNA-baseddatastorage[1–3].

TheDNAstoragechannelsuffersfrommultipleimpairmentsandconstraintsdue
tothesynthesisandsequencingofDNAandthelimitationsofcurrenttechnologies.
Inparticular,errorsintheformofinsertions,deletions,andsubstitutions(IDS)
occur.Thishasspurredagreatdealofresearchondevisingcodingschemesfor
theDNAstoragechannel.

Whiletheliteratureonerror-correctingcodingfortheDNAstoragechannelis
abundant,mostworkshaveconsideredasimplifiedandunrealisticchannelmodel
withasmallandfixednumberofinsertionsand/ordeletions,i.e.,anadversarial
channel.Fewerworkshaveconsideredamorerealisticprobabilisticchannelmodel
inwhicherrorsoccurwithagivenprobability,e.g.,[4–16].Theseworksusually
assumeindependentandidenticallydistributed(i.i.d.)errors.InDNAstorage,
however,IDSerrorsarenoti.i.d.,butthechannelhasmemory[17,18].Potentially,
thememoryisaslargeasthewholeDNAsequence.

In[17],theauthorsproposedastatisticalmodeloftheDNAstoragechannel
withnanoporesequencingbasedonaMarkovchainthatmodelstheinherent
memoryofthechannel.Inparticular,itbuildsonthefactthatintheMinION
technologystrandstraverseananoporenucleotidebynucleotide,andanelectrical
signalisgeneratedforeverygroupofk≥1successivenucleotides,calledkmers.
LetxbetheDNAstrandtobesynthesizedandzbethesequenceofchannel
events,wherezi∈{insertion,deletion,substitution,noerror}.Thekey
ideain[17]isthentoassumethatzidependsonthesymbolsxi−k+1,...,xiand
thepreviouseventzi−1andestimatetheprobabilitiesp(zi|xi−k+1,...,xi,zi−1)from
experimentaldata.Werefertothischannelmodelasthememory-knanopore

1 Introduction 121

Abstract

The errors occurring in DNA-based storage are correlated
in nature, which is a direct consequence of the synthesis
and sequencing processes. In this paper, we consider the
memory-k nanopore channel model recently introduced by
Hamoum et al., which models the inherent memory of the
channel. We derive the maximum a posteriori (MAP) decoder
for this channel model. The derived MAP decoder allows us
to compute achievable information rates for the true DNA
storage channel assuming a mismatched decoder matched to
the memory-k nanopore channel model, and quantify the loss
in performance assuming a small memory length—and hence
limited decoding complexity. Furthermore, the derived MAP
decoder can be used to design error-correcting codes tailored
to the DNA storage channel. We show that a concatenated
coding scheme with an outer low-density parity-check code
and an inner convolutional code yields excellent performance.

1 Introduction
Storing data in deoxyribonucleic acid (DNA) promises unprecedented density and
durability and is seen as the new frontier of data storage. Recent experiments
have already demonstrated the viability of DNA-based data storage [1–3].

The DNA storage channel suffers from multiple impairments and constraints due
to the synthesis and sequencing of DNA and the limitations of current technologies.
In particular, errors in the form of insertions, deletions, and substitutions (IDS)
occur. This has spurred a great deal of research on devising coding schemes for
the DNA storage channel.

While the literature on error-correcting coding for the DNA storage channel is
abundant, most works have considered a simplified and unrealistic channel model
with a small and fixed number of insertions and/or deletions, i.e., an adversarial
channel. Fewer works have considered a more realistic probabilistic channel model
in which errors occur with a given probability, e.g., [4–16]. These works usually
assume independent and identically distributed (i.i.d.) errors. In DNA storage,
however, IDS errors are not i.i.d., but the channel has memory [17, 18]. Potentially,
the memory is as large as the whole DNA sequence.

In [17], the authors proposed a statistical model of the DNA storage channel
with nanopore sequencing based on a Markov chain that models the inherent
memory of the channel. In particular, it builds on the fact that in the MinION
technology strands traverse a nanopore nucleotide by nucleotide, and an electrical
signal is generated for every group of k ≥ 1 successive nucleotides, called kmers.
Let x be the DNA strand to be synthesized and z be the sequence of channel
events, where zi ∈ {insertion, deletion, substitution, no error}. The key
idea in [17] is then to assume that zi depends on the symbols xi−k+1, . . . , xi and
the previous event zi−1 and estimate the probabilities p(zi|xi−k+1, . . . , xi, zi−1) from
experimental data. We refer to this channel model as the memory-k nanopore

1 Introduction 121

Abstract

The errors occurring in DNA-based storage are correlated
in nature, which is a direct consequence of the synthesis
and sequencing processes. In this paper, we consider the
memory-k nanopore channel model recently introduced by
Hamoum et al., which models the inherent memory of the
channel. We derive the maximum a posteriori (MAP) decoder
for this channel model. The derived MAP decoder allows us
to compute achievable information rates for the true DNA
storage channel assuming a mismatched decoder matched to
the memory-k nanopore channel model, and quantify the loss
in performance assuming a small memory length—and hence
limited decoding complexity. Furthermore, the derived MAP
decoder can be used to design error-correcting codes tailored
to the DNA storage channel. We show that a concatenated
coding scheme with an outer low-density parity-check code
and an inner convolutional code yields excellent performance.

1 Introduction
Storing data in deoxyribonucleic acid (DNA) promises unprecedented density and
durability and is seen as the new frontier of data storage. Recent experiments
have already demonstrated the viability of DNA-based data storage [1–3].

The DNA storage channel suffers from multiple impairments and constraints due
to the synthesis and sequencing of DNA and the limitations of current technologies.
In particular, errors in the form of insertions, deletions, and substitutions (IDS)
occur. This has spurred a great deal of research on devising coding schemes for
the DNA storage channel.

While the literature on error-correcting coding for the DNA storage channel is
abundant, most works have considered a simplified and unrealistic channel model
with a small and fixed number of insertions and/or deletions, i.e., an adversarial
channel. Fewer works have considered a more realistic probabilistic channel model
in which errors occur with a given probability, e.g., [4–16]. These works usually
assume independent and identically distributed (i.i.d.) errors. In DNA storage,
however, IDS errors are not i.i.d., but the channel has memory [17, 18]. Potentially,
the memory is as large as the whole DNA sequence.

In [17], the authors proposed a statistical model of the DNA storage channel
with nanopore sequencing based on a Markov chain that models the inherent
memory of the channel. In particular, it builds on the fact that in the MinION
technology strands traverse a nanopore nucleotide by nucleotide, and an electrical
signal is generated for every group of k ≥ 1 successive nucleotides, called kmers.
Let x be the DNA strand to be synthesized and z be the sequence of channel
events, where zi ∈ {insertion, deletion, substitution, no error}. The key
idea in [17] is then to assume that zi depends on the symbols xi−k+1, . . . , xi and
the previous event zi−1 and estimate the probabilities p(zi|xi−k+1, . . . , xi, zi−1) from
experimental data. We refer to this channel model as the memory-k nanopore

1Introduction121

Abstract

TheerrorsoccurringinDNA-basedstoragearecorrelated
innature,whichisadirectconsequenceofthesynthesis
andsequencingprocesses.Inthispaper,weconsiderthe
memory-knanoporechannelmodelrecentlyintroducedby
Hamoumetal.,whichmodelstheinherentmemoryofthe
channel.Wederivethemaximumaposteriori(MAP)decoder
forthischannelmodel.ThederivedMAPdecoderallowsus
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havealreadydemonstratedtheviabilityofDNA-baseddatastorage[1–3].

TheDNAstoragechannelsuffersfrommultipleimpairmentsandconstraintsdue
tothesynthesisandsequencingofDNAandthelimitationsofcurrenttechnologies.
Inparticular,errorsintheformofinsertions,deletions,andsubstitutions(IDS)
occur.Thishasspurredagreatdealofresearchondevisingcodingschemesfor
theDNAstoragechannel.

Whiletheliteratureonerror-correctingcodingfortheDNAstoragechannelis
abundant,mostworkshaveconsideredasimplifiedandunrealisticchannelmodel
withasmallandfixednumberofinsertionsand/ordeletions,i.e.,anadversarial
channel.Fewerworkshaveconsideredamorerealisticprobabilisticchannelmodel
inwhicherrorsoccurwithagivenprobability,e.g.,[4–16].Theseworksusually
assumeindependentandidenticallydistributed(i.i.d.)errors.InDNAstorage,
however,IDSerrorsarenoti.i.d.,butthechannelhasmemory[17,18].Potentially,
thememoryisaslargeasthewholeDNAsequence.

In[17],theauthorsproposedastatisticalmodeloftheDNAstoragechannel
withnanoporesequencingbasedonaMarkovchainthatmodelstheinherent
memoryofthechannel.Inparticular,itbuildsonthefactthatintheMinION
technologystrandstraverseananoporenucleotidebynucleotide,andanelectrical
signalisgeneratedforeverygroupofk≥1successivenucleotides,calledkmers.
LetxbetheDNAstrandtobesynthesizedandzbethesequenceofchannel
events,wherezi∈{insertion,deletion,substitution,noerror}.Thekey
ideain[17]isthentoassumethatzidependsonthesymbolsxi−k+1,...,xiand
thepreviouseventzi−1andestimatetheprobabilitiesp(zi|xi−k+1,...,xi,zi−1)from
experimentaldata.Werefertothischannelmodelasthememory-knanopore
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channel model.
The starting point of this paper is the work [17]. Our main contributions are

as follows.

• We derive the optimum maximum a posteriori (MAP) decoder for the
memory-k nanopore channel model. The complexity of the decoder in-
creases exponentially with k. Based on this decoder, we derive achievable
information rates (AIRs).

• The AIR for the memory-k nanopore channel can be seen as an AIR
for the true DNA storage channel of a mismatched decoder (i.e., a
decoder that is not matched to the true channel) that assumes that the
channel is a memory-k nanopore channel. We show that for increasing k,
the AIR improves—meaning that the decoder is better matched to the
true channel—and eventually saturates. This allows us to quantify the
trade-off between decoding complexity and performance loss incurred
by the suboptimal decoder.

• The derived MAP decoder can be used to design error-correcting coding
schemes tailored to the memory-k nanopore sequencing channel. In
particular, we consider the concatenated coding scheme proposed in [4]
and multiple reads of the DNA strand, and we optimize the inner and
outer code. We show that the concatenated coding scheme of [4] yields
excellent performance at rates close to the AIRs.

• We validate the AIRs and simulation results of the memory-k nanopore
channel model using the dataset of DNA reads in [6] obtained using
Oxford Nanopore Technologies (ONT) sequencing with the MinION
technology.

2 The Nanopore Sequencing Channel Model
We consider the memory-k nanopore channel model introduced in [17]. The key
property of this channel model is that it removes the assumption of i.i.d. IDS errors.
In particular, the occurrence of an error event, or a correct transmission, depends
on the previous event (an insertion, deletion, substitution, or no error event), and
previous channel input symbols. Let x = (x1, . . . , xN), xi ∈ Σ4 = {0, 1, 2, 3}, be
the channel input sequence and y = (y1, . . . , yN ′) the channel output sequence, and
define xN+1 = 0. Note that N ′ is random and depends on the number of insertion
and deletion events, i.e., N ′ ̸= N in general. Also, let kmeri = (xi−k+1, . . . , xi)
be the kmer at time instant i ≥ k, while for i < k, since no complete kmer is
available, we use kmeri = xi. The channel model is depicted in Fig. III.1. Here, we
denote the event associated with kmeri+1 by zi, where zi represents an insertion,
deletion, substitution, or no error acting on symbol xi when it is to be transmitted.
Hence, zi ∈ {Ins, Del, Sub, NoErr}. The transition probabilities p1, p2, p3, and
p4 in the figure are of the form p(zi|kmeri, zi−1), and their value depends on the
kmer. In the event of a deletion, the symbol xi in kmeri will be deleted and
nothing will be appended to y, while when a no error event occurs, y will be
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channelmodel.
Thestartingpointofthispaperisthework[17].Ourmaincontributionsare

asfollows.

•Wederivetheoptimummaximumaposteriori(MAP)decoderforthe
memory-knanoporechannelmodel.Thecomplexityofthedecoderin-
creasesexponentiallywithk.Basedonthisdecoder,wederiveachievable
informationrates(AIRs).

•TheAIRforthememory-knanoporechannelcanbeseenasanAIR
forthetrueDNAstoragechannelofamismatcheddecoder(i.e.,a
decoderthatisnotmatchedtothetruechannel)thatassumesthatthe
channelisamemory-knanoporechannel.Weshowthatforincreasingk,
theAIRimproves—meaningthatthedecoderisbettermatchedtothe
truechannel—andeventuallysaturates.Thisallowsustoquantifythe
trade-offbetweendecodingcomplexityandperformancelossincurred
bythesuboptimaldecoder.

•ThederivedMAPdecodercanbeusedtodesignerror-correctingcoding
schemestailoredtothememory-knanoporesequencingchannel.In
particular,weconsidertheconcatenatedcodingschemeproposedin[4]
andmultiplereadsoftheDNAstrand,andweoptimizetheinnerand
outercode.Weshowthattheconcatenatedcodingschemeof[4]yields
excellentperformanceatratesclosetotheAIRs.

•WevalidatetheAIRsandsimulationresultsofthememory-knanopore
channelmodelusingthedatasetofDNAreadsin[6]obtainedusing
OxfordNanoporeTechnologies(ONT)sequencingwiththeMinION
technology.

2TheNanoporeSequencingChannelModel
Weconsiderthememory-knanoporechannelmodelintroducedin[17].Thekey
propertyofthischannelmodelisthatitremovestheassumptionofi.i.d.IDSerrors.
Inparticular,theoccurrenceofanerrorevent,oracorrecttransmission,depends
onthepreviousevent(aninsertion,deletion,substitution,ornoerrorevent),and
previouschannelinputsymbols.Letx=(x1,...,xN),xi∈Σ4={0,1,2,3},be
thechannelinputsequenceandy=(y1,...,yN′)thechanneloutputsequence,and
definexN+1=0.NotethatN′israndomanddependsonthenumberofinsertion
anddeletionevents,i.e.,N′̸=Ningeneral.Also,letkmeri=(xi−k+1,...,xi)
bethekmerattimeinstanti≥k,whilefori<k,sincenocompletekmeris
available,weusekmeri=xi.ThechannelmodelisdepictedinFig.III.1.Here,we
denotetheeventassociatedwithkmeri+1byzi,wherezirepresentsaninsertion,
deletion,substitution,ornoerroractingonsymbolxiwhenitistobetransmitted.
Hence,zi∈{Ins,Del,Sub,NoErr}.Thetransitionprobabilitiesp1,p2,p3,and
p4inthefigureareoftheformp(zi|kmeri,zi−1),andtheirvaluedependsonthe
kmer.Intheeventofadeletion,thesymbolxiinkmeriwillbedeletedand
nothingwillbeappendedtoy,whilewhenanoerroreventoccurs,ywillbe
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appended with xi. Furthermore, in the event of an insertion, i.e., zi = Ins, the
channel will insert L > 1 symbols a1, . . . , aL, where the length L is random. Each
symbol aj will be uniformly picked from Σ4. In this case, the channel appends y
with (a1, . . . , aL). This also applies to a substitution event where the symbol a∗ is
uniformly picked from Σ4 \ {xi} and appended to y instead of xi. Moreover, we
define p(L|kmeri, zi = Ins) as the probability of inserting L symbols given kmeri

and an insertion event, and p(a∗|kmeri, zi = Sub) as the probability of xi being
substituted by a∗ given kmeri and a substitution event. In all these scenarios, the
channel always moves from state kmeri to state kmeri+1. After the last symbol
xN has been processed by the channel, the channel outputs y.

2.1 Channel Transition Probability Estimation
The transition probabilities of the channel model can be estimated using a DNA
storage dataset D containing input (before synthesis) and the corresponding
multiple output (after sequencing) sequences.

Let x(l) denote the l-th input sequence and y
(l)
1 , . . . , y

(l)
Ml

the corresponding
Ml ≥ 1 output sequences from the dataset D. The method we use to estimate
the transition probabilities is as follows. For each pair (x(l), y

(l)
j ), we compute

the edit distance between the two vectors using a lattice (see [4, Sec. III],[19]).
By backtracking from the end of the lattice, a corresponding sequence of events
z

(l)
j can be identified. In case of ties, one event is chosen uniformly at random.

Finally, we estimate the probabilities p(zi = z|kmeri = kmer, zi−1 = z′) by a
simple counting argument. In particular, let
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As a consequence, the channel parameters do not vary with i for k ≤ i < N . For
1 < i < k, we estimate the channel transition probabilities in a similar manner as
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appendedwithxi.Furthermore,intheeventofaninsertion,i.e.,zi=Ins,the
channelwillinsertL>1symbolsa1,...,aL,wherethelengthLisrandom.Each
symbolajwillbeuniformlypickedfromΣ4.Inthiscase,thechannelappendsy
with(a1,...,aL).Thisalsoappliestoasubstitutioneventwherethesymbola∗is
uniformlypickedfromΣ4\{xi}andappendedtoyinsteadofxi.Moreover,we
definep(L|kmeri,zi=Ins)astheprobabilityofinsertingLsymbolsgivenkmeri

andaninsertionevent,andp(a∗|kmeri,zi=Sub)astheprobabilityofxibeing
substitutedbya∗givenkmeriandasubstitutionevent.Inallthesescenarios,the
channelalwaysmovesfromstatekmeritostatekmeri+1.Afterthelastsymbol
xNhasbeenprocessedbythechannel,thechanneloutputsy.

2.1ChannelTransitionProbabilityEstimation
ThetransitionprobabilitiesofthechannelmodelcanbeestimatedusingaDNA
storagedatasetDcontaininginput(beforesynthesis)andthecorresponding
multipleoutput(aftersequencing)sequences.
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above, but considering that kmeri = xi. Moreover, as in [17], we consider i = 1
(the beginning) and i = N (the end) separately from the middle (1 < i < N) when
estimating the channel parameters as the probability to get an error is typically
higher at the beginning and at the end compared to the middle.

2.2 Multiple Reads
We consider the relevant scenario in which the sequencing process outputs multiple
reads (M) of the DNA strand. In particular, we model this by assuming that a
strand is transmitted over M independent channels.

3 Coding Scheme and System Model
We consider the concatenated coding scheme and the low-complexity separate
decoding scheme proposed in [4], which decodes separately each noisy strand and
combines a posteriori probabilities (APPs) from all reads before passing them to the
outer decoder. The primary goal of the inner code is to maintain synchronization
with the transmitted sequence and provide likelihoods to the outer decoder. The
outer code then corrects remaining errors.

The system model is shown in Fig. III.2. We consider a low-density parity-check
(LDPC) code for the outer code and a convolutional code for the inner code. The
information data u = (u1, . . . , uK), ui ∈ Fqo, of length K, is first encoded by an
[No, K]qo outer LDPC code over Fqo into the codeword w = (w1, . . . , wNo), wi ∈ Fqo,
where Fqo is a binary extension field of size 2kCC and kCC is the (binary) dimension
of the inner convolutional code. Since current sequencing technologies cannot
handle long sequences, the codeword w is split into S subsequences w1, . . . ,wS,
each of length Nb

o = No/S, where wj = (w(j−1)Nbo +1, . . . , wjNbo ). Each wj is encoded,
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reads(M)oftheDNAstrand.Inparticular,wemodelthisbyassumingthata
strandistransmittedoverMindependentchannels.
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Weconsidertheconcatenatedcodingschemeandthelow-complexityseparate
decodingschemeproposedin[4],whichdecodesseparatelyeachnoisystrandand
combinesaposterioriprobabilities(APPs)fromallreadsbeforepassingthemtothe
outerdecoder.Theprimarygoaloftheinnercodeistomaintainsynchronization
withthetransmittedsequenceandprovidelikelihoodstotheouterdecoder.The
outercodethencorrectsremainingerrors.

ThesystemmodelisshowninFig.III.2.Weconsideralow-densityparity-check
(LDPC)codefortheoutercodeandaconvolutionalcodefortheinnercode.The
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[No,K]qoouterLDPCcodeoverFqointothecodewordw=(w1,...,wNo),wi∈Fqo,
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û

x1 xS

y1,1 y1,2 y1,M yS,1 yS,2 yS,M

p (w1|y1,1, . . . ,y1,M) p (wS|yS,1, . . . ,yS,M)

p (w|y1,1, . . . ,yS,M)

Figure III.2: System model including the coding scheme and the memory-k nanopore
channel model depicted in Fig. III.1.

above, but considering that kmeri = xi. Moreover, as in [17], we consider i = 1
(the beginning) and i = N (the end) separately from the middle (1 < i < N) when
estimating the channel parameters as the probability to get an error is typically
higher at the beginning and at the end compared to the middle.

2.2 Multiple Reads
We consider the relevant scenario in which the sequencing process outputs multiple
reads (M) of the DNA strand. In particular, we model this by assuming that a
strand is transmitted over M independent channels.

3 Coding Scheme and System Model
We consider the concatenated coding scheme and the low-complexity separate
decoding scheme proposed in [4], which decodes separately each noisy strand and
combines a posteriori probabilities (APPs) from all reads before passing them to the
outer decoder. The primary goal of the inner code is to maintain synchronization
with the transmitted sequence and provide likelihoods to the outer decoder. The
outer code then corrects remaining errors.

The system model is shown in Fig. III.2. We consider a low-density parity-check
(LDPC) code for the outer code and a convolutional code for the inner code. The
information data u = (u1, . . . , uK), ui ∈ Fqo, of length K, is first encoded by an
[No, K]qo outer LDPC code over Fqo into the codeword w = (w1, . . . , wNo), wi ∈ Fqo,
where Fqo is a binary extension field of size 2

kCC and kCC is the (binary) dimension
of the inner convolutional code. Since current sequencing technologies cannot
handle long sequences, the codeword w is split into S subsequences w1, . . . ,wS,
each of length Nb

o = No/S, where wj = (w(j−1)Nbo +1, . . . , wjNbo ). Each wj is encoded,

124 Paper III

u Outer
code

w1 . . . wS

Inner
code

. . . Inner
code

M parallel
memory-k channels

. . . M parallel
memory-k channels

M Inner
decoders

. . .
M Inner
decoders

Concatenate APPsOuter
decoder

û
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with an optional offset [4], by an (n, kCC, m)4 inner convolutional code of binary
dimension kCC, memory m, and output alphabet Σ4 into the inner codeword xj of
length N = (Nb

o + m)n, where m is due to terminating the convolutional code to
the all-zero state. The overall code rate is given as R = RoRi = KkCC/SN, where
Ro = K/No is the rate of the outer code and Ri = kCCNb

o/N the rate of the inner
code.

Each xj is transmitted independently over M identical memory-k nanopore
channels in order to model the multiple copies of a DNA strand at the output of the
sequencing process. At the receiver, each noisy read yj,1, . . . , yj,M for transmitted
sequence xj is decoded separately with a MAP inner decoder. The APPs at their
output are then combined to provide approximate APPs for wj. The (approximate)
APPs for the symbols in w = (w1, . . . ,wS) are concatenated and then passed to
the outer decoder. The outer decoder uses these APPs to decide on an estimate û
of u.

4 Symbolwise MAP Decoding for Channel/Inner
Code (Inner Decoding)

In this section, we derive the optimum (MAP) decoder for the combination of
the memory-k nanopore channel model and the inner code. To this end, we use
the fact that the combination of the channel and the inner code can be seen as
a hidden Markov model (HMM) by introducing a drift variable as in [7]. The
drift di, 0 ≤ i < Nb

o + m, is defined as the number of insertions minus the number
of deletions that occurred before symbol xni+1 is to be acted on by the event
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definition, d0 = 0 and dNbo +m = N ′ −N , both known to the decoder. Adding the
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where si denotes the state variables of the inner convolutional code, gives the state
variable σi = (kmeri+1, zi, si, di) of the HMM. In this HMM, a transition from
time i − 1 to time i corresponds to a transmission of symbols xin

(i−1)n+1, where
xb

a = (xa, xa+1, . . . , xb). Further, when transitioning from a state with drift di−1
to a state with drift di, the HMM emits n + di − di−1 output symbols depending
on both the previous and new drift.

In the following, to simplify notation, the subsequence index of w and y is
omitted and wi simply refers to the i-th symbol of an arbitrary subsequence wj,
while y = (y1, . . . , yM ) refers to the corresponding received sequences.

4.1 Decoding for a Single Received Sequence

The APP for outer code symbol wi can be computed as p(wi|y) = p(y,wi)/p(y),
where the joint probability p(y, wi) can be computed by marginalizing the trellis
states, corresponding to the HMM, of the channel/inner code that correspond
to symbol wi. Then, we can write p(y, wi) = ∑

(σ,σ′):wi
p(y, σ, σ′), where σ and

σ′ are realizations of the random variables σi−1 and σi, respectively. Here, the
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summation is over all pairs of states that correspond to symbol wi. We can use
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γi(σ, σ′), and βi(σ′), respectively. Then, the first and third term can computed
recursively as
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∑
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∑
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consider each possible event for z′. For simplicity, we limit our derivation to n = 1.
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summation is over all pairs of states that correspond to symbol wi. We can use
the Markov property to decompose the probability p(y, σ, σ′) into three parts as

p(y,σ,σ′)=p(y(i−1)n+d
1 , σ)p(yin+d′

(i−1)n+d+1, σ′∣∣∣σ)p(yN ′

in+d′+1∣∣∣∣σ′).

We abbreviate the first, second, and third term of the above equation with αi−1(σ),
γi(σ, σ′), and βi(σ′), respectively. Then, the first and third term can computed
recursively as

αi(σ′) = ∑
σ

αi−1(σ)γi(σ, σ′), βi−1(σ) = ∑
σ′

βi(σ′)γi(σ, σ′).

The term γi(σ, σ′) (the branch metric) can be decomposed as

γi(σ, σ′) = p(wi)p(z′|kmer, z)p (yin+d′

(i−1)n+d+1, d′∣∣∣d, s, s′, z′, z, kmer′, kmer) ,

where p(wi) is the a priori probability of symbol wi. For simplicity, define the state
variable ζi = (kmeri+1, zi). To compute p(y

in+d′

(i−1)n+d+1, d′∣∣∣d, s, s′, ζ ′, ζ), we need to
consider each possible event for z′. For simplicity, we limit our derivation to n = 1.
The case for general n follows in a straightforward manner.

1. z′ = Ins. Then,

p (yi+d′

(i−1)+d+1, d′∣∣∣d, s, s′, ζ ′, ζ) = p (yi+d′

(i−1)+d+1, L = d′ − d∣∣∣d, s, s′, ζ ′, ζ)
· p (L = d′ − d∣∣∣d, s, s′, ζ ′, ζ)

= (1
4

)L

· p(L|kmer, z′ = Ins) .

2. z′ = Del. Then, d′ = d − 1, which means that p(y
i+d′

(i−1)+d+1, d′ ̸=
d− 1∣∣∣d, s, s′, ζ ′, ζ) = 0 and p(y

i+d′

(i−1)+d+1, d′ = d− 1∣∣∣d, s, s′, ζ ′, ζ) = 1.

3. z′ = Sub. Then, d′ = d, which means that p(y
i+d′

(i−1)+d+1, d′ ̸=
d∣∣∣d, s, s′, ζ ′, ζ) = 0, and

p (yi+d′

(i−1)+d+1, d′ = d∣∣∣d, s, s′, ζ ′, ζ)
=



p (yi+d
i+d∣∣∣kmer, s, s′, z′ = Sub) if y

i+d
i+d ̸= x

i+d
i+d

0 otherwise .

4. z′ = NoErr. Then, d′ = d, which means that p(y
i+d′

(i−1)+d+1, d′ ̸=
d∣∣∣d, s, s′, ζ ′, ζ) = 0, and

p (yi+d′

(i−1)+d+1, d′ = d∣∣∣d, s, s′, ζ ′, ζ) =



1 y
i+d
i+d = x

i+d
i+d

0 otherwise .
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4.2 Decoding for Multiple Received Sequences
We consider the separate decoding strategy for multiple received sequences
y1, . . . , yM proposed in [4]. Following [4], the APP p(wi|y1, . . . , yM) can be ap-
proximated as

p(wi|y1, . . . , yM ) ∝∼
∏M

j=1 p(wi|yj)
p(wi)M−1 ,

where p(wi|yj) is computed as outlined in Section 4.1. This decoder, although
suboptimal, is efficient and practical for our scenario, as its complexity grows
linearly with M [4].8

4.3 Decoding Complexity
Since the overall decoding complexity is dominated by the combination of the
inner code and the channel, we will disregard the complexity of the outer decoder
in the complexity analysis. In order to limit the inner decoding complexity, we
limit the drift di to a fixed interval [dmin, dmax] and the number of insertions per
symbol L to Lmax; recall also that L > 1. For simplicity, we limit our derivation
to n = 1. The complexity of the BCJR algorithm on the joint trellis of the
inner code and the channel is directly proportional to the number of trellis edges
at each trellis section, which is upper bounded by 2ν+kCC4k+1∆(δ + 1), where
∆ = dmax − dmin + 1 is the number of drift states, δ = Lmax + 1 is the number
of possible drift transitions, and ν is the number of binary memory elements of
the convolutional encoder. Hence, the complexity of decoding a single block is
(Nb

o + m)2ν+kCC4k+1∆(δ + 1), and the complexity of separate decoding (for all
S blocks) becomes S(Nb

o + m)2ν+kCC4k+1∆(δ + 1)M . Note that the complexity
increases exponentially with the channel memory k.

5 Achievable Information Rates
The MAP decoder for the memory-k nanopore channel (including the inner code)
derived in Section 4 allows us to compute AIRs for this channel. In particular, we
compute BCJR-once rates [20–22], defined as the symbolwise mutual information
between the input of the channel and the log-likelihood ratios (LLRs) produced
by a symbolwise MAP (i.e., optimum) detector. For a given inner code, the
BCJR-once rate, denoted by RBCJR-once, is a rate achievable by an outer code that
does not exploit possible correlations between the LLRs and when no iterations
between the inner and outer decoder are performed.

The BCJR-once rate under separate decoding can be estimated as

RBCJR-once ≈ Ri log qo + Ri
Nb

o + m

Nb
o +m∑
i=1

log eLBCJR-sep
i (wi)∑

a∈Fqo eLBCJR-sep
i (a)

8Alternatively, one may decode all M reads jointly using a single inner decoder [4]. However, the
complexity of this decoder grows exponentially with the number of sequences M , and becomes infeasible
for M > 2.
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Table III.1: Optimized Protographs Found by DE for Different M

M R = RoRi Protograph
1 8/10 · 3/2 = 6/5 ( 1 2 0 1 2 2 1 1 1 3

2 0 3 2 1 0 1 2 2 0 )
2 7/8 · 3/2 = 21/16 ( 2 2 3 3 2 3 3 3 )
5 14/15 · 3/2 = 7/5 ( 3 2 3 3 2 2 3 3 2 2 3 3 3 2 3 )

by sampling an input sequence w and corresponding output sequence y =
(y1, . . . , yM ) and computing the (mismatched) LLRs LBCJR-sep

i (a) = ∑M
j=1 ln q(wi=a|yj)

q(wi=0|yj) ,
a ∈ Fqo, where q(wi|yj) is a (mismatched) inner decoding metric.

BCJR-once rates can also be computed for the true DNA storage channel using
a dataset of DNA traces by averaging over pairs of input and output sequences.
In this case, given an inner code and a decoder that assumes that the channel
has memory k, the BCJR-once rate is an AIR for the DNA storage channel of a
mismatched decoder where the inner decoder is matched to the memory-k nanopore
channel model.

For both cases, we assume separate decoding and an inner MAP decoder
matched to the memory-k nanopore channel model, i.e., using q(wi|yj) = p(wi|yj)
where p(wi|yj) is computed as described in Section 4.1.

6 Concatenated Coding Scheme Design

6.1 Inner Code

For the inner code we use the (1, 1, 2)4 convolutional code with generator polynomial
g = [5, 7]OCT and punctured in order to have a higher rate. In particular, we use
the puncturing matrix P = ( 1 0 1

1 1 0 ), which gives an inner code rate of Ri = 3/2 (in
bits per DNA symbol). Moreover, we add a pseudo-random sequence to the output
of the inner code.

6.2 Outer Code

We consider a protograph-based binary LDPC code as the outer code, which we
optimize (also in terms of code rate) via density evolution (DE) using the algorithm
proposed in [20] for the memory-5 nanopore channel model for M = 1, 2, and
5. Moreover, we set N = 110 as the dataset in [6] contains input sequences with
this length. The optimized protographs, when limiting the entries to at most 3,
are shown in Table III.1. The outer LDPC codes are constructed by lifting the
protographs using circulants that are optimized using the progressive edge-growth
algorithm [23].
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where pI and pD are the average insertion and deletion probabilities based on the
dataset in [6]. Moreover, we use separate decoding as described in Section 4.2.
The AIRs are computed by averaging over 10000 sequences of length N = 110.

In Fig. III.3, we plot BCJR-once rates for the memory-k nanopore channel model
(see Section 2) with the convolutional code of Section 6.1 as a synchronization
inner code (dashed curves) for different values of k. For each k, the inner decoder
is matched to the combination of the inner code and the memory-k nanopore
channel model. Further, for each k, we estimated the transition probabilities of the
memory-k nanopore channel model as described in Section 2.1 using the dataset
in [6]. We observe that the AIRs decrease with increasing k. This is expected, as
increasing the memory k makes the channel more complex.

In the figure, we also plot AIRs for the true DNA storage channel using the
dataset in [6] (solid curves). (The random sequence added to the output of the
inner code can be used to match the transmitted coded sequences to the input
sequences of the dataset. Hence, the dataset can be used for the true channel with
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this behavior is expected: If the memory-k nanopore channel model models well
the DNA storage channel (i.e., the assumption of a Markovian model is good),
increasing k makes the decoder better matched to the true DNA storage channel,
hence the AIR increases. Equivalently, a low value of k corresponds to a decoder
that is more mismatched with respect to the true DNA storage channel, resulting
in a lower AIR. Our results hence support that this channel model is good. In
fact, although not directly apparent from the figure, the AIRs saturate when k
increases, e.g., for the case of no inner code (results not shown here) the AIRs
saturate for k around 7. Furthermore, interestingly, comparing the dashed and
solid curves, we observe a sandwich effect, where the AIR curve for the memory-k
nanopore channel model (dashed curve with green circles) and the AIR for the true
DNA storage channel with a mismatched decoder (matched to the combination of
the inner code and the memory-5 nanopore channel model) are very close. This
indicates that increasing k beyond 5 does not bring much further gains in AIR for
the true DNA storage channel.
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where pI and pD are the average insertion and deletion probabilities based on the
dataset in [6]. Moreover, we use separate decoding as described in Section 4.2.
The AIRs are computed by averaging over 10000 sequences of length N = 110.

In Fig. III.3, we plot BCJR-once rates for the memory-k nanopore channel model
(see Section 2) with the convolutional code of Section 6.1 as a synchronization
inner code (dashed curves) for different values of k. For each k, the inner decoder
is matched to the combination of the inner code and the memory-k nanopore
channel model. Further, for each k, we estimated the transition probabilities of the
memory-k nanopore channel model as described in Section 2.1 using the dataset
in [6]. We observe that the AIRs decrease with increasing k. This is expected, as
increasing the memory k makes the channel more complex.

In the figure, we also plot AIRs for the true DNA storage channel using the
dataset in [6] (solid curves). (The random sequence added to the output of the
inner code can be used to match the transmitted coded sequences to the input
sequences of the dataset. Hence, the dataset can be used for the true channel with
an inner convolutional code as well.) In this case, the curve for a given value of k
corresponds to an AIR for the true DNA storage channel of a mismatched decoder
where the inner decoder is matched to the combination of the inner code and the
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the memory-k nanopore channel, i.e., the AIRs increase with increasing k. Again,
this behavior is expected: If the memory-k nanopore channel model models well
the DNA storage channel (i.e., the assumption of a Markovian model is good),
increasing k makes the decoder better matched to the true DNA storage channel,
hence the AIR increases. Equivalently, a low value of k corresponds to a decoder
that is more mismatched with respect to the true DNA storage channel, resulting
in a lower AIR. Our results hence support that this channel model is good. In
fact, although not directly apparent from the figure, the AIRs saturate when k
increases, e.g., for the case of no inner code (results not shown here) the AIRs
saturate for k around 7. Furthermore, interestingly, comparing the dashed and
solid curves, we observe a sandwich effect, where the AIR curve for the memory-k
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of a decoder that assumes i.i.d. IDS errors (black curve with star markers), as most
decoders in the literature. We observe that this results in a significant performance
loss.

Finally, in the figure, we also plot the rate R obtained via DE for the true
DNA storage channel for the outer LDPC codes with the optimized protographs
in Table III.1 (green filled circles), showing that our coding scheme gives excellent
performance at code rates close to the BCJR-once rates.

In the inset of Fig. III.3, we plot the FER results of our designed optimized
concatenated codes with the inner convolutional code of Section 6.1 and outer
LDPC codes of length No = 10000 based on the protographs in Table III.1. The
outer codeword is split into 123 subsequences of length 81, resulting in 110 channel
input symbols after the inner encoding, and a single shorter subsequence of length
37. The codes are simulated over both the true DNA storage channel with an
inner decoder matched to the memory-5 nanopore channel model (solid curve)
and the memory-5 nanopore channel model for a decoder matched to k = 5 (green
dashed curve with circles) and k = 3 (red dashed-dotted curve with diamonds).
The results are in agreement with the DE results.

The decoding complexity increases exponentially with k (see Section 4.3). Thus,
the AIRs and FER results in Fig. III.3 allow us to quantify the performance loss
incurred by a decoder assuming a given memory k and hence the trade-off between
decoding complexity and error rate performance. We observe that considering
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concatenatedcodeswiththeinnerconvolutionalcodeofSection6.1andouter
LDPCcodesoflengthNo=10000basedontheprotographsinTableIII.1.The
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dashedcurvewithcircles)andk=3(reddashed-dottedcurvewithdiamonds).
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theAIRsandFERresultsinFig.III.3allowustoquantifytheperformanceloss
incurredbyadecoderassumingagivenmemorykandhencethetrade-offbetween
decodingcomplexityanderrorrateperformance.Weobservethatconsidering
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memory 5 incurs almost no loss in terms of AIR, indicating that k = 5 is enough.

8 Conclusion
We derived the optimum MAP decoder for the memory-k nanopore channel model.
Based on the MAP decoder, we derived AIRs for the true DNA storage channel of a
mismatched decoder that is matched to the memory-k model and optimized coding
schemes for this channel. We showed that, remarkably, the concatenated coding
scheme in [4] (properly optimized) achieves excellent performance for the true DNA
storage channel: Considering an optimal inner decoder for the memory-k nanopore
channel yields significantly higher AIRs—hence higher storage density—for the
true DNA storage channel than a decoder that assumes i.i.d. IDS errors, as usually
assumed in the literature.
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Abstract

We consider error-correcting coding for DNA-based storage.
We model the DNA storage channel as a multi-draw IDS
channel where the input data is chunked into M short DNA
strands, which are copied a random number of times, and the
channel outputs a random selection of N noisy DNA strands.
The retrieved DNA strands are prone to insertion, deletion,
and substitution (IDS) errors. We propose an index-based con-
catenated coding scheme consisting of the concatenation of an
outer code, an index code, and an inner synchronization code,
where the latter two tackle IDS errors. We further propose
a mismatched joint index-synchronization code maximum a
posteriori probability decoder with optional clustering to in-
fer symbolwise a posteriori probabilities for the outer decoder.
We compute achievable information rates for the outer code
and present Monte-Carlo simulations for information-outage
probabilities and frame error rates on synthetic and experi-
mental data, respectively.

1 Introduction
This work aims at improving the reliability of DNA-based data storage. We analyze
the multi-draw IDS channel which is an abstraction of the synthesis (writing),
storage, and sequencing (reading) procedures, including insertion, deletion, and
substitution (IDS) errors, thereby narrowing the modeling gap to the real DNA
storage channel [1].

The capacity of the DNA storage channel has been studied in [2–5]; see [6]
for an overview. For coping with IDS errors in a single-sequence transmission,
the classical scheme in [7] with the improved decoding method from [8] is most
relevant for our work. Independently, [9, 10] analyzed coded trace reconstruction
under IDS errors and showed significant gains by leveraging multiple noisy copies
of the same transmit sequence even with sub-optimal decoding techniques.

Inspired by experimental works [11–16], we propose an index-based concatenated
coding scheme for the multi-draw IDS channel. Index-based schemes for the multi-
draw IDS channel are sub-optimal, albeit very practical [6, 17]. Similar coding
approaches are analyzed in [18, 19]. In our scheme, the information is encoded by
an outer code to provide overall error protection, primarily coping with unresolved
errors and strand erasures of the data. The resulting codeword is split into M data
blocks. In each data block, index information is embedded after being encoded
by a low-rate index code, whereas the data block itself is encoded by an inner
code. Both codes are tailored to deal with IDS errors. The M resulting strands
are then transmitted over the multi-draw IDS channel, which models the DNA
storage channel. At the receiver, each noisy strand is decoded separately by a joint
index and inner maximum a posteriori probability (MAP) decoder outputting
symbolwise a posteriori probabilities (APPs). To leverage the multi-copy gain, we
combine the APPs according to the subsequent clustering and index decoding. We
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optionally cluster the received strands based on the obtained APPs, benefiting
from the error-correction capabilities of the index and inner codes. For each cluster,
an index decision is made by jointly considering the received strands in a cluster.
The APPs are ordered according to the index decisions and fed into a soft-input
outer decoder.

We analyze our proposed scheme in terms of achievable information rates (AIRs).
The AIRs provide insights to the performance of different index-inner coding and
decoding techniques and a benchmark for an outer code. For different coding setups
in the finite blocklength regime, we compute information-outage probabilities on
synthetic data and present frame error rates (FERs) on experimental data from
[9].

2 DNA Storage Channel Model

2.1 IDS Channel
We consider a model in which IDS errors are independent and identically distributed.
Let x = (x1, . . . , xL) and y = (y1, . . . , yL′) be the DNA strand to be synthesized
and a single read at the output of the sequencing process, respectively, with
xt, yt ∈ Σ4 = {A, C, G, T}.

The input to the channel can be seen as a queue in which symbols xt are
successively enqueued for transmission. The output strand y is generated as
follows: y is first initialized to an empty vector before x1 is enqueued. Then, for
each input symbol xt, the following three events may occur: 1. A random symbol
a ∈ Σ4 is inserted with probability pI. In this case, y is concatenated with symbol
a as y ← (y, a) and xt remains in the queue. 2. The symbol xt is deleted with
probability pD, y remains unchanged, and xt+1 is enqueued. 3. The symbol xt is
transmitted with probability pT = 1− pI− pD. In this case, the symbol is received
correctly with probability 1− pS or incorrectly with probability pS, in which case
the symbol is substituted by a symbol a′ ∈ Σ4 \ {xt} picked uniformly at random.
The output is set to y ← (y, xt) and y ← (y, a′), respectively, and xt+1 is enqueued.
After xL leaves the queue, we obtain the output strand y, of length L′. Note that
L′ is random and depends on the channel realization. Further, the symbols in y
are not synchronized anymore. Hence, yt could be the result of transmitting a
symbol xt′ with t′ ̸= t.

2.2 Multi-Draw IDS Channel
The data sequence is divided into M short DNA strands x1, . . . ,xM , each of
length L, which are synthesized and stored in a pool. We define the input list
X ≜ (x1, . . . ,xM). We assume that the PCR amplification and sequencing
processes generate N = cM reads from the strands in the pool, resulting in a
random number of (noisy) reads for each strand xi. The factor c is a positive real
number referred to as the coverage depth in the literature.

The channel between the input to be synthesized, X, and the output of the
sequencing process, Y , can be modeled in three phases as explained in the following.
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optionally cluster the received strands based on the obtained APPs, benefiting
from the error-correction capabilities of the index and inner codes. For each cluster,
an index decision is made by jointly considering the received strands in a cluster.
The APPs are ordered according to the index decisions and fed into a soft-input
outer decoder.

We analyze our proposed scheme in terms of achievable information rates (AIRs).
The AIRs provide insights to the performance of different index-inner coding and
decoding techniques and a benchmark for an outer code. For different coding setups
in the finite blocklength regime, we compute information-outage probabilities on
synthetic data and present frame error rates (FERs) on experimental data from
[9].

2 DNA Storage Channel Model

2.1 IDS Channel
We consider a model in which IDS errors are independent and identically distributed.
Let x = (x1, . . . , xL) and y = (y1, . . . , yL′) be the DNA strand to be synthesized
and a single read at the output of the sequencing process, respectively, with
xt, yt ∈ Σ4 = {A, C, G, T}.

The input to the channel can be seen as a queue in which symbols xt are
successively enqueued for transmission. The output strand y is generated as
follows: y is first initialized to an empty vector before x1 is enqueued. Then, for
each input symbol xt, the following three events may occur: 1. A random symbol
a ∈ Σ4 is inserted with probability pI. In this case, y is concatenated with symbol
a as y ← (y, a) and xt remains in the queue. 2. The symbol xt is deleted with
probability pD, y remains unchanged, and xt+1 is enqueued. 3. The symbol xt is
transmitted with probability pT = 1− pI− pD. In this case, the symbol is received
correctly with probability 1− pS or incorrectly with probability pS, in which case
the symbol is substituted by a symbol a′ ∈ Σ4 \ {xt} picked uniformly at random.
The output is set to y ← (y, xt) and y ← (y, a′), respectively, and xt+1 is enqueued.
After xL leaves the queue, we obtain the output strand y, of length L′. Note that
L′ is random and depends on the channel realization. Further, the symbols in y
are not synchronized anymore. Hence, yt could be the result of transmitting a
symbol xt′ with t′ ̸= t.

2.2 Multi-Draw IDS Channel
The data sequence is divided into M short DNA strands x1, . . . ,xM , each of
length L, which are synthesized and stored in a pool. We define the input list
X ≜ (x1, . . . ,xM). We assume that the PCR amplification and sequencing
processes generate N = cM reads from the strands in the pool, resulting in a
random number of (noisy) reads for each strand xi. The factor c is a positive real
number referred to as the coverage depth in the literature.

The channel between the input to be synthesized, X, and the output of the
sequencing process, Y , can be modeled in three phases as explained in the following.
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Figure IV.1: Multi-draw IDS channel.

1. Draw: N draws are performed from the list X uniformly at ran-
dom with replacement. Let Di be the random variable (RV) cor-
responding to the number of times strand xi is drawn and define
the random vector D ≜ (D1, . . . , DM), with ∑

i Di = N . Then, the
random vector D = (D1, . . . , DM) is multinomially distributed as
D ∼ Multinom(M, N, 1/M).

2. Transmit: The drawn strands are transmitted through independent
IDS channels with identical parameters pI, pD, and pS. We denote
by zj the output of the j-th IDS channel, j ∈ {1, . . . , N}, and define
Z ≜ (z1, . . . , zN ).

3. Permute: The final output of the channel, denoted as the list Y ≜
(y1, . . . , yN) is obtained by a permutation of Z chosen uniformly at
random.

We illustrate the channel model in Fig. IV.1.9 We define the channel parameter
β = log4(M)

L that relates the total number and the length of the strands and can be
interpreted as the penalty the channel induces by the permutation effect.

3 Index-Based Concatenated Coding Scheme
We propose an index-based concatenated coding scheme consisting of three codes:
an outer spatially-coupled low-density parity-check (SC-LDPC) code, providing
overall protection to the data and against non-drawn strands, an index code, which
counteracts the loss of ordering in the presence of IDS errors, and an inner code
whose main goal is to maintain synchronization.

The information u ∈ Fko
4 is encoded by an [no, ko,

M
2 , m]4 SC-LDPC code of

output length no, input length ko, coupling length M
2 , and coupling memory

m over the field F4 [20, 21]. Note that there is a one-to-one mapping of the
9In [3, 5, 6], the draw and permute steps are considered as a joint process referred to as sampling. We

split the step for the sake of presentation; our channel model is essentially the same channel model, only
that we consider the noise channel to be an IDS channel.
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Theinformationu∈Fko
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Figure IV.1: Multi-draw IDS channel.

1. Draw: N draws are performed from the list X uniformly at ran-
dom with replacement. Let Di be the random variable (RV) cor-
responding to the number of times strand xi is drawn and define
the random vector D ≜ (D1, . . . , DM), with ∑i Di = N . Then, the
random vector D = (D1, . . . , DM) is multinomially distributed as
D ∼ Multinom(M, N, 1/M).

2. Transmit: The drawn strands are transmitted through independent
IDS channels with identical parameters pI, pD, and pS. We denote
by zj the output of the j-th IDS channel, j ∈ {1, . . . , N}, and define
Z ≜ (z1, . . . , zN ).

3. Permute: The final output of the channel, denoted as the list Y ≜
(y1, . . . , yN) is obtained by a permutation of Z chosen uniformly at
random.

We illustrate the channel model in Fig. IV.1.9 We define the channel parameter
β = log4(M)

L that relates the total number and the length of the strands and can be
interpreted as the penalty the channel induces by the permutation effect.

3 Index-Based Concatenated Coding Scheme
We propose an index-based concatenated coding scheme consisting of three codes:
an outer spatially-coupled low-density parity-check (SC-LDPC) code, providing
overall protection to the data and against non-drawn strands, an index code, which
counteracts the loss of ordering in the presence of IDS errors, and an inner code
whose main goal is to maintain synchronization.

The information u ∈ F
ko
4 is encoded by an [no, ko,

M
2 , m]4 SC-LDPC code of

output length no, input length ko, coupling length
M
2 , and coupling memory

m over the field F4 [20, 21]. Note that there is a one-to-one mapping of the
9In [3, 5, 6], the draw and permute steps are considered as a joint process referred to as sampling. We

split the step for the sake of presentation; our channel model is essentially the same channel model, only
that we consider the noise channel to be an IDS channel.
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randomvectorD=(D1,...,DM)ismultinomiallydistributedas
D∼Multinom(M,N,1/M).
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byzjtheoutputofthej-thIDSchannel,j∈{1,...,N},anddefine
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3.Permute:Thefinaloutputofthechannel,denotedasthelistY≜
(y1,...,yN)isobtainedbyapermutationofZchosenuniformlyat
random.

WeillustratethechannelmodelinFig.IV.1.9Wedefinethechannelparameter
β=log4(M)

Lthatrelatesthetotalnumberandthelengthofthestrandsandcanbe
interpretedasthepenaltythechannelinducesbythepermutationeffect.

3Index-BasedConcatenatedCodingScheme
Weproposeanindex-basedconcatenatedcodingschemeconsistingofthreecodes:
anouterspatially-coupledlow-densityparity-check(SC-LDPC)code,providing
overallprotectiontothedataandagainstnon-drawnstrands,anindexcode,which
counteractsthelossoforderinginthepresenceofIDSerrors,andaninnercode
whosemaingoalistomaintainsynchronization.

Theinformationu∈F
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field F4 to the DNA alphabet Σ4 = {A, C, G, T}. We interpret it as a field
to allow linear operations over vectors in the DNA alphabet. The resulting
codeword w = (w1, . . . , wno) ∈ Fno

4 is split into M equal-length data blocks as
w = (w(1), . . . ,w(M)) such that w(i) = (w(i)

1 , . . . , w
(i)
Lo ) ∈ FLo

4 , Lo = no
M . Each index

i is encoded by an [nix, kix]4 index code over F4 of even output length nix and even
input length kix ≥ log4(M) to an index codeword. Independently, the data block
w(i) is encoded by an [ni, ki]4 inner code over F4 of output length ni, input length
ki, and rate Ri = ki

ni
, generating an inner data codeword of length Lo

Ri
. We consider

the marker-repeat (MR) codes presented in [9, 22] for the inner code, where the
ki-th input symbol is repeated once such that ni = ki + 1 and Ri = 1 − 1

ni
. Due

to our decoding technique, we have higher error protection at the beginning and
end of the DNA strands. Thus, we split the index codeword in half and insert it
at the beginning and the end of the inner codeword of the respective data block.
Finally, a random offset sequence is added to the generated strand resulting in the
final encoded output strand xi, of length L = LoR

−1
i + nix. The random offset is

known to the decoder and supports the synchronization capability of the index
and inner decoder and ensures that the nucleotides of the stored DNA strands
are uniformly distributed over Σ4. The final codeword list is then described by
X = (x1, . . . ,xM ). The overall code rate is R = 2 ·Ro

Lo
L in bits/nucleotide, with

individual rates Ro = ko
no

, Rix = kix
nix

, and recall Ri = ki
ni

.
For the decoding procedure we introduce the following equivalent interpretation

of the index and inner encoding as a joint process. We transform the integer i
to a vector ind(i) ∈ Fkix

4 . This vector is split in half and placed at the beginning
and end of the vector w(i) resulting in the vector v(i) = (v(i)

1 , . . . , v
(i)
kix+Lo), of length

kix + Lo. Moreover, the [nix, kix]4 index code is generated by a serial concatenation
of two equal [nix

2 , kix
2 ]4 codes. Subsequently, the vector v(i) is encoded at the

index positions by the [nix
2 , kix

2 ]4 code and symbolwise by the inner MR code at
the positions corresponding to w(i). The coding/decoding scheme is depicted in
Fig. IV.2.

4 Joint Index and Inner Decoding
The channel introduces two main impairments that need to be combated: the loss of
ordering of the DNA strands due to the permutation effect, and the possibility that
a strand is not drawn due to the drawing nature. However, the latter also provides
inherent redundancy due to possible multiple copies of the same DNA strand that
can be leveraged. Moreover, at the receiver side, the loss of synchronization within
each strand due to insertion and deletion events is challenging. In general, we follow
a mismatched decoding approach due to the decoder’s channel uncertainty and
complexity constraints. Instead of considering all DNA strands in the received list
Y jointly to produce an estimate of the information, û, we propose the following
sub-optimal decoding scheme.

First, we infer symbolwise APPs using a joint index and inner MAP decoder by
means of the BCJR algorithm for each received strand y1, . . . , yN independently.
Optionally, clustering of the DNA strands using the APPs is performed. In
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4JointIndexandInnerDecoding
Thechannelintroducestwomainimpairmentsthatneedtobecombated:thelossof
orderingoftheDNAstrandsduetothepermutationeffect,andthepossibilitythat
astrandisnotdrawnduetothedrawingnature.However,thelatteralsoprovides
inherentredundancyduetopossiblemultiplecopiesofthesameDNAstrandthat
canbeleveraged.Moreover,atthereceiverside,thelossofsynchronizationwithin
eachstrandduetoinsertionanddeletioneventsischallenging.Ingeneral,wefollow
amismatcheddecodingapproachduetothedecoder’schanneluncertaintyand
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Finally, a random offset sequence is added to the generated strand resulting in the
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i + nix. The random offset is
known to the decoder and supports the synchronization capability of the index
and inner decoder and ensures that the nucleotides of the stored DNA strands
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the positions corresponding to w(i). The coding/decoding scheme is depicted in
Fig. IV.2.

4 Joint Index and Inner Decoding
The channel introduces two main impairments that need to be combated: the loss of
ordering of the DNA strands due to the permutation effect, and the possibility that
a strand is not drawn due to the drawing nature. However, the latter also provides
inherent redundancy due to possible multiple copies of the same DNA strand that
can be leveraged. Moreover, at the receiver side, the loss of synchronization within
each strand due to insertion and deletion events is challenging. In general, we follow
a mismatched decoding approach due to the decoder’s channel uncertainty and
complexity constraints. Instead of considering all DNA strands in the received list
Y jointly to produce an estimate of the information, û, we propose the following
sub-optimal decoding scheme.

First, we infer symbolwise APPs using a joint index and inner MAP decoder by
means of the BCJR algorithm for each received strand y1, . . . , yN independently.
Optionally, clustering of the DNA strands using the APPs is performed. In

140 Paper IV

field F4 to the DNA alphabet Σ4 = {A, C, G, T}. We interpret it as a field
to allow linear operations over vectors in the DNA alphabet. The resulting
codeword w = (w1, . . . , wno) ∈ F

no
4 is split into M equal-length data blocks as

w = (w(1), . . . ,w(M)) such that w(i) = (w
(i)
1 , . . . , w

(i)
Lo ) ∈ F

Lo
4 , Lo =

no
M . Each index

i is encoded by an [nix, kix]4 index code over F4 of even output length nix and even
input length kix ≥ log4(M) to an index codeword. Independently, the data block
w(i) is encoded by an [ni, ki]4 inner code over F4 of output length ni, input length
ki, and rate Ri =

ki
ni , generating an inner data codeword of length

Lo
Ri . We consider

the marker-repeat (MR) codes presented in [9, 22] for the inner code, where the
ki-th input symbol is repeated once such that ni = ki + 1 and Ri = 1 − 1

ni . Due
to our decoding technique, we have higher error protection at the beginning and
end of the DNA strands. Thus, we split the index codeword in half and insert it
at the beginning and the end of the inner codeword of the respective data block.
Finally, a random offset sequence is added to the generated strand resulting in the
final encoded output strand xi, of length L = LoR−1

i + nix. The random offset is
known to the decoder and supports the synchronization capability of the index
and inner decoder and ensures that the nucleotides of the stored DNA strands
are uniformly distributed over Σ4. The final codeword list is then described by
X = (x1, . . . ,xM ). The overall code rate is R = 2 ·Ro

Lo
L in bits/nucleotide, with

individual rates Ro =
ko
no , Rix =

kix
nix , and recall Ri =

ki
ni .

For the decoding procedure we introduce the following equivalent interpretation
of the index and inner encoding as a joint process. We transform the integer i
to a vector ind(i) ∈ F

kix
4 . This vector is split in half and placed at the beginning

and end of the vector w(i) resulting in the vector v(i) = (v
(i)
1 , . . . , v

(i)
kix+Lo), of length

kix + Lo. Moreover, the [nix, kix]4 index code is generated by a serial concatenation
of two equal [

nix
2 ,

kix
2 ]4 codes. Subsequently, the vector v(i) is encoded at the

index positions by the [
nix
2 ,

kix
2 ]4 code and symbolwise by the inner MR code at

the positions corresponding to w(i). The coding/decoding scheme is depicted in
Fig. IV.2.

4 Joint Index and Inner Decoding
The channel introduces two main impairments that need to be combated: the loss of
ordering of the DNA strands due to the permutation effect, and the possibility that
a strand is not drawn due to the drawing nature. However, the latter also provides
inherent redundancy due to possible multiple copies of the same DNA strand that
can be leveraged. Moreover, at the receiver side, the loss of synchronization within
each strand due to insertion and deletion events is challenging. In general, we follow
a mismatched decoding approach due to the decoder’s channel uncertainty and
complexity constraints. Instead of considering all DNA strands in the received list
Y jointly to produce an estimate of the information, û, we propose the following
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Thechannelintroducestwomainimpairmentsthatneedtobecombated:thelossof
orderingoftheDNAstrandsduetothepermutationeffect,andthepossibilitythat
astrandisnotdrawnduetothedrawingnature.However,thelatteralsoprovides
inherentredundancyduetopossiblemultiplecopiesofthesameDNAstrandthat
canbeleveraged.Moreover,atthereceiverside,thelossofsynchronizationwithin
eachstrandduetoinsertionanddeletioneventsischallenging.Ingeneral,wefollow
amismatcheddecodingapproachduetothedecoder’schanneluncertaintyand
complexityconstraints.InsteadofconsideringallDNAstrandsinthereceivedlist
Yjointlytoproduceanestimateoftheinformation,û,weproposethefollowing
sub-optimaldecodingscheme.

First,weinfersymbolwiseAPPsusingajointindexandinnerMAPdecoderby
meansoftheBCJRalgorithmforeachreceivedstrandy1,...,yNindependently.
Optionally,clusteringoftheDNAstrandsusingtheAPPsisperformed.In

140PaperIV

fieldF4totheDNAalphabetΣ4={A,C,G,T}.Weinterpretitasafield
toallowlinearoperationsovervectorsintheDNAalphabet.Theresulting
codewordw=(w1,...,wno)∈F

no
4issplitintoMequal-lengthdatablocksas

w=(w(1),...,w(M))suchthatw(i)=(w
(i)
1,...,w

(i)
Lo)∈F

Lo
4,Lo=

no
M.Eachindex

iisencodedbyan[nix,kix]4indexcodeoverF4ofevenoutputlengthnixandeven
inputlengthkix≥log4(M)toanindexcodeword.Independently,thedatablock
w(i)isencodedbyan[ni,ki]4innercodeoverF4ofoutputlengthni,inputlength
ki,andrateRi=

ki
ni,generatinganinnerdatacodewordoflength

Lo
Ri.Weconsider

themarker-repeat(MR)codespresentedin[9,22]fortheinnercode,wherethe
ki-thinputsymbolisrepeatedoncesuchthatni=ki+1andRi=1−1

ni.Due
toourdecodingtechnique,wehavehighererrorprotectionatthebeginningand
endoftheDNAstrands.Thus,wesplittheindexcodewordinhalfandinsertit
atthebeginningandtheendoftheinnercodewordoftherespectivedatablock.
Finally,arandomoffsetsequenceisaddedtothegeneratedstrandresultinginthe
finalencodedoutputstrandxi,oflengthL=LoR−1

i+nix.Therandomoffsetis
knowntothedecoderandsupportsthesynchronizationcapabilityoftheindex
andinnerdecoderandensuresthatthenucleotidesofthestoredDNAstrands
areuniformlydistributedoverΣ4.Thefinalcodewordlististhendescribedby
X=(x1,...,xM).TheoverallcoderateisR=2·Ro

Lo
Linbits/nucleotide,with

individualratesRo=
ko
no,Rix=

kix
nix,andrecallRi=

ki
ni.

Forthedecodingprocedureweintroducethefollowingequivalentinterpretation
oftheindexandinnerencodingasajointprocess.Wetransformtheintegeri
toavectorind(i)∈F

kix
4.Thisvectorissplitinhalfandplacedatthebeginning

andendofthevectorw(i)resultinginthevectorv(i)=(v
(i)
1,...,v

(i)
kix+Lo),oflength

kix+Lo.Moreover,the[nix,kix]4indexcodeisgeneratedbyaserialconcatenation
oftwoequal[

nix
2,

kix
2]4codes.Subsequently,thevectorv(i)isencodedatthe

indexpositionsbythe[
nix
2,

kix
2]4codeandsymbolwisebytheinnerMRcodeat

thepositionscorrespondingtow(i).Thecoding/decodingschemeisdepictedin
Fig.IV.2.

4JointIndexandInnerDecoding
Thechannelintroducestwomainimpairmentsthatneedtobecombated:thelossof
orderingoftheDNAstrandsduetothepermutationeffect,andthepossibilitythat
astrandisnotdrawnduetothedrawingnature.However,thelatteralsoprovides
inherentredundancyduetopossiblemultiplecopiesofthesameDNAstrandthat
canbeleveraged.Moreover,atthereceiverside,thelossofsynchronizationwithin
eachstrandduetoinsertionanddeletioneventsischallenging.Ingeneral,wefollow
amismatcheddecodingapproachduetothedecoder’schanneluncertaintyand
complexityconstraints.InsteadofconsideringallDNAstrandsinthereceivedlist
Yjointlytoproduceanestimateoftheinformation,û,weproposethefollowing
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Figure IV.2: Concatenated coding scheme for the communication over the multi-draw
IDS channel. The index is split into two parts and is inserted at the beginning and the
end of the block w(i). The term q(wt|Y ) denotes the mismatched metric computed by
the joint index-inner decoder.

that way the clustering makes use of the coding gain provided by the index and
inner code. For combining the APPs within a cluster, the APPs are symbolwise
multiplied, generating the mismatched APPs for one cluster. For a given cluster,
by making hard-decisions on the index APPs, we estimate the block index î within
w. Therefore, assuming optimal clustering, we can actually benefit from the
multi-copy gain of the channel for the index estimation. Once more, the APPs
of the data block belonging to the same index î are multiplied, generating the
mismatched APPs q(w(i)

t |Y ). The overall ordered APPs q(wt|Y ) are then passed
to the outer decoder, which neglects any possible correlations of the symbolwise
APPs. The outer code is specifically designed to handle block-fading effects, as
described in Section 6. Combining APPs after inner and before outer decoding
by symbolwise multiplication is inspired by the well performing separate decoding
strategy of [10].

4.1 Inner MAP Decoding
We consider the case of decoding a single output strand y given an input v by
means of the BCJR decoder over the joint code trellis of the index and inner code.
We drop the superscript of the sequence v due to the permutation effect of the
channel. We follow the concept introduced in [7], refined in [8]. For a detailed
view, we refer to our prior work [10].

The IDS errors introduce a synchronization loss that destroys the Markov
property of the joint index-inner code. However, we can form a hidden Markov
model by introducing the drift dt, defined as the number of insertions minus the
number of deletions that occurred at time t, as a hidden state variable. The essence
of the drift states is that the sequence d0, . . . , dLo+kix forms a Markov chain and
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innercode.ForcombiningtheAPPswithinacluster,theAPPsaresymbolwise
multiplied,generatingthemismatchedAPPsforonecluster.Foragivencluster,
bymakinghard-decisionsontheindexAPPs,weestimatetheblockindexîwithin
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strategyof[10].

4.1InnerMAPDecoding
Weconsiderthecaseofdecodingasingleoutputstrandygivenaninputvby
meansoftheBCJRdecoderoverthejointcodetrellisoftheindexandinnercode.
Wedropthesuperscriptofthesequencevduetothepermutationeffectofthe
channel.Wefollowtheconceptintroducedin[7],refinedin[8].Foradetailed
view,werefertoourpriorwork[10].

TheIDSerrorsintroduceasynchronizationlossthatdestroystheMarkov
propertyofthejointindex-innercode.However,wecanformahiddenMarkov
modelbyintroducingthedriftdt,definedasthenumberofinsertionsminusthe
numberofdeletionsthatoccurredattimet,asahiddenstatevariable.Theessence
ofthedriftstatesisthatthesequenced0,...,dLo+kixformsaMarkovchainand
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strategy of [10].

4.1 Inner MAP Decoding
We consider the case of decoding a single output strand y given an input v by
means of the BCJR decoder over the joint code trellis of the index and inner code.
We drop the superscript of the sequence v due to the permutation effect of the
channel. We follow the concept introduced in [7], refined in [8]. For a detailed
view, we refer to our prior work [10].

The IDS errors introduce a synchronization loss that destroys the Markov
property of the joint index-inner code. However, we can form a hidden Markov
model by introducing the drift dt, defined as the number of insertions minus the
number of deletions that occurred at time t, as a hidden state variable. The essence
of the drift states is that the sequence d0, . . . , dLo+kix forms a Markov chain and
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x1xM

y1y2y3...yN

q(wt|Y)

w

FigureIV.2:Concatenatedcodingschemeforthecommunicationoverthemulti-draw
IDSchannel.Theindexissplitintotwopartsandisinsertedatthebeginningandthe
endoftheblockw(i).Thetermq(wt|Y)denotesthemismatchedmetriccomputedby
thejointindex-innerdecoder.

thatwaytheclusteringmakesuseofthecodinggainprovidedbytheindexand
innercode.ForcombiningtheAPPswithinacluster,theAPPsaresymbolwise
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totheouterdecoder,whichneglectsanypossiblecorrelationsofthesymbolwise
APPs.Theoutercodeisspecificallydesignedtohandleblock-fadingeffects,as
describedinSection6.CombiningAPPsafterinnerandbeforeouterdecoding
bysymbolwisemultiplicationisinspiredbythewellperformingseparatedecoding
strategyof[10].

4.1InnerMAPDecoding
Weconsiderthecaseofdecodingasingleoutputstrandygivenaninputvby
meansoftheBCJRdecoderoverthejointcodetrellisoftheindexandinnercode.
Wedropthesuperscriptofthesequencevduetothepermutationeffectofthe
channel.Wefollowtheconceptintroducedin[7],refinedin[8].Foradetailed
view,werefertoourpriorwork[10].

TheIDSerrorsintroduceasynchronizationlossthatdestroystheMarkov
propertyofthejointindex-innercode.However,wecanformahiddenMarkov
modelbyintroducingthedriftdt,definedasthenumberofinsertionsminusthe
numberofdeletionsthatoccurredattimet,asahiddenstatevariable.Theessence
ofthedriftstatesisthatthesequenced0,...,dLo+kixformsaMarkovchainand
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x1xM

y1y2y3...yN

q(wt|Y)

w

FigureIV.2:Concatenatedcodingschemeforthecommunicationoverthemulti-draw
IDSchannel.Theindexissplitintotwopartsandisinsertedatthebeginningandthe
endoftheblockw(i).Thetermq(wt|Y)denotesthemismatchedmetriccomputedby
thejointindex-innerdecoder.

thatwaytheclusteringmakesuseofthecodinggainprovidedbytheindexand
innercode.ForcombiningtheAPPswithinacluster,theAPPsaresymbolwise
multiplied,generatingthemismatchedAPPsforonecluster.Foragivencluster,
bymakinghard-decisionsontheindexAPPs,weestimatetheblockindexîwithin
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the outputs after time t + 1 are independent of the previous states, restoring the
Markov property. Hence, we can formulate forward and backward recursions for a
BCJR decoder, whose final output APPs are p(vt|y) = p(vt,y)

p(y) ∝
∑

d,d′ p(vt, y, d, d′),
where d and d′ denote realizations of the RVs dt and dt+1, respectively.

4.2 Clustering
Common approaches perform clustering on the received strands before error-
correction decoding using approximation techniques for the Levenshtein distance
(minimum number of IDS operations), e.g., [16, 23]. Here, we present a clustering
approach of complexity O(N2L) that leverages the coding gain of the index and
inner code.

Given the APPs p(vt|yj), for each strand yj a vector r(j) = (r(j)
1 , . . . , r

(j)
LB

) ∈ RLB

of binary log-likelihood ratios (LLRs) is obtained using marginalization, where R
denotes the reals and LB is the length of the corresponding binary vector of v.
The clustering decision is made by evaluating the pairwise Euclidean distance

d
(i,j)
E =

√∑LB
ℓ=1

(
r

(i)
ℓ − r

(j)
ℓ

)2

for any two vectors r(i) and r(j), i ̸= j. Let Dintra
E be the RV of the Euclidean

distance between two received sequences r(i) and r(j) originating from the same
stored DNA strand. Assuming no correlations between the binary LLRs, Dintra

E
converges asymptotically in LB to a normal distribution N (µD, σ2

D) with mean
µD and variance σ2

D [24]. By sampling realizations of Dintra
E , it can be observed

that this is a good approximation for LB > 100 for fitted parameters µD and σ2
D.

Consequently, given the computed pairwise distances d
(i,j)
E for i, j ∈ {1, . . . , N},

i ̸= j, strands are considered to stem from the same DNA strand if d
(i,j)
E ≤

µD +ω ·σD, where ω ∈ R+ is a design parameter and R+ denotes the set of positive
real numbers.

Let the k-th cluster, 1 ≤ k ≤ M ′, be formed as Ck ≜ (yk,1, . . . , yk,|Ck|),
where yk,j is the j-th strand placed in cluster Ck and |Ck| ̸= 0. Denote the
overall clustering output as the list C = (C1, . . . ,CM ′), with 1 ≤ M ′ ≤ N and∑M ′

k=1 |Ck| = N . For each cluster k, we multiply the respective APPs giving the
mismatched rule

q(vt|Ck) ∝∼
|Ck|∏
j=1

p(vt|yk,j)
p(vt)|Ck|−1 .

4.3 Index and Multiple DNA Strand Decoding
The index code and recovering the index information of each strand/cluster at the
receiver side is the key point of tackling the permutation effect and leveraging the
multi-copy gain of the channel. For each cluster Ck, we obtain the soft information
of the indices by extracting

q(ind(i)|Ck) ≜
(
q(v1|Ck), . . ., q(vkix/2|Ck), q(vLo+kix/2+1|Ck), . . . , q(Lo+kix |Ck)

)
.
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We perform hard-decisions on q(ind(i)|Ck) to compute an estimate index îk for
every cluster 1 ≤ k ≤M ′, which will determine how the strand/cluster is grouped.
Let Si be the set of clusters with decision on index i, where 0 ≤ |Si| ≤M ′. For all
data positions of the i-th block, i.e., for symbols of w(i), we compute the APPs
according to the mismatched rule

q(w(i)
t |Y ) ∝∼

∏
k∈Si

q(w(i)
t |Ck)

q(w(i)
t )|Si|−1

,

where q(w(i)
t |Y ) = 1

4 when Si = ∅.
As a final step, according to the position of block w(i) in the sequence w, the

mismatched APPs are given to the outer decoder, which outputs an estimate û.

5 Achievable Information Rates
We compute AIRs of mismatched decoders for fixed index and inner codes. Specifi-
cally, we compute i.u.d. BCJR-once rates (RBCJR-once), measured in bits/nucleotide,
which are defined as the symbolwise mutual information between the input and
its corresponding LLRs with uniform input distribution [25–27]. The BCJR-once
rates serve as an appropriate measure of an AIR for an outer decoder that ig-
nores possible correlations between the symbolwise estimates q(wt|Y ) given by the
inner MAP decoder. Moreover, by using a mismatched decoding metric q(w|Y )
instead of the true metric p(w|Y ), the rate RBCJR-once only decreases. Consider
the mismatched-decoder decoding metric

q(w|Y ) =
M∏

i=1

Lo∏
t=1

q(w(i)
t |Y ) .

The mutual information I(w;Y ) can be bounded from below as (for clarity of
presentation, we do not distinguish between RVs and their realizations in our
notation)

I(w;Y ) ≥ ED

∑
i,t

E
w
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t ,Y |D

log2
q(w(i)
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t )

 ,

where EX [·] denotes expectation with respect to the RV X.
We define the LLR representation

LLRi,t(a) =
∑

k∈Si

|Ck|∑
j=1

ln q(w(i)
t = a|yk,j)

q(w(i)
t = 0|yk,j)

,

where yk,j denotes the j-th strand of Ck. Similar to [25], we use the mismatched
LLR representation to formally define

RBCJR-once ≜ ED

 lim
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1
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which depends on the multi-draw parameters β and c, IDS channel parameters
pI, pD, and pS, and is evaluated for a fixed index and inner coding/decoding
scheme. Assuming ergodicity for a single strand, we follow a simulation-based
approach to calculate RBCJR-once. We simulate for long strand lengths L̃ = 100 000
(correspondingly L̃o = (L̃− nix)Ri and M̃ = 4βL̃), reflecting ML→∞ for a fixed
β, and approximate ED [·] by the Monte-Carlo method. Hence, by averaging over
a large number of draw realizations, Φ, we approximate RBCJR-once as

RBCJR-once ≈
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6 Outer Code
Due to its drawing effect, the DNA storage channel as seen by the outer code
resembles a block-fading channel when considering a finite number of strands M [5].
Hence, it also shares its afflictions, most importantly its non-ergodic property. In
particular, an outage event occurs when not enough strands are drawn for a specific
block. Formally, an outage event occurs when the instantaneous mutual information
between the input and output of the channel is lower than the transmission rate Ro.
We consider the BCJR-once version of the information-outage probability adapted
from [28], to which we refer as the mismatched information-outage probability qout.
It incorporates our mismatched decoding approach, the fixed i.u.d. input, and
the dispersion due to the finite blocklength phenomena. Let rdBCJR-once denote the
instantaneous BCJR-once information density for the finite length regime and
fixed draw realization d, computed as
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Then, qout is formally defined as

qout = Pr
(
rdBCJR-once < R′

o
)
≥ pout ,

where R′
o = 2Ro such that the outer code rate is measured in bits/nucleotide and

pout is the true outage probability. qout gives a lower bound on the FER for a given
encoder and mismatched decoder pair, i.e., using the mismatched metric described
Section 5, for fixed finite number of strands, fixed finite blocklength, and fixed
channel parameters. We approximate qout by the Monte-Carlo method for a given
R′

o.
The diversity order of the outer code is an important parameter that influences

the slope of the FER curve for low IDS probabilities. By coding over blocks of w,
the outer code can provide a diversity gain. We consider protograph-based SC-
LDPC codes for the outer code, as they achieve high diversity for the block-fading
channel [29]. We optimize the protograph following the procedure in [29] based on
the density evolution outage (DEO) probability bound. The optimization works
by first finding a block LDPC protograph with DEO close to a target qout = 10−3

based on the joint index-inner code. Then, an optimization over the edge spreading
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6OuterCode
Duetoitsdrawingeffect,theDNAstoragechannelasseenbytheoutercode
resemblesablock-fadingchannelwhenconsideringafinitenumberofstrandsM[5].
Hence,italsosharesitsafflictions,mostimportantlyitsnon-ergodicproperty.In
particular,anoutageeventoccurswhennotenoughstrandsaredrawnforaspecific
block.Formally,anoutageeventoccurswhentheinstantaneousmutualinformation
betweentheinputandoutputofthechannelislowerthanthetransmissionrateRo.
WeconsidertheBCJR-onceversionoftheinformation-outageprobabilityadapted
from[28],towhichwereferasthemismatchedinformation-outageprobabilityqout.
Itincorporatesourmismatcheddecodingapproach,thefixedi.u.d.input,and
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which depends on the multi-draw parameters β and c, IDS channel parameters
pI, pD, and pS, and is evaluated for a fixed index and inner coding/decoding
scheme. Assuming ergodicity for a single strand, we follow a simulation-based
approach to calculate RBCJR-once. We simulate for long strand lengths L̃ = 100 000
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Table IV.1: Index Codes

Code Codebook
[3, 1]4 (0, 3, 3), (1, 0, 2), (2, 1, 1), (3, 2, 0)
[6, 2]4 (0, 0, 1, 0, 1, 1), (0, 0, 3, 3, 2, 2), (0, 2, 2, 2, 2, 0), (1, 1, 1, 0, 2, 3),

(1, 1, 2, 2, 0, 1), (1, 1, 3, 3, 3, 0), (1, 3, 0, 3, 1, 1), (2, 0, 1, 1, 0, 0),
(2, 0, 3, 2, 3, 3), (2, 2, 2, 0, 3, 2), (2, 2, 3, 1, 1, 1), (2, 3, 0, 2, 2, 2),
(3, 1, 0, 1, 3, 3), (3, 1, 1, 2, 1, 2), (3, 3, 2, 1, 1, 0), (3, 3, 3, 0, 0, 3)

to create the SC-LDPC protograph is performed. In order to design a non-binary
code, random edge weights from F4 are assigned to the edges of the protograph
throughout the optimization. In the optimization, we fix the coupling length to M

2
and the coupling memory to m = 2.

7 AIR and FER Results
We analyze our proposed coding scheme for the multi-draw IDS channel by means
of AIRs, information-outage probability for the outer code, and FER simulations
for different coverage depths c and fixed β. We set the IDS channel parameters
to pI = 0.017, pD = 0.020, and pS = 0.022, motivated by the results of the
experiment from [9]. Additionally, we present FER results on their experimental
data. Moreover, we fix the inner code rate to Ri = 10

11 and perform full-window
belief propagation decoding with a maximum of 100 iterations for the SC-LDPC
outer code. The index codes [3, 1]4 (AIR simulations) and [6, 2]4 (information-
outage/FER simulations), both with Rix = 1

3 , are obtained via an exhaustive
graph search algorithm optimizing the code’s Levenshtein distance spectrum (see
Table IV.1) [10, 30].

Fig. IV.3 shows the AIR RBCJR-once of different coding/decoding schemes for
β = 2 · 10−5. We observe the unavoidable rate loss due to the non-drawing strand
and permutation effect for low coverage depth c which, however, diminishes for
increasing values of c due to the multi-copy gain. For an overall benchmark, we
include the AIR of an optimal index-based scheme over the noiseless channel (i.e.,
only drawing and permuting effects). With IDS noise, we include a benchmark for
an index-based coding approach given an index genie in the decoding process, i.e.,
we artificially exclude the permutation loss of the channel. The rate gap to the
noiseless scenario can be explained by the IDS noise and is also due to our chosen
sub-optimal coding and mismatched decoding approach. Moreover, protecting
the index with a strong code seems crucial since in the non-coded case received
strands may be grouped incorrectly. For the given parameters, the designed index
code performs very close to the genie ordering curve, while the non-coded index
curve suffers from a big rate loss. Further, applying our clustering method in
combination with a coded index attains the index genie benchmark since the
clustering enhances the quality of the index decisions.

Fig. IV.4 shows the information-outage probability qout versus the outer code
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andthecouplingmemorytom=2.

7AIRandFERResults
Weanalyzeourproposedcodingschemeforthemulti-drawIDSchannelbymeans
ofAIRs,information-outageprobabilityfortheoutercode,andFERsimulations
fordifferentcoveragedepthscandfixedβ.WesettheIDSchannelparameters
topI=0.017,pD=0.020,andpS=0.022,motivatedbytheresultsofthe
experimentfrom[9].Additionally,wepresentFERresultsontheirexperimental
data.Moreover,wefixtheinnercoderatetoRi=10

11andperformfull-window
beliefpropagationdecodingwithamaximumof100iterationsfortheSC-LDPC
outercode.Theindexcodes[3,1]4(AIRsimulations)and[6,2]4(information-
outage/FERsimulations),bothwithRix=1

3,areobtainedviaanexhaustive
graphsearchalgorithmoptimizingthecode’sLevenshteindistancespectrum(see
TableIV.1)[10,30].

Fig.IV.3showstheAIRRBCJR-onceofdifferentcoding/decodingschemesfor
β=2·10−5.Weobservetheunavoidableratelossduetothenon-drawingstrand
andpermutationeffectforlowcoveragedepthcwhich,however,diminishesfor
increasingvaluesofcduetothemulti-copygain.Foranoverallbenchmark,we
includetheAIRofanoptimalindex-basedschemeoverthenoiselesschannel(i.e.,
onlydrawingandpermutingeffects).WithIDSnoise,weincludeabenchmarkfor
anindex-basedcodingapproachgivenanindexgenieinthedecodingprocess,i.e.,
weartificiallyexcludethepermutationlossofthechannel.Therategaptothe
noiselessscenariocanbeexplainedbytheIDSnoiseandisalsoduetoourchosen
sub-optimalcodingandmismatcheddecodingapproach.Moreover,protecting
theindexwithastrongcodeseemscrucialsinceinthenon-codedcasereceived
strandsmaybegroupedincorrectly.Forthegivenparameters,thedesignedindex
codeperformsveryclosetothegenieorderingcurve,whilethenon-codedindex
curvesuffersfromabigrateloss.Further,applyingourclusteringmethodin
combinationwithacodedindexattainstheindexgeniebenchmarksincethe
clusteringenhancesthequalityoftheindexdecisions.

Fig.IV.4showstheinformation-outageprobabilityqoutversustheoutercode
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Figure IV.3: BCJR-once rates versus coverage depth c for different index coding rates
Rix and decoding techniques. Fixed parameters are β = 2 · 10−5, pI = 0.017, pD = 0.020,
pS = 0.022, and Ri = 10

11 . For clustering, we determined Dintra
E ∼ N (938, 6.42) and use

ω = 5. The dash-dotted gray line represents the rate limit due to the inner code rate.

rate R′
o = 2Ro for different coverage depths c and decoding approaches for M =

256 input strands and fixed index code of rate Rix = 1
3 . For a fixed R′

o, the
corresponding qout serves as a lower bound for any code’s FER with that rate and
length, and a decoder following our mismatched decoding rule. In general, we
see a similar behavior of our proposed coding/decoding schemes as for the AIRs.
In the same figure, we show the FER performance of a protograph-based SC-
LDPC outer code (stand-alone solid shaped markers). The SC-LDPC protograph
is optimized individually for each considered coding/decoding scheme and then
randomly lifted and assigned random edge weights from F4. We observe an
expected rate loss that can be explained by the limited protograph search space.
The corresponding optimized (block) LDPC photographs are shown in Table IV.2.
Finally, we also include FER results on experimental data from [9] (stand-alone
empty shaped markers). Notably, the penalty in performance, due to the fact that
the experimental channel may suffer from other additional noise impairments, is
small. In addition, the SC-LDPC protographs are optimized on synthetic samples
and not on experimental data which also contributes to the loss in performance.

8 Conclusion
We proposed a practical index-based concatenated coding scheme for the multi-
draw IDS channel, a model approximating the DNA storage process. Further, we
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length,andadecoderfollowingourmismatcheddecodingrule.Ingeneral,we
seeasimilarbehaviorofourproposedcoding/decodingschemesasfortheAIRs.
Inthesamefigure,weshowtheFERperformanceofaprotograph-basedSC-
LDPCoutercode(stand-alonesolidshapedmarkers).TheSC-LDPCprotograph
isoptimizedindividuallyforeachconsideredcoding/decodingschemeandthen
randomlyliftedandassignedrandomedgeweightsfromF4.Weobservean
expectedratelossthatcanbeexplainedbythelimitedprotographsearchspace.
Thecorrespondingoptimized(block)LDPCphotographsareshowninTableIV.2.
Finally,wealsoincludeFERresultsonexperimentaldatafrom[9](stand-alone
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presented low-complexity decoding techniques for this setup. Our AIR results
show that, in the presence of IDS errors, protecting the index with a strong code
is crucial. Finally, we proposed explicit code constructions with FER performance
of around 10−3 for synthetic and experimental data and 256 input strands.
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